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Abstract

We study the computational complexity of a Metropolis-Hastings algorithm for Bayesian
community detection. We first establish a posterior strong consistency result for a natural
prior distribution on stochastic block models under the optimal signal-to-noise ratio con-
dition in the literature. We then give a set of conditions that guarantee rapidly mixing of
a simple Metropolis-Hastings algorithm. The mixing time analysis is based on a careful
study of posterior ratios and a canonical path argument to control the spectral gap of the
Markov chain.
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1. Introduction

Markov Chain Monte Carlo (MCMC) is a popular sampling technique, in which the equi-
librium distribution of the Markov chain matches the target distribution. Most attentions
to date have been focused on Bayesian applications in order to sample from posterior distri-
butions. Despite its popularity in Bayesian statistics and many other areas, its theoretical
properties are not well understood, not to mention the limited theory for computational
efficiency of MCMC algorithms, where the pivotal interest lies in the analysis of mixing
time. The mixing time of a Markov chain is the number of iterations required to get close
enough to the target distribution, in the sense that the total variation distance is bounded
above by some small constant e. We call the Markov chain rapidly mixing (resp. slowly
mixing) if the mixing time grows at most polynomially (resp. exponentially) with respect
to the sample size of the problem. One central research interest is to determine whether a
designed Markov chain is rapidly mixing or slowly mixing. A series of studies have made
efforts to design efficient Markov chains Thawornwattana et al. (2018); Wu et al. (2004);
Mgller et al. (2006); Hutter et al. (2014); Tu and Zhu (2002); Wu et al. (2004) without
providing theoretical guarantees. Over the past fifteen years, a surge of research has led to
breakthroughs in the understandings of geometric ergodicity of Markov chains, as well as
exploration of the intimate relationship between the spectral gap of a Markov chain and its
mixing time Roberts et al. (1997); Meyn et al. (1994); Diaconis and Stroock (1991); Sinclair
(1992). Based on graphical theory, several elegant techniques were further developed to
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lower bound spectral gap and characterize the mixing property Bubley and Dyer (1997);
Guruswami (2016); Diaconis and Stroock (1991); Sinclair (1992); Meyn and Tweedie (2012);
Randall (2006); Levin and Peres (2017).

Traditional literature on the theory of MCMC is mostly about the study of Markov
chains and its convergence to the stationary distributions, but the implications of such
theory on the statistical and algorithmic properties in specific high-dimensional problems are
not clear. It is still a very challenging problem to understand the computational complexity
of MCMC in Bayesian high-dimensional estimation. There exist several obstacles associated
with the mixing time analysis of MCMC in Bayesian high-dimensional models. First of all,
an MCMC algorithm often needs to explore a state space of exponential complexity in a
high-dimensional estimation setting. Whether MCMC algorithms can still rapidly converge
to the stationary distribution with complexity depending on both the sample size and
the dimension polynomially remains an unsettled theoretical problem. Secondly, even if
the algorithm converges, whether the stationary distribution can recover the underlying
knowledge of data in a high-dimensional setting is also not obvious.

To the best of our knowledge, the only paper that addresses both the computational
and statistical challenges of MCMC algorithms is Yang et al. (2016). The paper Yang et al.
(2016) studies the mixing property of MCMC in the setting of sparse linear regression, and
chooses a Metropolis-Hastings algorithm as the representative of a broader family. Two
important results are obtained in the paper. First, it proves that the Metropolis-Hastings
converges to its stationary distribution in polynomial time. Second, the stationary distri-
bution selects the correct active set of variables with high probability. Both conclusions are
non-trivial, because the Metropolis-Hastings algorithm for variable selection is combinato-
rial in nature. In order to bound the mixing time, the paper Yang et al. (2016) adopted a
canonical path technique developed in Sinclair (1992); Diaconis and Stroock (1991). The
method of canonical path heavily relies on the graph structure, and the construction of
canonical paths is very hard especially for a high-dimensional problem. The paper Yang
et al. (2016) took advantage of the sparse linear regression structure, and designed a set of
canonical paths between all pairs of points such that no edge is “overloaded” (congested),
which yielded sharp quantitative bounds for mixing time of the Metropolis-Hastings algo-
rithm.

The work of Yang et al. (2016) naturally leads to the following question. Is the
polynomial-time mixing property of the Metropolis-Hastings algorithm due to the spec-
tral structure of sparse linear regression, or is the good computational property of the
Metropolis-Hastings algorithm a more general phenomenon for other Bayesian high-dimensional
problems as well?

In this paper, we show that the Metropolis-Hastings algorithm also has good theoretical
property for community detection in Stochastic Block Model (SBM). We prove that the
Metropolis-Hastings algorithm converges to its stationary distribution in polynomial time.
Moreover, we show that the stationary distribution achieves strong consistency of commu-
nity detection with high probability. These results, together with the work Yang et al.
(2016), show that the Metropolis-Hastings algorithm has good theoretical properties in two
very different high-dimensional problems, variable selection and clustering, which suggests
that this can be a more general phenomenon. The results we have obtained in this paper
are benchmarked by the state-of-the-art theoretical work in the literature of community
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detection. To be specific, both the statistical and algorithmic properties of the Metropolis-
Hastings algorithm in this paper are established under the optimal signal-to-noise ratio
threshold of community detection (Abbe, 2016; Abbe et al., 2014; Zhang et al., 2016).

To close this section, we discuss several new challenges of analyzing the Metropolis-
Hastings algorithm for community detection. First, different from the variable selection
problem in a regression setting (Yang et al., 2016), the non-identifiability of clustering labels
of our problem leads to additional technical difficulties in analyzing the Markov chain. We
overcome this difficulty by relating the Markov chain in the space of clustering labels to a
Markov chain in the space of clustering structure according to Figure 1.

State I';

Figure 1: Updating process of I'(Z;).

Here, {Z;},~, is the sequence of labels obtained from the algorithm, and {I';},. is the
Markov chain of clustering structures we are interested in. This additional treatment is
important, and sets ourselves apart from the previous work. Then, on top of canonical path
technique, we construct a super martingale to prove that the number of mistakes of labels is
upper bounded within any polynomial running time, which forms a good region of clustering
space for the construction of canonical paths. Last but not least, in order to prove that the
statistical and algorithmic properties of Metropolis-Hastings hold simultaneously under the
optimal signal-to-noise ratio condition, we introduce a scaled posterior distribution with
a suitable temperature parameter to carefully upper bound any posterior ratios along the
canonical path. The analysis of this paper is based on a frequentist point of view that the
data are generated from an underlying true model.

Organization. The rest of the paper is organized as follows. Section 2 formally sets up
the community detection problem and presents the posterior strong consistency property.
Section 3 introduces a Metropolis-Hastings algorithm and provides an explicit mixing time
bound, followed by some numerical results demonstrating its competitive performance on
simulated data sets in Section 4. Section 5 is devoted to the proofs of the technical results
of the paper.

Notations. We close this section by introducing some notations. For an integer d, we
use [d] to denote {1,2,...,d}. For a set S, we write I{S} as its indicator function and
|S| as its cardinality. For a vector v € R?, its norms are defined by |jv|; = Zle lvil,
|v]|? = Zle v?, and ||v||c = maxj<ij<q|v;|. The Hamming error of two binary vectors
v1,v2 € {0,1}? is defined by H(v1,vs) = 2?21 T{v1(7) # va(i)} . For a matrix A € REXK
its norms are defined by |[Allo = max; je (k) [4ij], and [|All1 = 3, je1x [4ijl- The notation
P and E are generic probability and expectation operators whose distribution is determined
from the context. We use o(1) to denote any positive sequence tending to 0. Throughout



ZHUO AND GAO

the paper, unless otherwise noticed, we use C, ¢ and their variants to denote absolute
constants, and the values may vary from line to line. For any two distributions P and
@, the total variation distance is defined by [P — Q|l+y = %f |dP — d@|, and the KL
divergence is defined by D (P||Q) = [ dPlog %. For simplicity, we write D (p||q) to denote
D (Bernoulli(p)||Bernoulli(q)) for p,q € [0,1]. For any two numbers a and b, we use a A b
and a V b to denote min{a, b} and max{a, b} respectively.

2. Bayesian Community Detection

Networks have arisen in various areas of applications and have attracted a surge of research
interests in fields such as physics, computer science, social sciences, biology, and statistics
Goldenberg et al. (2010); Newman (2010); Wasserman and Faust (1994); Fortunato (2010);
Chen and Yuan (2006). In the realm of network analysis, community detection has emerged
as a fundamental task that provides insights of the underlying structure. Great advances
have been made on community detection recently with a remarkable diversity of models
and algorithms developed in different areas Girvan and Newman (2002); Newman and Le-
icht (2007); Handcock et al. (2007). Among various statistical models, the stochastic block
model (SBM), first proposed in Holland et al. (1983), is one of the most prominent genera-
tive model that depicts the network topologies and incorporates the community structure.
It is arguably the simplest model of a graph with communities and has been widely ap-
plied in social, biological and communication networks. Much effort has been devoted to
SBM-based methods and their asymptotic properties have also been studied recently Bickel
and Chen (2009); Celisse et al. (2012); Bickel et al. (2013). A Bayesian point of view of
community detection was first suggested in Snijders and Nowicki (1997) with only two com-
munities, motivated by the computational advantage of Gibbs sampling. The approach was
further extended in Nowicki and Snijders (2001); Hofman and Wiggins (2008) to incorporate
adjusted priors on community proportions as well as edge probabilities and allow for the
cases of more than two communities. There has been little theoretical analysis of Bayesian
community detection until very recently, when the consistency results of posterior distribu-
tion were obtained by van der Pas et al. (2017); Geng et al. (2019). However, they required
the expected degree of a node to be at least of order log? n to ensure the strong consistency,
which is a suboptimal condition for strong consistency Abbe (2016); Abbe et al. (2014);
Zhang et al. (2016).

In this section, we give a precise formulation of the community detection problem and
introduce a Bayesian approach. Then, we present the posterior strong consistency result.

2.1 Problem formulation

Consider an unweighted and undirected network with n nodes and K communities. The
adjacency matrix is denoted by A € {0,1}"*" A = AT and A; = 0, for all i € [n]. The
edges are independently generated as Bernoulli variable with EA;; = P;;, for all ¢ < j. Here,
P;; denotes the connectivity probability for nodes ¢ and j, and depends on the communities
that the two nodes are assigned to. In this paper, we focus on a homogeneous SBM and
assume P;; = p if two nodes are from the same community and P;; = q otherwise. We call
p (resp. q) as the within-community (resp. between-community) connectivity probability
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and assume p > ¢ to satisfy the “assortative” property. Extensions to heterogenous SBMs
are straightforward, but will not be considered in the paper for the sake of the presentation.

Let Z € [K]™ denote a label assignment vector, where Z; is the community label for
the ith node. Let B € [0,1]%*K be a symmetric connectivity probability matrix and thus
Pij = Bgz,z; with By, = p for all a € [K], and By, = ¢ for all a # b. According to the
description of the model, the likelihood formula can be written as

p(A1Z,B) =[] ByY (01— Bzz)' ™. (1)

1<J

We use Z* to denote the underlying true label assignment vector, and further assume
that

Bz(gg}l{zi*zk;}gig, for all k € [K], (2)

where § > 1 is an absolute constant. It indicates that the all community sizes are of the
same order. When 5 = 1+ o(1), all communities have almost the same sizes. Furthermore,
we assume K is a known constant, p,q¢ — 0 and p < ¢ throughout the paper. To conclude,
this paper focuses on a sparse homogeneous SBM with a finite number of communities.

Note that community detection is a clustering problem, and thus any label assignment
gives an equivalent result after a label permutation. To be specific, let

INZ)={coZ:0 € Px}, (3)

where Py stands for the set of all permutations on [K], and then any Z’' € T'(Z) leads to
an equivalent clustering structure. Hence, with the identifiability issue, our ultimate goal
is to reconstruct the community structure, or equivalently, to recover the community label
assignment Z* up to a label permutation.

2.2 A Bayesian model for community detection

In addition to the likelihood formula of the adjacency matrix A given in (1), we put a
uniform prior on Z over a set S,, where S, is the set of all feasible label assignments
depending on a hyperparameter .. The connectivity probabilities By, for 1 < a < b < K
receive independent Beta priors. More precisely, the Bayesian model is given by

stochastic block model: p(AlZ, B) H B — BZl.Zj)lfAij ,
1<j

label assignment prior: m(2) x1{Z € Su},

connectivity probability prior: B id Beta(k1,k2), 1<a<b<K,

where k1, k2 > 0 measure the prior information of the connectivity probabilities and have
negligible effects on the results when the sample size is large enough. This is the same
set-up in van der Pas et al. (2017), except that we introduce a uniform prior over set S,.
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The key set S, is defined by

Sa—{Ze[n]K;zn:]I{Zi—k}e[OZ{,O;}, forallke[K]}, (4)

where the hyperparameter a controls the size of the feasible set S,, which rules out those
models whose group sizes differ too much. Here, a can be any sufficiently large constant,
and we only require a > [ so that Z* € S,. As will be clarified in Section 4, this addi-
tional constraint seems to be necessary for the rapidly mixing according to our practical
experiments.

The induced posterior distribution can be expressed as

II(Z]A) x / 11 B0 @) (1 — Byt -Oa(Z)g11(B)
[o,)K K+ /2 oy
o [[Beta(Ou(2) + k1, 1mab(Z) — Oat(Z) + 1), for Z € Sa,
a<b
and it follows that for Z € S,
logTI(Z|A) = Y logBeta(Ouy(Z) + k1, nab(Z) — Oap(Z) + k) + Const, (5)
a<b

where 14(2) = no(Z2)np(2), naa(Z) = na(2)(ne(Z) — 1)/2 for all a # b € [K]. We use
nq(Z) to denote the size of community a, i.e., n,(Z) = |{i : Z; = a}|. We use Oy(2)
to denote the number of connected edges between communities a and b, which takes the
formula Oay(Z) = 32, ; AijI{Zi = a,Z; = b} and Oua(2) = 32, Aijl{Z; = Z; = a} for all

a # b € [K]. Note that the posterior distribution is permutation symmetric, i.e.,

[(Z|A) = II(Z'|4), for all Z' € T(Z). (6)

2.3 Posterior strong consistency

Before stating the theoretical properties of the proposed Bayesian model, we introduce some
useful quantities. The first quantity I plays a crucial part in the minimax theory Zhang

et al. (2016),
I =—2log(\/pg+ (1 —p)(1—q)),

which is the Rényi divergence of order 1/2 between Bernoulli(p) and Bernoulli(q). It can
be shown that when p,q — 0,

I=(1+0(1)(p—a)

Then, we introduce an effective sample size to simplify the presentation of the results. As
mentioned in Zhang et al. (2016), the minimax misclassification error rate is determined by
that of classifying two communities of the smallest sizes. When K = 2, the hardest case
is when one has two communities of the same size n/2. When K > 2, the hardest case is
when one has two communities of sizes n/K . Thus, we define
g, for K = 2,

; (7)
—, for K > 2,
Kp

3
I
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as the effective sample size of the problem. The following result characterizes the statistical
performance of the posterior distribution II(Z]A) under mild conditions.

Theorem 1 (Posterior strong consistency) Recall that I'(Z) = {00 Z : 0 € Pk},
where Pg stands for the set of all permutations on [K]. Suppose that

lim inf —-
n—oo logn

> 1, (8)

and the feasible set S, satisfies that o — 3 is a positive constant. Then, we have that
E[II(Z € T(Z*)|A)] > 1 — nexp(—(1 — g)al) = 1 — o(1)

for a large n and some positive sequence 1, tending to 0 as n — 0o, and the expectation is
with respect to the data-generating process.

We defer the proof of the theorem to Section 5. It is worth noting that the condition
required in Theorem 1 is identical to the fundamental limits required for exact label recovery
Abbe (2016); Abbe et al. (2014); Zhang et al. (2016). In the special case of two communities
of equal sizes, we require nl > 2logn to guarantee the strong consistency result. Hence,
Theorem 1 implies that under our Bayesian framework, posterior strong consistency holds
under the optimal condition.

We can also compare the statistical performance of our model with other Bayesian
community detection approaches. The first Bayesian SBM was suggested by Snijders and
Nowicki (1997), who considered two communities and proposed a uniform prior for both
community proportions and the connectivity probabilities. It was further extended for
more communities with Dirichlet priors on community proportions and Beta priors on the
connectivity probabilities. However, the field of Bayesian SBM grows in a slow pace due
to lack of theoretical analysis in terms of statistical consistency. Recently, van der Pas
and van der Vaart van der Pas et al. (2017) proved that the strong consistency of MAP
holds under a condition that the average expected degree satisfies A, > log?n. With our
notation, they require that n(p —¢)?/p > log? n, much stronger than the optimal threshold
order n(p — q)?/p 2 logn. In contrast, our model introduces a feasible set S, and proposes
a uniform prior for label assignment Z on set S,. It results in the strong consistency of
posterior distribution under the condition that n(p — ¢)?/p 2> logn, much weaker than the
condition required in van der Pas et al. (2017).

3. Rapidly mixing of a Metropolis-Hastings algorithm

In this section, we propose a modified Metropolis-Hastings random walk, and analyze its
statistical performance as well as the computational complexity. Due to the identifiability
of the problem, the rapidly mixing property is analyzed in clustering space that will be
defined in the sequel.

3.1 A Metropolis-Hastings algorithm

A general Metropolis-Hastings algorithm is an iterative procedure consisting of two steps:
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Step 1  For the current state Xy, generate an X’ ~ q(z|X;), where q(z|X;) is the proposal
distribution defined on the same state space.

Step 2  Move to the new state X’ with acceptance probability p(X¢, X'), and stay in the
original state X with probability 1 — p(X;, X’), where the acceptance probability is given

by
" — min p(X')q(X¢|X7)
PXn X') = {1’ P(X0)a(X'|X0) } ’

where p(+) is the target distribution.

In this paper, we are sampling the community label assignment Z € [K]". In particular, we
take the single flip update as the proposal distribution, which is to choose an index j € [n]
uniformly at random, and then randomly choose ¢ € [K]\ {Z:(j)} to assign a new label.
The whole algorithm is presented in Algorithm 1.

Algorithm 1: A Metropolis-Hastings algorithm for Bayesian community detection
}nX’I’L7

Input: Adjacency matrix A € {0, 1
number of communities K,
initial community assignment Zj,
inverse temperature parameter &,
maximum number of iterations 7.

Output: Community label assignment Zp.

for each t €{0,1,2,...,7} do

Choose an index j € [n] uniformly at random;

Randomly assign a new label for index j from the set [K]\ {Z:(j)} to get a new

assignment Z’;
Zy11 = Z' with probability
/ , I1°(Z'|A)
p(Zy, Z') = min {1, Hf(Zt]A)} ,

otherwise set Z; 11 = Z;.

The Markov chain induced by Algorithm 1 is characterized by the transition matrix,
which takes the form as

13 /
Tl([{l_l)min{l,m}, it H(Z,7') =1,
P(z2,Z2')={1- Y P(Z2), it 7/ = Z, (9)
2:24Z
L0, it H(Z,Z') > 1,

where H(Z,Z') is the Hamming error between the two label assignments Z, Z’. The in-
verse temperature parameter { satisfies that £ > 1. The algorithm is sampling from the
scaled distribution I1(Z|A), where II(Z|A) o< TI$(Z|A) for any Z € [K]|*. As & — oo, the
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probability mass of II(-|A) concentrates on the global maximum of II(-|4), in which case
the algorithm is deterministic and reduces to a label switching algorithm, as discussed in
Bickel and Chen (2009). When & = 1, asymptotically the algorithm is sampling from the
true posterior distribution. The possible choices of £ will be discussed in the sequel.

Corollary 2 Under the conditions of Theorem 2.1, if £ > 1, then we have

E| > I(Z]A)| >1-nexp(—(1—o(1))nl),
ZeT(Z*)

where the expectation is with respect to the data-generating process.

Corollary 2 shows that posterior strong consistency also holds for ﬁ(Z |A), and it holds by
the same proof of Theorem 1, considering that £ > 1 and the distribution concentrates more
mass on large values. The parameter T in Algorithm 1 is the total number of iterations
required. As long as the Markov chain mixes before T, according to Theorem 1, Zp recovers
the true community label assignment up to a label permutation with high probability, i.e.,
Zr € I'(Z*) where I'(Z*) is as defined in (3). Even though Theorem 1 is only stated for
&€ =1, it is easy to see that its conclusion also holds for II(-|A) for a general £ > 1.

Due to the identifiability issue, the theoretical analysis of mixing time will be performed
in the clustering space {I'(Z) : Z € Sy}, where I'(Z) is defined in (3). We denote the state
in the clustering space at time ¢ as I'y = I'(Z;), where Z; is generated from Algorithm 1.
The graphical model of the sequence {I';};>0 is illustrated in Figure 1.

Proposition 3 The sequence {I't}i>0 induced by Algorithm 1 is a Markov chain.

Proof The proof relies on the permutation symmetry of the posterior distribution given

by (6). We first introduce a distance between two clustering structures I' and I, defined
by

H(,T')= min H(Z, 7). 10

(O = min  H(Z Z) (10)

When FI(FtH, I'y) <1, we have

P{Tyi1 | T, s<ty= Y P{Ty1|Z=2}-P{Z, =2 |Ts, s<t}. (11)
ZeTly

The equality holds since given Z;, I'y1 and {I's : s < t} are independent. We proceed

to calculate P{Ty,; | Z; = Z}. In the case of H(I';11,T;) < 1, it is obvious that for any
Z €Ty, there exists a unique Z’ € T'y11 such that H(Z,Z’) < 1. Thus, we have that

P{Tv1 | Zy=2}= > P(ZZ)=P(Z2) (12)
ZeTyq1

By (9), the transition probability P(Z, Z’) only depends on the ratio of II(Z’|A) and II(Z| A),

and
(Z']A) _ T(T(Z)|A) _ T(Te]A) (13)
(Z|A) ~ T((Z)|A) ~ T(T4[A)

9
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which only depends on I'; and I'y;1. It follows that
P{Ti1 [ Ze} =P{Typ [ T}

Hence, plug the above identity into (11), and we have

P{Ti1 | T, s <t} =Y Pl [Ty} -P{Z =2 | T, s <t}

Zely
=P{Tp1 |Tu}- Y P{Z=Z|T,, s<t}
zZel'y
=P{Ti1 | I},

When E(Ft+1, I'y) > 1, it is obvious that
P{Ft+1 ’ FS, s < t} =0= P{Ft+1 ‘ Ft}

Therefore, {I't}+>0 is a Markov chain by combining the conclusions of the two cases. |

According to the above proposition and its proof, we can define the transition matrix
P from state T to I as

71 min H(F/‘A) ‘ if H N =
) {1,[ ]}, f HT,T') =1,

n(K (T A)
P(r,M)={1- 3 P(,D), T/ =T, (14)
T4
0, if A(T,T') > 1.

