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Abstract

We study bipartite community detection in networks, or more generally the network bicluster-
ing problem. We present a fast two-stage procedure based on spectral initialization followed
by the application of a pseudo-likelihood classifier twice. Under mild regularity conditions, we
establish the weak consistency of the procedure (i.e., the convergence of the misclassification
rate to zero) under a general bipartite stochastic block model. We show that the procedure
is optimal in the sense that it achieves the optimal convergence rate that is achievable by a
biclustering oracle, adaptively over the whole class, up to constants. This is further formalized
by deriving a minimax lower bound over a class of biclustering problems. The optimal rate we
obtain sharpens some of the existing results and generalizes others to a wide regime of average
degree growth, from sparse networks with average degrees growing arbitrarily slowly to fairly
dense networks with average degrees of order \/n. As a special case, we recover the known
exact recovery threshold in the logn regime of sparsity. To obtain the consistency result, as
part of the provable version of the algorithm, we introduce a sub-block partitioning scheme
that is also computationally attractive, allowing for distributed implementation of the algo-
rithm without sacrificing optimality. The provable algorithm is derived from a general class of
pseudo-likelihood biclustering algorithms that employ simple EM type updates. We show the
effectiveness of this general class by numerical simulations.

Keywords: Bipartite networks; stochastic block model; community detection; biclustering;
network analysis; pseudo-likelihood; spectral clustering.

1. Introduction

Network analysis has become an active area of research over the past few years, with applica-
tions and contributions from many disciplines including statistics, computer science, physics,
biology and social sciences. A fundamental problem in network analysis is detecting and iden-
tifying communities, also known as clusters, to help better understand the underlying structure
of the network. The problem has seen rapid advances in recent years with numerous break-
throughs in modeling, theoretical understanding, and practical applications (Fortunato and
Hric, 2016). In particular, there has been much excitement and progress in understanding and
analyzing the stochastic block model (SBM) and its variants. We refer to Abbe (2017) for a
recent survey of the field. Much of this effort, especially on the theoretical side has been fo-
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cused on the unipartite (or symmetric) case, while the bipartite counterpart, despite numerous
practical applications, has received comparatively less attention. Of course, there has been
lots of activity in terms of modeling and algorithm development for bipartite clustering both
in the context of networks (Zhou et al., 2007; Larremore et al., 2014; Wyse et al., 2017; Rohe
et al., 2012; Razaee et al., 2019) as well as other domains such as topic modeling and text
mining (Dhillon, 2001, 2003) and biological applications (Cheng and Church, 2000; Madeira
et al., 2010). But much of this work either lacks theoretical investigations or has not considered
the issue of statistical optimality.

In this paper, we consider the community detection, or clustering, in the bipartite setting
with a focus on deriving fundamental theoretical limits of the problem. The main goal is
to propose computationally feasible algorithms for bipartite network clustering that exhibit
provable statistical optimality. We will focus on the bipartite version of the SBM which is a
natural model for bipartite networks with clusters. SBM is a stochastic network model where
the probability of edge formation depends on the latent (unobserved) community assignment
of the nodes, often referred to as node labels. The goal of the community detection problem
is to recover these labels given an instance of the network. This is a non-trivial task since, for
example, maximum likelihood estimation involves a search over exponentially many labels.

Community detection in bipartite SBM is closely related to the biclustering problem, for
which many algorithms have been developed over the years (Hartigan, 1972; Cheng and Church,
2000; Tanay et al., 2002; Gao et al., 2016). On the other hand, in recent years, various algo-
rithms have been proposed for clustering in unipartite SBMs, including global approaches such
as spectral clustering (Rohe et al., 2011; Krzakala et al., 2013; Lei et al., 2015; Fishkind et al.,
2013; Vu, 2018; Massoulié, 2014; Yun and Proutiere, 2014; Chin et al., 2015; Bordenave et al.,
2015; Gulikers et al., 2017; Pensky et al., 2019; Zhou and Amini, 2019) and convex relaxations
via semidefinite programs (SDPs) (Amini et al., 2018; Hajek et al., 2016a; Bandeira, 2015;
Guédon and Vershynin, 2016; Montanari and Sen, 2016; Ricci-Tersenghi et al., 2016; Agarwal
et al., 2017; Perry and Wein, 2017), as well as local methods such as belief propagation (De-
celle et al., 2011), Bayesian MCMC (Nowicki and Snijders, 2001) and variational Bayes (Celisse
et al., 2012; Bickel et al., 2013), greedy profile likelihood (Bickel and Chen, 2009; Zhao et al.,
2012) and pseudo-likelihood maximization (Amini et al., 2013), among others. A limitation of
spectral clustering approaches is that they are often not optimal on their own, and the SDPs
have the drawback of not being able to fit the full generality of SBMs.

Various algorithms can further improve the clustering accuracy, and adapt to the generality
of SBM. Profile likelihood maximization was proposed and analyzed in Bickel and Chen (2009),
but the underlying optimization problem is computationally infeasible and the approach only
applicable to networks of limited size. Pseudo-likelihood ideas were used in Amini et al. (2013)
to derive EM type updates to maximize a surrogate to the likelihood of the SBM. We extend
the ideas of Amini et al. (2013) to the bipartite setting and greatly improve their analysis by
showing that these pseudo-likelihood approaches can achieve minimax optimal rates in a wide
variety of settings.

In the unipartite setting, there has been interesting recent advancements in understanding
optimal recovery in the semi-sparse regime where the (expected) average network degree, day, is
allowed to grow slowly to infinity as the number of nodes, n, grows. In a series of papers (Mossel
et al., 2015; Abbe et al., 2016; Hajek et al., 2016a,b), the optimal threshold for exact recovery,
also known as strong consistency, was established for simple planted partition models. In Abbe
and Sandon (2015), the problem of strong consistency was considered for a general SBM and
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the optimal threshold for strong consistency was established. In subsequent work (Zhang
et al., 2016; Gao et al., 2017, 2018), the results were extended to include weak consistency, i.e.,
requiring the fraction of misclassified nodes to go to zero, rather than drop to exactly zero (as
in strong consistency), and rates of optimal convergence were established, up to a slack in the
exponent. To achieve the more relaxed consistency results, Gao et al. (2017) limited the model
to what we refer to as strongly assortative SBM; see Amini et al. (2018) for a definition.

Our work is inspired by the insightful analysis of Abbe and Sandon (2015) and Gao et al.
(2017). We extend these ideas by presenting results that are strictly sharper and more general
that what has been obtained so far. In short, we only assume that the clusters are distinguish-
able (in the sense of Chernoff divergence) and the network is not very dense, i.e. dyy = O(y/n)
where d,, denotes the expected average degree, and n is the number of nodes. Our results es-
tablish minimax optimal rates below this \/n regime and above the sparse regime d,, = O(1).
In particular, we obtain precise rates of weak consistency when d,, grows arbitrarily slowly.
We require dn, = O(y/n) to allow Poisson approximations on the degrees of nodes restricted to
large subsets. In the regimes denser than /n, existing work easily establishes exact recovery
under suitable distinguishability conditions. We make more detailed comparisons with existing
work in Section 3.

Contributions. FEstablishing these results require a fair amount of technical and algorithmic
novelty. Here, we highlight some of the features of our approach:

1. Existing minimax rates of convergence for the misclassification error are known for what
we refer to as the nearly assortative model where the probability of connection is > a/n within
clusters and < b/n outside clusters. The existing results establish an error rate that belongs
to an interval:

Error € [e_(Ho(l))I,e_(l_O(l))I], as I — oo,

for some o(1) terms that are positive. Here, I is related to the Bhattacharyya distance (also
known as the Hellinger affinity) of Bernoulli variables with probabilities a/n and b/n. This
type of result originally appeared in Zhang et al. (2016) and propagated to many subsequent
works (Gao et al., 2018, 2017; Zhang and Zhou, 2017; Xu et al., 2017; Chien et al., 2018). This
rate, however, is not sharp since the slack term ! could be unbounded (because o(1) > 0
and I — o0). Another shortcoming of these results are their limitations to the simple nearly
assortative setting. Our result sharpens and generalizes this known minimax rate to

Error = e =% for some 0 < R = log I

for the general class of all SBMs under a mild distinguishably assumption on the rows and
columns of the edge probability matrix. Furthermore, the I in our result takes the form of a
Chernoff exponent among Poisson vectors, which is the form necessary for the general SBM.

2. In order to achieve these sharp rates, we introduce an efficient sub-block (or sub-graph)
partitioning scheme that generalizes the partitioning idea of Chin et al. (2015). Our scheme
allows one to break down the costly spectral initialization, by applying it to smaller subblocks,
without losing optimality. If done in parallel, spectral clustering on subblocks is computa-
tionally cheaper than performing a spectral decomposition of the entire matrix. The resulting
algorithm is naturally parallelizable, hence can be deployed in a distributed fashion and scaled
to very large networks.
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3. Our algorithms are modifications of a natural EM algorithm on mixtures of Poisson
vectors, hence very familiar from a statistical perspective. Although other (optimal) algorithms
in the literature are preforming more or less similar operations, the link to EM algorithms and
mixture modeling is quite clear in our work. In Section 4.2, we provide the general blueprint of
the algorithms based on the pseudo-likelihood and block compression ideas (Algorithm 1). We
then construct a provable version by combining with the sub-block partitioning idea (Section 5).

4. To get the sharper rate, analyzing a single step of an EM algorithm is not enough; we
thus analyze the second step too. We will show that the first step gets us from a good (but
crude) initial rate v; to the fast rate ~ exp(—I/Q) where @ is the number of subblocks. This
rate is in the vicinity of the optimal rate and repeating the iteration once more, with the more
accurate labels gets us to the minimax error rate exp(—I — R).

5. Among the technical contributions are the uniform consistency of the likelihood ratio
classifier (LRC) over a subset of the parameters close to the truth (Lemma 2), sharp ap-
proximations for the Poisson-binomial distributions (Appendix F.4), and the extension (and
elucidation) of a novel technique of Abbe and Sandon (2015) for deriving error exponents (Ap-
pendix F.3). The uniform consistency result for LRCs allows us to tolerate some dependence
among the estimates from iteration to iteration (Sections 5 and Appendix B.1).

6. In contrast to the unipartite case, the bipartite setting allows us to introduce an oracle
version of the problem that reveals the nature of the optimal rates in community detection and
how they relate to classical hypothesis testing and mixture modeling. In particular, we answer
the curious question of why the Chernoff exponent of a (binary) hypothesis testing problem
controls the misclassification rate in community detection and network clustering. The oracle
also provides an upper bound on the performance (i.e., a lower bound on the misclassification
rate) of any algorithm. See Section 1 and Proposition 1 for details.

The rest of the paper is organized as follows. We introduce the model and the biclustering
oracle in Section 2. We present our main results in Section 3, including an upper bound on the
error rate of the algorithm and a matching minimax lower bound. The general pseudo-likelihood
algorithms are presented in Section 4 and a provable version in Section 5. In Section 6, we
demonstrate the numerical performance of the methods. The proofs appear in Appendices B
through F. Extra comments on the results and proof techniques can be found in Appendix A.

2. Network biclustering

We start by introducing the network biclustering problem based on stochastic block modeling,
and set up some notation. We then discuss how a biclustering oracle with side information can
optimally recover the labels. These ideas will be the basis for our algorithms.

2.1. Bipartite block model

We work with a bipartite network that can be represented by a biadjacency matrix A €
{0,1}™*™ where for simplicity, the nodes on the two sides are indexed by the sets [n] and
[m]. We assume that there are K and L communities for the two sides respectively, and the
membership of the nodes to these communities are given by two vectors y = (y;) € [K]|"
and z = (%;) € [L]™. Thus, y; = k if node i on side 1 belongs to community k& € [K].
We call y; and z; the labels of nodes 7 and j, respectively. We often treat these labels as
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binary vectors as well, using the identification [K] ~ {0,1}¥ via the one-hot encoding, that is
yi=k <= yix=1, yar =0, k' # k.

Given the labels y and z, and a connectivity matrix P € [0, 1]%*% (also known as the edge
probability matrix), the general bipartite stochastic block model (biSBM) assumes that: A;;
are Bernoulli variables, independent over (7, j) € [n] x [m] with mean parameters,

E[Aij] =yl Pzj = Pre, ifyi=Fk, 2 =1 (1)

We denote this model compactly as A ~ SBM(y, z, P). It is helpful to consider the Poisson
version of the model too, which is denoted as A ~ pSBM(y, z, P). This is the same model as
the Bernoulli SBM, with the exception that each entry A;; is drawn (independently) from a
Poisson variate with the mean given in (1). These two models behave very closely when the
entries of P are small enough. Throughout, we treat y, z and P as unknown deterministic
parameters. The goal of network biclustering is to recover these three parameters given an
instance of A.

In fact, as we will see, the parameters P themselves are not that important. What matters is
the set of (Poisson) mean parameters which are derived from P and the sizes of the communities.
In order to define these parameters, let n(z) = (n1(2),...,n5(2)) € NX, be the number of nodes
in each of the communities of side 2. That is, n,(2) = 37, 1{z; = £} = >°7" | z;0. We also let
me(z) = ne(z)/m be the proportion of nodes in the fth community of side 2. Similar notations,
namely n(y) € N¥ and 7(y) € [0,1]¥, denote the community sizes and proportions of side 1.
The row mean parameters are defined as

A= () = (Pune(2) = Pdiag(n(2)) € ¥ (2)

where diag(v) for a vector v = (vg) is a diagonal matrix with diagonal entries vi. The column
mean parameters can be defined similarly,

T = (nk(y)Pee) = diag(n(y))P € RF*L. (3)

Note the transpose in the above definition, i.e., I' € RE*K . This convention allows us to
define information measures based on rows of matrices A and I" in a similar fashion, as will be
discussed in Section 3. Although the rates we derive are controlled by the Poison parameters
defined above, we always assume that the true distribution is the Bernoulli SBM and any
Poisson approximation will be carefully derived.

2.2. Biclustering oracle with side information

The key idea behind the algorithms, as well as our consistency arguments is the following
observation: Assume that we have prior knowledge of P and the column labels z, but not
the row labels y. For each row, we can sum the columns of A according to their column
memberships, i.e., we can perform the (ideal) block compression b}, := 3, Aijzje. The vector
by, = (b,...,b};) contains the same information for recovering the community of 4, as the
original matrix A—i.e., it is a sufficient statistic. Assume that we are under the pSBM model
(i.e., the Poisson SBM). Then, b}, has the distribution of a vector of independent Poisson
variables. More precisely,

L
bi, ~ Qi = [[Poilhee), if, wi=k, (4)
/=1
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where \g¢ are the row mean parameters defined in (2). Note that the distributions Qy, k =
1,..., K are known under our simplifying assumptions. The problem of determining the row
labels, thus, reduces to deciding which of these K known distributions generated b;,. Whether
node i belongs to a particular community k can be decided optimally by performing a likelihood
ratio (LR) test of Qi against each of Q,., r # k.

The above LR test is at the heart of the algorithms discussed in Sections 4 and 5. The
difficulty of the biclustering problem (relative to a simple mixture modeling) is that in practice,
we do not know in advance either y or A—hence neither the exact test statistics (b},) nor the
distributions {Qy} are known. We thus proceed by a natural iterative procedure: Based on the
initial estimates of y and z, we obtain estimates of (b},) and {Q4}, perform the approximate
LR test to obtain better estimates of z, and then repeat the procedure over the columns to
obtain better estimates of y. These new label estimates lead to better estimates of (b},) and
{Q}, and we can repeat the process.

We refer to the algorithm that has access to the true column labels z and parameters A,
and performs the optimal LR tests, as the oracle classifier. The misclassification rate of this
oracle gives a lower bound on the misclassification rate of any biclustering algorithm. The
performance of the oracle, in turn, is controlled by the error exponent of the simple hypothesis
testing problems Qj versus Q,,r # k, as detailed in Proposition 1. This line of reasoning
reveals the origin of the information quantities Ix, and I l?fl—deﬁned in (8) and (9)—that
control the optimal rate of the biclustering problem. Note that the bipartite setup has the
advantage of disentangling the row and column labels, so that a non-trivial oracle exists. It
does not make much sense to assume known column labels in the unipartite SBM, since by
symmetry we then know the row labels too, hence, nothing more is left to estimate. On the
other hand, due to the close relation between the bipartite and unipartite problems, the above
argument also sheds light on why the error exponent of a hypothesis test is the key factor
controlling optimal misclassification rates of community detection in unipartite SBMs.

2.3. Notation on misclassification rates

Let II,, be the set of permutations on [n]. The (average) misclassification rate between two sets
of (column) labels § and y is given by

n

Mis(G0) = min 3" 1{o(@) # ui}. )

cell, n 4
=1

Letting ¢* be a minimizer in (5), the misclassification rate over cluster k is

Z o (i) #yi} = i o"(G) 7 . yi:k|, (6)

Misk(@\v y) = nk(y)

n(y) E—
using the cardinality notation to be discussed shortly. Note that (6) is not symmetric in its
arguments. We will also use the notation ¢*(y — y) to denote an optimal permutation in (5).
When Mis(y, y) is sufficiently small, this optimal permutation will be unique. It is also useful to
define the direct misclassification rate between y and y, denoted as dMis(¥, y), which is obtained
by setting the permutation in (5) to the identity. In other words, dMis(y, y) is the normalized

A
)

Hamming distance between § and y. With o* = ¢*(y — y), we have Mis(y, y) = dMis(c*(¥), y).
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We note that

Mis(F,y) = Y mr(y) Misg(7,y) < max Mis (¥, y), (7)
ke[K]

as well as maxye g Misg (¥, y) < Mis(y, y)/ ming 7 (y). We can similarly define the misclassifi-
cation rate of an estimate z relative to z. Our goal is to derive efficient algorithms for obtaining
y and Z that have minimal misclassification rates asymptotically, as the number of nodes grow.

Other notation. We write w.h.p. as an abbreviation for “with high probability”, meaning
that the event holds with probability 1 — o(1). To avoid ambiguity, we assume that all pa-
rameters, including m, are functions of n. All limits and little o notations are under n — oco.
For example, f(n) = o(g(n)) denotes lim, o f(n)/g(n) = 0. We write Zg = Z/QZ to de-
note a cyclic group of order (). Our convention regarding solutions of optimization problems,
whenever more than one exists, is to choose one uniformly at random. We use the short-
hand notation |i : y; = k| := |[{i : y; = k}| for cardinality of sets, where i € [n] is implicit,
assuming that y is a vector of length n. For example, if 3,y € [K]|", we have the identity
li: Ui # il = Zke[K] li : y; =k, y; # k|. Tt is worth noting that we use community and
cluster interchangeably in this paper, although some authors prefer to use community for the
assortative clusters, and use “cluster” to refer to any general group of nodes. We will not follow
this convention and no assortativity will be implicitly assumed.

3. Main results

Let us start with some assumptions on the mean parameters. Recall the row and column mean
parameter matrices A and I' defined in (2) and (3). Let Apin and ||Al|cc be the minimum and
maximum value of the entries of A, respectively, and similarly for I". We assume

Ao, I

Amin Fmin o ’ (A 1)

for some w > 0. That is, w measures the deviation of the entries of the mean matrices from
uniform. We assume that the sizes of the clusters are bounded as

mr(y) < s and — < my(z) < (A2)

<

BK —

for all k € [K] and ¢ € [L]. We will assume (A1) and (A2) throughout the paper. The following
key quantity controls the misclassification rate:

L
I = Tpe(A) i= sup > (1= 8) A + A — Ay °A2y, (8)
s€(0,1) =

for k,r € [K]. We can think of I(A) := (Ix,(A)) € RfXK, as an operator acting on pairs of
rows of a matrix A € Rf xL , say Ags and Apx, producing a K x K pairwise information matrix.
We often refer to the function of s being maximized in (8) as s — I, with some abuse of
notation, dropping the dependence on k and r and assuming that they are fixed. This function
is strictly concave over R whenever Apy # Ars, and we have Ip = I1 = 0.

