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Abstract

The Neyman-Pearson (NP) paradigm in binary classification seeks classifiers that achieve
a minimal type II error while enforcing the prioritized type I error controlled under some
user-specified level . This paradigm serves naturally in applications such as severe disease
diagnosis and spam detection, where people have clear priorities among the two error types.
Recently, Tong et al. (2018) proposed a nonparametric umbrella algorithm that adapts
all scoring-type classification methods (e.g., logistic regression, support vector machines,
random forest) to respect the given type I error (i.e., conditional probability of classifying
a class 0 observation as class 1 under the 0-1 coding) upper bound « with high probability,
without specific distributional assumptions on the features and the responses. Universal
the umbrella algorithm is, it demands an explicit minimum sample size requirement on class
0, which is often the more scarce class, such as in rare disease diagnosis applications. In
this work, we employ the parametric linear discriminant analysis (LDA) model and propose
a new parametric thresholding algorithm, which does not need the minimum sample size
requirements on class 0 observations and thus is suitable for small sample applications
such as rare disease diagnosis. Leveraging both the existing nonparametric and the newly
proposed parametric thresholding rules, we propose four LDA-based NP classifiers, for
both low- and high-dimensional settings. On the theoretical front, we prove NP oracle
inequalities for one proposed classifier, where the rate for excess type Il error benefits from
the explicit parametric model assumption. Furthermore, as NP classifiers involve a sample
splitting step of class 0 observations, we construct a new adaptive sample splitting scheme
that can be applied universally to NP classifiers, and this adaptive strategy reduces the
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type II error of these classifiers. The proposed NP classifiers are implemented in the R
package nproc.

Keywords: classification, asymmetric error, Neyman-Pearson (NP) paradigm, NP oracle
inequalities, minimum sample size requirement, linear discriminant analysis (LDA), NP
umbrella algorithm, adaptive splitting

1. Introduction

Classification aims to predict discrete outcomes (i.e., class labels) for new observations,
using algorithms trained on labeled data. It is one of the most studied machine learning
problems with applications including automatic disease diagnosis, email spam filters, and
image classification. Binary classification, where the outcomes belong to one of two classes
and the class labels are usually coded as {0,1} (or {—1,1} or {1,2}), is the most common
type. Most binary classifiers are constructed to minimize the overall classification error (i.e.,
risk), which is a weighted sum of type I and type II errors. Here, type I error is defined
as the conditional probability of misclassifying a class 0 observation as class 1, and type IT
error is the conditional probability of misclassifying a class 1 observation as class 0 '. In
the following, we refer to this paradigm as the classical classification paradigm. Along this
line, numerous methods have been proposed, including linear discriminant analysis (LDA)
in both low and high dimensions (Guo et al., 2005; Cai and Liu, 2011; Shao et al., 2011;
Witten and Tibshirani, 2012; Fan et al., 2012; Mai et al., 2012), logistic regression, support
vector machine (SVM) (Vapnik, 1999), random forest (Breiman, 2001), among others.

In contrast, the Neyman-Pearson (NP) classification paradigm (Cannon et al., 2002;
Scott and Nowak, 2005; Rigollet and Tong, 2011; Tong, 2013; Zhao et al., 2016; Tong et al.,
2016) was developed to seek a classifier that minimizes the type II error while maintaining
the type I error below a user-specified level «, usually a small value (e.g., 5%). We call this
target classifier the NP oracle classifier. The NP paradigm is appropriate in applications
such as cancer diagnosis, where a type I error (i.e., misdiagnosing a cancer patient to be
healthy) has more severe consequences than a type II error (i.e., misdiagnosing a healthy
patient as with cancer). The latter incurs extra medical costs and patients’ anxiety but will
not result in the tragic loss of life, so it is appropriate to have type I error control as the
priority. Cost-sensitive learning, which assigns different costs as weights of type I and type
IT errors (Elkan, 2001; Zadrozny et al., 2003) is a popular alternative paradigm to address
asymmetric errors. This approach has merits and many practical values. However, when
there is no consensus to assign costs to errors, or in applications such as medical diagnosis,
where it is morally unacceptable to do a cost and benefit analysis, the NP paradigm is a more
natural choice. Previous NP classification literature use both empirical risk minimization
(ERM) (Cannon et al., 2002; Casasent and Chen, 2003; Scott, 2005; Scott and Nowak, 2005;
Han et al., 2008; Rigollet and Tong, 2011) and plug-in approaches (Tong, 2013; Zhao et al.,
2016), and its genetic application is suggested in Li and Tong (2016). More recently, Tong
et al. (2018) took a different route, and proposed an NP umbrella algorithm that adapts
scoring-type classification algorithms (e.g., logistic regression, support vector machines,

1. In verbal discussion, with a slight abuse of language, we also refer to the action of assigning a class 0
observation to class 1 as type I error, and that of assigning a class 1 observation to class 0 as type II
€error.
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random forest, etc.) to the NP paradigm, by setting nonparametric order statistics based
thresholds on the classification scores. To implement the NP paradigm, it is very tempting
to simply tune the empirical type I error to (no more than) «. Nevertheless, as argued
extensively in Tong et al. (2018), doing so would not lead to classifiers whose type I errors
are bounded from above by a with high probability.

Universal the NP umbrella algorithm is, it demands an explicit minimum sample size
requirement on class 0, which is usually the more scarce class. While this requirement is not
too stringent, it does cause a problem when the smaller class 0 has an insufficient sample
size. For instance, a commonly-used lung cancer diagnosis example (Gordon et al., 2002)
in the high-dimensional statistics literature has 181 subjects and 12,533 features. These
subjects carry two different types of lung cancer, namely, adenocarcinoma (150 subjects)
and mesothelioma (31 subjects). If we were to treat mesothelioma as the class 0, and would
like to control the type I error under o = .05 with high probability 1 — dg = .95, then the
sample size requirement of the NP umbrella algorithm for the left-out class 0 observations
is 59 (or log dp/ log(1 — «) to be exact), which is almost twice as much as the total available
class 0 sample size 31. In this work, we employ the linear discriminant analysis (LDA) model
and propose a new thresholding algorithm, which does not have the minimum sample size
requirements on class 0 observations and thus applies to small sample applications such as
rare disease diagnosis.

In total, we develop four NP classifiers in this paper: combinations of two different ways
to create scoring functions in low- and high-dimensional settings under the LDA model,
and two thresholding methods that include the nonparametric order statistics based NP
umbrella algorithm and the newly proposed parametric thresholding rule. We will denote
these classifiers by NP-LDA, NP-sLDA, pNP-LDA and pNP-sLDA, where p means “parametric
thresholding” and s means “sparse”. Extensive numerical experiments will suggest the
recommended application domains of these methods.

On the theoretical front, NP oracle inequalities, a core theoretical criterion to evaluate
classifiers under the NP paradigm, were only established for nonparametric plug-in classi-
fiers (Tong, 2013; Zhao et al., 2016). The current work is the first to establish NP oracle
inequalities under parametric models. Concretely, we will show that NP-sLDA satisfies the
NP oracle inequalities. Another major contribution of this work is that we design an adap-
tive sample splitting scheme that can be applied universally to existing NP classifiers. This
adaptive strategy enhances the power (i.e., reduces type II error) and therefore raises the
practicality of the NP algorithms.

The rest of this paper is organized as follows. Section 2 introduces the notations and
model setup. Section 3 constructs the new parametric thresholding rule based on the LDA
model and introduces four new LDA based NP classifiers. Section 4 formulates theoretical
conditions and derives NP oracle inequalities for NP-sLDA. Section 5 describes the new data-
adaptive sample splitting scheme. Numerical results are presented in Section 6, followed
by a short discussion in Section 7. Longer proofs, additional numerical results, and other
supporting intermediate results are relegated to the appendices.
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2. Notations and model setup

A few standard notations are introduced to facilitate our discussion. Let (X,Y) be a
random pair where X € X C R? is a d-dimensional vector of features, and Y € {0,1}
indicates X'’s class label. Denote respectively by IP and IE generic probability distribution
and expectation. A classifier ¢ : X — {0,1} is a data-dependent mapping from X to
{0,1} that assigns X to one of the classes. The overall classification error of ¢ is R(¢) =
El{¢(X) # Y} = IP{¢p(X) # Y}, where I(-) denotes the indicator function. By the
law of total probability, R(¢) can be decomposed into a weighted average of type I error
Ro(¢) =P {o(X) #Y|Y =0} and type II error Ri(¢) =P {¢p(X) #Y|Y =1} as

R(¢) = moRo(¢) + m1R1(0), (1)

where mp = IP(Y = 0) and m; = IP(Y = 1). While the classical paradigm minimizes R(-),
the Neyman-Pearson (NP) paradigm seeks to minimize R; while controlling Ry under a
user-specified level a. The (level-a) NP oracle classifier is thus

¢, € argmin Ry(¢), (2)
Ro(¢)<La

where the significance level a reflects the level of conservativeness towards type I error.

In this paper, we assume that (X|Y = 0) and (X|Y = 1) follow multivariate Gaussian
distributions with a common covariance matrix. That is, their probability density functions
fo and fy are

Jo NN(M()?E) and fi NN(M172)7

where the mean vectors p®, u* € R? (u° # p') and the common positive definite covariance
matrix ¥ € R¥?. This model is frequently referred to as the linear discriminant analysis
(LDA) model. Despite its simplicity, the LDA model has been proved to be effective in
many applications and benchmark datasets. Moreover, in the last ten years, several papers
(Shao et al., 2011; Cai and Liu, 2011; Fan et al., 2012; Witten and Tibshirani, 2012; Mai
et al., 2012) have developed LDA based algorithms under high-dimensional settings where
the dimensionality of features is comparable to or larger than the sample size.

It is well known that the Bayes classifier (i.e., oracle classifier) of the classical paradigm
is ¢*(z) = I(n(x) > 1/2), where n(z) = E(Y|X = z) = P(Y = 1|X = z) is the regression

function. Since fi(x)/ fo(z)
o m 1lx)/ jolx
1) = o @) o) + o

the oracle classifier can be written alternatively as I(f1(z)/fo(z) > mo/71). When fy and
f1 follow the LDA model, the oracle classifier of the classical paradigm is

¢*(x) =1 {(az — pta) ' 57 g + log % > 0} =1 {(zludfx > pig X 1 — log :1} , (3)
0 0

where 1o = 3(u0+put), pg = pt —p°, and ()T denotes the transpose of a vector. In contrast,
motivated by the famous Neyman-Pearson Lemma in hypothesis testing (attached in the
Appendix A for readers’ convenience), the NP oracle classifier is

s-1{25>)
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for some threshold C, such that Py{f1(X)/fo(X) > Co} < a and Po{f1(X)/fo(X)
Co} > «, where Py is the conditional probability distribution of X given Y = 0 (P is
defined similarly).

Under the LDA model assumption, the NP oracle classifier is ¢% (z) = T((X " pug) Tz >
Cx*), where O = log Co+p1) X7 1q. Denote by 8% = =15 and s*(z) = (X ug) Tz =
(BBaes) Tz then the NP oracle classifier (4) can be written as

AV

Palx) = U(s™(x) > C5F).- ()

In fact, leveraging further the LDA model assumption, C3* can be written out explicitly.
Note that when X7 ~ N (p?, %), (57 ua) " X7 ~ N(ug S/, u) S~ g), where j = 0, 1.
Let Z = {(X ') TX0 — (27 ug) Tu0} (g 5 pa) "%, then Z ~ N(0,1). As ¥ is
positive definite and ;1 # u', we have udTE_IMO < u;—Z_lul, and thus the level-a NP
oracle is

on(z) = U(s*(x) > C;") =1 ((E‘lud)Tw >\ g S pg® (1 — @) + MIE_W) . (6)

where ®(-) is the CDF of the univariate standard normal distribution N(0,1). This oracle
holds independent of the feature dimensionality. In reality, we cannot expect that the type
I error bound holds almost surely; instead, we can only hope that a classifier gZ;a trained on
a finite sample have Ro(éa) < « with high probability. We will construct multiple versions
of LDA-based gZ;a to suit different application domains in the next section.

Other mathematical notations are introduced as follows. For a general my X ms matrix
M, [|M|[oc = maxi=1,_.m, Y j=; |Mij|, and ||M]| denotes the operator norm. For a vector
b, ||bllc = max; |bj|, |blmin = min;j |b;|, and ||b]| denotes the Ly norm. Let A = {j :
(57 ua); # 0}, and ply be a sub-vector of u! of length s := cardinality(A) that consists
of the coordinates of p! in A (similarly for 4%). Up to permutation, the ¥ matrix can be
written as

5 [ZAA zLauxc]
EA(‘A EACAC ’

We use Apax(+) and Apin(-) to denote maximum and minimum eigenvalues of a matrix,
respectively.

