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Abstract

Recent progress in reinforcement learning has led to remarkable performance in a range
of applications, but its deployment in high-stakes settings remains quite rare. One reason
is a limited understanding of the behavior of reinforcement algorithms, both in terms of
their regret and their ability to learn the underlying system dynamics—existing work is fo-
cused almost exclusively on characterizing rates, with little attention paid to the constants
multiplying those rates that can be critically important in practice. To start to address
this challenge, we study perhaps the simplest non-bandit reinforcement learning problem:
linear quadratic adaptive control (LQAC) . By carefully combining recent finite-sample per-
formance bounds for the LQAC problem with a particular (less-recent) martingale central
limit theorem, we are able to derive asymptotically-ezact expressions for the regret, esti-
mation error, and prediction error of a rate-optimal stepwise-updating LQAC algorithm.
In simulations on both stable and unstable systems, we find that our asymptotic theory
also describes the algorithm’s finite-sample behavior remarkably well.

Keywords: reinforcement learning, adaptive control, linear dynamical system, system
identification, safety, uncertainty quantification, exact asymptotics

1. Introduction

Many dynamic systems such as robots, power grids, or living cells can be described at
any given time t by a system state x; that depends on both its previous state x;—; and
some internal or external control u;—; that is applied to direct the system to achieve its
desired function. Both adaptive control and reinforcement learning address the problem of
choosing the controls u; when the system dynamics, i.e., the relationship between x;41 and
(¢, ut), are unknown. But the behavior of the algorithms developed in these fields has been
characterized only coarsely, even in the simplest systems, preventing their deployment in
high-stakes applications that require precise guarantees on safety and performance.

In this paper we will consider a canonical model for such systems, the discrete-time
linear dynamical system:

Ti41 = ACEt + But + &¢, (1)
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where x; € R" represents the state of the system at time ¢ and starts at some initial state
xo, u; € R? represents the action or control applied at time t, & N (0,021,) is the system
noise, and A € R™" and B € R"*¢ are matrices determining the system’s linear dynamics;
the fact that they do not depend on ¢ makes this a time-homogeneous dynamical model.
We assume the noise ¢; follows a Gaussian distribution, but our proof could be immediately
generalized to allow for sub-Gaussian noise distributions. The states x; and controls u; are
assumed to have been transformed so that z; closer to zero represents the system better-
performing its function, and wu; closer to zero represents lower control cost/effort. The goal
is to find an algorithm U that, at each time ¢, outputs a control u; = U (Hy) that is computed
using the entire thus-far-observed history of the system H; = {xy, us—1, x4—1,...,u1,21, U}
to maximize the system’s function while minimizing control effort.

We formalize this tradeoff by augmenting the linear dynamics (1) with the popular
quadratic cost function, so that at every time ¢, the system incurs the cost x] Qx; +u/ Ruy,
for some known positive-definite matrices Q € R™*"™ and R € R%*?. In order to abstract
away finite-sample issues arising from different time horizons 7', we will focus on the infinite-
horizon problem, which seeks to minimize the expected average limiting cost:

T
J(U) = lim EJ(U,T), JU,T) = = 3 (:c,Tth + utTRut> . (2)
T—00 T P

When the system dynamics A and B are known, the cost-minimizing algorithm is known
and called the linear-quadratic regulator (LQR): U*(H;) = Kz, where K € R¥™ is the
efficiently-computable solution to a system of equations that only depend on A, B, Q,
and R; we will review the exact expressions for K in Section 1.3. Like the Gaussian
linear model in regression and supervised learning, the aforementioned linear-quadratic
problem is foundational to control theory because it is conceptually simple yet it provides
a remarkably good description for some real-world systems (e.g., biological systems (Priess
et al., 2014), aircraft flight control (Choi and Seo, 1999), or power supply (Shabaani and
Jalili-Kharaajoo, 2003)), and insights from its study often translate to innovations and
improved understanding in far-more-complex models.

In this paper we consider the case when the system dynamics A and B are unknown,
which we call linear-quadratic adaptive control (LQAC), to distinguish it from the LQR
setting when A and B are assumed known. Intuitively, one might hope that after enough
time observing a system controlled by almost any algorithm, one should be able to estimate
A and B (and hence K) fairly well and thus be able to apply an algorithm quite close to
U*. Indeed the key challenge in LQAC, as in any reinforcement learning problem, is to
trade off exploration (actions that help estimate A and B) with exploitation (actions that
minimize cost). We will quantify the cost of an LQAC algorithm by its average regret:!

R(U,T) = J(U,T) — J(U*,T).

A flurry of recent work has proposed new algorithms for LQAC and studied their regret
and estimation error; we review this literature in Section 1.2. These studies have produced

1. Not to be confused with the more-common cumulative regret, given by TR(U,T). Since one is simply
T times the other, it makes no mathematical difference which one is considered, but we prefer a regret
formulation that does not diverge to infinity.
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finite-sample bounds (in terms of the problem parameters) on various performance metrics
which capture the rates at which those metrics depend on various values, especially time 7.
These recent breakthroughs have advanced the field significantly, but two significant hur-
dles remain to using their insights to enable reliable, safe, high-performance reinforcement
learning.

e Many of the benefits of a theoretical characterization of the performance of an algo-
rithm (e.g., its regret or estimation error) involve quantifying differences, such as the
difference in performance between two algorithms applied to the same system or the
performance difference between applying the same algorithm to two different systems.
But a difference between two rigorous, but loose, bounds that have the same rate can
be misleading, since the difference in the looseness of the bounds can overwhelm the
difference in the true performance.

e When an expression characterizing an algorithm’s performance depends explicitly on
the system dynamics (in our case, A and B), it cannot actually be evaluated in
practice because the system dynamics are by assumption unknown. Thus in order to
enable certain critical aspects of reinforcement learning such as safety, non-stationarity
detection, and generalization to new systems, there is a pressing need to characterize
algorithmic behavior in terms only of observable quantities.

1.1 Our Contribution

This paper presents asymptotically-exact expressions for a number of quantities of interest
for a simple LQAC algorithm that achieves the optimal rate of regret. That is, we prove
that the performance of the algorithm converges ezactly to the expressions we present.
We have two types of results: asymptotically-exact expressions in terms of non-random
system parameters, and asymptotically-exact expressions in terms of only observable random
variables.

Theory for a rate-optimal algorithm with stepwise-update estimates. The LQAC
algorithm we consider in all of the theory in this paper is very simple and intuitive, using
a least-squares estimate of the system dynamics at each time point to estimate the optimal
controller K and adding a vanishing exploration noise to that certainty-equivalent control
which can be tuned to achieve the optimal rate of regret. All our theory is for a single system
trajectory (no independent restarts), and in contrast to existing literature on LQAC we allow
our algorithm to update its estimate of the dynamics at every time step, although we show
our theoretical results can easily be extended to the more common setting of logarithmic
updating as well.

Asymptotically-exact expressions characterizing LQAC performance metrics.
For a number of different performance metrics of interest for the LQAC problem, we provide
asymptotically-exact expressions (a) purely in terms of the non-random, unknown system
parameters, and (b) purely in terms of the random, observable system history. In particular,
we provide both types (a) and (b) of asymptotically-exact expressions for

(i) the regret at any current or future time point,
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(ii) the distribution of the estimation error of the least-squares estimate of system dy-
namics A and B, and

(iii) the distribution of the prediction error of the least-squares estimate of a future state.

We further use (ii) to derive the estimation error of the least-squares estimate of the optimal
controller K, and to identify a function of the dynamics, A + BK, that can be estimated
at a much faster rate than just A or B (although to reiterate, our expressions characterize
not just the rates but the exact constants multiplying those rates as well). Our observable
expressions for (ii) and (iii) immediately give us asymptotically-exact online confidence
regions for the system dynamics (and optimal controller K) and prediction regions for a
future state, respectively. These prediction regions also allow us to perform online testing
of the modeling assumptions of, e.g., linearity and stationarity, see Section 3.2.3.

Numerical validation of our theory We apply our algorithm to both a stable and
an unstable simulated system to compare our asymptotic expressions to the performance
metrics they characterize, and we find quite good agreement, even at very early time steps.

1.2 Related Work

Our study of the asymptotics of the LQAC problem has connections with many works across
control theory, machine learning, and statistics, and we defer a more thorough exposition
of related work to Section 5, while here only focusing on the most relevant literature.

The LQAC algorithm we consider in this paper falls into the class of algorithms which
has been referred to as certainty equivalent controllers in the literature. The key idea is
to estimate the system dynamics and then apply a control that would be optimal if the
estimate were correct.

Following this strategy blindly is known to be inconsistent (Becker et al., 1985; Lai and
Robbins, 1982), but consistency can still be achieved with the addition of a persistently
exciting input (Astréom and Wittenmark, 1973). Another type of fix is to add a vanishing
noise term to the input, which was shown by Dean et al. (2018) to achieve O(T~1/3)
average regret (their control is estimated by a robust optimization instead of directly from
system dynamics estimates) and later by Faradonbeh et al. (2018a,b); Mania et al. (2019) to
achieve O(T~'/2) average regret. The recent work of Simchowitz and Foster (2020) refined
the existing regret bounds and showed @(T -1/ 2) to be the optimal rate of average regret.
To our knowledge, all LQAC algorithms that have been proved to achieve the optimal
rate of regret update their estimate of the system dynamics logarithmically often,? and
their bounds on regret and estimation error hold in finite samples but have conservative
constants multiplying the rate.

