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Abstract

The method of covariate adjustment is often used for estimation of total treatment ef-
fects from observational studies. Restricting attention to causal linear models, a recent
article (Henckel et al., 2019) derived two novel graphical criteria: one to compare the
asymptotic variance of linear regression treatment effect estimators that control for certain
distinct adjustment sets and another to identify the optimal adjustment set that yields the
least squares estimator with the smallest asymptotic variance. In this paper we show that
the same graphical criteria can be used in non-parametric causal graphical models when
treatment effects are estimated using non-parametrically adjusted estimators of the inter-
ventional means. We also provide a new graphical criterion for determining the optimal
adjustment set among the minimal adjustment sets and another novel graphical criterion
for comparing time dependent adjustment sets. We show that uniformly optimal time de-
pendent adjustment sets do not always exist. For point interventions, we provide a sound
and complete graphical criterion for determining when a non-parametric optimally adjusted
estimator of an interventional mean, or of a contrast of interventional means, is semipara-
metric efficient under the non-parametric causal graphical model. In addition, when the
criterion is not met, we provide a sound algorithm that checks for possible simplifications of
the efficient influence function of the parameter. Finally, we find an interesting connection
between identification and efficient covariate adjustment estimation. Specifically, we show
that if there exists an identifying formula for an interventional mean that depends only on
treatment, outcome and mediators, then the non-parametric optimally adjusted estimator
can never be globally efficient under the causal graphical model.

Keywords: adjustment sets, back-door formula, Bayesian networks, causal inference,
semiparametric inference

1. Introduction

Estimating total, population average, causal treatment effects by controlling for, that is,
conditioning on, a subset of covariates is known as the method of covariate adjustment.
Assuming a causal directed acyclic graph (DAG) model, the back-door criterion (Pearl,
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2000) is a popular graphical criterion that gives sufficient conditions for a covariate set
to be such that control for this set yields consistent estimators of total treatment effects.
Shpitser et al. (2010) gives a necessary and sufficient graphical criterion for a subset of
covariates to qualify for adjustment.

The graphical criteria of Pearl and Shpitser et al. are particularly useful for designing
observational studies. Specifically, investigators planning an observational study might be
prepared to hypothesize a causal diagram and apply the aforementioned criteria to aid
them in selecting the covariates to measure in order to control for confounding. When
many covariate adjustment sets are available, a natural question is which one should be
selected.

Henckel et al. (2019) (see also Witte et al. (2020)) gave an answer to this question under
the following assumptions: (i) the causal DAG model is linear, that is, each vertex in the
DAG stands for a random variable that follows a linear regression model on its parents
in the DAG, with an independent error that has an arbitrary distribution and (ii) the
total treatment effects are estimated with the coeflicients associated with treatments in the
ordinary least squares (OLS) fit of the outcome on treatments and a set of valid adjustment
covariates. They derive a graphical criterion that identifies the optimal covariate adjustment
set in the sense that this set yields the OLS treatment effect estimator which has the smallest
asymptotic variance among all OLS estimators of treatment effects that control for valid
adjustment sets.

Our first contribution, see Section 5.1, is to establish that the same criterion holds for
identifying the optimal valid covariate adjustment set when (i) the causal DAG model is
non-parametric in the sense that no assumptions are made on the conditional distribution of
each node given is parents, and, (ii) the treatment effects are estimated non-parametrically,
that is, without exploiting the conditional independencies in the data generating law en-
coded in the causal DAG model. For instance, the treatment effects could be estimated
by inverse probability weighting with the propensity score estimated non-parametrically
(Hirano et al., 2003; Abadie and Cattaneo, 2018), or by doubly-robust or double-machine
learning approaches (Chernozhukov et al.; Smucler et al., 2019). Our second contribution
is to provide a graphical criterion for identifying the optimal adjustment set among the
class of minimal adjustment sets. A minimal adjustment set is a valid adjustment set such
that removal of any vertex from the set yields a non-valid adjustment set. We note that
our criterion holds for non-parametric causal DAG models and estimators as well as linear
causal DAG models and estimators.

A second important contribution of Henckel et al. (2019) is a graphical criterion, assum-
ing linear DAG models and OLS estimators, to compare certain pairs of valid adjustment
sets which is more broadly applicable than earlier existing criteria (Kuroki and Miyakawa,
2003; Kuroki and Cai, 2004). Building on their criterion Henckel et al. also provided a
simple procedure that, for a valid adjustment set, returns a pruned valid adjustment set
that yields OLS estimators of treatment effects with smaller asymptotic variance. The pro-
cedure was conjectured to yield improved efficiency in VanderWeele and Shpitser (2011).
The contribution of Henckel et al. (2019) was to rigorously show that the conjecture is valid
for causal linear models and OLS estimators of treatment effects. Our third contribution
is to prove that both the graphical criterion and the pruning procedure of Henckel et al.
(2019) also apply for non-parametric causal DAG models and estimators.
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Henckel et al. (2019) considered not only DAGs but also (linear) completed partially di-
rected acyclic graphs (CPDAGs) and maximal PDAGs. A CPDAG (Meek, 1995; Andersson
et al., 1997; Spirtes et al., 2000; Chickering, 2002) represents, under causal sufficiency and
faithfulness, the Markov equivalence class of DAGs that can be deduced from the condi-
tional independencies in the observed data distribution. A maximal PDAGs is a maximally
oriented partially directed acyclic graph that maximally refines the Markov equivalence
class when the orientation of some edges are known a-priori (Meek, 1995; Scheines et al.,
1998; Hoyer et al., 2008; Hauser and Biihlmann, 2012; Eigenmann et al., 2017; Wang et al.,
2017). Henckel et al. (2019) derived graphical criteria for identifying the optimal adjustment
set and for comparing certain adjustment sets under linear CPDAGs and maximal PDAGs,
assuming treatment effects are estimated by least squares. These criteria are consequences
of the corresponding criteria for DAGs. This is because the criteria are based solely on
d-separation conditions on CPDAGs and maximal PDAGs, and d-separations that hold on
CPDAGs and maximal PDAGs hold on all possible DAGs represented by them. Because,
as indicated earlier, we show that the graphical criteria developed by Henckel et al. (2019)
for linear DAGs and estimators also holds for non-parametric DAGs and estimators, we
conclude that the criteria derived by Henckel et al. (2019) for linear CPDAGs and maximal
PDAGs using linear estimators of treatment effects, also hold for non-parametric CPDAGs
and maximal PDAGs when non-parametric estimators of treatment effects are used. To
avoid repetitions we do not expand on this topic in the present paper and refer the reader
to Henckel et al. (2019).

The aforementioned graphical criterion of Henckel et al. (2019) for comparing certain
adjustment sets in DAGs applies to OLS estimators of the causal effects of both point and
joint interventions. However, for joint interventions, the criterion makes the restrictive as-
sumption that the adjustment sets are time independent. As Henckel et al. (2019) pointed
out, time independent covariate adjustment sets for joint interventions do not always exist.
In contrast, time dependent covariate adjustment sets, which are comprised by covariates
that are needed to adjust for future treatments but are themselves affected by earlier treat-
ments, always exist. The g-formula (Robins, 1986), is the generalization of the adjustment
formula from time independent to time dependent covariate adjustment sets. This raises
the question of whether it is possible to generalize the results obtained for comparing time
independent covariate adjustment sets to time dependent covariate adjustment sets. The
answer is mixed. Specifically, in Section 5.2 we establish a result (Theorem 13) that allows
the comparison of certain time dependent covariate adjustment sets and which generalizes
the results obtained for non-parametric models and estimators in Theorem 6 of the present
article from time independent to time dependent covariate adjustment sets. However, in
that section we also exhibit a DAG in which no uniformly optimal time dependent covariate
adjustment set exists. We do so by exhibiting two data generating laws, both satisfying
the restrictions implied by the non-parametric causal DAG, such that a given time depen-
dent covariate adjustment set dominates all others for one law, in the sense of yielding
non-parametric estimators of the g-formula with smallest asymptotic variance, but for the
second law a different time dependent covariate adjustment set dominates the rest.

Next we investigate the following problem. If we could measure all the variables of

the causal DAG, we could then exploit the conditional independencies encoded in the non-
parametric causal DAG model to efficiently estimate the total treatment effects. For a point
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exposure, we can also estimate each treatment effect by the method of covariate adjustment
using the optimal time independent covariate adjustment set. A natural question then is
under which DAG configurations, if any, do the two procedures result in estimators with
the same asymptotic efficiency? From a practical perspective this question is interesting for
the planning of observational studies since for DAGs for which no efficiency loss is incurred
by non-parametric optimal covariate adjustment estimation, then the optimal covariate
adjustment set, the treatment and the outcome are all the variables that one needs to
measure not only for consistent but also for efficient estimation of treatment effects. In
Section 6.1 we review a general one-step estimation strategy for computing semiparametric
efficient estimators. We argue that only variables entering the efficient influence function
of a interventional mean under the non-parametric causal graphical model are required for
computing the one-step estimator of treatment effects. As such, all variables that do not
enter into the efficient influence function are irrelevant for efficient estimation. In Section
6.2 we establish a sound and complete graphical criterion to determine whether or not the
optimally adjusted non-parametric estimator incurs in loss of efficiency. The completeness of
our criterion and of the ID algorithm (Tian and Pearl, 2002; Shpitser and Pearl, 2008) imply
the following interesting result, established in Section 6.3, linking identification and efficient
covariate adjustment estimation: if there exists an identifying formula for an interventional
mean that depends only on treatment, outcome and mediators, then the non-parametric
optimally adjusted estimator can never be globally efficient under the causal DAG model.

When the optimally adjusted estimator is not efficient, it may nevertheless be the case
that not all the variables in the DAG enter into the calculation of an efficient estimator.
As such, from the perspective of planning a study, it is useful to learn which variables are
irrelevant for efficient estimation since such variables need not be measured. In Section
6.4 we provide a sound algorithm that checks for variables that do not enter into the
efficient influence function and hence are irrelevant for efficient estimation. In addition, the
algorithm conducts sound checks for possible simplifications of the formula for the efficient
influence function.

The rest of the paper is organized as follows. In Section 2 we review some concepts of
causal graphical models and semiparametric efficiency theory used throughout the paper.
In Section 3 we review the definition of time independent adjustment sets and provide the
definition of time dependent adjustment sets. In Section 4 we review the asymptotic theory
of estimators based on the method of non-parametric covariate adjustment. In Section 5
we provide the main results concerning optimal adjustment sets. In Section 6 we discuss
efficient estimation exploiting the restrictions of the causal graphical model. Section 7
concludes with a list of open problems. Proofs of all the results stated in the main text are
given in the Appendix.

2. Background

In this section we review some elements of the theory of causal graphical models and of
semiparametric efficiency theory that will be used throughout the paper.
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2.1 Directed Acyclic Graphs

Directed graph. A directed graph G = (V,E) consists of a finite node set V and a set of
directed edges E. A directed edge between two nodes V', W is represented by V. — W.
Given a set of nodes Z C V the induced subgraph Gz = (Z,Ey) is the graph obtained by
considering only nodes in Z and edges between nodes in Z.

Paths. Two nodes are adjacent if there exists an edge between them. A path from a node
V to a node W in graph G is a sequence of nodes (V1,...,Vj) such that Vi =V, V; = W
and V; and V;y; are adjacent in G for all i € {1,...,5 — 1}. Then V and W are called
the endpoints of the path. A path (Vi,...,V}) is directed or causal if V; — V41 for all
ief{l,...,j—1}

Ancestry. If V.— W, then V is a parent of W and W is a child of V. If there is a directed
path from V to W, then V is an ancestor of W and W a descendant of V. We follow the
convention that every node is an ancestor and a descendant of itself. The sets of parents,
children, ancestors and descendants of V' in G are denoted by pag(V'), chg(V'), ang(V),
deg(V'). The set of non-descendants of a vertex V is defined as ndg(V') = deg(V).
Colliders and forks. A node V is a collider on a path ¢ if § contains a subpath (U, V, W)
such that U — V < W. A node V is called a fork on § if § contains a subpath (U, V, W)
such that U <V — W.

Directed cycles, DAGs. A directed path from V to W, together with the edge W — V
forms a directed cycle. A directed graph without directed cycles is called a directed acyclic
graph (DAG). The nodes (Vj,, ..., Vk,) are said to follow a topological order relative to a
DAG G if Vi, is not an ancestor of ij, in G whenever j > j'.

d-separation (Pearl, 2000). Consider a DAG G and distinct sets of nodes U, W, Z. A path
0 between U € U and W € W is blocked by Z in G if one of the following holds:

1. & contains a node that is not a collider and is a member of Z, or

2. If there exists a collider C in § such that neither C nor its descendants are in Z.

U, W are d-separated by Z in G (denoted as U lLg W | Z) if for any U € U and
W € W, all paths between U and W are blocked given Z.
Bayesian Network. Given a DAG G with a vertex set V that represents a random vector
defined on a given probability space, a law P for V is said to satisfy the Local Markov
Property relative to G if and only if

V U ndg (V) | pag (V) under P for all V € V,

where throughout if U and V are independent random variables defined on a common
probability space we write U 1L V.
The Bayesian Network represented by DAG G (Pearl, 2000) is defined as the collection

M (G) = {P: P satisfies the Local Markov Property relative to G} .

Verma and Pearl (1990) and Geiger et al. (1990) show that for any disjoint sets A, B, C
included in V

AlgB|C«s Al B|Cunder P forall Pe M(G).
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Marginal DAG model (Evans, 2016). Let G be a DAG with vertices V U U, where - stands
for disjoint union, and V a state-space for V. Let M (G) be the Bayesian Network rep-
resented by G. Define the marginal DAG model M (G, V) by the collection of probability
distributions P over V such that there exist

1. some state-space U for U,
2. a probability measure @ € M (G) over V x U,

and P is the marginal distribution of @ over V.

Exogenized DAG (Evans, 2016). Let G be a DAG and let U be a vertex of G with a single
child R. Define the exogenized DAG 7 (G,U) as follows: take the vertices and edges of G,
and then (i) add an edge H — R from every H € pag (U) to R, and (ii) delete U and
any edge H — U for H € pag (U). All other edges and vertices are as in G. In words, to
exogenize a DAG G relative to a vertex U with a single child, we join all parents of U to
the child of U with directed edges, and then remove U and all edges into and out of U.
Latent projection. Let G be a DAG with vertex set V U L, where the the vertices in V are
observable and the vertices in L are hidden. The latent projection (Verma and Pearl, 1990)
G[V] is a directed mixed graph (that is, a graph with both directed and bi-directed edges)
with vertex set V, where for each pair of distinct vertices V;, V; € V:

1. G[V] contains V; — V; if and only if there exists a directed path from V; to V; on
which every non-endpoint vertex is in L.

2. G[V] contains V; <+ Vj if and only if there exists a path of the form V; « --- — V},
on which every non-endpoint vertex is a non-collider and an element of L

District We call a set D C 'V a bi-directed component of G[V] if for any U, W € D there
exists a path from U to W in G[V] of the form U < --- <> W. D C V is a district in G[V]
if it is an inclusion maximal bi-directed component.

Throughout we use standard set theory notation. For a DAG with node set V and for
UWCVwehave U= V\U, U\W=UNWand UAW = (U\ W)U (W\U,).
For a vector U = (Up,...,U,) C V and j <1 we let

ﬁjE(Uo,...,Uj).

2.2 Causal Graphical Models

A causal (agnostic) graphical model (Spirtes et al., 2000; Robins and Richardson, 2010)
represented by G assumes that the law of V. = (V4,..., V) belongs to M(G) and that
for any A ={A;,..., Ay} CV, the post-intervention density (with respect to a dominating
measure) f [v | do(a)] of V when A is set to a on the entire population satisfies

I[I flvj|pag(V;)) ifA=a
fv]do(a)] = Viev\a (1)
0 otherwise.

Formula (1) is known as the g-formula (Robins, 1986), the manipulated density formula
(Spirtes et al., 2000) and the truncated factorization formula (Pearl, 2000).
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The non-parametric structural equations model with independent errors (NPSEM-IE,
Pearl 2000) is a sub-model of the causal agnostic graphical model that additionally assumes
the existence of counterfactuals. Specifically, the model associates each vertex V € V with
a factual random variable satisfying

V=gv (pag (V) 75‘/) forallV eV

where {ev }y ¢y are mutually independent and {gy }y, o+, are arbitrary functions. The model
also assumes that for any A ={A;,...,A,} CV, the counterfactual vector V, that would
be observed had A been set to a exists, and is generated according to

Va = gv([pag (V)] .ev) forall V e V\A
Aok = ai forall k=1,...,p.

The finest fully randomized causally interpretable structured tree graph model (FFRCISTG,
Robins 1986) makes the same assumptions as the NPSEM-IE model, except that it relaxes
the assumption that the {ey},oy are mutually independent. We note that the only re-
striction that the NPSEM-IE and the FFRCISTG models place on the law P of the factual
random vector V, is that P € M(G). Furthermore, (1) remains valid under both models.
See Richardson and Robins (2013) for more details.

The results that we will derive in this paper rely solely on the assumption that P € M(G)
and on the validity of (1). Therefore, the results hold for the causal agnostic graphical
models, the NPSEM-IE, and the FFRCISTG.

A causal (agnostic) graphical linear model represented by G is the submodel of the causal
(agnostic) graphical model which additionally imposes the restriction that V.= (V1,..., V)
satisfies

Vi= Z ;i Vi + &,
Vjepag (Vi)
for i € {1,...,S5}, where a;; € R and ¢y,...,¢, are jointly independent random variables
with zero mean and finite variance.

Throughout this paper we let V, be a random vector with density f[v | do(a)]. In
particular for Y € V we let Y, be the corresponding component of V,. We call E [Y,]| =
E[Y | do(a)] the interventional mean under A = a.

2.3 Semiparametric Efficiency Theory

We now review the key elements of semiparametric efficiency theory that we will use
throughout the paper.

2.3.1 ASYMPTOTICALLY LINEAR ESTIMATORS

An estimator 7 of a scalar parameter « (P) based on n i.i.d. copies Vi,...,V, of V is
asymptotically linear at P if there exists a random variable ¢p (V) with Ep[pp (V)] =0
and var[pp (V)] < 400 such that under P

n'?{7—~(P)} = # > _er (Vi) +0p(1).
=1
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Here and throughout Ep[-| and varp[-] denote the mean and the variance operators under
the law P. A random variable ¢p (V) that satisfies the aforementioned conditions is unique
almost surely P. It is called the influence function of 4 at P. By the Central Limit Theorem
any asymptotically linear estimator 7 satisfies

n2{5 — y(P)} % N(0,varp [op (Vi))),

where % is convergence in distribution under law P. Furthermore any two asymptoti-
cally linear estimators, say 41 and 72, with the same influence function are asymptotically
equivalent in the sense that n'/2 (3, — 72) = o, (1).

2.3.2 REGULAR ESTIMATORS

Given a collection of probability laws M for V, an estimator 7 of a scalar parameters v (P)
is regular in M at P if its convergence to 7 (P) is locally uniform (Van der Vaart, 2000,
Chapter 8, page 115). Regularity is a necessary condition for a nominal 1 — « level Wald
interval centered at the estimator to be an honest confidence interval in the sense that there
exists a sample size n* such that for all n > n* the interval attains at least its nominal
coverage over all laws in M.

2.3.3 EFFICIENCY

Given a collection of probability laws M, for any law P in M, define the tangent space
A = A(P) at P of model M as the Ly (P) —closed linear span of scores at t = 0 for regular
one-dimensional parametric submodels t € [0,e) — P, with P,_g = P (Van der Vaart, 2000,
Chapter 25, page 362). If for all P € M, A(P) is a subset of a euclidean space, the model
M is said to be parametric. If for all P € M, A(P) is a equal to Lg (P), the model M is
said to be non-parametric. Otherwise, the model is said to be semiparametric.

A parameter v(P), more precisely the map P’ € M — ~(P’), is pathwise differentiable at

P if there exists a random variable £p(V) such that Ep [gpp (V; 9)2} <oo, Ep[Ep (V)] =0

and such that for any regular one-dimensional parametric submodel ¢ € [0,e) — P, with
P,—o = P and score at t = 0 denoted as S, it holds that dvy(P;)/dt|t=0 = Ep[{p (V) S].
The random variable £p(V) is called an influence function of the parameter v(P). Unless
M is non-parametric, there exists infinitely many influence functions, because if £p is an
influence function so is {p + T for any mean zero T uncorrelated with the elements of A.

The following key result in semiparametric theory connects the influence function of
regular and asymptotically linear estimators with the influence functions of regular param-
eters. Specifically, if 7 is an asymptotically linear estimator of v(P) at P with influence
function £p, then 7 is regular at P in model M if and only if v(P) is pathwise differentiable
at P and £p is an influence function of 7(P). See Theorem 2.2 of Newey (1990).

The projection IT [B|A] of any B € Ly (P) into the tangent space A at P is defined as
the unique element of A such that B — II[B|A] is uncorrelated under P with any element
of A. The projection ppcrr = I1[pp(V)|A] of any influence function pp of y(P) is itself an
influence function. @p.ry is called the efficient influence function of v(P) at P in model

M. It follows from the Pythagorean Theorem, that the variance Q.ry = Ep |:((‘Op,ef f)Q]

of pperr(V) is less than or equal to the variance Ep [@%(V)] of any influence function
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op(V). Consequently, Q.¢r is a lower bound for the variance of the limiting mean zero
normal distribution of regular asymptotically linear estimators of v(P). Qs is called the
semiparametric variance bound (also called the semiparametric Cramer-Rao bound) for
~v(P) at P in model M.

3. Interventional Mean and Adjustment Sets

Under the causal graphical model, for any A ={Ay,...,A,} CV topologically ordered,
where each A a discrete random variable and Y € V\A, the interventional mean on the

outcome Y satisfies
ﬁ I‘lk (Ak) v,
P (Ak = ak] pag (Ak))

k=0

E[Ya = Ep

This is an immediate consequence of formula (1). The Local Markov Property for P € M(G)
further implies that F [Ya] is equal to

Ep {EP {EP [EP [Y\a,M] lﬁp—hm} \ﬁp—%M} e 307M}

where for every j € {0,...,p}

pag(A;) = | J pag(4;).
k=0

See Robins (1987a), Theorem AD.1. In particular, if A is a point intervention, so that it is
a single variable A, then

I, (A)
P (A = a|pag (A))
= Ep[E[Y][A=a,pag(A)]].

E[Y,) = Ep (2)

For a binary point intervention A, the average treatment effect (ATE), ATE = E [Y,—1] —
E [Y4—0], quantifies the effect on the mean of the outcome of setting A = 1 versus A = 0 on
the entire population. Under a causal graphical model, equation (1) implies

ATE = Ep [Ep [Y]|A =1,pag (A)]] — Ep [Ep [Y|A = 0,pag (4)]] .

3.1 Adjustment Sets

Definition 1 (Time dependent covariate adjustment set)

Let G be a DAG with vertex set V let A =(Ao,...,Ap) C 'V be topologically ordered and
Y € V\A. We say that Z = (Zo,Z:,...,Z,) C V\{A,Y} where Zo,Z,... and Z, are
disjoint, is a time dependent covariate adjustment set relative to (A,Y) in G if under all
Pe M(G) and ally € R

- Iak: (Ak)
11 {p ( (A0) } feoea¥)

L P, = alpag
Ep{Ep{Ep [Ep I(—coy(Y)|a,Z] [@p-1,Zp-1] [@p-2,Zp-2} -~ | a0, Zo} -

Ep
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The preceding definition extends the following definition of covariate adjustment set of
Shpitser et al. (2010) and Maathuis and Colombo (2015). We use the appellatives time
dependent and time independent to distinguish the two definitions.

Definition 2 (Time independent covariate adjustment set) (Shpitser et al., 2010;
Maathuis and Colombo, 2015) Let G be a DAG with vertex set V let A =(Ay,...,Ap)CV
be topologically ordered and Y € V\A. A set Z C V\{A,Y} is a time independent adjust-
ment set relative to (A,Y) in G if under all P € M (G) and ally € R

- Iak (Alc)
1l {P (Ax = ax| pag (Ap)) } T ooy (Y)

k=0

Ep =Ep [Ep [[—y(Y)A=a,Z]] (3)

Note that Z is a time independent adjustment set if and only if 7 = (Zo,...,Z,) with
Zo=Zand Z; = for j=1...,pis a time dependent adjustment set.

The back-door criterion (Pearl, 2000) is a sufficient graphical condition for Z to be a time
independent adjustment set. Shpitser et al. (2010) gives a necessary and sufficient graphical
condition for Z to be a time independent covariate adjustment set. These authors also show
that if Z is a time independent covariate adjustment set, then there exists Zg,, C Z such
that Zg, is a time independent adjustment set and it satisfies the back-door criterion. On
the other hand Pearl and Robins (1995) provides a sufficient graphical criterion for Z to be
a time dependent adjustment set. Robins (1987b) derives analogous sufficient conditions
assuming the causal diagram represents a non-parametric structural equations model. See
also Richardson and Robins (2013).

When A is a point intervention A, a time independent adjustment sets always exist. For
instance, Z = pag(A) is one such set. However, for A =(Ay,...,A;) a joint intervention,
a time independent covariate adjustment set Z may not exist in some graphs, as noted in
Henckel et al. (2019). In contrast, a time dependent adjustment sets always exists, since Z =

(Zo,Z,...,Z,) where Zy = pag (Ag) and Z = pag (Ax) \ U?’:é pag (4;)|,k=1,...,pis

a time dependent adjustment set.

Example 1 In the DAG of Figure 1, there is no time independent adjustment set relative
to (A,Y) for A = (Ao, A1). For instance, Z = (Zg,Zy) with Zo = {Lo} and Zy = {L1},
and Z = <20, 21), with Zo = {Lo} and 7, = {L1,U}, are two time dependent adjustment
sets (Robins, 1987b).

10
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Figure 1: A DAG with two possible time dependent adjustment sets and no time indepen-
dent adjustment sets.

We also have the following definition.

Definition 3 (Minimal covariate adjustment set) Let G be a DAG with vertex set 'V,
let ACVandY € V\A. AsetZ C V\{A,Y} is a minimal time dependent (independent)
adjustment set relative to (A,Y) in G if Z is a time dependent (independent) adjustment
set and no proper subset of Z is a time dependent (independent) adjustment set.

