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Abstract

We consider the problem of estimating the location of a single change point in a network
generated by a dynamic stochastic block model mechanism. This model produces commu-
nity structure in the network that exhibits change at a single time epoch. We propose two
methods of estimating the change point, together with the model parameters, before and
after its occurrence. The first employs a least-squares criterion function and takes into con-
sideration the full structure of the stochastic block model and is evaluated at each point in
time. Hence, as an intermediate step, it requires estimating the community structure based
on a clustering algorithm at every time point. The second method comprises the following
two steps: in the first one, a least-squares function is used and evaluated at each time
point, but ignoring the community structure and only considering a random graph generat-
ing mechanism exhibiting a change point. Once the change point is identified, in the second
step, all network data before and after it are used together with a clustering algorithm to
obtain the corresponding community structures and subsequently estimate the generating
stochastic block model parameters. The first method, since it requires knowledge of the
community structure and hence clustering at every point in time, is significantly more
computationally expensive than the second one. On the other hand, it requires a signifi-
cantly less stringent identifiability condition for consistent estimation of the change point
and the model parameters than the second method; however, it also requires a condition
on the misclassification rate of misallocating network nodes to their respective communi-
ties that may fail to hold in many realistic settings. Despite the apparent stringency of
the identifiability condition for the second method, we show that networks generated by
a stochastic block mechanism exhibiting a change in their structure can easily satisfy this
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condition under a multitude of scenarios, including merging/splitting communities, nodes
joining another community, etc. Further, for both methods under their respective identifi-
ability and certain additional regularity conditions, we establish rates of convergence and
derive the asymptotic distributions of the change point estimators. The results are illus-
trated on synthetic data. In summary, this work provides an in-depth investigation of the
novel problem of change point analysis for networks generated by stochastic block models,
identifies key conditions for the consistent estimation of the change point, and proposes
a computationally fast algorithm that solves the problem in many settings that occur in
applications. Finally, it discusses challenges posed by employing clustering algorithms in
this problem, that require additional investigation for their full resolution.

Keywords: stochastic block model, Erdés-Rényi random graph, change point, edge
probability matrix, community detection, estimation, clustering algorithm, convergence
rate

1. Introduction

The modeling and analysis of network data have attracted the attention of multiple scientific
communities, due to their ubiquitous presence in many application domains; see Newman
et al. (2006), Kolaczyk and Csardi (2014), Crane (2018) and references therein. A popular
and widely used statistical model for network data is the Stochastic Block Model (SBM)
introduced in Holland et al. (1983). It is a special case of a random graph model, where the
nodes are partitioned into K disjoint groups (communities) and the edges between them are
drawn independently with probabilities that only depend on the community membership
of the nodes. This leads to a significant reduction in the dimension of the parameter space,
from O(m?) for the random graph model, with m being the number of nodes in the network,
to O(K?) (K << m).

There has been a lot of technical work on the SBM, including (i) estimation of the
underlying community structure and the corresponding community connection probabilities,
for examples Choi and Wolfe (2014); Jin (2015); Joseph and Yu (2016); Lei and Rinaldo
(2015); Rohe et al. (2011); Sarkar and Bickel (2015); Zhao et al. (2012); (ii) establishing the
minimax rate for estimating the SBM parameters—for examples Gao et al. (2015); Klopp
et al. (2017)—and the community structure—for examples Zhang and Zhou (2016); Gao
et al. (2017)—under the assumption that the assignment problem of nodes to communities
can be solved ezxactly. However, the latter problem is computationally NP-hard and hence
estimates of the community structure and connection probabilities based on easy to compute
procedures compromise the minimax rate—see Zhang et al. (2015).

There has also been some recent work on understanding the evolution of community
structure over time, based on observing a sequence of network adjacency matrices—for ex-
amples Durante et al. (2017); Durante and Dunson (2016); Han et al. (2015); Kolar et al.
(2010); Matias and Miele (2017); Minhas et al. (2015); Xing et al. (2010); Xu (2015); Yang
et al. (2011); Bao and Michailidis (2018). Various modeling formalism is employed including
Markov random field models, low rank plus sparse decompositions and dynamic versions of
SBM (DSBM). These studies focus primarily on fast and scalable computational procedures
for identifying the evolution of community structure over time. Some work that investigated
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theoretical properties of the DSBM and more generally graphon models assuming that the
node assignment problem can be solved exactly includes Pensky (2019), while the theoret-
ical performance of spectral clustering for the DSBM was examined in Bhattacharyya and
Chatterjee (2017) and Pensky and Zhang (2019). The last two studies estimate the edge
probability matrices by either directly averaging adjacency matrices observed at different
time points, or by employing a kernel-type smoothing procedure and extract the group
memberships of the nodes by using spectral clustering.

The objective of this paper is to examine the offline estimation of a single change point
under a DSBM network generating mechanism. Specifically, a sequence of networks is
generated independently across time through the SBM mechanism, whose community con-
nection probabilities exhibit a change at some time epoch. Then, the problem becomes
one of identifying the change point epoch based on the observed sequence of network adja-
cency matrices, detecting the community structures before and after the change point, and
estimating the corresponding SBM model parameters.

The existence of change points and their estimation has been well-studied for many
univariate statistical models evolving independently over time and with shifts in mean and
in variance structures. A broad overview of the corresponding literature can be found
in Brodsky and Darkhovsky (2013) and Csoérgé and Horvath (1997). However, in many
applications, multivariate (even high dimensional) signals are involved, while also exhibit-
ing dependence across time—see the review article by Alexander and Horvath (2013) and
references therein.

The emergence of data with network structure has accentuated the need to study change
point problems in that context. For example, in political science, the study of political
polarization has received increased attention (Moody and Mucha (2013)) and especially the
detection of regime changes (Peel and Clauset (2015)), including network-based approaches
(Bao and Michailidis (2018)). Recent work on change-point detection for network structured
data includes Wang et al. (2017) and Wang et al. (2018). Specifically, Wang et al. (2017)
considers a generalized hierarchical random graph model, whereas Wang et al. (2018) focuses
on change-point detection in sparse networks. The latter study deals with the Erd6s-Rényi
random graph model. However, to the best of our knowledge, a detailed and rigorous
investigation of change-point detection for the dynamic SBM is largely lacking.

Therefore, the key contributions of this paper are threefold: first, the development of a
computational strategy for solving the problem and establishing its theoretical properties
under suitable regularity conditions, including (i) establishing the rate of convergence for
the least-squares estimate of the change-point and (ii) the DSBM parameters, as well as (iii)
deriving the asymptotic distribution of the change-point. An important step in the strategy
for obtaining an estimate of the change-point involves clustering the nodes to communities,
for which we employ a spectral clustering algorithm that exhibits cubic computational
cost in the number of edges in the adjacency matrix. However, the theoretical analysis of
the first method which involves clustering at every time point requires imposing a rather
stringent assumption on the rate of misclassifying nodes to communities. For these reasons,
the second key contribution of this work is the introduction of a two-step computational
strategy, wherein the first step, the change-point is estimated based on a procedure that
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tgnores the community structure, while in the second step the pre- and post-change-point
model parameters are estimated using a spectral clustering algorithm, but at a single time
point. It is established that this strategy yields consistent estimates for the change-point
and the community connection probabilities, at a linear computational cost in the number
of edges. However, the procedure requires a stronger identifiability condition compared to
the first strategy. Naturally, no additional condition of controlling the rate of misclassifying
nodes to communities during the first step is required. The third contribution of the paper is
to show that the more stringent identifiability condition under the second strategy is easily
satisfied in a number of scenarios by the DSBM, including splitting/merging communities
and reallocating nodes to other communities before and after the change-point. Overall,
this work provides valuable insights into the technical challenges of change-point analysis for
DSBM and also an efficient computational strategy that delivers consistent estimates of all
the model parameters. Nevertheless, the challenges identified require further investigation
for their complete resolution, as discussed in Section 7.5.

The remainder of the paper is organized as follows. In Section 2, we introduce the
DSBM model together with the necessary definitions and notation for technical develop-
ment. Subsequently, we present the strategy to detect the change-point that involves a
community detection step at each time point, followed by estimation of the DSBM model
parameters together with the asymptotic properties of the estimators. In Section 3, we
introduce a 2-step computational strategy for the DSBM change-point detection problem,
which is computationally significantly less expensive and discuss the consistency of these
estimators. Section 4 involves a comparative study between the two change-point detection
strategies previously presented and also provides many realistic settings where the compu-
tationally fast 2-step algorithm is provably consistent. The numerical performance of the
two strategies based on synthetic data is illustrated in Section 4.1. We briefly discuss other
community detection methods for DSBM involving a single change-point in Section 7.5.
Finally, the asymptotic distribution of the change-point estimates along with a data-driven
procedure for identifying the correct limiting regime is presented in Section 5. Some con-
cluding remarks are drawn in Section 6. All proofs and additional technical material are
presented in Section 7.

2. The dynamic stochastic block model (DSBM)

The structure of the SBM is determined by the following parameters: (i) m the number of
nodes or vertices in the network, (ii) a symmetric K x K matrix A = ((\i;)) k xx containing
the community connection probabilities and (iii) a partition of the node set {1,2,...,m}
into K communities, which is represented by a many-to-one onto map z : {1,2,...,m} —
{1,2,..., K} for some K < m. Hence, for each 1 < i < m, the community of node i is
determined by z(), or equivalently

I-th community = C; = {i € {1,2,...,m} : z(i) = [} V1 < I < K.

The map z determines the community structure under the SBM. The observed edge set
of the network is obtained as follows: any two nodes ¢ € C; and j € Cp are connected by
an edge with probability A\jyI(i # j), independent of any other pair of nodes. Self-loops
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are not considered and hence the probability of having an edge between nodes ¢ and j is
0 whenever ¢ = j. Henceforth, we use SBM(z,A) for denoting an SBM with community
structure z and community connection probability matrix A. Next, let

which is the edge probability matrix whose (7, j)-th entry represents the probability of
having an edge between nodes ¢ and j. Note that we are dealing with undirected networks
and thus A and Ed,(A) are symmetric matrices.

The data come in the form of an observed square symmetric matrix A = ((A4i;))mxm
with entries

A {1, if an edge between nodes ¢ and j is observed
ij =

0, otherwise.

An adjacency matrix A is said to be generated according to SBM(z, A), if A;; ~
Bernoulli(A,;).(;)I(i # j)) independently, and is denoted by A ~ SBM(z, A). It is easy to
see that all diagonal entries of A are 0.

In a DSBM, we consider a sequence of stochastic block models evolving independently
over time, with Ay, = ((Ajjtn)))mxm denoting the adjacency matrix at time point ¢.
Hence, A;, ~ SBM(z,A;) independently, with n being the total number of time points
available, and note {A;, : 1 <t < n,n > 1} forms a triangular sequence of adjacency
matrices. Further, in the technical analysis we assume that both the total number of time
points and the number of nodes are growing to infinity, that is n,m — oo. Moreover,
the number of communities depends on both the number of nodes and time, and grows to
infinity, that is, K = K, , — 00 as m,n — oo.

We are interested in a DBSM exhibiting a single change-point and its estimation in an
offline manner. For presenting the results, we embed all the time points in the [0, 1] interval,
by dividing them by n. Suppose 7, € (¢*,1 — ¢*) corresponds to the change-point epoch
in the DSBM. Hence,
dyo {SBM(z,A), n? 1<t < |nTon) 21)

SBM(w, A), if [nTm,| <t <n,

and z # w and/or A # A. Note that z and w correspond to the pre- and post-change-point
community structures, respectively. Similarly A and A are the pre- and post-change-point
community connection probability matrices, respectively. Further, note that z,w, A and A
may depend on m and n.

Our objective is to estimate the model parameters 7, ,,z,w,A and A. Throughout
this paper, we assume that 0 < ¢* < 7., < 1 — ¢* < 1 with ¢* being known to avoid
unnecessary technical complications if the true change-point is located arbitrarily close to
boundary time points. We also assume that the total number of communities before and
after the change-point are equal. FEwven if they are different, our results continue to hold
after replacing K by the mazimum of the number of communities to the left and the right.
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To identify the change-point, we employ the following least-squares criterion function

I:(b72>w>A7A = - Z [Z ij,(t,m) — )‘z(z)z(]))2 + Z (Aij7(t,n) - (Sw(i)w(j))Q : (22)

z ,j=1 t=nb+1

Remark 1 Note that the Bernoulli likelihood function criterion could also be used that will
yield similar results for the change-point estimators, but it will need stronger assumptions
and will involve more technicalities compared to the least-squares criterion function adopted.
More details on the likelihood criterion function for detecting a change-point in a random
graph model can be found in Bhattacharjee et al. (2017). Results on the maximum likelihood
estimator of the change-point in a random graph model are consequences of the results in
Bhattacharijee et al. (2017). However, in DSBM one also needs to address the problem of
assigning nodes to their respective communities, which makes the problem technically more
involved as shown next. However, the main message of this paper will remain the same,
wrrespective of employing a likelihood or a least-squares criterion.

Let

Su: = {1e€{l,2...,m}:2(i) =u}, suz=|Su:|
Suw = {te{l,2...,m}:w()=u}, Suw=[Swl (2.3)

denote the u-th block and block size under the community structures z and w. Also define,

nb

. - - 11
Az,(b,n),m = (()‘uv,z,(b,n),m))mXM7 )‘uv,z,(b,n),m:%s s Z Z Aij,(t,n)7
u,2°0,% t=1 i:z(1)=u
j‘Z(j)_

) . . (1- b))
Aw,(b,n),m = ((5uv,w,(b,n),m))m><ma 5uv,w,(b,n),m = ( Z Z Az] t,n): 2 4)

Su wsvw t=nb+1 i:w(i)=u
Jrw(j)=v
Define the sparsity parameter pp, , = maxi<y<p<ik {Aup, Ay} Which may depend on both
m and n. The DSBM in (2.1) is dense if inf,, ,, pmn > C > 0 and sparse if py, , — 0 as
m,n — oo.

We start our analysis by assuming that the community structures z and w are
known. In that case, an estimate of the change-point can be obtained by solving

7~_m,n = arg be(cr?,ilric*) E(b7 Z, W, ]\z,(b,n),mv Aw,(b,n),m)' (25)

The following signal-to-noise condition guarantees that the change-point is identifiable
under a known community structure.

SNR-DSBM: 75— |[Ed. (A) — Edy(A)|[3 — o0

Intuitively, it implies that the signal per connection probability parameter, after scaling
by the sparsity parameter, needs to grow faster than 1/y/n, which is in accordance with
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identifiability conditions for other change-point problems (for example see Kosorok (2008)
Section 14.5.1).

The following assumption on the sparsity parameter restricts its rate of decay and en-
sures consistency of 7., , scaled by the sparsity parameter with details given in Remark
3.

Sparse-DSBM: p,,, , > CK ™2 for some C > 0.

It is easy to see that Sparse-DSBM is always satisfied by a dense DSBM.

The following Theorem establishes asymptotic properties for 7,, . Its proof is similar
(albeit much simpler in structure) to the proof of Theorem 11, where we deal with unknown
community structures. Hence, it is omitted.

Theorem 2 (Convergence rate of 7,) Suppose SNR-DSBM and Sparse-DSBM hold.
Then,

Mol [Ed(A) = Edy(A)||3(Finn — Tmn) = Op(1).

Remark 3 As stated in Theorem 2, the convergence rate of the appropriately centered and
scaled change-point estimator py,, (T n—Tmn) is || Ed, (A)—Edy,(A)||5%. In the presence
of SNR-DSBM, Sparse-DSBM ensures that the convergence rate n~'||Ed,(A) — Edy,(A)|| 7>
decays to 0. Sparse-DSBM can be weakened further under stronger signal-to-noise condition,
for example see Remark 21.

Remark 4 In the ensuing Theorem 11, we will establish that the DSBM change-point es-
timator Ty, with an unknown community structure (that needs to be estimated from the
available data) has exactly the same convergence rate as the one posited in Theorem 2.
However, a much stronger identifiability condition than SNR-DSBM and Sparse-DSBM is
needed, since more parameters are involved.

Recall the estimates in (2.4) given by A = ((S\abjzv(;mm’n)’m))KXK and
A= ((Sab,w,(%m,n,n),m))KxK- The edge probability matrices Ed,(A) and Ed,(A) can also

be estimated by Ed,(A) and Ed,(A), respectively. The following Theorem provides the
convergence rate of the corresponding estimators. Its proof is similar (and structurally
simpler) to the proof of Theorem 13 where we deal with unknown community structures

and hence omitted.

