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Abstract

We study generalization properties of distributed algorithms in the setting of nonparametric
regression over a reproducing kernel Hilbert space (RKHS). We first investigate distributed
stochastic gradient methods (SGM), with mini-batches and multi-passes over the data. We
show that optimal generalization error bounds (up to logarithmic factor) can be retained
for distributed SGM provided that the partition level is not too large. We then extend
our results to spectral algorithms (SA), including kernel ridge regression (KRR), kernel
principal component regression, and gradient methods. Our results show that distributed
SGM has a smaller theoretical computational complexity, compared with distributed KRR
and classic SGM. Moreover, even for a general non-distributed SA, they provide optimal,
capacity-dependent convergence rates, for the case that the regression function may not be
in the RKHS in the well-conditioned regimes.

Keywords: Kernel Methods, Stochastic Gradient Methods, Regularization, Distributed
Learning

1. Introduction

In statistical learning theory, a set of N input-output pairs from an unknown distribution
is observed. The aim is to learn a function which can predict future outputs given the
corresponding inputs. The quality of a predictor is often measured in terms of the mean-
squared error. In this case, the conditional mean, which is called as the regression function,
is optimal among all the measurable functions (Cucker and Zhou, 2007; Steinwart and
Christmann, 2008).

In nonparametric regression problems, the properties of the regression function are not
known a priori. Nonparametric approaches, which can adapt their complexity to the prob-
lem, are key to good results. Kernel methods is one of the most common nonparametric
approaches to learning (Scholkopf and Smola, 2002; Shawe-Taylor and Cristianini, 2004). It
is based on choosing a RKHS as the hypothesis space in the design of learning algorithms.
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With an appropriate reproducing kernel, RKHS can be used to approximate any smooth
function.

The classical algorithms to perform learning task are regularized algorithms, such as
KRR (also called as Tikhonov regularization in inverse problems), kernel principal compo-
nent regression (KPCR, also known as spectral cut-off regularization in inverse problems),
and more generally, SA. From the point of view of inverse problems, such approaches amount
to solving an empirical, linear operator equation with the empirical covariance operator re-
placed by a regularized one (Engl et al., 1996; Bauer et al., 2007; Gerfo et al., 2008). Here,
the regularization term controls the complexity of the solution to against over-fitting and
to ensure best generalization ability. Statistical results on generalization error had been de-
veloped in (Smale and Zhou, 2007; Caponnetto and De Vito, 2007) for KRR and in (Bauer
et al., 2007; Caponnetto and Yao, 2010) for SA.

Another type of algorithms to perform learning tasks is based on iterative procedure
(Engl et al., 1996). In this kind of algorithms, an empirical objective function is opti-
mized in an iterative way with no explicit constraint or penalization, and the regularization
against overfitting is realized by early-stopping the empirical procedure. Statistical results
on generalization error and the regularization roles of the number of iterations/passes have
been investigated in (Zhang and Yu, 2005; Yao et al., 2007) for gradient methods (GM, also
known as Landweber algorithm in inverse problems), in (Bauer et al., 2007; Caponnetto
and Yao, 2010) for accelerated gradient methods (AGM, known as v-methods in inverse
problems) in (Blanchard and Kramer, 2010) for conjugate gradient methods (CGM), and in
(Lin and Rosasco, 2017b) for (multi-pass) SGM. Interestingly, GM and AGM can be viewed
as special instances of SA (Bauer et al., 2007), but CGM and SGM can not (Blanchard and
Kramer, 2010; Lin and Rosasco, 2017b).

The above mentioned algorithms suffer from computational burdens at least of order
O(N?) due to the nonlinearity of kernel methods. Indeed, a standard execution of KRR
requires O(N?) in space and O(N?3) in time, while SGM after T-iterations requires O(N)
in space and O(NT) (or T?) in space. Such approaches would be prohibitive when dealing
with large-scale learning problems. These thus motivate one to study distributed learning
algorithms (Mcdonald et al., 2009; Zhang et al., 2012). The basic idea of distributed learning
is very simple: randomly divide a dataset of size N into m subsets of equal size, compute an
independent estimator using a fixed algorithm on each subset, and then average the local
solutions into a global predictor. Interestingly, distributed learning technique has been
successfully combined with KRR (Zhang et al., 2015; Lin et al., 2017) and more generally,
SA (Guo et al., 2017; Miicke and Blanchard, 2018), and it has been shown that statistical
results on generalization error can be retained provided that the number of partitioned
subsets is not too large. Moreover, it was highlighted (Zhang et al., 2015) that distributed
KRR not only allows one to handle large datasets that restored on multiple machines,
but also leads to a substantial reduction in computational complexity versus the standard
approach of performing KRR on all N samples.

In this paper, we study distributed SGM, with multi-passes over the data and mini-
batches. The algorithm is a combination of distributed learning technique and (multi-
pass) SGM (Lin and Rosasco, 2017b): it randomly partitions a dataset of size N into m
subsets of equal size, computes an independent estimator by SGM for each subset, and then
averages the local solutions into a global predictor. We show that with appropriate choices
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of algorithmic parameters, optimal generalization error bounds up to a logarithmic factor
can be achieved for distributed SGM provided that the partition level m is not too large.

The proposed configuration has certain advantages on computational complexity. For
example, without considering any benign properties of the problem such as the regular-
ity of the regression function (Smale and Zhou, 2007; Caponnetto and De Vito, 2007)
and a capacity assumption on the RKHS (Zhang, 2005; Caponnetto and De Vito, 2007),
even implementing on a single machine, distributed SGM has a convergence rate of order
O(N~1'/2log N), with a computational complexity O(N) in space and O(N3/?) in time,
compared with O(NN) in space and O(N?) in time of classic SGM performing on all N sam-
ples, or O(N 3/ 2) in space and O(N?) in time of distributed KRR. Moreover, the approach
dovetails naturally with parallel and distributed computation: we are guaranteed a super-
linear speedup with m parallel processors (though we must still communicate the function
estimates from each processor).

The proof of the main results is based on a similar (but a bit different) error decompo-
sition from (Lin and Rosasco, 2017b), which decomposes the excess risk into three terms:
bias, sample and computational variances. The error decomposition allows one to study dis-
tributed GM and distributed SGM simultaneously. Different to those in (Lin and Rosasco,
2017b) which rely heavily on the intrinsic relationship of GM with the square loss, in this
paper, an integral operator approach (Smale and Zhou, 2007; Caponnetto and De Vito,
2007) is used, combining with some novel and refined analysis, see Subsection 6.2 for fur-
ther details.

We then apply our analysis to distributed SA and derive similar optimal results on
generalization error for distributed SA, based on the well-known fact that GM is a special
instance of SA.

The original version of this paper is (Lin and Cevher, 2018b). It is an extended version
of the conference version (Lin and Cevher, 2018a) where results for distributed SGM are
given only. In this version, we additionally provide statistical results for distributed SA,
including their proofs, as well as some further discussions.

We highlight that our contributions are as follows.

— We provide results with optimal convergence rates (up to a logarithmic factor) for
distributed SGM, showing that distributed SGM has a smaller theoretical compu-
tational complexity, compared with distributed KRR and non-distributed SGM. As
a byproduct, we derive optimal convergence rates (up to a logarithmic factor) for
non-distributed SGM, which improve the results in (Lin and Rosasco, 2017b).

— Our results for distributed SA improves previous results from (Zhang et al., 2015) for
distributed KRR, and from (Guo et al., 2017) for distributed SA, with a less strict
condition on the partition number m. Moreover, they provide the first optimal rates
for distributed SA in the non-attainable cases (i.e., the regression function may not
be in the RKHS), without requiring any additional unlabeled data.

— As a byproduct, we provide optimal, capacity-dependent rates for a general non-
distributed SA in the well-conditioned regimes, considering the non-attainable cases.

The remainder of the paper is organized as follows. Section 2 introduces the supervised
learning setting. Section 3 describes distributed SGM, and then presents theoretical results
on generalization error for distributed SGM, following with simple comments. Section 4
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introduces distributed SA, and then gives statistical results on generalization error. Section
5 discusses and compares our results with related work. Section 6 provides the proofs for
distributed SGM. Finally, proofs for auxiliary lemmas and results for distributed SA are
provided in the appendix.

2. Supervised Learning Problems

We consider a supervised learning problem. Let p be a probability measure on a measurable
space Z = X XY, where X is a compact-metric input space and Y C R is the output space.
p is fixed but unknown. Its information can be only known through a set of samples
z = {z = (zi,y:)}; of N € N points, which we assume to be i.i.d.. We denote px(-) the
induced marginal measure on H of p and p(:|x) the conditional probability measure on R
with respect to x € H and p. We assume that px has full support in X throughout.

The quality of a predictor f : X — Y can be measured in terms of the expected risk
with a square loss defined as

E(f) = /Z (f(z) - v)%dp(z). (1)

In this case, the function minimizing the expected risk over all measurable functions is the
regression function given by

fol) = /Y ydp(ylz), 1z € X. (2)

The performance of an estimator f € L/Q)x can be measured in terms of generalization error
(excess risk), i.e., E(f) — E(f,). It is easy to prove that

E)—EL) =1 = fll2. (3)

Here, L?)X is the Hilbert space of square integral functions with respect to px, with its

. . 1/2
induced norm given by [If], = |2, = (Jy |/(2)/?dpx)""

Recall that a reproducing kernel K is a symmetric function K : X x X — R such
that (K (u;, uj))f,j:l is positive semidefinite for any finite set of points {u;}‘_, in X. The
reproducing kernel K defines a RKHS (H, || - ||z) as the completion of the linear span of the
set {K;(-) = K(z,-): x € X} with respect to the inner product (K., Ky)p := K(x,u).

Given only the samples z, the goal is to learn the regression function through efficient
algorithms.

3. Distributed Learning with Stochastic Gradient Methods

In this section, we first state the distributed SGM. We then present theoretical results for
distributed SGM and non-distributed SGM, following with simple discussions.
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Algorithm 1 Distributed learning with stochastic gradient methods

Input: Number of partitions m, mini-batch size b < N/m, total number of iterations T,
step-size sequence {n; > 0}1_;, and kernel function K(-,)
1: Divide z evenly and uniformly at random into the m disjoint subsets, z1,--- , Zm,
2: For every s € [m], compute a local estimate via b-minibatch SGM over the sample zs:
fs,1 =0 and

bt

1
fstr1 = fsr —mey > faalway,) - Ysjoi) Kasj o tET]. (4)
i=b(t—1)+1
Here, js.1, 52, , jspr are i.i.d. random variables from the uniform distribution on [n]

3. Take the averaging over these local estimators: fr = % St fst
Output: the function fr

3.1 Distributed SGM

Throughout this paper, as that in (Zhang et al., 2015), we assume that! the sample size
N = mn for some positive integers n, m, and we randomly decompose z as z; Uz U - - Uz,
with |z1| = |z2| = -+ = |z | = n. For any s € [m], we write z; = {(zs4, ys.i) }1'=;. We study
distributed SGM, with mini-batches and multi-pass over the data, as detailed in Algorithm
1. For any t € NT, the set of the first ¢ positive integers is denoted by [¢].

In the algorithm, at each iteration ¢, for each s € [m], the local estimator updates its
current solution by subtracting a scaled gradient estimate. It is easy to see that the gradient
estimate at each iteration for the s-th local estimator is an unbiased estimate of the full
gradient of the empirical risk over z;. The global predictor is the average over these local
solutions. In the special case m = 1, the algorithm reduces to the classic multi-pass SGM.

There are several free parameters, the step-size 7, the mini-batch size b, the total
number of iterations/passes, and the number of partition/subsets m. All these parameters
will affect the algorithm’s generalization properties and computational complexity. In the
coming subsection, we will show how these parameters can be chosen so that the algorithm
can generalize optimally, as long as the number of subsets m is not too large. Different
choices on 7y, b, and T correspond to different regularization strategies. In this paper,
we are particularly interested in the cases that both 7; and b are fixed as some universal
constants that may depend on the local sample size n, while T' is tuned.

The total number of iterations 7" can be bigger than the local sample size n, which
means that the algorithm can use the data more than once, or in another words, we can run
the algorithm with multiple passes over the data. Here and in what follows, the number of
(effective) ‘passes’ over the data is referred to % after ¢ iterations of the algorithm.

The numerical realization of the algorithm and its performance on a synthesis data
can be found in (Lin and Cevher, 2018a). The space and time complexities for each local
estimator are

O(n) and O(bnT), (5)

1. For the general case, one can consider the weighted averaging scheme, as that in (Lin et al., 2017), and
our analysis still applies with a simple modification.
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respectively. The total space and time complexities of the algorithm are
O(N) and O(bNT). (6)

3.2 Generalization Properties for Distributed Stochastic Gradient Methods

In this subsection, we state our results for distributed SGM, following with simple discus-
sions. Throughout this paper, we make the following assumptions.

Assumption 1 H is separable and K is continuous. Furthermore, for some k € [1, 00|,
K(z,z) < K?, VzeX, (7)

and for some M,o > 0,
/szdp(ylx) < M?,

[ Gt = 0dplyle) < 0% px-almost surely (8)
Y

The above assumptions are quite common in statistical learning theory, see e.g., (Stein-
wart and Christmann, 2008; Cucker and Zhou, 2007). The constant ¢ from Equation (8)
measures the noise level of the studied problem. The condition [, y*dp(y|z) < M? implies
that the regression function is bounded almost surely,

| fp(z)| < M. (9)

It is trivially satisfied when Y is bounded, for example, Y = {—1,1} in the classification
problem. To state our first result, we define an inclusion operator S, : H — L,%X, which is
continuous under Assumption (7).

Theorem 1 Assume that f, € H and
3 1
m< NP, 0<B8< 7

Consider Algorithm 1 with any of the following choices on n, b and T.

1) ;= (é;fgﬁm forallt € [Ty], b=1, and T, = %

%) m = gerbery for all t € (1), b= 2|, and T= |VNlog N |.
Then,

E(S,fr.+1 — fp”%é CisN~Y2log N,

where Chg = C’12||fp||%{+01302 +C14M? and C1a, C13, C14 are positive constants depending
only on k%, ||L|| (which could be given explicitly in the proof).

Theorem 1 provides generalization error bounds for distributed SGM with two different
choices on step-size 7;, mini-batch size b and total number of iterations/passes. Its proof
relies on the coming general results, Theorem 2 and Corollary 1. The convergence rate is
optimal up to a logarithmic factor, in the sense that it nearly matches the minimax rate
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N~1/2 in (Caponnetto and De Vito, 2007) and the convergence rate N~1/2 for KRR (Smale
and Zhou, 2007; Caponnetto and De Vito, 2007). The number of passes to achieve optimal
error bounds in both cases is roughly one. The above result asserts that distributed SGM
generalizes optimally after one pass over the data for two different choices on step-size
and mini-batch size, provided that the partition level m is not too large. In the case that
m ~ /N, according to (6), the computational complexities are O(N) in space and O(N°)
in time, comparing with O(N) in space and O(N?) in time of classic SGM.

Remark 1 In Theorem 1, the stepsize does not necessarily depend on (3 in Case 1). In fact,
if we let ny = m in Case 1), then following from the proof, we have E|S, fr,+1 —

fp||f,§ Ci6N—1210g? N, which has an extra logarithmic factor in comparisons. This obser-
vation 1s also true in the next corollary.

Theorem1 provides statistical results for distributed SGM without considering any fur-
ther benign assumptions about the learning problem, such as the regularity of the regression
function and the capacity of the RKHS. In what follows, we will show how the results can
be further improved, if we make these two benign assumptions.

The first benign assumption relates to the regularity of the regression function. We
introduce the integer operator L : L/%X — Lgx, defined by Lf = [y f(z)K(z,-)dpx. Under
Condition (7), £ is a positive compact operator (Cucker and Zhou, 2007, Page 57), and
hence £¢ is well defined using the spectral theory.