4. Non-parametric Estimation of an Interventional Mean

Suppose that A is a vector of variables taking values on a finite set 4 and one is interested
in estimating some contrast

A= Z caE[Ya]
acA
for given constants c,, a € A. In particular if A = A is binary and ¢; = 1 and ¢y = —1 the

preceding linear combination is equal to AT'E. Suppose that, having postulated a causal
graphical model, one finds that time independent adjustment sets exist. Having decided on
one adjustment set Z, one estimates

A(P;G) =) caxa (P;G),
acA
where

Xa (P;G) = Ep[Ep[Y|A = a,Z]] = Ep [na (Z;P) ' I, (A) Y],

by estimating each xa (P; G) under a model M that makes at most smoothness or complexity
assumptions on

ba (Z; P) = Ep[Y|A = a,Z]

and /or

7a (Z; P) = P[A = a|Z].

Examples of such estimating strategies include the inverse probability weighted estimator
Xa,ipw = Py [ﬁa (Z)' I, (A)Y | where 74 () is a series or kernel estimator of P [A = a|Z = -]

11
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(Hirano et al., 2003), the outcome regression estimator Py, [Za (Z)] where by (+) is a smooth

estimator of b, (Z; P) (Hahn, 1998) or the doubly-robust estimator (Van der Laan and
Robins, 2003; Chernozhukov et al.; Smucler et al., 2019).

This estimation strategy effectively uses the causal model solely to provide guidance on
the selection of the adjustment set but otherwise ignores the information about the interven-
tional means xa (P;G) encoded in the causal model. This is a strategy frequently followed
in applications (Abadie and Cattaneo, 2018; Bottou et al., 2013; Hernan and Robins, 2019).
It is well known (Robins et al., 1994) that estimators Xaz of xa (P;G) based on the adjust-
ment set Z that are regular and asymptotically linear under a model M that imposes at
most smoothness or complexity assumptions on b, (Z; P) and/or 7, (Z; P) have a unique
influence function equal to

_ Ia(A)

7vZJP,a (Z§ g) m

(Y_ba(Z;P))+ba(Z;P)_Xa(P;g)v (4)

where to avoid overloading the notation in ¥p, we do not explicitly write its dependence
on (Y,A).

Consequently, estimators ﬁz = > acA CaXaz of A(P;G) have a unique influence func-
tion equal to

bpa(Z;G) = cathpa(Z;G).

acA

For simplicity, we refer to asymptotically linear estimators of xa (P;G) with influence func-
tion pa (Z;G) as non-parametric estimators that use the adjustment set Z and we abbre-
viate them with NP-Z.

The preceding discussion implies that any NP-Z estimator Y, z satisfies

Vir{faz = xa (PiG)} 4 N (0.0 (P))
where Uz,z (P) =varp [Ypa (Z;G)]. Likewise, v/n {ﬁz — A(P; g)} 4N (O, ‘72A,Z) where

oAz (P) = varp [Ypa (Z;G)] .

Two natural questions of practical interest arise. The first is whether any two given time
independent covariate adjustment sets, say Z,Z’, are comparable in the sense that either

Ui,z < O'2A’Z/ for all P € M(G) or UQA’Z/ < UQAZ for all P € M(G).

The second is whether an optimal time independent adjustment set O exists such that for
any other time independent adjustment set Z,

0A0(P)<0iz(P). (5)

These questions were answered by Henckel et al. (2019) under (i) a linear causal graphical
model, (ii) when A = E'[Y, — Yu/| where a — a’ is the vector with all coordinates equal to
zero except for coordinate j which is equal to one, and (iii) when A is estimated as the
ordinary least squares estimator of the coefficient of A; in the linear regression of ¥ on A

12
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and Z and UQAZ is the asymptotic variance of such estimators. These authors showed that
not all time independent covariate adjustment sets are comparable. However, they provided
a graphical criterion to compare certain pairs of time independent covariate adjustment sets.
They also provided a graphical criterion for characterizing the set O, whenever a valid time
independent covariate adjustment set exists. In particular, the criterion always returns an
optimal valid time independent covariate adjustment set for A = A a point interventions.

In Section 5.1 we prove that the same graphical criteria remain valid for comparing time
independent covariate adjustment sets and for characterizing the set O that satisfies (5)
under an arbitrary, not necessarily linear, causal graphical model and for NP-Z estimators
of an arbitrary contrast A. Moreover, for A = A a point intervention, we further show that
there exists a minimal adjustment set O, included in O such that Oy, is optimal among
the minimal adjustment sets; that is, for any other minimal adjustment set Z iy,

UzA,Omin (P) S O-QA,Zmin (P) ? (6)

where 02A Zo (P) stands for either the asymptotic variance of the NP-Z,,;,, estimator or the
asymptotic variance of the OLS estimator of treatment effect of Henckel et al. (2019). In
addition, we provide a graphical criterion for identifying Op,. Using the tools developed in
van der Zander and Liskiewicz (2019), O and Oy, it can be shown that can be computed
in polynomial time.

Consider next the case in which A = (Ay,...,Ap) is a joint intervention with p > 0.
In analogy with the time independent covariate adjustment case we consider in Section 5.2
the setting in which one uses the causal model to identify the collection of time dependent
adjustment sets, but then for any given time dependent adjustment set Z, one estimates
each F [Ya] ignoring the conditional independencies encoded in the causal graphical model.
For instance, for p = 1, we study the asymptotic efficiency of estimators of

Xag,a1 (P;G) = Ep{Ep[Ep[Y|Ao = ao, A1 = a1,Zo, Z1] |Ag = ag, Zo)}
Iao (AO) Ia1 (Al)

= F
P P [AO = a0|Z0] P [Al = CLl’AQ = aop, ZO, Zl]

Y

for different time dependent adjustment sets (Zg, Z1), under a model M that makes at most
smoothness or complexity assumptions on

bag,a1 (Zo, Z1; P) = Ep [Y[Ag = ao, A1 = a1, Zo, Z1],

bay (Zo; P) = Ep [bag,ay (Zo, Z1; P) |Ag = a, Zo|

and /or

Tag,a1 (Lo, Z1; P) = P[Ay = a1|Ag = ao, Zo, Z1],
Tao (Zo; P) = P[Ag = ao|Zo] -

See Van der Laan and Robins (2003). Just as for the case of time independent adjustment
sets, not all time dependent adjustment sets are comparable in terms of their asymptotic
variance uniformly for all P € M(G). However, in Section 5.2 we generalize the aforemen-
tioned graphical criterion that allows the comparison of certain time dependent adjustment
sets. Nevertheless we show by example that unlike the case of time independent adjustment
sets, even though a time dependent adjustment set always exists, there are DAGs in which
no uniformly optimal time dependent adjustment set exists.

13
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5. Comparison of Adjustment Sets

In Section 5.1 we show that the graphical criteria for comparing time independent adjust-
ment sets and for identifying the optimal time independent adjustment set of Henckel et al.
(2019) is valid also when treatment effects are estimated non-parametrically. In Section 5.2
we provide results for time dependent adjustment sets.

5.1 Time Independent Adjustment Sets

Lemma 4 (Supplementation with time independent precision variables) Let G be
a DAG with vertex set V, let A CV andY € V\ A with A a random vector taking values
on a finite set. Suppose B C V\{A,Y} is a time independent adjustment set relative to
(A)Y) in G and suppose G is a disjoint set with B that satisfies

A lgG|B.

Then (G,B) is also a time independent adjustment set relative to (A,Y) in G and for all
P e M(G)

025 (P) - o2 gp (P) = Ep H ! )—1}varp[ba<G,B;P>|B] >0 (1)

Ta (B; P

Furthermore,
oap(P)— UQA,G,B (P) = c"varp (Q) ¢ >0

where ¢ = (Ca)uea and Q =[Qa)cp with

Q= { &y 1 (G B P~ ba(B: )}
vare (Qa) = Ep Hwa(l:}f;P) - 1} varp(ba(G,B: P) | B)] ,

and covp [Qa, Qa'] = —Ep [covp {ba(G,B; P), by (G, B; P)|B}] fora#a'.

In particular,
1
Frn (P) = ohran(P) = Be|{ - o= 1 vare(t,a(G.B:P) | B)

+Ep Hwa:o(lB,P) = 1} varp(ba=0(G, B; P) | B)]

—2FEp [covp {ba=1(G,B; P),b,—0(G, B; P)|B}]
> 0.

For the special case in which B = (), formula (7) was derived in Robins and Rotnitzky
(1992) and Hahn (1998). The formula quantifies the reduction in variance associated with
supplementing an adjustment set with ‘precision’ variables, i.e., variables that may help
predict the outcome within treatment levels but are not associated with treatments after
controlling for the already existing adjustment set. Notice that varp [b,(G,B; P)| B] quan-
tifies the additional explanatory power carried by G for Y after adjusting for B. In the
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DAG represented in Figure 2, B ={B} and G ={G} satisfy the conditions of Lemma 4.
In that DAG, varp [be(G,B; P)| B] increases as the strength of the association encoded
in the red edge increases and the one encoded in the green edge decreases. In contrast,
{1/mq (B; P) — 1} is always greater than 0, and it is more variable, and thus tends to have
larger values, the stronger the marginal association of B with A. In the DAG in Figure 2,
this association is represented by the blue edge.

Figure 2: A DAG illustrating Lemmas 4 and 5.

Lemma 5 (Deletion of time independent overadjustment variables)

Let G be a DAG with vertez set V, let A C'V andY € V\ A with A a random vector taking
values on a finite set. Suppose (GUB)C V\{A,Y} is a time independent adjustment set
relative to (A,Y) in G with G and B disjoint and suppose

Y lgB|G,A.
Then G is also an adjustment set relative to (A,Y) in G and for all P € M (G)

O-SI,G,B (P) - UZ,G (P) =

Ep |:7Ta (G; P)varp (Y|A = a,G)varp <7ra(Gr,1B,P)‘ A=a, Gﬂ > 0. (8)
Furthermore,
UzA,G,B (P) — UQA,B (P) =
Z c2Ep {Wa(G; Pyvarp(Y | A = a, G)varp [Wa(G,lB,P) | A =a, G] } >0.

acA

In particular,

0,24TE,B (P) — U,%lTE,G,B (P) =

1
EP {TFQZO(G, P)'UCLTP(Y | A= O, G)UCLTP |:7'['a:0(G-’:B’P) ’ A= 0, G:| } +

1
Ep {Tl'al(G;P)UCLT‘p(Y | A=1,G)varp { ) | A=1, G] } > 0.

7Ta:0(G7 B; P

Formula (8) quantifies the increase in variance incurred by keeping ‘overadjustment’
variables that are marginally associated with treatment but that do not help predict the
outcome within levels of treatment and the remaining adjusting variables. This result
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extends to the non-parametric setting the well understood increase in variance induced by
adding covariates that have no partial correlation with the outcome in a linear regression
model (Cochran, 1968). This feature has also been noticed in a number of non-linear
regression settings (Mantel and Haenszel, 1959; Breslow, 1982; Gail, 1988; Robinson and
Jewell, 1991; Neuhaeuser and Becher, 1997; De Stavola and Cox, 2008).

Notice that varp (Y|A = a, G) is zero if G is a perfect predictor of Y. In such extreme
case, the formula indicates that it is irrelevant whether one keeps the overadjustment vari-
ables B. In general, B is more harmful the weaker the association between G and Y within
levels of A is. For example, in the causal diagram in Figure 2, the penalty for keeping
overadjustment variables increases as the strength of the association represented in the red
arrow decreases. Furthermore, the quantity varp (1/7, (G,B; P)| A = a, G) indicates that
B is also more harmful the weaker the association between G and B within levels of A,
and the stronger the association between B and A within levels of G. For instance, in the
causal diagram in Figure 2, B is also more harmful the weaker the association represented
by the green arrow is and the stronger the association represented by the blue arrow is.

Theorem 6 Let G be a DAG with vertex set V, let A C V and Y € V\ A with A a
random vector taking values on a finite set. Suppose GC V\{A,Y} and B C V\{A,Y}
are two time independent adjustment sets relative to (A,Y) in G such that

A lg [G\B] | B (9)

Y 1l [B\G] | G,A. (10)

Then o} g (P) — 02 g (P) >0 for all P € M(G). Specifically,

U2,B (P) — UZ,G (P) =

a

Ep [{%(]13;13) - 1} varp [ba(G, B; P)| B]] 4

1
EP |:7Ta (G,P)’UCLTP (Y’A = a, G)’UCLTP <7Ta(G7]3’_P)‘ A= a, G>:| .

Moreover, Ui,B (P) — 0'2A7G (P) >0 for all P € M(G). Specifically,

oAp(P)—0ig(P)=

cTvarp (Q) c+

1
;cﬁEP Ta(G; P)varp(Y | A = a,G)varp (G B D) | A = a, G] } ,
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where Q is defined as in Lemma 4. In particular, JiTE’B (P) — aiTEG (P) > 0 for all
P e M(G). Specifically,

o4res (P) = o4rpa (P) =

EP|:{7TG1BP —1 varp alGBP)’B):|

B[\~ oreteea(@ B0 B) -
2Ep [covp {ba=1(G,B; P), ba—0(G, B; P)|B}] +

1
EP {'ﬂ'a:O(G7 P)'UCLT'P(Y | A = 0, G)'UCLT'P |:7ra:0(C-}’]3’P) | A = 0, G:| } +

1
EP {Wa_l(G;P)’UCLTP(Y | A= 1, G)’UCLTP |:7Ta:0(G-’:B’_P) | A= ]., G:| } .
Proof Write Ug,B(P) - Ui,G(P) = Uz,B(P) - Uﬁ,BU(G\B)(P) + Uz,cu(B\G)(P) - UE,G(P)
and apply Lemmas 4 and 5. The derivations for the expressions for JQA’B (P) — 02A7G (P)
and 0'124TE7B (P) — ‘7124TE,G (P) are similar. [ |

The preceding theorem provides an intuitive decomposition for the gain in efficiency of
using adjustment set G as opposed to set B. The difference ag’B - Ug,BU(G\B) represents
the gain due to supplementing B with the precision component G\B and U;Gu (B\G) ™ JiG
represents the gain from removing from G U B the overadjustment component B\G.

Theorem 6 is analogous to Theorem 3.10 from Henckel et al. (2019), except that it is
valid for arbitrary causal graphical models, instead of causal linear models, and for NP-
Z estimators of treatment effects instead of ordinary least squares estimators. Likewise,
Lemmas 4 and 5 are analogous to Henckel et al’s Corollaries 3.4 and 3.5. Building on their
Corollary 3.5, Henckel et al. (2019) provided a simple procedure that, for a valid adjustment,
set, returns a pruned valid adjustment set that yields OLS estimators of treatment effects
with smaller asymptotic variance. Because the validity of their pruning procedure relies only
on the ordering of the asymptotic variances corresponding to two adjustment sets implied
by the d-separation assumptions of their Corollary 3.5, and because the same ordering of
the adjustment sets is valid for the variances of the corresponding NP-Z estimators, then
we conclude that the pruning algorithm of Henckel et al. (2019) also returns a pruned valid
adjustment set that yields an NP-Z estimator of treatment effect with smaller asymptotic
variance.

As noted by Henckel et al. (2019), not all pairs of valid time independent adjustment
sets can be ordered using the d-separation conditions in Theorem 6. In fact, there exist

DAGs G with time independent adjustment sets Z and Z for which 027Z (P) > az 7 (P)
for some P € M (G) and O' (P’) > aa 7z (P') for some other P’ € M (G) as the following

example illustrates.

Example 2 In the DAG in Figure 3, Z = {01, Wy} and Z={O4, W1} are time independent
adjustment sets relative to (ALY). The adjustment set Z yields a smaller asymptotic vari-
ance than the adjustment set Z if the association encoded in the green edge is stronger than
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(=)
(D—O

Figure 3: A DAG with two time independent adjustment sets, Z ={O;,W>} and
Z= {0y, W1}, that cannot be compared. Note that Z and Z are minimal time indepen-
dent adjustment sets.

that in the brown edge and the one encoded in the blue edge is weaker than the one in the
red edge. By symmetry, the adjustment set Z is more efficient than Z if the words stronger
and weaker are interchanged in the preceding sentence. Henckel et al. (2019) illustrated the
impossibility of ordering all time independent adjustment sets by the asymptotic variances
of the corresponding adjusted linear estimators with a diagram different from the one in
Figure 3, in which the treatment was unconfounded.

Following Henckel et al. (2019) we let cn(A,Y,G) be the set of all nodes that lie on a
causal path between a node in A and Y and are not equal to any node in A and we define
the forbidden set as

forb(A,Y,G) =deg (cn(A,Y,G)) U{A}.

Also,
O(A,Y,G) = pag (cn(A,Y,G)) \ forb(A,Y, G).

Henckel et al. (2019) showed that, if a time independent adjustment set relative to (A,Y)
in G exists, then O(A,Y,G) satisfies the graphical necessary and sufficient conditions of
Shpitser et al. (2010) to be an adjustment set. Furthermore, Lemmas E.4 and E.5 of
Henckel et al. (2019) showed that the conditions (9) and (10) hold for G = O(A,Y,G) and
B any adjustment set. Consequently, we have the following important corollary to Theorem
6.

Theorem 7 Let G be a DAG with vertex set V, let A C V and Y € V\ A with A a
random vector taking values on a finite set. If a valid time independent adjustment set Z
relative to (A,Y) in G exists then O = O(A,Y,G) is a time independent adjustment set
and Ug,z (P) — 0’370 (P) >0 for all P € M(G). Specifically,

024 (P)— 020 (P) =
Be [{ g~ 1} varn (0.2 P12 +

1
Ep |:7Ta (O; P)varp (YA = a,0)varp (7"51(072713)’ A =a, O)]
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and the corresponding formulae for A and ATE hold.

Corollary 8 If A = A is point intervention then O(A,Y,G) is an optimal valid time
independent adjustment set.

Corollary 8 follows immediately from Theorem 7 and the fact that pag(A) is always a valid
time independent adjustment set relative to (A4,Y) in G.

Example 3 In the DAG of Figure 3, O(A,Y,G) = (01, 02) is the optimal adjustment set.

van der Zander and Liskiewicz (2019) proposed an algorithm that, given a DAG G =
(V,E), computes O(A,Y,G) with worst-case complexity O(|V| + |E|) , where |V] is the
number of nodes in G and |E| is the number of edges in G.

For simplicity, from now on when no confusion can arise, we abbreviate O = O(A,Y,G).

An interesting question is whether one can find an optimal adjustment set among the
minimal adjustment sets. In the next theorem we show that such adjustment exists for
point interventions. Specifically, let A = A be a point intervention and let Op, C O be
the subset of O with the smallest number of vertices such that

A 1l¢g [0\O,,:. ] |Omin-

The graphoid properties of d-separation (Lauritzen, 1996) imply that Oy, is unique. For
completeness we provide a proof of this result in Lemma 22 in the Appendix. Note that Opjn
is empty when the empty set is a valid time independent adjustment set. The next theorem
establishes that O, is a minimal adjustment set relative to (A,Y) in G. Furthermore, it
establishes that it is optimal among all minimal adjustment sets.

Theorem 9 Let G be a DAG with vertex set V, let A and Y be two distinct vertices in V
with A corresponding to a point intervention.

min

1. Onin as defined above is a minimal adjustment set relative to (A,Y) in G.
2. If Zin is another minimal adjustment set relative to (A,Y) in G then,
Alg Omin\Z,;] | Zmin and Y UG [Zmin\O,,] | Omin,A.
Consequently, for all P € M(G), oizmm (P) — 0270min (P) > 0. Specifically,
Ug,zmin (P) - Ug,omin (P) =

1
E —_— -1 a min» Zmin; P Zmin
P ooy e a0 2] ¢

min;

Ep |:7Ta (Omin; P)varp (YA = a, Opin) varp <7Ta (Omirjzmin; P) ’ A=a, Omin>]

and the corresponding formulae hold for A and ATE.
= 0.

Remark 10 Note that the conclusions one and two of Theorem 9 are purely graphical.
Therefore, invoking Theorem 3.1 of Henckel et al. (2019), we conclude that Oy is also
the minimal adjustment set that yields the adjusted OLS estimators of treatment effects
with smallest variance among all adjusted OLS estimators of treatment effects that adjust
for minimal adjustment sets.

min]

3. For any minimal adjustment set Zyin, Zimin N [O\O

19



ROTNITZKY AND SMUCLER

5.2 Time Dependent Adjustment Sets

Suppose that A = (Ao, ..., A,) is a joint intervention and for a given time dependent adjust-
ment set Z = (Zo, ..., Z,) in order to estimate a given contrast A(P;G) = >, 4 call[Ya]
one estimates each interventional mean

FE [Ya] = FEp {{Ep {Ep [EP [Y]a, Z] ‘ﬁp_l,zp_l] lﬁp_g,zp_g} cee ’ agp, Zo}} = Xa(P; g),

ignoring the conditional independencies encoded in the causal graphical model, and making
at most smoothness or complexity assumptions on the iterated conditional means

bgj (Zj; P) =FEp {Ep {EP [Ep [Y\a, Z] lﬁp_l,zp_l] ‘ap_g,zp_g} ce | éj,zj}
and/or on the conditional treatment probabilities
7o, (Zj; P)= P (Aj=a; | Aj1 =31,Z;).

It is well known (Robins and Rotnitzky, 1995) that estimators Xaz of xa (P;G) that are
regular and asymptotically linear under a model M that imposes at most smoothness or
complexity assumptions on bg; and/or T, have a unique influence function equal to

Urall P) = 52V —a(Pi0)} - Y on(Ru s P, (1)
ap AT k=0
where
9k(Ag, Zy; P) = )\j:klz(zll:f:;) {wj:’(céfjc;) - 1} {ba,(Zi; P) — xa(P; G)}

_ k=1 _ _ .
with Aay ,(Zy—1;P) = [] 7a;(Zj; P) and Iz (A_1)[ha,(Z-1;P)] " =1.
j=0

Hence, regular and asymptotically linear estimators Ay = Y acACaXaz of A(P;G)
have a unique influence function equal to ¥pa (Z;G) = > c4ca¥pa(Z;G). Therefore

Vi {Raz — Xa (P;0)} % N (o,agz (P)) where 02, (P) = varp [¥pa (Z;G)]. Likewise,

\/ﬁ{ﬁz — A(P; Q)} 4N <0, UZA,Z) where Ji,z (P) =varp [Ypa (Z;G)].
The following lemmas extend Lemmas 4 and 5 from time independent adjustment sets
to time dependent adjustment sets. Throughout we let bz , (G,l, B_q; P) = xa(P; 9).

Lemma 11 (Supplementation with time dependent precision variables) Let G be
a DAG with vertex set V, let A =(Ao,...,Ap) be a topologically ordered vertex set in V
disjoint with Y € V. Assume Aj,j =0,...,p, correspond to finite valued random variables.
Suppose

B=(By,....,B,)C V\{AY}

is a time dependent adjustment set relative to (A,Y) in G and suppose G = (G, ..., Gyp)
s a set disjoint with B that satisfies

A] Lg a] ‘ Ej7Kj—1 fOT’_]- = 07 » Dy (12)
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where A_y = 0. Then (G,B) = [(Go,By), (G1,B1),...,(Gp,By)] is also an time depen-
dent adjustment set relative to (A,Y) in G and for all P € M (G),

Ug,B (P) — oi,G,B (P)>0 and U2A,B (P) — 02A,G,B (P) > 0.
In the Appendiz we provide formulas for aiB (P) — UZ’G’B (P) and ‘72A,B (P) — ‘72A,G,B (P).

Lemma 12 (Deletion of time dependent overadjustment variables)

Let G be a DAG with vertex set V, let A =(Ao,...,Ap) be a topologically ordered vertex
set in 'V disjoint with Y € V. Assume Aj,j =0,...,p, correspond to finite valued random
variables. Suppose (G,B) = [(Go,Bo),(G1,B1),...,(Gp,Bp)] C V\{A,Y} is a time de-
pendent adjustment set relative to (A,Y) in G with G and B disjoint and suppose that

Y llg B|G,A. (13)

and o L
G]’J_Lg B]’_l | Gj—].vAj—]. fOT’j = 1, By /8 (14)

Then G =(Go, G1,...,Gyp) is also a time dependent adjustment set relative to (A,Y) in G
and for all P € M (G),

Ug,G,B (P) — ai,c (P)>0 and UZA,G,B (P) — U2A,G (P)>0.

In the Appendiz we provide formulas for ag’G’B (P)— 0121,G (P) and O'ZA’G’B (P)— 0'2A7G (P).

It is interesting to contrast the requirements in Lemma 12 to those in Lemma 5. Lemma
12 requires the conditional independence (14) for the intermediate covariates G;. To get
an intuition for why this requirement arises consider the case p = 1. For the covariate
adjustment set Z = (Zg,Z), where Zy = (Go,Bg) and Z; = (G1,B1), the functional of
interest is

X(ao,m)(P; g)=Ep [EP [EP [Y | Ao = ap, A1 = a1, Go, Bo, G17B1] ‘ Ao = a07G07B0“ :

We can regard the problem of estimating the right hand side of the last display as a sequence
of two estimation problems. The first is to estimate

Ep[EplY | Ay = ag, Ay = a1, Go, Bo, G1,B1] | Ag = ag, Go, Bo] .

Within levels of Gg, Bg and Ay = ag this problem is identical to the estimation of the inter-
ventional mean for a point exposure treatment that sets Ay to a; with the time independent
adjustment set (G1,B;). By Lemma 5 we know that if Y Il B; | Gy, G1, By, Ao, 41 then
G is also an adjustment set and is more efficient than (G, B1).

To understand the second estimation problem notice that when Y 1l By, By | G1, G1, Ao, 41,
the last display is equal to

Ep[Ep[Y | Ao = ap, A1 = a1, Go, G1] | Ao = ap, Go,Bo] = Ep [h(Go, G1) | Ao = ag, Go, By .

where h(Go,G1) = Ep[Y | Ag = ap, A1 = a1, Go, G1]. Then, the second estimation prob-
lem is to estimate

Ep [Ep [h(Go, Gl) | Ay = ag, Gy, Bo]] . (15)
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The last display can be viewed as another interventional mean, now for a point exposure
treatment that sets Ay to ag, with time independent adjustment set (Go,Bg), but with
pseudo-outcome h(Gyg, G1). Condition (14) with p = 1 is the condition that G; 1L By |
Ap, Go. This yields h(Go, G1) 1L By | Ap, Go. Then again by Lemma 5 we obtain that
Gy is an adjustment set for the interventional mean in display (15), which is more efficient
than (Go,Bg). Combining both results we conclude that (Go, G1) is more efficient than
[(Go, Bo), (G1,B1)].
We now have the following corollary to Lemmas 11 and 12.