Theorem 5 (Convergence rate of edge probabilities when z and w are known)
Suppose SNR-DSBM holds. Let Sy, , = min(miny, sy, >, miny, Sy ). Then

1« 1« I(n>1)pp, n P log K
LA - AT KNA—mﬁzop( ’ ’ ,

n?||Ed.(A) — Edy(A)|[5 ~ nSZ,

1 . 1 .
—||Bd-(A) = Bd-(A)l[F, —5 || Bdu(A) = Edy(A)][F

7
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:OP< (> 1)m, Fm, Ogm>. (2.6)

n?||Ed.(A) — Edw(D)|[p — nSh,

Note that A = ((S‘ab,z,(i’m,n,n),m))KXK' To compute the rate for %H[X — A]|%, we have

()‘ab,z,(?m’n,n),m - )‘ab)Q < 2()‘(11),2,(7:7,%”,71),771 - )‘ab,z,(Tmm,n),’rn)2 + Q(Aab,z,(’rm’n,n),m - )\ab)Q =
T1 + Ty. It is easy to see that the first term T is dominated by (T — van)z and thus

~ 1 2 .
by Theorem 2, (T — 7'm7n)2 = Op (nQ\IEdz(?/;lf)lgxun(A)ll‘;)’ Moreover, the rate of Ty is
Pm,n log K

2 . Details are given in Section 7.4. Similar arguments work for the other matrices

preseflted in Theorem 5.

Remark 6 (Rate for n =1). If n = 1, then there is no change-point and Ty does not
appear. In this case, we have only one community structure (say) z and one community
connection matriz (say) A. Moreover, the number of communities K = K,,, sparsity pa-
rameter pp, = MaXi<yy<K Auw and the minimum block size S,, = min, s, . depend only
on m. Estimation of A for n = 1 is studied in Zhang et al. (2015) when the community
structure z is unknown. In this remark, we assume that z is known. We estimate A by

]\ - ((S\Qb,z,(l/n,n),m))KxK~ Then,

13 pmlog K 1 = pm logm
zslA = AllE = Op <S%> + —5l1Bd(R) - Bd(A)][ = Op (572” :

Similar results for the case of unknown communities are discussed in Remark 15 and Section
7.5.

In Theorem 13, we establish the results for the same quantities in the case of unknown
community structures. It will be seen that the convergence rate of A and A given above,
is much sharper compared to the case of unknown community structures, despite using
repeated observations in the latter one; see also discussion in Remark 14.

The real problem of interest is when the community structure is unkown and needs
to be estimated from the observed sequence of adjacency matrices along with the change-
point. A standard strategy in the change-point analysis is to optimize the least-squares
criterion function i(b, z,w, A, A) posited above with respect to all the model parameters.
This becomes challenging both computationally since one needs to find a good assignment
of nodes to communities, and technically, since for any time point away from the true
change-point the node assignment problem needs to be solved under a misspecified model,;
namely, the available adjacency matrices are generated according to both the pre- and
post-change-point community connection probability matrices.

A natural estimator of 7, , can be obtained by solving

%mJL = arg be(r"[‘lﬁn *) L(b’ 2b7n7m7 wb7n7m’ Agb,n,mv(bvn)7m7 Ai]b,n,mv(b?n)vm)’ (27)
c*,1—c

where 2, 5, y, and Wy, , 1, are obtained using the clustering algorithm from Bhattacharyya and
Chatterjee (2017) (details below). While other clustering algorithms can also be employed,



CHANGE POINT ESTIMATION IN DSBM

and are discussed in Section 7.5, all clustering algorithms incur some degree of misclassi-
fication (while assigning nodes to communities) which must be suitably controlled by an
appropriate assumption. The employed clustering algorithm requires a simpler and some-
what easier assumption on the misclassification rate, compared to other available clustering
methods.

Clustering Algorithm I: (proposed in Bhattacharyya and Chatterjee (2017))

1. Obtain sums of the adjacency matrices before and after b as By = 2?21 A® and
By =37 s 1 A® respectively.

2. Obtain Upnxx and Viyxi consisting of the leading K eigenvectors of B; and Bs,
respectively, corresponding to its largest absolute eigenvalues.

3. Use an (1 + €) approximate K-means clustering algorithm on the row vectors of U
and V to obtain 2, ., and Wy, ., respectively.

Note that in Step 3 above, an (1+¢€) approximate K-means clustering procedure is employed,
instead of the K-means. It is known that finding a global minimizer for the K-means
clustering problem is NP-hard (for example see Aloise et al. (2009)). However, efficient
algorithms such as (1+¢) approximate K-means clustering provide an approximate solution,
with the value of the objective function being minimized to within a constant fraction of
the optimal value (see Kumar et al. (2004) for more details).

Computational complexity of the procedure: Note that f~or each b € (¢*,1—c*), the complexity
of computing Zp . (Or Wh,n,m) and Az, 4 n)m (0r Ay (bm),m) is O(m?) and O(m?n),

Wy, n,m

respectively. Hence, f/(b, Zb,n,ms Wongms Nz o (i) ,ms A ) at b has computational

wb,n,m:(bvn)vm
complexity O(m3+m?n). Some calculations show that only finitely many binary operations
are needed to update Az, = ¢ n)mand Ag, g 5, for the next available time point. How-
ever, computing zy, , ,, and wy, ,, ;,m requires O(m?) operations for~each time point. Therefore,

the computational complexity for obtaining L(b, Zu,n m, We,n,m, Az, , (o) D, W(b,n)’m)

for n-many time points is O(m3n +m?n) = O(m3n).

To establish consistency results for 7:'m,n, an additional assumption on the misclassifica-
tion rate of Zy ,, , and Wy p m is needed, given next. We start with the following definition.

Definition 7 (Misclassification rate) A node is considered as misclassified, if it is not
allocated to its true community. The misclassification rate corresponds to the fraction of
misclassified nodes. Let M,z v and My, ..\ be the misclassification rates of esti-
mating z and w by Zynm and Wy m, respectively. Then,

L (B (1) # 7(2(1)))

M 2,2 .
( ’ b,n,m) ;:Ielgl:: pt Sz,ﬂ(z(i))
e~ (W (1) # (w(i)))
M(’wﬂbb,n,m) = mgl S . (28)
TESE i—1 w,m(w())

where Sk denotes the set of all permutations of {1,2,..., K}.
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Define
Mb’n’m = maX(M(zygb,n,m) ) M (w’ﬁ)b,n,m) ) :

Consider the following assumption.
(NS) A and A are non-singular.

(NS) implies that there are exactly K non-empty communities in DSBM and hence we can
use an (1 + €) approximate K-clustering algorithm. If (NS) does not hold, then we have
K’ (< K) non-empty communities and an (1 + ¢) approximate K’-clustering algorithm
performs better.

The following theorem provides the convergence rate of M, ,. Its proof is given in Section
7.1. Let vy, denote the minimum between the smallest non-zero singular values of Ed,(A)
and Ed,(A).

Theorem 8 Suppose (NS) holds. Then, for all b € (¢*,1 — ¢*), we have

K
Mbnm —OP<
nu

(s + [ = 1B (8) ~ B D))

m,n

Remark 9 v, ,, becomes closer to 0 (that is we have less signal) as the regime becomes
more sparse. Thus sparse regime has high misclassification rate for community detection.

Remark 10 To establish consistency of %m,n; we require that the misclassification rate

My nm decays faster than p;l,n"||Ed,(A) — Edy(A)||p; see the proof of Theorem 11 and

Remark 35 for technical details. By the identifiability condition SNR-DSBM and Theorem

8, we have

Kpmn my/n
(" 0(1) 4 m) < Comn(To 0 (1) + 15

m n m,n

Mb,n,mpm,nnHEdZ(A) - Ed’w( )HFl < ¢

holds with probability tending to 1. Consistency of 7:'m7n can be achieved under the SNR-
DSBM condition and the following assumption (A1).

a=0(1)

We note that (Al) is Compatlble with the clustering algorithm employed in our proce-
dure. Other clustering algorithms may also be used which would lead to modifications of
(A1), as discussed in Section 7.5.

2.1. Theoretical properties of %m,n

Our first result establishes the convergence rate of the proposed estimate of the change-
point.

10
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Theorem 11 (Convergence rate of %mn)
Suppose SNR-DSBM, Sparse-DSBM, (NS) and (A1) hold. Then,

NPl | Bz (A) — Edy (A)|[3:(Frn — Timn) = Op(1).

The proof of the theorem is given in Section 7.3.

The next result focuses on the misclassification rate for 2 =
respectively.

Theorem 12 (Rate of misclassification)
Suppose SNR-DSBM, Sparse-DSBM, (NS) and (A1) hold. Then,

Km
M(Z,;)’M(w,’u:]) - OP < > .

2
Vi p,

The proof of the Theorem is immediate from Theorems 8 and 11.

Let A = (A )k xkx and A = ((Sab,@,(%mn,n),m))KXK' The final result ob-

ab,é,(?’myn,n),m
tained is on the convergence rate of the community connection probability matrices A and

min, s, z and Sn = min(S, =, S, ).

A respectively. Let S : = miny s

m,n,z u,E’Smnw

Theorem 13 (Convergence rate of edge probabilities 1:X and 5 )
Suppose SNR-DSBM, Sparse-DSBM, (NS) and (A1) hold. Further, for some positive se-
quence {C’mn} we have that Smn > Cmn VYm, n with probability 1. Then,

1 = Km 2 I(n > 1)p$nn logm
2 N Ed-(A — Ed, A 2 _ 9] : = mmn | »
—NIBd:(A) - Bd.(A)[3 P<(nm> T W Bd(A) — BdoM)E T ncz, ™

1 < Km \? I(n>1)p; logm
—||Ed:(A) — Edy(A)||% = O T o,
—5|1Bd5(A) - Bd, ()]} P<(n m) " wBd(8) - Bay (AN T ez,

The proof of the Theorem is given in Section 7.4.

Remark 14 Note that the first term in the convergence rate of Ed;([\), which is the square
of the misclassification rate obtained in Theorem 12, measures the closeness of Ed:([\) to

Edz(A) On the other hand, the second term is the convergence rate of Ed,(A) for Ed,(A)
and coincides with the convergence rate of the edge probability matrix estimator when the
communities are known—see Theorem 5 for details.

As expected, the convergence rate of A and A, given in Theorem 13, is slower than the
rate of A and A when the communities are known. The reason is that the former estimates
involve the misclassification rate of estimating z and w by Z and W, respectively.

11
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Remark 15 (Rate forn =1). Forn = 1, we go back to the setup of Remark 6. Suppose z
is unknown. We estimate z and A respectively by z and A = ((S\abg (1/n,n) m))KxI - Further,

for some positive sequence {C’m}, suppose we have that S > Cyy VY with probability 1.
Then

1 = 9 Km\? logm
L BER) - BL R = op((BR) 18, L),
m m,n Cm

The above rate of convergence is slower than the rate obtained in Remark 6 where com-
munities are known. This rate of convergence varies with different clustering methods em-
ployed for estimating z. Zhang et al. (2015) used a clustering algorithm for dense SBM

logm

(that is inf,, », pmyn > C > 0) so that the square of misclassification rate is and

CN',%l = +v/mlogm. A detailed discussion on the impact of the clustering algorithm is provided
in Section 7.5.

2.2. On the condition (A1)

As seen from the results in Section 2.1, condition (A1) plays a critical role. Next, we discuss
examples where it holds—Examples 1 and 3—and where it fails to do so—Example 2.

Example 1 Suppose we have K balanced communities of size m/K. Let A = (p1 —q1)Ix +
g1Jx and A = (p2 — @) [k + q2JKk, where p1,p2,q1,q2 may depend on both m and n, Ix
18 the identity matriz of order K and Jg is the K x K matrixz whose entries are all equal
to 1. Also assume |p1 — q1|,|p2 — 2| > € and 0 < C < p1,q1,p2,92 < 1 —C < 1 for
some C,e > 0, which implies dense regime. Then, inf,, , pmn > C for some C > 0 and
the smallest non-zero singular value of Ed.(A) and Ed,(A) are 2|p1 — q1| and Z|p2 — g2,
respectively. Therefore, v, = O(%) and (A1) reduces to

K3 K?
— — 0 and \/ﬁ:O
m m

(1). (2.9)

If K is finite, then we need n = O(m?), which is a rather stringent requirement for most
real applications.

If K = \/m, the condition does not hold as m,n — oco. If K = Cm%5~9 for some
C,6 >0, then (2.9) holds if m®°=3% — 0 and n = O(m™*). In summary, if K = Cm%579,
n = O(m*) for some C >0 and 6 > 1/6, then (A1) holds.

Next, define
Mmax,z; Mmax,w = largest community size of z and w respectively
Mmin,z, Mminw = Smallest community size of z and w respectively.
. . . m- . m. . .
The above conclusion also holds if we have lim —22%2 = [im 22 = 1 4nstead of having
Mmin,z Mmin,w

balanced communities.

12
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In the sparse regime, the assumption |p1 — qi|, |p2 — q2| > € and 0 < C' < p1,q1,p2, q2 <
1—-C <1 for some C,e > 0 do not hold. In this case, (2.9) needs to hold after multiplying

by sup,, ,{(min{|p1 — q1], [p2 — ¢2|}) "> max{p1, q1, p2, @2} }.

Example 2 Consider the same model as in Example 1 with |py — q1| = |p2 — q2| = n ™0 for
some 6 > 0. Suppose K is finite. Then, (A1) reduces to

26 nl/2+26

n
— = 0(1). 2.1
- —0 and - o(1) (2.10)

In this case, (A1) does not hold if m = Cy/n for some C > 0.

We can also take |p1 — q1| = |p2 — q2| = m™° (instead of n=°) for some § > 0. Then
also (A1) does not hold for m =n and § > 1/4.

Example 3 Let A = p1Ix and A = polx, where p1 and ps may depend on both m and n.
Assume that there is € > 0 such that p1,ps > €, that is dense regime. Then, the smallest
non-zero singular values of Ed,(A) and Ed,(A) are Mminp1 and Mminwp2 respectively.
Let muyin = min{mmin 2, Mminw }- Therefore, vmn = O(Mmin). Let pr, = =22, Thus, (A1)
reduces to

<0 ad Y —oq). (2.11)
Suppose K = Cm> and mpym = Cm?® for some \,6 € [0,1]. Then, pm = m®~! and (2.11)

reduces to

——— =0 and —— =
m20—A—1 m20—1

! v _ o).

Thus, (A1) holds if K = Cm>, mum = Cm®, n = m*®~2 for some \,§ € [0,1] and
20—A—1>0.

In the sparse regime, the assumption p1,ps > € > 0 does not hold. In this case, (2.11)
needs to hold after multiplying by sup,, ,{(min{p1, p2})~? max{p1, pa}}.

Remark 16 Ezamples 2.1 and 2.3 provide sufficient conditions for Assumption (A1) in
specific cases. These conditions require a shorter time horizon (that means smaller value of
n) in comparison with network sizes m that are of interest in many real applications. Hence,
these sufficient conditions are easily applicable to many real-world networks. Nevertheless,
Tm.n (see Section 3) proves useful in many practical settings for estimating the change-point
and avoids the above trade-off between m and n.

Remark 17 A variant of the every point clustering algorithm with a weaker
assumption on the misclassification rate: Note that computation of 7:'m7n involves
estimation of communities at every time point. The necessity of clustering at every time-
point leads us to consider condition (A1). One may note though that since for theoretical

13
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considerations the change-point needs to be contained in the interval (¢*,1—c*), the following
alternative approach can be employed: use Clustering Algorithm I for the first [nc*] and
the last [nc*| time points for estimating z and w, respectively. Denote the corresponding
estimators by z* and w*. Then, the corresponding change-point estimator can be
obtained by

*
Tm,n

= arg min L(b, 2", w*, A, A '
! ng(C*,lfc*) ( z*,(bn),m w ,(b,n),m)

Since we are using order n-many time points in the clustering step and also for estimating
the true change-point T, , € (¢*,1—c*), the misclassification rates for z* and w* are similar
to those of Z and w obtained in Theorem 12. As pointed out in the discussion preceding the
statement of assumption (A1), clustering at every time point requires the misclassification
rate M,y to decay faster than n='p.} || Ed.(A) — Edy(A)||p. However, when computing
Tmoms We use the same estimates z* and w* for all time points. As will be seen later in
Remark 35, if we use the same clustering solution (assignment of nodes to communities)
through all the time points, we only require the misclassification rate to decay faster than
Pl Edo(A) — Edy(A)||p (instead of n='p,} || Ed.(A) — Edy(A)||p) for consistency of the
change-point estimator. As a consequence, a weaker assumption on the misclassification
rate

(A1%) S, = O(1)

together with the SNR-DSBM condition are needed to establish the consistency of 1, ,
The upshot is that if node assignments z* and w* are employed, assumption (A1) becomes
weaker.