3. Constructing LDA-based NP classifiers ¢,(-)

In this section, we construct two estimates of s*() in Sections 3.1 and 3.2, and two estimates
of C%* in Sections 3.3 and 3.4. Hence in total, we present in Section 3.5 four LDA-based
NP classifiers ¢, (-) for different application domains. We assume the following sampling

scheme for the rest of this section and in the theoretical analysis. Let So = {X?,..., X} }
be an i.i.d. class 0 sample of size ng, S) = {XQOH, e ’X20+n6} be an i.i.d. class 0 sample

of size nf, and S; = {X{,..., X } be an i.i.d. class 1 sample of size ni. The example sizes
no, ng and n; are considered as fixed numbers. Moreover, we assume that samples Sy, S|
and S are independent of each other.
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3.1. Estimating s*(-) in low-dimensional settings

To estimate s*(x) = (X7 ug) T (x), we divide the situation into low- and high-dimensional
feature dimensionality d. In low-dimensional settings, that is, when feature dimensionality
d is small compared to the sample sizes, we use Sp and S; to get the sample means /i° and
[b that estimate p® and p' respectively, and get the pooled sample covariance matrix 5
that estimates X. Precisely, we have

. (i(x? XD — 0T+ S - ) (x W) G

ng +mny — 2 i—1 i=1
1
~0 0 0
1
~1 1 1
Let fig = A' — (1%, then we can estimate s*(-) by 3(z) = (S fiq) " .

3.2. Estimating s*(:) in high-dimensional settings

In high-dimensional settings where d is larger than the sample sizes, Sin (7) is not invertible,
and we need to resort to more sophisticated methods to estimate s*(-). First, we note that
although the decision thresholds are different, the NP oracle ¢}, in (5) and the classical
oracle ¢* in (3) both project an observation z to the gB&* = ¥~=14, direction. Hence
one can leverage existing works on sparse LDA methods under the classical paradigm to
find a BB estimate, using samples Sy and S;. In particular, we adopt Blasso, the lassoed
(sparse) discriminant analysis (sLDA) direction in Mai et al. (2012), which is defined by

n d
(B0, 3) = argmin { 1S (i — o — ] B2+ A I8 (10)
(B,B0) i=1 =1
where n = ng + n1, y; = —n/nyg if the ith observation is from class 0, and y; = n/n; if the

ith observation is from class 1. Then we estimate s*(-) by
§(l‘) — (BlaSSO)T$

Note that although the optimization program (10) is the same as in Mai et al. (2012),
our sampling scheme is different from that in Mai et al. (2012), where they assumed i.i.d.
observations from the joint distribution of (X,Y’). As a consequence, when analyzing theo-
retical properties for Blasso in (10), it is necessary to establish results that are counterparts
to those in Mai et al. (2012).

3.3. Estimating C* via the nonparametric NP umbrella algorithm

Tong et al. (2018) provides a nonparametric order statistics based method, the NP um-
brella algorithm, to estimate the threshold C}*. This algorithm leverages the following
proposition.
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Proposition 1 Suppose that we use Sy and Si to train a base algorithm (e.g., sLDA) ,
and obtain a scoring function f (e.g., an estimate of s*). Applying f to S, we denote the
resulting classification scores as T, . .. ’Tné’ which are real-valued random wvariables. Then,
denote by T(yy the k-th order statistic (i.e., T(;) < ... < T(né)). For a new observation X,

if we denote its classification score f(X) as T, we can construct classifiers dr(X) = (T >
Twy), k € {1,...,n0}. Then, the population type I error of ¢, denoted by Ro(dr), is a
function of T,y and hence a random variable, and it holds that

P [Ro(ék) > a} < ; @0) (1—a)Yamoi, (11)

That is, the probability that the type I error of qgk exceeds a is under a constant that only
depends on k, a and ny. We call this probability the violation rate of ¢r and denote its
upper bound by v(k) = zyik (”]6)(1 —a)Y o™i, When Ty’s are continuous, this bound is
tight.

Proposition 1 is the key step towards the NP umbrella algorithm proposed in Tong et al.
(2018), which applies to all scoring-type classification methods (base algorithms), including
logistic regression, support vector machines, random forest, etc. In the theoretical analysis
part of this paper, we always assume the continuity of scoring functions. Under this mild
assumption, v(k) is the violation rate of type I error for d;k An essential step of the proof
of the proposition hinges on the symmetry property of permutation. It is obvious that v(k)
decreases as k increases. To choose from ggl, . 7<£n6 such that a classifier achieves minimal
type II error with type I error violation rate less than or equal to a user’s specified dp, the
right order is

k* =min{k € {1,...,n0} : v(k) < b0} . (12)

In our current setting, §(-), constructed as in Section 3.1 or Section 3.2, plays the role of

the scoring function. Let 8+) be the k*-th order statistic among the set {é(XgOH), ce §(X20+n, )},
0
then the NP umbrella algorithm sets

To achieve IP [Ro(ggk) > a] < g for some <Z>k, we need to control the violation rate

under Jp at least in the extreme case when k = n(; that is, it is necessary to ensure
v(ng) = (1—a)™ < &. Clearly, if the (n})-th order statistic cannot guarantee the violation
rate control, other order statistics certainly cannot. Therefore, for a given « and §g, there
exists a minimum left-out class 0 sample size requirement

nly > log do/ log(1 — a)

for the type I error violation rate control. Note that the control on type I error violation
rate does not demand any sample size requirements on Sy and S1. But these two parts have
an impact on the quality of scoring functions, and hence on the type II error performance.
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3.4. Estimating C}* by leveraging the parametric assumption

We explicitly leverage the LDA model assumption to create an estimate of C%*. For sim-
plicity, let A be either f]*l/ld in Section 3.1 or 45 in Section 3.2, corresponding to the
low- and high-dimensional settings, respectively. First, we consider A as fixed (i.e., fix Sp
and S;). When XY ~ N (10, 2), we have

ATXO~ N(ATp0, ATSA).

Let
balz) =T <AT37 > VATSAS (1 —a) + flT,uo) .

For every fixed Sy and Si, ¢, is the NP oracle at level o. Note that ¢, is not an accessible
classifier because ¥ and p° are unknown. Plugging in the estimates of these parameters is
not a good idea because this will not achieve a high probability control of the type I error
under . We plan to construct a statistic c? (the super index p stands for “parametric
thresholding”) such that with high probability,

CP > VATSAD (1 —a)+ ATp0.

Let
dalz) = 1 (A% > ég) .

Then Ro(g%a) < Ro(gga) = « with high probability. Naturally, we want such a ég as small
as possible, so that the resulting classifier has good type II error performance. Towards this
end, we build tight sample-based upper bounds for AT 0 (Lemma 2) and ATYA (Lemma
3), and then combine these bounds to get C& (Proposition 4).

3.4.1. UPPER BOUND FOR AT 0
Lemma 2 Let Wy = ATX) |, W = ATXY ,,..., and W,; = ATX?

no+ng
Ft( , 1)(-) the cumulative distribution function of the t-distribution with degrees of freedom
no—

(ng — 1). Then with probability at least 1 — &y, it holds that

Denote by

. - _ S
AT,U/O <W — Ft(nll,l)(éo) =
0 no

(13)

where W = (Wi +.. AWy )/ng and S = { [(Wl —W)+.. .+ (W — W)z] /(nf — 1)}1/2.

Proof We invoke the following classic result. Suppose Wy,...,W,, are i.i.d. from one-

_ _ 1/2

dimensional N (i1, 02). Let W = (Wi+.. +W,,)/mand S = {ZTzl(W] —W)2/(m — 1)} ,
then we have _

W —p

S/\/m

Take W = ATX and m = nf, then for fixed A, Wy = ATX9 ., ... W = AT x0

no+ny

are i.i.d. from one-dimensional normally distributed variable with mean ATMO. Then it

~ t(m—1) (t distribution with df =m —1).
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follows that

W — AT 0
7, ~ t(ngfl) .
S/\/ng
Thus with probability 1 — dp (randomness comes from S, while keeping Sy and S; fixed),
W AT R s
ToE S () = AT <WoFTL (60) = (14)
S/\/n (np—1) (np—1) ng

Since the above inequality is true for every realization of Sy and 81, and S} is independent
of Sy and Si, the above upper bound for AT ;® holds with probability 1 — §y regarding all
sampling randomness. |

3.4.2. UPPER BOUND FOR A' XA

Lemma 3 Let n = ng+ny. Suppose there exist some positive constants ¢ and C such that
(n—2)"/¢ <d < (n—2) and d/(n—2) < 1—c. Then for any positive € and D, there exists
an N(e, D) such that for all n > N(e, D), it holds with probability at least 1 — (n — 2)~P
that,

ATy A <

1 o ~ A
: Anax(E)ATA (15)
(1 _ /L) _ _(n=2)
n—2 1
Vn—2d6
Proof An obvious upper bound for AT A is )\maX(E)ATA, but Amax(X) is not accessible
from samples. Instead, Amax(X) is accessible. In the following, we explore the relations
between Apax(X) and Apax(2) to derive a sample-based upper bound for AT A.
Let Zi,...,Zy,, be iid. from d-dimensional Gaussian N, Ina), Zno+1s« -+ s Lng+n,

be i.i.d. from N (ut, Iyxq), and n = ng + nq. Further assume that all the Z;’s, i = 1,...,n,
are independent of each other. Let

I (io:(Zi—Zo)(Zi—Zo)TJr En: (Zi—Zl)(Zi—Zl)T>7

n—2 \4 .
=1 i=ng+1

where Zy = (Z1 + ...+ Zn,)/no and Z; = (Z(no+1) + ...+ Zy)/n1. Define G; = Z; — u°
fori =1,...,n0 and G; = Z; — p! for i = ng +1,...,n. Then G; ~ N(0,Izxq) for all
i=1,...,n. Let

T <ZO:(G,~—GO)(GZ-—GO)T+ Zn: (Gi—él)(Gi—Gl)T>,

n—2 \4 )
=1 1=ng+1

where Go = (G1 + ...+ Gpy)/no and Gy = (Gpys1 + ... + Gp)/ny. Clearly U=V. Let
, 1 1
P =diag | Inyxng — —€0€g s Inyxn, — —€1€1 | »
no ny

where the entries of eg and e; are all equal to 1, and the lengths are ng and n; respectively.
Then P is a projection matrix with rank n—2. Note that a projection matrix has eigenvalues
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all equal to 1 and 0, with the number of 1’s equals to its rank. Hence, we can decompose
P by P = UU', where U is an n x (n — 2) orthogonal matrix with U'U = In—2)x (n—2)-
Let G = (G1,...,G,). G is a d x n matrix and its columns are i.i.d. d-dimensional
standard multivariate Gaussian. Let G = GU, then G is a d x (n — 2) matrix in which the
columns are i.i.d. d-dimensional standard multivariate Gaussian. Therefore, we have

~

U=V =

! gpcT= ' guuc = .Ga'.

n—2 n—2 n—2
By Bloemendal et al. (2015), we have the following concentration result on minimum eigen-
values: suppose there exist some positive constants ¢ and C such that (n—2)/¢ < d < (n—2)
and d/(n —2) <1 —c. Then for any positive € and D, there exists an N (e, D) such that
for all n > N(e, D), we have

2
(L s ([ d (n — 2)° _oyD
P ,Mm<n_2GG-> (1 n_2> > <(n-2)"P. (16)

This result implies that for n > N (e, D), we have with probability at least 1 — (n—2)~7,

I < 1 < 1 GGT>,
N

where the inequality means “A < B iff B — A is positive semi-definite”. This further implies

2
SEESTETASTCIE LY (LTSN ESICENY (f S RNPY L IR Gl B
n—2 - n—2 Vn = 2ds ’

¢

where the notation “%” means equal in distribution. Therefore, for n > N(e, D), we have
with probability at least 1 — (n —2)~%,

Amax(Z) < ! Amax(2) - (17)

(1 _ L)Q 2
n—2 n—?d%

Hence we can bound ATSA by

ATYA < Apax(D)ATA <

2
1- —) B )
( n—2 \/n72d%

Lemma 3 can be improved for large d and sparse A. To bound AT S A = (BlaSSO)TEBIaSSO
using results in Bloemendal et al. (2015), we need the condition d < n — 2. Even when
d is moderate, the bound on the right-hand side of (15) can be loose. A remedy exists

10
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when 3255 is sparse, e.g., I BlaSSOHO = s < d. Concretely, we can replace 815 in the first
inequality of (18) by its s-dimensional sub-vector that consists of the nonzero coordinates,
and X by its s X s sub-matrix that corresponds to the nonzero elements of Blasso. Then in
the multiplicative factor on the right-hand side of (18), we replace d by a much smaller s
and replace the maximum eigenvalue of the d x d pooled sample covariance matrix by that
of the s x s pooled sample covariance matrix. To summarize, we achieve a much tighter high
probability bound of ATSA by exploring the sparsity of A. This variant also allows us to
handle the situation when d is bigger than the sample sizes. In numerical implementation,
when we use Blasso for /1, this improved bound is what we always use, although for notational
simplicity we still denote the threshold of scoring function as CP.

3.4.3. COMBINING BOUNDS FOR A u® AND ATSA

The arguments at the beginning of Section 3.4 together with the derived upper bounds for
AT 1% and ATS A imply the following proposition.

