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Abstract

Despite the rich literature, the linear convergence of alternating direction method of multi-
pliers (ADMM) has not been fully understood even for the convex case. For example, the
linear convergence of ADMM can be empirically observed in a wide range of applications
arising in statistics, machine learning, and related areas, while existing theoretical results
seem to be too stringent to be satisfied or too ambiguous to be checked and thus why the
ADMM performs linear convergence for these applications still seems to be unclear. In
this paper, we systematically study the local linear convergence of ADMM in the context
of convex optimization through the lens of variational analysis. We show that the local
linear convergence of ADMM can be guaranteed without the strong convexity of objective
functions together with the full rank assumption of the coefficient matrices, or the full
polyhedricity assumption of their subdifferential; and it is possible to discern the local lin-
ear convergence for various concrete applications, especially for some representative models
arising in statistical learning. We use some variational analysis techniques sophisticatedly;
and our analysis is conducted in the most general proximal version of ADMM with Fortin
and Glowinski’s larger step size so that all major variants of the ADMM known in the
literature are covered.
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YUAN, ZENG AND ZHANG

1. Introduction

We consider the convex minimization problem with linear constraints and an objective
function in form of the sum of two functions without coupled variables:

min  f(z) 4+ g(y)
(1)
s.t. Ax+ By =0,

where A € R"™™ and B € IR™*™ are two given matrices, z € IR™,y € IR", and
f:R™ — (—o0,00] and g : R™ — (—o0,00] are convex, proper, lower semicontinuous
functions. We work in finite dimensional Euclidean spaces composed by column vectors,
where (-, -) denotes the Euclidean inner product and || - || denotes the Euclidean norm.

The abstract model (1) is general enough to capture a number of applications arising
in areas such as statistical learning, image processing, computer vision, and distributed
optimization, in which one of the functions in the objective is a data fidelity term and the
other one is a regularization term.

To solve Problem (1), the alternating direction method of multipliers (ADMM) proposed
in (Chan and Glowinski, 1978; Glowinski and Marroco, 1975) becomes a benchmark solver
because of its features of easy implementability, competitive numerical performance and
wide applicability in various areas. The ADMM has been receiving attention from a broad
spectrum of areas; and various variants have been well studied in the literature. We refer
to (Boyd et al., 2011; Eckstein and Yao, 2015; Glowinski, 2014) for some review papers.
Even though the original ADMM is of our core interest, to capture its various variants
simultaneously, as Han et al. (2017); Li et al. (2016), we study the so-called proximal
version of ADMM with positive semidefinite regularization terms for updating the primal
variables (z,y) and Fortin and Glowinski’s larger step size (see Fortin and Glowinski, 1983)
for updating the dual variable A, as shown below.

Algorithm 1: Proximal ADMM with Fortin and Glowinski’s larger step size for
(1)
Initial 8 >0, G; = 0, G2 = 0, v € (0, 1+2\/5)’ and choose value 20 € R™, 40 € IR™2,
e R™.
for k=0,1,2,... do

1
2" ¢ argmin {f(x) — (\¥, Az + By* —b) + §||Ax + By —b|)® + §||x —2||&, 1,

) B 1
y**! € argmin {g(y) — (\*, A" + By — b) + gllAﬂv’“+1 + By —b|* + 5 lly - v* 118,
Y

)\k:+1 _ )\k _ ’yﬁ(A.’ﬂk+l 4 Byk+l o b),

(2)

end

Algorithm 1 is abbreviated as PADMM-FG hereafter for succinctness. Note that a
number of variants of the ADMM, whose theoretical and algorithmic interests have been
studied individually in the literature, can be recovered by the PADMM-FG (2). Obviously,
the original ADMM in (Chan and Glowinski, 1978; Glowinski and Marroco, 1975) is the
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special case of (2) with G; = 0, Go2 = 0 and v = 1; the ADMM variant with Fortin and
Glowinski’s larger step size in (Fortin and Glowinski, 1983) is the special case of (2) with

G; =0, G2 = 0 and v € (0, 1+2\/5); the linearized version of ADMM studied in (Esser
et al., 2010; Wang and Yuan, 2012; Yang and Yuan, 2013) is the special case of (2) where
Gy =rl — BAT A with r > B||[ATA|, G2 = 0 and v = 1; and more generally, the proximal
version of ADMM in (He et al., 2002) is the special case of (2) with G; = 0, G2 > 0
and v = 1. Note that, as in (Han et al., 2017; Li et al., 2016), it is by-default assumed
that BATA + Gy = 0 and SBTB + G5 = 0 if the general PADMM-FG (2) is studied.
We refer to, for example, (Lin et al., 2015; Wang and Yuan, 2012; Yang and Yuan, 2013),
for various applications of the linearized ADMM in areas such as statistical learning and
computer vision, and (Glowinski and Le Tallec, 1989; He et al., 2011; Sun and Zhang, 2010;
Wen et al., 2010) for numerical acceleration performance of Fortin and Glowinski’s larger
step size v € (0, 1+2\/5). Furthermore, as found in (Gabay, 1983), the original ADMM is
equivalent to the application of the general Douglas-Rachford splitting method (DRSM)
proposed in (Douglas and Rachford, 1956; Lions and Mercier, 1979) to a stationary system
to the dual of Problem (1); and as analyzed in (Esser et al., 2010; Shefi, 2015), if the special
case of Problem (1) with B = —I and b = 0 is considered, then the linearized ADMM turns
out to be highly relevant to the so-called primal-dual hybrid gradient (PDHG) studied in
(Chambolle and Pock, 2011) for saddle-point problems. Finally, it is worthy mentioning
that in some existing literatures such as (Gabay and Mercier, 1976; Tao and Yuan, 2018b),
convergence of the original ADMM with v € (0, 2) has been discussed for some special cases
of the model (1) with quadratic or linearity assumptions on the functions f and/or g. But
here we focus on the generic case of f and g in the model (1) and thus do not discuss
the possibility of v € (0,2) for the PADMM-FG (2); more rationales can be referred to
(Glowinski, 2013; Tao and Yuan, 2018a).

Our primary purposes are: (1) to discuss the nonergodic local linear convergence of the
original ADMM, the linearized ADMM and the general PADMM-FG (2) through the lens
of variational analysis; and (2) to show that it is possible to discern the linear convergence
behaviors as well as the exact convergence rates of the PADMM-FG (2) for various concrete
applications in statistical and machine learning problems of recent interest. We also deepen
our discussion via the dual perspective and show, as byproducts, how to discern the linear
convergence of other methods which are highly relevant to various variants of the ADMM,
including the DRSM in the general operator form and the PDHG for saddle-point problems.

1.1. State-of-the-art

Under some mild conditions such as the non-emptiness of the solution set of Problem (1),
convergence properties have been well studied in earlier literature for the original ADMM
and its variants; (see, e.g. Eckstein and Bertsekas, 1990, 1992; Fortin and Glowinski, 1983;
Gabay and Mercier, 1976; Glowinski and Marroco, 1975; Glowinski and Le Tallec, 1989;
He and Yang, 1998; Lions and Mercier, 1979). Recently, in (He and Yuan, 2012a, 2015;
Monteiro and Svaiter, 2013), the worst-case O(1/k) sublinear convergence rate measured
by the iteration complexity has been established for the original ADMM and the linearized
ADMM in both ergodic and nonergodic senses, where k is the iteration counter. The linear
convergence of ADMM has also been discussed in the literature under further assumptions
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beyond convexity, typically smoothing and strong convexity assumptions on objective func-
tions; see, e.g., (Davis and Yin, 2017; Deng and Yin, 2016; Nishihara et al., 2015). Below
we try to summarize some representative scenarios in which the global linear convergence
of the PADMM-FG or its special cases is known.!

(S1) If f (Resp. g) is strongly convex, and differentiable with a Lipschitz continuous
gradient, together with full row rank condition of the coefficient matrix A (Resp. B),
then the sequence {(z*, By*, \¥)} (or {(Az*,y* A\F)}) generated by the PADMM-FG
(2) with G1 > 0,G2 > 0 (Resp. Gy = 0,G3 > 0) converges linearly; (see, e.g. Deng
and Yin, 2016; Giselsson and Boyd, 2016).

(S2) If both f and g are strongly convex, and differentiable with Lipschitz continuous
gradients, then the sequence {(z*,y*, \¥)} generated by the PADMM-FG (2) with
~v =1 converges linearly; (see, e.g. Deng and Yin, 2016).

(S3) If f (Resp. g) is strongly convex, g (Resp. f) is differentiable with a Lipschitz
continuous gradient, together with full row rank condition of the coefficient matrix
B (Resp. A), then the sequence {(Az*, By* \¥)} generated by the original ADMM
converges linearly; (see, e.g. Davis and Yin, 2017).

The strong convexity of objective functions and the full row-rank assumption of coeffi-
cient matrices, however, can be barely satisfied simultaneously for applications. Below, we
show by a very simple application in machine learning that these scenarios (S1)-(S3) might
be too restrictive.

Example 1 Regularization methods for simultaneous variable selection and estimation in
linear regression and more general contexts have received intense interest recently. In par-
ticular, the least absolute shrinkage and selection operator (LASSO) which was proposed in
(Tibshirani et al., 2005) has been used extensively in high-dimensional statistics and ma-
chine learning. It uses the squared error and an £1—norm reqularizer which induces sparsity
in the solution. As a result, the features which have non-zero coefficients can be easily
selected.
Consider the LASSO model and its dual form as illustrative examples:

ming e 5lyl* - by

mingcRr™ %”LX—UOHZ‘FVHXHI s.t ||LTyH <v
1. oo XV,

where L € R*™ with | < m, b € R!, v > 0 and ||x||; is the ¢1-norm defined as Y1, |zi|.
By introducing an auziliary variable z = x for the nonsmooth £1—norm reqularizer, the
LASSO model can be reformulated as a special case of Problem (1). Certainly, unless L
is of full column rank , an assumption contradicting with the purpose of variable selection,
the objective function of the reformulated problem is not strongly convex. On the other
hand, in some practices one may employ the ADMM to solve the dual form so as to ensure
the desired strong convezity in the objective function. But, in this case, by introducing an
auziliary variable z = LTy for the foo—norm ball constraint, in general LT does not meet
the full row rank assumption.

1. For succinctness, several scenarios discussed in (Davis and Yin, 2017; Deng and Yin, 2016) are not
included because they seem to be less practical to find applications so far.
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Hence, even for the LASSO case, regardless of the degeneracy of L, the well observed
linear convergence of ADMM cannot be justified by scenarios (S1)-(S3). More theories are
urged to justify the repertoire of known practical instances that can be efficiently solved by
the ADMM and its variants with linear convergence.

This observation has well motivated another line of analysis for studying the linear
convergence of the ADMM, apart from the strong convexity assumption on the objective
function and/or the full row-rank assumption on coefficient matrices, but on the metric
subregularity, calmness, or error bound, that relates the distance of a point to the solution
set to a certain optimality residual function.

At the core of variational analysis, the concepts of metric subregularity and calmness
have been playing an important role in various optimization topics.

Definition 1 A set-valued map ¥ : R™ = RY is said to be metrically subregular at (u,v) €
gph (V) if, for some € > 0, there exists k > 0 such that

dist (u, U~ (0)) < rdist (0, ¥ (u)), Yu € B(a),

where dist(d, D) := inf{||d — d'|| |d’ € D} for a given subset D and vector d in the same
space, and Be(a) = {u : ||u — || < €}.

Definition 2 A set-valued map ® : IR? = R" is said to be calm (or pseudo upper-Lipschitz
continuous, (see Rockafellar and Wets, 2009; Ye and Ye, 1997)) around (p,z) € gph® if
there exist a neighborhood B¢, (p) of p, a neighborhood B.,(Z) of T and k > 0 such that

O(p) NBe,(2) € 2(p) + 1 llp — pll B, Vp € Be, (D), 3)
where B denotes the closed unit ball centered at the origin.

The calmness property is a Lipschitz-like property of the corresponding perturbed set-
valued map. It is well-known that a set-valued map is calm if and only if its inverse map is
metrically subregular.

To elucidate on applications to the convergence rate analysis for the ADMM and its
variants, we define the set-valued map Tk g : IR"1 T2 — JR™ 72 which is associated
with the Karush-Kuhn-Tucker (KKT) system of Problem (1), as the following:

Of () — AT
Trrr(z,y,\) = | dg(y) — BTA | . (4)
Ax+ By —1b

Obviously, any (x,y, \) satisfying 0 € Tk gr(z,y,A) is a KKT point. In terms of Tx g1, we
may define the KKT residue Res(z,y, \) as

Res(z,y, A) = dist (0, Tk kr(x,y, N)) (5)

and use Res(z,y, A) to measure the optimality of the iterate (x,y,A). In (Yang and Han,
2016), linear convergence of the linearized ADMM is established under the metric subreg-
ularity of Tk xr. For the special case of the PADMM-FG (2) with G2 = 0 and v = 1, it
is known that the second part of the KKT system, i.e., 0 € 8g(yk) — BT X, holds for all
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iterates (z,y*, A¥) . Very recently, in (Liu et al., 2018), the authors first take advantage of
this observation to improve the results in (Yang and Han, 2016). In particular, let

Qg :={(z,y,A) | 0 € dg(y) — BT},

it is shown in (Liu et al., 2018) that the linear convergence of the PADMM-FG with Gy = 0
and v = 1 is guaranteed under the metric subregularity of Tk g7 over the set 2,. In the
literature, in addition to Tk k1, other KKT mappings have been defined as well for studying
the linear convergence of the ADMM and its variants. For instance, based on the so-called
natural map (see Facchinei and Pang, 2007, page 83) in terms of the Moreau-Yosida proximal
mapping, the following mapping is used in (Han et al., 2017; Han and Yuan, 2013):

z — Proxs(z + AT))
TIp(KT<x7 Y, A) =1Y _zroxg(y + ZZT)‘) ) (6)
x+ By —

where Prox;, is the proximal mapping associated with the function h, i.e.,
Pros;, (a) in 1) + 5 1t~ al
rox; (a) := arg min —|lt—a .
h gte]R" 2

Obviously, any (z,y, A) such that 0 = T% -7 (z,y, A) is also a KKT point. In (Han et al.,
2017), the linear convergence of PADMM-FG is proved when T%, . is metrically subregu-
lar. Indeed, it is proved in (Liu et al., 2018) via a perturbation perspective that, despite
the different forms in notation, the metric subregularity conditions of Tk k7 and Tfp< KT are
essentially equivalent; it is further justified in (Liu et al., 2018) that the metric subregu-
larity of Tk T is more advantageous than that of TIp{KT in sense of analyzing the linear
convergence for the ADMM and its variant.

Recall that a set-valued mapping is called a polyhedral multifunction if its graph is the
union of finitely many convex polyhedra; (see, e.g., Robinson, 1975). Obviously, if both
f and ¢ are piecewise linear-quadratic functions,? then the desired metric subregularity of
Txrr (as well as T} ) follows immediately from (Robinson, 1980, Proposition 1). As a
consequence, the local linear convergence of PADMM-FG is an immediate assertion in the
following setting of full polyhedricity.

(S4) If Problem (1) satisfies the full polyhedricity, i.e., both f and g fall into the category
of convex piecewise linear-quadratic functions, then

— {(AzF, By*, \¥)} generated by the original ADMM converges linearly, (see, e.g.,
Aspelmeier et al., 2016; Liu et al., 2018);

— {(2%, By*, \¥)} generated by the linearized ADMM converges linearly, (see, e.g.,
Liu et al., 2018; Yang and Han, 2016);

— {(2*,y*, \¥)} generated by PADMM-FG with BATA+G; = 0 and BBTB+G4 -
0 converges linearly, (see, e.g., Han et al., 2017).

2. A function ¢ : IR®™ — IR is called piecewise linear-quadratic if dom ¢ can be represented as the union
of finitely many polyhedral sets, relative to each of which ¢(x) is given by an expression of the form
i(z, Lz) + (a,x) + b for some scalar b € IR, vector a € IR", and symmetric matrix L € IR" x R™. ¢ is
a convex piecewise linear-quadratic function if and only if ¢ is a polyhedral multifunction.
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It is notable that the desired metric subregularity above is trivially satisfied by the polyhe-
dral case such as the LASSO model. But, the given condition seems too ambiguous to be
checked for a wide range of applications to be shown soon.

1.2. Motivating Examples in Machine Learning

Below we show some concrete applications in machine learning and statistics to which the
ADMM and its variants are usually applied as solution schemes, while they are not the
cases for which any of the scenarios (S1)-(S4) is effective.

Example 2 (Boyd et al., 2011, Section 11.2) Variable selection in {1 regularized logistic
regression ({1 RLR):

: LTx _ .77
min )" (log (1+¢177) ~b;Li) + plz.
J

with L; the j—th row of L € R™™, b; € {0,1}, a regularization parameter i and a convex
polyhedral reqularizer ||x||1. Obviously, it can be reformulated as a special case of Problem
(1) so that the ADMM and its variants can be applied:

min ij (10g (1+ €)= b;L72) + allyll .

st. xz=uy.

Obuviously, for this example, in general the strong convexity does not hold in the objective.
It is easy to see that assumptions S(1)-S(4) do not hold.

Example 3 (James et al., 2013) In spite of the success of unconstrained variable selection
models, e.qg., LASSO and RLR, they still suffer from limited information induced by the
reqularizer. To address these issues, the constrained models have been proposed in order to
incorporate more informative data. In particular, the penalized and constrained (PAC) re-
gression for computing the penalized coefficient paths on high-dimensional generalized linear
model: 3
inylr; Z (—log (L] z) + b L] ) + pllyll1 + 51le (2)

J (8)
st. z=vy, Cx+2z=d,

where L € R"*™ s the design matriz covariates, b € IRlJi is the response vector, C €
R2*™ 1, € Ry and d € R® are predefined matrices and vectors. It is easy to see that, in
general assumptions S(1)-S(4) do not hold for this example.

The variable selection and estimation in high-dimensional regression with compositional
covariates proposed in (Lin et al., 2014) perfectly fall into the constrained regression model
(8). Compositional data, which consist of the proportions or percentages of a composition,
appear frequently in a wide range of applications; examples include geochemical compositions

3. Hereafter, for succinctness, for the examples to be presented, we directly show the reformulations in form
of Problem (1) with auxiliary variables, instead of the original models without constraints.
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of rocks in geology, household patterns of expenditure in economics, species compositions of
biological communities in ecology, and topic compositions of documents in machine learning;
see, e.g., (James et al., 2013; Lin et al., 2014) for the details. Owing to the special nature
of compositional data that the components of a composition must sum to unity, the usual
unconstrained linear regression model is inappropriate. To this end, a reqularized linear log-
contrast model that respects the unique features of compositional data has been formulated
in (Lin et al., 2014) as a constrained convex optimization in the form of (8).

Another important problem in microbiome analysis is to identify the bacterial taxa that
are associated with a response, where the microbiome data are summarized as the composi-
tion of the bacterial taxa at different taxonomic levels. (Shi et al., 2016) considers regression
analysis with compositional data as covariates. Inspired by the modeling procedure in (Lin
et al., 2014), (Shi et al., 2016) also proposed linear models with a set of linear constraints on
the regression coefficients, in order to satisfy the subcompositional coherence of the results.

