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Abstract

We address the problem of learning the parameters of a stable linear time invariant (LTT)
system with unknown latent space dimension, or order, from a single time—series of noisy
input-output data. We focus on learning the best lower order approximation allowed by finite
data. Motivated by subspace algorithms in systems theory, where the doubly infinite system
Hankel matrix captures both order and good lower order approximations, we construct a
Hankel-like matrix from noisy finite data using ordinary least squares. This circumvents the
non-convexities that arise in system identification, and allows accurate estimation of the
underlying LTI system. Our results rely on careful analysis of self-normalized martingale
difference terms that helps bound identification error up to logarithmic factors of the lower
bound. We provide a data-dependent scheme for order selection and find an accurate
realization of system parameters, corresponding to that order, by an approach that is closely
related to the Ho-Kalman subspace algorithm. We demonstrate that the proposed model
order selection procedure is not overly conservative, i.e., for the given data length it is
not possible to estimate higher order models or find higher order approximations with
reasonable accuracy.

Keywords: Linear Dynamical Systems, System Identification, Non—parametric statistics,
control theory, Statistical Learning theory

1. Introduction

Finite-time system identification—the problem of estimating the system parameters given
a finite single time series of its output—is an important problem in the context of control
theory, time series analysis, robotics, and economics, among many others. In this work,
we focus on parameter estimation and model approximation of linear time invariant (LTT)
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systems or linear dynamical system (LDS), which are described by

Xip1 = AXy + BU; + 141
Y;f = CXt + wy. (1)

Here C € RP*" /A € R™" B € R™™; {m,w;}32, are process and output noise, Uy is an
external control input, X; is the latent state variable and Y; is the observed output. The
goal here is parameter estimation, i.e., learning (C, A, B) from a single finite time series of
{Y;, Ut}tT:1 when the order, n, is unknown. Since typically p, m < n, it becomes challenging
to find suitable parametrizations of LTI systems for provably efficient learning. When
{X;}32, are observed (or, C' is known to be the identity matrix), identification of (C, A, B)
in Eq. (1) is significantly easier, and ordinary least squares (OLS) is a statistically optimal
estimator. It is, in general, unclear how (or if) OLS can be employed in the case when X;’s
are not observed.

To motivate the study of a lower-order approximation of a high-order system, consider
the following example:

Example 1 Consider M, = (A1, B1,Ch) with

0O 100 ... 0 0
0O 01 0 ... 0 0
Ar=| 1 : By =|: Cy =BY (2)
0O 0 00 1 0
—-a 0 0 0 ... 1
L 4 nxn L"d nx1

where na < 1 and n > 20. Here the order of My is n. However, it can be approzimated well
by My which is of a much lower order and given by

0 0 0
Ay = L 0] By = M Cy=DB,. (3)
For the same input Uy, if Yt(l), Yt(2) be the output generated by My and My respectively then
a simple computation shows that

0 e (2)y2

(Y, =v") 2 2

sup — - <dnfa K1
Py o

This suggests that the actual value of n is not important; rather there exists an effective

order, v (which is 2 in this case). This lower order model captures “most” of the LTI system.

Since the true model order is not known in many cases, we emphasize a nonparametric
approach to identification: one which adaptively selects the best model order for the given
data and approximates the underlying LTI system better as 7' (length of data) grows. The
key to this approach will be designing an estimator M from which we obtain a realization
(C, A, B) of the selected order.
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1.1 Related Work

Linear time invariant systems are an extensively studied class of models in control and
systems theory. These models are used in feedback control systems (for example in planetary
soft landing systems for rockets (Acikmesge et al., 2013)) and as linear approximations
to many non-linear systems that nevertheless work well in practice. In the absence of
process and output noise, subspace-based system identification methods are known to learn
(C, A, B) (up to similarity transformation)(Ljung, 1987; Van Overschee and De Moor, 2012).
These typically involve constructing a Hankel matrix from the input—output pairs and
then obtaining system parameters by a singular value decomposition. Such methods are
inspired by the celebrated Ho-Kalman realization algorithm (Ho and Kalman, 1966). The
correctness of these methods is predicated on the knowledge of n or presence of infinite data.
Other approaches include rank minimization-based methods for system identification (Fazel
et al., 2013; Grussler et al., 2018), further relaxing the rank constraint to a suitable convex
formulation. However, there is a lack of statistical guarantees for these algorithms, and it is
unclear how much data is required to obtain accurate estimates of system parameters from
finite noisy data. Empirical methods such as the EM algorithm (Dempster et al., 1977) are
also used in practice; however, these suffer from non-convexity in problem formulation and
can get trapped in local minima. Learning simpler approximations to complex models in the
presence of finite noisy data was studied in Venkatesh and Dahleh (2001) where identification
error is decomposed into error due to approximation and error due to noise; however the
analysis assumes the knowledge of a “good” parametrization and does not provide statistical
guarantees for learning the system parameters of such an approximation.

More recently, there has been a resurgence in the study of statistical identification of
LTI systems from a single time series in the machine learning community. In cases when
C =1, i.e., X; is observed directly, sharp finite time error bounds for identification of A, B
from a single time series are provided in Faradonbeh et al. (2017); Simchowitz et al. (2018);
Sarkar and Rakhlin (2018). The approach to finding A, B is based on a standard ordinary
least squares (OLS) given by

T
A B) = i X1 — [A, B][X,, U735
( ’ ) arg%%;” t+1 [ ) H t o t] HQ

Another closely related area is that of online prediction in time series Hazan et al. (2018);
Agarwal et al. (2018). Finite time regret guarantees for prediction in linear time series
are provided in Hazan et al. (2018). The approach there circumvents the need for system
identification and instead uses a filtering technique that convolves the time series with
eigenvectors of a specific Hankel matrix.

Closest to our work is that of Oymak and Ozay (2018). Their algorithm, which takes
inspiration from the Kalman—Ho algorithm, assumes the knowledge of model order n. This
limits the applicability of the algorithm in two ways: first, it is unclear how the techniques
can be extended to the case when n is unknown—as is usually the case—and, second,
in many cases n is very large and a much lower order LTI system can be a very good
approximation of the original system. In such cases, constructing the order n estimate
might be unnecessarily conservative (See Example 1). Consequently, the error bounds do
not reflect accurate dependence on the system parameters.
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When n is unknown, it is unclear when a singular value decomposition should be
performed to obtain the parameter estimates via Ho-Kalman algorithm. This leads to the
question of model order selection from data. For subspace based methods, such problems have
been addressed in Shibata (1976) and Bauer (2001). These papers address the question of
estimating order in the context of subspace methods. Specifically, order estimation is achieved
by analyzing the information contained in the estimated singular values and/or estimated
innovation variance. Furthermore, they provide guarantees for asymptotic consistency of
the methods described. It is unclear, however, if these techniques and guarantees can be
extended to the case when only finite data is available. Another line of literature studied
in Ljung et al. (2015) for example, approaches the identification of systems with unknown
order by first learning the largest possible model that fits the data and then performing
model reduction to obtain the final system. Although one can show that asymptotically this
method outputs the true model, we show that such a two step procedure may underperform
in a finite time setting. A possible explanation for this could be that learning the largest
possible model with finite data over-fits on the exogenous noise and therefore gives poor
model estimates. The key difference from prior work is that we provide a direct approach to
model selection, instead of learning the largest possible model from data and subsequent
model truncation, and provide finite time guarantees.

Other related work on identifying finite impulse response approximations include Gold-
enshluger (1998); Tu et al. (2017); but they do not discuss parameter estimation or reduced
order modeling. Several authors Campi and Weyer (2002); Shah et al. (2012); Hardt et al.
(2016) and references therein have studied the problem of system identification in different
contexts. However, they fail to capture the correct dependence of system parameters on
error rates. More importantly, they suffer from the same limitation as Oymak and Ozay
(2018) that they require the knowledge of n.

2. Mathematical Preliminaries

Throughout the paper, we will refer to an LTI system with dynamics as Eq. (1) by M =
(C, A, B). For a matrix A, let 0;(A) be the i'" singular value of A with o;(A) > 0;41(A).
Further, opmax(A) = 01(A) = 0(A). Similarly, we define p;(A) = |A\i(A)|, where \;(A) is an
eigenvalue of A with p;(A) > pi+1(A). Again, pmax(A4) = p1(A) = p(A).

Definition 1 A matriz A is Schur stable if pmax(A4) < 1.

We will only be interested in the class of LTI systems that are Schur stable. Fix v > 0
(and possibly much greater than 1). The model class M, of LTI systems parametrized by
r € Z4 is defined as

M, ={(C,A,B) | C € RP*" A € R™", B € R™™ p(A) < 1,0(A) < ~}. (4)
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Definition 2 The (k,p,q)-dimensional Hankel matriz for M = (C, A, B) as

CA*B CA*1B ... (CATtk-1B

CAFIB  cAk+2p . CAItkB
Hipg(M) = . . . .

CAPtk—1pB ... CAprtatk—2p

and its associated Toeplitz matriz as

0 0 0 0

CAkB 0 0 0

Tiea(M) = : : 0
CAk=3p . CAkB 0 0

|CAdTh=2p  CcAdtk=3p .. CAFB 0

We will slightly abuse notation by referring to Hy, , (M) = My, p g Similarly for the Toeplitz
matrices Tg q(M) = Tr,q. The matrix Ho oo,00(M) is known as the system Hankel matriz
corresponding to M, and its rank is known as the model order (or simply order) of M.
The system Hankel matrix has two well-known properties that make it useful for system
identification. First, the rank of Hgco,oc has an upper bound n. Second, it maps the
“past” inputs to “future” outputs. These properties are discussed in detail in appendix
as Section 9.2. For infinite matrices Ho 00,00, ||H0,00,00| |22 [|Ho.00.00l|ops i-€., the operator
norm.

Definition 3 The transfer function of M = (C, A, B) is given by G(z) = C(zI — A)~'B
where z € C.

The transfer function plays a critical role in control theory as it relates the input to the
output. Succinctly, the transfer function of an LTI system is the Z—transform of the output
in response to a unit impulse input. Since for any invertible S the LTI systems M; =
(CS™Y,SAS~Y SB), My = (C, A, B) have identical transfer functions, identification may not
be unique, but equivalent up to a transformation S, i.e., (C, 4, B) = (CS,S™1AS,S™1B).
Next, we define a system norm that will be important from the perspective of model
identification and approximation.

Definition 4 The Hoo—system norm of a Schur stable LTI system M is given by

|| M|[oo= sup omax (G(e’*)).
w€eR

Here, G(-) is the transfer function of M. The r—truncation of the transfer function is defined
as

G,:=[CB,CAB,...,CA™'B]. (5)
For a stable LTI system M we have
Proposition 2.1 (Lemma 2.2 Glover (1987)) Let M be a LTI system then

(|M||r= 01 < ||M||oo< 2(01 + ... + 77)

where o; are the singular values of Ho, co,00(M).
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For any matrix Z, define Z,,., . as the submatrix including row m to n and column p to gq.
Further, Z,,.,, . is the submatrix including row m to n and all columns and a similar notion
exists for Z. p.,. Finally, we define balanced truncated models which will play an important
role in our algorithm.

Definition 5 (Kung and Lin (1981)) Let Ho o o0o(M) = ULV where ¥ € R™™ (n is
the model order). Then for any r < n, the r—order balanced truncated model parameters are
given by

Cr = [USY 11, Ar = ST UL IUSY i1, Br = Y2V 1

Lor 1
For r > n, the r—order balanced truncated model parameters are the n—order truncated model

parameters.

Definition 6 We say a random vector v € R? is subgaussian with variance proxy 72 if

sup_sup {p~/? (E[|(v,0)")) """} = 7
[16]]2=1 p=1

and E[v] = 0. We denote this by v ~ subg(7?).

A fundamental result in model reduction from systems theory is the following

Theorem 2.1 (Theorem 21.26 Zhou et al. (1996)) Let M = (C, A, B) be the true
model of order n and M, = (Cy, Ay, By) be its balance truncated model of order r < n.
Assume that o, # o,41. Then

HM - MTHOOS 2(0r+1 + o2+ ...+ Un)
where o; are the Hankel singular values of M .

Critical to obtaining refined error rates, will be a result from the theory of self-normalized
martingales, an application of the pseudo-maximization technique in (Pena et al., 2008,
Theorem 14.7):

Theorem 2.2 Let {F;}22, be a filtration. Let {n; € R™, X; € R¥}22, be stochastic processes
such that ny, Xy are F; measurable and n is Fy_1-conditionally subg(Lz) for some L > 0.
For any t >0, define Vi = >\ Xs X1, 8y = St ns+1Xs. Then for any § >0,V = 0 and
all t > 0 we have with probability at least 1 — &

1
STV +V)™ts, <4L? <10g5 +1OgM +m>.

det(V)
The proof of this result can be found as Theorem 8.5.

We denote by ¢ universal constants which can change from line to line. For numbers a, b,
we define a A b £ min (a,b) and a V b £ max (a, b).

Finally, for two matrices M; € Rl My € R2X2 with I} < Iy, My — My £ My — My

where M, = My Onixta—ty
0[2711 ><l1 0l27ll Xlg*ll
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Proposition 2.2 (System Reduction) Let ||S — P||< € and the singular values of S be
arranged as follows:

01(S) > ... >0,-1(5) > 0,(5) > 0741(5) > ... > 04(S) > 0541(S) > ...0n(S) > 0p41(S) =0

Furthermore, let € be such that

: 0i(P) — ois1(P)
< .
€= {1§i§r71]{lul§s+1gign} < 2 ) (6)

Define Ko =[1,2,...,r—1]U[s+ 1,s+2,...,n|, then

r—1 2
US ES 1/2_UP EP 1/2 <9 ;€
VR (%) " = Uk (%5) Pl 24 D s e

2
Og€ =
+2 + sup |\/o; — /5
\/((UT—l —05) 2 Ve d

Aoy —0s41))?  1<i<s
and o; = 04(5),6; = o;(P).

The proof is provided in Proposition 12.4 in the appendix. This is an extension of Wedin’s
result that allows us to scale the recovery error of the " singular vector by only condition
number of that singular vector. This is useful to represent the error of identifying a r-order
approximation as a function of the r*"-singular value only.