Proposition 4 Under definitions and conditions in Lemmas 2 and 3, if we set

2

. 1 T _ S
= Amax(Z)ATA | @7 Y 1—a)+W—-F 1 (§))—=,
(= i) — e ™ R R
notn =2 VroFni—2do )
19
then ¢o(z) = L(ATz > CP) satisfies
P(Ro(da) < a)>1—8)— (n—2)"". (20)

In many applications, n; is large, so the sample size requirement of (16) (and hence of
(17) and (20)) on n, although impossible to check, can be comfortably assumed. Further-
more, simulation studies in Appendix C show that the inequality (17) is often satisfied with
probability very close to 1 even when n is moderate, with the choice of € = 1e — 3. Hence
the right-hand side of (20) is often almost 1 — dp in practice.

3.5. The resulting four LDA-based classifiers q@a

Having obtained two estimates for s* and two for C;*, we construct four classifiers in total:
NP-LDA: 1 ((i—lﬂd)Taz > @), NP-sLDA: 1T ((BlaSSO)T:c > @a), pNP-LDA: 1T <(§—1ﬂd)Taz > (35),

pNP-sLDA: 1 ((Blasso)Tx > 5’5) We will suggest the application domains of these four clas-

sifiers in the numerical analysis section.

4. Theoretical analysis

In the theoretical analysis, we focus on the NP-sLDA classifier, which we denote by ¢y (z) =
I <(BlaSS°)Tm > éa) in this section. We will establish NP oracle inequalities for ¢gz+. The

NP oracle inequalities were formulated for classifiers under the NP paradigm to reckon the
spirit of oracle inequalities in the classical paradigm. They require two properties to hold

11
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simultaneously with high probability: i). type I error Ry(¢y+) is bounded from above by «,
and ii). excess type II error, that is Ry (¢g+) — R1(¢%), diminishes as sample sizes increase.
By construction of the order k* in NP-sLDA ék*, the first property is already fulfilled, so in
the following we bound the excess type II error.

In the NP classification literature, nonparametric plug-in NP classifiers constructed in
Tong (2013) and Zhao et al. (2016) were shown to satisfy the NP oracle inequalities. Both
papers assume bounded feature support [—1,1]%. Under this assumption, uniform deviation
bounds between f1/ fo and its nonparametric estimate f1 / fo were derived, and such uniform
deviation bounds were crucial in bounding the excess type II error. However, as canoni-
cal parametric models in classification (such as LDA and QDA) have unbounded feature
support, the development of NP theory under parametric settings cannot bypass the chal-
lenges arisen from the unboundedness of feature support. To address these challenges, we
follow a conditioning-on-a-high-probability-set strategy and formulate conditional marginal
assumption and conditional detection condition. For the LDA model, we elaborate on these
high-level conditions in terms of specific parameters. In fact, the same conditioning-on-a-
high-probability-set strategy can work under the nonparametric model assumptions, such as
with a mild finite moment condition. Thus, we can also relax the bounded feature support
assumption for the nonparametric methods. Before presenting the new assumptions and
main theorem, we need a few technical lemmas to make the “conditioning” work.

4.1. A few technical lemmas

With kernel density estimates fl, fg, and an estimate of the threshold level CNZ'Q based on
VC inequality, Tong (2013) constructed a plug-in classifier T{f,(z)/fo(z) > C,} that is
of limited practical value unless the feature dimension is small and sample size is large.
Zhao et al. (2016) analyzed high-dimensional Naive Bayes models under the NP paradigm
and innovated the threshold estimate by invoking order statistics with an explicit analytic
formula for the chosen order. We denote that order by k. The order k* derived in Tong
et al. (2018) is a refinement of the order statistics approach to estimate the threshold.
However, although the order £* is optimal, it does not take an explicit formula and thus
is not helpful in bounding the excess type II error. Interestingly, efforts to approximate k*
analytically for type II error control leads to &', and so k¥’ will be employed as a bridge in
establishing NP oracle inequalities for q@k*.

To derive an upper bound for the excess type II error, it is essential to bound the
deviation between type I error of gZA)k* and that of the NP oracle ¢},. To achieve this, we
first quote the next proposition from Zhao et al. (2016) and then derive a corollary.

Proposition 5 Given dy € (0,1), suppose ny > 4/(ady), let the order k' be defined as
follows

K = R?’Lé + 1)Aa,50 (néﬂ ) (21)
where [z] denotes the smallest integer larger than or equal to z, and
_ 14260(ng +2)(1 — ) + /1 +46(1 — a)a(nf + 2)
N 2{do(ny+2)+ 1} ‘

Aa,tso (né))

Then we have R
P (R0(¢k’) > Ol) <.

12
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In other words, the type I error of classifier qgk/ ((Z)k was defined in Proposition 1) is bounded
from above by a with probability at least 1 — dg .

Corollary 6 Under continuity assumption of the classification scores T;’s (which we always
assume in this paper), the order k* is smaller than or equal to the order k'.

Proof Under the continuity assumption of 7;’s, v(k) is the exact violation rate of classifier
¢r. By construction, both v(k’) and v(k*) are smaller than or equal to dy. Since k* is the
smallest k that satisfies v(k) < 0, we have k* < k. [ |

Lemma 7 Let a,dp € (0,1) and ng > 4/(ado). For any &, € (0,1), the distance between
Ro(¢rr) and Ro(¢k,) can be bounded as

P{| Ro(dw) — Ro($5)] > Easomy (50)} < 60,

where

E(nh+1—K) 1
/(84) = 0 A -1 -
fa,ﬁo,no(éo) \/(n/0 + 2)(”6 + 1)256 + aﬁo(”ﬂ) ( O‘) + n6 +1’

in which k' and Ay s,(nj) are the same as in Proposition 5. Moreover, if nly > max(d; 2, 56_2),
1-1/4

we have €5, e (53) < (5/2)n
Lemma 7 is borrowed from Zhao et al. (2016), so its proof is omitted. Based on Lemma
7 and Corollary 6, we can derive the following result whose proof is in the Appendix.

Lemma 8 Under the same assumptions as in Lemma 7, the distance between Ro(qgk*) and

Ro(¢?) can be bounded as
P{|Ro(-) = Ro(@5)] > Eadon (00} < G0+ 5.

Lemma 8 serves as an intermediate step towards the final “conditional” version to be elab-
orated in Lemma 11. Moving towards Lemma 11, we construct a set C € R?, such that C¢
is “small”. We also show that the uniform deviation between § and s* on C is controllable
(Lemma 10). To achieve that, we digress to introduce some more notations. Suppose the
lassoed linear discriminant analysis (sLDA) finds the set A, which is the support of the Bayes
rule direction SB#° we have ﬁfis‘) =0 and 3}2350 = B 4, where B 4 is defined by

(Ba, Bo) = argmin ¢ ™'Y (g — Bo — > @i;8)° + Y _ AlBj]
i=1

(8,80) jEA jEA

The quantity B 4 1s only for theoretical analysis, as the definition assumes knowledge of the
true support set A. The next proposition is a counterpart of Theorem 1 in Mai et al. (2012),
but due to different sampling schemes, it differs from that theorem and a proof is attached
in the Appendix.

13
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Proposition 9 Assume k = ||[Saca(Xaa) Yoo < 1 and choose X in the optimization
program (10) such that X < min{|B8*|min/(2¢), A}, where B* = (Sa4) L (ply — 1%), ¢ =
1(Za4) oo and A = ||ply — % |loo, then it holds that

1. With probability at least 1 — 67, Bffss" = BA and Bffé”s" = 0, where

1 2 2

5*222dex —cn)\(l_ﬂ_%so) + f(d, s,n0,n1, (k + Dep(l — e) ™)

1 p 2701 16(1"‘5)2 5 95 100, 101, P @ )
1=0

in which € is any positive constant less than min[eg, \(1 — k) (4p) L (A/24 (1+k)A) 1]
and €q is some positive constant, and in which

clen

2p2 c1e2n?
f(d,s,no,n1,e) = (d+ s)sexp (— 1570 ) + (d+ s)sexp <— 157, ) )

for some constants c¢1 and cs.

2. With probability at least 1 — 5, none of the elements of BA s zero, where

! ! 0152n2
65 = E 2s exp(—mees) + E 252 exp (— g2 ) .
1=0 =0

in which € is any positive constant less than min[eg, £(34+&) 71/, AE(6+2£) L], where
£ = [B"|min/(Ap) .

3. For any positive ¢ satisfying € < min{eg, A\(20A)~1, A}, we have

P (184 - B"lloo < 492) 2155

Aided by Proposition 9, the next lemma constructs C, a high probability set under both
Py and P;. Moreover, a high probability bound is derived for the uniform deviation between
5 and s* on this set.

Lemma 10 Suppose max{tr(Xaa),tr(S4 1), IZaall, 1£%0% 14117} < cos for some con-
stant co, where s = cardinality(A). For 03 = exp{—(noAn1)Y/?}, there exists some constant
¢y > 0, such that C = {X € R%: || X4|| < ¢, s"/%(ng A ny)Y*} satisfies Po(X € C) > 1 — 03
and Pi1(X € C) > 1 — 63. Moreover, let |5 — s*||oc,c := maxyec |5(z) — s*(x)|. Then for
01 > &7 and 62 > 65, where 67 and 05 are defined as in Proposition 9, it holds that with
probability at least 1 — §1 — do,

18 — 5™ [|oo,c < 4cipAs(ng A n1)1/4.

The set C was constructed with two opposing missions in mind. On one hand, we want
to restrict the feature space R? to C so that the restricted uniform deviation of § from s* is
controlled. On the other hand, we also want C to be sufficiently large, so that Py(X € C)
and P;(X € C°) diminish as sample sizes increase. The next lemma is implied by Lemma 8
and Lemma 10.
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Lemma 11 LetC be deﬁnedAas in Lemma 10. Then under the same conditions as in Lemma
7, the distance between Ro(¢r+|C) := Po(5(X) > ColX € C) and Ro(¢%|C) := Po(s*(X) >
C¥*|X € C) can be bounded as

P{| Ro(d1+C) — Ro(¢41C)] > 2[&a50m (0) + exp{—(no Am1)/*}} < 6o+ 6,

where 5067507%(66) is defined in Lemma 7.

2. Margin assumption and detection condition

Margin assumption and detection condition are critical theoretical assumptions in Tong
(2013) and Zhao et al. (2016) for bounding excess type II error of the nonparametric NP
classifiers constructed in those papers. To assist our proof strategy that divides the R¢
space into a high probability set (e.g., C defined in Lemma 10) and its complement, we
introduce conditional versions of these assumptions.

Definition 12 (conditional margin assumption) A function f(-) is said to satisfy con-
ditional margin assumption restricted to C* of order 5 with respect to probability distribution
P (i.e., X ~ P) at the level C* if there exists a positive constant My, such that for any
60>0,

P{|f(X) - C* <d|X €C*} < Mys7.

The unconditional version of such an assumption was first introduced in Polonik (1995).
In the classical binary classification framework, Mammen and Tsybakov (1999) proposed
a similar condition named “margin condition” by requiring most data to be away from
the optimal decision boundary and this condition has become a common assumption in
classification literature. In the classical classification paradigm, Definition 12 reduces to
the margin condition by taking f = n, C* = support(X) and C* = 1/2, with {z : |f(x) —
C*| = 0} = {z : n(z) = 1/2} giving the decision boundary of the classical Bayes classifier.
For a C* with nontrivial probability, the conditional margin assumption is weaker than
the unconditional version. For example, suppose P(X € C*) > 1/2, then the condition
P{|f(X) — C*| <6} < 2Myd? would imply the conditional margin assumption in view of
the Bayes Theorem.

Definition 12 is a high level assumption. In view of explicit Gaussian modeling assump-
tions, it is preferable to derive it based on more elementary assumptions on u°, p' and X,
for our choices of f, P, C* and C*. Recall that the NP oracle classifier can be written as

Po(2) = H{(Z ua) 'z > O3}

Here we take f(x ) s*(z) = (X ug) T2, C* = C*¥*, P = Py, and C* = C in Lemma 10.
When X ~ N (u®, %), (7 ug) "X ~ NS00 1) 7 pug). Lemma 10 guarantees that
for 63 = exp{— (no Anp)/?}, Py(X € C) > 1 — §3. Moreover,

Py(|s*(X)—-Cy| <6l X €C)

P —6< ()T X <c**+5) /(1 - 65)

= [®@U) - (D)]/(1-d),

IN
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where @ is the cumulative distribution function of the standard normal distribution, U =
(CEr 46— py S0 /A /1ty E gy and L = (CF =5 — pg S 1u0) /4 /p) £ 4. By the mean
value theorem, we have

20

\ tg 2

where ¢ is the probability distribution function of the standard normal distribution, and
z is in [L,U]. Clearly ¢ is bounded from above by ¢(0). Hence, under the assumptions
of Lemma 10, if we additionally assume that udTE_l,ud > C for some universal positive
constant C, the conditional margin assumption is met with the restricted set C, the constant
My = 2¢(0)/(v/C(1 — 43)) and 7 = 1. Since 03 < 1/2, we can take My = 4¢4(0)/v/C.

®(U) -2 (L) =¢(2)(U—-L) = o(2)

Assumption 1 4). max{tr(Za4),tr(X% ), |Zaall, |1%11%, 4112} < cos for some constant
co, where s = cardinality(A), and A = {j : {E tua}; # 0}; ii). p] S 1ug > C for some
universal positive constant C'; iii). the set C is defined as in Lemma 10 .