There is work on system identification and in particular on optimal experimental design
that relates to our characterization of the estimation error of the learned system dynamics.
These works focus mainly on minimizing estimation error with little or no consideration
for the regret, and hence only consider algorithms with average regret bounded away from
zero as this allows the optimal rate of estimation error of O(T~'/2). For such algorithms
(which essentially correspond to our Algorithm 1 with 8 = 1), these works do provide

2. The only exception is Abeille and Lazaric (2018), whose Thompson sampling algorithm updates its
estimates at every step, but their proof only holds for scalar systems (n = 1).
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asymptotically-exact expressions for the estimation error (Ljung, 1997; Bombois et al.,
2006; Gerencsér et al., 2009; Hjalmarsson, 2009; Wahlberg et al., 2010; Huang et al., 2012;
Stojanovic and Filipovic, 2014; Stojanovic et al., 2016; Gerencsér et al., 2017). More recent
work provides finite-sample bounds on the estimation error of such algorithms, but with
conservative constants multiplying the rate (Abbasi-Yadkori et al., 2011; Simchowitz et al.,
2018; Sarkar et al., 2019; Dean et al., 2019; Oymak and Ozay, 2019; Sarkar et al., 2019;
Khosravi and Smith, 2020; Sattar and Oymak, 2020; Foster et al., 2020; Zheng and Li, 2020;
Sun et al., 2020). At the intersection of these approaches, Tu and Recht (2019) showed that
a certainty equivalent estimate has an asymptotic sample complexity advantage over a
model-free algorithm based on policy gradient.

The main distinction between our paper and all these related works is that we consider
a stepwise-updating, regret-rate-optimal LQAC algorithm and provide characterizations of
the regret, estimation error, and prediction error that are asymptotically-exact. To achieve
these results, our proofs combine recent finite-sample bounds (Dean et al., 2018; Mania
et al., 2019) with martingale central limit theorems developed in the statistics literature
(Lai and Wei, 1982; Anderson and Kunitomo, 1992).

1.3 Preliminaries

We make the following mild assumption on A and B, without which no algorithm could
even achieve finite average regret.

Assumption 1 (Stability). Assume the system is stabilizable, i.e., there exists Ky such
that the spectral radius (mazimum absolute eigenvalue) of A+ BKy is strictly less than 1.
We also assume that QQ, R are both positive definite.

Under Assumption 1, there is a unique optimal controller (Arnold and Laub, 1984) that
can be computed from A and B, given by the linear feedback controller u; = Kx;, where

K=—(R+B'PB)"'B"PA. (3)

Here P is the unique positive definite solution to the discrete algebraic Riccati equation
(DARE):

P=A"PA-A"PB(R+B'PB)'B'PA+Q (4)

2. Algorithm

The algorithm whose performance we characterize in Section 3 is given in Algorithm 1.
At the end of each step in line 5, we apply a plug-in version of the LQR controller, Ktxt,
plus added exploration noise that vanishes asymptotically with variance 72t~ (1=5) Jog® (t).
Larger 8 corresponds to more exploration noise, and we will see that 5 = 1/2 gives the
optimal rate of regret and is the only 8 value for which a nonzero « is needed in our
theory.® K; is taken as the solution to the DARE (Egs. 3 and 4) with inputs Ap1, By

3. 8 =1 and a = 0 would make the added exploration noise non-vanishing and give the optimal rate of
system identification estimation error; see Appendix A.2 for the extension of our results to the case of

g =1
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computed in line 3. Line 4 then checks whether the state or controller is too large, and if
so, K, is set to Ky, which by assumption stabilizes the system. The cutoffs for ‘too large’
are determined by inputs C; and C, with the latter assumed to be greater than || K||. We
will prove (Proposition 17) the cutoffs are only breached, and hence Ky applied, finitely
often with probability 1, and none of Ky, C,, or Cx appear in any of our expressions
characterizing the asymptotic performance of Algorithm 1.

To prevent the regret from exploding in early time steps (see Fig. 1.5), our experiments
suggest it is important to keep the check on large states x; but not the check on large K.
We note that Kt is computed from At 1 and Bt 1 as opposed to At and Bt—we expect this
to have little impact on the performance but it is needed for the proof of the key Lemma 34.
In particular, in the lemma we need the f(t+1 to only be dependent on the history stricly
before x;.

Since the algorithm asymptotically always just applies a noisy plug-in version of the
LQR controller, it is simple, intuitive, and computationally efficient.* All our theory and
experimental results are exactly based on Algorithm 1 without any modification, and in par-
ticular, we always analyze a single trajectory (no independent restarts) and our estimates
of A and B are updated stepwise, i.e., at every time step. This last point is a significant de-
parture from existing literature which focuses on logarithmic updating. We show in Figs. 1c
and I.1c that updating stepwise reduces regret compared to updating logarithmically often,
but in fact our theory also applies to a logarithmically-updated version of Algorithm 1, as
made precise in the following remark.

Remark 2 (Logarithmically-updated estimates). All our theoretical results in Section 3
also hold when A, and B, are only updated O(log(t)) times per t steps. More precisely,
assume {t;}2, are the times at which K is updated. As long as there exists a constant C
such that lim sup ’“ < C, all results in Section 3 still hold.

1—00

3. Theoretical Results
Almost all of our asymptotic results are based on the following new result which shows that

the Gram matriz Zﬁ;é [iz] [zz} e R(td)x(n+d) ig agymptotically equal in a certain sense
(] (2

to the deterministic matrix D; D, , where

1/2
I, 0 G 0
Dy := 92 10g®/%(t [ " ] 7
t og ( ) K Id 0 %Id ( )
and
o0 9 00
Cr=t'"Plog™(t) Y (A+ BK)P((A+ BK)") o %Z (A+ BK)'BB' (A + BK)?)".
p=0 q=0

4. The least squares estimator can be computed efficiently in a recursive manner (Engel et al., 2004).
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Algorithm 1 Stepwise Noisy Certainty Equivalent Control

Require: Initial state xo, stabilizing control matrix Ko, scalars C, > 0, Cx > | K]||, 72 > 0,
pe€[1/2,1), and a > 3/2 when 5 = 1/2.
1: Let ug = Koxg + 7wg and uq; = Kox1 + 7w, with wq, wy %N(O,Id).
2: fort=2,3,... do

Compute
t—2

(At—l, Bt—l) € arg minz H‘Tk-H — Alzy — B/“kHz ()
(A’,B) k=0

and if stabilizable, plug them into the DARE (Egs. 3 and 4) to compute K;, otherwise
set K; = K.
If ||z¢]| > Cylog(t) or || K¢|| > Ck, reset K; = K.

5: Let
u = Ky + N, m = 7/t~ 1=P) log® () wy, Wy ijvd/\/(O, 1) (6)

6: end for

Theorem 3. Algorithm 1 applied to a system described by Eq. 1 under Assumption 1
satisfies

Dy H H DI h (8)

w
i=0 '

The proof of Theorem 3 can be found at Appendix B. The main idea was to first prove
Eq. 8 under the simplifying approximation that K, =K , and then to derive novel uniform
rate bounds on the estimation error K; — K by extending existing bounds (Mania et al.,
2019; Dean et al., 2018) to the setting of stepwise update. We require the log®(¢) term
because in that case the exploration error terms will dominate the K, — K estimation error
terms, and we are only able to tightly control the former with our analysis. Theorem 3
is the key ingredient that will allow us to asymptotically exactly characterize many of the
important properties of Algorithm 1.

3.1 Parametric Expressions

We have three different types of asymptotically-exact expressions characterizing the system
performance in terms of only the non-random problem parameters (i.e., the algorithm,
system, and cost function parameters): the regret (Section 3.1.1), the distribution of the
estimation error [A; — A, B; — B] (Section 3.1.2), and the distribution of the prediction error
(Atl’t + Etut) — (ACCt + But) (Section 313)

3.1.1 ASYMPTOTICALLY EXACT EXPRESSION FOR THE REGRET (PARAMETRIC)

Our first result in fact does not follow from Theorem 3 but requires instead a careful
decomposition of the regret paired with novel rate bounds.
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Theorem 4. The average regret of the controller U defined by Algorithm 1 applied through
time horizon T to a system described by Eq. 1 under Assumption 1 satisfies, as T — oo,
R(U,T)
2= Tr(BTPB + R)TA110g™(T)
with 3 = 1/2 therefore achieving the optimal rate (Simchowitz and Foster, 2020) of R(U,T) =
Op(T71/2).

P, (9)

The proof can be found at Appendix C.

It is counterintuitive that the regret monotonically decreases as the exploration noise
level 7 decreases, as we would expect insufficient exploration to harm the regret at some
point. The main intuition behind the theorem is that the regret is dominated by the rate
of the exploration noise term (regardless of the constant 7 > 0 multiplying it). Hence,
asymptotically only the exploration cost stands out, and that cost indeed decreases when
7 decreases.

