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Abstract

We consider the problem of clustering and completing a set of tensors with missing data that are
drawn from a union of low-rank tensor spaces. In the clustering problem, given a partially sampled
tensor data that is composed of a number of subtensors, each chosen from one of a certain number
of unknown tensor spaces, we need to group the subtensors that belong to the same tensor space.
We provide a geometrical analysis on the sampling pattern and subsequently derive the sampling
rate that guarantees the correct clustering under some assumptions with high probability. More-
over, we investigate the fundamental conditions for finite/unique completability for the union of
tensor spaces completion problem. Both deterministic and probabilistic conditions on the sampling
pattern to ensure finite/unique completability are obtained. For both the clustering and comple-
tion problems, our tensor analysis provides significantly better bound than the bound given by the
matrix analysis applied to any unfolding of the tensor data.

Keywords: Low-rank tensor completion, canonical polyadic (CP) decomposition, union of tensor
spaces, clustering tensor spaces, finite completability, unique completability.

1. Introduction

Identifying the geometrical properties and relationships of datasets is essential for many data pro-
cessing tasks, such as completion and denoising. In many applications, we need to analyze a collec-
tion of datasets like images, text documents, etc. Assuming that these are two-dimensional (i.e., two
dimensions are enough to represent all features and relationships captured in the data), then to model
such data structures, we can simply consider a matrix U € R"™*"2 whose columns are chosen from
one of K unknown two-dimensional subspaces. The problem of subspace clustering aims to cluster
the columns of this matrix into K groups such that the columns in each group belong to the same
subspace. Subspace clustering is an important pre-processing step of data analysis when the data lies
in a union of subspaces and is well studied (Elhamifar and Vidal, 2009; Liu et al., 2013; Elhamifar
and Vidal, 2013). The problem is much more challenging with missing data, i.e., when the matrix
U is incomplete, which is an important problem in subspace learning for real-world scenarios and
has been treated broadly (Balzano et al., 2012; Pimentel-Alarcén et al., 2014; Yang et al., 2015). In
particular, the information-theoretic bounds on clustering the union of subspaces is investigated in
(Pimentel-Alarcén et al., 2016a, 2017; Pimentel-Alarcén and Nowak, 2016; Ashraphijuo and Wang,
2019a), based on the geometrical analysis for matrix completion problems (Pimentel-Alarcén et al.,
2016b; Ashraphijuo and Wang, 2019b).
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The theoretical analyses for the clustering problem in the literature focus on two-dimensional
data. On the other hand, in many applications we need to deal with data that are represented with
multiple dimensions in order to capture the correlations across different attributes. Even though a
naive way of treating tensors is to “collapse” a tensor into a matrix and then apply matrix analysis,
such an approach can not fully exploit the multi-way correlation of the data. In contrast, tensor anal-
ysis is capable of taking full advantage of these correlations. Therefore, the problem of clustering
a union of low-rank tensor spaces with missing data is a more fundamental problem, which will be
studied in this paper. Note that two of the main results of this paper are characterizing the minimum
number of samples (i.e., minimum sampling rate) required for clustering a union of tensors with
missing data and completing a union of tensors. The low-rank tensor clustering and tensor comple-
tion problems with missing data are both important topics in the broad area of machine learning. In
particular, the low-rank subspace clustering has many applications in various fields including im-
age processing (Hong et al., 2006), recommender systems (Rennie and Srebro, 2005; Pezeshkpour
et al., 2018), gene expressions (Gan et al., 2007), etc. The low-rank tensor completion problem
plays a vital role in multilinear data analysis against outliers, gross corruptions and missing val-
ues and its diverse applications (Kressner et al., 2014; Zhang et al., 2015). Particularly, low-rank
tensor completion finds applications in 3D image reconstruction (Sauve et al., 1999), video inpaint-
ing (Patwardhan et al., 2007), hyperspectral data recovery (Li and Li, 2010), higher-order web link
analysis (Kolda et al., 2005), etc. In this paper, we provide a fundamental theoretical analysis for
the two important mentioned problems. One of the main ideas behind our analysis for the tensor
space clustering problem is to take advantage of the condition on the sampling rate that guarantees
the unique completability for the tensor completion problem. Then, we use the unique completabil-
ity property on each of the tensors to correctly identify whether a tensor space fits in that tensor.
Moreover, algorithms such as the one developed in (Ashraphijuo et al., 2019) can be developed for
achieving such theoretical bounds and the analysis in this paper can be used for rank estimation as
studied in (Ashraphijuo et al., 2017).

Since we study the data structures that are partially sampled, another important related prob-
lem is the low-rank data retrieval problem and it has many applications in different areas including
compressed sensing (Lim and Comon, 2010; Sidiropoulos and Kyrillidis, 2012; Gandy et al., 2011),
network coding (Harvey et al., 2005), image processing (Candes et al., 2013; Ji et al., 2010) and
data mining (Eldén, 2007) and some literature reviews on this problem can be found in (Candes and
Recht, 2009; Candes and Tao, 2010; Cai et al., 2010). Hence, we also study the union of tensor
spaces retrieval problem and derive the fundamental conditions on the geometry of the sampling
pattern for finite/unique completability based on a polynomial analysis. Then, given the character-
ized deterministic conditions on the sampling pattern, we provide a probabilistic analysis to obtain
a bound on the sampling rate to ensure that these deterministic conditions hold true with high prob-
ability.

The remainder of this paper is organized as follows. In Section 2, some preliminaries are pre-
sented. In Section 3, we state the two problems treated in this paper, i.e., tensor space clustering
with missing data and union of tensor spaces completion, and provide the matrix analysis approach
to these problems. Tensor analysis for clustering tensor spaces is presented in Section 4. Then,
in Sections 5 and 6, we provide deterministic and probabilistic analyses on the finite/unique com-
pletability for union of tensor spaces completion, respectively. Finally, Section 7 concludes the

paper.
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2. Preliminaries

Assume that if € R *"2X--Nd-1XNd g 9 d-way tensor. Throughout this paper, we use the CP rank
as the rank of a tensor, which is defined as the minimum number r such that there exist aé € R™
forl1 <i<dand1l <[ <rand

.
U=> alwahe.. . wal, (1)
I=1
or equivalently,
T
Ular ez, ...oxg) = 3 ab(@1)ab(es) .. ab(za), @)
=1

where ® denotes the tensor product (outer product) and U(z1,x2,...,x4) denotes the entry of
tensor U with coordinate ¥ = (1,22, . ..,z4) and al(z;) denotes the z;-th entry of vector al. Note
thatal ® al ® ... ® afi € R™M*"XNd jg a rank-1 tensor, [ = 1,2, ..., 7.
. . mé_, n; . . .
For notational convenience, define N_; = %ﬂj (i.e., the product of all but the size of i-
th dimension), V; £ (Hé-:l nj> (i.e., the product of the sizes of the first ¢ dimensions), N, £

(H?:i 11 nj> (i.e., the product of the sizes of the last (d — i) dimensions). Also, define z+ =

max{0, z}.

Definition 1 Define the matrix INJ(i) € RNixNi gg the i-th unfolding of tensor U, such that U(Z) =

U(i)(]%(xl, cey ), Mi(xi+1_, ..., Zq)), where ]\7Z s (21, ,1) — {1,2,...,N;} and M; :
(Tit1,---,2q) — {1,2,...,N;} are two bijective mappings. These mappings are basically the
simple and well-known vectorization mappings.

Definition 2 Define the matrix U ;) € R™*N=i gs the i-th matricization of tensor U, such that

Z/[(.’f) = U(Z)((L'Z, Mi(xl, ey Li—1, Lj41y - - - ,wd)), where Mi : (xl, ey L=y Lj41y ey xd) —
{1,2,...,N_;} is a bijective mapping, which is another vectorization mapping.

Definition 3 We call a column u € RYi an “i-th unfolded column,” i = 1,...,d — 1, if there exist
us € R™ fors=1,...,i, such that u = vec(u; ® ... ® u;), where vec(-) uses the same bijective
mappings that is used for the i-th unfolding, i.e., J\Z c(x1, .., m) = {1,2,...,N;}, and hence
u(M;((z1, ..., 2i)) = wi(z1) ... wi(x;). We call a (d — 1)-th unfolded column as a “structured
column.”

In the remainder of this section, we provide some fundamental properties of tensor and rank that
will be used later.

Lemma 4 The matrix rank of any unfolding or matricization of U is upper bounded by its CP-rank
r. In other words, the CP-rank of a tensor is always greater than or equal to the matrix rank of any
unfolding or matricization.
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Proof In order to show rank (INJ(Z»)) < r, it suffices to show that there exist b} € R and b}, € RN
for 1 <1 < r such that

Uy =Y bl @b 3)
=1

Recall the CP decomposition in (1). Then, we define A} = a{®...®al and A, = al | ®...®a),
for 1 <1 < landletb) and b}, denote the vectorizations of A} and A} with the bijective mappings
JE : (.I'l, ceey .%'Z) — {1, 2,... 7Nz} and Mz : (xi-l—l? e ,.’L‘d)_ — {1, 2,... ,Nz} of the unfolding
U(,»), respectively. Hence, there exist bll € RYi and bé € R¥i for 1 < 1 < r such that (3) holds.
Similarly, for the matricization U ;), we can write U ;) = Y _;_; ¢} ® ch, where ¢} = al € R" and
c), € RN-i is the vectorization of a} ® ... ® al_|; ® aéH ® ... ® a; with the bijective mapping
M;: (w1, 21, %ig1, -, 0q) — {1,2,..., N_;} of the matricization U;). |

Lemma 5 The CP-rank of a tensor U is equal to the minimum number of structured columns
that span all columns of U 4_).

Proof Recall from Lemma 4 that there exist b} € R™i and b, € R¥i for 1 < I < r such that
(3) holds. Define B; = [bi|b?|...|b}] € RYiX" and By = [bi|b3|...|b5]T € R™Ni, Then,
(3) can be rewritten as INJ(Z-) = B;B5 and therefore, there exist » columns such that each one is an
i-th unfolded column (columns of B1) and each column of the ¢-th unfolding of I/ can be written
as a linear combination of the mentioned » columns. Moreover, the columns of B, have a similar
structure, i.e., they are (d — 7)-th unfolded columns. Note that in the case of ¢ = d — 1, the columns
of B are “structured columns” and the columns of B; do no have any particular structure, i.e., Bo
is an arbitrary matrix. Therefore, rank(U) = r means that r is the minimum number of structured
columns that span all columns of 6(d_1). |

Remark 6 rank(U) = r concludes that there exists a set S consisting of r structured columns
whose column span (denoted by T) includes any column of ﬁ(d—l)- In other words, the column
span of these r structured columns, i.e., T, is an unfolded tensor space of rank r. In fact, the image
of the bijective mapping (My_1, My_1) with the domain of space of all d-way tensors generated by
this unfolded tensor space is T.