Remark 13 Under Assumption 1, the function s*(-) satisfies the conditional margin as-
sumption restricted to C of order ¥ = 1 with respect to probability distribution Py at the level
C**. In addition, the constant My can be taken as My = 4¢(0)/v/C.

Unlike the classical paradigm where the optimal threshold 1/2 on regression function
is known, the optimal threshold level in the NP paradigm is unknown and needs to be
estimated, suggesting the necessity of having sufficient data around the decision boundary
to detect it. This concern motivated Tong (2013) to formulate a detection condition that
works as an opposite force to the margin assumption, and Zhao et al. (2016) improved upon
it and proved its necessity in bounding excess type II error of an NP classifier. However,
formulating a transparent detection condition for feature spaces of unbounded support is
subtle: to generalize the detection condition in the same way as we generalize the margin
assumption to a conditional version, it is not obvious what elementary general assumptions
one should impose on the ;% u' and ¥. The good side is that we are able to establish
explicit conditions for s < 2, aided by the literature on the truncated normal distribution.
Also, we need a two-sided detection condition as in Tong (2013), because the technique in
Zhao et al. (2016) to get rid of one side does not apply in the unbounded feature support
situation.

Definition 14 (conditional detection condition) A function f(-) is said to satisfy con-
ditional detection condition restricted to C* of order v with respect to P (i.e., X ~ P) at

level (C*, %) if there exists a positive constant My, such that for any § € (0,6%),
P{C* < f(X) < C* +6|X € C*Y AP{C* —§ < f(X) < C*|X €C*} > M6 .

Unlike the conditional margin assumption, the conditional detection condition is stronger
than its unconditional counterpart, in view of the Bayes Theorem. Although we do not
have a proof of the necessity for the conditional detection condition, much efforts to bound
excess type II error without it failed.
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Assumption 2 The function s*(-) satisfies conditional detection condition restricted to C
(defined in Lemma 10) of order v > 1 with respect to Py at the level (C3*,6%).

Proposition 23 in the Appendix shows that under restrictive settings (s < 2), Assump-
tion 2 can be implied by more elementary assumptions on the parameters of the LDA
model.

4.3. NP oracle inequalities

Having introduced the technical assumptions and lemmas, we present the main theorem.
Theorem 15 Suppose Assumptions 1 and 2, and the assumptions for Lemmas 1-4 hold.
Further suppose nfy > max{4/(aay), 652, (94) 72, (%OMl(S 1)*4}, noAny > [—log(My0 1/4)]2,
and C,, and M;—E_lud are bounded from above and below. For 6y, ) > 0, 61 > 67 and §3 > 65,

there exist constants ¢1, ¢ and ¢3 such that, with probability at least 1 — 8o — 6y — 01 — 2,
it holds that

(1) Ro(dr) < a,

. t11) , 147
(II) Ry(é) — Ra(gr) < 1(nj) +E(As) T (ng Ang) T

Theorem 15 establishes the NP oracle inequalities for the NP-sLDA classifier dA)k*. Note that
the upper bound for excess type II error does not contain the overall feature dimensionality
d explicitly. However, the indirect dependency is two-fold: first, the choice of A might
depend on d; second, the minimum requirements (i.e., lower bounds) for §; and dy, which
are 07 and 05 defined in Proposition 9, depend on d.

By Assumption 1, 4 = 1 and by Proposition 23 in the Appendix, v = 1 under certain con-

logd
(no+n1)

ditions. Take the special case ¥ =7 = 1 and take A ~ , the upper bound on the ex-

cess type II error can be simplified to By = El(ng)*l/‘l—l—égﬁ% 4¢3 exp{—(ngAn1)'/?},

where ¢1, ¢2, C3 are generic constants. The upper bound on excess type II errors when 7 =
v = lin Zhao et al. (2016) [nonparametric plug-in estimators for densities, high-dimensional

26/(26+1)
) +

log ng

settings, feature independence assumption| is By = El(na)_l/ 14 6252< "

= 2 lo,

, where 3 is a smoothness parameter of the kernel function and the
densities. Note that the rate about the left-out class 0 sample size n{, (for threshold esti-
mate) is the same. This is because although NP-sLDA relies on an optimal order k* from the
NP umbrella algorithm while the classifier in Zhao et al. (2016) uses the order &’ specified in
equation (19) of the current paper, analytic approximation of k* falls back to k’. However,
we should note that B; and By are not directly comparable due to the simplifying feature
independence assumption and a screening stage in Zhao et al. (2016). Concretely, there is

a marginal screening step before constructing the scoring function and threshold, and that
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requires reserving some class 0 and class 1 observations. The sample sizes of these reserved
observations, as well as the full feature space dimensionality d, do not enter the bound Bs
because the theory part of Zhao et al. (2016) assumes a minimum sample size requirement
on the observations for screening in terms of d. So the effect of the screening only enters
as a probability compromise as opposed to an extra term in the upper bound. Moreover,
after the marginal screening step, Zhao et al. (2016) effectively dealt with s one-dimensional
problems due to the feature independence assumption. This explains the appearance of the
typical exponent 253/(26 + 1) in one-dimensional nonparametric estimation. Without the
feature independence assumption, we would see the exponent as 2/3/(23 + s). For a typical
B value § = 2 and a moderate s value s = 20, we have 2/3/(28 + s) = 1/6 which is smaller
than 1/2. Hence without the feature independence assumption, the second and third terms
in By could represent slower rates in terms of the sample sizes ng and n, compared to the
counterparts in By. Overall, if ng, ny, n1 ~ n, taking § = 2 and s = 20 without the feature
independence assumption, we have By ~ (logn/n)'/% while B; ~ n~1/*; the parametric
assumptions result in a better rate in this case. Moreover, in important applications such
as severe disease diagnosis, the sample size ng is much smaller than n;. In Bj, these sample
sizes appear together as ng + ni, but in By, ng appears alone as in (log no/no)zﬁ/(25+1),
which is likely much larger than both (logn; /n1)?%/(#+1) and 1/+/ng + n1, considering the
ng < nqp situation.

5. Data-adaptive sample splitting scheme

In practice, researchers and practitioners are not given data as separate sets Sp, S} and Sj.
Instead, they have a single dataset S that consists of mixed class 0 and class 1 observations.
More class 0 observations to better train the base algorithm and more class 0 observations
to provide more candidates for threshold estimate each has its own merits. Hence how to
split the class 0 observations into two parts, one to train the base algorithm and the other
to estimate the score threshold, is far from intuitive. Tong et al. (2018) adopts a half-half
split for class 0 and ignores this issue in the development of the NP umbrella algorithm, as
that paper focuses on the type I error violation rate control.

Now switching the focus to type II error, we propose a data-adaptive splitting scheme
that universally enhances the power (i.e., reduces type II error) of NP classifiers, as demon-
strated in the subsequent numerical studies. The procedure is to choose a split proportion
7 according to rankings of K-fold cross-validated type II errors. Concretely, for each split
proportion candidate 7 € {.1,.2,--- ,.9}, the following steps are implemented.

1. Randomly split class 1 observations into K-folds.

2. Use all class 0 observations and K — 1 folds of class 1 observations to train an NP
classifier. For class 0 observations, 7 proportion is used to train the base algorithm,
and 1 — 7 proportion for threshold estimate.

3. For this classifier, calculate its classification error on the validation fold of the class 1
observations (type II error).
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4. Repeat steps (2) and (3) for K times, with each of the K folds used exactly once as
the validation data. Compute the mean of type II errors in step (3), and denote it by

e(r).

Our choice of the split proportion is

Tmin = argmin e(7).
Te{.1,+,.9}

Note that 7y not only depends on the dataset S, but also on the base algorithm and
the thresholding algorithm one uses, as well as on the user-specified « and dy. Merits of
this adaptive splitting scheme will be revealed in the simulation section. Here we elaborate
on how to reconcile this adaptive scheme with the violation rate control objective. The
type I error violation rate control was proved based on a fixed split proportion of class
0 observations, so will the adaptive splitting scheme be overly aggressive on type II error
such that we can no longer keep the type I error violation rate under control? If for each
realization (among infinite realizations) of the mixed sample S, we do adaptive splitting
on class 0 observations before implementing NP-sLDA gﬁk (or other NP classifiers), then
the overall procedure indeed does not lead to a classifier with type I error violation rate
controlled under dg. However, this is not how we think about this process; instead, we only
adaptively split for one realization of S, getting a split proportion 7, and then fix 7 in all
rest realizations of §. This implementation of the overall procedure keeps the type I error
violation rate under control.

6. Numerical analysis

Through extensive simulations and real data analysis, we study the performance of NP-LDA,
NP-sLDA, pNP-LDA and pNP-sLDA. In addition, we will study the new adaptive sample split-
ting scheme. In this section, Ny denotes the total class 0 training sample size (we do not use
no and n( here, as class 0 observations are not assumed to be pre-divided into two parts),
n1 denotes the class 1 training sample size, and N = Ny + n; denotes the total sample size.

6.1. Simulation studies under low-dimensional settings

In this subsection, we consider the low-dimensional settings with two examples. In particu-
lar, we would like to compare the performance of four NP based methods: NP-LDA, NP-sLDA,
pNP-LDA and pNP-sLDA. In all NP methods, 7, the class 0 split proportion, is fixed at 0.5.
In every simulation setting, the experiments are repeated 1,000 times.

Example 1 The data are generated from an LDA model with common covariance matrix
¥, where ¥ is set to be an AR(1) covariance matriz with ¥;; = 0.51"=31 for all i and j.
The BPwes = 71y = 1.2 x (14,,0q-4,) ", #° = 0q, do = 3. We set my = m = 0.5 and
o = (50 =0.1.

(1la). d =3, varying Nog = ny € {20,70,120, 170, 220, 270, 320, 370}.
(1b). d =3, ny = 500, varying No € {20, 70, 120, 170, 220, 270, 320, 370}
(1c). No =mn1 =125, varying d € {3,6,9,12, 15,18, 21,24, 26,30}.
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Figure 1: Example 1. Type II error of NP-LDA, NP-sLDA, pNP-LDA and pNP-sLDA vs. Ny or
d. The dashed red line represent the NP oracle.
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(1d). Ny =125, ny = 500, varying d € {3,6,9,12,15, 18,21, 24,26, 30}.

The results are summarized in the Figure 1. Several observations are made in order. First,
from the first row of the figure (1a and 1b), we observe that when Ny is very small, the
implementable methods that can achieve the desired type I error control are pNP-LDA and
pNP-sLDA; the NP umbrella algorithm based methods fail its minimum class 0 sample size
requirement. Second, the type II error of all methods decreases as Ny increases from the
first row of the figure (1a and 1b), and increases when d increases from the second row of
the figure (1c and 1d). Third, from the first row of the figure, we see pNP-LDA and pNP-sLDA
have advantages over NP-LDA and NP-sLDA when the sample sizes are small. Finally, from
the second row of the figure, we see that the nonparametric NP umbrella algorithm gains
more and more advantages over the parametric thresholding rule (pNP-LDA) as d increases,
since C¥ specified in (19) can become loose when d is large. It is worth to mention that by
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taking advantage of the sparse solution generated by sLDA, the performance of pNP-sLDA
does not deteriorates as d increases and performs the best for Example 1d.

Example 2 The data are generated from an LDA model with common covariance matrix
Y, where ¥ is set to be AR(1) covariance matriz with ¥;; = 0.51=91 for all i and j. The
pBaves — =1, = Cy - 121—, 10 =04. We set mp = m = 0.5 and o = 69 = 0.1. Here Cy is
a constant depending on d such that the oracle classifier always has type II error 0.112 for
any choice of d.

(2a). d =3, varying Ny = n; € {20,70,120, 170, 220, 270, 320, 370} .
(2b). d =6, varying No = n; € {20, 70,120,170, 220, 270, 320, 370}.
(2¢c). Ny =ny = 125, varying d € {3,6,9,12,15,18, 21, 24, 26, 30}
(2d). No =125, n; = 500, varying d € {3,6,9,12,15,18,21, 24,26, 30}.

Example 2 is a more challenging scenario where the oracle rule depends on all features.
Similar observations as in Example 1 can be made for Example 2 from Figure 2. It is worth
to mention that in this case, although we still see improvement of pNP-sLDA over pNP-LDA
throughout all d, the performance of pNP-sLDA is dominated by NP-LDA and NP-sLDA for
moderate sample sizes as all features are important.

From Figure 1 (a)(b) and Figure 2(a)(b), we see that as sample sizes increase, the
performance of NP-sLDA gets better and eventually dominates pNP-sLDA even though the
latter takes advantage of the parametric model assumption in both training the scoring
function and constructing the threshold. This might seem a little counter-intuitive at first
glance. The reason is that the construction of threshold estimate C, in pNP-sLDA replies
on a high probability upper bound on the inaccessible model-specific oracle threshold (see
Lemma 3). The construction of this upper bound involves bounding a quadratic form of
Y by Amax(X) and studying the relations between Apyax(X) and )\max(f]) without structural
assumptions on . Thus, the upper bound can be on the conservative side (i.e., larger than
what is necessary) for a specific covariance structure. On the other hand, when the sample
sizes are large, the number of candidate thresholds in NP-sLDA becomes large, then one can
choose an order k in the nonparametric NP umbrella algorithm to make the violation rate
v(k) very close to dp in equation (12). Thus the loss due to universal handling of covariance
structure in pNP-sLDA may outweigh the loss due to discretization in NP-sLDA.