To our knowledge, this is the first time an LQAC algorithm’s regret has been charac-
terized asymptotically ezactly, i.e., Eq. 9 not only captures the rate but also the constant
multiplying that rate. With an exact expression for the asymptotic regret, a user can under-
stand exactly how the regret of Algorithm 1 depends on the system parameters, and would
be able to compare this expression directly with exact expressions for other algorithms (if
they existed).

3.1.2 ASYMPTOTIC DISTRIBUTION OF THE ESTIMATION ERROR (PARAMETRIC)

Theorem 3 provides the key ingredient in a martingale central limit theorem (CLT) for
the estimators Ay, By (Anderson and Kunitomo, 1992), which gives the exact asymptotic
distribution of the estimation error in terms of only the system parameters.

Theorem 5. Algorithm 1 applied to a system described by Eq. 1 under Assumption 1
satisfies, as t — oo,

vec ([A — A, B, — B] Dy) -2 N(0,0% Lo ay)- (10)

The proof of Theorem 5 can be found at Appendix D. Again, to our knowledge, this is
the first time an LQAC algorithm’s estimation error has been characterized asymptotically
exactly and, similarly, such a result can help a user understand exactly how the distribution
of the estimation error of Algorithm 1 depends on the system parameters.

Remark 6 (A convergence rate disparity). Plugging the definition of Dy Eq. 7 into Eq. 10
gives different convergence rates for two different parts of [Ay — A, By — B|. In particular,

as t — oo,
vec <[t5/2 log®2(t)C}* (A — A+ (B, — B)K), +/ 92 10g™/? (1)(B; — B)D (1)
= N(O,UQIn(n—i-d))‘

. . —1
Thus Ay — A+ (B: — B)K converges at the rate of <t5/2 logo‘/Z(t)C'tl/2> = O,(t™12) for

any B, while B; — B converges at the slower B-dependent rate of O, (t=5/? log~*/2(t)). The
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faster; convergence rate of z{lt — A+ (Bt — B)K implies strong dependency between A — A
and By — B: Ay — A~ —(B; — B)K.

Remark 7 (Regret-estimation trade-off). Because of the asymptotic linear relationship
Ay — A~ —(B; — B)K, the estimation error [A, — A, B, — B] can be characterized by the
asymptotic variance of vec[Bt — Bj: B%;t_ﬁlog_o‘(t)lnd. Combining this with Theorem 4
gives the following asymptotic identity that precisely characterizes a fundamental regret-
estimation trade-off for Algorithm 1 with any B: as t — oo,

tR(U,t) - Cov(vec(B; — B)) = Tr(BT PB + R)0*Inq.

Because K is a function of [A, B] (and asymptotically, K; is the same function of

[A;_1, B,_1]), by the Delta method, we can use its matrix of derivatives d[iKB] = dfe‘;e(c[gK];]) €

R7xn(n+d) 6 translate the asymptotic distribution of [4; — A, B; — B] from Theorem 5 to
the asymptotic distribution of K; — K.

Corollary 8. Assume A+ BK is full rank. Then Algorithm 1 applied to a system described
by Eq. 1 under Assumption 1 satisfies, as t — oo,

(e () (4] 1)) s im) 2ot

The proof of Corollary 8 can be found at Appendix F.1. Eq. 12 quantifies the distance
from the current control matrix K; to the optimal control matrix K, and shows implicitly
but asymptotically exactly how the distribution of that distance depends on the system
dynamics.

3.1.3 ASYMPTOTIC DISTRIBUTION OF THE PREDICTION ERROR (PARAMETRIC)

If we consider the entire history {z;,u;}!_, to be the input of the prediction rule whose
goal is to predict the next state x4, then the optimal (in terms of mean squared error)
prediction is given by E[xy41 | {z;, ui}i_] = Az + Buy, and a natural choice at time ¢ would
be to use the least-squares prediction rule given by Az + By By combining Theorem 5’s
asymptotic distribution for [flt — A B, — B] with a careful handling of the asymptotic
dependence between (¢, u:) and [flt —A B — B], we can derive the asymptotic distribution
of the error Ayx; + Buuy — (Axy + Buy) of the least-squares prediction rule.

Theorem 9. Algorithm 1 applied to a system described by Eq. 1 under Assumption 1
satisfies, as t — 00,

1 -1/2
00

z | Y _(A+BEP (A+BEP)" | @+ o fw?

g (13)

/172 ((At — Az + (B, — B)ut) 25 N(0, 1)

The proof of Theorem 9 can be found at Appendix E. This expression is parametric
in the sense that the first parenthetical only depends on the system parameters and the
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random variables z; and wy that are used by the algorithm in the time step immediately
before the prediction is made. Note that the convergence rate of @p(t_l/ 2) does not depend
on 3, as foreshadowed by Remark 6, but the constant in the convergence does depend on f.
Thus, Eq. 13 shows that the optimal asymptotic prediction error is attained at 8 = 1/2 (x4’s
asymptotic distribution does not depend on 3, so asymptotically the only 8 dependence is
in the term Bo|w||?), a conclusion we could not have reached had we only considered
the rate. Theorem 9 can easily be extended to characterize the full prediction error of
Tiy] — (Ata:t + Btut) by simply adding o2 to the first parenthetical.

3.2 Observable Expressions

The previous subsection provides three asymptotically-exact expressions (regret, estimation
error, and prediction error) in terms of only the system parameters; in this subsection, we
provide three analogous asymptotically exact expressions in terms of only observable random
variables.

3.2.1 ASYMPTOTICALLY EXACT EXPRESSION FOR THE REGRET (OBSERVABLE)

Define P, as the plug-in estimator using Eq. 4:
B = AT Bdy— AT BB(R + B BB BT BA, + 0.

Then by consistency of A, and B, (see Theorem 5), and therefore also P, the plug-in version
of Eq. 9 is an immediate corollary of Theorem 4.

Corollary 10. The average regret of the controller U defined by Algorithm 1 applied through
time horizon T to a system described by Eq. 1 under Assumption 1 satisfies, ast — oo and
T — o0,
RU,T)
726-1Tr(B] P,B, + R)T5 1 log®(T)

R (14)

The proof of Corollary 10 can be found at Appendix F.2. Notice when ¢ < T, Corol-
lary 10 tells us that we can consistently estimate the regret at a future time point. Fur-
thermore, the Delta method applied to Theorem 5 gives the asymptotic distribution of the
denominator in Eq. 14.

3.2.2 ASYMPTOTIC DISTRIBUTION OF THE ESTIMATION ERROR (OBSERVABLE)

Combining the asymptotic equivalence of Gram matrix and D;D, from Theorem 3, the
asymptotic distribution of the estimation error from Theorem 5, and Slutsky’s theorem
immediately produces the following very useful corollary.

Corollary 11. Algorithm 1 applied to a system described by Eq. 1 under Assumption 1
satisfies

t—1

i
(- a3 [2] 1] 1 -] B ot
=0 Lt LT

10
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The proof of Corollary 11 can be found at Appendix F.3. The reason it is useful is it
allows us to construct an asymptotically exact ellipsoidal confidence region for the system
dynamics A and B. In particular, the following confidence region has asymptotic coverage
exactly 1 — « and is entirely and efficiently computable from data observable through time
t:

t—1 T
{A, B:o 2Tr ([At — A B, — B} Z BZ} [il] [At — A, B, — B]T> < Xi(ner),la} 5

1=0
(15)
where XZ(n +d)1-a is the 1 —« quantile of a Xi(n +a) random variable. To our knowledge, this
is the first asymptotically exact confidence region for the system dynamics in the LQAC
problem. Note the confidence region in Eq. 15 is identical to the confidence region one
would compute if the data points {x;, ui}ﬁ;é were i.i.d., but the theory that led us to this
result is far more challenging than in the i.i.d. setting.
Analogously to Corollary 8, we can also use the Delta method to derive a confidence
region for K.

Corollary 12. Assume A+BK is full rank. Then Algorithm 1 applied to a system described
by Eq. 1 under Assumption 1 satisfies

it ((sn) (S 2] 2] o)) ) ko 22

1=0 t

where (%)t € Rndxn(ntd) s defined as % evaluated at Ay_1, Bi_1.

The proof of Corollary 12 can be found at Appendix F.4. Corollary 12 gives the following
asymptotically exact ellipsoidal 1 — « confidence region for K:

. dK =[] [z " - dK \'
{K . 0 2vec(K; — K)T (d[AvB]>t (ZZ; [uz] [ui] @ In) (d[AaB]>t
vec(f(t - K)< qumd,la}'

3.2.3 ASYMPTOTIC DISTRIBUTION OF THE PREDICTION ERROR (OBSERVABLE)

We can obtain an observable expression for the asymptotic distribution of the prediction
error as a direct corollary of Theorem 3 and 9.

Corollary 13. Algorithm 1 applied to a system described by Eq. 1 under Assumption 1
satisfies:

1 —1/2

o2 mT (H m mT> [ﬂ ((At — Az + (B — B)ut> L N(0,1,).

