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Abstract

Stochastic gradient Langevin dynamics (SGLD) is a fundamental algorithm in stochastic
optimization. Recent work by Zhang et al. (2017) presents an analysis for the hitting
time of SGLD for the first and second order stationary points. The proof in Zhang et al.
(2017) is a two-stage procedure through bounding the Cheeger’s constant, which is rather
complicated and leads to loose bounds. In this paper, using intuitions from stochastic
differential equations, we provide a direct analysis for the hitting times of SGLD to the
first and second order stationary points. Our analysis is straightforward. It only relies on
basic linear algebra and probability theory tools. Our direct analysis also leads to tighter
bounds comparing to Zhang et al. (2017) and shows the explicit dependence of the hitting
time on different factors, including dimensionality, smoothness, noise strength, and step
size effects. Under suitable conditions, we show that the hitting time of SGLD to first-
order stationary points can be dimension-independent. Moreover, we apply our analysis to
study several important online estimation problems in machine learning, including linear
regression, matrix factorization, and online PCA.

1. Introduction

Adding noise to the stochastic gradient descent algorithm has been found helpful in training
deep neural networks (Neelakantan et al., 2015) and in turn improving performance in many
applications (Kaiser and Sutskever, 2015; Kurach et al., 2016; Neelakantan et al., 2016;
Zeyer et al., 2017). For example, Kurach et al. (2016) proposed a model named Neural
Random-Access Machine to learn basic algorithmic operations like permutation, merge,
etc. In their experiments, they found adding noise can significantly improve the success
rate. However, theoretical understanding of gradient noise is still limited. In this paper, we
study a particular noisy gradient-based algorithm, Stochastic Gradient Langevin Dynamics
(SGLD). This algorithm intends to minimize a nonnegative objective function of form

F(X)=Fyurf(X,w), X eR% (1.1)
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Often, the distribution 7 describes either a population distribution or an empirical
distribution over a given dataset. At each iteration, the SGLD is updated by

Xni1 = Xn = 01V (X, wni1) + dov/Mns1Cns- (1.2)

Here V f (X, wn+1) is the stochastic gradient of the objective function, wy, are i.i.d. samples
from 7, (41 ~ N(0,1;) is a standard d-dimensional Gaussian random vector, and 7,41
is the step size parameter. As compared to the stochastic gradient descent (SGD), the
SGLD imposes a larger step size for the noise term (i.e., \/f,11 instead of 7,11 for SGD
and 7,41 will decrease to zero as n — 00), which allows the SGLD to aptly navigate a
landscape containing multiple critical points. SGLD obtains its name because it is a discrete
approximation to the continuous Langevin diffusion process, which can be described by the
following stochastic differential equation (SDE)

dX; = —VF(X})dt + SodWy, (1.3)

On the other hand, it is worthwhile noting that SGLD is different from the direct discretiza-
tion of (1.3), which can be written as

Xnt1 = Xp — 1 VE(Xy) + 00/t 1Cn1- (1.4)

Algorithm (1.4) is known as the Unadjusted Langevin Algorithm (ULA). It is used in
machine learning for sampling tasks, with some of its theoretical properties studied by
Dalalyan (2017b) (often assuming F' is convex). But the implementation of ULA requires
the evaluation of the population gradient VF(X,,), which is often not available for machine
learning application as the distribution 7 in (1.1) is unavailable.

Theoretically, SGLD has been studied from various perspectives. Statistically, SGLD
has been shown to have better generalization ability than the simple stochastic gradient
descent (SGD) algorithm (Mou et al., 2018; Tzen et al., 2018). From the optimization point
of view, it is well known that SGLD traverses all stationary points asymptotically. More
recently, quantitative characterizations of the mixing-time are derived (Raginsky et al.,
2017; Xu et al., 2018a). However, bounds in these papers often depend on a quantity
called the spectral gap of Langevin diffusion process (Equation (1.3)), which in general
has an exponential dependence on the dimension. We refer readers to Section 2 for more
discussions.

While these bounds are pessimistic, in many machine learning applications, finding a
local minimum has already been useful. In other words, we only need the critical point
hitting time bound instead of mixing time bound.! To the best of our knowledge, Zhang
et al. (2017) is the first work studying the hitting time property of SGLD. The analysis
of Zhang et al. (2017) consists of two parts. First, they defined a geometric quantity
called Cheeger’s constant of the target regions, and showed that the Cheeger’s constant of
certain regions (e.g. the union of all approximate local minima) can be estimated. Next,
they derived a generic bound that relates the hitting time of SGLD and this Cheeger’s
constant. Through these two steps, they showed the hitting time of critical points only has
a polynomial dependence on the dimension.

1. See Section 1.1 for the precise definition.
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However, due to this two-step analysis framework, the hitting time bound derived is
often not tight. Technically, it is very challenging to accurately estimate the Cheeger’s
constant of the region of interest. In particular, in many machine learning problems, useful
structures such as low-rank and sparsity are available, which can be potentially exploited
by SGLD to achieve faster convergence. Therefore, a natural research question is that:
instead of using a two-stage approach, is there a direct method to obtain tighter hitting
time bounds of SGLD that can incorporate underlying structural assumptions?

In this paper, we first consider the hitting time of SGLD to first order and second order
approximation stationary points. For both types of stationary points, we provide a simple
analysis of the hitting time of SGLD, which is motivated from the succinct continuous-
time analysis. Notably, our analysis only relies on basic real analysis, linear algebra, and
probability tools. In contrast to the indirect approach adopted by Zhang et al. (2017),
we directly estimate the hitting time of SGLD and thus obtain tighter bounds in terms of
the dimension, error metric, and other problem-dependent quantities such as smoothness.
Comparing our results with Zhang et al. (2017), we have two main advantages. First, our
results are applicable to decreasing step sizes—the setting widely used in practice. While
previous analysis (including Zhang et al. (2017)) mainly considers the constant step size
setting, which limits its potential applications. Second, in certain scenarios (see Section 6),
we can obtain dimension independent hitting time bounds, whereas bounds in Zhang et al.
(2017) all require at least a polynomial dependence of dimension.

In addition to hitting time, we further establish the ergodicity of SGLD, which is a
unique property of SGLD and does not hold for classical stochastic gradient nor perturbed
gradient methods (see, e.g., Jin et al. (2017) and references therein). Roughly speaking,
We show that SGLD can reach any given point in the state space given enough iterations.
Please see Section 5 for more details.

1.1. Preliminaries and Problem Setup

We use || - || to denote the Euclidean norm of a finite-dimensional vector. We also use
{(u,v) = uTv to denote the inner product of two vectors. For a real symmetric matrix A,
we use Amax (A) to denote its largest eigenvalue and Ap;, (A) its smallest eigenvalue. Let
O(+) denote standard Big-O notation, only hiding absolute constants.

In this paper we use either symbol B, C' or D to denote problem dependent parameters.
The difference is, the C-constants can often be picked independently of the dimension,
but the B and D-constants usually increase with the dimension. Typical example can be,
the spectral norm of the d-dimensional identity matrix remains 1 for any d, but its trace
increases linearly with d. On the other hand, the B constants are in practice controlled by
the batch sizes. By writing two types of constants differently, it helps us to interpret the
performance of SGLD in high dimensional settings. On the other hand, our results hold
even if the C-constants increase with d, which is possible in certain scenarios. We denote
M = D iy Mis Mo = D i i s M = >y 771.2. Throughout the paper, we use 0 < ¢ < 1
to denote an absolute constant, which may change from line to line.

In this paper we focus on SGLD defined in Equation (1.2). Note that the stochastic
gradient V f(X,,,wn4+1) can be decomposed into two parts: one part is its mean VF(X,,),
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the other part is the difference between the stochastic gradient and its mean:
Ent1 = Vf(Xn,wnt1) — VE(Xy). (1.5)

We note that &,11 is a martingale difference series. With these notations, we can write the
SGLD iterates as

Xot1 = Xn = M1 (VF(Xy) 4+ &ng1) + 00/ M1t (1.6)

Note that the step size 7, is not a constant. This is crucial, since we know for SGD to
converge, the step size needs to converge to zero. In practice, it is often picked as an inverse
of polynomial,

T = 77071_&7 o€ [07 1)a (17)

where v = 0 leads to a constant step size.
We study the hitting time of SGLD. For a region R C R? of interest, the hitting time
to R is defined as the first time that the SGLD sequence X; falls into the region R:

R = argmin{X, € R}. (1.8)
n>0

In this paper we are interested in finding approximate first order stationary points
(FOSP) and second order stationary points (SOSP) of the objective function. Note that
finding a FOSP or SOSP is sufficient for many machine learning applications. For convex
problems, an FOSP is already a global minimum and for certain problems like matrix
completion, an SOSP is a global minimum and enjoys good statistical properties as well (Ge
et al., 2017). Please see Section 2 for discussions.

Definition 1.1 (Approximate First Order Stationary Points (FOSP)) Given ¢ >
0, we define approximate first order stationary points as

Rosp(c) = { X € RLVF(X)]| < ef
and denote by Ttosp = arg ming>g { Xy, € Ryosp(€)} the corresponding hitting time.

Definition 1.2 (Approximate Second Order Stationary Points (SOSP)) Givene, A >
0, we define approximate second order stationary points as

Resosp(€; Ae) = {X e R [VF(X)| < € Amin (VEF(X)) > —)\6},
and denote by Tsosp = arg ming,>o { X, € Rsosp(€)} the corresponding hitting time.
We note that in Definition 1.2, \¢ is a function of €, and it is often chosen as /€ in existing
works (Ge et al., 2017). The main objective of this paper is showing that 77,5, and Tssp

are bounded in probability for SGLD sequence, and show how they depend on the problem
parameters.
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1.2. Organization

This paper is organized as follows. In Section 2, we review related works. In Section 3, we
present our hitting time analysis of SGLD to the first order stationary points. In Section 4,
we extend our analysis to second order stationary points. In Section 5, we establish the
ergodicity of SGLD. In Section 6, we provide three examples to illustrate the convergence
of SGLD for machine learning applications. We conclude and discuss future directions in
Section 7. Proofs for technical lemmas and the results in Section 6 are deferred to the
appendix.

