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Abstract

Derivatives play an important role in bandwidth selection methods (e.g., plug-ins), data
analysis and bias-corrected confidence intervals. Therefore, obtaining accurate derivative
information is crucial. Although many derivative estimation methods exist, the majority
require a fixed design assumption. In this paper, we propose an effective and fully data-
driven framework to estimate the first and second order derivative in random design. We
establish the asymptotic properties of the proposed derivative estimator, and also propose
a fast selection method for the tuning parameters. The performance and flexibility of the
method is illustrated via an extensive simulation study.
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1. Introduction

The next section describes previous methods and the current state-of-the-art for nonpara-
metric derivative estimation. Also, we summarize the main differences between derivative
estimation in the equispaced and random design for our type of estimator and give a brief
overview of local polynomial regression.

1.1. Previous work and current state-of-the-art

Since the mid sixties nonparametric density and regression estimation have become a popu-
lar and well studied area in statistics. These methods have provided researchers with more
flexibility to analyze data without relying on parametric assumptions. Although the litera-
ture of nonparametric regression estimators is vast, see e.g., Fan and Gijbels (1996), Gyorfi
et al. (2006) and Tsybakov (2008), derivative estimation also plays an important role in
different research areas and applications such as exploration of the structure of data (de-
tecting jump discontinuities (Gijbels and Goderniaux, 2005), revealing important features
from curve estimation (Chaudhuri and Marron, 1999), analyzing significant trends (Ron-
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donotti et al., 2007)), comparing regression curves (Park and Kang, 2008), bias-corrected
confidence intervals (Eubank and Speckman, 1993; Xia, 1998), analyzing human growth
data (Miiller, 2012; Ramsay and Silverman, 2007) and neural network pruning (Hassibi and
Stork, 1993).

Our proposed methodology provides a data-driven way to estimate derivatives nonpara-
metrically without having to estimate the regression model first. This is especially impor-
tant when the regression function is difficult to estimate. Although a myriad of papers are
published regarding derivative estimation in the mid nineties, many open problems still re-
main. Ramsay (1998) noted that typically one sees derivatives go wild at the extremes, and
the higher the order of the derivative, the wilder the behavior. Further, problems arise in
the smoothing parameter or bandwidth selection processes where cross-validation (CV) and
generalized CV can be poor guides (Hérdle, 1990). Based on Rice (1986), Charnigo et al.
(2011) proposed a generalized C), criterion to determine the smoothing/tuning parameters
for derivative estimation for the equispaced design case.

Nonparametric derivative estimation methods can be categorized in three groups: local
polynomial regression, regression/smoothing splines, and difference quotients (Miiller et al.,
1987). Due to the tremendous and well established work done in the field of local polyno-
mial smoothing, the research activity regarding to nonparametric regression and derivative
estimation seems to be somewhat stalled. In local polynomial regression, the derivative can
be estimated by the coefficient of the ¢g-th order derivative of the local polynomial regression
fitted at point x, i.e. the local slope. Theoretical properties are studied in Fan and Gijbels
(1996) and Delecroix and Rosa (1996). The bandwidth choice for the derivative estimator
(based on a factor rule) is discussed in Fan and Gijbels (1996). Stone (1985) showed that
derivative estimation with splines can achieve the optimal Lo rate of convergence under
mild assumptions. Further asymptotic properties are obtained by Zhou and Wolfe (2000)
in the random design setting. However, the smoothing parameter selection problem re-
mained unanswered. Wahba and Wang (1990) noticed that this was particularly difficult
for smoothing splines since the smoothing parameter depends on the order of the derivative.

Difference quotient based derivative estimators (Miiller et al., 1987; Héardle, 1990) pro-
duce a noisy data set which can be smoothed by any nonparametric regression estimator.
Smoothing turns out to be quite difficult in practice due to difference quotient’s large vari-
ance which is O(n?), where n is the sample size. Therefore, the main goal is to significantly
reduce the variance at the cost of a slight bias increase. To obtain such a variance re-
duction, Iserles (2009) proposed a variance-reducing linear combination of k symmetric
difference quotients in the field of numerical mathematics where k is considered to be a
tuning parameter. Difference quotients are certainly not new (Miiller et al., 1987; Charnigo
et al., 2011; De Brabanter et al., 2013), but all results were obtained under the equispaced
design assumption. Extending these estimators to the random design setting is possible,
however they are no longer consistent for derivatives of order higher than two. This is due
to the accumulation of errors associated with the design which will cause higher order terms
to blow up. Such an effect is not present when considering equispaced design. Wang and
Lin (2015) proposed a sequence of approximate linear regression representations in which
the derivative is the intercept term. Although their results are very appealing, they rely
on rather stringent assumptions on the regression function. These assumptions are relaxed
in Dai et al. (2016) where a linear combination of the dependent variables, depending on two
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tuning parameters, are used to obtain derivatives. The variance reducing weights are ob-
tained by solving a constraint optimization problem for which the authors derived a closed
form solution. They further showed that the symmetric form used in Charnigo et al. (2011)
and De Brabanter et al. (2013) reduces the order of estimation bias without increasing the
estimation variance in the interior. They proposed an asymmetric estimator for the deriva-
tives at the boundaries. All results from Wang and Lin (2015) and Dai et al. (2016) assume
an equispaced design and both authors do not mention the extension to the random design
setting.

In this paper we extend the difference quotient based estimator to the random design to
estimate the first order derivative and propose a new consistent estimator for second order
derivatives. This framework is flexible so it can be used to extend other difference based
estimators in fixed design to the random design. An initial idea of this paper is given in
the conference paper of Liu and De Brabanter (2018). Since it is not straightforward to
propose an asymptotically consistent estimator for the general case, we will first provide a
framework to estimate the first and second order derivative in the uniform random design
and then generalize it to arbitrary distributions. Because this method produces a new
data set containing correlated errors, we use the local polynomial regression estimator with
bandwidth selection method of De Brabanter et al. (2018) to smooth the noisy derivatives
and derive the asymptotic properties of the smoothed derivative estimators.

The paper is organized as follows. We discuss the main theoretical differences between
equispaced and random design for this type of estimator and give a short description of local
polynomial regression. Section 2 illustrates the first order derivative estimation based on
variance reducing weighted difference quotients. Bias, variance and pointwise consistency
are established. In addition, bandwidth selection and behavior at the boundary for noisy
derivative estimators are also described. Finally, we discuss how to smooth the data with
correlated noise and study the asymptotic properties of the smoothed derivatives. Section
3 extends the framework to second order derivatives. In section 4, we conduct Monte
Carlo experiments to compare the proposed methodology with smoothing splines and local
polynomial regression. Finally, Section 5 states the conclusions and future work.

1.2. Equispaced design vs. random design

Consider the data (X1,Y1),...,(Xy,Y,) which form an independent and identically dis-
tributed (i.i.d.) sample from a population (X,Y’), where X; € X = [a,b] CRand Y € R

for all i = 1,...,n. In the equispaced design case, the response variables are assumed to
satisfy

Y;:m(xl)—i_ela 22177”5 (1)
where z1,...,z, are nonrandom numbers and ;41 — x; = (b —a)/(n — 1) is constant for

all . In this setting, the regression function is given by m(z) = E[Y] and we assume that
Ele] = 0 and Var[e] = 02 < co. In contrast to the equispaced design, the X are random
variables in random design and are generated from an unknown density and distribution f
and F respectively. Consider the following model

Yi=m(X;)+e, i=1,...,n, (2)
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where the regression function is given by m(X) = E[Y|X = z] and assume that E[e] =
0, Varle] = 02 < oo, X and e are independent. The derivative estimators discussed
in Charnigo et al. (2011) and De Brabanter et al. (2013) use the symmetric property
Tiyj — Ti = T; — x;—j since they both assumed equispaced design. However, in the random
design this property no longer holds which introduces extra estimation error. In addition, it
is fairly complicated to obtain an asymptotic expression for the difference X;1; — X; when
the X’s are generated from an unknown distribution, leading to theoretical difficulties in

obtaining asymptotic properties of the derivative estimator.

1.3. Local Polynomial Regression

The local polynomial regression estimator in an arbitrary point z is given by minimizing
the following weighted least squares problem (Fan and Gijbels, 1996)

n P
. i 2
min Z{YZ—ZBJ (X — )’} Ku(X; — ), (3)
hieliH j=0

where 3; are the solutions to the weighted least squares problem, K is a symmetric prob-
ability density function with Kj(-) = K(-/h)/h. Note that 79 (z) = ¢!$, is an estimator
for the g-th order derivative m(% (), ¢ =0,1,...,p. In matrix notation the solution is

B=X"WX)"'X"Wy,
where Yy = (}/b . 7Yn)Ta B = (607' . '7Bp)T and

1 (Xy—2) - (Xi—a)

1 (Xn‘—:c) (Xn;x)p

with W = diag{ K, (X; —x)} a n xn diagonal matrix of weights based on the kernel function
and the bandwidth h.

2. First order derivative estimation

Miiller et al. (1987) introduced the first order difference quotients to produce noisy derivative
data. However, all their results are obtained for the equispaced design setting. In case of

random design, their estimator for the first order (noisy) derivative at design point X; is
(1)

denoted by ¢;’ and is

AWy =W YimYir 4
q (X’L) qz Xz o Xi—1. ( )

Although quite appealing and intuitive, this estimator has major drawbacks, i.e. (i) a large
variance and (ii) difficulties in studying its asymptotic properties in random design. The
variance is O(n?) and O,{(X;—X;_1) 2} for the equispaced and random design respectively.
In the latter case, it is obvious that this can be very large when the distance between two
neighboring X is small. Consequently, reducing variance in these type of estimators is
paramount and can be accomplished by means of a variance-reducing linear combination
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of symmetric difference quotients. Second, in order to discuss the asymptotic properties
of this different quotient, we need to obtain an asymptotic expression for the difference
X; — X;—1 which is not trivial in the random design setting. However, in a special case, i.e.
X =U ~U(0,1) and arranging the random variables in order of magnitude according to U
(order statistics), the asymptotic properties of the first order quotient (4) can be obtained.
In what follows, ¢(0,1) denotes the uniform distribution between 0 and 1. For the sake of
simplicity, we will first discuss a special case, i.e. U = X ~ U(0,1), before we formulate the
estimator for arbitrary distributions.

2.1. Approach based on order statistics

Consider n bivariate data forming an i.i.d sample from a population (U,Y) and further
assume U ~ U(0,1). Arrange the bivariate data (U,Y’) in order of magnitude according to
U,ie Uy <Up) <...<Up) where Uy, i = 1,...,n is the i-th order statistic. In order
to avoid ties and hence division by zero we also require U;) # U(;y for i # j. The first order
difference quotient (4) is

~(1) U, oA Yi—Yi 5

q =q;, = .

