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Abstract

We derive and present explicit algorithms to facilitate streamlined computing for variational
inference for models containing higher level random effects. Existing literature, such as
Lee and Wand (2016), is such that streamlined variational inference is restricted to mean
field variational Bayes algorithms for two-level random effects models. Here we provide the
following extensions: (1) explicit Gaussian response mean field variational Bayes algorithms
for three-level models, (2) explicit algorithms for the alternative variational message passing
approach in the case of two-level and three-level models, and (3) an explanation of how
arbitrarily high levels of nesting can be handled based on the recently published matrix
algebraic results of the authors. A pay-off from (2) is simple extension to non-Gaussian
response models. In summary, we remove barriers for streamlining variational inference
algorithms based on either the mean field variational Bayes approach or the variational
message passing approach when higher level random effects are present.

Keywords: Factor Graph Fragment, Longitudinal Data Analysis, Mixed Models, Multi-
level Models, Variational Message Passing

1. Introduction

Models involving higher level random effects commonly arise in a variety of contexts. The
areas of study known as longitudinal data analysis (e.g. Fitzmaurice et al., 2008) mixed
models (e.g. Pinheiro and Bates, 2000), multilevel models (e.g. Goldstein, 2010), panel
data analysis (e.g. Baltagi, 2013) and small area estimation (e.g. Rao and Molina, 2015)
potentially each require the handling of higher levels of nesting. Our main focus in this
article is providing explicit algorithms that facilitate variational inference for up to three-
level random effects and a pathway for handling even higher levels. Both direct and message
passing approaches to mean field variational Bayes are treated.
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Figure 1: Simulated three-level data according to 6 districts, each having 8 towns, each
having 25 randomly chosen residents. In each panel, the line corresponds to a
mean field variational Bayes fit, according to an appropriate multilevel model and
the shaded region corresponds to pointwise 95% credible intervals for the mean
response.
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A useful prototype setting for understanding the nature and computational challenges
is a fictitious sociology example in which residents (level 1 units) are divided into different
towns (level 2 units) and those towns are divided into different districts (level 3 units).
Following Goldstein (2010) we call these three-level data, although note that Pinheiro and
Bates (2000) use the term “two-level”, corresponding to two levels of nesting, for the same
setting. Figure 1 displays simulated regression data generated according to this setting with
a single predictor variable corresponding to years of education and the response correspond-
ing to annual income. In Figure 1, the number of districts is 6, the number of towns per
district is 8 and the resident sample size within each town is 25.

In each panel of Figure 1, the line corresponds to the mean field variational Bayes fit of
a three-level random intercepts and slopes linear mixed model, as explained in Section 5.1.
Now suppose that the group and sample sizes are much larger with, say, 500 districts, 60
towns per district and 1,000 residents per town. Then naive fitting is storage-greedy and
computationally challenging since the combined fixed and random effects design matrices
have 1.83 x 10'2 entries of which at least 99.99% equal zero. A major contribution of this
article is explaining how variational inference can be achieved using only the 0.01% non-zero
design matrix components with updates that are linear in the numbers of groups.

Our streamlined variational inference algorithms for higher level random effects models
rely on four theorems provided by Nolan and Wand (2020) concerning linear system solu-
tions and sub-blocks of matrix inverses for two-level and three-level sparse matrix problems
which are the basis for the fundamental Algorithms A.1-A.4 in Appendix A. In that article,
as well as here, we treat one higher level situation at a time. Even though four-level and
even higher level situations may be of interest in future analysis, the required theory is
not yet in place. As we will see, covering both direct and message passing approaches for
just the two-level and three-level cases is quite a big task. Nevertheless, our results and
algorithms shed important light on streamlined variational inference for general higher level
random effects models.

After introducing the four fundamental algorithms in Section 3 and laying them out
in Appendix A we then derive an additional eight algorithms, labeled Algorithms 1-8,
that facilitate variational inference for two-level and three-level linear mixed models. The
mean field variational Bayes approach is dealt with in Algorithms 1 and 5. The remaining
six algorithms are concerned with streamlined factor graph fragment updates according to
the variational message passing infrastructure described in Wand (2017). As explained in
Section 3.2 there, the message passing approach has the advantage compartmentalization of
variational inference algebra and code. Once a key fragment is identified, it only has to be
derived and coded once and then can be used in models of arbitrarily large size. The inherent
complexity of streamlined variational inference for higher level random effects models is such
that the current article is restricted to ordinary linear mixed models. Extensions such as
generalized additive mixed models with higher level random effects and higher level group-
specific curve models follow from 1-8, but are be treated elsewhere (e.g. Menictas et al.,
2020). Section 8 provides further details on this matter.

Our algorithms also build on previous work on streamlined variational inference for
similar classes of models described in Lee and Wand (2016). However, Lee and Wand
(2016) only treated the two-level case, did not employ QR decomposition enhancement
and did not include any variational message passing algorithms. The current article is a
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systematic treatment of higher level random effects models beyond the common two-level
case.

Section 2 provides background material concerning variational inference. In Section 3
we summarize issues involving matrix algebra and point to Appendix A. This appendix
presents four algorithms for solving higher level sparse matrix problems which are funda-
mental for variational inference involving general models with hierarchical random effects
structure. Streamlined variational inference for mixed models possessing two-level random
effects structure is treated in Section 4, followed by treatment of the three-level situation in
Section 5. Derivations of all results and algorithms given in Sections 4 and 5 are deferred to
Appendix B. Section 6 demonstrates the speed advantages of streamlining for variational
inference in random effects models via some computational complexity calculations and
timing studies. Illustration for data from a large perinatal health study is given in Section
7. In Section 8 we close with some discussion about extensions to other settings.

2. Variational Inference Background

In keeping with the theme of this article, we will explain the essence of variational inference
for a general class of Bayesian linear mixed models. Summaries of variational inference in
wider statistical contexts are given in Ormerod and Wand (2010) and Blei et al. (2017).

Suppose that the response data vector y is modeled according to a Bayesian version of
the Gaussian linear mixed model (e.g. Robinson, 1991)

y[B,u,R~ N(XB+ Zu,R), u|G~N(0,G), B~ N(ug Xp) (1)

for hyperparameters pg and ¥g and such that 8 and u|G are independent. The 3 and
u vectors are labeled fized effects and random effects, respectively. Their corresponding
design matrices are X and Z. We will allow for the possibility that prior specification for
the covariance matrices G and R involves auxiliary covariance matrices Ag and A with
conjugate Inverse G-Wishart distributions (Wand, 2017). The prior specification of G and
R involves the specifications

p(GlAg), p(Ac), p(R|Agr) and p(Ag). (2)

Figure 2 is a directed acyclic graph representation of (1) and (2). The circles, usually called
nodes, correspond to the model’s random vectors and random matrices. The arrows depict
conditional independence relationships (e.g. Bishop, 2006, Chapter 8).

O—O—>0+—0+0-

Ag R B G Ag

-

Figure 2: Directed acyclic graph representation of model (1). The shading of the y node
indicates that this vector of response values is observed.
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Full Bayesian inference for the 8, G and R and the random effects w involves the
posterior density function p(8,u, Ag, Ar, G, R|y), but typically is analytically intractable
and Markov chain Monte Carlo approaches are required for practical ‘exact’ inference.
Variational approximate inference involves mean field restrictions such as

p(ﬂauaAGaARaGaR’y) ~ q(IBa’u’a AG7AR)q(G7 R) (3)

for density functions q(8,u, Ag, Ag) and q(G, R), which we call g-densities. The approx-
imation at (3) represents the minimal product restriction for which practical variational
inference algorithms arise. However, as explained in Section 10.2.5 of Bishop (2006), the
graphical structure of Figure 2 induces further product density forms and the right-hand
side of (3) admits the further factorization

4(8,u)q(Ac)a(Ar)4(G)a(R). (4)

With this product density form in place, the forms and optimal parameters for the g-
densities are obtained by minimising the Kullback-Leibler divergence of the right-hand side
of (3) from its left-hand side. The optimal g-density parameters are interdependent and
a coordinate ascent algorithm (e.g. Ormerod and Wand, 2010, Algorithm 1) is used to
obtain their solution. For example, the optimal g-density for (3, ), denoted by q*(3,u),
is a Multivariate Normal density function with mean vector py(g,,) and covariance matrix
3(8,u)- The coordinate ascent algorithm is such that they are updated according to

»!' 0 !
)y + {CTE R10+[ p _ H
q(B,u) { q( ) o) Eq(G 1)

()

-1

and “‘q(ﬂ,u) — Zq(au)CT Eq(R_l) (y + > Ouﬂ :|>
where Fy(G™!') and E (R™') are the g-density expectations of G™' and R™! and C =
[X Z]. If, for example, (1) corresponds to a mixed model with three-level random effects
such that R = 02T then, as pointed out in Section 1, with 60 groups at level 2 and 500
groups at level 3 the matrix C has almost 2 trillion entries of which 99.99% are zero. More-
over, X (3.4) is a 61,002 x 61,002 matrix of which only about 0.016% of its approximately
3.7 billion entries are required for variational inference under mean field restriction (3).
Avoiding the wastage of the naive updates given by (5) is the crux of this article and dealt
with in the upcoming sections. The updates for Fy(G™"') and F4(R™!) depend on param-
eterizations of G and R. For example, R = oI for some o2 > 0 throughout Sections
4 and 5. However, these covariance parameter updates are relatively simple and free of
storage and computational efficiency issues. Similar comments apply to the updates for the
g-density parameters of Ag and Ag.

An alternative approach to obtaining peqg ., the relevant sub-blocks of 3., and
the covariance and auxiliary variable g-parameter updates is to use the notion of message
passing on a factor graph. The relevant factor graph for model (1), according to the product
density form (4), is shown in Figure 3.
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Figure 3: Factor graph representation of the product structure of (6) with the solid rectangles
corresponding to the factors and open circles corresponding to the unobserved
random vectors and random matrices of the Bayesian linear mized model given
by (1) and (2), known as stochastic nodes. Edges join each factor to the stochastic
nodes that are present in the factor.

The circles in Figure 3 correspond to the parameters in each factor of (4) and are referred
to as stochastic nodes. The squares correspond to the factors of

p(y,B,u, Ag, Ar, G, R) = p(y|B, u, R) p(B, u|G) p(G|Ac) p(R|AR) p(Ac) p(Ar), (6)

with factorization according to the conditional independence structure apparent from Figure
2. Then, as explained in e.g. Minka (2005), the g-density of (3,u) can be expressed as

908, w) X< Mp(y|5,u, R) = (8,u) (B %) Miy(8,u/G) - (8,) (B )
where
Mp(y|B,u, R) — (8,w)(Brw) and My(5, @) - (8,u)(B:v)

are known as messages, with the subscripts indicating that they are passed from p(y|3, v, R)
to (B,u) and p(B, u|G) to (B, u), respectively. Messages are simply functions of the stochas-
tic node to which the message is passed and, for mean field variational inference, are formed
according to rules listed in Minka (2005) and Section 2.5 of Wand (2017). To compartmen-
talize algebra and coding for variational message passing, Wand (2017) advocates the use
of fragments, which are sub-graphs of a factor graph containing a single factor and each
of its neighboring stochastic nodes. In Sections 4 and 5 of Wand (2017), eight important
fragments are identified and treated including those needed for a wide range of linear mixed
models. However, in the interests of brevity, Wand (2017) ignored issues surrounding po-
tentially very large and sparse matrices in the message parameter vectors. In Sections 4 and
5 of this article, we explain how the messages passed to the (3, u) node can be streamlined
to avoid massive sparse matrices.

A core component of the message passing approach to variational inference is exponential
family forms, sufficient statistics and natural parameters. For a d x 1 Multivariate Normal
random vector
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this involves re-expression of its density function according to
p(@) = (2m) Y13 exp{—(z — ) =" (z — p)}
= exp{T(z)"n — A(n) — §log(2m)}

where

r= e ] 0= [2]= [ty

are, respectively, the sufficient statistic and natural parameter vectors. The matrix Dy,
known as the duplication matriz of order d, is the d* x {3d(d + 1)} matrix containing only
zeroes and ones such that Dgvech(A) = vec(A) for any symmetric d x d matrix A. The
function

-1
Am) = =3 nT {vec (D)} my — Slog | — 2vec™ (D} my)|

is the log-partition function, where D; = (DZ;Dd)_ng is the Moore-Penrose inverse of
D, and is such that D}vec(A) = vech(A) whenever A is symmetric. The inverse of the
natural parameter transformation is given by

—1 -1
p==t{ve @i m)} m and 2= {vec (D],

The vec and vech matrix operators are reasonably well-established (e.g. Gentle, 2007).
If a is a d? x 1 vector then vec™!(a) is the d x d matrix such that vec(vec™!(a)) = a. We
also require vec inversion of non-square matrices. If a is a (d;d2) x 1 vector then Vec;llX 3, (@)
is the d; x ds matrix such that vec (VeCd_11>< d (a)) =a.

The other major distributional family used throughout this article is a generalization
of the Inverse Wishart distribution known as the Inverse G-Wishart distribution. It corre-
sponds to the matrix inverses of random matrices that have a G-Wishart distribution (e.g.
Atay-Kayis and Massam, 2005; Maestrini and Wand, 2020). For any positive integer d, let
G be an undirected graph with d nodes labeled 1,...,d and set E consisting of sets of pairs
of nodes that are connected by an edge. We say that the symmetric d x d matrix M respects
G if

Mij =0 for all {Z,]} ¢ E.
A d x d random matrix X has an Inverse G-Wishart distribution with graph G and param-
eters £ > 0 and symmetric d X d matrix A, written

X ~ Inverse-G-Wishart(G, £, A)
if and only if the density function of X satisfies
p(X) o [X|E D2 expl—Lr(A X 1)}

over arguments X such that X is symmetric and positive definite and X ! respects G.
Two important special cases are

G = Gy = totally connected d-node graph,
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for which the Inverse G-Wishart distribution coincides with the ordinary Inverse Wishart
distribution, and
G = G4 = totally disconnected d-node graph,

for which the Inverse G-Wishart distribution coincides with a product of independent Inverse
Chi-Squared random variables. The subscripts of Gy,; and Gg;., reflect the fact that X -1
is a full matrix and X ! is a diagonal matrix in each special case.
The G = Gy, case corresponds to the ordinary Inverse Wishart distribution. However,
with message passing in mind, we work with the more general Inverse G-Wishart family.
In the d = 1 special case the graph G = Gy = Gae and the Inverse G-Wishart
distribution reduces to the Inverse Chi-Squared distribution. We write

x ~ Inverse-x2(&, \)

for this Inverse-G-Wishart(G, &, \) special case with d = 1 and A > 0 scalar.

Finally, we remark on the p and q notation used for density functions in this article. In
the variational inference literature these letters have become very commonplace to denote
the density functions corresponding to the model and the density functions of parameters
according to the mean field approximation, with p for the former and q for the latter.
However, the same letters are commonly used as dimension variables in the mixed models
literature (e.g. Pinheiro and Bates, 2000). Therefore we use ordinary p and ¢ as dimension
variables and scripted versions of these letters (p and q) for density functions.