2. Related Works

From the optimization point of view, Raginsky et al. (2017) gave a non-asymptotic bound
showing that SGLD finds an approximate global minimizer in poly (d, 1/€,1/\*) under cer-
tain conditions. In particular, this bound is a mixing-time bound and it depends on the
inverse of the uniform spectral gap parameter \* of the Langevin diffusion dynamics (Equa-
tion (1.3)), which is in general O(e~%). More recently, Xu et al. (2018a) improved the
dimension dependency of the bound and analyzed the finite-sum setting and the variance
reduction variant of SGLD. All these bounds depend on the spectral gap parameter which
scales exponentially with the dimension. Tzen et al. (2018) gave a finer analysis on the
recurrence time and escaping time of SGLD through empirical metastability. While this
result does not depend on the spectral gap, there is not much discussion on how does SGLD
escape from saddle points. Therefore, finding a global minimum for a general non-convex
objective with a good dimension dependence might be too ambitious.

On the other hand, in many machine learning problems, finding an FOSP or an SOSP
is sufficient. Recently, a line of work shows FOSP or SOSP has already provided good sta-
tistical properties for achieving desirable prediction performance. Examples include matrix
factorization, neural networks, dictionary learning, e.t.c. (Hardt and Ma, 2016; Ge et al.,
2015; Sun et al., 2017; Ge et al., 2017; Park et al., 2017; Bhojanapalli et al., 2016; Du and
Lee, 2018; Du et al., 2018a; Ge et al., 2018; Du et al., 2018b; Mei et al., 2017).

These findings motivate the research on designing provably algorithms to find FOSP and
SOSP. For FOSP, it is well known that stochastic gradient descent finds an FOSP in polyno-
mial time (Ghadimi and Lan, 2016) and recently improved by Allen-Zhu and Hazan (2016);
Reddi et al. (2016) in the finite-sum setting. For finding SOSP, Lee et al. (2016) showed if
all SOSPs are local minima, randomly initialized gradient descent with a fixed step size also
converges to local minima almost surely. The classical cubic-regularization (Nesterov and
Polyak, 2006) and trust region (Curtis et al., 2014) algorithms find SOSP in polynomial
time if full Hessian matrix information is available. Later, Carmon et al. (2018); Agarwal
et al. (2017); Carmon and Duchi (2016) showed that the requirement of full Hessian access
can be relaxed to Hessian-vector products. When only gradient information is available, a
line of work shows noise-injection helps escape from saddle points and find an SOSP (Jin
et al., 2017; Du et al., 2017; Allen-Zhu, 2018; Jin et al., 2018; Levy, 2016). If we can only
access to stochastic gradient, Ge et al. (2015) showed that adding perturbation in each
iteration suffices to escape saddle points in polynomial time. The convergence rates are
improved later by Allen-Zhu and Li (2018); Allen-Zhu (2018); Xu et al. (2018b); Yu et al.
(2018); Daneshmand et al. (2018); Jin et al. (2019); Fang et al. (2019).
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Here, we want to emphasize these perturbed gradient methods are fundamentally differ-
ent from SGLD considered in the current paper. The noise injected in perturbed gradient
methods is of order O (7,,) and for SGLD, the noise is of order O (\/1%), which is much
bigger than O (n,,). While both methods can find an SOSP in polynomial time, the larger
noise enables SGLD to traverse the entire state space, as we will demonstrate in Section 5.

Theoretically, however, there is a significant difference between SGD-based algorithms
and SGLD. In SGD, the squared norm of the noise scales quadratically with the step size,
which has a smaller order than the true gradient. On the other hand, in SGLD, the squared
norm of the noise scales linearly with the step size, which has the same order as the true
gradient. In this case, the noise in SGLD is lower bounded away from zero which enables
SGLD to escape saddle points. Nevertheless, this escape mechanism is subtle, and it requires
careful balances of hyper parameters and sophisticated analyses. To our knowledge, Zhang
et al. (2017) is the only work studied the hitting time of stationary points. As we discussed
in Section 1, their analysis is indirect, which leads to loose bounds. In this paper, we directly
analyze the hitting time of SGLD and obtain tighter bounds.

Finally, beyond improving the training process for non-convex learning problems, SGLD
and its extensions have also been widely used in Bayesian learning (Welling and Teh, 2011;
Chen et al., 2015; Ma et al., 2015; Dubey et al., 2016; Ahn et al., 2012) and approximate
sampling (Brosse et al., 2017; Bubeck et al., 2018; Durmus et al., 2017; Dalalyan, 2017a,b;
Dalalyan and Karagulyan, 2019). These directions are orthogonal to ours because their
primary goal is to characterize the probability distribution induced from SGLD.

3. Hitting Time to First Order Stationary Points

As the first step, in this section we analyze the hitting time to FOSP by SGLD.

3.1. Warm Up: A Continuous Time Analysis

We will first use a continuous time analysis to illustrate the main proof idea. Recall that if
we let the step size 1, — 0, the dynamics of SGLD can be characterized by an SDE

dX, = —VF(X})dt + 5odW,.
Using Ito’s formula, we obtain the dynamics of F'(X}):
1
dF(X;) = —||[VEF(X,)|[dt + §6§tr(V2F(Xt))dt + 80(VF(Xy), dWy).

Now given € > 0 and recall 7., is the hitting time of the first order stationary points
(FOSP). By Dynkin’s formula, for any 7' > 0, we have

Tfosp/NT 1
0 <EF(X,,,,,a7) = F(Xo) +E/ ’ (253tr(V2F(Xt)) - |]VF(Xt)|]2> dt.  (3.1)
0

Note that before Tfs,,, the gradient satisfies ||VF(X;)|| > e. If we assume the Hessian
satisfies |[V2F(z)|| < Cq, then tr(V2F(x)) < Chd. Using the assumption that F(-) is
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non-negative, we can obtain the following estimate
Trosp/NT
FOXo) 2 [ (<au(VRF () + V(X)) d
0

Tros T 2 2 2
>E/ (e — dgtr(VEF(Xy))) dt
0
2(62 — CQd(SS)ETfOSp AT.

Therefore, re-arranging terms, we have

F(Xo)
E ANT < ——.
Thosp M5 = 0 0hdd?
Applying Markov’s inequality, we have
F(Xo)

P(Troey > T) < ——0)
Trow > 1) < @ Goasd)

€

V2C2d
know SGLD hits an approximate first order stationary point in time less than 7" with high

probability. In the next section, we use this insight from the continuous time analysis to
derive hitting time bound of the discrete time SGLD algorithm.

The above derivations show if we pick a small 6y < and T is large enough, we

3.2. Discrete Time SGLD Analysis

We first list technical assumptions for bounding the hitting time. The first assumption is
on the objective function.

Assumption 3.1 There exists Cy > 0 such that for all x, the objective function satisfies
IV2F(2) < Ca.

This condition assumes the spectral norm of the Hessian is bounded. It is a standard
smoothness assumption, which guarantees the gradient descent algorithm can hit an ap-
proximate first order stationary.

Our second assumption is on the noise from the stochastic gradient.

Assumption 3.2 There exists By > 0,Bs > 1 such that for all x and any n > 0, the
gradient noise &,41 defined in (1.5) satisfies,

En&l  V2F(2)én1 < B, Eull€na]* < B2

In the sequel, we consider the natural filtration that describes the information up to the n-th
iteration,

‘7:71 :O-{Xivwiag’iagai:o?l)"' 7”}3

while P, and E,, denote the conditional probability and expectation with respect to F,.
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This assumption states that the noise has bounded moments. Such an assumption is nec-
essary for guaranteeing the convergence even for SGD. Note here E,||&,41]|* < B2 also
implies E,||¢,41]|* < B2 by Cauchy-Schwartz inequality. Furthermore, using the property
of the spectral norm, we know E,||&,11]|?> < Bs also implies By < C3Bs. Here, we explicit
assume Enfg +1V2F (2)én+1 < B for some Bj in order to exploit certain finer properties of
the problem. Now we are ready to state our first main theorem. Please recall the definition
of np from (1.6), and 7y and « from (1.7).

Theorem 3.3 Let € > 0 be the desired accuracy and 0 < p < 1 be the failure probability.
Suppose we set oy < 2\;37\{;;02, and ng < (602)_1. Then there is an absolute constant C,, that
depends only on « such that

1
1 . F(X0)+B102n2 1—a
’fOTOéZ@ZfNZCa(TO , or,

1 1
e for0<a< %, if N> Camax{<F(Xo))1—a : <BIC2770>(1}7 or,

proe? pe?
_ : ep 8F (Xo)
.fOTO[—O, anogmandNZW,

we have
P(Ttsop > N) < p.

This theorem states that SGLD can easily hit a first order stationary point. As compared
with Zhang et al. (2017), we provide an explicit hitting time estimate since we use a more
direct analysis. Note for different o, we have different hitting time estimates. The reason will
be clear in the following proof. Also note that the number of iterations can be independent
of the dimension, as long as By and Cy are dimension independent, and the volatility
parameter dy uses the correct scaling.