Recalling the product Poisson distributions {Qy}, Ix, given in (8) is the Chernoff exponent
in testing the two hypotheses Qx and Q, (Chernoff, 1952). The difference with the classical
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setting in which the Chernoff exponent appears is the regime we work in, where we are effec-
tively testing based on a sample of size of 1 and instead, let Iy, — co. The column information
matrix is defined similarly

IS = Ijp(T) = sup Z (1 —8)Dog + sTpg — T T, (9)
s€(0,1)

for all £, € [L]. We let I, = ming, I, and o= ming_zp IKCZO,I. Another set of key
quantities in our analysis are:

At Are _ .
e v L, = ) d = . 10
o= (S Y )~ b s mine and = i (10)

The relation with hypothesis testing is formalized in the following proposition:

Proposition 1. Consider the likelihood ratio (LR) testing of the null hypothesis Q. against
Qy, based on a sample of size 1. Let A = [Ags; Ars] € RiXL. Assume that as Apin — 00, (a)
liminfeg, > 0, and (b) w = O(1). Then, there exist constants C and C" such that

< Cexp <—Ikr - %log Amin)a
P(Type I error) + P(Type II error) (11)
> exp (~ I — 5(log Amin + C")).

See Corollary 6 and Appendix G.6 for the proof. Any hypothesis testing procedure can be
turned into a classifier, and a bound on the error of the hypothesis test (for a sample of size
1) translates into a bound on the misclassification rate for the associated classifier. This might
not be immediately obvious, and we provide a formal statement in Lemma 3. Proposition 1
thus provides a precise bound on the misclassification rate of the LR classifier for deciding
between Qp and Q,. The dependence on L in the lower bound is later removed in Zhou and
Li (2018), subsequent to our current work.

The significance of the Chernoff exponent of the hypothesis test in controlling the rates is
thus natural, given the full information about {Qj} and the test statistics. What is somewhat
surprising is that almost the same bound holds when no such information is available a priori.
Our main result below is a formalization of this claim. In our assumptions, we include a
parameter () € N that controls the number of sub-blocks when partitioning, the details of
which are discussed in Section 5. Under the following two assumptions:

(Q*log QB KL(K v L)log(K V L)(|[Alloc V [Tfloc)> = O(n Am), and (A3)
(Qlog Q)28%* (K v L)*(aV a (Ao VITlloe) = o (T A L)), (A4)

where o := m/n, there is an algorithm that achieves almost the same rate as the oracle:

Theorem 1 (Main result). Consider a bipartite SBM (Section 2.1) satisfying (A1)—(A4).

Then, as I, A I — 00 and Apmin — 00, the row labels § outputted by Algorithm 3 in

mn

Section 5 satisfy for some ¢ = o(1),

Misy, (7, y) = O(wz (1 + i) exp (—Ikr — (% — C) log Amin)> (12)
rotk

Ekr

for every k € [K], with high probability. Similar bounds holds for zZ w.r.t. z.
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By modifying the sequence { = o(1), one can replace the big O with the small o in (12)
to obtain an equivalent statement (e.g., factor out a term e~V!°8/min = (1) and change ¢ to
¢":= ¢+ (log Amin)~ /%2 = 0(1)). Let us discuss the assumptions of Theorem 1. The only real
assumptions are (A3) and (A4). The other two, namely (A1) and (A2), are more or less the
definitions of w and B. The main constraints on w and [ are encoded in (A3) and (A4) in
tandem with the other parameters.

Remark 1. In the first reading, one can take 5,w,Q = O(1), n < m and [|Aljcc =< [|T']|co- In
this setting, (A3) is a very mild sparsity condition, implying that the degrees should not grow
faster than y/n. Condition (A4) guarantees that the information quantities grow fast enough so
that the clusters are distinguishable. We only need (A4) for Algorithm 3 which uses a spectral
initialization. In Section 5.2.1, we present Theorem 3 for the likelihood-updating portion of the
algorithm, assuming that a good initialization is provided irrespective of the algorithm used.
Theorem 3 only requires a weakened version of assumption (A4); see (A4’) in Section 5.2.1.

Depending on the behavior of €., the rate obtained in Theorem 1 can exhibit different
regimes which are summarized in Corollary 1 below. Consider the additional assumption:

1
1+ —) =0(Q1). A

Corollary 1. Under the same assumptions as Theorem 1, w.h.p., for all k € [K],

Misy (7, y) = O(Zexp(—fkr))- (13)
r#k

If in addition we assume (A5), then for some ( = o(1), w.h.p., for all k € [K],

Misy, (”y\, y) = O(Zexp (_Ikr — (% — C) log Amin>>. (14)
rk

Remark 2. Consider the oracle version of the biclustering problem where the connectivity
matrix P and the true column labels z are given. Then, the optimal row clustering reduces to
the likelihood ratio tests in Proposition 1. That is, given the row sums within blocks as sufficient
statistics, we compare the likelihoods at two different mean parameters. By Proposition 1, the
optimal misclassification rate for the oracle problem is

E[Misk (g//\, y)} = O(Zexp <_Ikr — %log Amin>>, (15)
rk

where the sum over r is due to the need to compare against all other clusters. The gap
between 1/2 and 1/2 — ¢ is not avoidable when stating high probability results, due to the
Markov inequality; see Lemma 3 for the details. This error rate coincides with (14), which
merely loses a constant due to the unknown mean parameters and column labels. The rate is
sharp up to a factor of exp(—%(L — 1) log Amin) according to the lower bound in Proposition 1.

The argument in Remark 2 can be formalized as the following minimax lower bound:
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Theorem 2 (Minimax lower bound). Consider the parameter space

S:=8(n,m, K, LT :={(y,z,P) |y € {0,1}K 2 € {0,1}"*F, P e [0,1)*F,
A is defined based on z and P according to (2),
Imin(A) > I*, € > " where € is defined in (10),
y,z and A satisfy (A1) to (A4).},

and assume that there exists (y, z, P) € S such that Inin(A) = I*. Further assume that 5,w > 1,
e* > 0 are constants and K < exp(c L) for some constant ¢ > 0. Then, for large n, the minimaz
risk over S satisfies

inf sup E[Mis(g,y)] > exp(—I*— L(logI* + C)). (16)

Y (y,z,P)eS

Theorem 2 is a non-asymptotic result, i.e., we fix n (and hence m). In this case, assump-
tion (A4) in the definition of the parameter space S should be interpreted by fixing a vanishing
sequence in advance. Note that in defining S, only A and not T', is required to satisfy (A3)—(A4).

In order to better understand the rates in Corollary 1, let us consider some examples that
clarify our results relative to the previous literature.

Example 1. Consider a simple planted partition model where

b
) Pkf:*7Vk7é€
n

| 2

n=m, K:L, Pkk:

n

Then, Ay € [BLK, %] and Ay € [/BLK, %] when k # £. Applying (8) with s =1/2,

Ik’r >

S VA = Y

N | =

Assume that (A3) and (A4) hold, that is (using ||Allec < Sa/K),
B3 (Klog K)a®? = O(n) and BCw?Ka = 0(([ — \/5)4>.
Further assume that fw?K? = o(a A b). Then w.h.p., we have

Misy, (g/j, y) = 0<exp (—W)) (17)

For the details of (17), see Appendix D.3. In particular, if

M > 1, (18)

lim inf
500 BK logn

we obtain Misy (37, y) = o(1/n) w.h.p., that is, we have exact recovery of the labels by Algo-
rithm 3. (Whenever misclassification rate drops below 1/n, it should be exactly zero.) This
result holds without any assumption of assortativity, i.e., it holds whether a > b or b > a.

10
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Example 2. Suppose that P := P(log n)/n where P is a symmetric constant matrix, n = m,
K =1L, and y = z. Then, K,w and ¢, are constants, and

)\kg = ng log n, where ng = ]Skgﬂ'k(y), and Ik,,« = fkr logn

where_ Iy is defined based on XM and XM as in (8). Assuming in addition that 7(y) is constant,
both Ak, and Iy, are constants. In this regime, our key assumptions (A3) and (A4) are satisfied.
By Corollary 1, w.h.p., we have

Misy, (fy\, y) = o(eXp (— H;iil fkr log n)) = o(n_ miny£k fkr), (19)
T

As a consequence if miny, Iir > 1, then Misg (;7], y) = o(1/n) w.h.p., that is we have exact
recovery by Algorithm 3.

In addition to the above more or less familiar setups (cf. Section 3.1), our results determine
the optimal rate for a much wider range of parameter settings. As an example, consider the
following setting of very slow degree growth:

Example 3. Consider the setup of Example 2 but with logn replaced with loglogn in the
definition of P. In this case, the expected average-degree grows very slowly as loglogn, and it
is known that exact recovery is not possible in this regime. However, our results establish the
following minimax optimal rate:

1 1
(logn)> loglogn

Mis(¥, y) =<
where o = ming, I, and this rate is achieved by Algorithm 3.

3.1. Comparison with existing results

Let us now compare with the work of Gao et al. (2017) and Abbe and Sandon (2015) whose
results are closest to ours. Both papers consider the symmetric (unipartite) SBM, but the
results can be argued to hold in the bipartite setting as well. The setup of Example 1 is more
or less what is considered in Gao et al. (2017). They have shown that, when a > b, there is an
algorithm with misclassification error bounded by

(1 —o(1)(va - \/5)2>
BK '

exp (— (20)
We have sharpened this rate to (17) under assumption (A3) (i.e., assuming the average degree
grows slower than O(y/n)). Bound (20) implies that when

one has exact recovery. Our bound on the other hand, imposes the relaxed condition (18).
We note that the results in Gao et al. (2017) are derived for a more general class of (assor-

tative) models than that of Example 1, namely, the class with connectivity matrix satisfying

Py > a/n and Py < b/n for k # £. The rate obtained in Gao et al. (2017) uniformly over this

11
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class is dominated by that of the hardest within this class which is the model of Example 1.
For other members of this class, neither their rate (20), nor the one we gave in (17) is optimal.
The optimal rate in those cases is given by the general form of Theorem 1 and is controlled
by the general form of Iy, in (8). In other words, Algorithm 3 that we present is rate adaptive
over the class considered in Gao et al. (2017), achieving the optimal rate simultaneously for
each member of the class.

A key in our approach is to apply the likelihood-type algorithm twice, in contrast to the
single application in Gao et al. (2017). After the second stage we obtain much better estimates
of the labels and parameters relative to the initial values, allowing us to establish the sharper
form of the bound. Another key difference is the result in Lemma 2(b) which provides a better
error rate than the classical Chernoff bound, using a very innovative technique introduced
in Abbe and Sandon (2015). Moreover, we keep track of the balance parameter 8 in (A2),
allowing it to go to infinity slowly. Last but not least, assortativity is a key assumption in Gao
et al. (2017), while our result does not rely on it. Besides consistency, our provable algorithm
is computationally more efficient. To obtain initial labels, we apply the spectral clustering on
very few subgraphs (8 to be exact). However, the provable version of the algorithm in Gao et al.
(2017) applies the spectral clustering for each single node on the rest of the graph excluding
that node. If the cost of running the spectral clustering on a network of n nodes is C,,, then our
approach costs ~ 8C), /g while that of Gao et al. (2017) costs roughly nCj,—;. Our algorithm
thus has a significant advantage in computational complexity when n — oco. To be fair, the
algorithm in Gao et al. (2017) was for the symmetric SBM, which has the extra complication
of dependency in A due to symmetry. Our comparison here is mostly with Corollary 3.1 in Gao
et al. (2017). In addition, Gao et al. (2017) have a result (their Theorem 5) for when w grows
arbitrarily fast which is not covered by our result. See Appendix A.2 for comments on the
symmetric case and dependence on w.

The problem of exact recovery for a general SBM has been considered in Abbe and Sandon
(2015), again for the case of a symmetric SBM, though the results are applicable to the bipartite
setting (with y = 2z). The model and scaling considered in Abbe and Sandon (2015) is the
same as that of Example 2, and they show that exact recovery of all labels is possible if (and
only if) ming ,.pz, Ii.r > 1 which is the same result we obtain in Example 2 for Algorithm 3.
Thus, our result contains that of Abbe and Sandon (2015) as a special case, namely in the logn
regime of degree growth, with other parameters (such as K and the normalized connectivity
matrix) kept constant. The results and algorithms of Abbe and Sandon (2015) do not apply
to the general model in our paper. First, they only consider the regime P ~ logn/n, i.e., the
degree grows as fast as logn, while we allow the degree to grow in the range from “arbitrarily
slowly” up to “as fast as O(y/n)”. Second, as discussed in Appendix A.1, their edge splitting
idea cannot be used to derive the results in this paper, and we introduce the block partitioning
to supply the independent copies necessary for the analysis.

Finally, we note that Example 3 with a general nonassortative matrix P has no counterpart
in the literature. Existing results are not capable of providing any guarantees for such setups.

4. Pseudo-likelihood approach

In this section, after introducing the local and global mean parameters which will be used
throughout the paper, we present our general pseudo-likelihood approach to biclustering.

12
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4.1. Local and global mean parameters

Let us define the following operator that takes an adjacency matrix A, and row and column
labels ¢ and Z, and outputs the corresponding (unbiased) estimate of its mean parameters:

1
k()

SN Al =k,z; =1}, ke[K], Le]L]. (21)

i=1 j=1

[X(Av v, 2)]]92 =

Note that Z(A,y,2) is a K x L matrix with nonnegative entries. In general, we let

for any row and column labels ¢ and Z. Here, A is the estimate of the true row mean matrix.
Its expectation is E[A] = A(7, 2) due to the linearity of .. We call A(4, 2), the (global) row
mean parameters associated with labels y and Z. (We do not explicitly show the dependence
of A on the labels, in contrast to the mean parameters.) We have the following key identity

A(Y, 2) |g=y, 2= = A (24)

where A is the true (global) row mean parameter matrix defined in (2). In words, (24) states
that the global row mean parameters associated with the true labels y and z, are the true such
parameters. We will also use parameters such as A(y, Z) which are obtained based on the true
row labels y and generic column labels Z.

We also need local versions of all these definitions which are obtained based on submatrices
of A. More precisely, let A@-9 be a submatrix of A, and let y(q/) and z(9) be the corresponding
subvectors of z and y (i.e., corresponding to the same row and column index sets used to extract
the submatrix). Here, ¢ and ¢’ range over [Q] = {1,...,Q}, creating a partition of A into Q?
subblocks. We call

A9 (G,2) = (NG (5, 2) = L(B[ACD], 50, 50), (25)

the local row mean parameters associated with submatrix A9 and sublabels y(q/) and 2(9).
The corresponding estimates are defined similarly, by replacing E[A(79] with A9, We will
mostly work with submatrices obtained from a partition AT o g e [Q] of A into (nearly)
equal-sized blocks—the details of which are described in Section 5. In such cases,

N B
A (5, 5) ~ aA(y, 5, Ve.qe Q]

assuming that each subblock in the partition has nearly similar cluster proportions: n(z(‘I)) ~
n(z). This is the case, for example, for a random partition as we show in Appendix B.2.

Of special interest is when we replace both § and Z with true labels y and z. In such cases,
A9 does not depend on ¢'. More precisely, we have for any ¢ € Q],

ATD(y ) = Pyne(29), v € [Q], (26)

where ny(z(9) is the number of labels in class £ in z(9), consistent with our notation for the

full label vectors. We often write A(4) = (/\gé) ) as a shorthand for A("9(y, z) which is justified
by the above discussion. These will be called the true local row mean parameters (associated
with column ¢ subblock in the partition).

13
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4.2. General pseudo-likelihood algorithm

Let us now describe our main algorithm based on the pseudo-likelihood (PL) idea, which is
a generalization of the approach in Amini et al. (2013) to the bipartite setup. The pseudo-
likelihood algorithm (PLA) is effectively an EM algorithm applied to the approximate mixture
of Poissons obtained from the block compression of the adjacency matrix. It relies on some
initial estimates of the row and column labels to perform the first block compressions (for both
rows and columns). The initialization is often done by spectral clustering and will be discussed
in Section 5.2.2. Subsequent block compressions are performed based on the label updates at
previous steps of PLA.

Let us assume that we have obtained labels ¢ and Z as estimates of the true labels y and z.
We focus on the steps of PLA for recovering the row labels. Let us define an operator B(A4; Z)

that takes approximate columns labels and produces the corresponding column compression
of A:

B(A; 2) :=b(2) := (bi(2)) € ZV", bie(2) =) Ay1{% = (}. (27)
j=1

The distribution of b;(2) is determined by the row class of 7. It is not hard to see that
E[bie(2)] = Mee(y, 2) = Ae(F, 2)lg=y, i yi = K, (28)

where A\i¢(7, Z) are the (global) row mean parameters defined in (23).
Now consider an operator L£(b;7) that, given the column compression b and the initial
estimate of the row labels g, produces estimates of the (row) mean parameters \ge(y, 2):

IS, ; 1 O _
L(b;g) := A= M) e REXE D Ny i= > bl {Gi = k}. (29)
=1

ny,(9) 4
Note that if § = y, we have E[Ay] = Are(y,Z). The definition of the estimates in (29) are
consistent with those of (22) due to the following identity:

which holds for any row labels ¢ and column labels Z. Let us write
1 n
m(§) = (@), (@) =~ > Hi =k} (30)
i=1
for the estimate of (row) class priors based on . We note that operations 5 and £ remain valid
even if § and Z are soft labels with a minor modification. By a soft row label Z; € [0, 1]L we
mean a probability vector on [L]: Zj; > 0 and ZeL:1 Zje = 1, which denotes a soft assignment
to each row cluster. To extend (27) to soft row labels, it is enough to replace 1{Z; = ¢} with
Zje. Extending (29) to soft column labels 7 is done similarly.
Given any block compression b = (by), any estimate A of the (row) mean parameters and
any estimate 7 € [0, 1]% of the (row) class prior, consider the operator that outputs the (row)
class posterior assuming that the rows of b; approximately follow >, 7 [, Poi(Age):

~ L N

A= =~ ~ _ big, A
f(b7A77T> = (ﬂ'ik) € [07 l]nXK; Tk = Kﬂ-k’ ~H€_1 f( ‘ kE)A )
> =1 Tk LLmy ©(bies Akre)

(31)
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Algorithm 1 Pseudo-likelihood biclustering, meta algorithm

1: Initialize row and column labels ¢ and Z.
2: while § and Z have not converged do

3: b+ B(A;2)

4: while A and § not converged (optional) do

5: A — C(b, g)

6: Option 1: 7 <— 1, or option 2: 7 <+ 7(7)

7. j « F(b,A,7)

8: (Optional) Convert g to hard labels.

9: end while

10: Repeat lines 3-9 with appropriate modifications to update Z and columns parameters

(by changing A to AT and swapping Z and 7.)
11: (Optional) Convert § and Z to hard labels if they are not.
12: end while

Algorithm 2 Simplified pseudo-likelihood clustering

Input: Initial column labels Z, and A that estimates A.
Output: Estimate of row labels 7.

b+ B(A;2)

A L(b;9)

7+ F(b,A1)

Convert y to hard labels, by computing MAP estimates.

where ¢(x,\) = exp(xlog A — A) is the Poisson likelihood (up to constants). In practice, we
only use m(y) or a flat prior 1 as the estimated prior 7 in this step; similarly, we only use
a block compression that is based on the estimates of row labels, i.e., by = bjy(Z) for some
Z € [n]'. Note that F outputs soft-labels as new estimates of y. We can convert (7;;) to hard
labels if needed.