< (l)) 7 U(l) _ U(ifl) ( )

The difference U(;) — U(;_1) is the difference of uniform order statistics and it is well-known
that (David and Nagaraja, 1970, p. 14)

Uy — Upyy ~ Beta(s —rm,n—s+r+1) fors>r
This result immediately leads to Lemma 1.
Lemma 1 Let Ui'z\'Jd'Z/{(O, 1). Arrange the random variables in order of magnitude Uy <
Ug) <+ <Upyy. Then, fori>j

2j J
Uit =V = ;77 Op< nz)

Utis) — Ui = %ﬂ +Op< é)
and
Uo U = ;77 + 0p< 7;72>
Proof: see Appendiz A. |

Consider the model

Yi=r{Upu) + e, (6)
where r(u) = E[Y|U = u] is the regression function and assume E[e] = 0, Var[e] = 02 < o0,
U and e are independent. Assume r is twice continuously differentiable on [0, 1]. A Taylor
expansion of 7(U;+;)) in a neighborhood of Uy;y gives

2
J
Wiss) = U6)+ V) Uiy — i) + 05 (1), ™

5
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Using Lemma 1 for j = 1 and (7) yields

. Yi—Yio
E[" Ui 1), Uyl = E [U(i)_U(i_ll)lUu_n, U(i)] =r1(g)
for §; € [U—1), Ugy) and
Yi —Yia 202

Vel Uy U] = Ve | =gt Ui | = 2y = 0l

It is immediately clear that this estimator is asymptotically unbiased. However, the vari-
ance of this estimator can be arbitrary large and hence it will be difficult to estimate the
smoothed derivative function. A possible way to reduce the variance is described in Iserles
(2009) and used in Charnigo et al. (2011) and De Brabanter et al. (2013) which involves a
combination of symmetric difference quotients around the i-th point. Our proposed deriva-

tive estimator for random design involving uniform order statistics is

k
o (1) Yij —Yiy >
Vil =) wij- ( ; (8)
; Uiy — Uii-j)
where the weights w; 1, ..., w; ; sum up to one. Note that (8) is valid for k+1 < ¢ < n—Fk and

hence k < (n—1)/2. For the boundary regions, i.e. 2<i<kandn—k+1<:<n-—1, the
estimator (8) needs to be modified and is discussed in Section 2.3.2. The estimator (8) does

not provide results for Yl(l) and YTSU. One can ignore these two points from consideration

or have them coincide with 1}2(1) and f/n(i)l (see Charnigo et al. (2011)).
The following proposition states the optimal weights w; ;j, optimal in the sense of mini-
mizing the variance of the estimator (8).

Proposition 1 For k+1 <i <n—Fk and under model (6), the weights w; j that minimize
the variance of (8), satisfying Z?:l w;j =1, are given by
wi; = — Ve = Uy’
) k
Y1 Uiy — Ui—py)?
Proof: see Appendiz B. |

. j=1,.. k. 9)

For fixed i, the j-th weight (9) is proportional to the inverse variance of the difference

quotient % in (8). At first sight, these weights seem to be different than the
weights obtained by Charnigo et al. (2011) and De Brabanter et al. (2013) for the equispaced
design case. Plugging in the difference u;4; —u;—; = 2j(b—a)/(n—1) for equispaced design
on [a,b] yields

452

wiy = (wij —ui—j)* (n-1)2 _ 65

S (it —win)? e S 2 KR D)@K )
These are exactly the weights obtained in Charnigo et al. (2011) & De Brabanter et al.
(2013). This shows that the weights for equispaced design are a special case of the weights
in Proposition 1. However, one parameter still remains unknown, i.e. k, the number of
symmetric difference quotients (around 7). Theorem 1 (asymptotic conditional bias and
variance) provides valuable insights how to choose k.
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2.2. Asymptotic properties of the first order derivative estimator

The following theorems establish the asymptotic conditional bias and variance of our pro-
posed estimator (8) for the interior points, i.e. k+1 <i <n—k. In what follows we denote
U= (Ugi—jy,--- Uggjy) fori>j,i+j<nand j=1,... k.

Theorem 1 Under model (6) and assume r is twice continuously differentiable on [0, 1]
and k — oo as n — oo. Then, for uniform random design on [0,1] and the weights in
Proposition 1, the conditional (absolute) bias and conditional variance of (8) are

bias [FV U] < sup r®(u)] Sk(k+1)

“+o0 n tk
o s DEkrn TR

and
302(n+1)2

() 7] —
Var [YU] = o0 1)(2k + 1)

+ op(an_g)

uniformly for k+1<i<n—k.

Proof: see Appendiz C. |

From Theorem 1, the pointwise consistency of (8) immediately follows.

Corollary 1 Under the assumptions of Theorem 1, k — 0o as n — oo such that n='k — 0
and n?k=3 — 0. Then, for 02 < 0o and the weights given in Proposition 1, we have for any
e>0

(Y, = (U] 2 ) = 0

fork+1<i<n-—k.

Proof: see Appendix D. |

According to Theorem 1 and Corollary 1, the conditional bias and conditional variance
of (8) tend to zero and k is at least O(n?®) but slower than O(n). Next, we develop a
rule-of-thumb tuning method for k such that k = O(n*/®) and the fastest possible rate at
which E[(ffi(l) — r(l)(U(Z-)))QHU] — 0 (Lg rate of convergence) is Op(n~2/%). Using Jensen’s
inequality, similar results can be shown for the Ly rate of convergence, i.e.

bias [}A/i(l)\U] ’ + 4/ Var [ffi(l)\f[ﬂ = 0, (n~1%).

From Theorem 1, it is clear that the parameter & in (8) controls the bias-variance trade-
off. Based on Theorem 1, we choose k that minimizes the asymptotic upper bound of the
conditional mean integrated squared error (MISE). The result is given in Corollary 2.

E[|VV — (W) U] <

Corollary 2 Under the assumptions of Theorem 1 and denote B = sup,¢o 1 | (u)|, then
k that minimizes the asymptotic upper bound of the conditional MISE is

5 9k%(k + 1)? 302(n +1)2
{ 16(n+ 122k +1)2 ' k(k+ 1)(2k + 1) }

kopt = argmin
keNt+\{0}

Proof: see Appendiz E. |
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Corollary 2 provides a fast and easy parameter tuning method in practice, however some
unknown quantities still need to be estimated. The error variance can be estimated by
Hall’s /n-consistent estimator (Hall et al., 1990)
1 n—2
52 = 5 D (0.809Y; — 0.5Y;41 — 0.309Y;42)>.

n —
i=1

The second unknown quantity B can be (roughly) estimated with a local polynomial regres-
sion estimator of order p = 3. The performance of our proposed model is not so sensitive
to the accuracy of B, thus a rough estimate of the second order derivative is sufficient. By
plugging in these two estimators for 02 and B in Corollary 2, the optimal value kop, can be
obtained for example by a grid search over the integer set [1, | %51 |] where |2 denotes the
greatest integer less than or equal to x. As an alternative, any root solving algorithm can
also be used.

Remark 1 By setting the derivative of the expression in Corollary 2 to zero, we cannot
obtain a closed form for kopi. However, by only retaining the higher order terms, we can
obtain a fairly accurate estimate for kop. Given estimates for o2 and B we have

ifopt _ L24/58§/58\72/5n4/5J'

2.3. Exact bias expression and boundary correction

In this section, we further investigate the bias and propose a simple but effect boundary
correction to reduce the variance by adding a small amount of bias.

2.3.1. ASYMPTOTIC ORDER OF THE CONDITIONAL BIAS AND CONTINUOUS
DIFFERENTIABILITY OF THE REGRESSION FUNCTION

In Theorem 1, we bounded the conditional bias above. From a theoretical point of view, it
is helpful to derive an exact expression for the conditional bias and discuss its dependence
on the continuous differentiability of the regression function r. It also allows us to compare
with the bias in fixed design and explain the extra bias due to the asymmetric differences
Utivj) — Uy # Uiy — U(i—y) in random design. Assume the first ¢ + 1 derivatives of r exist
on [0,1]. A Taylor series of r(U;4;)) in a neighborhood of U; and using Lemma 1 yields

q
1
r(Uisy)) = r(Ug) + Z E(U(i+j) — Ua)'rO(Ug)) + Op(Ugipjy — Uy )™
=1
L1 L
= r(Uy)) + Z ﬁ(U(H-j) - Up) r )(U(i)) + 0p{(j/n)"*"}
=1
and
L1 1
r(Ua-y) = r(Ue)+ Y. ﬁ(U(i—j) — Ua)'rD(Uay) + Op(Ugi—jy — Uy ™
=1
.1
= r(Up)+, 1) — Ua))'rD(Ugsy) + Op{ (G/n) "'}
=1
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Using Lemma 1, assume k — 0o as n — oo, and for the weights in Proposition 1 we obtain
the asymptotic order of the exact conditional bias for different values of ¢

Op (33) a=1

1
Op <max{kn2,f;}> , q>2.

The proof is given in Appendix F. For ¢ = 1 (i.e. r is twice continuously differentiable), the
leading order of exact conditional bias is the same as that of the bias upperbound given in
Theorem 1. For ¢ = 2, r is three times continuously differentiable on [0, 1], the exact bias
achieves smaller order than O,(k/n). Unfortunately, adding additional assumptions on the
differentiability of r, i.e. ¢ > 2, will no longer improve the asymptotic rate of the bias. This
can be seen as follows: for ¢ > 2, the bias is

bias [Yi(l) U] =

rO U Uie iy =Ua) = Ugi— iy =Ueiy)! .
Z?zl(U(iH) —U(,;,j))[Z?ZQ Yol z(!)) Y= ())}JFOP{(J/H)‘HI}]

(1
bias [Y;( )HU] = k 5
Zp=1(U(i+p) - U(i—p))

This can be split into two terms: odd and even with [ > 2

2
biasyqd [Y( )]U] = Op<7]z2> and blaseven[ \U] O, <>

resulting in

A~

bias[Y |U] = blasodd[ |U] —l—blaseven[ |U]

k* k2
= Op{max(nZ,n)}.

In fixed design, biaseyen = 0 due to symmetry: w(yj) — u@) = ug) — u—jz). Unfortunately,
in the random design, we cannot remove biaseyen. It is this fact that will lead to the
inconsistency of third and higher order derivatives if these estimators are defined in a fully
recursive way as in Charnigo et al. (2011).

2.3.2. BOUNDARY CORRECTION

We discussed the proposed estimator at the interior points and in this section we provide
a simple but effective boundary correction. Points with index ¢ < k+ 1 and ¢ > n — k
are points located at the left and right boundary respectively. Since there are not enough
k pairs of neighbors at the boundary, we use a weighted linear combination of k(i) pairs
of points U; instead, where k(i) = ¢ — 1 for the left boundary and k(i) = n — i for the
right boundary. This is the approach of Charnigo et al. (2011) and De Brabanter et al.
(2013). The first order derivative estimator at the boundary is obtained by replacing k
with k(7) in (8) and weights in Proposition 1. From Section 2.3.1, we know that if r is

three times continuously differentiable on [0, 1] the asymptotic order of the conditional bias
k‘(%)Q k@)

- )}, which is smaller than for the interior points.

at the boundary is O {max(
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However, the asymptotic order of the conditional variance is Op{ k(l)(kgz;%?;&f(z) +1)} and

attains Op(n?), as i is close to either 2 or n — 1.
In order to reduce the variance at the boundary we propose the following modification
to (8). For points at the left boundary, i < k + 1, consider the estimator

k(i) k
o= w< R >+ Y wiy (’*J : ) (10)
=Y Uy —Ua)) £ Ve —Ua

with
( (U(H-j) B U(i—j))2 1<j< k(z)
k(z)(U _U. )2+Zk ‘ (U —U')27 =J = )
1=1 \Y(i+D) (i=1) I=k()+1\Y (i+1) (@)
Wi, j
Uiz iy — Ugiy)?
(i+4) (1) k() <j<k
k(i ’
L S ) Uiy — Uay)? + ki1 Uiy = Uy)?