It is worth noting that there is no lower bound requirement on the volatility parameter

do. Indeed, when g = 0, the SGLD degenerates as the SGD. We also note that SGD can
find an FOSP in finite iterations (see, Section B in Allen-Zhu (2018)). The capability of
finding FOSP is not a feature that is unique to SGLD.
Proof [Proof of Theorem 3.3] Our proof follows closely to the continuous time analysis in
the previous section. Denote A = X101 — X, = — 1,41 (VF(X,) + &np1) + 0nt1Cnt1, where
Ont1 = 00y/Mnt1- This quantity corresponds to the dX; quantity in the continuous time
analysis. To proceed, we expand one iteration

F(Xni1) = F(X,) + /0 1<VF(Xn +sA), A)ds

1 1 s
= F(X,)+ / (VF(X,),A)ds + / ds / ATV2F (X, +tA)Adt (3.2)
0 0 0
= F(Xn) - 77n+1HVF(Xn)||2 + <5n+1gn+1 - 7’n+l§n+1’ VF(Xn)>

1
+ §ATV2F(Xn + Pni1A)A.
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Where 1), 11 is some number in [0, 1]. The last term can be bounded by
EnATV2F(Xp + Yn 1 8)A < Gl A,
and furthermore by Holder’s inequality, i.e. E|X +Y + Z||? < 3E(|| X||> + |[Y||? + || Z]]?),

En”AH2 < 377721-1-1HVF(X71)||2 =+ 377721+1EnH§n+1”2 + 35721-1-1En||Cn+1H2
< 3np 1 [IVE(X0)|1? + 3051 B + 365 4 1d. (3.3)

So taking the expectation of Equation (3.2) and plugging in Equation (3.3), we have

EnF(Xnt1) < F(Xn) = (Mt1 = 3151 C2) [ VF(X0)|* + 3Can; 1 By + 3Ca2ddy,

1
< F(Xy) - §Tln+1HVF(Xn)”2 +3Co1) 1 B1 + 3C2d0y . (3.4)
Summing this bound over all n =0,--- , N — 1, apply total expectation, we obtain

N N N
1
EF(Xy) < F(Xo) ~ 5E > el VE(Xe)|? +3C2B1 Y _np +3Cod > 63
k=1 k=1 k=1

N
1
< F(Xg) — iE E nkHVF(Xk)HQ + 302317]%]\7 -+ 30258771:Nd-
k=1

Rearranging terms, recall that F' is nonnegative, we have

N
EY il VF(X5)|? < 2 (F(Xo) — EF(Xy) + 3B1Cant.y + 3C2ddgm:n)
k=1
< 2(F(Xo) + 3B1Cani.n + 3dCadini.n) - (3.5)

Combining this bound and Markov’s inequality, we have

P(|[VF(X},)| > ¢, Vk < N) SEZQ]:l |V f (X)) |12

M:NE€>
2 2
SQF(XO) —21—63102771:]\[ n 60250 d
€“NI:N €

Lastly, note that

N N
N:N = 77()/ t%dt = T]QO(Nlia), n%:N < 7]8 + n%/ t20qt — ngO(max{l, N172a})'
1

1
(3.6)
Plugging in our choice N and dg, we have that the right hand side is smaller than p. |
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4. Hitting Time Analysis to Second Order Stationary Points

Recall that without noise-injection, gradient descent cannot escape saddle points. Since
gradient descent can be viewed as a special case of SGD with Vf(z,w) = VF(z), it is
clear that SGD in general cannot escape saddle points. In contrast, SGLD is capable to
escape saddle points and find second order stationary points. In this section we analyze
the hitting time of second order stationary points. The key insight here is that because
we add Gaussian noise at each iteration, the accumulative noise together with the negative
eigenvalue of the Hessian will decrease the function value. Again, we first use a continuous
time analysis on a simple example to illustrate the main idea.

4.1. Warm Up: A Continuous Time Analysis for Escaping Saddle Points

To motivate our analysis, we demonstrate how does the Langevin dynamics escape a strict
saddle point. For this purpose, we assume Xy = 0, and F(x) = 2T Hx with H being a
symmetric matrix with Apin(H) < 0. This example characterizes the situation when the
SGLD starts at a saddle point. The resulting Langevin diffusion is actually an Ornstein
Uhlenbeck (OU) process,

dX; = —2H X dt + 6odW;. (41)

Knowing it is an OU process, it can be written through an explicit formula,
t
X; = / e 2HE=) gy,
0

Thus by Ito’s isometry, if H has eigenvalues \; < Ay < --- < Ay,

o [t aH(—s) 5 _amey _ 00 “aney 4658
EF(X;) =62 | tr(e H)ds = J}tr(I—e™*11) = 22 d (1—e) < e
0 :

Since z = 0 is a strict saddle point, i.e., Ay < 0, we can pick t = I_Oifil to make EF(X;) <
2
—% < 0, which indicates that X; has escape the saddle point.

4.2. Escaping Saddle Points

In this section, we provide theoretical justifications on why SGLD is able to escape strict
saddle points. In addition to Assumptions 3.1 and 3.2 made in Section 3, we also need some
additional regularity conditions to guarantee that SGLD escape from strict saddle points.

Assumption 4.1 We assume the following hold for the objective function f.

e There exist C5 > Cy > 0 such that for all pairs of z,2', |V*F(z) — V2F(2')| <
Csllz — 2'||. Note that Cy is defined in Assumption 3.1.

o There exists Cy such that |F(x)| < Cy for all x.

o There exists Dy > 0 such that for all x, we assume the Z?:l \i(V2F(2))1y,50 < Dy.

10
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The first assumption states that the Hessian is Lipschitz and the second condition states the
function value is bounded. These two conditions are widely adopted in papers on analyzing
how the first order methods can escape saddle points (Ge et al., 2015; Jin et al., 2017). The
third condition states that the sum of positive eigenvalues is bounded D4. Note there is a
naive upper bound D4 < dC5. However, in many cases D4 can be much smaller than dCs.
We provide several examples in Section 6. So we take Dy as a separate parameter in order
to exploit more refined properties of the problem.

The following lemma characterizes the behavior of SGLD around a strict saddle point.
It can be viewed as a discrete version of the discussions in Section 4.1.

Lemma 4.2 (Escaping saddle point) Assume Assumptions 3.1, 3.2 and 4.1. If the
current iterate is X,, for any fived ¢ > 0 and Ay = Apas(—V2F(X,)) > 0. Denote

7 = min{n > o, | X, — X,|| > b}, b=,

Denote D5 = %log %. There is a constant Cg = O(max{ng*1'5,)\;11, 1,D5}). So
that if
2D5 < noy1:n < 3Ds,

3 _T
S0 < d™2Cq % exp(—(9 + 18¢) DsAn),

Mo < By'03, V(X)) < doy/dmin{As, 1), )

Then
EOF(XnATb) < F(Xo) - 770+1:n5§-

This lemma states that SGLD is able to escape strict saddle points in polynomial time.
Its full proof can be found in Section A.1.

4.3. Hitting time of SOSP

With Lemma 4.2 at hand, it is easy to derive the following hitting time result for the second
order stationary point, given by Definition 1.2

Theorem 4.3 Assume Assumptions 3.1, 3.2 and 4.1. For any q > 0, let

16Dy + 40

=2\t
Q . log N ,

and a constant Cg = O (max {q*1'503, AH, Q}) . Set the hyper parameters so that

s T <16D4 + 40) —(9+18q)

So=d 2C. 2
0 2Cg M

16D, + 40
, 1Mo < {32_15%,03_110g4+}.

C3

Denote €y = 3 min{e, doy/min{A., 1, Q~1}}, then

2Cy + EgQ

P(Tsosp > N) < —
€oM:N

11
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In other words, for any o € [0,1) and p > 0, SGLD will hit a second order stationary point
with probability 1 — p, as long the iteration number

1
2C, T—a
02 . Q) .
PNo€y  Top

Here C,, is an abosolute constant that depends only on «.

v

This theorem states that SGLD is able to hit an SOSP in polynomial time, thus verifying
adding noise is helpful in non-convex optimization. This result has been established by
Zhang et al. (2017) using an indirect approach as we discussed in Section 1. Our proof relies
on a direct analysis. The proof intuition is simple and similar to what is demonstrated in
Section 4.1. Yet, there are three layers of technicalities. First, SGLD is an indiscretized
version of the Langevin diffusion process (4.1). This is the very reason why the deterministic
stepsize constant 7y is roughly the square of the stochastic volatility constant dyp. Second,
the loss function is only an approximation of 27 Hz considered in Section 4.1. Third, in
order to apply the approximation F(x) ~ 27 Hzx, x needs to be close to the critical point.
These issues lead to delicate requirements of the stochastic volatility constant Jg: if it is
too small, its strength is not enough for SGLD to escape the saddle point; if it is too large,
then the followup iterates will be far away for the approximation 27 Hz to be accurate.
The additional constants in Theorem 4.3, @), Cg, €g and C,, are introduced to simplify the
proofs. We relegate the entire proof to Appendix A.

5. Ergodic behavior of SGLD

It is well known that the overdamped Langevin diffusion SDE dX; = —VF(X;)dt + dWy is
ergodic, (Mattingly et al., 2002) if the loss function F' is coercive in the following sense:

Assumption 5.1 There are constants c; and Dy such that
IVF(2)||? > ¢7F(z) — D7, ||z|| < e7F(z) + Dy, Va.

Unlike the regularity Assumptions 3.1-4.1, this condition “pushes” SGLD iterates back if
their function values get too large. Another popular version of it is known as the dissipative
condition (Raginsky et al., 2017; Xu et al., 2018a). Assumption 5.1 is weaker than the
dissipative condition, as explained in Dong and Tong (2020).

In other words, the stochastic process X; can visit any specific point in the state space
with probability 1, as long as the algorithm has run long enough. It is also known that
direct time-homogeneous discretization of overdamped Langevin diffusion, i.e. ULA, can
inherit this property (Mattingly et al., 2002). While SGLD is not time-homogenous or a
direct discretization, we can still show that SGLD is ergodic in the following theorem.

Theorem 5.2 Under Assumption 5.1, for any e, pg > 0 and point zg, there is an N such
that
P(||X: — z0|| < € for somet < N)>1— po.

An upper bound for N can be established as below if we define the following sequence of
constants
8
My = Z (D7 + 6B + 6d5(2)) , Dx:= max{D7 + cr My, HZ()H, 1},
7
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€ Dp
Dr = VF . <4D s = i v 1. (0
p = max{[VFG@)]: ol < 4}, cos=min{ 5o D0

Q=

no =min{t : n < €} = <60> ,

Mo

_1 2D €
ca=7P (12 - E5erl < 5%=) -

where Z ~ N(0,1;) and e; =[1,0,0,...,0] is the first Fuclidean basis vector. with Then

1

210g%MV/]EF(Xn0) log %po 8 1-a

[ 101+ 25)
cren log(1—ca) crep

N <np+ {

400pono

The proof of Theorem 5.2 follows a similar framework as in Meyn and Tweedie (1993);
Mattingly et al. (2002), which consists of two parts. In the first part, we show the compact
sub-level set {z : F(z) < My} will be visited by SGLD infinitely many times due to
Assumption 5.1. In particular, it will take

1
2log My /EF (Xng) I—a
(&4

No < ng+
4d0pomno

iterations to guarantees EF(Xy,) < My, when ng is the first iteration and the step size
is small enough. In the second part, we show that if F(z,) < My, then after a certain
number of iterations n,, Xo4+n, has a positive chance, bounded below by c,, to hit zp. This
can be done using stochastic controllability of the process. To combine this Wilth the first
part, we set up a Bernoulli-trial type of argument, where the trial number (&%1 shows
up naturally. It is also worth noting that since zg is an arbitrary point in the state space, the
trial-success probability ¢, is often pessimistic and scales exponentially with the dimension.
This is in sharp contrast with Theorem 3.3 and 4.3.