We briefly summarize our contributions below.

3. Contributions

In this paper we provide a purely data-driven approach to system identification from a single
time—series of finite noisy data. Drawing from tools in systems theory and the theory of
self-normalized martingales, we offer a nearly optimal OLS-based algorithm to learn the
system parameters. We summarize our contributions below:

e The central theme of our approach is to estimate the infinite system Hankel matrix (to
be defined below) with increasing accuracy as the length T of data grows. By utilizing
a specific reformulation of the input—output relation in Eq. (1) we reduce the problem
of Hankel matrix identification to that of regression between appropriately transformed
versions of output and input. The OLS solution is a matrix H of size d. More precisely,
we show that with probability at least 1 — 6,

- g [ . T
[~ Hoad|, < \| T \ypdFloes

for T" above a certain threshold, where H,, ; ; is the paf x md principal submatrix of the
system Hankel. Here (8 is the H,,—system norm.

e We show that by growing d with T in a specific fashion, # becomes the minimax optimal
estimator of the system Hankel matrix. The choice of d for a fixed T is purely data-
dependent and does not depend on spectral radius of A or n.
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e [t is well known in systems theory that SVD of the doubly infinite system Hankel matrix
gives us A, B,C. However, the presence of finite noisy data prevents learning these
parameters accurately. We show that it is always possible to learn the parameters of a
lower-order approximation of the underlying system. This is achieved by selecting the
top k singular vectors of 7. The estimation guarantee corresponds to model selection in
Statistics. More precisely, for every k < d if (Ag, B, Cy) are the parameters of a k-order
balanced approximation of the original LTI system and (Ak, Bk, C’k) are the estimates of
our algorithm then for T above a certain threshold we have

. ) R 2d [ T
1Ck = CullaHIAx = Axllo 1B — Bulle S | 2y [pd + log =
o T )

with probability at least 1 — § where &; is the i*" largest singular value of .

4. Problem Formulation and Discussion

4.1 Data Generation

Assume there exists an unknown M = (C, A, B) € M,, for some unknown n. Let the transfer
function of M be G(z). Suppose we observe the noisy output time series {Y; € RP*1}7_ | in
response to user chosen input series, {U; € R™*1}L_,. We refer to this data generated by M
as Zr = {(Us,Y;)}I_,. We enforce the following assumptions on M.

Assumption 1 The noise process {n:, w};2, in the dynamics of M given by Eq. (1) are
i.4.d. and ny, wy are isotropic with subGaussian parameter 1. Furthermore, Xog = 0 almost
surely. We will only select inputs, {Ut}le, that are isotropic subGaussian with subGaussian
parameter 1.

The input—output map of Eq. (1) can be represented in multiple alternate ways. One
commonly used reformulation of the input—output map in systems and control theory is the
following

Y; Ui m wq

Y, Us 72 w2
=Tor | . |+T00r | . |+].

Yr Ur nr wr

where T Oy, 4 is defined as the Toeplitz matrix corresponding to process noise 7, (similar to
Definition 2):

0 0 0 0
C AF 0 0 0
TOka= : . 0
C Ad+k=3 cA 0 0
CAIk=2 cpdtk=3 cAF 0

[|To,7||2: || TOo,r||2 denote observed amplifications of the control input and process noise
respectively. Note that stability of A ensures ||7pooll2,||7 Oo,00|l2< 00. Suppose both
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m: Input dimension, p: Output dimension

~: Known upper bound on ||Al|2

d: Error probability
¢,C: Known absolute constants

[[700,c01l2
[[70.c0l2
B: Known upper bound on H.-norm of LTI system

D(T) = {d|T > emdlog” (d) log® (m*/6) + cdlog” (2d)}
o1 =0 |ICAB|ly, o5 = >4 [[CA|

o0 = \/ o (S T Tasnr ) on = \/ o (X4 TOG i TOurkr )
a(l) = \/l< Iptlog (g/zmm)

R: Known noise to signal ratio, or,

Table 1: Summary of constants

e, wy = 0 in Eq. (1). Then it is a well-known fact that

th())t—r)t
M|oo=sup 4/ = = ||M||co=||7 > ||H . 7
|| ||oo Utp Z?io UtTUt H ||oo || 0,00”2_ H 0,oo,oo||2 ( )

17 O0,00ll2

Assumption 2 There exist universal constants 3, R > 1 such that ||To.c0|[2< B, ol <

R.

Remark 7 (Hoo-norm estimation) Assumption 2 implies that an upper bound to the
Hoo—norm of the system. It is possible to estimate ||M||s from data (See Tu et al. (2018a)
and references therein). It is reasonable to expect that error rates for identification of the
parameters (C, A, B) depend on the noise-to-signal ratio %, i.e., identification is

much harder when the ratio is large.

Remark 8 (R estimation) The noise to signal ratio hyperparameter can also be estimated
from data, by allowing the system to run with Uy = 0 and taking the average £o norm of
the output Y, i.e., (1/T) ZtT:1HYtH% For the purpose of the results of the paper we simply
assume an upper bound on R. If Uy was subg(L) instead of subg(1), the noise-to-signal ratio
is modified to R/L instead.
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5. Algorithmic Details

We will now represent the input—output relationship in terms of the Hankel and Toeplitz
matrices defined before. Fix a d, then for any [ we have

Y, U1 U, m-1 m
Yl.-i-l ~ Hous Ul:—2 iy Ul:+1 O 771:—2 - TOu M+1
Yi—&-'d—l Ul'—d Ul—&-'d—l 771—;1+1 M+d—1
Ui—a—1 M—d—1 wy
+Hadi—d—1 Ul_:d_l + Od.di—d—1 771—:1—1 + wl:H (8)
Ul 77.1 wl—l—.d—l

or, succinctly,

S e Tt Fr—
Y =HoaaU_y 4+ T04U; g+ Hadi-a-1U_g 1, g1

+ O0adi_1,q+ TO0am g + Oddi—da1T_g_1-g-1 + ) (9)
Here
CAF AL . CATtE-l Y, Y,
CAk—H CAk—l—Q L CAd—Hc _ Y, - Yl+1
k.p,qa = . . . . X g = . 7Yl,d = .
C ApHE—1 ce ... CArtath=2 Y _a+1 Yita—1

Furthermore, (?l_d, 7, 4 are defined similar to fﬁ:l and ﬁfd, ﬁfd, UN’de are similar to }72‘; The +
and — signs indiﬂcate7m0ving forward and backward in time fespéctively. This repreéentation
will be at the center of our analysis.

There are three key steps in our algorithm which we describe in the following sections:

(a) Hankel submatrix estimation: Estimating Hg;; for every 1 <1 <T'. We refer to the
estimators as {7—[07171}?:1.

(b) Model Selection: From the estimators {?—A[o,l,l};‘il select 7:10 j4 in a data dependent way
such that it “best” estimates Hg oo, 00-

(c) Parameter Recovery: For every k < d, we do a singular value decomposition of 7:L0 dd
to obtain parameter estimates for a “good” k-order approximation of the true model.

5.1 Hankel Submatrix Estimation

The goal of our systems identification is to estimate either Ho y n or Ho,00,00- Since we only
have finite data and no apriori knowledge of n it is not possible to directly estimate the
unknown matrices. The first step then is to estimate all possible Hankel submatrices that
are “allowed” by data, i.e., Ho 44 for d <T. For a fixed d, Algorithm 1 estimates the d x d
principal submatrix Ho g4

10
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Algorithm 1 LearnSystem(T, d, m, p)
Input T" = Horizon for learning

d = Hankel Size

m = Input dimension

p = Output dimension

Output System Parameters: 7:[(] d,d

Generate 27 i.i.d. inputs {U; ~ N(0, Ime)}

j=1"
Collect 2T input— output palrs {UJ,YJ J=1

1:

2:

3: Ho,a,a = argming > ;o [|¥;T I+d+1,d HUzjrd,d”%
4: return H(),d,d

It can be shown that
T—

Hoaa = (Z araUa d)T> ( Ul;—d,d(ﬁl:-d,d)—r>+ (10)
=0 l

S

Il
=)

and by running the algorithm T times, we obtain {ﬁo,d,,d}del‘ A key step in showing
that Hoqq is a good estimator for Hg 44 is to prove the finite time isometry of Vp =
Z;‘F:_Ol U aaUiyg J) |, i.e., the sample covariance matrix.

Lemma 5.1 Define

To(8,d) = em®dlog? (d)log? (m?/8) + cdlog® (2d)

where c 1s some universal constant. Define the sample covariance matriz Vp = lT:_Ol Ul;d,d(ﬁl:—d,d)—r
We have with probability 1 — § and for T > Ty(0,d)

1
571 = Vr = gTI (11)

. . . -1
Lemma 5.1 allows us to write Eq. (10) as Ho 4.4 = ( -t Ylidﬂ d(Ul;d’d)T) ( s Uljrd,d(Uljrd,d)T>
with high probability and upper bound estimation error for d x d principal submatrix.

Theorem 5.1 Fiz d and let ﬁo,d,d be the output of Algorithm 1. Then for any 0 < § < 1
and T > Ty(0,d), we have with probability at least 1 — §

~ 1 1
- < 4oy = log = + m.
HHO,d,d ’Ho,d,de <doy/ pd + log 5 +m

Here Ty(d,d) = em?dlog? (d)log? (m?/58) + cdlog® (2d), c is a universal constant and o =
max (o4,0p,00c,0p) from Table 1.

Proof We outline the proof here. Recall Eq. (8), (9). Then for a fixed d

T-1

? > Fr—  N\T
Hodad = (Z Yiidﬂ,d(UHd,d) )V;
1=0

11
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Then the identification error is
T—1
> _ + F— T T Fr— =TT Fr—  ~4+T
HHO,d,d - HO,d,d‘ ‘2 = HVT ( Z Ul+d,dUl+d+1,d76,d + Ul+d,dUl7l 7'ld,d,l + Ul+d,dwl+d+1,d
1=0

e T T S At T T e =TT
+ Ul a,a+d,4%0.d.d + Uaaivasi,aT Coa+ Upaaly Od,d,l) ‘ ‘2

=V Ell2 (12)

with

N
-

_ ~_ 4T T = =TT ST
E=) ULaiUltir1.d70a+ UraaUy Haar + Ubaa®liai a
=

S T AT - =T T ,f— +TmT
T Ulraara,a@odd + Uz+d,d771+d+1,d700,d +Upaay Odar

o

By Lemma 5.1 we have, whenever T' > Ty(0, d), with probability at least 1 — o

LI 1) ”
This ensures that, with high probability, that V ! exists and decays as O(T~1). The
next step involves showing that ||E||o grows at most as v/ with high probability. This
is reminiscent of Theorem 2.2 and the theory of self-normalized martingales. However,
unlike that cases the conditional sub-Gaussianity requirements do not hold here. For
example, let F; = o(n,...,m) then E[vTﬁlerlH].’Fl] # 0 for all v since {ﬁljrl,lﬂ}lT:_ol is
not an independent sequence. As a result it is not immediately obvious on how to apply
Theorem 2.2 to our case. Under the event when Eq. (13) holds (which happens with high
probability), a careful analysis of the normalized cross terms, i.e., V. 2F shows that

||VT_1/2EH2: O(1) with high probability. This is summarized in Propositions 11.1-11.3. The
idea is to decompose FE into a linear combination of independent subgaussians and reduce it
to a form where we can apply Theorem 2.2. This comes at the cost of additional scaling in
the form of system dependent constants — such as the H,,—norm. Then we can conclude with

high probability that ||X — Hog.all2< |[Vy " ?||2l|Vi 2 E|l2< T~Y20(1). The full proof has
been deferred to Section 11.1 in Appendix 11. [ |

Remark 9 Recall D(T') from Table 1. Since
deD(T) = T >Ty(6,d)

we can restate Theorem 5.1 as follows: for a fized T, we have with probability at least 1 — 9

that
H?—L H H <4,/1,/d+1 L
— JR— 0 J—
0,d,d 0,d,d Y = o T p g5 m

12

when d € D(T).
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We next present bounds on ¢ in Theorem 5.1. From the perspective of model selection in
later sections, we require that ¢ be known. In the next proposition we present two bounds
on o, the first one depends on unknown parameters and recovers the precise dependence on
d. The second bound is an apriori known upper bound and incurs an additional factor of

V.

Proposition 5.1 o upper bound independent of d:

Cn
o< ———
~ (1-p(A))?
where ¢, depends only on n.
o upper bound dependent on d:
o < BRV4d.

where R is the noise-to-signal ratio as in Table 1

Proof
By Gelfand’s formula, since ||[A%|[2< ¢(n)pmax(A)? where ppax(A) < 1 and ¢(n) is a
constant that only depends on n, it implies that

d 00 oo
o4 =Y |[CA'Bll2< Y |ICA'Bll2< Y e(m)p(4) = 1_<n(>A)
=0 =0 1=0 p
and
T-1
A)d+k
T4 < N |jc At g, < CmAA)TT
| Tkl ;H o< ST
Then

d c(n)p(A)? c(n
oc = U(Z 7:11k,T7Zl+k,T> < (1(—)ZEA§)2 < a _;(24))2.

k=1

Similarly, there exists a finite upper bound on op,op by replacing CA'B and Tatk,r With
CA" and T Qa4 respectively. For the d independent upper bound, we have

d
oa=Y |[CA'Bl,<Vd
=0

d
SNICABIE < V|| M|l < Vap.
=0

Since U(%lk,Tn-Fk,T) < 8, then
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For the op,0p we get an extra R because TOp < SR. [ |

The key feature of the data dependent upper bound is that it only depends on 5 and R
which are known apriori.

Recall that Gy = [CB,CAB,...,CA%1B], i.e., the d-order FIR truncation of G(z).
Since the p rows of the Hg 44 matrix corresponds to G4 we can obtain estimators for any
d-order FIR.

Corollary 5.1 Let Gy = 7:[0dd[ p,:| denote the first p-rows of ﬁo,d,w Then for any
0<d<1and T >Ty(0,d), we have wzth probability at least 1 —

1Ga — Gall2< 40\/ \/pd+log +m.