Assumption 2 There exist ¢ > 0 and R > 0, such that |L~Cf,||, < R.

This assumption characterizes how large the subspace that the regression function lies
in. The bigger the ( is, the smaller the subspace is, the stronger the assumption is, and the
easier the learning problem is, as ECl(L%X) - ,C@(L/Q)X) it (1 > (2. Moreover, if ( = 0, we
are making no assumption, and if { = %, we are requiring that there exists some fg € H
such that fg = f, almost surely (Steinwart and Christmann, 2008, Page 151).

The next assumption relates to the capacity of the hypothesis space.

Assumption 3 For some v € [0,1] and ¢y, > 0, L satisfies
tr(L(L+A)7H) < e A7, for all X > 0. (10)

The left hand-side of (10) is called effective dimension (Zhang, 2005) or degrees of freedom
(Caponnetto and De Vito, 2007). It is related to covering/entropy number conditions, see
(Steinwart and Christmann, 2008, Section A). The condition (10) is naturally satisfied with
v = 1, since £ is a trace class operator which implies that its eigenvalues {o;}; satisfy
o; < i~ Moreover, if the eigenvalues of £ satisfy a polynomial decaying condition o; ~ i~¢
for some ¢ > 1, or if £ is of finite rank, then the condition (10) holds with v = 1/¢, or
with v+ = 0. The case v = 1 is refereed as the capacity independent case. A smaller ~
allows deriving faster convergence rates for the studied algorithms, as will be shown in the
following results.

Making these two assumptions, we have the following general results for distributed
SGM.
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Theorem 2 Under Assumptions 2 and 3, let n, =0 for all t € [T] with n satisfying

0<n<— 2 (11)
77_4/1210gT'

Then for any t € [T] and X = n?~" with 6 € [0, 1], the following results hold.
1) For ¢ <1,

2 2 2
_ 9 ~ 2 2¢V1 (R+1{2C<1}||fp‘|00) g M Ui
E||S,frs1 — prp < ((Mt)* v Q«,,&,n Vlogt)[Cs ()% + Cg N + Co b ].
(12)
2) For ¢ > 1,
2(—1 2 2 2
] 2 (Gt (nt) R 4 M=y
E||Sy frs1 — foll? < ((Ant) V Qo V (W) \/logt)[C@-( RES +Cs 50 + Cho b ].
(13)
Here,
Qo =1V [7(9*1 Alogn)] (14)

and Cs, Cg, Cs, Chg are positive constants depending only on k*,¢, cy, || L] which could be
given explicitly in the proof.

In the above result, we only consider the setting of a fixed step-size. Results with
a decaying step-size can be directly derived following our proofs in the coming sections,
combining with some basic estimates from (Lin and Rosasco, 2017b). The error bound
from (12) depends on the number of iteration ¢, the step-size 1, the mini-batch size, the
number of sample points N and the partition level m. It holds for any pseudo regularlzatlon

parameter A where A € [n=!,1]. When ¢t < n/n, for ¢ < 1, we can choose A = (5t)~!, and
ignoring the logarithmic factor and constants, (12) reads as
L ()

+— (15)

EH‘SpﬁJrl - fp”?; S (77t)2< N mb

Here, we use the notations a1 < ao to mean a; < Cag for some positive constant C
depending only on , M, o, ||L|[, || follces ¢, ¢y, R. The right-hand side of (15) is composed of
three terms. The first term is related to the regularity parameter ¢ of the regression function
fp, and it results from estimating bias. The second term depends on the sample size N,
and it results from estimating sample variance. The last term results from estimating
computational variance due to random choices of the sample points. In comparing with
the error bounds derived for classic SGM performed on a local machine, one can see that
averaging over the local solutions can reduce sample and computational variances, but keeps
bias unchanged. As the number of iteration t increases, the bias term decreases, and the
sample variance term increases. This is a so-called trade-off problem in statistical learning
theory. Solving this trade-off problem leads to the best choice on number of iterations.
Notice that the computational variance term is independent of the number of iterations
t and it depends on the step-size, the mini-batch size, and the partition level. To derive
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optimal rates, it is necessary to choose a small step-size, and/or a large mini-batch size, and
a suitable partition level. In what follows, we provide different choices of these algorithmic
parameters, corresponding to different regularization strategies, while leading to the same
optimal convergence rates up to a logarithmic factor.

Corollary 1 Under Assumptions 2 and 3, let N > 8, ( <1,2(+v>1 and

2(+v—-1
20+~

Consider Algorithm 1 with any of the following choices on n:, b and Ty.
1
)= 5 forallte[T],b=1, and T, = LNQCMnJ .

6KZn
2) M = g for allt € [L], b= [V, and T. = | N%5 /|

_B)— __2¢ 2¢+1
3) m= 72382(262+ng 3Hvm for allt € [Ty], b=1, and Ty= LN2<+vm_1J.

2¢
4) m= m for allt € [Ty], b= {Nmmfl—‘, and Ty= LNﬁ 1ogNJ.
Then,

m < NP, with0< B < (16)

z 2
E(Spfr+1 — fp||,2, < Ci5N %+ log N,

where Ci5 = Cr2(R + 1{2<<1}||fp||oo)2 + C130% + CruM?, and Cia, C13, C14 are positive
constants depending only on k2., cy, |L||, B (which could be given explicitly in the proof).

We add some comments on the above theorem. First, the convergence rate is optimal up to a
logarithmic factor, as it is almost the same as that for KRR from (Caponnetto and De Vito,

2007; Smale and Zhou, 2007) and also it nearly matches the minimax lower rate O(N _%)
in (Caponnetto and De Vito, 2007). In fact, let P(v,¢) (v € (0,1) and ¢ € [1/2,1]) be
the set of probability measure p on Z, such that Assumptions 1-3 are satisfied. Then the
following minimax lower rate is a direct consequence of (Caponnetto and De Vito, 2007,
Theorem 2):

—2¢
liminfinf sup Pr(ze 2V B[S,V — f|2 > ON%H ) =1,
N=roo N peP(v,0) ’ e

for some constant C' > 0 independent on N, where the infimum in the middle is taken over
all algorithms as a map ZV 3 z — fV € H. Alternative minimax lower rates (perhaps
considering other quantities, R and ¢2) could be found in (Steinwart et al., 2009, Theorem
9) for ¢ € (0, %], and in (Caponnetto and De Vito, 2007, Theorem 3), (Blanchard and
Miicke, 2018, Theorem 3.5) for { > % Second, distributed SGM saturates when ¢ >
1. The reason for this is that averaging over local solutions can only reduce sample and
computational variances, not bias. Similar saturation phenomenon is also observed when
analyzing distributed KRR in (Zhang et al., 2015; Lin et al., 2017). Third, the condition 2¢+
~ > 11is equivalent to assuming that the learning problem can not be too difficult. We believe
that such a condition is necessary for applying distributed learning technique to reduce
computational costs, as there are no means to reduce computational costs if the learning
problem itself is not easy. Fourth, as the learning problem becomes easier (corresponds
to a bigger (), the faster the convergence rate is, and moreover the larger the number of
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partition m can be. Finally, different parameter choices leads to different regularization
strategies. In the first two regimes, the step-size and the mini-batch size are fixed as some
prior constants (which only depends on n), while the number of iterations depends on some
unknown distribution parameters. In this case, the regularization parameter is the number
of iterations, which in practice can be tuned by using cross-validation methods. Besides, the
step-size and the number of iterations in the third regime, or the mini-batch size and the
number of iterations in the last regime, depend on the unknown distribution parameters,
and they have some regularization effects. The above theorem asserts that distributed
SGM with differently suitable choices of parameters can generalize optimally, provided the
partition level m is not too large.

3.3 Optimal Rate for Multi-pass SGM on a Single Dataset

As a direct corollary of Theorem 2, we derive the following results for classic multi-pass
SGM.

Corollary 2 Under Assumptions 2 and 3, let N > 8. Consider Algorithm 1 with m =1
and any of the following choices on ny, b and Ty.
1) ;= M%N for allt € [T}], b=1, and T,= [ N**1].

2) = Gﬂgl\m for all t € [T,], b= [V N1, and T,= | N*+t1/2].
3) ne = mi\f’%a forallt € [T.), b=1, and T, = [N+ |,
4)ne = m for allt € [Ty], b= [NQCQL and T, = |[N®log N |.
Here,
1
TV
Then,

_2¢
N 2¢+7 log N, if 2+ v > 1

(17)
N~ 1og N, otherwise,

E|S, fr.+1 — pr,% <Cn {
where Co1 = Clg(R + 1{2g<1}”fp||oo)2 + 01902 + CzoMZ, and Cig, Chig, Coy are positive
constants depending only on k2, ¢, cy, || L] (which could be given explicitly in the proof).

The above results provide generalization error bounds for multi-pass SGM trained on a
single dataset. The derived convergence rate is optimal in the minimax sense (Caponnetto
and De Vito, 2007; Blanchard and Miicke, 2018) up to a logarithmic factor. Note that
SGM does not have a saturation effect, and optimal convergence rates can be derived for
any (¢ €]0, 00]. Corollary 2 improves the result in (Lin and Rosasco, 2017b) in two aspects.

__2¢
First, the convergence rates are better than those (i.e., O(N~ 247 log? N) if 2¢ + v > 1
or O(N~*Clog? N) otherwise) from (Lin and Rosasco, 2017b). Second, the above theorem
does not require the extra condition m > ms made in (Lin and Rosasco, 2017b).

4. Distributed Learning with Spectral Algorithms

In this section, we first state distributed SA. We then present theoretical results for dis-

tributed SA, following with simple discussions. Finally, we give convergence results for
classic SA.

10
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4.1 Distributed Spectral Algorithms

In this subsection, we present distributed SA. We first recall that a filter function is defined
as follows.

Definition 1 (Filter functions) Let A be a subset of Ry. A class of functions {Gy :
[0,x%] — [0,00[, A € A} is said to be filter functions with qualification T (T > 0) if there
exist some positive constants E, F < 0o) such that

sup sup sup |u®Gy(u)|A'"Y < E, (18)
a€l0,1] AeA ue]0,x2]

and

sup sup sup (1 — Gy(uw)u)[u® A~ < F;. (19)
a€l0,7] AeA u€]0,x2]

Algorithm 2 Distributed learning with spectral algorithms

Input: Number of partitions m, filter function G, , and kernel function K (+,4)
1: Divide z evenly and uniformly at random into m disjoint subsets, z1,2z9, -+ , 2,
2: For every s € [m], compute a local estimate via SA over the samples zg: 2

- 1 &
gis == G}\(’E(s)g z;y&iKSﬂ;? 7;(5 = Z<7 Kzs,i>sz,i
1=

3: Take the averaging over these local estimators: g% = % Yo gy
Output: the function g%

In the algorithm, A is a regularization parameter which should be appropriately chosen
in order to achieve best performance. In practice, it can be tuned by using the cross-
validation methods. SA is associated with some given filter functions. Different filter
functions correspond to different regularization algorithms. The following examples provide
several common filter functions, which leads to different types of regularization methods,
see e.g. (Gerfo et al., 2008; Bauer et al., 2007). Without loss of generality, we assume that
E F, > 1.

Example 1 (KRR) The choice G(u) = (u+\)"" corresponds to Tikhonov regularization
or the regqularized least squares algorithm. It is easy to see that {Gi(u) : A € Ry} is a class
of filter functions with qualification T =1, and E = F = 1.

Example 2 (GM) Let {n; > 0} be such that npx®> < 1 for all k € N. Then as will be
shown in Section 6,

Ga(w) =Y "m J[ (0= niw)
k=1  i=k+1

where we identify A = (Zzzl nk) "L, corresponds to gradient methods or Landweber iteration
algorithm. The qualification T could be any positive number, E =1, and F; = (1/e)7.

11
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Example 3 (Spectral cut-off) Consider the spectral cut-off or truncated singular value
decomposition (TSVD) defined by

& () wl, ifu > A,
u) =
A 0, ifu <A

Then the qualification T could be any positive number and £ = F, = 1.

Example 4 (KRR with bias correction) The function Gy(u) = A(A+z) "2+ (A+z)!
corresponds to KRR with bias correction. It is easy to show that the qualification T = 2,
E=2and F, = 1.

The implementation of the algorithms is very standard using the representation theorem,
for which we thus skip the details. We assume the filter function G, is piecewise continuous
throughout.

4.2 Optimal Convergence for Distributed Spectral Algorithms
We have the following general results for distributed SA.

Theorem 3 Under Assumptions 2 and 3, let é)\ be a filter function with qualification
7> (¢ V1), and g% be given by Algorithm 2. Then for any A\ = n®~1 with 6 € [0,1], the
following results hold.

1) For ¢ <1,
32 o2
ENS, g5 = Folly < (@35 V 5)ICHE+ Lpcan I fylloe) X + Cig] - (20)
2) For ¢ > 1,
1-2 N2 2
BIS,7 — ol < (< V Qo V S GRS + 2] (a)
r9 P (C—1/2)A1 v V N\2C /16 N

Here, Q0.5 is given by (14), and Cg, Cg and C§ are positive constants depending only on
k, ¢, E,Fr, ¢y and ||L|| (which could be given explicitly in the proof).

The above results provide generalization error bounds for distributed SA. The upper
bound depends on the number of partition m, the regularization parameter A\ and total
sample size N. When the regularization parameter A\ > 1/n, by setting A = )\, ignoring the
logarithmic factor, the derived error bounds for ¢ < 1 can be simplified as

1
- 2320,
EHSP fPHp )\ NA/Y
Here, a1 < ag means a1 < Cay for some positive constant C' which is depending only on

K,Cy, ¢, M, 0, R, || L], E,| fol|loo, and Fr. There are two terms in the upper bound. They are

2. Let L be a self-adjoint, compact operator over a separable Hilbert space. é)\(L) is an operator on L
defined by spectral calculus: suppose that {(oi,1:)}: is a set of normalized _cigenpairs of L with the
eigenfunctions {1;}; forming an orthonormal basis of H, then Gx(Tx,) = > G(0:) s @ ;.

12
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raised from estimating bias and sample variance. Note that there is a trade-off between the
bias term and the sample variance term. Solving this trade-off leads to the best choice on
regularization parameter. Note also that similar to that for distributed SGM, distributed
SA also saturates when ¢ > 1.

Corollary 3 Under the assumptions of Theorem 3, let ¢ <1, 2(+~v > 1, A= N™%=m and
the number of partitions satisfies (16). Then

. _ 2
E[|S,35 — foll; < CoN ™24, (22)

Cli = Co(R+ 1accnyll folloo)? + Cloo?, and C§, Cly are positive constants depending only
on Kk, E, Fr,cy, ||L||,v, B (which could be given explicitly in the proof).

The convergence rate from the above corollary is optimal as it matches exactly the minimax
rate in (Caponnetto and De Vito, 2007), and it is better than the rate for distributed SGM
from Theorem 2, where the latter has an extra logarithmic factor. According to Corollary
3, distributed SA with an appropriate choice of regularization parameter A can generalize
optimally, if the number of partitions is not too large. To the best of our knowledge, the
above corollary is the first optimal statistical result for distributed SA considering the non-

attainable case (i.e. ¢ can be less than 1/2). Moreover, the requirement on the number of
2¢+vy—1

+
partitions m < N 2¢+v to achieve optimal generalization error bounds is weaker than that

2¢-1
(m < N2#7) in (Guo et al., 2017; Miicke and Blanchard, 2018).

4.3 Optimal Rates for Spectral Algorithms on a Single Dataset

The following results provide generalization error bounds for classic SA.