Algorithm 1 summarizes the general blueprint of PL A which proceeds by iterating the three
operators (27), (29) and (31). An optional conversion from soft to hard labels is performed
by MAP assignment per row. With option 2 in step 6, the inner loop on lines 4-8 is the EM
algorithm for a mixture of Poisson vectors. We can also remove the inner loop and perform
iterations 5-8 only once. In total, Algorithm 1 has (at least) 6 possible versions, depending
on whether we include each of the steps 8 or 11 (for the soft to hard label conversion) and
whether to implement the inner loop till convergence or only for one step. We provide empirical
results for two of these versions in Section 6. In practice, we recommend keeping the labels
soft throughout, and only run the inner loop for a few iterations; maybe even once, if the
computational cost is of significance.

4.3. Likelihood ratio classifier

A basic simplified building block of the PLA is given in Algorithm 2. This operation—which
will play a key role in the development of the provable version of the algorithm in Section 5—can
be equivalently described as a likelihood ratio classifier (LRC). Let us write the joint Poisson
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likelihood (up to a constant) as:

L L

O(z,\) = H o(xe, No) = Hexp(xz loghe — N), zeRl e Rf—;, (32)
(=1 (=1

and the corresponding likelihood ratio as:

~

O(x,\) A

) n_ A / L / L

Tz A | N) —logm = ;:Uglog/\%—l—)\g—)\g, z e RE, A N eRE. (33)
Recalling the column compression (27), the likelihood ratio classifier, based on initial row labels
Z and an estimate A of the row mean parameter matrix, is

[LR(A, A, 2)]; € argmax log ®(bi(2), \rs), i € [n]. (34)
re K]

This operation gives us a refined estimate of the row labels (i.e., y). It is not hard to see that
the output of Algorithm 2 is ¥ = LR(A, A, 2).

5. Provable version

When analyzing Algorithm 2, we need the initial labels to be independent of the adjacency
matrix. Hence, we cannot apply the initialization method (e.g., the spectral clustering) and
the likelihood ratio classifier (Algorithm 2) on the same adjacency matrix. In this section, we
introduce Algorithm 3 which partitions A into sub-blocks and operates iteratively on collections
of these blocks to maintain the desired independence. Algorithm 3 is the version of the pseudo-
likelihood algorithm for which our main result (Theorem 1) holds.

Let us assume that n and m are divisible by 2¢) = 8. This assumption is not necessary but
helps simplify the notation. Let us write

y =r1owSC(A4), Z = colSC(A)

to denote labels obtained by applying the spectral clustering on rows and columns of the ad-
jacency matrix A, respectively; see Section 5.2.2 for details. We have colSC(A) = rowSC(AT).
We also recall the LR classifier defined in (34). For matrices (or vectors) A and B, we use
[A; B] to denote column concatenation and [A B] to denote row concatenation.

The general idea behind the partitioning scheme used in Algorithm 3, which is done by
sequential sampling without replacement, is to ensure that in each step where the LR classifier
is applied, the initial labels used are independent of the sub-block of the adjacency matrix
under consideration. We do not require, however, that the initial labels be independent of the
estimates of the mean parameters A, since—as will be seen in Appendix B.1—we have uniform
consistency of the LR classifier over all A close to the truth. For example, in step 7, that is,
in the assignment §(@ « LR(A@4+2) A4+2) 5(a+2)) the claim is that (4t2—at that stage in
the algorithm—is independent of A(@42) but not necessarily of A(@+2), This will become clear
in the following discussion where we keep track of the dependence of various estimates through
the algorithm. Note that in the description of Algorithm 3, we are using the computer coding
convention for in-place assignments, e.g., (9 gets updated in place and refers to different
objects at different points in the algorithm.
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Algorithm 3 Provable (parallelizable) version

1: Randomly partition the rows into 2 groups of equal size (n/2), so that

A= [Atop ; Abottom]

2: Randomly partition the rows and columns of Apgttom into 4 groups of equal size, so that

we have 16 sub-adjacency matrix with dimension (n/8) x (m/4), i.e.

AL 412) 4(13) 414
A(2,1) A(2,2) A(2,3) A(2,4)
Avottom = 11 51) 432 4B 4G
AL A(42)  A(43)  4(44)

In each of the following steps, perform the stated operation for every q € Zy4:

3: Obtain initial row labels: [ ; @] « rowSC ([A(q_lm ; A(q’q)]) , Vq.
4: Obtain initial column labels: [2(0) z(a+tD)] — colSC([ALD AleatD]) vq.

5: Get consistent (global) labels: g < MATCH(7, ') and Z «+ MATCH(Z, /).

6: Update (local) row mean parameters: At  p(A@at?) glo) 5@t+2)) v,

7: Update row labels: 79 « LR(A@et2) Ala+2) z(a+2)) g,

8: Similarly update column labels Z as in steps 6 and 7.

9: Update (local) row mean parameters: At3)  p(Al@at3) (o) 5a+3)) v,

10: Obtain (global) row mean parameters: A > A9,

11: Ytop < LR(A¢op, A, 2).

12: Swap Aiop and Apottom, then repeat steps 2-11 to obtain Yhottom, €xcept for step 5 where
g is matched to Yiop instead, i.e., § <= MATCH(Y, Ytop)-

13: i/\ <~ [/y\top 5 i/\bottom]-

14: Apply step 1 to 10 on AT to obtain 2.

Figure 1 illustrates the partitions used in steps 2-9 of the algorithm. The collection of the
submatrices in the partition is given a name in each case. For example, G‘f’l consists of the four
submatrices in Figure 1(a). Note that {G$°!, G2, G3} form a complete partition of the matrix
Apottom into disjoint blocks. Also, Gﬁ"l and G1°V involve the same elements of the matrix,
i.e. they cover the same portion of Apettom. Thus, {G°V, G2, G3} is also a complete cover of
Apottom With disjoint blocks. Let us write G1 for the common portion of Apgttom covered by
G and GI°V.

Steps 3 and 4 operate on blocks in G‘i‘ﬂ and G°% respectively, producing initial row and col-
umn labels. For example, in step 3, we apply row SC on each submatrix specified in Figure 1(a)
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Az Aug Az Aw A A Ara A A A

An |Ax Az An Az Axn A Ax Axp Az Ax

Azr Asp |Asz Az Az Azx Asz Az Az Asz Asq
Agg

A41 Ap Ass Aw Ass An Asz A An As Asg
(a) G$°' (Step 3) (b) G5 (Step 4) (¢) Ga (Steps 6, 7) (d) Gs (Step 9)

Figure 1: The four stages of partitioning in Algorithm 3. In each case, the collection of submatrices in
the partition is given a name which is used in the text. We have used to shorthand A,y = A@9) for sim-
plicity. Block used in obtaining initial labels (a—b), in obtaining the first local parameter estimates (c),
and in the first application of LR classifier (d).

and obtain the label vectors (from the leftmost submatrix to the rightmost one):

~1(1) .

TASRERA

SRS RIN R (35)

As a result of these steps, we obtain two sets of row labels § = (59 : ¢ € Zy) and ¢/ = (7@ :
q € Z4), and similarly for the columns labels. Neither of § or ¢’ is necessarily a consistent set
of labels for the whole matrix, since the cluster labels for individual pieces y(@ and (9 need
not match (e.g., cluster 1 in one piece could be labeled cluster 2 in another piece.). However,
if the sub-block labels (35) are sufficiently close to the truth, we can use the overlap among
them to find a global set of labels that are consistent with each block of § and ¢'. This is what
the MATCH operator in step 5 does, as will be detailed in Section 5.1. The resulting updated
global row and column labels only depend on Gy portion of Apgttom. Steps 6-13 go through
the following phases:

First local parameter estimates (step 6): Having obtained good initial (global) row
and column labels, in Step 6, we obtain estimates of the local mean parameters Ala+2) for
the submatrices in G as in Figure 1(c). Note for example, that Alat2) computed in this step
depends on blocks A®9+2) and on Gy through 2412, Collectively, the estimates {A4+2) : ¢ €
Z4} in Step 6 depend on G1 U G4 portion of Apottom-

First LR classifier (steps 7-8): Using the estimates of the (local) row mean parame-
ters, in Step 7, we apply the LR classifier, §@ « LR(A@3+2) Ala+2) 5(a+2)) to each of the
submatrices in Gy (in Figure 1(c)). Here, A*2) depends on the same block A(49+2) on which
we apply LR classifier, but the dependence is not problematic due to the uniform consistency
of LR classifier in parameters (Lemma 2). However, we note that 2(a+2) ig a function of G4
blocks of Apottom. hence independent of A(®972) which is key in our arguments. We will sim-
ilarly apply the LR classifier on the columns of Go, and obtain (9. By the end of step 8,
the updated labels ¢ and Z will depend on blocks in G; U G2; these labels will be much more
accurate (Mis ~ exp(—1/Q)) than the initial labels obtained by spectral clustering.

Second parameter estimates (steps 9-10): Using the more accurate labels of step 8,
we obtain the local mean parameters A¢3) in step 9 for the submatrices in G (Figure 1(d)).
This step is similar to step 6, but because of the much more accurate labels, the parameter
estimates are much more accurate too. Since the global mean parameter is the sum of local
mean parameters, i.e. A = qu[Q] A9 we use A= Zq A@ to estimate A in step 10. We
recall that the true local mean parameters do not depend on the block row index; see (26).
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Second LR classifier (step 11): Using the more accurate estimates of (global) row mean
parameters A from step 10 and the more accurate labels Z in step 8, in step 11 we apply the
LR classifier giop < LR(Asop, A, Z) on Atop. We note that Ao, in this step is independent of
Z (as well as A) This second LRC application is what brings us from very accurate labels
(Mis =~ exp(—1/Q)) to almost optimal (Mis ~ exp(—1)); see Appendix C.

Bottom half (steps 12-13): The same process is repeated in step 12, after swapping the
top and bottom halves of A, to get the bottom portion of the row labels. Matching the labels g
from the spectral clustering in step 5 with giop guarantees that giop and Ypottom have consistent
labels. Thus, no extra matching is required when concatenating the two in step 13.

5.1. Matching step

Let us describe the details of the matching step in Algorithm 3. Although, the idea is intuitively
clear, formally describing the procedure is fairly technical. In order to understand the idea,
consider the two-block labels g](qfl’q) = [g](qfl) : g}’(q)], for ¢ = 2,3, that is,

gt =10 g, g =@ ).
We will detail how these two sets of labels can be fused together to generate a set of consistent
labels for the three-block true label vector y(1:23) .= [y(l);y(2); y(3)]. The two (overlapping)
two-blocks of the true label vector are denoted as

12 = [0, @] @3 @), @)

yor =y

More generally, we let y(@—19) = [y(q_l) ; y(q)], similar to the notation for estimated blocks.

Recall our notation ¢*(- — -) for (an) optimal permutation between two sets of labels
(cf. Section 2.3). Finding o* is a linear assignment problem, with computational complexity
O(K V L)?); see Burkard and Cela (1999). Let us define

Og1q:=0" (g(q—Lq) N y(q—LQ))’ 04 = U*(g(q) N y(q))’ a; — U*(g’(q) N y(q))' (36)
Thus, for example we have
o2 =0 G = y?), oy =o' G 5 y?), o= G = y¥),

and so on, as depicted in Figure 2(a). In other words, each of these permutations is the
optimal permutation from the corresponding block of the underlying estimated label to that of
the truth. Let us write §(1?) ~ y(12) to mean that the two sets of labels are sufficiently close
(to be made precise later).

The first claim is that §(12) ~ y(1?) implies that the underlying sub-blocks have the same
optimal permutation to the truth as the original two-block label, i.e.,

~(172)

~ (1,2 R A
Y Ny( ):>O'1—02—0172

and similarly §2%) ~ y23) — gy = 0% = 02,3. The second claim is that each sub-block has
“almost” the same misclassification error as the bigger two-block. To see this, recall the direct
misclassification rate introduced in Section 2.3, i.e., misclassification rate without applying any
permutation (or equivalently with the identity permutation). We have

dMis (02,3(5*), y®3)) = Mis (53, y*¥) <e. (37)
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Y@

(23) —

<t

(a) (b)

Figure 2: Pictorial depiction of the matching step. (a) Two-block and sub-block optimal permutations
to the truth. When ("% ~ y(1?) we have 0y = 04 = 01 and similarly 5% =~ y23) implies
0y = 0% = 023. (b) Commutative diagram depicting how the missing permutation o5 ' o ¢ can be
obtained by matching observed labels §/(® and §(?). See Section 5.1 for details.

where the inequality is by assumption (¢ being the rate achieved by the spectral clustering
algorithm). A similar expression holds with (2, 3) replaced with (1,2). Now (37) implies

dMis (02(5®),y?) = dMis (023(5),y?) <26 =¢' (38)

where the equality uses o2 = 023. To see the inequality, let no 3, n2 and n3 be the lengths of
y23) y2 and y©®). Then,

. ~ n . - n . -
dMis (02,3(5%), ) = 523 dMis (02,3(5?), @) + U?’g dMis (02,3(5'®), )

) )

and the result follows since we have ny = ng = ns3/2 by construction. Note that dMis has the
property of being easily distributed over sub-blocks as opposed to Mis. Similarly, we obtain
dMis (Ug(gj(‘?‘)),y@)) < ¢’ considering the second components of §23) and y(*3). Applying
the same argument to indices (1,2), we conclude similarly that dMis (o (gj(l)),y(l)) < ¢ and
dMis (o5 (5'®)),y?) < €.

Now consider the following three-block vector, undergoing the transformation

o1(7V) oy o@D Joztoai@W)]  Joy'eah(M)
o2(§?)| = ozt ooa(@®)| S | §P )
o5 (§) oy 0 ah(5®) g 7

The leftmost vector has dMis of at most ¢’ relative to y(1%3) by the previous arguments, and
since Mis < dMis, we have the same bound on Mis rate for the leftmost vector. The first
transformation keeps the same Mis rate since we are applying a single permutation o Lo all
elements. The second transformation is in fact an equality, using o = o2 established earlier.
The third transformation/equality follows similarly by o1 = o). Thus, if we can recover o, ! oo
from the data, we can construct a consistent three-block label having Mis < €’.

The third and final claim is that this is possible, and in fact we have

oy ooy =" (§® = §) (39)
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Algorithm 4 SC-RRE

1: Apply degree-reduction regularization A to obtain A, as discussed in Zhou and Amini
(2019).
2: Obtain AE?AL) = 2122;[, the (K A L)-truncated SVD of A,.

3: Output & (/Z\l f)) where J# is an isometry-invariant x-approximate kmeans algorithm.

that is, oy 1o 0!, can be obtained (assuming &’ is sufficiently small) by optimally matching ¢’ (2)

to §?, both of which we observe in practice. See the commutative diagram in Figure 2(b). In
order to make the above argument precise, we need to justify the first and third claims. We
will discuss the details in Appendix B.4. The above matching process can be repeated over all
the two-blocks 4419 to get a consistent set of global labels whose overall misclassification
rate is no more than twice that of the original two-blocks (cf. &’ versus ¢).

5.2. Results for Algorithm 3

5.2.1. GENERAL INITIALIZATION

Before studying the spectral initialization, let us give a general bound on the misclassification
rate of Algorithm 3, assuming sufficiently good initial labels. Assume that the initial labels
obtained in steps 3 and 4 of the algorithm are «;-good in the sense

Mis(g9) < g Mis(3,2) < 2 (B3)
with v satisfying
1 Imin ICO'I
< A —-min ) 40
= 38457 (8L||AHOO 16K||T|oo (40)

Any other initialization algorithm besides spectral clustering can be used, as long as the above
guarantee on its output holds. We also need the following weaker version of (A4):

Imin NI 7@
min min f . A4’
QlogQ(K\/L)] ), or some a > 0 (A4')

(Al v [ITl1) = of [

Theorem 3. Assume that the model parameters satisfy Imin A 1% — 00, Amin — 00, (Al),

(A2), (A3) and (A4'), and the initial labels satisfy (40). Then, for some { = o(1), ¥ outputted
by Algorithm 3 satisfies

Misy, (7, y) = O(wz (1 n i) exp (—Ipr — (% - g) log Amin)) (41)

rk Ekr
for every k € [K] with probability 1 — o(1).
We refer to Section 3 for the definition of the parameters involved in the rate given in (41).
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5.2.2. SPECTRAL INITIALIZATION

Theorem 3 requires initial labels that satisfy (40). A spectral algorithm, namely SC-RRE given
in Algorithm 4 can provide such initialization. (The acronym stands for reduced-rank efficient
spectral clustering.) The algorithm is presented and analyzed in Zhou and Amini (2019). One
performs a truncated SVD of rank r := K A L on a regularized version of the adjacency matrix,
A, to obtain Z12Z2 , where S s the diagonal matrix retaining the top r largest singular
values of Ay, and Z1 € R " and ZQ € R"*7" are the matrlces of the correspondmg singular
vectors. One then runs a k-means type algorithm on ZlZ rather than 21 which is the more
common approach in spectral clustering. This allows one to state consistency results without
a reference to the gap in the spectrum of A,e, while still retaining the attractive feature of
the latter approach, namely, the computational efficiency of running k-means on a matrix of
reduced dimension. The “isometry-invariant” qualification used in Algorithm 4 means that the
k-means algorithm should only be sensitive to the pairwise distances of the data points. We
refer to Zhou and Amini (2019) for a detailed discussion. In particular, one has the following
bound on the misclassification rate of SC-RRE:

Theorem 4 (Zhou and Amini (2019)). Let o = m/n and A% := minyz [|[Ase — Agi]|?. Consider
the spectral algorithm given in Algorithm 4, assume (A2) and that for a sufficiently small
01 >0,

Allso _
BKL(KAL) a”A’Q’ <Ci(1+r)72 (42)
A

Then the algorithm outputs estimated row labels § satisfying

Mis(§,y) < Cl_l(1+H)QBL(K/\L)04(H/;\’2’°°>.
A

Here, A, refers to the sth row of the mean parameter matrix A (cf. Section 2.1). Combining
Theorems 3 and 4, one obtains Theorem 1. Some work is required to translate the bound of
the Theorem 4 to be applicable to sub-blocks. See Section D.1 for details.

6. Simulations

We provide some simulation results to corroborate the theory. We generate from the SBM of
Section 2.1 with the following connectivity matrix

(43)

=W N
U= W N
S U = W
— O Ut
N = O Ot
W N = O

Note that B does not have any clear assortative or dissortative structure. We let n = Knyg
and m = Lng, and we vary ng. All clusters (both row and column) will have the same number
of nodes ng. By changing «, we can study different regimes of sparsity. In particular, when

€ (0,1), we are in the regime where weak recovery is possible but not exact (or strong)
recovery. We consider both the misclassification rate, and the normalized mutual information
(NMI) as measures of performance. NMI is a measure of accuracy which is between 0 and
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Figure 3: Plots of (a) the (overall) NMI and (b) the corresponding log. misclassification rate, for the
SBM model with connectivity matrix (43). The four algorithms considered are the Spectral clustering
of Algorithm 4, Soft and Hard versions of Algorithm 1 and the Oracle algorithm of Section 2.2.

1 (=perfect match). The NMI is quite sensitive to mismatch and tends to reveal discrepancies
between methods more clearly. Figure 3(a) shows the overall NMI versus ng. Figure 3(b)
illustrates the corresponding log. misclassification rates.

We have considered four algorithms: (1) Spectral: the spectral clustering of Algorithm 4.
(2) Soft: Algorithm 1 with flat prior, no inner loop and no conversion to hard labels. (3) Hard:
Algorithm 1 with flat prior, no inner loop and conversion to hard labels after each label com-
putation. (4) Oracle: The oracle classifier discussed in Section 2.2 and Remark 2: Assuming
the knowledge of z and A, we obtain y by the likelihood ratio classifier, and similarly obtain
z, assuming the knowledge of y and T'.