Theorem 13 Let G be a DAG with vertex set 'V, let A =(Ay,...,Ap) be a topologically
ordered vertex set in V disjoint with Y € V. Assume A;,j =0,...,p, correspond to finite
valued random variables. Suppose

B=(By,...,B,)C V\{A)Y}
and
G =(Gop,...,Gp)C V\{A)Y}

are two time dependent adjustment sets relative to (A,Y) in G. Suppose that
Aj _]_Lg EJ\EJ] | Ej,Kj_l forj = 0, Y ¢

Y lg [B\G] | G,A

and
Gjlg [Bj-1\Gj1] | Gj_1,Ajq forj=1,...,p.

Then for all P € M (G),
UZ,B (P) — Ui,(} (P)>0 and U2A,B (P) — U2A,G (P) > 0.

Proof Write o2 5(P) — 03 (P) = 07 5(P) — 02 g a\m)(P) + 72 qum\ay (P) — 9a.c(P)
and apply Lemmas 11 and 12. |

As indicated earlier, optimal adjustment sets always exist for point interventions. In
contrast, for joint interventions, even though time dependent adjustment sets always exist,
there exist DAGs with no optimal time dependent adjustment set. Moreover, even when
an optimal time independent adjustment set exists, this set is not necessarily uniformly
optimal among all adjustment sets. The following example illustrates these two points, as
well as the application of Theorem 13.

Example 4 For the DAG in Figure 4, Table 1 lists all valid time dependent adjustment
sets relative to (AY) for A = (Ao, A1). These can be found applying the sufficient criteria
in Pearl and Robins (1995). To see that no other valid time dependent adjustment set can
exist, write

E[Ya] = Ep [Ep [Y ’ Ao = CLQ,Al = al,H]], (16)
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which follows by recalling that Zg = pag(Ag) and Zy = pag(Ai1) \ pag(A1) is a valid ad-
Justment set, as indicated in Section 3.1. Because the right hand side of (16) is not equal
to

Ep[Ep[Y | Ay = ap, 41 = a1]],

it follows that Zg = () and Z1 = 0 is not a valid time dependent adjustment set. Because the
adjustment sets 1-11 in Table 1 exhaust all possible adjustment sets such that Zgy excludes
R and Q, then no other valid adjustment set can exist since R and Q are in the causal path
between Ay and Y and therefore cannot be included in Zy.

The last column of Table 1 indicates, for every adjustment set, another dominating
adjustment set, in the sense that the dominating one results in an NP-Z estimator that
has smaller asymptotic variance for all P € M(G). These dominating adjustment sets are
found applying Theorem 15. We note however that Z* in row 1 is superior to Z** in row
8 for some P € M(G) but Z** is superior to Z* for another P' € M(G). Intuitively,
when the association encoded in the red arrow is weak but the associations encoded in the
blue arrows are strong, then Z** in row 8 is preferable to Z* in row 1. In contrast, when
the association encoded in the red arrow is strong but the associations encoded in the blue
arrows are weak, then Z* if preferable to Z**. For instance, when all variables are binary
there exists P € M(G) such that Uzvz* (P) /Ui}z** (P) =0.675 and another law P' € M(G)
such that J;Z* (P) /UZVZ** (P') =1.08 for a= (1,1). See the R scripts available at https:
// github. com/ esmucler/ optimal_ adjustment. We note also that the adjustment set
in row 11, namely Zo = {H} and Zy = () is the unique time independent adjustment set,
and hence optimal among time independent adjustment sets. Nevertheless, it is dominated
by the time dependent adjustment set in row 8, thus proving that optimal time independent
adjustment sets need not be optimal in the class of all adjustment sets.

Figure 4: An example in which no optimal time dependent adjustment set exists.
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Adjustment set Zg YA Dominating adjustment set
1 0 Q

0 R

0 H

0 {Q,R}

0 {QH}

0 {R,H}

0 {Q,R,H}

H

H

H

H

—_ = e = e

Q
R

{R,Q}
0

© 00 J O U = W N

— =
_ O
oo OO 00 1

Table 1: List of all possible time dependent adjustment sets for the DAG in Figure 4.

An interesting open question is to characterize the class of DAGs for which there exists
an optimal time dependent adjustment set.

5.3 Non-existence of Uniformly Optimal Covariate Adjustment Sets in
Non-parametric Causal Graphical Models with Latent Variables

Consider now the situation in which some vertices of the DAG are not observable, but some
adjustment sets are observable. A natural question is whether one can find an optimal
adjustment set among the observable ones. Without restricting the topology of the DAG,
the answer is negative as the following example illustrates. For linear causal graphical
models and treatments effects estimated by OLS, Henckel et al. (2019) showed that it is
possible that no uniformly optimal adjustment set exists among observable adjustment
sets. In the following example we show the same negative result holds for non-linear causal
graphical models and NP-O estimators, where by an NP-O estimator we mean the NP-Z
estimator that uses Z = O.

An interesting open problem is the characterization of settings in which, O(A,Y,G) is
not observed but an optimal observable adjustment set exists.

Example 5 Suppose that in the DAG in Figure 5, U is the only unobserved variable. Then,
Zx = 0, Z"={Z1,Z2} and Z** = {Z1} are all observable adjustment sets for (A,Y)
relative to the DAG. Using Lemma 5, it is easy to show that Z* is uniformly better than
Z***, However, Z* is better than Z** if the associations encoded in the blue edges are
strong and the associations encoded in the red edges are weak, but Z** is better than Z*
if the blue edges are weak and red ones are strong. In fact, when all variables are binary
there exists P € M(G) such that 03 5.(P)/0% z..(P) = 0.04 and another P' € M(G) such
that 02 ;. (P')/0% 7. (P') = 1.44. See the R scripts available at https: // github. com/
esm'u,cl’e'r'/ opt'zlm’a, l_adjustment.
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(2)—(2)

Figure 5: An example with a latent variable U and observable covariate adjustment sets
but with no optimal adjustment set.

6. Estimation of Point Intervention Causal Effects Exploiting the
Assumptions of the Bayesian Network

For a point intervention A = A, NP-O estimators of the individual interventional means and
their contrasts, even though efficient among NP-Z estimators, ignore the conditional inde-
pendence assumptions encoded in the causal graphical model about the data generating law
P. These assumptions may carry information about the parameters of interest. For instance,
consider the Bayesian Network represented by the DAG G of Figure 6. Under model M (G),
the components O and Oz of the adjustment set O = {O7, O2} are marginally independent.
This independence carries information about x, (P;G) = Ep [Ep [Y|A = a, O1, O2]] because
the joint distribution of O1, O3 is not ancillary for x, (P;G) . Specifically,

Ep[Ep[Y|A=10a,01,0:]] = ///yp(y\@701702)]9(01,02)dyd01d02
= [ [ [ wlaor00)p (o) (02) dydordoy

and the last equality is true only under M (G).

e
=

Figure 6: A DAG where the NP-O estimator is inefficient.

Applying Algorithm 2 of Section 6.4, it is easy show that the semiparametric Cramer-
Rao bound under the Bayesian Network of Figure 6 is equal to the variance of the random
variable X})’meff (A,Y,0:;G) =¢po(Z;G) — Ap (O) where O = (01,02), ¥p, (O;G) is the
influence function of the NP-O estimator defined in (4) and

Ap (0) = by (03 P) — Ep by (05 P) [O1] — Ep [ba (O; P)|0s] + Ep b, (0; P)]
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with b, (O; P) = Ep[Y]A = a,O]. Furthermore, we show in Lemma 23 in the Appendix
that if P, € M(G) is such that the following hold (i) b, (O; Py) = O1 + O3 + a0O104,
(ii) Ep, (O1) = Ep, (02) = 0, (iii) Ep, (0%) = Ep, (03) = 1, (iv) there exists a fixed
C > 0 independent of a such that varp, (Y | A =a,0) < C and 74(Opmin; Pa) > 1/C, then
Ap, (O) = 0102 and

varp, [Vp,.a (0;G)] Lo
varp, [xllp,a’eff (V;g)] |a]—o0

This illustrates the point that the NP-O estimator may ignore a substantial fraction of the
information about x, (P;G) encoded in the Bayesian Network.

Independencies among variables in the adjustment set are not the only carriers of infor-
mation about x, (P;G) in a Bayesian Network. For instance, consider the model represented
by the DAG in Figure 7 in which A is randomized but a variable M that mediates all the
effect of A on Y is measured. Then

Xa (P;G) = Ep[Y[|A=d] = //yp(y,mla) dydm = //yp(y!m)p(m!a) dydm
and the last equality holds due to the Markov chain structure encoded in the model. In
this example, the empirical mean of Y given A = a, can be viewed as the NP-O estimators

where O = (). However this estimator does not attain the semiparametric Cramer-Rao
bound, because it does not exploit the Markov chain structure encoded in the graph.

O——0

Figure 7: A DAG where the NP-O estimator is inefficient.

As a third example, consider the Bayesian Network represented by the DAG in Figure
8. Under this model O is the unique, and hence optimal, covariate adjustment set. Nev-

()
@O—0)—O

Figure 8: The front-door graph.

ertheless, under the model, x, (P;G) = Ep [E, [Y|A = a,0]] is also equal to the so-called
front-door functional

5= [ { [ ptmla [Zp(mm,a')p(a')] dm} dy. (17)

See Pearl (2000). This example has been used in the literature to illustrate an instance,
when O is unobserved, in which identifiability of x,(P,G) is possible even if no covari-
ate adjustment is possible. Under regularity conditions, the non-parametric estimator of
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B (P), based on estimating the right hand side of (17) replacing all densities by smooth
non-parametric estimators of them, provides yet another regular and asymptotically linear
estimator of x4 (P;G). In fact, in Example 7 we argue that neither estimator attains the
semiparametric Cramer-Rao bound under the model (see Hayashi and Kuroki (2014) for a
related discussion in causal linear models). The one-step estimation technique described in
Section 6.1 can be used to obtain a regular and asymptotically linear estimator of x, (P;G)
which, under regularity conditions, attains the semiparametric Cramer-Rao Bound under
M(G).

In Section 6.1 we provide estimators of x,(P;G) and A(P,G) that, under regularity
conditions, converge to a zero mean normal distribution with a variance that attains the
semiparametric Cramer-Rao bound for the parameter under the model M(G). In Section
6.2 we provide a sound and complete graphical algorithm that, given a DAG G, decides
whether or not under all laws P of M (G), the NP-O estimator is semiparametric efficient
under the Bayesian Network M (G). Furthermore, in Section 6.4 we provide an algorithm
that, when the NP-O estimator is not semiparametric efficient, returns a simplified formula
for the efficient influence function, which facilitates the computation of an estimator that
under regularity conditions attains the semiparametric Cramer-Rao bound.

Because estimation of causal effects under a DAG G is only meaningful when in G there
exists at least one causal path between A and Y, from now on we will consider only inference
about x, (P;G) under Bayesian Networks M (G) represented by such DAGs.

6.1 Semiparametric Efficient Estimation

The problem we are concerned with in this section is formalized as follows. We are in-
terested in finding an estimator of the functionals xq (P;G) = Ep [Ep [Y]A = a,pag (4)]]
and A(P;G) = Y ,c 4 cal[Ya], with the smallest possible variance among all estimators that
are regular and asymptotically linear under any P € M (G). When not all the variables
in G are discrete, the tangent space of model M (G) is not a subset of a Euclidean space.
Consequently, in such case model M(G) is semiparametric. In fact, in Lemma 24 of the
Appendix, we show that A = &7_;A; where

Aj={G =g (Vj,pag (V;)) € Lo (P) : Ep [G|pag (V;)] =0} .
and @ stands for the sum of Ls(P)—orthogonal spaces. Thus, unless G is a complete DAG,
A is a strict subset of LY (P), where LY (P) = {g € Ly (P) : [ gdP = 0}.
Notice that by the linearity of the differentiation operation, if X}%G(V; G) denotes an

influence function for x, (P;G) then AL(V;G) = Y cuxb,(V;G) is an influence function
acA ’

for A(P;G). Consequently, if A}%eff(V; G) and X}%a,eff(V; G) denote the efficient influence

functions of A(P;G) and x, (P;G), we have

A}D,eff(v;g) = Z CGX}D,a,eff(V; G).
acA
The next theorem provides an expression for X}q aeff: Let

I, (A)Y
P (A= alpag (4))’

Jpag =
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indir (A,Y,G) ={V; e V:V; € ang (A) \ {A} and all causal paths between
Vj and Y intersect A}

and
irrel (A,Y,G) = indir (A,Y,G) Uang (Y)°.

Note that indir (4,Y,G) is comprised by the nodes in V that, conditional on their parents,
are instrumental variables for the causal effect of A on Y. Note also that irrel(A,Y,G) =
[ang,,, (4, (Y)]°. See also Perkovi¢ (2019).

The following theorem establishes that the efficient influence function of X};} aeff (V;6)
does not depend on the variables in irrel(A4, Y, G).

Theorem 14 Let M (G) be the Bayesian Network represented by DAG G with vertex set
V. Assume Y and A are two distinct vertices. Then, the efficient influence function of
Xa (P;G) at P under M (G) is equal to

Xpaers (ViG) = > {Ep [Jrag|Vj,pag (Vj)] — Ep [Jrag|pag (Vj)]} -
J:Viélirrel(A,Y,G)U{A}]
(18)
Furthermore, X}D,a,eff (V;G) depends on V only through V e = V\irrel (4,Y,G) .

Our next results will establish that the variables in irrel(A,Y,G) can be marginalized
from the DAG without incurring in any loss of information about the parameter. Recall
that for any DAG G with vertex set V and a subset of nodes Vi,4rg, M (G, Vinarg) denotes
the marginal DAG model. See Section 2.1.

Definition 15 Let G be a DAG with vertex set V. and V g C V. For any P € M (G) let
Prarg denote the marginal distribution of Vpmary under P. Let G' be a DAG with vertex set
Varg- Let A, Y be two distinct nodes such that {A,Y} C Vparg. We say that (Vpmarg ,G')
is sufficient for efficient estimation of x, (P;G) relative to (V,G) if for all P € M (G), the
following conditions hold

1. MA(G, Viarg) = M(G'),

2. Xa (P;G) = Xa (Prmarg; G'),

3. 0(AY,G)=0(A,Y,G"),

4 ¥palO(A,Y,G);G] = ¥p,.,a [0 (A,Y,G);G'] and
5. Xbaers (Vi9) = Xpuaerf (Vimarg: ')

If we find (Vimarg ,G’) that is sufficient for estimation of x, (P;G) relative to (V,G),
then we do not incur in any loss of information about x, (P;G) if we ignore the variables
in VAV . and assume that Viarg follows a Bayesian Network M (G') for the DAG G’
Furthermore, since G’ preserves the optimal adjustment set then the NP-O estimator of
Xa (P;G) is the same as the NP-O estimator of x4 (Pmarg; G’). Since by condition 5) of
the preceding definition the efficiency bound for x, (P;G) under M (G) is the same as
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the efficiency bound for x4 (Pmarg; ') under M (G’), then for studying the loss of efficiency
incurred by using the NP-O estimator we can pretend that the available variables are Varg
and that the problem is to estimate x4 (Pmarg; §') under the Bayesian Network M (G').

The next lemma implies that Viare = V\ irrel (4,Y,G) and G’ equal to the output of
Algorithm 1 below satisfies the preceding definition.

Lemma 16 Let G and G’ be the input and output DAGSs of Algorithm 1. Let'V and Vinarg be
the vertex sets of G and G respectively. Then (V marg, G') is sufficient for efficient estimation
of Xa (P;G) relative to (V,G).

Algorithm 1: DAG pruning procedure to remove irrelevant nodes
input : DAG G with nodes V and two distinct nodes A,Y € V
output: A new DAG G’ with vertex set Vi, = V \ irrel(A, Y, G) such that
(Vinarg, G') is sufficient for efficient estimation of x4(P;G) relative to

(V.9).
procedure prune(A,Y,G)
G = Gang(v)

L,...,I;, = topological sort (indir(4,Y,G’),G")
for j=L,L—1,...,1do
‘ g =7(9.1)

return G';

The output G’ of Algorithm 1 is obtained as the result of first deleting the edges and
vertices in ang (Y)“ and subsequently removing, sequentially by a latent projection oper-
ation, each node in indir (A,Y,G). For the definition of the latent projection operation
7(G,V) see Section 2.1. In general the set of possible marginal distributions for a sub-
vector V' of a vector V following a Bayesian Network M (G) is not necessarily a Bayesian
Network M(G’) for some DAG G’ with vertex set V' (Evans, 2016). However, because of
the specific structure of the set irrel (4, Y, G), the set of possible marginal distributions for
V' = Vg = V\irrel (4,Y,G) is the Bayesian Network M(G’), where G’ is the output
of Algorithm 1. Algorithm 1 assumes the availability of a subroutine topological _sort
to topologically sort a set of nodes relative to a DAG G. One such subroutine is Kahn’s
algorithm (Kahn, 1962), which is known to have worst case complexity O(|V| + |E|).

Example 6 We illustrate an application of Algorithm 1 with the graph in Figure 9 (a). In
this graph, ang(Y') = {D1, D2} and indir(A,Y,G) = {I1, Is, I3}, which are already topolog-
ically ordered. The first step of the procedure prune removes all nodes in anG(Y') and all
edges into them from the graph. The next step of the procedure marginalizes over Is. The
graph in Figure 9 (b) is the result of this marginalization applied to the graph with { Dy, D2}
already removed. The next step marginalizes over Iy and the resulting graph is shown in
Figure 9 (c). The last step marginalizes over Iy yielding the graph in Figure 9 (d) which is
the output of Algorithm 1.
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Figure 9: An example of an application of Algorithm 1.

Lemma 16 is proven in the Appendix by invoking the following important result.

Proposition 17 Let M be a semiparametric model for the law of a random vector V. Let
V' be a subvector of V. Let M’ be the model for the law of V' induced by model M, that
is, M’ is the collection of laws for V' such that for every P' € M’ there exists a law P
for V with P" being the marginal of P over V'. Let x (P) be a regular parameter in model
M with efficient influence function at P € M equal to X}%eff. Suppose X}D,eff depends on
V only through V'. Let P' be the marginal law of P over V'. Suppose x (P) depends on
P only through P'. Define v(P') = x (P). Let V}g,’eff be the efficient influence function of
v (P") in model M" at P' € M'. Then, given P' € M’ it holds that X}%eff = V}J,ﬁff for
every P € M with marginal law P’.

In light of Lemma 16 and Proposition 17, from now on without loss of generality we
will assume that irrel (A,Y,G) = . This assumption implies that we can partition the
node set V of G as MU WU {A,Y} where the vertices in M intersect at least one causal
path between A and Y, that is, M is the set of mediators in the causal pathways be-
tween A and Y, and W are non-descendants of A. We can therefore sort topologically
Voas (Wy,...,.Ws, A My,...,Mg,Y). The set O(A,Y,G) = O = (O4,...,0r), where
(Oq,...,0r7) is sorted topologically, is included in W. Throughout T =0if O (4,Y,G) = 0.
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The following Theorem establishes another expression for X}% aeff (V;G). Subsequently
we exploit this expression to describe a strategy to construct a semiparametric efficient
estimator of x,(P;G). Let
I, (A)Y
77(1(0; P) '

In what follows we use the conventions 22:1 - =0, 2221 - =0, Z}:z -=0.

Trag =

Theorem 18 Let M (G) be the Bayesian Network represented by DAG G with vertex set V.
Assume Y and A are single disjoint vertices. Assume irrel(A,Y,G) = (. Then the efficient
influence function of xq (P;G) at P under M (G) is equal to

XpPaess (ViG) = Ep[TpaglY,pag (V)| — Ep [Tpag|pag (V)] (19)
K
+ Z {Ep [Tpa,g|My,pag (My)] — Ep | (My)] }

k=1

+Z {Ep [b.(0; P)[W;, pag (W;)] — Ep [ba(0; P)| pag (W;)]}

where Ep [ba(O; P)|pag (W1)] = x4 (P;G), because pag (W7) = 0.

Example 7 Consider again the DAG in Figure 8. In this example, O = Oy, = {O} =
(Wi}, J=T =1, M = {M} and K = 1. A quick calculation shows that equation (19)
applied to this example yields

T (A)
a(O; P)

I,(A)Y

7T(JL(O; P)

Y Y

——— | A M| -1,(AEp |—— | A .

o7 A - [ 14

Notice that for any law that is faithful to the DAG, b,(O; P) is a non-trivial function of O
and Ep [I,(A)Y w1 (O; P) | M| is a non-trivial function of M. Since these terms cannot
cancel out with any of the remaining terms on the right hand side of the preceding display,
we conclude that X}Daeff(V; G) is a non-trivial function of both O and M. This shows
that the NP-O estimator cannot be globally efficient in model M(G) because the NP-O
estimator does not depend on M. It also demonstrates the point announced earlier, that

the non-parametric estimator of the front-door formula (17) is also not globally efficient,
because this estimator does not depend on the variable O.

X}Za,eff(V;g) = ba(O;P) Xa(g P) +YEp |: | KM:| — FEp |:

T L(A)Ep [

The expression for X}gﬂ aeff (V;G) in Theorem 18 can be used to compute the following
one-step estimator (Van der Vaart, 2000; van der Vaart, 2014),

X\one—step,a =Xa (P;G) + Py [Q}D,a,eff (V; g)}

where if J = 0, Yo (P;G) = P, [V I,(A){Py [I,(A)]} " and

K
Pr [Xbaers (ViG] =D Py {E [Tp.agIMy,pag (My)] — E [Trag|pag (Mk)]}
k=1
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and if J > 1,

X\one—step,a = )?a (Pa g) + Py [y}zaﬁff (V, g)]
= Pu{E [TraglVipag (V)] = E [Traglpag (V)] }

K
+ > Pu{ B [TpagMy, pag (My)] = E [Tragl pag (My)] }

J
+> P, {E [ba(0; P)|W;, pag (W;)] — E [ba(O; P)| pag (Wj)}}
=2

B, { B [bu(0: )| Wi, pag (W1)] |

and where E (|-) are non-parametric estimators of the relevant conditional expectations and
P,, is the empirical mean operator. Specifically E [T Pa,G| Mg, Pag (Mk)] is constructed by
first computing a non-parametric estimator 7,(O) of m,(Oj; P) and subsequently computing

a non-parametric regression estimator of the pseudo-outcomes T;, where T; = Y;1,(A;)/7.(0;),
on the covariates My ;, pag (My;) i = 1,...,n. Likewise, E [ba(O; P)|W;, pag (VVJ)} is con-
structed by first computing a non-parametric estimator regression estimator Ea(O) of the
mean of ¥ given O and A = a and subsequently computing a non-parametric regression
estimator of the pseudo-outcomes b, (O;) on the covariates Wj;, pag (Wj;) ¢ =1,...,n. The
estimators of the expectations that condition only on the parent set of a node are computed
similarly.

Under regularity conditions, which include restrictions on some measure (for exam-
ple, the metric entropy) of the complexity of the ambient function space of the con-
ditional expectations appearing in the expression for X}:’,a,eff (V;G), and for particular
choices of the non-parametric estimators of these conditional expectations, the one-step
estimator Yone—step,q is regular and asymptotically linear with influence function equal to
X}D, aeff (V;G) (van der Vaart, 2014) and therefore it attains the semiparametric variance

bound for x, (P;G) under model M (G). Consequently, A = > acA CaXone—step,a has influ-
ence function ) . 4 CaXb aeff (V;G) and therefore it attains the semiparametric variance
bound for A (P;G) under model M (G).

6.2 A Sound and Complete Algorithm to Check if the NP-O Estimator is
Semiparametric Efficient

It turns out that for special configurations of G, the formula (19) simplifies in that
XPaeff (ViG) =¢pa [0(A,Y,G);G] for all P € M(G), (20)

where p, [0 (A,Y,G) ;7] is the influence function of the NP-O estimator (see (4)). This
implies that the NP-O estimator of x, (P;G) attains the semiparametric variance bound
for x4 (P;G) under M (G). For such DAG configurations there is no loss of efficiency in
ignoring the observations on the variables V\ [O U {Y, A}]. Furthermore no loss of efficiency

is incurred from ignoring the restrictions implied by the Bayesian Network M(G) on the
marginal law of (O, A,Y").
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In light of the results of the preceding section, throughout we will assume that irrel (4,Y,G) =
() and therefore that we can topologically sort V as (W1,..., Wy, A, My,..., Mg,Y), where
the vertices in M = {M, ..., Mk} intersect at least one causal path between A and Y and
W = {Wy,...,W;} are non-descendants of A. The set O (A,Y,G) = O = (Oy,...,0r),
where (O1, ..., Op) is sorted topologically, is included in W. Throughout 7= 0if O (A,Y,G) =
0, K=0ifM=0and J=0if W=0.

The following theorem provides necessary and sufficient conditions on the DAG G for
(20) to hold.

Theorem 19 If J € {0,1} and K = 0, assertion (20) always holds. Furthermore, if J > 1
or K >0, assertion (20) holds if and only if

1. O\ {Or} C pag(Or),

2. pag (Wjt1) C pag (W) U{W;} forj=1,...,J -1,

3. {A} U Oynin, C pag(Y), and

4. pag (My) C pag (My_1) U{Mp_1} fork=2,..., K +1,

where M1 =Y. Condition 2) is nonexistent if J € {0,1} and condition 4) is nonezistent
if K=0.

In Section 6.4 we provide an algorithm (Algorithm 2) that checks whether the necessary
and sufficient conditions of Theorem 19 hold. The algorithm return false if and only if at
least one of the conditions doesn’t hold. As we explain in Section 6.4, when the algorithm
returns false it also returns a possibly simplified formula for the efficient influence function.

Remark 20 We emphasize that there exist DAGs such that X}D,a,eff depends only on O, A
and Y but the NP-O estimator is inefficient. One instance of this situation is given by the
DAG in Figure 6. In particular, failure of one ore more of the conditions 1)-4) in Theorem
19 does not necessarily imply that the efficient estimator depends on wvariables other than

O,AandY.

We now state a number of conditions that are implied by conditions 1)-4) of Theorem
19 and are therefore necessary for the NP-O estimator to be efficient. These conditions are
straightforward to check. We will use them in the next examples to argue that under some
DAGs the NP-O estimator is not efficient.