=0

11
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The proof can be found in Appendix F.5, and is a special case of a more general result
that allows the users to choose their own desired input by replacing u; = Koy + 1 with
w = Kz + & for any & constant or independent of the data. Again, Corollary 13 can
easily be extended to characterize the full prediction error of x441 — (At:rt + Btut) by simply
adding o2 to the first parenthetical, leading to the following prediction region:

T /t=1¢ 10 4T\ ! - ) )
Teg1 10 2|1+ [Z] <z; [zj [ij ) [zj I(Arz: + Biur) — zeva||* < Xih1-a
i=

(16)
Having at each time ¢ a computable region with a high probability of containing the next
state x;41 is a crucial ingredient in ensuring the safety of a learning system, as it both
provides a warning about where the system will be next and gives the system the opportunity
to change or cancel the control u; if the prediction region intersects an unsafe part of the
state space.

As an additional application of the prediction region Eq. 16, since ;41 is observed at
the next time step, we can use the agreement between our prediction region and the true
Zty1 to test certain assumptions about our system. For instance, the hypothesis test which
rejects if x411 does not fall within the prediction region constructed at time ¢ constitutes
a asymptotically valid level-a test of our stationary linear dynamics encoded in Eq. 1. For
instance, if we are confident about the linearity of our system but worried that it may
be non-stationary, we could use this test to detect whether the dynamics have changed
within the first £ 4+ 1 time steps, and more generally, such tests could be strung together to
constitute a change detection algorithm (Griinwald et al., 2019; Wang and You, 2020).

Note that the naive prediction region

{om s 0 20 (Am + Brw) = el < x2a}- (17)

also has asymptotically exact coverage even though it ignores the estimation error in [/lt, Et]
However, our experiments show that our prediction region from Eq. 16 achieves much better
finite-sample coverage by accounting for the estimation error of [At, Bt] see Fig. le.

4. Experiments

We verify our algorithm’s performance in one stable and one unstable dynamical system.
We focus on comparing the finite sample performance of our algorithm to our theoretical
predictions, and defer comparison between our algorithm and other existing algorithms for
future work (see Dean et al. (2018) for a comparison between an algorithm similar to our
algorithm except it updates K; logarithmically often and other algorithms which we will
review in Appendix 5). In the main text, we will only display the figures with 5 = 1/2 and
« = 2 in the stable system; the remaining figures and details of the experimental setup can
be found in Appendix I. ®

5. Source code for reproducing our results can be found at https://github.com/Feicheng-Wang/LQAC_
code.

12
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4.1 A Representative Simulation

Fig. 1 summarizes the results of our experiment with § = 1/2 and o = 2 in a stable system
(for the analogous figure in an unstable system see Fig. I.1). The main takeaways are:

e Fig. 1la shows that Algorithm 1’s stepwise update leads to lower regret than update
logarithmically often, although the difference is small compared with the variability
of the regret. The difference is qualitatively similar but quantitatively larger in the
unstable system, and the difference can be quite large for poor choices of Ky, but
pretty robust for choices of Ck; see Fig. I.1a, 1.2 and L.6.

e Fig. 1b verifies that the ratio of the true observed regret with either of our regret
expressions in Theorem 4 and Corollary 10 is converging to 1. Note that the large
confidence band is due to the huge variance in the regret itself. The analogous plots
for 8 # 1/2 and the unstable system can be found at Fig. I.1b and 1.3; larger 5 speeds
up the convergence speed.

e Fig. lc verifies the convergence rate disparity in Remark 6 that A, — A, B, — B, and
K — K have a slow convergence rate O(t=P/2), while A; — A+ (B; — B)K has a fast
convergence rate O(t~1/2) ; see Fig. L1c.

e Fig. 1d shows that, the finite sample coverage of our confidence regions and predic-
tion region closely matches our asymptotic theory in Corollary 11, Corollary 12, and
Corollary 13. Also Fig. 1e shows that our prediction region Eq. 16 have better finite
sample coverage than the naive region Eq. 17. In this simulation, the observable ex-
pressions have slightly better coverage. Similar results hold for other choices of 5 and
the unstable systems (Fig. I.1d and L.5).

5. Detailed Review of Related Work

The LQAC problem lies at the intersection of adaptive control and reinforcement learning
and has drawn considerable attention in the past decade. This line of work differs from much
of the work in reinforcement learning that is based on games or other virtual simulators
that can be rerun infinitely many times (Vinyals et al. (2017), Silver et al. (2017)) because
it is run in one-shot. However, many real-world applications cannot be easily restarted over
and over again, and repeating experiments can be prohibitively expensive. Aside from the
CE approach taken in this paper and reviewed in Section 1.2, we classify LQAC algorithms
into two broad categories:

e Optimism in the Face of Uncertainty: This method uses non-convex optimization
to repeatedly select a near optimal control (in the regret sense) from a confidence set,
achieves the optimal rate of regret (Abbasi-Yadkori and Szepesvéari, 2011; Ibrahimi
et al., 2012; Faradonbeh et al., 2017). Later Cohen et al. (2019) extended this work by
replacing non-convex optimization with semi-definite programming and still achieves
the optimal regret.
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Figure 1: Summary of 1000 independent experiments applying Algorithm 1 with g = 1/2,
a=2,C,; =1, and Cx = 5 on the stable system described in Appendix I.1.1. (a) Difference
between the regret of Algorithm 1 using stepwise and logarithmic updates. (b) The ratio
of the empirical regret and our parametric or observable expressions for the regret. (c)
The average Frobenius norm of various estimation errors considered in this paper, with
slopes fitted on a log-log scale so that the estimation error is @(tSIOPe). The effect of o was
removed from the slopes of K;— K and [A;— A, B,— B] by dividing the error by log®/?(¢). (d)
Coverage of our 95% confidence regions for [A, B], K, and E[z¢41 | {z;, ui}i_y] = Az + Buy.
(e) Coverage of our 95% prediction region for zy41 | {x;, u;}i_,, along with coverage of the
naive prediction region given in Eq. 17.

e Thompson Sampling: Starting with a prior distribution for the system parameters,
one can use Bayes’ rule to update a posterior distribution online and can use samples
from that posterior to choose controls that balance exploration and exploitation. The
pioneering work (Abeille and Lazaric, 2017) applying this idea to LQAC demonstrated
a suboptimal @(Tﬁl/ 3) average regret, which is later improved to the optimal rate
O(T~Y2) by Ouyang et al. (2017); Faradonbeh et al. (2018b). Abeille and Lazaric
(2018) is the only work which we know of that achieves the optimal rate with stepwise
updates, although their proofs only apply in scalar systems (i.e., n = 1).

Logarithmic Regret We pause here to clarify that any result achieving logarithmic
regret is in a different setting from ours (in our setting, a lower bound of O(T~1/2) was
proven in Simchowitz and Foster (2020)). For example, when the system parameters A
and B are known or partially known, a logarithmic rate of regret is achievable due to the
extra information in A and B which allows faster estimation of K (Foster and Simchowitz,
2020; Cassel et al., 2020). Or, when the states are only partially observed, although the
controller receives less information, the optimal controller also has less information, which
turns out to allow a logarithmic rate of regret (Lale et al., 2020; Tsiamis and Pappas,
2020). As a final example, when the cost is not an explicit function of the controls u, a
logarithmic rate of regret is achievable using a controller called a self-tuning regulator, which
is similar to our certainty equivalent controller except that it targets a different optimal
controller U* (because the cost function is different) and applies constant size probing steps
logarithmically often (Lai and Wei, 1986; Lai, 1986; Guo and Chen, 1991; Guo, 1995).

Sequential Analysis and Time Series Establishing asymptotic normality is common
in sequential analysis (Lai, 2001) and time series or state space model analysis (Kohn and
Ansley, 1986; Pedroni, 2004), but the focus in these fields is on stationary and Markovian
time series (although we assume our system is stabilizable, the data generated by applying
our adaptive controller to that system is non-Markovian and non-stationary as the controller
depends on the whole history) and on simpler forms of dependence than we consider.

6. Discussion

This paper’s main contributions are asymptotically exact expressions for the regret and the
distributions of the estimation and prediction errors of a stepwise updating noisy certainty

15



WANG AND JANSON

equivalent control algorithm in terms of either the system parameters or observable random
variables.

These results improve the field’s understanding of the LQAC problem and open up a
number of new research directions:

1. Theoretical improvements. Our simulations support our suspicion that all of
our results except for Theorem 4 and Corollary 10 hold under more general version of
Algorithm 1 that allows = 1/2 and o = 0, the summation in Line 3 to go up to ¢t —1,
and the removal of Line 4. We expect such extensions to require significantly stronger
theoretical machinery, and we hope that future work will prove these extensions and
analogues to Theorem 4 and Corollary 10 which account for an expected additional
term of order O(T~1/2).

2. Safe reinforcement learning. Existing work in safe reinforcement learning relies
heavily on prediction regions derived from Bayesian inference (Berkenkamp et al.,
2017; Koller et al., 2018). Our Corollary 13 provides a tight frequentist asymptotic
prediction region that, unlike Bayesian inference, does not assume a prior on the
system parameters, providing a potential starting point for new safe reinforcement
learning algorithms.