Proof Proof follows because Gg = Ho 4,4[1 : p,:] and Theorem 5.1. |

Next, we show that the error in Theorem 5.1 is minimax optimal (up to logarithmic
factors) and cannot be improved by any estimation method.

Proposition 5.2 Let /T > ¢ where ¢ is an absolute constant. Then for any estimator H
of Ho,co,00 we have
logT

T

sup E[l|7 — Ho,o0,00]12] > ¢n -
H

where ¢, > 0 is a constant that is independent of T' but can depend on system level parameters.

Proof Assume the contrary that

~ logT
sup E[||H — Ho,c0,00/ 2] = o( > )
7

Then recall that [Hooo,cclip, = [CB,CAB,...,] and G(z) = 2 1CB + z72CAB + ...
Similarly we have G(z). Define

IG = Glla= | Y _[[CA*B — CAFBJ|3.
k=0

If supy, E[[|H — Ho.00.00||2] = o( 1°§T>, then since ||H — Hooo00ll2> |G — G| we can

conclude that
N logT
E[HG—GHz]=o< = )

which contradicts Theorem 5 in (Goldenshluger, 1998). Thus, supy, E[||H — Ho,com0l]2] >

cﬂ.,/%_ [ |

14
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5.2 Model Selection

At a high level, we want to choose 7:[[) dd from {7—Al07d7d}£:1 such that 7:[0 i 1s a good estimator
of Hp,00,00. Our idea of model selection is motivated by (Goldenshluger, 1998). For any
Ho,d4,d, the error from Hp 0o can be broken as:

1 Ho,a.a — Ho.0000l12< [[Ho,a.da — Ho.g,all2 + [ Hoa.a — Hoeell2

Vv
=Estimation Error =Truncation Error

We would like to select a d = d such that it balances the truncation and estimation error in
the following way:

¢y - Data dependent upper bound > ¢ - Estimation Error > Truncation Error

where ¢; are absolute constants. Such a balancing ensures that

~

1M 44— Hoeomoll2< c2- (1/c1 + 1) - Data dependent upper bound . (14)

Note that such a balancing is possible because the estimation error increases as d grows
and truncation error decreases with d. Furthermore, a data dependent upper bound for
estimation error can be obtained from Theorem 5.1. Unfortunately (C, A, B) are unknown
and it is not immediately clear on how to obtain such a bound for truncation error.

To achieve this, we first define a truncation error proxy, i.e., how much do we truncate
if a specific 7:[0,d,d is used. For a given d, we look at ||7:[07d7d - 7—20’171| 9 for 1 € D(T) > d.
This measures the additional error incurred if we choose 7:[0,d7d as an estimator for Ho oo,00

instead of 7:[051,1 for [ > d. Then we pick d as follows:

d := inf {d [Ho.dg.a — Houall2< 168R-a(l) Ve D(T) > d}. (15)
Recall that a(l) = w, where w denotes how much estimation

error is incurred in learning ! x [ Hankel submatrix, the extra 8v/1 is incurred because we
need a data dependent, albeit coarse, upper bound on the estimation error.
A key step will be to show that for any [ > d, whenever

[ Ho.da — Houill2< eBR - (1)
ensures that
[Ho.q.a — Hocoool[2< cBR-a(l) and |[Hous — Ho.comol|2< ¢BR - a(l)
and there is no gain in choosing a larger Hankel submatrix estimate. By picking the smallest

d for which such a property holds for all larger Hankel submatrices, we ensure that a
regularized model is estimated that “agrees” with the data.

15
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Algorithm 2 Choice of d
Output H d

0,d,d
m~+hp+log (£
(1) = {dfa < s ot = VA(y=Elil),
- do(T,6) = inf {i|[Ho,0 — Hopnll2< 168R(a(h) +2a(1) ¥h & D(T),h > 1},
. d = max (do(T, 6),log (%))
A d

[y

[\]

w

4: return 7—[0762762,

We now state the main estimation result for Ho,oo,00 for d = d as chosen in Algorithm 2.
Define

T.(6) = inf {T d.(T,8) € D(T), d.(T,6) < 2d, (2€6 5)} (16)
where
d.(T,9) = inf {d 168Ra(d) > ||Ho.d.a — 7'[0700700‘|2}- (17)

A close look at Eq. (17) reveals that picking d = d. (T, J) ensures the balancing of Eq. (14).
However, d,(T,8) depends on unknown quantities and is unknown. In such a case, d in
Eq. (15) becomes a proxy for d.(7,0). From an algorithmic stand point, we no longer need
any unknown information; the unknown parameter only appear in 7,(d), which is only
required to make the theoretical guarantee of Theorem 5.2 below.

Theorem 5.2 Whenever we have T > Ty () we have with probability at least 1 — & that

1 md+pj2+dlog%
[Hy,4.5 — Hosooll2< 12¢8R \/ -

The proof of Theorem 5.2 can be found as Proposition 13.8 in Appendix 13. We see that
the error between H, ; ; and Hp o000 can be upper bounded by a purely data dependent

quantity. The next proposition shows that d does not grow more that logarithmically in 7.

Proposition 5.3 Let T > T,(9), d«(T,0) be as in Eq. (17). Then with probability at least
1 — 6 we have

d < du(T,8) V log (%)

Furthermore,
clog (¢T + log %) —log R +log 3

1
lOg m

d.(T,5) <

The effect of unknown quantities, such as the spectral radius, are subsumed in the finite
time condition T > T4 (§) and appear in an upper bound for d; however this information is
not needed from an algorithmic perspective as the selection of dis agnostic to the knowledge
of p(A). The proof of proposition can be found as Propositions 13.7 and 13.4.

16
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5.3 Parameter Recovery

Next we discuss finding the system parameters. To obtain system parameters we use a
balanced truncation algorithm on H, ; ; where d is the output of Algorithm 2. The details

are summarized in Algorithm 3 where H = 7:[0 id

Algorithm 3 Hankel2Sys(T, d, k,m, D)
Input 7' = Horizon for Learning
d = Hankel Size
m = Input dimension
p = Output dimension R
Output System Parameters: (Cj, A, B;)
H=Hy44 ) )
Pad H with zeros to make of dimension 4pd x 4md
U, %,V < SVD of H
U, V; < top d singular vectors
1/2
R d
B < first m columns of E(li/ 2Vg
1/2 1/2
ZAO - [U(iz(g/ ]1:4pcz—p,:’ Zy = [Udzg/ ]p-l—l:,:
A; (ZOTAZO)leQTZL
return (Cj;, A;, Bj)

C'ci < first p rows of U %

To state the main result we define a quantity that measures the singular value weighted
subspace gap of a matrix S:

D(5,€) =/ Tha/ 02/ G+ -+ 0o/ G

where S = ULV and ¥ is arranged into blocks of singular values such that in each block i
we have sup; (7;'. — U§+1 <, i.e.,

A O 0
0 Ag 0
xX=1. .
: : 0
0 0 ... A
where A; are diagonal matrices, O‘;- is the j*" singular value in the block A; and anin, ol s

are the minimum and maximum singular values of block ¢ respectively. Furthermore,

SN S B i i+1
(i = min (amin ~ Omax> Omin — Urnax)
for 1 <i<l, ¢ =0k — 02 and § = min (oL — ol ol ). Informally, the ¢; measure

the singular value gaps between each blocks. It should be noted that [, the number of
separated blocks, is a function of € itself. For example: if ¢ = 0 then the number of blocks
correspond to the number of distinct singular values. On the other hand, if € is very large
then [ = 1.

17
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Theorem 5.3 Let M be the true unknown model and

d + pd? + dlog L
€ = 12¢BR \/m TpatAoes

T

Then whenever T' > T, (9), we have with probability at least 1 —§:

HC CH €N /O €

1By~ Bylla b < 3T (Hy 4.2.26) 7 supA(\/(%:‘nax—\/&;m)w-ﬂ

14, — Aj sisd Vo
2

where sup; ;i \/ Olnax ol < ﬁed AV 2de and 5 = max (47, 8).

Theorem 5.3 holds for all k < d and proof follows directly from Theorem 13.8 where we show
||7:[07d:dA - HO,oo,ooHZS €

and Proposition 14.2. Theorem 5.3 provides an error bound between parameters (of model
order d) when true order is unknown. The subspace gap measure, I'(H,, ; j, 2¢), is bounded

even when e = 0. To see this, note that when ¢ = 0, ’H dd corresponds exactly to H, ddr
that case, the number of blocks correspond to the number of distinct singular values of 7—[0 dd
and (,, then corresponds to singular value gap between the unequal singular values. As'a

result F(HO d.d> 2¢) = A < 0o. Then the bound decays as € = (\/CZQ / T) for singular values

In

a5 > de, but for much smaller singular values the bound decays as Ve= O((d2 / T) Y 4).

To shed more light on the behavior of our bounds, we consider the special case of known
order. If n is the model order, then we can set d = n. If 0; = 0;(H0,00,00), then for large
enough 7' one can ensure that

min (0; — 0541)/2 > €,
0iFTi+1

i.e., € is less than the singular value gap and small enough that the spectrum of ﬂ(),n,n is
very close to that of Hp oo,00. Consequently 6, > 0,,/2 and we have that

||Cn_én‘|2 n2 4+ nlog L
1Bn = Bulla p < 7eA +7¢/yon = cBYR| || (18)
HAn—An’b

This upper bound is (nearly) identical to the bounds obtained in Oymak and Ozay (2018)
for the known order case. We get an improvement in the bounds when o, < %, which is a
consequence of the fact that we know where to threshold our Hankel matrix. The major
advantage of our result is that we do not require any information/assumption on the LTI
system besides 8. Nonparametric approaches to estimating 8 have been studied in Tu et al.
(2017).

18
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5.4 Order Estimation Lower Bound

In Theorem 5.3 it is shown that whenever T = Q(ng) we can find an accurate d-order
d

approximation. Now we show that if T = O % then there is always some non—zero
d
probability with which we can not recover the singular vector corresponding to the o .

We prove the following lower bound for model order estimation when inputs {Ut}g;l are
active and bounded which we define below

Definition 10 An input sequence {U;}_; is said to be active if Uy is allowed to depend on
past history {U, Y] f;i The input sequence is bounded if E[U," Uy < 1 for all t.

Active inputs allow for the case when input selection can be adaptive due to feedback.

Theorem 5.4 Fix 6 > 0,( € (0,1/2). Let My, My be two LTI systems and 01(1),02(2) be
1

(1)
the i"-Hankel singular values respectively. Let % < % and 052) = 0. Then whenever
T2

T< %flog% we have

sup  Pzpn(order(M(Zr)) # order(M)) > 6
MG{Ml,MQ}

Here Zy = {Uy, Y1} 1 ~ M means M generates T data points {Y;}]_, in response to active
and bounded inputs {U;}L_ and M(Zr) is any estimator.

Proof The proof can be found in appendix in Section 15 and involves using Fano’s (or
Birge’s) inequality to compute the minimax risk between the probability density functions
generated by two different LTI systems:

010 0 0
Ag=10 0 0|, A1 =Ap,By=| 0 |,Bi=|VB/R|,Co=[0 0 +BR],C1=C.
¢ 00 VB/R VB/R
(19)
Ap, Ay are Schur stable whenever |(|< 1. [ |

Theorem 5.4 shows that when the time required to recover higher order models depends
inversely on the condition number, where the condition number is the ratio of largest and
least singular values of the Hankel matrix. Specifically, to correctly distinguish between an
order 1 and order 2 model T > Q(2/¢?) where ( is the condition number of the 2-order model.

We compare this to our upper bound in Theorem 5.3 and Eq. (18), assume F(”;':[ 2¢) <A

0,d,d>
for all € € [0,1] and de < 64, then since parameter error, £, is upper bounded as

d+pd?+dlog L
£ < ¢cBAR \/m Tpirdloes |
O'JT

we need

2A21D2 .32
T ZQ(,BARd)

log % 0(22

19
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to correctly identify d-order model. The ratio (B/a,) is equal to the condition number of the
Hankel matrix. In this sense, the model selection followed by singular value thresholding is
not too conservative in terms of R (the signal-to-noise ratio) and conditioning of the Hankel
matrix.

6. Experiments

The experiments in this paper are for the single trajectory case. A detailed analysis for
system identification from multiple trajectories can be found in Tu et al. (2017). Suppose
that the LTI system generating data, M, has transfer function given by

149

G(z) = ap + Z aplz"l p<i (20)
=1

where «; ~ N(0,1). M is a finite dimensional LTI system or order 150 with parameters as
M = (C € R¥X130_ 4 ¢ RIS0X150 B ¢ RI50X1)  For these illustrations, we assume a balanced
system and choose R = 1,5 = 0.05. We estimate Bgg = 15, 8p.9 = 40, Bo.99 = 140, pick
U ~ N(0,1) and {wy,m} ~ {N(0,1),N(0,1)} respectively. We note that our algorithm
requires the knowledge of universal constant c¢. Theoretically, it can be shown that ¢ < 100
but in practice a value ¢ < 16 works well for simulations.

25 T :
==y =09
p=0.99

20 - .
N 15¢ 1
7]
£ /
§ 10 et |
I

5 /

4

0 1 1 1 | 1 | 1
1000 1500 2000 2500 3000 3500 4000 4500 5000
Number of data points

Figure 1: Variation of Hankel size = d with T for different values of 0

Fig. 1 shows how d = d change with the number of data points for different values of
p. When p = 0.6, i.e., small, d does not grow too big with T even when the number of
data points is increased. This shows that a small model order is sufficient to specify system
dynamics. On the other hand, when p = 0.99, i.e., closer to instability the d required is
much larger, indicating the need for a higher order. Although d implicitly captures the effect
of spectral radius, the knowledge of p is not required for d selection.

In principle, our algorithm increases the Hankel size to the “appropriate” size as the data
increases. We compare this to a deterministic growth policy d = log (") and the SSREGEST

20
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algorithm Ljung et al. (2015). The SSREGEST algorithm first learns a large model from
data and then performs model reduction to obtain a final model. In contrast, we go to
reduced model directly by picking a small d. This reduces the sensitivity to noise.