Example 4 (Yuan and Lin (2006) and Boyd et al. (2011, Sections 11.8)) For high dimen-
sional supervised learning problems where the predictor variables were divided into different
groups, for example in gene expression data these groups may be gene pathways, or factor
level indicators in categorical data, rather than just sparsity in the selected variable, people
would like a solution which uses only a few of the groups. In 2006, (Yuan and Lin, 20006)
introduced the group LASSO in order to allow predefined groups of covariates to be selected
into or out of a model together, so that all the members of a particular group are either
ncluded or not included; the problem is

. 1
min = [|Le = b|* + Y wylly.ll
wy 2 JeJg 9)

st. x =y,

where wy > 0, J is a partition of {1,...,n}. This criterion exploits the non-differentiability
of ||zs|| at x5 = 0; setting groups of coefficients to exactly 0. The sparsity of the solution
is determined by the magnitude of the tuning parameter . If the size of each group is 1,
this gives us exactly the regular LASSO solution. In general, ) ;c s wyllys| is not a convex
piecewise linear-quadratic function unless it degenerates to the €1 regularizer.

Example 5 (Friedman et al., 2010; Zhou et al., 2010) While the group LASSO gives a
sparse set of groups, if it includes a group in the model then all coefficients in the group will
be nonzero. Sometimes people would like both sparsity of groups and within each group, for
example if the predictors are genes people would like to identify particularly important genes
in pathways of interest. Toward this end, (Friedman et al., 2010) proposed the sparse-group
LASSO model: )

min o || Lz — bl + ullyll + D wollysl

“y Jeg (10)

st. x=uy,
where p > 0, wy > 0 and J is a partition of {1,...,n}. This model improves the

group LASSO regularizer for the case where there is a possibility of within-group spar-
sity.  Obuviously, the regularizer is not convex piecewise linear-quadratic except the case

j:{{1}7{2}7”'7{n}}'
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Example 6 (Tseng, 2010) The image denoising using total variation (TV) regularization:

1 2
min = ||Lxz — bl||* + 6
win 1Lz = I + da) "

st. x=uy,

where L is the adjoint of the discrete (via finite difference) gradient mapping.

The ADMM and its variants have been shown to perform linear convergence for these
applications (see, e.g., Boyd et al., 2011, Sections 11.2,11.3 for ADMM applications on the
{1 regularized logistic regression and the group LASSO), and as shown, existing results fail
to explain the linear convergence. We are thus motivated to answer the following questions:

Besides scenarios (S1) - (S4), is it still possible that the PADMM-FG (2) converges linearly
for practical applications; and if yes, how can we discern the linear convergence?

We answer these questions affirmatively, and show particularly how to discern the linear
convergence of PADMM-FG (2) for a wide range of applications that are important in
statistical learning.

1.3. Setting for Discussion

We present the assumptions under which our analysis will be carried on. Throughout, to
avoid triviality, the following nonemptiness assumption is required.

Assumption 1.1 (Standing assumption) The optimal KKT solution set of Problem (1)
18 monempty.

Instead of the general case of (1) without any structure, and as motivated by various
applications including those listed before, we focus on some structured cases of Problem (1)
and make the following assumptions regarding the structure of Problem (1).

Assumption 1.2 (Structured assumption of f) A convez function f : R" — (—o00, 0]
1s said to satisfy the structured assumption if f is a function in form of

f(x) = h(Lx) + (g, ),

where L is some m X n matriz, q is some vector in R", and h : R™ — (—o00, o0] is a convex
proper lsc function with the following properties:

(i) h is essentially locally strongly convez, i.e., for any compact and convex subset K C
dom Oh, h is strongly convex on K;

(ii) h is essentially differentiable, i.e., int(dom h) is nonempty, h is differentiable on
int(dom h), and limy_,o |Vh(oy)| = oo for any sequence {oy}3, converging to a
boundary point of int(dom h), and Vh is locally Lipschitz continuous on int(dom h);

(#4i) range (L) Nint(dom h) # &, where range (L) C IR™ denotes the range of matriz L.
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Some commonly used loss functions in statistical learning such as linear regression,
logistic regression and likelihood estimation under Poisson noise all satisfy Assumption
1.2. We summarize these cases in Table 1, where by € IR™, by € {0,1}" and b3 € R
are parameters. Indeed, Part (iii) in Assumption 1.2 fulfills if dom h is an open set and
dom h # @. It is easy to check that, all the smooth parts of the objective functions in
Examples 2-6 satisfy Assumption 1.2 equipped with the scenarios in Table 1 automatically.

Loss function Linear regression Logistic regression Likelihood estimation
h(y) 3lly = bl 3 log(L+e") = (ba,y) — 2 log(yi) + (bs. )

Table 1: Some commonly used loss functions h

Assumption 1.3 (Structured polyhedricity assumption) Problem (1) is said to sat-
isfy the structured polyhedricity assumption if f meets Assumption 1.2 and g is convex
piecewise linear-quadratic function.

Assumption 1.4 (Structured subregularity assumption) Problem (1) is said to sat-

isfy the structured subregularity assumption at a KKT point (Z,5,\) if f meets Assumption
1.2, 0(g* (BT X)) is calm at the reference point (\, —AZ) and

Ou(p) == {o | p= Lv — L, 0 € d(g"(BTX)) — Az}
is calm at (0, ).
We next make some comments on Assumptions 1.3 and 1.4.

Remark 3 It is worthwhile mentioning that the structured polyhedricity assumption, which
1s in general stronger than the structured subregularity assumption, is satisfied by some
applications such as the aforementioned RLR model (7) and PAC model (8). Moreover, the
structured subreqularity assumption is satisfied at any KKT point (Z,7, )

e if g represents the {q g-norm reqularizer with q € [1,2];
e if g represents the sparse-group LASSO reqularizer;
e if g represents the indicator function of a ball constraint, i.e., g = dg(-) and BT X\ # 0.

More details will be presented in subsection 3.4.
1.4. Contributions in Discerning Local Nonergodic Linear Convergence of
ADMM

As mentioned, our first purpose is to discuss the local nonergodic linear convergence of the
PADMM-FG (2) through the lens of variational analysis. We next present the first contribu-
tion in establishing the local linear convergence of original ADMM, linearized ADMM and

10
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the general PADMM-FG separately. To measure the optimality of an iterate for Problem
(1), we define two indicators: the objective function value

Val(z,y) = f(z) + 9(y)
and the feasibility of constraints
Fea(x,y) = ||Axz + By — b|.

For notation simplicity, hereafter, for a generated iterate (z*, y*, \¥), we denote the KKT
residue Res(z*, 9%, \¥) defined in (5) by Res¥, the objective function value Val(z*,y*) by
Val¥, and the feasibility of constraints Fea(z", y*) by Fea®, respectively. Below we present
the main results to be obtained, and further summarize them in Table 2.

e Discerning the local nonergodic linear convergence of original ADMM. For
the original ADMM where G; =0, G2 = 0 and v = 1 in (2), if Problem (1) satisfies
the structured polyhedricity assumption, then we derive the linear convergence in the
following senses:

— the KKT residues sequence {Res"} converges linearly;

— the sequence of objective function value and constraint feasibility pairs {Valk , Feak}
converges linearly;

— the sequence {\*} converges linearly.
e Discerning the local nonergodic linear convergence of linearized ADMM.

For the linearized ADMM where G = I — BAT A with » > B||ATA|, G2 = 0 and
v =11n (2), if one of the following assumptions is satisfied:

1. Problem (1) satisfies the structured polyhedricity assumption;
2. Problem (1) satisfies the structured subregularity assumption and A is of full
row rank;

then we derive the linear convergence in the following senses:

— the KKT residues sequence {Res"} converges linearly;

— the sequence of objective function value and constraint feasibility pairs {Valk , Feak}
converges linearly;

— the sequences {(2*, \)} converges linearly.

e Discerning the local nonergodic linear convergence of the general PADMM-
FG. For the general PADMM-FG with AT A+ Gy > 0 and BT B + G5 > 0, if one
of the following assumptions is satisfied:

1. Problem (1) satisfies the structured polyhedricity assumption;

2. Problem (1) satisfies the structured subregularity assumption, A is of full row
rank and B is of full column rank;

then we derive the local nonergodic linear convergence in the following senses:

11
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— the KKT residues sequence {Res"} converges linearly;

— the sequence of objective function value and constraint feasibility pairs {Valk , Feak}
converges linearly;

— the sequences {(z*, 4", \F)} converges linearly.

Regularity beyond convexity
Algorthmlc Structured Structured Full row  Full column Linear
setting Polyhedricity =~ Subregularity rank of A  rank of B convergence
vy=1,G1 =0,G2 =0 v - - - {\F: Res*; Val®, Fea*}
v =1 with r > g|[ATA|, v - - - {(@*, \*); Res*; Val®, Fea"}
_ _ T

G2=0,Gr=rl-pA"A - v v - {(z*, \¥); Res"; Val®, Fea*'}
v € (0, 155), v - - - {(z", 94", \¥); Res*; Val®, Fea*}
BATA+G1 = 0,BTB+G2 >0 } v v v {(z*, y*, A¥); Res®; Val®, Fea®}

Table 2: Summary of local nonergodic linear convergence for the PADMM-FG (2)

1.5. Contributions to Machine Learning Applications

As mentioned, our second purpose is to discern the linear convergence behaviors as well as
the exact convergence rates of the PADMM-FG (2) for applications. Our results in discern-
ing local linear convergence of ADMM variants are established under two key assumptions,
i.e., the structured polyhericity assumption and the structured subregularity assumption.
These two conditions are actually application-driven, although they seem technical. We
shall develop new techniques that can be used to verify the key assumptions for an array of
concrete models in machine learning and statistics, and hence establish ADMM linear con-
vergence together with our first contribution. Our second contribution is then summarized
as ADMM linear convergence in concrete machine learning applications, with a particular
interest in the mentioned ¢; RLR, PAC, group LASSO and sparse-group LASSO models,
which can not be covered by Scenarios (S1)-(S4).

Assuming the structured assumption of f in Assumption 1.2, we then present our results
systematically according to different application-driven scenarios of g.

Scenario 1. When 0Jg is a polyhedral multifunction. This setting covers the following
sparse learning regularizers for feature selection in high-dimensional data analysis.

e g(x) represents the ¢; regularizer which performs as the sparsity-inducing norms to
force the coefficients of non-important features to be zero.

In the high-dimensional data, the highly correlated features widely exist. However,
the ¢; regularized sparse learning methods tend to arbitrarily select only one of them.
Consequently, estimation can be unstable, and the resultant model difficult to interpret.
The grouping of features, on the other hand, is highly beneficial in learning with high-
dimensional data. It reduces the variance in the estimation and improves the stability of
feature selection, leading to improved generalization (see, e.g., Zhong and Kwok, 2012). We
list some representative groups-keeping regularizers which are also covered in this category:

e the elastic net regularizer (see, e.g., Zou and Hastie, 2005), encourages highly corre-
lated covariates to have similar regression coefficients.

12
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e the fused LASSO regularizer (see, e.g., Tibshirani et al., 2005), directly enforces the
successive feature coefficients to be similar by the regularizer, if the features are or-
dered in some meaningful way.

e the octagonal selection and clustering algorithm for regression (OSCAR) (see, e.g.,
Bondell and Reich, 2008), uses the pairwise /o, norm to encourage the equality of
coefficients for highly correlated features.

The definitions of the listed polyhedral convex regularizers are summarized in Table 3,
where p, 41 and py are given nonnegative parameters.

Regularizers| ¢;—norm elastic net fused LASSO OSCAR
9() pllzlls | mllelh 4+ pellel®] pllzllh +p2 X |2 =zl el + pe Y max{|a], |=;]}
7 1<J

Table 3: Polyhedral convex regularizers

Scenario 2. If Jg is metrically subregular (not necessarily a polyhedral multifunction).
This setting covers two classes of important groups-keeping regularizers, where, different
from those mentioned polyhedral groups-keeping regularizers, some prior information about
the group structure of the underlying solution is assumed to be known in advance:

e the /1 ;-norm regularizer with g € [1,2] (see, e.g., Fornasier and Rauhut, 2008; Kowal-
ski, 2009). In particular, g(y) = >_ ;e 7 wsllysllg, where w; > 0, J is a partition of

n 1
{1,...,n} and || - ||, denotes the fgnorm, i.c., ||z||, := ( ) |xi|q) . When ¢ = 2, the
i=1
{1 g-norm reduces to the group LASSO regularizer.

e the sparse-group LASSO regularizer, has been widely applied to different areas, such
as text processing, bioinformatics, signal interpretation, and object tracking.

Motivated by a substantial number of practical applications in statistics and machine
learning, we shall achieve our second contribution within the analysis framework

“structured assumption of f” + “application-driven scenarios of g”. ‘

In Table 4, we further specify our second contribution and list the conditions that can
be used to discern the linear convergence of various specific cases of the PADMM-FG (2).
In this table, “cOADMM”, “IADMM” and “pADMM” stand for the original ADMM, the
linearized ADMM and the general PADMM-FG (2) with the conditions BATA + G1 = 0
and BBTB + G5 > 0, respectively. This table serves as a “dictionary” for looking up to
the linear convergence when the ADMM and its variants are employed to solve a number
of popular applications.

Remark 4 In Table 4, we mark with a thick line box the full polyhedricity case where
flx) = %HLCE — bl||? and g is convex piecewise linear-quadratic. For this full polyhedricity
case, the linear convergence of various cases of the PADMM-FG (2) has been studied in the
literature, (see, e.g., Aspelmeier et al., 2016; Han et al., 2017; Liu et al., 2018; Yang and
Han, 2016). For other applications in this table, it seems to be the first time to obtain the
linear convergence of various cases of the PADMM-FG (2).
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g(y) , pallylly pallyll wsllys|
pllyll pallyll + p2llyll? +pe |y — yisal +pz > max{|yi|, ly;|} M@mm <2) ¢ pliylle+ 32 wollysll
f(x) < =94z Jes
condition condition condition condition condition condition
oADMM oADMM oADMM oADMM oADMM ?:m;% oADMM ?:M.%
{2k} [2%s: Ak} [2%s! fack, P AR | AasR R R T
column column
W __N\&. _ ﬁu:m rank B rank B
IADMM _ IADMM B IADMM B IADMM B IADMM ol s IADMM full
{(=*,2%)} {(@*, 2y {(=*,2%)} {(@*, 2%y} {(=*,2%)} rank A {(@*, 2%y rank A
pADMM pADMM pADMM pADMM pADMM full row pADMM full row
- - - - rank A; rank Aj;
HCARTLPAY! HCARTAP ! HCARTPN! HEARTAP ! HELRTLIPLDY I N HCARTAN ) A1
column column
rank B rank B
condition condition condition condition condition condition
oADMM oADMM oADM oADMM oADMM ?:w:w« oADMM ?:anz.
r (\F} O*) %) (F) LTS I R I AT S I
%, ((og (1+¢7)
—b; LTg IADMM IADMM IADMM IADMM IADMM IADMM
J - - - - full full
{(a*, AF)} (=%, A%)} {(=*, A%y} (=%, 29 {@*, A9} rank A | (@A)} rank A
pADMM pADMM pADMM pADMM pADMM full row pADMM full row
- - - - rank Aj; rank A;
{(=F, ¥, A0} {(=*, %, 2%) {(=F, y", 2F) [CARTIPLS! HELRLIPLDY IS HCLRLIPLO N
column column
rank B rank B
condition condition condition condition condition condition
oADMM oADMM oADMM oADMM oADMM ?:mwé oADMM r._:mw%
Ak} (k) e Ay TIPS I ST IR LIPS R ST
5, (-~ tos (L]) ol
LLFNHH IADMM IADMM IADMM IADMM IADMM IADMM
J - - - - full full
{(=*, A%} (=%, A%} {(=F, A%} {(=*, %)} {(=*, A%} rank A {(=*, a%)} rank A
pADMM pADMM pADMM pADMM pADMM ?:m;% pADMM ?:x:%
(", y*, A} {(@*, %, aF) (=", y*, AF) (", y*, aF) [HCANTLIPO}) TR EE(CANTLIPLOY I
column column
rank B rank B

Table 4: Summary of applications with guaranteed local linear convergence for ADMM and its variants

a. For all cases listed in this table, the KKT residues sequence {Res*}, the objective values sequence {Val*} and the constraint feasibility sequence

{Fea®} converge linearly.
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Remark 5 Even for the full polyhedricity case, in (Liu et al., 2018; Yang and Han, 2016),
the linear convergence of {(Ax"*, By*, \¥)} and {(z*, By*, \¥)} is proved under the assump-
tion of the convergence of the sequence {(z¥,y*, \¥)} generated by the original ADMM and
the linearized ADMM, respectively. In our analysis, instead of assuming the convergence of
the sequence {(z*,y*, \F)}, we only delineate the sequences that are known to be convergent.
In particular, for the full polyhedricity case, we prove the linear convergence of the sequence
{\FY generated by the original ADMM and the linear convergence of the sequence {(x*, \F)}
generated by the linearized ADMM. It is trivial to deduce that, under similar convergence
assumptions on the sequence {(z* y* A\¥)} as those in (Liu et al., 2018; Yang and Han,
2016), the linear convergence of {(Az*, By* \¥)} and {(z*, By*, \¥)} can also be obtained
for the original ADMM and the linearized ADMM, respectively.

Remark 6 In (Han et al., 2017), it is noticed that the metric subregularity of the mapping
TV or at a KKT point can be used for the sake of proving the linear convergence of the
PADMM-FG (2). It is known that the metric subreqularity condition is indeed a pointwise
condition. Therefore, in general, it is too ambiguous to be checked when the reference point is
unknown. What is more meaningful and challenging is finding out appropriate methodologies
that can verify the required metric subreqularity so as to discern the linear convergence for
various concrete applications. This issue is out of the scope of (Han et al., 2017). Through
the lens of variational analysis, we shall show that the metric subregularity condition is
not just conceptual, but also verifiable for a wide range of applications arising in statistical
learning. Hence the empirically observed linear convergence of a number of algorithms is
tightly proved with rigorous mathematics; and the understanding of linear convergence of
ADMM and its variants is significantly enhanced.

1.6. Insights

Although the original ADMM and the linearized ADMM are special cases of the general
PADMM-FG (2), we conduct linear convergence analysis separately as shown hierarchically
in the last subsection, rather than just for the general PADMM-FG (2) as a whole. Gener-
ically speaking, it is because treating all variants in the most general form of PADMM-FG
(2) will result in the loss of some special properties owned by the special cases of the original
ADMM and the linearized ADMM. Indeed, we shall show that individual treatments on
the original ADMM and the linearized ADMM enable us to take advantage of their special
algorithmic structures more effectively and thus to derive some specific properties. This is
a striking feature of our study that leads to some new results for the original ADMM and
the linearized ADMM.

We understand that, because the sequence {(z*,y*, A\¥)} generated by the PADMM-
FG (2) with BATA + G = 0,8BTB 4+ G5 = 0 converges to a KKT point (Z,7,\),
as long as the KKT mapping Tk is metrically subregular at (z,7,A,0)), the conver-
gence rate of {(z¥,y* A\¥)} is indeed linear. This can be seen in Proposition 57. On the
other hand, instead of {(x*,4*, A¥)}, the original ADMM generates the convergent sequence
{(Az*, By*, \F)} while the linearized ADMM generates {(z*, By*, \¥)}. Naturally, we focus
on the convergence rate analysis in terms of the sequences {\*} for the original ADMM,
and {(z¥, \¥)} for the linearized ADMM, respectively. In our recent work (Wang et al.,
2018), we introduce the perturbation analysis technique for analyzing the convergence of an
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algorithm, by appropriately constructing an iteration-tailored perturbed solution set-valued
map and defining a perturbing parameter as the difference of two consecutive iterates of the
algorithm under investigation. Particularly, in this paper we adopt this technique for the
sequence {\*} of the original ADMM, {(z*, \*)} of the linearized ADMM and {(z*,v*, \¥)}
of the general PADMM-FG (2), respectively, and accordingly induce different perturbed so-
lution set-valued maps. More details of the difference between those perturbed solution
set-valued maps will be delineated in Sections 2 and 3.

e Insight into algorithmic structure. Therefore, our first insight is that the original
ADMM, the linearized ADMM and the general PADMM-FG (2) should be treated
independently. Then, our main purpose becomes verifying calmness/metric subreg-
ularity of the set-valued maps induced by the perturbation analysis technique which
guarantee the desired linear convergence. Our analysis is conducted case by case us-
ing different techniques, because of the significant differences of the original ADMM,
the linearized ADMM and the general PADMM-FG (2). This analyzing framework
seems novel as it is quite distinct from those in the literature regarding ADMM linear
convergence.