Corollary 4 Under Assumptions 2 and S5, let éA be a filter function with qualification
1
7> (¢ V1), and g3' be given by Algorithm 2 with A= N V& and m = 1. Then

__2¢
N2+, if2C+v > 1;

23
N=2(1Vlog N7), otherwise. (23)

EHSpgil - fp||;2) < Ci?) {

Cly = Clo(R+1pccyll folloo)? + Cls0?, and C1y, Cl3 are positive constants depending only
on k,C, E, Fr,cy, || L],y (which could be given explicitly in the proof).

The above results assert that SA generalizes optimally if the regularization parameter is
well chosen. To the best of our knowledge, the derived result is the first one with optimally
capacity-dependent rates in the non-attainable case for a general SA. Note that unlike
distributed SA, classic SA does not have a saturation effect.

5. Discussion

In this section, we briefly review some of the related results in order to facilitate comparisons.
For ease of comparisons, we summarize some of the results and their computational costs
in Table 1.

13
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We first briefly review convergence results on generalization error for KRR, and more
generally, SA. Statistical results for KRR with different convergence rates have been shown
in, e.g., (Smale and Zhou, 2007; Caponnetto and De Vito, 2007; Wu et al., 2006; Steinwart
and Christmann, 2008; Steinwart et al., 2009). Particularly, Smale and Zhou (2007) proved

%
convergence rates of order O(N +@VD)) with 0 < ¢ < 1, without considering the capacity
assumption. Caponnetto and De Vito (2007) gave optimally capacity-dependent conver-

__2¢
gence rate of order O(N ™ 2+7) but only for the case that 1/2 < { < 1. The above two are
based on integral operator approaches. Using an alternative argument related to covering-

_2¢
number or entropy-numbers, Wu et al. (2006) provided convergence rate O(N 1+7), and

2
(Steinwart and Christmann, 2008, Theorem 7.23) provided convergence rate O(N @IVl

assuming that 0 < ¢ < 1/2,v € (0,1) and |y| < 1 almost surely. Considering an embedding
__2¢
property assumption, Steinwart et al. (2009) gave optimal rate O(N ™ 2¢+7) for KRR even

for ¢ € (0, %] For GM, Yao et al. (2007) derived convergence rate of order O(N_QE%)
(for ¢ €]0,00[), without considering the capacity assumption. Involving the capacity as-
sumption, Lin and Rosasco (2017b) derived convergence rate of order O(IN e log® N) if
20+~ > 1, or O(N~%1log* N) if 2¢ +~ < 1. Note that both proofs from (Yao et al., 2007;
Lin and Rosasco, 2017b) rely on the special separable properties of GM with the square
loss. For SA, statistical results on generalization error with different convergence rates have
been shown in, e.g., (Bauer et al., 2007; Caponnetto and Yao, 2010; Blanchard and Miicke,

2018; Dicker et al., 2017; Lin et al., 2017). The best convergence rate shown so far (without

making any extra unlabeled data as that in (Caponnetto and Yao, 2010)) is O(]\f%)
(Blanchard and Miicke, 2018; Dicker et al., 2017; Lin et al., 2017) but only for the attain-
able case, i.e., ( > 1/2. These results also apply to GM, as GM can be viewed as a special
instance of SA. Note that some of these results also require the extra assumption that the
sample size N is large enough. In comparisons, Corollary 4 provides the best convergence
rates for SA, considering both the non-attainable and attainable cases and without making
any extra assumption. Note that our derived error bounds are in expectation, but it is not
difficult to derive error bounds in high probability using our approach, and we report this
result in a future work.

We next briefly review convergence results for SGM. SGM (Robbins and Monro, 1951)
has been widely used in convex optimization and machine learning, see e.g. (Cesa-Bianchi
et al., 2004; Nemirovski et al., 2009; Bottou et al., 2018) and references therein. In what
follows, we will briefly recall some recent works on generalization error for nonparametric
regression on a RKHS considering the square loss. We will use the term “online learning
algorithm” (OL) to mean one-pass SGM, i.e, SGM that each sample can be used only once.
Different variants of OL, either with or without regularization, have been studied. Most of
them take the form

Jrrr =0 =) fe = m(fe(@e) — ) Koy, t =1+ N,

Here, the regularization parameter A; could be zero (Zhang, 2004; Ying and Pontil, 2008), or
a positive (Smale and Yao, 2006; Ying and Pontil, 2008) and possibly time-varying constant

3. The results from (Steinwart and Christmann, 2008, Theorem 7.23) are based on entropy-numbers argu-
ments while the other results summarized for KRR in the table are based on integral-operator arguments.
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. N e . Local Memory Memory
Algorithm ) Ass. # Processors m Rate & Time & Time
KRR (Smale and Zhou. 2007 C€l0,1],y=1 1 N~ @vF X N? & N3
KRR (Caponnetto and De Vito 2007) (e [é 1], v €]0,1], N > N; 1 N~z X -
KRR (Steinwart and Christmann 2008 31 ¢elo, %] v €0, 1], ly S1 1 NGV X -
KRR [Corollary 4 ¢ €]0,1],2¢+v>1 1 Nﬁij X -
KRR [Corollary 4 2¢(+~v<1 1 N—%log N7 X -
GM (Yao et al. 2007 y=1 1 N™%+2 X N & NZNﬁ
GM (Dicker et al. 2017 e [%oc[ v €]0,1], N > Ny 1 N~ X N & NINTH
GM (Lin and Rosasco 72017})\ 2¢ + Vs 1 N~ log? N X N & N2N %
GM (Lin and Rosusco?Ol?bw 20+v<1, N> 1 N-Xlog' N X N & N*
GM [Corollary 4] 2(+v>1 1 N~ =+ X N & N2NT=
GM [Corollary 4] 2(+~v<1 1 N~ log N7 X N & N3
SA (Guo et al. 2017 ¢eld.7ly €01 1 N~ X -
SA [Corollary 4] (<, 2(+y>1 1 N™%t X -
SA [Corollary 4 (<rn2(+~v<1 1 N log N7 X -
- T
OL (Ying and Pontil 2008) y=1 1 N 2+ log N 3
AveOL (Dieuleveut and Bach 2016 (€0,1],2¢+y>1 1 N %S X
AveOL (Dieuleveut and Bach 2016 2¢(+~v<1 1 N—% X
SGM (Lin and Rosasco_2017b 2 +4>1,N> N 1 N™%5 log? N x
SGM (Lin and Rosasco 2017b) 20+7<1 > Ns 1 N Xlog" N X
SGM [Corollary 2! 2 +y>1 1 N™%H x
SGM [Corollary 2] 2(+~<1 1 N~*log N7 x
. - 1 2 AT RIS R
NyKRR (Rudi et al.. 2015) ¢ €[z 1], v €0,1], N > Ns N3+ X N 2 & N 2+
NySGM (Lin and Rosasco 2017a) e [% 1], v €]0,1], N > Ns N~ % X Vg N
FALKON (Rudi et al. 2017 Ce[41], 7 €0,1], N > N; N == x NER & Nom Y ah
- — 2 20+7) 3047) 20¥2Y° 2F213y
DKRR & DSA (Guo et al. 2017 ¢eld 1),y €0, N~ %5 NEm & Noor | N & N
26 2004y 3(L17) 20+27 23012434
Localized Nystrém KRR (Miiecke 2019 ¢ E]%, ], v €]0,1] N~ e N o & N o NZ S & 1\[“2‘(!7S
DKRR € DSA [Corollary 31 ¢€l0,1,2¢+v>1 N5 N & NTH N & Noar
— 1 _2 2T FT
DSGM [Corollary 1 (3)] ¢ €]0,1],2(+v>1 N2+ N & N N & N %+

Table 1
Summary of assumptions and results for distributed SGM (DSGM) and related approaches
including KRR, GM, SA, one-pass SGM (OL), one-pass SGM with averaging (AveOL),
SGM, (plain) Nystrom KRR (NyKRR), Nystrom SGM (NySGM), FALKON, Localized
Nystrém KRR distributed KRR (DKRR), distributed SA (DSA).
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(Tarres and Yao, 2014). Particularly, Tarres and Yao (2014) studied OL with time-varying
—2¢
regularization parameters and convergence rate of order O(N%+1) (¢ € [3,1]) in high
probability was proved. Ying and Pontil (2008) studied OL without regularization and
__2¢
convergence rate of order O(/N %+1) in expectation was shown. Both convergence rates
from (Ying and Pontil, 2008; Tarres and Yao, 2014) are capacity-independently optimal
and they do not take the capacity assumption into account. Considering an averaging step

(Polyak and Juditsky, 1992) and a proof technique motivated by (Bach and Moulines, 2013),

. 2¢
Dieuleveut and Bach (2016) proved capacity-dependently optimal rate O(N  @+9v1) for
OL in the case that ¢ < 1. Recently, Lin and Rosasco (2017b) studied (multi-pass) SGM, i.e,
Algorithm 1 with m = 1. They showed that SGM with suitable parameter choices, achieves

convergence rate of order O(Nf(%i% log? N) with 8 = 2 when 20+~ > lor 3 = 4
otherwise, after some number of iterations. In comparisons, the derived results for SGM in
Corollary 2 are better than those from (Lin and Rosasco, 2017b), and the convergence rates
are the same as those from (Dieuleveut and Bach, 2016) for averaging OL when ¢ < 1 and
2¢ 4+~ > 1. For the case 2 + v < 1, the convergence rate O(N~2¢(1 V log N7)) for SGM
in Corollary 2 is worser than O(N~2¢) in (Dieuleveut and Bach, 2016) for averaging OL.
However, averaging OL saturates for ¢ > 1, while SGM does not.

To meet the challenge of large-scale learning, a line of research focus on designing learn-
ing algorithms with Nystrom subsampling, or more generally sketching. Interestingly, the
latter has also been applied to compressed sensing, low rank matrix recovery and kernel
methods, see e.g. (Candes et al., 2006; Yurtsever et al., 2017; Yang et al., 2012) and refer-
ences therein. The basic idea of Nystrom subsampling is to replace a standard large matrix
with a smaller matrix obtained by subsampling (Smola and Schélkopf, 2000; Williams and
Seeger, 2000). For kernel methods, Nystrom subsampling has been successfully combined
with KRR (Alaoui and Mahoney, 2015; Rudi et al., 2015; Yang et al., 2017), SGM (Lu
et al., 2016; Lin and Rosasco, 2017a), and gradient descent plus preconditioning (with ex-

plicit regularization) (Rudi et al., 2017). Generalization error bounds of order O(N %)
(Rudi et al., 2015; Lin and Rosasco, 2017a; Rudi et al., 2017) were derived, provided that
the subsampling level is suitably chosen, considering the case ( € [%, 1]. Computational
advantages of these algorithms were highlighted. Here, we summarize their convergence
rates and computational costs in Table 1, from which we see that distributed SGM has
advantages on both memory and time.

Another line of research for large-scale learning focus on distributed (parallelizing) learn-
ing. Distributed learning, based on a divide-and-conquer approach, has been used for, e.g.,
perceptron-based algorithms (Mcdonald et al., 2009), parametric smooth convex optimiza-
tion problems (Zhang et al., 2012), and sparse regression (Lee et al., 2017). Recently, this
approach has been successfully applied to learning algorithms with kernel methods, such as
KRR (Zhang et al., 2015), and SA (Guo et al., 2017; Blanchard and Miicke, 2018). Zhang
et al. (2015) first studied distributed KRR and showed that distributed KRR retains op-

__2¢
timal rates O(N~ %+7) (for ¢ € [$,1]) provided the partition level is not too large. The
number of partition to retain optimal rate shown in (Zhang et al., 2015) for distributed KRR
depends on some conditions which may be less well understood and thus potentially leads

to a suboptimal partition number. Lin et al. (2017) provided an alternative and refined
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analysis for distributed KRR, leading to a less strict condition on the partition number.
Guo et al. (2017) extended the analysis to distributed SA, an proved optimal convergence

rate for the case ¢ > 1/2, if the number of partitions m < O(N%Ti). In comparison, the
condition on partition number from Theorem 3 for distributed SA is less strict. Moreover,
Theorem 3 shows that distributed SA can retain optimal rate even in the non-attainable
case. According to Corollary 1, distributed SGM with appropriate choices of parameters
can achieve optimal rate if the partition number is not too large. In comparison of the
derived results for distributed SA with those for distributed SGM, we see from Table 1
that the latter has advantages on both memory and time. The most related to our works
are (Zinkevich et al., 2010; Jain et al., 2017). Zinkevich et al. (2010) studied distributed
OL for optimization problems over a finite-dimensional domain, and proved convergence re-
sults assuming that the objective function is strongly convex. Jain et al. (2017) considered
distributed OL with averaging for least square regression problems over a finite-dimension
space and proved certain convergence results that may depend on the smallest eigenvalue of
the covariance matrix. These results do not apply to our cases, as we consider distributed
multi-pass SGM for nonparametric regression over a RKHS and our objective function is
not strongly convex. We finally remark that using a partition approach (Meister and Stein-
wart, 2016; Thomann et al., 2017; Tandon et al., 2016; Miiecke, 2019), one can also scale up
the kernel methods, with a computational advantage similar as those of using distributed
learning technique.

During the review period of our work, there were several works on optimal learning rates
and large-scale learning algorithms, e.g., (Pillaud-Vivien et al., 2018; Carratino et al., 2018;
Fischer and Steinwart, 2019; Pagliana and Rosasco, 2019; Miicke et al., 2019; Jun et al., 2019;
Richards and Rebeschini, 2019). Particularly, making an additional assumption on the so-

__2¢
called embedding property (Steinwart et al., 2009), optimal rates O(N ™~ 2¢+7) (with ( <1
and v €]0,1]) have been shown for multiple passes SGM with averaging (Pillaud-Vivien
et al., 2018) and spectral algorithms (Fischer and Steinwart, 2019), which are better than

_2¢
ours for the hard regime 2¢ +~ < 1. Miicke et al. (2019) provided optimal rates O(N ™ 2¢+7)
(with ¢ € [3,00) and v €]0,1]) for both “single effective” and multiple passes SGM with

__2¢
tailed-averaging. Jun et al. (2019) gave optimal rates O(N ™ 2+7) (with ¢ € (0,1/2] and
v €]0, 1]) for the so called “kernel truncated randomized ridge regression”, without requiring
the embedding property.

6. Proofs for Distributed SGM
In this section, we provide the proofs of our main theorems for distributed SGM. We begin

with some basic notations. For ease of readability, we also make a list of notations in the
appendix.

6.1 Notations

E[¢] denotes the expectation of a random variable &. || - ||~ denotes the supreme norm with
respect to px. For a given bounded operator L : H — H", ||L|| denotes the operator norm
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of L, i.e., [|L|| = supgepr s, =1 |1Lf||g7. Here H and H" are two separable Hilbert spaces
(which could be the same).
We introduce the inclusion operator S, : H — LZX, which is continuous under As-

sumption 1. Furthermore, we consider the adJomt operator S; : Ly~ — H, the covariance
operator 7 : H — H given by T = §;S,, and the operator L : L2 —> L2 given by S,S5;.
It can be easily proved that S;f = fX K, f(x)dpx(xz) and T = fX HK dpx (z). The

operators 7 and L can be proved to be positive trace class operators (and hence compact).
In fact, by (7),

2 =171 < (T = [ (e @ Koddox(@) = [ [ Kulfydpx(e) <2, (20

For any function f € H, the H-norm can be related to the L%X—norm by VT : (Bauer et al.,
2007)

IS5l = |VTH|, - (25)
and furthermore according to the singular value decomposition of S,,
1
L7228, fllp < 1Nl (26)

We define the sampling operator (with respect to any given set x C X of cardinality
n) Sx : H — R" by (Sxf)i = f(xi) = (f,Ky,)m, i € [n], where the norm | - ||gn is the
standard Euclidean norm times 1/y/n. Its adjoint operator S : R™ — H, defined by
(Sty, fYm = (y,Sxf)rn for y € R™ is thus given by

1 n
Sty = =S K, . 97
ry n;y ) (27)

Moreover, we can define the empirical covariance operator (with respect to x) 7Tx : H — H
such that Tx = S;Sx. Obviously,

By (7), similar to (24), we have
Il < tx(Tx) < w2 (28)
For any A > 0, for notational simplicity, we let 75 = 7 + A, T =Tx + A, and
N =tr(L(L+ N7 =t(T(T+N)7).
For any f € H and x € X, the following well known reproducing property holds:
(f Kz)m = f(z). (29)
and following from the above, Cauchy-Schwarz inequality and (7), one can prove that

[f (@) = [{f; Ke)u| < | f|lalKellg < &l flla (30)

For any s € [m], we denote the set of random variables {js;}pu—1)+1<i<pr DY Jst,
{js,17j8,27 e ajs,bT} by JS7 and {Jb e 7Jm} by J. Note that js,lajs,27 e 7js,bT are condi-
tionally independent given zg.
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6.2 Error Decomposition

The key to our proof is an error decomposition. To introduce the error decomposition, we
need to introduce two auxiliary sequences.