Figure 3 shows the results for « = .75 (a regime where no exact recovery is possible) and
C = 1. Both the soft and hard versions of Algorithm 1 are initialized with the spectral clustering
and both significantly improve over it. The soft version of Algorithm 1 also outperforms the
hard version as one would expect: soft labels carry more information between iterations. It is
interesting to note that, as predicted by the theory, the slope for the log-misclassification rate
of Algorithm 1 approaches that of the oracle, which is especially clear for the soft version in
Figure 3(b). Simulation results for various other settings can be found in Appendix H, showing
qualitatively similar behavior.
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Appendix A. Additional comments
A.1. Comments on edge splitting

One needs independent versions of the adjacency matrix in different stages of the algorithm.
To achieve this goal, edge splitting was introduced in Abbe and Sandon (2015). The idea
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is that one can regard the two (or more) graphs obtained from edge splitting to be nearly
independent. To be specific, let P; be the joint probability measure corresponding to a pair
of graphs G1 and G2 generated independently with connectivity matrices ¢P and (1 — q)P.
Let Py be the joint probability measure on G and G2 obtained by edge splitting from a single
SBM with connectivity matrix P, assigning every edge independently to either G; or G5 with
probabilities ¢ and 1 — ¢q. Then, P; and P, have the same marginal distributions. Having a
vanishing total variation between Py and P, is necessary for further analysis which, as was
pointed out by (Abbe and Sandon, 2015, pp. 46-47), is equivalent to showing that under Py,
G1 and G2 do no share any edge, with high probability. Letting Ppnin = mingg Py,

2

(1 - q)qP2;,(log n)Q)”

P1(G1 and G4 do not share edges) < (1 — 2

which is strictly bounded away from 1 unless (1 — q)q]gﬁlin(log n)? = o(1), that is, the connec-
tivity matrix of either G or Gy should vanish faster than 1/n. Our consistency result will not
hold in this regime. Thus, edge splitting cannot be used to derive the results in this paper, and
we introduce the block partitioning idea to supply us with the independent copies necessary
for analysis. Another technical issue about edge splitting is discussed in Remark 4.

A.2. Discussion

Our results do not directly apply to the symmetric case, due to the dependence between the
upper and lower triangular parts of the adjacency matrix A. However, a more sophisticated
two-stage block partitioning scheme can be used to derive similar bounds under mild extra
assumptions. One starts with an asymmetric partition into blocks of sizes {qn, (1 — ¢)n} x
{gn, (1—q)n}, for ¢ = 1/Q — 0 very slowly. In the first stage, one applies a similar procedure as
described in Algorithm 3 on the upper triangular portion of the large subblock (1—¢)nx(1—g)n,
followed by the application of the LR classifier on the fat block gn x (1 — ¢)n to obtain very
accurate row labels of the small block gn x gn.. One then repeats the process using the “leave-
one-out” of Gao et al. (2017), but applied to small blocks gn x gn rather than individual nodes.
We leave the details for a future work.

It was also shown by (Gao et al., 2017, Theorem 5) that their equivalent of condition (A1)
can be removed by modifying the algorithm. In their setting, without assuming a =< b, a
misclassification rate of exp(—(1 — €)I) is achievable, where € € (0,1) is a variable in the new
version of their algorithm. If those arguments can be extended to the general block model,
it will be possible to relax the requirements on w in (A3) and (A4). When K,L = O(1),
one can completely remove sparsity condition (A3) using a much sharper Poisson-binomial
approximation than what we have used in this paper. Finally, we suspect that our result
could be generalized beyond SBMs to biclustering arrays where the row and column sums over
clusters follow Poissonian central limit theorems. We will explore these ideas in the future.

A.3. PL naming

We have borrowed the name pseudo-likelihood (PL) from Amini et al. (2013) based on which
the algorithms in this paper are derived. In Amini et al. (2013), the setup is that of the
symmetric SBM, and in order to treat the full likelihood as the product of independent (over
nodes i = 1,...,n) of the mixture of Poisson vectors, one has to ignore the dependence among
the upper and lower triangular parts of the adjacency matrix, making the PL naming more
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inline with the traditional use of the term. In our bipartite setup, there is no such dependence
to ignore, but we have kept the name PL for consistency with Amini et al. (2013) and ease of
use. We interpret the “pseudo” nature of the likelihood as the approximation used in the block
compression stage (with imperfect labels) and in replacing Poisson-binomial distribution with
the Poisson.

Appendix B. Preliminary analysis

We start by analyzing the properties of the operators introduced in Sections 4.1 and 4.2, for
some fixed (deterministic) initial labels § and Z. We assume that these labels satisfy:

v

Mis(7,y) < 7 < 67

~ ﬁ?, MIS(Z, Z)
We call such labels v-good as in Section 5.2.1. Throughout, A will be used to denote a generic
deterministic approximation of the true row mean parameter A. The relative £, ball of radius
0 centered at A, that is,

BA(8) == {A: [|A — Alloo < ]| Ao}, (44)

will play a key role in our arguments. For sufficiently small 6 and true A, %, (0) will be the
set of d-good row mean parameters.

B.1. Fixed label analysis

We first present the analysis assuming that all the operations are performed on the entire
adjacency matrix A. In Appendix B.2, these results are extended to be applicable to sub-
blocks of A. Recall the definitions of the mean parameters an their estimates from Section 2.1.
In particular, we recall that \g«(y, Z) is the mean of b;.(2) for any node ¢ with y; = k. These
mean parameters form the kth row of A(y,2). Our first main lemma illustrate that whenever
the initial labels Z and ¢ are 7-good, then the parameters A(y, Z) as well as the corresponding
estimates A defined in (22) are close to the truth, that is A.

Lemma 1 (Parameter consistency). Let C, = Cy g = 2v/(1 — ), assume that 6Cyw < 1,
and let he(r) := 27log (1+ %7). Then under assumptions (Al), (A2) and (B3), we have

(a) [A(y,2) = Alloo < CyllAllo,  [[A(Y; 2)lloo < 2[|Afloo-
(b) A7, 2) = Ay, 2)lloo < 27[[Allos  [A(F, 2)[loo < 4[| Allco-
(¢) 1A = A, 2)||oo < 47||Alloo with probability at least 1 — 2p; where

nAmm hl (T)

pr= (7 m, A, ) = K Loxp (===

), Vr > 0, (45)

(d) 1Ay, 2) = Moo < C5[[A]lco,

and A is as defined in (22). In particular, all the estimates Ay, 2), A(g,2) and A are within
relative o, distance of at most 4(Cy + ) from A.
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The lemma is proved in Appendix F.1. Note that the lemma implies that A € BA(4(C+T1))
with the stated probability.

_ Our second key lemma shows that the LR classifiers in (34) are uniformly dominated, over
A € BA(6), by a single (perturbed) classifier. To state this result, recall the block compression
b(z) := B(A; 2) given in (27), and define the following;:

L ~
- - - Ar - -
Yitr (biss A) 1= @ (bins Ars | M) = > bielog 5 + A — A, (46)
=1 Akt
Zig(bis, A) := 1{Yip-(A) > 0, for some r # k}. (47)
- 1 -
Si(b,A) := Zit(bis, N), 48
K (b, A) ) yz;k k(bixs A) (48)

where ¥ is the Poisson log-likelihood ratio defined in (33). Thus, Y, is the (pseudo) log-
likelihood ratio, for k,r € [K], measuring the relative likelihood of row i having label k.
We note that Yj,(A) < 0,Vr # k implies 7; := (LR(A, A, 2)); = k. Thus, Sy (bi,A) is the
misclassification rate for the LR classifier over the kth row-class, i.e., Misg(y,y). Let

Jer = L[ Alloo/Tr- (49)

Recalling definitions of €., w and B from Section 3, set

n :=n'(0; A) = 8wIL||A||so = 8w Tk L1y (50)
Nkr ‘= 77kr(5§ww87m7/\)
58L2|| A2 1 1 (51)
= 218wL||A||oo + ———=2 +log |11 1)| — = log Amin.
wLfAlloo + m +log [ w(ekr —2w(1 + €x)d + )} 98

We have the following key lemma:

Lemma 2 (Uniformity of LRC in mean parameters). Fiz any row label Z and let b = b(Z) be
the corresponding column compression. Let A" = A(y, Z) be the row mean parameter associated
with b. Assume (A1), (A2), and N' € PBx() with 3wd < 1. Then, for all k,r € [K]|, k # r,
and all i : y; = k, we have the following bounds:

(a) With 7/ defined as in (50),

P(3A € BA(5), Yier(biss A) > 0) < exp(—Li +17). (52)

(b) If in addition e, — 2wd > 0, then with Nk, defined as in (51),

P(3A € B(9), Yier(bis A) > 0) < exp (— Ly + ntr)- (53)

The proof of Lemma 2(b) appears in Appendix F.5, and that of part (a) in Appendix G.5.

Remark 3 (Typical setting). In the error exponent in Lemma 2(b), i.e. —Ig, + 1., the first
three terms in (51) are positive and constitute the undesirable part of the bound. Our goal is
to keep these terms dominated at the final stage of the algorithm, i.e., make them o(log Apin),
by making 0 sufficiently small. For now, let us introduce a simple typical setting to give some
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idea of the order of ny,.. In the first reading, one can consider the case where S,w = O(1),
I, < I — oo for all k,r and some I, and assume that L||Als/I = O(1) and (A5) holds. In
this setting, Ji, = O(1) and we have 1, = C(§ + m~'I)I — %log Ay for some constant C.
Keeping these typical orders in mind will be helpful in understanding the statements of the
subsequent results.

It is also worth noting that we always have Jg,. > % which follows from the general bound
Iy < 2L||A||oc. Another important quantity is C, in Lemma 1, which in the typical setting
behaves as Cy < v when v — 0.

Combining Lemma 2 with the Markov inequality, we can get uniform control on the mis-

classification rate of the LR classifier in its parameter argument (i.e., A):

Lemma 3. Fiz k € [K] and 7 € [L]™. Let A € RE*F be any random matriz and set §(2) :=
LR(A,A,%). Assume that (52) holds. Then, for any u € R, we have

Misy, (§(2),y) <> exp (—Ier + 1 + 1),
r#k

with probability at least 1 —e ™ — IP’(A ¢ ,95’/\(5)). The result is also true if we replace ' by n,x
when (53) holds.

Remark 4. Edge splitting (ES) was proposed in Abbe and Sandon (2015) to generate nearly
independent copies from a single network. One might ask whether combining the edge splitting
idea with Lemma 3 is enough to give us a result similar to Theorem 1. In ES, edges are randomly
assigned to two graphs G; and G4, with probabilities ¢ and 1 — ¢q. The new graphs G; and Go
will follow a SBM with a reduced connectivity matrix (by a factor of ¢ and 1 — g respectively).
Hence, the corresponding parameters A and I are reduced by the same factor; for example I
will be scaled to ¢f for G;j. Let us consider the typical setting where 8, K, L,w, e, = O(1)
and Iy, =< I for all k, r and some I; assume the connectivity matrix is symmetric, i.e., A =T
and I = I°°!, Let % and § be the labels obtained by performing biclustering on G;. Lemma 3
in the best case scenario, with the most favorable version of ng,—i.e., ignoring the first three
positive terms in (51)—gives a misclassification rate

1
max{Mis (gj, y),Mis (2, z)} < = Z exp (—qfkr 3 log(qAmin) + U)
r#£k

for some v — oo, w.h.p.. In the second stage, given the labels Z and g, we obtain an estimate
of the (row) mean parameters based on Go, using the natural estimator Ay = .2(Gy,7, 2). We
then obtain the second stage labels y(Z) := LR(G2, A, ). Let Ay = (1 — ¢)A be the row mean
parameter of Go. By Lemma 1, Ay € P, (0) w.h.p for some § > v2. By Lemma 3, and the
perturbation of information (Lemma 7) we have

e 1
Mis (y(z), y) < V3= ZGXP (_(1 - q)Ikr + C(l - Q)(SHAHoo - 5 1OgAmin + u)
r#k

for some u — oo w.h.p.. To obtain result (14) in Corollary 1, we at least hope to have

Iy + C(1 — @)y2||Alloc = o(log Amin)-
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So we need qly, = o(logAmin) and (1 — ¢)y2||Allcc = 0(log Amin). Assume that we have
qIyr = o(log Apin). Then,

1 (e}
V2= exp (_qu;r = 5 108(qAmin) + v) =0(A*°D ) /).
r#k

However, this is not sufficient to show (1 — ¢)¥2||A|lcc = 0(10g Amin). Therefore, applying edge
splitting and Lemma 3 does not lead to the main result of this paper.

B.2. Analysis on subblocks

We now extend the analysis of Appendix B.1 to be applicable to the sub-blocks obtained by
random partitioning. Some care needs to be taken since the true (row and column) mean pa-
rameters of the sub-blocks are changed by partitioning, due to the change in the distributions
of the labels within each sub-block among the K x L classes. The deviations of the sub-block
class proportions from the global version will be controlled by a slack parameter & which will
be set at the final stage of the proof (see Appendix C.2). Throughout this section, assump-
tions (A1) and (A2) will be implicit in all the stated lemmas. We will also state the result for a
general 2Q) x ) partitioning scheme, although @) = 4 is enough for the analysis of Algorithm 3.
Recall that the class priors my(z) for the full labels are defined in (30). We will use the
same notation for sublabels z(9), that is, m(2(?) is the proportion of labels in 2(? that lie in
class £. Note that we have
me(29) ng(29)

mp(2) = ne(2) m(29) = W(Z(q)) ence =
G = mE =T e S e O

since 2(@ has length m/Q. We similarly we have m1,(y(@) = ng(y'9)/(n/(2Q)). We will work
under the assumption that the partitioning scheme satisfies:

max ()~ m) <€ and  max (=) - m(2)] <€, (Baa)
7q 7q
. 1 1
§ < min (TﬁK’Q,@T) (B4b)

When these conditions hold, we call the scheme a good partition. We note that these conditions
combined with (A2) give,

Sl

1
S| <ces<y = o <mE9) <) (55)

and similarly for y(@. It follows that both z(9) and y(9) satisfy (A1) with 3 replaced with 2.

Each count ny (@) follows a hypergeometric distribution with parameters (n, ng(y), n/(2Q)),
that is, the number of nodes labeled k, in a sample of size n/(2Q), from a population of size
n, with a total of ng(y) nodes labeled k. The concentration of the hypergoemtric distribution
gives the following;:

Lemma 4. (B4a) holds for random partitioning, with probability at least 1 — pa, where
p2 = 2Q(K + L) exp (— min(n, m)&z/Q). (56)
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The proof of this lemma and others in this section appear in Appendix G.1.
Lemma 5. Under (B4a) and (B4b), the true local mean parameters A9 = ()\I(C(ZZ)) satisfy:

A A 1A
NG - | < eLp T < 5 vakie (57)

In particular, Ar(gi)n > iAmin’ |A@]|o < %HAHOO and A e Brjo(ELB) for all q € Q).
Our main lemma for the sub-blocks establishes the consistency of the local mean parameter

estimates A(@9 for a good partitioning scheme. This lemma is an extension of Lemma 1. We
recall the operator . from (21):

Lemma 6 (Local parameter consistency). Let Cy = 32y/(1—7) and he(7) := 27log (1 + %7)
as in Lemma 1 and assume that 72Cyw < 1. Fiz the underlying partition and fix q,q' € [Q)],
and labels Z and 3. Let

Alda) — g(A(qu)’g(q’)’g(q))_

Assume that the partition satisfies (Bda) and (B4b), and the pairs (29, 29) and (§9,y@)
satisfy the misclassification rate in (B3). Then,

JACD — AW | < (24C, +67) [4/Qll,  and

A9 —AJQl < (24C, + 67+ EL6) A/ @l

with probability at least 1 — 2p3, where

NAmin h1(7) )

p3 = p3(7; 1, K, Amin, @) := KL exp (_ 32Q?BK

(58)

We also have
(a) [IAD(y, 2) = AD]|o < 4C, AW ]|
(1) [ACD (G, 2) — ACD (g, 5) oo < 2[4 .
(¢) A0 — ATD (g 2)|| o < A7||AD ||, with probability at least 1 — 2ps.

Remark 5. Similar results to those obtained above hold for the column parameters. Recall
that the dual to the row mean parameters A are the column mean parameters I'. The result
of Lemma 5 can be translated to the column version by making the following substitutions
A—=T,Q — 2Q and L + K. For Lemma 6, in addition we need to make n — 4m. (The
reason for this is that in (117), in the proof, we need to replace n/2Q with m/Q, and Apin/2Q
with I'min/(4Q), and the combination of the aforementioned substitutions achieves this. We
also note for future reference that the corresponding w inflation by a factor of 3 remains true
for column parameters.) After these substitutions, we obtain the same constant in (58), that
is, p3 has to be replaced with

Pé = p3(7—; 4m7 La Fmin7 QQ) = p3<7—; m, L7 1—‘Inina Q) (59)
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B.3. Perturbation of information

Recall the definition of Chernoff information from (8), and let us write Iy, = Ix,(A) to explic-
itly show its dependence on the mean parameter matrix A. The following lemma, proved in
Appendix G.1, bounds the perturbations of Ij,(A) in A:

Lemma 7. Under (A1), for any A € Bx(5), we have [T (A) — I (A)| < 2wSL||A | so-

B.4. Analysis of the matching step

In this section, we fill in the details of the argument sketched in Section 5.1. Specifically, we
need to give sufficient conditions so that the first and the third claims of Section 5.1 hold. We
will use the following two lemmas. Recall the notation ¢*(y — y) introduced in Section 2.3 to
denote the optimal permutation from the set of labels 7 to another set y.

Lemma 8. Let §,y € [K|", and assume that dMis(§,y) < 3 ming 7y (y). Then,
(a) o*(y — y) = id, the identity permutation, and this optimal permutation is unique, and

(b) m(§) > 57(y) for all k.

Note that Lemma 8 implies that if dMis(o(§),y) < 3 miny mx(y) for some permutation o,
then o*(y — y) = 0.

n

Lemma 9. Consider three sets of labels y, 9,y € [K]™, and assume that

L . 1 .
max{ Mis(7,y), Mis(7',y) } < 7 min 7k (7).

Let o = o*(§ — y) and o' = o*(§ — y). Then, c 1 od’ = o*(§ — 7).

The first claim of Section 5.1 follows from Lemma 8, under the further assumption:

Mis(g(a=19) yla=1a)) < 395K q € [Q]. (60)

Using the permutation notations (36) of Section 5.1, we have:
Corollary 2. Under assumptions (A2), (B4a), (B4b) and (60), 04—1,4 = 0q—1 for all ¢ € [Q)].

The third and final claim of Section 5.1 follows from Lemmas 8 and 9, by applying them
to the sub-block labels y@, 52, ¢/@):

Corollary 3. Under assumptions (A2), (B4a), (B4b) and (60), aq_l 00y = o (§ 9 — @)
for all q € [Q)].

The proofs of the results of this section are deferred to Appendix G.1.

Appendix C. Proof of Theorem 3

We start with the high-level analysis of Algorithm 3 in Appendix C.1. This analysis is
parametrized by many parameters such as £ , 7, TfOI, 79, etc. This allows us to give the
high-level idea of the mechanics of the proof without making the arguments obscured by the
expressions ultimately chosen for these parameters. In Appendix C.2, we make specific choices
about these parameters and finish the proof of Theorem 3.
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C.1. Parametrized analysis of Algorithm 3

We now have all the pieces for analyzing Algorithm 3. Let Jsteps and Zsieps be the labels from
step 5 of of Algorithm 3. As before, in all the lemmas stated, (A1) and (A2) will be implicitly
assumed. Consider the following event:

A, = {g]s(ggm and 25(1?2;)5 satisfy (B3) with parameter +, for all g € [Q]}
We implicitly assume that clusters in Zgeps and gsteps are relabeled according to optimal
permutation relative to the truth. In other words, Zsteps and ysieps in the above event are not
the raw output of the algorithm, but the relabeled versions (which we do not have access to in
practice, but are well-defined and can be used in the proof.) When = is sufficiently small, this
implies that community & in Zgeps is the same as community k in Z, for all k € [Q)].