To further illustrate the latter point, note that in Ezample 1, (A1*) reduces to K? =
O(m~/n). Therefore, if K = Cm® and n = Cm> for some § € (0,1) and A > 0, then
(A1%) reduces to 1 — 25 + A\/2 > 0. For Ezample 2, (A1*) boils down to n* = O(m).
Finally, in Example 3, (A1*) holds if myin = Cm®, n =m> for some X >0, 6 € [0,1] and
25+ A/2 —1>0.

Though the method in Remark 17 needs a weaker assumption on the misclassification rate
compared to (Al), this paper focuses on the “every time-point clustering algorithm” due
to the following two considerations.

Remark 18 Considerations for 1, ,,: Note that in practice the strategy in Remark 17
requires that c* be known, which may not be the case in most applications. If ¢* is not known,
a reasonable practical alternative is to use only the first and last time points to estimate

Pm,n

z and w, respectively. Further, 77/27 = O(1) is required for consistency of the change-

point estimator. This is stronger than (A1*) but weaker than (A1). One can argue that, in
principle, the value of ¢* is needed to compute the change-point, since for establishing the
theoretical results the search to identify it is restricted in the interval (¢*,1 — ¢*). However,
in practice, one always searches throughout the entire interval, and hence the practical
alternative of using the first and last time points to estimate z and w is compatible with it.

14
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Finally, note that this alternative, that is known stretches of points that belong to only a
single regime, is viable for estimating a single change-point, but no longer so when multiple
change-points are involved. In the latter case, one would still assume that the first and last
change-points are separated away from the boundary by some fixed amount, but no such
restrictions on the locations of the intermediate change-points can be imposed, and hence a
full search strategy (see for example the algorithm proposed in Auger and Lawrence (1989))
combined with clustering is unavoidable. This is the reason that our analysis focuses on the
“every time-point clustering algorithm” since it provides insights on where challenges will
arise for the case of multiple change-points, appropriate treatment of which is nevertheless
beyond the scope of this paper.

Remark 19 In this section, we used a specific clustering procedure proposed in Bhat-
tacharyya and Chatterjee (2017) to identify the communities and to locate the change-
point. Nevertheless, other clustering algorithms proposed in the literature [Pensky and Zhang
(2019); Rohe et al. (2011)] could be employed. For any given clustering algorithms the fol-
lowing statements hold.

(a) The conclusions of Theorems 11, 12 and 13 hold once we replace (NS) and (A1) by
(49) M2, 72 B (A) — Bdy(A)|[72 = 0, ¥ be (1 - ),

where My 1 18 the mazimum misclassification error that Zy ., and Wy, ., 0 estimating
z and w, respectively, given in (2.8).

(b) Suppose (A9) and SNR-DSBM hold and in addition M%

m,n T,
sequence Ey,, — 0. Moreover, assume that for some positive sequence {Cpmn}, Smun >
Crnn ¥ 1 with probability 1 and nCy2 logm||Ed.(A) — Edy(A)||5 > I(n > 1). Then

= Op(Epyn) for some

1 = 1 =
L BiR) - B, 51505(B) - Pa ()]

)

I(n>1)p%,, 1
:op< (n > Do, + Ogmpm,n> (2.12)

Em n + = ~9
n2|Edz(A) — Ed,(A)||L  7Cin

The proofs of statements (a) and (b) follow immediately from those of Theorems 11—13 and
Remark 35.

The analogue of (A9) for existing clustering algorithms in the literature and their com-
parison with (A1) are discussed in Section 7.5 in more detail.

3. A fast 2-step procedure for change-point estimation in the DSBM

The starting point of our exposition is the fact that the SBM is a special form of the Erdés-
Rényi random graph model. The latter is characterized by the following edge generating
mechanism. Let p;; be the probability of having an edge between nodes 7 and j and let
P be the m x m corresponding connectivity probability matrix. We denote this model
by ER(P). An adjacency matrix A is said to be generated according to ER(P), if A;; ~
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Bernoulli(p;;) independently and we denote it by A ~ ER(P). Clearly A ~ SBM(z,A)
implies A ~ ER(Ed(A)).

The DSBM with single change-point in (2.1) can be represented as a random graph
model as follows: there is a sequence 7, ,, € (0, 1) such that for all n > 1,

Atn'\‘

)

{ER(EdZ(A)) if 1 <t < |[n7inn] (3.1)

ER(Edy(A)), if [nTma] <t<n

and A # A and/or z # w.

In general, without any structural assumptions, a dynamic Erd6s-Rényi model with a
single change-point has m(m + 1) + 1 many unknown parameters, the 0.5m(m + 1) pre-
and post- change-point edge probabilities and 1 change-point. An estimate of 7,,, can be
obtained by optimizing the following least-squares criterion function.

7A_m,n = arg miHbE(C*J,C*)L(b) where
m nb n
1 N A
L(b) - E Z [Z(Azj,(t,n) B pij7(b,n),m)2 + Z (Aij,(t,n) - QZ'j,(b,n),m,)2 )
ij=1 bi=1 t=nbt1
1 nb 1 n
ﬁij,(b,n),m = % Z Az’j,(t,n) and (jij,(b,n),m = m Z Aij,(t,n)' (32)
t=1 t=nb+1

Next, we present our 2-step algorithm.

2-Step Algorithm:

Step 1: In this step, we ignore the community structures and assume z(i) = w(i) = i for
all 1 < i < m. We compute the least-squares criterion function L(-) given in (3.2) and
obtain the estimate 7, , = arg minge (e« 1_c+) L(b).

Step 2: This step involves estimation of other parameters in DSBM. We estimate z and
w by 2 = Z;  am and W = W, m, respectively, and subsequently A and A by A=
),m and A= Aﬁ]7(

Az .m» respectively.

Tm,n " Tm,n 7”)

Computational complexity of the 2-Step Algorithm

It can easily be seen that Step 1 requires O(m?n) operations, while Step 2 due to performing
clustering requires O(m?) operations. Thus, the total computational complexity of the
entire algorithm is O(m3 4+ m?n) ~ O(m? max(m,n)), which is significantly smaller than

that of obtaining %m’n in (2.7).

3.1. Theoretical Results for 7, ,

The following identifiability condition and the restriction on the sparse parameter are re-
quired.
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SNR-ER: —"—||Ed.(A) — Ed,(A)|[2 — .

m2pm,n
Sparse-ER: p, , > Cm~2 for some C > 0.

SNR-ER requires that the signal per edge parameter and scaled by the sparsity param-
eter grows faster than 1//n. Clearly, SNR-ER is stronger than SNR-DSBM, as expected
since the ER model involves m? parameters, as opposed to K2 parameters for the DSBM.

Similar to the discussed in Remark 3, in the presence of SNR-ER, Sparse-ER ensures
consistency of the change-point estimator 7, ,, after scaling by the sparsity parameter. Also,
Sparse-ER is weaker than Sparse-DSBM.

The following Theorem provides asymptotic properties for the estimates of the DSBM
parameters obtained from the 2-Step Algorithm. Its proof is given in Section 7.6.

Theorem 20 Suppose that SNR-ER and Sparse-ER hold. Then, the conclusion of Theorem
11 holds for Tm . Similarly, under SNR-ER, Sparse-ER and (NS), the conclusions of

Theorems 12 and 15 continue to hold for 2, w, A and A.

Remark 21 As we can observe above, there is a trade-off between the signal-to-noise con-
dition and the decay rate of the sparsity parameter. Though the convergence rate of T, n and
Tm,n are the same, the former one needs stronger Sparse-DSBM under weaker SNR-DSBM
compared to weaker Sparse-ER under stronger SNR-ER required for the later estimator.

Remark 22 It is easy to see that the average signal per edge (m?pp, ) "t Edy(A)— Edy (A)||% <
Pmn — 0 for sparse graphs. On the other side, py, n is bounded away from 0 for dense graphs
and (m%pmn) Y| Ed.(A) — Edy(A)||% > C for some C > 0 can be often satisfied. Therefore
dense regime generates more signal compared to the sparse regime and consequently the later
one needs larger sample size (number of time points) to satisfy the signal-to-noise condi-
tions SNR-DSBM and SNR-ER for detecting the change-point consistently and has slower
convergence rate of the change-point estimator.

Remark 23 One may wonder regarding dense settings (similar discussion is true for the
sparse graphs as well) where SNR-DSBM holds, but neither (A1) nor SNR-ER do. Examples
5 and 6 introduce such settings in the context of changes in the connection probabilities and
in the community structures, respectively. The methods discussed in Sections 2 and 3 fail to
detect the change-point under the above-presented settings. Therefore, alternative strategies
need to be investigated. One possibility for the case of a single change-point being present
was discussed in Remark 17 and more details are given in Example 7. Another setting that
does not require clustering is presented in Example § and builds on the model discussed
in Gao et al. (2015). However, the setting in Example 8 is very specific involving two
parameters only. Nevertheless, a generally applicable strategy is currently lacking for the
regime where SNR-DSBM holds, but neither SNR-ER or (A1) does. This constitutes an
interesting direction for future research.
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4. Comparison of the “Every time point clustering algorithm” vs the
2-step algorithm

Our analysis up to this point has highlighted the following key findings. If the total signal is
strong enough (that means if SNR-ER holds), then it is beneficial to use the 2-step algorithm
that provides consistent estimates of all DSBM parameters at reduced computational cost.
On the other hand, if the signal is not adequately strong (that means if SNR-ER fails to
hold, but SNR-DSBM holds) then the only option available is to use the computationally
expensive “every time point algorithm”, provided that (A1) also holds. Our discussion in
Section 2.2 indicates that (A1) (and (A1*)) is not an innocuous condition and may fail to
hold in real application settings.

For example, consider a DSBM with m = 60 nodes, K = 2 communities and n = 60
time points. Suppose that there is a break at nr, = 30, due to a change in community
connection probabilities. Further, assume that the community connection probabilities

0.6 0.3
03 0.6 ) and A = A+ ﬁJg
(or = A+ ﬁ,]g), respectively. Finally, suppose that there is no change in community
structures and z(i) = w(i) = (1 <i<m/2)+2I(m/2+ 1 <i<m). In this case, one can
check that infrp s > C > 0, Z5(|Ed-(A) — Edy(A)|3 = 7.75, Bm = 148, 1% = 5.7

2
1% Vi

before and after the change-point are given by A = (

sm
and hence SNR-ER holds but (A1) fails. Figure 1 plots the least-squzires criterion function
against time scaled by 1/n, corresponding to the 2-step, known communities, and “every
time point” algorithms, respectively. The plots show that the trajectory of the least-squares
criterion function is much smoother and the change-point is easily detectable when known
community structures are assumed. It is also the case for the 2-step algorithm, albeit with
more variability. However, since (A1) fails to hold, the objective function depicted in Figure
1 (bottom middle panel) clearly illustrates that the change-point is not detectable for the

“every time point” algorithm.

The next question to address is “How stringent is SNR-ER” under the DSBM model.
As the following discussion shows, the reallocation of nodes to new communities generates
strong enough signal, and therefore SNR-ER may be easier to satisfy in practice than one
might suppose.

Sufficient conditions for SNR-ER under the DSBM model.

We examine a number of settings where SNR-ER holds under the DSBM network gen-
erating mechanisms and hence the 2-step algorithm can be employed. Specifically, the
following proposition provides sufficient conditions for SNR-ER to hold. Let N be the set
of all natural numbers. Define the classes of functions F := {f|f : Nx N — (0,1)} and
Gm = {g = ((m*f) V1) AN0.5m(m — 1)|f € F} for all m > 1. For any f € F, let

A(f) ={(1,7) + 1A20)20) = Owliywy)| > flm,n)}.

Hence, A(f) corresponds to the set of all edges for which the connection probability changes
at least by an f(m,n) amount.
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Figure 1: A plot of the least-squares criterion function against time scaled by 1/n. Top
left and right panels correspond to the 2-step and known communities algorithm,
while the bottom middle depicts the “every time point” algorithm, respectively.
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Proposition 24 Suppose |A(f)| > Cg(m,n) for some f € F,g € G, such that
nm~2g(m,n)(f(m,n))? — co. Then, SNR-ER holds.

The above proposition follows from the fact that
n

m2pm,n

IEd=(A) — Edy (A)[[7 = nm™2g(m,n)(f(m,n))* = cc.

This implies that at least g(m,n)-many edges need to change their connection probability
by at least f(m,n) amount for SNR-ER to be satisfied. This leads us to the following
scenarios (A)-(D) that often arise in practice.

The following example provides a choice for f and g, respectively.

Example 4 Let A(e,01) = {(3,7) : [X(i)2() — Sw(iyw()| > em~M/2n=0/2 | A(e, 1) >
max{Cm?>*2n9 1} and mM+*2 = o(n0=9=%)) for some C,e > 0 and 0 < &; + 0y <
1,A1 > 0,0 < Xy < 2. This implies that at least m* *2n=%2-many edges need to change
their connection probability by at least em /292 gmount. Then Proposition 2/, by
setting f = em™/2n=%/2 gnd g = max{Cm?> *2n=% 1}, establishes that SNR-ER holds.
As M1, A2, 81,02 increase, the signal ||Ed,(A) — Edy,(A)||% due to the change decreases and
therefore a large number of time points n is required to accumulate adequate signal (that is
to satisfy the SNR condition) for detecting the change-point.

Next, we discuss settings motivated by real-world applications, wherein the SNR-ER
condition holds for DSBM.

(A) Reallocation of nodes: Suppose that the pre- and post-community connection proba-
bilities are the same; that is A = A. This also implies that the total number of communities
before and after the change-point are equal. Suppose that some of the nodes are reallocated
to new communities after the change-point epoch.

A motivating example for this scenario comes from voting patterns of legislative bodies as
analyzed in Bao and Michailidis (2018). In this setting, one is interested in identifying
when voting patterns of legislators change significantly. By considering the legislators as
the nodes of the network, an edge between two of them indicates voting similarly on a leg-
islative measure (for examples bill, resolution), while the communities reflect their political
affiliations, it can be seen that after an election the composition of the communities may
be altered—reassignment of nodes.

In this situation, SNR-ER holds if the entries of A (or A) are adequately separated
and enough nodes are reallocated. Specifically, for some ¢,C > 0 and 0 < &1 + 62 <
1,A1 > 0,0 < Ay < 2, suppose we have [A;; — Ayjr| > em™/2n=01/2 (i, §) £ (i)
and max{Cm%)‘?n*‘sZ, 1}-many nodes change their community after time nr,. Then, by
Proposition 24 and Example 4, SNR-ER holds.

(B) Change in connectivity: Suppose that the community structures remain the same
before and after the change-point (that implies z = w), but their community connection
probabilities change (therefore A # A). This scenario is motivated by the following ex-
amples: in transportation networks, when service is reduced or even halted between two
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service locations, in social media platforms (for example Facebook) when a new online game
launches, or in collaboration networks when a large scale project is completed.

Then, SNR-ER holds if entries of A are adequately separated from those of A. Specifi-
cally, for some € > 0and 0 < § < 1, A > 0, suppose we have |\;; —d;;| > em M2n=0/2 v j =
1,2,..., K and m*t* = o(n'~%). Then, by Proposition 24 and Examples 4, SNR-ER holds.

(C) Merging Communities: Sometimes, when two user communities cover the same
subject matter and share similar contributors, they may wish to merge their communities
to push their efforts forward in a desired direction. Suppose that the 1st and the Kth
communities in z merge into the 1st community in w. In this situation, SNR-ER holds if
the pre-connection probability between the 1st and the K-th communities and the post-
connection probability within the 1st community are adequately separated and if the sizes
of the 1st and the K-th communities are large before the change. Precisely, suppose |A1x —
ol > Cm~M/2p=01/2, 51,25K,z > Cm2 22p =92 and mM+iz = 0(n1*51*52) for some C > 0
and 0 < 614+ < 1,A\1 > 0,0 < Ay < 2. Then, by Proposition 24 and Example 4, SNR-ER
holds.