In Fig. 2 shows the model errors for a deterministic growth policy d = log (T') and our
algorithm. Although the difference is negligible when p = 0.6 (small), we see that our

algorithm does better p = 0.99 due to its adaptive nature, i.e., d responds faster for our
algorithm.

920 T -
== Algorithm, p = 0.6
—— a=log (), o =06
80 Algorithm, p = 0.99
=== log (T'), p=0.99
70 - m
60 - n
&
=50 4
(=
|
« 40
=
30
20
10 n
S ——
of . 4 > e e} % = - ]
1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Number of data points

Figure 2: Variation of ||M — J\/ZkHOp for different values of p. Here k = d for our algorithm and
k =log (T'). Furthermore, ||-||op is the Hankel norm.

Finally, for the case when p = 0.9, 8 = 40, we show the model errors for SSREGEST
and our algorithm as T increases. Although asymptotically both algorithms perform the
same, it is clear that for small T our algorithm is more robust to the presence of noise.

T SSREGEST | Our Algorithm
500 6.21 +£1.35 13.37+3.7
~ 850 | 30.20 £ 7.55 11.25 £ 2.89
~ 1200 | 26.80 +8.94 9.83 £+ 2.60
1500 | 23.27 £+ 10.65 9.17 + 2.30
2000 | 26.38 +12.88 7.70 + 1.60

7. Discussion

We propose a new approach to system identification when we observe only finite noisy data.
Typically, the order of an LTI system is large and unknown and a priori parametrizations
may fail to yield accurate estimates of the underlying system. However, our results suggest
that there always exists a lower order approximation of the original LTI system that can be
learned with high probability. The central theme of our approach is to recover a good lower
order approximation that can be accurately learned. Specifically, we show that identification
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of such approximations is closely related to the singular values of the system Hankel matrix.
~ 2

In fact, the time required to learn a d—order approximation scales as T = Q(%) where o ; is
d

the d-the singular value of system Hankel matrix. This means that system identification
does not explicitly depend on the model order n, rather depends on n through o,. As a
result, in the presence of finite data it is preferable to learn only the “significant” (and
perhaps much smaller) part of the system when n is very large and o,, < 1. Algorithm 1 and
3 provide a guided mechanism for learning the parameters of such significant approximations
with optimal rules for hyperparameter selection given in Algorithm 2.

Future directions for our work include extending the existing low—rank optimization-based
identification techniques, such as (Fazel et al., 2013; Grussler et al., 2018), which typically
lack statistical guarantees. Since Hankel based operators occur quite naturally in general
(not necessarily linear) dynamical systems, exploring if our methods could be extended for
identification of such systems appears to be an exciting direction.
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8. Preliminaries

Theorem 8.1 (Theorem 5.39 Vershynin (2010)) if E is a T' x md matriz with inde-
pendent sub—Gaussian isotropic rows with subGaussian parameter 1 then with probability at
least 1 — 2e=" we have

VT — CVmd —t < omin(E) < VT + CVmd + t

Proposition 8.1 (Vershynin (2010)) We have for any ¢ < 1 and any w € S that
P> 2) < (1-+ 279 (Iatull> 25 )

Theorem 8.2 (Theorem 1 Meckes et al. (2007)) / Suppose {X; € R™}°, are inde-

pendent, E[X;] = 0 for all j, and X;; are independent subg(1l) random variables. Then
P(||Ty||> emy/dlog2d + t) < e /4 where

Xo X1 ... Xy
X, Xo ... Xy
Xg1 oo . Xo

Theorem 8.3 (Hanson—Wright Inequality) Given a subgaussian vector X = [X1, Xo,...,X,] €
R™ with sup;|| Xi||,,, < K. Then for any B € R™" and t > 0

—ct —ct?
P(|IXBX"T —E[XBX"]||<t) < 2exp <max< , >>
( ) K2||B||” K| B|l3s

Proposition 8.2 (Lecture 2 Tyrtyshnikov (2012)) Suppose that L is the lower trian-
gular part of a matriz A € R¥?. Then

[y < log, (2d)[[All-

Let ¢ be a nondecreasing, convex function with 1(0) = 0 and X a random variable.
Then the Orlicz norm || X||y is defined as

X ly= inf {a > 0+ E[p(|1X|/a)] < 1},

Let (B, d) be an arbitrary semi—metric space. Denote by N (e, d) is the minimal number of
balls of radius € needed to cover B.

Theorem 8.4 (Corollary 2.2.5 in Van Der Vaart and Wellner (1996)) The constant
K can be chosen such that

diam(B)
Isupl X, = Xelllo [ 0T (N /2, d))de
where diam(B) is the diameter of B and d(s,t) = || Xs — X¢||y-
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Theorem 8.5 (Theorem 1 in Abbasi-Yadkori et al. (2011)) Let {F;}{2, be a filtra-
tion. Let {my € R™" X, € Rd};’il be stochastic processes such that ny, Xy are F; mea-
surable and n; is Fi_1-conditionally subg(L?) for some L > 0. For any t > 0, define

=3 X XS =", XsnJy1. Then for any 6 >0,V =0 and all t > 0 we have with
probability at least 1 — 9

_ 1 det(V + V)
T 1g, <2r?(log = + log ——— .
Sy (V+V) 85 < 0g 5 + log det(V) +m

Proof Define M = (V 4 V;)~'/25,. Now we use Proposition 8.1 and setting e = 1/2,
P(|[M[lz> z) < 5™P(||Mwl]2> 22)

for w € ™!, Then we can use Theorem 1 in Abbasi-Yadkori et al. (2011), and with
probability at least 1 — § we have

1 det(V +V;)
Muwl||2< 2L%( log = + log ————2 ),

By 6 — 57™§, we have with probability at least 1 — 579

1 det(V + V)
Muw||y< V2L 1 log = + log ——— ")
Mwls v2 \/(m 0g (5) +log 5 +log — T )

Then with probability at least 1 — 9,

log 1 det(V +V4)
Ml|2< 1 log .
1M]l2<\/ —5— \/ m +log 5+ log =, o

Lemma 8.1 For any M = (C, A, B), we have that

d
1Bl = |0 (3 Tk prTarnr)
k=1
Here B}, p is defined as follows: 8 = HldvTU =[8{,Bg .-, B]".
;0 0

T T
v 2 ﬁ1 0
BTXmT = . . .
T T T
T 6T71 s 51

and ||v||2= 1.

26



FiNiTE TIME LTI SYSTEM IDENTIFICATION

Proof For the matrix BY we have

B uy
B ug + By uy

By = Bl us + By uz + B4 uy

| By ur + By ur—1 + ...+ B

vl

CAd+lBU1
CAdJrQBul

CA2dBU1
CA™2Buy + C A By,

e CA™3Buy + C A2 By,

C A2+ By 4+ C A% By,

C’AT+dBu1 + ...+ CAdJrlBuT
CAT_HH_QBul +...+ C’Ad"'ZBuT

CAT+2d_1BU1 + ...+ CAZdB’LLT ]

I C’Ad+1Bu1 i
CAd+QBU1
CAQdBul
CA™2Buy + C A1 Buy
CA™3Buy + C A2 By,
=V :
CA2H+1 By, + C A%4Buy
CAT+dBU1 +...+ CAd+lBuT
CAT+d+2BU1 4+ ...+ C’Ad+2BuT
| | CATH2d=1Byy + ...+ CAM Bur | |
[ CA1B 0 0 0
CA+2B 0 0 0
CA%pB 0 0 0
CAY2B CAH1B 0 0
CA3B CA2B 0 0 uy
V . . . . u2
CA2+1p CA%pB 0 0
. ur
CAT-&'-d—lB CAT'-i-dB CAT-&.-d—lB CAd'-I-lB
CAT+d+2p AT+l 0 ATHB CAY+2B
_CAT—l—.Zd—lB CAT—&-IQd—lB CAT-&—.2d—QB CA.QdB |

=5 97
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It is clear that [|V||2, ||u||]2= 1 and for any matrix S, ||S|| does not change if we interchange
rows of S. Then we have

T CAYB 0 0 . 0
CAd+2B CAd+1B 0 - 0
CATHIHIR  CATHB  CATH-1R | CAdHB
CAd+2B 0 0 . 0
CA3B CA2B 0 ... 0
1S]]2 = 0 | f 5 o
CAT+Hd2p AT+l oATHB . CAYT2B
CAQdB 0 0 - 0
CA2d+1 B CA%2B 0 0
C ATJr‘?d—lB C’ATJF‘Qd—lB C’AT+'2d—2B . . CAédB
[Tav1,7 y
Tavo,r
— 0y | =.lco ( Z 7;,1“771%1)
: k=1
| Toar

Proposition 8.3 (Lemma 4.1 Simchowitz et al. (2018)) Let S be an invertible matriz

and k(S) be its condition number. Then for a ﬁfnet of ST and an arbitrary matriz A,

we have H /AH
v 2
SAlls< 2

15412 500 5y

Proof For any vector v € N1 and w be such that ||[SA||a= ||J;?SAU|2\ we have
4k

WAl | Al (Al
141~y < sty ~ e
Al _ VAl /Al Al
w5~ s~k ws 1] [/,
L5711, 151,
< IS Al o 2 + 1184l | ey 2 1]
154l
2
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9. Control and Systems Theory Preliminaries
9.1 Sylvester Matrix Equation

Define the discrete time Sylvester operator S4 p : R™*" — R™*"
Lap(X)=X—-AXB (21)
Then we have the following properties for £4 p(-).

Proposition 9.1 Let \;, j1; be the eigenvalues of A, B then L4 p 1is invertible if and only if
for all i,j

Aiptj # 1

Define the discrete time Lyapunov operator for a matrix A as L4 4/(-) = S '/(+). Clearly
it follows from Proposition 9.1 that whenever Apax(A) < 1 we have that the S a,4/(+) is an
invertible operator.

Now let @Q = 0 then

San(Q) =X
— X =AXA'+Q
— X = ZAkQA”f (22)
k=0

Eq. (22) follows directly by substitution and by Proposition 9.1 is unique if p(A4) < 1.
Further, let @1 = @2 = 0 and X, X2 be the corresponding solutions to the Lyapunov
operator then from Eq. (22) that

X1,X2 =0
X1 = Xo

9.2 Properties of System Hankel matrix

e Rank of system Hankel matrix: For M = (C, A, B) € M,, the system Hankel
matrix, Ho,0o,00(M ), can be decomposed as follows:

C
CA

Hovoo(M)=|  |[B AB ... AB ..] (23)
C A

=0

It follows from definition that rank(Q),rank(R) < n and as a result rank(OR) < n.
The system Hankel matrix rank, or rank(OR), which is also the model order(or
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simply order), captures the complexity of M. If SVD(Hgpcoco) = USV', then
O =UxY28, R = S22y T, By noting that

CA'S =CS(S71AS), S7'A'B = (S71AS)!S~'B

we have obtained a way of recovering the system parameters (up to similarity transfor-
mations). Furthermore, Ho o000 uniquely (up to similarity transformation) recovers

(C, A, B).

e Mapping Past to Future: H( . o can also be viewed as an operator that maps
“past” inputs to “future” outputs. In Eq. (1) assume that {7, w;} = 0. Then consider
the following class of inputs U; such that U; = 0 for all ¢ > T but U; may not be zero
for t < T. Here T is chosen arbitrarily. Then

Yr Ur—1
Yri Ur—o
Yrio| = Hocooo |Up_y (24)
—_—— ~——
Future Past

9.3 Model Reduction

Given an LTI system M = (C, A, B) of order n with its doubly infinite system Hankel matrix
as Ho,00,00- We are interested in finding the best k order lower dimensional approximation of
M, i.e., for every k < n we would like to find M}, of model order k such that ||[M — M|~
is minimized. Systems theory gives us a class of model approximations, known as balanced
truncated approximations, that provide strong theoretical guarantees (See Glover (1984) and
Section 21.6 in Zhou et al. (1996)). We summarize some of the basics of model reduction
below. Assume that M has distinct Hankel singular values.

Recall that a model M = (C, A, B) is equivalent to M = (CS,S'AS,S~!B) with
respect to its transfer function. Define

Q=ATQA+C'C
P=APA" + BB'
For two positive definite matrices P, () it is a known fact that there exist a transformation

S such that STQS = S71PS~!T = ¥ where ¥ is diagonal and the diagonal elements are
decreasing. Further, o; is the i*" singular value of Ho,00,00- Then let A = S—1AS C =

CS,B = S5"'B. Clearly M = (A, B,C) is equivalent to M and we have

Y=A"SA+C"C
Y =AXA" + BB' (25)

Here C , fl, B is a balanced realization of M.
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Proposition 9.2 Let Ho oo,00 = UXVT. Here ¥ =0 € R"™™. Then

C=[UsY?),.
A~ _ 271/2UT [U21/2]p+1:,:
B = [21/2VT}:,1:m

The triple (C’, A, B) is a balanced realization of M. For any matriz L, L. ., (0r Lymy,:)
denotes the submatriz with only columns (or rows) m through n.

Proof Let the SVD of Ho 0,00 = USV . Then M can constructed as follows: UZI/Q, »i/2y T
are of the form

cS

CAS
USY? = | o 29|, 2Y2VT = [S7'B ST'AB S7'A’B..]

where S is the transformation which gives us Eq. (25). This follows because
SPUTUS!? =Y sTART cTeaks
k=0

= STAM s 1TsTeToss 1 AkS
k=0

= ZA’“TOTCA’“ =ATSA+CTC =%
k=0
Then C = UE%{:: and

USY2A = [USY2),,0..
A _ E—I/QUT[UEI/Q]ZH_L’:

We do a similar computation for B. |

It should be noted that a balanced realization C, A, B is unique except when there are some
Hankel singular values that are equal. To see this, assume that we have

01> ...>20p_1>0r=0p4] =... =05 >0541 > ...0p
where s —r > 0. For any unitary matrix Q € RE=+Dx(=r+1) " define Q
I 1yx@—1) O 0
Qo = 0 Q 0 (26)
0 0 I(n—s)x(n—s)
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Then every triple (C’QO, Qo AQo, Qo B) satisfies Eq. (25) and is a balanced realization. Let

Mk = (Ck, Akk, Bk) where

1 Apy, AOk:| 5 [Bk} = 5 A

7 R R et - Y b s B 1 S 27
|:Ak0 Aoo By (G Co] (27)

Here Ay is the k x k submatrix and corresponding partitions of B,C. The realization
M, = (ék, A, Bk) is the k—order balanced truncated model. Clearly M = M,, which gives
us C = C’nn, A= Ann, B = Bnn, i.e., the balanced version of the true model. We will show
that for the balanced truncation model we only need to care about the top k singular vectors
and not the entire model.