1. In Lemma 30 of the Appendix we show that for J > 1, whenever conditions 1) and 2)
of Theorem 19 hold then

Wj S pag(Wj+1) for all j € {1, R 1}. (21)
Consequently, if J > 1 then (21) is necessary for the NP-O estimator to be efficient

2. In Lemma 31 we show that if K > 1, whenever condition 4) of Theorem 19 holds for
ke{2,...,K+ 1} then

A € pag(My) and My, € pag(My4q) for k€ {2,..., K +1}. (22)

Consequently, if K > 1 then (22) is necessary for the NP-O estimator to be efficient.
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3. The preceding two remarks imply that if either the variables in W or the variables
in M can be topologically sorted in more than one way, then the NP-O estimator
is inefficient. Thus the existence of a unique topological order of W and of M is a
necessary condition for the NP-O estimator to be efficient.

4. Because condition 3) of Theorem 19 requires that O,,;, C pag(Y’) then condition 4)
of the same theorem implies that

Oin Cpag(Mk), fork=1,..., K+1 (23)

is a necessary condition for the NP-O estimator to be efficient.

& O  O-O-O-Or-D

(c)

Figure 10: In graphs (a) and (c) the NP-O estimator is inefficient and in graphs (b) and
(d) the NP-O estimator is efficient.

Example 8 Consider the graphs in Figure 10. In all four graphs, M = () and O is com-
prised of the single node Ws. Thus, to check whether or not the NP-O estimator is effi-
cient, we only need to check conditions 2) and 3) of Theorem 19. In the graph in Figure
10 (a), condition 2) fails for j = 2, because pag(Ws3) = {W1, Wa} which is not a subset of
pag(Wa)U{Wa} = {Wa}. Thus, the NP-O estimator is inefficient. Notice that in this graph
W can be sorted topologically in two ways, (W1, Wa, Ws, Wy, W5) and (Wo, W1, W, Wy, W5).
In graph 10 (b), conditions 2) and 4) hold, thus the NP-O estimator is efficient. In graph
10 (c), condition 2) fails for j = 4, because pag(Ws) = {Wa, Wa} which is not a subset of
{W4} Upag(Wy). Notice that in this graph (21) holds, thus illustrating the fact that this
condition is necessary but not sufficient for the NP-O estimator to be efficient. In graph
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10 (d), conditions 2) and 3) hold, and thus the NP-O estimator is efficient. A comparison
of Figures 10 (c¢) and 10 (d) highlights a key property that graphs for which the NP-O is
efficient must satisfy. Specifically, if a node W; is a parent of a node Wy for 1 > 1 then
it must also be a parent of all the nodes Wiy, for 1 < h <. In the graph in Figure 10 (c),
Wo is a parent of W5 but not a parent of Wy, and thus this condition fails. All preceding
assertions are valid even if any of the orange arrows from the nodes in W to A are absent.

Figure 11: In graphs (a), (c), (e) and (f) the NP-O estimator is inefficient and in graphs
(b), (d) the NP-O estimator is efficient.

Example 9 Consider the graphs in Figure 11. In all four graphs, W = O is comprised of
the single node Wy. Furthermore in graphs (a), (b) and (c), O = Oy and in graphs (d),
(e) and (f) Opmin = 0. Also, M = {My, Ma, M3}. Since J =1, to check whether or not the
NP-O estimator is efficient, we only need to check conditions 3) and 4) of Theorem 19.

In graph (a), the NP-O estimator is inefficient because W1 & pag(Ms), thus invalidating
the necessary condition (23). In graph (b), conditions 8) and 4) of Theorem 19 hold and
thus the NP-O estimator is efficient. In graph (c), condition 3) fails because Opyin, = {W1},
but Wi & pag(Y). Thus, the NP-O estimator is inefficient. In graph (d), condition 3)
holds because Opin, = 0 and A € pag(Y'). Furthermore, condition 4) holds. Thus, the
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NP-O estimator is efficient. In graph (e), condition 3) holds for the same reasons as in
graph d). However, condition 4) fails because pag(M3z) = {W1, Ma} is not included in
{Ma} Upag(My) = {My,My}. Thus, the NP-O estimator is inefficient. In graph (f) the
NP-O estimator is inefficient because condition 4) fails since pag(Y') = {A, My, M3} is not
included in { Mz} U pag(Mz) = {W1, My, M3z}.

Figure 12: A DAG where the NP-O estimator is efficient.

Example 10 Consider the DAG in Figure 12. In this DAG, J =8, T = 3,
W = (W, Wa, W3, Wy, W5, Ws, W7, Wg) = (O1, By, B2, B3, B4, O3, Bs, 03)

O ={01,02,03} and Opip, = {O1,02}. It can be checked that conditions 1)-4) of Theorem
19 hold for this graph and thus the NP-O estimator is efficient. All blue arrows in the graph
are needed for condition 1) and 2) to hold. That is, if any blue arrow were absent from the
graph, the NP-O estimator would be inefficient. If both red arrows were absent or if only the
red arrow from By to Bs was present, then condition 2) would hold. Notice that condition
1) does not impose any restriction to the presence or absence of the red arrows. However,
if the arrow from By to By were present but the arrow from By to Bs were absent, then
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condition 2) would fail. None of the conditions 1)-4) impose restrictions on the existence
of edges connecting nodes in W \ O to A. Thus, the conclusions of our discussion would
remain valid regardless of whether or not any of the orange edges are present. All black
arrows are needed for conditions 3) and 4) to hold. The requirements on the presence or
absence of the purple arrows connecting O3 to My and My are similar to the requirements
on the red arrows. Specifically, condition 4) would remain valid even if the edge connecting
O3 to My or both the edges connecting Oz with My and with Ms were absent. However, if
the edge connecting Os with My is present then the edge connecting Os with My must be
present for condition 4) to hold. Finally, the conditions of Theorem 19 would remain valid
even if the green edge were missing.

6.3 A Connection Between Identification and Efficient NP-O Estimation

Theorem 19 has the following interesting corollary.

Theorem 21 Let G be a DAG with vertex set V, let A and Y be two distinct vertices in
V with A corresponding to a point intervention. Let O = O(A,Y,G) and let Opin C O
be the subset of O with the smallest number of vertices such that A 1lg [O\O,,;,] |Omin-
Suppose that Ouin, # 0. Let M = cn(A,Y,G) \ {Y'}. If there exists an identifying formula
for xa(P;G) that depends only on A,Y and the mediators M then the NP-O estimator of
Xa(P;G) is not globally efficient under the Bayesian Network M(G).

Proof We prove the result by contradiction. By Lemma 16, without loss of generality,
we can assume that irrel(A,Y, G) = (). Suppose that the NP-O estimator of x,(P;G) is
globally efficient under M(G). Then Theorem 19 implies that every vertex O,,;, must be
a parent of Y and of every vertex in M. Furthermore, by (22), A must be a parent of
M; and each Mj, must be a parent of My.1. Let G[{A,Y}UM] be the latent projection
of G (Evans and Richardson, 2014) onto the vertex set {A,Y} UM. Because Oy, is not
empty, then, in G [{A,Y} UM], the nodes A, My, Ma, ..., Mg,Y are all in the same district
(Shpitser et al., 2014). The completeness of the ID algorithm, see Tian and Pearl (2002)
and Shpitser and Pearl (2008), implies that x,(P;G) is not identified when only {A, Y} UM
are observed, thus arriving at a contradiction. |

Interestingly, Theorem 21 implies that in the front-door DAG in Figure 8, the NP-O
estimator is not efficient.

6.4 A Sound Algorithm to Check for Variables That Are Not Needed For
Semiparametric Efficient Estimation

In the Section 6.2 we showed that for certain DAG configurations, the efficient influence
function X}D,a, of f(V; G) depends on V only through O, A and Y. In this section we argue
that when X}% aefs(ViG) depends on variables in V\[OU{A, Y'}] it may nevertheless depend
on a strict subset of V. As such, from the perspective of planning a study, it is useful to
learn which variables are irrelevant for efficient estimation since such variables need not be
measured.
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As an example, consider the DAG in Figure 10 (c¢). Applying formula (19) from Theorem
18, the d-separations in the DAG imply that

| oy~ 1a(4) 1a(A)

XP,a,eff(V7g) B 7Ta(W5§P)Y a Wa(W5;P)
+ba(Ws; P) = Xa(P;G) + Ep [ba(W5; P) | W3, Wa] — Ep [ba(Ws; P) | Wa, W]
+ Ep [ba(Ws; P) | Wa, W3] — Ep [bo(Ws; P) | W]

b(z (WB; P)

Check Example 11 in the Appendix for the details involved in the preceding calculation.
Notice that W; does not enter into the formula for X}a, aeff (V;G). Thus W; can be ignored
for efficient estimation of x,(P;3G).

Algorithm 2 provides a sound check for possible simplifications of X}a, aef f(V; G). Such
simplifications may imply that some variables do not appear in the formula for the effi-
cient influence function, as is the case in the example of the DAG of Figure 10 (¢) we
just discussed. Whether or not the algorithm returns the smallest subset of V on which
X}:-, aeff (V;G) depends on remains an open problem. Algorithm 2 is also sound and complete
for the query of whether X}% aef f(V; G) simplifies to 1 p,[O; G]. Proofs of all these assertions
together with a heuristic explanation of the rationale for each step in the algorithm, are
given in the Appendix.
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Algorithm 2: Sound and complete check of X}D,a,eff (V;6) =v¢pq(0:;9)

1
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10
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12
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14

15
16
17
18
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20

21

22
23
24

25
26
27

28
29
30
31

32
33
34
35
36
37
38
39
40
41

42
43
44
45
46
47
48

49
50
51

52

53

input : DAG G with vertex set V and two distinct nodes A,Y € V such that A € ang(Y")

output: An answer to the inquiry of whether X}:)’H"eff (V;G) =¢pq (0;G) for all P € M(G) and a, possibly, simplified
formula for X};)G’E ¢s if the answer to the inquiry is negative.

procedure checkEfficient(A,Y,G)

G=prune(A,Y,G)

(W, AMY)=(Wi,...,Ws, A M,...,Mg,Y) =topological _sort(V,G)

/¥ J=0if W=0 and K =0 if M =0

MK+1 = Y

0 =0(4,Y,9)

O1,...,0r =topological_sort(O)

efficient nondesc=False

efficient_desc=False

if O\ {Or} C pag(Or) and J > 1 then

j=J—-1

while pag(Wj+1) \ {W;} C pag(W;) and j >2do j=j—1

if j > 2 then

offenders_nondesc={j}Uget_offenders_ nondesc(G, W, O, j — 1)

1,non—desc __

XP,a,eff -
ba(o; P) - Xa(P7 g) + ZhEOffendersmondesc {EP [b”’ (O’P) | pag (Wh) ’ Wh] - EP [b”’ (O’P) | pag (Wh+1)]}
else
BT = ba(0: P) — xa(P3 6)
efficient nondesc=True
else if J > 1 then
offenders_nondesc=get_offenders nondesc(G, W, 0, J — 1)
XEL 95 = Ep [ba(03 P) | Wi, pag(Wo)] = xa(P56) +
{Ep [ba (O;P)|pag (Wn),Wr] — Ep [ba (O;P) | pag (Wai1)] }

h€offenders_nondesc
else if J =1 then
XPaeif ™ = 0a(05 P) = xa(P;G)
efficient_nondesc=True

else if J =0 then
1,non—desc =0

XP,a,eff
efficient_nondesc=True
if AUOmnmin Cpag(Y) and K > 1 then
Xpaess = Ia(A)Y 1 (Omin; P)
k=K+1
while k > 2 && pag(Myi) C pag(Mig—1) U{Mr_1} dok =k -1
if £k > 2 then
offenders_desc={k}Uget_offenders_desc(G, M, O, Opin, k — 1)
X}D’,(tize,z;f = X?Ze,z;f + ZhEoffenders,desc{EP [pra,g | pa’g(Mh—l)7 Mh’_l] - EP [Tpvaag | pag(Mh)]}
if {A} UO = pag(M;) then

| XPats = Xpats = 1a(A)ba(0; P)mg ! (Oymins P)
else

1,desc 1,desc

‘ XPaeff = XPaers — £pP [TPva,Q | Pag(Ml)]
else
X}t{ilze,:ff = X}D?Z?f - Ia(A)ba(O§P)7Ta_1(0mm§P)
efficient_desc=True
else if K > 1 then
offenders_desc={K + 1}Uget_offenders_desc(G,M, O, Opin, K)

Jdesc

X}D’aiz;f = Zheoffenders,desc{EP [pra,g | Pag(thl)a Mh*ljl — FEp [TP,a,g | pag(M}L)]}
if {A} U O = pag(M1) then

| XBasts = Xpasts — 1a(A)ba(0; P)my ! (Ormin; P)
else

| XBES = XBYS, — Ep [Trag | pag(Mi)]

else

Xpass s = Ia(A)mg  (Omin; P)(Y — ba(O; P))

efficient_desc=True

1,non—desc 1,desc

1 _
XPaeff = XPaeff T XPa,eff
efficient — efficient_desc & efficient_nondesc
return efficient, X}37a75ff

*/
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Algorithm 3: Subroutine to find all mediator nodes that don’t satisfy at
least one of (66), (69) or (70).

input : DAG G, mediator nodes M, optimal adjustment set O, optimal minimal
adjustment set O,,;, and integer init.
output: The set of nodes in M that don’t satisfy at least one of (66), (69) or (70)
procedure get_offenders_desc(G, M, O, O,ip, init)
offender _desc= ()
for ¢ = init,...,2 do
if {A}UOpin & pag(My) or pag(M;) ¢ pag(M;—1) U{M;_1} or
Y Mg pag(M;—1) U{M;—1 \ pag(M;) | pag(M;) then
| offender desc=offender descU{i}
return offender_desc

Algorithm 4: Subroutine to find all non-mediator nodes that don’t satisfy
(60).

input : DAG G, non-mediator nodes W, optimal adjustment set O and integer
init.
output: The set of nodes in W that don’t satisfy (60)
procedure get_offenders nondesc(G, W, O, init)
offender nondesc= ()
for ¢ = init,...,1 do
L = [pag (W;) U{W;}] Npag (Wis1)
if O \ I 7Jﬂ_g [pag(I/Vi) U {WZ}] A pag(WiH) ‘ I, then
| offender nondesc=offender nondescU{i}
return offender _nondesc

7. Discussion

The results in this paper raise a number of open problems, several of which we are currently
investigating.

1. The derivation of a graphical criterion to characterize the class of all time dependent
adjustment sets, like adjustment sets in row 1 and 8 in Example 4, that dominate the
rest even if they don’t dominate each other.

2. The characterization of DAGs under which an optimal time dependent adjustment
set exists for joint interventions.

3. The characterization of the subset of DAGs such that an optimal time dependent
adjustment set exists for joint interventions, and for which the optimal time dependent
adjustment set is time independent.

4. The characterization of DAGs such that among the adjustment sets of minimal size,
there exists an optimal one.
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5. For DAGs for which an optimal time dependent adjustment set exists, the derivation of
a sound and complete algorithm to answer the inquiry of whether the non-parametric
optimally adjusted estimator is globally efficient under the Bayesian Network.

6. For DAGs with latent variables such that observable adjustment sets exist, the char-
acterization of the subset of DAGs for which an optimal adjustment set exists among
the observable adjustment sets.

7. For DAGs with latent variables, the derivation of a general expression for the efficient
influence function of x,(P;G) and a non-parametric globally efficient estimator.

8. For DAGs with latent variables for which an optimal observable adjustment set exists,
the derivation of a sound and complete algorithm to answer the inquiry of whether the
non-parametric optimally adjusted estimator is globally efficient under the marginal
of Bayesian Network for the observable variables.
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Appendix A. Main proofs

A.1 Proofs of results in Section 5

Proof [Proof of Lemma 4] We first show that (G,B) is an adjustment set. Since A 1l g
G | B we have

Ta (G, B; P) = ma(B; P). (24)

Then, for all P € M(G), Ep [%] = Ep [ J:((E);ﬁ)} = xa(P;G) where the last equal-

ity holds because B is by assumption an adjustment set. This shows that (G,B) is an
adjustment set. Now,

Ypa (B;G) = ;:((BA);) - [Wj?](?)A])D) - 1:| ba(B; P) — xa(P; G)
L(A)Y Ia(A)

- GEF e | EBP 0O

_l’_

= Ypa(G,B;G)+ [ fa(A) 7~ 1} [ba(G, B; P) — ba(B; P)]

ma(G,B; P
where the second equality follows from (24). Next, noting that

Ep{Ypa|G,B;G]lg(A,G,B)} =0 for any g such that Ep [g(A,G,B)|G,B] =0 (25)

and that Ep { [& _ 1} [ba(G, B; P) — ba(B: P)]‘ G, B} — 0 we conclude that

ma(G,B;P)
oap (P) =varp [Ypa(B;G)] (26)
=wvarp [Ypa (G,B;G)] +varp [{% - 1} {ba(G,B; P) — ba(B; P)}]

=02 g (P)+ Ep {E [[ba(G,B; P) — ba(B; P)]Q‘ B] varp MB‘?)P) 1 B] }

1

where the last equality holds because b, (B; P) = Ep [ba(G,B; P) | A = a,B] = Ep [b.(G,B; P) | B],
the first equality is by the definitions of b4(B, P) and ba(G,B;P) and the second is

true because A 1lg G | B. Next, recall that ¢ = (ca)ycp s Q =[Qalaca Where Qa =

a(A —

{% - 1} {ba(G, B; P) — ba(B; P)} . For any Z, define ¥p (Z;G) = (¥pa (Z;0)),c5-

Then, writing Y., a ca¥pa (Z;G) = ¢T¢p (Z;G) and noticing that Ep [Q|G,B] = 0, it fol-

lows from (25) that UZA,B (P) = varp [c¢p (B; G)] = varp [cT¢p (G,B;G)]+varp [T Q] =

ai,G’B (P)+clvarp (Q) c. The expression for varp (Qa) was derived in (26). On the other
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hand if a # a/
covp (Qa, Qar) =

[covp [[a(A), I (A)|B]
Wa(B;P)Tra/(B;P)
— Ep [covp [ba(G,B; P), by (G, B; P)|B]].

covp [ba(Gava)aba’(Gva-P)’B]:| =

This concludes the proof Lemma 4 |

Proof [Proof of Lemma 5| We first show that G is an adjustment set. For any P € M(G)
the assumption Y 1l g B | A, G implies

ba(G7B;P) = EP(Y|A:a>G7B):EP(Y|A:aaG)Eba(Gap) (27)

and consequently that Ep[ba(G;P)] = Ep[ba(G,B;P)] = xa(P;G) where the second
equality follows from the assumption that (G, B) is an adjustment set. This shows that G
is an adjustment set. Now,

EP [Q;Z)P,a(Gv Ba g) | Aa Y7 G] = (28)

L&)V = 0a(GiP)} B | A= a v+ (1a(GiP) - xa(Pi0)} -

La(A) {Y — ba(G; P)} Ep [
I(A)
Ta (G; P)

where the first equality follows from (27), the second follows from Y 1lg B | A, G and the
third by invoking Lemma 27 in Section A.4. On the other hand,

Ep [’U(M“p [¢p7a<G, B; g) ’ A7Ya GH =

Ep [P {ch.(%)p) [V~ ba(G: P)} + {ba(G: P) — xa(P:0)} | A,Y,G}] -

ﬂaGBP' ]Hb (G; P) — xa(P;G)} =

{Y ba(G; P)} + {ba(G; P) — xa(P; g)} = wP,a(G§ g).

Ep [Ia(A) (Y = ba(G; P))? varp {%(G}B;P) |A=a, GH =

1
Ep {Tra(G,P)varp(Y | A =a, G)varp [W | A = a, G] }

where the first equality follows from (27) and the second follows from Y llg B | A, G. We
therefore have

oaaB (P) =varp [pa(G,B;G)]

=varp [Ypa(G;G)| + Ep {ﬂ'a(G; P)varp(Y | A = a,G)varp [W(GlBP) | A, G} }

1
= UEQI,G (P) + EP {ﬂ'a(G,P)’UQTP(Y ’ A = a, G’)UCLTP I:W ‘ .A7 G':| } .
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Next,

oags(P) = varp[Ep[c"¢p (G, B;G)|A,Y,G]] + Ep [varp [¢"¢p (G, B;G) |A,Y, G]]
= wvarp [ Yp (G;G)] + " Ep [varp [p (G, B;G) |A,Y, Gl c
= oAg(P)+c"Eplvarp [Yp(G,B;G)|AY,G]]c.

But by (27) we have covp [@ZJ&P (G,B;G),Ya.p(G,B;G) |AY, G] = 0 because In(A)Iy(A) =
0. Consequently

c'Ep [varp [Yp (G,B;G)|AY,G]]c =

1
anAczlEp {ﬂ'a(G; P)varp(Y | A = a,G)varp (G B D) | A = a, G} } .

The formula for 0% E.GB (P) —o%p g, (P) follows immediately by applying the formula
for ‘72A,G,B (P) to c4—1 = 1 and c4——1 = —1. This concludes the proof of Lemma 5. [ |

Lemma 22 Given a DAG G and disjoint vertices A and B there exists a unique subset C of
B such that A 1L.gB\C | C and such that no strict subset C' of C satisfies A 1LgB\C' | C'.

Proof The result is a consequence of the fact that d-separation is a graphoid. See Geiger
et al. (1990). Suppose there were two distinct minimal sets, say C; and Csq. Let I =
Cin Cy, Wy = Cl\I and Wy= CQ\I and R = B\ (ClLJCQ) . Then A J_LgB\Cl|Cl and
A 1 gB\GC,|C, if and only if A llg(R,W3)|Wy,ITand A 15 (R, W)Wz, I.The weak
union axiom implies that

A UgR| (Wi, Wy),I (29)

The decomposition axiom implies that
A UgW2|Wq,Tand A 1LgW41|Wo, L (30)
Next, it follows from (30) and the intersection axiom that
A llg (Wi, W) I (31)

Finally, from (29) and (31), the contraction axiom implies that A 1lg (R, W1, Wa3)|I or,
equivalently, that A 1L gB\I|I. If C; and C; are distinct then I is a strict subset of C; and

C, which cannot happen because C; and Cs were minimal sets C’ with the property that
A 1lgB\C'|C. u

Proof [Proof of Theorem 9|
Proof of part (1). From A 1llg O\ Opnin | Omin, we have that 7,(O,P) =

7a(Oumin, P). Then, for all P € M(G), Ep [%] = Ep [ 7{:((/”;)} = vo(P;G) where

the last equality follows because, since A is a point intervention, O is an adjustment set.
This shows that O,,;, is an adjustment set

44



EFFICIENT ADJUSTMENT SETS

Proof of part (2). In our proof of part (2) we will invoke at several places the following
property.

Property (O): For any O € O there exists a directed path from O to Y such that for
any adjustment set Z relative to (A,Y) in G, the path does not intersect the nodes in Z
other than, at most, at the node O.

The proof of Property (O) is immediate because by definition of O, O is the parent of a
node in cn(A,Y; G). If such node is Y then the assertion holds trivially for the path O — Y.
Otherwise, for any node M in cn(A,Y;G)\ {Y'} there exists a directed path from M to Y
that intersects solely nodes in c¢n(A,Y;G). The assertion then holds for such path because
for any adjustment set Z it holds that ZNcen(A,Y;G) = (.

Turn now to the proof of A 1l g [Omin\Z ;] | Zmin-Suppose there existed O € Opin\Z,;,
such that O is not d-separated from A given Zn, in G. Let « denote the path between A
and O that is open given Zy,i,. By Property (O) there exists a directed path, say ¢, between
O and Y that is open given Zy,i,. Then, the path obtained by concatenating o with ¢ is
a non-causal path between A and Y that is open given Z;n, which is impossible because
Zin is an adjustment set.

Turn now to the proof of

We will show it by contradiction. Assume there exists X* € Zyin\Omin such that Y A g
X*| Opmin, A. By X* € Zypin, Theorem 5 from Shpitser et al. (2010), implies that

X* & deg(A). (33)
Also, by Shpitser et al. (2010), we have
X* ¢ forb(A,Y;G). (34)

Let n* be the path between X* and Y that is open when we condition on (On, A).
We will first show that n* must intersect a vertex in O\O, .. So, if O\O,, ;. = 0, this
result already shows (32). To show that * must intersect a vertex in O\0O,,,,,, we first note
that n* must be of the form X* — o...o — Y. The justification for why the last edge in n*
must point into Y is as follows. Suppose the edge pointed out of Y. Then, since by (34) X*
cannot be a descendant of Y, the path n* would have to intersect a vertex that would be
both a descendant of Y and a collider in n*, and either such vertex or any of its descendants
would have to be in the conditioning set O,,;, U {A} so as to yield the path n* open. But
this is impossible because neither A can be a descendant of Y nor can any element of Oy,
by the very definition of O,;y,.

Next we note that, by definition of O, in the edge o — Y the vertex o is in the set O U M
where M=cn (A,Y;G) \{Y'}. If the vertex is in O then it must be in O\0O,,;,, because the
path n* is open when conditioning on (O, A), therefore proving the assertion that n*
intersects O\0O,,,,,- If the vertex is in M, then the next edge in the path must be of the
form X* —o...o - My, — Y for some M} € M. The justification for why the edge o — My,
points into M}, is along the same lines as before. Specifically, if the edge pointed out of
M, then, by virtue of X™* not being a descendant of My, then the path n* would have to
intersect a vertex that would be both a descendant of M and a collider in n*, and either
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such vertex or any of its descendants would have to be in the conditioning set O, U{A}.
But this is impossible because neither A can be a descendant of My nor can any element
of Oppin, by the very definition of Q..

By the same argument as above, in the edge o — M}, the vertex o is in the set O U M. If
the vertex is in O then it must be in O\O,,,,, because the path * is open when conditioning
on (Opin, A) , therefore proving the assertion that n* intersects O\O,, ;. If the vertex is a,
say Mj;, in M then reasoning as above, the path n* must be of the form X* —o..0o — M; —
M, — Y. Continuing in the same fashion, we arrive at the conclusion that either any of the
vertices o are in O\O,,;,, or otherwise, the path is of the form X* — M, — M; — ... —
M; — Mj, — Y. In the latter case, X* € O\O which therefore concludes the proof that
the path n* intersects O\O,,,;,,-

Let O* € O\ Oyip, be the element of O \ Oy, that is closest to Y in the path n*, that
is, such that the subpath of n* between O* and Y does not intersect any other vertex of
O\ Ouin. Let DT, ..., D} be the colliders on n*, with D} the one closest to X* in n*, D3
the one second closest to X and so on. For each j there exists a descendant of D7 that is
an element of (O, A). Furthermore, if there exists a directed path between D;‘ and A,
this path necessarily has to intersect an element of O,,;, for suppose this was not the case.
Then, take j* to be the largest j such that there exists a directed path between D;-‘ and A
that does not intersect Q,,;,. Then the path A < ... < D;-‘* + ...— O* is open given Onin,
which contradicts O* € O\O We therefore conclude that n* is open by conditioning
just on Opin.