We perform the analysis of mixing time for the Markov chain {T';};>o. Write S, = {I'(Z) :
Z € 84} for simplicity, and we define the target distribution in the clustering space as

(CA) = Y er TI(Z|A) for any T € S,. We directly have the following corollary by
Corollary 2.

Corollary 4 Under the conditions of Theorem 1, we have
E [T =T(Z")|A)| > 1 —nexp(—(1 —o(1))al),
where the expectation is with respect to the data-generating process.

We show in the next section that {T'; }¢> is rapidly mixing to the target distribution IT(-|A).

3.2 Main results

Before stating the main theorem, we first review the definition of e-mixing time, as well as
the loss function that we need for the community detection problem.

10
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e-mixing time. Let I'g = I'(Zy) be the initial state of the chain. The total variation
distance to the stationary distribution after ¢ iterations is

A1) = | PR, )~ Tic14) = ;rem;m} [P (ro,T) ~ TH(T]4)]

ot -
where P (I'g,-) and II(-|A) are both distributions defined in the clustering space. The
e-mixing time for Algorithm 1 starting at Zy is defined by

72(Zo) =min {t € N: Ay (') < e forall t' >1t}. (15)

It is the minimum number of iterations required to ensure the total variation distance to
the stationary distribution is less than some tolerance threshold e.

Loss function. We introduce the misclassification proportion as a loss function, which
is defined by

U2,2%) = —H(L(2),T(2")), (16)

S|

where A (-,-) in defined in (10).

To this end, let us show that the proposed modified Metropolis-Hastings algorithm in Sec-
tion 3.1 gives a rapidly mixing Markov chain {I't };>0 under the following conditions.

Condition A There ezist some positive sequences 1 = n(n) and vo = vyo(n) such that

inf P{4(Zy,Z%) < >1—n.
A {6(Z0,Z") <} =1-n

We proceed to state the conditions for ~.
Condition B Suppose the sequence g in Condition A satisfies one of the following cases:

e (Case 1: there are only two communities, i.e., K = 2, and
(1 — K~o)*nl — 0o, (1—Ky)(1— KBy)n — oo, (17)
where § > 1 is defined in (2).
o (Case 2: there are more than 2 communities, i.e., K > 3, and

Y0 = o(1). (18)

Condition A and Condition B require that the misclassification number of the initial
label assignment is less than the minimum community size n/K/ with high probability.
Consider the special situation where K = 2 and 8 = 1 4 o(1), i.e., the underlying two
community share the same size asymptotically, Condition B is satisfied when the initial
misclassification proportion is 1/2 — ¢ for some sequence ¢ — 0. When K > 3, we require
a stronger condition that the initial label assignment need to be weakly consistent, i.e.,
the initial misclassification error goes to 0 as n — oo. The initial condition can be easily
satisfied by algorithms such as spectral clustering McSherry (2001); Rohe et al. (2011);
Coja-Oghlan (2010); Fishkind et al. (2013).

11
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Condition C Suppose limsup,,_,..logn/nl =1 —¢gy. With the hyperparameter & defined
in Algorithm 1, one of the following cases holds:

e (Case 1: there are only two communities, i.e., K = 2, and

¢€>(1—¢g) 1y (19)
0 280 (1 — K"yo)4 ’
where « is defined in (4), and 7o is defined in Condition A.

e Case 2: there are more than 2 communities, i.e., K > 3, and

1—80

&>

5o (20)

Note that the condition for the inverse temperature hyperparameter £ also depends on the
signal condition (g9) and initialization condition (7). The condition of & is needed for
technical proof to ensure the strong rapidly mixing property in the worst scenario. Note
that with stronger initialization condition for the case of K > 3, the condition of £ is slightly
weaker than the case of K = 2. Simulation studies of how different values of £ influence the
performance of the algorithm are deferred to Section 4.

Here are some intuitive understandings of Condition C. Theorem 1 shows that posterior
strong consistency holds under the condition liminf, . 7//logn > 1. Suppose for two
label assignments Z, Z5 that II(Z1|A) > I1(Z3|A), with hyperparameter £ > 1, the posterior
ratio I1¢(Z1|A)/T1¢(Z;|A) gets enlarged, and the Markov chain is more certain to move
towards the maximum point. However, the value of £ is also constrained by the initialization
Zy. With a larger £, TI¢(Zg|A) is smaller and it takes longer for the Markov chain {T';};>0
to get mixed. The special case is that when the initialization Zj is weakly consistent, or
equivalently, ¢(Zy, Z*) — 0 as n — oo, then the value of £ only depends on €. It gives the
following alternative condition that can replace Condition B and Condition C.

Condition D Denote limsup,,_, . logn/nl =1 —eg. The positive sequence vy defined in
Condition A and the hyperparameter £ satisfy that

1—¢
> 0

5o (21)

Theorem 5 (Rapidly mixing) The initial label assignment is denoted by Zy. Suppose
Conditions (A, B, C) or Conditions (A, D) are satisfied. Then, the e-mizing time of the
modified Metropolis-Hastings algorithm is upper bounded by

7.(Zy) < 4Kn? max {'yo,n_T} : (f log (H(ZOIA)_l) + log(s_l)) (22)

with probability at least 1 —Cin~2 —n for some constant Cy, Co > 0, where T is a sufficiently
small constant, and 7 is defined in Condition A.

Remark 6 It is classical to perform theoretical analysis on a lazy version of Markov chain,
which has probability 1/2 of staying unchanged, and the other probability 1/2 of updating
the state. Theorem 5 is proved for the lazy Markov chain induced by Algorithm 1, i.e.,

12
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the corresponding transition matriz is (ZVD +1)/2. The same tricks are widely used in Yang
et al. (2016); DABBS (2009); Berestycki (2016); Montenegro et al. (20006). It is worth
noting that this is only for the proof, and in practice, we still use the original transition
matriz in Algorithm 1.

Theorem 5 implies the mixing time depends on the initialization Zy and the choice of ¢&. In
order to show that the mixing time is at most a polynomial of n, we still need the following
lemma to lower bound the initial posterior value I1(Zp|A).

Lemma 7 Under the conditions of Theorem 1, we have
log I1(Zo] A) > —Csn®I - 0(Zo, Z°), (23)
with probability at least 1 — Cyn=C5 for some positive constants Cs, Cy, Cs.

Theorem 5 and Lemma 7 jointly imply that 7.(Zp) < n?(n?I +log(e~1)) with high probabil-
ity, which demonstrates that the Markov chain of Metropolis-Hastings algorithm is rapidly
mixing. To the best of our knowledge, (22) is the first explicit upper bound on the mixing
time of the Markov chain for Bayesian community detection.

Note that the target distribution of Algorithm 1 is II(:|A) oc IIé(-|4). Since & > 1
and the posterior strong consistency property still holds for II(:|A), Theorem 5 shows that
Algorithm 1 will find the maximum a posteriori in polynomial time with high probability.

Corollary 8 Under the condition of Theorem 5, for any iteration number T such that
T > Cen?(n2I +1log(e™ 1)) for some constant Cg, the output Zr of the Algorithm 1 satisfies
that Zp € T'(Z*) with high probability, or equivalently, ¢(Zp, Z*) = 0.

The following corollary focuses on the case of £ = 1, and gives explicit conditions for
the Markov chain to converge to the posterior distribution II(-|A).

Corollary 9 When nl/logn — oo, suppose Condition B holds, and we can take § =
1 in Algorithm 1, which reduces to the standard Metropolis-Hastings algorithm sampling
from II(-|A). We have that the e-mizing time of the Markov chain is upper bounded by
O(n?(n%I + log(e™1))) with high probability.

The conditions of the above results can be weakened in the case where the connectivity
probability matrix B is known. When B is known, there is no need to put a prior on B.
Thus, the posterior distribution can be simplified as

_,.p(l—q) M7 7
log I1(Z| A) _1ogm ;A,]H{ZZ = 7Z;}

_qZ]I{Zi:Zj}+Const, for Z € S,.
-p

i<j

X (24)

1
0g 7

The posterior formula is essentially the same as likelihood, while we restrict Z inside the
feasible set S,. It can be shown that the posterior strong consistency property still holds
in this case.

13
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Theorem 10 (posterior strong consistency) Suppose that limsup,,_, ., nI/logn > 1,
and the feasible set Sy satisfies that o — B is a positive constant, then it follows that

E[II(Z eT(Z%)|A)] > 1 —0o(1),
with high probability, and the expectation is with respect to the data-generating process.

Condition E Suppose limsup,,_,. logn/nl = 1 —gy. Assume the positive sequence gy
defined in Condition A and the hyperparameter £ satisfy one of the following conditions:

e Case 1: .
— &
=oft), ¢z (25)
e Case 2:
(1 5)( Ly “ > for K =2
—g)|—V—7—717—, r K =2,
920« A(1— K
(1 - Kayo)?nl — oo, € > f0 - 41 - Kay) (26)

1 a
1-— el A e— for K > 3.
(1= <o) (250 468(1 — Ka’yg)> ) JOF A =

Condition E yields the rapidly mixing property when the connectivity matrix B is
known.

Theorem 11 (Rapidly mixing) Suppose we start the algorithm at Zy, and Conditions
(A, E) hold. Then, the e-mizing time of the Metropolis-Hastings algorithm induced by
Equation (24) is upper bounded by

7e(Zo) < 4Kn*max {y9,n "} - (€logI1(Zo|A) ™ +log(e ™)),

with probability at least 1 — Cyn=C% —n for some constants C7,Cg, where T is a sufficiently
small constant, and 7 is as defined in Condition A.

Compare the result with Theorem 5, and we can see that Theorem 11 obtains the same
upper bound with slightly weaker conditions for the initialization Zy and hyperparameter

&.

4. Numerical Results

In this section, we study the numerical performance of the Metropolis-Hastings algorithm
1 and the inverse temperature parameter ¢ is set to be 1 unless otherwise specified. The
initial label assignment vector is chosen such that: half samples are labeled correctly, and
the other half samples are labeled randomly. The same mechanism is also mentioned in
paper Bickel and Chen (2009).

1. The code is available on https://github.com/zhuobumeng/MH_bayes_SBM.

14
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Balanced networks. In this setting, we generate networks with 2500 nodes, and 5 com-
munities, each of which consists of 500 nodes. Figure 2 shows the trajectories of the Markov
chains (each denoted by a black line). By posterior strong consistency, the true label
assignment receives the highest posterior probability (denoted by the red line), and the
Markov chains converge rapidly to the stationarity (within 40n iterations), demonstrating
the rapidly mixing property.

—297500
-500000 300000
_ -501000 o —302500
k-] 2
& —502000 @ -305000
& 7
2 o
8 -503000 Q —307500
~ [o
o
o o
— -504000 —310000
~505000 — logn(ZIA) —312500 — logn(z|A)
— logn(z"|A) — logMn(Z"|A)
—506000 —315000
0 20n 40n 60n 80n 100n 0 10n 20n 30n 40n
iterations w.r.t number of samples iterations w.r.t number of samples
(a) (b)

Figure 2:  Log-posterior probability versus the number of iterations. Each black curve cor-
responds to a trajectory of the chain (20 chains in total), and the red horizontal
line represents the log-posterior probability at the true label assignment. (a) A
network with p = 0.48 and ¢ = 0.32. (b) A network with p = 0.3 and ¢ = 0.1.

Heterogeneous networks. In this setting, we generate networks with 2000 nodes and
4 communities of sizes 200, 400, 600, and 800, respectively. The connectivity matrix is set

as
0.50 0.29 0.35 0.25

0.29 045 025 0.30
0.35 0.25 0.50 0.35
0.25 0.30 0.35 0.45

The algorithm still performs well. As shown in Figure 3, the posterior strong consistency
still hold, and the Markov chains rapidly converge to the stationarity.

Study of inverse temperature parameter £&. We conduct experiment with two dif-
ferent settings. The one is sparse homogeneous balanced network with 2500 nodes, and the
other one is heterogeneous unbalanced network. We aim to study how performance changes
with different values of £ in Algorithm 1. The result is shown below.

From Figure 4, the algorithm performs well when £ > 0.5. In both cases, when & = 0.1,
Markov chains fail to mix to the target distribution within 120n iterations. It seems that
Condition C and Condition D are mainly for technical proof of rapid mixing property, and
in practice, we observe that Markov chains mix rapidly by simply choosing £ = 1.

Necessity of the initialization condition. We show that the initialization condition
required by our main theorems is necessary by numerical experiments. Consider the network
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Log-posterior probability versus the number of iterations. Each black curve cor-
responds to a trajectory of the chain (20 chains in total), and the red horizontal
line represents the log-posterior probability at the true label assignment.
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(a) (b)
Figure 4: Log-posterior probability versus the number of iterations. Each curve is a tra-

jectory of Markov chain (20 chains for each color), and the red horizontal line
represents the log-posterior probability at the true label assignment. Differ-
ent colors represent chains with different value of £. (a) Homogeneous network
with p = 0.3 and ¢ = 0.1. (b) Heterogeneous network designed the same as the
second experiment in simulation studies.
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with two communities of size 270 and 460, and the connectivity probabilities are set to be
p = 1071, ¢ = 1078. The initial label assignment Zj satisfies £(Zy, Z*) = (1 — ¢)/2a, and
then Condition E is equivalent to ¢ > 0 and ¢?>nI — oco. In simulations, we run experiments
for ¢ =0.2,0.1,—0.1, —0.2, and the results are shown as below.

220000 220000

200000 200000
. .
K] o
@ 180000 @ 180000
g S
%) wn
o o
a o
5‘160000 3160000

140000 — logn(zjA) 140000 — logn(z|4)

— logMN(Z"|A) — logN(Z"|A)
0 10n 20n 30n 40n 0 10n 20n 30n 40n
iterations w.r.t number of samples iterations w.r.t number of samples
(a) c=10.2 (b) c=0.1

220000 220000
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. -
K<l o
& 180000 & 180000
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0 0
o o
& e
1160000 1160000
o o

140000 140000

— logn(z|A) — logn(z|A)
— logMn(Z" |A) —— logN(Z"|A)
0 10n 20n 30n 40n 0 10n 20n 30n 40n
iterations w.r.t number of samples iterations w.r.t number of samples
(¢) e=-0.1 (d) e =-0.2

Figure 5:  Log-posterior probability versus the number of iterations. The initial label
assignment Zj is constructed so that the labels of the community of size 270
are all correct, and there are n(1—c)/2« labels in the community of size 460 are
incorrect. Each black curve corresponds to a trajectory of the chain (20 chains
in total), and the red horizontal line represents the log-posterior probability at
the true label assignment.

Figure 5 shows that when ¢ < 0, it is very likely for the algorithm to get stuck at some local
maximum, and does not converge to the stationary distribution.

Fundamental limit of the signal condition. We check that the fundamental limit of
the signal condition can be achieved by the Metropolis-Hastings algorithm. We generate
homogeneous networks with 1000 nodes and 2000 nodes, and each has two communities of
equal sizes. Figure 6 is the heatmap of the number of misclassified samples, where every
rectangular block represents one setting with different values of p and q. In each setting, we
run 20 experiments with independent initializations and adjacency matrices, and the value
of each block is the average number of misclassified samples in the 20 experiments. Figure
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6 shows that when nl > 2logn, we are able to exactly recover the underlying true label
assignment, and the result of simulation coincides with the posterior strong consistency
property in Section 2.3.

>=1 >=1

-0.5

n(vVp —vq)?/log(n)

04 08 12 16 20 24 28 32
n(Vp = vq)?/log(n)

04 08 12 16 20 24 28 32

nq/log(n)

(a) Network with 1000 nodes (b) Network with 2000 nodes

Figure 6: The heatmap of the number of misclassified samples. The red line in each plot
represents the fundamental limit with K = 2.

5. Proofs

The posterior strong consistency property, Theorem 1 and Theorem 10, is proved in Section
5.1. The main result of the paper, Theorem 5, is proved in Section 5.2.

5.1 Proof of posterior strong consistency

We first state the proof in the case where the connectivity probability matrix B is known
(Theorem 11). Then, by similar techniques, we have the result of Theorem 1. To distinguish
the two cases, we denote the posterior distribution as IIp(-|A) with a known connectivity
probability matrix. In this section, we use d(Z,Z*) = nl(Z,Z*) = m(Z) to denote the
number of mistakes for the label assignment Z. For simplicity, we also write m for m(Z2)
with a slight abuse of notation.

5.1.1 PROOF OF THEOREM 10
We first state a lemma in order to prove the theorem.
Lemma 12 (Lemma 5.4 in Zhang et al. (2016)) For any constants o > [ > 1, let

Z € Sy be an arbitrary assignment satisfying that d(Z, Z*) = m with 0 < m < n. Then, for
the y(Z|A) = TI(Z|A) defined in (24), we have

exp (—(Am —m?)I), m< %,
P{llp(Z]A) > To(Z"[A)} < nmlI n
exXp <_da"BK> s > ﬁa
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where d, g is some positive constant that only depends on o, 3.

Proof [Proof of Theorem 10| Recall that for any Z’' € T'(Z), we have IIo(Z'|A) = IIo(Z]A).
For each Z € S,NI'(Z*), let Gz = {Ilp(Z|A) > To(Z*|A)}, and define G = Uzcg, nre(z+)Gz-
Let Pz denote the likelihood function for the assignment Z. With the uniform prior on S,
we have

Ello(Z ¢ T(Z7)|A) =Pz-To(Z ¢ T(Z7)|A)I{G} + Pz-1lo(Z ¢ T(Z7)|A)I{G}

Py
< * _— ¢ *
_PZ E PZ*+ZZPZ]I{GZ}+ E PZ (GZ)
Zgr(Z*) Z¢r(z~)

P
<Pz Yy P—Z]I{GCZ}Jr > Py(Gy)
zgr(z+) "~ 2" zZgr(z*)

= Y Pz(G%)+ Py (Gz)
Z¢1(2*)

=2 3" P{II(Z]4) > To(Z°]4)}.
Zer(Z*)

In the first inequality, the former part holds due to the uniform prior over Z and

Py
Wo(Z ¢T(Z)A) = ) e
7T (Z*) P42, Pz

where Py is the likelihood function given label assignment Z, and we also have I{G¢} <
I{G%}. The latter part holds due to Io(Z ¢ I'(Z*)|A) < 1 and I{G} < >~ yop(z+) I{G 2}
by uniform bound.

The second inequality holds by removing ) -, Pz in the denominator. The final equality
holds by symmetry. We also have

T :3Z €T, st d(Z,2°) =m}| < <;) (K —1)™ < mm{<e”f)m ,K”} .

Note that {Z : Z ¢ T'(Z*)} is equivalent to set {Z : m(Z) > 1}. With the condition
that nl > logn, it follows by Lemma 12 that

Elly(Z ¢ T(Z°)|A) <2 ) (;) K™exp (—(nm —m*)I) +2 Y K"exp(—dssmnl/K)

1<m<n/2K m>n/2K
n
<9 m 7 TS n o 2
< Z (m)K exp (—(fim — m?)I) + 2nK" exp (—Cn’I)
1<m<n/2K

(27)

for some constant C'. We proceed to upper bound the first term in (27). It follows that

Z <::L> K™ exp (—(am —m?)I) < Z (enK)™ exp (—(am —m?)I) = Z Py,

1<m<n/2K 1<m<n/2K

19



ZHUO AND GAO

where P, = (enK)™ exp (—(im — m?*)I). The ratio of P, and P; is calculated as

P,
?m = (enK)™ Yexp(—al(m — 1) + (m? — 1)I) = (enK exp (—al 4+ (m + 1)1))™ *.
1
Define m’ = ¢'n for some positive sequence ¢ = &/, with & — 0 and ¢'nl — oo. Then,

> 1<m<ny2i Pm can be split into summation of 3>, ..., Pm and 3, <, <, jo5c Pm, where

m'—1 m’—1 P m'—1
Z P, =P Z ?T <P Z (enK exp (—ﬁ[ + m'I))m_l
m=1 m=1 m=1

<enKexp (=il +1I)- (1 + 2enK exp(—nl + &'nl)),
and there exists some constant C' such that

Z P < nK"exp(—¢'(C — & )n’I) < exp(—n).
m/<m<n/2K

Hence, by combining all parts and based on the condition that il > logn, we have I1y(Z ¢
I'(Z*)|A) < Cnexp(—nl) for some constant C' and for a large n.
|

5.1.2 PROOF OF THEOREM 1

Lemma 13 Let Z € S, be an arbitrary assignment with d(Z,Z*) = m > 0. If p,q — 0

and p < q, there exists some positive sequence ¥ =, with v — 0 and v?nI — oo, such that
for the II(Z|A) defined in (5), we have

IP’{ esr'il?n);ynbg (Z14) Cyyn~1 4exp(—n),
and
{ZESQ:?;l<'yn log H(Z*‘A) log Ho(Z*|A) C >0 ¢ ( (1 0(1))71[) ’

for some constants Cy,Cy. Here, Ilo(Z|A) is the posterior probability with known connec-
tivity probabilities.

The proof of Lemma 13 is deferred to Section 5.5. We now state another lemma that is
based on Proposition 5.1 in Zhang et al. (2016).