Let II be the random partition used in Algorithm 3, and let 3 be the event that II satisfies
condition (B4a). By Lemma 4, we have P() > 1 — py where ps is given in (56). For the
most part, we will work on events of the form 2(,, N‘B. Let us also establish some terminology.
By the probability “on an event ", we mean the probability under the restricted measure
Py := P(- NP). For example, if ® = {property X holds}, we will say that “property X fails”
on P with probability at most ¢ if P(D°NP) < ¢. In this case, if P holds with high probability,
say > 1 — po, and ¢ is small, then © holds with high probability as well: P(D) > 1 — g — pa.

Let f\gfgpﬁ = 2(A=29 §a=2) () ¢ e Z/QZ, be the first local parameter estimates

obtained in step 6 of Algorithm 3 (it is easier to work with the shifted index), and let
51 =24 nyl + 671 + fLﬁ (61)

A better name for 1, and 71 would be 6}°V, and similarly 7}°% contrasting with 6{°' and 7{!
defined later in (64). However, for simplicity, we drop the “row” qualifier here. Recall that
¢ is a parameter controlling the tail probability related to the random partition, while 7 will
be controlling the tail probability ps(7) related to the local parameter estimates in Lemma 6.
These parameters will be optimized at the end of the argument (see Appendix C.2).

Lemma 10 (First local parameters). Assume (B4b) and 72C,,w <1, and let 61 be as defined
in (61). Then, on event A, NP,

A(q)

step 6

€ PBrw(01), Vg€ ZLg,
fails with probability at most 2Q p3, where ps = p3(71) as given in (58).

Proof. Conditioning on blocks G (cf. Section 5) of the (bottom) adjacency matrix Apottom—

denoted as Aéftlt)om—the distribution of blocks A(1=29) ¢ ¢ Z¢g used in defining f\éfgpﬁ is

not changed. Under this conditioning, both initial labels ysteps and Zsieps are deterministic,
(@)

step 6°
conditions of the lemma. On 2, , for all ¢ € [Q)], the sublabel pairs (2£33p5, 2(9)) and (gs(fgp 5 YD)
satisfy (B3). On ‘P, condition (B4a) holds for the random partition and (B4b) holds by
assumption. Recall that the random partition is independent of all else, hence conditioning

on it does not change the distribution of blocks Ala=29) ¢ ¢ Zq either. We may then apply

hence the results of Appendix B.2 apply. We will apply Lemma 6 to A Let us verify the
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(G1)

bottom’

Lemma 6 to conclude that for every ¢ € Zg, conditioned on the partition II and A the

event {Agggpﬁ ¢ Brw (61)} NA,, NP holds with probability < 2ps. Let us write

D= {Astepb € '%A(Q)((Sl), Vq € ZQ}

which is the desired event in this lemma. Using the union bound, and removing the condition-
ing, we have P(©°N2A,, NP) < 2Qp3, unconditionally. The proof is complete. O

Next we consider the first LR classifier application. Let @sep7 be the row label estimates
in step 7. That is, we have

yétepg =LR (A(q 24 A(ggpb’ ~s(‘?e)p5)

for which we have the following bound on misclassification rate:

Lemma 11 (First LR classifier). Under the assumptions of Lemma 10, further assume that
9wdy < 1. Let nP 7 := 21/ (61; A/Q) where 1/ () is defined in (51). Then, on event 2., NP,

I
Misg (590, 7 9) < exp (—6 + T 4 U) =", Vq € Zg, (62)
r#k

fails with probability at most Q(e™" + 2Q p3) where p3 = p3(71) as given in (58).

Proof. Fix q € Z¢g and consider 792, As in the proof Lemma 10, we condition on blocks in
G1 so that Z (q) »5 can be assumed deterministic. We will apply Lemma 2(a) to the subblock

Al1=29)  Ag dlscussed earlier, the corresponding w is inflated to 3w, hence we need 3(3w)d; < 1
which we have assumed. We also note that A(9=29(y, ) and A play the role of A(y, %) and
A in Lemma 2(b), and we have the needed condition A9=29)(y, 2) € %,y (J1) from Lemma 6.

Let bl(-g_z’q) be the row block compression of A~2%) based on 5

steps- Lhen, Lemma 2(a) gives

P({38 € Zy0(), Y O, 8) 2 0 12, 0| A, ) < e (<1 4 9)
(63)

for all rows ¢ (in row block ¢ — 2) with y; = k. Here Ar(gl)n is the minimum element of A9, and

19 = L, (A9)

v

—2w01 L||A/ Q][00
'@ = (61, ADY < (1+6)7(61; A/Q)

where 7/(81; A@) = 8w L||A@||o as defined in (51). The first inequality uses Lemma 7 and
the second is obtained using the definition of 7/(-) combined with A ¢ Br)o(61) (Lemma 5)
which implies [|[A@||o < (14 61)[|A/Q||o. By taking expectation in (63), the same bound
holds unconditionally.

By Lemma 10, on event 2, NP, we have Aéfgpﬁ ¢ PB)(q) (01) with probability at most 2Q) ps.
Then, applying Lemma 3, we conclude that

Misy, (07> ¥7%) < > exp (<17 + 0@ +u)
r#k
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fails on 2, NP with probability < e™ + 2Q p3, for each ¢ € [Q]. Note that

I, -
_I;i‘,],)_i_n(q) < _i+(1—|—61+9 1)77/(51; A/Q).

Q
Since 9wd; < 1 implies §; < 971 (recall w > 1), we have 1+ 61 + 9~! < 2. Combining with the
previous bound and applying the union bound over ¢ gives the result. ]

Note that we have called the rate in (62) ¥5°" for the (column) misclassification rate based
on the row information. This rate is faster than initial rate v;. Repeating the procedure in
steps 6 and 7 for the column labels—as prescribed in step 8 in Algorithm 3-we obtain a similar
rate for the misclassification rate of zs(‘ge)péi relative to z(? which we call 45°'. In deriving v5°,
we have to make the substitutions in Remark 5, and particular, A — I where I" is the column
mean parameters defined in Section 2.1. (A minor exception is when counting the number of
blocks which will still be @ rather than 2@Q).) Recall the definition of the column information

matrix (I$%) from (9). Letting
50 =240, + 677N 4+ €K B, (64)
we obtain the following counterpart of Lemma 11:

Corollary 4 (First LR classifier, column version). Under the assumptions of Lemma 10, fur-
ther assume that 9wd{* < 1. Let n*P8 = 21/ (6{°4T/(2Q)) where 1/(-) is defined in (51).
Then, on event 24, N*B,

col
Misg (20,5, 29) < > exp ( +nfter® 4 uc"l) =58, Vg€ Zg, (65)
r#4

col

fails with probability at most Q(e™"" + 2Q p}), where py = pi(7:°Y) as given in (59).

Let fyg = MaXpe(K] ’y§k ;Y2 1= maxee(r) Voo and
Y2 1= max{BK~5™", BL5"'}. (66)
By (7), we have that (62) and (65) imply
: ~ CO. 72 row 72
Mls (ys(ge)p’?? y(q)) S 72 ! S B?; MIS( s(tgpS’ Z(q)) S ’Y S BL (67)

Thus, if we consider the following event:

B = {yéte)w and Zs(te)pS satisfy (B3) with parameter ~, for all g € [Q]},

after Step 8, we can work on B, NP which holds with high probability: Combining Lemma 11
and Corollary 4, by union bound, P(B5, N2, NP) < Q(2e™" + 2Q(p3 + p%)), hence

P(B,, NP) > P(B,, N2A, NY)
= P(2A, NP) —P(BS, N2, NE) (68)
> 1-PAS) — P(P) — Q2™ + Q(p3 + ph)).

Let Agggpg = X(A(q_?”@,gj(q_g),é(@), q € Zq, be the second local parameter estimates

obtained in step 9 of Algorithm 3. Let
0o := 24C, + 672. (69)
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Lemma 12 (Second local parameters). Assume (B4b) and 72C,,w < 1, and let o2 be as
defined in (69). Then, on event B., NP,
Al

step 9 € '%A(Q)<52)7 Vq S ZQ

fails with probability at most 2Q) p3, where ps is given in (58).

Proof. Conditioning on blocks G; U Ga (cf. Section 5) of the adjacency matrix A, the distri-

bution of blocks A(@~3% used in defining Agggpg is not changed. Under this conditioning, both

initial labels gstep7 and Zgsieps are deterministic, hence the results of Appendix B.2 apply. On

B.,, for all ¢ € Zg, the sublabel pairs (,Es(tqu 8 z(Q)) and (j&s(tqu7, y(‘J)) satisfy (B3). The rest of

the proof follows that of Lemma 10. O

The key is that d2 is much smaller than d;, due to v2 < 71 (typically), i.e., the second
parameter estimates are much more accurate. Let f\step 10 = Zq f\ggpg be the estimate of
the global mean parameters obtained in step 10 of Algorithm 3. According to Lemma 12,

on B,, N*E,
1AL g — A/Qllse < 82l|A/Qllc, Y hence, |[Astep1o — Alloo < 62]|Allo (70)

fails with probability < 2@Q) p3, where we have used triangle inequality. That is, on B5.,, N‘B,
we have Agtep10 € %A (02) with high probability.

Remark 6. Note that we could have used QAgggpg (for any ¢ € Zg) as our estimate Astep 10,
leading to the same bound as in (70). The results would be the same, though in practice, we

expect the version given in the Algorithm 3 to perform better. We also note that on 9B,,,

the sublabels (Zs(tqe)ps, q € Zg) automatically define a consistent global label vector Zgeps, and

similarly for row labels ¥step7-

Lemma 13 (Second LR classifier). Under the assumptions of Lemma 12, further assume that
2 defined in (69) satisfies 3wdy < 1 and 6C,w < 1. Let nziepu i= Ny (02; w, B,m, A). Then,
on event B, NP,

Mis, (Grops Ytop) < ZGXP <_Ikr + U;Zepn + U) =173, (71)
r#k

fails with probability at most e~" + 2Q) ps where ps = p3(12) as given in (58). The same result
holds for n,iffp” =1n/(d2; A).

Proof. As in the proof Lemma 12, we condition on blocks in G U G2 so that Zseps can be
assumed deterministic. We will apply Lemma 2(b) to Atp. Let Top C [n] denote the row
indices of A¢op. Since all the columns are present in Ayp, we can directly apply Lemma 2(b) (in
contrast to the argument in Lemma 11), that is, the relevant row mean parameters are A(y, 2)
and A—the same as those for the whole matrix A. The needed condition A(y,2) € By (d2)

is supplied by Lemma 1. Let bjiepn = bix(Zsteps) be the block compression in step 11 of the
(G1UG2)

botton,  and then removing the

algorithm. Then, Lemma 2(b) gives (after conditioning on A
conditioning as in (63))

P({ﬂ[\ € BA(61), Yir (B2 R) > o} N ‘BW) < exp (—I,W + n,iﬁfp“). (72)
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for any ¢ € Top with y; = k. By (70), on B, N‘P, we have f\stcp 10 & Za(02) with probability
at most 2@Q) ps. Then, applying Lemma 3, we conclude (71) as desired. The last statement of
the theorem follows if we apply Lemma 2(a) in place of Lemma 2(b) throughout. O

The same exact bound holds for Jottom in step 12, with the same probability. Hence,
by union bound, the same bound on misclassification rate holds for the final row labels ¥ in
step 13, with probability inflated by a factor of 2; that is, Mis,(y,y) < 3 fails on B, NB,
with probability at most 2(e™" 4 2Q) p3).

To summarize, under the conditions of the lemmas, we have

P(Misg (7, y) > 73) < P({ Mis(7,5) > 73} N By, NP) + P((Bo, NP)°)
< 2(e”" +2Qp3(12)) + P((Bry NP)°)
< 2(e™ +2Qps(m2)) + P(A,) + PIF) + Q27 + Q(ps (1) + ply(ri!
(73)

where 73 is the rate given in (71) and the second inequality uses (68).

C.2. Choosing the parameters

It remains to choose the parameters, 71, 7, &, etc. to simultaneously achieve the desired rate
for v3 and ensure that the probability in (73) is o(1).

Proof of Theorem 3. First row LR classifier. Let us write 7{°% = 7 for clarity. Under

our assumptions, we will have v9 < 71 < 1/2 so that C,, < 2/3%v; for i = 1,2, recalling the
definition of C, = 8%y/(1 — 7). In Lemma 11, we defined (recall (61))

NPT = 85wL||A/Qlle < (3848%y1 + 487{Y + 8BLE) wL||A/Q|| oo (74)
By (40), 3848?y1wL||A/Qlloc < Imin/(8Q). Take

row Imin 5 o Imln A In?lln Imin (75)

T = oo i = U= oA
b 384wl[Als 648w (K V L)2(Afloo V [IT[loo) 8Q

where u is the parameter in (62). Then from (74) we have

step7 Inin Inin Iinin _ 31 imin T]Step7 tu< Iin

=30 T80 T30 T 80 =90

Hence Lemma 11 implies that on event 3,

: ~ row Imin Imin
Misy, (yéggp77 y @) < AR i= Zexp (_7 + 20 ) K exp ( 20 ), VgeZg (76)
r#k

fails with probability at most Q(e ™ + 2Q p3(7{°V)). By (A4), Qlog@ = 0(Imin), hence
Qe = o(1). By (A3),

row 2 nAmin h1 (T row)
Qpa(ri™) = @K Lexp (555951
nl?

< Q*KLexp (— e = ol
<Q eXp( 256(3842)Q26KL2M3||A||00> o)
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where we have used the definition (58) of p3, hi(7) > 72/8 for 7 < 1 and ||A|lco/Amin < w.
Moreover, (A4’) implies (Iyin A1) /(K V L) — oo, hence eventually (Imin AIS%)/(KVL) > 1
which gives

P(P°) = p2(§) = 2Q(K + L) exp (—(n Am)€?/Q)

< 2Q(K + L)exp (— nim

ATy DA ) ~

where the last implication follows from (A3).

First column LR classifier. We can apply a similar argument to Zgeps. Let

Icol Icol

col __ min col _ “min

T 768wk |’ ¢ 16Q

with ¢ defined as in (75). By (40), and a similar argument, we obtain 75tP® 44! < 1 /(4Q).
By Corollary 4, on event 33,

col col col

Mise (34,5 29) < 257" < Zexp( fé“) Lexp ({fg) Vg € Zg, (79)

fails with probability at most Q(e " + 2Q py), where Q*p} = Q?p}(7°") = o(1) by (A3) and
Qe_“ml =0(1) by (A4’), similar to how we argued for the row labels.
Second row LR classifier. Recalling 7, from (66) and combining with (76) and (79),
I el B(K Vv L)?
< 2 __‘min 2 “min _
72 = max (BK exp( 20 ) pL exp( 4Q )) 0((1mm Afgg;)b) (80)
— 00. By Lemma 13 and (51),

for any b > 0, as Inin A 1

min

P = e (825 w, B,m, A)

58L2[| A% 1 1
= 218 wLI|Afloo + 2= 21 - log (11 1)) = 5 log A
2¢ H HOO + m +log v Ekr — 2w(1 + 5kr) 52 + 2 08 Smin
=T+ 1o+ T35+ Ty, (81)
where we have called the four summands above 77, ...,Ty in the order they appear. We have

0o = 24C,, 4+ 679 < 48325 + 672 by (69) and the assumption o < % Then,
T < 21(48)B2wL||Alce Y2 + 21(6)wL||Alloe 72 =: Ti1 + Tho.
For any b > 0, by (80)

Pl LRl Al )

[(Tmin A 1555/ Q1

Recall that we have Bw(K V L)||Allco = o([(Zmin A IL)/Q]%) for some a > 0 by (A4’). Taking
b = 3a in (82), we obtain Tj; = o(1). Letting 75 = (wL||Als) ™}, we have T12 = O(1), hence,

T} = O(1). Recalling the probability bound in Lemma 13, we have by (A3)

T11 = O(,B2O.)LHA”OO’}/2) = 0<

N Amin h1(72) )

Qp3(7-2) = QK Lexp <_ 32@26[(

y (83)

sz ~ o

< QKLexp (—
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where we have used hy(7) > 72/8 for 7 < 1 and ||Alloo/Amin < w. Using (A3) again, T =
SBL2[A|2 /m = O(1).

Now let us consider the third piece T3 in (81). Recall that Jy, = L||A||so/I. By Lemma 20
in Appendix F.3.1, eg, > 2(J_ A'1). In bounding T}, we have shown SowL||Asc = O( )s
hence 2wés = O((L||Alls)™!). Since I, — oo and Ji, > 1/2 (see Remark 3), (L||All)~! =
o(J,} A2). Therefore, 2wds = o(cgr A 1). As a result, 2w(1 + eg,)d2 = o(egy), hence

el = 11w<1+€kr—2w(11+5kr)52> :O(w(l—l—eir)). (84)

Finally, we let v = y/log Apin. Since Apin — 00, e7¥ = o(1). Applying Lemma 13, combined
with 77 + T» = O(1), and (84), then for ( = 1/v/log Apin = o( ),

<1 + —) exp (_Ikzr 35 log Amin + M))
= (e (- )

fails w.p. <2(e™ +2Q p3(72)) + P(P°) + Q(2e_“/\“ + Q(p3 (7o) + ph(15°h)) = o(1). When
we swap Agop and Apottom and repeat the algorithm, the same misclassification rate holds. The
proof of Theorem 3 is complete. O

Mlsk (ytopa ytop

=0

oy
5

Appendix D. Proof of Other Main Results

D.1. Proof of Theorem 1

We proceed by stating a few lemmas. The proofs are deferred to Appendix G.2.
Lemma 14. ZZG[L]()‘M —Mee)? > 2Aminlpr. As a consequence, A2 > 2AminImin-

Combining Lemma 14 with Theorem 4, and noting that ||Alleo/A% < w/(2Imin) as a conse-
quence of the lemma, we obtain the following guarantee for spectral clustering in terms of the
information matrix (I, ):

Corollary 5. Consider the spectral algorithm given in Algorithm /4, assume that for a suffi-
ciently small C1 > 0,
BPwKL(K AL)a
2Imm

<Ci(14 k)72 (85)

Then the algorithm outputs estimated row labels § satisfying w.h.p.

1+ k)2wBL(K A L)
2CIImzn

Mis(7,y) < (

We next modify Corollary 5 to be applicable on sub-blocks:

Lemma 15 (Spectral clustering on subblocks). Suppose (A3) holds, and we assume for a
sufficiently small Cy; > 0,

6QB°w?KL(K A L)«

I min

< Cl(l + /1)72. (86)
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Using Algorithm 4 in Step 3 of Algorithm 8, w.h.p., the misclassification rate of §'9 satisfies
3Q(1 + k)?w?BL(K A L)«
Cllm'm

A similar result holds for misclassification rate of the spectral clustering for column labels,
with appropriate modifications.

Mis(5(@, y@) <

Vq € [Q].