This modification leads to

bias(V; VU] = Op{max(k(i)m k(i)® k— k(i))}

k3n T k3n2’  n

and

Var[v,V|U] = Op{max<zz, W) }

The proof is given in Appendix G. The bias[ffl-(l)][[ﬂ — 0 when n — oo indicating
that (10) is still asymptotically unbiased at the boundary. Worst case scenario, the variance
is of the order Op(n?/k?) which is smaller than O,(n?). A similar result can be obtained
for the right boundary.

2.4. Smoothing the noisy derivatives

Noisy first order derivative estimators (8) and (10) have two problems: (i) derivative esti-
mators contain the noise coming from the unknown errors e;,i = 1,...,n in model (6) and
(ii) derivative estimators can only be evaluated at the design points Uj;y,7 = 1,...,n. Hence
some type of smoothing will be needed to remove the noise and evaluate the derivative in
an arbitrary point. The first order derivative estimator (8) can be written as

k k

(1) _ <T(U(i+j)) ~ T(U(i—j))> < €itj — €i—j )

7 =3 Py (GG )
j; ! Uits) = Uli—) ; 7\ Uy = Uty

Citj—Ci—j
- , Uti+i) —UGi—j) , !
Proposition 1. We have Y;,i = 1,...n are independent and e;,7 = 1,...n are independent.
@

1 =

)

where the second term ¢€; = Z§:1 wj j - ( ) is the new error and w; ; are given in
It is clear that €;,7 = 2,...,n — 1 are correlated and the generated derivatives YZ

10
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2,...,n— 1 are also correlated. In order to obtain a smoothed version of the derivative, we
regard the (correlated) data (U, Y (1) as being generated from the model

YO W) =rWW) +é.

Since the i.i.d. assumption of the errors is no longer valid for the above model, bandwidth
selection for any nonparametric smoothing method becomes increasingly difficult (Opsomer
et al., 2001; De Brabanter et al., 2018). In this paper we use the idea of De Brabanter et al.
(2018) by using a kernel K such that K(0) = 0. By using such a kernel, De Brabanter
et al. (2018) have shown that under mild assumptions, the effect of the correlation on the
bandwidth selection process is removed without any prior knowledge about the correlation
structure.

For interior points k +1 < ¢ < n —k, all }Afi(l) are asymptotic consistent estimators.
Without loss of generality, we show the properties of the smoothed derivative estimator in
the interior. The local polynomial estimator at an arbitrary point ug is

1)

iW(ug) = el B=€l ST U W, Y (12)
where €; = (1,0,...,0)7 is a unit vector with 1 in the first position and 741 (ug) = q!Bq.
v = (}A/k(}r)l, . .,eri)k), W, is the diagonal matrix of weights, i.e. diag{K(Ug — uo)}
with kernel K, bandwidth h and Kj(-) = K(-/h)/h, S, = UL W, Uy, and

L Uy —uo) - (Uggsr) — uo)?
1 (U(nfk) - UO) T (U(nfk) - UO)p

The term é; = Y% w; [ #9521 ) in (11) satisfies E[¢;|U] = 0 and Cov(é;, €;|Usy, U ) =
j=1 Wi\ T 1Y) Y ()

i+) ~Uli—j)
Jgpn(U(i) —Uyjy) for i # j with 02 < 0o and py, is a stationary correlation function satisfying
pn(0) =1, pp(u) = pp(—u) and | pn(u)|< 1 for all u. The subscript n allows the correlation
function p, to shrink as n — oo (De Brabanter et al., 2018). In what follows, we denote
U= (Uny,---,Ug). Under the following assumptions:

e Assumption 1. A — 0 and nh — 0o as n — oc;

e Assumption 2. There exists a constant Kyax such that |K(z)| < Kpax, and K(x) >0
for all x;

e Assumption 3. K is symmetric and Lipschitz continuous at 0;
e Assumption 4. limj, lu|' K (u) < oo for I =0,...,p;

e Assumption 5. The correlation function p, is an element of a sequence {p,} with
the following properties for all n: there exists constants ppq, and p. such that
n [ |pn(x)|de < pmaez and lim, oo n [ pp(z)de = pe; and for any sequence e, > 0
satisfying ne, — oo,

n/ |pn(x)|dz — 0,n — o0,
[z|>en

11
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Assumption 5 requires the correlation to be short range dependent (Opsomer et al., 2001;
Francisco-Fernandez et al., 2004). This is a not uncommon assumption in the area of spatial
statistics (Cressie, 1993). Two correlation functions satisfying Assumption 5 are

pn(z) = exp(—an|z]) and p,(z) = 1—}-0[1712162’ a>0. (13)

Via semi-variograms and autocorrelation plots, we can verify the claim that the é;’s support

the hypothesis of short-range dependency (and hence Assumption 5 holds). For brevity, we

have not included this in the current paper but the interested reader can contact the second
author to obtain these results.

Next, we derive the conditional bias and variance of the smoothed derivative #(!)(ug)

(for random uniform design on [0, 1]) by applying Theorem 1 in De Brabanter et al. (2018).

Theorem 2 Assume r(p+1)('),p > 1 be continuous in a neighbourhood of ug. Under As-
sumptions 1 — 7, k — o0 as n — oo, 02 < 0o and the weights given in Proposition 1, the
conditional bias and conditional variance of (12) for p odd is

() U < Zg-1|_ %  +2) P+l 3k(k+1) 1 1
bias[#Y(u)|U] < € S [(p—i—l)!r (uo)h +B4(n+1)(2k+1)cp {14+0,(1)}

_ [(/thrlKS(t)dt) (pi 1)!7a(1u+2)(uO)m)Jrl
B4(n?f(11;ékl)+ 1) (/ Kf)k(t)dtﬂ{l +op(1)}

302(n +1)? 1+ pe
k(k+1)(2k + 1) h(n —2k) *

oe(n+1)° L+ pe
= /K D@k 1) hin— 2k LT o)

+

and

Var[ (uo)]U] €1 ST'S* S er{1+0,(1)}

where B = sup,¢(o 1] lr@(u)], 8 = (itj)o<ij<p with p; = [ K(u)du, S* = (Vi+j)o<ij<p

with v; = [ v K*(u)du, ¢, = (,up+1, . ,ung) , S = (po, i1y - i), € = (1,0,...,0)T,
and the equivalent kernel Ki(t) = €l S71(1,t,...,tP)TK(¢).

Proof: see Appendiz H. |

The asymptotic upper bound of the conditional MISE is minimized for h = O(n_f)p%)
and k = O(ng%é). The corresponding Lo rate of convergence is Op(n_%). In this pa-
per, we will not use the variance-bias trade-off in Theorem 2 to select the bandwidth h
and the parameter k simultaneously, since it requires estimating p., which is not straight-
forward. To have an easy and efficient tuning method at the cost of a slower rate of
convergence, we use Corollary 2 to select k then select bandwidth h as follows. First,
use kernel K (u) = (2/y/7)u?exp(—u?) to obtain the bandwidth h, by minimizing the
residual sum of squares (RSS) of interior points (U(Z-),SA/Z-(D) with £ +1 <7 < n—k, ie.

12
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RSS(hp) = (n—2k)~ ! kH(r( )(U(i))—ffi(l))z. RSS does not contain the boundary points,

since noisy derivatives Y( ) at the boundary have larger variance. Second, as bimodal ker-
nels introduce extra error in the estimation due to their non-optimality we overcome this
issue by using hy as a pilot bandwidth and relate it to a bandwidth h of a more optimal
(unimodal) kernel, say the Gaussian kernel. As shown in De Brabanter et al. (2018), this
can be achieved without any extra smoothing step. For local cubic regression, the relation
between the bimodal and unimodal bandwidth is

h = 1.01431h,

when using K (u) = (2/y/7)u? exp(—u?) and K (u) = (1/v/27) exp(—u?/2) as bimodal and
unimodal kernel respectively.
From Theorem 2, the pointwise consistency of (12) for p odd immediately follows.

Corollary 3 Under the assumptions of Theorem 2, h — 0 and nh — oo asn — o0, k — 00
as n — 0o such that n™ 'k — 0 and nk=3h=" — 0. Then, for 02 < oo and the weights given
in Proposition 1, we have for any € >0

P (| (ug) — M (ug)| > &) — 0
Proof: see Appendiz 1. |

For k = O(n*5) in Corollary 2 and h = O(n~Y(P+3)) for p odd, then by Corollary 1
in De Brabanter et al. (2018), we have

E[(7") (uo) — r! (u0))*[U] = Op(n~?/%)

which matches the convergence rate obtained by Stone (1985) for p = 2. Using Jensen’s
inequality, the L; rate of convergence is Op(n_l/ %),

2.5. Generalizing results for first order derivatives to arbitrary distributions

It is possible to find a closed form expression for the distribution of the differences X ;) —

X(i—j) with X "4 P where F is unknown and continuous (David and Nagaraja, 1970) such
that the density function f(z) = F’(x) and let f be bounded away from zero. Since this
result is quite unattractive from a theoretical point of view, we advocate the use of the
probability integral transform (PIT) (Casella and Berger, 2002)

F(X) ~U(0,1). (14)

By using the probability integral transform we know that the new data set (F(X(1)), Y1), .. .,
(F(X(n)); Yn) has the same distribution as (Uy), Y1), ..., (U, Yn). This leads to the orig-
inal setting of uniform order statistics discussed earlier. The final step is to transform back
to the original space. In order for this step to work, we need the existence of a density f.
Since m(X) = r(F(X)) and by the chain rule

dm(X) dr(U)dU dr(U)
dX ~— dU CTX_f( ) dUu

(15)
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yielding m™M (X) = f(X)rM(U) which is the smoothed version of the first order derivative
in the original space. In practice, the distribution F' and density f need to be estimated
yielding mM(X) = f(X yP(U). In this paper we use the kernel density estimator (Rosen-
blatt, 1956; Parzen, 1962) to estimate the density f and distribution F' with plug-in band-
width (Wand and Jones, 1994).

Remark 2 One of the anonymous referees noted that in real data however, it could be
that the density f of the data is multi-modal with regions of low dimension in between the
modes. Consequently, our assumption that the density f is bounded away from zero does
no longer hold and our theoretical results will no longer be valid. A possible remedy for
this problem would be to consider a ridge parameter approach similar to approach in density
deconvolution (Meister, 2009). Although beyond the scope of this paper, we believe it is an
interesting idea for further research.

3. Higher Order Derivatives

In practice, first and second order derivatives are widely used. However, higher order
derivatives become progressively more difficult to estimate, i.e. they suffer from higher bias
and variance and consequently slower rate of convergence. In this section, we construct an
efficient estimator for the second order derivative and discuss its asymptotic properties. A
similar procedure can be applied to estimate derivatives with order higher than two.