Lemma 14 (Proposition 5.1 in Zhang et al. (2016)) Forany Z € S, whered(Z,Z*) =
m < n/2K,

o(Z]A)

Ey/ ——
Mo (Z*|A)

< exp (—ﬁm] + mQI) .
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Proof [Proof of Theorem 1]

With Lemma 13 and Lemma 14, we divide S, into a large mistake region and a small
mistake region according to whether m > ~n, where v is a positive sequence defined in
Lemma 13.

Large mistake region. For m > vn, by Lemma 13, with probability at least 1 —
46Xp(—n),

> 1(Z14) _ | e exp(—C1yn’I) < exp(—n).
I(Z*|A)
ZESa:m>7n

Denote € = {3 7cs. .m>n % < exp(—n)}, and it follows directly that

E Y I(Z|A)| SEII(Z :m > yn|A)I{E}] + P{E°} < 5exp(—n).
ZeSq:m>yn

Small mistake region. For m < yn, let Gz = {IIp(Z|A) > IIp(Z*|A)}. Let 6 denote

all unknown parameters and 6y denote the underlying true parameters respectively. Define
F = {maxzcg, m<-yn log IIF((ZZ,J@) log % Cyymnl > 0} as in Lemma 13. Then, we

have
EII(Z : 1 <m < ~yn|A)
<Pz« g, II(Z : 1 <m < yn|A)I{F°} + P{F}

(Z|A) © (e e
< E Py 90H(Z*|A)H{G S Fh E Py, 1{Gz} +P{F}
Z:1<m<~vyn Z:1<m<yn

< Z Pz 90]1[10((22,"/2)1[{61 }exp (Coymnl) + Z Pz« 0, 1{Gz} +P{F}

Z:1<m<~vn Z:1<m<~yn
< Y exp(Coymnl) Pzo,J{G3}+ Y Pz l{Gz} +P{F}
Z:1<m<yn Z:1<m<yn

<nexp (—=(1—o(1))nl)).

Recall that IIy(:|A) denotes the posterior distribution with knowledge of the connectivity
probabilities. The second inequality is due to II(Z*|A) < 1. The third inequality is due to
the definition of the event F. The last two inequalities hold by Lemma 12 and symmetry.

Combine the two regions, and then
EI(Z ¢ T(Z*)|A) < nexp(—(1 —o(1))nl).

The proof is complete. [ ]
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5.2 Proofs of Theorem 5 and Theorem 11

We first list the main challenges of the proof in the context of community detection, as
well as the novel proof techniques on top of previous developments based on the canonical
path ensemble. Then, the detailed proofs of mixing time are presented from Section 5.2.2
to Section 5.2.5.

5.2.1 MAIN CHALLENGES AND PROOF TECHNIQUES

In this section, we highlight the main challenges in our work, and for each challenge, a new
proof technique is introduced on top of canonical paths technique.

First of all, due to identification issue, the permutation of labels gives the same clustering
structure, and one challenge is to do mixing time analysis in the clustering space. Since the
Metropolis-Hastings algorithm only outputs the label assignment vectors, we perform all the
theoretical analyses of mixing time for the states of clustering structures {I'(Z) : Z € Sy}
according to the graphical model in Figure 1. Recall that in Figure 1, T'y = I'(Z;) is the
clustering state at time ¢, where Z; is generated from the Metropolis-Hastings algorithm.
Hence, both results of posterior strong consistency and rapidly mixing are referring to the
clustering space.

Secondly, to analyze the Metropolis-Hastings algorithm in Bayesian community detec-
tion, another big challenge is to define a canonical path 7 with small path congestion
parameter p(7), where the mixing time of Markov chain scales as p(7). In this work, we
did not design a set of canonical paths in the whole clustering space, since the path between
two clustering states with large mistakes are overloaded (“congested”). Hence, to overcome
this challenge, we first construct a super martingale to prove that within any polynomial
running time, the number of mistakes of label assignments sampled from the Metropolis-
Hastings algorithm is upper bounded, which forms a good region of clustering space with
small mistakes. Then, we construct canonical paths between every two clustering states I'
and I within such good region. In this way, it rules out extreme clustering cases with large
number of mistakes, and yields polynomial bound for p(7T).

Last but not least, it is not good enough for us to establish rapid mixing of the
Metropolis-Hastings algorithm, but we need to show rapid mixing under the optimal sig-
nal to noise ratio condition of community detection. In other words, the statistical and
algorithmic properties of the Metropolis-Hastings algorithm meed to be established simul-
taneously. We use two techniques to overcome this challenge. First, we use Chernoff bound
to carefully study the posterior ratio along the canonical path. Then, we introduce scaled
posterior distribution with temperature parameter £, and upper bound the path congestion
parameter p(7) by the order of n.

5.2.2 BACKGROUNDS ON MIXING TIME

Consider a reversible, irreducible, and aperiodic Markov chain on a discrete space () that
is completely specified by a transition matrix P € [0, 1]?*I®l with stationary distribution
II. Let w € Q be the initial state of the chain, and then the total variation distance to the
stationary distribution after t iterations is

Au(t) =[P (w, ) = v,
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where P!(w,-) is the distribution of the chain after ¢ iterations. The e-mixing time starting
at w is given by

Te(w) =min{t e N: A,(t') <eforall ¢’ >t}.

With this notation, we say a Markov chain is rapidly mixing if 7.(w) is O (poly(log(|€2|/¢)))
in the case where || scales exponentially to the problem size n. This means we only need
to update the Markov chain for poly(n) steps in order to obtain good samples from the
stationary distribution. The explicit bound for the mixing time through the spectral gap is

—logII(w) + log(1/¢)

rew) < Gap(P) ’

(28)

where Gap(P) represents the spectral gap of the transition matrix P, defined by Gap(P) =
1 — max{|A2(P)|, [ Amin(P)|}, where A\o(P), Amin(P) are the second largest and the smallest
eigenvalues of the transition matrix P. See the paper Woodard et al. (2013) for this bound.

5.2.3 PREPARATION

Suppose P(-,-) in (9) is the transition matrix introduced in Algorithm 1 defined in the
label assignment space S, and P(-,-) in (14) is the transition matrix of {I';};>0 defined in
the clustering space So = {I'(Z) : Z € S, }. The stationary distribution for P and P are
denoted as II and I1 respectively. We require a good initializer, and use the following lemma

to guarantee that all possible states visited by the algorithm remain in a good region with
high probability.

Lemma 15 Suppose we start at a fized initializer Zy with £(Zy, Z*) < ~o where o satisfies
Condition B, D, or E. Then, the number of misclassified nodes in any polynomial running
time can be upper bounded by

m=n-0(Z,Z*) < nmax {y9,n "} + log*n, (29)
with probability at least 1 — exp(— log? n), where 7 > 0 is a sufficiently small constant.

The proof of Lemma 15 is deferred to Section 5.3. Note that Lemma 15 is stated
conditioning on a fixed initial label assignment Zy with ¢(Zy, Z*) < 79. This is slightly
different from the original initialization conditions where we use Zy dependent on data. A
simple union bound will lead to the final conclusion. Lemma 15 quantifies the maximum
possible number of classification mistakes when starting at a good initializer. Here, (logn)?
is chosen for simplicity and can be replaced by any sequence v, > logn.

Let G(70) denote a good region with respect to the initial misclassification proportion,
defined by

G(v) =1{Z €Sy :m <nmax{y,n "} + log2 n}, (30)

where 7 is a sufficiently small constant. Accordingly, we can define a good region in the
clustering space as

G(h0) =1{T(2): Z € G()},
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and Lemma 15 ensures that for any 7' that is a polynomial of n, {I't}o<¢<7 stays inside
\g/('yo) with high probability. Sometimes we write G(vg) and G (70) as G and G for simplicity.
Then, we modify the distributions and transition matrices according to the regions G and
G. Denote the modified distributions as ﬁg(Z|A) x TI8(Z|A)I{Z € G} for all Z € S, and

ﬁg(F]A) o (D] A)I {F € ?} for all T € S,. Define in the label assignment space the new
transition matrix Py(-, ) corresponding to ﬁg(-\A), by replacing I1¢(-| A) with ﬁg(-|A) in (9).
Define in the clustering space the new transition matrix Pg(~, -) corresponding to ﬁg(-|A),
by replacing TI(-|A) with TI(-|A)I { € ?} in (14).

With these notations, we proceed to bound the total variation error between the distri-
bution of I’y and I1(-|A) after T steps for some T that is a polynomial of n.

Lemma 16 (TV difference)
E|([,(-|A) — I(-|A)|tv < nexp(—(1 — o(1))al).
Proof We have
E|[iT, (4) — TI([4) vy < 2BT(T ¢ §14) < 2E(T £ T(Z°)]A) < nexp(~(1 - o(1))al),

where the first inequality is due to Lemma 52. The second inequality is due to the definition
of G. The last inequality directly follows by Theorem 1 or Theorem 11, and the condition
that £ > 1. m

Thus, by triangle inequality, we can decompose the total variation bound at time T as

T -
[P (To,-) — L(:|A)|[Tv
T
9

o7 7 _ . (31)
<[P (To,-) = Py (Lo, )y + [[Pg (Lo, ) — L ([A)|I7v + 1Ty — II(-|A)[ITv,

where T is the number of iterations. Lemma 15 implies that the first term is 0 with high
probability for 7" < poly(n), since the algorithm stays in the region G(7p). The third
term can be upper bounded by Lemma 16. Therefore, the remaining proof is to adopt the
canonical path approach to bound the second term in (31).

For the purpose of the proof, we replace the transition matrix Pg by its lazy version,
which has a probability of 1/2 at staying at its current state, and another probability of 1/2
at updating the state. The same technique can be also found in Yang et al. (2016); DABBS
(2009); Berestycki (2016); Montenegro et al. (2006). It is worth noting that this technique
is only for the proof.

5.2.4 CANONICAL PATH

Given an ergodic Markov chain C induced by the lazy transition matrix ]ng in the discrete
state space G, we define a weighted directed graph G(C) = (V, E), where the vertex set
V = G and an edge between an ordered pair (I',I”) is included in E with weight Q(I',T") =
I,(T) P, (T, T’) whenever P,(T',T’) > 0. A canonical path ensemble 7 is a collection of
simple paths {7;,} in the graph G(C), one between each ordered pair (z,y) of distinct
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vertices. As shown in Sinclair (1992), for any choice of canonical path 7, the spectral gap
of the transition matrix ]VDg can be lower bounded by

1

GGP(Pg) > W’

where ¢(T) is the length of the longest path in 7, and p(7T) is the path congestion parameter
defined by p(T) == maX(np/)eE(c) m Z%,yB(F,F’) Hg(ﬂS‘)Hg(y)
In order to apply the approach, we need to construct an appropriate canonical path

ensemble 7 in the discrete state space G. First, we construct a unique canonical path from
any clustering I' to the underlying true clustering I'*, where I'* = I'(Z*). Suppose for any
label assignment Z, we define a function g : S, — S, such that

argmax II(Z'|A), if Z ¢ T(Z*),
g(Z) — { Z'eB(Z)NSa (32)
Z, it Z e I(Z"),

where
B(Z)={Z":d(Z',Z*)=d(Z,Z2*) - 1,H(Z,Z") = 1}.

We use B(Z) NS, to denote the set of available states that have fewer mistakes than the
current state Z. By Lemma 42, B(Z) N S, is always non-empty for Z ¢ I'(Z*). Here, g(Z)
is the optimal state in B(Z) in the sense that g(Z) maximizes the posterior distribution.

Then, for any current state I' € S, we define the next state (I') to be
gT) ={9(2): Z €T}

Since for any Z € I, g(Z) gives the equivalent result, and thus §(I') € S, is well defined.
Hence, the canonical path from any current state I' # I'(Z*) is a greedy path, and the
number of mistakes keeps decreasing along the canonical path.

Second, we construct a unique canonical path between any two states I' and f, defined
by 7}’1: = Trr= — Ty po- The operations on simple paths are the same as defined in Abbe
(2016). It is worth ndting that the construction of the canonical path is data dependent, i.e.,
for different adjacency matrix A, the construction of the canonical path might be different.

Let A(T') = {f €eG:Te 771:71“*} denote the set of all precedents states before I' along

the canonical path. Let £ = {(I',T") € E(C) : ' € A(I")} denote the ordered adjacent pairs
along the canonical path. It follows that

, o
)= o B omm | 2 Teh)
(r,reee) Q(I,I) Tay>(D,I7)

1 ~ ~
< -
oy 2 OO

o @) T (AD)

rrmee QT,IY)  reg Q(T,g(T))’
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where we simply take maximum only over all states in the discrete space G. By the definition
of Algorithm 1 and the lazy transition matrix, Q(I',I") can be expressed as

QU ()) = T, (1)Py (1 5(T) = oz min {TL,(0). T () }.

It leads to the bound for the congestion parameter as

where II(T'|A) = Y zer II(Z|A) for all T € S,,.

Lemma 17 Recall that g(Z) is the next optimal state of Z defined in (32), and G(vo) is
defined in (30). Suppose Zy is given with £(Zy, Z*) < ~o where g satisfies Condition B, D,
or E. Suppose £ satisfies Condition C, D or E. Then, we have

max ﬂ < exp(—Cnl)
ZeG(10) (g(Z2)|A)

for some constant C' > 1 — ¢ with probability at least 1 — Cin~ 2.

The proof of Lemma 17 is deferred to Section 5.6 and Section 5.7. By Lemma 17 and
by permutation symmetry, we have

maXM = maXM <exp(—Cnl) <exp(—Cnl
reg (g(T)|A)  4€9 L(g(2)|A) — o )= el )

for some constant C' > 1 — gy with high probability. Denote m = nmax{yy,n 7} + logn
for simplicity, and it follows that

ax w <1+ max (n - m> (K — 1)l exp(—Clal)
veg T(rjA) o mem o\

<1+ C'nexp(—Cnl),

for some constants C' and C > 1 — 3. Then, we have

p(T) <2(K — 1)7”1{125{ {w.ma}({l’ VH(HA)}}

(9(T)[4)
<2(K — 1)n(1 + C'nexp(—Cnl)).
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Furthermore, since the canonical path is defined within ?, we can upper bound the length
of the longest path by

U(T) < 2nmax{yo,n "} + 2log®n.

Recall that I'y = I'(Zp). By Lemma 15 and Lemma 16, together with (28) and the
strong consistency property of II,(-|A), we have that for any constant ¢ € (0, 1),

IP' (T, ) — T A) v <, (33)
holds for any
T> 4K — 1)n2 max{7yg,n "} (—Elog I1(Zp|A) + log 8_1) (1+0(1)), (34)

for large n with probability at least 1—C3n~¢* for some constants C3, Cy, where II¢(Zg|A) <

I1,(To|A) always holds. Finally, if P{/(Zy, Z*) <70} > 1 — 5, then the conclusions of
Theorem 5 and Theorem 11 can be obtained by a simple union bound argument.

5.2.5 COUPLING

We require T' to be at most a polynomial of n so that Lemma 15 holds. Thus, the previous
total variation bound (33) holds only for T' < poly(n). In order to bound the mixing time
defined in (15), we further use coupling approach to show the total variation bound holds
for any t > T.

We call a probability measure w over € x € is a coupling of (u,v) if its two marginals
are v and v respectively. Before the proof, we first state the following lemma to relate the
total variation to the coupling.

Lemma 18 (Proposition 4.7 in Levin and Peres (2017)) For any coupling w of (u,v),
if the random variables (X,Y") is distributed according to w, then we have

lu—vlrv <P{X #Y}.

ot -
Back to our problem, in order to upper bound ||P (I'g,-) — II(-|A)|rv for any ¢t > T,
we first create a coupling of these two distributions as follows. Consider two copies of the
Markov chain X; and Y; both with the transition matrix P:

e Let Xo =T, and Yy ~ II(-]A).

o If X; # Y, then sample X;y; and Y;y; independently according to P(Xt,-) and

~

P(Y3, ) respectively.
o If X; =Y}, then sample X;y1 ~ p(Xt, -) and set Yi41 = Xpy1.

- ot
Thus, it is obviously that for any ¢ > 1, Y; ~ II(-|]A), and X; ~ P (Ig,:). Set T =
4Kn? max{yo,n "} (—élogﬁ(ZOM) +logs_1> (14 o(1)) defined in (34). By Lemma 18
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and (34), we have for any ¢t > T,

I (To, ) = TI(|A) v < P{X; # Yi} < P{X7 # Y7}
=1-P{Xy = Yr}
<1-P{Xp=Yp=T%}
<2 P{Xy=T")—P{Yp=T").

By (33), we have

T

1P () = i)y = mg [P (10, ) - (51 | < <

with high probability. Together with the strong consistency result, it yields

1B (Lo, )~ TI(|A)llry <2~ P{Xr =T}~ P{¥r = T")
<1- (ﬁ(r*|A) - 5) —TI(r*|4)
<e(l+0(1)),

with probability at least 1 — Cn~¢" for some constants C,C’. Here, the high probability
statement is with respect to the data generation process, i.e., adjacency matrix A.
To combine, we reach the result that for any constant ¢ € (0, 1),

1(Zpy) < 4Kn? max {’)/0, n_T} . (5 log H(Z()]A)_l + log(s_l)) ,

with high probability where 7.(Zp) is defined in (15).

5.3 Proof of Lemma 15

For any state Z € S,, we define
N(Z) = {Z’ cH(Z',Z) = 1},
AZ)={Z' eN(2):d(Z',Z*) =d(Z,Z*) + 1}, (35)
B(Z)={Z'"e N(Z):d(Z',Z*) =d(Z,Z*) — 1},

where NV(Z) denotes the neighborhood states of Z with only one sample classified differently,

and A(Z) (resp. B(Z)) denotes the set of states with more mistakes (resp. fewer mistakes)
in the neighbor. We further define

l2) = PEAD) = 55—y, 3 m{1W}
NS

I)n
Z'c A(Z)
1 _ [1,(Z'|A)
4n(2) = P(ZB(Z) = 5———— 5 min {1, ~} ,
2(K = 1)n Z'eB(Z)NSa o(Z14)

where p,,(Z), gm(Z) are the probabilities of Z jumping to states with the number of mistakes
equal to m + 1, m — 1 respectively. We have the following lemma to bound the ratio of
pm(Z) and ¢, (Z) for any Z € G. Recall that G = G(0) is defined in (30).
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Lemma 19 Suppose 7o satisfies Condition B, D, or E. Let T be any sufficiently small
constant 7, and denote G* = {Z :n~" < U(Z,Z*) < max{yg,n" "} + (logn)?/n}. Then, we
have

pm(2) 1—
P < max > <exp(—n""
L ) 2 ) <o (0 )
for some small constant 47 < n < 1. The probability is with respect to the data-generating
process, i.e., the adjacency matriz A.

The proof of Lemma 19 is deferred to Section 5.8. We take the 7 in Lemma 19 to
be the same as 7 defined in G. In order to show that the Markov chain will stay in G
with high probability, we transform the original problem into an one dimensional random
walk problem. Lemma 19 shows that the probability ratio of the one dimensional random
walk on the region G* can be bounded with high probability. All the following analysis is
conditioning on the adjacency matrix A such that the event

£(A) = {max PnlZ) 77}

ZeG* qm(Z)

happens. We construct the following three types of Markov chains in order to prove Lemma,
15.

Type I MarKov chain. Consider a particle starting at the initial position v on the x-
axis where 0 < u < b at time ¢ = 0, and it moves one unit to the left, to the right, or stay
at the current position at time ¢t = 1,2,... with probability ¢, p;, or 1 — ¢ — p;, where
n > p¢/q; for all time ¢. It stops once it reaches the left or the right boundary, and we are
interested in the probability of its stopping at the boundary b or the boundary 0.

Suppose the position of the particle at time t is X3, and X311 = X3 + &, where & follows
the distribution

P{& =1 =p, P{&=-1}=¢q, P{&=0=1~-p; —q.

We define Y; = exp((b — X;)logn). It is easy to verify that the stochastic process Y; is a
super-martingale, due to the fact that

E (Yi41|Yy) = exp((b — Xi) logn) - E (exp(—&;logn))
=exp((b— X¢)logn) - (1 —pr — @ +pe/n+q- 1)
<Y.

Let 7 = min{t > 1: X; = bor X; = 0}, and 7 is stopping time of this random walk. It
is evident that |Yia,| < 1 since X, < b for all time t. By Doob’s optional stopping time
theorem, it follows that E (Y;) < E(Yp), i.e.,

P{szb}SP{XTZO}'Ub+P{XTZb}Sﬁbfuv (37)

where the first inequality holds since P{X; = 0} > 0, and the second inequality is due to
Doob’s optional stopping time theorem. By (37), the probability of the particle reaching
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u

boundary b first is upper bounded by 1n°~%, where u is the starting position. Let P? =
P{Xo =u, X; = b} for u € (0,b) denote the probability of starting at v and stopping at b.
Then, we have P? < n°~L.

Now suppose a particle starts at 0, i.e., Xo = 0. It moves to the right or stay at the
current position with some fixed probability pg or 1 — pg. Let POO =P{Xy =0, X; =0},
and Pé’ =P{Xy =0, X; =b}, where 7 is the stopping time as defined before. Then, we
have that

Py=po-P+(1—p), Pl=po-P, P{+P =1. (38)

Type II Markov chain. We now define another Markov chain that is similar to the
previous one. Consider a particle starting at position 0 at time 0, and follows the same
updating rule as the previous chain but different stopping rule. We use W; to denote the
position of the particle at time t. The particle will only stop when it reaches the boundary
b. When it is at the position 0, it still moves to the right or stay at 0 with fixed probability
po or 1 — po (the same probability as defined in Type I Markov chain). Thus, this newly
defined Markov chain is a reflected random walk.

It is worth noting that the Type II Markov chain can always be decomposed into several
Type I Markov chains. We use 1y to denote the stopping time of Type II Markov chain,
defined by Ty = min{t > 1: W} = b}.

