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Abstract

Kernel techniques are among the most widely-applied and influential tools in machine
learning with applications at virtually all areas of the field. To combine this expressive
power with computational efficiency numerous randomized schemes have been proposed
in the literature, among which probably random Fourier features (RFF) are the simplest
and most popular. While RFFs were originally designed for the approximation of kernel
values, recently they have been adapted to kernel derivatives, and hence to the solution
of large-scale tasks involving function derivatives. Unfortunately, the understanding of
the RFF scheme for the approximation of higher-order kernel derivatives is quite limited
due to the challenging polynomial growing nature of the underlying function class in the
empirical process. To tackle this difficulty, we establish a finite-sample deviation bound for
a general class of polynomial-growth functions under a-exponential Orlicz condition on the
distribution of the sample. Instantiating this result for RFFs, our finite-sample uniform
guarantee implies a.s. convergence with tight rate for arbitrary kernel with a-exponential
Orlicz spectrum and any order of derivative.

Keywords: random Fourier features, kernel derivative, polynomial-growth functions,
a-exponential Orlicz norm, unbounded empirical processes

1. Introduction

Kernel machines (Taylor and Cristianini, 2004; Steinwart and Christmann, 2008; Paulsen
and Raghupathi, 2016) form one of the most fundamental tools in machine learning and
statistics with a wide range of successful applications. The impressive modelling power and
flexibility of kernel techniques in capturing complex nonlinear relations originates from the
richness of the underlying Hjy, function class called reproducing kernel Hilbert space (RKHS,
Aronszajn 1950) associated to a k: X x X — R kernel. Kernels extend the classical notion
of inner product on X = R? by assuming the existence of a ¢ : X — H feature map to a
Hilbert space H such that k(x,x) = (¢(x), ¢(x'))4 for all x,x" € X. This simple equality
(also called the kernel trick) forms the basis of kernel techniques and enables one to compute
inner products implicitly without direct access to the feature of the points.
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In applications one is often given {Xn}fy:l samples and is facing with an optimization
problem expressed in terms of function values and derivatives!

}g%lkl ({8pf(xn)}n€[N] ) Hf‘@fk) ’ (1)

peDy

where [N] = {1,...,N}, D, ¢ N N := {0,1,...}, [ : R Znem#0n R is a loss
function, #D,, is the cardinality of the set D, dP f(x,) = upgﬁd(x” and the RKHS

Oy -0y
Hy, is characterized by f(x) = (f, k(-, X)), (Vx € X,Vf € Hy) and k(‘,dx) € Hy, (vx € X).2
The first property of RKHSs is called the reproducing property, the second one describes
basic elements of Hj; combining the two properties makes the canonical feature map and
feature space explicit: k(x,x') = (#(x), #(x'))q;, where ¢(x) = k(-,x) € Hj.
For example by taking the quadratic loss, Tikhonov regularization, only function values
(D, ={0},¥n € [N]) and A > 0, (1) reduces to kernel ridge regression

1 2 2
min > F(xa) = ynl” + X113, -
n€[N]|
Alternatively, one can get back Hermite learning with gradient data (Zhou, 2008; Shi et al.,
2010) by additionally including first-order derivatives

1 2 / 712 2
min = > ([FGen) = vl + [5Gen) = ¥all5) + A1 . A >0
n€e([N]
where f/(x) = [0°1 f(x);...; 0% f(x)] € R?is the derivative of f, e; € R? is the j'* canonical
basis vector, [-||, is the Euclidean norm and D, = {0,{ej};l:1} (n € [N]). Further

examples with function derivatives are semi-supervised learning with gradient information
(Zhou, 2008), nonlinear variable selection (Rosasco et al., 2010, 2013), learning of piecewise-
smooth functions (Lauer et al., 2012), multi-task gradient learning (Ying et al., 2012),
structure optimization in parameter-varying ARX (autoregressive with exogenous input)
processes (Duijkers et al., 2014), or density estimation with infinite-dimensional exponential
families (Sriperumbudur et al., 2017).

An appealing property of RKHSs is that their geometry makes the optimization prob-
lem (1) defined over function spaces computationally tractable. Indeed, assuming that [ is
increasing in its last argument, the 0P f(x) = (f, 9P %k(-, x)) 5, derivative-reproducing prop-
erty of kernels and the representer theorem (Zhou, 2008) guarantee that the solution of (1)
has a finite-dimensional parameterization f(-) = >_,c(n) 2 pep, an pOP k(%) (anp € R)
and it is sufficient to solve

- P,q P,q
m;nl Z Z A, qOP VK (X, Xy, , Z A, pOm,qOP VK (X, X, (2)

me[N]q€Dm ne[N] n,me[N]
rPEDn p€EDy,,q€EDy,

1. To have derivatives, in the sequel we assume that X = R.
2. We use the k(-,x) shorthand to denote the function y € X — k(y,x) € R while keeping x € X fixed.
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. >4 (pita)
determined by the 9P 9k(x,y) := 88;1 Ahl_ap’daéﬂggﬁ)
1 Td 1 d

R neiy #Dn

Though kernel methods show impressive modelling power at numerous areas, due to
the implicit computation of feature similarities, this flexibility comes with a computational
price. Several techniques have been developed in the literature to mitigate this computa-
tional challenge such as incomplete Cholesky factorization (Bach and Jordan, 2002), sub-
sampling schemes (Williams and Seeger, 2001; Drineas and Mahoney, 2005; Rudi et al.,
2017), sketching (Alaoui and Mahoney, 2015; Yang et al., 2017), random Fourier features
(RFF, Rahimi and Recht 2007, 2008), their quasi-Monte Carlo (Yang et al., 2014), memory-
efficient (Le et al., 2013; Dai et al., 2014; Zhang et al., 2019), orthogonal (Yu et al., 2016)
or structured (Bojarski et al., 2017) variants.

In this paper we study the RFF technique which is probably the conceptually simplest
and most influential approach.®> By the Bochner theorem (Rudin, 1990) a continuous,
bounded, shift-invariant kernel & : R x R? — R can be written as the Fourier transform of
a (finite) measure A, called the spectral measure

kernel derivatives; a = (an,p)ne[N], peD, €

k(x,y) = cos (w'(x—y))dA(w). (3)
I

The RFF method uses this representation of k to provide an explicit low-dimensional feature
map approximation for the kernel values and f

k(x, X/) ~ <)‘(X)a )\(X/)>R2M ) fw(X) = <W7)‘(X)>]R2M ) (4)

where the integral representation (3) with respect to the measure A is replaced by an av-
erage over random points; hence the random Fourier feature naming. As a result, one can
estimate w by leveraging fast linear primal solvers. The idea has been successfully used
in various contexts including differential privacy preserving (Chaudhuri et al., 2011), fast
function-to-function regression (Oliva et al., 2015), learning message operators in expecta-
tion propagation (Jitkrittum et al., 2015), causal discovery (Lopez-Paz et al., 2015; Strobl
et al., 2019), independence testing (Zhang et al., 2017), prediction and filtering in dynam-
ical systems (Downey et al., 2017), bandit optimization (Li et al., 2018), or estimation of
Gaussian mixture models (Keriven et al., 2018).

Similarly to (4), one can consider RFF-based approximation of kernel derivatives when
solving optimization tasks involving function derivatives [see (1) and (2)]. This is the
strategy followed for example by Strathmann et al. (2015) to fit distributions belonging to
the infinite-dimensional exponential family, which boils down to an optimization problem
with third-order kernel derivatives (Sriperumbudur et al., 2017, Theorem 5).

The focus of this work is to study the approximation quality of the RFF-based kernel-
derivative approximation

H@fap%H ‘= sup ‘ap’%(x,y) fm&,y) ,
S X,yE€S

3. Rahimi and Recht (2007) won the 10-year test-of-time award at NIPS-2017 as a recognition of the
influence of RFFs.
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where S C R? is a compact set. Despite the large number of successful RFF applications,
quite little is understood theoretically on its approximation quality. Below we provide a
brief summary with particular focus on optimal guarantees and results related to kernel
derivatives.

Kernel values (p = q = 0): The uniform finite-sample bounds (Rahimi and Recht,
2007; Sutherland and Schneider, 2015) have recently been improved (Sriperumbudur and
Szabé, 2015) exponentially in terms of the diameter of the compact set Sy (|Sas|) arriving
to [k = Bllg,, = Ous. (LEEAER ) from [k - Bg, = Op (ZBAEM) | where v
denotes the maximum. The result shows that the diameter of the set Sjs can grow at a
|Sh| = e®M) rate while still getting a consistent estimate; this rate is optimal as shown in
the characteristic function literature (Csérgd and Totik, 1983).

Kernel ridge regression: RFFs have been settled in kernel ridge regression by Rudi and
Rosasco (2017) via showing that using M = o(N) = O (\/N log N ) random Fourier features
is sufficient to get O (1 /VN ) generalization error. Under additional «-capacity (v € [0, 1])
and r-range space conditions (r > %), the same authors showed that even faster, minimax

1+~(2r—1)

optimal O (Nfﬁ%W) rates are achievable with M = o(N) = O <N 7r+7 log N> RFFs.

The result improves the originally proved guarantee (Rahimi and Recht, 2008) holding
under the pessimistic M = O(N) setting. The sufficiency of similar sub-linear number
of RFFs with minimax guarantees was also established in the kernel least squares setting
when applying mini-batched stochastic gradient descent (Carratino et al., 2018). Recently
the analysis of Rudi and Rosasco (2017) has been further sharpened (in terms of the number
of required RFFs, Li et al. 2019) by leveraging the notion of effective degrees of freedom.