Trow

of Theorem 1. Assumption (A4) implies (86), eventually as I, — 0o. Letting 75" and ~{°!
be bounds on the misclassification rates of the spectral clustering algorithms in steps 3 and 4,
we can take, by Lemma 15 (and its column counterpart), w.h.p.
L(IKANL K(KANL
,yiow — O(Qwﬁ ( )C)é)’ ,ﬁol (QUJﬂ ( ) )

. col
min I min

That is, by the end of step 4, w.h.p., Mis(§(@, @) < 7" and Mis(2(9), 2(9)) < 750! for all
g € [Q]. Since the matching step increases the misclassification rate by at most a factor of
2, the same bounds hold for the overall initial labels at step 6. Taking v; = y]°% V Vf‘)l, we
observe that in order to satisfy condition (40) of Theorem 3, it is enough to have

QwB(KvL)2<aVa—1>:O< LD VR A )
Lonin A I3, B2w Ll[Alloc  KTo

which holds if we require the stronger condition

QuwB(K V L)*(aVa™t) o< 1 Tnin A TS )
Imln/\lrcnolln B /82(") (K\/L)(”AHOO\/ HF”OO>

But this latter condition is satisfied by assumption (A4). Thus, the assumptions of Theorem 3
hold with high probability, and so is its result. The proof is complete. ]

D.2. Proof of Corollary 1
Proof of Corollary 1. From the proof of Theorem 1, we have that
~ 1 1
Misg, (y, y) = O(Zw(l + 8—) exp (—Ikr ~3 log Amin + v)) (87)
kr
r#k

fails with probability at most 2e™" + o(1). First, we show that

min

1 _
P w(l 4 7)/\ 12 _ o(1), uniformly in 7. (88)
Ekr

By Lemma 20 in Appendix F.3.1, g, > Z(J_1 A 1). Hence,

1
1+ — <14+ (Jkr\/l) (Jkr\/l)g?)Jkr
Ekr
using 2Jg, > 1 (see Remark 3). Thus, to show (88), it is enough to show wJy,./v/Amin = 0o(1).

Using w™!|Alloo < Amin, We have

1/2 1/2
B LV Sy Ve 7 TN S 2 LV

min Ikr min- = Ikr - Imin

= o(1)
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where the last equality is by w3 L?||A||o = o(I2;,) which is implied by (A4). Thus, we have (88),

min

i.e., x := max, x, = o(1), as desired. Now, let 2v = —log x. It follows that e™" = \/x = o(1),
and we have

MlSk U,y O(xZexp Ikr+v)) = O(\/XZGXP (_Ikr ) = o(Zexp — Iy )

r#k r#k r#k

completing the proof. O

D.3. Proof of Example 1

Without loss of generality assume a > b so that e, = a/b— 1. Also, Anin > b/(BK). By (87),
which holds in the general case, we have that

Misy, (g/j, y) = O(Zw(%) exp (—Ikr — %log (;}) + v))

T

— O(\/BUJK?)/QZ)_I/Q exp ( _ (\[[3_[(\[[))2 n U))

fails with probability at most 2e~ + o(1). Assumption Sw?K? = o(b) implies
X i= V/BwK3 2712 = o(1).

Letting 2v = —log x, the rest of the proof follows similar to that of Corollary 1.

Appendix E. Proof of Theorem 2

The distribution of A depends on (y, z, P), so that the expectation in (16) is, in fact, E =
E(y,-,p). Throughout the proof, we restrict the parameter space to a fixed z* and P* such that
the corresponding row mean matrix, A*, satisfies Iy (A*) = I*. From now on, instead of writ-
ing P(, .- p) we simply write P, for the distribution on A, and similarly for the expectations.

Let us write the optimal sum of errors in the test of Poi(A},) against Poi(A7,) as follows:

Py, = inf [P(Type I error) + P(Type 11 error)}

> exp (1" — 2 (log Ay + '),

where the inequality is by combining Proposition 1 and Lemma 26 (Appendix G.7), and noting
that the assumption of that lemma is satisfied due to (A3). Note that log A’ ; is not determined
in §; however, we can always replace it by 2log I'* by (A4).

The reduced parameter space is the set of all (y, z*, P*) such that y belongs to

T = {y € {0, 1Ky satisfy (A2).}

Let a := (88K V %) and choose S C [n] and § € T such that
e~ 1
[{i € 5°: 5 = k}| =no := (%(1_&)], Vk € [K].
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We then define the further restricted parameter space

T = {y = (ys,Js) : ys € {k,r}%1}.

Since 1 — = ﬂ, each label in 77 has at least n/BK labels in each community, hence 7' C T.
The dlrect misclassification rate, dMis (cf. Section 2.3), between any two labels in 7" is at most
S S¢ K 11
»Srzuzl—uzl——nO € [75]
n n n 200" «

using x < [z| <z + 1, and K/n < 1/(2«), which holds for large n, for the lower bound.

In particular, the dMis between any two elements in 7" is at most 1/(838K) (i.e., at most
n/(8BK) labels are different). It follows from Lemma 8 that the optimal matching permutation
between any two label vectors in 7" is identity, hence their misclassification rate is the same
as their dMis.

We next argue that 7 can be restricted to 7' as well: First suppose that under the optimal
permutation m, ¥ has at most en different labels on indices S¢ compared to ¢, that is, |{i €
S¢:7(y;) # Uit < en. It follows that the misclassification rate between y and any y € 7" is
at most 2¢ < 1/(46K). Thus, by Lemma 8, 7 is the optimal permutation for matching ¥ to
any y € 7'. Redefining g; := 7~ 1(§;) for i € S¢ then gives a uniformly better strategy over 7.
The new ¥ equals 4 on S¢ up to a permutation, so we can restrict 7 to 7’. On the other hand,
if [{i € S¢: 7(yi) # v:i}| > en, then setting ¥y to be any fixed vector from 7’ (or randomly
choosing from 7) gives a better strategy.

The minimax risk is lower-bounded by

inf sup E,[Mis(g,y)] = 1nf sup E,[dMis(y,y) ]
Y yeT’ yeT yeT

= inf sup fZIF’ @ # i)

geT’ ' n

1
> e f P..(u: .
Z € ylélT/ ya;/;g_/ \S\ E y(yz # yz)

(89)

=¢- inf avg avg ]P’ (yl#yl)
VeT ieS yeT!

where we have used n = |S|/e and max > avg. Let us now focus on a single term in the sum over
S, say i = 1. For simplicity, let S\ 1 = S\ {1}. Let T; = {(u, ys\1,¥s¢) : ys\1 € {k,r}ISI=11,
Then, 7" is the disjoint union of 7, and 7! and we have

avg Py (1 # y1) |T’\ > By(G # )

yeT!

yeT’!

a | /‘ Z { (K, ys\1, se) (yl 7 k) + P, Ys\1,Jse) (yl 7 )}
Ys\1

= /‘ ZPErr+ Pglrr,+
Ys\1

where the second equality is by decomposing the sum as Eysu Zyl, and the last equality by

noting that the sum over yg\; is over {k, r}S1=1 whose cardinality is |77|/2. The same lower
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bound holds for all other i # 1 in (89) by symmetry. Hence, we conclude

. N € 1

Hlf sup Ey[MIS(y,y)] 2 §PErr,+ = Zpkijrr,+'
Y yeT! 0}

Recalling the definition of o and using the assumptions that § > 1 is constant and K < exp(cL)

gives the desired result.

Appendix F. Proofs of the main lemmas

In this section, we give the proof of the three main lemmas of Appendix B.1. We we first give
the proofs of Lemma 1 and 3 in Appendix F.1 and F.2. The proof of Lemma 2(b) is more
technical and occupies the remainder of this section, including auxiliary results on the error
exponents and Poisson-binomial approximations, in Appendix F.3 and F.4.

Throughout, we will use the following concentration inequality (Giné and Nickl, 2015,
p. 118):

Proposition 2 (Prokhorov). Let S = ) . X; for independent centered variables {X;}, each
bounded by ¢ < oo in absolute value a.s. and let v >, EX?, then

2
P(S > vt) < exp[—vhe(t)], ¢>0, wherehe(t):= %tlog (1+ Ect) (90)

Same bound holds for P(S < —ut).

Note that h.(t) < t? as t — 0 and h.(t) < tlogt as t — oc.

F.1. Proof of Lemma 1

Let us define the confusion matrix as R(2,z) € [0, 1]X*L with entries

1 & s pa
RM(Z’Z)Zizl{gj:k,zj:é}:’3 Z=kz =10

m 4
Jj=1

(91)

m

We can similarly define Ry(z,2). It is easy verify that R(Z,2) = R(z,2)T. By definition (23)
of the (global) row mean parameters,

m L

Meor(y,2) =D Y Pul{zj = 6,5 = €'} = mPuRop (2, 2). (92)
Jj=1/4=1

To see (92), note that since we are using true labels y in the first argument of Agp(y, Z), the
averaging —— Z Hy: = k}( : ) over ¢, in the definition, is vacuous. That is, for any ¢ with
=k, we have Meer (y, 2) = 20, E[Ay]1{Z; = £'}. We then further break this sum according to
column labels z; = £ to get (92).
Recall that n(z) is the vector of sizes of clusters in z and 7(z) = n(z)/m is the corresponding
proportions. To simplify, let

N(z) :=diag(n(z)), II(z):= diag(w(z)).
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We have mIj, = N(2)II(z)~! where I}, is the L x L identity matrix, hence
M Py R (2,2) = Pru N(2) T(2) " Rupr (2, 2) = Mgy, 2) 1(2) 7 Ropr (2, 2)
using (2). Let use define
U(z,2) :=1(2)"'R(z, 2).

Since 7(z) contains the row sums of Ryp(z, 2), U(z, 2) is the row-normalized confusion matrix,
i.e. U= (Ry¢/Ry+). We have

Mot (Y, 2) = Mix (Y, 2) User (2, 2), (93)

and its matrix version A(y, 2) = A(y, z) U(z, 2). We can similarly define U (7, y) = IL(§) "' R(7, y).
Recalling definition (23), and some algebra gives

Ao (9, 2) = Z > ey, Dy = k5 = K}
y =1 ke[K]
(v, 2) i -y =k, 5 = K|,
ke[K]

where to get the first equality one further breaks the sums over ), 1{y; = k} and use the
expression for Agp(y,Z) in the comments after (92). Using the definition of the confusion
matrix in (91), adapted to row labels, and the definition of U, we have

L
e ()

or compactly A(g,2) = U(g,y)A(y, Z). We also define a column-normalized confusion matrix,

Ak’f'(@ 2) = Rk’*(?ja y) Asr (yv 2) = Uk’*(gv y) )\*e/(y, 2)7 (94)

V(z,2) := R(z, 2)[I(2) ..

Lemma 16. (A2) and (B3) imply

max [1 — Up(9,9)] < 7, (B3.1)
max [1—Up(z,2)] < v, and (B3.2)
max [1—Vu(z,2)] < . (B3.3)

Proof. Without loss of generality, assume that the optimal permutation matching gy to y is
identity, and similarly for Z to z. By definition, 1 — Ugk(7,y) is the misclassification rate
withing the kth community of ¢, hence

|i:9i =k, yi # kl/n _ |02 9i =k, yi # k[/n
|i: §; = k[/n g =k, yi #kl/n+l]i: 9=y =k|/n

Recall that we can write (see Section 2.3)

1 —Ui(9,y) =

. 1. . 1 . 1 .
Mls(y,y):E!z:yﬁéyi\:EZ!z:yi:k, yi#k’:ﬁZ\linéka yi = kl. (95)
k: k
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Then, (B3) and the second equality in (95) implies |i : §; = k, y; # k|/n < v/(BK), while the
third equality in (95) gives |i : §; = v; = k|/n > m(y) — v/(BK). Letting f(x) = z/(x + 1),
li: 9 =k, yi # k|/n "/ (BK) __

— < <
i 9=y =k|/n ) v/ (BK) + me(y) —v/(BK)  m(y)BK
where the first inequality is by monotonicity of f, and the last by (A2). This proves (B3.1).

1—Ukk(?),?/)=f< o

Similarly, 1 — Up(z, 2) is the misclassification rate within the ¢th community of z, i.e.,
Misy(Z, z), hence

- l7:2; =02 #L)/m ~
w(z2) me(2) me(2)BL — 7

proving (B3.2). The same bound holds for 1 — Uy(Z, z) by an argument similar to that used
for Ukk(9,y). To prove (B3.3), we observe

U(Z,2) =11(3)'R(%,2) = I(2) ' R(z,2)T = [R(z,2)11(2) T = V(2,27

hence 1 — Viy(z,2) = 1 —Uy(Z, z) < . All statements are true for any k € [K] and ¢ € [L]. O

F.1.1. PROOF OF LEMMA 1(A)
For the lower bound, by (93) and (B3.2),
et (Y 2) = M (Y, 2) U (2, 2) > Miwr (y, 2)Uprr (2, Z)
> (1 =) (y,2) > Mg (y, 2) — C5 | A |0
where the last inequality is by v < C, and Age (y, 2) < ||Al|oc. For the upper bound, we write
New (4, 2)Ustr (2, 2) = Mo (4, 2) U (2,2) + ) My, 2)User (2, 7).
£

The first term obviously satisfies A\ge (y, 2) Uppr (2, 2) < Ager(y, 2), hence

Mo (45 2) = Mo (4, 2) <D ey, 2)Us (2, 2). (96)
oAl
By (B3.3), for every ¢’ € [L],
1. - . - .
e (2) > %U vz =2 =l = mp(Z)Vpe(2,2) > (1 —y)mp(2). (97)

By (A2), for every ¢ and ¢, we have 7y (z) < B%m(2), hence

z 2
Ut (5:2) = — s Raee,9) = 20 Va2, < 1

Vw(z,é).

Combining with (96)
2

Mo (Y, 2) — M (y,2) <

N By
D Neely, 2)Vaw (2, %) < 1 ey, 2)lloo (98)
Iy -7

where the last inequality is by (B3.3) and that V' is column normalized. This proves the upper
bound, and completes the proof of |[A(y, 2) — Alc < C;||A|ls. Since we assume C, < 1, it
follows that ||A(y, 2)||co < 2||Alco-
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F.1.2. PROOF OF LEMMA 1(B)
Recalling (94), we have
Moo (5, 2) = Ups (@ 0) Mt (4, 2) = Ui (5,9) Moo (0, 2) + D Ui 9) Mo (9, 2).
kK
y (B3.1), the first term is bounded as
(I =NAwe(y,2) < Upw(9,9) Ao (y,2) < Awe(y, 2)
and the second term as
0 < Z Uk’k(?%y)AkK’(ya 5) < 7”)‘*5’(:% )Hoo
kK

recalling that U is row normalized hence st&k, Ugp =1 — Uiy < 7, by (B3.1). Combining
the two bounds, we have

Mo (§,2) = Mo (y,2) € [=v e (y,2), 0] 4+ [0, 7| e (¥, 2) || o]
- ||)\*€’(y7 )HOO[ 777]

showing that ||A(7,2) — Ay, 2)]lcc < V||A(Y, 2)||co. Combining with [|A(y, 2)||cc < 2||Allcc from
part (a) of the lemma, we have the first assertion of part (b). The second assertion follows
from v < 1/2 and part (a) by triangle inequality. (Note that assumption 6Cyw < 1 in fact
implies v < 1/6 since f,w > 1 and v < C,,.)

F.1.3. PrROOF OF LEMMA 1(C)

Recalling definitions of Az and Mee(9, Z2) from (22) and (23), we have

n m

ne(§) [Mee = Mee(@ )] =D (A ) Wgi =k, 2 = ¢}

=1 j=1

which is of the form S = Z X;; with independent centered terms X;; = A;; — E[A;;] with
[ Xil < 1 and ), ]EX2 = Z” var(A;;) < 32 EAi; = ng(9)Ake(9, 2). Note that the sums
in these expressions run over {(¢,7) : 9 = k, Z; = £}. Applying the two-sided version of
Proposition 2, with v = ng(9)A\xe(9,2), t = 7 and ¢ = 1, we have

P (| Ake = e (@, 2)| > A, 2) 7) = P () | Are — Me(5 2)| > ne(§) Ae (5, 2) 7)
< 2exp( k(7 ))\ké(ya )hl( ))

Applying union bound over (k,f) € [K] x [L], and using part (b) of this lemma, we have
A = A7, 2)||oo < T||A(T, 2)|loo < 47||A]loo with probability at least

1= 2K L (= minni(§) min Me(7, 2) b (7).

We have ng(§) > nmi(y)(1 —v) > n(BK)~!/2 using (B3.1), (A2) and v < 1/2; see (97).
Similarly, since ||A(7, 2) — Alloc < 3C,||Alloc, wWe have

ngllp)\kf(gy 5) > Amin _3C’yHA||oo > Amin(1 _3C'yw) > Amin/2-
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F.2. Proof of Lemma 3
Let bi = bix(Z). Recall (46), (47) and (48), and let

Sk = Sy (b, A), Zg = Zito(bix, M), Yikr = i (Dis, ).

For any event A and random variable X, let us write E[X;.A] := E[X14]. Consider the
following event: A := {A € #,(0)}. Pick some i € [N] with y; = k. Then,

E[Sk; A] = E[Zus A] = P( | {Tr 2 0} n.4)

r#k
<Y P(Yikr(bin(2),A) 2 0, A € 2B4(5))
r#k
<Y P(3A € B1(8), Yirr(bin(2),A) > 0)
r#k
< Zexp (—Ikr —1-77) =Pk
r#k

where the last inequality follows from Lemma 2 with 7, defined there. Using Markov inequality

P(gk > tpy) < IED({gk > tpr} NA) +P(A%)

E[S, ;A 1
< EB6A L pgey < L ypaey.
tpk t
for any ¢ > 0. The version of Markov inequality used follows from (pointwise) inequality:
Lix>uyla < (X14)/u. Taking t = e* complete the proof.

F.3. Error exponents

We start by obtaining a bound on the error exponent (i.e., the negative logarithm of the
probability of error) for binary hypothesis testing in an exponential family. This result is
a generalization of the result that appears in Abbe and Sandon (2015), and is proved by
the same technique. The result (and the technique inspired by Abbe and Sandon (2015)) is
interesting since it provides a bound different than the classical Chernoff bound on the error
exponent (Chernoff, 1952); see also Verdd (1986) and Theorem 11.9.1 of Cover and Thomas
(2006). This leads for example to a sharper control for the case of Poisson hypothesis testing.
We start with the result for a general exponential family and then in Appendix F.3.1 specialize
to the case of interest in this paper, the Poisson family.

General exponential family. Let 7(¢;7) denote the density of a 1-dimensional standard
exponential family w.r.t. to some measure v on R:

w(t;y) = h(t) exp (vt — A(7)). (99)
We consider distributions on R” that are products of these distributions, having density:

L
p(z;0) = Hﬂ'(xg,Hg), x = (zy) € RE, 6= (0p) € RE (100)
=1

with respect to u = v®% (L-fold product measure whose coordinate measures are all v/).
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Proposition 3. Let p,.(z) := p(x;0,), r = 0,1 be two exponential family densities on R
(relative to p = v®%) as defined in (99) and (100). Assume that v is either the Lebesgue
measure on R or the counting measure on Z, and that 6y # 6. For s € (0,1), let

Os0 = (1 — 5)00¢ + sb1e, and Iy = [(1—5)A(Oor) + sA(610)] — A(0sr), (101)

as well as I = Zlngl Isp, T :={L: 0o # 010} and

2 is I
Cla) = / ety (t) = {a v is Lebesque, (102)

1+e @ 2 . .
= < s V1S counting.

Consider testing pg against p1 using the likelihood ratio test based on a single observation. Let
pr be the probability of error under p, for r = 0,1. Then, the sum of the error probabilities is
bounded as

PeotPey < jnf inf [6_1‘“”71'(';HSZ)HOOC(min(s,l—s)wog—ﬁwo] (103)

Remark 7. The proof goes through for any translation invariant measure v (e.g., a Haar
measure) with an appropriate constant C'(«). It also goes through if we replace ¢ in (99) with a
general sufficient statistic ¢(t), as long as (1) ¢ is surjective from the support of the exponential
family to R and (2) C(a) = [e~*®ldy(t) < oo for all @ > 0 and (3) ¢ has a measurable
inverse.