Type III Markov chain. Now return to our original problem and construct Type III
Markov chain. Let mg = nl(Zy, Z*), and we use H, = nl(Z;, Z*) — mp to denote the
position of the particle, where Z; is the label assignment after ¢ steps. The state space is
all integers between —mg and b, where we take b = max{0,n'~" — mqg} + log?n. When
H,; € (0,b), the particle moves to the left, to the right, or stay at the current position with
probability g, pt, or 1 — g — p¢, which is the same as the Type II chains. The particle will
only stop when it reaches the boundary b. The stopping time of Type III Markov chain is
defined by 7y = min{t > 1: H; = b}.

Proof [Proof of Lemma 15| Recall that b = max{0,n'~" — mg} + logZn. In order to
prove Lemma 15, it is equivalent to show that, for any 7" that is a polynomial of n, the
event {H; < b, t < T} happens with high probability, i.e., {7y > T} happens with high
probability. By the definition of Type II and III Markov chains we have that

The above inequality holds since Hy = Wy, H; > 0 for all time ¢, and the updating rule of
H; and W; are exactly the same when Wy, H; € (0,0).

We now connect the Type II Markov chain with multiple Type I chains. The event
{mw < T} means that the particle starts at 0 and reaches the boundary b within 7" steps,
and it can be written as

T k—1 k
(w <Th = | { [m {xf =0, x19 = 0}] X =0, x s} {Zn < T}}
k=1 =1 i=1
(30
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where we use X® to denote the ith Type I Markov chain, and 7; is the stopping time of
X® . Note X is independent with XU) for i # j. The right hand side of (39) can be
interpreted as that the particle reaches the boundary 0 for k£ — 1 times with k < T before
reaching the boundary b, and the total number of steps is less than T". Therefore, it follows
directly that

]P’{TWST}:]P’{

CJ { ]h {x¢ =0, x = 0}] N{x =0, xB =

k=1

The first inequality holds by a union bound. The third inequality is by the independence.
By (38), we have that

T

ZPS(Pg)k_lzl—(Pg)T

=1

- P po- PP

1
< -TlogP) <T- =T
’ Py po- PP +1—po

Py !
Since T is a polynomial of n, and b > logn, then it follows that
1
P{ry <T} <P{rw <T} <exp <(1 —o(1))blog > .
n

Thus, based on the result of Lemma 19, for any given initial label assignment Zy with
UZy, Z*) < ~p where 7y satisfies Condition B, D, or E, we have that in any polynomial
running time, the number of mistakes is upper bounded by

m < mg + b = max{mg,n' "7} +log?n < nmax{yp,n "} + log?n,

with probability at least 1 — exp(—log®n). [ |

5.4 Some preparations before the proofs of Lemma 13 and Lemma 17

In this section, we will define some events and introduce some quantities to simplify the
main proof.
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5.4.1 BASIC EVENTS

For any Z € Sy, recall that Ou(Z) = >, ; AijI{Z; = a,Zj = b}, and define X,p(Z) =
Ouw(Z) —E[Ou(2)] for any a,b € [K]. Let X(Z) denote a K x K matrix with its (a, b)th
element equal to X,,(Z) for any a,b € [K]|. For any positive sequences & = &,, 7 = Y,
and 0 = 6,, satisfying that &, v,0 — 0,&*nI — oo, and 6%?ynl — oo, consider the following
events:

51(5):{11%%”)( 2l <20 -0) ).

{max [X(Z) = X(Z")|loo — Cmn(p — q)/K < O} )
ZeS,
* < & 2 o
{gleasx 1X(2) — X(Z%)]|ne < n*(p q>},
{Zegnézgw“ﬂ ) = X(Z7) oo < Omn(p q>}’
{é“e%xw > D Xaw(2) - Xaw(Z) < Crlp— ) ¢,
Z'eB(Z)NSq a<a’

56(’77 9) = max ; Z Z ‘Xaa - aa’(Zl)| < 9”(? - Q) )

zeSam>yn [B(Z) N Sy Z'eB(Z)NSy a<a’

where B(Z) is defined in (35). We may also use &; to denote & (¢) for simplicity, and such
simplification also applies to any other event. Denote

5:5(8_,’)/,9)Iglﬂggﬁggﬂ&lﬂgg,ﬂgﬁ. (41)
By Lemmas 27, 29, 30, 31, 32, and 33, it follows that for any &, 7, 6 satisfying the conditions,
P{E(E,7,0)} > 1 —nexp(—(1 —o(1))nl).

5.4.2 LIKELIHOOD MODULARITY

The posterior distribution is hard to deal with directly. Hence, we first analyze the per-
formance of the likelihood modularity function, and then bound the difference between the
likelihood modularity function and the posterior distribution to simplify the proof.

Likelihood modularity is first introduced in Bickel and Chen (2009), which takes the
form as

i - St (345).

a<b

where 7(z) = zlog(x) + (1 —z)log(1 — z). This criterion replaces the connectivity probabil-
ities by maximum likelihood estimates. Instead of comparing the direct difference between
the Bayesian expression and the likelihood modularity as in van der Pas et al. (2017), we
have the following lemma to bound the relative difference.
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Lemma 20 Under the event £(£,7,0) defined in (41), we have

max |log ———= 1(z]4)

g llog ey — (@2, A4) = Quu (27, A))| < Crar

for some constant Cppr only depending on K, a, 3.

The above lemma is rephrased and proved in Lemma 34.

5.4.3 DISCREPANCY MATRIX

For any label assignment Z € S, let Rz be a discrepancy matriz, which takes the form of
n

b= 1{Z =a,Z; =b}, abe][K] (43)
i=1

where Rz(a,b) is the number of samples misclassified to group a but actually from group
b based on the true label assignment. Note that the true label assignment is only unique
up to a label permutation, and thus we always permute the rows of Rz to minimize the off
diagonal sum. Later we write Rz (k,l) as Ry for simplicity.

Using the discrepancy matrix Rz, we have

E[Ow(2)] =E |y Ayl{Z =a,Z;=b}| = (RBR" ), fora#be [K],
i

E [Oaa(Z)} =K ZAij]I {Zi = Zj = a} = ( RBRT ZBkkRak> for a € [K]

1<j

(44)

5.5 Proof of Lemma 13

Before proving the lemma, we need to present some notations that will be frequently used:

=Y 0ul2)=> Ayl{Z; = Z;},

a€[K] 1<j
ns(Z) = naa(2) =Y 1{Z = Z;},
a€[K] 1<j
AfOVQb = Oab(Z) - Oab(Z*)7 AOVS = Z Aéaaa
a€[K]
Aﬁab = nab(Z) - n(zb( * 7 Ans - Z Anam
a€[K]

and we may write nq(Z%), Ogp(Z*) as ngp, Ogp for simplicity.

Proof [Proof of Lemma 13| For any positive sequences v = ~,, and 6 = 6,, such that v — 0,
v2nl — oo, and 0#2ynl — oo, we can construct the event £(Z, v, ) defined in (41) by setting
€ = ~, and perform analysis on a large mistake region and a small mistake region separately.

33



ZHUO AND GAO

Small mistake region. For m < vn, by some calculations, it follows that

Qrm(Z,A) —Qrm(Z*, A)

ab || Oab (Z)>
=logIy(Z|A) — logIIy(Z*|A) — gy - D
gIlo(Z|A) — logIlo(Z*| A) ;bb <nab )
Z AOab < (Z) - log Bab> (Anab - AOab ( nab — ab(Z) - log(l - Bab))?
a<b b(Z) nab )
(Error)
(45)
where by (24)
log ITy(Z| A) — log ITo(Z*| A) = 2t* <A53 - X"Aﬁs) , (46)
and
1-p q(1-p)’ 2 "q(l-p)

Under the event £(&,7,60), by Lemma 37, we have (Error) < Cymnl for some constant C'.
Hence, for any fixed Z € S,, by Lemma 20, we have that

II(Z|A) Io(Z|A)
lo (27 A) — log Ty (Z*[A)
<Qrm(Z,A) = Qru(Z", A) + Cpry — log Im

<Cymnl 4+ Cry.

Thus, there exists some constant Cy such that under the event &,

II(Z|A) Io(Z|A)

log =1y =y — C 1<0 48
redinen B (Z0 ) BTz =0 (18)
which proves the second statement in Lemma 13.

Large mistake region. For m > yn, we have that

Quu(Z, 4) — Qua(Z*. A) anb (nabg)))‘”ab@*”(gffg:)))

= (G(2) + A(2)) = (G(Z27) + A(Z7))

(49)

where we write

GO = nal)r <W> |

o Nab ()
A) = ;nab(') (T <SZ:(())> o (W)) .
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Let By =E [Oap(Z2)] /nap(Z) for any a,b € [K]. By (44), it follows that

=2 na(Z)7 (Eab)

a<b
=2 "E[Ou(2)]10g Bap + (nay(Z) — E [Oup(Z)]) log(1 — Bay)
a<b
Z Rakal(Bkl log Bab + (1 - Bkl) 10g 1 - ab Z na plog Eaa + (1 - p) 10g(1 - §(JL(J,))~
a,b,k,l

Then, we have that
2G(Z) —2G(Z%)

= Y RaxRu(Brilog Bay + (1 = Bu)log(1 — Bay)) — Y RakRu(Biilog By + (1 — Biy) log(1 — Bi))
vy abkl

- Zna(Z) ((plog Baa + (1 = p)log(1 = Baa)) — (plogp + (1 — p) log(1 —p))>

=— Z Rox Ry D (Bk:lHBab) + Zna (pHEaa) :
abkl
(50)

By Lemma 38 and Lemma 40 that bound the above two terms separately, we have
2G(Z) —2G(Z*) < —Cmnl,

for some constant C. Under the events & (¢),&3(¢),E4(7,0) in (40), by Lemma 34 and
Lemma 41, we have that

11(Z]A)
11(Z*|A)

max

lo
Z€ESq STz A)

- (QLm(Z,A) - QLM(Z*vA))‘ < Crum,

and
max |A(Z) — A(Z")| < emnl,

ZESq:m>yn
for some ¢ — 0. Hence, it follows that there exists some constant C such that

II(Z|A
IP’{ max log (Z14)

— > Iy <4 —-n).
Z€Sqam>yn H(Z*‘A) > vmn }_ exp( 7’L)

Combining the result of two regions directly gives Lemma 13.

5.6 Proof of Lemma 17 with known connectivity probabilities

In order to distinguish from the case where probabilities are unknown, we use Ilp(-|A) to
denote the posterior distribution in this case, and define IIy(:|A) as the scaled distribution

proportional to TI5(-|A). Tt suffices to prove the following lemma.
0
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Lemma 21 Recall that g(Z) is the next state of Z. Suppose vy satisfies Condition B, D,
or E. Then, there exists some positive sequence v — 0 such that, with probability at least
1-— Clnfcz,

Iy(Z]A) o jexp (—enl), if m < n,
o(g(DA) = \exp (~4(1/Ka — o) nl(1 — o(1))), ifm >,

holds uniformly for all Z € G(~) defined in (30). Here, € is any constant satisfying € < 2g¢
with €g defined in Condition E, and C1,Cy are two constants depending on €. Furthermore,
if € satisfies Condition E, then by choosing € € ((1 —€9)/&,2¢e0), we have

Iy (Z|A)

x =————— <exp(—Cnl)
ZeG(v) Ip(g(Z)]A)

for some constant C > 1 — ¢ with probability at least 1 — C3n~¢4.

Proof [Proof of Lemma 21] Recall the definitions of A(Z), B(Z), and N (Z) in (35). We
introduce some notations first to simplify the proof. For any a,b € [K] and any two label
assignments Z, Z’', we write

AOu = Oab(Z) - Oab(Z/)v AO = Z AOuq,
Angy = nab<Z> - nab(Z/>7 Ang = Z Anga,
l—gq p(1—q)
A(Z,7") = AOg — X Ang, A =1o lo )
%2 glfp/ Sal—p)

Suppose the current state is Z, and we randomly choose one misclassified sample from group
a and move to its true group b. Denote the new state as Z’. It follows that Ry (a,b) =
Rz(a,b)—1,and Rz (b,b) = Rz(b,b)+1. Write Rz(a,b) as R, for simplicity. Furthermore,
let {z;},>1,{Zi};>, be ii.d. copies of Bernoulli(¢) and {y;};,~;,{%},>; be ii.d. copies of
Bernoulli(p). We have that - -

RanFZk;ﬁa,b Rak Ryp Rap—1 Zk;&b Ry
An(Z,7') = > (@=A)=> (m=X)+ > @=A)— D (@—x1). (51)
=1 =1 =1 =1

By (24), it directly follows that

IO(ZIA) _opn, (7, 2), ¢ = LrogPL=9), (52)

log =212
$Tlo(Z'A) 2" q(1-p)

For some positive sequence v = v, — 0 to be specified later, we can again divide S, into
two regions.
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Small mistake region. For m < yn, we have

o (Z]A) *An(2,2'
B\ Tz | =Bl
r Raa Ry
=Eexp |t* (Z(xz—k*)—Z@z—A*))] (53)
L =1 =1
i Rap—1 Zk;éb Ry, Zk;éa,b R
Eexp [t [ Y @G- )— > @- )+ (z =) ||.  (54)
=1 =1 =1

Based on Proposition 5.1 in Zhang et al. (2016), for any positive integers n1, ns, we have

r <Z(xZ “A) = wi- /\*)>] < exp (—W) ,

i=1 =1

Eexp

and it leads to

(53) < oxp (- oo TN < oy (LRI < (-1 ey,

2 2
for some constant c. By Lemma 54, we have
(54) < (exp(Col))™ = exp(ComI) < exp(Coyni),
for some constant Cy. It follows that

IIh(Z|A)

E R S A
Io(Z'|A)

< exp (—(1 — Ciy)nl)) (55)

for some constant C depending on Cjy. Let € be any small constant satisfying € < 2¢¢, and
w = enl/2t*. By Lemma 42, since v < ¢, g, we have B(Z) C S,. Then,

Py min o An(Z,2) 2wy <P A2, 7)) > —
{Z'eg(uzr)lmsa (2.2 2 w} = Z (Z2,2") > —mw
7'eB(2)

=Pexp|t" Z A(Z,Z') | > exp (—t*'mw)
Z'eB(Z)

<E |exp Z A (Z,2")

i Z'eB(2)

- exp (t*mw)

=E |exp | t* Y Au(Z,7) ] -exp(emnl/2)|, (56)

Z'eB(Z)
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The first inequality holds because the minimum is smaller than the average. The second
inequality is due to Markov’s inequality. We now proceed to bound (56) by exp(—(1 —
o(1))mnl).

We first define set C(Z) = {i : Z; = Z}}, which is the set of samples that are correctly
classified. Thus, we have |C(Z)| = > ,¢(x] Raa = n — m. Suppose 7' € B(Z) corrects kth
sample from a misclassified group a, where Zj, = a, to its true group b, where Z;, = b. Then,
we must have k € [n] \ C(Z), and by Lemma 43, we can rewrite

A(Z,2) = (Aul{Z] = Zx} = N) = > (Aal{Zi = Z;} — \)

i€[n] i€[n]
= Y (Aal{Z{=Zp} = X)) = > (Al {Zi=Z;} - \")
i€C(2) i€C(Z)
(40)
+ Y (Aad{Z]=Zk} —X) = D (Aal{Zi=Z;} - X).
i¢C(Z) igC(Z)
(Bk)

Here, Ay, By correspond to summations in (53) and (54) respectively. We further have

Y AZ,Z)= > (A+By).

Z'eB(Z) ken]\C(2)

It is obvious that Ay L A; for k,j € [n] \ C(Z), and ) cpnc(z) Ak can be written as the
independent sum of the random variable A;; for some i € [nﬁ \C(Z) and j € C(Z). As
for 3 yempc(z) Br, it is the summation of A;; for some i,j € [n] \ C(Z). For each random
variable A;;, the coefficient is at most 2 (since it can only be added twice or canceled out),
and the total number of random variables is at most (’;) Hence, by the argument from
(53) to (55), we can bound (56) by

(56) < exp(—(1—-Cvy—¢/2)mnl),
for some constant C. By the definition of g(Z) defined in (32), we have

o(Z|A)

P max ————— >exp(—enl)y, =P max min A, (Z, 7' Z—w}
ot con a1 = 7D} =P 77)

ZeG(yo0)m<yn Z'eB(Z)

m

m
< (”> (K —1)™exp (— (1 — Cy — £/2) mal)

m=1

yn
< Z (enKexp(— (1 —Cy—¢/2)nl))™
m=1

= nexp (— (1 — 8/2) ﬁI(l - 0(1))) )
(57)

where we require € < 2¢q in order for the last equation going to 0 as n tends to infinity.
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Large mistake region. For m > 7n, recall that G(y9) C Sa, and S, is defined in (4).
If Z' corrects one sample from group a to group b, by (51), we have Ang =n, —n; — 1. By
51, we have A, (Z,Z') = AOs — X" Ang. Let A= (p+q)/2, my = 374, Rip, 1 = na(Z),
and ny = ny(Z) for simplicity. Thus, it follows that

E[A,(Z,2')] = E[AO;] — \*An, = E[AO,] — AMAn, + (A — \*) An,

p—q p+q—2)\" .
= P g 2y 2R) + PP ) (o )
- g2\
< Pl 4 mfy — 2m) + B (v, — )
- _p;q(ng+ng—2m—0,\(n;—n§,))
b= q,, / /
= —?(nb + Chyny, + (1 = Cy)n, — 2m)

S—(%—m) (r—q),

where C\ = 2(A — X\*)/(p — q). It is easy to verify that Cy € (0,1), and C) tends to
1 (resp. tends to 0) when (p — ¢)/p tends to 1 (resp. tends to 0). If vy satisfies that
(1 — Kay)?nl — oo, it follows that

1

E[AO,] — " A < —|— = —q)(1—o0(1)). 58
Zeg(r%i};Dan'eg%%))(mSa( 40| ) < (Ka 70) e =)t —oll). (%)

Denote dp = 1/ K« — 7 for simplicity. Then, it follows that (58) < —dpn(p — ¢)(1 — o(1)).
Since 5811[ — 00, there exist some positive sequences v and 6 such that v, — 0, §2ynl —
00, and § < &y. To be specific, we may take v = 1/(6ov/nI), 8 = §/(5v/nI)'/*. Hence, we
can construct the event &(7, ) as defined in (40). Note that X(Z) — X (Z*) = AO(Z) —
E[AO(Z)]. Under the event &, we have

max min  |AOs — E[AO;]
ZeSam>yn Z'eB(Z)NSq
1
< YT aw=era AO, —E[AO,

¥ Z'eB(Z)NSa

1
< max |AOaa — E[AO4]|
2€Sam>n |B(Z) N Sa Z/elgz:ﬂsa a;

1

!
S Zeggzé;i(yyn W Z Z |Xaa aa (Z )‘

Z'eB(Z)NSq a<a’
<On(p —q).
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Then, it follows that

max min A, (Z,7Z")
ZeG(yo)m>yn Z'eB(Z)NSa

=  max min  (AO; — \*Any)
Z€G(v0):m>yn Z'€B(Z)NSq

< max min  (AO; —E[AO4]) + max max (E[AOs] — \*Ang)
ZeG(vo0)m>yn Z'€eB(Z)NSq ZeSam>yn Z'eB(Z)NSa

<On(p —q) —don(p — q)(1 —o(1))
=—0do(1 —o(1))n(p —q).
(59)

By the definition of g(Z) and by (52), we have that

p(l=q) max min A, (Z,7")

max log o (Z]4) [
q(1 — p) | ZeG(r0):m>yn 2'€B(Z)NSa

ZeG(v0):m>yn HO(Q(Z)|A

] = log
< —log (5) Son(p — q)(1 — o(1)).

Furthermore, since

(p—q)log (%) y

I= — V(1 + o(1)), 5
(vp—va) (1 +0(1)) (Jr—vd)

)

we have
log (2) (p—q) > A(VD — a)? = 4I(1 — o(1)).
Then, it follows directly

o (Z]A)

max —————— < exp(—4dgnl(1 —o(1))).
2eal% - To(g(2)4) = &P (F40onI (1 =o(1))
By Lemma 33, we have that & happens with probability at least 1 — exp(—n).

Combining results of two regions directly gives the result of Lemma 21. |

5.7 Proof of Lemma 17 with unknown connectivity probabilities

It suffices to prove the following lemma when the connectivity probabilities are unknown.

Lemma 22 Suppose 7y satisfies Condition B, D, or E. Then, there exists some positive
sequence v — 0 such that, with probability at least 1 — Cin~¢2,

exp (—enl(1 —o(1))), if m <~n,

1 — Kv)inl
(2;20)”(1—0(1)0, if m > yn,

(7| A)
T(g(Z)]4) = ) exp <_
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holds uniformly for all Z € G(vo) defined in (30). Here, € is any constant satisfying € < &g,
and Cs,Cy are constants depending on . Furthermore, if & satisfies Condition C or D

correspondingly, then by choosing € € ((1 — &) /&, 2e0), we have
[1(Z|A
max M < exp(—Cnl),
78600 Ti(9(2)14)

for some constant C' > 1 — ¢ with probability at least 1 — Can~¢4.

Note that when the connectivity probabilities are unknown, the initial conditions are differ-
ent for the case of two communities and the case of more than two communities. In order to
prove Lemma 22, we again divide S, into a small mistake region and a large mistake region,
according to whether m > yn, where v — 0 is a positive sequence to be specified later. It
is worth noting that we always start from the likelihood modularity, and then bound the
exact posterior distribution.

Proof [Proof of Lemma 22] Under the conditions of Lemma 22, let ¢,, = 1 — K~ for
simplicity, and we have 5 o — 00, £ (1=K By0)n —> 00. Then, for any positive sequences
€,7,0 — 0 satisfying that &2nl — oo, 0?ynl — oo, 6 , > &, and 6 , > 0¢. To be specific,
we can set £ = &2 /(e VA y = g2, 0 =1/ nl.

All the followmg analyses are based on the event £(&,~,0).