6.2. Simulation studies under high-dimensional settings

In Examples 3—5, we conduct simulations to compare the empirical performance of the
proposed NP-sLDA and pNP-sLDA with other non-LDA based NP classifiers as well as the
sLDA (Mai et al., 2012). In every simulation setting, the experiments are repeated 1,000
times.

Example 3 The data are generated from an LDA model with common covariance matrix
Y, where ¥ is set to be an AR(1) covariance matriz with X;; = 0.5 for all i and
j. The pBwes = =14, = 0.556 x (3,1.5,0,0,2,0,---,0)", u® = 07, d = 1,000, and
Ny = nq = 200. Bayes error = 10% under mg = w1 = 0.5. a = §p = 0.1.
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Figure 2: Example 2. Type II error of NP-LDA, NP-sLDA, pNP-LDA and pNP-sLDA vs. Ny or
d. The dashed red line represents the NP oracle.
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Example 4 The data are generated from an LDA model with common covariance matrix
¥, where X is set to be a compound symmetric covariance matriz with 3;; = 0.5 for alli # j
and Xy = 1 for all i. The BB = ©=1u, = 0.551 x (3,1.7, -2.2, —2.1,2.55,0,...,0) ",
p0 =07, d = 2,000, and Ny = n; = 300. Bayes error = 10% under 79 = m = 0.5.
o = (50 =0.1.

Example 5 Same as in Example 4, except d = 3,000, Ny = n1 = 400, and the BBwes =
Yl ug = 0.362 x (3,1.7,-2.2,-2.1,2.55,0,...,0) . Bayes error = 20% under mg = 7 =
0.5. « =0.2 and 6o = 0.1.

In Examples 3—5, we compare the empirical type I/II error performance of NP-sLDA,

NP-penlog (penlog stands for penalized logistic regression), NP-svm, pNP-sLDA, and sLDA
on a large test data set of size 20,000 that consist of 10,000 observations from each class.
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Table 1: Violation rate and type II error for Examples 3, 4 and 5 over 1,000 repetitions.

NP-sLDA NP-penlog NP-svm pNP-sLDA sLDA

violation rate .068 055 054 001 .764

Ex 3 | type II error (mean) .189 .205 621 220 .104
type II error (sd) .057 063 077 052 .010
violation rate 073 .081 .081 .000 1.000

Ex 4 | type II error (mean) .246 .255 615 824 129
type II error (sd) .051 053 070 121 .010
violation rate 079 .088 .099 .000  .997

Ex 5 | type II error (mean) .332 .334 .584 748 231
type II error (sd) .044 .044 .045 128 0 .012

In all NP methods, 7, the class 0 split proportion, is fixed at 0.5. The choices for « in these
examples match the corresponding Bayes errors, so that the comparison between NP and
classical methods does not obviously favor the former.

Table 1 indicates that while the classical sLDA method cannot control the type I error
violation rate under dg, all the NP classifiers are able to do so. In addition, among the
four NP classifiers, NP-sLDA gives the smallest mean type II error. pNP-sLDA performs
reasonably well in Example 3, where the NP oracle rule is extremely sparse. In Examples 4
and 5, however, the threshold (73 becomes overly large as a result of more selected features
due to the less sparse oracle, thus leading to an overly conservative classifier with 0 violation
rate 2.

6.3. Adaptive sample splitting

By explanations in the last paragraph of Section 5, the adaptive splitting scheme does
not affect the type I error control objective. Examples 6 and 7 investigate the power
enhancement as a result of the adaptive splitting scheme over the default half-half choice.
These examples include an array of situations, including low- and high-dimensional settings
(d =20 and 1,000), balanced and imbalanced classes (Ng : n; =1:1 to 1:256), and small
to medium sample sizes (Nyg = 100 to 500).

Example 6 Same as in Example 3, except taking the following sample sizes.
(6a). No =100 and varying n1/Ny € {1,2,4,8,16,32,64,128,256}.
(6b). Varying ny = Ny € {100, 150, 200, 250, 300, 350, 400, 450, 500}.

Example 7 Same as in Example 3, except that d = 20, Ny = 100 and varying ni/Ny €
{1,2,4,8,16}.

2. Strictly speaking, the observed type I error violation rate is only an approximation to the real violation
rate. The approximation is two-fold: i). in each repetition of an experiment, the population type I error
is approximated by empirical type I error on a large test set; ii). the violation rate should be calculated
based on infinite repetitions of the experiment, but we only calculate it based on 1,000 repetitions.
However, such approximation is unavoidable in numerical studies.
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Note that Examples 6a and 6b each includes 9 different simulation settings, and Example
7 includes 5. For each simulation setting, we generate 1,000 (training) datasets and a
common test set of size 100,000 from class 1. Only class 1 test data are needed because
only type II error is investigated in these examples. In each simulation setting, we train
10 NP classifiers of the same base algorithm using each of the 1,000 datasets. Nine of
these 10 NP classifiers use fixed split proportions in {.1,---,.9}, and the last one uses
adaptive split proportion using K = 5. Overall in Examples 6 and 7, we set o = §y = 0.1,
and train an enormous number of NP classifiers. For instance, in Example 6a, we train
9 x 1,000 x 10 = 90,000 NP-sLDA classifiers, and the same number of NP classifiers for any
other base algorithm under investigation. We fix the thresholding rule as the NP umbrella
algorithm in this subsection.

For each simulation setting, denote by El() the empirical type II error on the test set.
We fix a simulation setting so that we do not need to have overly complex sub or sup indexes
in the following discussion. Denote by ﬁi,bﬂ. an NP classifier with base algorithm b, trained
on the ith dataset (i € {1,---,1000}) using split proportion 7. This classifier also depends
on users’ choices of o and dp, but we suppress these dependencies here to highlight our
focus. In fixed proportion scenarios, 7 € {.1,---,.9}. Let Tada( Jj,b) represent the adaptive
split proportion trained on the j-th dataset with base algorithm b using adaptive splitting
scheme described in Section 5. Therefore, Bi,b77ada(j7b) refers to the NP classifier with base
algorithm b, trained on the i-th dataset using the split proportion Tada(j, b) pre-determined
in the j-th dataset, where i,j € {1,---,1000}. Let Aves, and Ave,; be our performance
measures for fix proportion and adaptive proportion respectively, which are defined by,

1 1000 1 1000 _ A
Avey, , = 1000 Z R1 ibr),and Avey, » = median;j—; ... 1000 (1000 Z Ry (hi7b77—ada(j’b))> .
=1

While the meaning of the measure Avey, , is almost self-evident, Avey, » deserves some elab-
oration. As we explained in the last paragraph of Section 5, the adaptive splitting scheme
returns a proportion based on one realization of S, and then we adopt it in all subsequent

realizations. Let
1000

]om)ZZRl(%bﬂ“9“>

then wy(j) is a performance measure of the adaptive scheme if the proportion is returned
from training on the j-th dataset. To account for the variation among wy(j)’s for different
choices of j, we take the median over wy(j)’s as our ﬁnal measure. Also, we denote the
average of adaptively selected proportions by 7 ada = 1000 21000 8Ld""“( j,b), and define the
average optimal split proportion 7 opt by

1000

1 .
oot = —— > argmin Ry(hiyr).
””t1m%ﬂiﬁﬁa&(@)

With Example 6, we investigate i). the effectiveness (in terms of type II error) of the

adaptive splitting strategy compared to a fixed half-half split, illustrated by the left panels
of Figures 3 and 4; ii). how close is 73 5qa compared to 7 opt, illustrated by the right panels
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Figure 3: Example 6a. Left panel: type II error (Ave, 5 and Avep ;) of NP-sLDA and
NP-penlog vs. n1/Ny; Right panel: average split proportion (7 ada and 7, opt) vs. n1/No.
Ny is fixed to be 100 for both panels.
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of Figures 3 and 4; iii). how the class imbalance affects NP-sLDA and NP-penlog, illustrated
by both panels of Figure 3; and iv). how the absolute class 0 sample size affects NP-sLDA
and NP-penlog, illustrated by both panels of Figure 4.

In Figure 3 (Example 6a), the left panel presents the trend of type II errors (Ave, 5
and Avey ;) as the sample size ratio n; /Ny increases from 1 to 256 for fixed Ny = 100. For
both NP-penlog and NP-sLDA, type II error decreases as ni /Ny increases from 1 to 16 and
gradually stabilizes afterwards. Neither NP-penlog nor NP-sLDA suffers from training on
imbalanced classes. In terms of type II error performance, the adaptive splitting strategy
significantly improves over the fixed split proportion 0.5. The right panel of Figure 3 shows
that, on average the adaptive split proportion is very close to the optimal one throughout
all sample size ratios.

In Figure 4 (Example 6b), the left panel presents the trend of type II errors (Avep, 5 and
Avey +) as the class 0 sample size Ny (n1 = Np) increases from 100 to 500, indicating that
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Figure 4: Example 6b. Left panel: type II error (Ave, 5 and Avep, ;) of NP-sLDA and
NP-penlog vs. Np; Right panel: average split proportion (7, ada and 7 opt) vs. No. n1 = Ny
for both panels.
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type II error clearly benefits from increasing training sample sizes of both classes. For the
same base algorithm, the adaptive splitting strategy significantly improves over the fixed
split proportion 0.5 for Ny and n; small, although the improvement diminishes as both
sample sizes become large. The right panel of Figure 4 shows that on average, the adaptive
split proportion is very close to the optimal one throughout all sample sizes. Furthermore,
the average optimal split proportion seems to increase as NNy increases in general. An
intuition is that when Ny is smaller, a higher proportion of class 0 observations is needed
for threshold estimate, to guarantee the type I error violation rate control.

With Example 7, we investigate the interaction between adaptive splitting strategy and
multiple random splits on different NP classifiers. Multiple random splits of class 0 ob-
servations were proposed in the NP umbrella algorithm in Tong et al. (2018) to increase
the stability of the type II error performance. When an NP classifier uses M > 1 multi-
ple splits, each split will result in a classifier, and the final prediction rule is a majority
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Figure 5: Example 7. Type II error (Avey 5 and Avey ;) vs. sample size ratios for four NP
classifiers (NP-sLDA, NP-penlog, NP-svm, NP-randomforest), with both multiple random
splits (M = 11) and single random split. Ny = 100 for all sample size ratios.
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Table 2: Example 7. Average computational cost (in seconds) for four NP-classifiers
(NP-sLDA, NP-penlog, NP-randomforest, NP-svm) over 1,000 repetitions (standard devi-
ation in parentheses).

ni/No  NP-sLDA NP-penlog NP-randomforest NP-svm
1 1.17(0.14)  3.58(0.58) 1.49(4.83) 33.81(2.08)
2 1.19(0.13)  5.24(1.03) 1.43(0.16)  36.09(1.98)
4 1.19(0.14)  7.63(1.79) 2.06(0.10)  41.44(2.38)
8 1.22(0.09) 11.11(2.31) 3.43(0.19) 53.25(6.21)
16 1.30(0.08)  16.08(3.79) 6.92(0.25) 84.64(5.28)

vote of these classifiers. Figure 5 shows the trend of type II error of NP-sLDA, NP-penlog,
NP-randomforest, and NP-svm, as the sample size ratio nj /Ny increases from 1 to 16 while
keeping Ny = 100. For each base algorithm, four scenarios are considered: (fixed 0.5 split
proportion, single split), (adaptive split proportion, single split), (fixed 0.5 split propor-
tion, multiple splits), and (adaptive split proportion, multiple splits). Figure 5 suggests the
following interesting findings: i). type II error decreases for NP-sLDA and NP-penlog but
increases for NP-randomforest and NP-svm, as a function of n; /Ny while keeping Ny con-
stant; ii). with both fixed 0.5 split proportion and adaptive splitting strategy, performing
multiple splits leads to a smaller type II error compared with their single split counterparts;
iii). for both single split and multiple splits, the adaptive split always improves upon the
fixed 0.5 split proportion; iv). NP-svm and NP-randomforest are affected by the imbalance
scenario, and one might consider downsampling or upsampling methods before applying an
NP algorithm; and v). adding multiple splits to the adaptive splitting strategy leads to a
further reduction on the type II error. Nevertheless, the reduction in type II error from the
adaptive splitting scheme alone is much larger than the marginal gain from adding multiple
splits on top of it. Therefore, when computation power is limited, one should implement
the adaptive splitting scheme before considering multiple splits.