3. Matrix Algebraic Background

For matrices M1,..., M4 we define:
M, O o
M O M, o
stack(M;) = : and blockdiag(M;) = .
1<i<d M 1<i<d : : ", :
d O O --- M,

with the first of these definitions requiring that M;, 1 < i < d, each having the same
number of columns. Such notation is very useful for defining matrices that appear in higher
level random effects models.

A key observation in this work is the fact that streamlining of variational inference algo-
rithms for higher level random effects models can be achieved by recognition and isolation
of a few fundamental algorithms, which we call multilevel sparse matrix problem algorithms.
These algorithms, based on the results of Nolan and Wand (2020), are similar to those used
traditionally for fitting frequentist random effects (Pinheiro and Bates, 2000). For each
level there are two types of sparse matrix solution algorithms: one that applies to general
forms and one that uses a QR-decomposition enhancement for a particular form that arises
commonly for models containing random effects. Both types are needed for variational
inference.

Appendix A provides the details of the multilevel sparse matrix problem algorithms
used in the upcoming variational inference algorithms. There are four such matrix algebraic
algorithms:
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SOLVETWOLEVELSPARSEMATRIX Algorithm A.1
SOLVETWOLEVELSPARSELEASTSQUARES Algorithm A.2
SOLVETHREELEVELSPARSEMATRIX Algorithm A.3
SOLVETHREELEVELSPARSELEASTSQUARES Algorithm A4

We use these four descriptive names in the variational inference algorithms that begin in
the next section.

4. Two-Level Models

We now present streamlined algorithms for two-level linear mixed models.

4.1 Mean Field Variational Bayes
Consider the following Bayesian model:

ind.

Y8, ui, 0% N N(XB+ Ziui, o I), w|E '~ N0O,X), 1<i<m,
B~ N(ng, Xg), 0%layz ~ Inverse-x*(vy2,1/a,2),
ay2 ~ Inverse-x?(1,1/(v,25%,)), (7)
3| As ~ Inverse-G-Wishart (Gfun, vs +2q — 2, A;l),
Ay ~ Inverse-G-Wishart(Guig, 1, Aay), Aay = {vsdiag(sZ ,,...,s2 )} 1,
where matrix dimensions, for 1 <7 < m, are as follows:

y;,isn; x1, X;isn; xp, Bispx1l, Z;isn;xq, u;isgx1land 3 is g x q.

ind.

Also, for example, u;|¥ '~ N (0, X) is shorthand for the u; being independently distributed
N(0,X) random vectors conditional on ¥. Next define the matrices

Y X1 u1
, X = : , Z = blockdiag(Z;), u = : and C = [X Z].

1<i<m
Y Xm U,

<
11l

The hyperparameters pg(p x 1) and Xg(p x p) are such that g is symmetric and positive
definite and v,2,vs, 552, S5 1, ..., 55, > 0. Note that (7) implies that the prior on o is Half-
Cauchy with scale parameter s,2 and the prior on 3 is within the class described in Huang
and Wand (2013). As explained in Huang and Wand (2013), such priors allow standard
deviation and correlation parameters to have arbitrary non-informativeness.

Now consider the following mean field restriction on the joint posterior density function
of all parameters in (7):

p(ﬁ? u, a,2, AE: 027 Ely) ~ CI(,@a u, ay2, AE) CI(UQa 2) (8)

where, generically, each q represents a density function of the random vector indicated by
its argument. Then application of the minimum Kullback-Leibler divergence equations (e.g.
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Bishop, 2006, equation (10.9)) leads to the optimal g-density functions for the parameters
of interest being as follows:

q*(B,u) has a N(uq(@u), ¥(8,u)) density function,
q*(0?) has an Inverse-y? (ﬁq(gz), /\q(gg)) density function 9)
and q*(X) has an Inverse-G-Wishart(G ., §q(x), Aq(z)) density function.

The optimal g-density parameters are determined via an iterative coordinate ascent algo-

rithm, with details deferred to Appendix B.2. Algorithm 2 of Lee and Wand (2016) is a

naive mean field variational Bayes algorithm for a class of two-level Gaussian response linear

mixed models that includes model (7) as a special case. Subsequent algorithms in Lee and

Wand (2016) achieve streamlining. In the current article, we offer an alternative approach,

based on Algorithms 1 and 5, that handle higher level random effects in a natural way.
Note that updates for p(g,,) and 3q(g,) may be written

u’q(ﬁ,u) < (CTRIT/I}’VBC + DMFVB)71<CTR1\_4}:VB:U + OMFVB)

(10)
and Eq(ﬂ,u) A (CTRI\_/&?VBC + DMFVB)_l
where
271 [0) 2—1
Ryrys = ,u_l nd, Dypys = ,6 and Oypyvs = s e . (11)
a(1/0?) O InoMms 5

For increasingly large sample sizes the matrix 3, becomes untenably massive. Fortu-
nately, only the following relatively small sub-blocks of 33 ,,) are required for variational
inference concerning o2 and :

34() = top left-hand p x p sub-block of (CTR,L,.,C + Dypys) ™,

3 4(u;) = subsequent g x ¢ diagonal sub-blocks of (CTR,L,.C + Dypys) !

below ¥,3), 1 <7< m, and (12)
E{(B — pqes)) (wi — uq(ui))T} = subsequent p x ¢ sub-blocks of
(C'TR_1 C + D,iwvs) ! to the right of e, 1 <i<m.

MFVB

For a streamlined mean field variational Bayes algorithm, we appeal to:

Result 1 The mean field variational Bayes updates of pgg ) and each of the sub-blocks of
3B listed in (12) are expressible as a two-level sparse matriz least squares problem (see
Appendiz A.1) of the form:

o= Bisga|

where b and the non-zero sub-blocks of B, according to the notation in (29), are, for 1 <
1 < m,

1/2 1/2 ‘ 1/2 .
Hy(1/0%)Yi Ho(1/0) X i | Haagen Zi

b, = m—1/2251/2uﬂ , B;= m_1/2251/2 and B; = 1?2 ,
0 0 M =)

10
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with each of these matrices having n; = n; +p+ q rows. The solutions are, according to the
notation in (27) and (28),
_ _ 411
Hq(p) = @1, Ygp) = A

and

Pty = @20 B = A B (B = Hy(p) (wi = pgqu))'} = A, 1<i<m.

Result 1 implies that the SoLvETWOLEVELSPARSELEASTSQUARES algorithm listed in Algo-
rithm A.2 applies for handling the pgg,,) and g4, sub-block updates. A derivation is
in Appendix B.1. This results in Algorithm 1 for streamlined mean field variational Bayes
for the two-level Gaussian response linear mixed model. A derivation is given in Appendix
B.2.

An important aspect of Result 1 and Algorithm 1 is that the vector (3, u) is treated as
an entity in the updates. This contrasts with block Markov chain Monte Carlo sampling
schemes where sub-vectors of (8,u) are updated separately. In the case of variational
inference, block updating of the sub-vectors of (3, w) corresponds to the imposition of more
stringent product restrictions on the g-density of (3, w) and degradation of accuracy.

Algorithm 1 uses the mean field variational Bayes approximate marginal log-likelihood
log{p(y;q)} in its stopping criterion. For model (7) this is given by

lOg{E(y, q)} = Eq{log p(yvﬁauv 0-2’ G52, Ea AE) - q(ﬁvu)o-Qa Ag2, Ev AE)} (13)

An explicit streamlined expression for log{p(y;q)} and corresponding derivation is given in
Nolan and Wand (2020).

4.2 Variational Message Passing

We now turn attention to the variational message passing alternative. Note that the joint
density function of all of the random variables and random vectors in the Bayesian two-level
Gaussian response linear mixed model (7) admits the following factorization:

p(yv Bv u, 027 3, Ay2, AE) = p(y|16a u, 0-2)]3(0-2’0’0'2)]3(@0'2)]3(/6’ u”z)p(2|A2)p(A2) (14)

Figure 4 shows a factor graph representation of (14) with color-coding of fragment types,
according to the nomenclature in Wand (2017).

Each of these fragments is treated in Section 4.1 of Wand (2017). However, the updates
for the Gaussian likelihood fragment, shown in green in Figure 4, and the Gaussian penaliza-
tion fragment, shown in brown in Figure 4, are given in simple naive forms in Wand (2017)
without matrix algebraic streamlining. The next two subsections overcome this deficiency.

4.3 Streamlined Gaussian Likelihood Fragment Updates

We now focus on the Gaussian likelihood fragment, shown in green in Figure 4. As presented
in Section 4.1.5 of Wand (2017), the messages passed between p(y|3,u,c?) and (3, u)
involve Multivariate Normal distributions with natural parameter vectors containing

p+mq+ L(p+mg)(p+mg+1) (15)

11
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Algorithm 1 QR-decomposition-based streamlined algorithm for obtaining mean field vari-
ational Bayes approximate posterior density functions for the parameters in the two-level
linear mized model (7) with product density restriction (8).

Data Inputs: y;(n; x 1), X;(n; X p), Z;(n; xq), 1 <i<m.

Hyperparameter Inputs: pg(p x 1), Zg(p x p) symmetric and positive definite,
562, V2,851,555, ¢, Vs > 0.

Initialize: ftq(1/02) > 0, fg(1/a,.) > 0, Mgz-1y(q X q), Mq(Ail)(q X q) both symmetric and
positive definite.

fq(az) — Vaz—I-Z:-il n; ; §q(g) — vs+29—24+m ; fq(aﬂ) — Vg2+1 fq(Az;) — Vs+q

Cycle:
Fori=1,...,m:
1/2 1/2 1/2 )
“q(l/ﬂ)yi Mqél/UQ)Xi . Ha(1/en Zi
X —1/2y2—1/2 ) —1/292—1/2 ) 0
bi+— | m /EB g y Bis— | m /Eﬁ , Bi+— s
0 0 M s

S — SoLvETwoLEVELSPARSELEASTSQUARES({(bi,Bi7 B):1<i< m})

Hq(3) $— @1 component of St ; Xy A component of S;
Aa(o?) < Ha(1/a,z) 3 Da) & Mgah
Fori=1,...,m:
Hg(u;) ¢ ®2,; component of S1 5 By, «— A*" component of S

E{(B — tq(p)) (@i — fg(u,)T} «— A" component of S
2

Ma(o2) < Aato2) + [[Us = Xibtqes) = Zittg(u,)
Aa(o2) 4 Aq(o2) + tr( X XiZq()) + t1(Z7 ZiBq(u,))
Aa(o2) = Aq(o?) + 20[Z] XiEq{(B — pq() (Wi — Hu,)) "]
Aqz) ¢ Aq(m) + Hagun Pa(u,) + Zatu)
Ha(1/o%) ¢ Eaon) /M) 1 Mgz ¢ (am) — 0+ D Ay,
Maay2) < Ha(1/o?) + 1/ (Ve2522) 5 Ha1/a,2) < Sata,2)/Aata,e)
Agas) diag{diagonal(Mq(zfl))} + {vediag(ss 1, .. 5% )} "
My a) < &qran) Aglay):
until the increase in log{p(y;q)} is negligible.
Outputs: pq(g): Za(g), { (Bacus) Zacu)s Eal(B = Haee)) (Wi = Hg,))T}) 1 < i< m}

€q(02)1 Aa(02), Sa(m)s Aq(m)

unique entries. Since the sizes of these vectors grow quadratically with the number of
groups, message passing suffers from burdensome storage and computational demands. We

12



STREAMLINED VARIATIONAL INFERENCE WITH HIGHER LEVEL RANDOM EFFECTS

overcome this problem by noticing that messages passed to and from p(y|3, u, 02) are within
reduced Multivariate Normal families.

o p(yIB,u,0°)

p(clla) az plaz) PA) Ay P(EIAy)

Figure 4: Factor graph representation of the Bayesian two-level Gaussian response linear
mized model (7).

Note that the full conditional density function of (3,w) is Multivariate Normal with
inverse covariance matrix

Cov(B, urest) ! = o 2CTC + blockdiag(Egl, I,o3%7 Y,

where ‘rest’ denotes all other random variables in the model, is a two-level sparse matrix.
The same is true for Eq_(lﬁm), the inverse covariance matrix of the mean field approxi-
mate posterior density function of (3,u). In the variational message passing approach
this sparseness transfers to reduced exponential family forms being sufficient. For exam-
ple, in the case of p = ¢ = 2 the messages passed between p(y|3,u,0?) and (B,u) =
(Bo, B1, U105 U11s - - -, Umo, Um1) have the generic exponential family forms:

m m
exp {naoﬁo + 15,814+ > (Mg Wio + T win) + 15283 + 02 BE + D (maz, wio +m.2,01)

i=1 =1
m

+Z(n60uioﬁo ujo + nﬁouz‘lﬁo Uil + T’Bluio/Bl U0 + nﬁluil/ﬁl u’ll)}
i=1
(16)
Therefore, it is natural to insist that all messages passed to (3,u) from factors outside of
the two-level Gaussian likelihood fragment are within the same reduced exponential family.
Under such a conjugacy constraint, the natural parameter vectors of messages passed to
and from (3, u) have length

p+3pp+1)+m{g+3qlg+1)+pg}

which is linear in m and considerably lower than (15) when the number of groups is large.
The reduced exponential family has an attractive graph theoretic representation. The full
Multivariate Normal distribution, in which sparseness is ignored, has dimension p+mgq. The
probabilistic undirected graph that respects independence of any pair of random variables
conditional on the rest for the N(u,X) distribution is an undirected graph with an edge

13
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between the fth and #'th nodes if and only if (37 1) # 0 (e.g. Rue and Held, 2005). The
restricted exponential family corresponds to removal of edges in a fully connected (p+mgq)-
node graph. Figure 5 depicts the reduced graph in the case of p = ¢ = 2 and m = 4.
The fully connected graph has 45 edges, whereas the reduced graph corresponding to the
restricted exponential family has only 21 edges. For general p, ¢ and m the numbers of
edges are, respectively, (p+mq)(p+mg— 1) and 5 p(p— 1) + m{3 (¢ — 1) + pq}. So, for
example, if p = ¢ = 2 and m = 10,000 then the number of edges in the reduced graph is
about 50,000 compared with about 200 million in the full graph.

U11 Uso

Uo4

Bo B+

Uso Ugq

U314 Uao

Figure 5: Undirected probabilistic graph with edges coding the conditional dependencies of
the entries of (B,u) given the rest for the case p=q =2 and m = 4.

The message from p(y|3,u,02) to (B, u) is

mp(y|ﬁyu,0'2) = (B,u) (165 ’U,) =

( - 3 1T
vech(B87T) (17)
exp Uu; Moy B,u,0%) = (B,u)
stack |vech(u;ul)
|5 | vee(Bu])

with natural parameter vector ’I’]p(y| B, u,0%) = (B, u) of length

p+3pp+1) +m{q+ 3q(q + 1) + pq}. (18)

Under conjugacy, the reverse message m(ﬁ u) = p(y| B, u Uz)(ﬂ, u) has the same algebraic

form as (17) with natural parameter vector N3, ) also of length (18).