Small mistake region. We write My = {Z € G(v) : m <n}. By Lemma 42, since
v < ¢€q,3, we have that for any Z € My, B(Z) C S,. By Lemma 35, under the event &; (&),
we have

max min lo 11(2]4)
x A\
Zert, zeB(z) ° T(Z']A)

1
< max —

1 7
ZeM. m “CTI(Z/|A) (60)

< max e Z (Qrm(Z,A) = Qrm(Z',A)) +epm.

Thus, we proceed to upper bound Qra(Z, A) —Qra(Z', A). By some calculations, we have
Qum(Z,A) — Qrm(Z', A)

T1y(Z|A) »
_1 .
8 1o(Z'|A) I <naa

a<a’

Naa' (Z) Naa' (Z2)

a<a’

™ A0, < Oua' (Z) log Baa/> (Anpy — AOu) <1og g (Z) = Ogar (Z) log(1 - Baa,)>7

Err(Z,2)
(61)

where log [IIo(Z|A)/y(Z'|A)] is calculated in (52). Now suppose we correct one sample
from a misclassified group b to its true group &’. Then, by Lemma 43, we have

AOyy + AOy, + AOyy =0, AOs = AOp, + AOyy,
AOu + AOyy =0, AO,y =0, foranya,d €[K]\ {bb}.
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Denote Bog = E [Oaw(Z)]/Naa(Z) and Bay = Opw(Z) /N (Z) for any a,a’ € [K]. By
Lemma 36, we have

R R,
_ Zig;él/ak al’ ifa:a',
‘Baa’ - Baa’ na(na - 1)
IS (62)
p—q RaiRar
ZiRalloe g,y
n.,n_,
a "a

and || B — B|los < 2Kam(p — q)/n. Under the event & (£) defined in (40), by Lemma 28,
we have

2Kam
n

|B = Blloo < |B—Bllos + | B~ Bl < <Oa+ ) P-—a) S(y+&)p—aq. (63)

We then bound Err(Z,Z') in (61) under the event £(&,7,6). Since p < ¢, by some calcu-
lations, we have

Baw (1 — Bag
Z Err(Z,7') = Z log M Z (AOuq — Ny Angar) (64)
Z'eB(Z) a<a’ Baa (1 = Baa Z'eB(Z)
C fa *
<=|B=Blo Y | Y. (AOuww — Ny Angy) (65)

a<a’ |Z'eB(Z)

~~

(4)

for some constant C, where

1 — By B,.(1—DB,. ~ N
Ar, = log — 2o / log Bee 1 =Baa) 15 B BB
- ! Baa’(l - Baa’)

aa

Under the event £(&,~,0), for any Z € Ms, we bound the above term (A) by the following
three terms separately,

NI Y (AOuw —E[AOu]))| < mn(p - q), (66)

a<a’ |Z'e€B(Z)

Y1 Y (E[AOu] = Baw Angw)|< > Y |E[AO4q] — Bow Angar| < 2Kmn(p — q),

a<a' |Z'€B(Z) Z'eB(Z) a<ld’
(67)

ST S Buw =) A < S0 S [Angu| - 1B = Bllw S (v +2)mn(p— q).

a<a’ |Z'eB(Z) Z'eB(Z) a<a’

(68)

The first inequality directly follows by Lemma 32. The second inequality is due to that for
each fixed Z’, there are at most 2K pairs of groups contributing to the summations of the
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absolute values, and for each summation, there are at most n random variables associated.
The third inequality follows by (63) and Lemma 43. Hence, under the event £(&,~,0), we
have

> Er(2,7) < C(y+e)mal,
Z'eB(Z)

for some constant C' where v,& — 0 as defined in the beginning of the proof. Hence, it
follows that

, T1(Z| A) i
P log ———~% > —enl
{z”é%ii vedlz e T(za) - "
<P

1 Im(z|A
max — Z logw > —enl

ZeMsm I(Z'|A)
7'eB(Z)
1
<P - — ! —enl — ¢
<P pax § Qrm(Z,A) = QLm(Z', A) > —enl —epn, € p +P{E°}
Z'eB(Z)
o(Z|A) ’ _
<P — E log———~ + Err(Z,72 —enl — P{&e
) ZIg%SmZ/eB(Z)(OgHO(Z'|A)+ 82 ) > —enl m e € FRAEY

|
|
{ i
|

Jnax mZ,EZB:(Z) logm > —enl — C(y+é&)al —epy p +P{E}

=P{ max t* > Ay(Z,Z') > —menl/2— Cm(y +&)nl/2 —mepy /2 ¢ + P{E}.
Z'eB(Z)
(69)

where 1,31 — 0 is defined in (87), and € is any small constant satisfying € < 2¢9. A simple
union bound and following the argument from (56) to (57) lead to that

II(Z|A
P{ max min log&

2ent, zies(z) S T ZNA) ~ _m]} < C'nexp (=(1—e/2)nl(1 - o(1))),

for some constant C”.

Remark 23  Before performing the analysis for the large mistake region, it is worth noting
that for the small mistake region, the proof works for any sequence v — 0. Thus, in the
case of more than two communities (K > 3), if 7o — 0, by Lemma 15, G(y0) C My for
some sequence v — 0, and then the proof is complete. Therefore, we only need to analyze
the large mistake region for K = 2.

Large mistake region. We write M; = {Z € G(v) : m > yn}. By the same argument
in (60), we start with Qray(Z,A) — Qrm(Z',A). For K = 2 and Z € M, by some
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calculations, we have

Qrm(Z,A) —Qrm(Z', A)

-t (212) - £ i (245)

a<a’ a<a’

Oua (2)
Naa’ (Z)

Oua(Z")
naa/(Z’)

= Z AO,y log

a<a’

+ (Angy — AO4y) log <1 ~ Oaaf(Z)>> B

(Z"\YD
naa’(Z /naa( ) (

o)

< Z AQO,, log Eaa’ + (An[m/ — AOaa/) log (1 - Eaa’) +

a<a’

P(Z,2")+Err(Z,Z")

Z AO,y <10g Qo (Z) _ log Eaa/> + (Ange — AOyy) (log (1 - Oaa/(Z)) — log (1 — Eaa/>>,

a<d/ naa’(Z) naa’(Z)
Erra(2,27)
(70)
where we write
P(2,2') =Y E[AOu]10g Buw + (Angw — E[AO)) log (1 - B’m/) . (1)
a<a’
! gaa’
Erri(Z,2') =) (AOu — E[AOuy]) log = (72)
a<a’ — Daa’

Recall ¢(Z) and B(Z) are defined in (32) and (35) respectively. Let N = |B(Z) N S,|. By
Lemma 42, we have N > min{cn, m} for some constant c.

Step 1: bound P(Z,Z'). By Lemma 47, for Z € M; with m = d(Z,Z*) and any Z' €
B(Z) N S, we have
_p(z.zy > M 1-B+1 1—o0(1)) > 3 nl
(2,2) 2 15, max o en}(1— 0(1)) Z hnl,
where &, = 1 — Km/n. Note that m < n/Kf under the condition. The last inequality
holds because €, — 0 only if 5 — 1, and m/n — 1/K. Thus, 1 — S+ 1/a > ep,.

Step 2: bound Erri(Z,Z'). Recall that N = |[B(Z) N S,|. Under the event & (v, 6)
defined in (40), we have

1

AT /= ’ < -

pomax 3 3 |AOuw ~E[AOu]| < fn(p —a),
Z'eB(Z)NSq a<a’
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for the positive sequence § — 0 defined in the beginning of the proof. When K = 2, and 7’
corrects one sample from group b to V', by Lemma 43, Erri(Z,Z') in (72) can be expressed
as

B By Byy (1 — By
Erri(Z,2') = (AOy, — E[AOy)) log M + (AOyy — E[AOyy])log M

Bb’b(l - Ebb) Bbb’(l — Bblb/) ’

By p < ¢ and (n — 2m)(n — 2pm)/n — oo, it follows by Lemma 44 that

1 On(p — ~ ~ ~ ~
- Z ETTl(Z, Z/) < CY1M : (‘Bb’b’ — Bbb’ + ’Bbb — Bb’b )
Z'eB(Z)NSa P
2det(R) [ 2«
< Oy onlp - q; #) ( - > ([Ryv — Ryp| + |Rep — Rowr|)
01 det(R)(n —2m)
3 )
n?2

for some constants C1, Ca,Cs. Hence, under the event £(&,~,6), where the sequences are
defined in the beginning of the proof, if (n — 2m)(n — 28m)/n — oo and (n — 2m)/n > 6,
then by Lemma 48 we have

1 ] 01 det(R)(n —2m) 1
N E Erri(Z,7") < 2 < N E
Z2/€B(Z)NSa 2/'€B(Z)NSa

P(Z,7"),

for any Z € M;.

Step 3: bound Erro(Z,Z"). Recall N = |B(Z)NS,|. By (70), we have

1 Buw(1—B
~ > Err(z,7) Zlog E‘“‘ : B‘“‘) > (AOuw — Moy Anaw)
Z'eB(Z)NSq a<a’ aa (1 — ‘W/)Z’GB(Z)HSQ
C 1 X
< 2B - Bl > ¥ > (A0 — Ny Angy)|
p a<a’ Z'eB(Z)NSa
where
1 — Buar Bow(l = Buw) [~ ~ ~ =
Ar o =log Aaa/lg~aa 2 ¢ |Byw NB 1y Baar V Bagr
- aa/ Baa/ 1 - Baa/ aa aa aa aa
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Under the event £(&,7,60) defined in (40), by Lemma 28, we have maxzcg, HE — EHOO <
g(p — q). By the same argument from (63) to (68), we have

1
Nz > (AO0u —E[AOu])| < On(p —q),
a<a’' | Z'eB(Z)NSa

1 ~
S5 Y (B1AOu] -~ BurAngy)| < Cln— 2m)(p— ) < ol a),
a<a' |Z'€B(Z)NSq

1 ~ ~ o~
~ 1Y (Bawr — daw)Angwr| < E?n||B = Blloo S &nlp — q).
a<a' |Z'eB(Z)NSa

It follows that for any Z € M; with d(Z, Z*) = m,

1 ’ en(p — Q)2 =
N Z ETT?(Z7Z)§T(0+€TR+€)7
Z'€B(Z)NSa

where €, = 1 — 2m/n. Hence, under the event £(&,~,0), where the sequences are defined
in the beginning of the proof. If €3, > 0z, €2, > &, and &3, >> 2, then we have

1 1
N > Err(z,7) < — > P(z2),

2/'€B(Z)NSa Z2'€B(Z)NSa

for any Z € M;.

By combining all three steps, we require that for all Z € G(~p) with d(Z, Z*) = m,
(1 —2m/n)*nl = oo, (n—2m)(n—28m)/n — oo (for Lemma 47). (73)
By the definition of G(7p) in (30) and by Lemma 15, it suffices to require

(1= 270)*nl = 00, (1= 23)(1 = 26y0)n — oc.
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Recall that e, = 1 — 279 in the beginning of the proof. Then, under the event £(&,~, §)
defined in (40), by the conclusions of three steps and by Lemma 35, we have

N . o I(Z|A)
max min p————
ZeM, 2'€B(Z)NSa & I(Z'|A)

1 1(Z|A)
< 1 Hzia)
= Jery N >, o TI(Z'|A)

721€B(Z)NSa
Spax ~ Y (QuulZA) - QuunlZ, A) + enn)
~ ZeMy N AR Hee o
7'€B(Z)NSa

e L , , , (7
= ax > {P(2,2")+ Erri(2,2)) + Erry(Z,2')} + eLu
Z'eB(Z)NSa

1 /
= pax Y P(2,2)1-0(1)+eLm
Z'eB(Z)NSa

nl
<- ﬁa‘i{) max{l — 8+ 1/a,e,,}(1 —o(1))
n[ 4

< — (1 0(1)).

- 2&2 Yo

Combine the results of two regions, and Lemma 22 directly follows. |

5.8 Proof of Lemma 19

For the simplicity of presentation, we first introduce some notations that will be used in
the proof. Denote

m =nmax{yg,n "} +log’n, m*=n'"",

where 7 is a sufficiently small constant defined in (30). For any Z € G(vp), we define the
following set
S(Z,n) ={S" CN(Z) N Sa: 15| > n[B(Z) N Sal} (75)

where 7 is a small constant satisfying 27 < n < 1/2, and A(Z),B(Z),N(Z) are defined in
(35). Then, we have the following lemma.

Lemma 24 Suppose v, & satisfy all conditions for Theorem 5 or those for Theorem 11,

with probability at least 1 — exp(—n'~"), we have
T TT( 7!
max max min min M, min M < exp(—Cnl),
Z€So:m* <m<in §'€S(Zm) 2/e5'B(2) TI(Z!|A) 2/e5'nA2) T1(Z|A)

for some constant C > 1 —¢g, and 21 < n < 1/2.

To understand Lemma 24, we say that Z' € N (Z) is making a mistake if Z' € B(Z) but
rejected, or Z' € A(Z) but accepted. Lemma 24 implies that under all the conditions, for

47



ZHUO AND GAO

any current state Z with m € [m*, m], if we make at least n|B(Z) N S,| different choices of
Z', then there is at least one Z’ such that it is not making a mistake with high probability.
In other words, it holds with high probability that Z’ will make less than n|B(Z) N S,|
mistakes among all possible choices.

Though Lemma 24 seems very similar to Lemma 21, Lemma 21 works for all Z € G(vo),
and focuses on the posterior ratio of the current state and the next possible state in set B(2),
while Lemma 24 works for Z € G(vy) with m € [m*, m], and also bounds the probability of
updating to A(Z).

Proof [Proof of Lemma 19] By Lemma 24, with probability at least 1 — exp(—n'~7), for
any Z € G(vyo) with m € [m*, m], by (36), we have that

B 1 L (2 | alB(Z2) 0 Sal +e
pm(Z) = p(Z, A(Z)) Q(K‘l)%@%msa {1”(21A)}< 2k — 1)

_ _ 1 L IL(Z1A) | (= n)IB(Z) N Sl
qm<z>—p<zvzs<z>>—2(K_1)RZ/GB%SQ {1,~( i A)} W

where € = nexp(—Cnl) — 0 for some C > 1 — g¢. It follows that with probability at least
1 —exp(—n'~7), pm(Z)/qm(Z) < 21 holds for any Z € G(vo) with m € [m*,m]. [ |

In order to prove Lemma 24, we first state two lemmas according to whether the con-
nectivity probabilities are known or not. In the case of known connectivity probabilities,
we use IIy(-|A) to denote the posterior distribution.

Lemma 25 When p, q are both known, given 7 sufficiently small and n satisfying 27 < n <
1/2, if (1 — Karyg)*nl — oo, then we have

{ 1o(Z]A) : Ho(Z’IA)}

s'gs%}z{,n) o Zfersrfl}wrzls’(Z) Iy(Z'|A)’ Zfegflrlwr,lz\(Z) Iy(Z|A)
exp (—enl), it m* <m < n,
exp (—4(1/Ka —y)nI(1 —o(1))), ifyn<m <m,

holds uniformly for all Z € G(yo0) with m € [m*,m] and some sequence v — 0, with
probability at least 1 — exp (—nl_T). Here, € is any small constant satisfying € < 2¢g.

Lemma 26 Given 7 sufficiently small and n satisfying 27 < n < 1/2. Suppose vy satisfies
Condition B or D, there exists some positive sequence v — 0 such that with probability at
least 1 — exp (—nlfT),

. onz . WA
max min min _ ———2%,  min
S'eS(Z.m) zesnB(z) W(Z'|A)’ ziesinaz) TI(Z|A)
exp (—enl(1 —o(1))), it m* <m < n,
< 1 — Kvo)*nl
exp (—W(l—o(l))) , ifyn <m <m,
o'

holds uniformly for all Z € G(v) with m € [m*,m|. Here, £ is any constant satisfying
€ < 2¢gg.
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The proofs of Lemma 25 and Lemma 26 will be presented in the sequel. We first proceed
to prove Lemma 24 based on these two lemmas.
Proof [Proof of Lemma 24| The result directly follows Lemma 25 and Lemma 26 by choosing
€ properly in Theorem 5 or Theorem 11. Then, by choosing € € ((1 —eq)/&, 2¢0), we have
that

[(z|A I(Z'|A
max max min min w min y < exp(—Cnl),

ZE€Sa:m*<m<in S'€S(Z.n) Z'eS'NB(Z (Z’|A) 2'eS'NAZ) TI(Z|A)
for some constant C' > 1 — gy with probability at least 1 — exp(—n'~") for the sufficiently
small constant 7. [ |

We finally present the proofs of Lemma 25 and Lemma 26 to complete this section.
Proof [Proof of Lemma 25| We consider any positive sequences =, satisfying ~v,6 — 0,
62ynl — oo, and < 1 — Kary. Suppose yn € [m*,m], and we perform analyses for the
following cases.

Case 1: m* <m < ~n. Since the minimum is upper bounded by the average, it follows
that

log  max max min min (Z|A) , min HO(Z/|A) (76)
Z:m*<m<yn S'€S(Z,n) z1e5'nB(2) TIo(Z'|A) zres'nA2) Tlo(Z]A)
1 o(Z14) | o(Z'|A)
< max max —— Z log Z log
. * m n !’ / /
Z:m*<m<yn 5'eS(Zn) || Z1eSTB(Z) o(Z |A) ZESMAZ) HO(Z|A)
= max max 2t Z A(Z,7)) + E A7, 7)
Z:m* <m<yn §'e8(Zm) | S| S ’
Z'eSMB(Z) Z'eS'NA(Z)

where A, (Z,Z') is defined in (51). By a similar argument from (56) to (57), we have

E |t S AZZ)+ Y AZ,2Z) || <exp(—(1 - Cy)|S|AI).
Z'eS'NB(Z) Z'eS'NA(Z)

We also have |B(Z) N Sa| = m by Lemma 42. For any small constant ¢ < 2gg, write
C,e =1—Cvy—¢/2 for simplicity. It follows that

P{(76) > —enl} < Y <;>(K—1)m 3 (gﬁ) exp (—C. | S'|T)

*<m< ;

N il bound for each given Z and S’

all possible Z all possible S’
n Kn B

N G

m*<m<yn

n « Kn
: <m*> H=- <77m*) exp (—=Chyenpm™nl)
= N eKn
Sexp | —Cyenm™nl + (n+1)m*log —— | . (77)
nm
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For any sufficiently small 7, when 1 > 27 and m* = n!~7, it is easy to check that

K T
(77) S exp (—m* (Cy,gnm — (n+1)log = n“ )) <em

Case 2: yn <m <m. Recall that AOs(Z,Z") = O5(Z) — Os(Z’) for any label assign-
ments Z and Z’. By (52) and (58), we have that

o(Z]A)
Iy(Z'A)

max max  E[A,(Z,2)] < - (Kla - 'yo> (p—q)(1 —o0(1)).

log =2t"A,(Z,7"),

Z€eG(v0) Z'eB(Z)NSq

Since |S’| > n|B(Z) N S,l, by the same proof in Lemma 33, we have that with probability
at least 1 — exp(—n),

/ /
Z65a22§m<m5’£ Z,a) {|Sl| Z%/‘A Z Z) E[An(Z’Z)H}

—  max ma {|S’| > |Aol(z,7") - [AOS(Z,Z/)”}

ZGSa yn<m<m S’eS( Z a) Jies

where the positive sequence 6 is defined in the beginning of the proof. Thus, by a similar
argument from (58) to (59), the result directly follows.

Combining two cases gives Lemma 25 directly. Note that in the case of m* > yn or
m < yn, the result trivially follows. [ |

Proof [Proof of Lemma 26| Consider any positive sequences £,7,0 — 0 satisfying that
£2nl — oo, 0?ynl — oo, (1 — K~9)? > &, and (1 — K~0)? >> 02. Note that the second case
in Lemma 26 is only for the case of K = 2. When K > 3, we require 79 — 0, and thus
there exists some v — 0, such that for all Z € G(vy), m < yn always holds.

The following proof is similar with those of Lemma 22 and Lemma 25. Denote AQ(Z, Z') =
Qrvm(Z,A) — Qrym(Z',A) for any two label assignments Z, Z’ € S, where Qrp(Z, A) is
the likelihood modularity function defined in (42). Under the event &;(€), by Lemma 35,
there exists some sequence €y — 0 such that

1 : - 1(Z]4) - 1I(Z']A)
O, max 1min min
gs’eS(Z,n) zesrB(z) I(Z'|A) ze S’OA(Z II(Z|A)

1 m(z|4) 11(Z'|A)
< — 1 1
oW, A T 2 Tz

Z'eS'NB(Z) Z'eS'"NA(Z)

1
< max —
~ ses(za) |9

Y AQZZY+ Y AQZ.Z)p +eLu (78)

Z'€S'NB(Z) Z/'€S'NA(Z)

The first inequality is because minimum is smaller than the average.
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Case 1: m* <m <~vn. In this case, B(Z) C S, by Lemma 42. By (61), we have that
under the event & (&),

| To(Z]4) Mo(74) ,
(78) < max - Z log ——"—= + Z log ———< + Z \Err(Z,2 )‘ +erLm.
SeSEM I pegrmz WA it A S

By a similar argument from (61) to (69), in order to prove Lemma 26, it suffices to show

that )
max max —- Err(Z,7Z")| = o(nl). 79
Z€G(v0):m*<m<yn 5'€S(Z,n) || Z,Ze;g,’ ( )’ (1) (79)

Recall that Err(Z,Z') is defined in (61). It follows by (65) that under the event & (&), for
any Z € G(yo) with m € [m*,yn],

1 /
S35, 157 2 [Prr2. 2]

\P—q 1 Sy
< +€&)—— max —— AO /—)\>|< T Angy
N(’y ) p S'ES(Z,'I]) ‘S/| S | aa aa aa |

5<v+é>p;q {(A4) +(B) +(O)},
where

1 303
A — —_— A /—E A / < -
) ses(zm 5] (A0 = BlAGul[ S 0y =)

7Z'eS" a<a’

1
B) = max — E Aoaa/ - Baa’Anaa’ SJ n\p-—-gqg),
(B) s'es(zm) 5| Z,EG:S, ;/| | | | ( )

1
- 1¢r| B ’*)\* ’ A aa’ _ .
O) = gmas o D D |(Bur — Vi) A < lp )

zZ'eS" a<a’

The first inequality holds with probability at least 1 — e™™" by the same proof of Lemma
25 and Lemma 32. The second and the third inequalities hold due to the same arguments
for (67) and (68). Hence, the proof is complete for the small mistake region.