From the nodes in Z,in\Omin that intersect n*, let W* be the closest one to O* in
the path n*, possibly W* = O*. Consider now the subpath a* of n* between W* and Y.
Because n* is open by conditioning on Oy, so is a*. The path a* has one of the following
two forms

man

min°

W*—So—..=5 0 .. 0 +—..—> 0o +—.—-0"=> M, > My,..—> M, =Y
~— ~— ~—
=CY =C3 =Cr
(35)
or
Wi¢o—..= 0 4 ..— 0 .. 0o «.—0"= M, = My,...— M, =Y.
~—~ ~—~ ~—~
=C7 =C3 =C}
(36)

where the set of colliders {CT, ..., C;} is included in {Dj, ..., D} } and can possibly be empty,
and the set {M,,, My,, ..., My, } is included in M and can also possibly be empty.
Next, let

A ={d:0 is a path between W* and A that is open given Z,;, \{W*}}.

Lemma 28 in Section A.4 implies that A is not empty. Any path § in A has one of the
following forms:

a) 0 is a directed path from W* to A: W* -0 —»o0..o » A

b) § has one and only one fork: W* - o...0 — 0 — o...0o —» A.

c) 0 has at least one collider and the first edge points out of W*:

W*¥ 50—...— 0 4 ... 0 4+ ...—= o <+ .. .—A.
~—~ ~—~ \é./
EH{ EHg =H*

s
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d) 0 has at least one collider and the first edge points into W*:

W—o—..=3 0 < .. 0 +—..— o <+ ..—A.
H H H
Ef 55 =H}

Moreover, we can assume without loss of generality that W* appears only once in the
path 6. Note that 6 € A cannot be a directed path from A to W* because W* € Z,,;, and
by Theorem 5 from Shpitser et al. (2010) we have that W* ¢deg(A).

We will show that neither of the forms (35) or (36) for the path o* are possible by
showing that if o* was of one such form then it would imply that A is empty. Henceforth,
assume that o takes one of the forms (35) or (36) . Below we will show the following claims.

Claim (i). V § € A with form (a) or (b), 0 is open given O,;p,.

Claim (ii). If 30 € A with form (b) or (d) then the path o* cannot be of the form
(36).

Claim (iii). Every 6 € A of the form (c) or (d) is blocked given O,yip.

Proof of Claim (i). Let ¢ have form (a) or (b). Then no node in Oyyin N Zyyirn intersects
J, for if it did, the path would be blocked by Z,;n\{W*}. On the other hand, suppose the
path ¢ intersected a node O™ in Oppin\Zmin. Let £ be the subpath of § between O** and
A. The path ¢ is open given Zy,;,. By Property (O) there exists a directed path, say ¢,
from O** to Y that does not intersect Zy,;,. Then, the path obtained by concatenating &
with ¢ is a non-causal path between A and Y that is open given Z,,;,. This contradicts
the assumption that Z,,;, is an adjustment set. This concludes the proof of Claim (i).

Proof of Claim (ii). Suppose that there exists a path 6 € A with form (b) or (d).
We will prove by contradiction that there cannot be any path a* of the form (36) that is
open when by conditioning on Q,,;,. Suppose there existed one such path a*. Suppose first
that there are no colliders in o, that is, there exist no nodes C]’-‘ . The path o* does not
intersect any element of Z,in\Omin other than at the node W* because, by definition, W*
was chosen to be the closest element in Z,in\Omin to O*. On the other hand, since the
path a* is open by conditioning on O,,;,, then o* cannot intersect any element of O,y;y,.
Then, o is open given Z,;,\W*. Take now the path § € A with form (b) or (d) and
concatenate it with the path o*. The concatenated path is a non-causal path between A
and Y which is open given Z,,;, because W* is a collider in the path and W* € Z;n.
This is impossible because Z,,;, is an adjustment set. We therefore conclude if a path o*
exists, then the set of colliders {CY,...,C}} is not empty. Furthermore, at least one of the
colliders is not an ancestor of any node in Z,,;,, for if all CT, ..., C}; were ancestors of some
node in Zy,;p, then again the path o would be open given Z,,;, \W* and consequently, the
concatenated path between a path ¢ of the form (b) or (d) with the path a* would be a
non-causal path between A and Y that is open given Z,,;,, contradicting the assumption
that Z,in is an adjustment set. Take the smallest j, say 7', such that the collider C7 is
not an ancestor of Z,,;,. Because the path a* is open by conditioning on O,,;,, then there
exists O™ € Opin\Zmin such that C’;, is an ancestor of O** so that either there exists a
directed path, say A, from C;-‘, to O** or C]* = O**. Now, by Property (O) there exists a
directed path, say ¢, from O** to Y that is open given Z,,;,. Now, consider the path that
concatenates a path § € A with form (b) or (d), with the subpath of a* between W* and
C’]’f‘,, next concatenates with A if C’;, # O™ and finally concatenates with ¢. Such path is
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a non-causal path between A and Y that is open given Z,;, which is impossible because
Z i is an adjustment set. This concludes the proof of the Claim (ii)

Proof of Claim (iii). Suppose that 6 € A is of the form (c) and that ¢ is open given
Onin. Then concatenating § with o* we obtain a non-causal path between A and Y that is
open given O,,;, because W* is not a collider on this path. This contradicts the fact that
Onin is an adjustment set.

Suppose now that § € A is of the form (d) and is open given O,,;,,. By Claim (ii), the
path o has to be of the form (35). Then concatenating ¢ with o we once again obtain a
path between A and Y that is open given O,,;, arriving at a contradiction. This concludes
the proof of Claim (iii).

We will now argue that A must be empty by showing that Claims (i), (ii) and (iii) imply
that if 6 € A, then 0 cannot take any of the forms (a), (b), (c) or (d).

(I) Proof that 6 € A cannot take the form (a). Suppose there exists 6 € A with
the form (a). Then, invoking Claim (i), we conclude that the path v between O* and A
formed by concatenating the path § between W* and A and the subpath of a* between O*
and W* is a path between O* and A that is open given O,,;,. This is impossible because
the existence of such path vy contradicts the assertion that O* € O\ Oyyip.

(IT) Proof that 6 € A cannot take the form (b). Suppose there exists 6 € A with
the form (b). Then invoking Claim (ii), the path o* has to be of the form (35). By Claim
(i), ¢ is open given Oypn. On the other hand, o* is open given O,,;,. Concatenating ¢ with
o we form a path, say 7, that is open given Oy, since W* is not a collider on 7. This is
impossible because the existence of such path 7 contradicts the fact that O* € O\ Oppjn.

(III) Proof that § € A can take neither the form (c) nor the form (d). Suppose
that there exists a § € A of the form (c) or (d). By Claim (iii), ¢ is blocked by conditioning
on O,y Furthermore, by definition of A, the path is open when conditioning on Z,,;,, \W*.
Then, one of the following happens:

(IIL.a) the path ¢ intersects a node O** € Oypin\Zmin that is not a collider in the path,
or

(ITIL.b) the property (III.a) does not hold and there exists a non-empty subset, say

H = {H;‘l, .. .,H;-‘l}, of the collider set {H7, ..., HY} such that each H? is an ancestor in

G of a node in Z,;, \W* but is not an ancestor of a node in O,p,.

We will show by contradiction that both (III.a) and (III.b) are impossible.

Suppose first that (IIL.a) holds. Let ¢ be the subpath in § between O** and A. The
path ¢ is open given Z,,;, because the path ¢ is open given Z,,;, \W*. Let v a directed path
between O** and Y that does not intersect Zy,i,, which exists by Property (O). The path
between A and Y obtained by concatenating v with ¢ is a non-causal path between A and
Y that is open given Z,,;,. This is impossible because Z,,;, is an adjustment set.

Suppose next that (III.b) holds. Let H = {H*

Jio
collider set {HY, ..., H} such that each H is an ancestor in G of a node in Zy,;, \W™ but is
not an ancestor of a node in O,,;,. Assume without loss of generality that j; < jo < --- < j;
so that H]*l is the closest node in ‘H to A in the path ¢. Then, the subpath of 4, say (j,,
between H ]*l and A is open given O,,p.

We will show next that if (III.b) holds then

S H } be the maximal subset of the

for each u in {1,...,l} there exists O} € O\O,,;, such that H; Ag O; |Omin. (37)

min
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However, (37) leads to a contradiction. To see this, let Vi be a directed path between O}
and Y that does not intersect Oy n, which exists by Property (O). Let 7} denote the path
between H} and O which is open by conditioning on Onpir, (which exists by (37)). Then,
the path obtained by concatenating the paths v with 47 and with ¢j is a non-causal path
between A and Y that is open by conditioning on O,,;,. This is impossible because O,y
is an adjustment set. The proof of part (2) of the theorem is then finished if we show that
(ITIL.b) implies (37). We will show this by induction in w. Suppose first that ©« = 1. By
definition of the set H, either HY = Z)_,, € Znin\ {Omin, W*} or there exists a node
Zn11 € Zin\ {Omin, W*} such that there exists a directed path from H> to Z;_, ; that
does not intersect any other element of Z,in\ {Omin, W*} . Now, because Zhn11 € Zpin
and Z,;, is a minimal adjustment set, then there exists a non-causal path 01 between A
and Y such that 6; is open by conditioning on Z,;,\Z; 1,15 and the path 6 is closed by
conditioning on Zy;,.The path #; must then intersect Z;_, ; and Z;_; ; must be a non-
collider vertex in the path. Now, define 71 = subpath of 91 between A and Zy—1,, and
k1 = subpath of 61 between Zj_, ; and Y. Because Z;,_, ; is a non-collider in the path 01,
then in at least one of the subpaths T1 or k1, the edge with vertex Zy—1 1 is pointing out of
Zy_11- Furthermore, because ¢ is open by conditioning on Zmin\Z;_ 1, so are 71 and k.

We Wlll show next that either

(37) holds for u =1 or 3 a vertex Z,_ 5 in Zpin\ [Omin U {Z_, 1}] such that Z;_, ,
is a descendant of Z;,_, ; (38)

Suppose first that the edge with vertex Z_,; in 7 points out of Z7_,,. We will
now show that 71 cannot be a directed path from Zn_1, to A. Suppose 7'1 was a directed
path. Then 7y cannot intersect any vertex of O, because H ]* ), and hence Z3 115 is not
ancestor of any vertex in O,,;,. We therefore conclude that if 7 is a directed path between
Z, 1, and A, then it must be open by conditioning on Oyin. Now, let A be the subpath of
0* between W* and H By deﬁnition of H ¥, Ais open given Oy;n. Let p be the directed
path between H7 and —11 I H # Zj_, 4, otherwise let p denote the degenerate path

consisting of just the Vertex H . Let
B = the path between A and Y obtained by concatenating 7 with p with A with o.

Because all the paths 71, p, A and a* are open given O,,;, and because none of the vertices
W, H7 G and Z_; ; are in Op,pn, and none are colliders in the path 3, then the path f is open
given Omm This is impossible because O,,;, is an adjustment set. We therefore conclude
that 71 cannot be a directed path between Zj_, ; and A.Therefore, 71 must intersect a
collider. Any collider in the path 71 must be an ancestor of a node in the set Z,n\ { -1 1}
because 71 is open given Z,;,\ {Z n—1 1} Furthermore, the collider in 7 that is closest to
Zy—11 cannot be an ancestor of any element of Onmin, because if it was, then Z;_; ; and
consequently H;l would be an ancestor of a vertex in O,,;,, which is not possible by the
definition of the set H. We therefore conclude that there exists a vertex, say Z;_;,, in
Znin\ [ min U { -1 1}] such that Z"_, 5 is a descendant of Z; 115 thus showing (38).
Next suppose that the edge with Vertex Zy—11 In K1 points out of Z _11- If there exists a
directed path between Z;_, ; and Y, then this path necessarily has to intersect an element
O;l € 0. The vertex O;l cannot be in O,,;, because if it were, then H;l would be an
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ancestor of an element of O,,;,, which is impossible by the definition of the set H. Then, if
there exists a directed path between Z;_, | and Y, the assertion (38) holds. Now, suppose
that there exists no directed path between Zyy, 1 and Y. Then, the path «; must intersect
a collider. Because k1 is open given me\{ -1 1} and because Z;_; cannot be the
ancestor of any vertex in Q,,;,, then we reason exactly as before, and conclude that there
exists a Z;_1 9, in Zimin\ [Omin U{Z; —11 }] such that Z7_, 2 1s a descendant of Z_, ;, thus
proving (38).

Next, suppose (38) holds because there exists a vertex Z;_, 2 in Zpin\ [ min U { -1 1}}
such that Z_, 5 is a descendant of Z_; ;. We can now reason exactly as we did for Z
and conclude that

(37) holds for u =1 or 3 a vertex Z;_; 3 in Zpin\ [Omin U{Zj—1 1, Ziiz1 2}] such that
Zy—1 3 s a descendant of Z,,_, 5 (39)

u
Continuing in this fashion until depleting the set of vertices in Z,,;, we arrive at the con-
clussion that (37) holds for u = 1.

Suppose now that (37) holds for u =1,...,¢t — 1 with ¢t < [. We will show that it holds
for u = t. Let Z;, 1 € Z1in\Omin be a descendant of H ¥ which exists by the definition
of H. Let 6; be a path that is open given Z,;,\Z; ~t, 1 but closed given Z,;,. Reasoning
as before, the path 6; must intersect Z;_,, and Z;_,, cannot be a collider in the path.
Then, partitioning 6; as (1, k¢) where 7, = subpath of 0; between A and Z;_,; and r; =
subpath of 6; between Z —t1 and Y we know that in at least one of 7 or k; the edge with
one endpoint equal to Z _¢1 must point out of Zj_, ;. Furthermore, both 7 and r; are
open given me\Z;:tJ We will show that

(37) holds for u =t or 3 a vertex Z,_; o in Zyin\ [Omm U {ZZ:t,l}] such that Z_, ,
is a descendant of Z;,_, (40)

Suppose the edge with one endpoint equal to Z —¢1 in 7 points out of Z; —t1- We will
show that 7; cannot be a directed path from Z7_, ; to A. As we reasoned for 71 above, if 7
was directed it could not intersect any element of O,,in, for if it did, then such element of
O,,in would be a descendant of H * which is impossible by the definition of the set H. So,
if a directed path between Z i1 and A exists, then it must be open given O,y;,. Now, by
the inductive hypothesis, we know that there exists O*ti1 € 0\O,,ip, such that O;t s a
descendant of H} . Because, by definition of #, H} | cannot be an ancestor of any vertex
in O.in, then we conclude that there exists a directed path, say o, from H ;‘;7 , and O;‘t )
that is open by conditioning on Oy Let Aj,_, be the subpath of 6 between H | and H,.
The path )Aj;,_, is open by conditioning on O, because we have assumed that ¢ does not
intersect any node of Oy, that is a non-collider in the path, and by the definition of H; |
and H7 , if in the path Aj,_, there are colliders, each of these colliders must be ancestors of
Omin.- Let pj.—, be the directed path between HY and Z;_, , if H}, # Zj_, ;, otherwise let
pj,_, denote the degenerate path consisting of just the vertex H J*t. Note that pj;,_, is open
given Oy, because H ;t is not an ancestor of any vertex in O,,;,. Let 3;,= the path between
A and Oj, | obtained by concatenating 7 with pj,_, with Aj,_, with o. Because all the

*
paths 7%, pjt 1> Aj,_; and o are open given O, and because none of the vertices H; Ay H o
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and Z;_, ; are in Oy, and none are colliders in the path j,, then the path f;, is open
given Omm This is impossible because by definition of Oy, O;t_ | s d-separated from A
given Oy,in. We therefore conclude that 7, cannot be a directed path between Z7 —t1 and
A. Therefore, 7 must intersect a collider. Any collider in the path 7+ must be an ancestor
of a node in the set Z,n\ { — 1} because 7 is open given Z,ip\ { — 1} Furthermore,
the collider in 7; that is closest to Z;_ ¢1 cannot be an ancestor of any element of O.nin,
because if it was, then Zj_,; and consequently H j* would be an ancestor of a vertex in
O,,.in, which is not pos&ble by the definition of the set H. We therefore conclude that there
exists a vertex, say Z;_; 9, in Zmin \ [Oin U{Z tl}] such that Z_, , is a descendant of
Zy—1.1, thus showing (40) holds if the edge Wlth one endpoint equal to Z;_, ; in 7; points
out of Z7_,

Suppose next that the edge with one endpoint equal to Z; —¢1 10 K¢ points out of Zi_; 1.
If there exists a directed path between Z_,; and Y, then this path necessarily has to
intersect an element O;t € O. The vertex O*t cannot be in O,,;, because if it were, then
H ;‘2 would be an ancestor of an element of O,,;,, which is impossible by the definition of
the set H. Then, if there exists a directed path between Z;_,, and Y, the assertion (40)
holds. Now, suppose that there exists no directed path between Zy_ tl and Y. Then, the
path x; must intersect a collider. Because k; is open given me\{ — 1} and because
Zy 4, cannot be the ancestor of any vertex in Op,, then we reason exactly as before,
and conclude that there exists a Z;_; 5, in Zmin \ [Oin U {Zz’;:m}] such that Z_,, is a
descendant of Z_

Next, because Z 1.2 is in me\ [ min U { tl}] and is a descendant of Z —11, We

can reason exactly as we did for Z;_, ; and conclude that

(37) holds for u =t or 3 a vertex Z;_; 3 in Zyin\ [Omin U {Zj—; 1, Zy—s2}] such that
Zy—t 3 1s a descendant of Z;,_, o
Continuing in this fashion until depleting the set of vertices in Z,,;, we arrive at the con-
clussion that (37) holds for u = ¢. This concludes the proof of the part (2).

Proof of part (3). Suppose there existed a minimal adjustment set Z,,;, that con-
tained a vertex O € O\Opin. Then O € O and O € Zyi,\Oppin. Part (2) of this Theorem
then implies Y 1lg O | Opin, A. This is impossible because by Property (O) there exists a
directed path from O to Y that does not intersect O,,;,. The path also does not intersect

A. Consequently, by virtue of being a directed path, the path is open given O,,;, and A.
This concludes the proof of the Theorem. |

Proof [Proof of Lemma 11| First note that for k € {0,...,p},

Tap (Giy Bi; P) = P (Ag = ap|Ap—1 = a1, Gy, By) = P (Ap = ap|Ap—1 = a4—1,By)
= T, (Ek; P) (41)

where the second equality follows from (12). Consequently,

H Tay, Bka

—1
L(A)Y|=E

-1

Xa (P;G) = [ 7 (G BisP) | L(A)Y

k=0
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The first equality is true because B is a time dependent adjustment set. The second equality,
which follows from (41), proves that (G, B) is also an adjustment set.

We will now prove the following results

1.
Ug,B (P) — O'z21,G,B (P) =
b Is, . (Ak_ 1 . _ _
ZEP ak—1£ k 1) . { = — 1} varp [bgk (Gk,Bk;P) |Ak_1 = ﬁkthk]
k=0 Moy (Br—1;P)" | Tax (Bx; P)
2.
p SE— JE— —_
oxp(P)—ocigp(P) = ZUWP [te (Ak, Gk, By, P)]
k=0
where

ty (A, Gi, By, P) =

Z Iﬁk—l (Kk‘—l) Iak (Alc)
Ca - —
h e (Bi—1; P) | may, (Bi; P

) - 1} {bak (éknﬁkap) - bﬁk_l (ék—luﬁk—l;P)} .

These imply that

Ug,B(P)_Jg,G,B(P)ZO and UQA,B(P)_UQAGB(P)ZO'

)y

For £k =0,...,p, let
A (P) = {qr (Ak, G, By) : Ep [qx (Ag, Gk, Bi) [Ag—1, G, By =0} .
Note that for any 0 < k # k' < p, the elements of Ay (P) are uncorrelated under P with

those of Ay (P). Note also that for any function s (Gk,ﬁk) and any P € M (G), the
function

. s (i) [ T (A -
A, Gi, By s, P) = — — —1 G., B
7, (Ak, Gi, By si, P) _— (Bk_1;P) — (Bk;P) sk (G, By)

I (Ak)
belongs to Ag (P) because Ep [W%?BMP) -1

Akl;Gk7Bk:| = 0 by (12). Next, write

Vpa(B;G) =¢pa (G,B;G) + >0 _ o7k (KkaékaEkS Sak> P) where s}, (G, By) =

ba, (ék,ﬁk; P) — ba, (Ek; P) . Noting that ¢pa (G, B;G) is uncorrelated under P with the
elements of Ag (P) for all 0 < k < p (Robins and Rotnitzky, 1992), we conclude that
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varp [Ypa (B;G)] =varp [Ypa (G,B;G)] + Zi:o varp {Tk (Kk,ék,ﬁk; s;k,Pﬂ . Finally

varp [’l“k (Xk,akaﬁl& Sz,k’P)] -

E Iﬁk—l (Kk—l) { Iak (Ak;)
P — 5 —
Aoy (Bre—1;P)" | Tar (Bi; P

2
- 1} {bn, (G Bui P) by (Bs P)}2 | —
Ep _Iakfl

(Ai1) [ba, (Gi,Bii P) — Ep [ty (Gu.Bis P) a1, By]]” { L 1}]
s, , (Br_i: P) T, (Bi: P)
Is, (Kk—l)

Ep —
_)‘5k—1 (kal; P)2

1 — = —
— - 1 bﬁ aB 7P a - 7B
{%k (B P) }UCLT‘P [ba, (G, By; P) [ay—1, By]

Next, noticing that cyp (B;G) = cyp (G,B;G) + S otk (Kk,ék,ﬁk,P) and that
t (Ak,Gk,Bk,P) € Ay (P) we obtain O'2A’B (P) = varp [cTi/Jp (B;g)] = O'2A7G7B (P) +
ZZ:O varp [tk (Kk,ék,ﬁk, P)] . This concludes the proof of Lemma 11. |

Proof [Proof of Lemma 12| First we show by reverse induction in k that for all k €
{0,1,...,p} it holds that

ba, (Bi, Gi;P) = ba, (Gi;P). (42)

This result immediately implies that G = (Gg, G1, ..., Gy) is a time dependent adjustment
set because, xa (P;G) = Ep [bgo (ﬁg,ag;P)] = FEp [bgo (GO;P)] , where the first equality
follows from the assumption that (G, B) is a time dependent adjustment set and the sec-
ond follows from (42) applied to & = 0. We show that (42) holds for £ € {0,1,...,p}
by reverse induction in k. First note that bz, (Ep,ép;P) = Ep [Y|B,G,Xp zﬁp] =
Ep [Y\G,Xp = Ep] = ba, (GP;P) where the second equality follows by (13). Then (42)
holds for k = p. Next, assume that (42) holds for k € {k* +1,...,p} for some k* > 0. We
will show that it holds for k = k*. This follows from

ba,. (Bis,Gp=;P) = [bay. (Brri1, Gir11;P) [Bir, G, Ape = 2y
[bﬁk* (ék*—HSP) ‘Ek*aék*,xk* = ﬁk*]
[bﬁk* (ék*Jrl;P) ‘ék*azk* Zﬁk*] = ba,. (ék*;P) ,

Ep
Ep
Ep
where the second equality is by the inductive hypothesis and the third is by (14) applied to

j = k* + 1. Next we show that for any k € {0,...,p}

1
X (Gk, By;P)

— 1
kA k ak] )\ak (Gk,P) ( )

Ep
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To do so we write for k € {1,...,p}

1 — _
" A, (G, Bi;P) k’ak] o (GiP)
E - 1 Ay, e B
P _Agk_l (ék,hﬁk,l;P) Tay, (ék,ﬁk;P) kyAk—1
- 1 = 1 .
) — — G.a. | =F __ _ G, A, —a,
r _Aﬁk—l (qu,kal;P) S " sy, (qu,kal;P) k=1, Rk—1=8k 1]

where the last equality is by (14) ‘applied to j = k. Likewise,
Ep [)\ (Go,Bo, )‘ Gg,ﬁo} Tag (Go;P) = 1. Then, for any k € {O, - ,p}

1 — 1 1 _
E — Gpay| =——F — — Gp_1,a,_
} [)‘ak (Gka%P) A Tay, (GkSP) " [)\akl (Gk—laBk—UP) S 1]
1 1 1 _
= — p— E p— p— G — 75 —
Tap_q (Gk—l;P) Tay, (Gk’;P) g Aay,_s (Gk—27Bk—2§P) e
L 1 1 1 _ 1
Tao (GO P) Tay_y (Gir-1:P) 7oy (GiiP) — Aay (GsP)
We will now prove the following results
1.
2 2 Ia (A)
0a,G,B (P)_Ua,G (P) = Ep |varp m{y (G B;P) } YGp,A
ap y 1y
ZP:EP varp fay (Ant) b (Ck’%;P):ba’“l (Gi1.Bi-1:P) } G, Ai_1
e Map 1 (Gr1,Bi_1;P) ’ ’
2.
cala ( Y — bz, (G,B;P .
oAap(P)— 0k g (P)=Ep |varp [Z )\{ G BZ:(P) )} Y, Gp, Ap
acA ap ’ 9
ZP:EP varp [Z Cala, (Kk_l) [bﬁk (ék’fk;PL_ i (ék_l,ﬁk_l;P)] |Gk Ay 1”
k=0 acA Mgy (Gr—1,Br-1;P)

which imply that 0’5217G’B (P)— UiG (P) >0 and O'QA’G’B (P) — O'ZA’G (P)>0.
We note that re-arranging terms, the influence function (11) can be re-expressed as

I (A) Iy, _, Ak 1 {bak (Zk7 ) bay,_, (zk—l;P)}
1/’Pa<z P) Az (Z P) { Z P } Z )\ak_l (Zk—IQP)
Ia) 1(X’€*1)

where bg_, (Z_1;P) = xa (P;G) . Furthermore, for any Z, the terms o (ZoiP)

{ba, (Z1;P) — bs, , (Zy—1;P)} k€ {0,...,p} and )\EI:((?}D {Y — b, (Z;P)} are mutually
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uncorrelated under P. Then, varp [ pa (G, B;P)] = varp [WBP) {Y - bs, (G, B; P)}} +
Ix A —

ko VarP [/\ ECGZ(l];g,: 1:P) {bs, (Gi, Bi;P) — bg,_, (Gk—l,Bk—IQP)}} Now,

Ep[%{y bs, (G, BP}’YGP,AP]fI ) {Y — bs, (G;P)} x

Y,Gp,ap:| :I {Y ap G’P }EP |:((;;];-:Bpf))

Ep {MGB) = ap] -
/\ILé)P) {Y ba, (G;P) } where the first equality is by (42) applied to k = p, the second
is by (13) and the third is by (43) applied to k = p. Also, for any k € {0,...,p}

I, (Aj_ . _ _
Bp | e e (@ B) e (le,Bkl;P)}‘ Gk,A“] -
_ _ _ 1 — _
Is,_, (Ak-1) {ba, (Gi;P) — ba,_, (Gk—1;P)} Ep N (Gr1,Br1:P) Gkaak—ll =
_ _ _ 1 — _
Is,_, (Ak—1) {ba, (Gi;P) —ba,_, (Gi—1;P)} Ep N (Gr1.Br1iP) Gk—laak—ll =

ak 1 (Ak‘ 1)
Xap 1 (Gi—1;P)

{bﬁk (Ek;P) — bay_, (ék—l;P)}

the first equality is by (42), the second is by (14) and the third is by (43) and where, recall,
for k =0, Is, , (Ak_l) = \a,_, (Gk—1; ) =1 and by, , (Gk_l;P) = Xa (P;G). Then

varp [Ypa (G,B;P)] = varp [

_falA)
>\§p (Ga aP

p
Iz A . _ _
+ Zvarp [ bl ( - 1) {bak (Gk,Bk;P) —ba, , (Gk—l,Bk—l;P)}

Moy 1 (Gro1,Bi_1;P)
v, Gp,Ap] }
Y,Gp, A ]

o

a (A) (Y - bs, (G, B;P>}]

Xa, (G, BP)

_WP{EP[ MY - (G
}

B { A){Y —bs, (G,B;P) }
var
e Xa, (G- B.D) p
S varp { | e o) b (G Buil) — ey (G B | 5,
k=0 N1 (Gr-1, Br—1;P) ’
5 frp [ ) (G B) i, (G B,
k=0 )\gkfl (Gk—lka—l;P) ’
_ | AN -
=wvarp [Ypa (G;P)]+ Ep {varp [}\ap (G.B.D) {Y (G B: p)}‘ Y, GZ”AP] }

p
+ ZEP {varp

k=0

Iﬁk_l (kal) {bﬁk (ak,§k7p) - bﬁk_l (kalaﬁkfl;P)} ak Kk
— — ) 1 .
Aak—l (Gk—lv Bk—l)-P)
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The formula for Ug,G,B (P) — az’G (P) follows by recalling that for any Z, Uzz’ p =

varp [Ypa (Z; P).
We derive the formula for O'2A7G’B (P) — 02A,G (P) analogously. Specifically, for any Z,

UQA,G,B (P) = varp [Z ca¥pa(Z;G)

acA

But,

> cathpa(Z;G) =

a{e:; [ca;((ZAP (Y — bs, (2 P)}]}
go{; [c Aa?ll((zt:;lz)ﬂ) < {bay (Zu:P) — bay_, (Zu1:P)} }

It is easy to check that the terms in between curly brackets in the last display are uncorre-
lated. Thus the formula for 03 ¢ g (P) — 0% ¢ (P) is derived verbatim as in the sequence
of equalities for varp [¢Ypa (G,P)] in the display above, except that Y acA Ca is included in
front of each expression between squared brackets.