(D) Splitting communities: One community often splits into two communities when
conflicts and disagreements arise among its members. Suppose that the 1st community
in z splits into the 1st and Kth communities in w. In this case, SNR-ER holds if the
pre-connection probability within the 1st community and the post-connection probability
between the 1st and the Kth communities are adequately separated and the size of the 1st
and the K'th communities are large after the change. Suppose |A11 — 61| > Cm = /2p=01/2,
STLwSKw = Cm2 292 gnd mM+r2 = 0(n1*51*52) forsome C > 0and 0 < §1+d9 < 1, A1 >
0,0 < A9 < 2. Then, by Proposition 24 and Example 4, SNR-ER holds.

Remark 25 Ezamples (A)-(D) above and Proposition 24 hold for both dense and sparse
networks. However, as discussed in Remark 22, for sparse networks, a large enough number
of time points n is required compared to the total number of nodes m. This is because
that in a sparse network, there are relatively few edges to contribute to the total signal in
Proposition 24.

Next, we discuss two examples for a dense network regime wherein the SNR-ER. condi-
tion fails to hold, but SNR-DSBM does.

(E) If most edges change their connection probabilities by an amount of C;/+/n for some
Cy; > 0, then SNR-ER does not hold, but SNR-DSBM does. Specifically, let A(C) =
{(,7) © a(i)=() = Swiyw(il = C1/v/n}. Suppose |A(C1)| = Cam? for some Cy,Cy > 0,
IA2()2() = Ow(iyw()| = 0 Y(7,j) € A® and min(min s, ., min s,,,) — 0o. Then 7 |[Ed,(A) —

Edy(A)|[2 = C3Cy —+ 00 but 7%||Ed.(A) — Edy(A)|3 = C70™5 — oo
(F) If the connection probabilities between the smallest community and the remaining
ones change by C/y/n for some C > 0, then for an appropriate choice of K and smallest

community size, SNR-ER does not hold, but SNR-DSBM does. Specifically, suppose z = w,
K = C’1m51/2, minsmz = S1,z = Cgm62/2, |)\1j — (51j‘ = Cg/\/ﬁ Vj and ‘)\ij - (SU‘ =0V 75
u
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1,j # 1 for some C1,02,C3 > 0 and 0 < 01 + d2 < 2, 61 < d2. Then 5||Ed.(A) —
Edu(A)[[3 = CRCom=C=5) =5 0 but 25][Bd(A) — Edu(A)|3 = CRC2C; 2mie— — oo,

Note that examples (E)-(F) only deal with the SNR-DBSM condition and do not address
the equally important (A1) condition for the “every time point clustering algorithm” to

work. The next example provides a dense setting where SNR-ER does not hold, but both
SNR-DSBM and (A1) hold.

(G) Consider the model and assumptions in Example 3. Suppose ps = p; + ﬁ Then,

mn~! < ||Ed.(A) — Edy(A)||2 < m?n~!. Hence, SNR-ER does not hold. Further, if
K? = o(m), then SNR-DSBM holds. Thus, SNR-DSBM and (A1) hold if K = Cm?,
Mmin = Cm® and n = m*~2 for some A € [0,0.5),0 € [0,1] and 26 — A — 1 > 0.

The upshot of the above examples is that due to the structure of the DSBM, there
are many instances arising in real settings where SNR-ER holds. On the other hand, as
an example (G) illustrates, some rather special settings are required for SNR-ER to fail,
while both SNR-DSBM and (A1) hold. Thus, it is relatively safe to assume that the 2-step
algorithm is applicable across a wide range of network settings, making it a very attractive
option to practitioners.

4.1. Numerical Illustration

Next, we discuss the performance of the three change-point estimates 7y, , Trm.n and 7:'m,n
based on synthetic data generated according to the following mechanism, focusing on the
impact of the parameters m, n and small community connection probabilities on their
performance.

Effect of m and n: We simulate from the following DSBMs (1), (2), (3) for three choices of
(m,n,nt,) = (60,60, 30), (500, 20, 10), (500, 100, 50) and two choices of A\ = 0,1/20. These
results are presented in Tables 1-6. Although the following DSBMs satisfy the assumptions
in Proposition 24, SNR-ER may be small for dealing with finite samples.!

(1) Reallocation of nodes: K = 2, z(i) = I(1 < i < m/2)+2I(m/2+1 < i < m),
1
w2i—1) = 1, w2i) =2Vl <i<m2 A=A = 06— 06— imax ) for
0.6 — ¢ 0.6
§ =1/20,1/10,1/4.

(2) Change in connectivity: K =2, z(i) = w(i) = I(1 <i <m/2)+2I(m/2+1 < i <m),

0.6 0.3 :
A= ( 0.3 0.6 ) A=A i S

1. Note that by Proposition 24 and Example 4, for finite number of communities (K is finite), -7 ||Ed.(A) —
Edu(A)|3 = O(m™722p'=917%2) and 2 ||Ed.(A) — Edw(A)|[3 = O(m?~ 1722001792 and for
balanced community with min{|\;; — Xy |, [8:; — 6irjr| = (5,5) # (',5), (i,5) # (§',i)} > Cn~°m™>
(C>0,6 >0, A >0), we have vpn = O(mk;("ié), we have VI?(Y:Z = O(n®/m'~?") and ;”%L\/f =

n0.5+26

O("1=2x). Thus, for small n and large m, SNR-ER becomes small, but SNR-DSBM and (A1) hold.
Moreover, (A1) is not satisfied for large § and A and small m.
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(3) Merging communities: K = 3, z(i) = I(1 < i < 20) +2I(21 < ¢ < 40) +
3I(41 < i < 60), w(i) = I(1 < i < 20, 41 < i < 60) +2[(21 < i < 40), A =
0.6 0.3 0.6 — —m— 06 0.3 0
0.3 0.6 0.3 A= 03 06 0
0.6 — —7— 0.3 0.6 0 0 0

Splitting communities and merging communities are similar once we interchange z, w, and

A, A

Table 1: Illustrating the performance of the change-point estimators with m = 60,n =
60, n7py n = 30, A = 0 based on 100 replicates and DSBMs (1), (2) and (3). Fig-
ures in brackets are frequencies of the number of change-points the corresponding
change-point is observed. Further, F,, := [|Ed,(A) — Edy,(A)]|%.

Change Merging
Reallocation of nodes,in (1) in connectivity,| communities,
in (2) in (3)
0=1/20 0=1/10 0=1/4
F, 1195.246 793.6742 232.379 2390.49 531.2205
5P 19.92077 13.2279 3.873 39.84 8.8537
2z Fn 17928.69 11905.11 3485.685 35837.39 3541.47
j;fl"jb 0.198 0.3 1.2 1.03 3.11
Tgm 0.7777 1.1712 4 5.738 8.03
30(90), 30(85),
= 29(4), 29(6), 30(88), 29(7), | 30(85), 29(5), | 30(88), 29(3),
m,n 28(2), 28(4), 28(5) 28(6), 31(4) | 28(4), 31(5)
31(4) 31(5)
30(88), 30(83),
. 28(5), 29(3), 30(80), 29(9), | 30(83), 30(88), 29(8),
Tmin 31(3), 28(7), 28(7), 31(4) 28(10), 31(7) | 28(4)
34(4) 31(7)
30(80),
) ‘;gg’) 28(8), 30(34), 30(40), i’ggég
Fm 31(6): 31(6), 22(42), 21(30), 23(48):
39(4) ggg;l;, 25(10), 33(14) | 28(18), 26(12) 26(14), 38(7)

The following conclusions are in accordance with the results presented in Tables 1
through 6.
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Table 2: Illustrating the performance of the change-point estimators with m = 500,n =
20, n7py, n = 10, A = 0 based on 100 replicates and DSBMs (1), (2) and (3). Figures
in brackets are frequencies of the number of times the corresponding change-point
is observed. Further, F,, := |[|Ed,(A) — Edy,(A)]|%.

Change Merging
Reallocation of nodes, in (1) in connectivity,| communities,
in (2) in (3)
§=1/20 |é6=1/10 |o6=1/4
F, 92641.81 68660.03 27950.85 185283.6 41174.14
#Fn 7.411 5.49 2.24 14.82 3.294
w7 Fn 463209 343300.2 139754.2 926418.1 91498.08
lig:l 0.0216 0.0291 0.0716 0.072 0.3732
TQ‘/?L 0.0483 0.0651 0.16 0.16 0.576
10 (85),
= 10(88), 9(5), 8(3), | 10(90), 9(5), | 10(89), 9(5), | 10(88), 9(6),
m,n 9(6), 11(6) | 11(6), 8(1), 12(4) 11(4), 12(2) | 8(4), 12(2)
12(1)
. 10090), | 10(88), | 10(39), 3(23), | 10(85), 9(7), ;%83) 1?8
mn 8(6), 11(4) | 8(5), 11(7) | 7(30), 13(8) 8(8) 12(2) ’
- ;?§§5)H 5 é?éfz)n (5, | 10077, (1), | 10(83), 9(9), | 10(50). 5(9)
12(3) 12(7) 9(4), 11(8) 8(4), 11(4) 9(7) 11(4)

(a) SNR-ER holds for large n, small §, A and large signal ||Ed,(A) —Ed,,(A)||%. We observe
large SNR-ER and consequently good performance of 7,,,, throughout Tables 1-6 except
Column 3 in Table 2 and Column 3 and 5 of Table 5, which involve a small n and large 6,
A, leading to poor performance of 7, .

(b) SNR-ER implies SNR-DSBM and thus a large SNR-DSBM is observed throughout

-6

Tables 1-6. Moreover, if v, , = O(ml_;” ) for some 6 > 0, then (A1) holds for small §, A,
n, small K and large m. Thus, (A1) holds and 7:'m7n exhibits good performance throughout
Tables 1-6 except Columns 3 — 5 in Table 1 and Columns 2 — 5 in Table 4 where § and A
are large and m small.

(c) Throughout Tables 1-6, SNR-DSBM holds and 7, exhibits good performance, as
expected. The estimator 7, , performs equally well to 7,,, and 7:_77%717 whenever SNR-ER
and (Al) are satisfied. In all other settings, 7, clearly outperforms them. For example,
Tm,n Performs better than %m,n in Columns 3-5 of Table 1 and Columns 2-5 of Table 4 and
better than 7,, , in Column 3 of Table 2 and Columns 3 and 5 of Table 5.

The above numerical results amply demonstrate the competitive nature of the compu-
tationally inexpensive 2-step algorithm under the settings posited. However, note that the
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Table 3: Illustrating the performance of the change-point estimators with m = 500,n =
100, N7y, 5, = 50, A = 0, based on 100 replicates and DSBMs (1), (2) and (3). Fig-
ures in brackets are frequencies of the number of times the corresponding change-
point is observed. Further, F}, := ||Ed,(A) — Edy,(A)]|[%.

Change Merging
Reallocation of nodes, in (1) in connectivity,| communities,
in (2) in (3)
5=1/20 [0=1/10 |o=1/4
F, 78869.67 | 49763.4 12500 157739.3 35053.19
F, 31.548 19.905 5 63.1 14.0213
o F, 1071742 1244085 312500 3943483 1380479.8
. 0.02536 0.04019 0.16 0.1778 0.3732
T 0.1268 0.201 0.8 0.889 1.244
50(90), 50(89)
- 49(4), 19(8), 50(93), 49(5), | 50(91), 49(6), | 50(89), 49(7),
m,n 48(4), 51(3) 48(1), 51(1) | 48(3) 48(1), 51(3)
51(2)
50(88),
50(92), 49(7), 50(82), 49(5), | 50(84), 49(4),
o 48(3), 48(3). 47(3), 527, | 47(2). 51(6), 2252)7)’524(3()6)’
51(5) 47(1), 53(3) 52(4) ’
51(1)
50(87), 50(88),
- 49(7), 48(6), igg? ;‘?EB 50(82), 49(7), | 50(87), 49(4),
m,n 48(5), 47(2), 52(2) " | 48(5), 52(6) | 47(3), 51(6)
91(1) 51(4)

connection probabilities assumed are in general strong that leads to a large F;, signal. Next,
we illustrate the performance for the case of excessively small connection probabilities.

Effect of excessively small connection probabilities: In this paper, we assume that
the entries of A and A are bounded away from 0 and 1, to establish results on the asymptotic
distribution of the change-point estimators (see Section 5). This assumption is, however,
not needed for establishing consistency and the convergence rate of the estimators. Here we
consider DSBMs with small entries in A and A and illustrate their effect on the performance
of the change-point estimators based on simulated results. For DSBMs (4) and (5), we
consider (m,n, nty ) = (60, 60,30).

(4) Reallocation of nodes: Let K =2, z(i) = I[(1 <i <m/2)+2I(m/2+ 1 <i<m),

w(2i—1) =1, w(2i) =2 V1 <i<m/2.

1 1 1

Further, A = A = . @ ) nAlmi‘slm‘sz )
n*lmA 2 nd1md2 A m2

for (61,02, A1, A2) = (3/8,3/8,1/4,1/4),(5/8,1/4,1/4,3/8).
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Table 4: Illustrating the performance of the change-point estimators with m = 60,n =
60, n7y n = 30, A = 1/20 based on 100 replicates and DSBMs (1), (2) and (3).
Figures in brackets are frequencies of the number of change-points the correspond-
ing change-point is observed. Further, F,, := ||Ed,(A) — Ed,(A)]||%.

Change Merging
Reallocation of nodes,in (1) in connectivity,| communities,
in (2) in (3)
5=1/20 [6=1/10 [o=1/4
F, 793.67 527.82 154.31 187.35 231.02
#Fn 13.23 8.784 2.572 26.456 3.85
%Fn 11905.11 7905.3 2314.58 23810.26 1540.12
S 0.3 0.455 1.56 6.024 1.021
m/m 1.17 1.764 6.024 5.738 2.64
30(88), 30(91),
. 20(7), 29(5), 30(92), 28(2), | 30(88), 29(8), | 30(89), 29(3),
mn 28(3), 28(1), 31(6) 28(2), 31(2) | 31(7), 32(1)
32(2) 31(3)
30(34),
A 29(7), 30(87), | 30(78), 30(90), 28(2), | 30(88), 31(7),
Tm.n 29(6), 29(11), 28(8),
: 32(5), 3107 3203 29(8) 28(5)
28(4)
30(23),
) gggi’) 26(23), | 30(29), 30(35), 30(21),
oo 28(7) 41(34), 22(45), 22(21), 24(6), | 22(20),
’ 22(14), 19(10), 41(16) | 19(18), 42(20) | 17(48), 37(11)
31(5)
23(6)
(5) Change in connectivity: Let K =2, z2(i) = w(i) = I(1 <i<m/2)+2I(m/24+1 <
2 1
i<m), A= ( nAimA2 - nAgmA > A=A+ o, (A1, A2) = (1/4,1/4),(1/4,3/8).
nAmA2 n M mA2

The results are presented in Table 7. For models (4) and (5), SNR-ER is proportional
to n~291m 2% and n~'/*m /4 respectively. The choices of §; and dy taken in (4) suffice to
make the connection probabilities in A and A small enough, so that the resulting SNR-ER
is small. Consequently, 7,,, does not perform well in Columns 1 and 2 of Table 7. On
the other hand, 0; = 1/8 and d2 = 1/8 in (5) are adequate to induce a large SNR-ER,
as reflected in the improved performance of 7,,,, for 7,,, in Columns 3 and 4 of Table 7.
On the other hand, while m/K in Table 7 is large enough to satisfy SNR-DSBM, v, ,, is
proportional to n~*'m~*2 and by the choices of A1, A2 in models (4) and (5), quite small,
as a consequence of which (A1) does not hold for the settings depicted in Table 7, and the
performance of 7,, suffers. The estimator Tm,n performs very well throughout Table 7, since
SNR-DSBM holds.
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Table 5: Illustrating the performance of the change-point estimators with m = 500,n =
20, n7py, n = 10, A = 1/20 based on 100 replicates and DSBMs (1), (2) and (3). Fig-
ures in brackets are frequencies of the number of times the corresponding change-
point is observed. Further, F,, := ||Ed,(A) — Edy,(A)]|[%.