Case 2: yn <m < m. We only analyze this case for K = 2. By (70), we have that under
the event & (),

1
78) < — E P(z,7' E P(Z' Z
( ) —_ S/é{ls%}ziﬂ’]) |S/| ( J ) + ( Y ) +
2'eS'NB(Z) Z'€S'NA(Z)

L / :
S/glgz(x?m) 5 ng, (‘Errl(Z,Z )| + ‘ETTQ(Z,Z )D +enm,

where Erri(Z,Z') and Erro(Z,Z") are defined in (70) and (72). According to arguments
in Lemma 17, we only need to bound Erri(Z,Z") and Erre(Z,Z') in order to upper bound
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bound (78) as well as the posterior ratio. The only term inside Err(Z, Z') and Erro(Z, Z")
needed to be treated specially is

)

1
TQr| AOaa’ Z, 7 —E AOaa’ Z, 7/

denoted by D for simplicity. By the same proof of Lemma 33, we have that
P{D>0n(p—q)} <e ",

for the positive sequence @ defined in the beginning of the proof. Hence, following the same
arguments from (70) to (74), the proof of Lemma 26 is completed for the large mistake
region.

Combining two cases gives Lemma 26 directly. Note that in the case of m* > yn or m < yn,
the result trivially follows. |

5.9 Proof of Lemma 7

In this section, we proceed to lower bound the posterior distribution.

5.9.1 WHEN CONNECTIVITY PROBABILITIES ARE KNOWN

Let {z;};51,{y;};>, be iid. copies of Bernoulli(g) and Bernoulli(p). According to (24)
and (46), for any Z € S,, we have that

log

1?00((;@) — log 2’8 :Zi (40, -E[a0,| +E[A0,| - X a7,),

where AO, = Zf-vzdl Ti— Zivzél v, and
Ng=Y 1{Z=2;,2; #Z;}, No=> 1{Zf =Z}, Z; # Z;} . (80)
1<J 1<j
Recall that my = 377 1{Z; = k, Z; # k}, and it follows that m = 37, xmy. Write
Br =Yg, 1 {ZZ- =7, =k 7 # Z;} for simplicity, and we have
anmyg

2
Be =3 RraRip < Rk - my, +mig = njymy, < 7
a<b

It follows that Ny = Zle Br < amn/K. Similarly, we have Ny < fmn/K, and

E [455] — M\ Afiy = Nyg — Nyp — X*(Nyg — N,)
=—(Na- (A" =q)+ Ns- (p— X))

—(Na+Ns) - (p—q) = —(a+ B)mn(p — q)/K.

A\
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Furthermore, by Lemma 29, with probability at least 1 — nexp(—(1 — o(1))nl), for any
Z € S, with m =d(Z,Z*), we have

’A@S _E [A@S}

< > 40w ~E [A0.|
a€[K]
< K|X(Z) = X(Z) oo < Cmn(p — q).

= Z |Xaa(Z)_Xaa(Z*)|
a€[K]

Hence, it follows that

IIh(Z|A)

(1-9q)
o (Z*|A)

p
= los q(1—p)
(r—a)
q(1—p)
> —C'nmlI - (1+ o(1)),

log -Cmn(p —q)

2

Y

—Cmn -

for some constants C' and C’ with probability at least 1 — nexp(—(1 — o(1))nlI).

5.9.2 WHEN CONNECTIVITY PROBABILITIES ARE UNKNOWN

In order to simplify the proof, we first define some events, and all the following analysis are

conditioning on the given events. For any positive sequences 7, — 0 with v?nl — oo, and

02ynl — oo, let & = ~ for simplicity. Consider events &1 (&), &, E3(£), £4(v,0) defined in

(40). Under the events & (€) and &£3(¢), by Lemma 34, we have that for any Z € S,,
II(Z|A)

JR S >
log T(Z*[A) AQ(Z,Z*) > —Cr,

where AQ(Z,Z2*) = Qrym(Z, A) —Qra(Z*, A). Thus, it suffices to lower bound AQ(Z, Z*).

Case 1: m <~yn. By (45), we have

AQ(Z,Z7)
HO(Z‘A) % Oup Oab(Z)
=log — 21 Z*)-D
8 Ty (2*|A) 2_nalZ") Nab || 1ab(Z)
a<b
~—_—— <
(4) RS

nab(Z) - Oab<Z>
nab(Z)

~ 7 ~
+ Z AOab (log Oab( ) — log Bab) + (Aﬁab — AOab) <10g

- log(l - Bab))a
a<b nab(Z)

(@)

where IIy(:|A) is defined in (46). We proceed to bound each term above separately. Under
the event & and by the same argument in Section 5.9.1, we have

AZ —mnl.
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By Lemma 51, under the events &1 (€) and &;, we have
B <m?I.
By Lemma 37, under the events &1 (€) and &;, we have
C 2z —(E+~y)mnl.
Hence, under the events &1(£), 2, £3(£), we have that for any Z € S, with m < yn,

1I(Z]A)
loe ————2 > AQ(Z,Z*) — > — I
og M(Z[A) = Q(Z,Z%) — Crym > —Cmnl,

for some constant C.
Case 2: m > yn. By (49), we have
AQ(Z,2%) = G(Z) - G(Z%) + A(Z) — A(ZY),

where by (50) and Lemma 50, we have

1 -
G(2) = G(Z") 2 =5 Y RaclfuD (BleBab> > _mnl.
a,b,k,l
By Lemma 41, under the events &1 (€) and &4(v, 0), for any Z € S, with m > yn, we have

A(Z)— A(Z") > —emnl

for some sequence ¢ — 0. Hence, under the events &1 (¢), 3(¢), and E4(7, 0), we have that
for any Z € S, with m > yn,

11(Z]A) . ’
loc ———— > AQ(Z,7") — > — I
og Mz 4) = Q(Z,Z*) - Cry > —C'mnl,

for some constant C'’.

Combining two cases, we have that with probability at least 1 — nexp(—(1 — o(1))nl),

) II(Z|A)
log ———~ I)>
Znégi (OgH(Z*]A) + Cmn ) >0,

for some constant C. By Theorem 1, we have logII(Z*|A) > C for some constant C' with
high probability. To conclude, there exists some constants C'3, Cy and C5 such that for any
Z € Sq,

in (logIl > 0.
Zneusri(og (Z]A) + Csmnl) > 0
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5.10 Bounding probability of events

We first introduce some notations. Recall that

{ ZH{Z —k}e [ ";( iﬂ for all k € [K}}, (81)

for some large constant «. For any Z € [K]™ and any a € [K], we use n/, to denote n,(2),
mg to denote ng(Z) — Ry, for simplicity.

Lemma 27 Denote X4 (Z) = Oup(Z) — E[Op(Z)] for any a,b € [K], then for a general
K > 2, we have

P{ng[?g{ 1x(2 >||oo>én2<p—q>} < exp(—n),

as long as E2nl — oo.

Proof For K > 2, we have Var (Og(Z)) < na(Z)p < n?p. Then, by a union bound and
Bernstein inequality, it follows that

p{ s X2 2 (- o) <2007 (enp (~ZELDY g (220200

ZeK™

=2 2[
< 2K™2 exp <—(1 —o(1))S 7; )
< exp(—n),

for any ¢ satisfying that £2nl — oo. |

The conclusion of Lemma 27 directly leads to the following lemma.

Lemma 28 For K > 2 and anya,b € K], let Eab =O0uw(Z)/nap(Z), and By =E [Oap(2)]/1ap(Z).
Under the event £ defined in (41), we have

Xu(Z =n?(p — -
o(2) < g(K(c]:/n)g) =Cée(p—q),

ax || B = Bllos = max ma
gIGXH loo = %nes}iarl?e[ﬁ] nab(Z)

for some constant C depending on K and «.
We state the following lemmas whose proofs will be given together.

Lemma 29
P{ px 1X(2) - X(Z') | - Connlp — ) = 0} < mnexp(~(1 = o(1))a).
EOa
for some constant C'.
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Lemma 30
P {gl%x 1X(Z) = X(Z)||oe = En’(p — q)} < exp(—n),
€Sa
as long as E2nl — oo.

Lemma 31 For any positive sequences v — 0, 8 — 0 satisfying 0>ynl — oo, we have

P{ et (2 = X2 > Onlp ) < sp(-n),

Proof [Proofs of Lemmas 29, 30, and 31] Recall that X,(Z) — X (Z*) = Aéab—E [Aéab]
for a,b € [K]. We first consider the case where a # b, and it follows that AO, =
2iges, Aij = 2ijes, Aij, where

1= > ({Zi=a 2 =b}-1{Z =2 =a,Z; = Z] =b}),
i,j€[n]

|S,| = Z (1{Zf =a,Z; =b} —1{Z; = Zf =a,Z; = Z} =b}).
i,j€[n]
Therefore, we have

) / / amn
|S1| =n,ny — RaaRbb < meTy, + mpn, < 7

Similarly, we have |Ss| < fmn/K. Thus, Var (A5Qb> < (a+ B)mnp/K. A similar argu-

ment gives that for any a € [K], Var (Aéab) < (a+ B)mnp/K also holds. Then, by a
union bound and Bernstein inequality, we have

P{IZnSX 1X(2) = X(Z%)]le — (a+ Bymn(p— )/ K > o}

<ok? Y C;) (K — 1)™exp (—(1 — o(1))mnl /K)

Z:m<cn/K
<nexp(—(1 - o()nI/K),

for some constant ¢, which leads to Lemma 29.
Since Var (A6Gb> < (a+ B)n*p/K for any a,b € [K], we also have

P{max 1 X(Z) = X(Z%)||oo > 5_712(10 - Q)}

Z€Sa
2 Kn’(p — Q)2>

<2K7K"exp (—<1 ~o ) S A

< exp(—n),
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as long as £2nl — oo, which leads to Lemma 30.
For any sequences 7, — 0 satisfying 6?ynI — oo, we also have

P (IX(2) — X(2)l = Omntp — )} < 26 (e - Om"n(p —a) )+ enp (220,

2(a + B)mnp/K

It follows that

P X(Z) — X(Z)||os < 0 B
{Zesri%%igmlr (2) = X(2") oo < Omn(p q>}

<’ Z <Z> K™ exp(—C60*mnl)

m>yn

<’ Z <K€> exp(—CO*mnl) (82)
m>yn v

<’ Z exp <—m <C€2nI logKe>>
m>yn v

<exp(—n).

The last inequality holds since §?ynl — oo and thus 6?nl > 1/v > log(1/v). It directly
leads to Lemma 31. |

Recall that for any a,d’ € [K],
Xaa/(Z) = Oaa’(Z) —E [Oaa’(Z)] ) AOaa’ = Oaa’(Z) - Oaa’(Z/)v

it follows that
X (Z2) — X (Z') = AOuy — E[AOqy] -

We state the following two lemmas and the proofs will be presented together.

Lemma 32 Let N = |B(Z) N Sa|, and we have

1
P ¢ max — Z Z |AOy —E[AOuy]| > 10n(p — q) p < nexp(—2nl).

ZESa
Z2/€B(Z)NSq a<d/
Lemma 33 Let N = |B(Z) N S,|. For any positive sequence v — 0, 8 — 0, and 0*ynl —

00, we have

1
P max - Z Z |A0aa - AOaa ” > en(p q) S exp(—n).

ZeSq:m>yn N
Z'eB(Z)NSq a<la’

Proof [Proofs of Lemma 32 and Lemma 33| In order to apply Bernstein inequality, we
proceed to eliminate the absolute function. Note that AQ,, depends on both the current
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state Z and the next state Z'. For any Z € S, we can rewrite

Y D A0 —E[AO]|

Z'eB(Z)NSq a<a’

_ , B
B he{—l,ﬁg}é—l)w > > ha(Z') (AOg — E[AO))+
Z2'eB(Z)NSa \ ae[K]\{b'} (83)

K
> hatk-1(Z") (AOuw — E[AOw]) + hox1(Z") (AOw — E[AOu))
ac[K]\{b}

= max S(h)
he{fl,l}(QK_l)XN

where h € {—1,1}2K-1>xN is 3 matrix whose elements are either 1 or —1. We use h(Z’) to
denote a column vector of h corresponding to Z’, and h,(Z’) is the ath element of h(Z").
To prove the equality in (83) holds, we suppose the next state Z’ updates one sample from
a group b to another group &. Then, AO,, = 0 for any a,a’ € [K]\ {b,b'}. Hence, for any
possible choice of Z’, h(Z') € {—1,1}?>571 and then the equality holds.

Claim: for any samples i, j, the random variable A;; appears at most four times in
(83). This is because A;; can only appear when we update sample ¢ or sample j. Suppose
the sample i is corrected, then A;; appears in AOgz, 7, and AOZ{, z,;- Thus, the claim holds,
which means the same Bernoulli variable appears at most four times in (83).

By the above claim, for any matrix h, it trivially follows that

V(h) = Var (S(h)) < 16 Nnp.
Hence, for any Z € S, and w > 0, by a union bound and Bernstein inequality, we have

1

P Z Z |A0aa’ —E [AOaa/” > w

Z2'€B(Z)NSq a<d’

:P{ max S(h) > Nw}
he{le}(QK—l)xN

< > P{S(h) > Nw}

he{_171}(2K71)><N

N2w? 3Nw
<92KN _ _oVw
< (o (- ) e (<377 ),
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where V' = 16 Nnp. Thus, by a union bound, there exists some constant C such that for
w = Cn(p — q), we have

1
P max Z Z |AOuy —E[AO.u]| > w
Z'eB(Z)NSq a<la’

< K (K — 1)mIP) i ’AOaa - Aoaa ” Zw
m N

m2>1 Z'eB(Z)NSq a<la’

S e )

<nexp(—2nl).

%

IN

The last inequality holds since N > min{m, c, gn} by Lemma 42. It is easy to verify that
when C = 10, the result holds, which leads to Lemma 32.

For any positive sequences 7,6 — 0 satisfying v20nI — oo, let w = On(p — q). Then, it
follows that

P max 1 Z Z |AO,y — E[AOu]| > w

ZeSq:m>yn N
Z'eB(Z)NSq a<a’

gZ(:ﬂL)(K—l)mIP’;f S Y |AOu —E[A0] > w

Z2/€B(Z)NSa a<d’

<’ Z <::L) (K —1)m225N exp (—CﬁanI)
m>1

S exp(—n),

where the last inequality holds by the same argument for (82) and Lemma 42. Thus, the
proof of Lemma 33 is complete. |

5.11 Proofs of auxiliary lemmas

Lemma 34 When the connectivity probabilities are unknown, under the events £1(¢€) and
Es(&) defined in (40), if p < q, then we have

max |log ——= 1(z]4)

g llog ey — (@A) = Quu (27, A))| < Crar

for some constant Cp ;.
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Proof When the connectivity probabilities are unknown, by (5) we have

logII(Z]|A) = Zlog Beta(Oup(Z) + k1,nap(Z) — Oap(Z) + K2) + Const.

a<b
By Lemma 53, we have

11(Z]A)

II(Z*|A)
<Qrm(Z,A) —Qrm(Z*, A)+

log (84)

1 1 1
2. 85
(ﬁl + R2) Z (Oab(Z*) + K1 + nab(Z*) — Oab(Z*) + Ko + nab(Z) + K1+ ﬂg) + ( )

a<b
<‘10g Oab(Z) + K1 ‘log nab(Z) ab(g) + K2

(k1 + k2 +2)az<;, Ouw(Z*) + k1 nap(Z*) — Oap(Z*) + K2

-0
-0

lo nab(Z) + K1+ K2
nab(Z*) + K1 + K2

(86)

)

Recall that Z* is the true label assignment, and AO,, = Oup(Z)—0Oup(Z*) for any a,b € [K].
Under the events &£;(€) and &3(&), we have

max max |Og(Z) — E[Op(2)]| < En’(p — q),

ZeSa ab
ax max | AO,, — E [Aé ] ‘ < en’(p—q).
gles}i n;;{‘ ab ab|| S €N (P Q)

It is easy to check that >~ ., W is the dominant term in (85). Thus, we have

K1

1 1
/5 <CK?2. — — =
(85) < pn2/K2a? = n?p’

for some constant C. Since |log(a/b)| < |a — b|/| min {a, b} |, by a similar argument, we have

2 =02 2.2 2

n?p/K?a?  n2/K?a?

for some constant C’. By symmetry, the same argument also applies to upper bound
logII(Z*|A) — log II(Z| A). Hence, the result of Lemma 20 holds. |

Lemma 35 When the connectivity probabilities are unknown, under the event & (&) defined
n (40), if p < q, then we have that

(zZ|A
max max |log (Z]4)

Ze8a zieN(z) | C H(Z'|A) (QLum(Z,A) — QLu(Z', A))| < eru, (87)

for some positive sequence e — 0.
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Proof Recall the definition of N (Z) in (35). For any label assignment Z € S, and any
Z' e N(Z), by Lemma 53, we have
1(Z|A)

1 PR S
S TI(7/]4)

<Qrm(Z,A) — Qrm(Z', A)+

1 1 1
2
. 88
(Hl + HZ) ; <Oab(Z/) + K1 + nab(Z’) — Oab(Z') + Ko + nab(Z) + K1+ /ig) * ( )
Oab(Z) + K1 nab(Z) — Oab(Z) + K2 nab(Z) + K1+ Ko
2 log————— 1 1 .
et ); (‘ 8 0us(Z) + i1 " ‘ % na(Z') — Oup(2') + Kz e na(Z') + K1 + k2

(89)
Under the event & (€) defined in (40), we have

Ous(Z) — E[0g(2)]| < en(p — q).
pax max |Ouw(Z) —E[Ow(2)]] < &n7(p — q)
Since max, pe k] E [Oap(Z)] < nap(Z)p = O (n?p/K?), it follows that under the event & (2),
Oa(Z) = O (n’p). Since 3, m is the dominant term in (88), there exists some
constant C' such that o )

88) < K2 < ——.

( )_n2/K2-p ~ n?p
By Lemma 43, |AOy| < 2na/K and |Ang| < 2na/K always hold. Since [log(z/y)| <
|z — y| /min{z,y} for z,y > 0, we have that

1
89) < O'K? | N
(89) < (nzp/K2 +n2/K2 ~ np’

for some constant C’. Hence, under the event & (€), we have that

II(Z|A) ,
log ———+ — Z,A) — 7' A))| <
éne%)i Z/Iél/(af)((Z) ©8 II(Z'A) (Qear(2,4) = Qum(Z', 4))| < erur,
for some positive sequence €1,y — 0. The absolute sign is due to the symmetry. |

Lemma 36 For a general K > 2, define By =E [Oab(2)] /1ab(Z), and we have

R, R
_ Z}/@él,ak al, ifa:a’,
‘Baa’ - Baa’ na(na - 1)
p-a Rai Ry
2 Pla R b Tk ifa#d
n.n_,
a’'“a

It follows that

2K am
< — (r—q).

|B = Bllos = max |Bu ~ Bu
a,be[K]
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Proof We split the proof of Lemma 36 into two cases and calculate the results based on
(44).

Case 1: a =b. It follows that

‘Eaa - Baa

T R, R
_ ‘(RBR( )aa 1)pn —p‘ / p—a) Zk# akflal 2my, - 2K amyg - 2Kam
nl(n!, —

ni(nl, —1) — nl n ~— n

p—q

where the first inequality holds trivially by analyzing the cases with m, = 0, m, = 1, and
mg > 2, respectively. The second inequality is by the definition of S,.

Case 2: a # b. In this case, we have

‘Bab — Bay _ (RPRT)ab /(p B q) _ Zk R, Ry . RyoRpg + Rpp Ry + magmy
pP—q ny - ny, ny-ny ny, -y,
- Ny, - My + Ny - Mg < Kam, + Kamy < Kam'
- AR - n - on
The result simply follows by combining two cases. |

Lemma 37 Let £,7 be any two positive sequences satisfying that v,& — 0 and &2nl — oo.
Denote Bay = Oup(Z)/nap(Z). Under the events E1(&) and & defined in (40), for any
Z € 84 with m < yn, we have

D

a<b

E 1_§a
AO, log (B b) (Angp, — AOab) log (1 —3 :)

Proof By Lemma 55, we have

S (E4+y)mnl. (90)

(90) < 3" |40 ~ BuyAiia| -
a<b

lo
gB

S il D (B

a<b

ab ab

(A) (B)

For any a,b € [K], we have

‘Aéab - Aﬁab ' Bab

< ’A@ab _E [Aéab] ) + ‘IEI [Aéa,,] — Ay, - Buy
=|Xw(Z) — Xap

< 1X(2) = X(Z2) oo + (

(Z)] + nap(2) léab ~ Bu

an

)" B - Bl

Thus, under the events & (€) and &, by Lemma 36, it follows that

m&})x AOy — Angy - Bap| < mn
a?

(p—q)
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Under the events & (&), by Lemma 28 and Lemma 36, we further have that for any Z € S,
IB = Blloo < ||B = Blloo + 1B = Bllow < (€ +7)(p — a),

and thus it follows that
(A) S (E+~y)mnl.

For the term (B), under the events &1 (&), since |Angy| = [nap (Z2) — nap(Z*)| < 2mn trivially
holds, by bounding the Kullback-Leibler divergence with x2-divergence, it follows that

1B - Bl%

(B) < K? max {|Aﬁab! -D (Bab Eab)} Smn - | < (E+7)*mnl.
p

a,be[K]

By combining (A) and (B), the result directly follows. [ ]

Lemma 38 Suppose p < q. Then, we have
Zna(Z)D (pHéaa> < Cnl,
a

for some constant C depending on «.

Proof Recall that n), = ny(Z). By Lemma 36, since By, < p for any a € [K], then we

have SRR
= k1 ftakLlal 2mg
- Baa = - <

a a

(p—q).