— p(y| B, u,0”)

14
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Result 2 The variational message passing updates of the quantities pqg), Hq(u,), 1 <@ <
m, and the sub-blocks of Xqgv) listed in (12) with q-density expectations with respect to
the normalization of

My () B,u,0%) = (8,w) B ) UG w) - p(y| 8, u, 0% (B )

are expressible as a two-level sparse matriz problem (see Appendix A.1) with

T
—1(+T 1 -1 T
M , vec™ (D, 1y 9) 3 %?chl{vec (M2,3.4) }]
$ stack {vec ™ (me3:)T} blockdiag{vec_l(D;Tn2 2i)}
1<i<m 3 L<i<m 2,
and _ -
M1 (px1)
M1,1 M1,2 (3p(p+1) x 1)
a= stk ) where Mot (({ x 1)
1<i<m 2,1, 182?571,{1 Ma2i (3q(q+1) x1)
T UPED (pg x 1)

is the partitioning of Moyl B,u,02)  (B,u) that defines M1 Mo and {(772,1,1" M2 M23i)
1 < i < m}. The solutions, according to the notation in (27) and (28), are Hq) = T1,
Eq(ﬁ) = All and

Haus) = T2 D) = A Eg{(B = poe) (Wi — fguyy)' } = A, 1<i<m.

Remark. Variational message passing differs from mean field variational Bayes in that its
two-level sparse matrix problem is not expressible in a least squares form.

The process of converting a generic reduced natural parameter vector nyg,, to the
corresponding p1y(3 4, vector and important sub-blocks of 33 .4,), as illustrated by Result
2, is fundamental to streamlining of variational message passing for two-level linear mixed
models. We call this procedure the TwoLEVELNATURALTOCOMMONPARAMETERS algorithm and
list required steps as Algorithm 2.

It is easily shown (Appendix B.5) that messages between p(y|3,u,0?) and o2 have
Inverse Chi-Squared forms. For example,

1/0?

T
log(a2)] Moyl B,u.0%) = 0> (- (19)

mp(ymmmz) g2 (02) = exp [
Algorithm 3 lists parameter updates for the two-level Gaussian likelihood fragment with
streamlining according to the restricted exponential family form (17). Note that it makes
use of SoveTwoLEvVELSPARSEMATRIX (Algorithm A.1) since the natural parameter updates
correspond to a two-level sparse matrix problem without least squares representation. Ap-
pendix B.5 provides details on the derivation of Algorithm 3.
As in Wand (2017), Algorithm 3 uses the notation

Mg =MNfoo T Mot (20)
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Algorithm 2 The TwoLEVELNATURALTOCOMMONPARAMETERS algorithm for conversion of a
two-level reduced natural parameter vector to its corresponding common parameters.
Inputs: p,q,m,’l’[q(ﬁ7 )

w1 «— first p entries of T]q(ﬂ )
wy <— next 3 p(p + 1) entries of NaB,w) Q3 +—— —2vec_1(D;rTw2)

Zstt<_p+%p(p+1)+1 5 Zend<_zbtt+q_1
Fori=1,...,m:
wy; <— sub-vector of nq( B,u) with entries i t0 ienq inclusive

st ¢ Gona T 1 5 dena <t T 3 q(q+1) — 1

ws <— sub-vector of ’I’]q( B,u) with entries iy t0 icnq inclusive
Gstt ¢ Gend 1§ fend ¢ ot T pg — 1

wg <— sub-vector of ’I’]q( B,u) with entries iy t0 feng inclusive
Tsgt ¢ fend T 1 3 Tena ¢ fgp + ¢ — 1

Q7 +— —2V6071(D;Tw5) ;o Qg — _VeC;qu(wG)

So ¢— SOLVETWOLEVELSPARSEMATRIX (wl, Qs, {(wai, D7y, i) 11 < i < m})
Hq(3) ¢— 1 component of Sy ; Xg(g) ¢— A component of S,
Fori=1,...,m:
Hq(u,) € T2,i component of So 5 Mgy, ¢— A% component of S,
Eo{(B — tq(p) (i — tg(u,)T} <— A'™" component of S,

OUtPUtS: Hq(B)> Z]q(ﬁ)7 {(p’q(ui)7 Eq(ui% Eq{(B - /J’q(ﬁ)}(ui - p’q(ui))T}) i< < m}

4.4 Streamlined Gaussian Penalization Fragment Updates

Next we turn our attention to the Gaussian penalization fragment when the random effects
vector has two-level structure. The relevant fragment is shown in brown in Figure 4.

As shown in Appendix B.7, the message from p(83, u|X) to (8, u) has the generic form
(16) but with even more vanishing terms than the message passed from p(y|3, u, o?). How-
ever, with conjugacy in mind, we work with messages having the same form as (17). This
implies that

- B -T
vech(88")
M6, u| =) — (8,u) (B, w) = exp u; My(5.ulD) — (B.u)
stack |vech(u;ul)
|5 [ vee(pud) J

with natural parameter vector np(y| B, u,0%) = (B, u) also of length (18). The reverse message
has an analogous form.
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Algorithm 3 The inputs, updates and outputs of the matriz algebraic streamlined Gaussian
likelihood fragment for two-level models.

Data Inputs: y;(n; x 1), X;(n; xp), Z;(ni xq), 1 <i<m

Parameter Inputs: 7,15 4 02) - (8,u)" T1(8,4) - p(y| B, u.0%) To(y|B,u,0%) = o>

M52 = byl B,u. 0%
Updates:

Hq(1/o2) < ((np(y|,8,u,02) o)t 1)/(np(y|,8,u, o?) & N

S3 ¢— TWOLEVELNATURALTOCOMMONPARAMETERS (p, q,m, np(y| B,u,0?) (ﬂ,u))

Hq(3) < HMq(g) component of Sg ; (g «— X(g) component of S3

ngOp ) wlo%o%p(p-i—l) ; w11 +— 0
Fori=1,...,m:
T 1 T T
wg<—w9+Xiyi ; wm(—wlo—iDpvec(XiXi)

Fq(u,) € Hq(u,) component of Sz 1 Xy, ¢— Xg(y,;) component of S
E{(B — pq) (i — tg(u) "} <— Eq{(B — bq(s)) (Wi — py(u,))’ } component
of S3
wii «— wii — 5lly; — Xittgs) — Zittgeuy|lI”
w1t ¢— w1 — 3tr(Bge) X] Xi) — 5tr(Bqw,) Z] Zi)
—tr[{ Z] XiEo{(B — py(s)) (Ui — Bg(u,)" ]

wy
w10
Moy B,u,0%) — (Bu) € Ha(1/0?) Zly,
18.2?2}; —%Dquec(ZiTZi)
o —vee(XTZ;)
m
1N,
Moyl B.u.0?) - o 2; l
w11

Parameter Outputs: Moty 8,u,0%) — (B,w) Mp(y| B,u,0) — o>

Result 3 The variational message passing updates of the quantities pg(y,y and gy, 1 <
1 < m, with q-density expectations with respect to the normalization of

My(B,ul %) - (8,u) (B W) MG u) - p(8,u| ) (B 1)
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are expressible as a two-level sparse matriz problem (see Appendix A.1) with

vee™H(DF Ty 5) L stack {vec™ (1y5.)7}]
p 1’2 2 1<i<m ,'72,371
A=-2 <i<
3 stack {vec™ (3,)" }  blockdiag{vec™ (D" ms )}
and ] _
M1 (px1)
M M (zp(p+1) x 1)
“T stack ( ) where Mo (g x1)
1<i<m 2,1, stack M2.2. (%q(q +1) x 1)
1<i<m
Mas3i (pg x 1)

is the partitioning of My(g w|x)  (8,u) that defines my 1, Nyg and {(Ng,1:,M2,2,:5M23,)
1 <i <m}. The solutions are, according to the notation in (27) and (28),

p’q(ui) = T2 and 2q(ui) = A22’i, 1<i<m.

As shown in Appendix B.5, the message from p(3, u|X) to X has the Inverse-G-Wishart

form
logz| 1"

vech(E’l) np(ﬂvu‘z) - X

My, ux) - =(B) =exp [

Conjugacy considerations dictate that the message from 3 to p(3,u|X) is within the same
exponential family.

Algorithm 4 lists the natural parameter updates for the Gaussian penalization fragment
for two—'level rand(?m eﬂ'('acts.. Notation such as MpB,uls) & = is as defined by (20). See
Appendix B.5 for its derivation.

4.5 g-Density Determination After Variational Message Passing Convergence

After convergence of the variational message passing iterations, determination of g-density
parameters of interest requires some additional non-trivial steps, essentially involving map-
ping particular natural parameter vectors to common parameters of interest. We will ex-
plain this in the context of inference for the parameters in (7) and its Figure 4 factor graph
representation.

For the fixed and random effects parameters we need to first carry out:

Ma(3.w) < Mp(y1 8,u,0%) — (B,u) T TTa(B,ulD) = (B,u)
S 4 — TwOLEVELNATURALTOCOMMONPARAMETERS (p, q,m, ’I’]q(@ u))

and then unpack S4 to obtain the mean and important covariance matrix sub-blocks:

Ha@) Sa(e)> { Hatu Zatw) Bal(B = tg(p) (Wi — pro(u)T} 1 1< i <m}.
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Algorithm 4 The inputs, updates and outputs of the matriz algebraic streamlined Gaussian
penalization fragment for two-level models.

Hyperparameter Inputs: ug(p x 1), Zg(p x p), m, q
Parameter Inputs: 1), 3 v 5 — (8,u): (8, u) — p(8,u|2): (B, u[D) - =

Ns - p(8,u|)

Updates:

wig ¢— first entry of NpB,ug) o5 5 W13 < remaining entries of hp,ux) o=

Mq(z—l) — {W12 + %(q + 1)}{V6071(D;_Tw13)}71

S4 ¢— TwWOLEVELNATURALTOCOMMONPARAMETERS (p, q,m, np(g ul2) < (B u))
wig < 01 g1
Fori=1,...,m:

Hq(u;) € Hq(u;) COmMponent of 84 5 Bgeu;) ¢— Xg(u,) component of Sy

Wi4 — Wig — %DgVeC (.Uq(ui)lqu(ui) + 25{(“2’))

] =g _
—%ngec(Eél)
Mp(8,ul=) — (B,u) T 0,
stack | —3Dgvee(Myz-1)
L Opq J

Parameter Outputs: 7,3 4/5) - (8,4) » Th(B,u|Z) — =

of the N(fq(8.u)> Xq(8,u)) OPtimal g-density function.

The error variance o has its optimal g-density function being that of an

Inverse- > (gq(oz), /\q(02))

distribution, and its parameters are determined from the steps:

Moo  My(y|B,u,0?) — 0> T Mp(02la,2)—0?

fq(aQ) — —2(7’q(02))1 -2, ; >‘q(02) — _2(nq(02)>2

where (nq(ag))j denotes the jth entry of the vector MN402) for j =1,2.
Finally, the random effects covariance matrix 3 has its optimal g-density function being
that of an Inverse-G-Wishart (Gfu“, §a(=)> Aq(z)) distribution. The steps for determining its
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parameters after variational message passing convergence are:

Ny S MpB,uz) - =+ Nysjax) -

- T
o) ¢ —2(Mym)); — 2 1 Agem) ¢ —2vec 1<D; (nq(E))z)
where (1) q(z:)) | denotes the first entry of 7] 5,y and (n q (2))2 denotes its remaining entries.

4.6 Generalized Linear Mixed Model Extensions

In this article we focus on Gaussian response linear mixed models. The general principles
also apply to non-Gaussian response models within the generalized linear mixed models
framework. For the variational message passing approach Algorithm 4 is applicable for
generalized linear mixed models as well since it involves nodes of the factor graph that
are isolated from the likelihood factor. However, Algorithm 3 is specific to the Gaussian
likelihood factor and extension to non-Gaussian likelihood cases is the subject of ongoing
research.

5. Three-Level Models

We now return to the three-level situation illustrated by Figure 1 and derive algorithms for
streamlined variational inference based on Algorithms A.3 and A.4.

5.1 Mean Field Variational Bayes

A Bayesian version of the three-level linear mixed model treated in the previous subsection
is

L1 ,,L2 2 ind L1, L1 L2, L2 2
Y:;18, u; RN N(X B+ Z3j wi' + Z3; u;t, o I),

L1 ) 0
[ ul? } DER RN ([
ij 0

B~ N(ug, Eg), 0*layz ~ Inverse-x*(vy2,1/a,2),

L1

ap2 ~ Inverse-x?(1,1/(v,252,)), (21)
Y Agr ~ Inverse-G-Wishart (Gfun, Vs + 2q1 — 2, (Azm)*l),
A1 ~ Inverse-G-Wishart(Gyag, 1, {yzmdiag(sim e ,sim ql)}_l),

3"?| AgLe ~ Inverse-G-Wishart (Gfun, Vsie + 2q2 — 2, (AELZ)il),
)}h.

A2 ~ Inverse-G-Wishart(Ga,, 1, {VEdeiag(sim’ e ,sim’

where hyperparameters such as vgr1 > 0 and sgu1 4, ..., 8511
to the two-level case.

., > 0 are defined analogously

20



STREAMLINED VARIATIONAL INFERENCE WITH HIGHER LEVEL RANDOM EFFECTS

Algorithm 5 QR-decomposition-based streamlined algorithm for obtaining mean field vari-
ational Bayes approrimate posterior density functions for the parameters in the three-level
linear mized model (21) with product density restriction (22). The algorithm description
requires more than one page and is continued on a subsequent page.

Data Inputs: y,;(0i; x 1), Xyj(0i; X p), Zifjl(oij X ql),ZZ-LjQ(oij Xq), 1<i<m,1<j<n,;.