3.1. Asymptotic Results for Second Order Noisy Derivatives Under Standard
Uniform Distribution

As before, assume U ~ U(0,1), and (U,Y") are sorted according to ascending order of U.
We define the second order noisy derivative estimator as

ko ( Yigjir —Yies  Yiojom —Yie )
N Ut U, .. U,. . —U,. .
v @ _ 2sz‘j2 (i+i+k1) ~Y(i+4) (i—5—k1) ~Y(i—3) (16)
' U itjaky) + Uing) = Ulizjmtn) = Uli—y)

j=1

where both ki and ko are positive integers and the weights wj; ;2 sum up to one. The

subscript 2 is used to indicate the weight for the second order derivative. Let +1>l$j) =
Yitjthy—Yitj . . . .. . . (1) o
UoorromUars Whlch;s2 an asymptotically conditional unbiased estimator of r'*)(U;;)).
Var[*Yi(i;][U] = Op(%-), where the parameter k; controls the variance of +YZ$J) The
1
left superscript “+” indicates the estimator only uses data on the right hand side of Y;;.

Similarly -y Yok Yy

v ==L =7 is an asymptotically conditional unbiased estimator of
=7 Ui—j—k1)~Uli—j)

a?n? ) ”

ki
the estimator only uses data on the left hand side of Y;_;. Hence the estimator (16) can be
rewritten as

r(l)(U(i_j)) and the conditional variance is Op( indicates

. The left superscript “—

ko +v-(1)  —y-(1)
> (2) Yiy; — Vi
Y. Wi
7 - 7‘7]72 C .
j=1 i,5,k1

14
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where Cjjr, = (Utigjtry) + Ulis) — Uli—j—k1) — U(i—j))/2. By defining the estimator in
this way, the variance of Yi(Q) is reduced by decreasing the correlation between different

quotients. Assume r is three times continuously differentiable on the compact interval
[0,1], k1 — oo and kg — oo as n — oo. Applying Lemma 1 gives

E[*Y(l)» B ’Y(1)|I[~J] _ T(U(i+j+k1)) - 7“(U(iﬂ‘)) B T(U(ifjfkl)) - T(U(ifj))
B Uliti+hn) — Uliti) Ulij—k1) = Uli=j)

1

= rW(Uiyy) + 57“(2)(U(z‘+j))(U(i+j+k1) = Ui {1 +0p(1)}
1

- 7"(1)(U(z'—j)) - §T(2)(U(i—j))(U(i—j—k1) = U=y {1 +0p(1)}

1
= §T(2)(U(i))(U(i+j+k1) + Ulivg) = Ulizj—ky) — U(Z-_j)){l +0p(1)}

+y ) _—y @)

where C; ; 1, is chosen such that each individual quotient %?7%“], 7 =1,..., ko is an
2,7,k1

asymptotic unbiased estimator of the second order derivative r(z)(U(i)).

The exact weight is selected to be proportional to the inverse of the conditional variance

S Fp_—p(
of each quotient —H——=1
CwJﬂ

Ui —U,, . . U —U,._ .
1/ Var ( (itj+k1) ™~ (i+5) (i—j—k1)” ~(i—Jj)
/ Utigrry) PUG+5) ~U—j k1) —UGi—j)

Yitjtky ~Yits Yij—ky ~Yi—j )

Wij2 =

S 1/ Vi (U<i+j+k1>*“<i+1) Yti—j—k1) ~Y(i—)
: ar
= Utits+r) TU G+ = Uik ~Ui-3)

Yitjthy ~Yitj Yij—ky ~Yi—j )

By Lemma 1, the leading order of the weight w; ;2 is

(25 + k1)?
> (25 + k)2

Wij,2 =

(17)

such that @; j2 = w; j2{1+ 0p(1)} for ky — oo and ky — 0o as n — oco. Similar to the first
order noisy derivative, boundary issues arise in (16) when i < Z§:1 kj+lori > ”_25:1 k;.
Theorem 3 states the asymptotic conditional bias and variance of (16) using the weights (17).
It is difficult to get the exact asymptotic expression for the conditional bias and variance of

the noisy second order derivative estimator. Therefore, we provide a suitable upperbound.

Theorem 3 Under model (6) and assume r is three times continuously differentiable on
[0,1], k1 — o0 and ky — o0 as n — oo. Then, for the weights (17), the conditional
(absolute) bias and the conditional variance of (16) are bounded above

SUPye0,1] ‘7"(3) (u)| 2 ijz1 7% + 3k Zjil 7*+ %k% Zj2:1 J+ %k%kﬁ
n+1 A2 52+ Ky + 4k Y2

‘bias[}z@)][[j]‘ < {1+ 0,(1)}
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and

_ 4.2
VaI‘[Y;(2)|U] < ; 4(:+ 1? Oc
ki 2521 (25 + k1)?

uniformly for 2]2.:1 Ej+1<i<n-— 232:1 kj.

{1+ 0p(1)}

Proof: see Appendiz J.

From Theorem 3 the pointwise consistency easily follows

Corollary 4 Under the assumptions of Theorem 8 and for the weight sequence defined
in (17), ky — oo and ke — 00 as n — oo such that n k1 =0, n kg — 0, n4k71_2k:2_3 —0
and n4kf4k51 — 0, it follows for any € > 0

P[|V? —rO(U)| > € — 0.

Proof: see Appendiz K.

Assuming the order of k; is the same as the order of ko, then according to Theorem 3 and
Corollary 4, the conditional bias and conditional variance of (16) tends to zero as k3 — oo
and ko — oo asymptotically faster than n?/® but slower than n. It is easy to show that
the fastest possible rate at which E[(Yi(z) — @ (U;))?] | U] = 0 (L rate of convergence)
is O,(n~%/T) and the fastest rate is attained for k; = O(n%7) and ko = O(n%7). Using
Jensen’s inequality, similar results can be shown for the L rate of convergence, i.e.

BY,2 —rO(Uy)] | 0] < [bias[72[0]] + /Var[2[0] = 0,(n /7).

3.2. Optimal Tuning parameter selection for k; and k-

As for the first order derivative with one tuning parameter, the second order derivative has
two, which control the bias-variance trade-off. Based on the asymptotic upperbounds of
the bias and variance in Theorem 3, we choose k1 and ko as follows.

Corollary 5 Under the assumptions of Theorem 3 and denote Bz = sup,c 1r3) (u)],
then k1 and ko that minimize the asymptotic upper bound of the conditional MISE are

. . ) 2
{ < By 2 Z;Q:l 7% + 3k Z;Q:l 7%+ %k% 22?2:1.7 + ?l)kiﬁ@)

n+1 452 52+ Ko + 4ky Y02

(k1,k2)opt = arg min
k1 ,kQ €N+\{O}

4(n + 1)*o? }
k23N (2 + Ka)?

Proof: see Appendiz L. |

The second unknown quantity Bz can be (roughly) estimated with a local polynomial
regression estimator of order p = 4. By plugging in two estimators for o2 (Hall et al., 1990)
and By in Corollary 5, the optimal value pair (k1, k2)opt can be obtained using a grid search
(or any other optimization method) over a Cartesian product set.
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3.3. Exact Bias

Although we use the upper bound of the absolute conditional bias to tune the parameters
in the estimator of second order derivatives, the exact conditional bias for noisy second
order derivative estimation (16) is also important. It provides a clear comparision with the
second order derivative estimator used in fixed design (Charnigo et al., 2011; De Brabanter
et al., 2013) and illustrates why we can not use a similar framework in random design.

Adapting the fixed design framework from Charnigo et al. (2011) and De Brabanter
et al. (2013) to random design under the standard uniform distribution for the ¢-th order
derivative

kq o (g—1) _ v (g—1)
> (a) Yiv; Y
Y, = Wy , q=1,2, ... 18

where kq, ko, ..., k, are tuning parameters. Due to the asymmetry Uy — Uy # Up) —
U(;—j) in random design, extra bias will be introduced in the first order noisy derivative

estimator Yi(l),i = 2,...,n — 1. Using the recursive relation in (18), the extra bias will
accumulate as ¢ increases in random design. The estimator (18) is no longer a consistent
estimator when ¢ > 2. The exact bias of the proposed second order derivative estimator
in (16) is smaller and is given by
O P
()~ ki ki ki k
bias [Y;(Q)\IU] =0, | max{ -+ -2 ~1 22 (19)

n’ n’' n? n?

The proof is given in Appendix M. The boundary issue still arises for the second order
derivative estimator since there are not enough ko pairs of +YZ$J) and *Yl(}j) at the boundary.
Similar to Section 2.3.2, at the boundary ¢ < 14+ k1 + kg and i > n— k1 — kg, k1(7) and ko(7)

are the maximum number of available quotients in the first and second empirical derivatives.

3.4. Smoothing the noisy second order derivatives

The second order derivative estimator (16) can be written as

i (T(U(i+j+k1))_T(U(i+j)) T(U(ifjfkl))_T(U(i—j))>

2 —

v _ 22“’@',]}2 Uti+j+ky) ~Uli+i) Uti=i—k1) ~Ui=5)
J=1

' Ulitjtkr) T Ulits) = Ugi—j—k1) — Uii—j)

< Citjthy ~€itj  E€imj—ky —Ci—j )
Ulititk) UG+ Ua—i—k1)—Yli—j)

(20)
Ulitjky) T Ulig) = Uli—j—kr) = UGi—j)

ko
+ 2 Z Wi 5,2
j=1
where the second term is the new error term and is denoted as é;. It is clear that for
éi,i = 3,...,n — 2 the i.i.d. assumption is no longer valid. Similar to Section 2.4, we
apply a kernel K such that K (0) = 0 to remove the effects of correlation on the bandwidth
selection process (De Brabanter et al., 2018).
Without loss of the generality, we show the properties of the smoothed estimator for the
interior points 23:1 ki+1<i<n-— 23:1 k;. For an arbitrary point ug

2)

i@ (u) = el B=¢l S, U W, Y (21)
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where €1 = (1,0,...,0)7 is a unit vector with 1 in the first position. Y( ) (Y(Q) v

ki+ko+12" "7 "Tn—k

W, is the diagonal matrix of weights, i.e. diag{/(Ug) — uo)} with kernel K, bandwidth
h and Kj(-) = K(-/h)/h, S, = U,T W, Uy, and

L (U skarr) —uw0) - (Ugykorr) — uo)?
U, = | : : :

1 (U(nfklfkg) - U[)) T (U(’nflﬂsz) - uo)p

with €; in (20) satlsfylng E[¢;|U] = 0 and Cov(é;, €j|U;, Uj)) = 02p, Uy — Uyy)) for i # j
with 02 < oo and pl, is a stationary correlation funct10n satisfying p/,(0) = 1,p,(u) =
p;l(—u) and |p),(u)|< 1 for all u. Applying Theorem 1 in De Brabanter et al. (2018) yields
the following theorem.