Ergodicity is a feature of SGLD. It can be useful when the objective function F' has
multiple local minimums, as SGLD can visit all of them and find the global minimum. This
is one general motivation of injecting randomness in algorithms, since GD with random
initialization may not converge to the local minimums in polynomial iterations (Du et al.,
2017). While Perturbed (S)GD can be ergodic with constant stepsize, it is not ergodic
with decreasing stepsizes. To see this, we consider a simple test case, where we can show
SGLD converges to NV (0,1/2) and PGD converges to the origin. Note that while PGD does
converge to the correct global minimum in this example, it is not ergodic and does not

explore the state space in long term.

Lemma 5.3 Suppose
L o
Fle)= 5o &=0, §=1, G ~N(O1).

13
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The SGLD and PGD updates are given by

Xn = (1 - Un)Xn—l + \/”7(717 Y, = (1 - nn)Yn—l + nnCn-

Assume that Xo = Yy = 0, the stepsize decreases to zero and y .o, m; = oo. The limiting
distribution of X, is N(0,1/2) and the limiting distribution of Yy, is the Dirac measure at
0.

6. Applications in Online Estimation Problems

In the previous sections, we have shown that, as long as the objective function satisfies some
smoothness conditions and the noise satisfies certain moment conditions, then SGLD hits a
first /second order stationary point in polynomial time in terms of the following parameters:

L [V2F(@)]| < Co.

[\

- En&l VPF(2)én11 < By

3. Enll&ns1ll? < B, Enlléns1||* < B3.
4. Z?:1 Ai(V2F(2))1x50 < Dy.

5. [[V?F(z) = V2F(2!)|| < Csllz — ||

In particular, first order stationary point hitting time bound only relies on the first two
constants. And to verify Assumption 5.1, we need

IVF@)|? > erF(2) — Dr, |zl < e7F(x) + Dr, V.

In this section we provide three concrete example problems, linear regression, online matrix
sensing, and online PCA to illustrate the usage of our analysis of SGLD. We will calculate
the specific problem dependent constants in Assumption 3.1 and Assumption 4.1. Note
that once we know these constants are bounded, Theorem 3.3 and Theorem 4.3 directly
imply polynomial time hitting time. For all examples, we investigate the stochastic opti-
mization setting, i.e., each random sample is only used once. All the proofs are deferred to
Appendix C.

When calculating the constants defined above, they often have a positive dependence
on the norm of the location x where they are evaluated. Therefore we will assume in below
that the iterate x is bounded. This assumption sometimes is assumed even in the general
theoretical analysis for simplicity Zhang et al. (2017). We remark this is not a restrictive
assumption. Since in practice, if the SGLD iterates diverge to infinity for a particular
application, it is a clear indication that the algorithm is not fit for this application.

6.1. Linear regression

Our first example is the classical linear regression problem. Let the n-th sample be w, =
(@, byn), where the input a, € R? is a sequence of random vectors independently drawn
from the same distribution A'(0, A), and the response b, € R? follows a linear model,

by = alz* + ¢, (6.1)

14
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Here, 2* € R? represents the true parameters of the linear model, and {en} are indepen-
dently and identically distributed (i.7.d.) A(0,1) random variables, which are uncorrelated
with a,. For simplicity, we assume a, and &, have all moments being finite. We consider
the quadratic loss, i.e., given w,, = (ay,by), the loss function is

flzywp) = %(aga; — bn)2.

and the population loss function is defined as
1 1
F(x) = 5(1‘ — 2T A(x — 2*) + 7 (6.2)
Note the underlying linear coefficient satisfies z* = argmin, (F'(z) := Ef(z,w)). The fol-
lowing proposition bounds the constants in Assumption 3.1 and 4.1.

Proposition 6.1 When ||z — z*|| < T, the constants for the population loss function in
(6.2) are give by

Dy=Cy=Cs=tr(A), By =ctr(A)’T? By = ctr(A)’T%
Here, ¢ > 0 is a constant independent of other parameters. Moreover, we have

1 1

In other words, the number of iterations for the SGLD to hit a first order stationary point
only depends on tr(A), but not directly on the problem dimension d. When ||A|| is fixed,
tr(A) depends on the rank of A, which can be much smaller than d. Moreover, when the
spectrum of A is a summable sequence (e.g., A\, (A) o< n™? where 8 > 1 and \,(A) is the
n-th largest eigenvalue of A), then tr(A) is independent of d. Such settings rise frequently
in Bayesian problems related to partial differential equations, where d in theory can be
infinity (Stuart, 2010).

6.2. Matrix Factorization
In the online matrix factorization problem, we want to minimize the following function
F(X)=|XX" - M|}, XeR™, (6.3)

where M has rank r and || - || denotes the Frobenius norm. The stochastic version is given
by
f(X,w) = (w0, XXT — M)

w is assumed to be an m X m matrix with 4.4.d. entries from A(0,1). The following
proposition bounds the constants in Assumption 3.1 and 4.1.

Proposition 6.2 Suppose |M||p,||XXT||p < T for some constant T' > 1, the constants
for the population loss function (6.3) is bounded by

Cy = 24T, C3=max{12VT,24T}, D, = (4m+2r)T, By =cmrl?*, By = emrT?.
Here, ¢ is a constant independent of other parameters. Moreover

cr > 4)‘maX(M)7 D7 < maX{HM||F78d)‘?nax(M)}

15
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Similar to the linear regression case, if M is low rank or its spectrum decays rapidly to zero,
the number of iterations for the SGLD to hit a first order stationary point is independent
of the problem dimension.

6.3. Online PCA

In the online principle component analysis (PCA) problem, we consider the scenario where
we conduct PCA for data samples x; ~ A (0, M). The population loss function is given by

1
F(X)= 5HXXT ~M|%+C, X eR¥ (6.4)
where C' = Exzsz The stochastic version is given by,

1 1
f( X, wy) = iHXXT — aczzclTH% = §HXXT - M —wiH%, w; = z;zl — M.

i
The following proposition bounds the constants in Assumption 3.1 and 4.1.

Proposition 6.3 Suppose |M||r, || XXT||r < T for some constant T' > 1, the constants
for the population loss function (6.4) is bounded by

Cy = 241,03 = 12VT, Dy =6ml, By = %tr(M)%, By = tr(M)?%

Moreover
7 > Amax(M), D7 < max{||M||p, 8N}, (M)}

Since the hitting time to a first order stationary point only depends on Cy and By, Propo-
sition 6.3 shows that the SGLD hits a first order stationary point with the number of
iterations independent of the problem dimension.

7. Conclusion and Discussions

In this paper we present a direct analysis for hitting time of SGLD for the first and second
order stationary points. Our proof only relies on basic linear algebra, and probability theory.
Through this directly analysis, we show how different factors, such as smoothness of the
objective function, noise strength, and step size, affect the final hitting time of SGLD. We
also present three examples, online linear regression, online matrix factorization, and online
PCA, which demonstrate the usefulness of our theoretical results in understanding SGLD
for stochastic optimization tasks. An interesting future direction is to extend our proof
techniques to analyze SGLD for optimizing deep neural networks. We believe combing
recent progress in the landscape of deep learning (Yun et al., 2018; Kawaguchi, 2016; Du
and Lee, 2018; Hardt and Ma, 2016), this direction is promising.
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Appendix A. Technical Proofs of SOSP hitting analysis

In this section, we provide technical verifications of our claims made in Section 4.

A.1. Taylor expansions and preliminary lemmas

Our analysis relies on Taylor expansions near critical points. To this end, for any given
iterate X, € €2, denote

vo:=VF(X,), H=V’F(X,), Ay =Anax(—V>F(X,)).
Assumption 4.1 leads to the following expansion
F(x) =F(X,) + vf(az —Xo) + (x — XO)TH(x —Xo) + Ro(z — X5), Ro(x—X,) <Csl|lx— Xo||3,
VF(x) =VF(X,) + H(z — Xo) + Ri(z — X,), Ri(z — X,) < Csflz — X,|?,
V?F(z) =H + Ry(z — X,), |[Ra(z — X,)| < Csllz — X,||.

where R1, Ry and R3 are reminder terms of Taylor expansion.
In order to apply the Taylor expansion, it is necessary for the subsequent iterates to be
close to X,. To this end, we set up the following a-priori upper bound.

Lemma A.1 Assume Assumptions 8.1, 8.2 and 4.1. Suppose A\ > 0. Consider the o-th
to n-th iterations, where the step sizes satisfy

M < Mo < min{(10003) 71, 1}.

Then we have the following deviation bound for any 1 > q >0, Q = 5q*1/\lf11
Eol| Xnam, — XOH2 < 5‘1_1)\1}1 exp((2 + 4Q)770+1:n)\H)770+1:n(58d + Aﬁl ||UO||2 + 10 B2).
Eo|| Xnan, — XOH4 < 250(173)‘[_-14 exp((4 + 12Q)770+1:n)\H)770+1:n()‘1_{2||”0”4 + 5:‘;d2 + 7733%)-

Here with a constant b < %—f, Ty 1S the stopping time of moving distance of at least b:

7, = inf{t : || X,, — X,l|| > b},
Therefore by Markov inequality,

< IE:o||)(n/\7'b - ‘XVOH4

VPo(my < n) < 17735 exp((2 4 6¢) o110 A1)/ Tlor1m (A Vo | + 55 + 110 B2) A,
Proof Denote AX,, = X,, — X, it follows the recursion below,

P,(7 < n) < 250" exp((4+129) 10+ 1:0 X1 )Mot 1:0 (A2 |00 || 03 d>+12 B3 O3NS

AXn_H =AX, — nn+1(vo + HAX, + Ry (AXn)) — 77n+15n+1 + 5n+1§n+1~ (1.1)
Note that if 7, > n, [|[AX,] < b, so

[AX 0 = g1 (vo + HAXp + R (AX0)) || < (= 1 H| + Cabnng ) [[AX | + 11 06|

<
< (14 (14 QAunns ) [AXn| + 1t l|vo]-
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We take square of this bound, note that Ay < Cy < Cs, the following estimate holds because
of Young’s inequality
IAX, — Dus1(ve + HAX, + R1(AX,))|?
< (14201 + @A + (1 + @) ° M) [AX]* + 411 [[ 00| [ AX]| + 02100
< (1+ (2430 Aun4 1) [AX0]* + 41|00 | A X + 921 ][00
< (1+ 2+ 30 umn s D) AXn* + (@A 1 [AX]® + 47 N a1 vol*) + 11 [lvo| |
< (1+ 2+ 49 umms ) AXnll? + Qg vl (1.2)
Here we used that )\1_{1"7n+1 > C?)_lnn+1 > 17,21“ and we let Q) := 5q*1)\;II. Combine this
with (1.1) we can conclude that, if 7, > n
Enl[AX i1 = [AXy = g1 (Vo + HAX, 4+ Ry (AX))|1P + 7711 Ba + 65 41d
< (1+ (24 49)0 11 A1) [AX0|* 4 1t 1(no Bz + 65d + Qo |1?).