Classification with 0-1 loss: In the classification setting with the 0-1 loss and RKHSs,
~ 2
Gilbert et al. (2018) proved that M = o(N) = O <N2Tf> optimized RFF features—

optimized in the sense of Bach (2017)—are sufficient to achieve a learning rate of O (N _ﬁ>
provided that the spectrum of the integral operator associated to the kernel decay polyno-
mially at the rate of \; = O (i~¢) with ¢ > 1.* The same authors showed that the learning
rate can be improved to O (N71) with M = o (lnd(N )) RFF-s in case of sub-exponential
spectrum, where d denotes the dimension of the inputs in the classification.

Kernel PCA: Sriperumbudur and Sterge (2018) have proved that the statistical perfor-
mance of kernel principal component analysis (KPCA) can be matched by M = O(N?/3)
(polynomial decay) or M = O(v/N) (exponential decay) RFFs, depending on the eigenvalue
decay of the covariance operator associated to the kernel. Ullah et al. (2018) derived a sim-
ilar bound for a streaming KPCA algorithm under exponential spectrum decay condition.

4. The classical O(-) notation up to logarithmic factors is denoted by O(-); the extension of O(-) in almost
sure and convergence in probability sense are Op(-) and Oq.s.(+).
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e Kernel derivatives: If the support of the spectral measure associated to k is either
bounded or it satisfies the Bernstein condition

1, ot
Jj=1"j
Rd

(opa)”

|
dA(w) < %KH, n=23,... (5)

]2
with some constant K > 1 and op q = \/fRd H;l:l wfﬁq] dA(w), then

_0 V1og |Sar|V/log M
SM_ “e \/M

rate is achievable as shown by Sriperumbudur and Szabd (2015) and Szab6 and Sripe-
rumbudur (2019), respectively. As a practical example, one can consider for instance the
previously mentioned infinite-dimensional exponential (IE) family fitting problem where the
estimation boils to solving a linear equation system with coefficients made of third-order
kernel derivatives (|p + q| = 3). The IE family is defined by a kernel for which a common
choice is the Gaussian; this implies a Gaussian spectrum A. Unfortunately, in this case the
bounded support condition is not met. Similarly, the Bernstein condition (5) only holds for
|p+q| < 2 with the Gaussian kernel, as it can be verified (Szabé and Sriperumbudur, 2019,
Remark "Higher-order derivatives’ in Section 3) by making use of the analytical expressions
for the absolute moments of the Gaussian spectrum. These limitations (summarized in
Table 1) of the popular random Fourier features technique motivate our work and the study
of widely-applied kernels with unbounded spectral support for the RFF approximation of
high-order kernel derivatives. A consequence of our new estimates in Theorem 1 is that the
a.s. rates previously obtained under stringent conditions (on p,q or A) are now available
for any p,q and any spectral measure A with a-exponential moments (as defined in (6),
a > 0). Because Bernstein condition implies exponential moments, our result includes the
one given by Szabd and Sriperumbudur (2019).

H@— apv%‘

Particularly, assuming additional smoothness on the bounded shift-invariant kernel, its
derivative satisfies a representation similar to (3):

d
ap,qk(xjy):/Rd [Hwﬁj(—wj)qi C D gl (wT(X— y)) dA(w),
j=1

=1

=ifx—y(w)

where ¢, is the n"* derivative of the cos(-) function. The primary difficulty is to handle the
polynomial growing nature of the

F={wr fx_y(w):x,y €S}

function class which controls the error H@— 8"7‘%” g+ We tackle this challenge by impos-
ing the finiteness of the a-exponential Orlicz norm of the spectral measure (A) associated
to the kernel, in other words

da>0,c>0 suchthat E,p (eCH“’Hg) < +o0. (6)
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Assumption on the spectral measure Conditions Convergence rate
on p,q for ||OP Uk — W‘
S
2nd moment exists p=gq=0 O, < Y logw% log 1

Ref: Sriperumbudur and Szabé (2015, Th. 1)

bounded support any p,q Og.s.

Ref: Sriperumbudur and Szabé (2015, Th. 4)

Bernstein condition small p,q Oy,

Ref: Szabd and Sriperumbudur (2019)

Orlicz condition any p,q Oa.s.

|
()
(o)

Ref: now

Table 1: Summary of RFF guarantees on kernel values and derivatives. Last line: it includes
any measure A with a finite a-exponential moment (for some «,c¢ > 0, E,.a (eCHwH%) <
+00), like the Gaussian, the inverse multiquadratic, or the sech kernel, see Corollary 4. For
further examples see Table 2.

Kernels with a-exponential Orlicz spectrum include the popular Gaussian, the inverse multi-
quadric, or the sech kernel; for further examples see Table 2 and Remark 5(ii). We establish
the consistency and prove finite-sample uniform guarantees of the resulting Orlicz RFF
scheme for the approximation of kernel derivatives at any order, as it is briefly illustrated
in the last line of Table 1.

To allow this level of generality, we prove a new finite-sample deviation bound for the
empirical process related to a general class of functions f with polynomial growth of the
sample X,,. The distribution of the latter is assumed to have finite a-exponential Orlicz
norm and consequently, the random variables f(X,,) belong to a vy-exponential Orlicz space
with index + smaller than 1. For deriving such deviation bounds, we have been inspired by
the work of Adamczak (2008) which elegantly combines the Klein and Rio (2005) inequality
for truncated variables, the Hoffman-Jorgensen inequality to deal with sum of residual of
truncated variables, and a Talagrand (1989) inequality in y-exponential Orlicz norms for
sum of centered random variables. However, our work significantly differs from that of
Adamczak (2008). First, our aims are different: Adamczak (2008) focuses on getting large
deviation bounds while we are looking for all-scale deviation bounds, which leads to a
different analysis (in the application of Klein-Rio inequalities for instance). Second, we are
concerned by getting upper bounds with quite explicit control. In particular, this requires
a careful treatment of Orlicz-type estimates since the function ¥, (z) = ¥ — 1 defining
the Orlicz space is not convex for 7 < 1 (see Figure 1), as opposed to the usual case; see
the results in Section 4. We also derive sharp estimates from the Dudley entropy integral
bound (Theorem 9), which enables us to get a tight dependency w.r.t. the diameter of the
parameter space. Furthermore, we clarify the use of the Talagrand inequality (Theorem 7);
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in Adamczak (2008, Theorem 5) it is seemingly invoked for supremum over functions while
it is related to sum over centered random variables. With this novel finite-sample deviation
bound, the analysis of Orlicz RFFs readily follows, using optimized inequalities.

The paper is structured as follows. Our problem is formulated in Section 2. The main
result on the approximation quality of kernel derivatives with random Fourier features is
presented in Section 3. Properties of the Orlicz norm are summarized in Section 4. Proofs
are provided in Section 5. The appendix contains additional technical details (Section A),
the definition of special functions (Section B) and external statements used in the proofs
(Section C).

2. Problem Formulation

In this section we formally define our problem after introducing a few notations.
Notations: Let the set of natural, real and complex numbers, positive integers, positive
reals, non-negative reals and non-positive integers be denoted by N=1{0,1,...}, R,C, Z" =
{1,2,...}, Rt = (0,00), RZ? = [0, 00) and Z=" = {0, -1, -2,...}, respectively The positive
value of x € R is denoted by ()4 = V0. The Gamma functlon isT'(¢ f i~ le~*dx for
t € C\Z=". For = € R the secant function is sech(z) = Cosh( 5. Let aS+b = {a5+b se St

where S € R and a,b € R. For an N € Z*, [N] = {1,...,N}. Let the n'* derivative
of the cos(-) function (n € N) be cn = cos™. For multi-indices p,q € N¢ and w € R?

Ipl £(x Ipl+lal g(x
let |p| = Z?lej, wP = [, ", OPf(x) = ap.fégé’ Py (x,y) = 27 VoY) The

j=1 ] ’ Nt Ot 0pd Oyt -0yl
diameter of a compact set T C R is denoted by |T| = sup, yer [|[x — |, < 00. Let S C R?
be a Borel set. Let SA =S —S={a—b:a¢€S,be S}. The set of Borel probability mea-
sures on S is written as Mf (S). Let the Banach space of real-valued, r-power u-integrable

functions on S (1 < r < oo) be L"(S, p), with [|f{|1reg,y = [fs\f(x)\rd,u@)]’l“ We use
the shorthand pf = [q f(#)du(z) where p € MY (S) and f € L*(S,p). The product
measure of p1,...,up € M+ (S) is ®m 11m; specifically when all the components coin-
cide we use the shorthand M = = ®me[m)#- The empirical measure is Py = M Z 10X,
with §x being the Dirac measure concentrated on X and Xy,..., X ~ ®m:1,um. Let
(rn)nen be a positive sequence. The boundedness of )T(—: almost surely is denoted by

Xn = Ous.(rn). Let n € RT. We say that an f : R — R function is of polynomial

1f(x)
L [Ix(l

assume that ¥ : RZ% — R20 is a continuous, strictly increasing mapping, ¥(0) = 0 and
limy 00 U(x) = 00. The set of R?-valued random variables having finite W-Orlicz norm

is defined as Ly = {X Xy = inf {c >0:E¥ (@) < 1} < —I-OO}. Throughout the

paper we will be particularly interested in (see Figure 1)

Uy:zeRP =™ —1eRZ (a>0),

growth of order n (shortly f € Fp(y)) if supycga WO oor Fp = Uper+Fpmn)- Let us

in other words in random variables having finite a-exponential Orlicz norm. The fact
X € Ly, is equivalent to the existence of an s > 0 constant such that E [eSHXHS} < 0.