Theorem 4 Let r(p+1)(-),p > 2 be continuous in a neighbourhood of ug. Under the As-
sumptions 1 — 5 and k1 — oo, ky — 00 as n — oo. For 02 < oo and the weights given
n (17), the conditional bias and conditional variance of (21) for p odd are bounded above

ky ky ks o1
er{s_l[ By 23052, 7° 4+ 3ky 2052 5+ 3R D02 5+ 5k

bias [#) (u) U] < C
[ ] TL+1 42 ] +k2k2+4klzj 1j P
" piipw(p”) <“o>hp“} {1+0p(1)}
of n+1 4542 +k2k2+4k12j 1j
1
K (p+3) +1
i (/tp KO(t)dt) T (uo) P }{1+op(1)}
where By = sup,¢o,1] ’7«(3) ()| and
4(n + 1)'0? 1+ p; Tl cor o1
Var up)|U| < e c 'S 18 S e 140 (1
FE0) < k232 (24 + k)2 h(n — 2kt — 2ka) {1 +0p(1)}
N ; . K32(t)dt ) {1+ 0,(1
k2 Y2 (2] + ky)? hln — 2k1 — 2kz) {1+0,(1)}.

Proof: see Appendiz N. |

If the order of ki is the same as the order of ko, the asymptotlc upper bound of the
+6
conditional MISE is minimized at h = O(n"~ 7P+8) k1 = O(n 7P+8) and ko = O(n7p+8) and

L, rates of convergence is Op(n_%). The way to select the bandwidth & is the same as
for the first order smoothed derivative estimator. We use Corollary 5 to select k1 and ko,
and then select bandwidth A by minimizing the RSS in order to avoid estimating p.. The
proposed estimator with a two step parameter tuning is still asymptotic consistent. From
Theorem 4, the pointwise consistency of (21) for p odd immediately follows.
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Corollary 6 Under the assumptions of Theorem 4, h — 0 and nh — o0 as n — 00,
k1 — 0o and ky — 00 as n — oo such that n~'ky — 0, n ks — 0, n3k:1_2k:2_3h_1 — 0 and
n3k:1_4k2_1h*1 — 0. Then, for 02 < oo and the weights given in (17), we have for any e > 0

P (/7@ (ug) — rP(ug)| > &) = 0
Proof: Analogous to the proof in Appendiz H. B

Assume k; and ky have the same order, then for k; = O(n%7) and ky = O(n%7) in Corol-
lary 5, and h = O(nfl/@p*?’)) for p odd from Corollary 1 in De Brabanter et al. (2018), the
Lo rates of convergence is

E[(7® (up) — 7 (u0))*|U] = Op(n*")

which matches the convergence rate obtained by Stone (1985) for p = 3. Using Jensen’s
inequality, the L; rate of convergence is O,(n~1/7).

3.5. Generalizing Noisy Second Order Derivative to arbitrary distributions

As before, we use the Probability Integral Transform (PIT) as in (14) to transform the
random variables X to U. Assume the second order derivative of F'(X) exists, taking the
derivative on both sides of m(X) = r(F(X)) with respect to X

d*m d <d7“ dU> d

- dUdX )~ dX

= ( f(X)r(l)(U)> = fOX)rOW) + F(X)r@ W) (22)

leading to m®(X) = fO(X)rW(U) + f(X)rP(U), where f1(X) = %. The derivative
of the density can be estimated via the kernel density derivative estimator

o 1 & — X;
i=1

assuming the kernel L satisfies the necessary differentiability conditions (e.g. Gaussian
kernel) and the bandwidth A > 0. An automated procedure, including bandwidth selection,
is available in the R package kedd (Arsalane, 2015).

4. Simulation Study

In Theorem 2 and Theorem 4, #(V(.) and #(*)(-) are based on noisy derivative data for
interior points. In the simulation, we include the noisy derivative data at the boundary to
obtain the local polynomial regression estimator for the final smoothed derivatives.

4.1. First Order Derivative Estimation

Consider the following two functions

m(X) = cos®>(2rX) + log(4/3 + X) for X ~U(0,1) (23)

m(X) = 50e30-2X)%(1 —2X) for X ~ beta(2,2). (24)
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In all simulations, we estimate the density f and distribution F' using kernel methods (R
package ks (Duong, 2018)). The tuning parameter k is selected based on Corollary 5 over a
positive integer set {1,2,...,499}. We use local cubic regression (p = 3) with bimodal kernel
to initially smooth the data. Bandwidths h were selected from the set {0.04,0.045,...,0.1}
for both (23) and (24) and corrected for a unimodal Gaussian kernel. The sample size for
both models is n = 1000 with e ~ N(0,0.1%) and e ~ N (0, 22) for (23) and (24) respectively.
Figure 1 shows the raw data (X,Y’) for both model (23) and model (24). Figure 2 and 3
show the first order noisy derivative (blue dots), the true first order derivative (full line) and
smoothed first order derivative (dashed line) for both model (23) and model (24) separately.

Figure 1: Raw data generated according to (a) model (23) and (b) model (24).

Next, we compare the proposed methodology with several popular methods for non-
parametric derivative estimation, i.e. the local slope of the local polynomial regression with
p =2, p=3 (R package locpol (Ojeda, 2012)) and penalized smoothing splines (R package
pspline (Ramsey and Ripley, 2017)). The order of the local polynomial is recommended
to be p = 2 since p minus the order of the derivative is odd (Fan and Gijbels, 1996). In
case of penalized smoothing splines, cubic splines were used. For the Monte Carlo study,
we constructed data sets of size n = 700 and generated the function

m(X) =+v/X(1 - X)sin((2.17) /(X 4+ 0.05)) for X ~1(0.25,1) (25)

100 times according to model (2) with e ~ N(0,0.22). Bandwidths were selected from the
set {0.03,0.035,...,0.07} and corrected for a unimodal Gaussian kernel. In order to remove
the effect of boundary issues on the performance for all three methods, we use the adjusted
mean absolute error as a performance measure defined as

675
1 _— - / . —_— / .
MARadjusted = — 22:6 Il (X;) —m!(X5)).

Figure 4 shows the raw data in one random run in Monte Carlo study and its estimated
first order derivatives using the proposed estimator, local quadratic polynomial regression
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Figure 2: First order noisy derivative (dots) of model (23) based on k = 26. Smoothed
derivative based on local cubic regression (dashed line) and true derivative (full line). (a)
First step of the smoothing process for arbitrary distributions using the probability integral
transform; (b) True first order derivative (full line) and the proposed smoothed derivative
of m(X) (dashed line) in the original space. Boundary points are not shown for visual

purposes.
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-100 d F' ¥ -100

0.25 0.50 0.75 0.25 0.50 0.75
u X

(a) (b) Back transform according to m*)(X) =
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Figure 3: First order noisy derivative (dots) of model (24) based on k = 22, smoothed
derivative based on local cubic regression (dashed line) and true derivative (full line). (a)
First step of the smoothing process for arbitrary distributions using the probability integral
transform; (b) True first order derivative (full line) and the proposed smoothed derivative
of m(X) (dashed line) in the original space. Boundary points are not shown for visual

purposes.

and cubic penalized smoothing splines. The variance in this model is large which increases
the difficulty in estimation and the proposed estimator is slightly better than local poly-
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Figure 4: One random run for model (25). (a) Raw data. (b) True first order derivatives
(full solid line) with estimated first order derivatives using three different method: the
proposed estimator with £ = 8 (red dash line), the local polynomial estimator with p = 2
(green dash line) and cubic penalized smoothing (blue dash line).
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Figure 5: Result of the Monte Carlo study for the proposed methodology, local polynomial
regression and penalized smoothing splines for first order derivative estimation.

nomial estimator in peaks and dips and smoother then penalized smoothing on the right
part, but overall three methods have equal performance in estimating first order derivative
of this regression function.

The first three boxplots in Figure 5 represent the performance of those three methods
in 100 repetitions. The proposed model has a similar performance as the local polynomial
regression with p = 2 (locpol2) and cubic penalized smoothing splines (psplines). To illus-
trate the loss of accuracy due to estimation of the density f and distribution F' we use the
true density and distribution to compute the derivative in the fourth boxplot.

22



SMOOTHED NONPARAMETRIC DERIVATIVE ESTIMATION USING WEIGHTED DIFFERENCE QUOTIENTS

We also run a Monte Carlo simulation for a non-uniform distribution
m(X) =X +2exp(—16X?%) for X ~ N(0,0.5%) (26)

100 times according to model (2) with e ~ N(0,0.2?). Bandwidths were selected from
the set {0.04,0.045,...,0.08} and corrected for a unimodal Gaussian kernel. As before,
we compare the proposed model with local polynomial regression with p = 2 (locpol2)
and cubic penalized smoothing splines (psplines) in Figure 6. Proposed model and cubic
penalized smoothing splines are better than local polynomial regression with p = 2 in this
case. The cubic penalized smoothing splines is slightly better than the proposed model
using kernel density estimator and have similar performance with the proposed model if
using true density.

MAEadjusted

o
8 o
< ; H —_—

o

| &=

T T T T T T T T T T T
-15 -10 -05 00 05 10 15 kde locpol2 psplines normal

(a) (b)

Figure 6: One random run for model (26). (a) Raw data. (b) Result of the Monte Carlo
study for the proposed methodology using kernel density estimator(kde), local polynomial
regression(locpol2), penalized smoothing splines(psplines) and proposed methodology with
true normal density for first order derivative estimation.

4.2. Second Order Derivative Estimation

Similar to the first order derivative, the tuning parameters k; and ks could be determined by
minimizing the criterion in Corollary 5 through grid search over a product set. We use local
cubic regression (p = 3) with a kernel K such that K(0) = 0 to smooth the noisy second
order derivatives. The bandwidth obtained with the kernel K such that K(0) = 0 is then
corrected for a unimodal kernel. The second order derivative estimation for any distribution
is given in (22). In the simulation, we only show the performance of the proposed second
order derivative estimator under the assumption that X ~ U[0,1]. For model (24), we
change the assumption on the distribution of X as follows

m(X) = 50e 3172901 —2X) for X ~U(0,1). (27)

Figure 7 shows the raw data (X,Y’) for both models (23) and (27). The sample size is
taken to be n = 1000 for both functions with e ~ N(0,0.12) and e ~ N(0,2%) for (23)
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and (24) respectively. In this simulation, we choose the gird search space of (ki,k2) to
be {1,2,...,100} ® {1,2,...,100} for all models. Bandwidths h are selected from the
set {0.05,0.055,...,0.1} for both functions (23) and (27). The results for second order
derivative estimation of function (23) and (27) are shown in Figure 8. For visual purposes
the boundary points have been removed. Figure 8 shows the second order noisy derivative
(blue dots), the true first order derivative (full line) and smoothed first order derivative (red
dashed line) for both models (23) and (27) respectively.

00 02 04 086 08 10 00 02

(a) model (23) (b) model (27)

Figure 7: Raw Data for both models

100 2000
~ 0 __ 1000
X X
<E <E
~ 0 ~ 0
X X
€ €
-50 -1000
0.25 0.50 0.75 025 0.50 0.75
X X
(a) model (23) (b) model (27)

Figure 8: Second order derivatives smoothed by p = 3 local polynomial regression using a
kernel K such that K (0) = 0 (red dashed line) on the noisy second order derivative data(blue
dots) and true derivative function (full line). (a) Second order derivative of model (23), with
k1 = 42 and kg = 23; (b) Second order derivative of model (27) with k1 = 44 and ko = 24.
Boundary points are not shown for visual purposes.