This concludes the proof of Lemma 12. |

A.2 Proofs of results in Section 6

Lemma 23 For G the DAG in Figure 6, let P, € M(G) satisfy (1) b (O; Py) = O14+O2+
20104, (2) Ep, (01) = Ep, (02) =0, (3) Ep, (O}) = Ep, (03) =1, and (4) There exists a
fixzed C > 0 independent of o such that varp, (Y | A=a,0) < C and 74(Omin; Pa) > 1/C.

Then vare, [¥p,.a (05G)]/vare, [Xha.rr (Vi9)| = oo

|| =00

Proof Recall that ¢,(0;G) = (IT {Y = b, (0; P)}+by (O; P)—xa(P; G) is an influ-
ence function of x, (P;G) under the Bayesian Network M (G). This is because by O being
an adjustment set we know that for all P € M (G), xa (P;G) = Ep[E, (Y|A=a,0)].

Then, X}D’a,eff(v;g) = II[Ypa(O;G)|A (P)] where A (P) is the tangent space of model
M (G) at P. Consequently, Ap, (O) = 1T [T[)pma(o; g)|A (Pa)J‘] and by Pythagoras’s The-

orem, we have varp, x},&’aﬁff(V; g)} =wvarp, [Yp,.a(0;G)] —varp, [Ap, (O)]. Therefore,

va?“Pa[X}:a,meff(V;g)] _ 1 _ _wvarp,[Ap,(O)] . .
varpo [ a(0Q)] 1 varrg [ a(0:G)] Now, O; and Oy are marginally independent

under all P € M(G). Since Ep, (O1) = Ep, (O2) = 0, we have that Ep, [b, (O; Py) |O1] =
01, Epa [ba (O;Pa) ‘02] = 02 and Epa [ba (O;Pa)] = 0. Thus, Apa (O) = ba (O;Pa) -
Ep, [ba (05 Pa) [01] — Ep, [ba (O; Pa) |O2] + Ep, [ba (O; Pa)] = a010;. Consequently,
varp, [Ap, (0)] = a*Ep, [0703] = a?. On the other hand, varp, [pq(V;G)] =
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varp, |6t ps Y = ba (05 Pa)}| + varp, [ba (05 Pa) = xa(Pai G)] =
Ep,

e pvarn, (Y | A=a,0)] + Ep, (02 (0 P)] =

14 (A)
EPa |:7rg,(omin§Pa)

Ep, [b§ (O; Pa)] =FEp, [{01 + Os + a0102}2] = 2+ o? since O and Os have zero mean,
unit variance, and are uncorrelated under P,. Since by assumption varp, (Y | A =a,0) <

C and 74 (Opin; Pa) > 1/C, we have Ep, [%w,rm(if | A=a, O)} < C3. Conse-

varp, (Y | A = a, O)} + 2 + a?. where the last equality follows because

quently,
varp, [Ap, (O)] o?
- ) — 1
varp, [p,a(0;G)]  Ep, [La(A)7a*(Omin; Pa)varp, (Y | A= a,0)] + 2+ a2 la|-oo
varpy [X}Da»a,eff(v;g)] j— _ varpg, [Apa (O)} .
and therefore = Tore0Q)] 1 ware,[ira.0(0) almoe

Lemma 24 Let G be a DAG with vertex set that stands for a random vector V.= (V1, ..., Vy).
Suppose that the laws in the Bayesian Network M (G) are dominated by some measure L.
Then the tangent space of model M (G) at a law P is given by A (P) = ®;_;A; (P) where

Aj (P)={G =g (Vj.pag (V})) € L2 (P) : Ep [G|pag (V;)] =0} . (44)

Proof For any P € M (G) let p denote, any version of, the density of P with respect to p.
S
For any P € M (G), p(V) factors as p(V) = I pr (Vilpag (Vi)) where p; is, any version
k=1

of, the conditional density of V; given pag (V;). Lemma 1.6 of Van der Laan and Robins
(2003), implies that the tangent space of model M (G) at a law P is given by A = &]_A;
where A; is the closed linear span of scores of one dimensional regular parametric submod-

S

elst = p(Vit) =p; (Vilpag (Vj);t) TI  pr (Vilpag (Vi) - Such A; is equal to the set in
k=1k#j

the right hand side of (44) because model M (G) does not impose restrictions on the law

pj (Vjlpag (V;)) (Tsiatis (2007), Theorem 4.5). This concludes the proof. [ |

In the next proofs we will use the following definitions.

Definition 25

F(A)Y,G) ={V; € V:3 a path between A and Y in G that has V; as its only fork},
dir (4,Y,6) = {Y}U
{V; € V 1V} has a directed path to Y in G that does not intersect A} \ F(A,Y,G).

Proof [Proof of Theorem 14| Let Rp,g = {(;‘1(2)]3) — 1} ba (pag (A); P) . Then,
o (pPag(A);

Ypa [pag (A); g] = Jpag— Rpag— Xa (P;G) is an influence function for x, (P;G) in model
M (G) because it is the unique influence function for x, (P;G) in the non-parametric model
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that does not impose any restrictions on P. Consequently, with A(P) denoting the tan-
gent set of model M (G) at P € M (G), we have by Lemma 24 that X}Daeff(v;g) =

II [¢pq [pag(A); G| |A(P)] = fjln (VP [Pag(A); G] |A;j(P)], where A;(P) is defined (44).
=

The identity (18) is proved if we show that (i) II [¢pq [pag(A); G] [A;(P)] = 0 for V; =
A, (it) I [¢pa [pag(A);G] [A;(P)] = Ep [Jpag | Vjipag(Vj)] — Ep [Jpag | pag(V;)] for
any V; # A and (iii) Ep [Jpag|Vj,pag (V)] — Ep [Jpaglpag (V)] = 0 for any V; €
indir(A,Y,G) U ané({A, Y}).

Assertion (i) holds because since x, (P;G) does not depend on the law of A given pag (A),
then ¢p, [pag(A); g] is orthogonal to the scores for all regular parametric submodels for
the law A given pag (A).

To show assertion (ii), first notice that for any random variable U,II[U|A;(P)] =
Ep [U | Vj,pag(V;)] — Ep [U | pag(V;)] . Then, assertion (ii) is proved if we prove that
for any V; # A, Ep [Rp,a7g| Vi, pag (V])] — FEp [Rp@g]pag (V])] = 0. If V; edeg (A) this
follows from the fact that [A,pag (A)] L Vj|pag (V;) by the Local Markov property and
the fact that Rp,g depends only on A and pag (A). On the other hand, if V; €deg (A),
the result follows from Ep [ Rpqg|Vj, pag (V;)] =
Ep [{EP [Ia(ilz)zi;?i’)‘gfag(vj)] - 1} ba (pag (A) ;P)' Vi, pag (V])] = 0. where the second
equality holds because Ep [I,(A)|pag (A)] = Ep [I.(A)|pag (A),V;,pag (V;)] since A 1L
[V}, pag (V;)] \pag (A)] |pag (A) by the Local Markov property.

Turn now to the proof of assertion (iii). Let V; € indir(A4,Y,G). We will show that
Ep [Jpg | Vj,pag(V;)] does not depend on Vj. Let F = F(A,Y,G). We begin by noting
the following: F U {V;} Upag(V}) is comprised of non-descendants of A. This is because V;
is a non-descendant of A by assumption, since A is a descendant of V;. This implies that
pag(Vj) is a non-descendant of A. Also, any node in F is, by definition, an ancestor of a
parent of A, therefore it cannot be a descendant of A. Then, by the Local Markov prop-
erty, Ep [I.(A)|pag(A),F,V;,pag(V;)] = Ep [I.(A) | pag(A)] = 7 (pag(A); P). Thus,
Ep [Jpg | Vj.pag(V;)] = Ep [Ep [Y|A = a,pag(A),F,V;, pag(V;)] | Vj, pag(V;)] . We will
show next that Ep [Y|A = a,pag(A),F,V;,pag(V;)] = Ep[Y|A =a,F]. To do so, it suf-
fices to show that

Y 1lg [{V;} Upag(V;) Upag(A)] \F| A, F. (45)

Note that [{V;} Upag(V;) Upag(A)] \F Cindir(A,Y,G). Then by Lemma 29 equation (45)
holds. Hence Ep [Jpg | Vj,pag(V;)] = Ep [Ep[Y|A = a,F] | V},pag(V;)] . Now note that
vertices in F cannot be descendants of Vj since, if V' € F were a descendant of Vj, then
there would be a directed path from V; to Y that does not intersect A, a contradiction.
Hence by the Local Markov Property V; 1L F | pag(V;).Thus Ep [Jpg | Vj, pag(V;)] =
Ep [Ep|Y|A=a,F]|Vj,pag(V;)] = Ep [Ep[Y|A=a,F]|pag(V;)] which does not de-
pend on V.

Next, let V; € anG({A,Y}). Then pag(A), A,Y are non-descendants of V; and thus
by the Local Markov Property V; AL pag(A),A,Y | pag(Vj). Therefore, since Jp,g is
a function of only pag(A),A,Y, Ep [Jpag|Vj.pag (V;)] — Ep [Jpag|pag (V;)] = 0. This
concludes the proof of assertion (iii) and, consequently, of the identity (18).
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Turn now to the proof that X}%a’eff(V; G) does not depend on any V € irrel(A,Y,G).
Take V € irrel(A4,Y,G) and W € chg(V) \ {A}. We will show next that W € irrel(4,Y, G).
This, together with the last display, will imply that X}a, wef f(V;g) is a function only of
Vinarg = V\ {an§ ({A,Y}) Uindir(4,Y,G)}. This is because the only way in which V' €
irrel(A, Y, G) can appear in X}37a7eff (V;G) is if it belongs to the parent set of a node W that
is not in irrel(A4,Y,G) U {A}.

Assume first that W € ang(A) \ {4}. Then W € indir(A,Y,G), since W is a child of
V and V € irrel(A,Y,G). Assume next that W ¢ ang(A). We claim that this implies that
W & ang(Y'). Indeed, if W € ang(Y'), there exists a directed path from W to Y that does
not intersect A. Since W is a child of V, this implies that V' ¢ irrel(A,Y, G), contradicting
the assumption that V' € irrel(A,Y,G). Thus, W ¢ ang(A) implies W ¢ ang(Y). Hence, if
W & ang(A) then W € irrel(A,Y, G). Consequently, in all cases W € irrel(A,Y, G), which
is what we wanted to show. |

Proof [Proof of Proposition 17| Let P’ € M’ and P € M with marginal law P’. Let
Ve=V\V' Let t € [0,¢] = P, be a regular parametric submodel of M with Pi_g = P
and score S. Decompose S as Sy/ + Syejyr where Sy is the score in the induced reg-
ular parametric submodel ¢ € (0,e] — P} of M’ with P/_, = P'. Then %x (P

)‘t:O B
Ep [XbersS| = Ep |XhossSvi| + Ep [\hossSvevi| = Bp [XhespSvi|, where the last
equality follows because Syey- is a conditional score for the law of V¢V’ and, by assump-
tion, leD,eff is a function of V’ only. On the other hand, 4y (Pt)|t:0 =4, (Pt/)}tzo because
by assumption, x (P;) = v (P}). Then, X}% of¢ 18 an influence function for v (P’). Now let
A’ be the tangent space for model M’ at P’. Then, A = A’® the closed linear span of

{SVC‘V, : Syejv is a conditional score under model ./\/l} . Since Ep [X}D’effsvcwx] = 0 for
all conditional scores Syeys we conclude that X}; eff 18 In A’ and consequently, it is the
efficient influence function v, £f |

Proof [Proof of Lemma 16] We will use the following property which can be shown
straightforwardly. Let G', G? and G> be DAGs with vertex sets V!, V2 and V3 such that
V!5 V?2 5 V3 Then,

M (G',V?) = M (G?) and M (G*,V?) = M (G%) = M (G', V) = M (G*)  (46)

The set V\ang ({A4,Y}) is an ancestral set, that is, it contains all its own ancestors
‘V\an§ ({A4,Y}) = ang (V\ang ({4,Y})) . Then, by Proposition 1 (a) of Evans (2016)
M (G, V\anG ({A,Y}) = M (Gvyang (43D ) - (47)

Now, let Gi*1 = Gv\ang ({4,v}) and let (I1, ..., I)) be the set of nodes in indir(A, Y, Gy,
topologically sorted with respect to Gt Recursively define for j = 1,1 —1,...,1, Gi =
T <§j+1a Ij) . Noticing that in G/*1, T ; has a sole child equal to A, then combining Lemma
1 and Lemma 3 of Evans (2016), yields that for j =1{,l—-1,...,1,

M (§j+1,V\ {ang ({A, YU (ugzjfi) }) - M (GJ) : (48)
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Repeatedly invoking (46) to the equalities (47) and (48) yields
M (G, V\ {ang({A,Y}) Uindir(4,Y,G)}) = M (Gl) . Since ¢’ = G' is the output of Al-
gorithm 1, this finishes the proof of the first part of the Lemma.

Now note that the pruning algorithm prunes neither A nor Y. Furthermore, it neither
adds new causal paths nor deletes causal paths between A and Y. Then, cn(A,Y,G) =
cn(A,Y,G’). Also, the pruning algorithm neither adds nor deletes any vertex that is both
a non-descendant of A in G and parent of a vertex in cn(A4,Y,G) in G. But the set of
such vertices is precisely the set O (A,Y,G). This shows that O (A4,Y,G) = O(A,Y,G).
Then, if P € M(G), by (O (A,Y,G); P) =b,(0(A,Y,G"); Prarg) and m, (O (4,Y,G); P) =

70 (0 (A, Y,G) ; Pruarg) - Consequontly, 1:pa [0 (A, Y, ) ; G = 6., 0 [0 (4, Y, G') ;') But
since O (4,Y,G) is an adjustment set relative to A and Y in G (and G’) we have that
Xa (P;G) = Ep[ba (O(A,Y,G); P)] and Xa (PmargiG') = EPpary [ba (0 (4,Y,G"); Prarg)]
and thus conclude that x4 (P;G) = Xa (Pmarg; 9')-

We turn next to the proof of X}%a,eff(v;g) = X}Dmmg,eff(vmarg;g’). By Theorem 14,
X}D,Mff(V; G) is a function only of Vinerg = V\ {ang ({4,Y}) Uindir(A4,Y,G)}. Since we
have already shown that M (G, Viuarg) = M (G'), that xo (Pmarg; G') = xa (P;G), Propo-
sition 17 implies that X}7a7eff(V; g) = X}megya’eff(vmarg; G). [ |

Lemma 26 Let M (G) be the Bayesian Network represented by DAG G with vertex set V.
Assume Y and A are single disjoint vertices. Assume irrel(A,Y,G) = 0. Then

1. If J > 1 then for all j € {1,...,J}

Ep [JpagIWj,pag (W;)] = Ep [ba(O; P)|W;, pag (Wj)] .
2. If K > 1 then for allk € {1,...,K}

P [IPa,g| My, pag (My)] = Ep [Tpag| My, pag (My)] -

Ep [Jpag|Y,pag (Y)] = Ep [TraglY,pag (Y)] .

Proof [Proof of Lemma 26| We begin with the proof of part 1). Ep [% | Wj, pag(W; )}

Ll(A)E YIAZGHW'? a (W'),O, a, (A) I,(A)Ep|Y|A=a,0
= Ep |: 2 7ra(pa;(pA)g;P)J peg(4) Wj7pag(Wj):| = EP[ (m?(pZL(L) ] ’Wj’pag(Wj)}

oy {ba(o;P) Dl O i Wj,pag(Wj)] = Ep [ba(0: P) | Wj, pag(W)] .
where the second equality holds because Y 1lg [{W;} U pag(W;) Upag(A)] \ O | O, A
and the third equality holds because the set [{W;} U pag(W;)U O] is comprised of non-
descendants of A and hence, by the Local Markov Property, A g [{W;} Upag(W;) UO]\
pag(A) | pag(A).

Next, we prove parts 2) and 3). Define M1 = Y. Then, for all £k = 1,.... K + 1,
Ep [Jpag| My, pag (My)] =
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EP _Ia(A)Y EP _m‘ A

Ep |1, (A)Y Ep m‘ A=a 0} ‘ My, pag (M,g)} — Ep [Tpag| My, pag (My)] where

the second equality follows from (Y, M) 1Lg pag (4)\O | [0 U {A}] and the fact that for
any k, pag (M) C MU{A} UO, and the third equality follows because

1 _ _ 1
EP | moag(@:P) A=a, O} = Ta(Omin:P)
A.4 and the definition of O,,;,. This concludes the proof of the theorem. [ ]

=a, O Y Mk,pag Mk } ‘Mkvpag (Mk)} =

which is a consequence of Lemma 27 in Section

Proof [Proof of Theorem 18| Because irrel(A,Y,G) = (), we can partition the node set
V of G as MU WU{A,Y} where the vertices in M intersect at least one causal path
between A and Y, that is, M is the set of mediators in the causal pathways between
A and Y, and W are non-descendants of A. We can therefore sort topologically V as
(Wh,...,Wy, A, Mq,...,Mg,Y), where the set W = ) if J = 0 and the set K = () if K = 0.
By Theorem 14 we have

XpPaets (ViG) = Ep [JpaglY,pag (Y)] — Ep [Jpaglpag (V)] +
K

> {Ep [Jpag|My,pag (My)] — Ep [Jpagl pag (Mp)] } +
k=1

Z {Ep [JPagIWj,pag (W))] — Ep [Jpaglpag (W))]},

0 0
where we make the conventions that > - =0, Y -= 0. The theorem is proved by invok-
k=1 j=1
ing Lemma 26 to make the replacements Ep [Tpqg|Y,pag (Y)] — Ep [Tpag|pag (Y)] for
Ep [Jpag|Y,pag (V)] —
Ep |Jpag|pag (V)] Ep [Tpag|Mi,pag (My)| — Ep [Tpag| pag (My)] for
Ep [Jpﬂ,g’Mk, pag (Mk)] — Ep [Jp7a7g| pag (Mk)] and Ep [ba(O; P)|Wj, pag (W])] —
Ep [ba(O; P)|pag (W;)] for Ep | 5.pag (W) — Ep [Jpaglpag (W;)]. This con-
cludes the proof of the theorem. |

Proof [Proof of Theorem 19|
Assertion (20) is immediate when J = K = 0, since O = (), b,(O; P) = x4(P;G),
74(0; P) = P (A = a), and consequently

wPa[O g] (Y_XQ(P§ g))

(A =a)
which coincides with X}D aeff-
Henceforth assume J > 1or K > 1. If J =0, let X}Dzofffdesc (V;G) =0. For J > 1, let

wendese (7 Z {Ep [b.(0; P)|W;, pag (W;)] — Ep [b.(O; P)|pag (W;)] }

+Ep [ba(0; P)|W1, pag (W1)] — xa (PG),
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where 231':2' = 0. Furthermore, let

XPasir (ViG) = Ep [TpaglY.pag (V)] — Ep [Trag|pag (V)]
K

+ > {Ep [Tpag|My,pag (My)] — Ep [Tpag
k=1

pag (M)},

where 22:1 - = 0. By Theorem 18, x},’meff (V;9) = X}D’Z(j:f}desc (V;G) + X}g’if:;f (V:G).

First note that W; = Op. This holds because, since irrel(A4,Y,G) = 0, there exists a
directed path from Wj; to Y that does not intersect A. Let @ be a child of W in that path.
Then @ cannot be in the set {W7y,..., W} because Wj is the last element in the topolocally
ordered sequence Wi,..., Wy of non-descendants of A. Then @ € M U {Y'} which implies
that W; € O and, since (Oq,...,O7) is ordered topologically, we conclude that W; = Or.

Suppose now that J = 1. Then Op = O; = W; and O = {O;}. Consequently,
Ep [ba(O;P) | pag(Wl),Wl] = b,(O; P). Thus

XHITHE (V3G) = a(0; P) — X(P; ) )

Suppose next that J > 1. Define for each j € {1,...,J — 1}
I; = [pag (W;) U{W;}] npag (Wji1).
Lemma 30 establishes that conditions 1) and 2) of the theorem imply that
O\I; Lg [[pag (W) U{W;}] Apag (Wj41)]|L; (50)

holds for j € {1,...,J —1}. Then

Ep [ba (O;P) [ pag (Wjt1)] = Ep [ba (O;P) | pag (Wjt1) \ [pag (W) U {W;}],1;]
Ep [by (O;P) |Lj]
and
Ep [bq (O;P) |pag (W;),W;| = Ep [ba (O;P)] [pag (W;) U{W;}]| \ pag (Wji1),1;]
= Epb. (O;P)|L;].
Consequently

Ep [by (O;P) | pag (W;), W;| — Ep [ba (O;P) | pag (Wj41)] =0 (51)

for all j € {1,...,J —1}. Thus (49) holds.
Suppose next that K = 0. Then condition 3) and the definition of O imply that

{A} U O =pag(Y).
Consequently,

Ep [Tpag | Y.pag(Y)] = Trag and Ep [Tpag | pag(Y)] = Ia(A)be(O; P)m, ' (O; P).
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Therefore,
I,(A)
1,desc . . a
XPa.css(Vi9) = Ta(Omin; P)

Thus, since we already showed that under conditions 1) and 2), (49) holds when J > 1, we
conclude that under these conditions (20) holds when K =0 and J > 1.

Suppose next that K > 1. Recall that Mg 11 =Y. Conditions 3) and 4) of the theorem
imply that

{Y — b, (0:P)} . (52)

{A} U Owmin C pag (My) (53)
holds for £k =1,..., K + 1, and hence
Ep [Tpag| Mg, pag (My)] = ﬂEp [Y| My, pag (My)] - (54)
Ta(Omin; P)
In particular, for Kk = K + 1, (54) implies
Er [TraglYoag (V)] = (a0 (55)

In Lemma 31 we show that conditions 3) and 4) of the theorem imply that

Y J_l_g [Mk—17 p&g (Mk_l)] \pag (Mk) ’pa,g (Mk) , (56)
fork=2,...,K+1. Then for k=2,...,K + 1 we have
Io(A)
Ep [TP,a,g|Mk—17Pag (Mk—l)] = mEp [Y|Mk_1,pag (Mk—l)] —
I [ pag (My), My, pag (Mi_1)] \pag (My)] =
Wa(Omm;P) P G k) k—1,Dag E—1 g &
1. (A)
7E Y M = E T a M ,
ﬁa(omin;P) F [ |pag( k)] P [ Pa,g pag( k)]

where the first equality follows from (54), the second from condition 4) , the third from (56)
and the fourth from (53). We therefore arrive at the conclusion that conditions 3) and 4)
imply that

Ep [Tpag|My-1,pag (My-1)] — Ep [Tpaglpag (My)] =0 (57)

forall k=2,..., K +1 for all P € M(G). We thus obtain that
Xtsseir = Ep [Tpag|Y.pag (V)] — Ep [Tpaglpag (M1)] . (58)
Next, we note that conditions 3) and 4) imply that pag(M;) = {A} U O. This implies that

Ep [Tpaglpag (M1)] = 12(A4)ba(0; P)

7Ta((); P)
This together with (55) and (58) implies that
1,desc Ia A)
; = ——————(Y —b,(0; P)).
XP,a,eff TFa(O; P)( ( )) (59)
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Since we have already shown that under conditions 1) and 2) of the theorem equation
(49) holds for J > 1, then adding Xﬁoggfd]fsc and X?fffe 77 We conclude that under conditions
1)-4) of the theorem, (20) holds when J > 1 and K > 1.