Proposition 9.3 For the k order balanced truncated model My, we only need top k singular
values and singular vectors of Ho.oco,00-

Proof From the preceding discussion in Proposition 9.2 and Eq. (27) it is clear that the
first p x k block submatrix of UX!/2 (corresponding to the top k singular vectors) gives us
C,.. Since

A=x"12uTUs?),,,.,

we observe that Ay, depend only on the top k singular vectors Uy, and corresponding singular
values. This can be seen as follows: [U21/2]p+1:,: denotes the submatrix of U2 with top p
rows removed. Now in UX1/2 each column of U is scaled by the corresponding singular value.
Then the Ay, submatrix depends only on top k rows of Y~12UT and the top k columns of
[UEl/Q]pH:,; which correspond to the top k singular vectors. |

10. Isometry of Input Matrix: Proof of Lemma 5.1
Theorem 11 Define

Ug Usyr - Urgaa
Ud—l Ud e UT+d_2
U=| . . .
v, Us ... Up

where each U; ~ subg(1) and isotropic. Then there exists an absolute constant ¢ such that U
satisfies:

(1/2)T < omin(UU ") < omax(UUT) < (3/2)T
whenever T > cm?d(log? (d) log? (m? /) + log® (2d)) with probability at least 1 —§.

Proof
Define
0 O 0 0 7
I 0 0 0 0
Amdaxmd = |1 - -1 1 Bumaxm = || Uk = Udgk
0 I 0 O 0
0 0 I 0]
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Since
Ug Ugyr oo Urgaa
U1 Ug ... Uryq—o
U= . ) .
Uy U, ... Ur
we can reformulate it so that each column is the output of an LTI system in the following
sense:
Tpi1 = Azy, + BU(k + 1) (28)
Uq
T T-1 Ui—1
where UU ' =} ;- xkxk and zg = . . From Theorem 8.1 we have that
Ur
T-1
3 PPN 5
STI=Y UU <STI
4 b=y

>
Il

0

with probability at least 1 — § whenever T > (m + log 6> Define V; = Zl -0 wkxk then,

T—2
Vp=AVr AT + B (Z U0, )BT +> (AkakHB + BUp1, A ) (29)
k=0
Uitk
) Ud+k-1
It can be easily checked that z) = ) and consequently
Uk+1
i 0 0 ... 0 0]
UirkUfpsr O 0 0
T2 R T-2 Ud"rk_lUdJrkJrl 0 0 O
Az U, BT =) : :
k=0 k=0
| Uks2Ulipr 0 ... 0 0]

Define L; = Zk A Ud+k J+1Ud+k+1 and L; is a m x m block matrix. Then

[0 o ... 0 0 O
Ly 0 0 0 0
d—1 T-2 R Lo Ly ... O 0 O
Ty=> A (Z A:ckU,LlBT) AT=| . . .
=0 k=0
[ La1 O 0 Ly 0
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Use Lemma 10.1 to show that
T4l < emVTdlog (d)log (m?/6) (30)
with probability at least 1 — . Then

d—1 T—1 d—1
Vr=Y A'B (Z ﬁ,ﬁ,j) BTA" + T, =Y Alwp_yap A
=0 k=0 1=0

From Theorem 8.1 we have with probability atleast 1 — § that

d—1 T—1

(3/9)TI =Y A'B ( > ﬁ;ff,j) BTA'T < (5/4)TI (31)
1=0 k=0

whenever T > c(m + log %) Observe that

d
Z Algp_yzg (AT
=1

= O'%([AJZT_l, AQ.Z'T_l, . ,Ad.CUT_l])

The matrix [Azp_q, A%x7_q,..., A2y _4] is the lower triangular submatrix of a random
Toeplitz matrix with i.i.d subg(1) entries as in Theorem 8.2. Then using Theorem 8.2 and
Proposition 8.2 we get that with probability at least 1 — § we have

H [Awr_1, A22p_1,. .., Ade_l]H < em(y/dlog (2d) log (2d) + \/dlog (1/6)).  (32)

Then Hzle Ale,lx;_lAlTH < em?d(log® (2d) + log (1/8) + log (2d)\/Tog (2d) log (1/9))
with probability at least 1 — 0. By ensuring that Egs. (30), (31) and (32) hold simultane-
ously we can ensure that ¢cm+/Tdlog (d) log (m?/§) < T/8 and em?d(log® (2d) + log (1/6) +
log (2d)+/log (2d) log (1/5)) < T/8 for large enough T and absolute constant c. [ ]

Lemma 10.1 Let {U; € RmXI};‘FIld be independent subg(1) random vectors. Define L; =

S e Ugiejr1Uf sy for all j > 1 and

0 0O ... 0 0 O
Ly 0 ... 0 0 O
Ly Ly ... 0 0 O
Td = . . . . .
_Ld—l 0 e 0 Ll O_

Then with probability at least 1 — & we have

ITll < emv/Tdlog (d) log (m/5).
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Proof Since L;s are block matrices, the techniques in Meckes et al. (2007) cannot be directly
applied. However, by noting that E can be broken into a sum of m matrices where the norm
of each matrix can be bounded by a Toeplitz matrix we can use the result from Meckes et al.

(2007). For instance if m = 2 and {u;}{°, are independent subg(1) random variables then
we have

uyp U2 0 0
T, = | lus wa 0 0

R TETENT
o o

=M =M>

then ||Ty||< sup<;<s||M;||. Furthermore for each M; we have
10 0 0 0 1 [fo 0 0 0 i
0 0 0 o] 7 0 0 0 o] 7
up 0 0 0 0 0 0 0
0 0 0 0] |4 |lus O 00

RN

=M11 :M12

My

and ||M;]|< ||Mi1]|+]|Miz2||- The key idea is to show that M;; are Toeplitz matrices (after
removing the zeros in the blocks) and we can use the standard techniques described in proof
of Theorem 1 in Meckes et al. (2007). Then we will show that each ||M;;||< C with high
probability and ||Ty||< mC.

For brevity, we will assume for now that U; are scalars and at the end we will scale by m.
By standard techniques described in proof of Theorem 1 in Meckes et al. (2007), we have
that the finite Toeplitz matrix Ty + TJ is d x d submatrix of the infinite Laurent matrix

M = [L|j,k‘1\jfk|<d71]j,kez'
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Consider M as an operator on £2(Z) in the canonical way, and let ¢ : £2(Z) — L?[0, 1] denote
the usual linear trigonometric isometry v (e;)(z) = €*™%. Then Mgp~1 : L2 — L? is the
operator correpsonding to

d—1 d—1
f(z) = Z L|j|62”jx =Lo+2 Z cos (2mjx)L;
j=—(d=1) 7=1

Therefore,
|7+ 17| < 1021 = £l = sup 1Y
0<z<1

where Y, = 2 Z;l;% cos (2mjx)Lj. Furthermore note that Y, has the following form

0 ¢f ¢ ... ¢y 0 ... 0
0 0 ¢ ... ¢g; O ... O
Y, =U" U. (33)
0 0 0 0 ci_q
0 0 0 0 0 0
—C,
Uy
Us
Here U = . and ¢f = 2cos (2mjx). For any = and assuming U; ~ subg(1), we have
Urta
from Theorem 8.3
P( Yx/\/Td‘ < t) < 2exp{—c(tAt*)} (34)

The tail behavior of Y, /v/Td is not strictly subgaussian and we need to use Theorem 8.4.
The function 9 can be found as Eq. 1 of van de Geer and Lederer (2013) (equivalent upto
universal constants) with L = 2 and its inverse being

Y 1(t) = /log (1 +t) + log (1 + t).

‘We have that

1
suplil[| < [¥oll,, + KVTd / BN (N (e/2, d))de,
t P 0

where d(s,t) = ’

(Ys — Yt)/\/Tde and N (e, d) is the minimal number of balls of radius

e needed to cover [0, 1] where d(-,-) is the pseudometric. Since Y; has distribution as in
Eq. (34), it follows that d(s,t) < ¢|s — t| for some absolute constant c. Then

/1 ¢_1(N(6/2, d))de < ¢
0
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for some universal constant ¢ > 0. This ensures that [|sup|V;||[,, < ¢v/T'd. Since E[X] <
| X ||, we have that E[supg<,<1|Yz|] < VT'd. This implies E[||T: + 7] ||] £ VTd, and using

Proposition 8.2 we have E[||Ty]|] < ¢vTdlog(d). Furthermore, we can make a stronger
statement because |sup,|Yi||, < cv/T'd which implies that

|7l < ev/Tdlog (d) log (1/9)

with probability at least 1 —¢. Then recalling that in the general case that L;s of T,; were
m x m block matrices we scale by m and get with probability at least 1 — ¢

ITll < emv/Tdlog (d) log (m?/)

where the union is over all m? elements being less that cv/T'dlog (d) log (m?/§). Note that ¢
hides the universal constant K from Theorem 8.4. [ |

11. Error Analysis for Theorem 5.1

For this section we assume that U; ~ subg(L?).
11.1 Proof of Theorem 5.1
Recall Eq. (8) and (9), i.e.,
Yz,tz = HO,d,dUlil,d + 7—07dUl—,~_d + Hd,d,l—d—lﬁzidq,lfdfl
+Oo.d,al_1,4+ TO0di g + Oddi-d—17_g-11-4-1 T U4 (35)

Assume for now that we have T + 2d data points instead of T'. It is clear that

-1 -1 .

v : 5t 2 v - vt

Ho.d.a = argmin DIV aira—HO gallb= (D Vitair.a(Uitaa T
10 =0

where
T—1
o T — rr—1
Vi = H—d,dUH-d,d’ (36)
1=0
or
Vr =UU'
where
Us Uit1 ... Uryia
Ui-v Ug ... Urqq—
U= . . . .
Uy U, ... Ur
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It is show in Theorem 11 that Vr is invertible with probability at least 1 — d. So in our
analysis we can write this as

T—1 + T—1 -1
e =T _ e =T
> UiadUiiaa) =D UiaaUiina
1=0

=0

From this one can conclude that

T—1 Tl
» _ F_ T Fr—  Fr+T T
H— Houdud‘ ‘2 - H ( Z Ul+d,dUl+d,d) ( Z Ul+d,dUl+d+1,d75,d
1=0 1=0
e =TT e T AT
U aaVUy Maar +Uiigalisa,d@o.dd

T 4T T | f— =TmT T 4T
+Uadivarr,aT Qoa + Uipaay Od,d,l+Ul+d,dwl+d+1,d)H2 (37)

Here as we can observe U, l_lT, ﬁl_lT grow with T in dimension. Based on this we divide our

error terms in two parts:
T—1 .
_ e =T S T T e T T
Br= (Y Uraliiha) <Uz+d,dUz,z Haar+ Uiaaiy Od,d,l> (38)
=0
and
-1 .
_ . o 4T T | Fi— 4T T
B = ( Z UtadV, l+d,d> (U tddirard? Qod T UiaaUlkaraToat (39)
1=0
- 4T T | fi— 4T
Uitaaisarr,a Goa+ U, l+d,dwl+d+1,d>

Then the proof of Theorem 5.1 will reduce to Propositions 11.1-11.3. We first analyze

N

~1/2 e =TT
Ve (3 Ol )|,
l

Il
o

The analysis of ||V, Y Q(ZlT:_Ol j Iid, dﬁlTlTO;’d’l)H will be almost identical and will only differ
in constants.

Proposition 11.1 For 0 < § < 1, we have with probability at least 1 — 26

T—

_ o 1
Ve (3 05 a0 Haa) ||, < 40\ f1og <+ pd +m
=0

—_

where o = \/U(Zzzl 7;[1;67T7;l+k,T)-
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Proof We proved that % <X Vr = % with high probability, then

T-1

W“%2LMW%MMN€%Wfo

2 - TI 371
H\/T U+ddUllHdd’>H >a’75VTjT)

LS Traaliftian)||, ) + (5 v 2 30) -

T-1
/2 ~
S 5pdp<2H f( l;d7dUlﬁ,%2l7d,lv> ‘ ‘2 Z a) - 6 (40)
=0

Define the following ;4 = f]l_lT?-L;d 0, Xpa = \/g[?l:_d 4~ Observe that 7, 4, m141,4 have con-
tributions from U;_1, U;_5 etc. and do not immediately satisfy the conditions of Theorem 2.2.
Instead we will use the fact that X; 4 is independent of U; for all j <.