Lastly, from Table 2, we would like to point out NP-sLDA is the fastest method to
compute among the four NP classifiers with more evident advantages as the sample size
increases. 3

6.4. Real data analysis

We study two high-dimensional datasets in this subsection. The first is a neuroblastoma
dataset containing d = 43, 827 gene expression measurements from N = 498 neuroblastoma
samples generated by the Sequencing Quality Control (SEQC) consortium (Wang et al.,
2014). The samples fall into two classes: 176 high-risk (HR) samples and 322 non-HR
samples. It is usually understood that misclassifying an HR sample as non-HR will have
more severe consequences than the other way around. Formulating this problem under the
NP classification framework, we label the HR samples as class 0 observations and the non-

3. All numerical experiments were performed on HP Enterprise XL170r with CPU E5-2650v4 (2.20 GHz)
and 16 GB memory.
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HR samples as class 1 observations and, use all gene expression measurements as features
to perform classification. We set o = §p = 0.1, and compare NP-sLDA with NP-penlog,
NP-randomforest and NP-svm. We randomly split the dataset 1,000 times into a training
set (70%) and a test set (30%), and then train the NP classifiers on each training data
and compute their empirical type I and type II errors over the corresponding test data.
We consider each fixed split proportion in {.1,.2,.3,.4,.5,.6,.7,.8} as well as the adaptive
splitting strategy. Here, the split proportion 0.9 is not considered since it leads to a left-out
sample size which is too small to control the type I error at the given o and dp values. Figure
6 indicates that the average type I error is less than a across different split proportions for
all four methods considered. Regarding the average type Il error, NP-sLDA has the smallest
values for a wide range of split proportions. In particular, the smallest average type II error
for NP-sLDA corresponds to split proportion 0.4. The average location of the split proportion
chosen by the adaptive splitting scheme would lead to a type II error close to the minimum.
This demonstrates that the adaptive splitting scheme works well for different NP classifiers.
Lastly, we note that for a specific splitting proportion, the median computation time is
213.95 seconds for pNP-sLDA vs. 1717.69 seconds for NP-randomforest over 1,000 random
splits.

The second dataset is a high-dimensional breast cancer dataset (d = 22,215, N = 118)
(Chin et al., 2006) with gene expression measurements of subjects that fall into positive
(class 0, N = 75) and negative (class 1, ny = 43) groups. We set dp = 0.1 and vary «
from 0.05 to 0.15, and compare the performance of NP-sLDA with pNP-sLDA. We randomly
split the dataset 1,000 times into a training set (2/3) and a test set (1/3), train the two
methods on the training set, and compute the empirical type I and type II errors on the
corresponding test set. Due to the limited sample size, it is clear from Table 3 that when
« is small, the minimum sample size requirement for the NP umbrella algorithm is not
satisfied. The pNP-sLDA, on the other hand, took advantage of the parametric assumption
and the corresponding violation rate is under dy throughout all choices of «.

Table 3: Violation rate and average type II errors over 1,000 replications for the breast
cancer data. Here, 09 = 0.1 and « varies from 0.05 to 0.15.

o vio (NP) vio (pNP) type IT (NP) type II (pNP)

0.05 NA 0.021 NA 0.663
0.06 NA 0.025 NA 0.626
0.07 NA 0.029 NA 0.594
0.08 NA 0.015 NA 0.565
0.09 0.111 0.015 0.448 0.536
0.1 0.111 0.015 0.448 0.515

7. Discussion

This work develops Neyman-Pearson (NP) classification theory and methodology under
parametric model assumptions. Most specifically, based on the linear discriminant analysis
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Figure 6: The average type I and type II errors vs. splitting proportion on the neuroblas-
toma data set for NP-sLDA, NP-penlog, NP-randomforest and NP-svm over 1,000 random
splits. The “*” point on each line represents the average split proportion chosen by adapting
splitting.
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(LDA) model, we develop a new parametric model-based thresholding rule for high proba-
bility type I error control, and this complements the nonparametric NP umbrella algorithm
when the minimum sample size requirement of the latter is not met. In practice, when
the minimum sample size requirement is met and the scoring function depends on more
than a few features, the NP umbrella algorithm is still recommended based on better em-
pirical performance. For future work, it would be interesting to investigate NP classifiers
under other parametric settings, such as quadratic discriminant analysis (QDA) model and
heavy-tailed distributions which are appropriate to model financial data. We expect that
new model-specific thresholding rules will be developed for NP classification.
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Appendix A. Neyman-Pearson Lemma

The oracle classifier under the NP paradigm arises from its close connection to the Neyman-
Pearson Lemma in statistical hypothesis testing. Hypothesis testing bears strong resem-
blance to binary classification if we assume the following model. Let P, and Py be two
known probability distributions on X C R?. Assume that Y ~ Bern(¢) for some ¢ € (0, 1),
and the conditional distribution of X given Y is Py. Given such a model, the goal of
statistical hypothesis testing is to determine if we should reject the null hypothesis that X
was generated from FPy. To this end, we construct a randomized test ¢ : X — [0, 1] that
rejects the null with probability ¢(X). Two types of errors arise: type I error occurs when
Py is rejected yet X ~ Py, and type II error occurs when Py is not rejected yet X ~ Pj.
The Neyman-Pearson paradigm in hypothesis testing amounts to choosing ¢ that solves the
following constrained optimization problem

maximize E[¢(X)|Y = 1], subject to E[¢p(X)|Y =0] < «,

where a € (0,1) is the significance level of the test. A solution to this constrained opti-
mization problem is called a most powerful test of level a. The Neyman-Pearson Lemma
gives mild sufficient conditions for the existence of such a test.

Lemma 16 (Neyman-Pearson Lemma) Let Py and Py be two probability measures with
densities fi1 and fy respectively, and denote the density ratio as r(x) = fi(x)/fo(x). For a
given significance level o, let Cy, be such that Po{r(X) > Co} < a and Po{r(X) > Co} > a.
Then, the most powerful test of level o is

1 zf r(X)

a—Py{r(X)>C, .
Rt i r(X)=Ca.
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Under mild continuity assumption, we take the NP oracle classifier

Po(2) = W f1(z)/ fo(z) > Ca} = Wr(z) > Ca}, (22)

as our plug-in target for NP classification.

Appendix B. Additional Lemmas and Propositions

Lemma 17 (Hsu et al. (2012)) Let A € R™ ™ be a matriz, and let ¥ := ATA. Let
x = (21, ,xn)T be an isotropic multivariate Gaussian random vector with mean zero.
For allt > 0,

P (HAxH2 > () + 20/8r (52t + 2||2Ht> <et.

Lemma 18 Recall that 5% = 71y = 57 pu! — ) and A = {j : {7 ua}; # 0}.
Denote by B* = (Xa4) H(uYy — p%) and pBaes by letting ﬁfayes = B* and ﬁnyes =0. Then
EBayes _ ﬁBayes‘

Recall these notations for the following lemma: let So = {9,---,20 } be an iid.
sample of class 0 of size ng and S = {z},- - ,a:,lll} be an i.i.d. sample of class 1 of size nq,

and n = ng + n1. We use S and ) to find an estimate of 884, Let X be the (n x d)
centered predictor matrix, whose column-wise mean is zero, which can be decomposed into
X0 the (ng xd) centered predictor matrix based on class 0 observations and X, the (ny xd)
centered predictor matrix based on class 1 observations. Let C™ = (X)T X /n, then

C(n) — @io + Eil ,
n n

where 0 = (X)X /g, and &' = (X)T X /n; .

Lemma 19 Suppose there exists ¢ > 0 such that ¥X;; < c for all j = 1,--- ,d. There exist
constants €9 and c1, co such that for any € < g9 we have,

P (|(7; — 1)) = (5 — 1)| > €)) < 2exp(—noe’ca) + 2exp(—nig’es), forj=1,---,d.

(23)

P (|§§j — ¥yl > 5) < 2exp(—meder), forl=0,1, i,j=1,-- ,d. (24)
P (€4 — Saalleo > €) < 257 exp(—ms~2e%r). (25)

P (||iAcA el > a) < (d — s)sexp(—ms2%e1) . (26)

P (||(a" — %) — (u' = 1% |so > e) <2d exp(—noe2ey) + 2d exp(—nie2es) . (27)

P (@4 — 7%) — (1l — 1) e > £) < 25exp(—nocies) + 2sexp(—mictes) . (28)
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2,2 2,2
(n) - cie’n cie’n
P (IC5) — Tyl = ¢) < 2exp (— o ) +2exp ( o > . (29)
2,2 2,2
(n) 2 1€°N 9 cl1e°n
]P(]CAA—EAA\ Ze) < 2s exp( 452n0> +2s exp( 432711) . (30)
2,2 2,2
(n) c1e°n C1E°N
]P(|C' (4 — SacAl 25) < (d—s)sexp( 452n0> —f—(d—s)sexp( 1570, > . (31)

Lemma 20 Recall that k = HZACA(EAA)_lﬂoo, Y= ||(EAA)_1||OO and A = ||pky — 1% |l oo-
Let Oy = 20(X5)TXG+2H(X4) TX) = 250, +28h.,, and CF) = 29050, + 23],
There eist constants c1 and g9 such that for any € < min(ep, 1/p), we have

(H C (D)™ = Laea(Saa) oo = (5 + Dep(l — 905)*1) < f(d, s,ng,n1,€),

where f(d,s,no,n1,e) = (d+ s)sexp ( crein? ) (d+ s)sexp <—Z18€22:12>, and n = ng+ny.

452ng

Lemma 21 Let C° be in Equation (39), C as in Lemma 10, and X4 = EZ;/QXA. Assume
A, = )\min(E;z/Q) is bounded from below, then we have

Po{C* < s*(X) < C2* 461X € C} > (1—83)Po(C* < (uhy — %) TS 12X 4 < O 4 5|CY)
where 63 = exp{—(ng Any)"/?}.

Lemma 22 Let us denote a = EAl/Z(uA — 1%). Assume there exist M > 0 such that the
following conditions hold:

i) O — (uhy — %) "= 34 1% € (C1,C?) for some constants C*, C2.
ii) When s =1, a is a scalar. fy(o|a)) is bounded below on interval (C1,C? +6*) by M.
iti) When s =2, a = (a1,a2)" is a vector.
2 2 2
1 ; eXp{_alj% a2a1t2} 2@(\/52_ al;"% a2a1t2)_1
V2rlay|(55 +1) ai(af + a3) ai(af + a3)
1

is bounded below on interval t € (C*,C? + 6*) by M.

Then, for s < 2, for any ¢ € (0,0%), there exists My which is a constant depending on M,
such that the following inequality holds

Po(C* < (uhy — n%) TS, P X4 < €2 4 6(C°) > My,
Proposition 23 Suppose that )\mm(EAl/Z) the minimum eigenvalue of 22114/2, 1 bounded

from below. Let us denote a = X 1/2(:“A 1%). Let us also assume that there exists M > 0
such that the following conditions hold:
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i) O — (uhy — %) "= 34 1% € (C1,C?) for some constants C*, C2.

it) When s =1, a is a scalar. frgq|) is bounded below on interval (C* — §*,C? +6*) by
M.

ii) Let L = )\min(EZi‘/Q)c’lsl/Q(no Ani)Y4 When s =2, a = (a1, az) is a vector.

1 2 2 _ 2.2 - 2 2 _ 2.2

i exp{—aljag agath} 23 ( L2_a1+a22 6122alt2)_1
\/27r\a1](% +1) ai(af + a3)

1

is bounded below on interval t € (C1 — 6*,C% + §*) by M.

Then for s < 2, the function s*(-) satisfies conditional detection condition restricted to C
of order v = 1 with respect to Py at the level (C3*,0%). In other words, Assumption 2 is

satisfied.

Appendix C. Simulation for the control of largest empirical eigenvalues

Here, we present a simulation to verify the inequality on the largest eigenvalue of the sample
covariance matrix in relation to that of the population covariance matrix, as stated in (17).

Example 8 The data are generated from an LDA model with common covariance matrix
Y. We set e = le — 3 and consider the 8 combinations for the following three factors and
vary No = n1 € {20,40, 60, 80, 100, 120, 140, 160, 180, 200}. 10 = 0g4.

(8a). The dimension d € {3,10}. u' = 1.16-13 when d = 3 and pu' = 0.75-119 when d = 10.

(8b). % is set to be an AR(1) covariance matriz with $;; = pl'=3 or an CS (compound
symmetry) covariance matriz with X = 1 and 3i; = p for all i # j.

(8¢c). The correlation parameter p € {.5,.9}.

From Table 4, it is clear that the bound is satisfied with very high probability across all
scenarios considered.

Appendix D. Proofs
Proof [Proof of Lemma 8] By Corollary 6, k* < k/. This implies that Ro(¢g+) > Ro(dp).
Moreover, by Lemma 7, for any §(, € (0,1) and nj > 4/(adp),

P (|Ro(@w) = Ro(@3)] > Eas0m (%)) < 6.

Let & = {Ro((%k*) < a} and & = {‘Ro(gf;k/) —Ro((]%)’ < ga,éo,n{) (56)} On the event &y N &y,
we have

a = Ro(¢%) > Ro(dr) = Ro(dr) = Ro(85) — &a,50.m,(50)
This implies that

| Ro(bre) — Ro(@2)] < &a50m (50) -
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Table 4: The probability that the bound stated in (17) is satisfied over 1000 replications.