3. Non-asm:InitialStableCondition reinforcement learning. As mentioned in the
last paragraph of Section 3, our prediction region can be used for change point de-
tection in non-stationary systems. Many existing work designed for reinforcement
learning algorithms in the non-stationary environment relies on some form of change
point detection, although they focus on discrete state and action spaces (Da Silva
et al., 2006; Auer et al., 2009; Padakandla et al., 2019). Thus, our work may be useful
for designing new reinforcement learning algorithms in non-stationary settings with
continuous state and action spaces.
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Appendix A. Preliminaries
A.1 Notation

Let us first review the definition of O(-), and generalize the notation to contain relative
constants @, as well as introducing a new notation representing constant functions that we
know exactly the order as well as the coefficient in front of the largest order term.

Definition 14. Let f and g both be real valued function, and suppose g(x) is strictly positive
for any x large enough. Then

1. f(x) = O(g(x)) if and only if xg, |f(z)| < Mg(z) for any x > xp.

2. f(z) = O(g(x)) if and only if Ixg and 3k € Z, |f(x)] < Mg(z)log®(g(x)) for any
T Zg-

v

3. f(z) = O(g(x)) is a fized function with regard to x such that 3C' > 0, and limy_o|f(x)/g(x)| =
C

4. f(x) = O(0;9(x)) is a fized function with regard to x such that 3C(0) > 0, and
limg 00| f(2)/g()| = C(0)
5. For a set of random variables X, and a corresponding set of constants a,,, the notation
Xp = op(an).

means that the set of values X, /a, converges to zero in probability as n approaches
an appropriate limit. Equivalently, X, = op(an) can be written as Xp/an = op(1),
where X, = o,(1) is defined as

X, 20,

6. For a set of random variables X, and Y,, where Y, is almost surely non-zero, the

notation
X, =o(Y,) a.s.
means that
X,/ Y, L% 0.
7. The notation
Xn = Oplan).

means that the set of values X,,/a, is stochastically bounded. That is, for any e > 0,
there exists a finite M > 0 and a finite N > 0 such that,

P(| X, /an| > M) < €,¥n > N.

X, = O(ay) a.s.

if for almost every w € §Q, there exists a number C(w) such that | X (w)| < C(w)ay,.
In other words, X,, = O(ay) a.s. if there exists a random variable C' such that | X,,| <
Ca, a.s. Equivalently,

[ X

Xn = 0O(ay) a.s. <= limsup < 00 a.s.

n—oo  Qp
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9. The notation .
Xn = Oplan).

means that the set of values X, /ay is stochastically bounded up to a constant order
of log(ay). That is, for any € > 0, there exists a finite M > 0 , a finite k € Z, and a
finite N > 0 such that,

P(|X,,/logk (an)an| > M) < €,¥n > N.

All these definitions can be generalized to vectors or matrices with entry-
wise definition. Without extra specification, all norms ||| (for both vectors and matrices)
are meant to be Ly norm ||-||2, i.e., operator-2 norm for the matrix.

Some relationships between these notations are worth keeping in mind: (see Eq.(7) and
Eq.(8) in Janson (2011))

Xy =o(ay) as. = X, = op(ay). (18)

Xy = O(an) as. = X;, = Op(an). (19)

To carefully track down the constant chosen manually, when we state order bounds like
O(6; g(x)), 0 should not contain variables such as § which are set fixed when we prove high
probability bounds but could be varying later, but could contain global constants such as
A, B, K, P, Q, R, dimension d, n and C;, C,, 7, 8 that are fixed throughout the whole
algorithm.

In order to differentiate O(-) from fixed constants, we denote O(f) as constant terms
which could be potentially varying and only related with . That means for the same O(6)
symbol in two different places, they can be different constants. One special symbol is O(1)
which represents constant that does not rely on any parameters.

A.2 Extending results to 5 =1

Although the main text only considered vanishing exploration noise (i.e., § < 1), for com-
pleteness (and because it is straightforward to do so) we will also consider the case of 5 =1
and « < 0 for all of our results.

A.3 Proof dependency tree

In order to make the proof more readable and easier to understand, we put the proof
outlines first and summarize most useful middle steps by lemmas. These lemmas’ proofs
often involve more technical details and is deferred to later parts in the appendix. While this
may help readers have better understanding in the high level ideas behind the long proof,
we realize that it may also cause loops in the proof structure. Thus, we provide a tree
(Fig. A.1) which describes the exact proof dependency structure to make sure that there
is no circular argument. In Fig. A.1, all conclusions lies in a perfect tree graph except for
the loop marked in red between Lemma 18 and Proposition 17. This is not a contradiction
because the proof of Proposition 17 only relies on a subset of conclusions in Lemma 18:
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Eqgs. 24 and 25, which do not require Proposition 17 to hold. Some of the proofs relies on
Eq. 81, which is not included in the graph but still self-consistent (does not rely on other
results in the paper).

Appendix B. The proof of Theorem 3
Theorem. Algorithm 1 applied to a system described by Eq. 1 under Assumption 1 satisfies

t—1 T
_ xT; xT; _ P
ot [ 5] ont o s (20
1=0

B.1 Proof Outline

1 7

.
Proof Let us first examine the Gram matrix Ef;é [iz] [zz} . Denote

t—1
M = Z ziz;] /tPlog®(t), (21)
i=1
and

t—1
Ay ::Zui:z:;-r/tﬁ log*(t) — KM,
i=1
-1 (22)
= Z((Kt — K)x; + mi)x; /7 log®(t).
i=1

We will show that

7_2

B Id + Op(1)7

t—1
> wiuf /tPlog™(t) = KMKT + A KT + KA +
1=0

and thus we can write our Gram matrix as

t—1 T F—t—1 T t—1
;| | Broarm | Qim0 Ty Do Ty 81
9 log(t) = | &i= = 9 log®(t
ZH ] o= FET S [
[ m MKT +AJ + o)
T KM+ A KMET + AKT + KAT + 50, | T
[0 | M AZZ I, KT (1)
K L || A T |0 I PR

Therefore, in order to satisfy
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Figure A.1: Proof dependency tree
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Ct—1/2
0

matrix which satisfies C; v 2Mt1/ 2 21, and C, 127, = op(1) (we will give C}’s exact
expression in Eq. 29). With this choice of D, ! we have

we can pick D; ! :=

0 [ I, 0 ] 9
" JtP/210g%/2(t). Cy is a deterministic
Ja | [

oS [o] [ e

| C’t_l/2 0 ] In 0 = g ZT; T Jé] a In *KT 015—1/2 0
= 3 T ST /P 10g% () 07 3

| 0 \ =l | L~ d i—o LWl LW d 0 w=la

[ C’t_l/2 0 | I, 0 < M, A

a0 [In onn 0] M, A] {zn KT}
— 2
0 T%[d -K Id K Id At %Id 0 Id
[ 0

+0,(1) (we can move op(1) outside because C’t_l/2 —0)

0 Iy 0 %Id
e R Y VA cr 0 fo()
= 2 (@)
0 S || A Fla|| o 370 I
- //B _1/2 + Op(l)
L ﬁAtCt Id ]
=Inya + op(1).

Components needing further explanation In the final step of the above derivation
there are still several points that remains unclear, namely

o Yisguiul /17 log¥(t) = KMKT + AKT + KA + 7 1g + 0,(1),
o CV20M}? 21, and

o ;7PN = 0,y(1).

As we will see, the order of A; is decided by the convergence rate of K; — K. Because of
that, the first step in our proof is to identify the convergence rate of K, — K. Then we will
prove the three remaining points in The proof of Eq. 20. To summarize, our proof can be
mainly separated into two big steps:

1. Identify the convergence rate of K; — K. (see Appendix B.2)
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2. Prove Eq. 20 holds:

Ui | |Uj

t—1 T
D;lz [m] [arz] (D;)_l i) Inia.
i=0

e Summarize uniform high probability bound for some random variables, which
will serve as basic tools for later proof. (see Appendix B.3.1)

Prove C;1/2Mt1/2 i I,,. (see Appendix B.3.2)
e Prove C;lﬂAt = 0p(1). (see Appendix B.3.3)

Prove S _juw /tP = KMyKT + AKT + KA + %Id + 0p(1). (see Ap-
pendix B.3.4)

Now we will examine these steps in order. |

B.2 Convergence rate of K, — K

As said in the previous part, the main purpose of this section is to derive the convergence
rate of Ky — K, which is one crucial step in our proof. Denote the stabilizing controller
computed by Line 3 Algorithm 1 as K41, i.e.,

- ) Solve DARE Egs. 3 and 4 with A = A, B = Bt, for (flt, Bt) stabilizable
Sn Ky, for (At, Et) not stabilizable

By Line 4 Algorithm 1, Kt-i—l can be written as:

. Ko, when ||a¢]| > C, log(t) or ||Kt|| > Ck

Ki1=9 - : :
Kiy1, otherwise

In particular, the proof can be separated into three parts:

1. Derive the convergence rate of At and Bt.

2. Show that f(tﬂ enjoy the same convergence rate as A and B,.

3. Show that Kt—i—l is only different from INQH finitely often, and as a result, Kt.l,_l also
enjoy the same convergence rate as A; and By.