!/
a

We upper bound the Kullback-Leibler divergence by x2-divergence, and it follows that

za:na(Z)D (pHEaa,) Zn o 1?“{;

4ma(p — q)?
= Zn 1 —q)  (n,)?

< Cn[,

for some constant C' depending on «. [ |

Lemma 39 Suppose p,q — 0, p < q. For any z,y € [q,p], we have

(z—y)?

D >
(ally) = 5

Proof Suppose we fix z, and construct

x l—x (z—vy)
fly) =zlog—+ (1 —z)log — ,
(1) = wlog 4 (1 ) log — —
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and

where 1/y(1 —y) > 1/p always holds. Thus f(y) > f(x) = 0. |

Lemma 40 Let v — 0 be any positive sequence with y?>nl — oo. For m > ~n, we have
that

Z R, Ry D (Bleéab> > C(a, B, K)mnl,
abkl

for some constant C' depending on o, 5, K

Proof By Lemma 39, D (z|y) > %. Then, we have

> ReRyD (Bkl Héab>

a,b,k,l

> Z Z Ra RuD (Bk:l Héaa)
_2p ZZR p Baa + 7ZZRakRal ) ( Eaa)]2' (91)

a  k#l

The first inequality holds since we only keep the terms with b = a. The second inequality
is using Lemma 39. By Lemma 36, it follows that

~ Zk;ﬁl RakRal
p— Baa = m(p - q).

For simplicity, let

Ta:n(n _1 a—ZRakRah ZR?Lk:TG«_'_n:l_Ba'
Py %

Then we have that

(p—q)?
2p

_ ;pq)z > 75 (1T = B.)Ba 1, 52)

(91) = Z% ((To 4+ nly — Bo) B2 + Bo(Ty — B,)?)

(p - Q)2 Ba(Ta - Ba)
= 2p Z T, '

a
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Let z = Z,#a R2, . and thus 0 < z < mZ. Then, we can write

B, = 2R omq + mz —,
T, — B, =R%, +x—nl.

Since B, (T, — B,) is a quadratic function of = that is concave, it follows that

(p—q)?

(91) = 5

Z Ti min {2Rqqmq (Ria +m?2 — ny), (2Raamq +m H(R2, —n Al

a

Claim: there exists an o’ € [K] such that Ry > Cn and my > C’'m for some
constants C' and C’. This is because of the following argument. Since m = ), m,, there
must exist some a such that m, > m/K. Without loss of generality, suppose m; > m/K.

Then, there are two cases we need to consider next. Case 1: if Ry > 2/3%, then we take
. 2K -1
a =1. Case 2: if Ry1 < 267}(2’ since ny > KB’ it follows that Zl# i1 > (2K26)n. Then,
there must exists some a # 1 such that R, > % Without loss of generality,
2K—1
suppose Rgp > M > KLZ’ﬁ Then, we have mo > Ry > KL%) > Kﬂ%, and thus

Ros > Ro1 — Ri1 > ﬁ by the definition of discrepancy matrix R. Then, we take o’ = 2.
Hence, the claim always holds.
Based on the above claim, we have that

(p—q)? 1
2p Ta/
> mnl.

(91) >

a

min {ZRa/a/ma (Ri/a’ + mil — n;,) y (QRa/a/ma/ —+ mg/)(Ri/ ’ — n//)}

2

The proof is complete. u

Lemma 41 Recall that

=20 (- () - (5357):

where T(x) = xlogx + (1 — z)log(1 — ). For any positive sequences € =y — 0, § — 0 with
v?nl — oo and 6?ynl — oo, under the events £1(€) and E4(7,0) defined in (40), we have
that for any Z € S, with m > n,

A(Z) - AZY)] < ema,

for some positive sequence € — 0.

Proof Recall that for any a, b € [K], Bap(Z) = Oap(Z) J1ap(Z) and Byy(Z) = E [Oap(Z)] /1ap(Z).
Then, Buy(Z*) = By Note that 7/(z) = log 12, and 7"(z) = ﬁ By Taylor expansion,
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it follows that for any Z € S, and any a, b € [K], there exists some £4p(Z) € [Bay(Z), Bap(Z)]
such that

Xab(Z)2 . 1
2nab(Z) gab(Z)(l - fab(Z)) .

Err(Z)

AZ) =37 (Bul2)) - Xar(Z) + Y

a<b a<b

Similarly, since Eab(Z*) = Byp, we have {(Z27%) € [Eab(Z*), Bygp) such that

ZT Bu) o(Z*) + Err(Z7).

a<b
We write B (Z) = B for simplicity. Then, we have
|A(Z) — A(Z7))

= "7 (Ba)Xar(Z) + Y 7' (Bap) Xap(Z7) + Err(Z) — Err(Z7)

a<b a<b

ab - T Bap ‘ |Xab )’ + Z (Bab) (Xab(Z) - Xab(Z*)) + |ETT(Z) - ETT(Z*)‘>

a<b a<b

(&)
(A) (B)
and we proceed to bound each term.
Under the event &;(7), by Lemma 36, we have that for any Z € S,,
— By B — Bl
A< 3 fog 2L =Bz < WP =Pl () <
a<b ab(1 - Bab) p

Under the event &4(7, ), we have that for any Z € S, with m > yn,

(B) =

7'(0) Y (Xaa(2) = Xaa(Z)) + 7 (0) D (Xar(2) — Xab<Z*>>‘

a a<b

(7'(p) —7'(q)) - Z(Xaa(z) — Xaa(Z7))

a

p(1—q) *
< log 07 K[| X(Z) - X(Z")|oo

< Omnl,

where the second equality holds since ), . Oup(Z) = >, < Oap(Z7), and thus 0, o (Xap(Z)—
Xap(Z*)) = 0 always holds. Under the event &(7), we have that for any Z € S,,

Xap(2)? 1
nap(Z)  Eap(Z)(1 = €an(2))

(C) <2max |Err(Z)| < max
Z€Sq Z€Sa

Xz 1
SKﬂriﬂu,§¢ﬁl

hS
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Since m > n, it follows that under the events &1 () and £4(, #), there exists some sequence
€ — 0, such that for any Z € S, with m > yn,

|A(Z) — A(Z")] < emnl.

The proof is complete. [ ]

Lemma 42 Recall that B(Z) is defined in (35). We have

1S (1 B(2)| = min {BK SN 1,m} > min{ea sn,m},

for some constant c, 3.

Proof We split the proof of Lemma 42 into three cases.

Case 1. Suppose there are totally k' groups with size [n/K«| (reaching the small size
boundary), denoted as the set K', and |K'| = k. Then,

k'(%W = Z n, = Z Raa + Z Rap + Z Rap

aek’ aek’ a,beK’ ,atb ack’ bgK!
=2 |me= X Bu—) Ru|+ >, Rt ), Ru
aek’ bek\{a} bgK! a,bek’ a£b aeK’ bgK'
=2 =2, ) But ) Ra
aek’ ack! bgK! aCK' bgK!
n
/
Z k K7,8 - Z Raba
agK'’,bek!

and thus [B(Z) N Sal > 3 gk pexr Bab > k/KLﬁ R e

Case 2. Ifthereis at least one group with size |an/K | (reaching the large size boundary),
denoted as group a. It directly follows that

ma:n;_Raaanl—na>L7 - > — — — — 1.

- K K~ K K

Case 3. If B(Z) C Sy, then |S, NB(Z)| = |B(Z)| =m.
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Lemma 43 Suppose the current label assignment is Z, and Z' corrects the kth sample from
a misclassified group b to its true group b'. Then, for any a,a’ € [K]\ {b,b'}, we have

A0y, =Y Ay ({Zi=a,Z; =b} ~1{Z] = a,Z; =b}) = > _ AI{Zi =a},

AOqy =§:Ai]~ ({Zi=a,2z; =V} -1{Z =0a,Z,=V}) = _ZAikH{Zi:a},
AOp = iz‘lzj (I{Zi=2Z; =b} —1{Z{ = Z; = b}) = EAZ;C]I{lZZ’ =b},

1<j i
AOyy = Z]:Aij ({Zi=2; =V} -1{Z[=Z; =V}) == Aul{Z =V},

1<j i
AOyy = Z]:Aij (1{Zi=b,z; =V} -1{Z =b,Z; =V'}) = —AOyy — AOy,
AOQ,y = 0]

Lemma 44 Recall that B,y = E [Ouar (2)] /10w (Z) for any a,a’ € [K]. When K = 2, if
(n —2m)(n — 26m)/n — 0o, we have that

B — By — det(R)(R11 — Ri2)(p — q)
11 12 nn(n — Dna

(1 - 0(1))7
and by symmetry,

det(R)(Ra2 — R21)(p — q)

By — Boy =
22 21 n2(n2 — 1)n1

(1 —o0(1)).
Proof We use b to denote one group label, and use o’ to denote the other. By Lemma 36,

~ ~ > ke Ry R Ryr Ry
Byy — Byp = ( - k#l—(p - Q)) - (q + M(ﬁ - CD)

ny,(ny, — 1) ny, - My

_ det(R)(Ryy — Ryp)(p —q)  (RenRyy + Roy Ris) (P — q)
ny, (ny, — 1)nj, ny, (ny, — 1)nj, ’
where Ryy — Ryy, = ny, —m > n/23 —m. By Lemma 46, det(R) 2 n(n — 2m). Since
Ry, Ryy + Ry Ry < n?, under the condition that (n — 2m)(n — 28m)/n — oo, the second
term is negligible compared to the first term. |

Lemma 45 For any Z € S,, suppose Z' corrects one sample from a misclassified group b
to its true group V. Recall P(Z,Z") is defined in (71). Then, we have

P(Z,7")
K ~ ~
5 Bab’ 1-— Bab’
= - Ry | By log — + (1 - Blb’) log ~>
a;l ( Bab 1- Bab
- Ea / 1 — Ea . -
= — :;,(Zq) Z log M Z Rb/k(Rab/ — Rak) — Z (na(Z) — 5ab’)D (Bab’ Bab) ,
v(2) cry Ba(l = Bawy) \ iz ac[K]
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where éb/b/ = Ry —1, otherwise Eab = Ryp. Here, 0,y = 1 when a =V, otherwise o4y = 0.

Proof We write P(Z,Z') = 3_, . Pow(Z,2"). Since Z' updates one sample from a mis-
classified group b to its true group ¥, by Lemma 43, we have for a € [K]\ {b,V'},

Bay 1 — By
Pa,b(Z7 Z/) + Pa,b’(27 Z/) = — [AOab] log (Anab — [AOab]) log 71) s
Bab I Bab

where Ang, = ng(Z) = ne(Z’), and E[AOy| = ZZG[K} Ry Byy. Then, it follows that

By 1— By
Po(Z,2") + Py (2,2") = — | log =% 3" RuBy +log ——= 3" Ru(1— Buy)
Bap 1€[K) — Bap 1€[K)

Furthermore, we have

By 1 — By
Pyy(Z,2") + Pyy(2,2') + Poy(2,2') = —( [AOy)log == + (Any, — B [AOy])log — Bf’*’)
bb — Dbb

By By
—|E [AOb/b/] log ~bb + (Anb/b/ —E [AOb/b/]) log 7% s
b/b/ 1 Bb/b/

where Any, = ny(Z') = np(Z) — 1, Anyy = —ny (Z), E[AOw] = >, RuBw — By, and
E [AOb’b’] = Zl Rb’lBlb’- It follows that

P(),b(Z, Z’) + Py b’(Z Z/) + B b/(Z Z/)

a E(l /
= — Z log i Z Ry By + log 7b Z Ral(1 - Blb/) (92)
} B 1-B

ac{bb o

ab ab

1 - Bb/bl

By,
+ By log —=— + (1 — Byy) log
By, 1— By

Thus we have

/ i B 1- Eab’
P(Z,2)== Ra | By log “aY 4 (1— Byy)log ——=2 |,
a,l=1 Bab — Bap

where ﬁb/b/ = Ry — 1, otherwise Eaa/ = Ry . It leads to the first equality of Lemma 45.
By some calculations, it follows that

~ Bu | = 1 — By ~ e
Z Ral ( Blb’ — Bab’) 10g ?ab + (Bab’ — Blb’) log 1ﬂ]> + Z RalD (Bab’

a,le[K] ab — Bab ale[K]

Eab) )

where H7 can be written as
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By Lemma 36, we have for a # ¥/,
2 kelr) Rak Bk

> Ru(Bw - Bay) = > Ru(By —q- v (r—q)
l€[K] 1€[K] ay
> kerxl Rak Rk
= Ray(p—q) — Y Ra E[n] ~ (p—q)
l€[K] v
=7 | fav > Ryr— > RaByn
v ke[K] ke[K]
Z Ry (Rap — Rak) |
b’ k£

and for a = b, we have

R B 53 Zk K Rz’k - ng,
Z Rb/l(Blb/ — Bb’b’) = Z Rb’l (Blb’ —q— E[ ] 1)

/ !/
1€[K] 1€[K] ny (M —

Z 7 ZkG[K] Rl%/k — ny

= Ryy (p—aq)— vl ™
lE[K] iy (ny = 1)
pP—q 2 :
= né), (Rb/b/ — 1 nb/ — Rb’k + nb/

Z Ry (Ryy — Ryg)
b’ k£Y

Thus, the result follows by plugging the results into H;. |

Lemma 46 For K =2, when m < n/K/3, we have det(R) > n(n — 2m)/4a.

Proof Suppose ny = ni(Z*), ng = na(Z*), and m = d(Z, Z*). Then, we can write R as

R:<m—(7§—x) Tt >
2o (3 ea)
for some = € [-m/2,m/2]. Therefore,
det(R) = ning — %n —x(n1 —n2) = (n — na)ng — x(n — 2ng) — mn/2.

Without loss of generality, we assume B >np > 4§ >ng > % Then, we have the following

conditions that

n1+2x:n—n2+2x§E, ng—QxZE.
2 2
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MIXING TIME OF METROPOLIS-HASTINGS FOR BAYESIAN COMMUNITY DETECTION

Combine all these conditions, and it directly follows that

n 1 n?  mn
det(R)22<1—a>n2—l—4a—2

(55-3) )

T 2\28 2« I6;
(5(0-2) £
2\ 20 « 2a
n(n —2m)

- 4@ )

where the last inequality holds since m < % |

Lemma 47 When K = 2, for any Z € S, with d(Z,Z*) = m, denote £,, = 1 — 2m/n for
simplicity. If (n — 2m)(n — 2pm)/n — oo and (1 — 2m/n)3>nl — oo, then we have

e3nl

min —P(Z,7') >

2'€B(Z)NSa max {1 — 8+ 1/a,en} (1 —o(1)).

a2

[\

Proof Suppose Z' € B(Z) N S, is corrects one sample from a misclassified group b to its
true group b'. Decompose —P(Z,Z") = (A) + (B) by Lemma 45, where

pP—q Bay (1= Bab)
(A) = log _ = Rb/k(Rab/ - Rak)
nb/<Z> aez[[:q Bab(]- — Bab’) k;
b(p — Bu(1—B
Ty ae{bb'} Bab(1 - Bab’)

and

(B) = Y (na(2) = 8u)D (Buy

a€[K]

)

By Lemma 44, when a = ¥, under the condition that (n — 2m)(n — 28m)/n — oo, since
Ry — Ryp = ny —m > 0, we have

E!/l—é’ E//—El
10g <~bb(~bb)> (Rb/b/ — Rb’b) > M ' (Rb'b/ - Rb/b)
Byy(1 — Byy) By (1 = Byy)
det(R)(Ryy — Rys)*(p — q) 1
2(1_0(1)) / Y B n
g (nyy — 1)y, By (1 — Byy)
det(R)(Ryy — Ryp)*(p—q) 1
> (1—-o(1)) Tl 1! T
= 1m, b
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and a similar argument also applies to the case with a = b. Hence, it follows that

(4)

- Byp(p — @)* det(R) ((Ryy — Rys)” + (i — Loy )* (1—o(1))
= ! n2n! n2n!
b b b
Rynlp = o det(R) (n—2m)? |
nj, ny,mpn
8Ryy(p — g)° det(R)(n — 2m)?
an?

v

>

(1 - 0<1))7

where the second inequality holds by Cauchy-Schwarz inequality,

Ryy — Ryp)? Ry, — Ry )?
<( bbn/ ve) +( = 7 ) >'(”2/+n2)2(3b'b'Rb/b+RbbRbbf)2=(n2m)2-
b b

Third inequalities holds since nj,ny < (nj, + n})%/4 and nj < an/2. We proceed to lower
bound the term (B). By Lemma 39, we have D (z|y) > (z — y)?/2p, and

ny D (éb’b’ Eb’b) + nyD (ébb’ ’Ebb)
5 (P —q)? ((Ryy — Ryp)*  (Rpp — Ry )?
> det(R)* < e ) (1= o(1)
(r —q)? 2 (n — 2m)>
>~ det(R)"———+——(1 —0(1
>0 den(rp B o)
_ 1)2 2 — om)2

ndp

Upper bound Kullback-Leibler divergence by x?-divergence, and we have that D (Ebb/ ’Ebb> <

C1I for some constant C. Under the condition that (1 — 2m/n)3nl — oo, we have

8(p — g)*det(R)*(n — 2m)?
ndp

(B) = (1 —o(1)).

It directly follows that

~P(2,7') = (A) + (B) 2

8(p—q)%(n —2m)?det(R) [ Ry, det(R
0 q><n4p> t<><bb+ (1)

) (1 o(1)). (94)

(0% n

Note that
n n
— < Ryp + Ryy < Ryy + pn _ (m — Rys),
2 2

and thus
m  fBn n
iy > _— - — — .
Rbb_max{ 5 1 +404’ 0} (95)
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By Lemma 46, we have

_P(2.7) > (p— q;(:?); 2m)? [max{m_ pn na’O} L Qm} (L o(1))

(p—q)%*(n — 2m)3 n n—2m
— Zny max 5(1—5—&—1/@, (1 -o0(1)),
where (p — ¢)?/p > I, and thus the result follows. |

Lemma 48 Under the conditions of Lemma 47, for Z € S, with d(Z,Z') = m, we have
that

(n —2m)?det(R)I

!/
_P(ZaZ)Z n3

for any Z' € B(Z) N S,.
Proof By (94), (95) and Lemma 46, we have

n —2m)%det(R)I
n3

-P(Z,7") > ( max{l—f+1/a,1 —2m/n}.

Since m < n/24, then 1 — 2m/n — 0 only if 5 — 1, and thus 1 — 8 4+ 1/« is a constant.
Hence, the result follows. u

Lemma 49 For K = 2, we have

E[AO,uu] — Baw Anyy| < C(n —2m)(p —
pemax [AOu¢] — Baw Anyyy | < C(n —2m)(p — q)
for some constant C depending on «.

Proof Without loss of generality, suppose the current state is Z, and Z’ corrects one
sample from misclassified group 1 to true group 2. We write ny = n1(Z*), ny = no(Z*) for
simplicity. Then, we have

_(n1—s t _(n1—s t—1
RZ—( s ng—t>’ RZ,—< s ng—t—f—l)’
where t = Y [ I{Z; =1, ZF =2}, and s = > ;" | 1{Z; =2, ZF =1}. Thus, t +s = m.
By Lemma 43, we have
A0y — By1 Anyy = —m = $)(m = m)7

/

ny
~ —s(ng —m+1
AQO322 — By Angy = ( 2, ),
ng — 1

A0, — By Anyy = - ,

AOgy — BigAngy = —(m = 5)( ;
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and it directly follows that

max |E [Aoaa’] - Eaa’Anaa’ g (n - 2m) (p B Q)-
a,a’€{1,2}

Lemma 50 For any Z € Sy, write Rz(a,b) as Ry for simplicity. Then, we have

Z Rox Ry D (BleEab) S mnl.
abkl

Proof Since D (z|ly) < gfé:’; for any z,y € (0,1), we have

> RapRyD (BleEab) < ﬁ > RarRu(Bu — Bay)*
a,b,k,l q a,bk,l
1 -
= ——— Y RaxRu((Br — Bw) + (Bap — Bap))?
q(1—q) 4=,
2 -
———— > RexRy ((Bkl — Bap)? + (Bap — Bab)2)
91 —q) 4~
= (4) + (B),
where by Lemma 36,
2(p—q)* <2Kam)2
R Ry (B, < n < mnl,
1 g 3 - = (2

and
(A)S 1 ZZRale+ZZRkak S mnl,
—a) \45 kot atb k

since ), Zk# RokRa < >, na(Z)mq < mn, and a similar bound holds for Za# > i Rak Rk
By combining (A) and (B), the proof is complete. [ |

Lemma 51 Let v — 0 be any positive sequence. Under the events £1(€) and & defined in
(40), for any Z € S, with m < yn, we have

> ey D<

a<b

Oab(Z)> < C’mQI

Nap || Tab (Z)

for some constant C' only depending on K, 3, «
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Proof For any a,b € [K]|, we have

Oap Oab(Z) _ Xab(Z*) Xab(Z) 5y
Nab nab(Z) N Nab nab(Z) +Bab Bab
~ Xuw(Z* ab(Z) — ng X Z*) — X (Z
< |Bas — Bu| + ol )((”Z;’(‘ )~ na) +‘ ol )(Z) u2)
, Nab Nap Nab
(4) (B) (©)

By Lemma 36, we have

2Kam
(A) s ——rp-9=_—-q.
Under the event & (€), we have
en®(p —q) - 2mn m
B) < =eé—(p—
(B) < (n/Ka)t e (p—4q)

where € is the positive sequence that defines the event £;(£). Under the event &, we have
that

a+fB)mn(p—q)/K _m
(n/Ka)? a g(p—q).