In addition to the need of considering the algorithmic structure, it is commonly known
that the model’s structure should be fully considered when studying the convergence of a
particular algorithm applied to solve the model under investigation. Our analysis is also
based on the understanding that the verification of required subregularity conditions should
be conducted in accordance with the model’s special structure. Indeed, it is well-known that
the verification of subregularity conditions for practical application problems is usually a
challenging task. In the literature, there are various criteria proposed in the generic context
by following standard variational analysis, for ensuring the metric subregularity, (see, e.g.,
Gfrerer, 2011, 2013; Gfrerer and Ye, 2017; Guo et al., 2013; Henrion et al., 2002; Henrion
and Outrata, 2005; Ye and Ye, 1997; Ye and Zhang, 2013). But it seems there is very
little discussion on how to define some model-tailored subregularity conditions that can
inherently make use of the model’s structures for the study of linear convergence of the
ADMM and its variants. This fact limits the application of various existing work, including
(Aspelmeier et al., 2016; Han et al., 2017; Liang et al., 2017; Valkonen, 2014, 2017), to the
theoretical explanation of the linear convergence of the ADMM and its variants for some of
the mentioned models, see, e.g., the motivating examples 2-5.

e Insight into model structure. Therefore, our second insight is that the model’s
structure should be well exploited to initiate new criteria for verifying different types
of metric subregularity conditions that can both ensure the linear convergence of the
ADMM and its variants and be easily verified by an array of concrete machine learning
applications including those listed in Table 4. The new criterion differs significantly
from those discussed in standard variational analysis, which seems to be novel in the
literature.

Motivated by the mentioned insights, we employ perturbation analysis techniques to
identify appropriate forms of the metric subregularity for different cases of the PADMM-FG
(2), and then penetrate the model’s structures to re-characterize the desired subregularity
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conditions step by step to find more verifiable characterizations. The employment of calm
intersection theorem on the re-characterized perturbed solution map allows us to adpot
Robinson’s celebrated result (Robinson, 1981, Proposition 1) and hence calculate the error
bound modulus. Through this roadmap, we uncover the fact that the required calmness
conditions can be indeed verified and the linear convergence of the ADMM and its variants
can be discerned by a number of applications including those shown in Table 4.

1.7. Outline

The remaining part of the paper is organized as following. In Section 2, we focus on
discerning the linear convergence of the original ADMM. In particular, we derive the linear
convergence of the DRSM by studying the dual problem of Problem (1) and then convert
the result to the linear convergence of the original ADMM. In Section 3, we study the
linear convergence of the linearized ADMM for various cases. Particularly, by examining
the dual problem of (1), we show how to discern the linear convergence of the PDHG and
then convert the result to the linear convergence of the linearized ADMM. Then, we discuss
the general PADMM-FG (2) in Section 4 and give some concluding remarks in Section 5.

1.8. Symbols and Notations

The index of notations as well as the corresponding descriptions that will be used in this
paper are listed in Appendix O.

2. Linear Convergence of the Original ADMM

In this section, we shall show that, under Assumption 1.3, i.e., the structured polyhedricity
assumption, the original ADMM converges linearly in sense of the sequences {\*}, {Res"}
and {Val* Fea*}.

2.1. Roadmap of Analysis

We first recall the well-known equivalence between the original ADMM and the DRSM.
This relationship indicates that we just need to show the linear convergence for one of these
two methods. We first concentrate on the linear convergence of the DRSM. As illustrated
in Remark 13, using the perturbation analysis techniques, we introduce the set-valued
mappings 77 defined in (13) and 73 defined in (14) that are tailored for the iterative scheme
of the DRSM. In Proposition 12 and Theorem 14, under the calmness of 77 and T3, we
derive the linear convergence of the DRSM. Furthermore, to verify the calmness of 71, one
subtle step is probing the characterization of the calmness of 77 in terms of the calmness of
the set-valued map I'pg defined in (17). Taking full advantage of Assumption 1.2, we notice
that the structure of I'pr helps us investigate the calmness of 7; and it is easily verified
when g is a convex piecewise linear-quadratic function, according to Robinson’s celebrated
result (Robinson, 1981, Proposition 1). Similarly, we re-characterize the calmness of 7, with
the calmness of the structured I'pg defined in (21). With the re-characterization in terms
of ' pr and Tpp, it then turns out to be easy to verify the calmness of 77 and 73 under the
structured polyhedricity assumption.

To present our analysis more clearly, let us show the roadmap of this section in Figure 1.
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|
. \
linear convergence Prop 12 DR-iteration-based Thm 14 calm calm |
. _ —
DRSM error bound T Ta |
\
\
Thm 30 Asum 1.2 Asum 1.2
Remark 13 Prop 22 Prop 24
linear convergence perturbation calm calm
oADMM technique Sp, Sp,
Asum 1.2 Asum 1.2
Prop 26 Thm 27
i i calm calm
g plecewise Asum 1.2 structured (Robinson, 1981 /¢
linear-quadratic polyhedricity Ipr I'pr

Figure 1: Roadmap to study linear convergence of the original ADMM

Remark 7 In (Aspelmeier et al., 2016), the linear convergence of DRSM is studied under
the metric subregularity of the DR operator Tpgr (see subsection 2.3.1 for the definition).
Hence, the linear convergence rate of the original ADMM for the full polyhedricity case (S4)
can be derived as well. In our analysis, by noticing that the DR operator is a composite
of two operators, we define the algorithm-tailored perturbed solution set-valued maps (13)
and (14), through which we can discern the linear convergence of the original ADMM for
a much broader spectrum of applications beyond the full polyhedricity case, e.g., the RLR
model (7) and the PAC model (8). On the other hand, the linear convergence of DRSM
is investigated under the strong monotonicity assumption in (Giselsson and Boyd, 2016).
Thus the linear convergence rate of the original ADMM can be recovered under some strong
convezxity conditions together with some full rank assumptions of the coefficient matriz.

2.2. Original ADMM on Primal Problem Is Equivalent to DRSM on Dual
Problem

It is clear that the dual of Problem (1) can be written as
(D) min - bIN+ fF(ATX) + g% (BTN,
where f* and ¢g* denote the conjugates of the convex functions f and g, respectively. Let
$1(N) = F(ATN) = bTA, d2(N) = g" (BT,
the dual problem (D) can be represented as the following inclusion problem:
0 € 9¢1(A) + da(N).

As analyzed in (Gabay, 1983), applying the original ADMM to the primal Problem (1) is
equivalent to applying the DRSM to its dual problem. We summarize some prerequisites
in the following proposition for further analysis.

18



THE LINEAR CONVERGENCE OF ADMM FOR STRUCTURED CONVEX OPTIMIZATION

Proposition 8 Let {(z*,y* A\F)} be the sequence generated by the original ADMM. Define
2P = NP 4 BByF, WP = M oand oF = \F — B(AZMT + ByF —b). Then, {(u*, vF, 2F)}
coincides with the sequence generated by the DRSM applied to the dual problem (D), with
the following details:

uF = (I + BOdy) (=),

vF = (I + Ba¢1) ! (2uF — =),

k+1 k_yk 1k,

z =z

Proof See Appendix A. |

2.3. Linear Convergence of DRSM

Because of the equivalence shown in the preceding subsection, we just need to discuss
the linear convergence of DRSM for solving the dual problem (D) to derive the linear
convergence of the original ADMM for Problem (1).

2.3.1. LINEAR CONVERGENCE OF DRSM UNDER DR-ITERATION BASED ERROR BOUND

Recall that the iterative scheme of the DRSM applied to the dual problem (D) reads as

uf = (I 4 Bogy)"2",
ok = I+ ﬁ8¢1)_1(2uk — zk),

L= Sk gk + vk,

Let
Tpp = %u %(2(1%8@)—1 — 1) (2(I + BOgs) " — 1)

represent the DR operator, i.e., 251 = Tprz*. As shown in (He and Yuan, 2012a, 2015),
the sequence {z*} converges to a certain point in Fiz(Tpr), where Fiz(Tpr) represents
the fixed point set of Tpr, i.e., Fiz(Tpr) :== {2 | 2 = Tpr(z)}. Without loss of generality,
we focus on the case where 5 = 1, because the sequence generated by applying the DRSM
with = ¢ > 0 to 0 € 9¢1(N) + Op2(N) is the same as that of the DRSM with 5 =1 to
0 € 9(cop1(N)) + O(cp2(N)). Before we present the linear convergence of DRSM, we recall
some preliminary results. The following proposition that can be found in (Bauschke and
Moursi, 2017) as well.

Proposition 9 Define that
Z = (0¢1+ 992)71(0), W := (9(¢] o —1d) + 93)~(0).
The following relationships hold:
(1) Z = prox,, (Fiz(Tpr)), and W = prox,,« (Fiz(Tpr))-

(2) Fix(TDR) = Z+ w.
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Proposition 10 (Bauschke and Combettes (2011, Theorem 25.6) and Bauschke and Moursi
(2017, Theorem 2.7)) Let {z*} be the sequence generated by the DRSM.

(1) The sequence {z*} converges to some point z in Fiz(Tpr).
(2) For any z* € Fiz(Tpr), there holds the following estimation

k+1) H2 Zk+1) H2

Hprox¢2 (z
< Hproxd)2 (zk) — prox,, (")

— Prox,, (")
[&

+ [|prox,« ( — proxy,(z")
+ Hprox¢2*(zk) — prox¢2*(z*)H2 — szH — zkﬂz, Vk.
(12)

Definition 11 (DR-iteration-based error bound) Let the sequence {z*} be generated
by the DRSM and z € Fiz(Tpg) be an accumulation point of {z*}. We say that the DR-
iteration-based error bound holds at z if there exist €,k > 0 such that

dist (prox¢2(zk), Z) + dist (prox¢2*(zk), W) <k szﬂ — zkH ,
for all k such that 2* € B(z, €).

Then, it is easy to prove the linear convergence of DRSM under the just-defined error
bound condition. Let {z*} be the sequence generated by the DRSM applied to the dual
problem (D), according to Proposition 10, {z*} converges to some point zZ € Fiz(Tpg).

Proposition 12 (Linear convergence of DRSM under DR-iteration-based error bound)
Let the sequence {z*} be generated by the DRSM, and zZ € Fix(Tpg) be the limit point of
{z*}. Suppose that the DR-iteration-based error bound holds at Z. The sequence {z*} con-

verges to Z linearly, i.e., there exist ko(e) >0 and 0 < p = /1 — é < 1 such that, for all
k > ko(e), it holds

dist <p1r0x¢2 (2R, Z) + dist (proth*(zkﬂ), W)
< p (dist (prox¢2 (2, Z) + dist (prox¢2*(zk), w ) ,
and thus there exists Cy > 0 such that
dist (prox¢2 (25, Z) + dist (prox¢2*(zk), W) < Cop®,  VEk > kole),

|25 — M| < Cop®,  VE > ko(e),

and
dist (zk, Fix(TDR)> < Cop¥, k> Ko(e).

Proof By Propositions 9 and 10 and the closedness of Z and W, we have
k+1y ) k1 2
dist (pr0x¢2(z + ),Z) + dist (prox¢2*(z + ),W)

2 2 2
<dist (pr0x¢2(zk), Z) + dist (prox@*(zk), W) - szH - zkH .
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Then, since the DR-iteration-based error bound holds at z, there exist €, k > 0 such that
2 2
dist (prox¢2(zk+1), Z) + dist (prox¢2* (2FH, W)
1 2 2
<(1--) <dist (prox¢2 (2%, Z) + dist (prox¢2*(zk), W) ) for all k such that 2* € B(Z, ¢).
K

Since {2*} converges to Z, there exists kg > 0 such that z¥ € B(Z, ¢) when k > ko. Therefore,
we have

k 2 k 2
dist (prox¢2(z ), Z) + dist (prox¢2*(z ), W)

1 . 2 2
<(1- E) <dlst <prox¢2 (25, Z) + dist (pr0x¢2*(zk), W) ) Vk > ko,
which implies that
dist <prox¢2 (2", Z) + dist <prox¢2*(zk), W)

gﬁ\/dist (pro>(¢2(z'k)7 Z)2 + dist (prox@* (2%), W)2
<Cop®, Vk > ko,

where Cyp = \@(dis‘c (prox¢2(zk0),Z)2 + dist (prox@*(zko),W)Q) (1-— —2)_? and p =
(1-— %)% Then, it follows directly from (12) that

[|2FHL — 2| < dist (prox¢2 (2%, Z) + dist (proxd,Q*(zk), W) < Cop®, Vk > ko.
Note that 2 = pr0x¢2(zk) + prox¢2*(zk) and Fix(Tpr) = Z + W. In conclusion,
dist (zk, Fix(TDR)) < Cop, Yk > ko,

which completes our proof. |

2.3.2. CALMNESS CONDITIONS TO ENSURE DR-ITERATION-BASED ERROR BOUND

In the last subsection, we show that the DR-iteration-based error bound condition can
conceptually ensure the linear convergence of the DRSM. Generally, this condition cannot
be checked directly. In this subsection, we show that certain calmness conditions which are
independent of the iterative scheme suffice to ensure the DR-iteration-based error bound
condition. This means appropriate conditions on the model itself can guarantee the DR-
iteration-based error bound condition and hence the linear convergence of the DRSM. To
this end, we first define the following two multifunctions:

Ti(p) == {\ | p € dp1(X = p) +3h2(N)}, (13)

and

Ta(p) := {n | p € 0(¢7 o —Id) (1 — p) + Ob5(1) } - (14)
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Remark 13 (Perturbation perspective) As aforementioned, the set-valued maps Ty and
T5 are defined from the perturbation perspective. In particular, according to the convergence
result given in (Bauschke and Moursi, 2017), we know that the sequences {u*} and {z*—u*}
converge to some points in Z = T1(0) and W = T3(0), respectively. Additionally, as shown
in the proof of Theorem 14, at each iteration k, we have

ub — % € 9gy (uF — (uF — %)) + By (uF),
b — 0% € 9(p1* o —Id) (2% —uF — (2F — 2K 4 9o (2F — uF).
Note that the DRSM iterative scheme implies that z* — zF+1 = uF — vk,
2 — 2 € gy (uF — (uF = 0F)) + Oga(u),
2B — P e (% o —Id)(2F — uF — (2F — 2FL)) 4+ 9ot (2F — uP).

Following the perturbation technique introduced in (Wang et al., 2018), if we introduce
perturbation pF to the place where the difference between two consecutive generated points
2k — 2FL appears, Ti and Ty are therefore defined,

ut € T(p"),
2~k e Tb).

We next show that the calmness of 77 and 75 ensures the DR-iteration-based error bound
and hence the linear convergence of the DRSM. Let {z*} be the sequence generated by the
DRSM, and according to Proposition 10, {z*} converges to some point zZ € Fiz(Tpg).

Theorem 14 (Linear convergence of DRSM under the calmness of 77 and 73) Let
the sequence {zF} be generated by the DRSM, and zZ € Fixz(Tpg) be the limit point of {z*}.
Suppose that Ty is calm at (0,)), where A\ = proxy,(z), and T is calm at (0,i), where
o= prox@*(z). Then the DR-iteration-based error bound holds at zZ and hence the sequence

{2*} converges to Z linearly. That is, there exist ko > 0 and 0 < p = /1 — % < 1, such
that, for all k > kg, it holds that

dist (pr0x¢2 (2D, Z) + dist (prox¢2*(zk+l), W)
< p (dist <p1ro><;¢2 ("), Z) + dist (prox@*(zk), w ) .
Furthermore, there exists Cy > 0 such that
dist (prox¢2 (25, Z) + dist (prox(bf(zk), W) < Copt, Yk > ko,

|25 — 2K < Cop®,  VE > ko,

and

dist (zk, Fz'a:(TDR)) < Cop®, VE > ko.

Proof See Appendix B. [ ]
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2.4. Verification of the Calmness of 7; and 75

It becomes necessary to prove when 77 and 75 meet the calmness conditions. For this
purpose, taking into consideration the problem structure, we shall investigate sufficient
conditions for the calmness of 7; and 73. Before we do so, we establish some preliminary
results.

Lemma 15 Let 1) be a proper, lower semicontinuous, convex function in form of ¥ (x) =
h(Lx) 4+ d4(z), where L € R™*™ and A := a + Ay be an affine space in R™ with some
vector a and subspace Ay in R™. Suppose 1*(y) is the conjugate function of ¥(x), and then
dom ¢* C range (LT) + Ag.

Proof See Appendix C. n

For the sake of mathematical generality, we employ I and A to introduce Lemma 15 as
an independent result. When Lemma, 15 is applied, in Lemma 21, . and A are specified as
AT and R™, respectively; while in Lemma 23, L and A play the same roles as K and V,
respectively.

We recall a proposition given in (Goebel and Rockafellar, 2008, Corollary 4.4).

Proposition 16 Let C be the class of all proper, lower semicontinuous, convexr function
¢ satisfying parts (i) and (ii) of Assumptionl.2, i.e., ¢ is essentially differentiable, V¢
18 locally Lipschitz continuous and ¢ is essentially locally strongly convex. ¢* denotes the
convex conjugate function of ¢, i.e., ¢*(x*) :=sup, {(z*, z) — ¢(x)}. Then

¢ €C if and only if ¢ €C.
We also need the following proposition given in (Rockafellar, 1970, Theorem 26.1).

Proposition 17 Let ¢ be a lower semicontinuous, convexr function. If ¢ is essentially
differentiable, then
dom 0¢ = int(dom ¢),

and

0¢(x) = Vo(x), when z € int(dom ¢).

We are now in the position to present a decomposition for the conjugate of a structured
convex function, which will play an important role in our analysis.

Proposition 18 Let i(x) = h(Lxz) + d4(x), where h € C, L € R™" and A := a + Ay
be an affine space in R™ with some vector a and subspace Agy in IR™. Then, the conjugate
function ¥* of ¥ can be expressed as

U (y) = 0¥ (Ly) + (4,0) + Srango(wrypar (), ¥y € R,
where L is a matriz and h € C. In addition, assume that
oY(z) = LTVh(Lz) + Na(z), Vz € R", and dom Oy # &,

then
o*(y) = LTVh*(Ly) + a + N, (LT)+ AL (y), YyeIR™

range
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Proof See Appendix D. |

Remark 19 As dom h is not necessarily the entire space IR™, and some affine space A
and z € A such that 9y(z) # LT Vh(Lz) + Na(z) may exist. Thus we need to assume
that Oy (z) = LTVh(Lz) + Na(z),Yx € IR™ in order to obtain the exact formula of Oi*.
int(dom h) NLA # @ is a sufficient condition for such assumption.