Finally, when K > 1 and J = 0, the right hand side of (59) reduces to

14 (A)

m(y - Xa(P;9)),

because O = ). Thus

eSC Ia A
Xhaers(Vi9) = 0+ 5255, (vig) = L1 (v 3 (P1g)) = v (0:0).

(A=a)
This concludes the proof of the sufficiency part of the theorem.
Turn now to the proof of the necessity part of the theorem. First note that X}D’Zogf}desc(V; 9)

1,non—desc

depends on V only through W, so in an abuse of notation we will write x5, . £f (W;G).

Likewise X}fjjj;f(v;g) depends on V only through {A4,Y} UM U O, hence we write

XPasi (A, 0,M,Y;0)

Suppose first that condition 3) fails. By part 1 of Lemma 34 then there exists P* € M(G)
such that the term %
Since such term appears in the expression for ¢ p« , (O;G) this shows that X}3*7a,eff (V;G) #
wP*,a (O§ g) .

Now suppose that condition 3) holds but condition 4) fails because
pag (Mr41) ¢ pag (Mg) U{Mk}.

By part 2 of Lemma 34 there exists P* € M(G) such that X};ﬁlejceff (A,0,M,Y;G) depends

on Mg. Then xp. ,. ¢ (ViG) = X};?Zfe_ﬁesc(w; g) + X})’ff;;ff(A,O,M,Y; G) cannot be
equal to Yp= 4 (0;G), since Yp« 4 (0;G) is not a function of M.
Next assume that condition 3) holds but condition 4) fails because

pag (My-) ¢ pag (Mp-_1) U{Mp~_1}
for some k* € {2,..., K} but
pag (My) C pag (Mg—1) U{Mg_1}

holds for all kK € {k*+1,..., K+1}. Then by part 3) of Lemma 34, there exists P* € M(G)
such that

Y does not appear in the expression for X}D’fejceff(A, O,M,Y; Q).

Ep+ [Tpag | Mgs—1,pag(My=—1)| — Ep+ [Tpag | pag(Mp-)]

is a non-constant function of My«_;. Furthermore by Lemma 31, (53) and (56) hold for all
ke {k*+1,..., K+ 1}. Then, arguing as above,

Ep« [Tpag | Mi—1,pag(Mi—1)] — Ep+ [Tpag | pag(My)] =0
forall k € {k* +1,..., K + 1}. Also, by part 1) of Lemma 30

L(A)Y

Ep [TraglYopag (V)] =~
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Then, with the convention that 25;21 (1) =0if k =2, we have
X;gif:;ff (A7 07 Ma Y7 g) =
Ep+ [Tp+ g|My+_1,pag (My=_1)] — Ep+ [Tp+ o,6|pag (Mg-)] +

I(A)Y e
— S+ Y {Ep+ [TreagIMj-1,pag (M;-1)] = Ep- [Tp aglpag (M;)]} —
7Ta(()mm,F) ) =

Ep+ [Tp+ qg|pag (M)] .

Now, by the topological order of (M, ..., My1), My«_; does not belong to pag (M)
for any j < k* — 1 and consequently none of the terms Ep- [Tp*yg]Mj_l,pag (Mj_l)] —
Ep+ [Tp-glpag (M;)] for j < k* — 1 in the last display depend on Mj-_1. This then

shows that X};fejceff(A,O,M,Y;g) is a non-constant function of Mj«_; thus implying

that ¢p- 4 [0 (A,Y;G);G] # X}D*,a’eff(V;Q) since Yp+ 4 [O (A4,Y;G);G] does not depend
on Mpx_q.

Assume now that conditions 3) and 4) hold but condition 1) fails. This can only occur
if J > 1. We have already shown that O = W;. Then, since W; appears only in the term

Ep [ba (O; P) |Wy,pag (Wy)] of X};Zj’:f}de“(w;g), we conclude that X}D’Z(”:f}desc(w;g) =

g1 (W, pag (W)]+g2 (W\W,) for some functions g; and go. This implies that X};Z‘f:f}desc(w; g)
cannot be equal to, for instance, b* (O) + g2 (W\Or) for b*(0O) = Oy x --- x Or. By
Lemma 32 we can find P* € M(G) such that b, (O; P*) = b* (O). For this P* € M(G),
X};Z;’};@”C(W; G) cannot be equal to b,(O; P*) — xo(P*;G). Then, since we have already
shown that when conditions 3) and 4) of the theorem are satisfied it holds that

1,desc Ia(A) *
,* A O M,Y:G) = —22)_(y _p,(0; PY)),
Xp 7()L,eff( g) WQ(O;P*)( ( ))
we conclude that
1 V: g o Ia(A) Y b (O: P* 1,non—desc W-: g 0O: g
XP*7a’eff( I )* WG(O,P*)( - a( I ))+XP*,a7eff ( ) )%wp*,a( ) )

Assume now that conditions 1), 3) and 4) hold, but condition 2) fails because there
exists j* € {2,...,J — 1}, where J > 1, such that pag(W;11) \ {W;«} ¢ pag(Wj+). Then,
by part 4) of Lemma 30 we have that

O\L. Ag [pag (Wj-) U W;-] A pag (Wje11) [Lj-.
By Lemma 33, there exists P* € M such that X};ffl";fjf“(w; G) = by (0; P*) — xo(P*;G) +
g(W), where g(W) is non-constant function of W;». Then,
) —d ,d
Xbraess (Vi9) = Xpliers (Wi G) + X505 (4,0, M, Y3 6)
1. (A)
7"'a(()mm; P*)

cannot be equal to ¥ p+ 4 (0;G) = b, (O0; P*) — xa(P*;G) + #:%(Y — b, (0; P¥)).
This finishes the proof of the theorem.

= ba(0; P*) — xa(P";G) + 9(W) + (Y — b,(0; P¥))
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A.3 Proof of soundness of Algorithm 2 and examples

Proof that Algorithm 2 is sound for a simplified formula for X}a aeff

Define X};Z":f}desc (V;G) and Xll[;‘iei; 7 (V;G) as in the proof of Theorem 19.

The algorithm starts by searching for possible deletions and/or simplifications of the

terms in the expression for X};Tgf}desc when J > 1. If J = 1, we have have already shown

in the proof of Theorem 19 that X};’Z‘):f}desc (V;G) = b,(0O; P) — xa(P;G). As in the proof
of Theorem 19, for J > 1 define for each j € {1,...,J — 1}

I; = [pag (W;) U {W;}] Npag (Wji1).

If
O\I; lig [[pag (W;) U{W;}] Apag (Wji1)]|1; (60)
then
Ep [ba (O;P) |pag (Wjt1)] = Ep [ba (O;P)|pag (Wit1)\ [pag (W;) U {W;}], 1]
= Ep[bs (O;P) L]
and
Ep [ba (O,P) |Pag (WJ) ’ Wj] = Ep [ba (O7P) | [Pag (WJ) U {W]}] \Pag (WjJrl) 7Ij]

Ep [ba (OaP) |Ij] .
Thus (60) is a graphical criterion for checking if the difference
Ep [ba (O;P) | pag (W;) ,W;] — Ep [by (O;P) | pag (Wit1)] (61)

cancel out from the expression for X}’,a,eff (V;G) for all P € M (G).

There is one important instance in which the graphical criterion (60) can be significantly
simplified. Specifically, recall that in the proof of Theorem 19 we showed W; = Op. Suppose
now that

O\Or C pag (W) . (62)

Lemma 30 establishes that, under (62), the criterion (60) holds for j = J — 1 if and only if
pag (W;)\{W;_1} C pag (W;_1). Furthermore, the lemma also establishes that if for some
l<j*<J-1

pag (Wj1) C pag (W) U{W;} (63)
is valid for j € {j*,...,J — 1}, then (60) holds for j € {j*,...,J — 1}, and in addition,
(60) and (63) are equivalent for j = j* — 1. Note that whereas (60) requires checking
d-separations, (63) requires simply checking the inclusion of sets.

Aside from the implications for term cancellations, note that when (62) holds

Ep [ba (O;P) [W1,pag (Wy)] = by (O;P).

Steps 9-26 of Algorithm 2 implement the preceding checks. Specifically, step 9 inquires
if both J > 1 and (62) hold. If J > 1 but (62) does not hold, then the algorithm goes on to
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inquire for each j € {1,...,J — 1}, if (60) holds (see Algorithm 4) and it stores the formula

XBo ¢ (V1 G) = Ep [ba (O:P) Wy, pag (W))] = xa (P:G)

+ Z {Ep [ba (O;P) | pag (W;),W;] — Ep [ba (O;P) | pag (Wjs1)] } .
je{1,...,J—1}:
(60) does not hold

If both J > 1 and (62) hold, then iteratively in reverse order from j = J — 1, the algorithm
inquires if (63) holds until the first j, if any, such that the inclusion (63) fails. If such j, say
7 = 7% exists, j* is necessarily greater than 1 because of the topological order of W and the
fact that irrel(A4,Y,G) = 0. Then the algorithm inquires for each j € {1,...,7* — 1} if (60)
holds and it stores the formula

XPRT 95 (VG) = by (O3P) — xa (P;G) +

Ep [ba (O;P) |pag (Wj+) , Wi=| — Ep [ba (O;P) | pag (Wi11)] +

> {Ep [ba (O;P) | pag (W), W;] — Ep [ba (O;P) | pag (Wjy1)] } . (64)

]6{172773*_1}
(60) does not hold

If (63) holds for all j € {1,...,J —1} for J > 1 or if J = 1 then the algorithm stores the
formula

Xpaerf ¢ (ViG) = by (O:P) = xa (P;G). (65)

Otherwise if J = 0 it stores X}D’Zogf}desc (V;G) =0.
Importantly the expression (64) for X}D’Zogf}desc (V;G) does not depend on the variables

{Wijsq1,...,W;}\ O. Since the expression for X}Sifz;f (V;G) does not depend on these
variables then we conclude that {Wj«,1,...,W;} \ O do not enter into the formula for
X}? aeff (V;G) and consequently do not provide information about the parameter x,(P;G).
We emphasize that this is important from a practical standpoint because if the algorithm
returns expression (64), then the investigator does not need to measure these variables. A
similar comment applies if the algorithm returns expression (65).

Having checked for possible simplifications of the expression of X}D’Zogf}desc, Algorithm 2

goes on to check for possible simplifications of X}fffz; 7 (V;G). Recall that M1 =Y.
Suppose first that K = 0. In the proof of Theorem 19 we showed that

1.(A)

1,d o ,
Xpaerr(ViG) = 72 (Omimi P) {Y =0, (O:P)}.

Suppose next that K > 1. If for some k € {2,..., K + 1}, it holds that

{A} U Opin C pag (My) (66)
then
Ep [Tpag|M, (My)] = ﬂE [Y|M (My)] (67)
P |LPa,GlMk,Pag k)| = Fa(omm;P) P ks Pag k)| -
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Note that for k = K + 1, (67) is equal to

Br [TraglYipag (V)] = — a2 (68)
Now, suppose that for some k € {2,..., K + 1}, in addition to (66), it holds that
pag (M) C pag (My—1) U {My_1} (69)
and
Y g [My_1,pag (Mg_1)] \pag (My) [pag (Mj) . (70)

Then, for such k, we have already shown in the proof of Theorem 19 that

Ep [Tpag|My—1,pag (My—1)] — Ep [Tpag|pag (My)]

1,desc

vanishes from the expression for xp ", (V; @) for all P € M(G).
Aside from the examination of term cancellations, we note that if

pag (M) = {A}UO (71)

holds, then Ep [Tpag|pag (M1)] = Io(A)[7a(Omin; P)]” 'bs (O;P).

Steps 27-50 of Algorithm 2 implement the preceding checks. Specifically, step 27 inquires
if both K > 1 and (66) hold for k = K + 1. If K > 1 but (66) does not hold for k = K + 1,
the algorithm goes on to inquire for each k € {2,..., K} if (66),(69) and (70) hold and
subsequently if (71) holds. It then stores the formula

X}D’ie,z;f (V, g) = FEp [TP,Q,QD/, bag (Y)] — FEp [TP,a,g| pag (Y)] +
Ep [Tpaglpag (Mi), Mi] — xpats; (ViG) +
Z {Ep [Tpaglpag (My_1), My_1] — Ep [Tpag| pag (My)] }

keoffenders_desc(K)

where

1, (A) . :
o (Oumr) be (O;P) if (71) holds

Ep [Tpaglpag (Mi)] if (71) does not hold

1,M- . _
XPaess (Vi9) =

and for any h € {2,..., K}
offenders_desc(h) = {k € {2,...,h} : at least one of (66), (69) or (70) does not hold} .

See Algorithm 3. If K > 1 and (66) holds for k = K + 1 then iteratively in reverse order
from k = K + 1 the algorithm inquires if (69) holds until the first £ > 2, if any, in which
the condition fails. If such k, say kK = k* exists and k* > 2, then it inquires for each
ke {2,...,k* =1} if (66),(69) and (70) hold, and subsequently if (71) holds. It then
stores the formula

I,(A)Y
1d . _ 1,M X
XP,ac;Z;f (Vig) = m ~XPaerr (Vi9) +

EP [TP}a7g| pag (Mk*—l) aMk*—l] — Ep [Tp,a7g| pag (Mk*)} +
> {Ep [Tpaglpag (My—1), My—1] — Ep [Tpag|pag (My)]} (72)

keoffenders_desc(k*—1)
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Notice that in a similar fashion as for the expression (64) for X};Z‘?f}desc (V;G), the ex-

pression (72) does not depend on the variables Mj«,..., Mg. Since the expression for
X;Zo:f fdesc does not depend on these variables, we conclude that Mj«, ..., M do not enter

into the formula for X}D aeff (V;G) and consequently do not provide information about the
parameter xo(P;G).
If k* = 2, then it stores

1,desc Ia(A)Y 1,My .
X2t Vi9) = 200 i 7y~ Nriners (Vi)
+ Ep [Tpraglpag (My«—1) , Mi=_1] — Ep [Tpag|pag (My+)] . (73)

If no such k* exists condition (71) automatically holds. Then the algorithm stores the
formula

Ia(A)
7"'a(C)min; P )
If K = 0 then the algorithm also stores the formula in (74). This concludes the proof.

XPaeis (ViG) = {Y — b, (O;P)} . (74)

Example 11 Consider the DAG in Figure 10 c¢). In this DAG, O = Oy = {Op} = {W5}
with T = 1. Therefore condition (62) holds trivially. However, condition (63) with j = 4
fails, because Wy is a parent of W5 but not of Wy. The algorithm now goes on to check
condition (60) for each j =1,2,3,4. The following table lists the results.

i L [pag(W;)U{W;} Apag(W;i1)] O\L;  (60)
1 Wl @ W5 holds
2 W2 W1 W5 holds
3 Wiy Wy Wi fails
4 W4 {WQ, W3} W5 fails

The algorithm then stores the formula

XBari (V3 G) = ba(Ws3 P) = xa(P; G)
+ Ep [ba(Ws; P) | Wy, pag(Wy)] — Ep [ (Ws; P) | pag(Ws)]
+ Ep [ba(Ws, P) | W3, pag WS)] Ep [bo(Ws; P) | W3]
= ba(W5; P) — xa(P;G) + Ep [b a(O7P) | W3, Wa] — Ep [bo(Ws; P) | W, Wy]
+ Ep [ba(Ws; P) | Wa, W3] — Ep [ba(Ws; P) | W3]

This example illustrates the following interesting points.
For j = 2 the d-separation (60) holds and consequently the term (61) vanishes from

the expression for X};Z‘):ffdesc. However, Wy appears in the expression for x}azoff fdesc and

therefore it appears also in the expression for the efficient influence function XP,a,eff Thus,
Wy provides information about xq(P;G) even though the term (61) vanishes for j = 2. In
contrast, for j = 1 term (61) vanishes and W1 does not enter into the expression for
X};Z?gf}desc. This illustrates the point that once condition (63) fails, the check of the d-
separation condition (60) is useful for detecting term cancellations but not for deciding if
the corresponding node is informative about the parameter xq(P;G).
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Another interesting point illustrated by this example is that the composition of the set
1,non—desc

pag(A) does not affect the expression for XPaeff - That is, all or a subset of the orange

edges could have been absent in the DAG and nevertheless the expression for X};Z()Zf}desc

would have remained the same. However, which elements of W are members of the set
pag(A) does affect the composition of the minimal optimal adjustment set O,yy,. For in-
stance in the DAG of Figure 10 ¢), Opin = O = {W5}. Instead, if all the orange arrows
had been absent, then Oy, would have been empty.

In this DAG, M = () and hence K = 0. The algorithm then stores the formula in (74)
and finally returns

XpPacff (ViG) =ba(Ws; P) = Xa(P;G) + Ep [ba(Ws; P) | W3, Wa] — Ep [ba(Ws; P) | Wa, Wy
1,(A)

Ep [by(Ws; P : — Ep [bo(W5; P P
+ Ep [ba(Ws; P) | Wa, W3] — Ep [be(W5 )|W3]+7ra(W5;P)

{Y —bg (W5§P)} .

Figure 13: A DAG where the NP-O estimator is inefficient.

Example 12 Consider the DAG in Figure 15. In this case O = Oyin = {0} = {W1},
J=T=1, M = {M;, Ma, M3} and K = 3. Because J = 1 the algorithm stores the formula
(65). In addition, it is easy to check that, conditions (66), (69) and (70) hold for k = 2,
hence

Ep [Tpag | M1, pag(Mi1)] — Ep [Tpag | pag(Ms)] (75)

vanishes for all P € M(G). On the other hand, condition (66) fails for k = 4, condition
(70) fails for k =3 and {A, O} = pag(My). Hence the algorithm stores

1,non—desc

XPa,eff (V;G)=FEp [TP,a,Q Y, pag(Y)] — Ep [TP@,Q ‘ pag(Y)]
+ Ep [Tpag | M3,pag(M3)] — Ep [Tpag | pag(Ms)]
I,(A)ba(O; P)

+ Ep [TP,a,g \ Mz,pag(Mz)] T (O: P)

1,non—desc

Notice that even though (75) vanishes, XPacff (V;G) depends on M; because

Ia A ba O7P
Ep [Trag | Y,pag(Y)] = YEp 1a(A4)ba (03 P)

My, Ms| .
Wa(O;P) ‘ 1 3
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A.4 Auxiliary results

Lemma 27 If A Ilg Z\Zs | Zo then Ep [m‘A:a,Zl] = oy Jor all P €
M(G).

Proof [Proof of Lemma 27|

Ep [wa(zlm‘A = a,Zl} a (Z1; P) = Ep La(zlz);P)’A = a,Zl] P (A = a|Zy)
T R

where the last equality follows from the fact that, A 1l Z\Zy | Zo [P] implies
Ep (Ia(A)‘ZQ,Zl) :Ep (Ia(A)‘ZQ) = Ta (ZQ,P) |

Lemma 28 If Z is a minimal adjustment set relative to (A,Y) in DAG G, then for all W
in Z there exists a path 0 between W and A that is open given Z\W .

Proof [Proof of Lemma 28| Since Z is a minimal adjustment set, we know (see Shpitser
et al. (2010)) that there exists a non-causal v path between A and Y that is open when
we condition on Z\W but is blocked when we condition on Z. The path 7 must intersect
W because if it did not, since the path is open when we condition on Z\W it would also
be open when we condition on Z. Let § be the subpath of v that goes from A to the first
ocurrence of W in ~. ¢ is open given Z\W, since v is open given Z\W. |

Lemma 29 Let V € dir (A,Y,G) and W € indir (A,Y,G). Then V 1Lg W | A,F (A,Y.,G).

Proof [Proof of Lemma 29| Let F = F (A, Y, G). We will show that no path between V' and
W can be open given A, F. We analyze separately paths that (i) are directed, (ii) are not
directed and have exactly one fork and (iii) are not directed and have at least one collider.
We use the notation T = S to represent a directed path between T and S.

(i) Directed

Assume that there is a directed path between V and W and call it §. Assume first that
0 leaves V' through the front-door. If V' =Y, since W is an ancestor of A, this implies that
Y is an ancestor of A, which is a contradiction. If V' £ Y, since V' has a directed path to
Y that does not intersect A, we deduce that V' € F, a contradiction. Assume now that
leaves V' through the backdoor. This implies that there is a directed path betweeen W and
Y that does not intersect A, which is a contradiction.

Hence, there are no directed paths between V' and W that are open given (A, F).

(ii) Not directed, exactly one fork

Assume there is a path between V' and W that has at exactly one fork, and consequently
no colliders, and is open given (A, F). Call the path ¢ and call the fork, H. Recall that W
is an ancestor of A. Since V is either equal to Y or has a directed path to Y that does not
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intersect A, the path V &= H = W == A shows that H € F and hence 9§ is blocked by F, a
contradiction.

(iii) Not directed, with at least one collider

Assume there is a path between V' and W that has at least one collider and is open given
(A,F). Call the path 6. All colliders in § must be either in (A, F) or have a descendant in
(A, F). Hence, all colliders are ancestors of A.

Assume first that ¢ leaves V' through the frontdoor. Consider the collider in § that is
closest to V and call it C. If V =Y, then the directed path Y = C' = A shows that A is
a descendant of Y, a contradiction. If V # Y, since V' has a directed path to Y that does
not intersect A, the path Y &=V = C = A shows that V € F, which is a contradiction.

Assume now that & leaves V throught the backdoor. Consider the collider in § that
is closest to V and call it D. Because in the subpath of § between V and D the edge
with endpoint V points into V' and the edge with endpoint D points to D then in that
subpath there has to be a fork, say K. Such K belongs to F, because K has directed
path to D and D is an ancestor of A and also K has a directed path to V that does not
intersect A and V is either equal to Y or has directed path to Y that does not intersect A.
Hence ¢ is blocked by K, which is a contradiction. This concludes the proof of the lemma. B

Lemma 30 Assume that G is a DAG and A and Y are two distinct vertices in G such that
Acang (Y). Let W =deg (A) and O = O (A,Y,G). Assume that irrel(A,Y,G) = (. Write
W = (Wy,...,W;), where we assume J > 1 and write O = (Oy, ..., Or) in topological order
relative to G. Assume O\OrC pag(Or). For j € {1,...,J—1} letI; = [pag (W;) U {W;}|N
pag (Wjt1). Then,

1. Wy=0r and, if J >2,W;_1 € bag (WJ) .
2. Suppose J > 2. If for some 1 < j* < J — 1 it holds that for j € {j*,...,J — 1},
pag (Wj+1) \ {W;} C pag (Wj), (76)

then
Wjepa‘g(WjJrl) fO?”je{j*—l,j*,...,J—l} (77)

and
O\I; Lig [pag (W) UW;] A pag (Wyia) I for j € {5*,...,J =1}  (T78)
3. Suppose J > 2 and that for some j* € {2,...,J — 1} it holds that
pag (Wj= 1) \ {Wj+} & pag (Wj+) (79)
and that (76) holds for all j € {j* +1,...,J =1} if j* < J — 1. Then,
O\L. Ag [pag (Wj+) UWj+] A pag (Wjei1) L= (80)
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Proof To prove 1), note that, since irrel(4,Y,G) = ), there exists a directed path between
Wjiand Y that does not intersect A. Let W be a child of W in that path. Then W cannot be
in the set {W1,..., W} because W is the last element in the topolocally ordered sequence
Wi, ..., W of non-descendants of A. Then W € M U{Y} which implies that W; € O and,
since (O, ..., Or) is ordered topologically, we conclude that W; = Orp. Next, suppose J > 2
and that W;_; €pag (W;). Then, W;_; ¢ O because by assumption, O\Or C pag (W) .
This implies that W;_q is either an ancestor of Y such that all the directed paths between
W;_1 and Y intersect A, or W;_1 is not an ancestor of Y. Both possibilities are impossible
because they contradict that irrel (4,Y,G) = 0.

Turn now to the proof of part 2). We will first show (77) by reverse induction on
J*. Suppose j* = J — 1. We want to show that W;_o € pag (W _1). If W;_5 € O then
by O\OrC pag(Or) and part 1) of this lemma, Wj;_o €pag (W), which then implies by
(76) applied to 7 = J — 1 that W;_s €pag (W _1). Suppose next that W;_o ¢ O and
Wi—a & pag (Wy—1), then by (76), Wy_o & pag (Wy). Consequently, W;_o is either an
ancestor of Y such that all the directed paths between Wj;_5 and Y intersect A or Wj_o
is not an ancestor of Y. Both possibilities are impossible because they contradict that
irrel (A,Y,G) = (0. This shows that (77) is true for j* = J — 1. Suppose now that the result
holds for j* =m,...,J — 1, for some 2 < m < J — 1. We will show that it also holds for
j* = m—1. Henceforth suppose that (76) holds for j € {m —1,...,J — 1} . Then, (76) holds
for j € {m,...,J —1} and consequently, by the inductive hypothesis, (77) holds for j €
{m —1,m,...,J — 1} . It remains to show that Wy,,_o € pag (W,,—1) . Suppose that W,,_s €
O, then by O\O7C pag(Or) and part 1), W,,,_o €pag (W), which then implies, by (76)
being valid for all j € {m —1,...,J — 1}, that Wj,,_o € pag (W) \{Wy—1,...,Wy_1} C
pag (Wi—1)\{Wm—1,...,Wjy_2} C --- C pag (Wy,—1). On the other hand, if W,,_o ¢ O,
since irrel(A,Y,G) = 0, necessarily Wy,,—o € pag(W;) for some j > m — 2. Arguing as
before, this implies that Wy, 2 € pag (Wi—1).