Random variables X € Ly, and X € Ly, are called sub-Gaussian and sub-exponential,
respectively. For f € Fp and random variable X having a-exponential moment (X € Ly,)
Ef(X) < co. Special functions are defined in Table 4.
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Figure 1: W, for different « values.

We proceed by formally defining our task. Let k : R x R? — R be a continuous,
bounded and shift-invariant kernel. Then, by the Bochner theorem (Rudin, 1990) one can
assume w.l.o.g. the existence of a A € Mi" (Rd) spectral measure such that

k(x,y) = cos (w'(x—y))dA(w)
o=

= /]Rd cos ((.UTX) COS (wTy) + sin (wTX) sin (wTy> dA(w).

Let p,q € N? and assume that [, |wPT9|dA(w) < co. In this case 9PUk(x,y) exists, and
by the dominated convergence theorem one arrives at

o k(x,y) = ) OP cos (wTX> 09 cos (wTy> + 0P sin (wa) 0%sin (wTy> dA(w).
R

The integral can be estimated by Monte-Carlo technique replacing A with Ay, = ﬁ 2%21 Ow
Lid.
(wm)mE[M] KA

m

M
— 1
oPAk(x,y) = — IP cos (w,x) 0% cos (w,hy ) + OPsin (w,) x ) 8%sin (w,,y
35 [ () (o) 0 () i (o)
= (Ap(%), Aq(¥)) g2 (7)
where A\p(x) = ﬁ [(GP cos (w;X))mG[M] ; (0P sin (w;x))me[M]] € R?M; this is the RFF

feature approximation Ap in (4). For p = q = 0, the construction reduces to the traditional
RFF technique (Rahimi and Recht, 2007).
This form implies that our target quantity can be written as

|Gpak —oPak|| = sup (A = D))l falw) = P (—w) g (072),  (8)

zZESA

= sup |(Ay — A)(f)], F={fz:2€ 54}, (9)
fer
thus the problem boils down to the study of supremum of empirical processes with F C
Fp(n) where n = [p +q| + 1. In the next section we detail our main result about the
fluctuation of such processes.
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3. Main Result

In this section we present our main result on the supremum of empirical processes of poly-
nomial growth, and specialize it to the approximation quality of RFFs for kernel derivatives.
The proofs are given in Section 5.
We investigate the concentration of the sup e B Z%Zl f(X;)] quantity under the
following assumptions:
1. Compact parameterization: 7 = {f; : t € T} where f; : R? — R is parameterized
by a compact set T C R? .
2. Lipschitz condition: There exists n € RT and function L : R - R=29 [ € Fp(n) such
that

(a) |fto(x)] < L(x) for some ty € T,
() |fe; (%) — feo(x)] < L(x)p (|[t1 — t2l|y) for all x € RY t1 € T,ty € T,
(c) with p: [0,]T|] — R= continuous strictly increasing mapping with p(0) = 0 such

that I,(|T]) :== p(IT)) J; \/log (1 + %)du < oo.

3. Independence, finite a-exponential Orlicz norm:
(a) (Xim)me[n) are independent R%-valued random variables; shortly, (X)) mem] ~
Qme[M]Hm with pn, € M;r (Rd)‘
(b) 3a € R such that || X[y, < oo for all m € [M].
4. Centering: E[f(X,,)] =0 for all f € F and m € [M].

Under these conditions, our main result is as follows.

Theorem 1 (Concentration of processes with polynomial growth) Assume that F
and (Xom)me[m) satisfy Assumptions 1-4 and v := & < 1. Let log stand for the natural

. -
logarithm, B, =T (14+ 1) ", Pi= @mepptms and |l ax, ) = /3 Zoneian) LX)

@
Let \I/gl) be the convexification® of W, A, = (v

N —1

(1) Dy—1

%)1(1), B, = (¥ (1), ¢, and Cp be
1 1

the constants defined in (45) and (46), and K. = 2<5_1) (C’7 [1637%—2(7_1) (1 + A7>] +

8A7> . Then for any € > 0 satisfying

E (1202t

£ > 6B, B:=2CpVd (1)), 10
> D Nivi o(IT]) (10)
we have
5
( Me ) 5
max su m __ Me®
P supi Z ft(Xm)ZE < % 3Kw” me[M] SuPteT | ft (X )‘qu + e T20%+8dce (11)
teT Mme[M]

5. The function ¥, is not convex for v < 1. We convexify ¥, and use the Section 4(v) based integral
control property holding for conver W-s; for details on \Ifgw see Section A.1.
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where

2= Sup% Z E [ftQ(Xm)] ,

ver M

2|~

6T (1 + %) mame[M] SUD¢ecr Hft()(m)H\I!.Y
YE

1
Cc:= max su —lo
e sup (Xl | 5-log

V 8E [max sup|ft(X )|] € [0, +00).
me[M] teT

Remark 2

()

(i)

(iii)

(i)

(v)

Two-sided bound: For P (infteT ﬁ Zme[M] fet(Xpn) < —5) the same one-sided devi-
ation bound can be obtained by replacing fi with —fy. As a result one can estimate
P (supteT ’ﬁ > meM] ft(Xm)’ > E) by twice the bound above.

Assumption (3): Assumption (3a) with Assumption (4) is weaker than being i.i.d.:
for ezample E [f¢(Xy)] = 0 holds for X, = N (0,02,) and fe(z) = cpa®, but Xp,-s can

differ in their variance.

Assumption o/n < 1: This condition holds without loss of generality. Indeed, in case
of a/n > 1, one can get a modified (a/,n') pair satisfying o’ /n' < 1 by either increasing
n to the value n' = a using that Fpm) C Fpnry, or by decreasing o to the value o =n
using that || Xy, < oo implies HXmH\I/a, < oo for any o € (0,a).

Proof-related remarks:

1. Compactness of T: This compactness with the Lipschitz property enables one to
control the covering number of F.

2. Truncated functions: The Lipschitz property of F implies that of the truncated
functions: for Vx € RY, s andt € T

| Tefe(x) = Tefs(X)| < |fe(x) = fs(X)| < Lx)p ([t —sll,) , (12)

where Tef(x) = f(x)1|fx) )|<e +clpx)se — clpx)<—c 18 f soft-thresholded at level c.
3. F C Fpy: This property is inherited (Section 5.4) from L € Fp(y by the Lipschitz
conditions (2a)-(2b).

4. Finiteness of the terms in Theorem 1: Hmaxme[m supger | fe(Xom and

M,
E [maxme[M] supt€T|ft( )|] are finite (see Section 5.4) in Theorem 1 by the Lip-
schitz assumption (2a)-(2b), [[Xm|y, < oo (Assumption (3b)) and L € Fp,y (As-
sumption (2)).

RFF specialization: Assuming that the a-exponential Orlicz condition holds for the
spectral measure A associated to k (3o € RT such that ||w|y, < oo, w ~ A),° one can
see (Section 5.1) that REFFs are covered by choosing

dlzd, ft(x)kfz(w)_AfZa t < z, T + Sa, Xm ¢ Wm,

6. This requirement implies that [o, |wPT9| dA(w) < oo and thus the existence of 89 for any p, q € N%.

10
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B _ 1
p(u) =u”, 5—m€(071]7 n < |p+al+p.

While any value of 5 € (0,1] would meet the assumptions, allowing B to depend on
the diameter of Sa enables us to get optimal convergence rates w.r.t. the diameter (see
Corollary 4).

The terms driving the guarantee for RFF can be bounded (Section 5.6) as follows: there
is a constant Crer € RT, depending only on A, |p + q|, but not on |Sa| and M, such
that

< Crerv/1 + (log|Sa|)+

B ;
VM

o < Crer,
z m < C 9
nax, sup 192(wm)lly., < Crer )
< Crer [log(1 + M)]n/a ,
‘II'Y

max sup |gz(w
me[MlzesA’ a(wm))

< Chr [log(1 + M)]"/*

E | max sup |gz(wm
lme[M]zeSAm( )

Using these bounds, our finite-sample uniform guarantee on Orlicz RFFs is as follows.

Corollary 3 (Orlicz RFFs for kernel derivative approximation) Let k : R? x R¢ —
R be a continuous, bounded, shift-invariant kernel with spectral measure A. Suppose that A
satisfies the a-exponential Orlicz assumption (Ja € RY such that ||w|y, < 0o, w ~ A) and
let S € R? be a compact set. Let f = m € (0,1], let p,q € N4, n := |p+q|+['3,‘ and
assume that v := = < 1. Let OP9k be the RFF estimate 0f~8p’qk using (Wm)me[m] EOY
samples as given in Eq. (7). Then, there exists a constant C € Rt (depending only on A,

|p + ql, but not on S and M) such that for any e > C—%M,

Me2

)Y - -
AM (H@ _ ap,qu > 6) < QG_C"IE)ZI(ILM) +e c(1+s[1og(c/s)vlog(1+M)]1/w) ‘ (14)
S

Corollary 4 (Almost sure convergence for kernel derivative approximation) Letp,q €
N? and k : R* x R — R be a continuous, bounded, shift-invariant kernel with spectral mea-

sure A which satisfies the a-exponential Orlicz assumption for some o > 0. Then, for any
sequence of compact sets (Snr)37_y such that (log|Sy|)+ = o(M), we have

- v =o. (V @og 5] VlogM) | (15

VM

11
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Remark 5

(1)

(i)

(iii)

Spectral measure (A) examples: Our result assumes the a-exponential Orlicz prop-
erty of the spectral measure A associated to k. In Table 2 we provide various examples
for A (with the relevant case of unbounded support) satisfying this requirement; their
relation is summarized in Figure 2. While for the RFF approximation it is not neces-
sary, in many of these examples the corresponding kernel value can also be computed,
see Table 5.

a-exponential Orlicz assumption for tensor product kernels: Using the a-
exponential Orlicz spectral measures of Table 2 on R, one can immediately construct
Orlicz spectral measures on RY. Indeed, assume that (i) k is a product kernel, i.e.
k(x,y) = ILicig ki(zi, %), A = ®igigi, and (ii) Ai, the spectral measure associated
to ki, satisfies the aj-exponential Orlicz assumption (o; € RT). Then w ~ A is a-
exponential Orlicz with o = mine(g a;; see Section A.2.

a-exponential Orlicz vs. Bernstein assumption: Our result complements Szabd
and Sriperumbudur (2019)’s work, where the authors showed that for d =1 and spectral
densities fy(w) o e=“" the Bernstein condition (and hence fast rates) holds for |p+q| <
20 = «. Indeed, we proved under the more general a-exponential Orlicz assumption the
same a.s. convergence rates for any arbitrary order (see Corollary 4) kernel derivatives.