2.4.1. SUFFICIENT CONDITIONS FOR THE CALMNESS OF 71 AND 75

With the preliminaries we have introduced, we are now able to characterize some sufficient
conditions to ensure the calmness of 7; and 72, and hence the linear convergence of original
ADMM. Before that, we state a basic result in Lemma 20 inspired by Assumption 1.2.

In particular, according to (Rockafellar, 1970, Theorem 23.8, Theorem 23.9), Assump-
tion 1.2 guarantees that the chain rule for the subdifferential expansion of f under structured
assumption holds strictly.

Lemma 20 Suppose that f meets Assumption 1.2, then 0f (z) = 0 (h(Lx))+q = LTOh(Lx)+
q.

Lemma 21 Assume that f satisfies Assumption 1.2. Moreover, Assumption 1.1 holds.
Then ¢1(A) = f*(ATX) — bT'\ admits an alternative form of

P1(N) = h* (KX — §) — bY A+ dp(N)

with some h € C, matriz K := LAT, vector G := Lq and affine space V := N ATA —q €
range (LT)}. Furthermore, we have dom 0¢1 # @,

o1 (\) = KTVA* (KX —§) — b+ Ny(\).

Proof See Appendix E. [ |

Since V is an affine space, there must be some v € V and a subspace )V such that
V=v+).
By denoting
G1(N) = h* (KX =) —b" A,

we can define a perturbed dual solution set multifunction as follows
Sp,(p) = {A| p € dpr(N) + 0p2(N) }
- {A €V peVh() + Vi + ngg()\)} .

Note that S p,(0) = Z. We next investigate sufficient conditions to ensure the calmness of
T1. To this end, let us recall

Tip) :={X | p € d1(A—p) +9h2(N)},
= {A=peV[peVhH-p) +Vi +06(V}.
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Proposition 22 For any solution A to the dual problem (D), the calmness of Sp,(p) at
(0, A) suffices to ensure the calmness of Ti(p) at (0, ).

Proof We define the multifunction
Tilp) = {A €V | p € VHi(N) + Vi + 062\ +p) }-

It is easy to see that

Ti(p) = —p + Ti(p).

Straightforwardly, the calmness of Ti(p) at (0,)) is equivalent to the calmness of 77 at
(0, N). )
We next rewrite 71(p) as

Tilp)={ eV ]|0eM(p N}, (15)

where

M(p,\) := G(p, \) + 0 x Vg~ + gph (0¢2), G(p, \) := <_p_+Av_g5f(A)) '

Following the technique presented in (Gfrerer and Klatte, 2016), we introduce two multi-
functions Haq : R" =V x IR" and M, : ¥V = IR" x IR" defined, respectively, by

Hp (p) := {()\,y) ‘ )\EV,yGM(p,)\)} and M), (N) = {y ’ ye/\/l(p,)\)}.

By (Gfrerer and Klatte, 2016, Theorem 3.3), if Mo(A) := M(0, A) is metrically subregular
at (A,0) and M has the restricted calmness property with respect to p at (0, A, 0), i.e., if
there are reals £ > 0 and € > 0 such that

dist ((A,0), Hap (0) < s Il Vlpll < € [|]A = Al <€, (A,0) € Hum (p)

then 77 is calm at (0,A) and thus 77 is calm at (0, \). Based on this theorem, in order
to prove the the calmness of 7; provided the calmness of Sp,, we only have to justify the
metric subregularity of My(\) and the restricted calmness property of M.

e We first show that M meets the restricted calmness property with respect to p at
(0,X,0). Indeed, because A € int(dom ¢1) and by the locally Lipschitz continuity
of V1, there is a constant L; > 0 along with neighborhoods U(0) of 0 as well as
U(A) of A such that G is also Lipschitz continuous with modulus L; on U(0) x U(Z).
Given (p, z,0) where p € U(0), A € U(X) and (\,0) € Haq(p), by definition, A € V and
0 € M(p,A\) = G(p, \)+0x Vg +gph(dpa). As a consequence, A € V, G(0,\)—G(p,z) €
G(0,z) + 0 x Vi + gph(9¢2) and hence (X, G(0,\) — G(p, \)) € Haq(0). Therefore we
have the following inequality:

dist (A, 0), Ha(0)) < [I(A;0) = (A, G(0,A) = G(p, )| < 1G(0,2) = G(p, M| < La [[pl],

which means that M has the restricted calmness property with respect to p at (0, A, 0);
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e We next show that Mo(}) := M(0, ) is metrically subregular at (A, 0) provided that
Sp is calm at (0, ). Indeed, by the the locally Lipschitz continuity of V¢, around A

and (Gfrerer and Ye, 2017, Proposition 3), Mo(A) is metrically subregular at (A, (0,0))
if and only if V1 (A) + Vg + 9¢2()\) is metrically subregular relative to V at (A,0),
which is equivalent to the calmness of Sp, at (0, A).

Consequently, 77 is calm at (0, ) provided the calmness of S D, at (0, ). [ |

Naturally, we shall explore sufficient conditions to ensure the calmness of 75. For this
purpose, let us define the multifunction

Spy(v) = {u] p € D@1 0 ~1d) (1) + 0651 } -
Note that Sp,(0) = W. Similar to Lemma 21, we have the following result.

Lemma 23 Assume that f satisfies Assumption 1.2. Moreover, Assumption 1.1 holds.
Then ¢1*(—p) admits a form of

o1 (=) = h (Kp+q) — (o) + 85() + (0,8),
with some h € C, matriz K, vector q and affine space V. Furthermore,
0 (60" (=) = KTVh (Kp+q) — v+ Ny(p).

Proof See Appendix F. [ ]

Similar to Proposition 22, Lemma 23 inspires the following sufficiency.

Proposition 24 For any i € Sp,(0), the calmness of Sp, at (0,[i) is sufficient for the
calmness of T2 at (0, f1).

2.4.2. VERIFYING CALMNESS OF 71 AND T3 UNDER STRUCTURED ASSUMPTIONS

As mentioned, we want to find verifiable conditions to discern the linear convergence of the
original ADMM. Based on our previous analysis, it is clear that if Problem (1) meets the
structured polyhedricity assumption, then both S p, and S D, are calm, both 77 and 73 are
also calm, and eventually the linear convergence of the original ADMM can be ensured.
To show how to verify the calmness of 77 and 72 under structured assumptions, recall that
under Assumptions 1.2 and 1.1, it holds that

7 = argmin{61(\) + 62(\)} = {/\ eV 0e KTVA* (KA —q) — b+ Vi + 8¢>2()\)} .

Lemma 25 If Assumptions 1.1 and 1.2 hold for Problem (1), there exist t, g € R™ such
that
Z={\eV|EK\x=t 0€g+Vy+dp(\}. (16)
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Proof See Appendix G. n

To facilitate our analysis, we introduce an auxiliary set-valued map:

Cpr(pr,p2) :=T1(p1) NTa(pe) ={AN€V | p1 = KX—1, pecg+Vi+0dpa(N)}, (17)

where
Ti(p1) = {\ | p1 = KX — 1}, To(po) ;== {A €V | pr € G+ Vi + dha(N)}. (18)

Since I'pr(0,0) = Z, T'pr(p1,p2) can be considered as a set-valued map which perturbs Z
in (16). The following proposition links the metric subregularity of 8511 and that of I‘BE,

which thereby allows us to verify the subregularity conditions of FBE instead of 5’511

Proposition 26 Suppose that Assumption 1.2 holds for Problemi('l). The metric subregqu-
larity conditions of FE{ and 8511 are equivalent. Precisely, given A € Sp, the following two
statements are equivalent:

(i) there exist k1,€e1 > 0 such that dist(X\,Tpr(0,0)) < kidist (0, ok (A), VA € B, (N);

(ii) there exist ka,€e2 > 0 such that dist (A,SDI (O)) < Kodist (0,5511 ()\)) , YA€ B, (N).

Proof Given A € Z = I'pr(0,0), suppose that there exist k1, €; > 0 such that
dist (\, T'pg(0,0)) < ridist (0,T5% (V) , VA € B, (A) C int(dom ¢).

For any A € B, (\) NV, and any & € Vi(A) + Vi + 0¢2()), by the locally Lipschitz
continuity of Vh* implied by Assumption 1.2, there exists L;. > 0 such that

dist (\, Z) = dist (\, T pr(0,0))
< kdist (0, T} (V)
< 1 (1A =21+ 11§ = Vo1 (3) + g (19)
< (A= 1l + | KTV (KA = §) - KTV (E = a)]| + [1€])
< (k1 + L [IKIDIEA = 2] + sa[I€]]-
Let A be the projection of A on Z. Since 0 € § + Vi + 841)2(5\), A=\ €V and g is

monotone, we have

€=V (N) +g,A—X) >0.

Moreover, since g = KTVh* (t—§) — b, KX =1, and due to the essentially locally strong
convexity of h* around ¢ again, there exists o > 0 such that

ol EA=]* < (VA*(KA=§)=Vh* (£-), KA=1) < (€&, A=A) < [€]- A=Al = [|€]l-dist (A, 2).
(20)
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Combining (19) and (20), we obtain

. k1 + Li. || K -
dist (), Z) < l\/%HH\/\ﬁHdlst N Z) + k€],

and consequently,
dist (A, Z) < &[],

where & = k1 + 2¢2 4+ 2¢vVk1 +¢2 > 0 and ¢ = %\}%‘IKH Because ¢ is arbitrarily chosen
in V1 (\) 4+ Vi + dpa(N), we have
dist (A,S‘Dl(())) — dist (\, Z) < Rdist (0,5511 (A)) .
For A € B, (\)\V, 5’511 (A) = @, the above inequality comes directly. Hence, there exists
k9 = k > 0 such that
dist (A,Spl (o)) < rodist (0,3511 ()\)) , for all A € B, ().
Conversely, given A € Z, suppose that there exist kg, €2 > 0 such that

dist <)\,<§D1(0)) < Kodist (0,5511 ()\)> , VA € B, (\) C int(dom ¢y).

For any fixed A € B.,(A\) NV, and (p1,p2) € T (A), it follows that
p1=K\—1,
p2 € KTVR* (T —q) — b+ Vi + dga(N).
To summarize, it holds that
po+ KTVR* (KX —§) — KTV (KX —p1 — §) € KTVR* (KX — §) — b+ Vi + 8o ().
By virtue of the locally Lipschitz continuity of Vh*, there exists L;. > 0 such that
dist (A, Z) = dist (A,SD1(0)> < kodist (0,3,511 ()\))

< kallpa + KTVR* (KA —§) — KTVR* (KX —p1 — §) |
< KoLy | K||[lp1]l + s2([p2]l-

Moreover, since (p, p2) can be any element in I';}, (A), we have
dist (A, T'pr(0,0)) = dist (A, Z) < ka(Lj. || K| + 1)dist (0,55 (V) -

When A € B, (M\)\V, T55 (\) = @, the above inequality follows directly. Therefore, there
exists k1 = ka(Lj.| K|l + 1) > 0 such that

dist (A, T pr(0,0)) < widist (0,55 (A)) for all X € Be, ().

The proof is complete. |

The equivalence in Proposition 26 further yields a sufficient condition for the calmness
of Sp, as shown below; this is the main result of this section.
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Theorem 27 Suppose that Assumptions 1.1 and 1.2 hold and dg is a polyhedral multifunc-
tion. Given any A € Sp,(0), then Sp, is calm at (A,0).

Proof It is easy to see that both I'; and I'y are polyhedral multifunctions. Taking into
consideration the fact that the class of polyhedral set-valued maps is closed under (finite)
addition, scalar multiplication, and (finite) composition, we conclude that I'pg is a polyhe-
dral multifunction and hence clam. By virtue of Proposition 26, S p, is calm at (\,0). W

Combining Proposition 22 and Theorem 27, we are able to verify the desired calmness
of 71 under the structured polyhedricity assumption.

Theorem 28 Suppose that Problem (1) fulfills the structured polyhedricity assumption.
Given any X\ € Z, Ty is calm at (0, ).

The last task in this part is to verify the desired calmness of 75 under the structured
polyhedricity assumption. Indeed, analogous to the discussion for deriving Theorem 28,
first with Lemma 23, there exist vector ¢, § and affine space V := © + V, with subspace Vj,
such that

Sp,(0) = Tpgr(0,0),
with Tpg defined as

Tpr(pr,p2) :={p €V |p1=Ku—1t, pr€g+Vy+0¢s5(u)} (21)

Then, considering the fact that dg is polyhedral multifunction if and only if dg* be
polyhedral multifunction, we know that 9¢3 is polyhedral multifunction when the structured
polyhedricity assumption is satisfied and we can conclude that T'pg is calm at any point
(0, i) with i € Sp,(0). Then, similar to Proposition 26, we can prove that Sp, is calm at
any point (0, z) € gph SDQ.

Moreover, together with Proposition 24, we have the desired calmness of 7Ts.

Theorem 29 Suppose that Problem (1) fulfills the structured polyhedricity assumption.
Given any i € Sp,(0), T2 is calm at (0, ).

2.5. Transporting the Linear Convergence from DRSM to Original ADMM

Previous analysis for the linear convergence of the DRSM can be regarded as preparation
for the analysis for the original ADMM. In this subsection, we show how to convert the
previous analysis to derive the linear convergence of the original ADMM. Recall that the
linear convergence of the DRSM through the lens of variational analysis is summarized in
Theorem 28, Theorem 29, and Theorem 14. Below, we show the linear convergence of the
original ADMM in sense of the dual variable sequence {\*}, the KKT residue sequence
{Res*}, and the objective function value sequence {Val*} together with the constraint
feasibility sequence {Fea’}, by simply using Theorem 14.

Theorem 30 Assume that Problem (1) fulfills the structured polyhedricity assumption. Let
{(z*, 4%, \F)} be the sequence generated by the original ADMM. Then, the sequence {\*}
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converges to Z linearly, where Z is the solution set of the dual problem (D). That is, there
exist kg > 0, 0 < p <1 and Cy > 0 such that, for all k > ko, it holds that

dist ()\’“, Z) < Cop*.

Furthermore, we have

C
Fea($k+1,yk+17 )\k‘+1) < ipk’

- B
and there exist C’o >0, C’o > 0 such that for all k > ko + 1
Res(z® % \F) < Copt,
and
| Val(z®, y*, \¥) — Val*| < Cop”,
where Val* represents the optimal objective value of Problem (1).

Proof According to Theorem 28, Theorem 29, and Theorem 14, when Problem (1) fulfills
the structured polyhedricity assumption, there exist kg > 0, Cyp > 0 and 0 < p < 1, such
that, for all k£ > kg, it holds that

dist (prox¢2(zk), Z) + dist (prox¢2*(zk), W) < Copt, Yk > k. (22)

According to Proposition 8, we know that, \¥ = ProXe, (zk ). So we get the linear convergence
of {)\F1.
Next, according to Proposition 8, we have z¥ = A¥ + 8By*; and because of

)\k-l-l — )\k _ B(A$k+1 + Byk+1 . b),

we have 1 c
[ AsH 4 By — bl = G = < 2 vk (23)

where the last inequality follows from Theorem 14. Then, as shown in Proposition 8, we
have BTA\* € 9g(y*) and BT A\F1 € 9g(y*+1). By the monotonicity of dg, it follows that
(Az"*! 4 ByFt! — b, ByF — ByF) = ;<BT)\’“+1 — BTNy — My >0, VE> L
Combining with (23), we get
|AzEFL + Byl — || < Cf;o,o’f, Yk > ko. (24)

From (68) in Proposition 8, we have

B(ATByk—O—l _ ATByk)

Agktl 4 Byk—H b

k+1
’

Trrr (" y
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Thus, by (24), for all k£ > kg, we have
Co

Res(z" 1,y 1 A < 8| AJ[|By* ! = By¥[| + (| A«* ! + By* ! —b|| < max(8]|A], 1)3,0'“,
which implies the linear convergence of the KKT residue sequence.
Additionally, note that
BAT Byt — AT ByF) + ATAM € o f (aF 1)
and
BTAML ¢ gg(yF+1).

For any (a*,y*, \*) € Q*, we have

F(@*) > F(@™Y) + (BAT ByF+t — AT Byky 4 AT R+ g% gkt

9(y*) = gy + (BTN " — 1),
Combining above two inequalities, we get

F@®) +g(y*) = F@™) + g(y™h) + (A1 Az + By* — AdH — By
+ B(By*! — ByF, Ax* — Az TL) (25)

> f($k+1) +g(yk+1) + <Ak+1,b— Al‘kJrl _ Byk+1>
+ B(By**! — By, Az — AxMT),

where the last inequality follows from Ax* + By* — b = 0. Similarly, since AT\* € 9f(x*)
and BT\* € 9g(y*), we have

FE@P) 4 g™ ) > f@*) + g(y") + (A, A 4 Byt —p). (26)
Combining (25) and (26), we get

|F @) + g(yF ) = f(2¥) — g(y)]

< maxc{|| N, A M A2 4+ Byt — bf| 4 8| At — Az*||[| By — By,

Then, by th_e non-emptiness of Q*, as proved in (He and Yang, 1998, Theorem 3), there
exists (Z,7,\) € Q* such that |[\¥ — \|| — 0 and ||Az* — AZ| — 0. We may take such KKT

point (Z,y,\) € Q* in (27) and thus there exists C; > 0 such that
[F@* ) + g™ = £(2) = 9(@)] < Cr([|[Az™ 4+ By* — bl + ||By* ! - By|)).

According to (24), we obtain the linear convergence with respect to the objective function
value of Problem (1) straightforwardly. [ |

As analyzed in (Aspelmeier et al., 2016), if Problem (1) meets the full polyhedricity
assumption (S4), matrix A is of full column rank, and B is identity matrix, apart from the
linear convergence of {\¥}, the sequences {z*} and {y*} also converge linearly. We next
clarify the relationship between W and the KKT solution set £2*. This connection helps
us establish the linear convergence of {z*} and {y*} under the structured polyhedricity
assumption and full rank conditions of A and B as well. Therefore, the linear convergence
results in (Aspelmeier et al., 2016) can be covered by our analysis.
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Corollary 31 In addition to the assumptions in Proposition 30, if the matrices A and B
are both of full column rank, then we have the linear convergence of the sequences {x*} and
{y*}. That is, there exist kg >0, 0 < p < 1 and Cy > 0, Co > 0 such that, for all k > ko,
it holds that

dist <$k7 Q;’;) < Copt,

and
dist (y’“ : Q;j) < Cop",

where 0 := {z | Jy, A such that (x,y,\) € Q*} and Q = {y | Iz, A such that (z,y,\) €

Proof See Appendix H. [ |

3. Linear Convergence Rate of Linearized ADMM

In this section, we focus on the linearized ADMM where G; = rI—3AT A with r > B||AT A||,
G2 =0and v = 1 in (2); and discuss its linear convergence in terms of sequences {(x*, \¥)},
{Res*} and {Val®, Fea’}, under certain structured assumptions.

3.1. Roadmap of Analysis

As aforementioned, for the full polyhedricity case (S4), the linear convergence of the se-
quence {(z*, By* A\¥)} generated by the linearized ADMM can be found in the literature;
(see, e.g., Liu et al., 2018; Yang and Han, 2016). Hence, here we investigate other nontrivial
cases. As well known, the linearized ADMM is highly relevant to the PDHG via a primal
and dual perspective. Their relevance indicates that we can study the linear convergence of
the linearized ADMM through the perspective of the PDHG. As illustrated in Remark 34,
the perturbation analysis consideration inspires us to determine the metric subregularity
of set-valued map T'(z, \) defined in (32) for deriving the linear convergence of the PDHG.
Taking full advantage of Assumption 1.2, we provide a finer characterization of the metric
subregularity of 7" in terms of the calmness of set-valued map I'pppa (see Proposition 40).
When g is further assumed to be a convex piecewise linear-quadratic function, i.e., the
structured polyhedricity assumption holds, the calmness of I'pppgg follows directly from
Robinson’s celebrated result (Robinson, 1981, Proposition 1).