Therefore we have
EnHAXTb/\n+1H2 <(Q+@2+ 4q)77n+1)‘H)HAXTb/\nH2 + Nnt1(1M0 B2 + 5(2)d + QH%Hz)a

because it is trivial to verify if 7, < n. Next, because Eo||AX,n0[?> = 0, by Gronwall’s
inequality

EOHAX?T/\Tb ||2 < No+1m eXp((2 + 4q)770+1:n)‘H)(5(2)d + C?HUOH2 + T]OBQ)'
Likewise, we can bound the fourth moment by taking square of (1.2)

IAX, — Dos1 (Vo + HAX, + Ri(AX,))|A

< (1+ 2449 mmn41) 2| AX | + 2Qn011 (1 + (2 + 49X a1 | A X1 lvol* + Q*ni llvo |
< (L + qAamn) (1 + 2+ 49) A1) 2 IAX ! + ¢ QAL s [vol* + Q%1 vl

< (14 (44 100 A5 ) |AX [ + Q% vo*.

Therefore, by Young’s inequality, if 7, > n

Enl|AXni1]|* = |AXn = Nt (vo + HAX, + Ri(AX)) ! + (Brfp g1 |€nta]|* + 35,51d%)

+2[AXy — Mnr1(vo + HAXy + Ri(AX0))IIP(Enf 1 |t [I* + 6741)

< [AXy — 1 (vo + HAX, + RI(AXH))H4 + (Eni+1|!§n+1ll4 + 352+1d2)
+ A H N1 [[AXy — g1 (vo + HAX, + By (AXn))||4
+q Ny By |12+ 87 1d)? 1

< (L + @Aamn1) (1 + (4 + 100 A1) [ AX | * 4 (1 + @A mrn41) 1041 Q7 |vo | *

+ Qn1(n; B3 + 65d%)

< (14 (441200 41) [AXn |+ 2Q° A5 s N llwol|* + 1585 + 65d?)

So we conclude that

Enll AXrnnai |t < (14 (44120 X)) 1A X |+ 2Q° Ay 4 (N | 0o | * 4115 B3 +89.d%),
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because it holds trivially when 7, < n. Using Gronwall’s inequality,
Eol|AXnm I* < 2Q° A5 o1 xp((4 + 120) 004 1:0 A1) (A [vo | * + G5d? + 5 BS).

To continue, we need a series of estimates of matrix products. The following lemma
collects the results we need.

Lemma A.2 If H is a d X d real symmetric matriz with A\gr = Apaz(—H) > 0. Let
Ajp =T —njp1H) - (I —mpH)
Suppose ;|| H|| < & and Zle Ni(H)1y, (>0 < Da We have the following estimates,
a) [[Ajell = L+ njtaAm) - (L + mednm) < exp(Aunjpik)-
b) 3ot MillAjmll = (I — Aon)H | < ot 1:n exp(AaTot1:n)-
¢) (I=Apn)H Agy = 0. And if os1:m > Cg te o100 (1— Ay Y H T Ay, = 2 (C5 e o413
d) Y7 o1 MitrAjnHAjp < —5(exp(Anos+1in) — 1) + 2011:0 Da-

6) If No+1:n > % log %;407 then

n
Z 5(2]77jtrAj:nHAj:n + njz)\max(Aj:nHAj:n> < _45(2)770+1:n~
j=o+1

Proof Since H is real symmetric, and A;. is a polynomial of H, the proofs goes by
checking the eigenvectors. Let —Ag = A1 < -+ < Ay be the eigenvalues of H, and v; be
their eigenvectors with norm being 1. Then

Ajpvi = (T =m0 0) - (1= meAi)vi

Since we assume that |n;\;| < 1, so claim a) is straightforward.

Note that Aj_1, +njHAj = Ajin, Apy = 1, 50 2?21 njHAj, =1 — Ayyn. Because
Aj.p is a polynomial of H, it commutes with H, so 2?21 n;AjnH =1 — Ay as well. Note
that (I — A, )H ! is a polynomial of H, so it is always well defined even if H is singular.
Therefore,

n

||(I - Ao:n)H_ln = Z nj”AjnH < No+1:n I{l<aX< ||A]n|| < Tlo+1:n exp()\HT/oJrl:n)-
ot o+1<j5<n

As for claim c¢), it is easy to check that for any uni-norm eigenvector v;,
’UZT(I - Aozn)Hflemvi = )\2-_1(1 - ai)ai >0, a;:= (1 - )\ino—I—l) oo (1 - )\Z'T]n).

We only need to show \; (1 — a;)a; > %(03_16_77"*1:"03).
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When \; <0, a; will be larger than 1, so

)\fl(l — ai)ai > )\;1(1 — ai) = Not1:ms

(2

and we can get to our claim c). We only need to concern the case that A; > 0. If a; > %,
since (1 — Ainot1)(1 — Ainog2) = (1 = Xiflos1:042)

—_

_ 1
)‘i 1(1 - (1 - )\z‘770+1:n)) > “No+1:n-

)\._11— i)a; >
(1~ o) > -1

(3

This is larger than our claimed lower bound. When a; < %, note that a; > exp(—2X\ifo+1:1n),
SO
Ata e 2C
i ( - ai)ai = 5 i i 2 5 3 exp(— 3770+1:n)'
As for claim d), note that U?Aj;nH Aj.pv; shares the same sign with );, in particular it

is negative if \; < 0.
If \; > 0, then

T 42 T 42 212\, T 42 T
v; Aj:nvi —; Aj_1;nUi = (2nj\i — n; A7 )v; Aj:nvi > njv; AjinHAjp0;.

Summing over both sides for j = 0+ 1 to n, we find
n
Z njvi Ajn HA v <1 — vl A2 v <1 — exp(—2n0p41:0 M)
j=o+1

If \; <0,

UiTA?:n’Ui - viTA?—lani = (277])‘1 - UJQA?)U?A?IC,UZ > 477jUiTAj1”HAjZ”’U7;'

n
1 1 1 1
Z njv;jrAj:nHAj:nUi < Z - EviTA(z);nvi < Z - Zexp(_no—i-l:n)\i) <0.
j=o+1
Here we used that (1 -+ |\;n;]) > exp(3|\in;|) when |A;n;| < 1, which is true under our as-
sumption of step sizes. Note that — exp(—z) is a concave function, so by Jensen’s inequality,
for any m,

iu — exp(—a2)) < m — mexp (_Zm:l”«") _

: m
=1
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Using this, assuming there are d; positive eigenvalues, and their sum is below Dy, we find
that

n

n d
Z thr(Aj;nHAj:n) = Z njvz‘TAj:nHAj:nUi
i=1

j=o+1 Jj=o+1
n d n

= Y ol A HAjvr + > Y myof Ajin H A, (1.3)
j=o+1 1:2; >0 j=o0+1
1 d

S 1(1 - eXp(AHno—l—l:n)) + Z 1— eXp(_2770+1;nAi)

A >0

< 1 1-— A do(1- _ 2Not1:mDa

S 4( exp( H770+1:n)) +ar exp( dy )
1

< 1(1 - exp()‘Hno—f—l:n)) + 2770+1:nD4~

Claim e) is a consequence of claim d). Note that

n n d

2 T T
an mzaxvi AjnHA v < 1o Z Z n;V; AjnHAjpv;.
J+1 j=o+1i:1;>0

This is the same as the second part of (1.3), we find it is bounded above by 2n,mp+1.n D4 <
258770+1;nD4. In other words, we find that

n
52
Z 5(2)77jtr(Aj:nHAj:n) + 77]2 mzaxv;rAj:nHAj:nvi < ZO(]- - eXp(AHno—ﬁ—l:n)) + 47’0+1:n6(2]D4-
j+1

Note that for any z, by convexity of e’
A “oA SRS A
e x—lz)\/ eydyZ/\/ e2dy = \xe2"".
0 0

So it suffices to show that
1
AH eXp(i/\Hno—l—l:n) > 16D, + 40.

Taking log we have
S 2 | 16D4 + 40
. — log ————,
To+1:n = /\H g )\H
which is our condition.
|

A crucial step in the proof is a careful analysis of the noise and the reminder terms. In
the next lemma, we give estimates for these perturbations.
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Lemma A.3 Denote Aj., = Hf:jH(I —nH), and AX,, = X,, — X,, then it admits the
following decomposition,

AX, =U, + rp,
where
n n
Uni= Y Ajn(=nivo+ ;G —1i&),  Tai= Y, AjnniRi(AX;),
j=o+1 j=o+1
Let event
A={||AXy|| <bk=0,0+1,....,n} ={m >n}.
Then
Eol|Unl? < 124 1.0 €xP2A 1ot 1:m) ([|vo]| + 65 + 10 B2). (1.4)
Eol|Unl* < 162(Nos1:m)? exp(AA i 0+1:) (Not1:n)*vo||* + d?85 + 02 B3)
and

Eoflral*1a < 2(10170+1:0)* N7 CF exp((6 + 120) 10 1At ) Nz v | * + 85d° + m3B3).