Remark 8. Let s* be the maximizer of s — I;. Then, noting that a — C(«) is decreasing,
Proposition 3 implies

P.o+ P.1 <exp (—IS* +log || (- ;0s4¢) |00 + log C(a*)), where, (104)
o = min(s*, 1 — s*) max 0oy — 014|. (105)
Le[L]

The bound is an improvement over the Chernoff bound if log||7(-;60s+¢)||c is negative and
log C(a*) is controlled. This is the case for the Poisson distribution as we show in the sequel.

F.3.1. POISSON CASE

The Poisson case corresponds to (99) with v = log A, h(t) = (1/t1)1{t > 0}, v = the counting
measure and A(log\) = \. Letting 0y = log A\g for all s € [0, 1], we have from (101)

Xot = Agg Al s = [(1 = 8)Aoe + 8hae] — Asr-

We also note that |0, — 61¢| = |log(Aoe/A1e)|- Let us define

L
s* =argmax Iy, and, I*= max I;, where I5= leg
s€(0,1) s€(0,1) =1
We will assume
Xoe/ A € [1/w,w], V¢ € [L], for some w > 1. (106)

The following lemma shows that s* stays away from the boundary:
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11—

Lemma 17. Assuming (106), we have s* € | - 55

1
2w?

Proof of this lemma and subsequent results appear in Appendix G.4. From (105), we have
o = min(s*, 1 — s*) maxy | log(Age/A1¢)| in the Poisson case. Defining

Mo A 1
(—04 v —”) —1, a0 = 5 log(1+ 1) (107)

= A) =
€01 801( ) max /\1@ /\04

Le[L]
we note that o = min(s*,1 — s*)log(1 + £¢1), hence Lemma 17 implies a* > ag1, that is,

C(a*) < C(ap1) in (104), where C(-) has the form given in (102) for the counting measure,
ie.,

C(aor) = = < 1— o—oon < o +3

1+ e @0t 2 (a) ( 4 )w (108)

where the last inequality is by the following lemma:
Lemma 18. Inequality (a) in (108) holds.
Next we bound the maximum of the density:

Lemma 19 (Hodges and Le Cam (1960)). Let m(t;log\) = e t(A\'/t1)1{t > 0} be the desnity
of the Poisson family. Then, for all A > 0,

1 1
Im(-5og il < (14 355) o=

In particular ||7(-;log \)[|oo < exp (—3 log ) for A > 0.056.

Combining Lemmas 17, 18 and 19, we have the following corollary which gives the following
overall bound on the error exponent:

Corollary 6. Consider testing two Poisson vector models with mean vectors given by the rows
of A = [Now; Mi € Ri_XL, satisfying (106). Let Apin = mingg \.g. Then, the sum of the error
probabilities for the likelihood ratio test is bounded as

P.o+P.1 < w(;ﬁl + 3) exp (—I* — %log Amin>. (109)

We also have the following general lower bound on £¢; in terms of the information I*:

Lemma 20. Let A = [\o.; A1) € R3*F. There exists ¢ € [L] such that

Aos 1 8I*
log 2%] > Yoo (1
} 83l = 2 °g< +L||A||oo)’

which implies €91 > min (ﬁ, 2).

Although the bound in Lemma 20 holds without any further assumption, it is not always
tight. The difference in our two sets of results, namely (13) and (14) is due to using the sharper
bound (109) versus replacing €91 with its universal lower bound.

Lemma 21 (Perturbation of £91). Suppose A" € B (), and let ey = €o1(A") and 01 = €01(A)
as in (107), and assume (106). Then ey > €01 — 2w(1 + £01)0.
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F.4. Approximation results for Lemma 2(b)

Let us collect some approximation lemmas that will be used in the proof of Lemma 2(b). The
proofs can be found in Appendix G.4. We write pmf for the probability mass functions. We
recall that a Poisson-binomial variable with parameter (pi, ..., p,) is one that can be written as
>, X, where X; ~ Ber(p;), independent over ¢ = 1,...,n. We write pmf for the probability
mass function.

Lemma 22 (Poisson-binomial approximation). Let ¢(x;\) be the pmf of a Poisson variable
with mean X\, and let ¢(x,p) be the pmf of a Poisson-binomial variable with parameters p =
(p1,.-.,pn) where 2?21 pj = A. Let p* := max;ep, pj. Then,

tp(x,p) < e:z:p*7
p(z; )
This result immediately extends to the comparison between vector versions of the two
distributions:

Vz € Z+.

Corollary 7 (Poisson-binomial approximation). Let p(*) = (pgg), .. ,pgf;)) € [0,1]™ be a vector
of probabilities for each £ € [L] and let X\ = Z;lel(-z) € R,y. Let

L
Oz, (PN, ..., p")) = [[ 3w ), for eachw = (21,...,wp) € Zk (110)
(=1

be the pmf of a vector Poisson-binomial variable, and ®(z, (A1, ... A1) = Hé::l o(xp; AO)
be the corresponding vector Poisson pmf. Then, we have

L

< exp (p* Zm3>, Vo € Zi,
/=1

o(z, (p), ..., p1)))
Bz, D, ., A))

where p* = max{pl(g) i€ [ngl,l € [L]}.

Lemma 23 (Poisson likelihood approximation). Suppose max(|[A1 — Al,[A2 — A|) < p < 1A,
then for any x € Z4, we have

¢(x; M) 3pz
S <o ()

Lemma 24 (Degree Truncation). Let by = > e bie = 2271 Aij be the degree of (row)
node i. Then,

P(bit > 5L{|Afloo) < exp(=3L[|Afloo)-

of Lemma 24. Let row node i belong to row cluster k, and let b;y = ZZe[L] by = Z;”:l Ajj
be its degree, with expectation Ay, := ZZE[L] Ake. By definition, we have Agy < L||A|oo. We
would like to find an upper bound on the probability

]P’(bi_;,_ > 5LHAH<>0) < P(bi+ — Ay > 4LHAH<>0)
We let v = Agy4, vt = 4L||A||oo, s0 t > 4. By Proposition 2, we have
2t
P(bit — Mo+ > 4L[|A]|o0) < exp [—thlog (1 + ?)} < exp <—th> < exp(—3L||Al|)-
O
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F.5. Proof of Lemma 2(b)

Fix i € [n] such that y; = k, and Z € [K]" and let b, = b;«(2). Throughout, let A" = (X)) :=
A(y, ) which belongs to %, (d) by assumption. Denoting the kth row of A" as A}, we have
E[bix] = Mg For r # k € [K], i such that y; = k and A € B, (9),

. Ao -
Yikr (bis, A) = > bjelog A—’f + Ape —
=1 ke =1

where p := J||A||so is the radius of % (). Hence,

Mh

[b log 37— P Aot — A + Qp] —y*

P(3A € B, Yirr(A) > 0) < P(Y* >0) = P(by € F),
where we have defined (recalling the definition of ¥ from (33)):
F = {x € ZJLr (s A | A —p) > —2Lp}.

Degree truncation. Let b = > ¢y bie = 3272 Aij be the degree of (row) node 4, and

L
E= {ac ezt < 5LHAHOO}. (111)
/=1

Using Lemma 24, we have P(b;x ¢ E) < exp(—3L||A||oc), which is faster than the rate we want
to establish. Hence, for the rest of the proof it is enough to work on {b;. € EF}. We have the
following two approximations on this event:

Poisson-binomial approximation. Recall that P is the connectivity matrix and we have,

[Alloo_ BLIA]lo

Plleo <
1Plloo < min;ni(z) = < m

(112)

where the first inequality follows from definition of A in (2), and the second from assump-
tion (A2). We note that by = by(2) = >_7°, Ai1{Z; = (} as defined in (27), follows a
Poisson-binomial distribution. In order the describe the parameters of this distribution, let us
introduce the following notation

labg(2) := (z; : j € [m] such that z; = ¢},

that is, the vector of true labels associated with nodes in the £th cluster of z. Then, Py 1ap,(z) =
(Pryz; + j€[m]st z; =14) € R™() is the probability vector associated with the Poisson-
binomial distribution of b;y. Also, let

lab(Z) := (laby(Z),...,laby(2)), and Pylapz) = (Prlabi(z)s - - Prilaby(3))-

Then, we can say that bix = b;«(Z) is a product Poisson-binomial distribution with parameter
Py 1an(z)- In particular, b, has pmf ®(z; Py jap(z)) as defined in (110). We also note that
E[bi«(2)] = Mix(y, 2) = Ap,. Tt follows from Corollary 7, noting that ||Py 1an(z)lleec < |Plloo
combined with (112),
GIV) xz; P 5 L 58L2IIAII2
(25 Prta(z)) BL?| Hoo) (. Ve cE

<I>(ac }\2 ) < exp (HPIﬂ,lab(Z)Hoo fo) < exp ( m
e =1
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Poisson likelihood approximation. Recall that p = 0||A|lsc. Since by assumption, wd < %
we have p < % < %Amin. Recall that by assumption A" = (\,) € #(0). By Lemma 23,

(z; )‘k*
(SU Ak* -

< I ew (S +20) <o (2t 3 2 LAl
=N o

< exp (17wL,0> =: (2, VxekFE.
With some abuse of notation, we treat ® and ® are measures as well, thus, for example,
O(E) =) ,cp ®(x). Then, we have
Pbix € ENF) = (ENF;P) < GO®(ENF;N,) < GeO(ENF; A\ —p).  (113)

Thus, it is enough to bound ®(F’; Ag. — p) which gives a further upper bound. This quantity
is closely related to testing Poisson vector distributions with mean Ag, — p and \.. — p against
each other. Let us write po(z) := ®(z; A\gs — p) and p1(z) := ®(z; s + p) and note that
(i A+ | M — p) = log(p1 /po). We have

> Bk —p)= > pol) 1{ log pz) > —2Lp}

zeF eri pO(I)
2Lp
= 3 o) 1{6 pi) o 1}
eri po(:C)
< 3 min (Mpi(@), po(x)) < 3 min (pi(), poe)).  (114)
ek zelZl
Let us define
L
LMo | M) = [shoe+ (1= $)Aie] = AjeAp®s Aos M € RE. (115)
(=1

||A||oo+P < ‘UAm;n‘l' Amm

Amin -p 3 dmin

We can now apply Corollary 6. Since
Corollary 6 by 2w. It follows that

< 2w, we need to substitute w in

S min (p1(e), po(a)) < Gexp (s + | Ake = )~ 5 108(Anin — 0))

zeZi
1 2
< (3exp <—Is()\k* | Adrs) +2wLp — 7<log Amin + log g))
< 8 \/7@, exp Is(Miw | Ars) +2wLlp — = log Amm> (116)

where (3 = w/(egr — 2w(1 4 €kr)d) + w from Lemma 21, and the second line follows from the
following elementary inequality:

(a—p)t 5+ p)° <al™® (bs + bfi) < a7 + pw
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assuming a/b < w. Note that Iy, = supse(o 1) Is(Ar« | Akx). Putting the pieces (113), (114)
and (116) together (and taking supremum over s) we have

1
P(by € ENF) < 8\/§ng3 e2LPH20Lp oxpy (—Ikr — 5 log Amm).

We note that

BL% A 5BL2A|Z,
m m

log(¢1Go e2PH20ley < 17wLp + +d4wLp < 2lwLp + =:log(y

It follows that
1
P(bi* c EN F) < (3¢sexp <_Ikr - 5 log Amin) .
Finally we have
]P)(bi* S F) < P(bi* € EﬂF) —I—]P)(bi* S EC)
3 1
< 8\/QC3C4 exp (_Ikr - 5 log Amin) +exp (_SLHAHOO)
1
< 11§3C4 exp <_Ikr — § log Amin>7

assuming that Iy, and Ay, are sufficiently large. Noting that by the definition of 7, in the
statement of the theorem, ng, = log(2¢3¢4), the proof is complete.

Appendix G. Remaining proofs

G.1. Proofs of Appendix B.2, B.3 and B.4

Proof of Lemma 4. We have ny(y(?) ~ Hypergeometric(n/Q, n(y),n). For any fixed k € [K]
and ¢’ € [Q], the concentration of hypergeometric distribution (Chvétal, 1979) gives | (y(4))—
71(y)| < € with probability at least 1 — 2exp(—né?/Q). The same probability bound holds for
|me(2(9) — m(2)| < €, for any fixed £ € [L] and ¢ € [Q]. Taking the union bound over k, ¢, q, ¢
gives the desired result. O

Proof of Lemma 5. Recall the definition of the true local mean parameters in (26), and the
corresponding global parameters in Section 4.1. We have

A ne(z
A9 2K _ py, (W(Z(q)) _ 2 )>

Q Q
(a) ()
_ Dreng(2) (W(z ) 1) _ M(W(z ) 1>'
Q ¢ (2) Q \ m(z)
Since |m(2(@) — myp(2)| < € and 7m(z) > 1/(BL) by assumptions (Bda) and (A2), the first
inequality in (57) follows, from which we have the second inequality by (B4a). O

Proof of Lemma 6. From Lemma 5, we have ||[AD — A/Q|lso < (ELB)||A/Q]loe and ||AD || <

31A/Q||o- Note that A9 is the true (local) mean parameter matrix associated with subblock
A9 | and this subblock has n /(2Q) rows. We will apply Lemma 1 to the submatrix A9 and
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sublabels z(?) and y(@. In order to do so, we have to verify conditions (A1), (A2)) and (B3)
for the subblock. (Condition (B3) is satisfied by assumption.) By Lemma 5, we have

IAD]ss _ 1Al
A(q) o Amin

min

< 3w.

By (55), the condition (A2) holds with 8 replaced with 23. We also need to replace Api, in

Lemma 5 with Al(gi)n > Amin/(2Q), and C,, with 4C., (more precisely, we are replacing C, g with
C, 23). Thus, assuming 6(4C,)(3w) < 1, we obtain

£ Amln
2Q° 2Q
where p;(+) is as in (45). Since ||A@]|o, < %HA/QHOO, 4(4C’7—i—7')||A(‘1)||C>O < (24C,+67)||A/ Q|-
Thus, on the event in (117), we have by triangle inequality

P(JAED) — AD||og < 4(4C, + P)IAD ) = 1 = 2p1 (7 28) ()

IAD — A/Qlo < 4(4C, + 7)Ao + (ELB)IIA/Qlloc
3
4(4C, + )5 + LB I1A/Qlle
which is the desired result. O

Proof of Lemma 7. For the proof, it is enough to consider A = [A\g; A\] € R%_XL, where A\g, A\1 €
R% are the two rows of A. Similarly, let A = [\g; Mi] € R¥*E € #4(5). Let us define

~

Lo | M) = Z 1— 8)Xoe + shie] — Agp *Xpe do, M € RY (118)
/=1

and ay = max{|Aos — 5\05|, |A1e — :\1g|}. We have

~

1,00 | 2) = Lo | 30)] < 37 [+ [N oxe — %l |.
/=1

Consider the function f(a,b) = a'=*b* for a,b > 0. Assuming max{a/b,b/a} < w, we have
IV f(a,b)|l1 < (1—s)(b/a)® + s(a/b)' ™5 < (1 —s)w’ +sw' ™ <w

using w > 1. It follows that la!=5b® — u'~*v®| < wmax{|a — ul, |b —v|} for a,b,u,v > 0. Thus,
[ Is(Mo | A1) —Is(Ao | M)| < (1+w) Yoy ap < 2wLS||Al|oo since maxy oy < 6]|Al|o by assumption.
Taking the supremum over s gives part (a). O

Proof of Lemma 8. Assume dMis(y,y) < « and let ny = |i : y; = k| and Ny = |i @ y; =
k, §i = k'|. Then,

n dMis(7, y) Z Z N < an < —nk =: eng.
k k'+k

It follows that ), Lk N < eny, for every k. We also obtain Ny < eny, for all k and &’ such
that k # k’. Since >, Ngx = ny, we have Nii > (1 —e)ny. Thus, as long as € < 1/2, we have

52



OPTIMAL BIPARTITE NETWORK CLUSTERING

Ny > Ny for all k and &' such that k # k’. That is, the diagonal of the confusion matrix is
bigger than every element in the corresponding row. Now take o # id. Then, there exists k
such that k' := o~ 1(k) # k.

Nip=li: yi=k, o) =kl = |i: yi=k, §; = k| = Ny < N
Then we have

ndMis(a(§),y) = > _(nk — Ni) > > (nk — Nig) = ndMis(, y).
k k

showing that id is the unique optimal permutation and proving part (a). For part (b), we note
that [{i:9; = k}| > Nir > (1 — e)ng, > (1/2)ng, whenever € < 1/2. O

Proof of Lemma 9. Assume that Mis(7,y) < o and Mis(7/, y) < a where a < %mink 7(9). By
definition of the optimal permutation, dMis(c (%), y) < « and dMis(¢’(7'),y) < . Since dMis
is a metric (being the sum of discrete metrics over the coordinates), we have

1
dMis(o ™" 0 o' (§/), §) = dMis(o' (i), 0(9)) < 20 < 5 minmi(§)

where the first inequality is by the triangle inequality for dMis and the second by assumption.
Applying Lemma 8 gives the desired result. O

Proof of Corollary 2. Take ¢ = 2 for simplicity. Assume that (60) holds with constant 8 in
place of 32, which is all we need for this lemma. We have

(7’L/2) dMiS(O'12 (g(l))’ y(l)) <n dMiS(O'lg(g(l’2)), y(LQ))

by the definition of the dMis. It then follows that

, ) 11
dMls(alg(y(l)),y(l)) < 2%7 < kaln Fk(y(l))

where the second inequality holds by the counterpart of (55) for row labels. Applying Lemma (8)
we conclude that o1 = o* () = yM) =: 0y . O

Proof of Corollary 3. Take g = 2 for simplicity. Let ¢ = 1/(328K). By assumption, we have
Mis(5(12), y(12)) < ¢ and Mis(§3),y33)) < . By Corollary 2, 012 = 09 and o093 = o).
Then, the argument leading to (38) implies Mis(§(?),y®)) < 2¢ and Mis(7/®,y?) < 2¢. By
assumption,

Mis(7'®), y®) < 26 = — lm,jn m(y®) <

— < i 5(2)
168K = 8 min 7 (57)

k

> =

where the second inequality holds by the counterpart of (55) for row labels, and the third
inequality follows from the second inequality and Lemma 8(b). It thus follows from Lemma 9
that o5 ' 0 0 = o*(§'® — §(@)) which is the desired result. O
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G.2. Proofs of Appendix C.1
Proof of Lemma 1/. Let us define I := I, and

L
Z (1= 8) Akt + 8Are — Aig Ny
(=1

in this proof. For s € [0,1], s — I is a concave function and Iy = I} = 0. We have defined

I := I+ =supycp,1) Ls- Suppose s* > %, since 0(1 - 2;) + % = % and % > %, by concavity,

1 1 I
B2 (1= g ot gl 2 5l = 5

Similarly, suppose s* < %, I /5 > 12 still holds, from which it follows that

D e = 20)? = Y (Ve = V) (Vre + VAke)? = (1/2)(4Amin) = 2Amin ]

Le[L] Le[L]
Taking the minimum over k£ and r completes the proof. O

Proof of Lemma 15. Recall our choice of £ in (75)—which will also be assumed in this proof—
giving P(P¢) = o(1) as shown (78). By Lemma 5, we have A0 e PBrjo(ELB) for all ¢ € [Q)],
which combined with Lemma 7 (applied with § = {L3) gives

2w(LB)LI[A/ Qo 2

BV LR v [Tw) = Q

T (A9) — I, (A/Q)| < 2w(ELB)L||A/Qlloc < 5

using (75). Thus

2 I :
Imin A(q) > Imln A Q -8 = s

(AD) > Lun(A/Q) = 5 = 35
as Imin — 00. We are now ready to apply Corollary 5 to the Algorithm 4 operating on
subblocks in G§°!. It remains to verify that assumption (86) translates to condition (85) for the
subblocks. Indeed, we have to replace I, with Imin(A(q)), w with 3w (by Lemma 5), 8 with