The first auxiliary sequence is generated by distributed GM. For any s € [m], the GM
over the sample set z, is defined by g, 1 = 0 and

gsit+1 = Gsit — Mt (7;393,15 - S;s}’s) > t=1,...,T, (31)

where {n; > 0} is a step-size sequence given by Algorithm 1. The average estimator over
these local estimators is given by

1 m
o= Z_ggs,t. (32)

The second auxiliary sequence is generated by distributed pseudo GM as follows. For
any s € [m], the pseudo GM over the input set x, is defined by hs; = 0 and

hsv1 = ot — ne (Tx st — Lx, fo) 5 t=1,...,T. (33)

The average estimator over these local estimators is given by
1 m
ht = % Zl hs,t- (34)
s=

In the above, for any given inputs set x € XX, £, LZX — H is defined as that for any
fe LZX such that || f|lec < 00,

Exf = o3 2 @)K (35)

reEX

Note that (33) can not be implemented in practice, as f,(x) is unknown in general.
We state the error decomposition as follows.

Proposition 1 We have that for any t € [T7,
E|Spfe = folls = EllSphe = foll 7 + EllSp(ge — he) 7] + ElISy(fe — g0)|I5- (36)

The error decomposition is similar as (but a bit different from) (Lin and Rosasco, 2017b,
Proposition 1) for classic multi-pass SGM. There are three terms in the right-hand side of
(36). The first term depends on the regularity of the regression function (Assumption 2) and
it is called as bias. The second term depends on the noise level o2 from (8) and it is called
as sample variance. The last term is caused by the random estimates of the full gradients
and it is called as computational variance. In the following subsections, we will estimate
these three terms separately. Total error bounds can be thus derived by substituting these
estimates into the error decomposition.

The proof idea is quite simple. According to Lemmas 5, 19 and 20, in order to proceed
the analysis, we only need to estimate bias, sample and computational variance of a local
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estimator. Such an idea has already been implicitly used for distributed KRR in (Zhang
et al., 2015).

In order to estimate local bias and local sample variance, as given in Lemma 6, we rewrite
gs,t and h; as the special forms induced by a filter function G; of GM. The strategy here for
estimating local bias and sample variance is different from that in (Lin and Rosasco, 2017b)
which relies on the iterative relationship motivated by (Yao et al., 2007; Lin and Zhou, 2015).
Instead, in this paper, we use spectral theory from functional analysis and the integral-
operator approach to proceed the estimations for SA, as often done in the literature (Smale
and Zhou, 2007; Caponnetto and De Vito, 2007; Caponnetto and Yao, 2010). Our proof
borrows ideas from (Smale and Zhou, 2007; Caponnetto and De Vito, 2007; Caponnetto
and Yao, 2010), whereas the key to get optimal rates in the non-attainable cases (while
requiring a less strict condition on the partition number in the distributed setting) are an

11
error bound on H’];:\Z 7;2 || from Lemma 17 and an error decomposition for local bias in (47).

Most theoretical analysis using the integral-operator approach involves the estimation
11
of the quantity H7;/~\2 T |. It was shown that if

%] > 64k7c, log? (g) JAHL (37)

1 1
then H’7;}\§7':\§H < /2 holds with probability at least 1 — ¢ (0 < § < 1) (Caponnetto
and De Vito, 2007). With this estimation, optimal capacity-dependent rates have been
developed for KRR (Caponnetto and De Vito, 2007) and a general SA (Caponnetto and
Yao, 2010; Blanchard and Miicke, 2018)* for the attainable cases. The condition (37) is
further relaxed as
%

%| > 9x%log <5> /X (38)

see (Hsu et al., 2014) for the matrix case and (Rudi et al., 2015) for the operator case.

With the latter result on ||7:5\% 7}\% ||, optimal rates (with an extra logarithmic factor) based
on the special iterative relationship have been proved for GM in the regimes 2¢ 4+~ > 1,
considering both the attainable and non-attainable cases (Lin and Rosasco, 2017b). In this
paper, we will improve the condition (38) to

%] > 9xlog () /A,

11
and further show a high-probability error bound on the quantity H’7;5\2 ’T; || in Lemma 17,
which roughly reads as follows: for any \ € [n~1, 1], with probability at least 1 — &,

_1 1 3 ~ 1
T 2T2 Slog < log(A™” ( = —|—1>.
175757 | < log 5 log(A™) =N

4. Independently, Guo et al. (2017) and Dicker et al. (2017) also provided optimal rates for the attainable
cases using alternative estimation on the quantity.
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For the non-attainable case, we can not use the following strategy (Blanchard and Miicke,
2018; Guo et al., 2017) to estimate the local bias:

1S,Ge(T) Lxc o — Follp = 1 T2(C(T) T = D follr < | T2(Go(T) T — DTS 2R,

which only holds when f, € H ({ > %) Rather, we introduce an error decomposition for
the local bias in (47)/(98). With this error decomposition, we can estimate local bias for
the non-attainable and attainable cases simultaneously, leading to a deterministic result in
Lemma 13 and consequently better rates for the non-attainable cases. The basic idea of
(47)/(98) is to approximate the local bias in terms of Bias.1 and Bias.4. The quantity
Bias.4 have been estimated in (Yao et al., 2007), while the quantity Bias.1 could be
estimated using the similar argument of estimating Sgy — S;f, — Txx + T7y for KRR
(Smale and Zhou, 2007) and GM (Lin and Rosasco, 2017b).

The other proof steps are more or less the same as in the literature, e.g., (Smale and
Zhou, 2007; Caponnetto and De Vito, 2007; Caponnetto and Yao, 2010; Blanchard and
Miicke, 2018; Dicker et al., 2017; Guo et al., 2017), with simple modifications.

All the missing proofs of propositions and lemmas in this section can be found in Ap-
pendix B.

6.3 Estimating Bias

In this subsection, we estimate bias, i.e., E||S,h; — foll2. We first give the following lemma,
which asserts that the bias term can be estimated in terms of the bias of a local estimator.

Lemma 5 For any t € [T], we have
E|Sphe = folly < ElSph1e = foll-

To estimate the bias of the local estimator, E|Syhi; — fp||f,, we next introduce some
preliminary notations and lemmas.

7, (L) = HZ:H_I(I — L) for t € [T'—1] and II]., (L) = I, for any operator L : H —
H, where H is a Hilbert space and I denotes the identity operator on H. Let k,t € N. We
use the following conventional notations: 1/0 = +oo, [, = 1 and 3"} = 0 whenever &k > ¢.
ot = Zfzk Niy Mgt = (Z};)*l, and specially A\ is abbreviated as \;. Define the function
G;: R — R by

t t
Gi(w) =Y _m [] (T —naw). (39)
k=1 i=k+1
Throughout this paper, we assume that the step-size sequence satisfies 7; €]0, x~2] for
all t € N. Thus, G¢(u) and II} (u) are non-negative on ]0,x?]. For notational simplicity,
throughout the rest of this subsection, we will drop the index s = 1 for the first local
estimator whenever it shows up, i.e, we abbreviate hy; as h, z1 as z, and 7Ty, as Tx, etc.
The key idea for our estimation on bias is that {h;}; can be well approximated by the
population sequence {r:};, a deterministic sequence depending on the regression function
fo- The population sequence {r;}; is defined by 7 = 0 and

rest = (= T)re + Sify. (40)

We first have the following observations.
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Lemma 6 The sequence {r:}; defined by (40) can be rewritten as
Tt41 = Gt(T)S;fp (41)

Similarly, for any s € [m], the sequences {gs}t and {hs}e defined by (31) and (33) can be
rewritten as

gst+1 = Gi(Tx,)Sx. Vs

and

hsi1 = Gi(Tx, ) Lx, fp-

Proof Using the relationship (40) iteratively, introducing with 71 = 0, one can prove the
first conclusion. |

According to the above lemma, we know that GM can be rewritten as a form of SA with
filter function G(-) = G¢(+). In the next lemma, we further develop some basic properties
for this filter function.

Lemma 7 For all u € [0, k?],

1) u®Ge(u) < 271 Va €[0,1].

2) (1 — uGe(u))u® = I (u)u® < (a/e)*A}, Va € [0, o0.
3) I (w)u® < (a/e)*Ay,, Vi keN.

According to Lemma 7, G¢(+) is a filter function indexed with regularization parameter
A = A, and the qualification 7 can be any positive number, and E = 1, F; = (7/e)”. Using
Lemma 7 and the spectral theorem, one can get the following results.

Lemma 8 Let L be a compact, positive operator on a separable Hilbert space H such that
IL] < :‘12.~ Then for any X > 0, .

1) (L +N*Ge(D)[| < A87HL+ (A A)?), Y€ [0,1]. 3

2) (I =LGL))(L+X)[| = [T (L) (L+X)*]| < 2007 D% ((@/e)*+ (A M) ™A, Va € [0,00].
3) |1 (L)L < (a/e)* ARy, Ykt €N,

To proceed the proof, we introduce the following basic lemmas on operators.

Lemma 9 (Fujii et al., 1995, Cordes inequality) Let A and B be two positive bounded linear
operators on a separable Hilbert space. Then

|A°B?|| < ||AB||®, when0<s<1.

Lemma 10 Let Hy, Hy be two separable Hilbert spaces and S : Hy — Hy a compact opera-
tor. Then for any piecewise continuous function f : [0, [|S]|] — [0, co[,

F(S8%)S = Sf(S*S).

Proof The result is well known. It can be proved using singular value decomposition of a
compact operator, see (Engl et al., 1996, (2.43)). [ |
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Lemma 11 Let A and B be two non-negative bounded linear operators on a separable
Hilbert space with max(||Al|, ||B||) < &% for some non-negative x*. Then for any ¢ > 0,

1AS = B¢|| < CeullA = B[, (42)
where
1 when ¢ <1,
SO 22 (43)
2(k when ¢ > 1.

Proof This is a well-known result and the proof is based on the fact that u¢ is operator
monotone if 0 < ¢ < 1. While for { > 1, the proof can be found in, e.g., (Dicker et al.,
2017). |

Using Lemma 8, one can prove the following results, which give some basic properties
for the population sequence {r;};.

Lemma 12 Let a € R. Under Assumption 2, the following results hold.
1) For any a < (, we have

127 (Spres1 — fo) llp < ((C —a) /)" * RA; ™.

2) We have

)\§+a—1’ 1f_C§aS1_C7

HTG_I/%HHH s H {n2(<+a1), if a>1-¢.
Proof 1) Using Lemma 10,
S,GUTIS; = S,Cu(S5S,)S; = Ci(S,5)8,5; = Gi(L)L.
and by (41), we have
L7YSprie1 — fo) = L7(G(L)L = 1T) fp.
Taking the p-norm, applying Assumption 2, we have
1£7(Sprers = follp < NLTHGUL)IL — IR = || T (L)|R.

Note that the condition (7) implies (24). Applying Part 2) of Lemma 8, one can prove the
first desired result.
2) By (41) and Assumption 2,

TP realla = T V2GUT)S, follm < IT7V2GU(T)SELE|R.
Noting that
1T PGUT)S L = 1 T2 GU(T) S, L3S, G (T) T2
= |GH(T)T 2|2 = |G (T) TS,
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we thus have
1T 2rialla < |Go(T) TR,

fo<{(+a<lie, —(<a<1-C(, then by using 1) of Lemma 8, we get
17 P rsalln < AR
Similarly, when a > 1 — ¢, we have
1T vl < |GHTITIITSH R < w2V,

where for the last inequality we used 1) of Lemma 8 and (24). This thus proves the second
desired result. ]

With the above lemmas, we can prove the the following analytic result, which enables
us to estimate the bias term in terms of several random quantities.

Lemma 13 Under Assumption 2, let A > 0,
A= |TPT PP, A =T - T
and
5= Lxfp =Sy fp = Txrts1 + Tregalln-
Then the following results hold.
1) For0 < (<1,

A

- g\/%
1 —3 Az
|Sphts1 — foll, < | 1V (&) (CLR(A%)V2NS + 2¢/A%\, 2A%). (45)

2) For ¢ > 1,

¢
by _1 1 1
ISohts1 = foll, < /AT ”<At> (CoRA] +2X, ? Af + CyRAZ (A5)C2M). (46)

Here, C1, Cy and Cs are positive constants depending only on ¢ and k.

Proof Using Lemma 6 with s = 1, we can estimate ||S,hi1 — f,ll, as

1SoGe(Tx) Lxcfo = follp <N SpGe(T)Lxfp = Spfp = Txrerr + Tregal o
Bias.1
+ 1 S,Gi(TIS, fo = Tresal llp
Bias.2
+ | SP[I — Gi(Tx) Tx|r141 Hp
Bias.3
+ H Sprt-kl - fp Hp (47)
—_—

Bias.4
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In the rest of the proof, we will estimate the four terms of the r.h.s separately.
Estimating Bias.4
Using 1) of Lemma 12 with a = 0, we get

|Bias.4||, < (¢/e)° A R.

Estimating Bias.1
By a simple calculation, we know that for any f € H,

1S,Gu(T) 1l < IS, T3 2 INT 2T PN T G T L f L

Note that

18,721 = IS, TS5l = yJIees I < 1,

and that applying 1) of Lemma 8, with (28), we have

IT2GUT < (1+ /A2 /V A

Thus for any f € H, we have

1S,Gu (T 1l < (1+ /AN, 2 /AT 1]l

Therefore,

N
|Bias.1]|, < (14 \/A/A)A, 2 /ATAZ.

Estimating Bias.2
By (50), we have

[Bias.2ll, < (1+ /A AN VAT Tres — il
Using (with 7 = §;S, and £ = §,S;)
1 Treer = Sy follir = 1S5 (Sprier = folllar = I1£Y2(Sprien = o)l

and applying 1) of Lemma 12 with a = —1/2, we get

IBias.2|, < (¢ +1/2)/e) 21+ \/A/A\)/AEASR.

Estimating Bias.3
By 2) of Lemma 7,
Bias.3 = S,IT (Tx)7t41-

When ¢ < 1/2, by a simple calculation, we have

IBias.3]|, <|[S,7; 2T 2T AN TP (T e e
< VAT (T ||||n+1||H,
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where for the last inequality, we used (49). By 2) of Lemma 8, with (28),

TP (T | < V/A(1/V2e + /A M), (53)

and by 2) of Lemma 12,
lresalle < RXY2.

It thus follows that
|Bias.3||, < \/AZ(\/ A/ At + 1/v2e) RXS.