T-1 5 T-1
—1/2 _
HVT / ( Uktda ll/Hddl>H <2 sup || ZU1+dd U Ha a0l
—0 ’UEN2
T-1
<2 sup [|Y Xpamall
UE./\/—% 1=0

Define ’H}dlv =[8{,Bq,. .. ,Bl—r]—r. B; are m x 1 vectors when LTT system is MIMO. Then
M.d = 22;10 UZT_kBk_H. Let oy = X 4. Then consider the matrix

Brsxmr =
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Observe that the matrix ||Brxmr||l2= \/U(Zizl 7;1ij7:1+;€¢) < Vd||Taooll2< 00 which

follows from Lemma 8.1. Then

Ux
T-1 Us
Z Xiama = [a1,...,ar]B |
=0 :
Ur
Ur
T T U2
=D B> By, arB ]
k=1 k=2 :
Ur
T
=> (Z By, UJ)
J=1 k=j

Here a; = X, 4 and recall that X; 4 is independent of U; for all i > j. Let v/ = o/B. Define
Grid—k = 0({Uk+1,Uk+2,...,Ur+q}) where 6(A) is the sigma algebra containing the set
A with Go = ¢. Then Gy C Gj. Furthermore, since v;_1,U; are Gr4441—; measurable
and Uj is conditionally (on Gry4—;) subGaussian, we can use Theorem 2.2 on 7'U = o/ BU
(where v; = X744—j, Uj = N174+4—j+1 in the notation of Theorem 2.2). Then with probability
at least 1 — 0 we have

det(a’BB’a+V)) (41)

H(o/BB'a + V)_1/27'UH < L\/(log; + log det(V)

For any fixed V > 0. With probability at least 1 — §, we know from Theorem 11 that
2
da =3 — oBBa= LléB)I

o 2
50156)1, we get with probability at least 1 — 29 that

. By combining this event and the event in Eq. (41) and
setting V =

1
|/ BU|2= || Ull2< \/501<B>L\/ (1og 5 +pdlog3+m). (42)

Replacing § — 5_pd%, we get from Eq. (40)

‘ ‘VTW(TX:_I ﬁlti-d,dﬁl;/%:i,d,l) ‘ ‘2 < V6log (5)La; (B)y/log % +pd+m

I=
with probability at least 1 — §. Since L = 1 we get our desired result. |

Then similar to Proposition 11.1, we analyze HVTA/2 ( ZlT;Ol Uljrd dﬁlj_gﬂ d76—rd> ‘ ‘2

Proposition 11.2 For 0 < é < 1 and large enough T, we have with probability at least 1 — 9

T-1
—1/2 ~ ~ ].
HVT (X U aliliher dTola) ‘ ‘2 < 4oy [log = +pd +m
=0
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where
v CAYB v'CA'B vTCA 2B ... v'CB 0
0 . . . . 0 d '
o < sup H ’ ' ’ ’ H gZHCAJBHggﬂ\/&.
||o]]2=1 0 250
0 vICAYB o'CATIB ... .. v CB
Proof

1/2 T—1 17— T—1 77—
Note ‘ ‘V (Zl =0 Ul+d d +d+1 dTT> ‘ ‘ ‘ \/%( =0 Upia, dU+d+1 dTT) ‘ ‘ with
probability at least 1 — ¢ for large enough 1. Here ’TT is md x pd matrix. Then define

Fr— T
X = \/%Uljtd,d and the vector M; € RP? as Ml Ulid+1 dTTd' Then

T-1 T-1
PO XM, (2> t) = 5PP(IY XM o] |2> t/2)
=0 1 =0
5—net
where MlTv is a real value. Let 5 := 761;111, then MZTU = UZ:E_H 4B This allows us to write

XlMlTv in a form that will enable us to apply Theorem 2.2.

Bl By ... B ... 0 Ui
T-1 .
0 I . 0 Ugyo
XiM,"v = [Xo, X1, .., X7_1] g . _ : (43)
1—0 5 0 . .. - ‘. ‘. :
0 ... 0 B ... p]| Ur+2
—_——
=7 =N

Here 7 is RT*(mT+md) 1t ig known from Theorem 11 that X X T < 32—1 with high probability

and consequently XZZT X T < 301(1) . Define F; = 6({U}; ;l:i) as the sigma field generated
by ({Ul}d'H Furthermore Nj is .7:1 measurable, and [X7Z]; is F;_; measurable and we can
apply Theorem 2.2. Now the proof is similar to Proposition 11.1. Following the same steps
as before we get with probability at least 1 — §

T-1 T-1
1
sz; XM o] |p= le(;[XI]lNlIIzS V301 (I)L\/log < +pdlog3+m

and substituting 6 — 5P we get

T-1
1
1D XiM"[|2< V6log (5)o1 (Z) Ly [log = + pd +m
=0
and
T—1
1
1D XiMi||2< 401(T) Ly [log < + pd + m. (44)
=0
|

41



T. SARKAR AND A. RAKHLIN AND M. A. DAHLEH

The proof for noise and covariate cross terms is almost identical to Proposition 11.2 but easier
because of independence. Finally note that o1(Z) < /S0 ||8:i3vVd = /|| T;Lwl3Vd <
BVd.

Proposition 11.3 For 0 < § < 1, we have with probability at least 1 —

T
-1/2 A 1
HVT / (Z Ul+d,d77ﬁ1+d,d7-06,d) , S doayflog s +pd+m
k=0
d 1
~1/2 .
HVT / ( Uz+d,d771,z,0fi,d,z) , S dopy/log st pd +m
k=
d 1
—1/2 A o~
HVT / ( l+d,d77[+/d,d0(/),d,d) , S docy[log 5 +pd+m
k=0
1
)||, < 400\ /1og 5 +pd+m

T
—-1/2 A ~ 1y
HVT ( E :Ul+d,dwl+1+d,d

[e=]

Il
o

k
Here 0 = max (04,0p,00c,0p) where

v CAY vTCATY wTCAT2Z 0
d
oavoc< swp ||| P |, < >lea|< srva
[|v|]2=1 0 . . .. . 2 =0
0 o v CAY .. WTC

05 =\/0(Ciy TOL 7 TOusxr) < BRVd,0p < c.

By taking the intersection of all the aforementioned events for a fixed § we then have with
probability at least 1 — §

N /1 d
— <1 — d + log —
‘ ‘7‘[07(17(1 ’Ho,d,d‘ ‘2 < 160 T m + pd + log 3

12. Subspace Perturbation Results

In this section we present variants of the famous Wedin’s theorem (Section 3 of Wedin

(1972)) that depends on the distribution of Hankel singular values. These will be “sign

free” generalizations of the gap—Free Wedin Theorem from Allen-Zhu and Li (2016). The

major difference from the traditional Wedin’s theorem is that the Frobenius error bound

can include the dimension of the matrix; however in our case the Hankel matrix is allow to

grow with 7" and such a bound may not be ideal. To address we introduce this mild variant
of Wedin’s theorem.

First we define the Hermitian dilation of a matrix.
0 S
)= o)
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The Hermitian dilation has the property that ||[S1 — Sa||< € <= ||H(S1) — H(S2)||< e.
Hermitian dilations will be useful in applying Wedin’s theorem for general (not symmetric)
matrices.

Proposition 12.1 Let S, S be symmetric matrices and ||S — S||< €. Further, let v, 0;
correspond to the jth eigenvector of S, S respectively such that \y > Ao > ... > A\, and
A > Ao > ... > \,. Then we have

€

[(vg, 0p) | < ————
’ A — Al

(45)

if either \; or M\ is not zero.

Proof Let S = \jv;v+VA_;V’ and S = Myt +VA_ V', wlog assume |\j|< |Ag|. Define

R=§5-5

S=S+R
v} Sty, = v} Sty + v Rig
Since vj, U}, are eigenvectors of S and S respectively.
AUty = Apv)oy, + v Ry,
A — Al [v)oe] < e

|

Proposition 12.1 gives an eigenvector subjective Wedin’s theorem. Next, we show how to
extend these results to arbitrary subsets of eigenvectors.

Proposition 12.2 Fore > 0, let S, P be two symmetric matrices such that ||S — P||2< €.
Let
s=usiuT,p=vety?

Let V. correspond to the eigenvectors of singular values > 3, V_ correspond to the eigenvec-
tors of singular values < « and V' are the remaining ones. Define a similar partition for S.
Let a < 8

€
Uvlvy| <

TVl < 5
Proof The proof is similar to before. S, P have a spectral decomposition of the form

S =UXUL +U_SS5U + USS,U

P =V, 2PV +v_uPV! vsP v
Let R = S — P and since U, is orthogonal to U_, U and similarly for V'

U S=x%0" =U'P+U'R
»SUlvy =U Vv, xE + U RV,
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Diving both sides by ©7

YUV (ER)T =0V + ULRV,(ZD) 7!
IS0V (ED) T = ULV |- IUZ RV (55) 71|
(6% €
—NULVL|| = UL V||
6” = NIUZVA 5

ULV || <

Let Sy, P, be the best rank k approximations of S, P respectively. We develop a sequence of
results to see how ||Si — Py|| varies when ||S — P||< € as a function of k.

Proposition 12.3 Let S, P be such that
IS —Pll<e

Furthermore, let € be such that

e < inf
{1<i<r—1}U{s+1<i<n}

(o’i(P) —20i+1(P)) (46)

and UJS, Vjs be the left and right singular vectors of S corresponding to o;(S). There exists
a unitary transformation Q such that
2¢
min (o,_l(P) — 0,(S), 5(S) — USH(P))
2e
min (Jr_l(P) — 0,(S), 74(S) — as+1(P)>

omax((UF, ..., UPIQ - [US,...,US]) <

Proof Let » < k < s. First divide the indices [1,n] into 3 parts K1 = [1,r — 1], Ky =
[r,s], K3 = [s + 1,n]. Although we focus on only three groups extension to general case
will be a straight forward extension of this proof. Define the Hermitian dilation of S, P as
H(S), H(P) respectively. Then we know that the eigenvalues of H(.S) are

Uiz1{0i(5), —0i(S)}

Further the eigenvectors corresponding to these are

TR

Similarly define the respective quantities for H(P). Now clearly, ||H(S) — H(P)||< e since
||S — P||< e. Then by Weyl’s inequality we have that

|0i(S) — 0i(P)|< €
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Now we can use Proposition 12.1. To ease notation, define ;(S) = A\;(H(S)) and A_;(H(S)) =
—0(S) and let the corresponding eigenvectors be a;, a_; for S and b;, b_; for P respectively.
Note that we can make the assumption that (a;, b;) > 0 for every ¢. This does not change
any of our results because a;, b; are just stacking of left and right singular vectors and uiviT
is identical for u;, v; and —u;, —v;.

Then using Proposition 12.1 we get for every (i,j) & Ko X Ko and ¢ # j

€

|0i(S) = a;(P)]

[{as, bj)|< (47)

similarly
€

|0i(S) + a;(P)]

(@i, bj)|< (48)

Since
1 uf 1 uf b~—1 uf
o U it Bt R
and 0;(95), 0;(P) > 0 we have by adding Eq. (47),(48) that

max (1601 107, o)) < ety

Define U ISQ to be the matrix formed by the orthornormal vectors {a;} jecx, and U ISLZ, to be
the matrix formed by the orthonormal vectors {a;};c_k,. Define similar quantities for P.
Then

(UIS(Q)TUIIEQ(Ugg)TUKQ UKQ ZUK UK UK2
372
= (UR,) (I = > UR(UR)" Uk (UK ,)UR,
|71#2
— (U D UK (UR)UR, — (UR)TUE LUk ,) TUR, (49)
|717#2

Now Kj, K_; corresponds to eigenvectors where singular values > o,_1(P), K3, K_3 cor-
responds to eigenvectors where singular values < o441(P). We are in a position to use
Proposition 12.2. Using that on Eq. (49) we get the following relation

(0r-1(P) = 05(5))*  (05(5) — 0541(P))?
—(UR,) "UK_,(UK_,)TUR, (50)
In the Eq. (50) we need to upper bound (UISQ)TUII;_2 (U[I;_Q)TU[%Q. To this end we will exploit

the fact that all singular values corresponding to UI*S;Q are the same. Since ||H(S)—H(P)||< e,
then

€ 2
(Uk,) "UR,(UR,) "UR, = I<1 — B )

H(S) = U, Sk, (UR,) " +UR_, Sk ,(Ur_ )" +Ug S5, (Ug,) "

H(P) = Ui, i, (Uie,) " + UK, Bi L, (UK ,) T+ Ule, B, (U

)T
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Then by pre—multiplying and post—multiplying we get
(UIS;Q)TH(S)UI];_Q = E%Q(UIS(Q)TUI];_Q
(UR,) " H(P)UF_, = (UR,) Uk ik,
Let H(S) — H(P) = R then
(UIS(Q)T<H(S) - H(P))UII;_Q = (UIS(Q)TRUII;_Q
S (UR,) Uk, = (UR,) UK B, = (UR,) ' RUK,
Since E‘?(Z = 05(A)I then

(UR,) TUE_(05(S)I = SR )l = |(UR,) "RUL |

S \Tr7P €
P —
H(UKQ) UK_QH = US(S)+US(P)

Similarly
€

os(P) + 04(95)
Since o5(P) + 05(S) > 05(S5) — 0s+1(P) combining this with Eq. (50) we get

1(UK,) "UR L II<

3e2

Guinl (US) TUE) 21— 2
min (O’T_l(P) —04(9),04(S) — o's+1(P))

(51)

Since

oi(P) — Ui+1(P)>’

eginf(
i 2

for Eq. (51), we use the inequality v/1 — 22 > 1 — 2% whenever = < 1 which is true when

Eq. (46) is true. This means that there exists unitary transformation @) such that

2€
min (a,_l(P) — 04(S),04(S) — USH(P))

Uz, — Uk,QlI<

Remark 12 Note that S, P will be Hermitian dilations of Ho co,00; Hy 4 4 TESPECtIVElY N OUT
case. Since the singular vectors of S (and P) are simply stacked version of singular vectors
of Ho,co0o (and H,, ;;), our results hold directly for the singular vectors of Hococo (and

Hog.d)

Let r < k < s. First divide the indices [1, n] into 3 parts K1 = [1,r — 1], Ko = [r, s], K3 =
[s+1,n].
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Proposition 12.4 (System Reduction) Let ||S — P||< € and the singular values of S be
arranged as follows:

01(S) > ... > 0,-1(5) > 0,(S) > 0741(S) > ... > 05(S) > 05+1(S) > ... 00 (S) > 0p+1(S) =0

Furthermore, let € be such that

(52)

0;(P) — Ui—i-l(P)).