It is worth mentioning that the main difficulty is the situation where g is not piecewise
linear-quadratic; for instance, the ¢; ;-norm regularizer with ¢ € (1,2] and the sparse-
group LASSO regularizer. To this end, we further unearth a underlying property, i.e., the
calmness of d(g*(BT))) holds automatically for the ¢; ;j-norm regularizer with ¢ € (1,2]
and the sparse-group LASSO regularizer. Recall the calm intersection theorem introduced
in (Klatte and Kummer, 2002, Theorem 3.6). The metric subregularity of 7" is thereby re-
characterized in terms of the calmness of €, defined in (50). The calmness of Q. eventually
follows directly from (Robinson, 1981, Proposition 1).

To present our analysis more clearly, we summarize the roadmap of analysis in this
section in Figure 2.
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Figure 2: Roadmap to study linear convergence of the linearized ADMM

3.2. Linearized ADMM for Primal Problem Is Equivalent to PDHG for
Min-max Problem

Under Assumption 1.1, Problem (1) is equivalent to the following saddle-point problem
(min-max problem):

x

minmax 0(z, \) = f(z) — (A Az) - g (BTX) + (b, \). (28)

We define €2} , as the set of saddle-points to the above min-max problem (28). Let us
further denote
01(x) = f(z), 62(N) = g" (BT A) — (b, A).

Then (28) can be rewritten into the following compact form

min max O(z, ) = 01(x) — (N, Ax) — O2(N). (29)

As analyzed in (Esser et al., 2010; Shefi, 2015), the linearized ADMM applied to Problem
(1) turns out to be highly relevant to the application of the PDHG to the saddle-point
problem (28). In fact, for the iterative (2*,y*, \¥) generated by the linearized ADMM at
the k-th iteration, we have

[

2"t = argmin f(z) — (A, Az) + (BAT (A2* + ByF — b), 2) + 5

Since B(Az* + By* —b) = —AF + \¥~1 we know that
2P = argmin f(z) — (2AF — XL Az + %Hx — zF|.
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Moreover, since
Yt = argmyin g(y) — (/\k, Az 4 By — by + gHAJUkH + By —b|?

and \FH1 = \F — g(AzF+! + ByF+1 —b), we have
= 8g(ykz+l) _ BTAk-‘rl’

which implies
0 € Bag*(BTAFY) — Byk+t,

Furthermore, since —By**! = %()\’”1 — M)+ Azh*+t — b we have
0 € Bag* (BT AF1) — b+ Azk+! 4 ;(A’““ — A9,
which implies
N = argaming(BA) — (b A) + (40710 + oA = WP

Because the solution to the above problem is unique, the iterative scheme for \¥*+1 is equiv-
alent to that in the linearized ADMM

yk—f—l = arg myin g(y) o <)\k,A£L'k+1 + By — b> + gHAka_l + By — b||2
)\k+1 _ )\k; B B(A$k+1 + Byk+1 o b)

In summary, the sequence {(z¥T1, \¥)} generated by the linearized ADMM coincides with
the sequence generated by the PDHG applied to (28), i.e.,

1
M = argmin ¢*(BTX) — (b, \) 4+ (4%, \) + EH)\ kL2,
A
1 (30)
2P = argmin f(x) — (2AF — X1 Az) + 27”3; e
z o

where 7 =  and 0 = 1/r. At the k-th iteration of the PDHG, it follows from the optimality
conditions of its subproblems that

0c 391(17k+1) _ AT)\k N %I _AT xkz-i—l _ :Ek
002 (\F) + Axk+l -A 1 PLED Lty

which can be further expressed in a more compact form
0 € T(a,A%) + M@, 0F) — (5, A7), (31)

where the matrix M e R(MTmM)x(m1+m) 319 the set-valued map T : R™+"™ = R™*™ are
defined, respectively, as:

(11 AT 901 () —AT)\>_

M = 4 iI> and T(z,\):= (602(/\)+AJ;

(32)
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3.3. Linear Convergence of PDHG under Metric Subregularity of T’

In this subsection, we shall derive the linear convergence of the PDHG for solving problem
(29) under the metric subregularity of T

In the literature, there are some results for analyzing the convergence of the PDHG and
its variants, (see, e.g., Bonettini and Ruggiero, 2012; Esser et al., 2010; He et al., 2014; He
and Yuan, 2012b). Among them is He and Yuan (2012b) which is the first work showing the
close connection between the PDHG and the well-known proximal point algorithm (PPA)
proposed in (Martinet, 1970; Rockafellar, 1976), as well as revisiting the PDHG from the
contraction perspective for convergence analysis (see Proposition 36). Research for PDHG’s
faster convergence rates, however, still stays in its infancy. In particular, it is known that,
if both f and g are strongly convex, then the PDHG converges linearly; (see, e.g., Bonettini
and Ruggiero, 2012; Valkonen, 2014).

Our approach to studying the linear convergence of the PDHG is motivated by the
explanation initiated in (He and Yuan, 2012b) of that the PDHG can be regarded as an
application of the PPA. More specifically, let us consider the application of PPA to the
inclusion problem

0€T(x,N), (33)

where T'is defined as in (32). We define the saddle-point set as 2}, , := {(z,A) | 0 € T'(z,A)}.
To proceed, we first establish the linear convergence of the PPA for solving a general
generalized equation 0 € T'(x, \) where T is a maximally monotone operator defined in (32).

0 € T 4+ M(xFH — xP), (34)

where x**1 := (2F*1 \¥) and M is a positive definite matrix in form of (32). Based on the
convergence analysis of PPA given in the literature, for example, (Giiler, 1991; Rockafellar,
1976; Teboulle, 1997), the sequence {x*} converges to some point £ € Q} ), and we are
going to derive the linear convergence of {x*} toward Q;‘C y under the following error bound

condition. Let the sequence {x*} be generated by the PPA iterative scheme (34); and it
converges to some point X € Q; \-

Definition 32 (PPA-iteration-based error bound) Let the sequence {x*F} be gener-
ated by the PPA iterative scheme (34), and X € Q;A be an accumulation point of {x*}. We
say that the PPA-iteration-based error bound holds at X if there exist €,k > 0 such that

dist o (Xk+1, ;,A) < k||xFH —x¥| v, for all k such that x* € B(x, €),

where ||d|| v = VAT Md and distyp(d, D) == inf{||d — d'|| s | d' € D} for a given subset D
and vector d in the same space.

The following PPA linear convergence relies heavily on (Leventhal, 2009). The proof is
needed for our further discussion and hence stated here.

Theorem 33 Let the sequence {xk} be generated by the PPA iterative scheme (34), and
x € (O be the limit point of {x¥}. Assume that the PPA-iteration-based error bound holds
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at X, and then the sequence {xk} converges to Q;’/\ linearly. That is, there exist kg > 0 and

0<p=/157 <1 such that, for all k > ko, it holds that

dista (557,925 ) < pdistan (55,05 (35)

Furthermore, there exists Co > 0 such that, for all k > ko, it holds that

dist (Xk,Q;A) < Coph, (36)

and
I — x| < Cop”. (37)
Proof See Appendix 1. |

We have shown that the PPA-iteration-based error bound condition can conceptually
ensure the linear convergence of the PPA. We next show that certain metric subregularity
conditions which are independent of the iterative scheme suffice to ensure the PPA-iteration-
based error bound condition.

Remark 34 (Perturbation perspective) Following the perturbation analysis technique
in (Wang et al., 2018 ), we introduce perturbation p* to the place where the difference between

two consecutive generated points xFH — xk appears, 1.e.,

which further induces the canonically perturbed system
—MpF € T(x*1).
Thus we consider the metric subregularity of set-valued mapping T in Theorem 35.

Theorem 35 Let the sequence {x*} be generated by the PPA iterative scheme (34), and
x € (1 be the limit point of {x*}. If T is metrically subregular at (x,0), then the PPA-

iteration-based error bound holds at < and hence the sequence {xF} converges to Q) lin-
early. That is, there exist ko > 0 and 0 < p < 1 such that, for all k > kg, it holds that

dist oy <Xk+1,Q;’)\> < pdist g (xk,Q;)\> . (38)
Furthermore, there exists Co > 0 such that, for all k > kg, it holds that
dist (", ) < Cop, (39)

and
Jsk+t — xb|| < Copt. (40)
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Proof See Appendix J. n

Our main purpose in this subsection is discussing the linear convergence of the PDHG.
As a prerequisite of the analysis to be delineated, the convergence of the PDHG can be
given by the following proposition.

Proposition 36 (Chambolle and Pock, 2011; He and Yuan, 2012b) Let {(z*, \k=1)} be the
sequence generated by the PDHG applied to the saddle-point problem (?9) as in (30). If

TO < m, then the sequence {(x*, \¥=1)} converges to some point (Z,\) € Q7 2\

With the given convergence of the sequence {(z*, \*=1)} generated by the PDHG applied
to (29), the linear convergence of {(z*, \¥*~1)} can be achieved according to Theorem 35,
with the consideration that {(z*, A¥*~1)} can also be regarded as the sequence generated
by the PPA applied to (33). Note that when 70 < m, M defined by (32) is positive
definite. Then, the desired linear convergence of the PDHG follows immediately from the
discussion above.

Theorem 37 Suppose the sequence {(zF, \¥=1)} generated by PDHG in (30) with 1o <

m. Then according to Proposition36, {(z*, \*=1)} converges to some point (z, \) € Q7 5
If T defined by (32) is metrically subregular at (Z,\,0) with modulus k, then the sequence
{(z*, \*=1)} converges to Q , linearly. That is, there exist ko > 0 and 0 < p = 14’:22 <1
such that, for all k > ko, it holds that
dist pg ((:Ckﬂ,/\k),ﬂz,)\) < pdistp ((:L‘k,/\k_l), ;)\) . (41)
Furthermore, there exists Cy > 0 such that, for all k > ko, it holds that
dist ( (41, 09), 03, ) < Copl, (42)
and
™+ = 2F || 4 AP = N < Coph (43)

3.4. Verification of Metric Subregularity of T

We have shown in the preceding section that the PDHG converges linearly under the met-
ric subregularity of T. Then, we need to answer the question of which T satisfies the
metric subregularity. For this purpose, taking into consideration the problem structure, we
shall characterize equivalent or sufficient conditions for the metric subregularity of T'. The
following property is useful for developing our main results.

Proposition 38 (Bertsekas et al., 2003, Proposition 2.6.1) When a saddle-point of the
min-max problem (29) exists, the set of saddle-points S \ for (29) can be characterized by
X x A with ’
X = argmin{sup 6(z,\)} = argmin{6;(x) + 05(—Azx)}
x by x

and

A= arg m)z\ix{inf O(z,\)} = arg m)%n{@i‘ (ATX) + 62(\) ).
Furthermore, we have (x*,\*) € X x A if and only if 0 € T'(z*, \*).
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3.4.1. EQUIVALENT CHARACTERIZATION FOR THE METRIC SUBREGULARITY OF T

In general, Proposition 38 provides a characterization of the saddle-point set. Thanks to
the structure of f imposed in Assumption 1.2, we present an alternative characterization of
the saddle-point set Q; \-

Proposition 39 When Problem (1) meets Assumption 1.2, the saddle-point set 27 \ can
be characterized as

Qs ={(x,\) | Le=t, ATA=3, 0€ 90:(\) + Az}, (44)
with some vector t € R! such that Lz =t for all z € X and § := LTVh(t) + q.

Proof See Appendix K. [ |

To facilitate our analysis, we introduce an auxiliary perturbed set-valued map with
perturbation p = (p1, p2, p3) associated with the saddle-point-set characterization (44):

Tppuc(p) == {(z,\) | p1 = Lo — t,p2 = § — AT\, p3 € 905(\) + Az}

Obviously, I'ppra(p) coincides with % | when p = 0. Similar to (Ye et al., 2018, Proposi-
tion 4.1), we have following equivalence.

Proposition 40 Assume that Assumption 1.2 is satisfied. Then the metric subregularity
conditions of FI;}DHG and T are equivalent. Precisely, given (T, ) € §2F , the following two
statements are equivalent:

(i) There exist k1,e1 > 0 such that

dist (=, A),Tpprc(0) < kidist (0,Tpppe (2,0),  ¥(z,\) € Be (7, 0).

(i) There exist ko,€e2 > 0 such that

dist ((z, X), 2 ) < rodist (0,7 (2, X)), V(z,A) € Bey (T, N).
Proof Given any (Z,)) € 2, \- Suppose that there exist 1, €1 > 0 such that

dist ((z,A),Tppuc(0,0)) < kidist (0, Dpppq (T, 0) , Yz, A) € B, (T, ).

Due to the essentially locally strongly convexity of h and the locally Lipschitz continuity
of Vh, without loss of generality, we assume that €; is small enough so that Vh is strongly
monotone and Lipschitz continuous on {Lz | (z,\) € B, (%, \)}. For any (z,\) € B, (7, \),
and any (&,n) € T(z,\)

£ =00,(z) — AT\ = LTVh(Lz) + ¢ — AT\, (45)
n € 80s(N) + Az, (46)
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and by the local Lipschitz continuity of Vh, there exists Ly > 0 such that

dist ((z, A), 2 5) = dist ((2,A),Pppra(0))
< Krpdist (O,F}}DHG (z,N))
<1 (|[Lx =t + 1€+ g — L"VA(Lz) — ql| + [Inl]) (47)
< k1 ([[Le =t + [ILI[[VA(E) — Vh(L)|| + €]l + [1n]])
< w1 ((U+ ||LILw) || La — €]+ I+ lInll) -

Let (2, A) be the projection of (z, \) on §;, , and then (%, \) € B, (#,A). Since 0 € 905(\)+
AZ and 005 is monotone, we have

(n— Az 4+ A&, A — \) >0,

and subsequently, R R
(A =X > (ATX— AT\ z — ).
Moreover, since ¢ = LT Vh(Lz)+q—ATX, 0 = Q—ATj\, thanks to the local strong convexity
of h, there exists o > 0 such that
(& x—2)+ (0, A= A) > (L"Vh(Lz) — LTVh(#),z — &)
= (Vh(Lx) — Vh(Lz), Lz — L&) (48)
> o||Lx — Li||? = o| Lz — t||.

Combining (47) and (48), we obtain that

dist((z,A), 2 5) < 01\/H(€ﬂ7)H - dist((2,A), Q7)) + e2ll(€; ),

with ¢; = k1 (1 + ||L|| L) //7, ca = V/2k1, and consequently,
2
Vet 4
dist((z,A), 0) < &€ )], where = (*j) >0,

Because ¢ and n are arbitrarily chosen in T'(x, A), we have
dist ((2,A),771(0)) = dist((x, A), 2 ) < Rdist (0,7 (z, A)) .
Hence, there exists ko = k > 0 such that
dist ((z,A), Q; 5) < kadist (0,7 (x, X)), V(x,\) € B, (z, A).
Conversely, given any (Z,\) € Q; > suppose that there exist k2, €2 > 0 such that
dist ((z,X), @ \) < kadist (0,7 (x,X)), V(x,A) € B, (T, A).
For any fixed (z,)\) € B, (%, \), and (p1, p2,p3) € FI_DIDHG (x,N), it follows that

pr=Lx—1 po=g— AT\ p3 € dby()\) + Ax.
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To summarize, we have

po+ LTVh(Lz) — LYVh(Lz — p1) = 96, (z) — AT\,
p3 € 805(\) + Ax.

By virtue of the locally Lipschitz continuity of Vh, there exists L > 0 such that

dist ((z, X), 2 ) < kodist (0,7 (z, \))
< kg (|lp2 + L"Vh(Lz) — L"Vh(Lz — p1)|| + [|ps]])
< ko Lp||L|[lp1 || + r2llp2]l + w2llps]|-

Moreover, since (p1,p2,ps) can be any element in F;}jHG (x,\), we have
dist ((z, ), Tppra(0)) = dist ((2,A), 2 ) < ka(Ly || Ll + 2)dist (0,Tpp e (2, A)) -
Therefore, there exists k1 = ka(Lp||L|| + 2) > 0 such that

dist ((z, M), Tpprc(0)) < madist (0,Tpppa(®,A)) s V(z,A) € Bey (7, N).

3.4.2. SUFFICIENT CONDITION FOR THE METRIC SUBREGULARITY OF T

Thanks to Proposition 39, when A is of full row rank, we can easily obtain another charac-
terization of Q7 ,.

Proposition 41 Suppose that Assumption 1.2 is satisfied and A is of full row rank. The
saddle-point set Q;)\ can be characterized as

v={@N) | Le =1, A=1, 0€ D+ Az}, (49)

with X\ € A, closed set D := 00o()\) and some vector t € R,

We introduce an auxiliary set-valued map associated with characterization of Q; ) in
(49):
To(p) :={(x,A\) | pr=Lx —t, po ==X+ X, ps € D+ Azx}.

A useful connection is clarified below.

Proposition 42 Suppose that Assumption 1.2 is satisfied and A is of full row rank. Then,
gwen (z,\) € QF , if 00 is calm at (A, —AZ) and there exist k1,€e1 > 0 such that

dist (2, ), T0(0)) < k1dist (0,157 (z,0)), V(z,\) € B, (7, N),

then there exist ko, €5 > 0 such that

dist ((x,X), Q) < kadist (0,T (z, ), V(z,y) € Be, (T, A).
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Proof See Appendix L. |

It can be observed easily that the calmness of 'o(p) at (0,Z,)) is equivalent to the
calmness of the set-valued map €2, (p) defined by

Q(p) i={z | p1 = Lx —1,ps € D + Az}

at (0,z). For studying the calmness of (,, we recall the calm intersection theorem intro-
duced in (Klatte and Kummer, 2002, Theorem 3.6),

Proposition 43 (Calm intersection theorem) LetT; : R?" =% IR" and T> : R? = R"
be two set-valued maps. Define set-valued maps:

T(p1,p2) = Ti(p1) N Ta(p2),

~

T(p1) := Ti(p1)NT(0).

Let & € T(0,0). Suppose that both set-valued maps Ty and Ty are calm at (0,%) and T; ' is
pseudo-Lipschitz at (Z,0). Then T is calm at (0,0,) if and only if T is calm at (0, Z).

By expressing Q,(p) as
Qu(p) = Q(p1) N (p2),

where
Qi(pl) :={x | pp = Lx—t} and Qi(pg) ={x | ps € D+ Ax}.

Before studying the metric subregularity of I'g, we present a lemma.

Lemma 44 If D C range (A), the multifunction Q2(p) := {z | p € D + Ax} is calm at
(0,z) for any = € Q2(0) = {x | 0 € D + Az}.