3. Problem Statements, Main Results And Matrix Approaches

3.1. Problem Statements

Assume that If;, € R X"2X-Md-1X% g g d-way tensor, k = 1,2, ..., K. Define i € R™M1*"2%-1d
as the concatenation of the mentioned tensors along the d-th dimension (not in any specific order),
where ng = Zszl ci. Let vy, denote the rank of Uy, k = 1,2, ..., K. We assume that U/ is (or Uy’s
are) randomly sampled, i.e., each entry of I/ is independently sampled with probability 0 < p < 1.
Let Q be an ny X ng X ... X ng binary tensor of sampling pattern such that Q(¥) = 1 if U(Z)
is sampled and Q(Z) = 0 otherwise. Let Uq denote the incomplete tensor consisting of only the
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sampled entries of ¢/. We assume that the rank values r1,...,7x and the sampled tensor U are
given. Furthermore, we assume that I/}, is generated generically from the corresponding tensor space
(of rank ry), i.e., each entry of the vector along the d-th dimension in CP-decomposition of U}, is
drawn independently according to a continuous uniform distribution with respect to the Lebesgue
measureon R, k =1,..., K. Denote Cy, = c1 +---+ ¢ fork = 1,..., K. Throughout the paper,
we assume the genericty of the data and that the entries of the tensor are sampled uniformly and
independently with some probability p.

For the sake of notational simplicity, instead of working with tensors, we look into the image
of the bijective mapping (My_1, My_1) with the domain U, i.e., ﬁ(d,l). Specifically, consider
the set Sy consisting of 7 structured columns (i.e., (d — 1)-th unfolded columns) that are chosen
generically, K = 1,..., K. In other words, each of them is obtained through vectorization of the
outer product of d — 1 vectors in R™, for 1 < ¢ < d — 1, and each entry of any of these d — 1
vectors is drawn independently according to a continuous uniform distribution with respect to the
Lebesgue measure on R. Moreover, let 73 denote the column span of Si. Then, consider a matrix
INJ’(f a1) € RNa-1%¢k guch that ¢, > r, and the columns of fJ? 4—1) are drawn generically from the

column span of Si. Hence, the folded d-way tensor corresponding to INJ'QC 1) (denoted by Uy,) is of
CP-rank 7 and the column span of Sy provides an unfolded tensor space of rank r;, ¢ = 1,..., k.
Summary of notations:

Symbol Definition
K The number of tensors.
U, The k-th tensor, which belongs to R %72 Td—1X¢k
Q The binary sampling tensor, which belongs to {0, 1}71 %72 -"d-1x"a,
Cy Cp=c1+-+c¢fork=1,... K.
N_; Ty =L
3 L)
]Yi I ny.
Ni H;l:l- +1 nj.
fJ(Z-) The i-th unfolding of tensor &/, which belongs to RV Vi
U The i-th matricization of tensor I/, which belongs to R <N~
T The tensor space that each column of U’g 1) is chosen generically from.
Sk The set of structured columns that are a basis for the tensor space T, i.e.,
Sk = {ul, . urk}.

3.1.1. TENSOR SPACE CLUSTERING WITH MISSING DATA

In Section 4, we are interested in clustering the subtensors of U/ of size R *"2Xma-1x1 in ¢
groups such that members of each group belong to the same d-dimensional source of size 1 X ng X
... X ng_1 X ¢ and rank r; with high probability. This is equivalent to clustering the columns of
6(d—1) such that their corresponding tensors (folded versions) belong to the same tensor space.
Assuming that 7, denotes a set of ¢; columns generically chosen from 7, i.e., the column span
of the unfolded tensor basis S, k = 1,..., K, and we call {Z4,...,Zk} the K unknown sources.

In fact, the (d — 1)-th unfolding U’I(C 1) € RNa-1%¢ of tensor Uj, consists of the ¢, columns in

7). As mentioned earlier, in the clustering problem, we assume that ZkKZI cg, structured columns of
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7y’s are randomly sampled while we do not know the source of each structured column. Then, we
are interested in correctly clustering these sampled structured columns with high probability, i.e.,
correctly identifying the source Z, that each structured column is chosen from with high probability.

3.1.2. UNION OF TENSOR SPACES COMPLETION

For this problem, we assume that: (i) the sets Sy consisting of 7, structured columns are such that
S1 € S C ... C Sk; (i) the subtensors are already correctly clustered. Hence, in this setting
we can assume that the first ¢, columns of U4_1) are U% 1)’ the next co columns of Uy_1) are

U%d_l), and so on, i.e., Uy = [U%d_l)\. . ]U{;_l)].

In Section 5, we are interested in obtaining the deterministic conditions on the sampling pattern
2 such that there are finite number of completions of { that have the mentioned data structure and
satisfy all rank constraints. Then, in Section 6, we will further obtain a lower bound on the sampling
rate that ensures the similar results with high probability.

3.2. Summary of Results and Main Steps of Analysis

An executive summary of the steps in our analysis for each section is as follows:
(i) Clustering results for union of tensors (Section 4) - Minimum uniform sampling rate p to
correctly cluster the tensors:

(1) Required sampling rate for unique completability of a single tensor <=
Lemma 11.

(2) A condition that ensures infinite completability of a single tensor (will
be used in the proof of the main theorem to contradicts the unique com-
pletability) <= Lemma 16.

(1) and (2) <= Characterize the required sampling rate for correctly clus-
tering the union of tensors with a certain probability (Theorem 17).

(i1) Deterministic analysis for completion of union of tensors (Section 5) - Necessary and suffi-
cient conditions on the sampling pattern €:

Completion Problem <= Solving polynomial equations in terms of the en-
tries of canonical decomposition of the union of tensors given in Definition
23 <= Lemma 31.

(1) Finite completability of ¢/ given Af’s <= Assumption 1.

(2) Finite completability of Af’s <= Existence of (n; + -+ ng_1)rg —
Zszl re(ry — rk—1) — rx(d — 2) algebraically independent polynomials
in P(Q2) (Lemma 33) <= Relationship between (2 (via the constraint ten-
sor §2) and the maximum number of algebraically independent polynomials
(Lemma 34).

(1) and (2) <= Geometric patterns for finite completability of ¢/ (Theorem
36).

(iii) Probabilistic analysis for completion of union of tensors (Section 6) - Minimum uniform
sampling rate p to ensure finite/unique completability:
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(1) Connecting conditions on the number of samples and geometry of {2
(Lemma 41)

(1) and Theorem 36 (geometry of Q) — Probabilistic condition for finite
completability (Theorem 42).

3.3. Matrix Analysis Approach To The Clustering Problem

One naive way of treating the above tensor space clustering problem is to ignore the “unfolded
structure” of the columns in Z;, and simply apply the subspace clustering results for matrices.

First, we restate the main result of (Pimentel-Alarcon and Nowak, 2016) (i.e., Theorems 1 and
3 in (Pimentel-Alarcon and Nowak, 2016)). Consider a similar problem as described in Section
3.1 for two-dimensional data, or matrix. Let 77, ..., Tk be subspaces independently chosen from
Gr(nq,r) (set of all r-dimensional subspaces of the n;-dimensional space), and source Z, includes
¢ columns generically chosen from T, £k = 1,..., K. The matrix U € R™*"2 ig such that
ng = 2521 ¢, and includes all columns of Z;, for k = 1,..., K. 2 is an n; X no binary sampling
matrix.

Lemma 7 (Pimentel-Alarcén and Nowak, 2016) Assume that the subspaces T, ..., Tx are inde-
pendently chosen from Gr(ny,r), r < % and ¢, > (r +1)(n1 —r + 1), k =1,..., K. Moreover
suppose that each column of Ugq includes at least | sampled entries such that

I > max{12log (nl(r:l)) +12,2r). (4)

Let T denote an r-dimensional subspace that fits exactly ¢ columns of Ugq (i.e., € is the maximum
number of columns of Ugq that can be covered by T) and assume that ¢ > (r + 1)(ny — 7 + 1).
Then, with probability at least 1 — Ke, the following statement holds: All the ¢ columns of Ug
covered by T belong to one source Ty, for some 1 < ko < K and the rest of the columns of Ugq do
not belong to Iy, and moreover, ¢ = cy, and T = Tg,.

Remark 8 The above lemma provides the conditions for clustering the columns that belong to one
particular subspace with high probability.

For the tensor space clustering problem in Section 3.1, assume that 7y = --- = rx = r and the
tensor spaces are chosen independently. Then, we can simply apply Lemma 7 to U(4_1) to cluster
one of the tensor spaces if

CkZ(Tmax+1)(N—d_Tmax+1)a k=1,...,K, (5
and
N_g(rmax +1
[ > max{12log (‘i(ra“> + 12, 2rmax ) (6)
€
Note that the assumptions such as r; = --- = rx = 7, the tensor spaces are chosen indepen-

dently, and (5) are very strong and we are interested in clustering the tensor spaces without requiring
such assumptions.
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Remark 9 The reason that the above naive method is not very efficient and requires a very strong
assumption (5) is that we completely ignored the “unfolded structure” of the columns of U (4_1y and
effectively relaxed the tensor space clustering problem to a matrix clustering problem, i.e., relaxing
the structure of CP decomposition to the simple structure of matrix decomposition.

3.4. Matrix Analysis Approach To The Completion Problem

A naive approach is again to ignore the unfolding structure of the columns of ﬁ(d_l) and treat it
as a union of low-rank matrices completion problem. For notational clarity, denote V £ INJ(d_l) €
RN-ax(citter) v, & INJ’(“dfl) e RN-ax(eat-+ck)  Note that the CP-rank of a tensor is an
upper bound on the rank of any unfoldings of that tensor and therefore, we can simply conclude that
rank (Vi) < rg, k = 1,..., K. Morover, the tensor space structure for the completion problem
(S1 € S C ... C Sk) simply results that span (V) C span(Vy) C ... C span (V). Now,
let us consider the special case when rank (V) = ri, & = 1,..., K and we know that given
span (V1) C span(Vg) C ... C span(Vg), the following lemma found in (Ashraphijuo and
Wang, 2018) gives a lower bound on the number of samples such that V is uniquely completable.

Lemma 10 Assume that ri, < N_gand cy > (ry, —rp—1 +1)(N_g —1g) fork =1,..., K, and
each column of S (i.e., Q(4_1) for U) includes at least | nonzero entries where

N_ —r_1 12K
[ > max {9 log <ed> + 3 log <maX1§kSK{Tk Tk} ) + 6, QT‘K} . (7

€

Then, with probability at least 1 — €, V is uniquely completable.

Recall that N_; = niny...ng4—1 and hence the condition ¢ > (rg — rg—1 + 1)(N_g — )
implies that a very large number of subtensors are needed, similar to the clustering case [cf. Eq.

31

4. Tensor Space Clustering: Main Results

4.1. Useful Results on Tensor Completion

The tensor completion problem is to recover the missing entries of a randomly sampled tensor given
the rank of the original tensor. In this subsection, we provide some results on the CP-rank tensor
completion, which are instrumental to solving the tensor space clustering problem.

Unique Completability of Tensors

In (Ashraphijuo and Wang, 2017), the conditions on the sampling pattern and sampling probability
are given to ensure finite/unique completability of the sampled tensor of the given rank, where
finite/unique completability means the number of possible completions of the given rank constraint
is finite/one. Consider a d-way tensor U/ € R™*--*" drawn generically from the manifold of
tensors of the same size and of CP-rank r. The following lemma is taken from (Ashraphijuo and
Wang, 2017).
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d—1 ming<;<qd—1m
)’ < 1<i<d—1"h

Lemma 11 Assume that d > 2, (min<;<q—1 n;) > 200, ng > (r4+2)(>_;_) ni 5
Assume that each column of U 4_y) includes at least | nonzero entries, where

2 <do1 T 8r(d — 1
l>max{27 10g< MaX1<isd 1n>+9log <M>+18,6r}. (8)
€

€

Then, with probability at least 1 — ¢, there exist only one completion of the sampled tensor U with
CP rank r, which is the original sampled tensor.