Hyperparameter Inputs: pg(p x 1), Lg(p x p) symmetric and positive definite,
82, Vg2, Sgll 155 Sgl1  ,VgLl, Sgl2 ;- .-, Sgl2  ,Vgl2 >0

Initialize: fiq(1/02) > 0, Kq(1/a,2) > 0, Mq((le)—l)(ql X q1), Mq((ELZ)—l)(QQ X q2),

Mq(A;m)(ql X q1), Mq(A;LZ)(qQ X @2) symmetric and positive definite,

m.o NG
q(o2) $— Vo2 +Z ZOU i Equry ¢ vgui 2 —2+m &, (mL2) ¢ Vg2 +2¢2— 2+an
i=1 j=1 i=1
Cala,2) S Vo2 t1 5 Laagpy) ¢ Vet Ha1 5 Sqagr,) € Vgl T @2
Cycle:
Fori=1,...,m

Forj=1,....,n
B 1/2 T - 1/2 -

Ha(1/02)Yii Ha(1/0)X
(o) =5 s (om)
bij — i—1 ; Bij — i1 s s
0 0]
O
1/2 1/2 L2
Halr /o) 245 Ha(1/02)Z 1)
hd O oo O
Bij «— w127 p1/2 i Bij 0]
i a((BL1)-1) .
o) M2
a(Zt2)-1)

S5 +— SOLVETHREELEVELSPARSELEASTSQUARES
({(b,J,BU,B”,B Vil<i<m1<j< ni})

Iq(3) — 1 component of S5 ; (g <— A'' component of Ss
)“1(02) S Hq(1/a,2) 3 Aq(ELl) — Mq(A ; Aq(zm) — Mq(A

Ll) L2)

Fori=1,...,m

Hg(ully € T2, component of S ; X L1y < — A% component of Sy

q(u
Eq{(B — pgg)) (ur = Mgl )T} «— A" component of Ss

Aq(ELl) «— Aq(le) + u’q(u{“l)uf(u{ﬂl) + Eq(uLl)
Forj=1,....,n

Pey(ul2) $— T2,j component of S ; X L2) +—— A?%Y component of Ss
ij

q(u
continued on a subsequent page ...
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Algorithm 5 continued. This is a continuation of the description of this algorithm that
commences on a preceding page.

Eq{(B — pyg)) (uif — Hq(u}ﬁ))T} +— A% component of Ss

Eq{(uf* — uq(up))(uff - ﬂq(u{e_f))T} +— A'%J component of Ss

Nato?) = Aot + Y3 = Xishtam) = 25 topuin) = Z5 B ||
Aa(o2) — Ago2) + (X X3 5q(8)) + {(Z5)" 2 By}
Ago2) € Aoy +11((Z3)T 277 B 12))
Na(o2) ¢ Aq(o2) + 260[(Z7])" X35 Eg{(B — k() (ul — Bo(urry) )]
Aa(o2) ¢ Aq(o2) T 260 [(Z3)T X3 Eg{(B — bq(e) (wif — Hg(urz)) "]
Aa(o2) ¢ (o2 + 200 [(Z35)T 237 Ba{(wl" — pgqurn))(wif — prgiurz)) ]
Agesizy = Agesiz) + Boguiz) o) + 2

L
q(u;

q(ul?)
Iq(1/02) $— &q(02)/ Aq(o2)

Mq(z:Ll) — (Eq(zm) - +1)A ;o M sr2) — (fq(zm) —@+1)A

1 -1
(st a(=h?)
M(a,2) < Ha(r/on) +1/(Ve2572) 5 Pa(1/a,2) < Eata,2)/ Aa(a,z)
Agag) < diag{diagonal (M ;((gr1)-1)) } + {rgL1 diag(s;m’ e S;Ll’ )}t
Aqgiap,) < diag{diagonal (M ;((gr2)-1)) } + {vgL2 diag(s;m’ e S;LQ’ )}t
Mq(A;Ll) A §q(AEL1)A;(£42L1) ’ Mq(A;LQ) — g‘1(“‘>3142)A;(142L2)'
until the increase in log{p(y;q)} is negligible.
Outputs: pqg), Xq(p): {(/“Lq(uP)7 Eq(u{:l)vK{(ﬁ — Hgg))(uit — Nq(uiLl))T}) (1< <m},
{(Nq(u}]?)’ 2q(u{.—32)7 E{(B — pqp)(uif — “q(u{.—f))T}a
Eq{(ui' — I“l’q(u{_-‘l))(u%]? - Nq(u{j?))T}) 11<i<m,1<j<n},

€a(02)5 Aa(02), Eq(sttys Aqemin), Eg(st2ys Aq(zi2)

The minimal mean field restriction needed for a tractable variational inference algorithm
is

P(B: u, a2, Ale ) A2L27 027 ELla 2L2’y) ~ q(ﬁ? u, as2, Ale ) A)::L2) q<02a ELla ELZ)' (22)
The optimal g-densities have forms analogous to those given in (9) but with
q*(X"") an Inverse-G-Wishart (Gm, fq(le)a Aq(le))

density function. A similar result holds for g*(%"?).
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p(Ast1) Az p(E-A)
i
o p(yIB,u,0?) u p(B,ulz"" 5"?) st
» N
A\
ZL2
p(o’las) as p(as?) P(As2) Asee p(EI1Azw)

Figure 6: Factor graph representation of the Bayesian three-level Gaussian response linear
mized model (21).

As in the two-level case, only the following relatively small sub-blocks of 35, are
required for variational inference concerning o2, ¥*' and X%

Zawr Bgrty By Eal(B — paee)(up — Haeurty) "} 28)
Ed{(B — g (uif — Mq(uisz))T} and  Eq{(u;' — pg(urn)) (ugf — Hq(uiLJ?))T}

for 1 <i<mand 1l < j <mn; Result4is the three-level analog of Result 1 in that it
provides a link between the three-level sparse matrix least squares problems and updates
for p4(3,.) and the important sub-blocks of 3(g 4.

Result 4 The mean field variational Bayes updates of Hq(B,u) and each of the sub-blocks
of Xq(3u) corresponding to (25) are expressible as a three-level sparse matriz least squares
problem (see Appendiz A.2) of the form:

2
o= Baon|

where b and the non-zero sub-blocks of B, according to the notation given by (35), are for
1<j7<n;, 1<e<m:

- 1/2 - i 1/2 g i
Ha(1 /07 Yij Ha(1/o2) X is
S 12 12 - . _1/22—1/2
b;j = <i—1 nl) 25 Hp || B;; = <; nz) B ,
a (0
L J (0
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_ “;(/12/02) iy _ - “;(/12/02)Z i
. O oo O
B;; = e 12 and Bj; = o
n (M)
i 0 ] I (Mq«z:“)—l))l/z ]

with each of these matrices having 0;; = 0;j +p -+ q1 + g2 rows. The solutions are, according
to notation illustrated by (30)—(32),

11
Hq() = T1, g = A,

Moty = 2,05 Sqrr) = A2 B{(B — py(e) (ui' — pgeny) '} = A for 1 <i<m

and

l’l’q(ul.‘]?) = L2,j, 2q(uI.-‘.Q) = A227ij7 Eq{<5 - I“l’q(B))(u’?jQ - I’l’q(u%j?))T} - AlQ,ijv

)

Eq{(ui" = prgqur)) (ui — Hq(u%ﬁ))T} =A% for1<i<m, 1<j<n,

Algorithm 5 provides a streamlined mean field variational Bayes algorithm for approx-
imate fitting and inference for (21). An explicit streamlined expression for the stopping
criterion, log{p(y;q)}, is given in Nolan and Wand (2020). We are not aware of any pre-
viously published variational inference algorithms that achieve streamlined inference for
mixed models with three-level random effects.

5.2 Variational Message Passing

For studying the variational message passing alternative we first note that the joint density
function of all of the random variables and random vectors in the Bayesian three-level
Gaussian response linear mixed model (21) can be factorized as follows:

p(:% 167 u, 027 ELla 2L27 a52, Ale 5 A2L2) = p(y’67 u, 02)p(02|a‘o‘2)p(ao‘2)
X p(ﬁa U‘EIJ? 2L2)p(2L1’A2L1)p(A>:L1 )p<2L2|A2L2)p<A2L2)'

Figure 6 provides the relevant factor graph with color-coding of fragment types.

As with the two-level case, each of these fragments in Figure 6 appear in Section 4.1 of
Wand (2017). To achieve streamlined variational message passing for three-level random
effects models we require tailored versions of the Gaussian likelihood fragment updates and
Gaussian penalization fragment updates. These are provided in the next two subsections
as Algorithms 7 and 8. However, they each rely on the THREELEVELNATURALTOCOMMONPA-
RAMETERS algorithm, which is listed as Algorithm 6.
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Algorithm 6 The THREELEVELNATURALTOCOMMONPARAMETERS algorithm. The algorithm de-
scription requires more than one page and is continued on a subsequent page.

InputS: b,q1,492,m™m, {nZ 01 S i S m}777q(ﬁ7u)
w15 «— first p entries of nq(,@,U)

wig ¢— next 1 p(p+ 1) entries of NaB,u) Q7 +— —2vec’1(D;'Tw16)
Zstt<_p+%p(p+1)+1 5 iend<_istt+q1_1
Fori=1,...,m:

w1g; <— sub-vector of ’ﬂq( B,u) with entries 74 t0 7enq inclusive

Z'stt — iend + 1 ) Z-encl — istt + %Ch (Q1 + 1) -1

w19 «— sub-vector of nq(,@ w) with entries ig t0 i.,q inclusive

Z'stt — iend +1 ; Z-encl — istt + pq1 — 1

wag — sub-vector of nq(,@ w) with entries ig to i.,q inclusive

istt — iend + 1 ; Z-end — istt + q1 — 1

Qo1 — —2 vec_l(D;'lTwlg) i Qg — —vecljxlq1 (w20)

iend — iend —q1 +Q2
Fori=1,...,m:
For j=1,...,n;

wa345 +— sub-vector of nq( B,u) with entries iy, tO fenq inclusive

. . . . 1

Tstt — lend + 1 ) lend — Ustt + 2 CI2(QZ + 1) - 1

way +— sub-vector of nq(,@ u) with entries 74, t0 7enq inclusive
b

istt — Z.encl + 1 ) iend — istt + Pq2 — 1

was <— sub-vector of nq(,@ ) with entries 74, t0 7enq inclusive
b

istt — Z‘encl + 1 ) iend — istt + q1q92 — 1

wag <— sub-vector of nq(,@ ) with entries 74, t0 7enq inclusive
b

istt — Z‘encl + ]- ) iend — istt + q2 — ]-

_ T -1
Qorij «— —2vec N (D Twas) 5 Qosij «— —vec,,,, (was)

Qg «— —vecy s, (wag)
S +— SOLVETHREELEVELSPARSEMATRIX <w157 Q7, {(wlgi, D914, Nag;) 1 1 < i <m,
(wasij, Qa7ij, Qagij, Qagij) 1 1 < i <m, 1 < j<n;
J J j J
Hq(@) <— @1 component of S¢ ; g +— A component of Sg
Fori=1,...,m:
Pey(ully $— @2, component of S ; Eq(um) +— A?**" component of Sg,

Eq{(B = pqe) Hui' — uq(uy))T} «— A'" component of Sg

continued on a subsequent page ...

25



NoOLAN, MENICTAS AND WAND

Algorithm 6 continued. This is a continuation of the description of this algorithm that
commences on a preceding page.
For j=1,...,n;

Hq(uL2) $— T2,i; component of Sg  ; Eq(uff) +— A??Y component of Sg
EH{(B - uq(ﬁ))}(u{f - uq(uisz))T} +— A% component of Sg
Eg{(uf" = pgr) Y — prgr2)T} — A% component of Sg
i ij
Outputs: Hq(B)> Z]q(@)v {(N’q(uiLl)v Eq(ufl)v Eq{(ﬁ - N’q(ﬁ)}(uZLl - /J’q(uf‘l))T}) S m}7
{(“q(uff)’ Eq(uﬁ“w Eq{(B - “q(ﬁ))}(uiLj2 - ”q(uiLﬁ))T}’

Ea{(uf' = Baurn) Hui? — Boez)T}) 1 1<i<m, 1< <nif

5.3 Streamlined Gaussian Likelihood Fragment Updates

Streamlined updating for the Gaussian likelihood fragment with three-level random effects
structure is analogous to the two-level case discussed in Section 4.3. The relevant factor is
shown in green in Figure 6. The message from the likelihood factor to the vector of fixed
and random effects instead has the form

mp(y|:37'uf70'2) — (B, u) (165 ’U,) =

- 4T
B
vech(887)
(e
stack |vech(uf!(u')T)
EE L vee(B(u)T) (24)
exXp M1 8. w.0%) — (B,w)
wl?
ij
vech (uF?(ul?)T
stack | stack ( ”( ”) )
1<i<m |1<j<ni | vec(B(uf?)T)
vec (ule1 (uz.L]?)T) )

and we assume that M3 u) - Pyl B, u Uz)(ﬂ, u) is in the same exponential family. Result 5
points the way to streamlining the fragment updates in the three-level case. Its derivation
is given in Section B.11.

Result 5 The variational message passing updates of the quantities py(g), Mgy, 1 <0<

m, Pur2y, L <i<m, 1< j <ng, and the sub-blocks of Xq(g) corresponding to (23) with
ij

q-density expectations with respect to the normalization of

My 8,u,0%) — (8,5) B W M5 w) - p(y| 8,u,0%) (B W)
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are expressible as a three-level sparse matriz problem (see Appendiz A.2) with

A Ay Aj 7
Ay Ag

A =-2 Vec_l(D;TnLQ),

A = — 182?2117{1 [Vechlql(nz,:a e StaCk {Vechqz (7733zJ)T}]’
(D+T"72 24) [5 stack {Vecq1 o (M3.4 Z])T}} !
Apy = —2blockdiag | ek ) o 1<}z§ D )
1<i<m | 3 fgggni{vecqlm (M3.447)" } 0<c]<;?g{vec YD} n34.5)}
and
[ M1 (px1) ]
_ - M1,2 (%p(p +1) x 1)
M1 [ M21,i (1 x 1)
lsgagk M2, (%Ch((h +1) x 1)
a= lsgagk (m2,1,1) where == | M3 (P x 1)
- y 1)
stack { stack (3 ; w)} 3,135 (6{2 :
[ Isism Isisn: - stack | stack | 1324 (32(g2 +1) x 1)
1<i<m |1<j<n | W335 (g2 % 1)
i | M34i; (912 X 1) i

is the partitioning 0f"7p(y|,6,u,02) < (B, u) that defines m1 1, M2, {(M2,1,isM2,2.4:Ma3:) 1 <
i < m} and {(M31,5:M32,ij:M3.3,45>M3,445) - L <@ <m,1 < j < n}. The solutions are,
according to notation illustrated by (30)-(32), pqg) = ®1, q(8) = A and

Moty = 205 Sqrty = A B{(B — py(e) (ui' — pgeny) ) = A for 1 <i<m

and

/J‘q(u%jz) = T2,ij5, 2q(u ) — A22 ,L] E, {(/6 Ky ,3))( l"’q ) } A12 ZJ

ij

Eo{(ul' — pr(n)) (Wl — pypurz) '} = A7 for 1 <i<m, 1<j <,
7 (¥

The message from the likelihood factor to o has the form as in the two-level case, as
given by (19). Streamlined Gaussian likelihood fragment updates for the messages from
p(y|B,u,0?) to (B,u) and o? is encapsulated in Algorithm 7. Note its use of the notation
defined by (20). Its justification is described in Section B.12.

27



NoOLAN, MENICTAS AND WAND

Algorithm 7 The inputs, updates and outputs of the matriz algebraic streamlined Gaussian
likelihood fragment for three-level models. The algorithm description requires more than one
page and is continued on a subsequent page.
Data Inputs: yij(oij X 1), Xij(oij X p), Zl-le(oij X ql), Z%]'Q(Oij X QQ), 1< < m,

1< <.