(C)g(

Hence, it follows that

Oab . Oab(Z)‘ < @

Nab nab(Z) ~ n(p_q)a

for all Z € S, with m < ~n. Furthermore, under the event & (&), we have

Oab(Z)
nab(Z)

Xab(Z)
nab(Z)

- Bab

SE+P -9,

S’ ‘+‘§ab—3ab

and thus Oi(ZZ) 2 p. Hence, by D (z[ly) <

ab
nab( )
Z Nap - D <Oab

n
a<b ab

@=9)? for anv .1 € (0,1), we have that
y(1-y) vy T 7

ol ) s st () U2l

5.12 Proofs of technical lemmas

Lemma 52 P, ﬁ~a7"e the probability measures defined in set . Suppose there exists a subset
A C Q such that P(B) = P(BNA)/P(A) for any set B C Q. Then, we have

|P — Plltv < 2P(A°).
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Proof It is obvious that P(B) = P(BN A) + P(B N A€). Then,
P(BNA)—P(A)P(B) ‘

1P — Pty = max P(A)
__|P(BNA)P(A®) — P(A)P(B N A°)
- g P(A)
< 2P(A°)

Lemma 53 For any positive integers x and y, for any constant § > 0, we have

I'(z + B) 5 y+5

I'(y+5) y+5 z+f

Proof For any positive constants a and b, if b — a is a positive integer, then it is easy to
verify that

log

+ (B +2) |log

<zlogr —ylogy — (z —y) +

F(b) b—1
IOg@ = zz:logk: <blogb—aloga — (b—a),
(b 1 1 b
1%—lem%b—m%a—w—@— g p Tl )
((Z) a b a

b
> blogb—aloga — (b—a) — 2log —
a

a

Then, for any a,b > 1, if a — b is an integer, then we have

log II:EZ)) Saloga—blogb—(a—b)+2<log2>+
Now, let a = x + 8 and b = y + S. It follows that
I'(z+p)
I'(y + B)
<rlog(s + 5) = ylosly + ) ~ (x —) + Blox(x + ) ~ losly + /) +2 (lox L5
<zlogz —ylogy — (z —y) + (B +2) logiig'JrEm

where we write

Err = (zlog(x + 8) — ylog(y + B)) — (zlogz — ylogy)

=z log <$l_6> + ylog <y—iy-ﬁ>

Py
- y+g
62

y+ 5
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Hence, the result follows. u

Lemma 54 Suppose x ~ Bernoulli(q) and y ~ Bernoulli(p) with p,q — 0,p < q. Then, for
any constant C, we have that

max {IE: [eCt*(w—A*)} E [ect*(y—k*)}} e

for some constant C', and t*, \* are defined in (47).

Proof Since p,q — 0 and p < ¢, we have

1— —
<logZ <P 1 10g——9>0"95,
-p q-q I-p~ 1—¢q

Suppose C > 0, and then it follows that

log +— 4
O
57

E [exp (Ct*(x — A¥))] = exp(—Ct*\*) (gexp(Ct*) + 1 — q)
< exp(—Ct' N + qexp(Ct") — q)

_Cpy— C_
< exp [ 2 (P—q)+ C](p/QQ) U o)) T
(VP —va)
<exp(C'-1),
for some constant C’ depending on C. The other cases follow by a similar argument. B
Lemma 55 For any a,b € (0,1) and z,y € R, we have
a 1-a a(l —b)
log — —x)l <l|z—by|l- |l - D (b||a) .
log 4 (5~ a)log 1| <o~ byl og o= )|+ bl D
Proof It follows that
— 1—-a

xlog%—l—(y—x)log a :(x—by—i—by)log%—|—(y—by+by—m)log

1-5 1-b

— (o~ bp)log 11—~y D (B).

Thus, the result directly follows. |

Lemma 56 Suppose X ~ Bernoulli(q) and Y ~ Bernoulli(p) for any p,q € (0,1). Let

_ 1 (1-9)
t = 3 log Gy

and \ = % log i%[q). Then, for any two constants v, > 0, we have

E [et(Xf)\)FE [eft(Yf)\):|a — exp (_O‘;'Yf> 7

where I = —2log (\/quJr V(1 =p)(1- q))
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Proof It is easy to verify that

oa_1-p_pettl-p E[e]

€ 1—q qet+1—q  EleX] "

Hence,

B [et(xﬂ\)]”E [eft(yfx)r‘ —E [¢X]"E [ Y] c—Oo—0) _ | [et(XfY)] =R — exp (_OHL’YI> .
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Appendix A. Analysis of Heterogeneous SBM

In this appendix, we introduce heterogeneous SBM and present the results on the algorith-
mic complexity of the Metropolis-Hastings algorithm.

A.1 Main results

To begin with, let us first introduce the parameter space for the heterogeneous SBM, defined
as

O(n,K,p,q,83,C1,Ca) = {(B,Z*) 1 Z% 1 [n] — [K], BLK < ZI[{Z;‘ =k} < 6—[?, for all k € [K],
i=1
B = B" = (By) € [0,1]*F,

qg—Ci(p—q) < rggchab =g <p=minBa, <p+Ca(p—q)}.

The quantity [ is defined in the same way as before,
1= 210 (Vg + (1L -p)(1—a)).

Lemma 57 (Posterior strong consistency for heterogeneous SBM) For anyn = o(1),
define
i(Z]4) o« W(Z| AL {0(Z, Z%) < n}

Suppose that liminf,, - % > 1, and a — B is a positive constant. Then, we have that

~

E[Ti(Z e r(z*)yA)} >1 - nexp(—(1 - o(1))7l).
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Lemma 57 characterizes the posterior strong consistency in a constraint set under the op-
timal condition. Though it is not the exact posterior distribution, we will show that the
Metropolis-Hastings algorithm will converge to ﬁ(|A) in polynomial time from any initial
Zy that is is weakly consistent.

We first present a lemma that shows all label assignments sampled from the algorithm
remain in a good region with high probability.

Lemma 58 (Stay in small mistake region) Suppose we start at a fized initializer Z
with 0(Zy, Z*) < ~o where v = o(1). Then, the number of misclassified nodes in any
polynomial running time can be upper bounded by

m=n-4(Z,Z") < nmax {'yg,n*T} + log?n, (96)
with probability at least 1 — exp(— log? n), where T > 0 is a sufficiently small constant.

Before stating the main result, let us introduce the following notations. First, by Lemma
58, we define a good region in the clustering space as

é(%) = {F(Z) :U(Z, Zp) < max {'yo,n_T} + log? n/n} ,

and thus the clustering structure I'(Z) generated by the algorithm stays inside G(vo) for
any polynomial running time with high probability. Recall that the distribution ﬁ(F|A) x
> ser H8(Z|A), and let us define distribution constrained in the set G(v0) that TI,(T|A) o
II(I|A)I {F € \g/('m)}. Here, IT,(T'|A) serves as our target distribution. The computa-

tional complexity is measured through e-mixing time converging to the target distribution
IT,(T'|A). To be specific, let Ty = I'(Zp) be the initial state of the Markov chain, and the
total variation distance to the target distribution after ¢ distributions is defined by
ot - 1 t -
Az(t) = |PCo) ~T¢la)| =5 > |PTo0) —T,ma).
re{l(2):ZeSa}
Therefore the e-mixing time of Algorithm 1 is defined by
7(Zo) =min {t e N: Ay (t') < e forall ¢ >1t}.

Now we are ready to present the main result.

Theorem 59 (Rapidly mixing for heterogeneous SBM) Suppose limsup,,_,. logn/nl =

1—¢€o. If vo = 0o(1) and & > 12;?. Then, the e-mixing time of the Metropolis-Hastings al-

gorithm (Algorithm 1) for heterogeneous network is upper bounded by

7=(Zo) S n® max {yo,n" 7} - (én’Ino +log(e ™)),

for some sufficiently small constant T with high probability.

By Lemma 57 and Theorem 59, we directly have the following corollary.

Corollary 60 Under the condition of Theorem 59, for any iteration number T such that
T > Cn%(nI +1og(1/e)) for some constant C, the output Zr of the Algorithm 1 satisfies
that Zp € T'(Z*) with high probability, or equivalently, {(Zp, Z*) = 0.
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A.2 Proof of Theorem 59

First of all, we are able to define all basic events as in (40) using different constants, and
all events still hold with high probability. The reason is that in the proofs of Lemmas 27,
29, 30, 31, 32, and 33, we can apply Bernstein inequality bound, and the variance of each
A;; is still bounded by the order p by the definition of heterogeneous SBM.

Recall that B, is the connectivity probability between community ¢ and community
b for all a,b € [K]. Let IIp denote the posterior distribution with known connectivity
probabilities. Then we have

logIIy(Z|A) =Y Ous(Z )log - + nap(Z) log(1 — Byy) + Const, for Z € Sy, (97)

B
a<b ab

where Ogup(Z), nap(Z) are defined in (5) in the paper. Under the assumption of Theorem
59, the initial misclassification error rate is v9 = o(1), and by Lemma 15, it suffices to prove

the result constrained in small mistake region G (70). Hence, we can construct canonical

paths within é(’yo) following the same protocol in Section 5.2.4, and the following lemma
provides an upper bound for posterior ratios along the canonical path.

Lemma 61 Define G(y) = {Z : m < nmax{yg,n "} + log?n}. Suppose vo = o(1), and
&> 12_520. Then, we have

11¢(Z|A)
— = < —Cnl
Zglgz%)w(o)Z/rgér(lZ (2" A) — exp(=Cnl),

for some constant C > 1 — gy with probability at least 1 — C1n~C2, where B(Z) is defined in
(35).

Proof We mainly follow the proof of Lemma 17. It is easy to check that Lemma 35 still

holds, and thus rr[I; ((ZZ,‘Q)) can still be bounded through the difference between likelihood
modularity. Then, based on Lemma 64, the same argument in the proof of Lemma 17

from (60) to 69 still follows, and it suffices to upper bound E exp (% ZZ’GB(Z) log %) ,

where Il is defined in (97). Lemma 63 directly gives the result.

Lemma 61 replicates the result of Lemma 17. Thus, following the same argument in
Section 5.2.4, for the constructed canonical paths ensemble T, we have that p(7) < n, and
the length of the longest path ¢(7) < nmax {vy,n "} for some sufficiently small constant
7. At last, combined with canonical path technique in Section 5.2.4 and coupling technique
in Section 5.2.5, we have that

7e(Z0) S n®max {70,777} - (§logTI(Z|A) ™" +log(e ™)),

for some sufficiently small constant 7. Finally, by Lemma 65, we have logII(Zy|A) >
—Cn?Iy for some constant C, and it follows that

7e(Zo) S n®max {y0,n "} - (n*Iyo +log(e™)) .
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A.3 Proofs of Lemma 57 and Lemma 58

Proof [Proof of Lemma 57] It is easy to check that Lemma 34 still holds, and thus log %

can be uniformly upper bounded by Qra(Z,A) — Qrym(Z*, A) + Cprys for some constant
Cry and all Z with m < n, where Qras(+, A) is the likelihood modularity. Based on
Lemma 64, the same arguments in the proof of Lemma 13 from (45) to (48) still follows,
and we have

II(Z|A) 1o(Z]A) _
P 1 -1 — I < —(1—=o())nl).
{ZGST:?%W og T(Z*[4) og Mo (Z*[A) Cymnl >0y <nexp(—(1—o(1))nl)
for some constant C, which is the second claim in Lemma 13. By Lemma 62, the proof is
complete following the same argument for the small mistake region in the proof of Theorem
1. |

Proof [Proof of Lemma 58] The lemma replicate the result of Lemma 15 in the paper, and
the only difference is the proof of Lemma 24. By using the same argument in the proof
of Lemma 63 from (99) to (103), we can see that Lemma 24 still holds. Then, it follows
that Lemma 19 also holds and leads to the final result, which can be proved using the same
arguments in Section 5.8 and Section 15 in the paper. |

A.4 Proofs of other lemmas

In this section, for any a,b € [0, 1], we write I(a,b) = —2log(vab + /(1 —a)(1 — b)) for

simplicity, which is the Rényi divergence of order 1/2 between Bernoulli(a) and Bernoulli(b).

Lemma 62 For any o > B > 1, let Z € S, be an arbitrary assignment satisfying that
d(Z,Z*) = m with 0 < m < n. Then, for the Io(Z|A) defined in (97), when m < yn for
any v = o(1), we have

o(Z]A)

PAo(Z14) > IO(Z7|A)} < B |\ [ o7y

<exp (—(1 —o(1))(nm — m2)I) .

Proof For simplicity, we write

N AI{Zi=a,Z;=0b,2 =¢,Z; =d}, a=b, c=d
O(a,b,c,d) = <

Y AI{Zi=a,Z;=b,2; =¢,Z; =d}, o,

\ ]

fZ]I{Zi:a,Zj:b,Zi*:c,Z;:d}, a=0b, c=d
n(a,b,c,d) = <

N I{Zi=a,2,=b2 =c,Z; =d}, ow.

ij
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Hence, O(a, b, ¢,d) is summation of n(a,b, ¢, d) many Bernoulli(B,4) random variables. By
(97), it follows that

o(Z|A)
o(Z*|A)

1-B 1-B
ab cd) _ n(a,b,c,d)log T B;Z,

B
log = > O(a, b, c,d)log

Bea(1 — Bap) 98
(a,b,c,d)EE «a(1 — Bgp) (98)

where £ contains all 6 cases of situations: {a =b,c < d}, {a =b,c=d # a}, {a < b,c=d},
{a<bec<d,c=a,d#b},{a<bec<dc#a,d=>b},{a<bc<dc+#a,d+#0b}. Allterms
are independent with each other. By Lemma 66, we have

( Z(a,b,c,d)eg I(Babv Bcd))
=exp | — 5 :

o(Z|A)

E
Mo (Z*|A)

We have I(Byp, Beq) > 0 for all (a,b, ¢,d) € £, and in case of {a = b,c < d} and {a < b, c = d},
we have I(Bgp, Beq) > 1(p,q) := I by definition of heterogeneous network. Then, we have

< ZGE[K],C<d TL((I, a,c, d) + Za<b7ce[K] n(a’? b’ c, C) )
<exp|— I].
2
By Lemma 5.3 in Zhang et al. (2016), we have that
min Z n(a,a,c,d), Z n(a,b,c,c) p > (1 —o(1))(am —m?).

a€[K],c<d a<b,ce[K]

By Markov inequality, we have

o(Z]A)

P{Ilo(2]4) > (2| 4)} < E |y [ 2y

< exp (—(1—o(1))(am —m?)I).

Lemma 63 Suppose o = o(1). Then, for any v — 0, we have

Eexp % Z logw <exp(—(1— 0O (y))mnl).
7'€B(2)

Proof Suppose the current state is Z, and we move one misclassified node from community
a to its true community b to get Z’. Then we have

HU(Z‘A) Bkk(l — Bab) 1— By
log ———*% = AQO;log —————~ — Any lo ,
S To(2']4) ke%:b} FOE Bu(l—Bw) T T By
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where
Rap—1 Raa Ry,
AOy, = Oaa(Z) - aa Z/ Z Yib + me Z ink7
i=1 k¢{a,b} i=1
Ry, Ry,
A0y = Op(Z) — Ow(Z Zyzb =)
k#b i=1

where {@ix };51 , {Zir };>; are iid draws from Bernoulli (Byy) for any k # b, and {y; },~1 {Ui}i>;

are iid draws from Bernoulli (By). For simplicity, write ¢(p,q) = 1 5 log E g and A(p,q) =
% log L;g for any p,q € (0,1). Hence, we have

o(Z]A) —#(Baa,Bay)MBaa,B Baa,B Anaa
E :|: (Baa,Bab)A(Baa,Bab) <B t(Baa,Bab) 1—-B >:| 99
Ho(Z/’A) € ab€ + ab ( )
A

> [et(Bbb,Bab)A(Bbb,Bab) (Bbbe_t(BbbvBab) +1-— Bbb)] o (100)
Rap—1 R,
" Bbbet(BamBab) + 1— Bbb b y H Bbket(BamBab) + 1— Bbk k

B bet(BaavBab) + 1 — B b B bet(BaavBab) —|— 1 — B b

@ “ ke{aby N0 ¢
(101)
Byre tBw.Bar) 11— B, Fook
X H = . (102)
k2b Bbbeit( bb> ab) —+ 1— Bbb

By Lemma 66, it follows that

—ng(Z) —1
2

_nb(Z)I(Bbb, Bab)) :

(99) = exp (—AngoI(Baa, Bay)/2) = exp ( I(Baa, Bab)> ,

(100) = exp (— Ang I (Bup, Buy)/2) = exp <

By Lemma 68, we have
(101) < exp (O (1) ma(Z)I(Baa, Bap)) » (102) < exp (O (1) mp(Z)I(Bpp, Bap)) -

Define I = I(p,q). All combined together, by I(Bgyq, Bap) > I, (B, Bap) > I, and we have

o (Z]A)

EW oz

< exp(=(1 = O (y))nl).

Now we consider the summation over Z' € B(Z). In the summation, it is easy to see
that in x4, Uiy, Tix for k ¢ {a,b} are independent with all others in the summation over
7' € B(Z), and y;p, Tia, Tk, for k & {a,b} appear twice in the summation. Since there are
at most ( ) pairs, by Corollary 70, we directly have
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Lemma 64 For any label assignment Z such that m = o(n), define By, = E [Ogy(Z)] /nap(Z),
and we have

IB — Bllo = max ’Eab—Bab

<Cﬂ( —q)
a,be[K] on P4

for some constant C'.

Proof Recall that n,(Z) = ), Rak, and mq = nq(Z) — Ree. When a = b, it follows that

B ’Zkl Roi(Bri — Baa)Rat — > f Rak(Brk — Baa)

B na(Z)(na(Z) — 1)

(g Ran Rt — R3,) — (35, Rak — Raa)
na(Z)(na(Z) — 1)

Raama +mg(Raq — 1) +m2

na(Z)(na(Z) — 1)

’EQ - Baa

S(—q

=@—@‘

sw-m%ﬂp—@

E.
The first inequality holds since max, Baq — mingp Bepy S (p — ¢). By similar argument, we
can get the result for the case a # b. |

Lemma 65 Suppose vy = o(1), we have
log IT(Zp|A) > —Cn*I, (104)
with probability at least 1 — Cyn~C2, where v = €(Zy, Z*).

Proof We begin with the case where connectivity probabilities are known. By (98), we
have that

IIH(Z]A) 1 IIy(Z]A) ,
P{IOgHO(Z*A) < —Cmnl P 2lOgH0(Z*]A) > C'mnl

<E [exp <—; log Tmn - exp(—C'mnl).

By Lemma 67 and by (98), we have

| no<er>)]
Elexp| —zlog=————5 || <exp | C n(a,b,c,d)l | = exp(Cnmli),
o (5108 gy )| < e 3 nabadl ) =ew(Cum
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for some constant C', where & is defined in (98). It follows that

HO(Z’A) !
< <
P{l g 0( *’ ) Cmnl exp( C’mn[),

for some constants C, C".
When connectivity probabilities are unknown, following the same argument in the proof
of Lemma 7 (Section 5.9.2), the final result follows. [ |

A.5 Proofs of Auxiliary Lemmas

Lemma 66 For any p,q € (0,1), suppose X ~ Bernoulli(q), and let t = %log 2’8:3, and

A= 2 log L;g. Then, we have

where I = —2log (\/]Tqu V(1 =p)(1- q))
Proof
E [et(x_’\)] =e Mgl +1—¢q)

1—1)( p(1—q)

1—g¢q

Lemma 67 For any p,q € (0,1) such that p,q — 0, suppose X ~ Bernoulli(q), and let

t— %log 58:1‘37 and \ = 2% log %g. Then, we have

E [e_t(X_)‘)} < exp (CI)

for some constant C, where I = —2log (\/gTq—i— v1=p)(1 - q))

Proof Suppose Y ~ Bernoulli(p), and then by Lemma 66, E [e‘t(y_’\)] = exp(—%). By
Lemma 68, we further have

E [eft(Xf/\)

m < exp(O (1)).

Hence, the result follows. |
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Lemma 68 For any p,q,w € (0,1), suppose p,q — 0,p < q, and ¢ — Ci|p—q| < w <
( —4) Then, we have

q(1-p)"

p+ Cy |p — q| for some constants C1,Cy. Lett =1 log

t _
we 1w (@)1,

gel +1—¢q
where I = —2log (\/qu—F \/m)
Proof We have
(=)
p

/p(1—q) (p—q)/a(1 —p)
1“ —p) ‘ 1+ /p(1—q)/q(1 - = C

It follows that

N2

(b —q) ) < exp(CT),
b

t _ — t_
we' 4+ 1 w:1+(w q)(e 1)§1+(9
get +1—g¢q glet —1)+1

for some constant C.

Lemma 69 For any p,q € (0,1), suppose p > q, p,q — 0,p < q. Let L =q— C1|p —q|
Let t; = 1log pi(l=q1)

and U = p+ Cy|p —q| for simplicity for any constants Ci,Cs aip)
for any p1,p2 € [p,U], and q1,q2 € [L,q]. For any w,s € [L,U], we have

(1
_ 1 log Pz( _g; ;
whsptitts 4 1 whs
. : < exp(O (1) 1),

(welt +1 —w)(set2 + 1 — s)

where I = —2log (\/]Tq—i- V(1 =p)(1-— q))

Proof By the similar argument in the proof of Lemma 68, we have
e 1 v [ 1 g 24
p

We have
(wgsg””+1—

w;—s) — (we't +1 —w)(se'2 +1—s)
b 1) —s(1 —w)(e2 —1)

_whs—zws 82_ 2ws(6t1+t2 - 1) —w(l-s)(e
:w(l — w)z—i— s(1—s) (et — 1)(e' — 1) + s(1—s) —2w(1 —w) (eh — 1)+ w(l — w)2— s(1—s) (e — 1)
5@—@%
p
|

The result directly follows.
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Corollary 70 Under the condition of Lemma 69, for any w,s,v € [L,U], we have

veltt 41—
(wetr +1 —w)(set2 +1 — s)

< exp(O(1)).

Proof We have

,Uet1+t1 + 1— v U€t1+tl + 1— v ’LUT‘f’Setl‘f'tZ + 1 _ U)TH

(weht +1 —w)(sefz +1—s)  Whsehitts 4] whs C(wett +1—w)(se2 +1—s)’

and the result directly follows by Lemma 68 and Lemma 69. |
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