Spectrum Spectral density: fa(w) Parameters ol
w2
Gaussian 21M e 207 oc>0 2
Laplace %e‘”“‘" >0 1
el
generalized Gaussian ﬁe B a>0,8>0 @
. ol 3K, ) (o) ,
variance Gamma 2 o>0,b>35 1
VAL(b)(20)° 2
: w)*7 -
Weibull (S) 5x <T> e \ A s>0,A>0 s
. . o _lelyeml el
exponentiated exponential (S) &% (1 —e X ) e X A>0,a>0 1
. . ]\ ¥ ()
exponentiated Weibull (S) 3 (T) [1 —e \* ] X §>0,A>0,aa>0 s
lwl }®
xe_(T)
mL\)2
Nakagami (S) %\w[Qm*le_T m>1 Q>0 2
S |w]
chi-squared (S) 2%+1IF(§)’ |27le 2 seZ*t 1
2
)\s‘wlsflef/\\w\ +
Erlang (S) 2(87—1)' sEZL ,)\>O 1

12
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Spectrum Spectral density: fa(w) Parameters «
Gamma (S) 20 (s)0° ‘W’Sﬂe—% §>0,0>0 1
_ ()P
generalized Gamma (S) 21]:/(GDD) lw|P~te (%) a>0,D>0,p>0 P
p
w2
Rayleigh (S) ole 202 o>0 2
w2
Maxwell-Boltzmann (S) %“’26&3%2 a>0 2
chi (S) 231}(8) lw|*~Le™ "2 s>0 2
3
. . . 1 ,3(1_p)67/3\wl
exponential-logarithmic (S) ~ TTo8) 1-(1—p)e=F1] €(0,1),5>0 1
Weibull-logarithmic (S) — ooy A e e €(0,1),8>0,a>0 o
Gamma/Gompertz (S) % b>0,8>0,5>0 bs
— e w
hyperbolic secant %sech (%w) 1
logistic iﬂ s>0 1
s[l—ke*?]
\/52 2
normal-inverse Gaussian %\/%w) dox a>0,0€eR 1
hyperbolic wrigae Vo a>06€R 1
: : (/o) Kooy (aV@+e?)
generalized hyperbolic 2 a>0, A eR, §eR 1

@

V2r K (67) Em) 72

Table 2: Kernel spectrum examples in one dimension (d = 1) obeying the a-exponential
Orlicz assumption. ’(S)’ stands for symmetrized. The symmetrization guarantees that the

kernel associated to A is real-valued. Last column: Orlicz exponent.

For the variance

Gamma distribution the Orlicz exponent follows from the known K, (z) ~ /7/(2z)e*
asymptotics (Barndorff-Nielsen et al., 2001, page 297) where K, is the modified Bessel
function of the second kind, as defined in Table 4. Notice that the 'normal-inverse Gaussian

d=020, a—00

4. Properties of the Orlicz Norm

Gaussian’ limit (see Figure 2) changed the Orlicz exponent from 1 to 2.

In this section, for self-containedness we summarize the properties of ||-||¢ which hold inde-
pendently of the convexity /non-convexity of ¥ (unless explicitly required).

Let X, X’ € R? be random variables, and assume that ¥ : RZ% — RZ° (and similarly ®
below) is continuous, strictly increasing, ¥(0) = 0 and lim,_,~ ¥(z) = oc.

13
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exponentiated Weibull
exponential (S) -logarithmic (S) Gamma/Gompertz (S)
T | \
s T 1 Ozj 1 B=1
exponentiated exponential .
Weibull (S) -logarithmic (S) chl—squ?red (8) /Erlang (8)
a‘zl s €Lt /2 sezt SII
. l _ . generalized ‘ /
MO Gana ) T O e
‘ ‘ —_ . / T
s= p=2a=2 a=1
l \L /b =1 [
. oo 11— ohi . generalized
Rayleigh (S) ¢s=2(c =1)— chi (S) valrlzm;je Gamma Gaussian
s=3(a=1) 5=0 s=02a, R

e e ]

normal-inverse

hyperbolic secant Maxwell-Boltzmann (S) Gaussian Gau}gsmn
m=3 m ‘_ %
logistic generalized =y holic e Nakagami (S)
& hyperbolic - P &

Figure 2: Relation of the spectral density examples of Table 2. ’(S)’ stands for symmetrized.

14
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Kernel name Kernel value: k(z,y) Spectrum
o?(z—y)?
Gaussian e 2 Gaussian
inverse quadric ﬁi)g Laplace
— ( a, a ; % , M) generalized Gaussian®
inverse multiquadric [02 - y)Q] variance Gamma,
- S o ERECAN D (1 4 n) Weibull (S)?
_ [1—2i(x—y)]_7‘5[1+2i(ﬂ»‘—y)}_% chi-squared (S)°
o= 7O [ iemn)]
_ [ A ] 2[ 2 ] Erlang (S)®
_ [1—9i($—y)]75‘5[14‘91'(1—3/)}78 Gamma, (S)b
- 1—o(z—y)e (0(‘:3/_53’)) Rayleigh (S)°
(r—y)? .
- F11(272, (IQy) > chi (S)b
(-1 % (@—y)"r (2 . . S
- Y neon lostoyt B(% )L1g+1(1 —p) Weibull-logarithmic (S)®¢
- T lea(m —y) + ealy — 2)], with cp(t) = Gamma/Gompertz (S)°
=Bty Pa(s+Li=F+s-§ +s+11-p)
sech sech(z — y) hyperbolic secant
- _mslemy) logistic

sinh(ms(z—y))

6[a— aZ+(z—y 2] . .
- e ( ) normal-inverse GauSSIan

oK1 (5 a2+(:rfy)2> .

_ TR Ga) hyperbolic

o A Ky (6 cx2+(m—y)2>
\/Oé2+(.’13— ) K)\(éa)

generalized hyperbolic

a. The analytical computation of the characteristic function (and hence the kernel value) was carried out
for @« > 1 (Pogany and Nadarajah, 2010).

b. In case of symmetrization (S): k(z,y) = % [ca(@ — y) + ca(y — )] where c(t) = Ew~ale’™] is the char-
acteristic function of the spectral measure (on R=°) before symmetrization; i = /—1.

c. The characteristic function was obtained by Ciumara and Preda (2009).

Table 3: Kernel examples for the spectral densities given in Table 2. The special functions
Wy 1, erfi, F1 1, Li, F51 and K are defined in Table 4.
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Normalization: If X € Ly then E [\1; (““jﬁ"";)} <1.

)

) Constant: For a A € R constant ||l g= |A|/T~1(1).
(iii) Monotonicity in W: ¥ < & implies || X|¢< || X||@-
(iv)

)

iv) Monotonicity in the argument: If d =1 and 0 < X < X’ a.s., then || X|o< [| X'| .

(v) Finite |-||¢ implies integrability: If ¥ is convex and X € Ly, then E[||X],] <
Xl 91(1).

(vi) Generalized triangle inequality: Let X, X’ € Ly, and « € R*. Then X + X’ € Ly,
and

1 + 7, <26 (IXly, + 1 X,,.)
<3

(vii) Deviation inequality from ||-||g: If X € Ly then P (|| X, > ¢)
c> 0.

(vili) Maximal inequality for ||| and a € R*: for any sequence (X,)
variables in Ly, we have

T/ T for any

M

m—1 of random

| mae 11

< X
e < max Xl

v, me|

The proofs of these properties are available in Section A.3.

5. Proofs

After introducing a few additional notations, we provide the proofs of our results and re-
marks presented in Sections 3 and 4. External statements used in the proofs are summarized
in Section C.

Notations: For v € (0,1] and z € R=Y let I,(z) = [ e "' dt be the incomplete
Gamma function. Let (Z,m) be a semi-metric space and e e R*. The set S C Z is
said to be an enet of Z if for any z € Z there exists s € S such that m(s,z) < e
The e-covering number of Z is defined as the size of the smallest e-net, i.e., N(e,m,Z) =
inf {E >1:3s1,...,8 € Z such that Z C Uﬁlem(sj,e)}, where B, (s,e) = {z € Z : m(z,s) <

€} is the closed ball with center s € Z and radius e.

5.1. Proof of Remark 2(v)

In view of (8)-(9), we need to check Assumptions 1-4 with the parameterized function class

Ga(@) 1= fu(w) = Afy = WP(—w) 91 (w z) Af,, (z € Sa).