Parameter InputS: np(y\,ﬁ,w 0_2) N (,B,u)’ 'I’](ﬂu) N p(y|,37u,02)’ 'r]p(y|137u702) N 0_2,

M52 = byl B,u. 0%
Updates:

Ha(1/a2) < <(T’p(y|,8,u,a2) A 1)/(np(y|ﬁ,u, ) 5 022

S7 +— THREELEVELNATURALTOCOMMONPARAMETERS (p, q1,q2,m, {n; : 1 <i < m},

Moy 8,u,0%) < (,B,u))
Hq(g) $— Hq(g) component of S7 ; 3gg) <— Xg(g) component of S7

w30<—0p ; L«J31<—0%p(p+1) ; w3 — 0

Fori=1,...,m:

Hq(ult) € Hg(ull) component of &7 ; Zq(u%” — 3 L1y component of &7

q('u,i
Eo{(B — tq(3) (u}" = Baqur) "} ¢— E{(B — trq(@) (u}" — Bggur1)"}
component of S7

w3z <— 0g 5 w34 — 0% ; w3 «— 0pgy

q1(q1+1)
For j=1,...,n;

T
ij

W33z <— W3z; + (ZZI-']-l)Tyij ;o W3y < W34 — %Dquvec((Zlel)TZ%?)
Ww3g; <— W35 — VGC(XZZ;Z%]})

. 1T T
w3p < w3 + X yij ;W31 < w31 — §Dp VeC(Xinij)

Pa(ul?) € Hq(ul?) component of Sy
Eq(uisz) — Zq(ub?) component of 7
Eq{(B — pg(p)) (i — Hq(uiLj?))T} — Eg{(B — pg(p)) (wi} — Hq(uiL]?))T}
component of S7
Eqf{(u;' — Hq(uiLl))(uiLjQ - uq(uing))T} A
Eo{(ui’ — ﬂq(ugl))(uzpjz - Hq(u%ﬁ))T} component of Sz
wsp — ws2 — 5llYs; — Xijtgs) — Z3 Byuiry = 235 Mg |

continued on a subsequent page . ..
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Algorithm 7 continued. This is a continuation of the description of this algorithm that
commences on a preceding page.

Wiz — w32 — 51(Bq(p) X1, X j) — 5tr(By 1) (Z25) Z5)
—%tr(Zq(uisz)ZiLfTZf’jQ)

—tr[{(Z3])" Xi; Ea{(B — thq(3)) (i — Bgrur1y) " }]
—tr[{(Z5)" X3 Eq{(B — bq() (Wi} — Bourz))"}]
(Z37)

—tr[{(Z3})" Z3 Eq{ (] — pogurny) (ulf — uq(ul.sz))T}]
_ wa -
w31
W33
g |
Mo(y1 8w, o) — (B,w) T Ha(1/o?) o
) T(ZiLf)Tyij .
_1p Z1\T gLz
stack | stack 2 q2vec((TZ] 22 i)
1<i<m | 1<j<n; —vec(XZ-jZij)
I —vec((Z})"Z1?) ]
m  n;
IS 0y
2 ij
Moy B,u,0%) = 0 i=1 j=1
w32

Parameter Outputs: 7y, 5 v, 0%) — (8,u) Th(y| 8.u.0?) o>

5.4 Streamlined Gaussian Penalization Fragment Updates

Here we treat the Gaussian penalization fragment for three-level random effects structure.
This fragment is shown in brown in Figure 6. We assume that

My(g,u 5, 512) & (8,u) (B w) and My 5.4, 52) (5 4)(Bw)

are in the same exponential family. In other words, mp(ﬂ’ u| =M, 32 S (8, u) (B, u) has the
form given by the right-hand side of (24) but with natural parameter vector

Moty B,u,0%) — (B,w) TePlaced by Ty 5 st 512y (5 4)-

The fragment’s other factor to stochastic node messages are

gzt "
m L1 yL2 Ll(ELl):eXp n L1 L2 L1
p(B,u[ T, 37) » % vech ((X4)~1) p(B,ul TV, 57) = 2
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and

log | 2|

T
mp(ﬂ7u| st oxi?) o pt2 (Em) = &Xp VGCh((ELz)fl) ] np(,@,u| =t e - xl2

Streamlined updating of the three-level Gaussian penalization fragment is aided by Result
6:

Result 6 The variational message passing updates of the quantities
Hryubty Zgeurny, 1 <i<m,

and
Hglzy YgLzy, 1 <i<m, 1<j<n;,
ij ij

with q-density expectations with respect to the normalization of

My (5,0 5, 52) 5 (8,u) B W Mg ) 5 (B, u 54, 212) (B 0)

are expressible as a three-level sparse matriz problem (see Appendix A.2) with

A Ay Af ’
Ay Ag

A =-2 Vec_l(D;TnLQ),

_ -1 T -1 T
Ao = — lsg?gcgl [Vecpqu(n2,3,i) 1S'St?§Igi{VeCqu2 (13,3,i5) }]7
_ T -1 T
. vec 1(D;r1 M2,2,) B 1S;Gagk_{vecq1><q2(773,4,ij) }}
Ass = —2blockdiag . T K T 7
1<ism |y stack {vecg g, (M3,445)" } blfggi?g{vec (Dg, M32,i)}
and
[ M1 (px1) 1
- - M2 (3p(p +1) x 1)
M1 [ m21; (@1 x 1)
152?21; Moos (3au(q+1) x 1)
a= Stack (21,1 where | TS5 ny o (par x 1)
[ . 1)
stack { stack (151 )} M3,1,i5 (g2 x
1<i<m \1<j<n,; o0 (4 1) x1
L - stack | stack | 132 (3¢2(q2 +1) x 1)
1<i<m [ 1<j<n; | N33, (pge x 1)
i L M344; (q1g2 X 1)

is the partitioning of np(ﬁ7u|2L172L2) & (B,u) that defines my 1, M12, {(M21:5 M2 M234)
1 <i<m} and {(N31,j:M32,ij:M33,ijM3,445) - L <4 <m, 1 <j<mn;}. The solutions are,
according to notation illustrated by (30)—-(32),

Ha@it) = @2 Dqqun =A™ for 1<i<m

30



STREAMLINED VARIATIONAL INFERENCE WITH HIGHER LEVEL RANDOM EFFECTS

and

Po(ul2) = ©2ij, Sqrzy = A9 for 1<i<m, 1<j<n;
ij

)

Algorithm 8 provides the natural parameter vector updates for the three-level Gaussian
penalization fragment based on Result 5. Note that natural parameter vectors containing
a <> in their subscript, such as To(8,u| £M, £12) 5 RL15 AT€ defined by (20).

Algorithm 8 The inputs, updates and outputs of the matriz algebraic streamlined Gaussian
penalization fragment for three-level models. The algorithm description requires more than
one page and is continued on a subsequent page.

Hyperparameter Inputs: ug(p x 1), Xg(p x p),
Parameter Inputs: np(57u| U S2) (8, ) U(ﬁ’u) —p(B, u| =M, B2

np(ﬁ7u| ot Bh?) - ot U > p(B,u| B*, B?)
Mp(p,ul =11, 512) 512 152 o (8, u| 511, 512
Updates:
w3g <— first entry of np(ﬁ u| T, 32 o Bk

w37 <— remaining entries of np(ﬁ u| T, B2 & ub

M (sr1)-1) ¢ {wse + 5(a1 + 1) H{vee ™ (D Twsr)}
w3g +— first entry of np(,@ u| SV B12) o B

w39 <— remaining entries of No(8,u| =4, £12) & $12

Mq((Em)’l) — {w38 + %(qQ + 1)}{V8C71 (D;;Qngg)}il
Sg — THREELEVELNATURALTOCOMMONPARAMETERS
(p7 q1,42,mM, {n’b 01 S 1 S m}7 np(y| B7u’02) PN (57u)>

“40 0%'11(!11-1—1) » wal O% q2(q2+1)

Fori=1,...,m:

Hrg(ul1) € Hq(ylty cOmponent of Sg ; X a1y € gLty component of Sg

q(u;
1 T T
Wy & Wi — 5 Dqlve(:(uq(ulm)uq(um) + Zq(uim))
For j=1,...,n;
Hrg(ul2) — Pg(yl2) COmMponent of Sg D 2 —
v ] 3

Eq(uisz) component of Sg
W4l < W41 — %DZ;VGC (“q(u%?)“g;u%2) + Eq(uiLf))
continued on a subsequent page ...
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Algorithm 8 continued. This is a continuation of the description of this algorithm that
commences on a preceding page.

. — _
25 Bp
—%ngec(Egl)
th
StaCk _%ngeC(Mq((ELl)fl))
N8, u|SV, 5)  (B,u) T 1<i<m
0pg,
i 0y,
stack | stack —§Dquec(Mq((2L2),1))
1<i<m |1<j<n; 0o,
L 0414o i
1 m
] 5
My ul =11, 512) » st € (B, u| B, B12) 5 B2 i=1
w0 wi1

Parameter Outputs: np(ﬂ,um“,zw) = (B,w) Tp(B,u| =, 512) = B

77)3(57 ul ELI, 2L2) _, »L2

5.5 g-Density Determination After Variational Message Passing Convergence

The advice given in Section 4.5 for the two-level case extends straightforwardly to the
three-level case. The main change is that the steps that we need to first carry out are:

MaB.w)  Mp(y| 8,u,0%) = (B,0) T Tp(B,u| S, 52) = (8,u)
SpB <— THREELEVELNATURALTOCOMMONPARAMETERS

(p, a1, q2,m, {ni 1 1< i < m}>77q(5,u))-

6. Computational Complexity and Timing Results

Table 1 summarizes and compares the large sample computational complexities of stream-
lined mean field variational Bayes Algorithms 1 and 5 and the naive implementation al-
ternative. To aid digestibility, in Table 1 we are imposing the following balanced designs
restrictions: n; = n and o0;; = o for all values of the indices. The values of m, n and o
are assumed to be diverging whilst p, ¢, ¢1, g2 and the numbers of mean field variational
Bayes iterations are held fixed. The entries of Table 1 are justified by results concerning
the number of floating point operations for matrix multiplications and QR decompositions
given in, for example, Sections 1.2.4 and 5.5.9 of Golub and Loan (1989). We see from Table
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1 that the floating point operation counts of Algorithms 1 and 5 are linear in the number
of observations and these streamlined algorithms offer quadratic improvements over naive
implementation.

level naive streamlined naive/streamlined
two-level  O(m3n) O(mn) O(m?)
three-level O(m?®n30) O(mno) O(m?*n?)

Table 1: The order of magnitudes of the number of floating point operations for Algorithms
1 and 5 and naive implementation. The ratio of naive to streamlined computation
1$ also given. The designs are assumed to be balanced and m,n,o — oo whilst p,
q, q1, g2 and the numbers of mean field variational Bayes iterations are fixed.

To assess finite sample performance, we obtained timing results for simulated data
according to a version of model (7) for which both the fixed effects and random effects
had dimension 2, corresponding to random intercepts and slopes for a single continuous
predictor which was generated from the Uniform distribution on the unit interval. The true
parameter values were set to

058 )
Btrue - |: 198 :| ’

and, throughout the study, the n; values were generated uniformly on the set {30, ...,60}.
The study was run on a MacBook Air laptop with a 2.2 gigahertz processor and 8 gigabytes
of random access memory. The number of mean field iterations was fixed at 50.

01 and 5 - [ 2.58 0.22 }

0.22 1.73

true

m naive streamlined naive/streamlined
200 2.75 (0.0482)  0.035 (0.00000) 78.5

400  22.30 (0.2490) 0.070 (0.00148) 319.0

600  84.40 (0.4940) 0.108 (0.00445) 782.0

800  213.00 (0.9160) 0.143 (0.00445) 1490.0
1,600 427.00 (3.1000) 0.183 (0.00741) 2340.0

Table 2: Median (median absolute deviation) of elapsed computing times in seconds for
fitting model (7) naively versus with streamlining via Algorithm 1. The fourth
column lists the ratios of the median computing times.

The first phase of the study involved comparing the computational times of the stream-
lined Algorithm 1 with its naive counterpart for which (10) was implemented directly. To
allow for maximal speed, both approaches were implemented in the low-level language
Fortran 77. The number of groups varied over m € {200,400,600,800,1000} and 100
replications were simulated for each value of m. For the most demanding m = 1,000 case
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the streamlined implementation had a median computing time of 0.183 seconds and a max-
imum of 0.354 seconds. By comparison, the naive approach had a median computing time
of 7 minutes and, for a few replications, took several hours. Because of such outliers in the
naive computational times our summary of this first phase, given in Table 2, uses medians
and median absolute deviations. As the number of groups increases into the several hun-
dreds we see that streamlined variational inference becomes thousands of times faster in
terms of median performance.

The second phase of our timing study involved ramping up the number of groups into
the tens of thousands and recording computational times for Algorithm 1. We used the
geometric progression m € {400, 1200, 3600, 10800, 32400} and another 100 replications.
Table 3 shows that the average computing times increase approximately linearly with m
and only around 7 seconds are required for handling m = 32,400 groups.

m = 400 m = 1,200 m = 3,600 m = 10,800 m = 32,400
0.0781 0.2400 0.7140 2.30 6.980
(0.0122) (0.0343) (0.0806) (0.270) (0.857)

Table 3: Average (standard deviation) of elapsed computing times in seconds for fitting
model (7) with streamlining via Algorithm 1.

In summary, the streamlined approach is vastly superior to naive implementation in
terms of speed and scales well to large data multilevel data situations.

As a by-product of our timing studies we also recorded the empirical coverage percent-
ages for credible intervals with an advertized coverage of 95%. The results are given in
Table 4 and based on 1,000 replications. Apart from o, the parameters in Table 4 are
sub-components of 8 and X according to

and

o-[2]

5 [ a% pPO102 ]
B '

2
pPoO102 g5

Taking into account the margins of error in percentage estimates based on 1,000 repli-
cations, the empirical coverages are seen to be in keeping with the 95% advertized level.