When 1/2 < { <1, by a simple computation, we have
. —1/2 1/2+~—1/2 1/2 —1/2 1/2— —1/2 1/2—
IBias.3], < |IS,7; N7 TS AN TP (T TS AN T 2N TP v
Applying (49) and 2) of Lemma 12, we have
Z 1/2 1/2 1/2— 1/2
IBias 3, < /AT T I (T TS PINITL T2 R,
By 2) of Lemma 8,
1/2 1/2 N

1T (T TS 21 = ITSTIUTN < (C/e)S + (A/A)O)AS

Besides, by ¢ < 1 and Lemma 9,
l _ _1 1
HT1/2 CT< 1/2” HT 2(QC 1)7-2 2¢ 1)H < ”7;;\27-5\2H2C—1 < (A%)<_§

It thus follows that R
|Bias.3, < (A7)S((A/A)S + (C/e)*)RA;.

When ¢ > 1, we rewrite Bias.3 as
8/)7}\—1/2 ) 7}\1/27;—5\1/2 ) 7;1;\/21_[%(7;)(7;{—1/2 Loe-2 7§§_l/2)7'1/2_<7"t+1-
By a simple calculation, we can upper bound |Bias.3|, by
< |8, T PINT AT PIIT P  (T) Te ™ 2 I T (T T 2= 2D T2 .
Introducing with (49) and (53), and applying 2) of Lemma 12,
[Bias.3], < /AT(ITL(TOTE 2+ (1330 4y MAVNITS 2 = T2 R
By 2) of Lemma 8,
17200 (T T2 < T (T < 257 ((¢/e)f + (/AN
Moreover, by Lemma 11 and max(||T ||, [|7x|) <
”7-471/2 _ 7;471/2” < (2@24*3)1{2423} = 7;”(671/2)/\1
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Therefore, when ¢ > 1, Bias.3 can be estimated as

|Bias.3||,
<,/A? <2< L(¢/e) 4+ (A A)ONS + (2¢k23) M 2e=3 (1/3/2e + ) A/ M)V A(AZ) WW) R.
From the above analysis, we know that ||Bias.3||, can be upper bounded by
VA% )\/)\t+1/\/>) if ¢ €]0,1/2],
(A0S ((A/A) + (/e ><>RA§, if ¢ €]1/2,1],
VB (27H(8) + G106 + (or e (e + [ RWRE D) B, ¢ elnoe
(54)

Introducing (48), (51), (52) and (54) into (47), and by a simple calculation, one can
prove the desired results with

= (¢/e)f +2((C+ /(Y /VE+1,

Cy= (27" +1)(¢/e)* +2((¢ + )/e)“2+2C !

and  Cs = (2(x%73) 12231 (1/v/2e + 1).
|

The upper bounds in (45) and (46) depend on three random quantities, A¥, A% and A%.
To derive error bounds for the bias term from Lemma 13, it is necessary to estimate these
three random quantities. We thus introduce the following lemmas.

Lemma 14 Let f : X — Y be a measurable function such that || f|lcc < 00, then with
probability at least 1 —6 (0 <6 <1/2),

Voo — £l < 20 (2ufuoo . Hpr) bg;

X[ VX

Lemma 15 Let 0 < § < 1/2. It holds with probability at least 1 — 0 :

612 2
1T = Talls < ———1log =.
NEIE)

Here, || - |ms denotes the Hilbert-Schmidt norm.

Lemma 16 Let 0 < § <1 and A > 0. With probability at least 1 — 9§, the following holds:

42N () + 1)
ST

4K 2K2
B n B

|7+ 0T =TT+ )72 < S\

B = log
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The proofs of Lemmas 14 and 15 are based on concentration result for Hilbert space
valued random variable from (Pinelis and Sakhanenko, 1986), while the proof of Lemma
16 is based on the concentration inequality for norms of self-adjoint operators on a Hilbert
space from (Tropp, 2012; Minsker, 2011). For completeness, we give the proofs in the
appendix.

We will use Lemmas 14 and 12 to estimate the quantity A3. The quantity A% can be
estimated by Lemma 15 directly, as |7 — Tx|| < ||T — Tx|lgs. The quantity A can be
estimated by the following lemma, whose proof is based on Lemma 16.

Lemma 17 Under Assumption 3, let ¢, € (0,1), A = |x|™% for some 6 >0, and

32k2 4k%(cy + 1) 1
0) = 1 7 0y min [ ———— 1 . (55
w60000) = (e g (g v (g el 09

Then with probability at least 1 — 0,

1T+ 0)72(T+ VY22 < (1+ Qapeg s (e, 0)(1V [x°7Y), and

T+ N2 (T + N 7212 < (1= €)M apeg a4 (e, 0) (1 V [x)"7).
Remark 2 Typically, we will choose ¢ = 2/3. In this case,

4k2(cy + 1 . 1
ajx|,5,~(2/3,0) = 8k2 <log 5(||77,H) + 0y min <e(1_9)+,log \x\)) . (56)

We have with probability at least 1 — 0,
(T +MY2(T+ 072N < Bajs,(2/3,0)(1V [x°7).

Proof We use Lemma 16 to prove the result. Let ¢ € (0,1]. By a simple calculation, we
have that if 0 < u < 7””346_3, then 2u?/3 +u < c. Letting \/% = wu, and combining
with Lemma 16, we know that if

2k203 \/9+24c— 3

N ST 4
which is equivalent to
2 \/%224"‘5 p o F=os 4/{2(15%{\”[ ) 57
then with probability at least 1 — 4,
HT_1/2 T - 7;)7;1/2(] <e (58)
Note that from (58), we can prove
T PTR <ev 1, ITVPT PP < (1-o)7h (59)
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Indeed, by simple calculations,
—1/2+1/2 —1/2 —12 —1/2 1/2
1T T = 1T P T T3 2N = 175 (T = T T3 2+ 1)
<||IT (T =TTy V2 + ||I|| <c+1,
and (Caponnetto and De Vito, 2007)
1T > T 212 = 1T > T T 2 = 1 = T AT =TT ) < (1= o)

From the above analysis, we know that for any fixed A > 0 such that (57), then with
probability at least 1 — 4, (59) hold.

Now let M = a)\ when 6 € [0,1) and N = a|x|~! when § > 1, where for notational
simplicity, we denote a|x‘7577(c,9) by a. We will prove that the choice on X ensures the
condition (57) is satisfied, as thus with probability at least 1 —4d, (59) holds. Obviously, one
can easily prove that a > 1, using x? > 1 and (24). Therefore, X’ > \, and

IR T < I T P INT P Tou PINTR Tl < I T P

1/2 +—1/2 12 —12
T2 T P22 < supysg 55y < Land [ T45T5 ) <

where for the last inequality, we used || Y

Sup, >0 u+)\ < X'/A. Similarly,

—1/2+-1/2 —1/2 2
1T P T2 < 1T TR I

Combining with (59), and by a simple calculation, one can prove the desired bounds. What
remains is to prove that the condition (57) is satisfied. By Assumption 3 and a > 1,

4K2(1 + cya™ x| D7) < log A% (1 +cy) X" log 4K2(1 + ¢y)
STl ST STl

If9 > 1, or vy = 0, or log|x| < = é) then the condition (57) follows trivially. Now

consider the case 0 € (0, 1) Oy #£0 and log |x| > (1—%' In this case, we apply (86) to get

2 log x| 0 < 2o XL X' and thus

f < log + O log |x|.

W(lte) oy x|
ST 1—-6 e °

Therefore, a sufficient condition for (57) is

B < log

x| % 4k%(1 + ¢ Oy _ 3252
X "o log U+ cy) x['7%, g(e) = 5
g(c) ol T e(l1—10) (V9 + 24c — 3)

From the definition of a in (55),
4K%(cy + 1) 6~ )
a=g(c) | log + )
@ (1o S+ o

and by a direct calculation, one can prove that the condition (57) is satisfied. The proof is
complete. |

We also need the following lemma, which enables one to derive convergence results in
expectation from convergence results in high probability.
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Lemma 18 Let F :]0,1] — R4 be a monotone non-increasing, continuous function, and &
a nonnegative real random variable such that

Pr[¢ > F(t)] <t, Vte(0,1].
Then .
E[¢] S/o F(t)dt.

The proof of the above lemma can be found in, e.g., (Blanchard and Miicke, 2018). Now
we are ready to state and prove the following result for the local bias.

Proposition 2 Under Assumptions 2 and 3, we let A\ = n~11¢ for some 0 € [0,1]. Then
for any t € [T, the following results hold.
1) For0 < ¢ <1,

A2 _
ESphi+1 = follp < C5(R + Liccrny [l foll)® (1 VeV (0~ Alog n)]%“) A

2)For ¢ > 1,

2 2 A a1 (C=2)n —1 2
E|Syhit1 — foll, <CsR° | 1V = VoA <n) V(O Alogn)] | A~
¢

Here, C5 and Cg are positive constants depending only on k and (.

Proof We will use Lemma 13 to prove the results. To do so, we need to estimate A¥, A%
and A%.
By Lemma 17, we have that with probability at least 1 — 4,

4r%e(cy + 1)
-

where a,5,(1 — 0) = ans,(2/3,1 — 0), given by (56). By Lemma 14, we have that with
probability at least 1 — 4,

A% < 3a,5-(1—0) < (1VA[0~" Alogn])24k? log (60)

2
log —.
g5

A%< 2 (2||rt+1 — folloo | ISprees = prp>
n \/ﬁ

Applying Part 1) of Lemma 12 with a = 0 to estimate ||S,ri41 — foll,, we get that with
probability at least 1 — 9,

85 < 26 (2 — fylloo/n + (¢/e) RN /) g 5.

When ¢ > 1/2, we know that there exists a fg € H such that S,fy = f, (Steinwart and
Christmann, 2008, Page 150). In fact, letting g = E_Cfp, for ¢ > 1/2, f, can be written as

o= LS9 = (5,S:)09 = Sp(SiS,) 3 (8:S,) 2859 = S, T V/*(S:8,) 728}

30



OPTIMAL CONVERGENCE FOR DISTRIBUTED LEARNING WITH SGM AND SA

Choosing fg = TC_%(S;SP)_% 59, as (S;Sp)_%S; is partial isometric from L/%X to H and
¢ >1/2, fu is well defined. Moreover, S, fg = f, and

lrevr = fulle = 1GAT)S,fp = fulle = 1G(T)S,Spfrr = fulla = (G(T)T = 1) fullm,

where we used (41) for the first equality. Introducing with fi = Tc_lS;‘g, with ||g|l, < R
by Assumption 2,

rerr = full < 1G(T)T = DT'SSllgll, < GUT)T = DT R.

Using Lemma 8 with (24), we get

|re41 — frllE < (¢ — 1/2)/6)4_1/2)\5_1/2]%.

Combing with (30),
Iress = Folloo =llrest — firlloo < kllres — fallr < R((C — 1/2) /) 2RATT2,

When ¢ < 1/2, by Part 2) of Lemma 12, ||riy1|lg < R)\f_l/Q. Combining with (30), we
have
~1/2
761 = Folloo < Kllresall + 1 folloo < AT2R + [ £ lloo-

From the above analysis, we get that with probability at least 1 — 6,

. {%R(zn«c —1/2)/e)$712/(Am) + (¢/e) [V Am) AT, if ¢ > 1/2,

2= 85\ 26(26R/ (i) + 20 Folloo(nA) =2 1 (C/)SRIVIANTY2, i ¢ < 1/2,

which can be further relaxed as

- B 2~
A% < CUR(LY ) IN P log S, R = R+ Liceayll ol (61)

where

o < {%(%«c ~1/2)/e) V2 4 (¢/e)S), if ¢ >1/2,
4 > .
26(26 + 2+ (C/e)), if ¢ <1/2.

Applying Lemma 15, and combining with the fact that ||T — Tx|| < ||T — Tx|lzs, we have
that with probability at least 1 — 4,

3 < (62)

NS

For 0 < ¢ <1, by Pat 1) of Lemma 13, (60) and (61), we have that with probability at
least 1 — 26,

1

<\ (Vi
1 ~ 1 2 A 1
1S,hes1—foll, < (3%013@%;(1 —0) +2V3CyRa? 5 (1 - 6)log 5) (1 v (A) v n)\t) XS
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Rescaling d, and then combining with Lemma 18, we get

EHSpht—H - fp”?;

<\ 20V1
! 1 ¢vi 1 4\ 2 3 . N
S/O <3CV201an,52/2,7(1 —0) + 2\@04@5,5/2,7(1 —6)log 6) dé[1v N vV 5 )\?CR;

By a direct computation, noting that since A>n!and 2¢ <2,

<\ 2Vl N
v} vh (2
A\t 77,2)\%_ At ’

1
1
/ log® zdt =TI'(b+1), (63)
0

and that for all b € Ry,

one can prove the first desired result

Cs =2[C?(48k%)2V(A2VY 1+ 2) +192k2C3(A(log? 4 + 2 + 21log 4) + log? 4 + 4log 4 + 6)]
5 8k%(cy + 1)e

x 10°,
171l

<9.44k% log
(64)

where A = log %. For ¢ > 1, by Part 2) of Lemma 13, (60), (61) and (62), we know

that with probability at least 1 — 36,

HSpht+1 - prp
, 1 N
1 : 2
2 2 _ — — I §_C - :
< \/§R(Cg + 204 + 6k 03)an7577(1 0) log 5 1v /\g \Y, Y VA (n> Af-

Rescaling 9, and applying Lemma 18, we get
EHSpht-&-l - pr;Q)

2 2 2 ! 2 6 A% 1 1-2¢ (1 S 2¢
< 3(Cy +2C4 + 6k“C3)*R 1-0)1 —dd |1V —V VA — AL
= ( 2+ 4+ 0K 3) /0 an,5/3,7( ) 0og 5 )\?C HQA% t <n>

This leads to the second desired result with

Cs =242 (Cy + 2Cy + 6k*C3)*((A + 1) log? 6 + 2(A + 2) log 6 + 24 + 6),

1 2 65
<6.1K5(¢ +1/2)26+1)92 <9C2K4C—6) {228y, 12K ’(‘C%r e 104, (65)
where A = log %, by noting that n~1 < X. The proof is complete. |
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Remark 3 In this paper, we did not try to optimize the constants from the error bounds.
But one should keep in mind that the constants can be further improved using an alternative
proof for some special case, e.g., v = 0 (Hsu et al., 2014), or { > 1/2 (Caponnetto and
De Vito, 2007), or |y| < M. Note also that, the constants from our error bounds appear to
be larger than those from (Hsu et al., 2014; Caponnetto and De Vito, 2007), but our results
do not require the extra assumption that the sample size is large enough as those in (Hsu
et al., 2014; Caponnetto and De Vito, 2007).

Combining Proposition 2 with Lemma 5, we get the following results for the bias of the
fully averaged estimator.

Proposition 3 Under Assumptions 2 and 3, for any X = n= 10 with 6 € [0,1] and any
t € [T}, the following results hold.
1) For0 < (<1,

_ A2 _
E[[Spher1 = folly < Cs(R+ Liccayall folloo)? (1 vAAU LA 10gn)]2<“> AL (66)
t

2) For ¢ > 1,

7 2 2 A g (1 (C=2)nt 1 2
E(|Spht1 — foll, < CeR* | 1V = VA, () VIy(O0 " Alogn)] | Ai>. (67)
t

Here, C5 and Cg are given by Proposition 2.

Proof The result is a direct consequence of Proposition 2 and Lemma 5. |

6.4 Estimating Sample Variance

In this section, we estimate sample variance ||S,(g: — ht)||,- We first introduce the following
lemma.

Lemma 19 For any t € [T, we have

- 1
E||S,(ge — ho)ll; = —E[[Sp(g1e — h)ll7- (68)

According to Lemma 19, we know that the sample variance of the averaging over m local
estimators can be well controlled in terms of the sample variance of a local estimator. In
what follows, we will estimate the local sample variance, E||S,(g1,:—h1,)[|2. Throughout the
rest of this subsection, we shall drop the index s = 1 for the first local estimator whenever
it shows up, i.e., we rewrite g1 ; as g;, z1 as z, etc.