Change Merging
Reallocation of nodes, in (1) in connectivity,| communities,
in (2) in (3)
0=1/20 0=1/10 d=1/4
n 49763.4 36881.4 15014.7 99526.8 14501.2
b 3.98 2.95 1.2 7.96 1.13
wibn 24881.7 184406.8 75070.2 497634 32224.9
lignnz 0.04 0.054 0.13 0.13 0.13
7 0.089 0.121 0.298 0.298 0.1997
- 10(89), ;‘()5(;3’7)’8(3)’ é‘éf& 1?% 10(90), 9(8), | 10(89), 9(4),
’ 9(8), 8(3) 11(5) 12(1) 8(2) 8(1), 11(6)
- 10(87), 10(85), 10(29), 3(23), | 10(85), 9(9), | 10(28), 7(33),
o 8(4), 11(9) | 8(8), 11(7) | 6(35), 15(13) 8(6) 4(14), 15(25)
= 10(88), 10(89), 10(79), 8(9), | 10(83), 9(10), | 10(85), &(7),
Tm,n 9(8), 11(4) | 8(6), 11(5) | 9(5), 11(7) 8(7) 9(5) 11(3)

Simulation on setting (G): Consider the setup in setting (G) previously presented and
let n =20, n7yn = 10, m = 20, K = 2, 2(i) = w(i) = I(1 <1i < 9)+2I(10 < i < 20),
p? = 0.8, pp = p1 +1/y/n, A = p1Is, A = palo. Simulation results are given in Table 8.
In this case, both SNR-DSBM and (A1) hold. Hence, both 7, , and %m,n perform well as
expected. However, due to the failure of SNR-ER to hold, the performance of 7, ,, suffers.

5. Asymptotic distribution of change-point estimators and adaptive
inference

Up to this point, the analysis focused on establishing consistency results for the derived
change-point estimators and the corresponding convergence rates. Nevertheless, it is also of
interest to provide confidence intervals, primarily for the change-point estimates. This issue
is addressed next for 7,, 5, %m,n, T;;L’n and 7, », and as will be shortly seen the distributions
are different depending on the behavior of the norm difference of the parameters before and
after the change-point. Since this norm difference is not usually known a priori, we solve
this problem through a data-based adaptive procedure to determine the quantiles of the
asymptotic distribution, irrespective of the specific regime pertaining to the data at hand.
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Table 6: Illustrating the performance of the change-point estimators with m = 500,n =
100, nTyn = 50, A = 1/20, based on 100 replicates and DSBMs (1), (2) and
(3). Figures in brackets are frequencies of the number of times the corresponding
change-point is observed. Further, F,, := ||Ed,(A) — Edy (A)]|%.

Change Merging
Reallocation of nodes, in (1) in connectivity,| communities,
in (2) in (3)
6=1/20 [o6=1/10 [o6=1/4
F, 42365.37 | 26730.8 67145 84731.13 11943.6
I F, 16.94 10.69 2.686 33.89 4.65
o F, 1059139 668271.6 | 167862.2 2118278 132706.8
S 0.047 0.0748 0.298 0.298 0.157
m/m 0.236 0.374 0.49 1.49 0.524
50(88), 50(90),
. 49(6), 49(3), igg?) ‘5"?&3 50(92), 49(3), | 50(87), 49(7),
mm 48(3), 51(5), 52(2)’ " | 51(5) 48(2), 51(4)
51(3) 52(2)
50(88), 50(91), S0078), 4907), | 0000, 49(6). | 50(87). 49(8)
Fm 48(5), 49(6), 48(5), 52(8), 13(2) ’51(2) : 51(5) ’ :
49(7) 48(3) 53(2) ’
50(83), 50(88),
. 49(8), 48(9), 50(85), 49(5), Zggf) ‘5“198; 50(85), 49(8),
Tmon 48(7), 47(2), 48(5), 51(5) 52(3) " | 48(2), 51(5)
53(2) 51(1)

5.1. Form of asymptotic distribution

For ease of presentation, we focus on 7,, ,, but analogous results hold for 7;;,

o

Tmn and T, .

As previously mentioned, there are three different regimes for its asymptotic distribution
depending on:—(I) ||Ed,(A) — Edy(A)||2% — oo, (IT) ||Ed.(A) — Edy(A)]|2% — 0 and (III)
[|Ed.(A) — Edy(A)||p — ¢ > 0.

We need additional regularity assumptions (A2)-(A7) for the other regimes. Assumption
(A2) stated below ensures that the connection probabilities are bounded away from 0 and
1, which gives rise to a dense graph and ensures the positive asymptotic variance of the

change-point estimators.

(A2) For some ¢ > 0, 0 < ¢ < inf,, , Ay, Infy, 4 Oy < SUPy, 4 Auw, SUPy, 4, Oup < 1T — ¢ < 1.

The precise statements of (A3)-(A7) are given in Section 7.10, but a brief discussion of their

roles is presented below.

Assumption (A3) is required in Regime IT and guarantees the existence of the asymptotic
variance of the change-point estimator. In Theorem 26(b), this variance is denoted by 2.
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Table 7: Illustrating the performance of the change-point estimators with m =
60,n7y, , = 30, based on 100 replicates and DSBMs (4) and (5).

CHANGE POINT ESTIMATION IN DSBM

60,n =
Figures in

brackets are frequencies of the number of times the corresponding change-point is
observed. Further, F,, := |[|[Ed,(A) — Edy,(A)][%.

Reallocation of nodes, in (4) Change in connectivity, in (5)
(01,02, A1, A2) = | (61,02, A1,22) = | (A1, A2) = | (A1, A2) =
(3/8,3/8,1/4,1/4)| (5/8,1/4,1/4,3/8)| (1/4,1/4) (1/4,3/8)

Fn 3.873 1.3915 464.758 464.758

., | 0.0645 0.0232 7.746 7.746

1 F, | 58.095 20.874 6971.37 6971.37

| 61.968 172.466 8 22.265

MY | 940 667.96 30.984 86.232

. ggg)@ gi’gg; 30(88),  29(4), | 30(01),  29(s), | 30(39),  29(5),

" ) 31(8) 28(1) 28(2), 31(4)

30(15), 27(18), | 30(21),  28(4),

fn | 24(38),  22(19), | 18(31),  39(14), gggf) 29(9), 2%2?) 28(6),
41(10) 47(19), 49(11)

] 30(7),  28(23), | 26(15), 22(23), | 30(14),  25(8), | 30(15), 26(10),

Fom | 22(13),  18(18), | 32(27),  39(25), | 23(28),  38(34), | 21(25),  21(28),
38(20),43(19) 43(10) 43(16) 39(14), 44(8)

Table 8: Illustrating the performance of change-point estimators with m =

20,n =

20,n7y,, = 10 based on 100 replicates for DSBMs in setting (G). Figures in
brackets are frequencies of the number of times the corresponding change-point is
observed. Further, F,, := |[|[Ed,(A) — Edy,(A)][%.

Fo | %F | 2&%F0 | 22 |22 | fon Fmm Fn
4(42), 5(33),
on(6 101 |05t w5 |oa |1as | W00 gy * 0T 0015
’ 10(5), 14(8) ’
In Regime III, we consider the following set of edges

and treat edges in ), and Ky = K¢ separately. Note that in Regime II, K, = {(i,5) :
1 < 4,5 < m} is the set of all edges. Hence, we can treat K, in a similar way as in
Regime II. The role of (A4) in Regime III is analogous to that of (A3) in Regime II. In
the limit, /C,, contributes a Gaussian process with a triangular drift term. (A4) ensures
the existence of the asymptotic variance 52 of the limiting Gaussian process as well as
the drift ¢3. (A5) is a technical assumption and is required for establishing asymptotic
normality on /C,,. Moreover, Ky is a finite set. (A6) guarantees that Iy does not vary
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with n. (A7) guarantees that 7,, — 7° for some 7° € (c*,1 — ¢), A=) — aija

and dy(iyw(j) — aijo for all (i,j) € Kp. Consider the collection of independent Bernoulli

random variables {A%;, : (i,7) € Ko,l = 1,2} with E(Aj;)) = aj;;. Then, (A7) implies
D * * k * . .

Aij(inf1m) = A5 I(f <77°) + A5 I1(f > 77) V(i j) € Ko.

The following Theorem summarizes the asymptotic distribution results.

Theorem 26 Suppose SNR-ER holds for Ty, n,, SNR-DSBM, (NS) and (A1) hold for %m,m
SNR-DSBM, (NS) and (A1%) hold for 7, and SNR-DSBM holds for 7y, . Then, the
following statements are true. Let 7y, ,, denote generically any of the following change-point
estimators: Tmn, Tmn, 7:'m7n and T;;’n.

(@) If ||Ed,(A) — Edy(A)||% — oo, then limpy oo P(Amn = Timn) = 1.
(b) If (A2) and (A3) hold and ||Ed,(A) — Edy(A)||% — 0, then

| [ Bd:(A) = Edy ()] [} = ) 5 7 arg max(=0.5[h] + By), (5.2)

where By, denotes the standard Brownian motion.

(c) Suppose (A2), (A4)-(A7) hold and ||Ed.(A) — Edy(A)||p — ¢ > 0, then

M(mn — Tmm) = argmax(D(h) + C(h) + A(h))

heZ
where for each h € 7,
D(h+1)—D(h) = 0.5Sign(—h)ci, (5.3)
Ch+1)—C(h) = AW,, W "% N(0,1), (5.4)
Ah+1)—A(h) = [(Zij,h —afj1)? = (Zijn — a3;2)?|, (5.5)

keKo

Ziin} are independently distributed with Z;;p < 4% I(h < 0)+ A%, I(h > 0) for all
Js J5 Z]vl Z]72
(Z7]) € ICO-

Remark 27 As we have already noted, consistency of the change-point estimators holds for
both dense and sparse graphs. The same conclusion holds for the asymptotic distribution
under Regime I. However, (A2) is a crucial assumption for establishing the asymptotic
distribution of the change-point estimator under Regimes II and III. (A2) implies that the
random graph is dense. The different statistical and probabilistic aspects of sparse random
graphs constitute a growing area of research in the recent literature. Most of the results
in the sparse setting do not follow from the dense case and different tools and techniques
are needed for their analysis; see Remark 36 for examples. Though the convergence rate
results established in Sections 2 and 3 hold for the sparse setting, deriving the asymptotic
distribution of the change-point estimator under Regimes II and II1 in sparse random graphs
requires further investigation.
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5.2. Adaptive Inference

Next, we present a data adaptive procedure that does mot require a priori knowledge of
the limiting regime. Recall the estimators 7y, », A, A, %2 and w of the parameters in the
DSBM model given in (2.1). We generate independent m xm adjacency matrices A, pseum,
1 <t < n, where

SBM(2,A), if1 <t < |[nfmn)

2 (5.6)
SBM(w, A), if [nTmn] <t <n.

At n,psBM = ((Aij (t,n),08BM)) ~ {

Obtain
EDSBM = argh max L* (T + h/n, 2,0, /i, A) (5.7)

e(n(c*—Tm,n)n(l—c*—Tm,n))

where

22 1 m
L*(Fmn + b/, 2,0, A, A) =~ >

> (Aijam.psBM — a0’ |- (5.8)
t=nTm,n+h+1

_l’_

Theorem 28 states the asymptotic distribution of ilDSBM under a stronger identifiability
condition. Specifically,

SNR-ER-ADAP: " _||Ed.(A) — Edy(A)][3 — o

It is easy to show that SNR-ER-ADAP holds if all assumptions in Proposition 24 hold and
(AD) m = e for some 01,02,03 > 0 and 0 < &1 + d2 + 93/2 < 1/2 (91,62 are as in

Proposition 24)
is satisfied.

Specifically, Examples (A)-(D) in Section 4 satisfy SNR-ER-ADAP in the presence of con-
dition (AD).

We also need the following condition to ensure that Z and w are consistent estimates for z
and w, respectively.

(A1-ADAP) K ||Ed.(A) - Edy(A)]);" = 0.

n

Under SNR-ER-ADAP, one can reduce A1-ADAP to W — O(1). This holds

whenever within and between community connection probabilities are equal (that is \;j; =
q1,0ij = q2 Vi # j and \y; = p1,0; = p2 Vi), balanced communities of size O(m/K) are
present, and their number is K = O(m2/ 3). This is because the first two conditions implies
Um.n = O(m/k) (for example see Example 1).

We also require logm = o(y/n), so that the entries of Ed:(A) and Edg(A) are bounded
away from 0 and 1. Note that this assumption implies 0 < d3 < 1/2 in (AD).
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Theorem 28 (Asymptotic distribution of fLDSBM) Suppose (A2), SNR-ER-ADAP and
A1-ADAP hold and logm = o(y/n). Then, the following results are true.

(a) If ||Ed.(A) — Edy(A)||p — oo, then limy, o0 P(hpspy = 0) = 1
(b) If (A3) holds and ||Ed,(A) — Edy(A)||r — 0, then

[[£d:(A) — Edu(A) || pspar = 7~* arg max(~0.5/h] + By) (5.9)

where By, corresponds to a standard Brownian motion.

(¢) If (A4)-(A7) hold and ||Ed,(A) — Edy(A)||p — ¢ > 0, then

hpspy = argmax(D(h) +C(h) + A(h)),

where D(-), C(-) and A(-) are same as (5.3)-(5.5).
The proof of the Theorem is given in Section 7.9.

Remark 29 Though SNR-ER-ADAP is stronger than SNR-ER, we have not been able to
relax it. Data-driven methods usually require stronger assumptions even in simple mod-
els like the Erdés-Rényi random graph one, with a single change-point—see for erxample
Bhattacharjee et al. (2017). To establish the form of the asymptotic distribution of iLDSBM,

we need to establish convergence in probability as stated in Lemma 34 which do not occur
without SNR-ER-ADAP.

Remark 30 Similar conclusions as in Theorem 28 hold for Ty, and Tm.n, but under the
stronger assumptions (A1) and (A1%*), respectively, instead of A1-ADAP. Details are omit-
ted to avoid repetition. Moreover, as discussed in Sections 2 and 4, (A1) and (A1*) are
difficult to satisfy whereas SNR-ER-ADAP may often hold (see discussion after stating the
assumption). Also computation of 7:-m,n 18 itself expensive and performing adaptive inference
for it will make it even more so. For these reasons, we have mainly focused on adaptive
inference for T p.

Remark 31 Note that the asymptotic distribution of hpspy is identical to the asymptotic
distribution of Ty,n. Therefore, in practice we can simulate ilDSBM for a large number
of replicates and use their empirical quantiles as estimates of the quantiles of the limiting
distribution under the (unknown) true regime. Moreover, the adaptive inference is a compu-
tationally expensive procedure and comes at a certain cost, namely the stronger assumption

SNR-ER-ADAP.

6. Concluding Remarks

In this paper, we have addressed the change-point problem in the context of DSBM. We
establish consistency of the change-point estimator under a suitable identifiability condition
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and a second condition that controls the misclassification rate arising from using cluster-
ing for assigning nodes to communities and discuss the stringency of the latter condition.
Further, we propose a fast computational strategy that ignores the underlying community
structure but provides a consistent estimate of the change-point. Further, for both meth-
ods under their respective identifiability and certain additional regularity conditions, we
establish rates of convergence and derive the asymptotic distributions of the change-point
estimators.

In addition, this work identifies an interesting issue that requires further research;
namely, a range of models where the SNR-DSBM identifiability condition holds, but the
misclassification rate condition (A1) needed for the “every time point clustering algorithm”
and the identifiability condition (SNR-ER) of the alternative strategy fails to hold. In that
range, no general strategy for solving the change-point problem for DSBM seems to be
currently available.

Note that even adopting a very simple (almost toy-like) structure for the DSBM (for
example the framework in Gao et al. (2017)), detecting the change-point remains a hard
problem if neither (A1) or (SNR-ER) hold. The modified algorithm proposed in Remark
17 is a good possibility, but the limitations discussed in Remark 18 remain a concern. At
present, we are not aware of any detection algorithm that works by imposing only SNR-
DSBM type assumptions for the change-point problem in DSBM.
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7. Proofs and Other Technical Material

Throughout this section, C'is a generic positive constant. Often we write 7, , as 7.

7.1. Proof of Theorem 8

Without loss of generality, assume 7 < b. By Lemmas 5.1 and 5.3 of Lei and Rinaldo (2015),
with probability tending to 1, we have

K

2
Vi

Mb,n,m < C

nr nb
1 1
[anmtm_Edz(A))\%ﬂ\n S (A — Edu(2))]13
t—1 t=n1+1
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nb
Hl 3 (BdL) - Bdu(a)]3]

t=n1t+1

K
= C——(A1+ Ag + 1 =] [[Ed.(A) — Edu (A)][}), say.

m,n

Now by Theorem 5.2 of Lei and Rinaldo (2015), A, Ay = Op(m). Thus,

M = O ( (m+ 7 — b|[Eds(A) - Edw@m%)) |

2
Vg,

This completes the proof of Theorem 8. W

7.2. Selected useful lemmas

The following two lemmas directly quoted from van der Vaart and Wellner (1996) are needed
to establish Theorems 11 and 26.