Proof See Appendix M. |

First, according to (Ye et al., 2018), (21)~! is metrically subregular and pseudo-Lipschitz
continuous at any point on its graph. Combining Lemma 44, Propositions 42 and 43, we
obtain a sufficient condition for the metric subregularity of T

Theorem 45 Suppose that Assumption 1.2 is satisfied and A is of full row rank. Given
(Z,A) € Q. if 00 is calm at (N, —AZ) with modulus k2 and

Qx(pl) ={z|pp=Lr—t, 0€ D+ Az} (50)
is calm at (0,Z) with modulus x, then T is metrically subregular at (T, \,0) with modulus
()
ke = max{—— Kk},
1Al
where

2
B cl+\/c%+402
Ii: f >Ou
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In particular,
c1 = #1(0min(AT) + (14 r2) L[| L) / (Vo omin (AT)), e2 = V2k1,
1 1
k1 = max{k,1}, & = (1+ 2k||L||) max{— ) = ,
(fo1), = (L 2L mac{ s — s, =)
where o and Ly, are the strong convexity modulus of h and Lipschitz continuity constant of

Vh on {Lx | (z,\) € B(Z,\)} for some € > 0, respectively, where Gmin(L) and Gmin(A)
denotes the smallest nonzero singular value of L and A, respectively.

Proof The metric subregularity of 1" follows directly from Lemma 44, Propositions 42
and 43. We next estimate the metric subregularity modulus of T'. Firstly, according to the
proof of Lemma 44, we understand that Q% is calm at (0,Z) with modulus m, where
min(A) denotes the smallest nonzero singular value of A. Inspired by the proof of (Ye
et al., 2018, Theorem 7), according to the calm intersection theorem, we shall estimate the
calmness modulus of €, in terms of the calmness modulus of €1, i.e., Q, is calm at (0,2)
with modulus

R = (1 + 2k[|L]|) max{ 5mi(L)’ &mii(A) ;

Immediately, Iy is metrically subregular at (z, 4,0) with modulus k; = max{&, 1}. Thanks
to the essentially locally strongly convexity of h and the locally Lipschitz continuity of Vh,
without loss of generality, we shall assume that € is small enough so that Vh is strongly
monotone and Lipschitz continuous on {Lz | (z,)\) € B.(Z,\)} with modulus o and Ly,
respectively. Thanks to the proof of Propositions 42, T is metrically subregular at (z, \,0)
with modulus kp = max{m, K}, where

2
_ <61+\/c%+462>
K= B S— > 0.

In particular, ¢; = k1 (omin(AT) 4+ (1 + ko) Lp || L))/ (v/0omin(AT)) and ¢ = /25, [ |

3.4.3. VERIFYING METRIC SUBREGULARITY OF 7' UNDER STRUCTURED ASSUMPTIONS

As long as dg is a polyhedral multifunction, 96y and hence I'pppyg are polyhedral multi-
functions as well. Therefore, Proposition 40, together with Theorem 45, straightforwardly
yields the following criteria for the metric subregularity of T

Theorem 46 The metric subregularity of T at (%, \,0) where (Z,\) € Q% \ holds if one of
the following statements is satisfied:

(1) Problem (1) meets the structured polyhedricity assumption;

(2) Problem (1) meets the structured subregularity assumption at (Z,9, \) which is a KKT
point, and A is of full row rank.

Before giving applications of the criteria in Theorem 46, we need the following lemma.
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Lemma 47 Assume that Og is metrically subregular for some (§,v) € gph dg with modulus
k. Then

(1) 9g* is calm at (v,y) € gph 0g* with modulus k;

(2) for any matriz B, let Z be any vector satisfying BTz = v, then BOg*BT is calm at
(z, By) with modulus k|| B|?;

(3) in addition, when range (BT) Nri(dom ¢*) # @, we have
D63(\) = Bog*(BT\) —b,
and thus 00y is calm at (z, By — b) with modulus k| B|?.

Proof See Appendix N. |

Let ¢t € (0,4+00) be given, we define the multi-function ¢; : R” = R™ as

pi(x) = (sign(a:l) x|t sign(a,) - ’l’n|t>

Lemma 48 (Zhu et al., 2018) Let g represent the {y4-norm regularizer, i.e., g(z) =
> segwrllzgll, with ¢ € [1,2] where J is a non-overlapping partition of the index set
{1,---,n}, wy >0 for J € J.

(1) For any fired s € R", (0g)~1(s) is a polyhedral convex set if it is nonempty.

(2) Og is metrically subregular at any (z,S) € gph(dg), namely, there exists ¢ > 0 such
that for any = € B.(Z),

dist (z, (89)_1(5)) < kg - dist (5,0¢(x)), (51)
where
1 if wy =0,
Kg i= r}lea}<{mJ} with kg = ¢ 1 if wy >0 and ||57]|q < wy,

K]JJ'K)J’Q'U]L;I ifwy >0 and ||55)q = wy,

and k1 denotes the Lipschitz constant of ¢a(-) at Be ((pg(i:J)>, kj2 denotes the
P q
supremum of ||z (-)|lq at Be (Z7).
q

Lemma 49 (Zhu et al., 2018) Let g denote the sparse-group LASSO regularizer, i.e.,
9(x) = > jerwillzylly + p - l|z|l, where T be a non-overlapping partition of the index
set {1,---,n}, wy >0 for J €T and pu > 0 be given parameters.

(1) For any fired s € R™, (0g)~1(s) is a polyhedral conver set if it is nonempty.
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(2) Og is metrically subregular at any (Z,5) € gph(9dg), i.e., there exist ¢ > 0 such that
for any x € B.(7),

dist (z, (8g)71(§)) < kg(A) - dist (5, 0g(x)) . (52)
where
o) = maxe 1)
with
1 if wy =0,
ky(p) =<1 if wy >0 and || T,(57)|lq < wy,

ko (k) - waa(p) - wyt i wy >0 and || Tu(55) g = wy,

and ky1(p) denotes the Lipschitz constant of @a(-) at Be (gpg(;ﬁ;)), kj2(p) denotes
p q
the supremum of ||pe(-)|lq at Be (T7).
q

Theorem 50 Suppose that Assumption 1.2 is satisfied. Given (T, \) € Q;,)\, we have the
desired metric subreqularity of T' as follows

(1) when g is a convex piecewise linear-quadratic function, then T is metrically subregular

at (z,),0);

(2) when A is of full row rank, and g represents the {1 g-norm regqularizer with q € [1,2],
then T is metrically subregular at (z, \,0);

(3) when A is of full row rank, and g represents the sparse-group LASSO regularizer, then
T is metrically subregular at (Z, \,0);

(4) when A is of full row rank, and g represent the indicator function of a ball constraint,
i.e., g = 0g(-) and BTX # 0, then T is metrically subregular at (Z, X, 0).

Proof The first assertion coincides with nothing but the structured polyhedricity assump-
tion. We just focus on the others.

For Parts (2) and (3), according to Lemma 48, dg is metrically subregular at any point on
its graph, since dg* = (9g)~!, dg* is calm everywhere on its graph. As 6(A\) = g*(BT\),
and 0 € ri(dom g*), we surely have range (B?) Nri(dom ¢*) # @. Then, according to
Lemma 47, 00y is also calm everywhere on its graph. Note that, for any fixed n, from
Lemma 48, dg*(n) = (0g) ~!(n) is a convex polyhedral set, straightforwardly &f,(n) is convex
polyhedral. Consequently, the structured subregularity assumption is satisfied everywhere
on the KKT solution set automatically.

For Part (4), as g = 6g(-), 02 = g*(BTy) with g*(z) = ||z||. Since dg* = 9| - || is
calm everywhere on its graph, and 0 € ri(dom g*), range (B”) Nri(dom ¢*) # @, then
by Lemma 47, 06, is also calm everywhere on its graph. Moreover, since 0||n|| is a convex
polyhedral set whenever 7 # 0, easily 98- is a polyhedral set if 7 £ 0. As a consequence, the
structured subregularity assumption is satisfied on the KKT solution (Z,, A) if BTX # 0. B
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3.5. Calculus of Metric Subregularity Modulus of T

So far we have verified the metric subregularity of 7' for some popular applications in
Theorem 50. We next focus on calculating the metric subregularity modulus of T'. Noting
that D = 0602()\), Theorem 51 then follows directly from Lemma 47 and Theorem 45.

Theorem 51 Suppose that Assumption 1.2 is satisfied and A is of full row rank. Given
(z, M) € Qs if Og is metrically subregular at (g, BIX) with modulus kg for some § such
that By = b — AZ, 002()\) = Bog*(BT\) — b and

Qu(p1) = {z | pr = Lz —, —Az € Bdg (BT X) — b}

is calm at (0,Z) with modulus r, then T is metrically subregular at (T, \,0) with modulus
()
Kp = max{——-, K},
1A]]

where

2
i} (cl+\/c%+462)
K= Y S > 0.

In particular,

c1 = £1(omin(AT) + (1 + kg) Lall LI/ (Voomn(AT)), e = V251,

R . 1 1
k1 = max{k, 1}, &= (1 +2/@HLH)max{5min(L), &min(A)},
where oyin (L) and dmin(A) denotes the smallest nonzero singular value of L and A, respec-
tively, o and Ly, are the strong convexity modulus of h and Lipschitz continuity constant of
Vh on {Lx | (z,)\) € Bc(Z,\)} for some € > 0, respectively.

Thanks to Theorem 51, suppose that Assumption 1.2 is satisfied and A is of full row
rank, once we know the metric subregularity modulus of dg and the calmness modulus of
)., the modulus of the metric subregularity of T can be estimated. The essential difficulty is
associated with the estimation of the calmness modulus of (. According to its definition in
(50), under Assumption 1.2 and full row rank of A, ), represents a perturbed linear system
on a convex polyhedral set for a wide range of applications, including scenarios where g
denotes the LASSO, the elastic net, the fused LASSO, the OSCAR, the group LASSO and
the sparse-group LASSO. Hence, the calmness modulus of ), is achievable through the
Hoffman’s error bound theory or its variant (see Ye et al., 2018, Lemma 8).

We next show how to calculate the calmness modulus on specific application problems.
We take the variable selection in regularized logistic regression (RLR) as an illustrative
example while the extension to other problems is purely technical and hence omitted.

Calculus of the metric subregularity modulus of 7" for the ¢; RLR: we consider
the RLR problem with ¢; norm regularizer

min Y~ (=log (L) +b;L]z) + ullyls
v (53)
st. =y,
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where L € R"*™ and b e ]Rl+1 are predefined matrices and vectors.

Denote that g(y) = ullyll1, © > 0. Suppose the reference point we are considering is
(z,)). We may let j = Z, then according to (Ye et al., 2018, Lemma 4, Lemma 5), dg(y)
is metrically subregular at (i, —\) with modulus Kg = E=Mw - where K_3/u 18 the metric

subregularity modulus of d|| - [|1 at (3, —A/u). Therefore, thanks again to (Ye et al., 2018,
Lemma 4, Lemma 5),
2l
T p(l—o)
= max | —=X\/ul; e=0if {i:|—\/ul<1}=0.
{i:]=Ai/pl<1}

In order to calculate the metric subregularity modulus of 7', according to Theorem 51, we
are left to estimate the calmness modulus of (2,. Again under the setting that g(y) = ully1
for some p > 0, given A, we shall define index sets

ol

I+ = {Z S {1,

_={ied{l,...

m} | % =},
m}
10::{7;6{1,...,m}\

|
| —h},

i =
il < p}.

Moreover, we shall need the following notations.
e ¢; € IR™ denotes the vector whose ith entry is 1 and other entries are zero,
o D e R™* (+1+11-]) denotes a matrix whose columns are {—eitier, U{eitier_-

Q). can be rewritten as a partially perturbed system of linear equality and inequality
constraints:

Qu(p1) :={z | pp = Lz — Lz, —x = —Da, o > 0} (54)

We are in the position to apply Lemma 52 taken from (Ye et al., 2018) to calculate the
calmness modulus of €. In fact, Lemma 52 can be regarded as a variant of Hoffman’s error
bound theory.

Lemma 52 (Partial error bound over a convex cone) Let P be a polyhedral set P :=
{r eR" | Az =b, Kz +¢ e D}, where A is a matriz of size m x n, K is a matriz of size

pxn,beR™ ¢cRP, D:={z| 2= Ezzl aid;, a; > 0}, and {d;}_; CIRP. Then
dist (xz, P) < HA Vx € D,
AT —KT 0
where M := [ 0 pr I] , I and 0 are identity and zero matrices of appropriate order,

D € RP*! is the matriz whose columns are {d;}'_, and

_ M, 1 V)| =1,v >0,
O(M) := sup ¢ ||\] The corresponding rows of M to \, j,v’s . (55)
el non-zero elements are linearly independent.
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Applying Lemma 52 to Q. in (54), we obtain the following result.
Proposition 53 For the RLR problem (53), Q. is globally calm with modulus O(M), i.e.,

dist (m,@x(0)> < G(M)dist (o, (Qx)_l(:):)) . Va.
where

Y 1 0
M‘_[o -DT —I]’

and O(M) is defined as in (55).

Theorem 54 Consider the RLR problem (53). Suppose that —log is strongly convex on
some neighborhood U; of L?i for each j with uniform modulus o and V(—log) is Lipschitz
continuous on Uj for each j with uniform constant Ly, then T is metrically subregular at
(z, X, 0) with modulus kr = max{1,R}, where

2
_ <C1+\/c%+462> >0
— .

In particular,

c1 = w1(1+ (1+ ko) Lul L) /Vo, 2 = V21,

_ 1
k1 =max{k, 1}, &= (14 20(M)|L|) max{m, 1},
where Gmin(L) denotes the smallest nonzero singular value of L, kg = M?EHE) with
c=  max | —N/pl; =0 if {i:|—N\/ul<1}=0.

{i:| =X/l <1}

3.6. Transporting the Convergence from PDHG to Linearized ADMM with
Quantifiable Linear Convergence Rate

Based on the analysis in the preceding subsections for the linear convergence of the PDHG,
we are able to convert the result to derive the linear convergence of the linearized ADMM.
Let {(z*,3*, \¥)} be the sequence generated by the linearized ADMM. Then, according to
Proposition36, {(z*, \*"1)} converges to some point (Z, \) € 0} - We next show the linear
convergence of the linearized ADMM in sense of the sequences {(z*, \F=1)}, {(z*, A\¥)},
{Res*}, {Val*} and {Fea*}.

Theorem 55 If T is metrically subregular at (%, \,0) with modulus r, then both the se-
quence {(zF, X~} and {(xF, \¥)} converge to Q; , linearly. That is, there exist ko > 0,
Co >0 and

K2

71_‘_&2 <1

0<p=

such that, for all k > ko, it holds that
dist (251, 07), 25, ) < peist (25, A071), 92,
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dist <(3:k,>\k), ;;A) < 20",

and o
Fea(z",y*, \") = || Az" + By* — b|| < Fopk-

Furthermore, there exist ky > 0, Co > 0, and Co > 0 such that, for all k > ko, it holds that

Res(2*,y*, \F) < Cop",

and X
| Val(z®, y*, \F) — Val*| < Cop”.
Proof From Theorem 37, we know that there exist kg > 0 and 0 < p = ﬁig < 1 such
that, for all k > kg, it holds that
dist g (211, 05), 95 ) < pistar (25, X705, (56)

and there exists Cy > 0 such that, for all £ > kg, it holds that
dist (($k7 )\kil), ;;A) < COpk7 (57)
2"+ = 2F || 4 A = N < Goph,

and therefore
dist ((xk, AR, A) < dist ((xk, A1y, A) FIAE R < 20"
Since \fF1 = \F — B(A2F+1 + By#+1 —b), we have

1 C
B||)\k+1 _ >‘k|| < gokarl. (58)

From the optimality conditions of the subproblems of each iteration generated by the lin-
earized ADMM, we have

Fea(zF 1 yF 1 ALY = || Azk+T 4 ByFt! — || =

ﬁ(ATByk'H _ ATByk) _ T‘(xk"H _ xk)
k+1,yk+1’ )\k+1) _ 0

A+l 4 Bykt+l _p

Tkt (z

Thus, by (57), (58) and

Byt — By — l()\k kL l()\k; SR 4 AR — b,
B B
we know that, for all & > ko + 1, it holds that
Res(a*+1, 1 A1) < BLAJ| By — Byt 4 rllat ™t — b + A2+ 4 Byt )
< JANINFE = NFJ I = N BllAJ |2 = 2*])
+ ,erk-i-l _ ka + ”Al’k+1 + Byk-i-l o b”
< max(B]|Al]* +r, pl| All + | All + p/B8)Cop".
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Additionally, similar to the proof in Theorem 30, since
BATByFt! — ATByF) — r(aFt! — a¥) + ATAF € of (o)

and
BT)\k+1 c ag(yk-f—l)’

for any (x*,y*, \*) € Q*, we have

F@) +9(y*) = @) + g ) + (WL b — AT — ByF )

59
+ ﬁ(Byk'*'1 — ByF, Az* — AmkH) — r(q:kH — ko — xk+1> (59)

Furthermore, since AT \* € df(z*) and BT \* € dg(y*), we have
FEN 4 g™ 2 f@h) +g(y") + (A AT+ ByPH —0). (60)

Combining (25) and (26), we get

[F@) + 9" = £a) = g(y")] < max{ [N A A2+ Byt — o]
+ Bl Azt — Aa*|[| By* T — By (61)

+ 7“||$k+1 - x*Hka-i-l o ka

According to (73) (see also He and Yuan, 2012b), fixing any (z,9,\) € Q7 for any k,
{ll(z*, AF=1) — (2, N)||} is bounded, and so is {||Az**! — AZ||}. Note that

1 1
Byk+1 o Byk — B(}\k o )\k+1) + E()\k o Ak*l) +A($k o .'Ifk+1).

Hence, there exists C7 > 0 such that
) + g6 — (@)~ g()] < Cullle — ab] 4 I - AR - AT,
According to (57), we obtain the linear convergence in terms of the objective function value
of Problem (1) straightforwardly. [
Let {(z*, 4%, AF)} be the sequence generated by the linearized ADMM. Theorems 50 and
55 motivate the following corollary directly.

Corollary 56 Suppose Assumption 1.2 is satisfied. If one of the following statements is
satisfied:

(1) g is convex piecewise linear-quadratic function;

(2) A is of full row rank, and g represents the {1 g-norm regularizer with q € [1,2];

(3) A is of full row rank, and g represents the sparse-group LASSO regularizer;

(4) A is of full row rank, and g represent the indicator function of a ball constraint and

BTN #0;
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then both the sequence {(x*, \¥=1)} and {(x*, \F)} converge to Q , linearly. That is, there
exist kg > 0, Cop > 0 and computable 0 < p < 1 such that, for oll k > kg, it holds that

dist (@1, X5), 05,) < pdist (2%, A1), 2,

dist ((xk,)\’“), ;‘;A) < 200",
and

Feala 1/, X = |lAs* + By b < 2"

Furthermore, there exist ko > 0, Co >0, and Co > 0 such that for, all k > 120, it holds that
R€8($k, yka )‘k) < éopk

and )
| Val(z®, y*, k) — Val*| < Cop”.

4. Linear Convergence Rate of PADMM-FG

In the literature (Liu et al., 2018; Han et al., 2017; Yang and Han, 2016), linear convergence
of the general PADMM-FG (2) is conceptually derived under the metric subregularity of
Tk k. It is noticed that essentially only the full polyhedral case (S4), in which the metric
subregularity of Tk i is trivially fulfilled, is discussed therein. As mentioned, the essential
difficulty is how to verify the desired metric subregularity. In Theorem 60, we show the
rather surprising fact that the metric subregularity of 7" is equivalent to that of Tk g7 when
B is of full column rank. This interesting observation allows us to apply all the established
results known for the linearized ADMM to the general PADMM-FG (2). Indeed, by this
line of analysis, in this section, we show that the subregularity conditions of Tk g7 can be
verified and thus the linear convergence of the PADMM-FG (2) in sense of {(z*,y*, \¥)},
{Res*} and {(Fea®, Val*)} can be guaranteed for a wide range of applications including the
RLR model (7), the ¢; ;-norm regularized regression with 1 < ¢ < 2 (9) and sparse-group
LASSO (10).