Tensor Completion With One Missing Entry

Here, we consider the tensor completion problem with only one missing entry. This will be useful
in proving Lemma 16.

Lemma 12 Let U be a rank-(r — 1) tensor and U(Z) = y be an entry of this tensor. Assume that
changing the value of entry U(T) from y to y' results in U', which is a rank-r tensor. Then, there
are infinitely many scalars y" such that changing the value of entry U(Z) from y to y" results in a
rank-r tensor.

Proof First, we claim that changing the value of only one entry of a tensor can increase the rank
of the tensor by at most one. Recall that the rank of a tensor is the minimum number of structured
columns whose column span includes all columns of U ;_1). Assume that only one entry of the ten-

sor is changed and consider the column of ﬁ(d_l) where the changed entry resides. Before changing
this entry, the mentioned column was covered by the column span of » — 1 structured columns. To
show the earlier claim, we need to show that there exists a structured column such that together with
the previous r — 1 structured columns, they span the modified column of fJ(d_l). Note that a column

u € RNe-1 with only a single nonzero entry U(My_1(z1,...,7q_1)) = u # 0, is a structured col-
umn, as we can rewrite u as the vectorization of the outer product of [0,...,0,1,0,..., 0]—r c R™
N——

x;—1

for1 <i<d-—2and|0,...,0,u,0,...,0]" € R™~1. As aresult, by adding a structured column
1
Tig—1—

with a single nonzero entry in the corresponding location of the modified entry (with the value of the
nonzero entry equal to the amount of modification in that entry) to the mentioned r — 1 structured
columns, we obtain an unfolded tensor space of at most rank r and therefore, our earlier claim is
proved. As a consequence, changing the value of only one entry of a tensor results in changing the
rank of the tensor by at most one. Hence, for any scalar 3, changing the value of entry /(%) from
y to 3y’ results in either a rank-(r — 2), rank-(r — 1) or rank-r tensor. Note that rank-(r — 2) is not
possible since otherwise by changing the value of U (%) from ¢’ to y” the rank is changed by 2.
Now given a rank-(r — 1) tensor, the CP decomposition

r—1
UT) =Y ai(e1)ay(x2) .. ag(xa). ©

=1
results in a system of || polynomial equations p in terms of the variables aé, 1 =1,....,d,
Il = 1,...,r — 1. By assumption, when the value of the entry U(Z) is changed from y to 1/,

the rank is changed from r — 1 to . This means that when U(Z) = y, p is feasible; and when



MORTEZA ASHRAPHIJUO AND XIAODONG WANG

U(Z) = ¢/, p is not feasible. On the other hand, since changing /(%) to any y” results in either
rank-(r — 1) or rank-r tensor, we conclude that if changing U/ (Z) to 3/ leads to infeasible p, then
rank is r. The rest of the proof then follows from Lemma 15. |

Next, we prove Lemma 15 which was used in the above lemma. We first need the following
definition.

Definition 13 A closed set is a set that contains all its limit points, i.e., for any sequence of points
lim; oo a; = ag such that a; belongs to the mentioned set for t > 1, we conclude that ay belongs
to this set as well.

The feasible region of a system of equations of n variables is the set of all n-dimensional real
valued vectors that are solutions to the system.

Lemma 14 Consider an arbitrary system of polynomial equations p = (p1, .. .,pm) = 0 in terms
of n variables. The feasible region of p in R" is a closed set.

Proof First, we show that the feasible region of any single polynomial equation p; = 0, is a
closed set in R™. Let F; denote this feasible region, ¢ = 1,..., m. Consider a sequence of points
{Z;, € R"|t = 1,2,...} such that Z; € F; and lim;_,~, &4 = &y. The assumption Z; € F;
simply results that p;(#;) = 0. Note that p; is continuous with respect to the vector of variables
Z = (x1,...,xy,) and therefore, lim;_,~ p;(Z;) = 0. As a result, p;(Zy) = 0 and hence, %y € F;.
Hence, F; is closed.

Define 7 = Ni<i<mFi, which denotes the feasible region of p in R"™. Note that the intersec-
tion of several closed sets in R” is a closed set in R™ (11.1.5 Closed Set Properties in (Bartle and
Sherbert, 2011)). Hence, F is a closed set in R"™. [ ]

The following lemma is used in the proof of Lemma 12.

Lemma 15 Consider an arbitrary system of polynomial equations p = (p1,...,Pm—1,Pm—¢) =0
in terms of n variables, where ¢ € R is a constant. Assume that there exist y,y' € R such that the
feasible region of p is non-empty for ¢ = y and empty for ¢ = y'. Then, there exist infinitely many
real scalars y" such that the feasible region of p is empty for c = y".

Proof

It suffices to show that for any neighborhood N (y') = [y — ¢, y’ + €] (for any € > 0) there exists
a scalar ¥y € N (') such that y” # y' and ¢ = y” results that the feasible region of p is empty,
since by considering smaller and smaller neighborhoods, e.g., €, = %, we obtain infinitely many
scalars 3, such that the feasible region of p is empty for ¢ = 3.

Now, by contradiction, assume that there exist a neighborhood NV (y') = [y —¢, 3’ + €] (for some
€ > 0) such that for any scalar y"” € N'(y) that y” # ¢/, ¢ = y” results that the feasible region of p
is non-empty.

Let 7/ C R™ denote the feasible region of the system of polynomial equations p’ = (p1,...,pm—1) =
0. Note that ¢ = 7" results that the feasible region of p is non-empty if and only if there exists a
vector #// € F' such that p,,(2”) = 3. In other words, 3" belongs to the image of p,, with F’

10
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as the domain (p,,(F")) if and only if ¢ = y” results that the feasible region of p is non-empty.
Consequently, for any y” € N (y') and y” # o/, there exist at least one vector ¥/ € F' such that
(@) ="

As a result of the fact that ' — € and 3/ + € belong to the image of p,,, with 7’ as the domain,
there exist 4 € F' and @, € F' such that p,,,(Z]) = ¢/ — € and p,,,(¥§) = 3/ + €. Let [ denote the
one dimensional line that connects #] to 5 in R™ and I’ denote the corresponding segment on this
line with endpoints 2/ and 7% .

According to Lemma 14, F' is a closed set. On the other hand, it is easily verified that any one
dimensional segment in R™ that includes its endpoints is a closed set. Hence, I’ is a closed set and
therefore, 7"/ = F' N1’ is a closed set (Bartle and Sherbert, 2011). Note that F” denotes all the
points on the segment that connects & to #5, i.e., I/, that also belong to F’. Due to the continuity
of p,,, we have a sequence of points 7 in F” that limy_, o0 pr (7)) = /. Since, F” is a closed set,
it includes Z, the limit of the sequence and therefore, p,,(Zo) = y'. This is a contradiction and the

proof is complete. u

Infinite Completability of Tensors

The following lemma provides a condition under which there exist infinitely many rank-r comple-
tions of a sampled tensor.

Lemma 16 Let Uq be a sampled tensor. Assume that there exist a rank-(r — i) completion (with
0 < i < r)and a rank-r completion. Then, there exist infinitely many rank-r completions of Uq.

Proof As mentioned in the proof of Lemma 12, changing the value of only one entry of a tensor
results in changing the rank of the tensor by at most one. Let U/, and U denote the rank-(r — i) and
rank-r completions, respectively. U/; and U are the same over the sampled entries, i.e., (U)o =
(Us2)q, and their difference is only over some of the non-sampled entries. We change the values of
non-sampled entries of {4 one by one to the values of the corresponding non-sampled entries of U,
which will eventually result in U/ if we continue this for all non-sampled entries. While performing
this simple process, we simply increase the rank from » — 1 to r at some step by changing a non-
sampled entry. This is because at the beginning the rank of the tensor is 7 — ¢ < r — 1 and at the
end the rank is 7 and also at each step the rank changes by at most one.

Hence, there exists a rank-(r — 1) completion U3 of the sampled tensor Uq such that changing
the value of an entry Us(Z) from y to 3/’ increases the rank to r for some scalars y and 3’. Hence,
according to Lemma 12, there exists infinitely many rank-r completions of Uq. |

4.2. Conditions on Tensor Space Clustering

Assumptions for Theorem 17 : For the tensor space clustering problem discussed in Section 3.1

without loss of generality, assume that r1 < ro < ... < rg, (minj<;<q—1n;) > 200 and denote
Fmax = MaXi<g<k Tk = T'K. Assume further that rya, < —=iSEL
d—1
e 2 K(rmax +2) i), for k=1,... K, (10)
i=1

11
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and also, each column of fJ(d_l) includes at least | sampled entries where

2 i<d—1Mi 8rmax(d — 1
[ > max {27 log ( Max1<igd-1 m) + 9 log <Ta()> + 18, 6rmax} . (11)
€

€

Let S be a set of r1 structured columns and T denote the unfolded tensor space generated by its
columns span that fits exactly ¢ columns of ﬁ(dq) (i.e., € is the maximum number of columns of
ﬁ(d_l) that can be covered by S) and assume that ¢ > K (rmax + 2)(2?;11 ;).

Theorem 17 Assume that all the above conditions described in “Assumptions for Theorem 17”
hold true. Then, with probability at least 1 — € the following statement holds: All the ¢ columns of
ﬁ(d,l) covered by S belong to one source Ty, for some 1 < ko < K such that v, = r1 (if 11 < o

then ko = 1 and otherwise there are more options for ko) and the rest of the columns of U 4_1) do
not belong to Iy, and moreover, ¢ = cx, and T = Tg,.

Proof According to the pigeonhole principle, at least [=] > (rmax + 2)(2;.1:_11 n;) columns of
the ¢ covered columns by S are chosen from one source Zy,. Note that due to the assumption
Fmax > Thy» We have (rmax + 2)(397 i) > (rry + 2)(32%1 n;) and hence, there are at least
(Thy +2) (Zf;ll n;) columns covered by S that are chosen from one source Zj, . Then, according to
Lemma 11, there exists a unique rank-ry,, completion of the tensor corresponding to the mentioned
(rky + 2)(2?;11 n;) columns with probability at least 1 — e. Hence, assuming that the mentioned
unique completability holds, it suffices to show the mentioned claims in the statement of the theorem
hold with probability one.

First, we show that ry, = 71. By contradiction, assume otherwise that 71 < ry,. Recall that T
is an 71-dimensional tensor space that fits the mentioned (ry, + 2)(2?;11 n;) columns and hence,
there exists a rank-r; completion of the tensor corresponding to these columns. Moreover, note that
the original data gives a rank-ry,, completion of the tensor corresponding to these columns. Hence,
according to Lemma 16, there exist infinitely many rank-r, completions of the tensor correspond-
ing to these columns, which contradicts the earlier uniqueness assumption. As a result, we have
Tk, = r1 with probability one. Now that ry, = 71, according to the uniqueness of rank-ry, com-
pletion assumption, and due to the fact that both subspaces 7 and 7y, are 7;-dimensional (since
Tk, = T1), we simply conclude T = Tk,- Consequently, T covers all Ck, columns of ﬁ(d—l) that
belong to Z,. In order to complete the proof, it suffices to show that ¢ = ¢y, i.e., 7 does not cover
any other column of 6(d_1) that belongs to other sources Zj, for k # kg, with probability one. Since
we have 1y, = r1 = min{ry,r2,...,rx}, we conclude that 7, Ty, for k # ko and therefore,
any column chosen from sources other than Zj,, does not belong to 7, with probability one. Note
that this statement is not valid if 7, # min{ry,72,..., 7k} and this is why we cluster the tensor
space with the lowest dimension for now.