Lemma 32 For each n, let M,, and M,, be stochastic processes indexed by a set T. Let
Tn (possibly random) € T, C T and d,(b, 7,) be a map (possibly random) from T to [0, 00).
Suppose that for every large n and ¢ € (0,00)

sup (M, (b) — M, (1,)) < —Cé?, (7.1)
0/2<dn (b,mn)<d, bET
E sup VM (b) — M (1) — (M (b) — My (73))] < Chn(6), (7.2)

0/2<dn(b,mn)<0, bET

for some C > 0 and for function ¢, such that 6~ “¢,(d) is decreasing in § on (0,00) for
some a < 2. Let r, satisfy

r2p(rt) < v/ for every n. (7.3)

Further, suppose that the sequence {7p n} takes its values in T and satisfies M, (7,) >
M., (1) — Op(r,2) for large enough n. Then, rndy,(7n, ) = Op(1).

Lemma 33 Let M,, and M be two stochastic processes indexed by a metric space T, such
that M,, = M in [*°(C) for every compact set C C T, that is,

sup [M,,(h) — M(h)| 5 0. (7.4)
heC

Suppose that almost all sample paths h — M(h) are upper semi-continuous and possess
a unique mazimum at a (random) point h, which as a random map in T is tight. If the

sequence hy, is uniformly tight and satisfies M, (hy) > sup, M, (k) — op(1), then hy, B hin
T.

The following lemma is needed in the proof of Theorem 28.
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Lemma 34 Suppose SNR-ER-ADAP, A1-ADAP holds and logm = o(y/n). Then, the

following statements hold.

18 (R)— B (A2
(@) 1E&x Edw(AWF -1

(b) If || Ed.(A) — Edy(A)||% — 0, then
>rim1ei)2() = Ow(iyw()) *Aai) =) (L = Aei)=(i)) 5o
||[Ed.(N) — Edy(A)|[% 7

2 =1 X)) — Suu) duu) (L~ Suwui) » .2,
|Ed.(A) = Edy(D)]]3

(c) If || Ed.(A) — Edy(A)||% — ¢ > 0, then

P .
D airz) = Suw(iwi) Ae=) (1 = Aetiyz(y) = 7
1,JEKR

P _
D Aairzt) = Sulyw() Sutiyw) (1 = Suwiiui)) = 77

1,J€KR

Proof We only show the proof of part (a), since parts (b) and (c¢) follow employing similar
arguments.

[Ed: (A) — Eda(A)]12 _1‘ _ lEds(d) - E (A)H%—HEdz(A)—Edw(A)H%!
[ZERETREV A H ) BT
_ Ed:(A) — Ed.(A) - da(A) + Edu (D)3
A ||Ed< T~ Edu (AT
IEd:(A) — Ed. (A )||F+\|Ed (A) - Edw(A)|[%
- ||Ed( ) — Edu(A)]I%
Therefore, part (a) follows from Theorem 13, SNR-ER-ADAP, A1-ADAP and logm =
o). .

7.3. Proof of Theorem 11

Throughout this proof, we use the following simplified notation for ease of exposition: A;;; =
Aij(tn)s 21 = Zbpms 22 = Zrpypngmy W1 = Whpm, W2 = Wry onms M= Nz n) my Ao =
Zrim momymo (Tm,nsM),mes A3 = AETmYn,n,(b,n),mv A1 = Au?b,n’m,(b,n),m7 AQ = Wy s (T )00
Aw = Aw,(b,n),n’w )\uv,l = Auv,ébﬂn,m,(b,n),ma >\u'u,2 = )\uv,fz}m’n’n,m,(Tm,n,n),m7

)\uv,3 = )‘uv,ifmymn,(b,n),ma 5uv,1 = 6uv,u~)b7n,m,(b,n),m7 5uv,2 = 5ufu,u~17mm,n,m,(Tmm,n),ma 5uv,w =
wo,w,(bn),me SUPPOse b < Ty, . Similar arguments work when b > 7, ,,. Note that

Tmn =arg min  L(b, z1,wi, A1, Aq)
be(e*,1—c*)
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where
m nb n
} 1 .
L(b,z1,w1, A1, Ay) = - Z {Z(Aijt — Ay ()n) + Z (Aijt = Ouy (o (i)1)° | - (7-5)
ij—1 =1 t=nb+1

To prove Theorem 11, we need Lemma 32 quoted from van der Vaart and Wellner (1996).
For our purpose, we make use of the above lemma with M, (-) = L(-, Z. nms Wen,ms
AZyn,m,(-,n),ma Am,n,m,(-,n),m)’ MN() = EL(’ g'm,mv w',n,mv AZA,n,m,(-,n),mu Au?’n,m,(-,n),m)’ T =
0,1], 7o, ={1/n,2/n,...,(n —1)/n,1} N [c*, 1 = c*], dp(b, T n) = ||Ed.(A) — Edw(A)||F
VIb—=Tmnl, on(0) =6, a = 1.5, rp = \/ﬁ(pm,n)_l/2 and 7, = 7:'m7n. Thus, to prove
Theorem 11, it suffices to establish that for some C' > 0,

E(My,(b) = My (7)) < —C|[Edz(A) — Edy(A)|[7]b — Tm,n| and (7.6)
5\/ m,n
E sup |M,, (b) — My, (Ty,n) — E(Mp(b) — My, (7i,0))| < C Pm, . (7.7)
§/2<dn (b,7m,n)<9, \/ﬁ
beT

As the right side of (7.6) and (7.7) are independent of z1, z, w1, ws, it suffices to show
E*(M,,(b) — M, (Tin.n)) < —C||Ed,(A) — Edy(A)|%]b — Tn.n| and (7.8)

1)
B sup [Ma() — Ma(tmn) — EMa(b) ~ M) < Y072 (79)
5/2<dn, (b,7m,n) <5, Vn
beT

where E*(-) = E(:|z1,w1, 22, ws). Similarly denote V* = V (|21, 22, w1, w2) and Cov*(:) =
Cov(-|z1, 22, w1, we).

Note that the left hand side of (7.9) is dominated by
1/2
E* sup (M, (b) — My (Tinn) — E(My,(5) — My (Tin)))? . (7.10)
8/2<dn (b,Tm n)<d, bET
By Doob’s martingale inequality, (7.10) is further dominated by

(V*(M,(b) — Mn(Tm,n)))l/Q where dy, (b, Tr.n) = 0. (7.11)

Thus, to prove Theorem 11, it suffices to show that for some C > 0,
V* (M, (b) — My (Tin,n)) < Cn™d2 (b, Tonn ) P (7.12)

Hence, it sufficies to prove (7.8) and (7.12) to establish Theorem 11. We shall prove these
for b < 7y,5,. Similar arguments work when b > 7, ,.

Denote by Ly = L(b, z1, w1, A1, A1) and Ly = L(7, 29, w2, Az, Az). Hence,

Ly — Ly = A(b) + B(b) + D(b), (7.13)
where
1 m nb
AB) = —> > [(Aijt =A@z )n)” — Qi = Aoyi)za)2)’]
ij=1t=1
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1 m nTt
BO) = 5> D [(A"ﬁ_éwl(i)wl(j),l)z—(Az‘jt—@zu)zz(a’)v?ﬂ’
i,j=1t=nb+1

1 m n
D) = E.Z 2 [(Aijt_5w1<i>wl<j>,1)2—(Aijt—5w2<i>wz<j>,2)2]'

Consider the first term of A(b) as follows.

m
BIpN i
- it — 1
nb ijt = Az ()21 (),
t=14,j=1
1 m K
zyt
= % g g A@Jt + 5 Su,z1 Sv 21 uv 1 E Su,z1 Sv 21 Zl 1)21(7),1 E E
t=14,j=1 u,v=1 u,v=1 7,21()—u t=1
Jiz1(d)=v
K
2
= - E E Az]t § : SU,Zl‘SU,Zl()‘u%l) :
t 14,5=1 u,v=1

Similarly, the second term of A(b) is

K
— Z Z ijt — Azy (i)22(j )2)2 = - Z Z Azgt + Z Su,z25v,22 ()‘uv,2)2

tlz] 1 tlz,j 1 u,v=1

K
-2 § Su,z95v,22 >\uv,2)\uv,3-

u,v=1
Therefore,
K K
PEX(AD)) = = D sumsemnB Muw2)? =b Y susmses B M)’
u,v=1 u,v=1

K
+2 Z Su,zo Su,z0 B (Auv,2Au0,3)-

u,v=1

Let S((u,v, f), (a,b,g)) be the total number of edges which connect communities u and v
under community structure f, and also communities a and b under community structure g.
Therefore,

E*Quwn)? = V'O, 1) + <E(Aw 1))?

_ 1 Z S((u,v,21), (a,b,2)) Aap(1 — Aap)

nb (su 2150,21) oy
1 K i
+ | — Z S((U,U,Zl),(a,b, Z)))\ab )

S’U,,Zl S’U,Zl a.b=1
b=
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E*Aw2)? = V*(Aw2) + (E(Aw2))? (7.14)
K
1 1

= —— S((uw, v, 22), (a,b, 2)) Aap(1 — Aq
nTt (Su,zgsv,zz)Q azbz:l (( 2) ( )) b( b)

1 K i

Tl Z S((U,’U,ZQ),(CL,I), Z))Aab )

Su,225v,22 a,b=1

E*()\uv,Q)\uv,ZS) = COV*()\UU,27 )\uv,3) + (E()\uv,Z))(E()\uv,fi))

1 1 s
= - - Z S((u,v, 22), (a, b, 2)) Aap(1 — Aap)

N7 (Suepsum)?

1 & 2
o — Z S((u,v,22), (a,b,2)Aap | -

b=

Hence,

where

11 K
A = =) —— Z S((u,v,21), (@, b, 2)) Aap(1 — Agp)

u,v=1 a,b

=1
K 1 K
+ Z Esu Ry Z (u,v, 22), (a,b,2)) Aap(1 — Aap),
K 1 K 2
Ag(b) = — Z P Z (u,v,21),(a,b,2))Aab

2

K 1 K
_— b Aa . 7.15
+Zs Z (u,v,22), (a,b,2))Aap (7.15)
Note that

Aq(b)

v

K
-2 (ij - 1) o > S((uv,21), (@b, 2)Aap(1 = Awp) - (7.16)

b=

11 &
- Z Esj Z S((U7U7Z1)7(a’ b, Z)))‘ab(l - )‘ab)

K
+ Z Es; Z S((U,U,ZQ),(CZ, b, Z)))\ab(l - )\ab)

IV
|
Q
N
|~
|
‘)—l
N—
=
bw
3
3
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K
—C Z > S((w,v, 1), (a,b,2))

ns
u,v=1 u,21 50,21 (a,b)#(u,v)

K
—C Z > S((w,v,22), (a,b,2))

ns
wo=1 0 IR IE ()

1 K
_Cﬁ Z (S((u, v, 21), (u,v,z)))\(sumsuzl)*l - (SU,ZSU,Z)71|

u,v:l
1 -1 -1
—C= (u,v,22), (U, v, 2)))|(Suz080,20) " — (SuzSv,2) |
U= 1
| XK
—C= Y (suz50.2) (S((u, 0, 21), (u, v, 2))) = (S((u, 0, 22), (u, v, 2)),
nu,v:l
KZ
> —C(r = b)——pmn = C(T = MG i (7.17)
Further,
2
K
Ao(h) > —C Y ——— P ( > S((w,v,21), (abZ))> Prn
up=1 "FLTEL A (g b)£(uw)
K

0N (S(( v 20), (,0,20))2

Su,z1 50,2
u,v:l <1 <1

K 1 2
-C Z — ( Z S((“’?UvZQ)?(a? b, Z))) p%n,n

wo=1 82202\ () 2 u)
S 2 -
—C Z — (S((u, v, 22), (u, v, 2))) Pm.n

Su,z2Sv,2
uﬂ):l 3<2 1<2

> _C<T - b)nZMg,n,mpgn,n
K
—C Y (S((w,0,21), (1,0, 2)))%| (5,21 80,20) " = (Su250,2) " P

u,v=1

-C Z (v, 22), (1,0, 2)))*(Su,2050,22) ™' = (Suz50,2) ™ |omm

u,v=1

K
—C Z (3%237172)71‘(5((“7 v, 21), (u7 v, Z)))Q - (S((u7 v, 2’2), (u7 v, Z))2’p12n,n

u,v=1
> _C(T - b)nQMl%,n,mp?n,n' (718)

This proves

B (A®) = ~C(r (5 4 020 ). (7.19)
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Next, consider B(b). Define

nTt

1
Huv,l = m Z Z Azyta

S S
t:nb+1 U,22°0,%2 iizg(i)=u

Jiz2(j)=v
1 nr
Huv,2 = —F 5~ Aijt.
n(T—b)t%l uw1 vw1 lwlzzu /
Jrwi(j)=v
Note that
1 & m
BM) = — >, >, [(Az'jt — Ous @y (iy,1)” — (Aije = Azz(i)zzmz)Q]
t=nb+1i,j=1
1 I m
= > [(5w1(i)w1(j)71)2 — Pea()z(i).2)” = 2465 (Ouy (1 (7).1)
t=nb+11,j=1
+2Aijt(>‘zz(i)zz(j),2)):|
K
= (T - b) Z (Su,wl Sv,wy (5uv,1)2 — Su,zo SU,ZQ()\uv,2)2 - 2Nuv,25uv,1 + 2/«Luv,1)\uv,2)-
u,v=1
Therefore,
E*(B(®b) = Bu(b)+ Ba(b) (7.20)
where
K
Bl<b) = (7— - b) Z |:Su,w13v,wlv*(5uv,1) - S’LL,ZQS’U,ZQV*(AU/’U,Q)
u,v=1
_25u,w1 Sv,wy Cov™ (,qu,Qa 6uv,1) + 25u,2250,22 Cov* (/Luv,la /\uv,2):| s
K
By(b) = (1-0) Z |:5U7w1 Sv,w1 (E*((Suv,l))z — Su,z050,22 (E*()‘uv,2))2
u,v=1
_23u,w1 Sv,wy E* (Huv,Q)E*((Suv,l) + 23u,zgsv,z2E* (Muv,l)E*<)\uv,2):|
= (7’ — b)(B21 + Bos + Basg + Bay). (7.21)

Now, V*(Ayw,2) is given in (7.14) and

K

V*(Gupr) = (n(ll_ A [SZ(ZS_ZZ G;IS((u,v,wl),(a,b,z))Aab(l—Aab>

n(l—71) K
4 7 Z S((u, v, w1), (a,b,w))dap(1 — dap) |,

b=
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K
« _ 1 n(t — b)
Cov (Nuv,Qv 6uv,1) = n2(7' — b)(l — b) |:5u,w1 Svawn ag:l S((ua v, wl)a (CL, b7 Z)))\ab(l )‘ab):| )
K
1 n(t —b)
* uv,ls NMuv s Uy ) 7b7 a 1- a .
Cov™ (b, Auv2) n?(r —b)T [Su,zzsv,z2 ab=1 Sl 22), (02 i A b)}

Using similar calculations as in (7.16), we obtain

K2
By(b) > —C(1 —b) (npm,n + M%,n,mpfn,n> : (7.22)
Next, consider Ba(b).
K
By = Z (5u,w1 Sv,wy; — Su,wsv,w)(E*(éuv,l))2
u,v=1

K K
+ Z Su,wsv,w(<E*(5uv,1))2 - (E*<5uv,w))2) + Z Su,wsv,w<E*(5uv,w)>2

u,v=1 u,v=1

K K
—C/Vlin,m -C Z SuwSv,w| (B (Ouv,1)) — (B (Suv,w))| + Z Su,wsv,w5gv

>
u,v=1 u,v=1
K
> _OMIQ),n,mp?n,n — Bo11 + Z Su,wsv,w(s?w‘ (723)
u,v=1
We then get
K
Bonp = Z Su,wsv,w’(E*(éuv,l)) - (E*(éuuw))’
u,v=1
< — —b)— S b,z))A
B uvzl SuwSvw n(l —b) [TL(T )Su,w18v,w1 aél ((u,’U’wl), (a7 ,Z)) @
1 K
tn(l—7)——— > S((u,v,w1), (a,b,w))5ab] — bue
Su,wi Sv,wq a1
b & SuwS K
S [“ > S((uv,wi), (@b, 2)) Ay — su,wsv,wam]
o u,v=1 Su,wi Sv,wy a,b=1
-7 & SuwS X
+C Z |:u’wv’w Z S((’LL’ ’U, ’U)l), (a, b, w))(sab - Su’w3y7w5u1;:|
L=0b] “= [ SuuwiSvu -
, U= a,b=1
= Baiia + Boip, say. (7.24)

It is easy to see that

K
Boiia < Cpiy Z

u,v=1

Su,wSv,w
— 1| Su,u; Sv,uw,

Su,wy Sv,w1
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K K
—l—szn’n Z Z 1S ((w,v,wr), (a,b,2)) — S((u,v,w), (a,b, 2))|

u,v=1 a,b=1

2 2
< CMb,n,mpm,n :

Similarly, Ba11p < CM? Thus, by (7.23) and (7.24), we get

2
,n,mpm,n'

K
By > —CM? o2 52
21 = bn,mPmpn + Su,wSv,w0iy-

u,v=1

Using similar arguments as above, we also have

K
2 2 2
By > _CMb,n,mpm,n_ E :SU,ZSMZ/\uv?

u,v=1
K K
B23 > _CMz,n,mpgn,n —2 Z SU,va»wém’ Z S((U’U’w)’ (a’b’ Z))Aab
u,v=1 a,b=1
m
> —CM P =2 Y M) Ouliul):
1,7=1
K
B24 > _CMZ,n,mp%’L,n+2 Z 5%257}72)\1217)'
u,v=1

Hence, by (7.21)
Bs(b) > =C(1 = b)Mp iy + C(7 = D||Ed=(A) — Edu(A)] [

Consequently, by (7.20) and (7.22), we have

B(BH) > O = b p = Clr = DM s
+C(1 = b)||Ed.(A) — Ed(A)||%. (7.25)

Recall D(b) in (7.13). Similar arguments as above also lead us to conclude
KZ
E*(DW)) > ~Cr = D) p — Ol = DM o (7.26)

Hence by (7.13), (7.19), (7.25) and (7.26), we have

K2
F(Iy~12) > ~C(r =) pp— Clr = )n* M i

+O(r = b)|[Ed.(A) — Edw(A)[|F
—C(1 — b)||Ed.(A) — Edy(A)||%, by SNR-DSBM and (A1).(7.27)

v

This proves (7.8).
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Next, we compute variances. By (7.13),

V*(L1 — La) = V*(A(b)) + V*(B(b)) + V*(D(b)).