4.1. Linear Convergence of PADMM-FG under Metric Subregularity of Tk xr

The linear convergence of PADMM-FG (2) is shown in (Han et al., 2017, Theorem 2) when
the metric subregularity of T}, ;- defined in (6) is assumed at the limit point of the sequence.
According to the equivalence between the metric subregularity of T% .. and Tk g1 proved
in (Liu et al., 2018), we have the following result.

Theorem 57 When BAT A+G1 = 0 and BBT B+G4 = 0, there exists (T, 7, \) € Q with Q*
being the set consisting of KKT points of Problem (1) such that the sequence {(x*,y*, \F)}
generated by PADMM-FG converges to (Z,7,\). If, additionally, the multifunction Ty g1 is
metrically subregular at (@,0) with modulus cx i, then the sequence {(x*,y*, \F)} converges
to Q* linearly. That is, there exist M =0, ko>0and0 < p < 1 such that, for all k > ko,

it holds that

distZ, (@4 yH N, Q) gt b, < p |disty (285500, ) + g -
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where the explicit expression of p which is characterized in terms of cxxr can be found in
(Han et al., 2017, Theorem ?) Furthermore, there exist kg > 0, Cy > 0, Cy > 0, and
Co > 0 such that, for all k > kg, it holds that

F@d(l‘k7 yka )‘k) < Copk7

Res(a®,y", \F) < Cop",

and
| Val(z®, y*, \F) — Val*| < Cop”.
4.2. Verification of Metric Subregularity of Tk xr
We understand that PADMM-FG (2) converges linearly under the metric subregularity of
Txxr. We next answer the question when Tk g satisfies the metric subregularity.
4.2.1. METRIC SUBREGULARITY OF Tk k7T UNDER STRUCTURED POLYHEDRICITY
ASSUMPTION

We first verify the metric subregularity of Tk xr under the structured polyhedricity as-
sumption. In fact, when Problem (1) meets Assumption 1.2, similar to Proposition 39, we
can have following characterization of (2*,

Q" ={(z,y,\) | Lz =t, OZQ—ATA, 0€8g(y)—BT)\, 0 = Az + By — b}, (62)

with some vector £ € IR for which Lz = for all 2 € X and § := LT Vh()+q. We introduce
an auxiliary perturbed set-valued map with perturbation p = (p1, p2, p3, p4) associated with
the characterization (62):

Trrr(p) = {(z,y,\) | pr = Lv — L, p2 = §— A"\, p3 € 9g(y) — BY\,ps = Az + By — b}.

Obviously, I'x k7 (p) coincides with Q* when p = 0. Highly similar to Proposition 40, we
have following equivalence.

Proposition 58 Assume that Assumption 1.2 is satisfied. Then the metric subregularity
conditions of F;KT and T are equivalent. Precisely, given (Z,y,\) € QF, the following
two statements are equivalent:

(i) There exist k1,€1 > 0 such that

dist (2,9, A), T rr(0)) < madist (0, Tep (2,5, N)), V(z,y,N) € Be, (Z,7,N).

(i) There exist ko, €2 > 0 such that

dist ((‘T) Y, )‘)7 Q*) < ’{2diSt (O) TKKT (LU, Y, A)) ) \V/(JZ‘, Y, >‘) € BEQ (j;7 ga )‘)

Proof Given any (Z,7,\) € Q*. Suppose that there exist x1,€e; > 0 such that

dist (2,9, ), Trexr(0,0)) < rrdist (0, Tichep (2,4, ) , ¥(x,,\) € By, (7, ).
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Due to the essentially locally strongly convexity of h and the locally Lipschitz continuity
of Vh, without loss of generality, we assume that ¢; is small enough so that Vh is strongly
monotone and Lipschitz continuous on {Lz | (z,y,A) € B¢, (Z,9,\)}. For any (z,y,\) €

Bel (j7g7 )\)7 and any (57777 () € TKKT(J%?J: A)

£=0f(x) — AT\ = LTVh(Lz) +q— AT\, (63)
n € dg(y) — BT\, (64)
(= Az + By —b, (65)

and by the local Lipschitz continuity of Vh, there exists Ly > 0 such that
dist ((z,y,A), Q") = dist ((z,y, A), Pk x7(0))
< kpdist (0, F[_(lKT (z,vy, )\))
< w1 (| Lz =& + 1€+ g — LTVh(Lz) = gl + lIn]l + lI<]]) (66)
< 1 ([Le = 2| + ILIIIVR(E) = VR(La)|| + €]l + [l + lI¢]])
< (L4 LI IZa = 2]+ (1] + i+ 1¢) -

Let (&4, \) be the projection of (z,y,A) on Q* and then (2,9, \) € B, (%, 4,A). Since
0 € dg() — BT\ and Og is monotone, we have
<77+BT)\ - BT}‘ay - g> > 07
and combining with (65) that,
(n.y =) = =(BTA=BTAy - 9)
=—(A\— A, By - Bj)
= (A=A + (A= \, Az — Az).

Moreover, since £ = LTVh(Lz) + q — ATX, 0 = LTVh(f) + ¢ — AT), thanks to the local
strong convexity of h, there exists o > 0 such that

(€2 — @)+ (n,y —§) + (A= X) = (LTVh(Lz) — L"Vh(),z — 2)
= (Vh(Lz) — Vh(L&), Lz — L) (67)
> o||Lx — Li|? = o|| Lz — ||

Combining (66) and (67), we obtain that

dist((z,y, 1), %) < et/ [[(&m, Q)| - dist((z, 5, A), %) + e2[|(€,m, Ol
with ¢; = k(1 + ||L||Lp)//o, ca = V/3k1, and consequently,

2
244
dist((z, y. \), %) < &]|(€.. )l wherefez(cl* V2+) >0,

Because (£, 7, () is arbitrarily chosen in Tk gr(x,y, A), we have

dist (2,9, A), T (0)) = dist((z,y, \), Q%) < &dist (0, T g7 (2, y, \)) -
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Hence, there exists ko = k£ > 0 such that
dist ((z,y, ), ") < kadist (0, T g (7,9, \)), Y(z,y,\) € By (Z, 7, \).

Conversely, given any (7,7, \) € Q*, suppose that there exist xo, ez > 0 such that

dist ((z,y, A), Q%) < kadist (0, Tk g (z,y,A)), Y(x,y,\) € Be, (Z,7, A).
For any fixed (z,y,\) € B, (Z,%, ), and (p1, p2, p3, psa) € F;(lKT (z,y,A), it follows that
pr=Lx—1t po=g— AT\ ps € dg(y) — BIA, ps = Az + By —b.
To summarize, we have
po+ LTVh(Lz) — L"Vh(Lx — p1) = 0f (x) — AT\,
ps € dg(y) — BT\,
py = Ax + By — b.
By virtue of the locally Lipschitz continuity of VA, there exists Ly > 0 such that
dist ((z,y, A), Q%) < kodist (0, Tk kT (z,y, \))
< w2 (|lp2 + LTVh(Lz) = LTV h(Lx — p1)| + [|ps]| + [[pal])
< wo L[| L|[llpr | + r2llp2ll + rallpsll + w2llpall-
Moreover, since (p1, p2, p3,p4) can be any element in I‘I}lKT (z,y, ), we have
dist ((z,y, A), Trrr(0)) = dist ((x,y, ), Q%) < ko(Lp|| L] + 3)dist (0, FI_(IKT (z,y, )\)) )
Therefore, there exists k1 = ka(Lp| L|| +4) > 0 such that
dist ((z,y, \), Tk g7 (0)) < kydist (O,I‘I_(IKT(x,y, )\)) Yz, y, \) € B, (7,7, \),

which completes the converse direction. |

As a consequence, when Problem (1) meets the structured polyhedricity assumption,
' g7 is obvisouly a polyhedral multifunction, we obtain following result directly.

Theorem 59 The metric subregularity of Tixr at (Z,7,\,0) where (Z,7, \) € Q* holds if
Problem (1) meets the structured polyhedricity assumption.

4.2.2. METRIC SUBREGULARITY OF Tk k7T UNDER STRUCTURED SUBREGULARITY
ASSUMPTION

We next justify the metric subregularity of Tk under the structured subregularity as-
sumption. To this end, we shall clarify the relationship between the metric subregularity of
Tk kT and metric subregularity of 7. Therefore, this connection, together with the char-
acterization for the metric subregularity of T', will serve as a sufficient condition to justify
the metric subregularity of Tk xr.
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Theorem 60 For any point (T, \) € T~1(0), if there exists § € dg* (BT \) such that Tk i
is metrically subregular at (z,7,\,0), then T is metrically subregular at (Z,),0). Addi-
tionally, if B is of full column rank, for any KKT point (Z,5,)\) € (Txrr) (0) and T
is metrically subregular at (%, \,0) with modulus k, then Txxr is metrically subregular at
(Z,7, A, 0) with modulus

[Al \o 2
Umin(B)) +0‘min(B)‘

cxkrr = K(2+

Proof For any (z,\) such that p € T'(z, A), that is,

p1 € Of(x) — AT A,
p2 € BAg*(BT\) — b + Axz,

there exists y € dg*(BT\) such that py = By — b+ Az. Taking into consideration the fact
that y € d¢g* (BT \) if and only if BTX € dg(y), we have

p1 € 8f(x) — AT)\,
p2 = Az + By — b.

Apparently, T'is metrically subregular at (Z, A, 0) provided the metric subregularity of T g7
at (z,7, \,0).

Suppose B is of full column rank,. We next show that the metric subregularity of T’
implies that of Tk xr. In fact, for (x,y, \) such that p € Tkrr(x,y, ), i.e.,

p1 € df(x) — AT,
p2 € 9g(y) — BT\,
p3 = Ax + By — b,

and because of py € 965(y) — BT\, we have
0 € dg*(B"A+p2) —y,

and hence that
0 € Bdg* (BT X+ py) — By.

Combining with ps = Ax + By — b, we get
p3 € Bog* (BT + po) — b+ Ax.

Since B is of full column rank, p; := B (BT B)~!p, is well defined and it satisfies BY py = po.
Denoting A = A + p2, we have

o1 — ATpy € df(x) — ATX,
p3 € Bag*(BTX\) — b+ Az,
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that is }
(p1 — A" P2, p3) € T(x, N).
By virtue of the metric subregularity of T at (Z, A, 0),

dist ((z,A), Q) < rdist (0,7 (2, X)), Y(z,y) € B(T, \).

there exist x, e > 0 such that

We now assume that (z,y,\) € B, (Z, 7, \) with
er=¢/2, 2]l < ¢/2IB(B"B)™[|)= eomin(B)/2
where oin(B) denotes the smallest nonzero singular value of B. Then, [|p2|| < € and
|IA = X|| <IN = Al + [|p2]| < e. Thus, by the metric subregularity of T' at (z, X, 0)
dist((2, 1), 2. 1) < w(llpr — ATl + [[ps])

< &(llpall + 1AL + [lps]])
< K2+ HA!H\B(BTB)_lH)HpH

(o L)

Let (20, \) be the projection of (z,A) on Q5= T-1(0). Then with the full row rank
of BT, we have

0 € 8(g* (BT X)) — b+ Azg = Bdg* (BT \g) — b+ Auo.

Thus, we can find yg € dg*(B” \g) such that 0 = Byg—b-+Axg. Noting that p3 = Ax+By—b,
and opmin(B) > 0 which follows from the full column rank assumption of B, there holds that

_ 1 [A]
— 4ol = (BTBYLBT (p3 — A(z — < L N TSR T
o= soll = (BT B) ™ B (ps = Ale = x0)| € ~— sl + =l =
Since (xg, Yo, Ao) € TIQ}(T(O), we have
dist((2,5, A), T e (0)) < [l — ol + |A = Aol + A = Al + lly — woll
A 1 1
< (14 —— =)z — ol + [|IA = Aoll + ———= [Ip2ll + ———== [Ips]]
Umln(B) mm(B) Umin(B)
< 2+ A dist((z, %), 950 + —— lIpall + ——lpe]
o Umin(B) T Umin(B) Umin(B)
Al 1
< k(2+ ——=)?lpll + —— P2l + —— vl
Umln(B) mln( ) Umm( )
< ckrrl|pl,
where the second inequality follows from A = A + po and
1Al 2 2
= 2 .
cxkrT = K(2+ Umin<B)) + o (B)
|

Theorems 46 and 60 straightforwardly inspire the following criteria for the metric sub-
regularity of Tk 7.
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Theorem 61 Provided the full column rank of B, the metric subregularity of Txxr at
(Z,9,\,0) where (z,y,\) € Q* holds if A is of full row rank, and Problem (1) meets the
structured subreqularity assumption at (Z,7, \).

Motivated by the proof in Theorem 50, the linear convergence of the general PADMM-
FG (2) can be obtained easily.

Theorem 62 Suppose that Assumption 1.2 is satisfied. Then the metric subreqularity of
Tkt at (T,7, ), 0) where (Z,9,\) € Q* holds, and hence the sequence {(z*,y*, \¥)} gener-
ated by the PADMM-FG (2) converges to Q* linearly if one of the following statements is
satisfied:

(1) g is convex piecewise linear-quadratic function;

(2) A is of full row rank and B is of full column rank, and g represents the {1 q-norm
reqularizer with q € [1,2];

(8) A is of full row rank and B is of full column rank, and g represents the sparse-group
LASSO regularizer;

(4) A is of full row rank and B is of full column rank, and g represent the indicator
function of a ball constraint and BT X # 0.

We are left to calculate the metric subregularity modulus of Tk g7 on specific appli-
cations. In fact, we have presented with illustrate examples how to calculate the metric
subregularity modulus of T in Section 3.5. According to Theorem 60, the metric subregu-
larity modulus of Tk g7 is easily computable as long as the metric subregularity modulus
of T is calculated on specific applications.

5. Conclusions

In this paper, we further discuss the linear convergence of the alternating direction method
of multipliers (ADMM) and its variants for some structured convex optimization problems,
and develop a rather complete methodology to discern the linear convergence for a wide
range of concrete applications. Through the lens of variational analysis, we show that the
linear convergence of ADMM and its variants can be guaranteed without the strong con-
vexity of objective functions together with the full rank assumption of coefficient matrices,
or the full polyhedricity of their subdifferentials. The understanding of linear convergence
of the ADMM and its variants is thus substantially enhanced, and the scope of the ADMM
with efficient performance in sense of guaranteed linear convergence is essentially broad-
ened. Indeed, for a number of models arising in statistics and machine learning such as the
RLR, PAC, ¢; 4-norm with ¢ € [1,2] and sparse-group LASSO models, current results in the
literature fail to explain why the ADMM and its variants perform linear convergence, and
rigorous theory is provided for the first time. The gap between empirically observed numer-
ical performance and checkable theoretical conditions is essentially filled in. Our techniques
are entirely relied on variational analysis, and they are tailored for both special properties
of the models and structures of the iterative schemes under investigation.
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Appendix A. Proof of Proposition 8

For the k-th iteration (z*,3*, \¥) generated by the original ADMM, it follows from the
optimality condition of the subproblems that
0 € af (zFt1) — AT(\F — B(AzFT! + By* — b)), (68)
Ak-‘rl — )\k’ _ IB(Axk‘-i-l + Byk+l o b)
Since (0f)~! = df* and (9g)~! = dg*, we have
y" € dg*(BTAF),
2 e ofr (AT (WP — B(Ax*T + ByF — b)),
)\k+1 _ )\k _ ﬁ(ALUk+1 + Byk+1 . b)
Furthermore, it is easy to see that
N+ BBy € X' + BBAg* (BT AF) C (I + 50¢2)(XY),
N — BBy € N — B(ALM 4 By —b) + BAOF* (AT (N — (A + ByF — 1)) — Bb
C (I + Bogr)(N — B(Ax" + ByF — b)),
NHE 4+ BByFT = M 4 BBy* — A 4+ \F — B(Aa"T + By* —b).
Therefore, we have
A= (I+ B0¢s) "' (A" + BBy"),
AP — B(AzM 4 ByF —b) = (I + Bo¢1) ' (\* — BBy"), (69)
Setting uf = \F oF = Ak — B(Az*+ + ByF —b) and 2F = \¥ + BBy*, we get

uF = (14 Bo¢2) ™' ("),
ok = (I + ,88¢1)_1(2uk - zk), (70)
k+1 k

z =z —uk+vk,

and the conclusion follows.
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Appendix B. Proof of Theorem 14
According to the iterative scheme of the DRSM, at each iteration k, we have
K e uf 4 0py(uF),  2uF — 2K € vF + 8¢ (vF),
and subsequently,
2K~k € dgo(uF),  2uF — 2F — ok € Agy (vF). (71)
Summing these two equations, we have
ut — o € 9 (u — (u" — o)) + 0¢a(u"),

which implies
uP € Ti(uP —oF).

Since 7 is calm at (0, ), there exist €1, > 0 such that

dist(u®, Z) < kp|lu* — 0¥, when u* € B, (). (72)

k

Also, since u” = prox¢2(zk), and |Juf — \|| = ]\pr0x¢2(zk) — prox,, (2)| < |2¥ — Z||, which

comes from the nonexpansiveness of prox,,, substituting uF —vF = 2P — 2F*1in (72) enables
us to obtain

dist(prox¢2(zk), Z) < k|| 2R = 2R, when 2 € B, (%).
Again, by (71) and u* — v* = 2F — 2**1 we have
K —uk e o (uF),  uF — 2K e 9 (vb).

and then
ub € 0po* (28 —uF), vF € 9gr*(uF — 2F ).

Combining the inclusions together, we have
2B R =k ok e O(p1* o —Id) (28 — uF — (2F — ZF)) 4 9ot (2F — uF),

which implies
Zk o uk e 7-2(Zk . ZkJrl)'

Then, since 73 is calm at (0, 1), there exist €z, ko > 0 such that
dist (2% — u®, W) < ko|2* — 2P, when 2F —uF € B, ().
Since zF — u¥ = prox%*(zk), and
2 — = fil] = [proxy,e () — proxe,- (2)]| < [12* — I,
which comes from the nonexpansiveness of prox,,, we have
dist(proxd,Q*(zk), W) < ko 28 — 25|, when 2 € B, (%).

Then, there exist €, x > 0 such that, for all k satisfying z* € B(Z, €), we have

)

dist <prox¢2 (Zk), Z) + dist <prox¢2*(zk), W) <K Hz’”l — Sk

where k = k1 + ko. According to Proposition 12, the sequence {z*} converges to Z linearly.
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Appendix C. Proof of Lemma 15

For any y ¢ range (LT)+.Ag, y can be expressed as y = y; +y2, where y; € range (L) +Ag,
y2 € null (L) N Ap and y # 0. Then, we have

Y(y) = Sgp{@a z) —h(Lz) — da(z)}
= Sgp{<y1 + y2, ) — h(lz) — da(z)}
> Sl;p{@l +y2,a + ayz) — h(La + allyz) — da(a + ay2)}
(

= sup{(y1 + y2, a) — h(La) + afly2||*} = +oo.
(03

That is, dom * C range (LT) + Ag-.