Proposition 4 Under Assumption 3, let A = n?~1 for some 0 € [0,1]. Then for anyt € [T,

o? A
E[Sy(gt1 — he1)[|2 < Cs—— | 1V =V [7(6~! Alogn]) | .
nAY At

Here, Cg is a positive constant depending only on k,cy and || T]|.
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Proof Following from Lemma 6,

g1 — hipr = Ge(Tx) (Sxy — Lxfp)-

For notational simplicity, we let ¢; = y; — f,(x;) for all i € [n] and € = (¢;)1<i<n. Then the
above can be written as

Gi+1 — hey1 = Gi(Tx)Sxe.

Using the above relationship and the isometric property (25), we have

Ey[[So(ger1 — hs1)l; = By [S,Gi(T) Sxelly
= Ey||7"/2G(Tx)Sxell

1 n
=3 > Eylaed] tr (Gi(T) TGi(To) Kuy © Ko, ) -
Lh=1

Here, Ey denotes the expectation with respect to y conditional on x. From the definition
of f, and the independence of z; and z;, when [ # k, we know that Ey[ee,] = 0 whenever
I # k. Therefore,

1 n
Ey1Sp(gr1 — hera)|l = o) > Eylei] tr (GuT) T Ge(To) Ky, ® K, -
k=1
Using the condition (8),

Ey[ISp(ge41 — hes1) |l < 3 Ztr Gi(Tx)TGi(Tx) Kz, © Ka,)

2

=% tr (T(GH(T))*T)

2

<7.—1/27.7.—1/27. (G (7;))27;7}\1/2>

o 12120 12 9 12
Sztf(r TT, T GUTR) ™ T T |

2
<IN aro g2 26y T TS T
2/\/
YO g6, (T Tl G T o
2
< /X( NGRSV

where A% is given by Lemma 13 and we used 1) of Lemma 8 for the last inequality. Taking
the expectation with respect to x, this leads to

a2 N(N)

E[|Sp(ge41 — he1)| < (1+A/A)E[AT).
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Applying Lemmas 17 and 18, we get
2N (N)
n

1
EJ1Sp(g11 ~ hes)[3 < 672 U0V (/) [ s (2031 - 0)ds
0

2N (N

<C7 (1V (A A) V(07" Alognl)),

where C7; = 482 log 4'";2(“0%1)6. Using Assumption 3, we get the desired result with

4K2%(cy + 1)e

Oy = ¢,48kx% log Eal

Using the above proposition and Lemma 19, we derive the following results for sample
variance.

Proposition 5 Under Assumption 3, let A = n?~1 for some 0 € [0,1]. Then for anyt € [T,

0'2 A\
E|1S,(G11 — hus) |} < Come <1 v ( s ) Ve Alogn>1> . (70)

Here, Cy is the positive constant given by Proposition 4.

6.5 Estimating Computational Variance

In this section, we estimate computational variance, E[||S,(f; — ﬁt)||2]. We begin with the
following lemma, from which we can see that the global computational variance can be
estimated in terms of local computational variances.

Lemma 20 For any t € [T], we have

E[|S,(fe — an)ll; = ZEHS (fst = gs0)ll5- (71)

In what follows, we will estimate the local computational variance, i.e., E||S,(fs: —
9s.t)|%. As in Subsections 6.3 and 6.4, we will drop the index s for the s-th local estimator
whenever it shows up. We first introduce the following two lemmas, see (Lin and Rosasco,
2017b, Lemmas 20 and 24). The empirical risk &,(f) of a function f with respect to the
samples z is defined as

(z,y)€2Z

Lemma 21 Assume that for all t € [T with t > 2,

1t71 t—1 1
2
— 2
kzlkkﬂ > M Ar2 (72)

i=t—k
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Then for all t € [T,

8E,(0)X}
up B3, ()] < HOEL (73)
kelt] et
Lemma 22 For any t € [T], we have
t
K2 2
Eg ISy it = Spgenl} < 5 D0 [ THIL (70| Eala(h)l (74)
k=1

Here, Ey denotes the expectation with respect to J conditional on z.

Now, we are ready to state and prove the result for local computational variance as
follows.

Proposition 6 Assume that (72) holds for any t € [T] with t > 2. Let XA =n"% for some
0 €[0,1]. For anyt € [T,

- Ek t—1
E(|S, frs1—Sogi1]|? < CoM?*(1v[y(0~ Alogn)])b~* sup { } <Z 2N+ Apprae ) + n?) .
ket
Here, Cy is a positive constant depending only on k,c and ||T]|.
Proof Following from Lemmas 22 and 21, we have that,

8k2,(0 ! 1 2 nk
EallSpfens = Spgeaalf < P50 S Tt sup { 221
1

ke(t]

Taking the expectation with respect to y conditional on x, and then with respect to x,
noting that [, y?dp(y|z) < M?, we get

Sk M2 ok t ) 2
E(Spfrr1 — Spgirll; < sup § —= o> ik H72H2+1(7§)H :
b ke Uk ) =
Note that

[rmm|| < IT T A PIT P I TI < AT (7))
< AT (T | + MITL (T IT (T | < AT O™ + 1),

where A% is given by Lemma 13 and for the last inequality we used Part 2) of Lemma 8.
Therefore,

. 8K2 M2 L8 iy
E|S,frer — Spgenn |, < E[AT] sup{ } S ™) 7 ).
b kelt] Nk

Using Lemmas 17 and 18, and by a simple calculation, one can upper bound E[A%] and
consequently prove the desired result with Cy given by
4K%(cy + 1)e

Cy = 192k log
171l
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The proof is complete. u

Combining Lemma 20 with Proposition 6, we have the following error bounds for com-
putational variance.

Proposition 7 Assume that (72) holds for any t € [T] with t > 2. Let A = n~%*1 for some
0 €[0,1]. For anyt € [T},

_ 1 nk Ut
E —gi1]|2 < CoM?(1 —1AL = 1 2 ol 2|
1Sp(fr+1=Ge+1ll, < CoM=(1V[y(0~" Alog n)])mb :g[tp] {Ukk} (E_lnk(A + A1) + 77t>
(75)

Here, Cy is the positive constant from Proposition 6.

6.6 Deriving Total Errors

We are now ready to derive total error bounds for (distributed) SGM and to prove the main
theorems for (distributed) SGM of this paper.

Proof of Theorem 2 We will use Propositions 1, 3, 5 and 7 to prove the result.
We first show that the condition (11) implies (72). Indeed, when n, = 7, for any ¢ € [T]

1t—1 1 t—1 t 1 t ko 1

=y — 2 — - < / —dz =nlogt < —

LS i ey [ tar—wosts
k=1 i=t—k k=2 k=2

where for the last inequality, we used the condition (11). Thus, by Proposition 7, (75) holds.

Note also that A\gi1.4 = ( 7 and A\ = — as n; = n. It thus follows from (75) that
) . t—1
ESp(fis1 — e ll; < CoM*(1V [7(6~" Alogn)])— b ( (t—1)+ Z oft ) :
k=1
Applying
t—1 =1 =1k g
-<1 —dx <1+1logt
PR P —l—Z/li:a:_ + log t,
k=1 k=1 k=2

and (11), we get

_ _ ~ 1
E(Sy(fea1 — Gralls < CoM*(1V [y(6~" Alogn)] V Ayt v 1Ogt)% (2 + 4m2>

Introducing the above inequality, (66) (or (67)), and (70) into the error decomposition (36),
by a direct calculation, one can prove the desired results with

1 4k%(cy + 1)e
Ci9=Cy <2 + ) < 43214 log —
4k 17l

(76)
u
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Proof of Corollary 1 We use Theorem 2 to prove the result. In Theorem 2, let A=

N™%# and 6 be such that A = nf~1. Then, with Condition (16), it is easy to show that
6 € (0,1). Indeed, according to the definitions of # and A, and using N = mn,

_log A 1= 1 logN+1: 1 log N ey

0 — _ _
logn 2+ logn 2+ vlog N —logm

Therefore, § < 1, and moreover, using (16),

1 log N 11
> 1=~ —~ _11>0.
- 2C+'ylogN—logN5+ 2C+71—B+ >0 (77)

We only give the proof for Case 1), and skip the proofs for the other cases, as the
arguments are similar. We first verify that the condition (11) is satisfied. According to the
definitions of i and T,

1
2log {NQCM nJ < 2log(Nﬁn)
3n - 3n '

n4k?log T, =

Note that from (16), we have (2¢ ++)"' <1 - and N~ < m~!. Thus,

1-8 2
k2 log T, < 2log(N"~"n) < 2log(Nn/m) _ 2logn® _ 4logn < An <1,
3n 3n 3n 3n 3ne

which leads to (11). We thus can apply Theorem 2 and get (12). Obviously, by 2¢ +~ > 1
and n < N,

log T, = log LNﬁnJ < 2log N. (78)
Byxk>1,(<1,vy<1land N > 8§,
1 1 1 1 1
12R2N2<+w <nTy = 6n LN2C+W nJ < @Nzcﬂ < N2+, (79)
By (77) and v < 1,
Qyon =1V (O Alogn)] < _;1 Alog N. (80)
2+ (1-8)
Denote
1 20 12¢>1)
o =2(1- =)

Recall that Cs, Cs, Cyg are positive constants depending only on %, ¢, ¢y, | L] (given by
(64), (69), (76)). Introducing (77), (79) and (80) into (12), plugging with the specific choice

of X and by a simple calculation, we get the desired result for Case 1) with

x 106

1 >_2C‘1{2<>1} 5 8k%(cy + 1)e

B 2\2¢ 6 2\2¢ _
Cha = C11C5(126%)% < 1.9x5(12x7) <1 2C+1)(1—8) 171
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1 —2C1¢a¢>1) 4/462(6 +1)e
C :CC<c96/<;2<1— ) it AL A 81
13 = Onls < & @)= P Tl (81)
C11Cho 9 < 1 )_24.1{2<>1} 4/62(07 + 1)6
Ciy = < 144k° (1 — og ———"—
T ek < (2¢ +7)(1 - B) [Eal

The proof for the other cases are similar, while the result holds with (possibly) different
constants Cio, C3,C14. In fact, for Cases 2) and 4), the constants are the same as in Case
1), while for Case 3),

422 +1) \*
012201105( % ))

2€(1-B) - By
o1 1 >‘Z“{2<>” <4<2<+1>>4 285%(ey F1)e 00
< 10 (1= i Xi-p-5) &m0
O — C11C10(2¢(1 = B) — Bv)
= 2k2(2¢ + 1)
4326%(2((1 = ) = Bv) (1 I )‘24'1{2“” 4r7(c; + 1
= 262(2¢ + 1) 2¢+7)(1-p) [ —

and C13 is given by (81).
|

Proof of Theorem 1 Since f, € H, we know from (26) that Assumption 2 holds with
¢ =1 and R = ||fy||n. As noted in comments after Assumption 3, (10) trivially holds with
v=1andc, = k2. Applying Corollary 1, one can prove the desired results. For Case 1),

1.05x8
Cia = 7 25;6 (514 A) x 105 C13=96k*(2.4+A), Cyy=216s%(1—26)(24+ A).
For Case 2),

Cra = 1.576% (5.1 4+ A) x 10°,  C13 =48k1 (24 + A), Cuq = 144x* (2.4 + A).

Here A = log ﬁ—ﬁ |

Proof of Corollary 2 The proof parallels to the proof of Corollary 1. In Theorem 2, we
let m=1and n=N and A = N?! with # = 1 — o. Then it is easy to see that

y(2¢+y)  sel
7(0_1 Alog N) < § 26717 if 3 <C<1,
| ~vlog N, otherwise.

Denote

2¢
20+ el .
Cir = 2<2<§F711> iy <e<t, and ¢ = Cs, el
Ce, ifC>1.

2, otherwise,
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Recall that Cs, Cs, Cyg are positive constants depending only on 2,¢, ¢y, || L] (given by
(64), (69), (76)). Following from (12) or (13), and plugging with the specific choices on
N¢, Ty, b, one can prove the desired error bounds. For Cases 1), 2) and 4),

Clg = 0/017(12H2)2C
1.98(1262)% log? (¢ 5 106, if ¢ <1,
2\2¢ .6 20+1 2,.4¢—6\1{z¢> 1262 (cy+1)e 5
< QLIRS (€ 1/2) 000 (902K ) g G 107, i 2 1,
2
(12k2)2¢ (ﬁ%) 1.9x5% log? % x 109, otherwise,

2¢
4K%(cy + 1)e (224” ) , if < (<1,

C1g = C17C5 < ¢,96k% log X (-1 (82)
71l 1, otherwise,
C17Cq0 2 4&2(0 + 1)6 ( 2+ >2< if 1 < (<1
Coo = 5 < 142k log ——L 2~ x 2+y=1) 2 ’
Gk 171 1, otherwise,
while for Case 3),
262(2¢ + 1)\ *
Cis = dCyo <F~<€C+>>
o [19n0 1087 Sl tle 106, if ¢ <L,
2
< (2/“@ (2§ + 1)) « 1 1.3r692€ (¢ + 1/2)2HD (9¢24A—6)1ac23) g 12752\\(%“)6 x 10°, if ¢ > 1,
2¢ 8k2 1 .
(2425;11) 1.9x5 log? %ﬁr)e x 10°, otherwise,
CrrCrot (e, + e [ (25 wh<c<n
Coo=—77 > < 432k4 log —— L1 x Wty=1) 2 ’
K2(2¢ +1) 171 1, otherwise,
and Cg is given by (82). |
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Appendix

e In Appendix A, we provide a list of notations commonly used in this paper.

e In Appendix B, we prove some of the lemmas and propositions from Section 6.

e In Appendix C, we prove our main results for distributed SA. We first introduce an
error decomposition, which decomposes total errors into bias and sample variance. We
then estimate these two terms in the following two subsequent subsections. Plugging
the two estimates into the error decomposition, we prove the desired results.