Proof Since (; are i.i.d. noises, it is easy to obtain an upper bound for U, by Lemma A.2
a) and b),

Eo||Unll® = (1 = Aoun) H M0ol® + 65 Y myte(A3,) + ) njte(AF,Eoésé])

j=o+1 j=o+1
n n
< = Aon) H " wol® +d5§ D~ millAjnl® + Y mjmoll Ajnl*tr (Bogé )
j=o+1 Jj=o+1
(1.5)
< 773—1—1:n eXP(2>\H770+1:n)||U0||2 + (d5(2) + 10B2)Not1:n €XP(2AHN0+1:n)
< 773+1:n eXP(2)‘H770+1:n)(”U0H2 + d58 + 10 B2).
The 4th moment can be bounded first by Holder’s inequality,
4 4
n n
Eol|Unll* < 27(/(I = Aoun) H  vol|* +27Eo | > 645G\l +27Eo || D mjAjinéj]| -
j=o+1 j=o+1

By Lemma A.2 a) and b),

”(I - AO:n)H_1U0”4 < (770+1:n)4 eXP(4>\H770+1:n)||UO||4'

Note that if z; are sequences of mean zero random vectors,

Bl zill' =) Ewszy)(an,a) < ) Blai, ) + llzil Pl < 2 ) Ellzi]?|lz;)

.5,k 1,J ]
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Therefore

4
E, Z 5j/1j:an <2 Z 5125J2E0HAZTLCZ H2 ||Aj:an H2 <2 Z 5125? eXP(4)\Hﬂo+1:n)(d2 + 2d)
j=o+1 ij=o0+1 ij=0+1

= 6(770+1:n)26§ eXP(4)\H770+1:n)d2-

Likewise,

4
n n
E, Z njAin&|l <2 Z NiniN2Eol| Ain&ill? | Ajn&;] 12
j=o+1 1,j=0+1

< 2773 (770+1:n)2 exp(4AHT70+1:n)Bg-
In conclusion,
]EOHUTL||4 S 162(770+1:n)2 eXp(4>‘HnO+1:n)((no+1:n)2||UO||4 + d25§ + 77333)

By Cauchy Schwartz, the estimates in Lemma A.1, and finally Lemma A.2 b),

2

n
Eollrnl®1a =Eo || Y AjnniRi(AX;)1

j=o+1
n n
<D il gl ) { D2 millAjnl Eolall Ri(AX;)|?
j=o+1 j=o+1

2
n
<2 Z;UJ'HAj:n” rfggcgEolAHAlel“
j:
< 500¢ " (Not1:n)* A5 OF exp((6 + 12¢) o1 1:0 ) A2 |vo|[* + S5d2 4+ n2 B3).
(1.8)

Here we used that 12B3 < 1,Bs. |

A.2. Proof of Lemma 4.2

With these lemmas at hand, we are ready to prove Lemma 4.2.
Proof [Proof of Lemma 4.2] Let A be the event that 7, > n, i.e. [|X; — X,|| < b for all
0o < k <n. We will decompose the desired quantity into two parts:

EoF (Xnnr,) — F(Xo) = Eo(F(Xnar,) — FI(Xo))1ae + Eo(F(X,,) — F(X,))1a. (1.9)

Let’s bound the first term. We apply a 2nd order Taylor expansion of F'(x) near X,, we
find for some point z, the following holds

|F(2) = F(Xo)| = Jvg (¢ — Xo) + (2 = Xo) T VPF(2)(2 — Xo)| < Cslla—Xo||*+||vo|l |~ Xo|-
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Therefore by Lemma A.1, for a constant Cg,

EolF(Xrnn) = F(Xo) [Lae < /EolF(Xrnn) — F(X,)PPo(A%)

< \/2(E00§||Xnm = Xo[| + ol X ryan — Xoll?) v/ Po(A°)
< exp((3 4 6¢)Not+1:nAH) vV Po(A)

: (17q_1'5(no+1;n)1‘503>\;11/2(/\1§1Hvo|!2 + 02d + 1o B2)

3l VI oy N el + 030+ 1o ) (1.10)

< 770+1:n06 exp((3 + 6q)n0+1;n)\H)\/ PO(AC)(Sgd. (1.11)
In the last step above, we use the following comes from by our parameter setting,
NoB2 <83, [[voll < doy/min{dAs, d, d, ., ). (1.12)

Next, we bound E,(F(X,) — F(X,))1l4.
For the 7, > n case, we employ the Taylor expansion of F'(z) near X,:

F(X,) — F(X,) = vl AX, + AXTHAX,, + Ro(AX,,)
= (iU, +UTHU,) + v, + 2rTHU, 4 rL Hr,, + Ro(AX,,).
This leads to the following bound
Eo(F(Xn) — F(X,))la <Bo(vi U, + UL HU,) +E, (vl 1, + 2L HU, + 71 Hry + Ro(AX,,)) 14
+ Eo[vl Uy, + UL HU |1 4e (1.13)
Note that A;_1., +njHAj = Ajip, SO

n
E’L)ZUH = — anvoTAj:nvo = —’UZ(I — A();n)H_IUO.
j=1

And by independence, we obtain EOUnT HU,

n n n n
IEo[];{[—][]n = UZ Z Aj:nnj H Z Aj:nnj Vo + Z (5]2‘trAj:nHAj:n + Z n?trAj:nHAj:nEofjér
j=ot1 jmot1 jmot1 jmot1

n n
=0l (I = Apn) H (I = Ao)vo + 65 > mitrAjnHAjm + Y nitrAj HA;EolsE]
j=o+1 j=o+1

So by Lemma A.2 ¢) and e), and that tr(CB) < Aez(C)tr(B) for all symmetric C' and
PSD matrix B, we find that

Eov) Un + UL HU, = =0l (I = Agn) H ' Agnvo + 65 > mjtrAjnHAjn + > mitrAjn HAjnEol &l
j=o+1 j=o+1

n
< Z 5(%77jtrAj:nHAj:n + BZUJZAmaX(Aj:nHAj:n)
j=o+1

< _4537]o+1:n~
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Plug in estimates from Lemma A.3, note that 77§+1:n < (Not1:n)?%,

EO(UZUH + U;{HUn)lAC < ||U0||\/P0(AC)EOHUHH2 + ”H||\/P0(AC)EOHUHH4
< To+1:n eXp<)\Hno+1:n) V Po(AC)d5(2) + 803770-1—1% eXp(zAHno—l—l:n)d(s(Q) IP)o(~’40)
< 770+1:n06 eXP(2)\HTIo+1:n)d5§ V ]Po(AC)‘ (114)

Recall that under our conditions,
max{|[vol|*, Mot1:n | Vol|*, A w0, 0 B2} < 7d.
So by Young’s inequality, and Lemma A.3, we can increase Cg so that the following hold
Eovg rala < [[vol VEollral?1a < Co(o41:)"* exp((3 + 6¢)70+ 1:0Aer) 530>

_ 3
2B, 14t HU,, < 20/Eol Al|rn|2Eol 4| HU |12 < A5™5C2 (1o41:n)? exp((6+12¢) 10110 A1 )55 d2 ,
Eolart Hry, < Eol aCs7mnll? < CENG (Mot1:n)? exp((6 + 12¢) 00110 A1 )55 d>.

Because of Young’s inequality and Lemma A.1

3
Eol AR0(AX,) < CyBol 4 AX, [P < CH[E1AIAXA [T < Codpg” (Mo 1n)® exp((9+180) 0 1 A ) 53l

Under our assumptions, dpv/d < 1 so

Eol a(vlr+2rT HU, 41T Hro+Ro(AX0)) < Tos1in €xp((9418¢) o 1:n A ) (CE53d2 +C52d2).

Put these estimates back in (1.13), and eventually in (1.9), we find 9
EoF(Xnar,) = F(Xo) < —405n0+1:n (E,vlU, + UL HU,)
+ Do 1:n €xXP((9 + 18¢) o1 Arr) (CR03d2 + C203d?) (from (1.15))

+ Dot 1:nC2 exp(2AH N0t 1:n) V/Po (A°) d62 (from (1.14))

+ 1011 C exp((3 + 6¢) 1o 1:mA ) V/Po(A9)d3d  (from (1.11))

We also need to plug in the bound for /P,(A¢) from Lemma A.1, which is simplified by

(1.12):

V(7 < n) < CF exp((2 + 6¢)1041:0 A1) 05 d-
In conclusion, we have
EOF(XTL/\Tb) - F(Xo)

; < — 403 + G exp((9 + 18¢) o 1 A1 )03d2 + CF exp((5 + 120) o 1:0 A1) 002,
o+1:n

Under our conditions,
3
1> Cg’ exp((9 4+ 189)No+1:nAm )00d2, 1> C'g exp((5 + 12q)770+1:n)\H)58d27

This leads to our final claim. [ |
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A.3. Proof of Theorem 4.3

To conclude this section, we give the proof of Theorem 4.3 below.

Proof [Proof of Theorem 4.3] Consider the following sequence of stopping times with 7o = 0,
Tk if Tsosp < Tk;

Te+1 = § Tk + 1 if HVF(XT]C)H > 2607T808p > Tk
min{t : 9y, +1+ > 2Dy, or || Xy — X, || > C3/2 g} otherwise.

Here Dy = 32-log 154540 with Ay = Apax (—V2F(X7,)).

If 750sp < Tk, then the following holds trivially
ETkF(XTk+1) = F(Xy,) — 6(2)777k+157k+1’ a.8..
By (3.4) and strong Markov property, if | VF (X, )| > 2eo,

ETkF(XTk+1) < F(X'rk) - 6(2)77%4-1 = F(X'rk) - 6(2)777'k+157'k+17 a.s..
If [VE(X:)| < 2€0, Tsosp > Tk then Amax(—V?F (X, )) > Ae. By Lemma 4.2 and strong
Markov inequality, we also obtain the same inequality that
ETkF(XTk+1) < F(Xﬂc) - 6(2)77Tk+15‘rk+17 @.8..