Thanks to the a-exponential Orlicz condition on A and the i.i.d. property of (Wi )me[n in
(7), Assumption 3 is trivially fulfilled. Assumption 4 holds by the definition of g,(-) and
because the distribution of w,, is A. Assumption 1 is satisfied since Sa is a compact set
of R?. Therefore, it remains to prove Assumption 2, with the existence of n € Rt and
L € Fpy). First, notice that

[fa(@)] < I e+ < fleo)Po (16)
i€(d]
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e Order: (16) implies that
19()] < |falw)] + Alfel < [l 4+ Al 1PF9] = Li(e). (17)

e Lipschitz condition: Let [z1,2z2] = {az; + (1 —a)z2 : a € [0,1]} denote the segment
connecting z1,zy € R%. By using the mean value theorem

0gz(w)
0z

121 — 22y, (18)
2

|Gz, (W) — gz, (w)| < max

z€(z1,22)

0gz(w) __ afz(w) _Aafg(w) with 8]%(‘*‘) — wp(

—w)9C|pyql+1 (sz) w, and by using similar

0z 0z
computations as before, one gets
09z (w) +q|+1 +q|+1
|2 < ol ] = Lo (19)
2

As a result, to fulfill Assumption 2, we can take L(w) = max(L;(w), La(w)) and p(u) =
For such L, we have n = |p + q| + 1.

Refined L and p: We now derive refined L and p, by interpolating different bounds. From
(17), we can obtain the crude estimate |gz, (w) — ¢z, (w)| < 2L;(w), which combined with
(18)-(19) gives

1921 (©) — 92,(@)] < (L1 ()7 121 — 2], Lo(w)]” (20)

for any 8 € (0,1]. Here we have used that if 0 < x < min(z1,22) then x < a:l g g It
follows that one can take

p(u)=v’, n=Ip+q|+p, L(w)=max (Ll(w), (2L1(w))1*ﬁL§(w)) € Fpmy- (21)

For g =1, we retrieve the former choice of L and p. Furthermore, we have

2|7
L,(7)) —|Tyﬂ/ \/1og 14 |T||B)|1/ﬁ> _|T|ﬁ/ \/1og 1+ 1/ﬁ>du<+oo (22)

Notice that the advantage of having the additional degree-of-freedom ( is two-fold, and it
is striking when 8 — 0 (compared to 8 = 1). Firstly, it gives a smaller n, which has a
(slight) positive impact on the control of statistical fluctuations; secondly, the dependence
of I,(|T) in the diameter |T'| is smaller through the growth exponent.

To conclude, we have proved that Orlicz RFFs fulfill the assumptions of Theorem 1. Later
in Section 5.6, we will establish that I,(|T|) satisfies a (tight) bound w.r.t. /1 + (log|T|)+.

5.2. Proof that Polynomial Growth Preserves the Exponential Orlicz Property

We show that ||f(X)||\I,7 < oo for [ X[y, <00, f € Fp(ny, n € RT, v = %. Indeed, by the

definition of f € Fp(y), there exists C'€ RT such that |f(x)| < C(1 + [|x]|3) for all x € R
Hence for any v > 0

(*)
eI < C7 (L |Ixl5)” < 207D+07 (1+ Xl 7), (23)

17
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where in (%) we used that
(a+0b) <2079+ (a7 +17), a,b>0,7>0. (24)
Since X € Ly, there is some s € R* for which E [eSHXHS} < o00. Combining this
property with (23) and recalling that ny = « yields

SN < o207 C(1IxIE) o R [es’\f(an < 2T OR {esuxus] < o0

with s’ = ; this shows that f(X) € Ly, .

s
2(v=D4 oy

5.3. Proof of Theorem 1

By introducing the R.f(x) := f(x) — 7.f(x) notation of residuals obtained at level ¢ € R
(the value of ¢ will be specified later), we bound the target quantity by using the sub-
additivity of supremum

Sup 77 M Z fe(Xim)
S —
M. o (Xom) +Re e (Xm)

=sup— Y (Tefo(Xm) = E[Tefo(Xon)] + E [Te fe(Xim)] + Refe(Xm))

<swp 3 (TfilX) ~ BT ) +500E |1 37 Tofu(Xo)

tel

€[M] me[M]
n7 ez

+Sup7 Z Rcft(xm)
ter M
ZRe

This means that using ¢ for which £7¢ < T

1 _
Plsup— > fi(Xp)2e| <P(272¢/3)+P (7" 2 ¢/3). (25)
ter M

me[M]

The structure of our proof is as follows.

1. Unbounded part (Z7%<): Based on the Talagrand and the Hoffman-Jorgensen inequali-
ties, for large enough ¢ (referred to as cyy) we will derive an exponential control over
P (ZR" > ¢/3) expressed with Hmaxme[M] supger | ft (X which is finite by Sec-
tion 5.4.

2. Bounded part (Z ) We handle this term using the Klein-Rio inequality and the Dudley
entropy integral bound. In addition, this part will give rise to the constraint (10) on e.

3. Truncation (£7¢): As E[f(X.n)] = 0, Tofe = fi and E[T..f¢(Xm)] ~ 0 for large ¢ (called
Cmin). The € Te < <3 £ requirement can be controlled via the integral form of the expectation
of non-negative random variables and the incomplete Gamma function.

)l
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The bounding of the ZR¢, 7" and €T quantities is detailed in the following sections.
Plugging the (26) and (28) results of the computations into (25) gives the final bound (11).
The e constraint comes from (33), provided that ¢ > ¢pin V cgy. The constants cpin and cy;
are defined in (35) and (38), respectively.

5.3.1. BOUNDING ZRe

P (Z%< > ¢/3) is bounded as

P (7% >¢/3) <P |sup > [Refe(Xm)| > Me/3
teTme[M]

() (®) —< e )
a su c m
<SP ) sup|Refe(Xm)| > Me/3 | < 2 Emeran soreeriRereCxmilly,

e tET

~
() _ Me
C
CI o v

(26)
where in (a) we used the the sub-additivity of the supremum, in (b) the deviation inequality
Section (4)(vii) was applied, (c) holds by Section 5.5 for ¢ > cyy (the value of cyy is defined
in Section 5.5).

5.3.2. BOUNDING Z°

Below we will invoke the Klein-Rio inequality and control the expectation E [ZTC .

¢ Klein-Rio inequality: Let g, : x € R? s Tofe(x) — E[Tefe(X,n)] and let us define
the function classes

TFM = g := (914, gms) s t € TV, TeF ={Tefe :t €T},

— Gm,t € [—2¢,2c| are measurable and bounded functions.

— Centering: by construction E[g,, +(X,,)] = 0 (Ym € [M]).

— Countability: Since t — f; is continuous, the supycy can be restricted to rational
numbers (7N Q%), one can take T < TN Q%, and assume that T.FM! is countable.

If

E [ZTC} <c/6, (27)

then the Klein-Rio inequality (Theorem 8 where the supier and supgcs- zi coincide)
implies that

T (27) T 7. - Mo,
P(Z7>e/3) <P(Z"-E[Z"] 2¢/6) <o 2(FrelT o
(27) __M(/6)* __ Me?  me?
< e 207+l4ce/6 — g T252484ce < @ T202+8dce (28)

19



CHAMAKH, GOBET AND SzABO

where the weak variance &2 is defined and bounded by

52 1= sup % Z E [(%ft(xm) —E [%ft(Xm)])2:| < SUP% Z E [(ﬁft(xm))Z]

ver M=o ter M
1
<sup— Y E[ff(Xp)] = 0.
ter M ]

e Bounding E [Z } We control E [Z C} in (27) by the Dudley entropy integral bound.

In this bound the covering number of 7¢.F is estimated by that of the compact set T C RY

with propagation relying on Assumption (2b).

— Dudley entropy integral bound: Slight modification (without absolute value) of
van der Vaart and Wellner (1996, Lemma 2.3.1) gives

"] < 2B [R(Xuaar, T (29)

E [7
where R(x1.p7, TeF) = Ee [supteT ﬁ Zme[ M emTeft(Xm)| is the Rademacher average
of TeF, X1 := (Xm)me[m), X1:M = (Xm)me[M} € :=(&m)me[m)] contains independent

Rademacher variables (i.e. P (e, = £1) = 1), and € is independent of Xy.p/.
Let Zy(x1.01) := ﬁ Zme[M] emTeft(Xm), so R(XLM,’TC ) = Ee¢ [supger Zi(x1:01)], and

define the pseudo-metric on T" as d(t,s) := (ﬁ ZmE[M} [Tefe(Xm) — chs(xm)]2)1/2'
The {Z; : t € T'} process is

* separable since it is continuous, and T C R? is separable,

* centered thanks to the Rademacher variables,

 sub-Gaussian with respect to M ~1/2d: indeed, for any A € Rt and t,s € T

M
Ee[ } (a) H E. [emﬁmft(xm)—nfs(xm } o 11 o [Te ot )~ Te s (i)

m=1

—
=

)\2( _1/2d(t,s))2
= 2

* 2
In (a) we used the independence of ,,-s, (b) follows from E. , [e?*™] = cosh(a) (S) eT
(Va € R), where (%) can be obtained from the power series expansion of the cosh(-)
and the exponential function.
Hence Theorem 9 can be applied:

Rixi ToF) < Cp [ \flog(V (e, M2, 7))de
0
_Cn /  /os(N (e, d.T))de (30)
\/M 0 ) ) Y
where we used the N(E,M_l/Qd, T) = N(Ml/Qs,d, T') identity, and applied an & =
MY2¢ substitution. We note that the above infinite integral can be truncated at

|T|g := supy s d(t,8), the d-diameter of T', since N(g,d,T) = 1 for e > |T'|4.
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— Covering number: By (12) one can relate d(t,s) and ||t —s||, as
1/2

1
dits) < |57 > Lam)| oIt =slla) =1Ll 2,0 2 (1t = sll2)
me[M]

which implies
N(e,d, T) <N (p7 | e | LIl T (31)
”LHL2(X1:M)
Tq < HLHLz(xl;mfue%P(Ht = slly) < Ll L2y ) PUTD- (32)
S

In the last inequality the increasing property of p was exploited. Combining (31)-(32)
with the well-known bound (van de Geer, 2000, Lemma 2.5) on the covering number”
of a compact set T C RY

2T d/
N ()], T) < (L,|+1) Ve >0,

(30) can be estimated further as

2|T|

1 €
g <”LL2(X1;M)>

ol Ll p (7D 1 [ Y
B /o\/1g<”p—l<up<m>>>d’

Substituting this bound

R(x1.01, TeF) < +1 |de

log

O /T /L||L2(x1:M)p<|T>
VM Jo

where we introduced the new variable v = ++——5——~.
L1 L2 (s, 0 ) PUTT)

into (29) we arrive at

E (120 120¢,00)
VM
T

To guarantee E [Z } < ¢/6, we solve B < ; this gives the (10) bound on .

E [ZTC} < 20pVd L,(T|) =: B. (33)

5.3.3. Bounping &7

e Bounding £7¢ by the incomplete Gamma function (1y):

a (®)
E [’rcft(Xm)} = -E [Rcft(Xm)] % E [(—ft(xm) - C) ]lft(Xm)S—C]

—
N

7. In our definition of the covering number, in its bound on compact sets in R? (van de Geer, 2000, Lemma
2.5) and in the final Dudley entropy bound (Bartlett, 2013, Lecture 11, 14) the elements of the e-net are
assumed to belong to the set covered.

21



CHAMAKH, GOBET AND SzABO

Q[ 2 )y 39
In (a) we used that 7. ft(x) = fe(x) — Refe(x) and E[f(X,,)] = 0, (b) follows from

RCft(X) = [ft( ) + c}]lft (x)<—c [ft( ) - C]]lft )>c [ft( ) + C]]lft(x)gfc

(c) holds by using that for a Z > 0 random variable, E[Z fo (Z > z)dz; we choose
Z =max (0, — ft(X;) — ¢). Therefore

1 (a) &
&% = swE |57 30 T | £ m sup [T P(A(X0) ) dy

oy i me[M] teT
5
b o _(___ v
(<) 2 max sllp/ e (“ft(x’")l‘%) dy
me[M] teT
© - !
) X —hd
i 3eh |l o

c
Hft(xm)l\\p,Y

W QWILIéE[iX . (\ft( )H% [/Ooo e duy — /Oft<xm>|lm emduD
1 c
r{1+=-)-0,(———
( H) ”(Hfaxm)r\%)])

Gy ma sup (Hm )l

me

) .
< 2 max sup fi(X ( )
I su 1fe(Xm) maxenn SWpyer | fer (X ),
gl
(9) 1 57( ) v
< (1 + = max,, c[M)] S‘lPteTHft(Xm)“q/
= ( 7) [ ’ ot SUp [|fe(Xom) |,
=B

where (a) holds by taking maximum over m € [M] and using (34), (b) follows from the

”
S
P(—fe(Xm) > y) < 2e ”ft(x"‘)”‘l’v) deviation inequality implied by Section 4(vii). (c)

was obtained from a u = m substitution, in (d) we decomposed the integral to
MmNy

have the incomplete Gamma function appear. (e) is a consequence of the definition of I,
and the limit

* —tY 1 ¥ 19 —u T—r00 1 1 1
I(z) = e dt:; uv e du—>,},1—‘ 5 =T 1—{—; ,
0 0

where we applied an u = ¢7 substitution and the I'(z 4+ 1) = 2I'(z) recursion. (f) comes
from the monotonicity of I, (I,(z) < I,(y) if x < y). (g) follows from applying the lower
bound on I, from Theorem 10 with x =

2

c
maXme[M)] Supc;eT||ft(Xm)H\Iz.Y ’
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e Additional truncation level bound on c: Guaranteeing B < £ (and thus ETe < 5) is
equivalent to choosing c large enough such that

8
B !1 B e—ﬂv(maxmew] SllptceTHft(Xm)H\p,y) ] < € _
6 (1+ 1) maxpequn supper £ (Xm) .,

2=

1
Because v < 1, the function h : x +— 1 — (1 — x)7 is concave on [0,1], and thus it is

1
below its tangent line computed at (0,4(0)), i.e. 1 — (1 —z)7 < %l’ Therefore choosing

~
¢ Y max,, c[M] SuplETHft(Xm)H‘I”Y

r=ce it is enough to use ¢ such that
Y
1 (maxme[M] speer T Koy ) < € '
v 6I <1 + %) maX,e(ar] SUPker || f¢(Xm)ll .,

Solving this inequality for ¢ means that

1 (60 (14 1) maxpeqnn supger e (Xom)

C > Cpin := max su —lo
min me(M] 1 p”ft( )”\IIA, /87 g e

(35)

5.4. Proof of F C Fp(,, E [maxme[M] supger| fe(Xm)|] < oo, and
HmaXmE[M] supger | ft(Xim)| ’\1, <0

By Assumption (2a)-(2b), the triangle inequality and the monotonicity of p, one gets

[fe()] < [fe(x) = foo ()] + [feo ()| < L(x) [p ([[t = tolly) + 1] < L&) [p(IT]) + 1], (36)

for any t € T, x € R The individual statements now can be proved as follows.
o F C Fpy: By L € Fp(,) and (36), ft € fp(n) for all t € T', in other words F C Fp(y).

e Finiteness of |maxme[ M] SuPger [ fe(X \H\I] Using (36), we get

ax igﬁ'ft( m)| < [p(IT]) + 1] meZM:J]L(Xm)- (37)

Thanks to Section 5.2, each L(X,,,) belongs to Ly, . Combining this with the generalized
triangular inequality Section 4(vi) gives the claim.

e Finiteness of E [max;,,c(rsupser | fe(Xim)|]: Bach L(X,,) is integrable (because L has
a polynomial growth and the distribution of X,, satisfies the a-Orlicz exponential as-
sumption). Thus, the statement follows from (37).

5.5. Control if ¢ > cyy

We show that under the assumptions of Theorem 1 with

¢ > cgy = 8E | max sup|fe(Xy)| (38)
me[M] teT
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one has

D sup[Refe(Xn)l|| < K, || max sup | fu (Xom )| (39)
M]tET y me[M] te Wy
Notice that cys is finite by Section 5.4. We bound the L.h.s. of (39):
D sw|RefiXm)l| =
me[M] teT v,
| = (sup R, ~ & [sup [ReAK, | + B sup Refe(Xo))
teT teT teT
me[M] v,
(@) 1,
< 27 Z Sup’Rcft(Xm)’ —E |sup ’Rcft<Xm)’ +
mep) \tET teT v
5
+E| D sup [Refe(Xom)|
te
me[M] W,
(b) 14
<27 O [E ] Y (sup [Refe(Xm)| — E [sup [Refe(Xm)|| ) ||+
teT teT
me[M]
| e [ R0l ~ B fsup sk || ) +
me[M] [teT teT v,
1
+_7E sup |Rcft (Xm)|
\Ijvl(l) meZ[M} teT
19
=:2 C,(E) + E ——FE3| . 40
: [7< )+ o 3] (40)

In (a) we applied the generalized triangle inequality Section 4(vi) and (% — 1>+ = % -1
as v = % € (0,1]. In (b) the Talagrand inequality (45) was invoked with the Y,
supser |Reft(Xm)| — E [supger [Refe(Xim)|] centered variables and B := R, followed by
taking the «-Orlicz norm of the constant A := E [Eme[ M) SUPter | Re ft(Xm)q according to
Section 4(ii).