Appendix A. List of Notations

Notation Meaning
H the hypothesis space, RKHS
X, Y, Z the input space, the output space and the sample space (Z = X xY)
0, PX the fixed probability measure on Z, the induced marginal measure of p on X
o(-|x) the conditional probability measure on Y w.r.t. € X and p
N,n,m the total sample size, the local sample size, the number of partition (N = nm)
z the whole samples {zi}ﬁvzl, where each z; is i.i.d. according to p.
Zs the samples {zs,; = (Ts,5,¥s,i) }i=1 for the s-th local machine, s € [m]
E the expected risk defined by (1)
K2 the constant from the bounded assumption (7) on the hypothesis space H
{fs,t}e the sequence generated by SGM over the local sample zs, given by (4)
{f:} the sequence generated by distributed SGM, i.e., f; = % D
b the minibatch size of SGM
T the maximal number of iterations for SGM
Js,i (Js,¢ etc.) | the random index from the uniform distribution on [n] for SGM performing on the s-th local sample set z,
Jsrt the set of random indices at t-th iteration of SGM performing on the s-th local sample set zg
Js the set of all random indices for SGM performing on the s-th local sample set z, after T iterations
J the set of all random indices for distributed SGM after T iterations
Ej, the expectation with respect to the random variables Js (conditional on z;)
Ej the expectation with respect to the random variables J (conditional on Zz)
Ey the expectation with respect to the random variables y (conditional on x)
{ne}e the sequence of step-sizes
M, o the positive constants from Assumption 1
sz the Hilbert space of square integral functions from X to R with respect to px
fo the regression function defined by (2)
¢ R the parameters related to the ‘regularity’ of f, (see Assumption 2)
v, Cy the parameters related to the effective dimension (see Assumption 3)
{gs,t}e the sequence generated by GM (31) with respect to the s-th local sample set zs
{G¢ }+ the sequence generated by distributed GM (32)
{hs,t}¢ the sequence generated by pseudo GM (33) over the s-th local sample set zg
{h}e the sequence generated by distributed pseudo GM
{r¢}¢ the sequence generated by population GM (40)
S, the inclusion map from H — L3
Sy the adjoint operator of S, S f = [ f(2)Kzdpx ()
L the operator from L2, to L3, L(f) = S,S;f = [ f(x)Kzpx (2)
T the covariance operator from H to H, T = 8,8, = [ (-, Ko)u Kodpx (x)
Sx the sampling operator from H to R™ (S, f)i = f(x:), i € x
Sx the adjoint operator of Sx, Sxy = ﬁ Zl’jl yiKz,
Tx the empirical covariance operator, Tx = SxSx = ﬁ Z‘fjl (-, Ko, ) u Ka,
I, (L) =0/_ . (I —nmxL) whent € [T —1] and I}, = [if t > T
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A a pseudo regularization parameter, A>0
T3, Ti=T+ A }
Texo T =Tx+ A
G:(+) the filter function of GM, (39)
Gr(+) a general filter function
A a regularization parameter A > 0
[t] the set {1,---,t}
b1 < b by < Cbs for some universal constant C > 0
bll’bz bg§b1§b2
A5 A5 the random quantities defined in Lemma 13 (or Lemma 28)
Lx an operator defined by (35)
S| =Tlm =0k >0
At the regularization parameter of GM (= (Z§)™1)
pya =) (=o0ifk>t)
a)x|,5,v(c,0) | the quantity defined by (55)
93 the estimator defined by SA over the s-th local sample set zs, see Algorithm 2
gz the estimator defined by distributed SA, see Algorithm 2
h3: the estimator defined by pseudo SA over the s-th local sample set zs, (91)
h% the estimator defined by distributed pseudo SA, (92)
T the function defined by population SA, (94)

Appendix B. Proofs for Section 3

In this section, we provide the missing proofs of lemmas and propositions from Section 3.

B.1 Proof of Proposition 1

For any s € [m], using an inductive argument, one can prove that (Lin and Rosasco, 2017b)

IE.]S\zs [fs,t] = Gst- (83)

Here Ej,|,, (or abbreviated as [Ej,) denotes the conditional expectation with respect to J
given z;. Indeed, taking the conditional expectation with respect to Js¢ (given zs) on both

sides of (4), and noting that f,; depends only on Jg1,---,Js;—1 (given zy), one has
1 n
EJs,t[fs,t+1] = fs,t - ntﬁ ;(fs,t(xs,i) - ys,i)K:vma
1=
and thus,

n

1
EJS [fs,t-i-l] = EJS [fS,t] - ntﬁ Z(EJS [f&t} (xs,i) - yS,i)KIs,iv t= 1’ s 7T7
=1

which satisfies the iterative relationship given in (31). Similarly, using the definition of the
regression function (2) and an inductive argument, one can also prove that

By (95t = hsyp- (84)

Here, Ey, denotes the conditional expectation with respect to ys given x,.
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We have

||Spﬁ - fp”% = ||Spft p9t||2 + [|Spgt — pr2 +2( pft SpGt, Spdt — fp)-

Taking the conditional expectation with respect to J (given z) on both sides, using (83)
which implies

_ 1 &
EsSp(fe —90) = — > SpBy,[far = gs4] =0,
we thus have

EJHSpft - fp”,za = EJHSPJFt - Spgt”,za + HSpgt - pr%‘

Taking the conditional expectation with respect toy = {y1, -+ ,¥ym} (given X = {x1, -+ , X }),
noting that

Eg1Sogt = folly = EglISp(ae — ho)ll7) + Sphe = folly + 2(SpEy[ge — hel, Sphe = fo)p

and that from (84),

m

_ 1 _
<SPES'[§75 - ht]’Spht fp> Z(S Eys (Qst hs,t)a Spht - fp>p =0,

s:l
we know that
EyEs|[Spfi = folls = ByEslSpfe — SpgellZ + ByllISp (G — he) 2] + [Sphe = Foll5,

which leads to the desired result. [ |

B.2 Proof of Lemma 5
By Jensen’s inequality, we can prove the desired result:

m

Y (Sohes = )

s=1

2 m
_ 1
E|S,he — f,]% = < —EY [Sphat = foll, = EllSohas = follp.
s=1

p

B.3 Proof of Lemma 7

1). For @ = 0 or 1, the proof is straightforward and can be found in (Yao et al., 2007).
Indeed, for all u € [0, x?], I}, | (u) < 1 and thus G¢(u) < Sk = A, 1. Moreover, writing
nru =1 — (1 — nxu), we have

t

uG(u) = Y ()l g (u) = Y (g (u) = T (u) = 1~ 10 (w) < 1. (85)
k=1

k=1

Now we consider the case 0 < a < 1. We have

u*Ge(u) = [uGe(w)|*|Ge(u) |~ < AT,
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where we used uG(u) < 1 and G¢(u) < )\t_l in the above.
2) By (85), we have (1 — uGy(u))u® = ITI{(u)u®. Then the desired result is a direct
consequence of Conclusion 3).

3) The proof can be also found, e.g., in (Lin and Rosasco, 2017b, Page 17). Using the
basic inequality

1+z<e” for all z > —1, (86)
with mk? < 1, we get
I, (w)u® < exp {—uXj ., }u®

The maximum of the function g(u) = e~““u® (with ¢ > 0) over R is achieved at umax = a/c,
and thus

(6% [e%
supe” “u® = (—) . (87)
u>0 ec
Using this inequality with ¢ = X% 41, one can prove the desired result. |

B.4 Proof of Lemma 8

1) Following from the spectral theorem, one has

L +XGUL)| < sup_ (u+A)*Ge(u) < sup_(u® +A%)Gy(u).

u€l0,x2?] u€[0,k?]

Using Part 1) of Lemma 7 to the above, one can prove the first conclusion.
2) Using the spectral theorem,

I (L)L A+ X)) < sup (u+ AT (u).

u€(0,x2]

When a < 1,

sup (u+ ATl (u) < sup (u® + A (u) < (a/e)* A + A%,
u€[0,k2] u€l0,x2?]

where for the last inequality, we used Part 2) of Lemma 7. Similarly, when o > 1, by
Hélder’s inequality, and Part 2) of Lemma 7,

sup (u+ AT (u) < 2971 sup (u® + A (1) < 2971 ((o/e) XS + A%).
u€[0,k?] u€[0,x2?]

From the above analysis, one can prove the second conclusion.
3) Simply applying the spectral theorem and 3) of Lemma 7, one can prove the third
conclusion.
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B.5 Proof of Lemma 14

We first introduce the following concentration result for Hilbert space valued random vari-
able used in (Caponnetto and De Vito, 2007) and based on the results in (Pinelis and
Sakhanenko, 1986).

Lemma 23 Letwy, - ,wy, bei.i.d random variables in a separable Hilbert space with norm
|- ||. Suppose that there are two positive constants B and o such that

1
E[||w; — E[wi]||] < 5u1#‘202, vl > 2. (88)

Then for any 0 < § < 1/2, the following holds with probability at least 1 — 9,

1 & B o 2
— m — <2 —+—)log-.
- kZ:lw [wq]]| < (m + ﬁm> og
In particular, (88) holds if
|wi]| < B/2 a.s., and E[|w|?] < o> (89)

Lemmas 14 and 15 can be proved by simply applying the above lemma.

Proof of Lemma 14 Let & = f(x;) Ky, for i =1,--- | |x|. Obviously,
1 x|
Luf = LF = 17 > (& —Elg)),

i=1
and by Assumption (7), we have

€]l < 1 fllool [ Kz ller < Al flloo
and

E[élF < %1115

Applying Lemma 23 with B’ = 2k||f|l« and o = | f]|,, one can prove the desired result.
u

B.6 Proof of Lemma 15
Let & = K, ® K, for all ¢ € [|x]]. Obviously,
x|

T Ta= |1X| S (B[] - €),
i=1

and by Assumption (7), ||&illus = || Kz, ||% < x*. Applying Lemma 23 with B’ = 2x? and
o' = k2, one can prove the desire result.
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B.7 Proof of Lemma 16

In order to prove Lemma 16, we introduce the following concentration inequality for norms
of self-adjoint operators on a Hilbert space.

Lemma 24 Let Xy, -, X, be a sequence of independently and identically distributed self-
adjoint Hilbert-Schmidt operators on a separable Hilbert space. Assume that E[X1] = 0, and
|X1]| < B almost surely for some B > 0. Let V be a positive trace-class operator such that
E[X?] < V. Then with probability at least 1 — 6, (5 €]0,1[), there holds

1 m
m 2% <

Proof The proof can be found in, e.g., (Rudi et al., 2015; Dicker et al., 2017). Following
from the argument in (Minsker, 2011, Section 4), we can generalize (Tropp, 2012, Theorem
7.3.1) from a sequence of self-adjoint matrices to a sequence of self-adjoint Hilbert-Schmidt

IIVII
+ 3m’

4trV 2
) VI <2HV|| - th/3> ' (90)

_286 VB Awy
’ VII6

- 3m

operators on a separable Hilbert space, and get that for any ¢ >

(|

Zx

Rewriting

4try ( —mt? > 5
exp| = | =9,
VIl 2[|V[| + 2Bt/3
as a quadratic equation with respect to the variable ¢, and then solving the quadratic
equation, we get

ty = t*,

3m 3m m ~ 3m m

2
Bj \/<36> L 28Vl 2B8 | [2BIVI _

where we used va+ b < v/a + vb,Va,b > 0. Note that § > 1, and thus tq > ”V” + 3m

By
Pr 1 i Xi|| >t e i >t
m - || = Ux m — 0
and applying (90) to bound the left-hand side, one can get the desire result. |

Applying the above lemma, one can prove Lemma 16 as follows.

Proof of Lemma 16 The proof can be also found in (Rudi et al., 2015; Dicker et al.,
2017; Hsu et al., 2014). Unlike the result in (Rudi et al., 2015) which requires the condition
A < ||T||, our results hold for any A > 0. We will use Lemma 24 to prove the result. Let
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|x| = m and X; = 7'5\_1/2(7'— Ta,

LS~ ;. Obviously, for any X = X;, E[X] =0, and

)T, /2, for all i € [m]. Then T, /*(T - T)T, /=

~1/2 —1/2 ~1/2 —1/2 5
Il < B (17 2T ] - 1T TR < 26,
where for the last inequality, we used Assumption (7) which implies
1T Py P < T PTT ) = (T ) = (T, Ko < 62/

Also, by E(A —EA)? x EA?,

EXY® < E(T]PTT ) = [<T‘1Kx,K \u T, 2K, 0 KT
K2 1/2 1/2 1
< SRR e KT ]f~7'x TV
Note that [|7;~ T = H’[IIZH-A 1. Therefore, ||V| < % and

(V) _ NMITI + te(T, 1T <N(:\)H7’H+tr(7') - K2(N(A) +1)
VIl 171l - 171l - 7

where for the last inequality we used (24). Now, the result can be proved by applying
Lemma 24. |

B.8 Proof of Lemma 19

Note that from the independence of zy, - - - , z,, and (84), we have
m
Ey|Sp(g: — he)llp = — Z p(9st = Nst)s Splare = hae))p = 5 ZEySIIS gst = he) 17

Taking the expectation with respect to X, we get

1
E|S,(g: — he)ll, = ZEHS (g5t — hsp)|l5 = —E[[Sp(g1e — hig)ll2.

The proof is complete. |

B.9 Proof of Lemma 20
Note that by (83) and from the conditional independence of Jg, - - - J,, (given z), we have

Eg||S,(fi — g0)llp = Z Ey(Sy(fst — gs,t): Sp(fre — 1) ZEJSHS (for = gs)12-
s,l=1
Taking the expectation with respect to z, we thus prove the desired result. |
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Appendix C. Proofs for Distributed Spectral Algorithms

The proof for distributed SGM in Section 3 involves the analysis for distributed GM. In
this section, we will extend our analysis for distributed GM to distributed SA. The proof
almost follows along the same lines as the proof for distributed GM in Subsections 6.3 and
6.4, but some of them need some delicate modifications, the reason for which lies in that
the qualification 7 for GM can be any positive number while it is a fixed constant for a
general SA.

C.1 Error Decomposition

We begin with an error decomposition. To introduce the error decomposition, we define an
auxiliary function, generated by pseudo-SA as follows. Given a spectral function Gy, for
any s € [m], the function h3* generated by the pseudo spectral algorithm over x, is given
by

h?\s = GA(’];(S)EXsfp' (91)
The estimator generated by distributed pseudo-spectral algorithm is the averaging over
these local estimators,

_ 1 &
hg=—Y hi. 92
= 92)

We note that the above algorithm can not be implemented in practice as the regression
function f, is unknown. From the definition of the regression function, similar to (84), we
can prove that

By l95] = h3, (93)
and thus
Ey[35] = 73,
Using these basic properties, analogous to Proposition 1, we have the following error de-

composition for distributed SA.

Proposition 8 We have
EHSpgi - fp”?; = EW& - pr,% + EHS/@?\ - 7?”,42)

The right-hand side is composed of two terms. The first term is called as bias, and the
second term is called as sample variance. In what follows, we will estimate these two terms
separably.

C.2 Estimating Bias

Analogous to Lemma 5, we can show that the bias term E||h% — prZ can be upper bounded
in terms of the local bias E[|R5 — f,||2.

Lemma 25 We have E|[h5 — f,|2 < E[[R5 — f,|2.
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Proof The proof is the same as that in Lemma 5 by using Holder’s inequality. |

In what follows, we will estimate the local bias E|h} — prf,. Throughout the rest of
this subsection, we shall drop the index s = 1 for the first local estimator whenever it shows
up, i.e., we rewrite h}' as h, z1 as z, etc. To do so, we need to introduce a population
function defined by B

iy = GA(T)S, fp- (94)

The function 7 is deterministic and it is independent from the samples. Since Gy (-) is a
filter function with qualification 7 > 0 and constants E, F;, similar to Lemma 8, we have
the following results for a filter function according to the spectral theorem.

Lemma 26 Let L be a compact, positive operator on a separable Hilbert space H such that
|L|| < 2. Then for any >0,

1) (L + S\)j‘GA(L)H < EXH1 4 (A/N)?), Ya e [0,1].

2) (I — LGA(L))(L + N)*|| < Fr2@= D+ 2 (1 4+ (A/N)), Va € [0,7].

With the above lemma, analogous to Lemma 12, we have the following properties for
the population function.

Lemma 27 Under Assumption 2, the following results hold.
1) For any ¢ — 7 < a < (, we have

£ (SpfA - fp) ||p < FTR)\C_Q.

2) We have
At f —(<a<1-¢,

k2CTa=D) i 0> 1 — (. (95)

|72\ |y < ER- {

Note that there is a subtle difference between Lemma 12.(1) and Lemma 27.(1). The latter
requires a > ¢ — 7 while the former does not, the reason for which is that, the qualification
7 is fixed in the latter while it can be any positive constant in the former. This difference
makes the proof for SA slightly different to the one for GM, when estimating the bias.
Proof 1) According to the spectral theory,

S,GAT)S; = S,GA(S3S,)Ss = GA(S,S)S,S; = GA(L)L.
Combining with (94), we thus have
LTSy~ fy) = £7 (CAL)L 1) J,.
Taking the p-norm, and applying Assumption 2, we have
1£7(Spin = Fo)llp < IILS7(GA(L)L — T||R.