Next we add in the requirement that time horizon is before N. Note that

2 2
Lo >NF(Xp o an) = L s N F(Xpan) < 1 <v<n 1 Co,  6Q > €1 1im AN, Q-5

we have

ETkF(XTk+1/\N) - F(XTk/\N) < ETk]lTIH-lZN(CO + 6(2)Q) - 63n7k+157k+1/\N’ a.s..
Also from our previous derivations,

ETk]lTk+1§NF(XTk+1) - ]lTkSNF(XTk)
= ]lTkSNETk (F(X7k+1) - F(XTk)) - ]lTkSNSTk+1F(XTk+1)
< 1 <NeEr rttim s — Erdlran<n  F(Xr,,),  a.s..
Let K be the first k£ such that 7, > N or 7, > T50sp. Then 7505p AN < 7 A N. Summing
the previous inequalities for all k¥ < K, and take total expectation,
Bl < NF(Xroan) — F(Xo) <E = €y — Incre F(Xory)-

So we find that
1 2C)y
Enirg , < ?E(F(XTK/\N) - F(XO)) < 67
0 0
Then note that for any k n,,_, ., < 2Q, so

2Cy
Enrye <2Q + =
0

So by Markov inequality
Enl:TK < 2Q + 200662

P(7s0sp > N) < <
( sosp ) m:N m:N
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Appendix B. Technical Proofs of ergodicity

B.1. Time points and recurrence

Since our SGLD is a time-inhomogeneous Markov chain, the first step is to design a sequence
of time points n; so that {X,,,7 > 0} is approximately a time-homogeneuous Markov chain.
This is done by Lemma B.1, where ¢ will be chosen as ¢y when applied to Theorem 5.2.

Once we have established these time points, we wish to show X, visits a compact set
infinite many times. The compact set is chosen as a sub-level set of F'.

Lemma B.1 Under Assumption 5.1, we have the following iteration indices:

a) Let ny be an index such that n, < & when n > ng. Let ny be sequence of iteration index
Ng+1 = inf{s > ng + L: Mng+1:s > 5}; then Mg +1mgy1 < 20.

b) We have the following Lyapunov-type inequality

En, F(Xny,,) < exp(—Z8)F(X,,) + 6 (D7 + 66B1 + 6d53) . (2.1)
c) If we let
Ko 2log My /EF (X,,)
’ 675 ’
then

8
EF(Xn,) < My := — (D7 + 66By + 6d53) -

cr
d) Define a sequence of stopping times with 19 = K,
Thr = inf{t: t > 7+ 1, F(X,,) < My}, k>1;
Then )
.8 _
Er; <K+j+—, j>1
c70

Remark B.2 If we have further tail conditions of the stochastic perturbation, it is often
possible to show eM also have Lyapunov-type inequality. This will provide an exponential
tail bound for 7, and lead to geometric convergence in Theorem 5.2.

Proof For claim a), simply note the 7, decrease to zero as n — oo. Moreover, by the
definition of ny

Mng+1ng41 < Mn+1img -1 + Mg < 26.

For claim b), recall the proof of Theorem 3.3, we have
EnF(Xa11) £ F(X0) = 30t VX + 30241 By + 30301
We require that |VEF(X)|? > ¢;F(X) — D7, so
EpF(Xnt1) < (1= G0t F(Xn) + %ﬁn+1D7 + 3021 B1 + 3d8gmn41
< exp(—F 1) F(Xn) + %%HD? + 30541 B1 + 3d8g 141
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By iterating this inequality m times, we have

n+m

EnF(Xner) < exp(_%nn+1:n+m)F(Xn) + Z 577kD7 + 37]]3-81 + 3d5(%77k
k=n+1

< (=Pt () 4 it (507 + BB+ 3453
In particular, we have
En, F(Xny,,) < exp(—Z8)F(Xy,) + 6 (D7 + 6581 + 6d53) .
For claim c), iterate (2.1) k times, we have for small enough §
EF(X,,) < exp(—<ZE6)EF(X,,) + 047 (D7 + 658y + 6ddg) ,
and we can find

Ko 2log 3 My /EF (X,,)
T 675

I

such that EF(X,,) < My. So if we increase ng to ng we have the claimed result.
For claim d), consider stopping time 7 := inf{k > K : F(X,,) < My}, denote V (k) =
F(Xy,). Then from claim b) we have

En V(k+1) < (1—9)V(k)+ By, By:=6(D;+65B;+6d5;), ~:=1—exp(—%Z5).
We will verify that for any ¢
E,V(rA(t+1))+2ByrA(t+1) < V(T At)+ 2Byt At a.s.. (2.2)

To see this, note that if 7 < ¢, the inequality (2.2) trivially holds. And if 7 > ¢+ 1,

4B
V(L) < My < =Y,
Y

and it suffices to show
E, V(t+1)+2By <V(t) a.s..

But this can be obtained by observing that —yV(¢) > —4By, so
E,V(t+1)<V(t)—~V(t)+ 2By <V(t) — 2By a.s..

With (2.2) verified, we know that V(7 At) + 2ByT At is a supermartingale, therefore by
letting ¢t — oo, we find that

2ByE, T <E, V(1) +2ByE, 7 <V(K)+2ByK a.s..

In particular, note that 7,1 is essentially the next 7 after 74, 4+ 1, so by strong Markov

property,
2BV]EnTk (Tk+1 — Tk — 1) < V(Tk + 1) a.s..
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Taking total expectation, we have
2ByETm1 — 1 — 1< EV(Tk + 1).

Adding over all k, note that 79 = K, we have
1 J
Er; <K +j+ BVkZ_OIEV(Tk +1).

Also note that V(1) < My, so
EV(Tk + 1) = EEnrkV(Tk—&-l) < (1 — ’y) EV(Tk) + By < (1 — ’y)MV + By < My

So Erj < j+ K + j 5~ ]

B.2. Reachablity

In Markov chain analysis, one crucial step showing ergodicity is verifying that when the
Markov chain starts from a recurrent compact set, it has a positive chance of reach a
target. In our context, we wish to show the SGLD can visit a target point zy with positive
probability bounded from below.

Lemma B.3 Under Assumption 5.1, suppose || Xn,|| < Dx,||20|| < Dx, then for any e > 0

1 €
P (||Xni+1 — 20|l < (8Dx + 1)e + 25\/34) > cqi= 7P <||Z — x| < aom) ,
where Z ~ N(0,14) and ey = [1,0,0,...,0] is the first Euclidean basis vector.

Proof For notational simplicity, we let n; = o and m = n;;1 — n;. By iterating (1.6) k
times, we write

k
Xo+k = Xo + Z 770+jVF<X0+j—1) + Yk + Zk
j=1
where
k k
Yy = Zn0+j£0+jv Zy = Z‘SO\/ 770+j<o+j'
j=1 J=1
Let z = z9 — X,. Denote event:
A= A{[|Zm — 2l| < € | Z]| < |l2]] + € + 2, [|Y3[| < 20/ Ba, bk =1,...,m}.

Apply Lemma B.4 with a; = 1,4, we know that

P(A) 2 1P (12 - 2251 < 50//572)

30



STATIONARY-POINT HITTING TIME AND ERGODICITY OF SGLD

Note that the lower bound decreases as ||z|| increase, so we can obtain an lower bound by
considering z with the maximum norm. Now consider when A takes place. Note that if
| Xos;]| < 4Dx for all j < k — 1 then VF(X,.;) < Dp,

[ Xo+kll < [ Xoll + Not1:046DF + [[2]| + € + 261/ By < 4Dx,
0 || Xoyjl| <4Dx for all j =1,...,m. Moreover,

”Xoer - ZOH < HZm - ZOH + ||Ym” + NotLiotmDr < (2DF + 1)6 + 204/ By.

Lemma B.4 For any sequence ax > 0 such that § < ay., = Z?:l a; <26 and § < é, the
following holds:

a) Suppose we let

k
Zy =) 00v/aiG, G ~N(O 1), k>o+1

Jj=1

Then for any target vector z and distance r

P(|1Z = 551 < 5755)

3
P(|Z, — 2| < || Zk]l < 2] + 7 + 200,k =1,...,n) > 1

where Z is a random variable follows N (0, I4).

b) Let Fz denote the o-algebra generated by Z1,...,Z, as in a). Suppose & is a sequence
of random vectors, such that

E(&k|Fz.&5,5 < k) =0, E(|[&]*|Fz.&.5 < k) < Ba.

Let Yy, = Z?:l a;&; then
1
Pl < 20V/BilF2) >

Proof For claim a), it is easy to verify the joint distribution of [Z, ..., Z,]|/do is the same
as the distribution of [Wy,,..., Wy, ], where t; = a1,; and W is a d-dimensional Wiener
process. Note that

P(|Wi, — 2|l < r/80) = P(Iv/atmZ — 2I| < 1/60) = B(|Z — 2/\/arm]| < r/dov/arm)
< B(|Z - 2/V3] < 1/60V/20),

And when conditioned on W3, = w, Wi« is known as a Brownian bridge. By Karatzas
and Shreve, The distribution of its path is the same as

t t
X;=—w+ (Bi— —B,),
t tn

n
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where B; is another independent Wiener process. So with any w, ||w]| < ||z|| + 7,
P(Wi| < [lzll+742,VE < ta[Wi,, = w) = P(|Xel| < [[2]l 47428 < tn) = P([|Be]| <2,V < t).

Consider b; = || By||? —td. It is easy to check that b; is a martingale. Let 7 = inf{t : || B||* >
4d}. Then
E||Biar||> = Ebiar + dEt A 7 < dt,.

So by Markov inequality
P(HBtHQ > 4 for some t < t,) < IP’(HBMTH2 >4)<

Claim a) can be obtained by tower property.
For claim b), note that yx = ||Yz||?> — a1..Bs is a supermartingale conditioned on F.
Let 7 be the first time that ||Y3||? > 40 By, then the expectation conditioned on F yields

Ez||Yoakl? < EzaroakBa + Eykar < BaEgaroar < 2B4d

So Markov inequality leads to

Py (Y, < 2\/6Bs,Vk=1,...,n) >

N | —

B.3. Proof for Theorem 5.2

Once we have both recurrence and reachability, it is intuitive to see why SGLD can visit an
arbitrary point 2o in the space: SGLD will visit a sub-level set of F' infinitely many times,
and each time it has a positive probability to visit zg.
Proof Let § satisfies the following: Let ng be an index such that 7, < § when n > ng. Let
ny be sequence of iteration index ngi; = inf{s > ng +1: 9y, 41.s > 0}.