Next we prove (78). Suppose that for j € {j*,...,J —1}, (76) holds. Then, for
j € {j*...,J =1} we have I; = [pag (W;) U{W;}| N [[pag (Wj1) \{W;}] U{W;}] =
[[pag (Wj11) \ {W;}] UW;] =pag (Wj41), where the first and third equalities follow by (77)
and the second follows by (76). On the other hand, because by assumption O\Or Cpag (W)
then O\ (Wj41,...,Wy) Cpag (Wj41). Consequently, (78) holds if and only if

)

ON(Wjy1,...,Wy) lLg pag (W;) \pag (Wji1) [pag (Wj+1) . (81)

We will show by contradiction that (81) holds, and consequently that (78) holds, for j €
{j*,7°+1,...,J — 1} . Suppose that (81) were not true for some j € {j*,j*+1,...,J —1}.
Then there would exist « > j + 1 and [ < j such that W, JLg W|pag (W;41) with W, € O
and W; € pag (W;) \pag (Wj11). Because, by (77), W; €pag (W;11), the path between
W, and W, that would be open given pag (Wj1) would necessarily have to include an
edge Wix — Wy« for some I* < j and v* > j + 1. If v* = j + 1, then this implies that
Wi« €pag (Wj41) which is impossible because it contradicts Wy, g Wilpag (Wjy1). If u* >
j+1, then by Wi= €pag (W,») we have Wi epag (W) \ {Wj41,..., Wyx_1} because I* < j.
However, by (76) ,pag (Wy<) \{Wjs1,..., Wu—1} C pag (Wyr—1) \{Wjt1,...,Wus_2} C

- C pag (Wj41) which then implies that W= €pag (Wj41) again contradicting W, tg
Wilpag (Wj41). This proves (78).
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Turn now to the proof of part 4). Suppose that pag (Wj«11)\ {Wj=} ¢&pag (Wj-)
and that (76) holds for all j € {j*+1,...,J —1} if j* < J — 1. Then there exists
I < j* such that W; €pag (Wj«11) \pag (Wj«). By (77), W; € pag (Wj41) for all j =
J5 7" +1,...,J — 1. Consequently, the path W; — W11 — Wjiy9 — 0---0 — W is
open in G when conditioning on Ij«. By part 1), W; = Op € ON(Wjyqq,...,Wy), and
W, € [pag (W)U Wj*] A pag (Wj«y1), thus the aforementioned open path shows that
(80) holds. This concludes the proof of (79). [ |

Lemma 31 Let G be a DAG with vertex set V and let A and Y be two distinct vertices in
V. Suppose that irrel (A,Y;G) = 0. Suppose M=deg (A)\{A,Y} # 0 and let (M, ..., M)
be the elements of M sorted topologically. Let Mg = A and Mg 1=Y.

Suppose that for some k* > 2, the following inclussion holds for k € {k*,..., K + 1}

pag (My) C pag (My—1) U{Mj_1}. (82)

Then, Mg € pag (Y) and for all k € {k*,..., K +1}
(7,) Mi_5 € pa (Mk—l) and
(ll) Y J_Lg [Mk,l,pag (Mkfl)] \pag (Mk) ]pag (Mk) .

Proof

That My €pag (V) follows from irrel(A4,Y;G) = 0 and the fact that My is last in the
topological order of M.

To show (i), assume that for some k* > 2,(82) holds for all k € {k*,..., K +1} . Let
Eed{k*...,K+1}. If k = k* = 2, then M}_o = A €pag (M;) for otherwise M; would
not be a descendant of A. Next assume k > 2. The assumption that irrel(4,Y;G) =
and the topological order of (Mj,..., Mk) implies that My_o €pag (M,) for some r €
{k—1,k,...,K+1}.If r = k — 1 we are done. If r > k, then r € {k*,..., K + 1} and
consequently (82) implies that pag (M,) C pag (M,—_1) U{M,_1} C --- C pag (My_1) U
{Mrfl, M_o,..., Mk—l} Consequently, My_o €pag (Mk—l) U {Mrfl, M, _o, ... 7Mk‘—1} and
since My_o ¢ {Mr—b M, _o,..., Mkfl} then My_o €pag (Mkfl) .

To show (ii), assume that for some k* > 2, (82) holds for all k € {k*,..., K +1}. Let
ke {k*,...,K +1}. Assumption (82) implies that

pag (Y) C pag (Mg)U{Mg} C pag (Mg_1) U{Mg, Mg_1} C--- (83)
C pag (My) U{Mk, Mk—1,..., My} C pag (My—1) U{Mg, Mg—_1,..., Mg}

By part (i) we have My_y €pag (M},) . Then, assertion (ii) is the same as Y 1. g pag (Mp_1) \
pag (M) |pag (M},) Suppose the latter d-separation is false. Let M; epag (My_1) \pag (M})
such that Y fLg M,|pag (M}). Because Y has no descendants in the DAG, then any open
path between M; and ¥ must end with an edge pointing into Y. If such path is open when
we condition on pag (My) = [pag (V) \ {Mx, Mk_1,..., My} U [pag (M) \pag (Y)], then
this edge must connect a vertex M; € {My, Mg_1,..., My} with Y. This is because any
other vertex would be in pag (V') \ {Mg, Mg_1,..., My} and the path would then be closed
because we are conditioning on pag (Y') \ {Mg, Mk_1,..., My} .Then the path between M;
and Y that is open when we condition on pag (M) must be of the form

Mj—o—o0---0-V = My =Y (84)
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or
Mj—o—o-~~o—V<—Mt—>Y (85)

for some t € {k,k+1,...,K} and some V € V. We now argue that it cannot be of the
form (85). Suppose it was of the form (85). Then, V would belong to M because V is a
child of a descendant of A and consequently it is itself a descendant of A. By the topological
order of (M, ..., M) this would imply that V' = M}, for some h > ¢. But in such case the
path between M; and M} would eventually intersect a collider M, for some r > h, i.e. it
would be of the form M; —o—o---0— = M, <= o0--- <= o < My, < M; — Y. However,
this is impossible because by r > h >t € {k,k + 1,..., K} we have that neither M, nor its
descendants are in pag (M} ), so the path is closed at the collider M, when we condition on

pag (M) .
We thus conclude that if an open path exists it must be of the form (84) for some
t € {k,k+1,...,K}. However, we will now show that this is also impossible. First we

note that the assumption that the path is open when we condition on pag (M) implies
that V' ¢pag (M}) .This implies that k£ + 1 < ¢ < K. Next, note that because V' €pag (M;)
and pag (M) Cpag (M) U{Mjy, ..., M;—1} this implies that V € {My,...,M;_1}. So, we
conclude that the open path must be of the form

Mj—o—o-0o-V' = M, M =Y (86)

or
Mj—o—o-0o=V'« M, — M —Y (87)

for some k < h < t < K. However, reasoning as above we rule out the path (87) and conclude
that the path must be of the form (86) for V' = M, with r such that k <r < h <t < K.
Continuing in this fashion we arrive at the conclusion that the path must be of the form
M;—o—o---0o-V*— My...M, — My, — M; — Y. But this contradicts the assumption
that the path is open when we condition on pag (My) since V* € pag (Mj). This concludes
the proof. |

Lemma 32 Assume that G is a DAG and A and Y are two distinct vertices in G such
that A € ang (Y') and irrel (A,Y,G) = 0. Let W = deg (A) and O = O (A,Y,G). Write
W = (Wy,...,Wy) and O = (04, ...,07) in topological order relative to G. Then, under
M (G), the law of Y given W is the same as the law of Y given (A, O) and the law of Y given
(A, O) is unrestricted. In particular, the conditional expectation E (Y|W) = E (Y|A, O) is
unrestricted. Furthermore, the law of Y given (A, O) and the law of WU{A} are variation
independent.

Proof [Proof of Lemma 32| That the law of Y given W is the same as the law of Y given
A, O under any P € M (G) follows because Y 1Lg W\ (4,0) | (4, O).

Next, assume deg (A) \ {Y} # 0. Let G’ = Gv\ang (4,v) and V' =V \ang (A4,Y). Since
V\an§ (A,Y) is ancestral, M (G') = M (G, V') (see Proposition 1 from Evans (2016)). Let
M= (My,...,Mg)=deg (A) \ {Y} be topologically ordered relative to G’. Now, define
Gx=T(G', M) and recursively for k = K — 1, K — 2,...,1 define G,=7 (Gx+1, My) . Now,
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since chg/ (M) = {Y'}, by Lemma 3 of Evans (2016), M (Gx) = M (G', V' \ {Mk}). Fur-
thermore, pag, (Y) = pag (Y) U pag (M) .Likewise, since for k = K — 1, K —2,...,1,
chg, ., (M) = {Y}, then we can recursively show that for ¥ = K — 1,K —2,...,1,
M (gk) =M (gk+1, V/\ {MK, Mg _1,..., Mk}) and pag, (Y) =pag/ (Y) U [U{ikpag, (Ml)] .
In particular, M (G1) = M (G2, V/\M) and pag, (Y) =pag (Y) U [Upag (M;)] . Applying
repeatedly the property (46) we arrive at M (Gy) = M (G, V'\M). But (4,0) = pag, (Y)
and in M (G;) the law of Y given pag, (V) is unrestricted. This implies that the law of
Y given (A, O) is unrestricted under M (G1). Then, M (G1) = M (G, V/\M) implies that
the law of Y given (A, O) is unrestricted under M (G) . Finally, in model M (G;) (and con-
sequently in model M (G)) the law of de (A) U {A} and the law of Y given pag, (Y') are
variation independent, and therefore so are the laws of deg; (A) U{A} and of Y given (A4, O)
under model M (G).

If deg (A) \ {Y'} = 0 then (A, O) = pag(Y) and the result follows immediately arguing
as above. [

Lemma 33 Assume that G is a DAG with vertex set V and A and Y are two distinct
vertices in G such that A € ang (Y'). Let W = deg (A) and O = O (A,Y,G). Write W =
(Wi,...,Wy) and O = (04, . ..,Or) in topological order relative to G. Assume O\OrC pag(Or)
and irrel (A,Y,G) = 0. Let I; = [pag (W;) U{W;}| Npag (Wj41). Assume that J > 1 and
for some j € {1,...,J — 1} it holds that for k=j+1,...,J —1,

O\Ik dg [pag (Wk) U Wk] A pag (Wk+1) ‘Ik (88)

and
O\I; /g [pag (W;) UW;]| A pag (Wji1) |1 (89)
where the assertion (88) is inexistant if j = J — 1. Then there exists P* € M(G) such that

Ep+ [ba (03 P*) [Wj, pag (W))] — Ep+ [ba (O; P*) | pag (Wj41)] (90)
is a non-constant function of Wj.

Proof [Proof of Lemma 33|

First we show that if (88) holds for some k € {1,...,J — 1}, then for such k it holds
that Wy, € pag (Wj11). Assume for the sake of contradiction that Wy, ¢ pag(Wy41). Since
irrel(A,Y,G) = 0, there exists a directed path between W) and Y that does not intersect
A. Such a path must intersect O. Since O C ang(Or) we conclude that W}, € ang(Or).
Note also that I N deg(W)) = 0. Then

Or g Wy | L. (91)

Now Op € O\I}; because O = Wy. Since Wy, ¢ pag(Wp41) then Wy, € [pag (W) U W] A
pag(Wi1) which together with (91) implies O\I, fLg [pag (Wi) U W] A pag (Wi1) L.
This d-connection contradicts (88), thus proving that Wy € pag(Wii1).

We will show that for some P* € M(G), (90) is a non-constant function of W; by
considering separately the cases W; ¢pag (W;11) and W; €pag (Wji1).
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Suppose first that W; ¢pag (Wj41). Then, since Ep [ba (O; P) [pag (Wj+1)] does not
depend on W; for all P € M(G), it suffices to prove that there exists P* € M(G) such that
Ep-« [b, (O; P*) |Wj, pag (W;)] is a non-constant function of W;. To show this, first note
that since irrel (A,Y,G) = () there exists a directed path between W; and Y that does not
intersect A. Such a path must intersect O. Since O\OrC pag(Or), then W; € ang(Or).
Consequently,

W; g Or | pag (Wj). (92)
Thus, there exists a law P* € M (G) such that under P*, W; /L Or | pag (W;) . In particu-
lar, there exists a function b* (Or) such that Ep- [b* (Or) |W;, pag (W;)] is a non-constant
function of W;. Lemma 32 implies that we can choose the law P* so that b, (O;P*) = b* (Or)
showing that for such law P*, Ep« [b(O; P*) |W;, pag (W;)] = Ep+ [b* (Or) [Wj, pag (W;)]
is a non-constant function of W;, and consequently the difference (90) depends on W;.

Suppose next that W; €pag (W;41). Foreachi = 1,...,J—1, define O% = (Wy1,..., W,)N
O and ; = O\O;. The vertex set 03} is not empty because W; = Op. Write O% =

(01, 0%4) and O = (O, 03)
of (89) is equivalent to the existence of O € O\I; and of W € [pag (W;) UW;] Apag (Wji1)

such that

in topological order relative to G. The validity

0 Ag WII; (93)
We will next show that if W is in pag (Wj41) \ [W; U pag (W})] , then (93) holds for O =
0}71. So we will consider separately the following three cases
Case O in W in
1 {ol.} pag Wi\ [W; Upag (W))]
2 Oy pag (W;) \ pag (Wj11)
3 Op\I;  pag (W;) \ pag (Wj+1)

Notice that Ogc C O\IL; and that pag (W;)\pag (Wj4+1) = [W; Upag (W;)] \ pag (Wj41)
because we have assumed that W; epag (Wj41).

In the subsequent analysis we will use the fact that W; and W, belong to ang (O; 1).
To see why this is true, first note that if j = J — 1, then W; = W;_; epag (Wj1) =

pag (Wy)
= pag (Or) by assumption. On the other hand, Ojfl = 0;51 = Op. Then, W; = W,

and W1 = Wy belong to ang (Or) =ang (Off) =ang (Oju) If 5 < J—1, then W; and
W41 also belong to ang (O§71> because we have already shown that Wy €pag (Wy11) for
all k=j+1,...,.J — 1 and by definition 0%, € {Wj1,..., Wy}.

Consider the case (1). The vertex W belongs to O <VV], O; 11 g) by virtue of being an
element of the parent set of the child W; i of W; and the facts that (i) W € deg (W)
because it belongs to pag (W;41) \ {W;} and (ii) W; and W;1 belong to ang <O§c’1) . Note
that this implies that W €ang (Ojc,l) and consequently that (93) holds with O = 03‘,1

because the path W — W1 — Wjjo — ... — Ojcl is open given I; since I; does not
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include any of the nodes in the set {Wj+1, Wiia, ..., O§;71} . Now, Lemma 32 implies that
Ep [O} W5, 0 (Wj, Ojc % Q)} is unrestricted in model M (G) so we can choose P* such that

Ep- [0}71|Wj, O (Wj, O;’l; g)} = W;W. We can also choose such P* so as to also satisfy

that b, (O;P*) = O; | where O = O (A,Y;G) . This can be done because, as established in
Lemma 32, the conditional law of Y given (A, O) is variation independent with the joint

law of W, and in particular, with the joint law of the subvector (Ojc,l, Wj, OWJ,) of W.
Then, Ep- [by (O;P*) [pag (Wj+1)] = Ep- [0“}71|Pag (Wj+1)] =
EP* {Ep [0;71|Wj, Owj,pag (Wj+1)} ‘ pag (Wj+1)} =
Ep- {Ep* [0;71|Wj, Owj] pag (Wj+1)} = W;W. Consequently,
Ep-+ [bq (0 P*) [Wj, pag (W;)] — Ep- [ba (O; P) [pag (Wj11)] =
Ep+ by (O; P*) |Wj, pag (W;)] — W;W which depends on W; because W €pag (W41) \
[W; Upag (W;)] - ,

' Consider now case (2). Let W € pag (Wj)'\pag (Wj41) and O;J € O\I; such that
O3, Mg W[I;.Let 7 denote a path between O%, and W that is open given I;. In 7 the

edge with one endpoint equal to Ogc ; must point into Ojc ;- Suppose this was not the case,

then 7 would intersect a collider, say C, that is a descendant of Ojcl. However, by the

definitions of I; and Ojcl we know that I;Ndeg (O;l) = (). Consequently C' cannot have

a descendant in I;. So, the path 7 would be blocked at C given I; contradicting that 7
is open given I;. Because the path 7 is open, then it must intersect an element of the

set O (Wj,O?l,Q), and consequently, O (Wj,O}’l,g> /UL gWIL;. Now, W epa(W;)\I;

because [{W;} Upag (W;)] \ pag (Wjt+1) =pag (W;)\I; since we have assumed that W; €
pag (Wj41). We then conclude that

0 (;,04,,9) L [pag (W;) \L] L. (94)
So, there exists P* € M (G) such that
0 (},0},,6) A [pag (W;)\}] [1; under P*. (95)

Now, (95) implies that there exists h* [O (Wj, Ojc I g)} such that

Ep« { h* _0 (Wj, Ojf,l’ g)_ [pa (W;) \L;] ,Ij} is a non-constant function of pa(W;) \I;. Then,
since [pa (W;) \I;] UI; =pag (W;) UW; we conclude that

Ep« {h* _O (Wj,O}?Z,Q’)_ pag (Wj),Wj}is a non-constant function of pa(W;)\I;. Fur-
thermore, by the Local Markov property,

Ep- {h* 0 (Wj,oj;yl,g)'
Ep- {h* o (Wj,O}yl,g> pag (Wj),Wj} = g[pag (W;)] where g [pag (W;)] is a non-
constant function of pa(W;)\I;.

pag (Wj) , Wj} does not depend on W;. So, we conclude that
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Now, by the variation independence of the conditional law of Y given (A, O) with the
joint law of W, which holds as established in Lemma 32, we can take P* to also satisfy
b, (O; P*) = O; ;- Furthermore, we can take P* to additionally satisfy that

Ep- [O*}J‘ W;, 0 (Wj,O;vl,g)} = W;h* [O (Wj,Oij,g)} because, again by Lemma 32,
the conditional law of Ojcl given W;,0 (Wj,O;l,g> is variation independent with the
law of de, (W;) U W;, and in particular, with the joint law of law of O (Wj, 0},579) and
[W; U pag (W;)] . For such P* we then have

Ep- [ba (O; P*) |Wj, pag (W;)] = Ep- [0§},11Wj,pag (Wj)] =

Ep- [ Bp- [07,1W;,0 (W;,04,,6) || Wj,pag (W))] =

W;Ep- [ [0 (W;,04,,6) ]| Wy pag (W5)] = Wig [pag (W))]
Then, Ep+ [bq (O; P*) [Wj, pag (W;)] — Ep+ [ba (03 P*) | pag (Wjs1)] = Wig [pag (W;)] —
Ep-+ [bq (O; P*) | pag (Wj41)] is a non-constant function of W; because g [pag (W;)] is a
non-constant function of pa(W;)\L; and [pag (W;)] \I; N pag (Wjt1) = 0.

Finally, consider case (3). Let W € pag (W;)\pag (W;41) and Ogﬂ € OJ\1; such
that O;Z,l /ULgW|I;. We then have that O;’l' Ag [pag (W;)\L;] |1;, which then implies
that there exists P* € M (G) such that O;l AL [pag (W;)\L;] |I; under P*. The lat-
ter implies that there exists h* (O;J) such that Ep- {h* (O;l)‘ [pa (W;) \I;] ,Ij} is a
non-constant function of pa(W;)\I;. Then, since [pa (W;)\I;] UI; =pag (W;) U W; we
conclude that Ep- {h* (Oi;’l))pag (Wj),Wj} is a non-constant function of pa(W;)\I;.
Furthermore, by the Local Markov property, Ep« {h* (O; l) ‘ pag (W;) , VVJ} does not de-
pend on Wj. So, we conclude that Ep- {h* (Ogl) ‘ pag (W;) , Wj} = g [pag (W;)] where
g [pag (W;)] is a non-constant function of pa(W;)\I;. By Lemma 32 we can take P* to
also satisfy that b(O; P*) = h* (O;J) 0%, and Ep- [0}’1‘ W;,0 (Wj,oj;vl,g)} = W
Then Ep- [by (03 P*) W;, pag (W;)] = Ep- {0 (03,) O} 1| Wi, pag (W)} =
Ep* {h* (O;J;,l) Ep [0;71’ Wj, (@) (Wj, 0;71, g)] ‘ Wj,pag (W])} =
W; Ep- {h* (O}J)J) ‘ W;, pag (W])} = Wijyg [pag (W])] . Consequently,

Ep+ [bq (0; P*) W, pag (W;)] — Ep~ [ba (O; P*) [pag (Wj41)] = Wjg [pag (W;)] —
Ep [by (O; P*) |pag (Wj4+1)] depends on W;. This concludes the proof of the lemma. [ |

Lemma 34 Let G be a DAG with vertex set V and let A and Y be two distinct vertices in
V. Suppose that irrel (A,Y;G) = 0. Suppose M=deg (A)\{A,Y} # 0 and let (M, ..., Mg)
be the elements of M sorted topologically. Let My = A and Mk 1=Y. Let O = O(A,Y,G).
Let Onin, be the smallest among the subsets Ogyy, of O such that A 1Lg (O\Oy,,;) |Osup-

1. Ep [Tpag|Y,pag (Y)] = Tpag for all P € M(G) if and only if { A} UOmin C pag (V).
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2. Suppose {A} U Opin C pag (Y). If pag (Y)\{Mxk} ¢ pag (Mg) then there exists
P € M(G) such that Ep [Tpag|Mg,pag (Mg)| — Ep [Tpag | pag (Y)] is a non-
constant function of Mg .

3. Suppose {A} U Onin € pag (Y),pag (Y)\{Mx} C pag (Mg) and there exists j > 1
such that for allk = K —1,...,j+1,pag (My41) \ {My} C pag (My) but pag (M;41)
\{M;} ¢ pag (M;). Then, there exists P € M (G) such that Ep [Tpag|M;, pag (M;)]—

Ep [Tpag|pag (Mjt1)] is a non-constant of function of M;.

Proof [Proof of Lemma 34|
1) If {A} U Onpin € pag (Y), then Ep [Tpag|Y,pag (Y)] = Tpag for all P € M (G) holds
trivially by the definition of Tp,g.

Now suppose that A & pag (Y') or Omin ¢ pag (Y). If A ¢ pag (Y') then
Ep [Tp,ng/, pag (Y)} is not a function of A and consequently, it cannot be equal to
I,(A)Y /7, (O; P). Next, suppose Opin € pag (Y) because for some O; € Opin,O; &
pag (Y). Now, because O, is the smallest among the subsets Oy, of O such that
A 1l g (0\O,,;) |Osup, then there exists a law P* € M (G) such that I,(A)Y/mq (Omin; P*)
is a non-constant function of O;. For such P*, Ep [Tp 4 g|Y, pag (Y)] cannot be equal to
I,(A)Y /7 (Omin; P*) .

2) Suppose that {A} U Omin Cpag (Y) but pag (Y)\{Mk} ¢ pag (Mk). Let M* €
pag (Y)\ {Mg U pag (Mg)} .Since My is the last element in the topological order o
M and the assumptions that irrel(A,Y,G), Mg € pag(Y). Then there exists P*
M (G) be such that Ep- [Y|pag (Y)] = M*Mg. For such P*, Ep+ [Tp+ qg|pag (V)]

m M* My . Furthermore,

I m g

Ep+ [Tp+q0|Mg, pag (Mk)]

-ﬂEm [Y|A, Omin, Mk, pag (Mg ) W)]| M (Mg)

T (Omm;P*) y Umin, » Pag K),Pag K, Pag K

1,(A)

| Ta (Omin; P*)
Io(A)

| Ta (Omin; P*)
1,(A)

Ta (Omin; P*)

Ep- [Y|pag (V)] ‘ My, pag (MK)}

M*MK‘ Mg, pag (MK)]

= MyEp- [ M*

My, pag (MK)] :

Ep+ [Tp+ o.6|Mk,pag (Mg)| — Ep+ [Tp+ ag|pag (Y)]

14(A)
= Mg FEps | ————————M*|M M —
The right hand side is a non-constant function of My because M* ¢ { Mg} Upag (M) .
3) Suppose that {A} U Onin C pag (Y) and pag (Y)\{Mg} C pag (Mg) and that
pag (My41) \{My} C pag (My) for all k = K —1,...,5 + 1, but pag (M;4+1)\{M,;} ¢

A .
W(Omimp*)M } ‘
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pag (M;) . Now pag (M;1) \ {M;} ¢ pag (M;) implies that there exists M** € pag (M;41)
\ {M; Upag (M;)}. On the other hand, by part (i) of Lemma 31 we know that Mj €
pag(Mj1) fork = j,..., K. Now, consider a law P* such that Ep+ |Y | pag (Y)] = My and
Ep+ [My, | pag (My)] = My_y forall k = j+2,..., K and such that Ep+ [M;;1 | pag (M;41)]
= M**Mj. Since {A} U O, C pag(Y) C {Mg} Upag(Mg) C -+ C pag(M;y1) then

Ep+ [Tp+a,9|pag (Mj11)] =

_ L) g 1B [Yipag (¥), pag (Mj41)] | pag (My11)] =

Ta (Omin; P*) G yPag (Mjv1) || Pag (Mj+1
1o(A)

Ta (Omzn7P*>
1o(A)

Ta (Omzn7P*>
1o(A)

Ta (Omzn7P*>
1o(A)

Ta (Omzn,P*>
1o(A)

Ta (Omzn,P*>

Ep« [Ep« [Y|pag (Y)] | pag (M;+1)] =

Ep+ [Mk | pag (Mj11)] =

Ep- [Ep+ [M|pag (M), pag (Mj41)]| pag (Mj11)] =
Ep« [ Ep- [Mg|pag (Mk)]| pag (M;41)] =

Ep- [Mg_1|pag (Mj11)] =

7a (Omin; P*)

1,(A)
Tq (Omzn, P*)

Ep« [ Mj1]pag (Mjt1)] =

M*™* M;.
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On the other hand,

Ep+ [Tp+ 06| Mj, pag (M;)]

— Ep % Ep+ [Y]A, Opin, pag (Y), Mj, pag (M;)]| M;, pag (Mj)}
= Ep: W Ep- [Ypag (Y)]| Mj, pag (Mj)}
_ B _%MK | M, pag (M )}
= FEp- 7%(({;,5% Ep+ [Mg|A, Opin, pag (M) , Mj, pag (M ” j>pag (M. ]
= Ep W Ep« [Mx|pag (Mk)]| Mj, pag (MJ)]
= Ep- W Mg 1| Mj, pag (Mj)}
= Ep W M| My, pag (Mj)}
— Ep. _7&% Ep+ [Mj11 | A, Omin, Mj, pag (M;) , pag (Mj1)]| Mj, pag (M;)
= Ep: :Wa (éiii)’ ) Ep+ [Mj11 | pag (Mj41)]| My, pag (M;)
= Ep» W M** M;| M;, pag (M])]
= M,Ep- [%(éi% M**| Mj, pag (Mj)] :
Consequently,

Ep+ [Tp+ 0g|Mj, pag (M;)] — Ep- [Tp+ ag|pag (Mj41)]

1a(A) ( [ I(A) ] )
Ta (Omin; P*) 7 P Ta (Omin; P*) | Mj, pag (M;)
which is a non-constant function of M;. -
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