Covariance p No 20 40 60 80 100 120 140 160 180 200

AR(1) .5 1.0 10 1.0 1.0 1.0 1999 1999 1.0 .999 1.0

d=3 9 1.0 1.0 1.0 1.0 1.0 999 999 1.0 999 1.0
S .5 10 10 10 10 10 10 10 10 1.0 1.0

9 10 10 10 10 10 10 10 10 10 1.0

AR(1) .9 10 10 10 10 10 10 10 10 10 1.0

d—10 9 10 10 10 10 10 10 10 10 1.0 1.0
cs .9 10 10 10 10 10 10 10 10 10 1.0

9 10 10 10 10 10 10 10 10 1.0 1.0

Proof [Proof of Lemma 10] Note that EZA/Q(XA — %) ~ N(0,Is). By Lemma 17, for all

t>0,
P <||XA — AllP > tr(Saa) +24/tr(S5 4)t + 2HEAAIIL‘> <e’

For t = (ng An1)'/? (> 1), the above inequality implies there exists some ¢/ > 0 such that

Pol(lXa — i 2 > clst) < e
Similarly, Pi(||Xa — ply||*> > ¢fst) < et Let C° = {X : || X4 — p9%]® < st} and
Cl = {X : || Xa — p}]|? < ¢fst}. There exists some ¢} > 0, such that both C° and C! are
subsets of C = {X : || X4|| < ¢ s'/2t'/2}. Then Py(X € C) >1—4d3 and P;(X €C) > 1—43,
for 63 = exp{—(no A nl)_l/Q}.

By Proposition 9, for 4; > 67 and d2 > 65, we have with probability at least 1 — d; — da,

B
l@lasso — B ayes — . MOI‘GOVGY,

H§ _g* ||oo,C < Iggg‘ |x£stso o AﬁBayes’ + max |xAL/Blasso ACIBBayes|

Tﬁ}gsso _ TBBayes’

~ ek
< 185 = B2 loe ~max | Xallx
< 150 = B oo \fmaX [ Xall2
< 4 - dis(ng Ang)?,
where the last inequality uses a relation 3* = [5’Bayes which is derived in Lemma 18. [ |
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Proof [Proof of Lemma 11] Note that by Lemma 10, Py(X € C) > 1 — exp{—(ng Any)*/?},
so we have

|Ro(¢+) — Ro(0},)]
= |[Ro(¢+[C) — Ro($5]C)]Po(X € C) + [Ro(¢s=|C%) — Ro(6%]C%) Po(X € C°)]
|[Ro($r-1C) — Ro(¢%1C)| Po(X € C)| — |[Ro(¢s=|C%) — Ro(65]C%)| Po(X € C°)]
| Ro(¢r+|C) — Ro(¢41C)|(1 — exp{—(no A n1)"/?}) — 1 - exp{—(ng Am1)"/?}.

>
>

Lemma 8 says that

P{|Ro(r-) = Ro(&4)] > Easomy (80)} < 00+ -

This combined with the above inequality chain implies

[ga,5o,n6 (56) + exp{—(no A n1)1/2}]
1 — exp{—(no An1)1/?}

IP{|Ro (¢

C) — Ro(¢51C)] > } < do+dp.

Since exp{—(ng An1)'/?} < 1/2, the conclusion follows. [ |

Proof [Proof of Lemma 18] Note that u!' — pu® = £35S After shuffling the A coordinates
to the front if necessary, we have

1 0_ | Yaa  Xaae ﬂﬁayes
H K Yaca  Dacae lgﬁiyes .

Then, p}y — 1% = (Saa) 857 as 852 = 0 € R4l by definition. Therefore we have,

_ B
B = EA}ax(Nil - N?A&) = 5Aay657
which combined with Bﬁ’?yes = 52?@5 = 0 leads to gBaes = gBaves, [ |
Proof [Proof of Lemma 19|
Inequalities (23)-(28) can be proved similarly as in Mai et al. (2012), so proof is omitted.
Inequalities (29)-(31) can be proved by applying (24)-(26) respectively and observe that

A+ B > e implies A > ¢/2 or B > /2. More concretely, they are proven by the following
arguments:

n n
no ~ n o
< P (;“m?j ~ Tyl z¢/2) + P (ﬁlEij - Tyl 2 ¢/2)
~ ne -~ ne
P (!Z% — 25| > 2n0> + P <|Ezlj — X5 = >

- 2m
2.2 2 2
< 2exp (—0145 n >—|—2exp (—CIE i ) .
Un)

4TL1
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nogy ny o
P(IC ~Saal2c) = P (12080, + Sk~ Saal 2 )
< IP(@’E%A—EAA‘ZE/Q)—l—]P(Eﬁ\]hA—EAA‘Z&/Q)
n n

2,2 2,2
c1e°n cie°n
< 2s%exp (— ! >+252exp (— ! ) .

4ngs? 4n, s

ny « nia
P <\CX?A —Yacal 2 5) = P ( ZOZOCA+ izhm — X gea| > 6)

IN

(= ny -~
P (;OIEOM — Yacal > s/2> + P (ﬁz}m — Ypen| > 5/2>

2.2 2.2
(d — s)sexp (—Cln < ) + (d — s)sexp <—Cln = ) .

452ng 4520,

IN

Proof [Proof of Lemma 20| Let n; = ||[$44 — CXZHOO, 2 = ||Xgca — C,(L(i)AHom and 73 =
ICED™ = (Ean) ™

ICS (D™ = Baea(Ban) Moo < ICY = Sacalloo x [(CYD ™ = (Sa4) ™ oo
IO = Sacallse  1(S44) " oo
HZaea(Baa) oo % [Sa4 = Cilloe % [(Za4) " oo
IS aca(Ea4) oo % [Sa4 — C{loo
<D~ (Zaa) Vs
< (km+m2)(e+mn3).
n)

Moreover, n3 < [[(CF) Vo % ICY] — Saalloe % [(Ea) " oo < (¢ + n3)gm. Hence, if
om < 1, we have n3 < ©?n1(1 — pn1)~ L. Hence we have,

1CT, (TN = Saca(Eaa) oo < (km + m2)(1 — omi) ™"

Then we consider the event max(n;,72) < . Note that ¢ < 1/¢ ensures that pn; < 1 on
this event. The conclusion follows from inequalities (30) and (31). |

Proof [Proof of Lemma 21| Since (X7 pug)a = 34wy — 1%) (by Lemma 18) and Co c
CY c C, we have

Po{C* < s*(X) < C¥* +§|X €C}

> R({C5 < (phy — 1) TS24 XA < C 46} 0C)

> Py({C5" < (uh — pY) TS24 Xa < O3 + 6} N CO)

= R({C < (uhy — p%) T8, Xa < CF 4 61IC) P (CV)
> (1 - 63) Po(C < (i — %) TS, Xa < O +61C),
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where the last inequality uses Py(C?) > 1 — d5. To derive this inequality, let V0 (defined in
the proof of Proposition 23) play the role of x and take A = I in Lemma 17, then we have

IP<||V0||225+2\/§+1-t) <e ', forallt>0.

For s,t € N, the above inequality clearly implies IP(||V?||? > 4st) < exp(—t). Take t =
(no Amnyp)'/?, then as long as ¢} > 2/ A\,

fo+ VO < 4st} € {: [IVO)2 < A2, (c))2st} = C°.
Since Ay, is bounded from below, we can certainly take ¢j > 2/\,, is the proof of Lemma
10 in constructing C°. Therefore, P(|[V?|* < s 4 2V/st +1) > 1 — exp(—t) implies that
IP(CY) > 1 — exp(—t) for t = (ng Any)/2. [ |
Proof [Proof of Lemma 22| Since V0 = X4 — 2;1114/2/&1, it follows that,
*ok —-1/2 & *ok A
Po(Cr < (uly — u%) T80 Xa < O 4 601C°)
=Po(Cy" — (h — %) TS < aTVO <O 46— (uh — %) "S5 apICY).
By Mukerjee and Ong (2015), the probability density function of V0|(ETO is given by

by JUE_ip(vi) if ol <L

(32)
0, otherwise,

fv0|(:70 (v) = {

where ¢ is the pdf for the standard normal random variable, L is defined in equation (39),

and k; _ is a normalizing constant. Note that k7 _ is a monotone decreasing function of L

for each s, and when L goes to infinity, k7 . = kY is a positive constant. Therefore, k7
is bounded below by k0. Since we only consider s € {1,2}, we can take k° as a universal
constant independent of s, and k7 _ is bounded below by k9 universally.

Let faTVO\ﬁo(Z) be the density of a” VO|CY. Thus, we want to lower bound

Po(Crr — (ply — p%) TS < aTVO <O 40— (i — 15 TR 151C0)

/CZ*+5—(N}4—M?4)TZA}4M?4

= (z)dz.

B fa‘rv0|50
Crr— (=9 TS 1 amY

Let us analyze faTV0|50 (z) when s =1 and s = 2.
Case 1 (s =1): a is a scalar. Hence

la| *Xa

ki1 /2 T
To(5), for |z <la|L
fayoieo(2) =
avelco 0, otherwise,

which is the density function of a truncated Normal random variable with parent distribution
N(0, |a|) symmetrically truncated to —|a|L and |a|L, i.e. TN(0,|a|,—|a|L,|a|L). Here |al
is the standard deviation of the parent Normal distribution. Therefore,

favoie0(2) 2 farojap(2), for |z] < ja| L.
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This implies

Cur+6—(nly—n%) TS 4 4n%
/ (2)dz

Javo co
Cxr (-0 T3y, )
> dmin fyvo,p (€3 — (1 — 1) TS0, o (57 — (1 — %) T340l +0))

> dM.

where the inequality follows from the mean-value theorem and our assumption (ii).
Case 2 (s = 2): a = (aj,a2) is a vector. Now let us do the following change of variable
from (Vi,V2) = VOIC to (Z1, Z2) = (aTVO|C, V3).

— Z1—a2Z>

y
LT (33)

Z1 =a1V1 +a2Vh
Vo =25

, and thus
Zy = Vs

The original event Sy, 1, = {Vi? + V& < EQ} is equivalent to

71— asZy\ 2 ~
SZMQ:( : a12 2) +Z <L

2 2 2 2 2,2

a aja ay + a5 —aja ~

@<§+1> (Z2—<21 22>Zl> +- L2 27 <L
a7y aj + aj ai(ai + a3z)

Now for any z1, the marginal density of a' V" can be carried out as

fz.(21)
k~ _
L2, (%1 — a2z
= / ) ( ) P(22)dzo
S, -, 01 a1
k+ 1 _ 2,2
:/ L2 (oL (A2 2y,
S., -, 27las] 2 ap 2
aia 2
bra . d+ai-dal (=~ () =)
- 27|a |exp{— 2a2(a? + a3) A1 exp{- 2 bz
1 1\ 2 Sz1,29 a2/a3+1
k~ 2 2 2.9
2 aji + aj —azay o
Pa(
s

= exp{————5—5—2] aja 1 (z2)dz2
2a2(a2 + a2 N(( 5225 ) 21, )
|a1h/27r(Z§ F1) ar(ai +a3) oz2 “%J”“%) V/a3/ai+1

k~ 2 2.2 2 (alra2) A1
L2 ai + a3 —axay o pleited)
= o2 exp{— 57 9 3 21} / - > 3 ¢N(0,1)(Z)dz
V2ma | (a% + 1) ay (al + a2) _ L2_‘112+a22 a22‘;1 2
1 al(a1+a2
_ Mo _af +a3 —adaf , 7o 0f+a3—ddaf ,
= = exp{ 55 5 41 20(4/ L 55 o 21) — 1.
V2rla| (53 +1) aj(ai + a3) ai(ai + a3)
1
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This implies

Cr+o—(uhy =) T 3 an%
/C e ()
> dmin{fz, (C5F — (uh — p2) "Eaand), F2(CFF = (uh — p) "E30m% +6%))

> 0 Mky.
where the inequality follows from the mean-value theorem and our assumption (iii).

We can safely conclude our proof by combining cases s = 1 and s = 2, and taking
My = min{M, Mko}. [ ]

Proof [Proof of Proposition 9] The proof is largely identical to that of Theorem 1 in Mai
et al. (2012), except the differences due to a different sampling scheme.

Similarly to Mai et al. (2012), by the definition of 34, we can write 34 = (n 4)?})}14)*1{(/7}4—

71%) — Mt 4/2}, where t4 represents the subgradient such that t; = sign(3;) if 5; # 0 and
—1<t; <1if 8; =0. To show that plasso = (3 4,0), it suffices to verify that

In ™! XgeXaBa — (Bae = Bhe)lloo < A/2. (34)
The left-hand side of (34) is equal to
ICEACHD ™ @l — %) — CRA(CED " Aa/2 = (e — Whe) (35)

Using Saca ¥ 04 (1 — %) = (e — 1%e), (35) is bounded from above by

Ui = [CSACED ™" = SacaS koA + | (Bae = B%) = (rhe — 1he)
IS (CIN ™ = SacaSThlloe + Wl 4 — BY) — (k= 1% s
FICEACED ™ = BacaZihlloe + mIN/2.

If || ACA( (n))_l — 44X oo < (k+1)ep(1 — pe) ™! (invoke Lemma 20), and ||(7' —
1°) — (1t = 1)]|oo < 47N1 -k —2e9)/(1+ k), and given & < min[gg, A(1 — k) (4p) "L(A/2+
(14 k)A)~Y, then U; < \/2.