7. Illustration for Data From a Large Longitudinal Perinatal Study

We now provide illustration for data from the Collaborative Perinatal Project, a large
longitudinal perinatal health study that was run in the United States of America during
1959-1974 (e.g. Klebanoff, 2009). The data are publicly available from the U.S. National
Archives with identifier 606622. For our illustration in this section, which focuses on the
first year of life, the number of infants followed longitudinally is 44,708 and the number of
fields is 125,564. We do not perform a full-blown analysis of these data and eschew matters
such as careful variable creation, model selection and interpretation. Instead we consider an
illustrative Bayesian mixed model, with two-level random effects, and compare streamlined

34



STREAMLINED VARIATIONAL INFERENCE WITH HIGHER LEVEL RANDOM EFFECTS

parameter m =100 m =200 m =400 m =800 m = 1,600

Bo 96.2 95.0 95.6 94.7 95.3
B1 94.8 95.2 94.5 95.4 93.5
o 95.1 94.0 95.3 95.1 94.6
o1 93.8 93.6 95.1 95.2 95.3
09 94.3 94.3 93.9 95.5 95.3
p 93.9 95.9 95.1 95.0 93.8

Table 4: Empirical coverage percentages for advertized 95% credible intervals produced by
Algorithm 1 for the simulation study described in the text. The empirical coverage
percentages are based on 1,000 replications.

mean field variational Bayes and Markov chain Monte Carlo fits. Specifically, we consider
the model

vij|Bo, - -, Br, 02 N(ﬁo + wio + (B1 4 wir)z1ij + (B1 + wiz)

+83 1355 + ... +57£U7zj,0’2),

Ui
Us1
Ui2

% N(0,X), for 1 <i< 44,708 and 1 < j < n;

with priors

Bo, .., B7 " N(0,10'),  0?%|a,2 ~ Inverse-x?(1,1/a,z),
Qg2 ~ Inverse_XQ(l, 1()—10)7 ¥ |As ~ Inverse-G-Wishart (Gfulhﬁ7 A;l)’ (26)
As ~ Inverse-G-Wishart(G ., 1,2 X 10—1013)

where y;; denotes the jth response recording for the ith infant and a similar notation applies
to the predictors x1;j,...,x7;;. The response and predictor variables are:

y = height-for-age z-score (see below for details),
x1 = age of infant in days,
9 = indicator that infant is male,
3 = indicator that mother is Asian,
x4 = indicator that mother is Black,
x5 = indicator that mother is married,
¢ = indicator that mother smoked 10 or more cigarettes per day

and z7 =indicator that mother attended 10 or more ante-natal visits during pregnancy.
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Figure 7: Fitted random quadratics for 96 randomly chosen infants from the streamlined
mean field variational Bayes analysis of data from the Collaborative Perinatal
Project for infants in the first year of life. The curves correspond to slices of the
fitted surface according to the model defined by (25) and (26) with each of the
other predictors set to its average value. The light blue shading corresponds to
pointwise 95% credible intervals.
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The height-for-age z-score is a World Health Organization standardized measure for the
height of children after accounting for age. In the Bayesian analysis involving fitting (25)
with priors (26) we divided the y and z; data by the respective sample standard deviations
for each variable. We then convert to the original units for the reporting of results.

Model (25) is an extension of the common random intercepts and slopes model to quad-
ratic fitting, and allows each infant to have his or her own parabola for the effect of age
on height-for-age z-score. Figure 7 shows the fits for 96 randomly chosen infants. It is
apparent from Figure 7 that the curvature in the age effects warrants the extension to
random quadratics.

—— MFVB results
MCMC results

indicator that infant is male =

indicator that mother is Asian

indicator that mother is Black =

indicator that mother is married =

indicator that mother smoked
10 or more cigaretters per day

indicator that mother attended 10 or
more pre—natal visits during pregnancy

[ I I |
-0.4 -0.2 0.0 0.2 0.4

effect on height—for-age z—score

Figure 8: Approzimate 95% credible intervals for Bs, ..., 57 for two approzimate Bayesian
inference fits to the model defined by (25) and (26) for the data from the Collab-
orative Perinatal Project for infants in the first year of life. The thin dark green
line segments display credible intervals based on streamlined mean field variational
Bayes. The thick light green line segments display credible intervals based on a
version of Markov chain Monte Carlo.

In Figure 8 we summarize the approximate Bayesian inference for fs,..., 37 via 95%
credible intervals. The results for Markov chain Monte Carlo-based analysis using rstan
(Stan Development Team, 2020), the R (R Core Team, 2020) interface to the Stan language,
are also shown. The number of mean field variational Bayes iterations is 100 and the Markov
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chain Monte Carlo results are based on a warmup sample of size 1,000 and a retained sample
of size 1, 000.

It is apparent from Figure 8 that streamlined mean field variational Bayes and Markov
chain Monte Carlo deliver very similar inference for the effects of the binary predictors. As
explained in Section 3.1 of Menictas and Wand (2013), mean field variational Bayes tends
to be very accurate for Gaussian response models of the type being used in this example and
the mild product restriction (8). However, such high accuracy is not manifest in general.
Ignorance of important posterior dependencies via mean field restrictions often lead to
credible intervals being too small (e.g. Wang and Titterington, 2005). In Figure 8 there
are pronounced negative effects due to ethnicity and maternal smoking and a pronounced
positive effect due to pre-natal care.

Even though streamlined mean field variational Bayes and Markov chain Monte Carlo
deliver similar inference for this example, the former is significantly faster. However, it is
difficult to quantify the speed gains scientifically due to factors such as stopping criteria,
implementation language and quality of the chains. For the Figure 8 fits, using the MacBook
Air laptop described in Section 6 the Markov chain Monte Carlo fits required about 36 hours
whilst the streamlined variational results took just 24 seconds. However, this comparison
is based on a convenient version of Markov chain Monte Carlo in which all the user has
to do is specify the model and let the Stan Bayesian inference engine do the work. This
convenience comes at the cost that general purpose Bayesian inference engines tend to be
slower than Markov chain Monte implementations for specific models. For the model and
priors given by (25) and (26) Gibbs sampling involves standard distributions and can be
streamlined by sampling from the fixed effects vector and then looping through the random
effect vectors for each infant. After carrying out the requisite algebra, and programming
streamlined Gibbs sampling in R, we found that Markov chain Monte Carlo fitting with the
same chain sizes and laptop required about 3.5 hours. This is about 10 times faster than
Stan, but took a lot longer to code. Lastly, we implemented streamlined Gibbs sampling
using the low-level C++ language with the aid of the R packages Rcpp (Eddelbeuttel et al.,
2020a), ReppArmadillo (Eddelbeuttel et al., 2020b) and RcppDist (Duck-Mayr, 2018). The
coding time required by the authors for this C++ implementation was much longer than
using Stan, but it resulted in a fitting time of just 4.9 minutes. Compared with Stan, the
quality of the chains produced by these streamlined Gibbs sampling implementations is not
as high and larger warmup and kept sample sizes may be warranted in practice.

Table 5 summarizes all of the timings for this example. It shows that, depending on
how Markov chain Monte Carlo is implemented, Bayesian linear mixed model analysis of
the Collaborative Perinatal Project data is between several thousand times and a dozen
times slower than streamlined variational inference.

8. Closing Remarks

We have provided comprehensive coverage of streamlined mean field variational Bayes and
variational message passing for two-level and three-level Gaussian response linear mixed
models. There are numerous extensions which cannot fit into a single article. One is the
addition of penalized spline terms as treated in Lee and Wand (2016). Another is non-
Gaussian likelihood fragments. Group specific curve models (e.g. Durban et al., 2005) also
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approach computing time MCMC/(streamlined MFVB)
MCMC via rstan 36 hours 5,400
MCMC via R code 3.5 hours 514
MCMC via C++ code 4.9 minutes 12.3

streamlined MFVB 24 seconds —

Table 5: Computing times for four different approaches to approzimate Bayesian fitting of
(25) to the Collaborative Perinatal Project data. The first three approaches are
Markov chain Monte Carlo (MCMC) with a warmup of length 1,000 and then
1,000 retained samples. The last approach is streamlined mean field variational
Bayes (MFVB) with 100 iterations. The ratios of the MCMC' computing times to
that of streamlined MEVB are also shown.

lend themselves to streamlining via the SoLvETWOLEVELSPARSELEASTSQUARES and SOLVETHREE-
LEVELSPARSELEASTSQUARES algorithms and Menictas et al. (2020) provide full details. Lastly,
there are Gaussian response linear mixed models with more than two levels of nesting.
The present article provides a blueprint for which these various extensions can be resolved
systematically.

Acknowledgments

We are grateful to Hon Hwang, Robert Kohn, Cathy Lee, Luca Maestrini, Chris Oates,
Louise Ryan, Christian Tezza, the editor and two reviewers for their valuable contribu-
tions. This research was supported by Australian Research Council Discovery Project
DP180100597 and aided by the Knowledge integration project within the Bill and Melinda
Gates Foundation.

Appendix A. Multilevel Sparse Matrix Problem Algorithms

Algorithms 1-8 rely on four fundamental matrix algebraic algorithms that solve the two-
level and three-level versions of multilevel sparse matriz problems. This class of problems
are defined in Nolan and Wand (2020). These four algorithms:

SOLVETWOLEVELSPARSEM ATRIX Algorithm A.1
SOLVETWOLEVELSPARSELEASTSQUARES Algorithm A.2
SOLVETHREELEVELSPARSEM ATRIX Algorithm A.3
SOLVETHREELEVELSPARSELEASTSQUARES Algorithm A.4

and their underpinnings are presented in this appendix.
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A.1 Two-Level Sparse Matrix Algorithms

Two-level sparse matrix problems are described in Section 2 of Nolan and Wand (2020).
The notation used there is also used in this section. Here we present two algorithms, named

SOLVETWOLEVELSPARSEMATRIX and SoLVETWOLEVELSPARSELEASTSQUARES

which are at the heart of streamlining variational inference for two-level models.
The SoLvETWOLEVELSPARSEMATRIX algorithm is concerned with solving general two-level
sparse linear system problem Ax = a, where

A A12,1 A12,2 A12,m aj Ty
T
Ajgq [A221] O | -+ (0] a1 21
A= A1T2,2 O |Asy o , a= | agy and T=| @9, (27)
T
A12,m o o A22,m az m L2m

and obtaining the sub-matrices corresponding to the non-zero blocks of A:

All A12,1 A12,2 . A12,m 1
A12’1T A22,1 X L. X
A= | g2er| x a2 | x| (28)
AlQ,mT X X Lo | A%Zm

As will be elaborated upon later, the blocks represented by the X symbol are not of interest.
SOLVETWOLEVELSPARSEMATRIX 1S listed as Algorithm A.1 and is justified by Theorem 2.2 of
Nolan and Wand (2020).

The SoLvETWOLEVELSPARSELEASTSQUARES algorithm arises in the special case where x is
the minimizer of the least squares problem ||b — Bz|? = (b — Bx)” (b — Bx) where the
matrix B and vector b have the generic forms

B, |B/|O| |0 by
By | O |Bsy|---| O by

B= and b= |—/|. (29)
B,|lo|o| - |B,, b,

In this case A = BTB, a = BTb so that the sub-blocks of A and a take the forms
m . oT m T
A11 = ZBZTB“ Alg’i = BZTBZ, AQQ’Z‘ = Bz Bi, a; = ZBszz and 0/2’1‘ = Bz bz
i=1 i=1
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Algorithm A.1 The SoLvETwoLEVELSPARSEMATRIX algorithm for solving the two-level sparse
matriz problem x = A~ a and sub-blocks of A™' corresponding to the non-zero sub-blocks
of A. The sub-block notation is given by (27) and (28).

Inputs: <a1(p x 1), A11(p x p), {(az,i(qgx1),Axn,;(qxq),Ai(px q): 1<i<m}

Wi —— a1 ; s — Ay
Forte=1,...,m:
Wiag & Wy — A12,iA2_21’ia2,i i Q3 — Qy3 — A12,iA2_21,iA1Tz,i
AL11 — 9231 ;L — A11W42
Fori=1,...,m:
T2, < A2_21,i(a2,i - A1T27z'-’”1) ;AP — _(Az_zl,iAﬂirz,iAH)T

AP AL (1 - AT, A

Output: (ml,Au, {(wgvi,AQQ’i,Alz’i) 1 1<i< m})

As demonstrated in Section 4, these forms arise in two-level random effects models. Theorem
2.3 of Nolan and Wand (2020) shows that this special form lends itself to a QR decomposition
(e.g. Harville, 2008, Section 6.4.d) approach which has speed and stability advantages in
regression settings (e.g. Gentle, 2007, Section 6.7.2).

SOLVETWOLEVELSPARSELEASTSQUARES 18 listed as Algorithm A.2. Note that we use 7,

rather than n;, to denote the number of rows in each of b;, B; and BZ to avoid a notational
clash with common grouped data dimension notation as used in Section 4. In the first loop
over the m groups of data the upper triangular matrices R;, 1 < i < m, are obtained via
QR-decomposition; a standard procedure within most computing environments. Following
that, all matrix equations involve Ri_l, which can be achieved rapidly via back-solving.

Note that in Algorithm A.2 calculations such as QI B; do not require storage of Q; and
use of ordinary multiplication. Standard matrix algebraic programming languages store
information concerning @, in a compact form from which matrices such as QZTBi can be
efficiently obtained.

A.2 Three-Level Sparse Matrix Algorithms

Extension to the three-level situation is described in Section 3 of Nolan and Wand (2020).
Theorems 3.2 and 3.3 given there lead to the algorithms

SOLVETHREELEVELSPARSEMATRIX and SOLVETHREELEVELSPARSELEASTSQUARES

which facilitate streamlining variational inference for three-level models.
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Algorithm A.2 The SowvETwWOLEVELSPARSELEASTSQUARES for solving the two-level sparse
matriz least squares problem: minimise ||b— B x||? in & and sub-blocks of A~* corresponding
to the non-zero sub-blocks of A = BT B. The sub-block notation is given by (27), (28) and
(29).

Input: {(b,(ﬁz x 1), Bi(n; X p), é7(ﬁ, X q)) 1< < m}
wyq <— NULL ; €45 «<— NULL

Fori=1,...,m:

Decompose BZ =Q; [ R ] such that Qi_1 = QiT and R; is upper-triangular.

o
) Ty, - O, TB.
Co; < Qz ] 0i < Qz i
.. Waq
cy; +— first g rows of ¢p; ; c2; ¢— remaining rows of cp; ; wayq — -
2i
. . . o . . Qs
Cq; «— first g rows of Cy; ; Cg; <— remaining rows of Cp; ; g5 — C
2i

Decompose Q45 = Q { g

} such that Q7! = QT and R is upper-triangular.

c«— first prowsof Q7wy ; i +— R 'e¢e ; A" «— R'RT
Fori=1,...,m:
To; +— R;'(c1; — Crmy) ; A «+— —A"(R7'Cy)T
A% REYRTT - €AY

Output: (wl,AH, {(wg’i,Am’i,Am’i) 1 1<i< m})

An illustrative three-level sparse matrix is:

A1 | Aigg |Aig11 | A2 | Ar22 | Ai221 | A1222 | A12,23

A= (30)
Al,| O o O | Axpo |A221]|A1222|A1223
AL, 0 | 0 | 0 |A%,,|Ans| O | O
Al g O O O |Alyy,| O [Apa| O
Alys| O O O |Apos| O O | Az |



STREAMLINED VARIATIONAL INFERENCE WITH HIGHER LEVEL RANDOM EFFECTS

and corresponds to level 2 group sizes of n; = 2 and ns = 3, and a level 3 group size of
m = 2. A general three-level sparse matrix A consists of the following components:

e A p x p matrix A1, which is designated the (1, 1)-block position.

e A set of partitioned matrices {[ Ao ‘ Al ‘ ‘ A12,in, ] 1< < m}, which is
designated the (1,2)-block position. For each 1 < i <m, Aj; is p X ¢1, and for each
1 <j<n; Az, is p X qo.

e A (2,1)-block, which is simply the transpose of the (1, 2)-block.

e A block diagonal structure along the (2,2)-block position, where each sub-block is a
two-level sparse matrix, as defined in (27). For each 1 <1i <m, Asy; is ¢1 X ¢1, and
for each 1 < j < n;, A127i7j is q1 X g2 and A227Z‘j is q2 X @q2.