Define a sequence of stopping times with 79 = K,

70 = 1o, Tk_:,_l:inf{t:tZTk—i-l,F(Xnt)SMv}, k>1,

and the stopping time
T = inf{t > 0: || Xy, — 20| < €}
To prove Theorem 5.2, it suffices to show that P(7, > T') < pg with a choice of T. Then
note that for any J
P, >T)=P(rn>T,7y>T)+P(r. >T,7; <T)
(77 >T)+P(]| X, — 2|l > ey <T,k=1---,J)

S ]P) Tk+1
<P(r;>T) —i-}P’(HXnTk+1 — 2|l >e,k=1---,J).
Lemma B.1 shows that 8]
Ery<K+J+ —.
675
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8J

K+J+ 8
70‘75 such that

In particular, by Markov inequality, we can choose an T > 5

Note that F'(X,, ) < My implies || X, || < Dx. So by Lemma B.3, there is a ¢, such that

Tk
Pnﬂ—k(Hank+1 — Zo” > (8DX + 1)6 + 264/ B4) <1-—c¢cq,.
Because that Vi(1) < My, so

J
B(| X, —20ll > ek =1 ) =E]] Pu, (1 X, 01 — 20l > €) < (1= ca)”.
k=1

1
Pick a large J = (li:(gl%] so that (1 —¢o)? < 2po. In summary we need

2log 2 My /EF(Xp,) log £ p 8
T < { : ‘0/75 ] -‘ + [10g(12—61)1(1 + &)

2po

1
Also recall that 267 > npq:n, o Uon%p_a, S0 N X [ﬁ]ﬁ m

B.4. Proof of Lemma 5.3

Proof It is easy to see that X,, and Y,, are both Gaussian distributed with mean being
zero, given the linearity. The variance at step n follow the update

V=01~ Un)va—l + 1, VY=(1- nn)QVﬁy—l + 77721'

For any fixed € > 0, there is an m so that n, < e for all n > m.
Then if Vf_l > 2¢

VY < (1- Un)vé/fl - ”n(vétl - nnvé/fl =) < (1— nn)Vy < ngl'

n—1 —

If ViV > 2e for m < k < n,Vi{ <exp(—nmi1:n)Vihi. Since npmy1: — 00, there is a 7 such
that VY < 2e. And after n > 7, there is two scenarios, if VY | > 2¢, VY < VY . If
Vf_l <2, VY < Vf_l + 777% < 2¢ + 4€2. So we conclude that

lim sup VY < 2e+ 4¢€.

n—oo

Since this holds for all €, we find that lim,, V;} = 0. As for V*

", we set AfL:an—%. We
find its update rule follows

1
AL = (1= m)A% + k.

This is similar to the update rule of VY. So by the same arguments, we find that A%Z — 0
and V¥ — 1. |
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Appendix C. Technical Proofs in Section 6

In this section, we provide detailed calculations of the assumption constants for each example
discussed in Section 6

Proof [Proof of Proposition 6.1] The Hessian of F' is given by A, which is PSD, so Dy, Cs
can be bounded by tr(A). Next, we check the noise term in the stochastic gradient:

bnt1 = A(Xnt1 — %) — ans1(at 1 Xy — bos1) = (A — any1al 1) (Xn — %) + €n1an41.
By Holder’s inequality, there is a constant ¢ such that
4 T N 4
Enl[&ns1ll® < 8ELI(A — ant1n41)(Xn — 27)[|* + 8Enll€nt1an 1]
< 8] X0 — 2 ["En([|All + llant1]®)* + 24Enlap ||

< 64)| X, — ||| A|I* 4 64 x 105]| X, — 2*||*tr(A)* + 24 x 3tr(A)?
< Atr(A)Y (| X, — 2*||* +1).

Therefore we can choose By = ctr(A)?(I'2 + 1). By Cauchy’s inequality, then
Bl V2 (Xt < br( AV €2 < cbr(A)3(T2 + 1),

To check Assumption 5.1, note that VF(x) = A(z—x*), so | VF(2)||? > 2Amin(A4) F(x)2.
Also note that
1

F(x) = 5(3: — :c*)TA(x —x")+

1

> SAmin(A)l|z = 27[* = D Amin(A) 2]l = L Amin(A) ]|,

1
— 4

N |
N =

Proof [Proof of Proposition 6.2] The gradient and Hessian are given by
VF(X)=2XXT - M)X = |VEX)|<4|T|>.
The Hessian can be defined by its product with two specified matrices Z:
(ZV*F(X)Z) = | XZ" + ZzXT |5 + 24X X", 272"y —2(M, ZZ"T)

We check Cy = maxz|,—1(Z, V2F(X,)Z), but for any Z with Frobenius norm 1, we find
that

1XnZ" 7 < | XalFN 215 <T, (XnXyy,Z2Z7) < | Xal[#12I1° < T, (M, 2Z7) >0,

So Cy < 24T". Next we check Dy = tr (V2 f). Since M is positive definite, so (M, ZZ*) > 0,
SO
(Z,V*F(X)Z) < |XZ" + ZzXT |3 + 2(xXT, 227

Then for each eigenvector Z of V2f, its eigenvalue A has its positive part bounded by

Ny = (2. V2P(X)2))s < |X27 + 2X" |} + 2(x X7, 227)
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Therefore
Dy < Z ||X€g:j +ei i X%+ 2(x X1, eiyjez:ﬂ < (4m + 2r)I.
12
which leads to the same bound.
Next we verify the bound for C3 = maxy, v, v, |0, 0y, Ov, F'(X)| for three different speci-
fied m X r matrices. Then the derivatives can be computed as

Do, F(X) =2(XXT — M)X,v;)
Oy, 00, F(X) = 2((0; X7 + X0 )X + (XX — M)vj,v;)
Buy, 0, 00, F (X)) = 2((vjuf 4+ vpv] )X + (0; X7 4+ Xo] Jvp + (0 X7 + X0 )vj,v;)
Clearly, when ||v;||r, |vj||F, |vgllF = 1, and || X |z < VT.
|0y 0, 00, F(X)| < 12VT.
The stochastic gradient of this problem is given by
VX, w) = (XXT - M,u)(w+w")X
So the gradient noise is given by D,, = X, X — M
Eni1 = VI (Xn,wn1) = VF(X,,) = (2Dy — (D, wng1) (Wi g 4 wnt1)) X
Since ||Dy||r < 2T, by Lemma C.1,
Epl|niills < 8| Dyl 02 + 8E||( Dy, w) (w + w?) Xn|[* < em?r2T.
So By can be chosen as y/emrT'3. This leads to
B1 =E,(6ng1, V2F(X)En11) < emrT4
To check Assumption 5.1, note that
XI5 < IXXT — Ml[p+ [[M]F.
Moreover

IVF(X)||? = 4tr(XXT — M)2XXT) > 4tr((XXT — M)3) — 4F (X) Amax(M)
4

> —F
T Vd
So if F(X) > 2d)2,.(M), then ||[VF(X)||? > 4\max(M)F(X). As a consequence, the

following is always true

(X)2 — 4F (X) Amax(M).

IVE(X)[? 2 4hmax (M) F(X) — 8dAg,0(M).

35



CHEN, Du, AND TONG

Lemma C.1 Let A and B be two rank r m x m symmetric matrices, for Gaussian noise
matrices, there is a universal constant ¢ such that

E[(B,w)(w +w) Al < em®r?| Al || B|%
Proof [Proof of Lemma C.1| Since the distribution of w and matrix inner product are

invariant under rotation, so we can assume A is diagonal. Let Aq,..., A\, be the diagonal
entries of A. Then

(Aw) =) Xiwii ~ N0, A7), E(A,w)® = 105] 4|5
i=1

E[[{B,w)(w +wh) A} < \/E(va>8\/Ell(w +wh)A|E < 16VE(B, w)*y/EJwAll}

Next we note that with A being diagonal, then

loAllF =D Alwis* < AIE D lwigl?
ij ij

Since }_; ; |wi j 2 ~ X2 50 EllwA|% = mr(mr+2)(mr+4)(mr+6) < 2m*r? for large m. B
Proof [Proof of Proposition 6.3] The gradient is given by
VF(X)=(XXT - M)X, VfX,w)=XXT-M-w)X
So the gradient noise is given by
fn—l—l == vf(Xnawn—H) - VF(Xn) = wn—l—an-

The constants Cy, Dy, ¢5, D5 concern only of the population loss function F(X), which is
identical to the previous proposition. We just need to verify By and Bj.

Let (X\j,vj) be the (eigenvalues, eigenvectors) of M, then the data sample share the
same distribution as

d
Z; NZ\/)\ij’Uj, Zj NN(O, 1)
j=1

Note that for any combination of ¢, j, k, n, Ez?z?ziz% < IEZZ8 = 105.
m
Ellziz] |3 =EC) | Ajzd)* < 105tr(M)*.
j=1

So there is a universal ¢ such that
Ellw;|% < 8E|jz;zl |4 + 8||M |4 < ctr(M)*.

So we can choose By = tr(M)2.
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Next we check B; and Cy. Recall that
(ZNV?*F(X)Z) = | XZ" + ZXT|5 + 22X X", 22"y —2(M, ZZ"T)
So

By =K, (&ni1, VEF(X,)€n 1)
= 4B, | Xnwn1 XL + wnp1 X Xnl|F + 8(Xn X — M, Epwn1 Xn X wl, ).

Then
1Xnwn1 X5 17 = (wn1, Xp Xnwna1 X5 Xn) = [1X7 Xpwn [ < 1X7 Xal 7 lwns1[IF
The conditional expectation is bounded by cI'*tr(M)?, and likewise for ||w,+1 XL X,[|% So
Bi < Ep (8|lwn1Xy Xoll5 + 8llwnt1 X Xl + 8llwnt1 Xn Xt |7 + 8(M, wn 1 Xp Xy iy 1)) < cltr(M)?,
As for the empirical loss function, we notice the gradient and Hessian of it satisfies
O f(X,w) = 2((XXT — 22T) X, v;)
O, 0v, f(X,w) = 2((0; X7 + X0 )X + (XXT = M — w)v;,v;)
0, Oy Oy, f(X,w) = 2((vjui + vkv;"r)X + (0 X7 + Xv;fp)vk + (e XT 4+ Xvh v, vi)

Under our condition, it is clear that for any v;,v;, v of Frobenious norm 1,

100, f(X, )| < (T + [w][)TZ, (80,00, (X, )] < (T + [|w]lF), (D0, Do,00 F(X, )| < T2
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