Appendix D. Proof of Proposition 18

Consider the singular value decomposition of matrix L. Let L = USV”, where U € R™*",
Ve R and ¥ € R™",Y > 0. Let Q4, be the matrix whose columns are normal
orthogonal basis of Ay. Next, we consider the singular value decomposition of matrix

LQ4,, i-e.,
LQAo = UL(40) ZL(A0) i o)
where Up4,) € R™*, VL(4o) € R™ " and Yr40) € ]RHXTI,E]L(AO) > 0.
Define further that h : IR™ — IR as h(z) := h(La + Up4,)2). According to the
assumptions that h € C and Uy 4,) is of full column rank, we observe that h € C. Denoting
the conjugate of h as

h*(2*) = sup {27 2) = h(z)},

then, by virtue of Proposition 16, we have h* € C.
Next, for each vector y taken from range (L7) 4+ Ag, y admits a decomposition that

Y= Projrange Y + (I - Projrange (]LT))y'

Denote H := [L”, A,] where A, € R™*! is the matrix whose columns are bases of Ag and [
is the dimension of Aé‘. Let H =UgyxX HVE be the singular value decomposition of matrix
H, where Uy € R™"2, Viy € RMD*72 and Sy € R™X™, By = 0, then HY := VX U,
Denote further that E; is the matrix whose rows are the first m rows of the identity matrix
in R(MTDx(m+0) and B, is the matrix whose rows are the last [ rows of the identity matrix
in RMFTOX(m+) " We therefore have the decomposition of y € range (L7) + Ag as

y=9+9,
where § := LT Fy € range (L) with
F=Ux"'VI 4+ B HI(I -LTUus=tvT),
and

g = A, B HY(I —LTUS vy € At
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Plugging in this decomposition of y into the conjugate of ¥*,

¥*(y) = sup {(y,z) — h(la) —da(z)}

z€R™
= sup {{7,2) + (5, 2) — h(La) — 64(2)}
— xg;g)ﬂ{(Fy,L:E} + (g, 2) —h(Lx) — 04(x)}
= sup {(7a) + (Fy, Ui g 2) ~ B(La + Ui ap)2))
= sup {(y,a) + (Fy, Uiag)2) — BLa+ Upian)2)}
= sup {(y.a) + (U4 Fys 2) = a(2)}

= IB*(Uf(Ao)Fy) +(y,a),
where the fourth equality follows from the fact that for any x € A, there exists
z € range (EL(AO)VLT(AO)) =1R"
such that Lz = LLa + Up4,)2. Finally, according to Lemma 15, we understand that
dom 1* C range (LT) 4+ Ajp .
We therefore conclude that, for all y € IR", it holds that

¥*(y) = sup {{y.z) ~h(La) ~dx(x)} = h*(Ly) + (4, @) + bpange (wr) .42 (0)5

where L:= Uf , \F =U[ ., (UST'VT + By HI(I - LTUS~'VT)).
We next prove the second argument. In fact, if dy(z) = LTVh(Lz) + N4(z) and
dom 0t # @, then there exists & such that

op(z) = LTVh(LZ) + Na(2) # @.

Thus, & € A and there exists £ such that

Taking into consideration that
T oyl T T 7T _ y—1 T T T
UL(o) = 2L(ag) VL) Qs = 240y V() @ V2EU

we have
LLTE = U, 4, (Uz—lvT + By HY (I - LTUz—lvT)) LTé
= U 4y UST'VTLTE + EyHT (I = Projange ur))LT¢
= U 4y US'VTLTE
= U 4y USVIVEUTE
= U 40)6 = Ul Vh(LE).
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On the other hand, because & € A, there exists £ such that L& = La + U 4,)%, and thus
LLTE = Uf 4y Vh(L&) = Ul 4  Vi(La + Up4,)2) € Oh(2).

Recall the fact that h* € C. By Proposition 17 and (Rockafellar, 1970, Corollary 23.5.1),
we have o ) }
LLT¢ € dom dh* = int(dom h*),

which implies . 3
L(range (LT) + Ag) N int(dom h*) # @.

To the end, according to (Rockafellar, 1970, Theorem 23.8, Theorem 23.9) and Proposition
17, we have
a¢*(y) = ]f"Ta]B* (H:y) +a+ N, (]LT)-|—AOL (y) = HN"TVJB* (}f"y) +a+ jv’range (]LT)—l—AOL (y)7

range

and therefore obtain the desired expression for dy*.

Appendix E. Proof of Lemma 21
According to Assumption 1.2, f(x) = h(Lzx) + (g, z) with h € C, then

fy) = Sgp{<y,:ﬂ> — h(Lz) — (g, )}

= sup{(y — ¢,z) — h(Lz)}.
Then, by Proposition 18, there exist h* € C and matrix L such that

f*(y) = B* (f’(y - q)) + 5range (LT)(y - Q),
and thus

d1(\) = F(ATA) — bTA = 7 (EAT A Eq) — 0N+ Spange () (ATA — ).

Denoting K := LAT, G := Lg and V := {\ | ATXA — ¢ € range (L")}, we therefore have
shown the first assertion.

To prove the second argument, noting that Assumption 1.1 holds, by virtue of Lemma
20, we find that there exist * and A\* satisfying

0€ df(z*) + ATX* = LTVh(Lz*) + ¢ + AT A"
Then, by Proposition 18, we have

of*(y) = L"Vh* (i(y — q)) + Mange (L7 (¥ — )

We may now obverse that any vector y € dom Jf* if and only if i(y —q) € dom Vh*
and y — ¢ € range (L7). Since h* is essentially differentiable, thanks to Proposition 17, we
understand that y € dom 9f* if and only if L(y — ¢) € int(dom h*) and y — q € range (LT).
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According to the expression of f*, we immediately know that dom 9f* C ri(dom f*).
Noting that —AT\* € 9f(2*), we may conclude that

—ATX* € 9f(2*) C dom 9f* C ri(dom f*),
which further implies that
range (A7) Nri(dom f*) # @.
According to (Rockafellar, 1970, Theorem 23.9), immediately, A* € dom 9¢; and hence
dp1(N) = ADf*(ATA) —b= KTVh* (KX —§) — b+ Ny(N).

Appendix F. Proof of Lemma 23
By Lemma 21, we know that
$1(N) = h* (KX —§) — b A+ 6p(\)
with some h* € C, matrix K, vector § and affine space V. Then, it holds that
é1" () = sup{(p A) = ™ (KX = @) + (8, X) = dv(V)}
= sup{(n+b,A) - W (KX =) — dv(\)}-

By introducing hi(v) == h* (v —q) € C and fL*()\) = ﬁé(KA) + dv(A), we have ¢1"(u) =
(h*)*(n+0b). By Proposition 18, there exist h € C, matrix L and affine space V; such that

01" (1) = h (LGu+)) + (0, 1+ b) + 0, (1 + ),

Letting K := —L, G:= Lband V:={u | —pu+b e Vi}, we obtain the first conclusion.
Furthermore, from Lemma 21, we know that dom d¢, # @

dp1(\) = KTVA* (KX —§) — b+ Ny(\).
Then, by Proposition 18, we have
0(61"(~)) = K"Vh (Kpu+ @) — v+ Ny(n).

Appendix G. Proof of Lemma 25

Motivated by (Luo and Tseng, 1992, Lemma 2.1), we first prove that there exists ¢ such
that KX =t for all A € Z. On the contrary, suppose the existence of A\;,\y € Z such
that t1 = KAy,to = KXo, and 1 # t2. Let us assume that Ay and Ay are sufficiently close;
otherwise we can replace Ay by 5\2 = aXs + (1 — a)\; with sufficiently small @ > 0, and
iy = KX # t1. Then, since h* is essentially locally strongly convex and t; € dom Vi,
there exists ¢ > 0 such that

d1(A1) + P2(A1) > d1(X2) + p2(A2) + g”tl —t2]|* > ¢1(N2) + Pa(Na),

which is a contradiction. The desirable result then follows by taking g := K Ty h* (t—q)—0.
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Appendix H. Proof of Corollary 31

For any p € W, it follows from the definition of W that

0 € —0¢] o (—p) + 0p5(n),

and thus there exists A € 9¢35(u) such that A\ € 9¢% o (—p). Since d¢; = (9¢1)~! and
095 = (0¢2) L, we have 0 € 91 (A) + Ipa(N), i.e., A € Z, and

0 € 0¢2(A) — p.
Then, since ¢1(A\) = f*(ATX) — bT'X and ¢o(\) = g*(BTN), it follows from the full column

rank of A and B and (Rockafellar, 1970, Theorem 23.9) that d¢1(\) = Adf*(AT\) — b and
O¢2(\) = BAg*(BT)). Thus, we have

0€ ADf*(ATN) — b+ p,
0 € Bog*(BT\) — pu,
which implies that there exist # € 9f*(AT\) and § € dg*(BT\) such that Az — b+ p =0
and pu = Bj. Next, by the fact that 9f* = (0f)~!, d¢g* = (0g)~', we have
0ecaf(z)— AT\,
Az 4+ By —b=0,
and thus (2,9, A) € Q*, § € Q. Therefore, we have W S By := {By | 3(z,y,)\) € Q*}.
Similarly, employing the above argument from the opposite direction, we can also show that
BQy, C W. In summary, we have W = BQy.
We are now ready to prove the linear convergence of the sequences {z*} and {y*}. By
Proposition 8, we know prox¢2*(zk) = By*. Following (22) in Proposition 30, since B is of

full column rank, we know that there exist kg > 0, 0 < p < 1 and Cy > 0 such that, for all
k > ko, it holds that

dist (yk, QZ) < Cop”.

Furthermore, from Proposition 30, there exist ko > ko > 0, Cp > 0 such that, for all £ > 12:0,
it holds that .
| Az* + ByF —b|| < Cop*.

From the above arguments, we know that for each k > kg, there exists (:%k,yjk,jxk) e QF
such that
ly* = "Il < Cop",

and then
|Az* — A#¥|| < || Aa* + By* —b|l + | By* — By*|| < (Co + Co|| B]))p*.

According to the full column rank of A, we get the conclusion.
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Appendix I. Proof of Theorem 33
At each iteration, the PPA iterative scheme (34) reads also as
~ M(xF = k) e T(xF.
Therefore, for any x* € Q; y» it follows from the monotonicity of T that
I = xR < I = xR = = xR (73)

Since x* can be taken arbitrarily in Q;’; \» we immediately have

dist?, (le,Q;)\) < dist2, (xk ;A> e (74)
Because of the PPA-iteration-based error bound, there exist e, x > 0 such that

dist o (ka, Z/\> < k||x**t —x¥|| o, for all k such that x* € B(x,e).

Given this €, with the by-default given proximity of the sequence {x*} generated by the
PPA to x € €0} ,, there exists kp > 0 such that x* € B.(x) for k > k. Therefore, we have

2

distA (xkﬂ, Q;’;)\> <

st <xk, ;;A) VE > ko,
and thus there exists C > 0 such that

disty (x5,05,) < Cof, Yk > ko,

with p = 1/%. Moreover, according to (74), we get
" — xF || < CpF, YE > k.

The desired linear convergence then follows from the positive definiteness of matrix M.

Appendix J. Proof of Theorem 35
Because of the metric subregularity of T at (x,0), there exist x > 0,€ > 0 such that
dist (£, 771(0)) < kdist(0,T(x)), VX € B(%).

Note that T-1(0) = Q;, ,- The metric subregularity of T" at (x,0) allows us to estimate the

k+1

distance from x**1 to 2, in terms of scaled optimality residual at x*7, i.e., for all k such

that x* € B(x, e),

dist v (xk+1, ;A) < /p(M)dist (xk“,Q;’)\)
< k/p(M) | M (T — x| (75)

< mp(M)[Ix" = x|,

where p(M) represents the spectral radius of matrix M. Thus, the PPA-iteration-based
error bound holds at x. The conclusion then follows from Theorem 33.
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Appendix K. Proof of Proposition 39

According to Proposition 38, we have

X = arg mxin{Ql(x) +605(—Ax)}.

Thanks to Assumption 1.2, there exists ¢ € IR! such that Lz = ¢ for all z € X. Moreover,
for any (x,\) € Q |, we have
0e 802()\) + Ax

0€db(z)— ATN=LTVh(Lz) +q— ATN=LTVh({l) +q— ATh=5— AT\,
where § := LTVh(t) + q. Therefore, the following inclusion holds
Q\ C{(x,A) | Lo =1, ATA = 3,0 € 902(\) + Az}

It is easy to obtain the reverse direction. The proof is complete.

Appendix L. Proof of Proposition 42

Given any (Z,\) € Q2 \- Suppose that there exist 1, €1 > 0 such that
dist ((x,A),To(0)) < wadist (0,T5" (2, ), V(x, ) € B, (Z, ).

Due to the essentially locally strongly convexity of h and the locally Lipschitz continuity
of Vh, without loss of generality, we assume that €; is small enough so that Vh is strongly
monotone and Lipschitz continuous on {Lz | (z,\) € B, (Z,\)}. For any (z,\) € B, (7, \),
and any (&,n) € T'(z, \)

¢ =LTVh(Lz) +q— AT\,

n € 002(\) + Ax,

since 0 € LTVh7(
tildet) +q— AT\, and by the local Lipschitz continuity of VA, there exists L;, > 0 such that

1ATA = ATX|| < [L|IVh(La) = VA@)]| < Ly||L]|| Lz — .

Moreover, noting that AT is of full column rank, the smallest singular value of A7 is strictly
positive, i.e., omin(AT) > 0. Therefore

< 1 . Ly||L .
A=A < [ATA — ATX| < L] | Lz — 1. (76)
i o

Umln(AT) miH(AT)
According to the calmness of 065 at (A, —AZ), there exist e3, k3 > 0 such that
dist (v, 802(N)) < kadist (A, (892)_1(0)) , Yu € B, (—AZ).

We now assume that (z,\) € B, (7, \) with e := min{ey,e3/(2||A|)} and ||n]| < e3/2.
Since n € 002(\) + Az and thus

n— Az € 90s(A), Il — Az + Az| < Inll + Al — ]| < es.
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Then, by the calmness of 965 at (\, —AZ), we have

dist (0, D+ Az) < ] + dist (5 — Az, D) < ]l + 5| A — AL (1)
By (76) and (77), we have

dist ((z, A), Q25 ) = dist ((2,A),T0(0)) < k1dist (0,5 (2, N))
< k1 (|[Lx — ¢ + [|A = Al + dist (0, D + Ax))
- (L4 r3) Ly L] :
< _ RS 2 At O bl 1} —
R R B

(o SR e+ o).

<K
(78)
Then, similar to the proof of Proposition 40, there exists o > 0 such that
oLz —* < (&2 — &) + (n, A = N), (79)

where (z, 5\) is the projection of (z,A) on Q% . Upon combining (78) and (79), inspired by
the proof of Proposition 40, we prove the conclusion with

. 1
€2 = min{er, e3/(2[|A[))}, K2 = maX{W’ o

where

r =

2
N <61+\/c%+402> -0
2 )

and
¢1 = k1 (omin(AT) + (14 £3) Ly | L))/ (Vo omin (AT)), ¢z = V25;.

Appendix M. Proof of Lemma 44

Since D := 002(A) is closed and D C range (A), for any x, there exists xp such that
dist (0, D 4+ Ax) = ||Az — Azp]|

and Azp € D. Define F, := {z | Az = Azp}, according to Hoffman error bound (see, e.g.,
Hoffman, 1952),

1
. <1
dist (z,F,) < o (A)

where dyin(A) denotes the smallest nonzero singular value of A. Since F, C Q?K (0) for any

| Az — Azpl,

xz, we have

Az — Azp| = —dist (0, D + Az),

. 3 1
dist (2, 22(0)) < dist (2, F,) < < Tmin(A)

Jmin(A)

which implies the calmness of 2.

66



THE LINEAR CONVERGENCE OF ADMM FOR STRUCTURED CONVEX OPTIMIZATION

Appendix N. Proof of Lemma 47

The first assertion follows directly from the fact that (9g)~! = dg*. We focus on the second
assertion. Since dg* is known to be calm at (9, y) with modulus &, there exist € > 0 such
that

99" (v) NBe(y) € 097 (v) + kllv —v||B, v € B(v).

Also, there exists €; > 0 such that {BT2 | z € B, (2)} C B¢(v) and range (B) N B,, (By) C
{By | y € Bc(y)}. For any z € B, (Z), we have
Bdg*(B"z) N B (By) C B (9g"(B"z) NBe(y))
C B (9g*(v) + k|| B* 2 — v||B)
C B (9g"(B"z) + &| Bl||| > — z||B)
C Bag*(B'z) + x||B|*||z — z||B.
The second assertion is then proved.

For the third assertion, it directly follows from (Rockafellar, 1970, Theorem 23.8, The-
orem 23.9). The proof is complete.

Appendix O. Symbols and Notation

R The standard n-dimensional Euclidean space

(-, ) Scalar product in n-dimensional Euclidean space
Il - |l The Euclidean norm

Il 11 {1 norm

Il Iloo {5 MOTM

B Open unit ball centered at the origin

B Closed unit ball centered at the origin

B, (x) Open ball around z with radius r» > 0

int D Interior of set D

ri D Relative interior of set D

bd D Boundary of set D

dist(-, D) Distance function to set D

op(x) Indicator function of set D

Np Normal cone operator of set D

Vd‘ Orthogonal complement of Vy

A+ B Minkowski sum given by {a+b:a € A b€ B}
range (A) Range of matrix A

null (A) Null space of matrix A

Al —

fole) Subdifferential of ¢, i.e., dp(x) :={& | f(y) > f(x)+ (&, y—x), Yy}
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dom ¢ Domain of ¢, i.e., dom ¢ := {z | ¢(z) < +o0}
" Conjugate of 6, i.e., ¢*(1) := sup, {{1,) — 6(z)}
gph (®) Graph of set-valued map (multifunction) @,
ie., gph(®) = {(z,v) e R" xR | v € ®(z)}
i Inverse mapping of set-valued map (multifunction) ®,

ie, @ l(v):={z € R" | ve d)}

Specific notations, descriptions and references:

Of(z) — ATX
Trxr Txrr(T,y,\) == | dg(y) — BT (4) in Section 1.1
Az +By—b
1 P1(A) == fH(ATA) —b"A Section2.2
b2 $2(N) = g"(BTA) Section2.2
Ti Ti(p) == {X | p € dpr(A —p) + D2 (N) } (13) in Section2.3.2
Tz To(p) == {p | p € 0(¢7 0 —Id)(1n — p) + Ob3 (1) } (14) in Section2.3.2
3D1 SDI (p) := {)\‘ p € 0d1(N) + D2 (A )} Section2.4.1
Sp, Sp,(p) := = {u| p € 0(¢i o —Id) (1) + 93(n) } Section2.4.1
I'pr Tor(p1,p2) = {NEV | pr=KX—1, p2€g+ Vs +0p2(N)} (17) in Section 2.4.2
Tpr FDR(pl p2):={u € V | p1 = K’u —f paeg+Vy+ 05 (1)} (21) in Section 2.4.2
01 01(x) == f(x) Section 3.2
02 02(A) == g*(BTA) — (b, \) Section 3.2
iy AT
M M= (32) in Section 3.2
-A 17
96, (z) — ATX
T T(z,\) = (32) in Section 3.2
902 (\) + Az
Teprc | Tepuc(p) := {(x,\) | pr = Le—t,ps = §— AT\, ps € 902(\) + Az} | Section 3.4.1
Lo Lo(p) :={(z,\) | p = Lz —t, p2 = =X+ A, p3 € D + Az} Section 3.4.2
Txxr | Trrr(p) = {(z,4,)) | pr = Lt —#,pa = § — ATX\,ps € dg(y) — | Section 4.2
BT\, ps = Ax + By — b}
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