The three-level sparse linear system problem takes the form A x = a where we partition
the vectors a and x as follows:

ai Ty
as 21
as 11 2,11
as 12 2,12
a= and x = (31)
as o 2.2
as 21 2,21
as 22 2,22
a? 23 223

Here a1 and «1 are p x 1 vectors. Then, for each 1 <7 < m, as; and x3; are g x 1 vectors.
Lastly, for each 1 <14 <m and 1 < j < n; the vectors ag;; and x2;; have dimension g2 X 1.

The three-level sparse matrix inverse problem involves determination of the sub-blocks
of A™! corresponding to the non-zero sub-blocks of A. Our notation for these sub-blocks
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is illustrated by

Al A121 | A1211] 41212 4122 | 41221 | 412,22 | 412,23
AL2IT | 4221 | 412,11] 41212 X X X X
AT | A1211T| 42211 % X X X X
AI212T| 412127 % | 42212 X X X X

A122T X X X A22:2 | A12.21] 4122.2] 412,23
AL221T| X X | A1221T] 42221 % X
A1222T| % X X | A1222T] x| 42222| X
A1223T| X X | A1223T| X X | A2223

for the m = 2, ny = 2 and no = 3 case.

The SowveTHREELEVELSPARSEMATRIXprOocedure, which provides streamlined solutions for
the general three-level sparse matrix problem, is listed as Algorithm A.3.

Next, consider the special case where a three-level sparse matrix problem arises as a
least squares problem where x is the minimizer of the least squares problem ||b — Bz||? =
(b — Bx)T (b — Bx) where B is such that A = BT B has three-level sparse structure. For
the special case of m = 2, n; = 2 and ny = 3 the forms of the B and b matrices are

-BH BuBhlo|lo|o|o|o - -bn-
Bi|Bi| O |BlOo OO0 |0 by
B=|By| 0| 0|0 |ByBxlO|O and b= | by |- (33)
Bxn| O | O] O |By| O |By| O bas
By| O | O | O |Bys| O | O |Bas b??,

For general 1 <¢ <m and 1 < j < n,, the dimensions of the sub-blocks of b and B are:
b,’j is 6ij X 1, Bij is 6ij X D, Bz’j is 6ij X q1, and Eij is 6ij X q2. (34)
Here we use o;; rather than o;; to avoid a notational clash with common grouped data

dimension notation as used in Section 5. The general forms of B and b in the three-level
case are

B = [Stack { stack (Bz-j)} blockdiag{ [ stack (Bw) ‘blockdiag(éij)} }]

1<i<m L1<j<n; 1<i<m 1<j<n; 1<j<n; (35)

and b= stack{ stack (bw)}
1<i<m L1<j<n;
Algorithm A.4 provides a QR decomposition-based solution to the three-level sparse
matrix least squares problems when the inputs are the matrices listed in (34).
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Algorithm A.3 The SorvETHREELEVELSPARSEMATRIX algorithm for solving the three-level
sparse matriz problem * = A~ 'a and sub-blocks of A~' corresponding to the non-zero
sub-blocks of A. The sub-block notation is given by (30), (31) and (32).

Input: (al(p x 1), A11(p x p), {(az,i(q1 x 1), Agai(q1 x 1), Ar2,i(p X 1) : 1 <i<m},

{as,ij(g2 x 1), A2,i;(q2 X g2), A12,i;(p X q2), A12,4,j(q1 X ¢2)) : 1 <i<m, 1 <5< nz})

Wi a1 3 Qur+— Ay
Fori=1,...,m:
hoij+—as; ; Higj<— Ay 3 Hopy+— Aoy

For j=1,...,n;
—1 —1 T
haoi<— ha; — A1z, jAss 502, 5 Higi «— Hugi — AizijAgy ;A1 5

1 ,T
Hoo i «— Ho i — Ai2,i, jAs ;A2 i

-1 . —1 4T
wiae — wae — A12,ij Ao ;02,05 3 Qur — Qur — A2 A% ;A5
-1 . -1 T
Wy < Wy — ngﬁiHQQJhgyi ; Q47 — 947 — H12,iH227iH1271',

1411 < QZ71 ;L — A11W46
Fori=1,...,m:
T2, < Hz_zl,i(hzi - Hipz,ixl) ;AP — _(H2_21,iHPiF2,iA11)T
AP — Hyy (I - Hi, A
For j=1,...,n;
T2,45 < A2721,11j (a2,ij - Aip2,ij$1 - A1T2,i,jﬂ’32,i)
A28 —{Azfglﬂzj (A?27ijA11 +A%’2’i7jA12,iT>}T
A12,i,j « _{A2_21,ij (A{2,ij A12,i +A{2,i,jA227i>}T
AP A2_21,ij (I - A1T2,z‘jA12’ij - A1T2,i,jA12’i’j)
Output: <931,A11, {(wgﬂi,AQQ’i,Aw’i) 1 <i<m},

{($27ij,A22’ij,A12’ij,A12’i’j,) c1<i<m, 1<j5< nl}>

Appendix B. Appendix B. Derivations
B.1 Derivation of Result 1

It is straightforward to verify that the pg(g,,) and Xg.) updates, given at (10), may be
written as

Hapu) ¢ (BTB)'BTb=A"la and g, +— (BTB) ' =A"!
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Algorithm A.4 The SoLvETHREELEVELSPARSELEASTSQUARES for solving the three-level sparse
matriz least squares problem: minimise ||b— B x||? in & and sub-blocks of A~% corresponding
to the non-zero sub-blocks of A = BTB. The sub-block notation is given by (28). The
algorithm description requires more than one page and is continued on a subsequent page.

° oo

Input: {(b;;(0;; x 1), Bij(6s; x p), Bij(6ij x q1), Bij(0i; X g2)) : 1 <i<m, 1<j<n;}
wyg «— NULL ; Qg9 +— NULL
Fori=1,...,m:

wso «— NULL ; Q5 +— NULL ; €5 «— NULL

For j=1,...,n;
Decompose éij =Q,; { Igj } such that Q;jl - QZ;‘ and R;; is upper-triangular.
doij — Qiijij i Dogj <— Qg;‘Bij ; 1501‘]‘ — Qg;‘-B.ij
dy;; <— 1st g2 rows of dy;; ; dg;; +— remaining rows of dy;; ; wsp ¢— { “s0 }

da;;
Du‘j <— 1st gy rows of DOij ) Dgi]‘ — remaining rows of DOij

Q51
Q51 +—
| oy |

Dy;; +— 1st g2 rows of Dy;; ; Dg;; <+— remaining rows of Dy;;
Q50

952 —

2ij

Decompose 252 = Q; { 1(%)1 ] such that Qi_1 = QlT and R; is upper-triangular.
T . T

coi «— Q;ws0 ;5 Coi +— Q; W51

.. w
C1; < 1st q1 TOWS of Cp; ; C2; <— remalining rows of Cp; ; Wyg < |: 648 :|
21

. . Q
C1i «— 1st g1 rows of Co; ; Cg; «— remaining rows of Co; ; 49 ¢— [ C49 }
2

Decompose Q49 = Q [ g } so that Q7! = QT and R is upper-triangular.

c+— first prows of QTwys ; i +— R e ; AM«— R'RT

continued on a subsequent page . ..

where B and b have the forms (29) with

1/2 1/2 . 1/2 ,
Ha(1/02)Yi Ha(1/o2) X i . Ha(1/0Zi

bi= | 25, Py | Bi= | 22 | and Bi= 1?2
0 0 M =)
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Algorithm A.4 continued. This is a continuation of the description of this algorithm
that commences on a preceding page.

Fori=1,...,m:
To; — R;l(cli —Crxy) ; A% —AH(R;lcu)T
A RTVRTT - 0, A
For j=1,...,n;
T2ij < Ri_jl(dlij - Dlijwl - 1511‘;'332,1')
A2 {Ri—jl(DlijAll n ﬁlijA12’iT)}T
Al20d {R;jl(DlijA12,i i -D.lijA22’i)}T
A2 Ri_j1 (Ri—jT — Dy A D‘h_jAm,z',j)
Output: (wl,An, {(:E27i,A22’i,A12’i) 1 1<i< m})

{(33271-]',A22’ij,A12’ij,A12’i’j) c1<i<m, 1<j< nl})

B.2 Derivation of Algorithm 1

We first provide expressions for the g-densities for mean field variational Bayesian inference
for the parameters in (7), with product density restriction (8). Arguments analogous to
those given in, for example, Appendix C of Wand and Ormerod (2011) lead to:

q(8,u) is a N(fq(8.u) Xq(8,u)) density function
where
S8 = (CTRypynC + Duevs) ™ and  piy(g.u) = Sq(a,u) (C7 Rypyny + Ourvs)
with Ryeve, Durve and Oypvs defined via (11),
q(c?) is an Inverse-x? (fq(gz), )\q(az)) density function

where £;(,2) = Vp2 + 3 i n; and

Eo{lly; — X8 — Zu;||*}

IR

M(o?) = Hq(1/a,e) T

=1

= a/a,e) T [ Eq(yi — XiB — Ziw)||* + tr{Covqe(XiB + Ziui)}]

IR

i=1

3

= lq(tjae) D <|| Eqy(y; — XiB — Zw)||” + tr(X] XiZq8)) + tr(Z] ZiZg(u,))
=1

+2tr [ZZTXqu{(B - Hq(,@))(ui - u’q(ui))T}])
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with reciprocal moment fiq(1/52) = §4(62)/Aq(02)s
q(X) is an Inverse-G-Wishart (G, §a(x) Aq(z)) density function

where =) = vs +2¢ — 2+ m and

T
Aqz) = MCI(A;) T Z (HQ(ui)uq(ui) + 2‘1(%‘))
=1

with inverse moment M (s-1y = (Cq=) —a+ 1)Aqi(12:)7

q(ay,2) is an Inverse—XQ(fq(%2), )“1(%2)) density function
where §q(a02) =v,+1,
Mla ) = Ha(1/o?) + 1/ (Vo2822)
with reciprocal moment Pa(1/a, ) = §q(a02)/)\q(ag2) and
q(As) is an Inverse-G-Wishart (Gdiag, $a(As)s Aq(A):)) density function
where §a5) = Vs + ¢,

Ajas) = diag{diagonal(Mq(E_l))} +Aa,

with inverse moment Mq(A;) = fq(Az)A;(;):).

The g-density parameters are interdependent and their Kullback-Leibler divergence op-
timal values can be found via a coordinate ascent iterative algorithm, which corresponds
to Algorithm 2 of Lee and Wand (2016) for the special case of L = 0 in the notation used
there. However, as explained there, naive updating of p15(g 4, and X (g ) has massive com-
putational and storage costs when the number of groups is large. Result 1 asserts that we
can instead use SOLVETWOLEVELSPARSELEASTSQUARES (Algorithm A.2) to obtain pgg,,) and
relevant sub-blocks of 33 4)-

B.3 Derivation of Result 2
Note that

908, ) XMy 5., 0%) = (8, w) (B W) TG w) 5 p(y| B,u,0%) (B> w)

_ /6 1T
vech(B87)
= exp U; Mo(y18,u.0%) & (B,u)
stack |vech(u;ul)

== | vee(Bu])

_ T T
—=exp ﬂ] a — % [B] A [B]

_'U, u “
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where a and A as given in Result 2 and the last step uses facts such as vech(M) =
D;Lvec(M ) for any symmetric d x d matrix M. Standard manipulations then lead to

-1 -1
Hopu) =A@ and Zggq) = A"

Result 2 then follows from extraction of the sub-blocks of @ = A~ 'a and the important
sub-blocks of A~! according to (12).

B.4 Derivation of Algorithm 2

The two-level reduced exponential family form is

_ 3 o7 )
vech(B8")
q(8,u) o exp u; (B .w)
stack |vech(u;ul)
=5 et
- 17T T
(UM
L u u u

where A and a are as defined in Result 2 with np(y|,8,u,02) & (B,u) replaced by 148,u)
with A having two-level sparse structure. As with the derivation of Result 2, we have the
relationships

—1 -1
p’q(,@,u) =A""a and Eq(ﬁ,u) =A"". (36)

The first part of Algorithm 2 is such that the entries of 14(8,u) are sequentially unpacked
and stored in the vectors w; and wy;, 1 <14 < m, corresponding to the a vector according
to the partitioning in (27) and the matrices Q3 and Q7;, Qg;, 1 < i < m, corresponding to
the non-zero sub-blocks of A in (27).

Next, S stores the streamlined solution to (36) according to the SOLVETWOLEVELSPARSE-
Matrix algorithm (Algorithm A.1). The remainder of Algorithm 2 is plucking off the relevant
common parameter sub-blocks of pg(g.,,) and Xyg.) based (36) and keeping in mind that
(36) represents a two-level sparse matrix problem.
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B.5 Derivation of Algorithm 3

First note that the logarithm of the fragment factor is, as a function of (8, u):

1 m
log p(y|8, u, o? 552 Z |y, — X8 — Ziu¢|]2 + const
— —_ T r m
B ZX;‘F?JZ
i=1
vech(887) O .
) _ﬁsz vece(X; X;)
=(1/0%) u; i=1
7Ty,
stack vech(uiul-T) i Yi
1S’L§m StaCk _lDTVeC(Z’ZTZZ)
vec(Bul) L<ism | 271
- B | —vec(XTZ;)

Therefore, from equations (8) and (9) of Wand (2017),

- 4T

B
Vech(BﬁT)

My (y| 8,u,0%) — (8,u) (B @) +— exp u; Moyl 8w, o) —

stack |vech(u;ul)

1<i<m
VGC(BUZT)

where .
ZXzTyi
i=1

B —1> D]vee(XT X;)
Moyl B,u,0%) — (B,w) = Ha(1/0?) i=1
ZzTyi

stack —%Dquec(Z;fpzi)

1<i<m
—vec(X1Z;)

and f(1 /52y denotes expectation of 1 /o? with respect to the normalization of

Myy1B,u,0%) — (@) M2 Ly (41 8,07 (@)

which is an Inverse x? density function with natural parameter vector

Mo (y18,u.0%) © o?
and, according to Table S.1 in the online supplement of Wand (2017), leads to

Hq(1/02) < ((np(y|,3,u,02) “ 02)1 + 1>/(np(y|,8,u,a2) “ 02)2'
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The other factor to stochastic node message update is

log(0?)