To compare the proposed smoothed second order derivative estimator with the cubic
local polynomial estimator, we show both estimators for model (23) and model (27) in
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Figure 9: Second order derivatives smoothed by p = 3 local polynomial regression using a
kernel K such that K(0) = 0 (red dashed line) on the noisy second order derivative data,
the local polynomial estimator with p = 3 (green dash line) and true derivative function
(full line). (a) Second order derivative of model (23) with k1 = 42 and k2 = 23 (b) Second
order derivative of model (27) with k; = 44 and ko = 24. Boundary points are not shown
for visual purposes.

Figure 9. It is clear that the proposed second order derivative estimator slightly outperforms
the local polynomial (p = 3) estimates. For the Monte Carlo study, we construct data sets
of size n = 700 for the function

m(z) = 8e~ (=30 (1=72) o X ~14(0,1) (28)
100 times according to model (2) with e ~ N(0,0.12). As a measure of performance, we

define the adjusted mean absolute error as

670
MAEadjusted = L Z 2 (X;) — mP (X;)|

640 =

to ignore the boundary effects in the simulation result. Bandwidths are selected from
interval {0.03,0.035,...,0.1}.

Similar to the first order derivative, we compare the proposed methodology with local
polynomial regression (R package locpol (Ojeda, 2012)) and penalized smoothing splines
(R package stat (Ramsey and Ripley, 2017)). The order of the local polynomial was taken
to be p = 3 since p minus the order of the derivative is odd (Fan and Gijbels, 1996). In
case of penalized smoothing splines, cubic splines were used. Figure 10 shows the raw
data in one random run in Monte Carlo study and its estimated second order derivatives
using three methods. Those three methods have equal performance in estimating second
order derivative for raw data in Figure 10. The results for Monte Carlo study is shown
in Figure 11. The proposed estimator has a slightly better performance compared to local

cubic polynomial estimates and penalized cubic splines.
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1000

m"(x), M"(x)

Figure 10: One random run for model (28). (a) Raw data. (b) True second order derivatives
(full solid line) with estimated second order derivatives using three different method: the
proposed estimator with k; = 15, ks = 8 (red dash line), the local polynomial estimator
with p = 3 (green dash line) and cubic penalized smoothing (blue dash line).
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Figure 11: Result of the Monte Carlo study for the proposed methodology, local polynomial
regression and penalized smoothing splines for second order derivative estimation.

One anonymous referee suggested to smooth the data first by means of adaptive splines
followed by taking discrete derivatives i.e., using first or second order differencing for the
first or second order derivatives respectively. The main idea for the first order derivative
estimator is given by

m(X;) —m(X;_1)

Xi—Xi

with & € [X;_1, X;] and m the adaptive spline estimator (denoted as gam). This approach
can have promising results (see Figure 12), but it does not immediately allow to evaluate
the derivatives in an arbitrary point. We conducted a Monte Carlo simulation for model 23
with global k. In Figure 12(b), the median of (29) is slightly lower than the proposed
model (kde) and the one assuming the true underlying distribution is known (uniform).
Further, the mean for the three methods is 0.267 (gam), 0.268 (uniform) and 0.302 (kde)

~ m' (&) (29)
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and the variances are 0.016, 0.004, 0.006 respectively. Based on this simulation we can state
that the adaptive spline estimator and the proposed method have a similar performance on
model (23).

N
4 3
X !
<E \\
=0 \
x /
\ / \‘\
\J \\,/
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X
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8 :
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Figure 12: One random run for model (22). (a) True first order derivatives (full) with
estimated first order derivatives using an adaptive spline estimator in (29) (green dashed)
and the proposed estimator (red dashed); (b) Monte Carlo result based on 100 runs for (29)
(gam), assuming the true underlying distribution is known (uniform) and the proposed
method (kde).

5. Conclusions

We proposed a method for derivative estimation in random design and discussed the asymp-
totic properties of the proposed estimators. The proposed methodology estimates deriva-
tives nonparametrically without having to estimate the regression function. Asymptotic
bias and variance are derived, L and Lo rates of convergence are established. Our analysis
showed that estimating higher order derivatives becomes increasingly more difficult and
slower rates of convergence are to be expected. Further, we provide a rule-of-thumb to
choose the parameter(s) for the first and second order noisy derivatives. Finally, since the
independence assumption of the newly created data set does no longer hold, we use a simple
but effective smoothing methodology based on kernels K such that K (0) = 0 combined with
the flexibility of local polynomial regression. Additionally, we discussed the property of the
smoothed noisy derivative estimates.

One drawback of the proposed framework is that the proposed first and second order
derivative estimator requires the estimation of the density f and distribution F. A first
topic of further research interest is to adapt the proposed framework directly for arbitrary
distributions without transformation. Second, finding an efficient way to tune h and k
simultaneously would greatly benefit the rate of convergence of the proposed methodology.
A potential lead could be found in the use of empirical semi-variograms.
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Appendix A. Proof of Lemma 1
Following David and Nagaraja (1970, p. 14) we have

It immediately follows that

Uity = U—j) = B{Urj) = Uia-p} +Op [\/Var{U(iﬂ) —Ui-p}
2j J
n+1 * OP( n2>

Similarly, according to the property of uniform order statistics we have

and

Uirj) — Uiy = B{Urj) — Ui} +Op [\/ Var{U1) — Ug) }

J J
= (@) = 1.
n—i—l+ p< n2>

The proof of the third part of the lemma is analogous to the proof above and is therefore
omitted.

Appendix B. Proof of Proposition 1

ke 2 Y;,'
Var[V|U] = Var wa (G )
(47 i—j

k
Yvi 1= Y;—l 2 lfi_t,_j — Yi—j
-Gy w) Var {*ym} +3 w?, Var [,U
< = Yarn = V- =" Uti+g) = Uti-j)

20 20?2
= 1 - wl'7 > ¢ + ¢ w,? S
< ; ! (U(i+1) - U(i—l))2 (U(i+j) - U(i—j))2 ]; !
Setting the partial derivatives to zero yields

Uistg) = Vi-)*
Uir1) = Ui-1)?

Using the fact that Z j—1 wi,j = 1 results in

Wij = Wi

k

k 2
3 Z (Ugi+j) = Ui—p)
wl’7' = ]_
j=1 ’ v

j:1 Ulis1) — U(z )2
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Consequently, this gives

(U(i+1) - U(zel))2 i (U(z'+j) - U(%’ﬂ'))2

Uit = Ui-)? = Uy = U-))?

=1

proving the proposition.

Appendix C. Proof of Theorem 1
Since 7 is twice continuously differentiable on [0, 1], the following Taylor expansions are

valid for 7(U;1j)) and r(U(;—j) in a neighborhood of U;:

Uiey) = (U / Uern =U0) @y
T(Uivg)) = 7(Uay) + (Ugirg) — Uiy (U)) + 5 % (Ciitg)

and
(Ugi—j) = Uw))?
r(Ui—y) = r(Uu) + Ugu—jy — Ua)r' (Us) + ( 3)2 O @ (¢ ),

where G ivj €]Un), Uyl and G—ji €]U;—j), U [ Using Lemma 1 and Proposition 1, the
absolute conditional bias is bounded above by

‘bias [ffi(l) U] ‘ = —7'(Uy)

\
1+j 1—]
Zwm < U(- ‘))‘U

Uity = Uli—j

_ 1 Zw” Ugirg) = U)*r® (Giins) = (Ugmy) = U)*r® (Gimja)
2 ’ Uti+j) — Ut
_ ! Z§=1(U<¢+j) ~ Uy Wing) = Uw))’r® (Giing) = Uy = U)*r® (Gija) } '
2 Zz Uiy = Ui—py)?
2
< L |T(2)(u)|2j:1(U(i+j) = Ua-p){ Wiy = Uw)* + Wi—y) = Up)*}
T 2ue S (U G+0) — Uii—p)?
% (k+1
= 2 sup |r(2)(u| (n+1)3 {1+O f)}
2 uefo,1] %{14—0 ()}
3k(k+1) { < 1 >}
_ (2) il
= sup [r'¥(u 1+0 -
wel0,1] I )|4(n +1)(2k + 1) P\ VE
Then for k — oo as n — oo
3k(k + 1)

bias[f’i(l)\U]‘ < sup |r®(u)|
u€[0,1] 4

mr k1) e
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Using Proposition 1, the conditional variance yields

K
Var[Yi(l)W] = Var Zwm- (Yiﬂ — Yij ) |U
e Uits) — Uli-j)

> (Usg) = Uiop)?

= 203 : 5
(1 Uiy — U—p)?)
= 20?2 1
e k 2
izt (Ui = Uay)
1
= 202
BEAEED 1 1, (1))

302(n+1)?
= Gt Dk e

provided that &k — oo as n — oo. Both results hold uniformly for £k +1 <i: <n — k.

Appendix D. Proof of Corollary 1

Under the conditions k& — 0o as n — oo such that n='k — 0 and n?k=3 — 0, Theo-
rem 1 states that the upperbound of conditional bias and conditional variance go to zero.
Consequently, we have that

lim MSE[V,"|U] = 0.

n—o0

According to Chebyshev’s inequality the proof is complete.

Appendix E. Proof of Corollary 2

From the bias-variance decomposition of the mean squared error (MSE), it follows that

9k2(k + 1)? 302(n+1)2

MSE[v VU] < B2
SEN U] < B e 2ok 12 T Rt D)@k £ 1)

+ 0p(n2k? + n?k3),

with B = sup,¢[o 1] [ (u)|. Since U ~ U(0,1), the conditional mean integrated squared
error (MISE) which measures the average global error is:

1
MISE[YD|U] = E/ YO ) - rOw)|u)*au
0

_ /1 E[YO(U) - rOU)|U]*aUu
0

< g 9k2(k + 1)2 302(n +1)?
- 16(n+ 122k + 1)2 ' k(k+1)(2k+ 1)

+ 0p(n 2k + n2k™3)
with }7(1)(U ) represents the first order derivative estimator at design point U. Denote the
asymptotic conditional MISE (AMISE) by

9k%(k +1)? 302(n+1)?
6(n+1)2(2k+1)2 " k(k+1)(2k+1)

AMISE[Y W |U] < B2

30



SMOOTHED NONPARAMETRIC DERIVATIVE ESTIMATION USING WEIGHTED DIFFERENCE QUOTIENTS

Appendix F. Proof of Exact Bias

Assume the ¢+ 1 derivatives of r exist on [0, 1], according to lemma 1, the following Taylor
expansions are valid for 7(U;j)) and r(U(;_j)) in a neighborhood of Uy,

-

") = mUw) + 51Uy — Ua )T (Ua) + Op(Ugiy gy — Uy

N
Il
—

1 Utirg) = U DO + 0p{ (3 /n)* 1}

|

<
—~
=
=

+
(7=

N"_‘

N
Il
—_

and

—_

rUi-p) = +Zl. Uti-g) = U@)'r" (Ugy) + Op(Ugi—jy = Uw) ™!

q

- +le. (Uii-i) = Uio)'r O U)) + O /m) ).