Now, by contradiction, assume that a column ug (d—1) of f]Q (d—1) is chosen from 7, for some

k1 # ko, and it can be covered by S. Consider r; random columns of ﬁg( 4-1) that belong to

Ty, and denote it by ﬁ%(dil) and let INJ((] ;1) be the unique rank-ry completion of U?z(dﬂ). Define

Ul = [ﬁ(()d_l) ]ﬁg<d_1>] e RN-ax(m+1) (only the last column of Ul ‘) is incomplete). Note
that (11) ensures that ug (d—1 includes at least 71 +1 sampled entries and therefore, Ul / includes

)
(a-1)
an (r1 +1) x (r1 4 1) submatrix such that the r; + 1 of the sampled entries of ug,,_,, are included

12
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Figure 1: The required number of subtensors ¢, for correct clustering.

and denote such submatrix by [NJ%;_I). Note that 1(4_1) is chosen generically from the column span
of i and we know that 7, Z Ty, . Therefore, the matrix rank of ﬁ%;l—l) e RO1HDx(r+1) gy 4 1.

Hence, any completion of ﬁ%), has matrix rank of at least ; + 1 and as a result, any completion
(d—1)

of the tensor corresponding to the unfolding ﬁ}l/ has CP-rank of at least r; + 1. Therefore, S
_ )

(d—1
cannot fit I~IQ( 41, With probability one since S is an r;-dimensional tensor space, and the proof is
complete due to this contradiction. |

Remark 18 The required number of subtensors chosen from each source in the matrix analysis
approach given by (5) is O(rmaxni . .. ng—1). However, this number reduces to O(rmax(n1 + -+ -+
ng—1)) in the tensor approach according to Theorem 17. This huge improvement is a consequence
of taking advantage of tensor analysis as opposed to matrix analysis. Moreover, Theorem 17 does
not require the assumptions of ry = ro = - - - = ri and independently chosen tensor spaces.

Example 1 Consider an example in which d = 3, K = 10, ny = ng = 300, ¢ = 0.1. We
compare the number of subtensors required for correctly clustering using the matrix analysis and
our proposed tensor analysis in Figure 1, given by (5) and (10), respectively. Note that the bound
obtained by matrix analysis is valid only if r1 = ro = --- = 119, which is not the case for the
proposed tensor analysis. Then, we compare the required number of samples per column of the (d —
1)-th unfolding for correct clustering using the matrix analysis and our proposed tensor analysis,
given by (6) and (11), respectively, in Figure 2. It is clearly seen from the two figures that the
proposed tensor analysis substantially reduces the number of subtensors and samples needed for
correct clustering.

13
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Figure 2: The required number of samples per subtensor for correct clustering.

According to Theorem 17, we identify all columns of ﬁ(d_l) chosen from a source (generated
by a set of 1 structured columns). Then, we can simply exclude the subtensors (corresponding to
the identified columns) from the sampled tensor. Then, the problem reduces to the similar problem

with K — 1 tensor spaces of ranks ro < ... < rg. Hence, the same analysis as in Theorem 17
is applicable again. In particular, let Sy, ..., Sk (for some 1 < K’ < K) denote different sets
of r1,...,rgs structured columns that fit exactly ¢y, ..., Cxs columns of fJ(d_l), respectively, and
assume that ¢ > K (rmax + 2)(2?:_11 ni),k=1,...,K' LetTi,..., Tx denote the column span
of S1, ..., Sk, respectively. Moreover, assume that there exist K (rmax + 2) (Zf:_ll n;) columns of

U(g4_1) covered by Sy, that cannot be covered by any of Si,...,S,_1, k = 1,..., K’. Then, using
Theorem 17, we have 71 = T, and ¢; = ¢, with probability at least 1 — e. Hence, we can exclude
all the ¢, the subtensors (corresponding to the identified ¢z, columns) from the sampled tensor and
the identified tensor space 7Ty, . Therefore, similarly, we can apply Theorem 17 again. We consider
the scenario of correct identification of the subtensors corresponding to the first source, which holds
true with probability at least 1 — e and continue clustering the rest of the subtensors.

Given the previous correct clustering, we can cluster the subtensors of the next tensor space
correctly with probability at least 1 — e. This can be done because due to the assumption, after
excluding the columns of U 4_1) of the first source, there still exist K (rmax+2) (221:—11 n;) columns
covered by S that cannot be covered by ;. Hence, we apply Theorem 17 again and therefore, with

probability at least (1 — ¢€)? the following statement holds: All the ¢, columns of U(4_1) covered

by Sj; belong to one source Z; such that TR = Tk and the rest of the columns of INJ(d_l) do not
belong to Z;» and moreover, ¢, = ¢ and T, = Tpr, k = 1, 2. By simply repeating this procedure,
we conclude the following corollary.

Assumptions for Corollary 19 : Without loss of generality, assume that 1y < ro < ... <
rr, (minj<j<g—1n;) > 200 and denote rmax = maxi<k<x Ty = Tk. Assume further that

Tmax < W, (10) holds, and also, each column of ﬁ(dq) includes at least | sampled

14
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entries such that (11) holds. Let Sy, ...,Sk (for some 1 < K’ < _K) denote different sets of

T1, ...,V Structured columns that fit exactly 1, . .., Cxr columns of U y_1), respectively, and as-
sume that ¢ > K (rmax + 2)(2;-1:_11 ni),k=1,...,K' LetTi,..., Ti denote the column span
of S1,...,Sk, respectively. Moreover, assume that there exist K (rmax + 2)(2?:_11 n;) columns of

U(q_1) covered by Sj; that cannot be covered by any of S1,...,Sp_1, k=1,..., K.

Corollary 19 Assume that all the above conditions described in “Assumptions for Corollary 19”
hold true. Then, with probability at least (1—-e)X " the following statement holds: All the c;, columns
of U(q_1) covered by Sy, belong to one source Ly such that ry, = 1y, and the rest of the columns of

U(4-1) do not belong to 1y and moreover, ¢, = ¢y and To=Tw k=1,..., K.

5. Union of Tensor Spaces Completion: Deterministic Analysis

5.1. Canonical Decomposition

Recall that for the problem of union of tensor spaces completion, we have ﬁ(d—l) =

[fj%d_l) ]ﬁ%d_l) ... ]INJ@_I)] and each column of INJ’(“d_l) is chosen generically from a tensor space
k. k=1,..., K. Also, §; denotes the set of structured columns that are a basis for the tensor

space Tg, i.e., T is the column span of the structured columns in S, k = 1, ..., K. Moreover, this

union of tensor spaces is such that the 7, structured columns of Sj, can be denoted by uy,...u,,,

ie, S ={u,...u, },k=1,..., K, and as a consequence we have S; C S; C ... C Sk.

Recall that u; = vec(a} ® ... ® al, |), al € R™ for ! = 1,..., 7k, where vec(-) uses the
same bijective mappings that is used for the (d — 1)-th unfolding, i.e., My 1 : (21,...,74_1) —
{1,2,...,Ny_1}. Denote AF = [a?k’1+1|azk’1+2|. ..|aj*¥] € Rrx(e=e-1) for i = 1,...,d and
k =1,..., K. Note that the decomposition in (1) is not unique (in fact there are infinitely many
different decompositions). Next, we will impose certain structure on aé such that the decompo-
sition becomes unique and we will denote such unique decomposition by ﬁé, 1 =1,...,d and
l=1,...,rKk, which will be called the canonical decomposition.

The canonical structure features two properties: Property I and Property II. Property I given in
Lemma 20, imposes structures on ﬁld, l=1,...,rk, and is a consequence of the rank constraints
and the assumption §; € Sy C ... C Sk. Property II given in Lemma 24, imposes structures on
éé, 1=1,...,d—1andl =1,...,rg, and is a consequence of the assumption that S, is generated
generically from its structured columns. This canonical structure is such that among all possible
CP-decompositions of I/, exactly one of them satisfies the proposed canonical structure.

Lemma 20 There exist éé eR™ forl =1,...,rx such thatU = Z;fl all R...Q® ail_l ® 52 and
foranyk=1,... . K, x=1,...,(c1 + -+ cx_1) andl:rk_l+1,...,7’kwehaveﬁfj(m) =0.
In other words, AR(1: (¢ + -+ + cpo1), Lo rp — 1) = O(cyttep_1)x( )- We call such
property in the CP-decomposition of U as Property I.

Tk—Tk—1

Proof Note that since each column of INJ"(C 1) is chosen from 77, there exist B¥ € R"+*¢ guch
that U’gd_l) = [w|...u,|B¥ k =1,..., K. Recall that Ugg_;) = [Uly_pl---[Uf_ )] There-

fore, by considering the union of the mentioned decompositions of ﬁf 1) fork =1,..., K, we
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conclude
Uy = [wil... [un,] [CY...|CK], 12)
r
[&})...[a5K]T

where CF = [B’fTIOCk,X(,AK_Tk)]T € R"x*¢ and [a}|...|a}*]" = [C!|...|C¥]. Hence, for any

k=1,...,Kandl = rp._1 + 1,...,r; we have ﬁfi(m) =0ifzx < ¢+ -+ + ¢p_q. Since

u; = Vec(al1 Q... aldil) forl =1,...,rk, (12) can be written as

TK
U=> al®.. oa,  ®a, (13)
=1

and hence, the proof is complete. |

Remark 21 Note that according to the described structure, Acll has no pattern and all its entries

are unknown variables.

Example 2 Consider an example where d = 3, K =2, 711 =2, 19 =4, n1 =5, nyo =4, ¢1 =3
and co = 3 (recall that n3 = c1 + c2). Here we show the mentioned structure for this example.