2
My (y| B, u,0%) — 02(0) ¢ exp )
1/o

Moy B,u,0?) — o2

where

IE

=1

Moy B,u,0%) = o° &
_§ZEq{”yi - XiB - Zuwl|*}
i—1

with E, denoting expectation with respect to the normalization of

My 8,u,0%) = (8,5) B W MY G w) 5 p(y| B,u,0) (B ).
Then note that

Eq{lly; = XiB — Ziwil|*} = |y — X tq) — Zi H(uy I” + t2(XT XiZq(g)
+1(Z7 ZiZg(u,) + 260 [ 2] XiEg{(B — po(s)) (wi — Hy(u,)" 1]

where, for example, pgg) = Eq(B) and Xg,,) = Covg(u;). Result 2 links sub-blocks of
np(ylﬁ w, %) & (B, u) with the required sub-vectors of pqg,,) and sub-blocks of ¥y ).
These matrices are extracted from No(y| 8,u,0?) < (B,w) in the call to TwoLEVELNATURALTO-

CoMmMONPARAMETERS algorithm (Algorithm 2).

B.6 Derivation of Result 3

The derivation of Result 3 is very similar to that for Result 2.

B.7 Derivation of Algorithm 4

The logarithm on the fragment factor is, as a function of (3, u):

_ 1« _
log p(B,u|X) = —%(,3 — ,u,g)TEﬂl(B —pg) — 3 Zu?ﬁ Lu; + const
i=1
- -T - _ _
p 25 g
vech(887) —3D; vee(25")
= u; 04 + const.

T 1T —1

155122 vech(uu; ) 1852(%1 5Dy vec(E77)

i VGC(,B’U,ZT) 11 0pq |
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Therefore, from equations (8) and (9) of Wand (2017),

(- -T )
B
vech(B8")
M8, u| =) — (8,u) (B, ) ¢ exp Ui (8, uD) - (B,w)
stack |vech(u;ul)
1<i<m
L Vec(ﬁuiT)
where -~ . _
X5 1o
—%ngec(Elgl)
Mp(B.ul=) - (B.u) = 0
fg?gcg —%Dquec(Mq(z_l))
L 0pq J

and M o= denotes expectation of £ ~! with respect to the normalization of

My(B,u| ) - =(B)Mx  p(8,ux)(E)

which is an Inverse G-Wishart density function with natural parameter vector

N3, uz) & =

and, according to Table S.1 in the online supplement of Wand (2017), leads to

M 51y — {wiz + %(q + 1) Y{vec H(wi3)}

where wis is the first entry of ’I’]p( B,ulS) ¢ B and w1g is the vector containing the remaining

entries of N3, u=) & = ‘ .
The other factor to stochastic node message update is

log ||

My, ux) - £(B) ¢— exp UNERT S

vech(3X1)

where
~im

(B uz) — = = ”
—%Z Dquec{Eq (uzu?)}
i=1

with Ey denoting expectation with respect to the normalization of
Mp(8,ul ) — (8,1) (B ) T (5,u) - p(8,u| =) (B: ).
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Then note that
Bog(uiw]) = HouHatu;) + Satwo

where, as before, pg,,) = Eq(u;) and Zg,,) = Covg(u;). Result 3 links sub-blocks of
Mp(8,4[S) — (B, u) with the required sub-vectors of pqg,,) and sub-blocks of ¥yg.,). We
then call upon Algorithm 2 to obtain prg(,,) and Xg(,), 1 <i <m.

B.8 Derivation of Result 4

Routine matrix algebraic steps can verify that the pgg,,) and Xqg ) updates,

“q(ﬁ,u) (CTRM}“VBC + DMFVB) (CTRMFVBy + OMFVB)
and
Eq(ﬁ,u) (CTRI\_/IFVBC + DMFVB)_ly
with C, Dyeve and Rypvs as defined by
251 o
Cc=[X Z7 DBLUP = M B o)
X 2] O blockdiag | = (="
1<i<m (0] Inl ® Mq((ELZ)_l)

and Ry, up = 021 may be written as

Hapu) ¢ (BTB)'BTb=A""a and g, +— (BTB)'=A""
where B and b have the sparse three-level forms given by (35) with
B 1/2 - r 1/2 - -
Ha(1/02)Yis Ia(1 /02y X i
m 1/2 12 (in> 1/2 1/2
bij = (Z nl) [‘3 s s Bij = - v ,
=1 i=
(0
L 0 1 o
i 1/2 T - 1/2 L2
Ha(1/o2) 235 Hatr o2y 235
o o)
Bij = and Bij =
—1/2 1/2 Io)
i (M q(<2“>—1>) 1/2
L O ] L (Mq((2L2),1)> ]

B.9 Derivation of Algorithm 5

Algorithm 5 is the three-level counterpart of Algorithm 1 and its derivation is analogous to
that given for Algorithm 1 in Section B.2.
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The first difference is that the pgg,) and X4g.) updates are expressible as three-
level sparse matrix least squares problems and so the SOLVETHREELEVELSPARSELEASTSQUARES
algorithm (Algorithm A.4) is used for streamlined updating of their relevant sub-blocks.

We still have q(c?) optimally being an Inverse Chi-Squared density function but with

shape parameter
m  n;

5(02 = 02+22201J

i=1 j=1
and rate parameter

m g

Moy =Ha(1/a,0) + 3 D D Balllyy; — X8 — Zijui — Zi7uiz?|*}

i=1 j=1

m n;

=Ha(1fa,2) T3 DD (Hy,-j = Xij poe) — Zi Mottty = 235 Mot |
i=1 j=1

+Hr(X ] X 30 + tr{(Z}) Z}/ 2, m>} +tr{(
+260[(ZE)T X5 Eq{(B — pga)) (ul' — p ]
+2tr[<zg?)TXiqu{(ﬂ—uqm))(u?j )}

L2y)

+2tr[(22)" 2L Eq{ (ul} qu%l))(

T}D

The optimal q(a,2) density function is unaffected by the change from the two-level case
to the three-level situation.
The random effects covariance matrices are such that

q(X*") is an Inverse-G-Wishart (Gfun,éq(zm), Aq(2L1)> density function

where {sr1) = vgu +2¢1 — 2+ m and

m

Mgty = Mot * z; (Matany sy + Bt )

whilst
q(X*) is an Inverse-G-Wishart (Gfuu,gq(zm), Aq(zm)> density function

where {12y = Vgre +2g2 — 2+ 371 n; and

m  n;
Agsrz) =M aAg,) T 2 2 (“q(u%fﬂv”ﬂug?) + Eq(u%)) .
i=1 j=
The optimal q(Ar1) and q(Agr2) density functions have the same derivations and forms
as q(As) in the two-level case.
Algorithm 5 is a streamlined iterative coordinate ascent for determination of Kullback-
Leibler optimal values of each of the g-density parameters in the Bayesian three-level mixed
model (21).
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B.10 Derivation of Algorithm 6

Algorithm 6 is the three-level counterpart of Algorithm 2 and they each use the same logic.
Therefore, the Algorithm 6 follows from arguments similar to those given in Section B.4.

B.11 Derivation of Result 5

Note that

908, %) <My (1 8., 0%) — (B,u) B W T3 ) — p(y| B,u,0%) (B W)

_ oT )
B
vech(887)
u!
stack |vech(ut!(uf')T)
5 | veo{But))
= exp y M1 6, w.0%) — (B,w)
u-?
ij
vech (ul? (ul2)T
stack | stack ( U( ”) )
1<i<m [1<j<ns | vec(B(uk?)T)
L1(,,L2\T
L vec (uy' (uj?) )

r T T
ol =] 4L
u u u

where a and A are as given in Result 5. The last step uses facts such as vech(M) =
Djvec(M ) for any symmetric d x d matrix M. Standard manipulations then lead to

-1 -1
Hopu) =A@ and Xgg) = A

and Result 5 then follows from extraction of the sub-blocks of z = A~ 'a and the sub-blocks
of A~! corresponding to the non-zero positions of A.
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B.12 Derivation of Algorithm 7

As a function of (8, u), the logarithm of the fragment factor is:

log p(y|B, u,o”

1=

=(1/?)

where

n1= stack

stack
1<i<m |1

m
222

1<i<m

stack

ng
”yz] Z]B ZLl Ll

1j5=1

A
vech(887)

uZL1
stack |vech(uf'(u

;1)T
1<i<m

7

Vec(ﬁ(ule)T)

ul?

ij
vech (uZLj2 (uZLJ2 )T)
vec (,B(uZ-le)T)

vee (uy (w)")

stack
1<j<n;

stack
1<i<m

m n;

Z ZXijZ]

i=1 j=1
m ng;

Zngec(Xg;Xij)

i=1 j=1
_ n; -

Z(Zz‘le)Tyij

7=1
ZD Vec ZL1 TZLI)

—Zvec XT ZL1
(Zi5) "y
—%Dg;vec((ZZLj?)TZZL;)
—vec(X;f';-Z%f)
—vec((Zile)TZiLf)

<j<n;
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Therefore, from equations (8) and (9) of Wand (2017),

My(y| B, u,0) = (B,u) (B,u)

(- AT
B8
vech(887)
u;!
lsgagk vech (u}! (u}')”
sr=m vec(ﬁ(ufl)T)
e . Mo(y18,u.0%) — (B,u)
u
i
vech (ur? (ul2)T
stack | stack ( ”( ”) )
1<i<m | 1<j<ni | vec(B(up))T)
i vee(uy' (wi?)") ] ] |

where
Moy B,u,0%) — (B,u) = Ha(1/02) V1

and fq(1 /52y denotes expectation of 1 /o? with respect to the normalization of

My 8,u.0%) — () M2 Ly (41 8,u,0%) (@)

. . 2 . . .
This is an Inverse x“ density function with natural parameter vector n, (| B,u,0%) & o and,

“
from Table S.1 in the online supplement of Wand (2017), we have

Hq(1/o2) S ((np(y|,67u,a2) “ 02)1 + 1>/(np(y|ﬂ,u,02) > 02)2'
The other factor to stochastic node message update is

log(aQ) T

2
My 8,u,02) — o (07) «— exp )
1/o

Moyl B.u,0?) — o
where

m ng

~32_ 2%

i=1 j=1

m
" B{llyy — X8 - Zhult — ZEu? %)
=1

Moy B,u,0?) — o?

with Ey denoting expectation with respect to the normalization of

My (y1 8,u,0%) — (8,u) B W) TG w) 5 p(y| B,u,0%) (B W)-
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Observing that

ECI{Hyij — X8 — Z;'leu? - Z%?Uz'LjQHQ}

= llyi; = Xij trae) = 235 Baqupr) = 235 Mo I + (X35 X353 (s))

+e{(Z}))" Z Sq) ) + tr{(zgj?)ngqu(uisz)}

+2tr[(Z5) T Xij Eo{ (B — pg(e)) (uf" — p’q(ule))T}]
+2tr[(Z1)" X i Ea{ (B — ttq()) (wi} — Nq(uiLf))T}]
+2tr [(Z'S;)TZ;;EC[{(U"ILJI - p’q(u,g“l))(u’z[“j2 - p’q(u%]?))T}}

Result 5 shows how the sub-blocks of np(y| B,u,0%) & (B,u) A€ related to the required
sub-vectors of pq(g,,) and sub-blocks of 3i(5,,). These matrices are obtained from

Moyl 8,u,0%) « (B,u)
in the call to THREELEVELNATURALTOCOMMONPARAMETERS algorithm (Algorithm 6).

B.13 Derivation of Result 6

The derivation of Result 6 is very similar to that for Result 5.

B.14 Derivation of Algorithm 8

The logarithm on the fragment factor is, as a function of (3, u):

m
—3 Z (wi?)" (=) ul? + const

- 4T

vech(887)
(T

stack |vech(uf!(ui')T)
1sizm Vec(,B(uiLl)T)
= Vo + const
L2

i

Vech(u%?(ui‘f)T)
)
T

")

u

stack | stack
1<i<m | 1<j<ni | vec(B(uj;

7)
L2
ij

vec(uf! (uf3
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where i 1 ]
5 bg
—3D; vec(25")
0g,
stack —%Dquvec((ELl)*l)
vy = 1<i<m
Opql
i 0g, X
_,D 2L2 —
stack | stack 2 QQvec(( ) )
1<i<m [1<j<n; (]pq2
0,

Therefore, from equations (8) and (9) of Wand (2017),

mp(ﬁ’ ul ELI7 2L2

)= (8,w) (B ¥)

(- - T
B
vech(88")
(e
stack |vech(ul!(uf')T)
1=e=m Vec(ﬁ(uiLl)T)
e Mp(B,ul 5, 22) = (B,w)
uk?
ij
vech (w2 (ul2)T
stack | stack ( U( Zj) )
1<i<m |1<j<n; | vec(B(uf?)T)
L vec(ui“(u%f)T)

where
Mo, u =, 24 = (B.u) = V2
Here M ((s1)-1y denotes expectation of (Z™)~1 with respect to the normalization of

L1

mp(/&u‘ S OLLID L) N s () My — p(B,u| =M, ELQ)(ELI)
which is an Inverse G-Wishart density function with natural parameter vector
(8, 51, 212) & =11
and, according to Table S.1 in the online supplement of Wand (2017), leads to
M (zr1)-1y < {wss + g+ 1) Hvee Hwsr)}

where wsg is the first entry of np(ﬁ,ul L 52) o 3l and w3y is the vector containing the
remaining entries of np(ﬁ,u\ U 52) o st The treatment of Mq((ELQ)—l) is analogous.
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The message from p(83, u|X"", £*?) to X* is

T

[ log |2
My, u 51, 512) - s (1) < exp Mp(B,u| 54, 52 £
’ 7 vech((X")™1) ’ ’

where

Ty(8,u| x4, 512) - w1

ZD vee[ By {u (ul) )]

with Ey denoting expectation with respect to the normalization of
Moy, u =4, 52) - (8,u) (B W) (g )  p(g,u =4, 312 (B ).
Similarly, the message from p(83, u|X"', ") to X is

log |X"|

L2
mp(ﬂ’ul UL SLEI R 2L2<2 ) <— exp np(,@,u\ Ll 32y, L2

where ~ _
m
S3on
=1
My u =, m12) - 312 = m_ n;
135" DI vec[Eq{ul?(ui?)T}]
i i=1 j=1 i

Now note that
Eo{uy (uj")"} = RN D) d Bg{u2(u)"} = )
U (Y “q(u{fl)ﬂq(u%l) q(ull) A1 q U %5 (s “q(u%}?)uq(u%?) qa(uj?)

where, similar to before, pry(, 1) = Eq(uit), ity = Covg(uy') and prg(, 12y and X
ij

uL2
is defined similarly. Result 6 links sub-blocks of np u =, 32 & (8, u) with the reqﬁlreé
sub-vectors of pq(g,,) and sub-blocks of g 4. We then call upon Algorithm 6 to obtain
Hq(ult) and Eq(uim), 1 <i<m, as well as uq(uisz) and Eq(u}f)’ 1<i<m, 1< 5 <n;.
Algorithm 8 is a proceduralization of each of these results.
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