€< inf < 5

T {I<i<r—1}u{s+1<i<n}

Define Ky = K1 U Ko, then

r—1
IR (250)2 = UR, (2R) 2112 < 26| S 03/C2 + 00/GE + sup |V = /5
i=1 =8

and g; = Ui(S), &z’ = JZ(P) Here C»L = min (Ui — O0i+1,0; — Ui+1) and C,« = min (Ur—l — Op,0g — Us+1)-

Proof

Since U [S(O =[U Isél U ;?2] and likewise for B, we can separate the analysis for K, K5 as
follows

U (Z7)'? = Uk, (BRI < IR, = Uk ) (£, 2 IHIUR, (S5,) 2 = (£5) )]

< \/H(UE’;1 = U )ER )RR, — Uk, (55,2113
+ (S5 = (Sk) ]

Now ||(Ef<0)1/2 - (E§0)1/2||: supy|\/o1(S) — \/o1(P)]. Recall that 0,.(S) = ... = 0x(9) =
... = 0s-1(S) and by conditions on € we are guaranteed that Uifgj <1/2foralll <i#j<r.
We will combine our previous results in Proposition 12.1-12.3 to prove this claim. Specifically

from Proposition 12.3 we have

2e+/0,(S)
min <ar,1(P) — 0,(S),0,(S) — gs+1(p))

S P S
1(UR, = Ukey) (Z5,) 21l <
On the remaining term we will use Proposition 12.3 on each column

1(UR, = U)ER)I < IVor(S)er, oy /o1 (S)eiey ]I <

r—1
> o?leyl[?
j=1

- T’z—:l 20;(S) .
=1 min (O'j—l(P) —0;(8),04(5) — Uj+1(P)>

In the context of our system identification, S = Hg 0,00 and P = 7:10 ig- P will be made

47



T. SARKAR AND A. RAKHLIN AND M. A. DAHLEH

compatible by padding it with zeros to make it doubly infinite. Then U 1%0’ U [1;0 (after
padding) has infinite rows. Define Zp = UﬁO(Ziq)l/%(l i), 21 = UIS{O(Ef(O)l/Q(er 1)
(both infinite length) and similarly we will have Zy, Z;. Note that from a computational
perspectlve we do not need to Zy, Z1; we only need to work with Zy = UKO (21;0)1/2(

INATES UKO (Ef;o)l/z(p + 1 :,:) and since most of it is just zero padding we can simply
compute on Zo(l : pd, :),21(1 :pd, ).

Proposition 12.5 Assume Zy = ZyA. Furthermore, ||S — P||2< € and let € be such that

. Uz‘(P) _UH—I(P)
< f
€= {1§igr—1ig{s+1gign} ( 2 ) (53)
then
_ S S Ce(v+1) o2
ZN 7o) Y 2L 2 — (Zh 7o) 2 24| < 5
1(Z020) " ZoZ1 — (ZoZ0) ™ ZoZ1]| < - (\/((U o) A (or1 =)

where o1(A) < 7.
Proof Note that Z1 = ZyA, then

H(Z(/]ZO)_IZ(/)Zl — (Z520) " Zy 2l
=||A = (ZyZo) ' Zy 21| 12= |(Zy20) " Zo 20 A — (ZyZ0) ' ZyZa 2
—||(ZoZO) 2020 A — (25 20) T 2y Zo A+ (Zy20) T 2y Z0 A — (ZyZ0) ™ 2y Za o
<[|(Z520) ™" ZyZoA = (Zy Z0) ™ Zy ZoAlla+11(Z5 Z0) ™ Zy ZoA — (2 20) ™ Z 21|
<2620 Zollo (11204 — ZoAlloH| ZoA  ~Zall2)
-~

Shifted version of Zg

NOW H(ZOZQ) 1ZO||2 (\/O' *6) ||ZoA Zl||2 ||Z0 — Zo”g since Zl = Z(]A is
submatrix of Zy and Z; is a submatrlx of Zy we have ||[ZgA — Z1]|2< ||Zo — Zol|2 and
1204 — ZoAll2< || All2]|Zo — Zol |2

ce(y+1) o? — 00
S (\/((05 "o Alar — o) ; (i = 0is1)? A (oi1 = Ui)2>
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13. Hankel Matrix Estimation Results

In this section we provide the proof for Theorem 5.2. For any matrix P, we define its doubly
infinite extension P as

P 0

p=|00 (54)

Proposition 13.1 Fixz d > 0. Then we have

[ H 00,0012 [[Ho.00.00 — Ho.dall2< V2] Haco00l|2< V2| Tl |2

Proof Define C~’d, Bd as follows

By=[Opxpa B AB ..]

Now pad Hg 4,4 with zeros to make it a doubly infinite matrix and call it ﬂo,d,d and we get
that

_ 0 M
[Foda — Hopomoll = [ }

Moy Moo

M
Note here that Msy; and My = [Mlz] are infinite matrices. Further ||Hg o0 00/l2= ||Mol|2>
22
HMQle. Then
[1H0.4 — Ho ool | < /11 Mi2l3+ Mol 3 < V2| Ha .00l 2
Further ||Ho,a,4 — Ho,00,00||> || Mol|= ||Hd,00,00|]2- |

Proposition 13.2 For any di > do, we have
[1H0,00,00 = Hodras 12 V2[[Ho 00,00 — Ho.dy do |2

Proof Since |[Hd, 0o .00l|2< [[Ho.00,00 — Ho.dydy [12< V2| Hdy c0.00|2 from Proposition 13.1.
It is clear that |[|H4, co,00|[2=< |[Hds,00,00/|2- Then

1 _ _
ﬁ”ﬂo,oo,oo — Hody i 125 [[Hay 00,00125 [[Hay 00,00 125 [[Ho,00,00 — Hoda,do | |2
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Proposition 13.3 Fiz d > 0. Then

Mp(A)*
(M| AL
|| Ta,00 (M)]]2< = o(4)
Proof Recall that
0 0 0 0
CAB 0 0 0
Taoo(M) = |cadtiB CcAdB 0 0

Then ||Tg,00(M)|[2< Z‘;‘;dHCAjBHQ. Now from Eq. 4.1 and Lemma 4.1 in Tu et al. (2017)
we get that ||C AT B||o< Mp(A). Then
Mp(A)*

CAIBlla< ———~—
jzdu o< $205

Remark 13 Proposition 13.5 is just needed to show exponential decay and is not precise.
Please refer to Tu et al. (2017) for explicit rates.

Next we show that 7" (6) and dy(T,0) defined in Eq. (16) given by

+pd +log &
d.(T,5) = inf d165R\/&\/ mTp ~ ) z||%0,d,d—H0,oo,Oo||2}

> d.(T,8), du(T,8) <
em?log® (Tm/5) ~ (T9) (T;9)

7 (6) = inf {T‘ I '“l(gT“s)} (55)

The existence of d. (7, 9) is predicated on the finiteness of 7. () (6) which we discuss below.

13.1 Existence of T*(H)(é) < 00

Construct two sets

T1(5) = inf {T

d.(T,5) € D(T)} (56)

/id*(%, J)

T5(5) = inf {T d.(t,0) <

V> T} (57)

Clearly, 7 (6) <T1(0) VI2(6). A key assumption in the statement of our results is that
) (0) < co. We will show that it is indeed true. Let x > 16.

clog (¢T'+log %)—log R+log (M/B)

Proposition 13.4 Fora fizred 6 > 0, T1(5) < oo with dy (T, 9) <
Here p = p(A).

log %
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Proof Note the form for d.(T,J), it is the minimum d that satisfies

m + pd +log L
IGBR@\/ T & > || Hod.d — Ho,co00ll2

Since from Proposition 13.1 and 13.3 we have ||Ho 4.4 — H0,00,00|[2< BMpt hen d(T,0) < d

. 1—p(A)’
that satisfies
m+pd+log% 3M p?
1 >
65}”# T C 1A
clog (¢T'—log R+log 1)-+log (M/B)

which immediately implies d.(T,d) < d = , d.e., di(T,0) is at

log %
most logarithmic in 7. As a result, for a large enough T

clog (cT +1log 3) — log R + log (M/B)
log%

em?dlog? (d) log? (m?/68) + cdlog® (2d) >

The intuition behind T%(0) is the following: d.(7,d) grows at most logarithmically in 7', as
is clear from the previous proof. Then T5(4) is the point where d. (T, ) is still growing as
VT (i.e., “mixing” has not happened) but at a slightly reduced rate.

Proposition 13.5 For a fixred § > 0, T5(0) < oc.

Proof Recall from the proof of Proposition 13.1 that ||Hgc000/|< |[H0,00,00 — Ho,d,d
\@|’Hd,oo,oo|’~ Now Hg,00,00 can be written as

|<

C
Hivomo = |CA| AY[B, AB, .. ]
: —
. =B
N——
=C

Define Py = A’BBT(A%)T. Let d, be such that for every d > d,, and x > 16

1
Py < —P 58
d 4/<;0 ()

Clearly such a d, < oo would exist because Py # 0 but limg_,., P; = 0. Then observe that
Py =< ﬁPd. Then for every d > d, we have that

[1Ha,00,00 12 45| [H 24,0000l

Let
) 2 p2p2
> 4 (A6 BR ) 1 1og (/) (59)

o)

T
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where 09 = ||Ha4, co00||- Assume that g > 0 (if not then are condition is trivially true).
Then simple computation shows that

K+log%
T

m + pd
‘|7_£07dr§7dri - HO,OO,OOH 2 ||HdK,OO,OO”Z 16BR V dli\/

<

w3

This implies that d. = di(T, ) > dj, for T prescribed as above (ensured by Proposition 13.2).
But from our discussion above we also have

1Ho,d..d. — Ho,00,00||> || Hd. 00,00l 4K||Had. 00,00 ||> 26]|H0 24, 2d. — H0,00,00l|

This means that if

m + pdy + log z
||/H0,d*,d* - HO,oo,ooH < 16ﬁR\/CT*\/ T )

then

16 m + pdy + log = m + 2pd, + log BT
HHO,Zd*,Qd*—HO’OO’OOHS%IBR\/E*\/ p - g5 §166R\/E\/ pHQT g5

which implies that d,(x%T,6) < 2d.(T,§). The inequality follows from the definition of
d.(k*T, ). Furthermore, if k > 16, 2d,(T, ) < £d.(T,5) whenever T is greater than a
certain finite threshold of Eq. (59). [

Eq. (58) happens when o(4%)? < L = d, = O(log”) where p = p(A) and T»(0) < ¢T1(0).

log %
It should be noted that the dependence of T;(4) on log L is worst case, i.e., there exists some
“bad” LTI system that gives this dependence and it is quite likely T;(6) is much smaller. The
condition T > T7(0) V T5(9) simply requires that we capture some reasonable portion of the
dynamics and not necessarily the entire dynamics.

13.2 Proof of Theorem 5.2
Proposition 13.6 Let T > 7 (0) and dy = d.(T,6) then

? dy T
[1H0,00,00 = Ho,dud. || < 2CBR\/;\/m + pd, + log 5

Proof Consider the following error

[Ho.00.00 — Hod a.ll2 < Mo, .d. — Hodw a2+ Ho.00.00 — Hod..d, ]2

From Proposition 13.1 and Eq. (55) we get that

d T
[Ho,00,00 = Ho,d . |[2< 16BR\/;\/m + pd, + log 5
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Since from Theorem 5.1

[ Ho.d. 4. — Ho.d..d.

* T
9 < 16ﬁRUC;\/m+pd*+log6
[ d, T

9 < 328R T\/m—i-pd* —|—logg (60)

HHO,oo,oo - ﬁo,d*,d*

Recall the adaptive rule to choose d in Algorithm 1. From Theorem 5.1 we know that for
every d € D(T) we have with probability at least 1 —§.

» d log L
l1Ho.d.0 — Ho.dall2< 165]?,\/& \/m+p+ g5

T T

T
Let a(l) = V1 ( gy long > Then consider the following adaptive rule

do(T, 8) = inf {1[[[Fo. — Hopll2< 168R(2a(l) + a(k) ¥he D(T),h =1} (61)

d=d(T,8) = do(T,8) V log (?) (62)

for the same universal constant ¢ as Theorem 5.1. Let d.(7,0) be as Eq. (55). Recall
that d. = d.(T,0) is the point where estimation error dominates the finite truncation error.
Unfortunately, we do not have apriori knowledge of d,(T, ¢) to use in the algorithm. Therefore,
we will simply use Eq. (62) as our proxy. The goal will be to bound ||7:[0’Cw — Ho,00,00||2

Proposition 13.7 Let T > T*(”)(é), d.(T,6) be as in Eq. (55) and d be as in Eq. (62).
Then with probability at least 1 — § we have

A T
d < d.(T, ) Vlog (3)
Proof Let d. = d.(T,9). First for all h € D(T') > d., we note

l2 < H;’:[O,d*,d* — Hod. a. ||+ Honn — ﬁo,h,thHWo,h,h — Hod. d.l|2

< NHodd. — Hodod. |2+ Honn — Hopnll2HHo0o00 — Hod.d, ]2
OO>h2d*

[Ho.d..0. — Hopnn

We use the property that ||Ho,00,00 — Ho,d..d. |[2> ||Ho,n.n — Ho.d..d, ||2- Furthermore, because
of the properties of d, we have

HHO,oo,oo - HO,d*,d*HQS IGBRa(d*)
and

[Hod. d. — Hod,.a.ll2 < 168Ra(dy), |[Hopn — Honn

2< 168Ra(h). (63)
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and A R
H/HO,d*,d* — Ho,h,h|‘2§ 168 R(2c(dy) + a(h)).

This implies that do(7,0) < d. and the assertion follows. [ ]

We have the following key lemma about the behavior of ’;QO dd-

Lemma 13.1 For a fized k > 20, whenever T > Tiﬂ)(5) we have with probability at least
1—-9

. T
[Ho,00,00 = Hy g gll2< 3cBRax <max (d*(T, 9),log <(5>>> (64)
Furthermore, d = O(log %)

Proof Let d, > d then

1Ho,00,00 = Ho g dll2 < [Ho,co,00 = Hod.d.
< 3cBRa(d.)

2 Ho 4.4 — Hogdllot+Hod,d. — Hod.a.|l2

If d > d. then
[Ho,00,00 = M g all2 < [Hoc0,00 = Hy g gll2t1Hg 4.5 = Ho ddlle= 2[1Ho 5.4 — Mo gall2

< 2cfRa(d) = 2cBRa <1Og @))

where the equality follows from Proposition 13.7. The fact that d = O(log %) follows from
Proposition 13.1. [}

In the following we will use H; = H;,; for shorthand.

Proposition 13.8 Fiz x> 16, and T > T*(H)((S). Then

2 5 m + pd(T,8) +log T
Mo der.6).der.6) — Howo,coll2< 12¢8RY/d(T, 5)\/ 7 0

with probability at least 1 — 4.