By Property I, we have

e
AJ(1,1) [Al(1,2) 0 0
[ ARD ARy ] 0 0
Ay =[AIB,1) [AlB3,2) || A5 =] 0 0
Al(4,1) [ Al(4,2) A3(4,1) | A3(4,2)
Al(5,1) | Al(5,2) A3(5,1) | A3(5,2)
AL6,1) | AL(6,2) A3(6,1) | A3(6,2)

Definition 22 Consider an arbitrary number iy € {1,...,d—1}. Property Il for a CP-decomposition
of U is defined as follows:

(i) All entries of the first row ofAf are equal to one fori € {1,...,d—1}\ipand 1 < k < K.
(i) A}O(l sl i) =1, Ago(l pre, 1 (ra —71)) = [0(n—r)xr |I(r2—r1)]T» ce
Afg(l (TR, L (TK - TK—l)) = [O(TK—TK,l)XrK,1|I(7"K—7‘K71)]T‘

Example 2. (continued) By Property II, for io = 1, A} includes an vy x r1 identity matrix on the
top. A? includes an vy x (ro — 1) zero matrix on the top and then an (ro — 1) x (ro — 1) identity
matrix below it. And for i1 = 2, A% and A% only include a row of all ones on the top.

|

A [ & A | A
1 0 0
X 1 X 0
Ar = —10 AT AL = X ’
Ai(3,1) [ A{(3,2) 1 0
Al(4,1) | Al4,2) 0 1
Al(5,1) [ Al(5,2) A3(5,1) | A%(5,2)
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and
& | & i 3 |
~ 1 1 ~ 1 1
Ay = [AL2,1) | AL2,2) | A3 = [AZ(2,1) | AZ(2,2)
Al(3,1) | AL(3,2) A3(3,1) | A3(3,2)
Al(4,1) | Al(4,2) A3(4,1) | A3(4,2)

Definition 23 A CP-decomposition of U is called a canonical decomposition if and only if both

Property I and Property Il hold.
Example 3 7o illustrate the canonical decomposition of U, we have provided the known entries or
the canonical pattern for the components of the decomposition for 1 <l <riandri+1<1<ry

(i.e., Al and A2) as the following.
Forl1 <[l<nr:

’ e_lio 5120 ‘ ‘ 5:3
1 0 0
0 1 0
AL = ,
0 0 1
2_1110 (r1+1) 5.?0 (r1+1) E_i;n; (r1+1)
5110 (nio) 5120 (nlo) 5'@'; (nio)
and fori € {1,...,d — 1}\ig
LA [l oA |
1 1
Al =] a2 a;'(2)
Al | | & ()
Forri +1 <l <ry:
—1 T T 112 -
ajg & aj,
0y, 0, 0,
1 0 0
0 1 0
Ago — : : )
0 0 1
altl(ro+1) [P (rp+1) a’(ry+1)
5;3“ (nio) 5;;—’—2 (nlo) 5;5 (nlo)
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where 0., is all-zero vector of size 1 and for i € {1,...,d — 1}\{io}
= T =
oAt L] oar |
1 1
x —r1+1 =7
A =] 8" (2) a;’(2)
a; " (i) a;* (ni)

—r 1 =
= T & L& [ ] & |
o [AD [ am | . AL W EC T
Aé = d' d. s AZ = 2_121 (Cl -+ 1) - 2_122 (61 —+ 1)
L - : :
az\ng . a; (Ng — —
d( ) d ( ) agl—&-l(nd) ad2 (nd)

Note that the canonical structure is mainly imposed on 5%0 and 52. And for i # ig,d, the
canonical structure means éé(l) =1

Lemma 24 Given that tensor U is chosen generically from the described union of tensor spaces,
with probability one, there exists a unique canonical decomposition of U.

Proof We show our claim by induction on the value of K. For K = 1 the canonical structure
is exactly the canonical structure in (Ashraphijuo and Wang, 2017) and therefore, according to
Lemma 3 in (Ashraphijuo and Wang, 2017), there exists a unique canonical decomposition. Now,
we assume that the statement holds true for K = 1 and we show the statement holds true for K = 2
as well (similarly we can show the statement for K = k' + 1 given the statement for K = k’).

For K = 2, recall that Iy € R™X"2XXe1 pfy ¢ RMXM2XXe2 apd [ € RM*n2xx(e1tez)
is the concatenation of U/, and U5 along the d-th dimension. Also, rank(U;) = 7y, rank(Us) =
rank(U) = ro. Then we need to show that the following equation

T2
U=> aj®abe.. . eay oa), (14)
=1

has a unique solution, where {éﬁ} satisfy Properties I and II. From (14), we can write

T2
Uy =U(:,.onlie) =) aleahe... @8 @al:a), (15)
=1
and
T2
UQZU(:,:,...,:,cl—i—l:02)225ll®5l2®...®5&71®5ld(01+1:c2). (16)
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By the induction hypothesis, {/; has a unique canonical decomposition. Also note that by Prop-
erty I, éfj(x) =0forr; +1<Il<ryand1 <z < ¢;. Hence, (15) becomes

T1
Uh=> a0aye.. 8, ; @ayl:c). (17)
=1

Note that rank(l/;) = 71 and also the canonical structure on the entries that are involved in
(17) are exactly the same canonical structure for X = 1 and a rank-r; tensor case. Therefore,

according to the induction hypothesis, all the entries involved in (17), i.e., &, ...,al ,,aL(1:¢))
forl =1,...,r, will be determined uniquely. As a results, we can rewrite (16) as
1
Uy=> a|®ah®...0a,  @ay(ci+1:c) (18)
I=1

T2
+ Z aiwabe...®a,  @al(c +1:c).
l=r1+1

In the following, we first show that ﬁfi(cl + 1 : ¢g) in the first term of (18) can be determined
uniquely by the genericity assumption; then we show the vectors in the second term of (18) are
unique by invoking the induction hypothesis.

For notational simplicity in this proof, assume that ig = 1. Then, from (18) we have

Us(1:r1, 1,0, 1 1ie) =2 a8 (1:m)®ab(l)®@...0a8, (1) ®@a(a+1:c +c)
@ Sihal(l:m)ea(l)®...ea), (1) ®a(c+1: e+ ), (19)
where (a) follows from the fact that the first r; entries of E_J.ll is zero forl = ry+1,..., 79 (according
to Property II). This linear system of r;co equations in terms of the entries of ﬁé(cl +1:c¢1+c) for
1 <1 < rq can be solved uniquely due to the genericity assumption. Note that éfj(cl +1:c1+¢)

for 1 <[ < r; are the coefficients of the first r; structured columns. Now, we look at it the rest of
the entries of (18), given by

T
UQ(Tl—I-lan,t,...,l):Zz_lll(’l“l‘l-l:n1)®5l2®...®52_1®52(01+1261-|—Cg) (20)
=1

T2
+ Z aj(ri+1 3”1)®5l2®-..®55i_1®52(01+1 11+ c2).
l=r1+1
Since all vectors in the first line of (20) have been shown unique, we consider
U =Uy(r1+1:n1,:5...,:) = (1)
Y2, a4+ 1:n)eae... 0a,_ ®a(c+1:c+c).

Note that rank({/’) = r9 — r1 and also the canonical structure on the vectors in (21) is exactly
the same canonical structure for K = 1 and a rank-(ry — r1) tensor case. Therefore, according to
the induction hypothesis, all vectors in (21) can be determined uniquely. |
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5.2. Polynomials

Remark 25 We consider the unique canonical decomposition for the sampled tensor and using
the sampled entries, recovering the original tensor is equivalent with recovering the entries of the
components of this unique decomposition. Henceforth, for notational simplicity, we will use aé
instead of al.

Denote Cy, = c1 +---+ ¢, fork =1,..., K. Then, according to Property I, we have
Tk
U= al ®...a)  ®aj(Ch_y +1:Ch), (22)
=1
or equivalently
Tk
U1, Ta1, 7+ Crot) =Un(T1,. . Ta1,70) = Y _ab(21).. &l (wg_1)al(zg + Cro1), (23)
=1

for 1 < x4 < c¢gorequivalently, Cp_1 + 1 < xq+ Cr_1 < Cy.

The reason to represent the size of the last dimension by C'k instead of n4 is due to the fact that
the K original tensors are unionized over the last dimension and since in all of the statements and
proofs we need the size of each of these tensors we used the notations cy, ..., cx and their sums
Cr = c1 + -+ -+ c. Hence, ng is basically C'k but as we use ¢ ’s in the statements throughout the
paper, we used C' instead of ng4 here as well.

Remark 26 It can be seen from (23), any observed entry Uy (Z) results in an equation that involves
one entry of ali, t =1,...,dand 1l = 1,...,7r,. Considering the entries of af; s as variables
(right-hand side of (23)), each observed entry results in a polynomial in terms of these variables.
Moreover, for any observed entry Uy (Z), the value of x; specifies the location of the entry of aﬁ that
is involved in the corresponding polynomial, it = 1,... ., dandl =1,... 7.

Assumption 1: Each column of ﬁ? 1) (or equivalently each row of U”(C d)) includes at least 7,
observed entries, for 1 < k < K.

Lemma 27 Given Af sfori=1,...,d—1and 1 < k < K, Assumption 1 holds if and only ifAfl
can be determined uniquely for 1 < k < K.

Proof We show that each column of ﬁ? 1) includes at least r; observed entries is equivalent
to unique solvability of a,(Cx_1 +1 : Cx)sfor1 < I < ry, k € {1,...,K}. This com-
pletes the proof since the rest of the entries of A§ for 1 < k < K are zero due to Property
I. It can be seen from (12) that each observed entry in the ¢-th column of 6”(‘3 d-1) results in a
degree-1 polynomial (because [uy]...|u,,] is given) in terms of the rj entries of the i-th row
of [al(Ch—1 + 1 : Cy)|...|af(Cr_1 + 1 : Cx)] € R**™. Therefore, Assumption 1 is equiv-
alent with assuming that we have r; degree-1 polynomials in terms of the entries of each row of
[al(Cr—1 +1: Ck)l...|a}f (Ck—1 + 1 : Ck)]. Genericity of the coefficients of these polynomials
results that with probability one each row of [a}(C_1 + 1 : Cy)|...]a}*(Cy—1 + 1 : Cy)] can be
determined uniquely. |
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Remark 28 According to Lemma 27, Afl can be determined uniquely in terms of the entries of
Af sfori=1,...,d—1and k = 1,..., K and recall that each observed entry is equivalent to a
polynomial in the form of (23). Consider all such polynomials excluding those that have been used
to obtain Afj (ry, samples in each column of UIE 1) ) and denote this set of polynomials in terms of

the entries of A¥’s fori=1,...,d—1landk =1,...,K by P(Q).

5.3. Constraint Tensor

Recall that Q € R™**"d g the binary sampling pattern tensor. Let 2, € R™X-XMd-1X¢%k
denote the subtensor of €2 corresponding to Uy and P(€2;) denote those polynomials of P(2) that
correspond to an observed entry of Uj.

In the following, a procedure is described to construct a binary tensor ) based on €2, which is
used to obtain the conditions for finite and unique completability. First, we construct Q; from Q4
according to the same procedure described in (Ashraphijuo and Wang, 2017), which is described
here again for completeness.

For each subtensor ) € RmM1xn2xxna—1x1 of 14, let N () denote the number of sampled
entries in . Then, since 1 polynomials have been used to obtain [a}(1 : C1)|...|a}} (1 : C1)]
(as Y is the tensor corresponding to a column of the (d — 1)-th unfolding of U), ) contributes
Nq(Y) — r1 polynomial equations in terms of the entries of aé’s for1 < i < d— 1 among all
Nq(Uy) — r1cq polynomials in P(£2y).

U includes c; subtensors that belong to R™ X2 *1a-1%1 (columns of the (d— 1)-th unfolding
of U) and let ), for 1 < t < ¢; denote these c; subtensors. Define a binary valued tensor j)vé €
Rmxn2xexna-1x¥t where y, = Nq(Y;) —r1 and its entries are described as the following. We can
look at ), as y; tensors each belonging to R™X72XXnd-1x1 We choose 1 of the N());) observed
entries and for each of the mentioned y; tensors in ), and we set the entries corresponding to these
r1 entries equal to 1. For each of the other y; observed entries (excluding the mentioned 71 observed
entries that we chose), we pick one of the ¥, tensors of Y, and set its corresponding entry (the same
location as that specific observed entry) equal to 1 and set the rest of the entries equal to 0. In the
case that y; = 0 we simply ignore Y, i.e., V), = 0.

By putting together all ¢; tensors in dimension d, we construct a binary valued tensor O €
R xm2xxnd-1XY where y = » -, y+ = No(Ui) — rici and denote it by Q. Similarly, we con-
struct €Yy, for k = 2,..., K. Then, we combine all these Qi’s together along dimension d and call
it the constraint tensor (). Observe that each subtensor of (), which belongs to R™ X712 Xna-1x1
includes exactly 75 + 1 nonzero entries.