We continue the derivation with bounding the E;, Fo and E3 terms in (40).
e Bounding Fji:

=2 || T (suplRefilX)| - [sup Resi(X) | )

mei] \tET
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—_

(a)
< 2E [ D sup [Refe(Xom)|

me[M] teT

(b)
< 16E [max sup |Refe(Xom)|
me[M] teT

(©)

(d)
16[E | max su X < 16 || max su X
[me[M] up el )} Hme[m up 1/+(Xom)]

<16

©) H (g;f}}))il (1),

Uy

max su X
e Sup | fu(Xom)|

where in (a) we used the triangle inequality, in (b) we applied the Hoffman-Jorgensen
inequality (Theorem 6; tg =0, p =1, B=R, Y}, = supger |Refe(X)|) with

P( S sup [ Refo(Xom)| > 0) Dp (% >
melj

sup ‘Rcft(XmN > 0)
}tET

=P Xm)| >
(s ko > )

me[M] teT J

,\
NS

(M) 1 1
P X)) > < c=5— withp=1.
(s g 0000 2 ) £ § = 55w

In (f) the non-negativity of Y,,, was exploited; in (g) ¢ > cu; was used. We applied the
Markov inequality and the definition of ¢y in (h). (c) holds by |Rcfe(Xm)| < |fe(Xim)|-
In (d) and (e) we applied Section 4(v) with the convex \I/(vl) defined in Section A.1 and
the monotonicity property Section 4(iii) with \I/(J ) < W, respectively.

e Bounding FEs:

Ey = ’ max |sup ‘Rcft(Xm” —E [sup |Rcft(Xm)’]
me[M] |teT teT T,
(a)
| e (sup Refo(Xn)| +E {sup |Rcft<xm>|]>
me[M] \ teT teT v,

(b)
< ‘ max sup [Rcfe(Xp)| + max E [sup\Rcft(Xm)@
me[M] teT me[M]  |teT

Uy
(¢ 1 9
<27 max sup ’Rcft(Xm)‘ + || max E |sup |Rcft(Xm)’
me[M] teT ., me[M] tel .,

+ max_sup |Rcft(Xm)|]>

(d) 1_q
< 2» max_sup | Re¢fe (X —FFE {

me[M] teT

M\ ~!
EPE A&l + () ‘ oK)
¥ max su m — 1, || mMax su m
- me[M]tEIT) ¢ v, \I/;l(l) mE[M}teg ¢ Q)
l —1
1, (‘IIS)) (1)
<27 [ 14 >——— | || max sup |fe(Xnm)]

vl(1) me[M] teT
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In (a) we used the triangle inequality with the monotonicity Section 4(iv), (b) holds by the
sub-additivity of the maximum and again the monotonicity Section 4(iv), in (c) we applied

the generalized triangle inequality Section 4(vi) and that <% — 1) = % —1las~e(0,1],
+

(d) holds by Section 4(ii) with the constant A\ = E [max,,e(as) supger [Refe(Xm)l], (e) is
by the monotonicity Section 4(iv) as |R¢fe(Xm)| < |fe(Xm)|, and by Section 4(v), (f)
)

follows from W5’ < W, combined with the monotonicity Section 4(iii).
e Bounding Ej3: By (b)-(e) of the E; derivation we have that

(\Ifg”)_l (1).

Br=E | Y sup Rl | <8 e sup (X,
\Ij"/

me[M] teT €[M] teT

By adding the obtained E1, Ey and E3 bounds, we get (39) with K, defined in Theorem 1.

5.6. Bounding the Driving Terms of Theorem 1 for RFF

We bound the constants of Theorem 1 in the RFF case described in Remark 2(v).

e The term B: It is defined in (10). Recalling the expression (22) for I,(|T|) and using
the Cauchy-Schwarz inequality for bounding E [[| Ll 12(w,.,,)] by v/ Ew~a [L?(w)] gives

/ 1
B < 2CpVd E“’NA\/[MLQ(W)HSAW/O \/log (1 + 2u=1/8)du.

We now aim at showing a tight bound for |Sa|? fol \/log + 2u‘1/5)du w.r.t. |Sa| with

an appropriate choice of 8 = (|Sa|). Indeed, let g = W € (0,1]. We start by
proving the bound

1
Ig = /0 \/Iog (1+2u/8)du < \;%, VB € (0,1]. (41)

1 —B
By the change of variable t = §log (1 + 2u_f13) (i.e. u= (et/g_l) ), we get

28 [e° t el/p 20 [e° t
po T[T _vier 2 iy,

VB Ja0g(3) (€8 —1)5+1 VB Ja10g(3) €1(1 — e7t/B)B+1
Using the fact that 1 — e~/ > 2 on [Blog(3), +00), we arrive at
3prL oo 9 3 4
Iz < Vit e_tdt < < ) —,
g 2\/B Blog(3) 2\f \/B

where the inequality () is obtained by taking 8 = 1 in 3°*! and 8 = 0 in the integral;

log|SAl
and lts ’SA’B — el+<10g‘SA|>

hence (41) is proved. Now, using (41) with 5 =

logISA D+
implication, we get

1 log|SA|
|SA|5/ \/log (1+2u~/B)du < 4e+0E¥al+ /1 + (log|Sal)+ < 4ey/1 + (log|Sal)+,
0
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and therefore

8eCpVd\/Epmn [L2(w)]y/1 + (log[Sal)+

b= m

e The term o?: It is defined in Theorem 1. Since the variance is bounded by the second
moment, E [g2(wy)] < E [fZ(wn)]. Furthermore, since (wy,)_; are i.i.d., the previous

2lp+q\]

expectation can bounded by E [Hw” using (16). As a result, we get

2
o.2 < Eyon [HwH |P+Q|}

e The term max,,e(n] SUP,es, ||92(wm)lly, With v =a/n <1 and n = [p+q|+ f: It
appears in the definition of ¢ (in Theorem 1). In view of the bound (17) which is uniform
in z and using property (iv) of Section 4, we get

+ +
max sup |ga(wn)llg, = max sup ||]ga(wm)lly, < [l P59+ a - PH)|
m zZESA mE[M z A a/n
e The term Hmaxme[M] SUP,es, |92 (Wm Hl\l/ It shows up in the exponential bound (11).

We invoke the maximal inequality for the y-Orlicz norm (item (viii) of Section 4) with
the previous estimate to obtain

max_ sup |gz(wm)|

me[M] zZESA v

log(1+ M) + +

< | Huwu'p T )|

log(3/2) o/

e The term E [maxme[M] SUP,es, |gz(wm)|]: It appears in the definition of ¢. Using prop-
erties (iii) and (v) of Section 4 and the convexification of ¥, we directly get

0) log(1 + M) H pal \p+q|’
E 2 (Wi, v 1 :
e sup lan(wn)l| < (99,)7 0[SO latlp el a i,
Collecting the different bounds we obtain (13) by setting
Cirr(n) := max <860D\/E\/EWNA [L?(w)], Epmn [Hnglerqq ,
(42)

1V ((\Ilg;n>1 " [log(3/2)]”/a> HHwH|2p+q\ LA [H _ |||2p+q|”

qja/n )

Long (but standard) computations show that Cger(n) is uniformly bounded for n € [|p +
ql,|p + q| + 1], and thus we can set Crer := SUPye||p-+al,|p+al-+1] Crrr(n).

5.7. Proofs of Corollary 3 and 4

Corollary 3 with the existence of C' € R is a direct consequence of Theorem 1 combined
with Remark 2(v), in particular because Cgpr does not depend on Sa and M, and K, can

27



CHAMAKH, GOBET AND SzABO

be bounded uniformly in n € [|p +q|, |p + q| + 1]. The Talagrand constant C, is uniformly
bounded w.r.t. v provided that v is bounded away from 0, see the proof of Talagrand (1989,
Theorem 3).

( GC'VC')\/(1+[10g|(SM)AH+)V10g(1+M)
Now let us prove Corollary 4; set ep = aTi . Observe that

(i) e satisfies the lower bound requirement on ¢ in Corollary 3;

(ii) by assumption epy — 0 as M — 0 by using that [Sa| < 2|S];

1/~ ~
<l+em [Iog (f)
M

< 2+ ey [log(1 4 M)V

(iii) therefore

1/v

1+em + [log(1 + M)/

EM

log<é>\/log(1+M)

for M large enough;

(J(Evé) log(1+ M)

(iv) ep > T
As a consequence of (iii) and (iv), setting dps := % V1, we get (for M large
enough)
M e, - 6C log(1 + M)dxs
C (1 +enm [log (%) V log(1 + M)} 1/7) ) o (\/@VCY) Voullos(LAD] T
* VAT
= 6log(1+ M) _ o
8 24+ 2o
6CVC ) [log(1+M))Y/2H1/Y
where zp = ( ) NaYi Moo 0. Since the function § € Rt — ﬁ is
ZM

increasing and dj; > 1, we get (for M large enough)
M &%,

1
¢ (14 fiog (&) viosu+ 2] ") |

> 6log(1+ M)

Men)” K\/@VC’) \/Mm] w

Clog(1+M) — Clog(1+M) =

On the other hand, using (iv), we easily get

2log(1 + M) for M large enough.
To sum up, in view of (14), we have proved (still for large enough M)

2 1
A+ ME " A+

AM (Ha/m\k—apv%‘ > eM> <

Sm
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and by the Borell-Cantelli lemma, we conclude to the a.s. convergence (15).
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Appendix A. Additional Proofs

A.1l. \IJ,(YZ), the Convexification of ¥,

In the proof of Theorem 1 an integral control with conver ¥ (see Section 4(v)) is benefi-
cial/applied. However, W, is not convex for v € (0,1). To handle this issue, we convexify
U, (z) =" —1in case of v € (0,1) for 'small’ values of the argument.®

e By computing the derivatives of ¥, we get that it is convex iff x > z, := (%) T
Indeed,
W (x) = 727 le”,
(x) = ver! (v - D2 2+ 27 1277 =
Vi(r) =0 =1, Yi(z)>0ez>z, Vi(r)<0ez<,

e We also have to make sure that ‘llgl), constructed as the line connecting (0,0) with
(x, ¥ (x)) glued to quhx ~0)» 8ives a convex function, for a suitable choice of z. A

geometric argument shows that it is enough to choose & > z (> 0) such that

Uy ()

<V (z) & e —1 <y,

Since the r.h.s. is higher order than the l.h.s., the requirement can be satisfied for large
enough z; we can choose

Z, = inf {x > Ty el —1< 'yar:'yeﬁ} ,
and define

v (& . -
o0 (z) = %x if x €0,2,),
U, (z) ifze[ty,o00).

Notice that by construction \II,(YZ )S‘IJW.