Correspondingly we have the following three propositions:

Proposition 15 (Similar to Proposition C.1 in Dean et al. (2018)). Let g € R™ be any
initial state. Assume Assumption 1 is satisfied. When applying Algorithm 1,

—a+1

~ A _B
max { |4y — Al || B - Bl } = 0(t™% log ™5™ (1)) a.s.

The proof of Proposition 15 can be found in Appendix G.1.

22



EXACT ASYMPTOTICS FOR LINEAR (QUADRATIC ADAPTIVE CONTROL

Proposition 16. Let xg € R"™ be any initial state. Assume Assumption 1 is satisfied. When
applying Algorithm 1,

—a+1

A A ~ B8
ma { |4, = AlL | B = B, | Kora — K|} = 06~ F10g™5" (1)) a.s.

The proof of Proposition 16 can be found in Appendix G.2.

Proposition 17. Let g € R"™ be any initial state. Assume Assumption 1 is satisfied. When
applying Algorithm 1,

—a+1

~ A A~ _B
max { |4y = Al 1|B; = Bl | Kei1 — K|} = O3 log ™57 (1)) as. (23)

The proof of Proposition 17 can be found in Appendix G.3.

Propositions 15, 16, and 17 all hold additionally for a version of Algorithm 1 that
only updates logarithmically often; see Appendix G. The takeaway from this section is the
uniform bound for | K41 — K|| Eq. 23, which is the only property of K; we need for the
rest of the proof.

B.3 Proving Eq. 20
B.3.1 UNIFORM BOUNDS

In this section we will show several basic uniform bounds that will be used frequently in
the later The proof of Theorem 3.

Lemma 18.

leell, [Ime]] = O(log'2(t)) a.s. (24)
[ J
|Bn; + &4|| = O(log'/%(t)) a.s. (25)
Assume Eq. 23, then:
(]
16, = | K — K| = Ot~ 7 log 2" (1)) a.s. (26)
e Fort>q,
I(L + Bdi—1) - (L + Bdg)|| = O(p; ) a.s. (27)
(]
lz]], lue]| = O(log'/%(t)) a.s. (28)

where 6; := Ky — K, L := A+ BK, and py, := %(L). Additionally, when t = 0,1 all
these terms are bounded by O(1) a.s.
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The proof can be found in Appendix H.1.1. Following Definition 14 Item 8, Lemma 18
presents uniform upper bounds for ¢ > 0. We will see that all states x; and actions u; can be
expressed in recursive summations, which can be bounded easily if we have uniform upper
bound for each of their components.

Let us briefly explain why these orders makes sense.

e The first two inequalities come from the tail bound for standard Gaussian random
variables, whose maximum scales as log/2(t).

e The third inequality Eq. 26 directly follows from Eq. 23.

e The fourth inequality Eq. 27 holds with exponential decay because the L has spectual
radius < 1 and by Eq. 26, §; is shrinking to 0.

e The fifth inequality Eq. 28 holds because the system is stabilizable and the effect of
previous states and actions are exponentially decaying, leaving the main factor in the
norm to come from the recent system noises. By the first two inequalities ||z is
uniformly bounded by log!/ 2(t) scale.

B.3.2 SHOWING C{W V2L,

We wish to show that M; = oxz z] /tPlog®(t) = Cy(1 + 0y(1)), where
2 oo
Cy=log ()t 7Y LP(LP)To® + L'BBT(LY)T 29
¢ = log™® % 5 qz% (L9) (29)

Recall the system definition Eq. 1:
Ti+1 = A(I?t + But + &t

and the input Eq. 6

Ut = Ktl‘t + M-
Recursively applying these two equations produces the following formula for x; in terms of
X0, {gp}p 0’ and {np - 1

Lemma 19. For anyt > 1,

t—1
vy = (A+BEK; 1) (A+ BKp1)(Bn, + ) + (A+ BKy 1)+ (A+ BKg)zo, (30)
p=0
and

t—1
uy =3 Kiy(A+BK; 1) (A+BEKp41)(Bny+¢p) + Ki(A+ BK; 1) - - (A+ BKo)wo + .
p=0

Here when p =t — 1, we define the product (A + BK;_1)---(A+ BKpy1) = I,,.
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The proof can be found in Appendix H.1.2. As a result, we can rewrite Zt_(l) x;x, into

a summation in terms of {e;, 771} . First consider the terms without zg.

t—1 i—1 i—1 A A A ) -
SN N [(A+ B+ (A+ BEya)(Bup + 2))| [(A+ BEi-1) -+ (A+ BRy11) (B +20)|
i=1 p=0 ¢=0

This whole expression can be separated into four components with the following bounds:

Lemma 20. Assume Eq. 23, then:

1.
t—1 1—1 i—1
Z A + BK)i_p_l] (Bnp + &p)(Bng + 5q)T [(A + BK)i_q_l] !
i=1 p=0 q=0
— 17108 (1) (C) + 0,(1).
2.
t—1 1—1 1—1
3 [(A + BKi_1)- (A+ BKy41) — (A+ BK)i‘p_l]
i=1 p=0 q=0
(Bnp + €p)(Bng +5q) [(A + BK)Z - I]T O(tl br2 log =5 (t)) as.
3.
t—1 1—1 1—1 T
[(A+ BE) 1] (B + 2)(Bng +2)7 [(A+ BEi 1)+ (A+ BEyu) — (A+ BK)]
i=1 p=0 g=0
= Ot 210g"27 (1)) a.s.
4.
t—1 1—1 7—1
(A4 BEi1) -+ (A+ BRys1) = (A+ BE) 7| (B + ) (Bng +2,)"
=1 p=0 q=0

—a+3

~ N T
-[(A+BKZ-_1)..-(A+BK[,+1) (A+ BK)—1- 1} = O(tF210g™5 (1)) a.s.

The proof can be found in Appendix H.1.3.
It remains to consider the remaining terms with xg, which is relatively straight-forward,
since the effect of the initial state is exponentially decaying when ¢ — co.

Lemma 21. Assume Eq. 23, then

1S [(A+ BR 1)+ (At BRoyro] [Sirh(A+ BRiy) -+ (A+ BRyo) (Bug +29)] =
O(1) a.s.
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2. Zf;é [(A + BKi_l) (A4 BKo)xo} [(A + Bf(i—l) .- (A+ BKg)xo T =0(1) as.

The proof can be found in Appendix H.1.4. As mentioned in Eq. 19, O a.s. notation is
stronger than O, notation. Summing up all the results in Lemma 20 and Lemma 21 we can
finally conclude that

—a+3

t—1
> wial =17 10g®(1)(Cy + 0p(1)) + Op(t' 2 10g =5 (1)).
=0

Thus

—3a+3

t—1
My =3 wia] [£710g™(£) = Gy + 0p(1) + Op(t /2 1og ™57 (1)), (31)
=0

where C is defined in Eq. 29 This is already very close to our objective C, 1/ 2Mt1/ 2P, I,

but we still need to show that C} is an invertible matrix. C; is already a positive semi-
definite (PSD) matrix because it is a weighted summation of PSD matrices LP(L?)T and
LIBBT(L%)T. The only thing we need to ensure is that C; is a full rank matrix. And that
is indeed true because the p = 0 term is the identity matrix, and adding more PSD matrices
LP(LP)" and LIBBT(LY) T will not change its positive definite nature. Following Eq. 29,
we have (because 8 <1 or f =1 and a <0)

Cy=log ()t P 17 (021n + 1{ﬁ:1,a:0}7233T) (LP)T (I, + o(1)). (32)
p=0

Thus

-1

Gt =17 og" () | o1 (0P + 1 (smray7*BBT) ()T | (Tto(1) = Ot log™ (1),
p=0

(33)
Noticing that
O 10g™ (1) O, (¢ =/ 1og ™3 (1)) = O,(t™*/*1og ™3™ (1)) = 0,(1),
we have from Eq. 31
cm, 1, (34)

With the help of the following lemma we conclude that C;, 1/ 2]\4,51/ 2 P, I,.

Lemma 22. Assume we have two matriz sequences {A¢}7°, and {B}§°,, where Ay and By
are p X p positive definite matrices, then

A2 I,
if
P
AtBt — Ip.
The proof can be found in Appendix H.1.5 (Thanks for the help from Haoyi Yang and

Yue Li in proving this lemma).
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B.3.3 PROVING Ct_l/zAt = 0p(1)
Recall the definition of A; from Eq. 22:

t—1 t—1
Ay = (Z(K K)szx +Z771 >/t610g (t).

i=0 i=0
The order of A; depends on the order of its two components:

Lemma 23. Assume Eq. 23, then

+3

1Y 0T0(K — Kz = O 7P2log ™2 (1)) a.s.

2. Y- 077% =o0 (tﬁ/Q logaT%(t)) a.s.
The proof can be found in Appendix H.1.6. The first term has larger order than the
second term when 1/2 < < 1lor f=1and a <0. As a result, we have

—3a+3

Ay =0t 38210g72 () a.s.  (when 8 € [1/2,1)) (35)

Observe from Eq. 33:
Ot = Ot tog?(t)).
Then when 5> 1/20or B =1/2,a > 3/2

O 2N, =0 Y282 10g0 2 (1) 135/2 105 5 (1))
=02 log =5 (1))

=o0(1) a.s.