For notational simplicity, define Qk: x and . as the remaining of the constraint tensor () and
the sampling pattern () after removing Q1,..., Qg and Qi ..., D1, respectively. Moreover,
in this paper, when we use () € R™*"2X""Xnd-1xt to denote a subtensor of {2, () . denotes the
subtensor of €’ that also is a subtensor of Q.. Let mi((vl’ ) and mz((vlj,C ) denote the number of
nonzero rows of matricizations Svl’(i) and ﬁjﬂ Ky respectively. Also, let P(€?') denote the set of

polynomials that correspond to nonzero entries of Q.

Remark 29 Note that when the j-th row of the i-th matricization of Q;OZ x has a non-zero entry, it
means that the j-th row of the i-th matricization of QQCO: K has a non-zero entry and therefore, there
exists a sampled entry (corresponding to the non-zero entry) such that its i-th coordinate is equal to
j and also it belongs to Uy, for some k > k. Therefore, the entries of j-th row of Af“ are involved in
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the polynomial correspondmg to this sampled entry. Hence, the number of non-zero rows of the i-th
matricization of Q o.K IS equal to the number of rows of A; k0 that are involved in the polynomial in

PY).

Remark 30 Note that each Qk is constructed based on the number rj. and the ry.cy, sampled entries
from Assumption 1, k = 1,..., K. However, if we simply ignore the first (K — 1) rank constraints
and apply the analysis in (Ashraphijuo and Wang, 2017), the constraint tensor will be constructed
based only on the number rx and the T (c1 + -+ - + ck) sampled entries from Assumption 1 in
(Ashraphijuo and Wang, 2017). In the following example, we construct the constraint tensor based
on the above description and compare it with the simple scenario from (Ashraphijuo and Wang,
2017).

Example 4 Consider an example whered = 3, K = 2,71 = 1,10 =2,n1 = 4,n0 = 4,c; = 2and
co = 2 (recall that n3 = ¢1 + ¢2). Assume that Q(z,y,2) = 1if (z,y,2) € S and Q(z,y,2z) =0
otherwise (i.e., S denotes the set of sampled entries), where

S=1{(1,1,1),(2,3,1),(4,3,1),(1,1,2),(2,4,2),(1,3,3),(3,2,3),(2,2,4),(2,4,4), (3,4,4),(4,1,4) }.

Hence, observed entries (1,1, 1), (2,3,1), (4,3, 1) belong to ), observed entries (1, 1, 2), (2,4, 2)
belong to )s, observed entries (1, 3, 3), (3, 2, 3) belong to Vs, and observed entries (2,2, 4), (2,4, 4),
(3,4,4),(4,1,4) belong to V4. Asaresult,y; =3—r; =2,y =2—711 = 1,y3 =2—ry =0, and
ys = 4 — ro = 2. Hence, Y, € RIX4x2 3, ¢ RAx4x1 373 = (), and J; € R**4x2 and therefore
the constraint tensor {2 € R¥*4%5,

Also, assume that the entries that we use to obtain A’§, in terms of the entries of A’f and
AL, for k = 1 and 2, are (1,1,1), (1,1,2), (1,3,3),(3,2,3), (2,2,4) and (2,4,4). Note that
Vi(1,1,1) = Y1(1,1,2) = 1 (correspond to entries of ; that have been used to obtain A%’s),
and also for the two other observed entries we have Y1 (2,3,1) = 1 (correspond to ¢(2, 3, 1)) and
V1(4,3,2) = 1 (correspond to ¢(4,3,1)) and the rest of the entries of V) are equal to zero. Sim-
ilarly, Jo(1,1,1) = »(2,4, 1) = 1 and the rest of the entries of Y, are equal to zero. Y3 = 0.
)74(2,2, 1) = 374(2,2,2) = y4(2,4, 1) = y4( ,4,2) = 1 (correspond to entries of )y that have
been used to obtain A%’s), and also for the two other observed entries we have 374(3, 4,1) =1
(correspond to U4 (3,4,4)) and V4(4,1,2) = 1 (correspond to U4(4, 1,4)) and the rest of the entries
of Y, are equal to zero.

Then, Q(z,y,2) = 1if (z,y,2) € S and Q(z, y, z) = 0 otherwise, where

S=1{(1,1,1),(1,1,2),(2,3,1), (4,3,2), (1,1,3),(2,4,3),
(2,2,4),(2,2,5), (2,4,4), (2,4,5), (3,4,4), (4,1,5)}.

Note that if we just construct the constraint tensor based on only one rank constraint rank(U/) =
Tk, as given in (Ashraphijuo and Wang, 2017), Q) would have been totally different. For exam-
ple, in this case it is required to use two observed entries of ), ..., ) and therefore in this case
Q€ RY43 a5 Y, € R4 Y, = (), Y5 = ), and Yy € R¥**¥2, To mention another funda-
mental difference between these two cases, according to the above definitions even if we assume
that 2/(2, 4, 2) is not observed anymore, still Assumption 1 holds and we can construct the con-
straint tensor and it would belong to R**4*4_ But in the case that we only use the rank constraint
rank(U) = rx and the definition of constraint tensor in (Ashraphijuo and Wang, 2017), the con-
straint tensor cannot be even built because Assumption 1 in (Ashraphijuo and Wang, 2017) is not
satisfied.
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5.4. Finite Completability

Denote D = (n1 + -+ +ng_1)Tx — Zszl Ti(ry — rg—1) — " (d — 2). Then, D is the number of
unknown entries of élz-’s for1 <i<d—1and1 <! < rg,i.e., the number of entries excluding the
0’s and 1’s in the structure of Property II.

Lemma 31 U is finitely completable with probability one if and only if the maximum number of
algebraically independent polynomials in P() is equal to D.

Proof Assume that £ denotes the set of all possible aﬁ’s fori =1,...,d—1and 1 <[ < rg
given afi’s for 1 <[ < rg without any observed entry, i.e., without any polynomial constraint of
the form of (23) and the dimension of L is equal to the number of unknown entries D. The rest
of the proof follows easily as each algebraically independent polynomial reduces the dimension of
the set of solution by one and also finite completability is equivalent to the dimension of the set of
solution being zero, similar to the proof of Lemma 4 in (Ashraphijuo and Wang, 2017). |

The set of polynomials corresponding to . ie., P(Q’) is called minimally algebraically depen-
dent if the polynomials in P(Q’ ) are algebraically dependent but polynomials in every of its proper
subsets are algebraically independent. The following lemma which is Lemma 7 in (Ashraphijuo and
Wang, 2017), provides a useful property about a set of minimally algebraically dependent P(Q’ )
which will be used later to derive the maximum number of algebraically independent polynomials

v

in P(Y).

Lemma 32 Given Assumption 1, consider a subtensor (Y € R™M*"2%"Xnd-1Xt of the constraint
tensor ). Assume that polynomials in P(Q' ) are minimally algebraically dependent. Then, the
number of variables (unknown entries) of aé sforl1 <i<d—1and1l <1 < rg that are involved
in P(SY) is equal to t — 1.

In order to obtain the maximum number of algebraically independent polynomials in a set of
polynomials, we first need to derive the number of involved entries of the CP-decomposition in
the polynomials (Lemma 33) and then, obtain the number of involved variables (unknowns) of the
CP-decomposition in the polynomials (Lemma 34).

Lemma 33 Given Assumption 1, consider a subtensor Q) € Rmxnaxxng_1xt of the constraint
tensor §2. The number of entries of the first d— 1 components of CP-decomposition that are involved

v

in at least one of the polynomials in P(§Y') is

K d—1 .
D (= re-1) (O mi( Q) (24)
= =1

k=1

Proof It is easily verified from (1) and Property I that the entries of the j-th row of A?O are involved
in a certain polynomial if and only if, first the ¢-th coordinate of the corresponding sampled entry
is equal to 5 and second, the sampled entry belongs to U, for some k > kg. Note that the first
condition is a result of (1) and the second condition is a result of Property 1. Moreover, note that if a
sampled entry is such that its -th coordinate is equal to j and also the sampled entry belongs to U},
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for some k > ko, then we know that the j-th row of the ¢-th unfolding of Q;: i has a non-zero entry
(corresponding the mentioned sampled entry).

Recall that according to Remark 29, the number of rows of Af that are involved in the polyno-
mials in P(€Y) is equal to mz(flﬁC ) and therefore, the number of entries of A¥ that are involved in
the polynomials in (') is equal to (rj, — rk,l)mi(Q;:K) since A¥ has r, — r;_1 columns. M

Lemma 34 Given Assumption 1, consider a subtensor (Y € R™M*"2X"Xnd-1Xt of the constraint
tensor ). The maximum number of algebraically independent polynomials in P(S') is at most

5 K d—1 .
FQ)y=> (ry - Tk—l)(z mi (Vi) (25)
k=1 . =1 u
- Jnax {kz::l min {(Tk = 1) (e ), T (e — "”kl)}}

K
~(@-2)> min {rk e, (7 — rk_l)ml(fz;w} :

b
Il
—

Proof The maximum number of algebraically independent polynomials in a subset of polynomials
of P(Q’ ) is at most equal to the total number of variables that are involved in the corresponding
polynomials as each polynomial reduces the dimension of the set of solutions by one. As mentioned
in Remark 26, due to the structure of each polynomial obtained from a sampled entry in U}, (given
in (22) or (23)), exactly one entry (corresponding coordinate) of each al for 1 < i < d — 1 and
1 <1 < rp is involved in the polynomial. According to Lemma 33, the number of entries of Af
that are involved in the polynomials P(£Y') is equal to (ry — Tk—l)mi(()%: ) and hence, the number
of entries of aﬁ’s forl1 <i<d-1and1 <[ < rg that are involved in the polynomials P(Q’ ) is
equal to Zle(rk - rk_l)(zg-i;ll ml(ﬁzK)) However, some of the entries of a’s are known as in
Definition 22, and we should subtract them from the total number of involved entries.

Note that any permutation of rows of [A}]. .. ]AZK ] in the canonical structure preserves the same
property as in Lemma 24 and therefore, assuming that 7 is a fixed number in Definition 22, we can
simply observe that the maximum number of known entries of [AzlO ... ]Afg | that are involved in

the polynomials P(£Y) is
K
Zmin {(rk — e 1)Miy (Ve i)y T (T — rk,l)} : (26)
k=1

This is because as long as m;, (Q%K) < 71k, all my, (Q;K) nonzero rows can be the 0’s and 1’s
in the canonical structure and when m;, (Q% k) > Tk, all the 0’s and 1’s in the canonical structure
(7 (T —rk_1 entries) are involved, since for a permutation of rows of [A}]. .. |AZK ] in the canonical
structure can maximize the number involved known entries. In other words, for a permutation of
rows of [A}|...|AK] in the canonical structure, the number of involved known entries reaches its
possible maximum, which is given in (26). Therefore, by changing 4o from 1 to d — 1 we can obtain
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the maximum number of known entries of A} as

K
max {Z min {(rk — rk_l)mi(flfk:K), ri(re — rk_l)}} . 27

Similarly, we can obtain the maximum number of involved known entries in the polynomials
for the other (d — 2) dimensions as the following. On the other hand, there is one single known
entry in all other aé’s fori € {1,...,d — 1}\ip in the canonical structure. Again by permuting the
corresponding row, it is easily verified that the corresponding known entry of A¥ can be involved
in at least one of the polynomials in PY) if my () %)) Note that ml((l;ﬂ k) > 1is equivalent
to m;(£2,. ) > 1 for any i as existence of one polynomial corresponding to a sampled entry in U},
results that the number of nonzero rows in any of the matricizations of {{}, is at least one. Therefore,
the maximum number of involved known entries for the these (d — 2) dimensions combined is

K

(d—2) Z min {rk — k1, (g — Tk—l)ml(Q;mK)} . (28)

k=1

Hence, for a canonical pattern, the number of variables, i.e., the unknown entries of aﬁ’s forl <3<
d—1and 1 < < rg that are involved in the polynomials P()’) is equal to f(£2’) given in (25). B

Given a subtensor () € R™MXm2X-Xni_1xt of the constraint tensor §), we are interested in
obtaining the maximum number of algebraically independent polynomials in P(Q’ ) based on the
structure of nonzero entries of (. The next lemma can be used to characterize this number in terms
of a simple geometric structure of nonzero entries of Q.