8. For vy =1, \Ifgb =v,.
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A.2. Proof of Remark 5(ii)
wi € Ly, means that E,,z, [esilwil®*] < oo for some s; € RY (Vi € [d]). Let v = min;e (g o

1
and ||wl|,, = (Zie[d] |w,-|a) ", Then |wl, < Vdsup;eq |wil < Vd|w], (Y € R?). Notice
that |w;|® < |w;|® if |wi] > 1 and |w;|* < 1 otherwise, i.e. we have |w;|* < |w;|* 41 for any
w; € R. This means that taking s = min;c[g s; and § := 25 > 0 gives

lwlls < d*/2 o]y = ™/ 3 el < d®/2 3 (] + 1),
i€(d] i€ld]

Ee |:€§”w”g:| <E, [eSZie[d](‘wi‘ai+l):|

®) H (Ewi [es‘“’i‘ai} es) < H (Ewi [esil‘“ilai] €s> < 00,
1€[d]

1€[d]

where we used the independence of w;-s in (x). We got that E,.x {65”“’”3} < oo which
implies that w € Ly, .

A.3. Proof of the Properties in Section 4 about the Orlicz Norm

e Properties (i)-(iv): These properties are well-known and directly follow from the defi-
nition of the Orlicz norm.

e Property (v): The case || X|g= 0 gives a trivial inequality and can be discarded. Since
¥ is bounded from below by an increasing affine function, X € Lg implies that X is

integrable. Combining (i) with Jensen’s inequality gives W (Eﬂ?ﬂ;]) <E [\If (N;Hi)} <

1, and the result follows.
e Property (vi): It is well-known that the usual triangle inequality holds for o > 1.

We now focus on the case v € (0,1]. Set ¢ := (|| X||g, + HX’H%Q)UO{, p = ||Xc||ff,a

q = ﬁ, and notice that % + % = 1. Then, combining (24) with v = « € (0,1) and

Q

and

the Holder inequality with the conjugate exponents (p, q) yields

limsup E [e(mxl“z)a] < limsup E [e("mlflz)“ e("muf’uz)a]

m—-+00 m—s+0o
o 1/p VAT 1/(]
Pl Xl gl X7 ||
< (lim sup E [em/\ o ]) <lim sup E [em/\ o ])
m—r+00 m—+o0
item (i)

< ol/pol/a — o

Therefore, X + X’ € Ly, and [| X + X'[|g,_ < ¢ by the definition of the a-Orlicz norm.

Applying (24) with v = 1/a we get ¢ < ola=1)y (IX[lg, + 1 X'lly,) and hence the
claimed result is proved.

e Property (vii): This is a direct consequence of the Markov inequality.

e Property (viii): A similar statement was proved by van der Vaart and Wellner (1996,
Lemma 2.2.2), but under the assumption that ¥, is convex (which holds only if @ > 1)
and without explicit constant. Our statement is valid for any a > 0 with explicit control.
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— A first inequality: Let o € RT. We claim that for any z¢p > 0 and any z,y > 1, we
have

v, (azé/ax> U, (a:(l)/ay) U, (:cé/a> v, (x(l)/aa:y) (43)

Because U, (z) = Vi(x®) where V() =: ¥(x) = € — 1, the inequality for a = 1
clearly implies those for all a > 0. To prove the inequality for a = 1, let x¢ and x be
fixed, and set H(y) = U(xo)V(xozy) — Y(zoz) Y(20Y). One has

H'(y) = 20w (20)e™™ — 20 (zoz)e™?
= xgxexoewo:c |:\I/(:L'0)e$0$(y_1) . ‘Ij($037)6$0(y_1):|

20ero ToLeror ’

U(x 1—e %0 1 1 U (xgx
( 0) _ _ eUT0qgy > e UTOT Jyy — ( 0 ) ’
xoeto g 0 0 xroreror
e:r:g:c(y—l) > exo(y—1)7

where we used g > 0, 2,y > 1 at the two last inequalities. This shows that H'(y) > 0,
and since H(1) = 0 we have H(y) > 0 for any y > 1. Consequently, (43) is proved.

— Final maximal inequality: We follow the arguments of van der Vaart and Wellner
(1996, Lemma 2.2.2) with slights modifications. The inequality (43) can be rewritten
as

U,(x) < ¥, (x(l)/a> v, (my/xé/a> /¥a(y), Vr,y > :C(l)/a. (44)

Set ¢ = maxyepu) | Xmllg, /xo and let y > :cl/a.

Xm Xm
x If %ﬂ””z < xé/a, then we have the crude bound ¥, (%W) <

v, (:cé/a> = U(xp).

o 1f 2t [8nle > 0 then (44) yields

Xm m Xm
U, (mame[M} I ”2) < W(w) Wy ( maxXnelan | Xmll )/‘Pa(y)
cy maXmG[M] HXmH\IJa

< Y V(@) Va (| Xmll2/1Xmlly, ) /Pa(y)-

me[M]
Consequently, in both cases we have
max, e (] | Xmll2
qj“( [C] <U(zo) [1+ Y o (I Xmll2/ | Xmlly,) /Taly)
Y me[M]

maX,,e[m] [ Xmll2 )] <

Taking expectation and using Property (i), we arrive at E [\Ila ( o

U(z0) [1 + #(y)} . Let us choose zy such that ¥(zp) < 1. In this case the choice

Y= :cé/ “vut (W) ensures that the above bound is valid and smaller than 1.
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Consequently, by the definition of a-Orlicz norm, we get Hmaxme[ ) 1 Xom < ey.

H2H\p
The choice 2o = log(3/2) satifies the previous requirement: W(zp) = 3 < 1. In this

case y = [log(3/2) V log(1 + M)]l/a = [log(1 + M)]l/o‘ since M > 1. We have obtained
the claimed Property (viii).

Appendix B. Special Functions

Name Definition

)2n+a

Modified Bessel function of the first kind Ja(l') = neN m (%
T M

Modified Bessel function of the second kind () = Sin(ar)
Fox-Wright generalized hyperbolic function \Ifl 1 ((a, ) (b,B);z) =>_ Datdn) g»
) =

neN T'(b+Bn) n!

(Imaginary) error function erfi(z) = >, oy \%%

Kummer’s confluent hypergeometric function Fy1(a;b;x) =3 oy Zé:i ’fl j
Polylogarithm function Lio(2) =3, c0+ Lo
Ordinary hyperbolic function Fyi(a,bic2) =) oy %

Table 4: Definition of special functions. Ju(z), K4(z): € R and a is non-integer; when a

is an integer the limit is taken. Uy ((a, A); 2 ,B);z): a e RT, b e Rt, z € R, A € RT,
BeRtand 1+B > A; Uy 1 ((a,1); (b, 1);2) = % Fii(a;b;z). erfi(z): x € R. Fy1(a; b; z):
a € RV, beRT, 2z € R. Lig(z): a € R, z € R, |z| < 1. Fyi(a,b;c;2): a € C,beC,
c € C\Z=Y, 2 € C and |z| < 1; for |z| > 1 its analytical continuation is taken. For n € N,

a™ is the rising factorial of a defined as a( = % where a € C\Z=" and a+n € C\Z=Y.

Appendix C. External Statements

In this subsection we state external statements which were used to derive our results. Be-
low B stands for a separable Banach space, L,(B) is the space of B-valued p-integrable
functions. The norm |-y is defined analogously to R? by changing |||, to ||| -

Theorem 6 (Hoffman-Jorgensen inequality, Ledoux and Talagrand 2013, Propo-
sition 6.8) Let p > 0, M € Z%, (Yin)mepu be independent random variables in Ly(B),
Sm = >0, Y; for m € [M], tg = inf {t >0:P(maxi<m<n [|Smllp >t) < (2 x 4P)71}.
Then

E Sll%l <2 x 4PE Yo ll5 | + 2(4t0)P.
| 15,1 <2 P8 | ma (¥l ] + 2040

Theorem 7 (Talagrand, 1989, Theorem 3) Let v € (0,1]. Then, there is a constant
C, such that for all finite sequence (Ym)me(m) of independent, mean zero, integrable random
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variables in Ly (B), we have

Y|l <C Yo Ym
2. <G| X +H£?ﬁ]|’ Is
me[M] v, me[M] L1(B)

(45)
‘IJ’Y

Theorem 8 (Klein-Rio inequality for supremum of empirical process, Klein
and Rio 2005, Theorems 1.1-1.2) Let M € Z*, ¢ € RY, (Xyn)mepu) be indepen-
dent B-valued random wvariables, and F a countable set of £ = (f1,..., far) measur-
able functions from B into [—c,c]™ such that E[f(X;)] = 0 for all m € [M]. Define

Z = Sque]—‘ﬁzme[M] fm(Xim), 02 = 1 supgerE {Zme[M] f%(Xm)] Then, for any
t > 0 the following right and left-hand sided deviation inequalities hold

M 2 M 2

P(Z -R[Z] >t) <e 2o+ ElZ])+set P(Z-E[Z] < —t) < e 2%+ )2t

Theorem 9 (Dudley entropy integral bound)® Let {Z; : t € T} be a zero-mean sep-

arable stochastic process that is sub-Gaussian w.r.t. a pseudo metric d on the indexring set
Ad(s,

T, in other words for every A € R E [e’\(zt_Zs)] <e 2  (Vs,t €T). Then there exists a
universal constant Cp such that

[supZt} < CD/ V1og N(e,d, T)de, (46)

teT

where N(e,d,T) denotes the covering number.

. -
Theorem 10 (Alzer 1997, Theorem 1) Let v € (0,1], B, :=T (1 + %) , x € R20,

Iy(@) := Jg e7"dt. Then (1 _“/’_’Bwﬂ)7 < (1+(1) p<(1 —e_ﬂ)%.
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