Note that the condition (7) implies (24). By a similar argument as that for 2) of Lemma
26, one can prove the first desired result.
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2) By (94) and Assumption 2,
T2l = 1T VPONTS follu < IT*7H2GA(T)S, L6 |R.
Noting that

”Tafl/QéA(T)SSLCH — HTafl/Zé)\(T)SZEQCSpé)\(T)Tafl/QH1/2
_ Hé?\(T)TZC—&QaHl/Q _ ”é)\(T)TG_aH,

we thus have

177 25 < [GA(T) TR,
fo<({+a<1ie, —(<a<1-C(, then using 1) of Lemma 26, we get

|7 V27, | < AT ER.
Similarly, when a > 1 — {, we have
|17 P < |G TITI R < w2 VER,

where for the last inequality we used 1) of Lemma 26 and (24). This thus proves the second
desired result. [}

With the above lemmas, similar to Lemma 13, we have the following analytic result,
which enables us to estimate the bias term in terms of several random quantities.

Lemma 28 Under Assumption 2, let
A= TPV, A= (T - T
and
AS = [|Lxfp = S5 fp — TxPx + TAllH-

Then the following results hold for any A > 0.
1) For0< (<1

<\ CV3
A
1S,h% = follp < [ 1V <A> (CIR(AD)SVENS + 2B,/ATAT2AY). (96)

2) For ¢ > 1,

A

¢
ISph% = follp < A7 1V<A> (CLRAC + 2EA"2 A% + C4RAZ (AD) DM (97)

Here, C7, Cy and C5 are positive constants depending only on ¢, k, E, and F.
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The upper bound from (97) is a bit worser than the one in (46).
Proof We can estimate ||S,h% — f,||, as

IS, AT Lo = Follp SN SGANTEx S = Spfp = Txin + T Il

Bias.1
+ | S,GATR)S5f, — Tl Il
Bias.2
+ [ 8ol = GA(TR) Tl |l
Bias.3
+ 1 Sp7x = fo llp- (98)
NGRS

Bias.4

In the rest of the proof, we will estimate the four terms of the r.h.s separately.
Estimating Bias.4
Using 1) of Lemma 27 with a = 0, we get

|Bias.4[, < F,RX. (99)

Estimating Bias.1
By a simple calculation and (49), we know that for any f € H and any b € [0, %],

IS,GA(T) fllo < IT 2T S PTG THINT S THNT £l

Note that by 1) of Lemma 26, with (28),
1/2 7~ Y 1 -1
TGN T TEIN < B+ (/2PN
and by Lemma 9, we get
—b b —3 73(2b
175 TN <N 52 T2
Therefore, for any f € H and any b € |0, %],

IS,GA(T) f 1l < (ADPF 2B+ (VAN 72T F (100)

Letting f = Lxfp — S, fp — Tx"a+ T7x and b = % in the above, we get

|Bias. 1|, < E(1 + \/A/A)A~2/AZAL. (101)

Estimating Bias.2
Thus, letting f =TT\ — S, fp, in (100), we have

. 1 1 ~ 1 _1 — ~ *
IBias.2, < B|T2T_ 2 1+ MNF2)N 2T T =S folllm

1
28,7 — follla

< AR (14 (/N85 L
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When ¢ <

with ¢ = —

2, we have 7 — ( > % since 7 > 1. Letting b = 0, and applying Lemma 27.(1)
% , we get
~ ~ * z 1 Y 1
IS,GATTx = S, folllp < EF-R(AT)2 (14 (A/2)2)A¢

Similarly, when % < (<1, we choose b= (— %, and applying Lemma 27.(1) with a = ( —1,
we get

IS,GA(T[Tix = S5 folllp < EFR(AT)C(1+ (A/A))AC
When ¢ > 1, we choose b = %, and applying Lemma 27.(1) with a = 0, we get
ISoGATTx = Sy follle < EF-RAR(L+ (A/X)A¢

From the above estimate, we get

(L+/N)(ANDY? i 0 < ¢ <1/2,
|Bias.2||, < EF,RAS x { (14 (A/A))(A%)¢ if1/2 <¢ <1, (102)
(1+A/A)AT if ¢ > 1.

Estimating Bias.3
When ¢ < 1/2, by a simple calculation and (49), we have

IBias 3, <|IS,7; 2T 752 NIT L2 = GA(TO Tl la
Z1-1/2
<VBAUTLA1 = CAT Tl
By 2) of Lemma 26, with (28),
ITHI = GAT)T| < Fr(1 4/ A/ AV, (103)
and by 2) of Lemma 27, ||7s||z < ERA¢~Y/2. It thus follows that
|Bias.3||, < /A%(1 4+ \/A/A)EF, R\,
When 1/2 < { <1, by a simple computation, we have
. -1 —C —C
IBias.3ll, < 15,7, 2 IIT2 T2 T (T — CA(TO T TS T2 TS 2 T2 R
Applying (49) and 2) of Lemma 27, we have
[Bias.3|l, < /AZ|T2 (I - Ga(T) T T 22 ST5 2| ER.

By 2) of Lemma 26,

ITA (T~ AT TITS 21l < Fr(1+ (3/X)0)AS
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Besides, by ¢ <1 and Lemma 9,
1 1 1 1 1 1
§_C T2 _5(2C_1) 5(24_1) —37312¢—1 z C_l
T2 T 2 = T TR < T T < (AR

It thus follows that 3
|Bias.3||, < (A)S(1 + (A\/N))EF,RX.

When ¢ > 1, we rewrite Bias.3 as

1

U U D | ~ _1 _1
ST P TRT 2 TA( - CATT) (T 2+ T2 =T )T 5,
By a simple calculation and (49), we can upper bound ||Bias.3||, by
11 1 ~ _1 1 ~ o1 _1 1o
< ITFT L TAT - CA T TR 2+ T2 (= Ca (T TNNTS T I T
Introducing with (103), and applying 2) of Lemma 27,
1 ~ _ . _
IBias.3], < /AT(| T2~ GA(T)T) T 2|+ Fr(\/ AA+ VAT V2 - T2 |)ER.
By 2) of Lemma 26,
1 ~ _1 : ~
ITA(0 = CATI T T *| <ITSU = Ga(T) )
<2TLEL (14 (AN,
Moreover, by Lemma 11 and max (|| 7|, || 7x|]) < x2,
7678 — T2 < (2026 | T = T 6D,
Therefore, when ¢ > 1, Bias.3 can be estimated as

|Bias.3|, <\/A? (24—1(1 + A/ NN + (2¢X 3 Maezs) (/A /X + 1)\5@5)@—%)“) EF.R.

From the above analysis, we know that ||Bias.3||, can be upper bounded by

VAT A+ 1A, if ¢ €]0,1/2],
EF,R{ (MDA + 1A, if ¢ €]1/2,1],
VAT (24—1(1 + A/ NN+ (2¢RX3)eesy (/XX + 1)&(A§)<4%>A1) . if ¢ €]1,00].
(104)

Introducing (99), (101) (102) and (104) into (98), and by a simple calculation, one can
prove the desired results with

Ch = F, (1+2E+2CE),

and  Ch = 2EF(2(x% ) 223y,

The rest of the proofs parallelize as those for distributed GM.
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Proposition 9 Under Assumptions 2 and 5, we let X\ = n~11? for some 0 € [0,1]. Then
the following results hold.
1) For0< (<1,

4 2 _ 5\2
E[|Sph3 — pr,% < Cf (R+ 1gaccayllfolloo) (1 V[0~ Alog )Vt v )\2> A%

2)For ¢ > 1,

z 2 ) A% 1-2¢ (1 (C=2)n -1 2| y2¢
E|IS,h% — flI} < CoR* {1V 52 VA - V (07! Alogn)]? | A%

Here, CL and C§ are positive constants depending only on k,(, E, Fr,cy, ||T|| and can be
given explicitly in the proof.

Proof We will use Lemma 28 to prove the results. To do so, we need to estimate A¥, A%
and A%.

By Lemma 17, we have that with probability at least 1 — 4, (60) holds, where ay, 5 (1 —
) = ans~(2/3,1 — 0) is given by (56). By Lemma 14, we have that with probability at

least 1 — 4,
A% < 2% (QHT’A - proo + HSM’/\ - prp) logg.
n Vn J
Applying Lemma 27 with a = 0 to estimate ||S,7x — f,||,, we get that with probability at
least 1 — 4,

_ 2
AZ < 2k <2H7’,\ — Folloo/m + FTR)\C/\/E> log .

When ¢ > 1/2, we know that there exists some fg = TC_IS;[,_Cfp € H such that S, fy =
f» (Steinwart and Christmann, 2008) and

175 = Folloo < &l|7x — frlla < kERASY2,

where for the last inequality, we used Lemma 26. When ( < 1/2, by 2) of Lemma 27,
|7xllzr < ERA™Y2 which thus lead to

173 = Folloo < w7z + [ Fplloc < KERATY2 41 f,|oc.

From the above analysis, we get that with probability at least 1 — 9,

2 {QnFTR(Z@/()\n) +1/V/ ) AH2) if ¢ >1/2,

AZ <1
2= %85\ 26 (26ER/ (W) + 2| £, llso (nA)C712 + FL RN A2, if ¢ < 1)2,

which can be further relaxed as

~ 2 ~
AZ < CHR(1V (An) HXF 2 ]0g 5 B=R+1pcylflle (105)
where
cl < 2kF- (26 + 1), if ¢ >1/2,
26(26E + 2+ F;), if(<1/2.
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Applying Lemma 15, we have that with probability at least 1 — ¢, (62) holds.
For 0 < ¢ < 1, by Lemma 28, (60) and (105), we have that with probability at least
1— 26,

<\ (V3
1 ~ 1 2 A 1
|Sphs—foll, < <34V§C’1Rai;?(1 -0)+ 2\/§ECflRai75ﬁ(1 —0)log 5) 1v (A) v Y XS,

Rescaling §, and then combining with Lemma 18, we get

EHSpht—H - fp”z

1 ) ) 9 ~\ 2¢V1
=9 1 % = 4 A 1 2
<R /0 <3<V2C’{an,52/2ﬂ(1 —0) +2V3EC)a2 s, (1—0)log 5) s | 1v <A> Ve | ‘.

By a direct computation and noting that A>ntand ¢ <1, one can prove the first desired

result with A = log W7 and

CL =2[C2(48x%) XV (A2VY 1 T(3)) + 19262 CP2E%(A(log? 4 + 2 + 2log4) + log® 4 + 4log 4 + 6)]
5 8K%(cy + 1)e
171l

For ¢ > 1, by Lemma 28, (60), (105) and (62), we know that with probability at least 1 —34,

1Sph = Foll,

<3.54k*E*F? log x 10°. (106)

(SIS

2 A1 1\ 2
< 3R(CY + 2EC) + 6K>Ch)ay s~ (1 — 0) log sl1viev v Az ¢ () AS,

Rescaling 9, and applying Lemma 18, we get

E[[Sph} — foll; <9R*(Ch +2BC) + 65°Cy)?

' 6 A\ 1 1\ C—3)A1
2 2 1-2 9
- /0 g7 (1 = 0108”540 { 1V e V oy VAT (n) ot

which leads to the second desired result with A = log % and

Cf =5184x1(Ch + 2EC) + 652C5)* (A 4 1)2(log 6 4 1),
5 12k%(cy + 1)e

<3.2%2% E2F2(4¢2 k4 0) Lae=s) Jog 7

x 107, (107)
by noting that A>n"!and ¢ > 1. The proof is complete. |

Combining Proposition 9 with Lemma 25, we get the following results for the bias of
the fully averaged estimators.
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Proposition 10 Under Assumptions 2 and 3, for any A= n 10 with 6 € [0,1], the
following results hold.
1) For ¢ <1,

. - A
EIS % — fyl12 < C4 (R + Lacer | fyllo)? (1 V(0L A Tog )%V v A) A (108)
2) For1< (<,

2 ! 2 S‘QC 1-2 1 (47%)/\1 —1 2 2
E[Sph% = follp < CoR [ 1V 35 VA <<n) Vv~ Alogn))? | A%, (109)

Here, Cf and Cy are given by Proposition 9.

C.3 Estimating Sample Variance

In this section, we estimate sample variance ||S,(g% —h%)||,. We first introduce the following
lemma.

Lemma 29 We have
—Z 1Z 1 Z Zz
EllSp(gx = m)lle = ElSp(9)" — GOl (110)

Proof The proof is the same as that in Lemma 19 by applying (93). |

According to Lemma 29, we know that the sample variance of the averaging over m
local estimators can be well controlled in terms of the sample variance of a local estimator.
In what follows, we will estimate the local sample variance, E[|S,(g* —h3")||5. Throughout
the rest of this subsection, we shall drop the index s = 1 and write z; as z, X1 as X.

Proposition 11 Under Assumption 3, let X = n’! for some 6 € [0,1]. Then

) -
z z\ (|2 o A —1
E[|S,(g% — M35 < Cg;—n;\7 (1 VIV (Y0~ A 1ogn])> .

Here, Cg 1is a positive constant depending only on k,cy, || T||, E and will be given explicitly
in the proof.

Proof For notational simplicity, we let ¢; = y; — f,(x;) for all ¢ € [n] and € = (€;)1<i<n-
Then from the definitions of h3* and g¢7*,

g5 — 1§ = GA(Tx)Sxe.
Using the above relationship and the isometric property (25), we have
Ey [[So(ger1 — hern)) = By [|S,GA(Tx)Sxell
= Ey | TG (Tx)Sxell

1 & _ _
= — > Bylaed tr (CA(T)TCA(To) Ky © Ko ) -

1,k=1
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From the definition of f, and the independence of z; and z; when [ # k, we know that
Ey[eier] = 0 whenever [ # k. Therefore,

1 & ~ ~
Ey[|So(ge41 — hea) Il = ) > Eyleq] tr (GA(Tx)TGA(Tx)sz ® K:ck> -
k=1

Using Assumption 1,
E||S, (g% — h)I% < Ztr (CATITCN T K, @ K,
2

=7 tr (T(GA(T)Tx)

n
2
o —1/2 1/2 1/2 5 2 1/2
s (T5 T T ONTR G (T) " T T
SUW(X)
n

AT CNT* T L
SUW(X)

FIGA(T Tl (IGA(Tx) Txl + M GA(T))

<p2Z NN UQN()\)
n

A%(1+ /N,
where for the last inequality, we used 1) of Lemma 26. Taking the expectation with respect
to x, this leads to

E[S,(g5 — m3)ll; < B

2"2/\5(”(1 + A/ NE[AT].

Applying Lemmas 17 and 18, we get

2N (N)

B 1
E[S,(g% — h3)|2 < 6E° (1v ()\/)\))/0 an.5~(2/3,1 — 0)ds

<Cl 0-2'/\/’( )

1V (A/A) V[0 Alognl)),
where CL = 48 E?k2 log 4n2(ﬁ+ﬁl)e' Using Assumption 3, we get the desired result with

4K (cy + 1)e?

Cf = ¢, 48E%K? log 7l

(111)

Using the above proposition and Lemma 29, we derive the following results for sample
variance.

Proposition 12 Under Assumption 3, let A = nf~1 for some 0 € [0,1]. Then for any

telr], ~
o2
E|1S,(35 - B} < G oo (1 v (i) VR A 1ogn>1) , (12)

where C§ is given by Proposition 11.
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C.4 Deriving Total Error Bounds

Proof of Theorem 3 The proof can be finished by simply applying Propositions 12 and
10 into Proposition 8. n
Corollaries 3 and 4 are direct consequences of Theorem 3 by simple calculations, with

1 -1 1 -1

c':(1_ ) e :<1_ ) a,
’ @K+ma-p) 7 7 @+na-p8/)

Cs, if2¢+v<1, 1 if 20+ < 1,
012 = 2?—?-—’;110&’ lf C > 17 Cig - Cé 255_—:11) lf C > ]-a

204y \% . 2ty )2 .
(2<+771) (5, otherwise, (2<+771> , otherwise.
Here, Cf, C and Cg are given by (106), (107) and (111). [ |
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