Lemma 35 Given Assumption 1, consider a subtensor (Y € R™*"2X"Xnd-1Xt of the constraint
tensor. The polynomials in P (§') are algebraically independent if and only if forany t' € {1, ...t}
and any subtensor ' € R > xna-1xt" o O e have f() > 1.

v

Proof By contradiction, assume that the polynomials in P(€)’) are algebraically dependent. Hence,
there exists a subset of the polynomials that are minimally algebraically dependent and let us denote
itby P(€) € R xn2xxna—1x which is a subtensor of (. As showed in Lemma 34, the number
involved variables (unknown entries) is at least f ((ul’ "). According to Lemma 32, the number of
involved variables in polynomials in P(£2”) is equal to ¢’ — 1. Consequently, f(€2”) <t — 1.
Now, assume that there exists a subtensor () € R™ > *7a-1xt" of ()/ that f(€2") < #’. Note
that according to the definitions, P(Q” ) includes ¢’ polynomials. Moreover, according to Lemma 34
the maximum number of algebraically independent polynomials in P (£2”) is at most f(£”). Hence,
the polynomials in P(£2”) (and therefore in P(£')) are not algebraically independent. [ |

Finally, the following theorem characterizes the necessary and sufficient condition on Q for
finite completability of the sampled tensor /.

Theorem 36 Given Assumption 1, with probability one, Uq is finitely many completable if and
only if ) contains a subtensor Q' € R™ > X1a—1*D gych that for any D' € {1,...,D} and any
subtensor (' € Rm>xna-1xD" or (Y £((V') > D,
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Proof This theorem is an easy conclusion of Lemmas 31 and 35. Specifically, according to Lemma
31, U is finitely many completable with probability one if and only if P(Q) includes D algebraically
independent polynomials. On the other hand, Lemma 35 results that polynomials corresponding to
a subtensor ¥ € R *m2xxna-1xD of the constraint tensor are algebraically independent if and

only if for any D’ € {1,..., D} and any subtensor €2’ € R™ ¥ *na-1xD" of (Y £((V') > D'. M

Remark 37 Ifwe set K = 1, then using (25), the condition in Theorem 36 simply reduces to

rK <<§ mZ(Q")> — min {max {ml(fl”), . ,md_l(Q")} ,TK} —(d— 2)) >D'. (29

and therefore, Theorem 36 reduces to Theorem 1 in (Ashraphijuo and Wang, 2017) for finite com-
pletability of a regular tensor.

5.5. Unique Completability

In the previous subsection we characterized the deterministic conditions on the sampling pattern for
finite completability in Theorem 36. However, knowing whether I/ is uniquely completable can be
very useful. For example, having the unique completability property, any valid completion provided
by an optimization algorithm is the original sampled union of tensor spaces; or as we observed in
Section 4, the unique completability can be useful in clustering problems. According to Theorem 36
finite completability is equivalent to having D algebraically independent polynomials. As a result,
adding any single polynomial to these D algebraically independent polynomials results in a set of
algebraically dependent polynomials. Then, according to Lemma 38 below, a certain subset of the
entries of aﬁ’s can be determined uniquely and these additional polynomials are captured in the
structure of new condition on the sampling pattern given in Theorem 40 below such that all entries
of the canonical decomposition can be determined uniquely.

The following lemma is a re-statement of Lemma 25 in (Ashraphijuo and Wang, 2017), which
shows that variables involved in a minimally algebraically dependent polynomials can be deter-
mined uniquely.

Lemma 38 Given Assumption 1, consider a subtensor (Y € R™*"2%--X1d—1%Xt of the constraint
tensor ). Assume that polynomials in P(§)) are minimally algebraically dependent. Then, all
variables that are involved in P(§Y') can be determined uniquely.

The following lemma is useful in proving Theorem 40.

Lemma 39 Consider a subtensor Q’K € RmxXn2X-Xng_yxt ofﬁK such that ml(Q’K) = n;. Then,

all the rows of [A}|...|AK] are involved in at least one of the polynomials in P(Q’K)

Proof Recall from the proof of Lemma 33 that m; ({2 ) denotes the number of rows of [A}[. .. |AK]
that are involved in at least one of the polynomials in P(fl}() and hence, the proof is completed as
[A}]...|AK] has n; rows. [
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Theorem 40 Suppose that Assumption 1 holds and also there exists a subtensor Q) € Rrxn2x-xng_1xD

of Q such that the condition given in Theorem 36 holds (we call it Condition (i)). Moreover, assume
that there exists a subtensor Yy, € R™M>"2XXna—1xt of O which is disjoint from Y and the
following Condition (ii) holds: m;($Yy) = n; for 1 < i < d — 1. Then, with probability one, there
exists exactly one union of tensors that fits Uq and satisfies the rank constraints for each tensor
space (which is the original sampled union of tensor spaces U).

Proof Note that to complete the proof, it suffices to show that all unknown entries of aﬁ’s for
1<i¢<d—-—1and1 <[ < rg can be determined uniquely. Because then, Lemma 27 results in
the uniqueness of a;’s. According to Lemma 39, Condition (ii) ensures that for each entry of aé’s
forl1 <i<d-1and1 <[ < rg, there exists at least one polynomial pg € P(Q}() that involves
that particular entry. In the following, we show that we can obtain all the variables involved in any
polynomial pg € P(Q’K) uniquely, and consequently according to Lemma 39, all unknown entries
of aé’s for1 <i<d-—1land1 <! < rg can be determined uniquely.

Therefore, we only need to show that all variables involved in any polynomial py € P(Q’K)
can be determined uniquely. According to Theorem 36, condition (i) means that P(Q’ ) includes D
algebraically independent polynomials and denote these polynomials by {p1,...,pp}. By adding
any polynomial py to {p1,...,pp} we will have a set of algebraically dependent polynomials as
they are in terms of D variables. Hence, there exists a subset of polynomials P’ C {p1,...,pp}
such that polynomials in P’ U pgy are minimally algebraically dependent polynomials. By Lemma
38 we can obtain all variables involved in P’ U p( uniquely, and consequently, all variables involved
in pg can be determined uniquely. |

6. Union of Tensor Spaces Completion: Probabilistic Analysis

In this section, we obtain the probabilistic versions of Theorem 36 (finite completability) and The-
orem 40 (unique completability) in Theorems 42 and 43, respectively. Recall that Q; is a subtensor
of Q;: i~ First note that we relax the statements in Theorems 36 and 40 in terms of the number of
nonzero rows of (Y, instead of € ..

The following lemma is a re-statement of Lemma 19 in (Ashraphijuo and Wang, 2017) and
provides a bound on the number of samples that ensures the sampling pattern satisfies a certain
condition as in (31). In particular, it connects the relationship between the number of sampled
entries and a geometrical condition on the non-zero entries of the constraint tensor. Note that in
the following lemma, 7 and 7’s are not “rank” values but are just numbers that satisfy some given
properties (similar to Lemma 19 in (Ashraphijuo and Wang, 2017)). Moreover, note that when we

consider a submatrix Q’( 1) of the (d — 1)-th unfolding of the sampling pattern, we denote its
<!
corresponding submatrix of the (d — 1)-th unfolding of the constraint tensor by Q1)

Lemma 41 Assume that (minj<;<q—1n;) > 200 and also ﬁ(d—n includes at least r(n; — r})

columns, where 1, < r < & Assume that each column of Uy_yy includes at least | nonzero
entries, where

. o . 2
| > max {27 log (M) 19 log <m> 118, 6rg} . (30)
€ €
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~1/
Then, there exists an Nq_1 X r(n; — r}) matrix Q(g_1) such that: each column has exactly ri+1

>/ ~
entries equal to one, and if (y_qy(z,y) = 1 then we have Q’(d_l)(x, y) = 1 and also it satisfies
vl >/
the following property: with probability at least 1 — <, every subset Q(dq) of columns of Q(dfl)
satisfies the following inequality

r (mi(Q”) _ r;> > t, 31)

~ ~1
where t is the number of columns of §24_,y and Q" is the tensor corresponding to unfolding ﬂ(d_l).

In the following theorem, we are interested to find the required number of samples to ensure
that € contains a subtensor ) € R™**ma-1xD gych that for any D’ € {1,...,D} and any
subtensor () € Rrx~xna—1xD" o () D < f(Q”) as shown in (43). To this end we use Lemma
41 along different dimensions several times (Eq. (33)) and then combine them (Eq. (39)) by using
the following fact; assuming that a > ag and b > by with probabilities at least 1 — €; and 1 — eo,
respectively, then a + b > ag + by with probability at least 1 — €1 — e3.

Note that the conditions rp < %’“ and minj<;<q—1 n; > 200 in the theorem below are required
for the probabilistic analysis but they are not required in the deterministic analysis.

Theorem 42 Assume that ry, < % and (miny<;<q—17n;) > 200 and ¢ > (1 —rk,l)(Zf:_ll n;)—
Te(Tk — Th—1) — (d = 2)(1g — k1) for 1 < k < K. Assume that each column of €(q_1) includes
at least | nonzero entries, where

2K (d —1) (maxj<p<ix{re — re—1})
€

l> max{27 log (

maxi<i<d-1 nz)

+9 10g< )+18,6rK}.(32)

Then, with probability at least 1 — ¢, Uq is finitely many completable.

Proof Since the proof is long, we first provide an overview. First, we consider disjoint sets of

)

columns (NZ’((;E;) of ﬁ’(“d_l), where ﬁ’&fl) € RNa-1x(re=rk-1)(m=1) for j € {1,...,d — 1}\{io}

and (NZ’(ZO_IB € RNa—1%(rk=rk-1)("io—"k)  Then, we use Lemma 42 to conclude (33) holds. Then,

we put these columns together and show that (39) holds. Finally, we derive (43) from (39), which
completes the proof according to Theorem 36.