Therefore, by Lemmas 19 and 20, we have

P{ln~" X4 XaBa — (he = ie)llso < A/2}
> 1 — 2dexp(—noe*?ca) — 2d exp(—nie*es) — f(d, 5,n0,m1, (k + 1)ep(l — e)7'),

where e* = 47I\(1 — k — 2e¢)/(1 + k), and f is the same as in Lemma 20. Tidy up the
algebra a bit, we can write

1
. N1 — Kk — 2ep)? .
1= § 2dexp | —camy 16(1 + H)Q + f(d7 s, 1o, N1, (K‘ + 1)690(1 - 905) ) .

To prove the 2nd conclusion, note that

Ba= (San) Muh —n%) + €D H@EY — 1Y) — (b — %)) (36)
7D = (Baa) ek — 1%) = MCTD a2, (37)
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Let & = |8* min/(Ap). Write 1 = [|[Sa4 — C7]loe and 03 = [|(C12)~! = S5 lleo- Then for
any j € A,

1Bj] > €A¢ — (13 + @) (N2 + ||(BY — 2%) — (1h — 1Y) [} — 1A .

-1

When 11 < 1, we have shown that 73 < ©?n1(1 —n1¢) ™" in Lemma 20. Therefore,

1Bj] > €A — (1 —me) /2 + [|(A4 — B%) — (bl — 1)l + ¢*mA} = Ly .

Because [[0*]lcc < Ap, & < 1. Hence A < |5%|min/(2¢) < 2|8%|min/{(3 + §)¢}. Under
the events m; < e and ||(7Y — 2%) — (1} — 1%)|lee < €, together with restriction on e, we
have L1 > 0. Therefore,

! ! 2,2
P(L; >0)>1— ngexp(_nl5262) _ 2252 exp <_015 n ) ‘
1=0

4nys?
1=0
To prove the 3rd conclusion, equation (36) and 71 < 1 imply that
184 = B*[loo < (1= me) " {Ap/2 + [[(1h — 1Y) — (1 — pd) lootp + ¢*mA} .

On the events {n; < e} and {||(7iY — %) — (u}y — #%)|loo < €}, and under restrictions for e
and A in the assumption, we have |54 — 8*|lcc < 4¢\. Hence,

2,2

452 ny
1=0

Proof [Proof of Proposition 23| For simplicity, we will derive the lower bound for one of
the two probabilities in the definition:

Po{C < s°(X) < CX 4 6|X € C) > (1 — 05)M;8, for § € (0,5%). (38)

The lower bound for the other probability can be derived similarly.

Recall that C° = {X € R : || X4 — pY| < 5% (ng /\nl)l/4 = L} (in the proof of
Lemma 10). Let VO = 5, Y%(X4 — 1%) = Xa — 5,249, where X4 = £,5%X 4, then
VY ~ N(0, I;) under Py. Define an event

% {XeRd VO < AL = L} (39)

where )\, = )\mm(E Al/ 2) and Apin(-) denotes the minimum eigenvalue of a matrix. Since

VOl > Amin (25 AA )||XA — 18]l = Al Xa — 1], we have CO € C°. Then inequality (38)
holds by invoking Lemma 21 and Lemma 22. |
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Remark 24 Proof of Proposition 23 indicates that the same conclusion would hold for a
general s € N, if the density of (uh—u%)TE;‘ﬂXﬂco is bounded below on (C*—6&*, C%+5*)
by some constant.

Proof [Proof of Theorem 15| The first inequality follows from Proposition 1 and the choice
of £* in (12) of the main paper. In the following, we prove the second inequality.

Let G* = {s* < C**} and G = {8 < C,}. The excess type II error can be decomposed
as

@ - R(@) = [ = CuldPit [ CaldBy 4 Culo(63) ~ RafGe )} - (40

In the above decomposition, the third part can be bounded via Lemma 8. For the first two
parts, let
T = |5 — s"|looc := max|$(x) — s™(z)|, and
zeC

ARoc = |Ro($4]C) — Ro(¢-[C)| = [Po(s™(X) > Ci*|X € C) — Ry(3(X) > Cal X €C)],
where C is defined in Lemma 10. A high probability bound for ARy ¢ was derived in Lemma
11.

It follows from Lemma 7 that if nf, > max{4/(aaq), & 2, ()2, (5 M6 1)*4},

9
ga,éo,ng (56) < 5

IN

(ny) V4 < — My (5%)”

1
4
Because the lower bound in the detection condition should be smaller than 1 to make sense,
Mlé*j < 1. This together with ng A ny > [— log(M15*1/4)]2 implies that exp{—(ng A
ni)2} < Mys /4.

Let & = {Roc < 2[€a,50,n, (d5) + exp{—(no A n1)'/2}]}. On the event & we have

1
Roe\ " _ [ Heusug 8) +ep{~(no A )2 _
M, - M, - '

To find the relation between C3* and Cl, we invoke the detection condition as follows:

1
P (s*(X) > O 4 (ARoe/My) " |X € c>

1
= Ro(631C) — Ro(C3" < 8°(X) < O3 + (ARoe/M) X € )
< Ro(¢5]C) — ARpc  (by detection condition)
< Ro(k|C) = Py(3(X) > Cal X €C)

< Py(s*"(X)>Co—T|X €C).

1 .
This implies that C3* + (ARo /M) & > Cq — T, which further implies that

1/

Co < C%* + (ARoe/My) ' +T.
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Note that

CN(G\GY)
=Cn{s*>C*5<Cy}
O s > O, 6 < O 4 (ARoe/M) Y + Ty {5 < G
CC{C + (ARoe/M) "  +2T > 5 > 07,5 < O + (ARoe/M) ' * +T) 0 {3 < B}
)

CCN{C¥ + (ARoc/My) '~ +2T > s* > C**}.

We decompose as follows

/A |r—Ca|dPo:/A |r—Ca|dPo+/A I — CaldPy = (I) + (ID).
(G\G*) (G\G*)NC (G\G*)ncCe

To bound (I), recall that
fi(z)

r(x) = o)

and that, r(z) > C, is equivalent to s*(x) > C* = log Cy, + 14 X" ptg. By the mean value
theorem, we have

[r() = Cal = e7a ™ a]e¥" () — 0| =m0 ¥ |* () — O

— exp (5"(2) = 1y =7 pua)

1
where 2’ is some quantity between s*(z) and C&*. Denote by C; = {z : C¥*+(ARy /M) /1—1—

2T > s*(x) > Cx*}. Restricting to C N Cy, we have
! ok 1/1
z <CJ + (ARO,C/Ml) + 2T .

This together with C N (G\G*) € C N C; implies that
1 g/ I — CaldPy
CcNCq
— [ el = n = alls* (@) - i laPy
CcNCy
1
<[ e {c:;* + (ARge/My) ! 4o - ulz—lud} [s*(2) — C|dPy
CcNCq
Since Cy and p) X~y are assumed to be bounded, C* = log Cy + ) 271y is also
bounded. Let & = {Roc < 2[€q,50,n (0p) + exp{—(ng A n1)/?}]}. By Lemma 11, P(&) >
1— 60— ). Let & = {T < 4c1prs(ng A np)Y/*}. By Lemma 10, IP(£3) > 1 — &) — do.

Restricting to the event £ N &3, Ry and T are bounded. Therefore on the event £ N &3,
there exists a positive constant ¢’ such that

m<d /C 15 (@) — Cilany
1

< ((ARO,C/Mn“ Ty 2T> RCNC).
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Note that by the margin assumption (we know 5 = 1, but we choose to reserve the explicit
dependency of 4 by not substituting the numerical value),

1
Ry(CNC) = Ro(Cy + (ARoe/My) " 42T > 5 > €2, 0)
1
< Ry(CE + (ARoe/My) " 2T > 5* > C2lC)
1/ g
< M, ((ARO,C/MI) + 2T> .
Therefore,
(I) < C/M(] <(ARO’c/M1) + 2T> .
Regarding (IT), by Lemma 10 we have
(H) < ’7“ — Ca’dP() < / rdPy + Cl, dPy = Pl(CC) + CaPo(CC)
Cc Cc Cc
< (1 + C,) exp{—(no Anp)/?}.
Therefore,

/ 1/ 147 1/2
_r=CaldPy < Mo ((ARoc /M)~ +2T) 7" + (14 Cq) exp{—(no An1) /" }.
(G\G*)

To bound f(G*\@) |r — Cya|dPy, we decompose

/ = CuldPy = / =GR +/ P — ColdPy = () + (I)
(G*\G) (G\G)NC (Gx\G)nce

To bound (I'), we invoke both the margin assumption and the detection condition, and we
need to define a new a new quantity ARoc := Po(s"(X) > C3*|X € C) =Py (3(X) > Co|X €
C). When ARy ¢ > 0, we have

P (s*(X) > O + (ARgc/Mo)7|X € c)

= Py(s*(X) > C|X € C) — Py(C* < s*(X) < C* + (ARp e /Mp) 7| X € C)
> Py(s*(X) > CH*|X €C) — ARy (by margin assumption)
= Py(3(X) > Cu|X €C)

> Py(s*(X) > Coa+T|X €C).

So when ARy > 0, C, > Cr — (ARQC/MO)U;/ —T. On the other hand, when ARy ¢ < 0,

_ 1
P <s*(X) > 0 — (=ARoe/My) X € c)

=Py(s"(X) > Cl| X €C)+ P (Cyr > s"(X) > Cy — (—ARO,C/M1)1/1|X €C)
> Py(s"(X) > C|X €C)+|ARpc| (by detection condition)

= Py(3(X) > ColX €C)

> Py(s*(X) > Co + T|X €C)
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_ ~ _ 1
So when ARye < 0, Co > CF — (—ARyc/M) &

Therefore we have in both cases,

— T. Note that ARye = |ARoc|.

—~ _ 1
Co > O — (ARoe/Mo)"7 A (ARoc/M) ' — T

Using the above inequality, we have

cN(GA\G)
=CNn{s*<C™ 5> Cy)

_ 1 ~
—Cn{s* <O 6> O — (ARoe/My) A (ARoe/M) " —TYN (5> Gl
Y _or < st <Oomyn s > G

_ 1
CCN{C — (ARoe /M) 7 A (ARoe/My)? — 2T < 5" < O}

C CN{CY — (ARyc/Mo)Y7 A (ARg /M)

_ 1
Denote by Co = {2 : C** — (ARgc/Mo)"/7 A (ARy /M) .

we just showed that C N (G*\G) C C N Ca. Recall that

— 2T < s*(x) < Cr*}. Then

r(z) — Ca| = 6—#22’1ud|68*(:v) — O = o Ha X pa e |s*(z) — CF*|,
where 2’ is some quantity between s*(x) and C*. Restricting to C N Cq, we have
2 <o
This together with C N (G*\G) C € N Cy implies that
') < / |r — ColdPy
CNCao
= / exp{? — paX " pg}|s* (z) — CE*|dPy
CNCs
< / '|s*(x) — CX*|dPy
CNCs
_ 1
< <(AR076/1\40)1/7 A (ARyc/My) & + 2T> Py(CNCq).

Note that by the margin assumption,

PO(C N CQ)
- 1
< R(Cr— (AROVC/MO)l/V N (ARyc/My) r_ 2T < s*(X) < CY)
_ 1 g
< My <(ARO,C /M) 7 A (ARg e /M) & + QT) .
Therefore,

/ i 1/% 1y e
(I) < "My (ARo,c/Mo) A\ (ARoﬁc/Ml) + 27T .
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Regarding (II), by Lemma 10 we have

(Ir') < / rdPy + Cq ; dPy = P1(C%) + CaPo(C°) < (1+ Ca) exp{—(ng An1)"/?}.

Therefore, by the excess type II error decomposition equation (40),
Pi(G) = Pi(G) = (1) + (ID) + (') + (IV) + Ca{Ro(¢) — Ro(ds-)} -

Using the upper bounds for (I), (II), (I') and (I') and Lemma 8, With probability at least
1—50—6(’)—(51—(52,Wehave

R " 145
P (G)— P (G") < ' My ((AR070/M1) + QT)

1 1/% 1y e
+ "My | (ARoc/Mo)"'7 N (AR /M) + 2T

+2(1+ Cy) exp{—(no A n1)1/2} +Cy - fa,(so,ng((s(,))
B S0 S 1/2 /
S ElAR(),C + EQT + + 63 exp{—(no A nl) / } + CCE : 6&,50,%6 (5()) ’

for some positive constants &, @ and ;. In the last inequality of the above chain, we used
7 = 7. Note that on the event & N &3, Lemma 11 guarantees ARoc < 2[&, 5,n,(5)) +

exp{—(ng A n1)'/?}]. Lemma 10 guarantees that T < 4¢,@As(ng A n1)'/*. Therefore,

1+9) /AL _
9/ + &y 4 pAs(ng A n1)1/4]1+7

(1+%)/«

Py(C) — Po(G*) < & 0. (85)
+ &lexp{—(ng Any)2}]

Lemma 7 guarantees that 504750:"6(56) < (5/2)(ng) /%, Then the excess type IT error is
bounded by

.
~(GA ) 14y

Pi(G) - P(G*) < &(nh) +eo(As) ™ (ng Any) 4

1+
v

+ cs3exp —(no/\nl)%( A1)
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