Taking expectations and for 2?21 w;; =1

k
. l] (ll .. )
1 i+ i—
E[}fl( )‘[U] E wz’] ( Z]i) ; (j) 7)

r() U, .
Z?zl(U(H-j) i) [ 2 S {Uss) = Uap)' = Wiy = Ua)' + Op{(§/n) 7}

k
Zp=1(U(i+p) - U(i—p))2
For ¢ = 1, the second order derivative of r exists on [0, 1]

D) Sk (Uiig ) — Uii))? + O, (K403
bias[F O[] = (Ueay) 3251 Uiy = Uii—p)® + O ( /n)_r(l)(U(i))

Z];=1(U(i+p) - U(i—p))2
k
- o(3)

For ¢ = 2, the third order derivative of r exists on [0, 1]

r®(U) S5 Uiy — Ui '>){(U(z'+j> —Uw)? — (Ua—y) — Uw)?} + Op (K*/n?)
2 Ep 1 z+p U(i—zv))2

bias [ffi(l) U]

Op(k? /n®) + O (/")
Op(k3 /)

1
k2 k2
= 0, (max{ i) })
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1
The bias can be split into two terms, biaseven = Op <’f) and biasyqq = Op (Z—i) biaseven

indicates the bias from the even order terms in the Taylor expansion of ’I"(U(Z-:tj)) and biasggq
for the odd order terms respectively.
For g > 2, we have

EYVU] = rD(Ug)

rO (U .
S Uy~ Usp) [Z?zz W) { W15y — Uiy = (Uiegy — Ug)1} + op{@/n)q“}}

+

k
Zp:l(U(H-p) - U(z'—p))2

Splitting the second term in biaseyen and biaseyven yields

k [ ~2[q/2]1=1 7O (Uy)
i1 Uiy = Ug) | 2285, — > <(U(z‘+j> ~U@)' — (Ui — U(z‘))lﬂ
- %
> =1 Uirp) — Uip))?
k 7'(3) Ul
S Uiy — Uamgy) |22 <(U<i+j> ~U@)* = Uy — U (1'))3)}

- - 1+o0p(1
5 et Ui = Uti—p))? o)

r® (U)(3k% 4+ 3k — 1 k3
_ < (<3>3(<n+1)2 )+o,,<712>>{1+op(1)}

bias,dd [}Afi(l) U] def

k [—2lg/2) DU
(1) def i Ueees) = U | S5~ <(U(i+j>—U(i>)l—(U(i—j>—Uu))l)]
biaseven[Y; |U] = = : 5
> 1 Uiitp) = Ulip))

[+ (U)

31 Uty = Umg) |2 <(U(z'+j> —Uw)* = (U—y) — U(z‘>)2>] { }
= S 1+o0p(1)
Z’;:l(U(ier) - U(Ha))2
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Appendix G. Bias and Variance at the Left Boundary

Assume that r is three times continuously differentiable on [0,1]. At the left boundary
1 < k+ 1, we have

. 1 Uz‘_Uz'2_lUif'_Ui2 @,
bias[? U] — Zwu 3 (Uis) = Uwy)* = 53Uy — U)*] r? U)
’ Utirg) — Ua
Op(j3/n3) >
+ wi7" P
; ’ (U<' )~ Uti-

i)
k
1
Y Wiy <2<U(z‘+j>—U<>) @ (U >{1+0p D}
j=k(i)+1

o217 1500

A k(i) Yoo Y, L N
j; 7 \ Ui - U( ) i %ﬂ Uiy — Ui
k(1) Wi s 2 k W 9
= 207 (ZJ) + o2 (W)
= \UG+j) = Ui) j_,%ﬂ Ulits) — Uy
k 2
w
4 gg (H)
L%H Utivs) — Ut

Appendix H. Proof of Theorem 2

Part I (conditional bias)

bias [f(l)(uo)@] = E[f(l)(uo)\ﬁ] — 7 (ug)
= €8, U W, E[Y(l)\fﬁ] — M (up)

7“(1)<U(k+1)) biaS[Y;fi)llU]
= € 5,5, U W, : + : — 7 (ug)
rOUm-ry)] | biasVD, U]
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For p odd, (see Theorem 3.1 in Fan and Gijbels (1996)), the first term is
rM(Ug41))

el S;i% U, W, : — T(l)(’LLO) = € ST By kT 4 0y (RPTY)
rD(Ug—i)

= 781 P04 ()P 4o, (hPFT)

(p+1)!
(30)
where ¢p = (Upt1, - - - popt1)L with p; = [ W K(u)du, and S = (pi+j)o<ij<p-
Based on Theorem 1, for £ — oo as n — oo the second term is
bias[V; ! [U 1
TS UTW el 570, UTW, 1| sup PO 2B Dy )
_ u u : >~ _ u u |: .
n-2k X (1) 2k 1 u€(0,1] 4(” + 1)(2k + 1) b
bias[Y,, , |U]
(31)
Ignore orders statistics among Ug1), ..., Ur—g), they can be treated i.i.d samples. Let

Snfgk,l = Z:Ln_:kk+1(U(m) — uO)lKh(U(m) — uo), then for [ = 0,1,...,p

Sn—ok) = E[Sn—Qk,l]+0p{ Var[Sn—Qk,l]}

For h — 0 and nh — oo as n — oo we have
E[S, org] = (n—2k)E[(U —uo) Kn(U — up)]
= (n_h2k)/K (u _huo) (u _ uo)lf(u)du

= (n—2k)A /K(l’)l‘lf(U(] + xh)dx

= (n—2k)h f(uo) U o K (x)dx + op(1)}
= (n—2k)h' f(uo)m{l + 0p(1)}

and similarly

Op{ Var[Snng]} = Op
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Thus for h — 0 and nh — 0o as n — 00, k — 0o as n — oo such that n= 'k — 0:

Su_oni = (n— 2k)h f(uo)m {1 +0,(1) + O, ( 1/(h(n — 2I<:)))}
= (n =2k f(uo)pu {1+ 0p(1)} (32)
and
Sn—2k0  Sn—2k,1 Sn—2kp
S . — UTW.U, - Sn—‘Qk’,l Sn—‘Qk,l Sn—Q'k:,p—i-l
Sank,p Snf2k,p+1 Sn72k,2p
= (n—2k)f(uo)HS H{1+ 0,(1)} (33)
where H = diag{1,h,...,hP}. Next,
[ i KnUgmy — o) ]
1 Sn—2k,0
uTw. || = D k+1(U(m) — u)Kp(Ugmy — uo) _ Sn—2k,1
1 n—k :
2t (Ugny = WP Ep(Ugny — uo) Sn—2kp
= (n—2k)f(uo)Hep{1+ 0p(1)} (34)
where ¢, = (po, pi1, - - -, pip) - Plugging (33),(34) into (31) gives
blas[ 1|TU] Sk + 1)
T q—-1 T (2) + Trr—1 a—1 ~
S U, Wy < HS 1+ 0,(1
€1 n—2k uzl[t]l,)l] |T (U |4(TL + 1)(2]{ + 1)61 CP{ Op( )}
blas[ k|U]
3k(k+1) 1.
_ (2) Tg-1z 1
sup |7 (u € c 4+ 0,(1)}.(35
Based on (30) and (35), we have
N O (Ugety) bias(Y ALl
bias[F(V(ug)|U] = €l S, 1, UsS W, : —rW(ug) + €IS, UL W,
'r(l)(U(n_k) blas[ k][U]
B 3k(k+1)
< Jg-1|_%2  (p+2) p+l 2 .
(36)

Part IT (conditional variance)
Provided that k£ — oo as n — o0, consider the conditional variance in Theorem 1

302(n+1)?

Var(¥ R+ 1) 2k + 1)

0] =

{14 0p(1)}
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and by Theorem 1 in De Brabanter et al. (2018)

Var [f(l) (uo) \ﬁ] = € S, (U W, Var[Y(l) U W, Uy) S, Lo e
2 1)2 1
_ 302(n+1) + f(uo)pe el'ST18*S™ e {1+ 0,(1)}(37)

k(k + 1)(2k + 1) h(n — 2k) f (uo)

with limy oo 1 [ pn(x)dz = pe and S* = (Vitj)o<ij<p With v; = [ W K?(u)du.
For p odd, (see Theorem 3.1 in Fan and Gijbels (1996)):

/K(;(t)dt = els! (/ K(t)dt,/tK(t)dt,...,/tpK(t)dt>T

= €571, (38)

Similarly, we obtain
/ PR (1) dt = €T / K2 (t)dt = el S718*571e (39)
plugging (38) and (39) into (36) and (37) provides the second part of Theorem 2.

Appendix I. Proof of Corollary 3

For h — 0, nh — oo and k — oo as n — oo such that n='k — 0 and nk=3h~! — 0, then
theorem 2 states that the upperbound of the conditional bias and conditional variance go
to zero. Consequently, we have that

lim MSE [+ (up)[U] = 0.

n—0o0

According to Chebyshev’s inequality the proof is complete.

Appendix J. Proof of Theorem 3

The proof for the asymptotic properties of the second order derivatives is similar to that of
the first order derivatives. Since r is three times continuously differentiable on the compact
interval [0, 1], the following Taylor expansions are valid for r(U;4j41,)) and 7(U—;j_,)) in
a neighborhood of U(; jy and U(;_;) respectively

V]

1 (Uit jtkr) — Uir))?
T(Ulirjtry)) = 7(Ugitj)) qu (i+j+k1) U(i+j))q7'(q)(U(i+j))+ (e 1)6 ax) ) (Citjitjrhn)

and

—_

: 4,(q) (UGi—j—t) = Ui—))®
r(U—jony) = r(Ua—)+Y E(U(i—j—kl)—U(i—j)) r P (Ugi—j)+ 6

®) (Ci*j*]ﬂ,’i*j)?

where Gitjitjth €]UG15): Utirjrrn | and G—jkyimj €1UG—j— k1) U—j)l-
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Similarly, the following Taylor expansions are also valid for r(l)(U(iﬂ-)) and r(l)(U(Z-_j))
in a neighborhood of U;):

(Uiirsy — Ugpy)?
rD(Ugyg) = rOUe) + Uasg) — Ua))r®Ug) + (ﬂ)Q OB (¢ians)

and

rO(U_j) = rO(Ua) + Uy — Up)r® (U) +

where Q’prj E]U(i), U(i+j)[ and Cifj,i E]U(i_j), U(z)[

/

r® (Uig) = (Ua) + Uasg) — U )r® (Gsg)

and

r®(U—j) = r®Ua) + Uiy — Ua)r®(Gija),

where C;Z-ﬂ- €U, Ugigj)| and C;fm- €lU;—j), Ul Since Zfil w; j2 = 1, the absolute
conditional bias is

‘bias [YZ(Z)]@]‘ = |E [ffi(z)@} — 7‘(2)(U(i))

T(U(i+j+k1))*7“(U(i+j)) T(U(i—j—kl))*”(U(i—j))

— |9 § :wi,j,2 (i+j+k1) ~ ¥ (i+5) (i—j—k1) ¥ (i—J) o T(Q) (U(z))
7=1

Ulitjtk) + Ulitg) = Uli—j—k1) = Ugi—y)

k
— |2 i w; .2{ (rDUigg) = rDUi—j) + 57 Ua1) Ugisjony) = Uiieg)
j=1 v Ulitjrk) T Ulirj) = Ulimj—ky) — Ugi—y)