In order to prove this theorem, we need to show that §) contains a subtensor that satisfies the
property described in the statement of Theorem 36. The assumption ¢, > (rg — Tk_l)(zltll n;) —

re(ry — rg—1) — (d — 2)(rg — rg_1) results that there exist disjoint sets of columns ﬁ’&fi) of

ﬁ’(ﬂdfl), where ﬁ’((;f)l) € RNa-x(e=re-)(i=1) for j ¢ {1,...,d — 1}\{io} and ﬁ/((;li; €
RNa—1x(re—rk—1)(nig—7k)
Define r(; ., = Lif i € {1,....d — 1}\{io} and r{; ;) = ry if i = ip. By Lemma 41 we
(k1) )
conclude that there exists £2(;_1) € RNa=1X s == (77 ) guch that each column of it includes
~ ik 1)

T(; ) + 1 nonzero entries and if €2(;_, (,y) = 1 then we have ﬁ/((;f)l)(m, y) = 1 and moreover,
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~ k1) ~ (k1)
with probability at least 1 — m, every subset 2;_1y € RNa-1%t of columns of ) satisfies
the following inequality

(rk = Tk—1) ( mi(Q 1)) — TEi,k)) 2t (33)

~k
Next, note that according to the definition of the constraint tensor, each column of Q(d_l) has
exactly r, + 1 nonzero entries. On the other hand, rE K tl=2or rE. pwt1=ry+1land
~k N/('L k,1)
hence, the columns of Q(d 1y corresponding to Q(d 1) also satisfy (33) with probability at least

~k
1-— m, as those columns of §2 (d—1) have more or equal number of nonzero entries in addition

 (ik,1) — (ik)
to the nonzero entries of €2, ;. Let us denote these columns by €2;_). Therefore,

~ K ~ y(1,k) ~ y(d—1,k)

Q(d—l) = [Q(d—l)’- . |Q(d—1) | e RNdflx((rk*kal)(Zg;f ni)*rk(rk*ﬁcfl)*(d*mrk), (34)

~k ~//(Z k)
is a submatrix of £2(;_;y and with probability at least 1 — 0 d—€1) 7> €very subset Q(d 1 € RNa-1xt
C”<i’k>
of columns of £2;_,) satisfies

(rg — rg—1) (ml((l'(’%k)) — TEi,k)) > t. (35

Note that D = (ny + -+ + ng_1)rg — Zk 1 Te(TE — T’k 1) —rr(d—2) = Zk (e —

ik
rho1) (Mg — 1) + S0} itio S (k= Tr1) (i — 1). Let Q(d 1) denote the union of Q(d 1)’s
forl <k <K,i.e.,

~1 1 ~ 1K

M <! M
Q1) = Q) - [Q(g1)] € RN-1P, (36)

~/(1 k)
Note that (35) holds for each Q(d 1) with probability at least 1 — 1 e and hence, it holds
foralll] < ¢ < d-—1and1 < k < K simultaneously with probablllty at least 1 — €. In the
~1

rest of the proof we show that the tensor corresponding to unfolding ﬁ(d_l), or in other words,
Q) e Rm - xna-1xD gatisfies the property described in the statement of Theorem 36.
~n ~//(2 k)
Let Q(d 1 € RNa-1xD" denote a subset of columns of Q(d 1)- Moreover, define Q(d 1 €
~ ik
(k) and Q(d 1 € RNa-1%Dy a5 the matrices containing those columns of Q(d 1) that
~/(l k) ~/k

also belong to Q(d 1) and Q(d 1)» respectively. Hence, D' = YK Dj and D;, = Zd ' D/

(i.k)"
Note that we only need to show that D’ < f()").
Recall that

RNd 1><D

(= rie) (@) = 7)) = Dl i Dl 20 @7
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since Dzi ) May be zero as we consider a subset of the union of columns. Since each column of
~ y(isk)

+
(41 has exactly 7 + 1 nonzero entries and 7 + 1 > TEM) +1, ( (Q’(/Z k)) (i,k)> =0if

+
(Q’(’l k)) = 0 or equivalently DEM) =0and ( (Q’(’Z k)) (i,k)) > 0 otherwise. Hence,

A / + /
(rk — Tk-1) ( mi (Ui 1) — T(z,k)) 2 D py- (38)
Therefore, we have
- d-1 y + (0) &2
;g — ZDElvk) < (’f’k — Tk— ]_) ( (Q(z k)) l k’)) < Tk: — Tk—1 (mz Q// )39)
= i=1 =1
® d—1 d—1
= (e —re-1) | O] ma(€4)) — min{rg, mi (U} = Y min{1,mi()} ] |
i=1 i=1,i#4g

where (a) follows from the fact that Su)’(’i 5 is a subset of Q'k’ and (b) follows from (z — y)* =
x — min{x, y}. Then

K K d—1
=Y Di <Y (re—re)(Q_mi(§%) (40)
k=1 k=1 i=1
K
—> min {(Tk — Th—1)Tk, (Tk — Tk—l)mz'o(Q’k')}
k=1
K d-1
Z min {?”k — T, (T — Tk—l)mi(Q,k/)} :
k=1i=1i#ig
Note that i¢ can be any number in {1,...,d — 1}. Moreover, ml(flw > 1 is equivalent with

mz((vl;c) > 1 for any 7 as existence of one polynomial corresponding to a sampled entry in Uy
results that the number of nonzero rows in any of the matricizations of U}, is at least one. Hence,
independent from the choice of i,

d—1 K

K
Z min {Tk — Tk—1, (1K — rk_l)ml(flg)} =(d—2) Z min {rk — Tk—1, (g — rk_l)ml(fl',é)} .(41)

k=1 i=1,iig k=1
As aresult, in order to obtain the tightest bound on the RHS of (40), we chose 7 such that

K

> min { (rk = ri1 ) (= rie)ma () | = “2)

k=1

K
1§r£1§a,cii1 {Z min {(Tk — Tg—1)Tk, (1% — Tkl)mz(ﬁg)}} )
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and consequently

K d—1
D' < (e = re) (O ma() (43)
k=1 p =1 v
_ 1;?25{,1 {Z min {(’l“k — ""k—l)"“k:, (T‘k — ’l"k_l)mz(ﬂlkl)}}
K v v
~(@-2)Y min {rk — e, (7 — rk_l)ml(Q'k’)} < F(O).
k=1

Theorem 43 Assume that v, < 7 and (minj<;<q-1n;) > 200, ¢ > (rp — rk_l)(Z?;ll n;) —

ri(ry —rip—1) — (d = 2)(rg — rp—1) for 1 < k < K —1and cx > (maxj<ij<q—1ni) +£7"K —

TK,l)(Z?;l ni) = (rx —rx-1) — (d — 2)(rx — T —1). Assume that each column of Q(4_1)

includes at least | nonzero entries, where

4K(d — 1) (maxlSkSK{rk — Tk—l})
€

[ > max {27 log (mxlé—éd—ln)

+9 log < ) + 18, 67’1{} .(44)

Then, with probability at least 1 — €, Uq is uniquely completable.

Proof According to the proof of Theorem 42, existence of (7 — rk_l)(zgl;ll n;)—rg(rk—rr—1) —
(d = 2)(rg — rK—1) columns in Q? 4—1) and the assumption (44) result that (35) holds with proba-

bility at least 1 — m (instead of 1 — m in Theorem 42) and therefore, it results in finite

completability of U, i.e., condition (i) in Theorem 40, with probability at least 1 — 5. Hence, to
complete the proof, it suffices to show that having (max;<;<4—1 n;) more columns in Q{i_l), con-

dition (ii) in Theorem 40 holds with probability at least 1 — §. By Lemma 41 (for = 1 and 7} = 0),

m,(Q’K) = n; with probability at least 1 — 2K(d71)(max1<€k<K{rkfrk,1}) forany 1 < ¢ < d—1.
Therefore, m;(§2;;) = n; with probability at least 1 — i (maxl<k<; To—Y > 1 — £ for all
1<i<d-1. o [ |

Note that if ¢/ is finitely (uniquely) completable given rg (ignoring the union of tensors struc-
ture), then I/ is finitely (uniquely) completable given 1, . .., 7. Hence, for a looser bound, we can
simply apply tensor analysis by invoking Lemma 11.

Remark 44 Assuming that O(ry, — rx—1) = 1, the required number of samples per column of
the (d — 1)-th unfolding for unique completability using the matrix analysis (7) , the tensor anal-
ysis (8) and our proposed union of tensors analysis (44) are of orders O(log(Kny ...n4-1)),
O(log(drk maxn;)), and O(log(K maxn;)), respectively. The orders for the tensor analysis and
our proposed union of tensors analysis are similar (this is expected as intuitively a few more rank
constraints should not change the order of the fundamental limits) but still when we compare the
exact numbers in the following example, we see the advantage of an efficient analysis that takes
advantage of all the rank constraints.
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Figure 3: The total number of subtensors ¢; + - - - + cx required for unique completability.

Example 5 Consider an example in whichd = 7, K = 10, ny = --- = ng = 300, ¢ = 0.1. Also,
letry, =2k +rfork=1,...,10, where r varies from 0 to 30, i.e., rmax varies from 20 to 50.

First, we compare the total number of subtensors, i.e., structured columns, needed for the three
approaches. For the matrix analysis, Lemma 10 requires the condition ¢y, > (1 —rg—1+1)(N_gq—
rk) = 3 x 10% — 6k — 3r ~ 3 x 105, and hence the total number of subtensors is approximately
3 x 107 since K = 10. For the union of tensor spaces analysis, Theorem 43 requires cj, > (13 —
rk.,l)(Zf:_ll ni) —rp(rg —re—1) — (d—2)(rx —rg—1) = 110 — 4k — 2r and hence, c1 + - - -+ cx >
110K — 425:1 k — 2Kr = 1045 — 20r. The tensor analysis in Lemma 11 requires only one
condition (instead of K conditions for all ¢y’s) and it is ¢1 + - + cx > (rg + 2)(2?;11 n;)
1320+ 60r. In Figure 3, we plot the tensor and union of tensors cases and it is seen that in terms of
the total number of subtensors, the requirement of the union of tensor spaces analysis is much less
than the tensor analysis, and both are orders of magnitude less than the matrix analysis.

Next, we compare the required number of samples per subtensor, i.e., column of the (d — 1)-th
unfolding, using the matrix analysis (7), the tensor analysis (8) and our proposed union of tensors
analysis (44) in Figure 4. It is seen that the union of tensors analysis requires the least number of
samples per subtensor followed by the tensor analysis, and the matrix analysis requires the most.

7. Conclusions

We have investigated the generalization of the problems of union of two-dimensional subspace
clustering/retrieval to higher dimensions. In order to develop a clustering analysis for a union of
tensor spaces, we made use of the condition on unique completability of a sampled tensor and
developed an approach for identifying which tensor space correctly fits a certain tensor component
of the union of tensor spaces, given that the sampling rate is higher than our obtained fundamental
limit. Moreover, we investigated the completion problem for the case that the tensor spaces satisfy
certain geometrical properties. Combinatorial conditions on the sampling pattern are characterized
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Figure 4: The required number of samples per subtensor for unique completability.

to ensure finite/unique completability of the data with probability one. And finally, the sampling
rates that ensure finite/unique completability of the data with high probability are derived.

To the best of our knowledge, this work is the first to provide a fundamental theoretical analysis
for the two important problems of low-rank tensor clustering and completion. There are a number
of avenues for future investigations. First, this work is based on the assumption that the tensors are
chosen generically from certain tensor spaces. One future direction is to develop similar/weaker
results without this assumption. Secondly, the deterministic analysis in this paper characterizes the
necessary and sufficient conditions on the sampling pattern for finite completability and therefore,
it cannot be improved. However, the deterministic analysis for unique completability only pro-
vides sufficient conditions and it could be improved. Moreover, the probabilistic analysis provides
sufficient conditions on the sampling rate and they could also be potentially improved. Further,
conditions such as r; < % and minj<;<q—1 n; > 200 are the limitations in the probabilistic anal-
ysis due to the combinatorial analysis and another future direction is to achieve similar results with
weaker restrictions.
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