B.3.4 PROVING Y2 uin] /19 1og®(t) = KMK T + AK T + KA + 1y + 0,(1)

Finally we need to check

— t—1
Z =D (K + )i + m) (K + 6))ai + )T
=0 =0

Where 6; = K; — K. There are six different kmds of terms in the above equation, namely
Sz 'Kzl KT, Zf éK:cZ 16! and Z 5:1:1 TKT, ZZ OK:cm and Z?;é nixl KT,
Zt dizix szT Z S Ssm; and St i Tél , and ZZ omin; . The first three terms can

be ertten as
t—1

> Kaa] KT /tlog®(t) = KMK T,

1=0
and
t—1
(Z Kl 6]+ Gl K + Z K + Z 0 a:TKT) JtP10g%(t) = KAT + AKT.
=0 1=0 1=0 =0

The remaining terms can be summarized by
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Lemma 24. Assume Eq. 23, then
1. Eg;é Siziz] 6] = Ot Plog™®*2(t)) a.s.
2. Zf;é Sizin] = (Zf;é nizl 6 )" = o (log*(t)) a.s.

— 2
3. SiZgmimn =175 log®(t)(Ia + 0p(1))

The proof of Lemma 24 can be found in Appendix H.1.7. Combining all parts in
Lemma 24 we have when 5 > 1/2 or = 1/2,« > 1, the third item dominates the other
two. To sum up, we have

72

S latop(1). (36)

t—1
D uiu [t01og®(t) = KM,KT + A KT + KA/ +
=0

Summary Now we have completed all missing proof pieces in the proof of Eq. 20, which
finishes The proof of Theorem 3.

Appendix C. The proof of Theorem 4

Theorem. The average regret of the controller U defined by Algorithm 1 applied through
time horizon T to a system described by Fq. 1 under Assumption 1 satisfies, as T — 00,

R(U,T) Py
7281 Tr(BTPB + R)TA11og*(T) ’

with 3 = 1/2 therefore achieving the optimal rate (Simchowitz and Foster, 2020) of R(U,T) =
O, (T~1/?).

C.1 Proof Outline

Proof We are interested in the cost

T
ij@xt + utTRut with u; = Kz + Nt
t=1

Recall the Eq. 30 from Lemma 19 that

t—1
2y =Y (A+BEK; 1) (A+ BEp11)(Bny + ) + (A+ BKy 1) -+ (A + BKo)xo.
p=0

Notice that the state z; has the same expression as if the system had noise & = B + ¢,
and controller 4, = K;x;. We wish to switch to the new system because there are some
existing tools with controls in the form of @; = f(txt.

We will first show in Appendix C.2 that the difference between the original cost and
transformed cost is

T 2
S uf Ruy — @] Ry = %Tﬁ log®(T) Te(R)(1 + 0,(1)),
t=1
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and then prove in Appendix C.3 the new system cost is

2
> a! Qui+ @/ Riy = To” Tr(P) + %Tﬂ log®(T) Tr(BTPB)(1 4 0,(1)).
t=1
Combining the above two equations we conclude that

JU,T) = Zx;ert—kut Ruy

= Tr( )+ 728 Te(BTPB 4 R)TP ! log®(T)(1 + 0,(1)).
Based on similar analysis we prove in Appendix C.4 that
J(U*,T) = o> Tr(P) + O, (T~ Y2 1og(T)).

Recall that we choose 3 € [1/2,1], and a > 3/2 when 8 = 1/2, which means 77! log®(T)
is of larger order than T—'/21og(T). Finally we finish the proof with

R(U,T)=JU,T) - JU*T)
=727 Te(B" PB4+ R)T? 1 log®(T)(1 4 0,(1)).

C.2 Cost difference induced by transformation

The difference is expressed as

WE

T
> u/ Ruy — @ Riyy =
t=1 t=1
T
=2 Z(Ktwt)TRnt + Z n, Rny.
t=1 t=1

T
(Ktl‘t + nt)TR Kia; + ) Z thb“t thb“t)
=1

We show in Eq. 83 that

T
Z Ktsct Rnt =0 (TB/2 log (T)) a.s.,
t=1

which is a direct corollary of Lemma 23.
Next we consider the order of Ethl n, Rng. Since n; ~ N(0, 72t~ 18 1og®(t) 1),

T
EY ! Ry = Tr(Enem/ R)
= t=1

T
Z 72t 1P 1og® () Tr(R)

(see the proof in Eq. 81)

_ Tﬂ; log®(T) Tr(R)(1 + o(1)).
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While the variance of 31, 5} Riy is O(3]_, t=2T2P log?®(t)) = O(T~'+2 10g?*(T)), which
means the standard error O(T 128 10g*(T)) is of lower order than the expectation. Thus

T Tﬁ
> 0/ Ry, = 72? log®(T) Tr(R)(1 + 0p(1)).
t=1

As a conclusion, the error caused by this transformation is of order (7)p(T #), and the
dominating term is ZZ;I n Ry

T B
> u/ Ruy — @ Riyy = 722 log®(T) Tr(R)(1 + 0,(1)). (37)
t=1

C.3 Cost of transformed system

Next we proceed as if our system was x; with system noise & = By + €; and controller
Uy = Kyxy. The key idea of the following proof is from Appendix C of Fazel et al. (2018).
We are interested in the cost

T
> wf Qui+ i) Riy  with iy = Ky,

t=1
which can be written as
T T
Z ZL‘;rQl’t + ’LNL;FRINLt = ZZL‘:QQZ} + (Kt$t)TRKtl‘t
t=1 t=1
T
=Y 2/ (Q+ K, RK)x

i
I

-

[xtT(Q + K RK})ay + )  Pryq — xtTP:ct] + x| Pry — 27 Prryq

i
I

M-

[J(Q + K/ RKy)xe + (A+ BKy)ay + &) P((A+ BKy)ay + &) — x/ Py

~~
Il
—

+0,(1) (by Lemma 18)

-

)
I

+ 28] P(A+ BK})x + &) P& | + O,(1).
(38)

We constructed the specific form of the first term on purpose. The following lemma trans-
lates the first term into a quadratic term with respect to Ky — K.

Lemma 25. For any K with suitable dimension,
t"(Q+K'RK)x 42" (A4 BK) ' P(A+ BK)z — 2 Pz
=2 (K- K)'(R+B'"PB)(K — K)z.
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The proof can be found in Appendix H.2.1. As a result

T T
> 2/ Qui+ iy Riy =Y /(K — K)'(R+B'PB)(K; — K)x;
t=1 t=1

+ 28] P(A + BK})x; + &) P& + O,y(1).

Now we have three terms, and we will examine them in order.

1. The first term we consider is >, #; (K; — K) T (R+ B" PB)(K; — K)z;. Recall from
Lemma 18 that

el l[uell = O(log"*(2)) as.

and

—a+1

IR, — K|| = O % log=% (1)) as.

As a result

T
> a2l (Ki— K) (R+ B PB)(K, — K)a
t=1

T
<> |l K: — K|?| R+ BTPB|
t=1

T
=" O(log(1))O(t log ™+ (t)) as.
t=1

=O(T* Plog=*2(T)) a.s. (by Eq. 81)

2. The second term we consider is 3.i_, & P(A + BK;)x;. Similar as before, we notice
that & =e; + By L (A+ BKy)z. Then

T
EY & P(A+ BE;)z; =0.
t=1
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Next consider

T
E() & P(A+ BE;)z,)?
t=1

E(é] P(A+ BK;)x;)?

-

W
Il
—

El&|2[ PI(A + BE)|? o]

INA
g

K| < Ck based on Algorithm 1 design)

—~

IPIP(IANl + I BI Cr ) Ell&e | *Efla |

-

W
Il
—_

T
=O(LE) ||z
t=1

T
(because of Lemma 35 E ZHthQ = O(Tlog*(T)))
t=1
=O(T log*(T)).

Thus
T

> & P(A+ BKy)ay = Op(T"?1og(T)). (39)
t=1

. The third term we consider is Zthl &/ P&;. The expectation is

T
EY &l Pé
t=1

Tr(PE&E])

M-

i
I

Tr(P(c1, + 72°Llog®(t)BBT))

M-

t

Il
i

=To? Tr(P) + T;Tﬁ log®(T) Te(B" PB)(1+0(1)) (By Eq. 81).

On the other hand, the variance is the sum of variances for each single summand with
total order O(T). As a result, when § > 1/2or f=1/2,a> 0

T
Y &/ P& =To® Tx(P) + T;Tﬂ log®(T) Tr(BTPB)(1 4 0,(1)). (40)
t=1
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Summing up all three parts we have: when 5 > 1/2,0r § =1/2,a > 1,

T
> 2! Qui+ @/ Riy = To® Tr(P) + T;Tﬁ log®(T) Te(BTPB)(1 + 0,(1)).  (41)
t=1

Taking the transformation part into consideration (Eq. 37):

T

T8
> ul Ruy — i Riiy = T2F log®(T) Tr(R)(1 + 0,(1)).
t=1

Finally we have when > 1/2,0or f =1/2,a > 1

1

T
E z) Quy + u) Ruy
t=1

= 0? Tr(P) + 28 ' (BT PB + R)T?11og®(T)(1 + 0,(1)).
Finally we only need to prove that the optimal average cost can be expressed as:
J(U*,T) = o> Tr(P) + O, (T~ Y2 1og(T)).