We only show the computation for V*(A(b)). Other terms can be handled similarly.

K K
V*(A(b)) < C Z Su,ZQSU,sz*()\uv,Q)2 +C Z Su,z150,zlv*()\uv,1)2

u,v=1 u,v=1

K
+2C Z Su,295v,29 v ()\uv72)\uv,3)‘

u,v=1

Let Cum,(X) denote the r-th order cumulant of X. Then,

(7.28)

. C nr 4
V*(Aw2)? < HE[Z S (A - EAijt):|
n (SU,Z2SU722) P
irzg(i)=u
Jiza(j)=v
C nr
< A/. - 2 Z Z Cum4(Aijt — EAijt)
n (Su,zgsv,zg) t=1 ()=
1.22 1 u
Jiza(j)=v
—+ < Z Z Cum4(Al-jt — EA”t)> (Z Z Cum4(Aijt - EAz]t)>:|
t=1 i:zg(i)=u t=1 i:zg(i)=u
jiza(f)=v Jiz2(j)=v
Cpmn
< -
o n2(3u,zzsv,22)2
Similarly, V*(Aup1) < —z——2" o and V* (Ayp2Auos) < ———2%" . Hence,

- n2(3u7215vy21) n (SU,ZQSU,ZQ)Q'

K? K?
VA (A®) < Comn~r < C(r = B)pmn
Using similar arguments as above, we also have
2 2

VA (B0), V(D) < Comn'y < Clr = D)pmat—.

Hence,

K? Ed.(A) — Edy(A)]|[2
V*(Ll - L2) < Cﬁpm,n < C(T - b)pm,nH ( ) - ( )||F

This proves (7.12).

Therefore, by Lemma 32 the proof of Theorem 11 is complete. l

(7.29)

Remark 35 Following the proof of Theorem 11 (see (7.27)), it is easy to see that Assump-
tion (A9) n> Mg, pr || Ed.(A)— Edy(A)||5% — 0Vb € (c*,1—c*) on the misclassification
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rate due to clustering is required for achieving consistency of %m,n. The rate of My m varies
for different clustering procedures. For Clustering Algorithm I presented in Section 2, the
rate of M3 is given in Theorem & and hence (A9) reduces to (A1). Details are given
before stating (A1). Two variants together with Assumption (A9) and their corresponding
misclassification error rates have also been presented and discussed in Section 7.5.

Note that Assumption (A9) is needed when used in conjunction with the every time
point algorithm. However, the assumption can be weakened if we only cluster the nodes
once before and after the change pont. Note that we assume that the change-point lies in
the interval (c*,1 — c*), which implies that we can cluster nodes using all time points before
¢ and obtain z and similarly cluster nodes using all time points after (1 — c* to obtain w.
Then, Aa(b) =0 and as a consequence E*(A(b)) > —C(r —b)(£- pmn + M3 mPrnp) holds
which is a sharper lower bound for E* (A(b)) than the one promded in (7. 19). Analogously,
for w we get E*(D(b)) > —=C(1 — b)( Pmn + /\/lbnmpm n)s This prom'des E*(Ly — Lg) >
—C(r — b) & pmn - C(r — b)/\/lbnmpmn + C(1 = b)||Ed,(A) — Edy(A)||% and a weaker
version (AQ*) is needed (M3, . p2 || Ed.(A) — Edy(A)||2 = 0V b e (c*,1—c*) (instead
of (A9))] along with SNR-DSBM to establish (7.8).

7.4. Proof of Theorem 13

Next, we focus on establishing the convergence rate for A, while analogous arguments are
applicable for A.

Without loss of generality, assume 7:'mn > Tmn For some clustering function f and b €

(c*,1 —c*), recall that )\uvf(bn = b Zt 1 59 150 7 fsv F ZJ{(( ))— n)
J
For some C' > 0, we have

m

Ed:(R) — BLIF = D (3012 Grmmpm — A0:0)
ijfl
< 2 Z Ae020)8 Grmmlim ~ M20)30) 5 rmmsmhm)”
,j=1
+2 .Zl(j‘é(i)é(j) S (rmmm)m — A()2()’
ij=
< Cm2(%m7n — Tm7n)2
+C 'Zl(j\é D) Ex(rmmm)im — BTN 030) rmmimyam)
igm

*\ 2
C X B Xs(5) 2 (i — M():()
i,j=1
= Tq+4+Ty+ T3 (say).

Note that by Theorem 11 we have m 2Ty = Op(I(n > 1)n"2||Ed,(A) — Edw(A)HFLp%n,n).
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Let P*(-) = P(:|3,w). By the sub-Gaussian property of Bernoulli random variables and
since for some positive sequence {C’m nts Sm > C’m n ¥V n with probability 1, we get

* -2 _ *Y B 2
Pi(m™ Tz 2t) = m2 Zl HDEG)E (rmmmin ~ B A@DEG) () m)” 2
7-]

A
I\d
)
*
—
v

— E* X2z = > C\/E)

z2(1)2(4),2,(Tm,n,n),m 2(1)2(3) z (Tm, n,n),m’ =

32 ~2
S m2016_02n8m’"t S m2016_02n0m7”t.

Therefore, P (m_2T2 > t) < mQC’le_CQ”C‘mmt — 0 for t = ‘m pmm- Hence, m™2Ty =

nC?nm
lo .
Op <nc,g3nm pm,n>. Finally,

1 &, s
-2 * 2
m Ty = m2 Z(E AZ@0)30) ()i — A()2(5))
ij=1
1 & N 2
= W < N Z S 2 2 Z), (a,b, Z))()\ab - Az(z)z(g)))
=1 \52(0).20)%20).% ap=1

IA
Q
z
3
3
3
Il
Q
o)
VR
Q“
NI
3
23
~_
[\
~

Thus, combining the convergence rate of Ty, Ty and T3 derived above, establishes the

convergence rate of Ed,(A) when 7, ,, > Ty, . Similar arguments work for 7, 5, < 7o

This completes the proof of Theorem 13. B

7.5. More on Remark 19

A key step in using the “all time point clustering” algorithm involves clustering. A specific
clustering procedure proposed in Bhattacharyya and Chatterjee (2017) was used to identify
the communities and for locating the change-point in Section 2. Nevertheless, other clus-
tering algorithms proposed in the literature [Pensky and Zhang (2019); Rohe et al. (2011)]
could be employed. For any given clustering algorithms, (a) and (b) in Remark 19 hold.

However, for (A9) to hold, the corresponding misclassification rate in the dense regime
needs to satisfy M, mn||Ed.(A) —Ed,(A)||z' — 0 for consistency of the estimators. Next,
we elaborate on these alternative clustering algorithms.

Clustering Algorithm II. Instead of doing a spectral decomposition of the average ad-
jacency matrices By and Bj, the spectral decompositon is applied to their corresponding
Laplcian matrices.
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An appropriate modification of the Proof of Theorem 2.1 in Rohe et al. (2011) implies

P, log m)?
Mb,n,m = OP 4m,n ( & )
£Km . nm

+ M| T — bl |[Ed=(A) — Edw(A)ll?v)) , (7.30)

where P, = max{sy.,suw : v = 1,2,...,Kp,} is the maximum community size and
§Kpm.n 18 the minimum between the K, ,,-th smallest eigenvalue of the Laplacians of B; and
By. A proof is given in Section 7.5.1. Therefore, to satisfy My, mn|[Ed.(A)—Edy,(A)]| 5! —
—”15/;: malEI = 0(1) and T S 0.
However, the latter condition seems excessively stringent in practical settings. For example,
suppose A = (p1 — ¢1)IK,, . + @1k, and A = (p2 — @2)Ik,,,, + @2 JK,,,, Where I, is
the identity matrix of order Ky, , and Jk,, , is the Ky, 5 X Kp, , matrix whose entries all
equal 1. Further, suppose 0 < C' < p1,q1,p2,¢92 < 1 — C < 1 and that the communities
are of equal size. Then, P, = O(m/Kp,,). Moreover, Rohe et al. (2011) established that

éK’m,n = O(Km/nil) HeIlCe M = (f (].Ogm)Q) 00 and Pm,nm?’n _

€§(m, me n 64}1{m n
O(m*nK,,,*) — oo. On the other hand, as we have seen in Example 1, (A1) is satisfied
for this example.

0 for the above spectral clustering, we need

Clustering Algorithm III. In this case, the following modification of Rohe et al. (2011)’s
algorithm for community detection is employed as follows. Define

Ditny = Y Aimyr Dy =Diag{D;n :1<i<n}, (7.31)
1/2 L1 1 nb 1 n
Liny = Dypy AtnDypys  Laom) = " ZL(t,n)v LA bn) = n( =) Z Lt n)-
t=1 t=nb+1

Note that I — L, is the Laplacian of A;,. Next, run the spectral clustering algorithm
introduced in Rohe et al. (2011) after replacing L respectively by L () and L () for
estimating z, w.

In this case,

P { (logmy/n)?
Monm — op( o, (( BV | 2r b|EdL(A) — Edu(A)][3

gKm,n \/ﬁm
o — b|“°gm)2>), (7.32)

m

where P, , and ¢k, ,, are as described after (7.30). A proof is given in Section 7.5.2. There-
fore, to satisfy My, mn||Ed;(A) — Edw(A)HEl — 0 for this variant of the spectral cluster-
77/3/2Pm n(log m) _ an n (log mf) 7n nm3n

T ambn, — O T S = O and S = 0.
However, these are much stronger conditions that the one required for Clustering Algorlthm

II.

ing algorithm, we require

The upshot of the previous discussion is that Clustering Algorithm I requires a milder
assumption (A1) on the misclassification rate compared to Clustering Algorithms II and
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III. This is the reason that the results established in Sections 2 and 3 leverage the former
algorithm.

7.5.1. JUSTIFICATION OF (7.30)

Let L£(A) denote the Laplacian of A. Also without loss of generality, assume b > 7. Using
similar arguments as in Appendix B, C and D of Rohe et al. (2011), we can easily show
that for some C > 0 and with probability tending 1,

Mbpm < g ZAM — (L(Ed. (M) %
Kmn
< fm( ZAM L(EA (M)
Km,n
+I(L Z Apn))? = (L(EdL(A)))? |7
t nt+1
+|7 — 0| [[(L(Ed;(A)))? - (E(Edz(A)))2I%>
= Fin (A1+A2+A3) say. (733)
SKM

Then,using similar arguments as in Lemma A.1 of Rohe et al. (2011), we obtain

logm)?
A, Ay = OP(i( 5 ))-
mn
Define,
Di,A = Z)\Z(Z)Z(])? DA = Diag{'DLA : 1 S 1 S m},
j—l
25 (w(j)y DPa= Diag{D; A : 1 <i<m}.
Then,
A < COml|L(Bd(A)) — L(Edy(A))[
< Om||Dy"?Ed.(A)D,"? — Dy *Ed.(8)DY |3
< Om|[[Bd:(8) - BL(A)|FIDYIIE +201Dx "2 = DX HIBL ()] HIDL I
c
< Om(|[Bd=(A) — Edo(A)[[F + —||Bd=(A) — Ed.(A)[[Fm?)
< Om?||Ed;(A) - Ed:(A)][}-
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Hence,

Pm,n

4
éI('m,n

1 2
Mo = Or ( (P20 — bl ) - Edz(A)H%)> .

This completes the justification of (7.30).

7.5.2. JUSTIFICATION OF (7.32)

Using similar arguments to those presented in Section 7.5.1, with probability tending to 1,
we have

Pm,n
é-;l(m,n

Pm,n

N

Mb,n,m C

1(Lao,n))* = (L(BE=(A)?[IF

nb

= (L) = (L(Ed:(A)))]|F + % Y I(£(An))? = (L(Edw(A)))?1F
m,n t=n1+1

+Hr = blI(L(Bd-(A)))* ~ (E(Edz(A)))2||%:|

IA

C

Pmn
C§4 ™ (Ay + Ag + |7 — blm?||Ed,(A) — Ed,(A)||%), say.
Km,n

IN

Then, by Theorem 2.1 in Rohe et al. (2011), we have

1 2 log m)?
Alzop((‘)gm”j/\?) and Agzop(|7—b|(0gn?)).
Hence,
Py ((log m\/ﬁ)2 2 2 (log m)2
- ’ —b||[Edo(A) — Edy(A _p o8 )
Mo OP(ﬁ}*{m< e T = B [EA:(A) ~ Edu(A)][F + I b

This completes the justification of (7.32).

7.6. Proof of Theorem 20

To prove Theorem 20, note that the proof of Theorem 11 in Section 7.3 goes through once
we use My pm =0, 21 = 220 = 2, w; = wp = w and K = m. In this case, (7.27) and (7.29)
implies

2
E*(Li— L) > —C(r—b)"Pmn o C(r —b)[[Ed.(A) — Ed,(A)]13,

V(L= La) < C(7 = b)pmalEd:(A) — Edw(A)[ |

Therefore, by SNR-ER and Lemma 32, Theorem 20 follows.
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7.7. More on Remark 23

In this section, we focus on the dense network regime. A similar discussion is applicable for
the sparse regime as well. As pointed out in Remark 23, one may wonder regarding settings
where SNR-DSBM holds, but neither (A1) nor SNR-ER do. The following Examples 5 and
6 introduce such settings in the context of changes in the connection probabilities and in
the community structures, respectively.

Example 5 (Change in connection probabilities) Consider a DSBM where

1
z=w and A=A— NG (7.34)
In this case ||Ed,(A) — Edy,(A)||% = %2 Therefore, SNR-ER does not hold. However,

SNR-DSBM holds if K = o(m). Cases (a)-(c) presented below provide settings where (A1)
does not hold, but SNR-DSBM does.

(a) Consider the setting in Exzample 1 with K = Cm%>~9 (that is K = o(m)) and n = Cm™*
for some C'> 0 and § < 1/6. It can easily be seen that (A1) does not hold, but SNR-DSBM
does.

(b) Suppose all assumptions in Ezample 2 hold, K is finite and m = Cn?®. In this case,
(A1) does not hold, but SNR-DSBM does.

(c) Finally, consider the setup in Example 3 with K = o(m), Mmin = Cm®, n = m* for
some A >0, § € [0,1] and —\/2 <25 — 1 < A\/2. The same conclusion on (A1) failing to
hold, while SNR-DSBM holding is reached.

Therefore, in each of the (a)-(c) cases, together with (7.34) do not satisfy (A1) and SNR-
ER, whereas SNR-DSBM holds.