Proof Assume that log (%) < d«(T,9). Recall the following functions

+pd +log %
du(T,8) = inf {d(cﬁRﬁ\/m Pt > [y~ Hoolla |
do(T, §) = inf {z)nﬁl — Full2< eBR(a(h) + 2a()) Vh > 1, heD(T)}
. T
d(T,8) = do(T, ) V log (3)
It is clear that d,(x*T,d) < (1+ %)/@'d*(T, 9) for any k > 16. Assume the following

o d.(T,6) < £d,(x 2T, 6) (This relation is true whenever T’ > T*(H)(é)),
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7 m~+pd(T,8)+log L
(M5 — Hooll2= 6cBR\/d(T, 6) @,

o d(T,6) < d(k72T,6) — 1.

The key will be to show that with high probability that all three assumptions can mnot hold

with high probability. For shorthand we define di") = d.(T,5),d"") = d. (k72T ), d® =
d(T J), d=*) = d( —2T,6) and H; = 7—[0”,7—[; ’Ho” Let T = x~2T. Then this implies

that
CBR(\/CZ?) + 2\/dA(T)) \/m —i—pdil) + log #
K T

1H g0y = H o ll2 2 [Hg0) — Hoolla—I1H 00 = Hooll2
||7:ldi1> — Hool [+ H gy — 7%9)“2 > |[H o) — Hooll2

1H 00 = H ol 00 = HoollaH [ H gy = Hyollz 2 [[H o) — Hooll2

> |[Hj0) — 7:ld§1>|\2

Since by definition of d,(-,-) we have

(1) k2T

- 2cBR (1)\/m+pd* + log %5~
- — Hool[2< d =
1# 0 = H o ll2H1H 00 = Hooll2= — = 7

and by assumptions d,(‘l) < %dg{2), d® < dffz) then as a result (\/d —|— 2V d \/ d(1

K2
(3 + 1)

1H 40y = Hooll2< 1H 00 = H o |21 H 00 = Hooll2+ [1H gy = Hyoo 2

U
_ 28Ry dY \/m i) +log T BRO A +2VdD) [m 4 pdV 1 1og ©1
B K T K T
Pro;flis 6 Definition of d(1)
N e + d 1
P — Mool (5 + wa¢2¢m pd™) +log §

where the last inequality follows from (1y/ dY 4+ 2v dW)y/ dM < (% + 1)d5f2). Now by

assumption

m 4 pd) + 1o w27
Pger — Hocll2 6BRV/0 ¢ T
K

it is clear that

~ 5
[H o) — Hooll2> EHHCZO) — Heoll2

. 61, 1 1
and we can conclude that, since 2 (5 =+ E) <5

() A 4 qog I
\mwv4%m<¢R¢ﬁz¢m+pyJ*%5
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which implies that d(*) > deZ) — 1. This is because by definition of diﬁz) we know that dff2)
is the minimum such that

difﬂz) m +pd>(|<n2) + log%
HHd,(kHQ) — HooHQS C/BR\/ 9 \/ T

and furthermore from Proposition 13.2 we have for any dy < do

1
[[H0,00,00 = Hodyar |[|[> \ﬁHHo,oo,oo — Hods.do |-

This contradicts Assumption 3. So, this means that one of three assumptions do not ‘hold.
Clearly if assumption 3 is invalid then we have a suitable lower bound on the chosen d(-,-),
i.e., since dy(k72T,6) < di(T, 0) < £d.(k™2T, 0) we get

d(r*T, 5) > gzd*(ﬁia) > d(k*T 5)—§2d( 5)-%

OO\E

which implies from Lemma 13.1 that (since we pick x = 16, for large enough T d,(T',8) > 4)
and we have

2T
9 pd( /@T J) +log
1 H ot 6 oo|!2<3cﬁR\/m\/ S
pd K2T5 —i—log"‘T
< fc RA/d(Kk2T, 5 \/
7 \/7 K2T

Similarly, if assumption 2 is invalid then we get that

pd(rk2T,0) + log 55~ 27
P~ ol sy T,y P20

and because d(k*T, 8) < d.(k*T, 8) and || H j 7 5y~ Hooll2< [ H g 5)— Mool lo | H o 5~
Hool|2 we get in a similar fashion to Proposition 13.6

pd (2T, 8) + log - 27
HH d(k2T,8) — ooH2< 1266}%%\/ HQT

Replacing k2T = T it is clear that for any x > 16

: , pd(T, 6) + log £
H%J(T,J) — Hool[2< 12¢BR/ d(T, 5)\/ = 5 (65)

If d.(T,9) < log (%) then we can simply apply Lemma 13.1 and our assertion holds. |
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14. Model Selection Results
Proposition 14.1 Let Hp oo,00 = UZVT,S‘:[O ig= USVT and

1H0,00,00 = Hy g all< €

Let 3 be arranged into blocks of singular values such that in each block i we have

fi_ g
SUp0; — 041 < X€E
J

for some x > 2, i.e.,

At O ... 0
N 0 Ay ... O
X=1. . .

: : .0

0 0 ... A

where A; are diagonal matrices and 6; is the j* singular value in the block A;. Then there
exists an orthogonal transformation, QQ, such that

|USY2Q — USY?||, < 26\/&1/431 4+ Ony 41/, + .+ 622;}ni+1/<72lz

5

— €
+2 sup /0% — Umin"‘\/?/\\ﬁ-
5
d

— — N N
Here sup;<;j<; /0hax — \/ Opain < o~ ed N\ \/ xde and

max

_ . AMGg—1 AT AT ~AMi41
Cm = min (Umin ~ Omax> Omin — Omax )
. __ aN1  _ ~ng _ : AM—1 _ ~Amy ANy
fOT‘ I<i< l; Cn1 - Umin O max and an = min (Umin Omaxs Umin)'

Proof Let USVT = SVD(#,, ; ;) and USV T = SVD(Ho,c0,00) Where ||H,, ; j—Ho,00,00][2< €.

S is arranged into blocks of singular values such that in each block ¢ we have 6; — 6';- 11 < X6
1.e.,

At 0O ... 0
R 0 Ay ... O
Y= . .

: : 0

0 0 ... N

where A; are diagonal matrices and &;'- is the j** singular value in the block A;. Furthermore,

~t—1 Al

o, - —0 > ye. From 3 define ¥ as follows:

min max
61l xny 0 e 0
5 (66)
: : _ 0
0 0 oo Olny xn,

57



T. SARKAR AND A. RAKHLIN AND M. A. DAHLEH

where A; is a n; X n; matrix and 6; = E . The key idea of the proof is the following:

(A,B,C) = (QAQ",QB,CQ") where Q is a orthogonal transformation and we will show
that there exists a block diagonal unitary matrix @ of the form

Qi xny 0 .0
0 Qnoscng - 0
Q=1 . I (67)
: : .. 0
0 0 o Quixmy

such that each block @, xn,; corresponds to a orthogonal matrix of dimensions n; X n;
and that ||[ULY2Q — US|, is small if HI}ZO,J,J — Ho,00,00||2 1s small. Each of the blocks
correspond to the set of singular values where the inter-singular value distance is “small”.
To start off, note that from Propositon 12.4 there must exist a @ that is block diagonal with
orthogonal entries such that

HUQil/Q—UEWHzSCé\/&1/Cﬁl+5m+1/Cﬁ2+ A Oy, /Gt sup Vo — V|

1<i<d
(68)
Here
o ;1 AT ATl
Cn; = min ( Omin — Umax’ Omin — Omax )
. _ ani _ . ANp_1 _oang ANy .
for 1 < i <, (o, = 6%, — 0n2y and G, = min (6., — ik, 0, ). Informally, the ¢;

measure the singular value gaps between each blocks.
Furthermore, it can be shown that for any @ of the form in Eq. (67)

N N ~ A N =1/2 N N A A ~ ~x1/2 ~ =
10QEY? — US12Q||, < [UQS"” — UQEY2|pt | TE2Q — U5 Qlla< 2£72 — £1/2)),

~ =1/2 ~=x1/2 ~
because UQX 2 Uy / Q. Note that HZl/Q 21/2H2< SUP; <;<; V/ Otnax 6t .. Now,

when 6%, > xnie, then /6%, — /6%, < —A—; on the other hand when &%, < xnje

then \/&fnax — V6" < \/xn;e and this implies that

7 5 .
sup \/ Umax \V Umln A XTi€-

1<i<i O'

Finally,
|[USY2Q — USY?|)y < ||UQSY? — USY2||p4|UQSY? — USYV2Q| |,
:26\/6-1/<1%1 +a-nl+]-/<-721,2 +0_Zl ln +1/C”l + sup |\/a \% a-l’

1<z<d

€
+ )AC N v/ XE.

0;|<

o; —

Em
>
<
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Proposition 14.2 Let Ho oo = ULV, H, 5 =USV" and

0,d,d
1Ho,00,00 = Hy g all< €
Let 3 be arranged into blocks of singular values such that in each block i we have

fi_ g
SUp0; — 041 < X€E

for some x > 2, i.e.,

Al O 0

R 0 Ao 0
Y= .

: 0

0 0 Ay

where A; are diagonal matrices and 6; is the j* singular value in the block A;. Then there
exists an orthogonal transformation, QQ, such that

max (|IC = Clla, 1B = Blla) < 26, /61/G, + Gusi1 /Gy + -+ G111/

4 : €
+2 sup /Gl —\/ 0L+ —— AVe={(,
min /O-d‘

1<i<1

14— Alla < 47-¢/3/6

— — X« s A
Here sup;<;j<; /0hax — \/ Opain < = ed N\ \/ xde and

max

AMi—1

Gy = min (6 i — Ohitd)

AT
min Omaxs O min Omax

. _ ANl Ang _ . ANp—1 _oamny AN
fOT 1 < 1 < l, Cnl — Umin O-max and Q-TL[ = min (Umln Umax7 Umin)'

Proof The proof follows because all parameters are equivalent up to a orthogonal transform
(See discussion preceding Proposition 9.2). Following that we use Propositions 12.4 and 12.5.
|

15. Order Estimation Lower Bound

Lemma 14 (Theorem 4.21 in Boucheron et al. (2013)) Let {P;}YY, be probability laws
over (X, A) and let {A; € A}, be disjoint events. If a = min;—g__nPi(A4;) > 1/(N +1),

N
Na 1—a 1
a < alog (17)+(1—a)log<1 1_a> Sﬁg KL(P||P) (69)
N i=1

Lemma 15 (Le Cam’s Method) Let Py, Pi be two probability laws then

~ 1
sup Po[M # M] > 5 — KL(Po||Pr)

0e{0,1} B

N =

1
2
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Proposition 15.1 Let Ny, N7 be two multivariate Gaussians with mean pg € RT, pup € RT
and covariance matriz X9 € RT*T ¥y € RT*T respectively. Then the KL(No,N1) =

- det _
%(tr(z1 120) —T +log d;g;g + Epy o [(11 — MO)TE1 1(,Ul - MO)])'

In this section we will prove a lower bound on the finite time error for model approximation. In
systems theory subspace based methods are useful in estimating the true system parameters.
Intuitively, it should be harder to correctly estimate the subspace that corresponds to lower
Hankel singular values, or “energy” due to the presence of noise. However, due to strong
structural constraints on Hankel matrix finding a minimax lower bound is a much harder
proposition for LTI systems. Specifically, it is not clear if standard subspace identification
lower bounds can provide reasonable estimates for a structured and non i.i.d. setting such
as our case. To alleviate some of the technical difficulties that arise in obtaining the lower
bounds, we will focus on a small set of LTI systems which are simply parametrized by a
number (. Consider the following canonical form order 1 and 2 LTI systems respectively
with m = p =1 and let R be the noise-to-signal ratio bound.

10 0 0
0 0|,A = Ay, By= 0 |,Bi=|VB/R|,Co=[0 0 +BR],Ci=Co
0 0 VB/R VB/R

0
Ao = |0
¢

(70)

Ap, A are Schur stable whenever |(|< 1.

Heo =P

o O O O
o O O O O
S O O O O
O O O O O
o O O O O

Hen =8 (71)

conmn o~
coc o o
oo o oy
cocoocoo
cocooo

Here H¢ o, Hc,1 are the Hankel matrices generated by (Co, Ao, Bo), (C1, A1, B1) respectively.
It is easy to check that for H¢; we have % < % < % where o; are Hankel singular values.
. . 700,00 ((Cs,As,B:))l |2
Further the rank of H¢ o is 1 and that of H ; is at least 2. Also, o ((CrAn, BT < R.
This construction will be key to show that identification of a particular rank realization

depends on the condition number of the Hankel matrix. An alternate representation of the
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input—output behavior is

YT CB CAB ... CAI'B] [urs
yr-1 0 CB ... CA]?B| | ur
A 0 0 CB U
II; U

C CA; CAT nri1 wr

0 C ... CAT?| | nr wr_1

+1. .. ) A (72)
0 0 C 72 w1
O;

where A; € {Ap, A1}. We will prove this result for a general class of inputs, i.e., active
inputs. Then we will follow the same steps as in proof of Theorem 2 in Tu et al. (2018b).

Yelue{u, w121 Polyel{wi}iZ))
KLUl ‘E”°[ Hv (el Y= Paael (a2

=Ep, [1 gtl:Il Pl(yt|{“l}§=%)]

Here 74(-|-) is the active rule for choosing u; from past data. From Eq. (72) it is clear that
conditional on {w}X , {y;}L, is Gaussian with mean given by I;U. Then we use Birge’s
inequality (Lemma 14). In our case ¥y = OOO(—)r + 1,3 =01 OlT + I where O; is given in
Eq. (72). We will apply a combination of Lemma 14, Proposition 15.1 and assume 7; are i.i.d
Gaussian to obtain our desired result. Note that O; = Og but II; # IIy. Therefore, from
Proposition 15.1 KL(No,N1) = Epy o l(1 — p0) 27 — po)] < T% where p; = ILU.
For any 6 € (0,1/4), set a =1 — ¢ in Proposition 14, then we get whenever

(510g<1f5>—i—(l—(5)10g<1g§)ZYJ;CQ2 (73)

we have sup,..Pa.(A;) > 6. For § € [1/4,1) we use Le Cam’s method in Lemma 15 and
7,7§7 7 J

show that if 862 > TR—C; then sup,; P4,(A4;) > 4. Since 6% > clog 3 when § € [1/4,1) for an
absolute constant, our assertion holds.
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