57 U6-) U—jor) = Uiiy) + 70 Cigiirr) Utijn) = Uing)?

_l’_
Utijrhn) + Ulirs) = Uli—j—k) = Ui
N —r®(Gimjmrnig) Ugimjtr) — U(ij))2} B T(g)(U(.))’
Ulirjtkn) T Ulitg) = Ulij—ka) = Uliy)
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k 1 1
P i w;j 2{ 27D Git) Ui = Up)® = 579G U=y — Ui))?
Ulitjrky) T Ulis) = Uli—j—r1) — Uli—j)

j=1
%r(3)(€;,i+j)(U(i+j) = Ui)) Uitjrrr) — Ugig)

+

Uitjrky) T Ulirg) = Uli—j—k) — UGi—j)
5D Uiy = U) Ug—j-r) — Ui—j)

Ulititk) + Ulitg) = Uli—j—k1) = Uli—j)
N SO (Ggirjrn) Uty — Uirn)? = 873 (Cimjmrnimg) Uli—j—iy) — U(ij))2}‘

U(z‘+j+k1) + Ulitj) = Uli—j—ky) = UGi—j)
< sup | <Z - Uij) = Ua)* + (Ui = Uy)?
IR P2 Uik + Uird) — Utijoi) — Uiy
k

N i i (Uii+s) = U@) Witk — Utivg) + U=y = Ua) U—j—r1) — Ui—p)

Ulitjtkr) T Ulirs) = Uli—j—ky) = Uii—j)

k
N i . 3Uisjir) — Uae)? + 3(UG—j—ky) — U(i—j))2>

Ulitjtky) T Ulig) = Uli—j—k1) = UGi—j)

Jj=1

Using Lemma 1, the weights in Equation (17), k1 — oo and k2 — oo as n — oo gives

supyeo 17 (u)| 23052, 5% + 3ky 3002 5%+ BRE SRR G+ KDk

bias 171-(2)]6 ‘ < {14+ 0,(1)}
[ ] n-4+1 42] 1] +k‘2k‘2—|—4k12] 1j p
Using the weights in Equation (17) and Lemma 1, the conditional variance is
) ( Yivjiny —Yits  Yiejp—Yi )
~ ~ Ut U, U, - U,
Var YZ-(2)|U — Cov|2 Wi i (i47+k1) — ¥ (i+5) (i—j—k1) " Y (E-3) ,
a | g P Uik T Ut = Ulimjmtr) = U=
ks ( Yiviory =Y Yicip —Yin )
9 Z Wi 1 Ulivitr))—Uatn Uti—1—k1)—Ugi-1 | ]
= Utk T UGty = Ulimi—ky) — UGy
&, & Wi j2Wi 12
— 4 1,7, (2
; lz; Uitjrrn) + Ulis) = Ulimj—kr) = U—5) Uitirny) + Uty = Ulmi—r) — UGi—))

{ Cov [Yiyjrk, — Yitj, Yirith — Yitl ~ Cov [Yitjan, — Yinjs Yicimg, — Yied]

(Utitjrrn) = Uiri) Uitk = Uavr)  Ugger) = Uri) (Utizi—ky) — U—)
Cov|Yij—r, — Yiej,Yigirn, — Yiyl] N Cov|Yi_j i, —Yij,Yii—p — Yi] }
 Uajky) = Ua-)Weasisry) = U)Wk = Uti—3) Wiy = Ugipy)

in which COV[ itjtks — Yitgs Yitlth — H—d COV[ z+g+k1,Yi+l+kJ COV[ Z+]a}/’i+l+k1:|_
Cov [Yz’+j+k17Yz+l] + Cov [Yiﬂ, Yi+l]~ When j = [, the first and the fourth covariance are
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not zero, when j = [ + k; the second covariance is not zero, and when j + k1 = [, the third

covariance is not zero. The other three covariance terms can be obtained in a similar way.
Thus,

Var [ |TU]

oo 2
w; 2
2. 72
= 402 &

j—l (Utitjrrr) T Uirs) — Uij—tr) — Ui—))? ((U(z‘+j+k1) = Ui+5)?

—J— - >
+

— 402 Z Wi,j,2Wi,j+ki,2
= Watgk) + Utrg) = Uimgoin) = Ua-) Ulingram) + Utiritrn) = Utij2ka) = Ulij—kn))
( : + : )
Utitjrin) = Ui) Utitjaar) = Utitjar))  Uimjmk) = Ui—)) Utimj—2k0) = Ulizj—i))
k
402 : Wi, j,2Wi j—ky,2
i Wegrrn) + Uling) = Utimj—k1) = U= Uteg) + Uirjk) = Uli=g) = Ui—jiin)
( 1 + 1 )
Utitjrrn) = Ulti) Uiy = Ulrj—r)  (Uiimjmkr) = Ui—)) (UGi—j) = Uli—jirhn))
k 2
<42Y g2 ( : + ’ >
T I Wik Ui = Ulimjoi) = Ua=)? \WUGrjienn) = Ur))*  Uajmr) = Uy))?
4(n +1)%c?
W7 4o,

R (2 + k)2

provided that k1 — oo and k9 — oo as n — oo. Both results hold uniformly for 2]2-:1 k; +
1§7L§n—2321kj.
Appendix K. Proof of Corollary 4
For k1 — oo and ks — o0 as n — oo and from Theorem 3
GV (u)| 23202 53 + Bky 3002 52 + 23 + k7K
()~ sup,, ) (u 21
bias[Y;(Q)HUH _ sw o, [P (W) 23752, 125217 Y2 2o (1))

n+1 AR G2 kg + Ak 3N
ki k

= Op<max{ 1, 2})
n n

and

. 4(n+1)to?
Var[Y |IU] < kzz NETRURE {1+0,(1)}

O, | ma 7714 7714
= X
P kK3 kiks
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Under the conditions k; — 0o and ky — 0o as n — oo such that n = 'k; — 0, n ks —
0, n4k1_2k:2_3 — 0 and n4k:1_4k:2_1 — 0, Theorem 3 states that the conditional bias and
conditional variance go to zero. Consequently, we have that

Tim MSE[Y,?[0] = lim_(bias?[¥;® 0] + Var[V;¥0]) = 0

n—o0
According to Chebyshev’s inequality the proof is complete.

Appendix L. Proof of Corollary 5

From the bias-variance decomposition of the mean squared error (MSE), it follows that

k2 3 57.2 113
. By 2 52,7 +3k12 L 52 + 3ki Z 1J + gkike
MSE[V;?|0] < <n+1 J - . : {1+0p(1)}
42 1] 24k k2+4klzj 1J
4(n +1)10?
{1+o0p(1)}

K352 (25 + ki)?

with By = sup,¢o 1) |r®)(u)|. Since U ~ U(0,1), the mean integrated squared error (MISE)
which measures the average global error is

MISE[Y® U] = E / I[Y@)(U)—r(?)(U)\UFdU
0

- / 1 E[Y®©) - r&()|u]*aU
0

B, 22 1J +3k:12] 1J +5k:22j LI+ 3k ke
n+l 423 1J +k2k2+4k12—1j

4(n +1)0?
B 3057 (25 + k)2

) {1+0p(1)}

{1+0p(1)}

where }7(2)(U ) represents the second order noisy derivative estimator at the design point
U. Denote the asymptotic conditional MISE (AMISE) by

B, 23k 434 3k 24 3k3 + 13k 4 1)452
AMISE[Y®)|U] < ( > 222 12 Y 2 (n+1)%

n+1 A3 52 Rk + Ak YN k%z;@:l(zj—i_kl)?
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Appendix M. Proof of Exact Bias for the Second Order Derivative

Assume the fourth order derivative of r exist on [0, 1]; using Lemma 1 and weights in
Equation (17), the exact bias of (16) is

PUiitj+k) —rWG45) T(Uu—j—kl))—T(U(i—j)))

~ ~ 2 U U, ... U,. . —U,. .
bias[VAIU] = 25 w; ‘2( (i+j+k1) ~V(i+) (i—j—k1) ~U(—j)
bl Z 7 Ulangany) + Uling) = Ulimjmin) — Utiny)

—r®(U)

. i wi 42{ (' Utst) = 7' Uii—p) + 57 U)Wl am) = Vi)
’ Uirgrn) + Uting) = Utijomn) = Uty

— 57 U6—) U—jory) = Uii—) + 79 Uliz) Uligan) = Ugieg))®

+
Ulitjtkr) T Ulirs) = Uli—j—k1) = Uii—j)
k3
L 5O W) Uk = Ui)* + O(5) } — ()
Ulitjky) T Ulirg) = Uli—j—r) = Uli—j)
_ 22 2{ 2 U Uirg) = Ui)* = Wiy = Uy
a Utirjrrn) + Utirg) = Ulimjky) — Uiy
N %T( )(U(i))[(U(iJrj) —U))Uiitji) — Ui)) — Wiy = Ua) Ui—jmi) — Ui—j)]
Ulitjky) T Ulirg) = Ulimj—rr) = Uli—j)
N L) (U) Uarg i) — Uini)? = Uigmgin) = Uy + Op(2) + 0, (]3)}
U(i+j+k1> + Uliy) = Uli—j—k) = UG-

)4 0,(55) + 0,41 + 0,(32)
= 2 n
Z %{1+op<max{y—w,k;”2}>}

k? kg sz k%
= Op<maux{n,n,n2,n2

Appendix N. Proof of Theorem 4

The proof is analogous to the proof of Theorem 2 in Appendix H. Denote ¥ = ki + ko,
following the proof of Theorem 3.1 in Fan and Gijbels (1996) and based on Theorem 3, for
k1 — oo and kg — 00 as n — oo we have

bias[¥,\), U]
el 8, U W, :
bias [ k, U]

By 25743 S P SRR gk
P D
n+1 42J 1J +k2k2+4klzj i
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and for p odd,

7“(2)(U(k:'+1))
F8 Ly USWa | 0 | =) = ST B 4 o ()
T(z)(U(n—k’))
— Ts! (iil)T(ers) (up) AP+ + o, (RPTY).
Combining the two above expressions yields
bias[#%) (uo) U] = E[#*)(u0)[U] - r® (o)
— 81 U WLEY ] - o)
r(z)(U(k/H)) bias[Yk(al U]
= € S;i%, U’ Wu< : + : > — T'(Q)(UQ)

r@(Upn-r) bias[Y' ), U]

Sl[é By 22 i +3k12 i +5k22 LI+ 3k ks
Pn+1 421 1J +k2k2+4k12j 1J

IN
™
=N

Plugging (38) and (39) into this conditional bias gives the second term of the conditional
bias of Theorem 4.

According to Theorem 1 in De Brabanter et al. (2018)

Var[i®(ue)[U] = 'S, (U, W, Var[Y? 0] W, U,) 8L,

4(n +1)40? 1+ f(uo)p.
k2 Y82 (25 + ki) hln — 2K) f (uo)

el ST'S*S e {1 +0,(1)}

with lim, 0o n [ pp(z)dz = pl, and S* = (vi+j)o<ij<p With v; = [WK?(u)du. Plug-
ging (38) and (39) into this conditional variance gives the second term of the conditional
variance of Theorem 4.
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