Example 6 (Change in communities) Consider a DSBM where for 0 < p < 1,

1 ifi is odd w()::{l if 1<i < [m/2] (7.35)

2 if i is even, 2 if [m/2] <i<m,

_ L
A=a=( PPV
P—m p
2

This gives ||Ed,(A) — Edy(A)||%2 = ™. Hence, SNR-ER does not hold, but SNR-DSBM

n

does. Also suppose m = Cn? for some C > 0 and § € [1,1.5). In this case (A1) is not
satisfied.

K =2, z(z):{

The methods discussed in Sections 2 and 3 fail to detect the change-point under the
above presented settings. Therefore, alternative strategies not based on clustering and hence
assumption (A1) need to be investigated.

One possibility for the case of a single change-point being present was discussed in
Remark 17.
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Example 7 As the true change-point Ty, € (¢*,1 —c*), we can use T 1O estimate T p
and its consistency follows from SNR-DSBM and (A1%) \/ﬁ?’l%n = O(1) which is much
weaker than (A1). As we have seen before, (A1) and SNR-ER do not hold in Ezamples 6
and 7 whereas SNR-DSBM is satisfied. Based on the discussion in Remark 17, it is easy
to see that (A1*) holds for these examples. Therefore, for the settings posited in Examples
6 and 7, Ty, , estimates Tm pn consistently. Nevertheless, as mentioned in Remark 17, this

strategy is not easy to extend to a setting involving multiple change-points.

Another setting that does not require clustering is presented next and builds on the
model discussed in Gao et al. (2015).

Example 8 Consider a DSBM with K = 2 communities. Further, let B1, and B, be

the blocks where node 1 belongs to under z and w, respectively, and let A = < Zl Zl >,
1 a1

d .
A:<32 a2>thh0<C<a1,a2,d1,d2<1—C<1,a1>d1,a2>d2,a1_d1:a2_d2
2 2

and the true change-point 7 € (c*,1 — c*). Recall p;j ) and Gy pn) from (3.2). Let
Vi = Pi1,(bn) — Pij,(bm) 01d 05 = G11,(b,n) — Q1j,(bn)- One can use the following algorithm to

detect communities. Chose B, B* >0 and § € (0,1) such that \/% < %(al —dy).

1. Ifv; < \/% and ; < \/%, then put node j in By, N By .-
2. If v; < \/% and 0 > \/%, then put node j in By, N BY,.
3. If v > \/% and ; < \/%, then put node j in Bf, N Biy.
4. If v; > \/% and 0; > \/%, then we need further investigation.

(4a) If}—j <1- %, then put node j in By, N BY,,.

(4b) If}—j > 1+ %, then put node j in BS, N Bly.

(4¢) Ifg—j €(1- \5%, 1+ %), then put node j in B, N BY,,.

In this algorithm, it is easy to see that P(no node is misclassifed) — 1. Therefore, an

alternative condition (A9) is satisfied (see details about it in Section 7.7.1) and 7,, estimates
T, consistently.

However, the setting in Example 8 is very specific involving two parameters only for each
connection probability matrix), which in turn allows one to use statistics based on the
degree connectivity of each node and thus avoid using a clustering algorithm. Nevertheless,
a generally applicable strategy is currently lacking for the regime where SNR-DSBM holds,
but neither SNR-ER or (A1) do. This constitutes an interesting direction of further research.
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7.7.1. JUSTIFICATION OF EXAMPLE 8

It is easy to see that the following results (a)-(d) hold under the assumptions in Example
8.

(a) ’}/j,(sj = Op(ﬁ) when 7 € B1, N Biy.

(b) Yi — b_TT(ag — dz), 5]' — (CLQ — dg), ij — b_TT = Op( ) Whenj € B, N Bfw'

S

(c) vj — plar —d1), 6; = OP(%) when j € Bf, N Biy.

(d) 5 — (a1 —dv), ;= (a1 —dy), 3 —1=O0p(7) whenj € Bf, N B,

<

n

Using the above results, we have

(a) P(j is classified in B, N Bay | j € B1. N Bay) < Py < \/%,c% < \/% | j €
Bi.N ng) — 1.

(b) P(j is classified in Bf, N By | j € B, N Baw) < P(7; > £5,0; < F5 | j € B, N
ng)+P(}—j > 1+% | j € B, N Byy,) — 1.

(c) P(j is classified in B1, N BS, | j € Bi.NBS,) < P(y; < 2,6, > 2 |j € Bi.N

, - Vind
B§,) +P(3 <1-51j€Bi.nBjg,) 1.

(d) P(j is classified in Bf, N BS, | j € B, N Bj,) < P(3 € (1~ \%,1 + %) | j €
B{.NBs,) — 1.

These all together implies P(no node is misclassified) — 1.

7.8. Proof of Theorem 26

Next, we prove Theorem 26 for %mm.Note that the proof for 7, , is much simpler, once we
use 21 = 29 = 2, wy = wy = w, K =m and My, ,, = 0 in the following proof.

Suppose ||Ed,(A) — Edy(A)||p — 0o. Then by Theorem 11, it is easy to see that P(7:'m7n =
Tmon) — L.

Lemma 33 from van der Vaart and Wellner (1996) proves useful for establishing the asymp-
totic distribution of the change-point estimate, when ||[Ed,(A) — Edy(A)||F — ¢ > 0.

Next, suppose ||Ed;(A) — Edy(A)||r — ¢ > 0. Take h = n|r — b|||Ed,(\) — Edy(A)]|%.

Recall the definitions of A(b) and D(b) from (7.13). Using expectations in (7.19) and (7.26),
it is easy to see that by SNR-DSBM, (A1) and as ||Ed,(\) — Edy(A)||r — ¢ > 0, we have

K? nM?2

b,n,m

C +C —0
n||Ed;(A) — Edy(A)]|% [Ed,(\) — Edy,(A)][%

Esup |[nA(b)|, Esup |nD(b)| <
heC heC
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for some compact set C C R.

This establishes that if ||Ed,(\) — Edy,(A)||r — ¢ > 0 and SNR-DSBM and (A1) hold,
then

sup [nA(b)|, sup [nD(b)| 2 0. (7.36)
heC heC

Next, recall the definition of B(b) from (7.13). Using similar arguments in Section 7.3, it is
easy to show that

B) = > > (245 — 2X00:()) Aei)2() — i)
t=nb+14,j=1

+n|7 = b||[Ed: (A) — Edw(A)[E + R(b)
where R(b) < C|1 — b]nQMin’m. Therefore, by (Al)

sup |R(b)| & 0. (7.37)
heC

Suppose ||[Ed,(A) — Edy(A)||r — 0. Applying the Central Limit Theorem, it is easy to see
that

sup | B(b) — R(b) + |h| + 27By,| = 0. (7.38)
heC

Thus, by (7.36)-(7.38) and Lemma 33,

nl[Bd:(8) — Bdu(A)|[}Fron = Tn) 5 argmin((h] +2yBy) 2 argmax(~0.5/h] +7By)
S S

2
—0.5|h| + By).
7" arg max(—0.5[A] + By)
This proves Part(b) of Theorem 26.
Suppose ||[Ed,(A) — Edy(A)||r — ¢ > 0. Then,

B(b)—R(b) = > > [_(Az’ja(t,n)_)‘Z(i)z(j))2+("4ij7(t,n)_6w(i)w(j))2:|

i,j=1t=nb+1

= > > [—(Aij,(t,n)—Azu)z(j))“(f‘lz‘j,(t,n)—5w<i>w<j>)2}

i€ n t=nb+1

2 2
+ Z Z [— (Aijtn) = A2()20))" + (Aijt.n) = Sw(iw()) }

i,j€Ko t=nb+1
= To+Tp (say). (7.39)

By (A6) and (A7) and if ||Ed,(A) — Edy(A)||r — ¢ > 0, we obtain

sup |, — A*(h)| =0 (7.40)
heC
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where each h € Z, A*(c*(h + 1)) — A*(c?h) = Zkelco (Zijn — ajj71)2 — (Zijn — a;‘j’2)2
and {Z;; 5} are independently distributed with Z;; 4 AfI(h < 0) + Af; 5 I(h > 0) for all
(Z’j) € ICO‘

Next, T, = 2 Zglnb—i-l Zi,jGICn (Aij,(t,n) — )\z(i)z(j))(éw(i)w(j) — )‘z(z’)z(j)) + |h|. An application
of the Central Limit Theorem together with (A4) and (A5) yields

sup [T, — D*(h) — C*(h)| 0. (7.41)
heC

where for each h € Z, D*(c?(h+1))—D*(c*h) = 0.5Sign(—h)c? and C*(c?(h+1))—C*(c*h) =
Foss Whs Wi = N (0, 1),

Therefore, by (7.36), (7.37), (7.40), (7.41) and Lemma 33, Part (c) of Theorem 26 is estab-
lished.

This completes the proof of Theorem 26. B

7.9. Proof of Theorem 28

Suppose h > 0. Then,

m NTm n+h
A . Ao 1 2 ~
L*(Fypn 4+ h/n, 2,0, A, A) = n Z [ Z (Aij,(t,n),DSBM - z(z‘)é(j))Q
i,j=1 t=1
+ Z (Aij (¢,n),DSBM — 5w(i)w(j))2] -
t=nTm,n+h+1

We then have

1 . 2 2
= > [(Aij,(t,n),DSBM — Asiyz(i)” — (Aij 1.n),DSBM — 512;(i)w(j))2:|
t,j=lt=nfm n+1
1 m n‘f-m,n+h N R
I 3 2
= -2 > [(%(i)wu) = As(i)2(5))
i, =1 t=nfm nt1

~
~

>>

Let E*() = E(-|2,0), V** = V(|2,%) and Cov**(-) = Cov(-|2,0).

Therefore,
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Note that all entries of A and A are bounded away from 0 and 1, since logm = o(y/n).
Therefore,

h 2 2
< ﬁHEdé(A) — Edy(A)][7.

Hence, by Lemma 32 and similar arguments to those made at the beginning of Section 7.3,

we have

IEd:(A) — Edg (A)|[h = Op(1).
Then, by Lemma 34(a),

1Ed=(A) — Edy (A)[[7h = Op(1).
This implies Theorem 28(a).

Next, we establish Theorem 28(b). Note that

n(L* (Fym + B|[Eds(A) — Edg(A)||52/n, 2,40, A, A) — L* (7, 2,10, A, A))
nTm n+h m

= —hl-2 > >

t=nTm,n+11%,j=1

w(i)i()) (Aij,(tn),DSBM — Oi(i)ir(j))

>/>>
0')»

+op(1), (7.42)

Further note that glven {At n} {Zz] 1( 2(0)2(5) — Sw(i)w(j))(Aij,(t,n),DSBM — 5“3(1)11,(]))} is a
collection of independent random variables. By Lemma 34(b), we have

NTm,n+h N
E > Z (As()2(; w(z)w( 1) (Aij,(t,n),DSBM — Ois(i)i(j))
t= n'rm nt+1ld,5=1
nTm nt+h R . .
= E[ Z Z Az()2() — (i) B (A tn),DSBM — 5@@)@(;‘))] =0,

t= nTm nt+1,j=1

nTm n+h m “ N R
V< Z Z Az( — (i) (Aij,(tn),DSBM — 5@(@')@@)))
t=nTm,n+11%,j=1
= hE(HEdz(M — Bde(A)]15” D (Asiyze) — Doyam) aman (1 - 5@@)@(@'))) — hy?,
i =1
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) 3
)2G) — (i) (Aij(¢n),DSBM — 510(1)13(1))]

>/>>

NTm,n+h
E[Ztﬂi—l’n+1 Zzg 1(

NFm.n+h 2
[V( t=nm n+1 ,] 1(Asi)z5) —

S

- 3/2
w(i)i()) (Aij,(t,n),DSBM — 5@(@@@)))]

< op [ Eism !if(né(j) - 5@@@@)I3
[Ed:(A) — Bda (A)]3
< O(BI[Ed:(A) — Edy(A)|[})/2
< O (B(IBA-(A) — BdsAl[}) + B([Edw(A) — Eda(A)[[3) + [[Ed=(A) — Bdu(A)]}) = 0.

Hence, an application of Lyapunov’s Central Limit Theorem together with (A1)-(A4) and
SNR**-DSBM-ADAP yields

~

(L (Fram + B|Eds(A) — Eda(A)[[32/n, 2,9, A, A) — L*(Fam, 5,0, A, A))
— _|h|+~4By  (7.43)

>>

Similar arguments are applicable for the case of h < 0.

Finally, (7.43) in conjunction with Lemma 33 establish Theorem 28(b).

An analogous argument to that in the proof of Theorem 26(c) together with similar ap-
proximations as in the proof of Theorem 28(b) establish Theorem 28(c¢) and hence they are
omitted. Hence, Theorem 28 is established. l

7.10. Assumptions for the asymptotic distribution of change-point estimators

Next, we provide precise statements of Assumptions (A3)-(A7) required for establishing the
asymptotic distribution of the change point estimators in Theorem 26. A brief comment on
these assumptions is given after stating them. We refer to Bhattacharjee et al. (2017) for
more in depth explanation.

For Regime II, we define
2 iy 2=t 2020) ~ duiiw ) Xe@20) (1 = Asa)i)
2ii=1(As(i)2() — Swiyw(i))

i 2oiie1Asiy2() — Ow(iyw)) duw(iyw(i) (L = dwiyu())
E 0,j= 1( z(i)z(j) — 0 (i)w(j))Q

and assume that
(A3) +? exists.

In Regime II, the asymptotic variance of the change-point estimator is proportional to 7.
Hence, we require (A3) for its existence and (A2) for the non-degeneracy of the asymptotic
distribution.
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In Regime III, we consider the following set of edges

Kn={(,7):1<4,5 <m, [N6)2) — Sw@ywi)| — 0} (7.44)
Define
C% = lim Z (Az(z)z(j) — 5w(i)w(j))2 and (7.45)
i,jEICn
~9 . 2
7 o= lm Y el — Swiw) A0 (1= A=)
1,JEKR
. 2
= lim D (Ae)=0) — Suwliuwi) w1 = Su@wi)-
1,JEKR

Consider the following assumptions.
(A4) ¢; and 7 exist.
(A5) sup;jcic,, |1A20)2() = Ow(iyw(s)| = 0
(A6) Ko = K¢ does not vary with n.
(A7) For some 7* € (c*,1 —c*), Tn = 7" as n — 00. Suppose () — aj;, and
5w(i)w(j) — (1%72 for all (i,7) € K.

In Regime III, we need to treat edges in k), and Ky = K¢ separately. Note that in Regime
I, K, = {(i,4) : 1 <4,j <m} is the set of all edges. Hence, we can treat K,, in a similar
way as in Regime II and hence we need (A4) in Regime III analogous to (A3) in Regime
IT. (A5) is a technical assumption and is required for establishing asymptotic normality on
KC,. Moreover, Ky is a finite set. (A6) guarantees that ICp does not vary with n. Consider

the collection of independent Bernoulli random variables {A7;, : (4, j) € Ko,l = 1,2} with

E(Aj;)) = aj;;. (AT) ensures that Ayj (5] n) LA AL I(f <) +A7LI(f > 77) V(i §) € Ko.
Remark 36 Note that (A2) is a crucial assumption for establishing the asymptotic distribu-
tion of the change-point estimator. It indicates that the resulting random graphi’s topology.
However, another regime of interest is that where the expected degree of each node grows
slower than the total number of nodes in the graph, which gives rise to a sparse regime.
A number of technical results both from probabilistic and statistical viewpoints have been
considered in the recent literature - see, for examples Sarkar and Bickel (2015) and Le et al.
(2017). Note that results strongly diverge in their conclusions under these two regimes. For
example, Oliveira (2009) showed that the inhomogeneous Erdds-Rényi model satisfies

IL(A) — L(EA)|| = 0 ( 1O§m>
0

with high probability, where m is the total number of nodes in the graph, dy = min; E;n:l EA;j;,
A is the observed adjacency matriz, L(-) is the Laplacian and || - || is the operator norm.
Therefore, if the expected degrees are growing slower than logm, L(A) will not be concen-
trated around L(EA). Le et al. (2017) established a different concentration inequality for the
case dg = o(logm) after appropriate reqularization on the Laplacian and the edge probability
matriz. Sarkar and Bickel (2015) also established the convergence rate of the eigenvectors
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of the Laplacian for SBM with two communities, which deviates from existing results for
dense random graphs. The upshot is that results for the sparse regime are markedly different
than those for the dense one.

It is worth noting that the convergence rate results established in Sections 2 and 3 hold
also for the sparse setting; however, establishing the asymptotic distribution of the change-
point estimate in a sparse setting, together with issues of adaptive inference will require
further work.
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