2/ (by (55)), and « with ZZT/; = 2 since the subblocks in G$! are of size 2 x 2. Therefore, by

assumption (86),

(28)2(3w)KL(K A L) (a/2) < 6QB°w*KL(K AL)«

< _2
(A < 7~ <Ci(1+ k)72 (119)

verifying condition (85) on the subblocks. Applying Corollary 5, we have the misclassification
rate of §(9 satisfies

. (14 )2(3w)(28)L(K A L)(a/2)
MlS(y(q), y(q)) < 26 (T30

which is the desired result. O
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G.3. Proofs of Appendix F.3

Proof of Proposition 5. Step 1: Interpolation. Assume without loss of generality that 6y, #
011 and fix some s € (0,1). It is enough to establish the bound for £ = 1 and this particular s.
Let P, := P.o + Pe1 the be sum of the error probabilities under the two hypothesis. Then,

P, = /pol{po < pi}dp+ /p11{p1 < po}dp (120)

= /min(pg,pl)du = /p(l]spf min(1*, 15" Hdp. (121)

where | = po/p1 is the likelihood ratio. Let pyy := 7(-;6,0) so that p.(x) = [[, pre(xe).
Similarly, let

Poc " Pie
[ pog " piedv

1-s s
by P
Ps = Pfsl, and  pgp =
Jpy " pidp
It is easy to see that ps(z) = Hlepsg(xg) and each pg is a probability density (w.r.t. v). One
can also verify that

(122)

[ piad = e, and pu = (360,

hence ps = p(-;0s) using definition (100). That is, ps defined in (122) belongs to the same
exponential family, with parameter 65 interpolating 6y and 6;. We also note that p(l)g_s Dy =
e Tstpg,, hence p(l)_s p} = e Lsp,. Substituting into (120), we obtain

P.,=els /ps min (1%, 1°" 1) dp. (123)
Step 2: Reduction to the single component case (L = 1). Using p,¢(t) = m(t;0,¢),
we have p(t)/pre(t’) = exp(6,0(t — t')), hence

poe(t) pre(t’)
poe(t') pre(t)

Using p,(x) = [, pre(ze), the likelihood ratio can be written as

= exp [(Boe — O10)(t — 1)]

Po(2) poe(xe)
i(x) =20 =TT here  lo(xy) = = exp [(0r — 01)7 — A(60r) + A(012))-
(x) p1(z) 1;[ ¢(zg), where lo(xy) pre(ze) exp [( ¢ 10)T (Boe) + A( 1@)]
(124)
As long as 6py # 014, Iy is well defined on R and maps onto RT*. For any (z9,...,x1), let

x} = zi(z2,...,xr) be the solution of the following equation:

L
() [ le(xe) =1
=2

which always exists in R (and not necessarily on the support of the exponential family). Then,
we have, setting 6= 901 — 911,

(o) = Ii(z1)  poi(z1) pr(x})

- ) = por (&) pri (1) = exp [(001 —611) (21 — x’{)] = exp[d(z1 — x7)].
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It follows that
min(l(fl’)s,l(l‘)s_l) < 6—min(s,1—s)\5(z1—x’l‘)| _ 6—a|x1—rf|
where we have defined « := |§| min(s,1 — s). Recall that ps(x) = HeL:1 pse(z¢) which we write

compactly as ps = H£:1 pse. Let us write i = p' x u? as the product of underlying coordinate
measures. By Fubini theorem, we first integrate over the first coordinate in (123):

et = /Hpse[/psl min(ls,ls_l)dul}d/ﬂi (125)

Let J = J(z2,...,xr) denote the inner integral in (125) (in brackets). We have the bound

J < /mﬂm)e“'“xﬂdul(m) < Hps1|!oo/e“'“ﬂ'dul(xl).

Note that =7 is the only place where dependence on (z2,...,xr) appears in the bound. Since
u! is either the Lebesgue or the counting measure, and both these measures are translation
invariant, the bound is in fact independent of x]. That is, we have J(xa,...,z1) < C(a)||psi|loo

for all (z2,...,z1). It follows that the same bound holds for P. by (125), that is,

L
P < C@lpale [ ([Toe) i = C@lpal
=2

since Hngg Pse is a probability density w.r.t u%¥. Since the choice of the coordinate ¢ = 1 and

s was arbitrary, the proof is complete.
O

G.4. Proofs of Appendix F.3.1

Proof of Lemma 17. Let f(s) = Ze 1(5— )Ake —8Are+ ALy *A3,, then f(s) is a concave function
of s on Ry. Since f(0) = f(1) = 0, s* € (0,1). First, we show the statement is true when
L = 1. In this case, s* satisfies

et — A1+ A NS log le) =0 (126)

Let z = i’“l Now (126) is equivalent to
1—xz+2° logz = 0.

Hence

() = 8= Do)

We extend the domain of s*(z) to 1 by defining s*(1) = 1, then s*(z) is an continuous increasing
function on (0,00). Since i” € [1/w,w], we have s* € [s*(1/w),s*(w)] C (0,1). One can
observe that s*(z) = 1—s (1/3:), we have s* € [s*(1/w),1 — s*(1/w)]. One can also observe
that s*(z) > £ for z € [0,1], so s* € [5,1 — 5]

Now suppose L > 1, let s7 be the optimizer of fy(s) = (s — 1) A — sApe + )\llﬁzs)\sg, we still
have s* € [5-,1— 5-]. The optimizer s* of f(s) = Zé::l fo(s) satisfies s* € [, 1— 5-] because

fe(s) is concave for every ¢ € [L]. O
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Proof of Lemma 18. We first note the following Laurent series:

1 1 r+1 -1 9
—_— = — -0 — 0
1-(142x)" rx + 2r ST (@7, asw
from which we get the inequality
1 rml 14l
< , f >0, r<l1.
1-142z2)" = = + 2 ore "

Let € = €91 and o = ;. Applying this inequality with » = 1/(2w) and x = ¢, and recalling
o = 5-log(1 +€), we have

2 2 2w
< - _ 9% ‘
Cla) < e 1-(+e/@ 2 6 + (14 2w)
Using 1 < w completes the proof. ]

Proof of Lemma 19. We have

A A e
M (-;log Mlloo = sup 5 < sup = ,
tez, 1 T ter, V2rA(t/e)t V2T
where the first inequality is by Stirling’s approximation and the last equality is by plugging in
the maximizer t = . O

Proof of Lemma 20. There exists £ € L such that

* * I
(1= ")k + 5" A = A * A% =
Without loss of generality, we assume Ay < A¢. Let s* be the optimizer of Ii,.. Dividing Apq
both side, we have

1—5*—|—S*)\M _ (M)S > Ikr > Ikr
Mot N\ ke Lge — LAl
Let us definef(x) := 1 — s* + s*z — 2°", then for z > 1,
1 1
fa) < 50— )5 @ = 1P < Lo~ 1)

Ikr 3 ' SIkT 3 l 81}(}7‘
Thus f(z) > A= implies z > /1 + TMAT=> OF equivalently, logz > 35 log (1 + LIIAIIOO)' O

Proof of Lemma 21. Without loss of generality, we assume A\g1/A11 = 1 + £01. Letting p =
0||A||lco, we have ||[A" — Allooc < p by definition. Let f(x) = (A1 — x)/(A11 + z). Then f(x) is
convex on (0,00) with derivative f’(z) = —(Ao1 + A11)/(A1 + )2, hence

Tou 2 2L f(p) 2 £(0) + 7'0)
Ny~ Aitp B
_ Ao )\01+)\11p: |4 eop — Aol + Ann
A1l M M '
Combined with
O||A| 0o A A
A% = ‘A1|1’ <wé and % =2+4¢e0 <2(1+e01) (127)
we have Ay, /Nj; > 1+ e01 — 2w(1 + €01)d which gives the desired result. O
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Proof of Lemma 22. Let X; ~ Poi(p;) independent over j = 1,...,n, so that 377 | X; ~
Poi(\). Fix x € Zy and let S(z) = {S C [n] : |S| = z}. For any subset S of [n] and vectors
a,B eRY, let ¥(a, 3,9) = Hjes a; ngés Bj. We have

(S
(ZX':.T X; €{0,1}, VjG[n])
Z [HP - ) [[Bx; = ] S w(e ), ), S).

SeS(xz) jeS Jj¢s SeS(x)

On the other hand ¢(z;p) = Y g sy ¥((p)), (1 = p;), 5). Thus,

p(zip) _ ses@ Y () (1—p;). ) < ¥((py), (1 —pj), S)
AN S S a0 ) (), 5) = S8 Gllge ), (e ). 5)
:Srélgx P((eP), ( 1—pj)ep3) S)

using (> a;)/ (>, bi) < max(a;/b;) which holds assuming the sums have equal number of terms,
all of which positive. Using (1 — z)e” < 1, It follows that

P(@;p) _ _ .
< Pi) (1).S) = Pj < TP
ol ) = 205 VD (0.8 = g T <
JjES
O
Proof of Lemma 23. We have
(x5 A1) </\1> Ar—A1 ()\—i—p) ( 20 \% , 2px
== < 1+ )epgex (7+2>.
Sz ha)  \hg X—p P PAINZ, 77
Since A — p > %)\ by assumption, the result follows. O

Proof of Lemma 24. Let row node i belong to row cluster k, and let b;y = ZEG[L} by =
Z?:l A;; be its degree, with expectation A\py := Zee[L] Ake. By definition, we have Mgy <
L||Al|so- We would like to find an upper bound on the probability

P(bi+ > 5L Al ) < P(big — Ay > 4L[[A || )

We let v = Agq4, vt = 4L||A||o, so t > 4. By Proposition 2, we have

P(bis — Aes > ALJ|A[lso) < exp [—thlog (1+ %)} < exp (-Zm) < exp(=3L||Al|ow).
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G.5. Proof of Lemma 2(a)

Proof of Lemma 2(a). Fix z and let bjx = b;x(2). For r # k € [K]| and i such that y; = k, and
A € B\(9),

L 5\ L
Yikr (bin, A) = Z [ ielog =— i, Akt — r€:| <> [ i log
-1 -

—I— Akt — e 4+ 2p| = Y*
ke 1 P

where p := 6||Al|oo is the radius of 24 (8). Hence P(IA € By, Yy, > 0) < P(Y* > 0). By
Markov inequality, we have P(Y* > 0) < E[e*¥ "] for any s > 0. To simplify the notation, let us
write v = slog[(Ave + p)/(Ake — p)] and wy = s(Age — Are + 2p), so that sY* = Zle big Ve + wy.
By independence, we have

L

L L
log E[e*Y*] = log E [ H ebie W‘*“”‘-’] = Z log E[ebie vetwe] = Z log [ew‘ZEeb””"] .
(=1 (=1 (=1

Since the mgf of a Poisson-binomial variable is bounded above by that of a Poisson variable
with the same mean,

L

lOg ]EGSYMT < Z wy + ¢(W, )‘k‘f(ya 2))
/=1

where (¢, 1) = p(et — 1) is the log-mgf of a Poi(u) random variable. Recalling the assumption
A(y, 2) € B, we have

L
o (Mt
Zwﬁ + (v, Aee(,2)) = [)\ké y, % <)\ki — Z) = Ake(y; 2) + 5(Ake — Are + 2P)]~
=1 =1

Since A(y,é) S %A((S), Akt ( ) < e + 5”/\”00 = Ape + p. Since Agp — p = gy — (5||A||OO >
= )\k€7

S
Moo\ (At (L3
Akt = Akt et —p

N\ . (14 L)
<ne ey o) (G|

< )\kg(i;i> gs-pr

Ar
< )\M(}\ki> + 3wp.

Moreover, App + p = A + 6]|Al|oc = Are + WOAmin < App + %Amin < %)\M. Thus, we have
)\M +p ® é)‘rﬁ s
p() Sp(g’ ) < 2wp.
Age = p FAke
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Taking infimum over s > 0, by Lemma 17, the maximizer s* of I, is always bounded between
0 and 1, hence we have

P(3A € Ba, Yige(bis, A) > 0) < P(Y, > 0)
< exp (— Ik + 8Lwé||Allsc) = exp (—(1 — ') Ii,).

G.6. Proofs of Section 3

Proof of Proposition 1. The upper bound has been provided by Corollary 6. Here we will
show the lower bound, using the notation established in the proof of Proposition 3 and Ap-
pendix F.3.1. We rename A\, and A.., and work with Ag. and Aj, instead, and we assume
throughout that, Ags, A7y > 1 for all £ € [L]. We recall from (123) that

P, = /min(po,pl)d,u =els /pS min (1%, 15~ Y dp, (128)
where p; is defined in (122) and [ in (124). Since p is the counting measure, we have

P, > max min(po(z), p1(x)) = max e Fpy(z) min(*(x), 15 (z)). (129)
zeZk xeZk

Finding the maximizer z over Z gives the lower bound. First, let us extend the Poisson
density as ¢(t;A) = Ale ™ /T'(¢t + 1) to any ¢ € R4, so that [ is well-defined on RY, given by

A
l(x) = exp ( Z mlog)\—?i — Ao + )qg), T € ]Ri.
Le(L)

Recall that Ay = )\(l)g_s)\‘fe, As = (Ase) and Iy = > ,[(1—5)Aor +5A10 — Ase] (cf. Appendix F.3.1).
We note that
dl,

A
s Z —Aoe + A + Age log </\7(1)E) = log(I(As))

Le(L]

The function s — I is concave, smooth, nonconstant (by assumption) and we have Iy = I; = 0.
Hence, the unique maximizer s* of s+ I5 belongs to (0, 1) and satisfies dls/ds|_, = 0, that is,
log(l(As+)) = 0, or equivalently po(As+)/p1(As+) = I(As+) = 1. By the definition of ps, we have

e_ls*ps* (As+) = péis()‘S* )P (As<) = po(As<) = p1(As+).

We recall that pg is the product of Poisson densities with parameters Ag. By a version of the
Stirling’s inequality for the Gamma functions (Jameson, 2015):

Dz +1) = 2l(z) < (2m) Y2272/ (120) 'y > 0
hence I'(z + 1) < Cy z"t1/2¢~% for all z > 1, where Cy = (27)'/2e!/12. Then,

e A

S O0—1y—1/2
L(A+1) = Co A

PN A) =
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from which it follows that

Ps* ()‘S*) = H ¢()‘s*€§ )\s*ﬁ) > C()_L H )\;1/2
lel Le[L)

Thus, e s CO_L Hz )\;1/2 is a lower bound on P, 4 whenever Ay € Zi. In general, A+ does
not have integer coordinates. Instead, pick any x € Zi satisfying || — As«||e,, < 1.

Since t — ¢(t; \) is a quasi-concave function (i.e., upper-level sets are convex), we have
o(t; N) > min{g(a; \), ¢(b; \) } for every t € [a,b], hence, for every t € [a — 1,a + 1], we obtain
using I'(z + 1) = 2I'(x),

Na—1 e+l e~ A\ a A
) > e mi = R bty
oA z e mm{r(a)’r(a+2)} P(a—l—l)mm{)\’a—i-l}’

that is,

A
>min{%,m}, tE[a—l,a-l—l]

Since |zy — Ag+g| < 1,

Asst Aoe
Xoe  Ase+1

por(ae) = por(Asee) min { b2 20) o)

where we have used, for any s € [0, 1],

oin (32,32} - (o (2322 ()2

and Ag+p/(Age¢ + 1) > 1/2 since Ag«¢ > 1. Similarly pis(x¢) > pre(As<¢)/(2w). Hence,

' min{po(As), p1(Asr)} el pe(Aer) el 12
Z min{po(z),p1(z)} > = - . > . H A
z€LY (2w) (2w) (2Cow) e[L]

where we have used min{po(),p1(z)} = e Lsps(x) min{l(x)*, I(x)*~ 1} and I(\s+) = 1. Thus,
P exp (~Lur — Llog(2C0w) — 5 log [All)
> exp (—IS* — Llog(QC’owg/Q) — glog Amin) (130)
using the assumption ||Allsc < wApin. The proof is complete. O

G.7. Auxiliary lemmas for Theorem 2

The following lemmas are used in the proof of the minimax Theorem 2.

Lemma 25. For a discrete probability distribution £ on Z, let us write pmf(x; L),z € Z4 for
the probability mass function of L. There is a universal constant ¢ > 0, such that for w > 1,

pmf (w;Bin (n, %)) > ¢ pmf (x;Poi(A)), Vo < 2wl < v/n/3. (131)
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Proof. Let p be the pmf of the Binomial distribution in (131). By the Stirling’s approximation,

nt V2rn(n/e)" et/(2n4D)
(n—x)! = \/2n(n —x)[(n —z)/ejn—z  /(12n-2)
> s nn(n - x)f(nfz)efx

n—x

where we have used = < 2n/3 to bound the second factor by ¢; from below. Hence,

o) = o () 0= 2) T G0 = e

ATe noo/m—A\""%
o
x! n—xr\n—x
We have \/n/(n — x) > 1. Using the inequality 1 +¢ > (1 — ?)e? for |t| < 1,
— n—x — n—x — 29n—=z
(=) =002 -G e
n—zx n—zx n—zx

Again by 0 < z < 2w\ < y/n/3 <n/3 and using (1 —x)" > 1 — nx, we have

— 29n—x — 2 2
[1_(/\ w>] Zl_(/\ x) Z1_(2@))\) Zl—n/9=§-
n—x n—x 2n/3 2n/3 6
It follows that p(z) > co A%e™* /2! which is the desired result. O

Lemma 26. Let pgy be the probability mass function of Poi(Age) and pre that of Bin(ng, Age/ny).
Let p, = ®ZL:1 Dre and p = ®£:1 pre and similarly define p, and p,. Assume that

max(Age, Arg) < min (w)\kg, WArp, \/”7/3)7 Ve € [L]

for some w > 1. Then, there is a universal constant C' > 0 such that the sum of the type I and
type II errors of the likelihood ratio test for py against p, satisfies

L
P, > exp (—IS* — Llog(Cw3/2) 5 log Amin)a

where Ig« is the information between \gy and Mg defined in (8) and Apin = ming(Age, Are).

Proof. For x € Zﬁ satisfying || — As+|loo < 1, we have 2y < Agep + 1 < 2wmin(Age, Arg). Then
by Lemma 25, p(x) > cl'pi(x) and p.(z) > c¢p,(x). Therefore,

Pe,+ > max min (Pk(l‘)apr(l")) > c* max min (ﬁk(ﬂg)?ﬁr(‘r))
mGZf_ T || z—Ag || oo <1

L
> clexp (—IS* — Llog(2Cow3/2) ) log Amin>
> exp (—Is* — Llog(ng/z) — %log Amm),

where the third inequality is by (130) and C and Cj are positive universal constants. The proof
is complete. ]
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Appendix H. Extra Simulation Results

Here we present extra simulation results under the setup of Section 6. The following figure
shows the overall NMI and log. error rate for different values of C' and a: The next figure
illustrates the results for unbalanced cluster sizes. To be specific,

(1,4,6,9)
20

(1,3,4,6,7,9)

m(y) = 30 ,

and 7(z) =

which implies 8 > 3 according to (A2): We also consider the setting where the number of the

-0.8 - T ey

NMI (Overall)
log miss. (overall)

200 400 600 800 1000 1200 1400 1600 1800 2000
average # of nodes per cluster average # of nodes per cluster

clusters of one side is significantly greater that of the other. We let K =4, L = 12 and

1 2 3 4 5 6 7 8 9 10 11 12
4 5 6 v 8 9 10 11 12 1 2 3
7T 8 9 10 11 12 1 2 3 4 5 6
10 11 12 1 2 3 4 5 6 7 8 9

B =

The simulation results are as follows:
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