C.4 Optimal average cost

Denote the states and actions following policy U*(H;) = K¢ as 2 and uj. Following Eq. 38
we know that

T
> (@) Qy + (u) " Ry

1

o
Il

-

(@) 7@+ KTRE)e, + ()T (A+ BK)T P(A + BK)a}, - («}) Pa;

o~
Il

1
+2¢) P(A + BK})x; + ¢/ Pey| + O,(1).

Following Lemma 25, since our K is exactly K:
()" (Q+ K" RE)7} + (v) (A+ BK) ' P(A+ BK)} — (2}) " Pz} =0

The remaining terms can be considered in exactly same way as Eq. 39 and Eq. 40, which

turn out to be:
T

> & P(A+ BKy)ay = O,(T"?1og(T)),
t=1

and
T

> el Pey = To® Tr(P) + Op(T"/?).
t=1
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Finally we arrive at the conclusion that
A
J(WU*T) = (z<mmx; + <u;>TRu2>
t=1
1
= o (Op(T"210g(T)) + To* Tr(P) + 0,(T"/?))
= 02 Tr(P) + Oy (T~ 10g(T)).

Appendix D. The proof of Theorem 5

Theorem. Algorithm 1 applied to a system described by Eq. 1 under Assumption 1 satisfies,
as t — oo,

vec [[A; — A, B, — B] D] 2 N (0, 0% Ly(nsa)-

Proof One can find the definition of D; in Eq. 7. The proof heavily relies on the following
theorems from Anderson and Kunitomo (1992). For better understanding, we directly state
those theorems with the same notation as our paper.

Theorem 26 (Theorems 1 and 3 in Anderson and Kunitomo (1992)). Let {x;, u; &},
i1 =0,1---, be a sequence of random vectors described by Eq. 1 under Assumption 1, and
let {F;} be an increasing sequence of o-fields such that {x;,u;} is F;—1 measureable and &;
1s J; measurable. Let the matrix D; be a deterministic matrix such that

Uj Us

Pty Wi “on e (42)
1=0

where C is a constant matriz, and

.
i T\-1 |Ti| _P
mmax H (DiDy ) M — 0. (43)
Suppose further that E(e;|Fi—1) =0 a.s., E(eisg—\]—}_l) =3, a.s.,

t—1

U; Us

Z:O % @ Dyt H H ! (D/ )—1] Liywo, (44)

where X3 is a constant positive semi-definite matriz and

supE [5;5i1875>a|}},1} L, 0, (45)
i>1 L
as a — 0o. Then
vec [[A4; — A, B, — B] D;] 2 N(0,C7 ' @ %). (46)

As we have seen in Algorithm 1 the controller K, is fully determined by {z;, uz}f;(l) Pick
Fio1 = U({%Uum}ﬁzo’ {e& f;é)'
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Now we verified the design vector [it] at stage t is F;_1 measurable. Since &; o (0,021y),
t

we know that e, L F;_1, and {&;} is a martingale difference sequence with respect to an
increasing sequence of o-fields {F;}. Eq. 44 holds by the fact that all variances ¥; = 021y
and Eq. 42. For Eq. 45, notice that we can remove the sup since every term has the same
value, so the conclusion follows from a standard property of Gaussian distributions.

Actually, Eq. 42 is already shown in Theorem 3. Eq. 43 requires less effort to prove as
we defined Dy by

1/2
I, 0 Cy 0
D, = tP/2100%/2 (¢ [ n ] . 47

t Og ( ) K Id 0 %Id ( )

As a result, Eq. 43 is not surprising since z; should be only of constant order.

D.1 The proof of Eq. 43

Since
I, 0 Gy 0 I, K"
T _ 48 o n
DtDt_“Og(t)[K IJ 0 ?IdHO Id}’
we have
I, —KT crtooo I, 0
-1 _,-8 —« n t n
) =g | ¢ || T;IdH_K o] )

=0t Plog™®(t)) (by Eq. 33).
Recall that Eq. 43 is
.
max [m} (D:D])~! [ﬂ 0.
1<e<t Uy %

It suffices to show

8/ og—/2(¢ N 50 and t8/210g~/2(t | - o.
og ();TSI%HMI 0 an og ()lnél%lluzll 0

Actually we already shown in Lemma 18 that
]|, [luel| = O(log'2(1)) as.
This is a uniform bound over ¢, thus a direct corollary is

. 0 — 1/2
{g%lllelﬁg%lluzll O(log™=(t)) a.s.

That immediately implies

7972 max ||z;|| <3 0 and t75/2 max |Jug]] < 0.
1<i<t 1<i<t
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Appendix E. The proof of Theorem 9

Here we state and prove a generalization of Theorem 9 that allows for the case when 5 =1
and a < 0.

Theorem. Algorithm 1 applied to a system described by Eq. 1 under Assumption 1 satisfies,
as t — oo,

1 -1/2
00

7.2
ol (S B (1 1o BB ) (A BEP)T |t o
p=0

/2 ((At ~ Az + (B — B)ut> Ly N(0, ).
(49)

Proof We can generalize the 1nput noise 7 to & which is any random vector independent
of the data before ¢: {g;, 77,} . Hereafter, u; = K2y +¢& (but u; for i < t is still Kiz; +1;).

The proof will proceed by showmg that (At, Bt) acts as if it were independent of (x4, uy),
and then effectively conditioning on (2, u;) and using (A, B;)’s asymptotic distribution
from Theorem 5.

Define pr, := %(L) as in Lemma 18. Define replacements of x; and u; which are

independent of At, {7 log(t) J and Bt{f log(t) Ji

log(pr,) log(pr,)

t—1

Ty = > (A4 BEK)"™P~Y(Bn, +¢,), (50)
p=t— L_ 152%£2)J
and
t—1
Uy =K+ & =K > (A4 BEK)"P (B, +ep) + & (51)
p=t=| ~ e

We can show that the difference between Z;, 4; and ¢, uz is very small:

Lemma 27.
—a+2

8
2y =34+ O(t" 2 log™ 2

(1) a.s.

up = U + O(t_g log72 (t)) a.s.

The proof can be found in Appendlx H.3.1. At the same time, the difference between
A L_ log (1) J, Bt_L_ log(t) J and A;, By is also small:

log(pr) log(pr,)

Lemma 28.

Av= A1 o | + 0y P log™2(0).
log(pr,)
By = Btf |- s | + Oyt log=* T2 (1)),

log(pr,)
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The proof can be found in Appendix H.3.2. These substitutions are very close to our
original concern, and they have the good independence property:

<At—{— log(t) J _A’Bt—L log () J — B) L (&, ).

log(pr,) “log(pr)

This is because A log(t) | and B gty | are only functions of the system up to time
= {_ log(pL)J t= L_ log(pL)J

t— L— log(?) J — 1, while Z; and 4; are independent with event before time ¢ — L— log(?) J
log(pL) log(pL)

by deﬁnit}ons in Eq. 50 and 51. Our initial target is to identify the distribution of (/lt —
A)xy + (B: — B)us. We will start from its substitution

(A |- st | —A)5t+(3t_{ og(o) | — By
log(pr,) log(pr)

~

:((At_L_MJ - A)+K(B |- s | — B))I + (Bt_{ og(n) | B)&:.

Tog(pr,) = log(pr,) log(pr,)

Because of this independence after substitution, the first term is independent with the
second term, and their asymptotic distribution can be described by Eq. 11.

Lemma 29. For any & independent of the data before t: {g;,n; ?;(1) :
1 —-1/2

~ T ~ g” 1— _
| YL (In + 1{5:1@:0}023?) I E+ L;Q 178 log o (¢) ||
p=0

12 [(flt{ log(t) J — A)Ty + (Bt{ log(t) J — B)(KZ + &) &N(O’In)'

log(pr,) "~ log(pr)

The proof of Lemma 29 can be found in Appendix H.3.3. With the help of Lemma 27
and Lemma 28 , we can change all the replacements back to the original form:

Lemma 30. For any & independent of the data before t: {e;,m; g;é,
-1 -1/2

0 2 2
T Bo® _
o (0 (1t st BT ) 0T )t o0
p=0

A2 [(Ay = A)wy+ (By - B) (Ko + )] -2 N0, 1).

The proof of Lemma 30 can be found in Appendix H.3.4. Since n; is independent
with{e;, m}'é;é, which satisfies the condition of &, we can restate the result with 7; replaced

by &:
1 —-1/2

[e’e] 2 2
T g _ _
zl | ) LP (In + 1{51@0}(7231?) (IO | @+ —572 P log=*(t) [lme?
p=0

A2 | (Ag = Az + (By = B) (e + )| = N0, I).
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Finally, we have the desired conclusion using n; = 7+/t%~1log®(t) wy:

1 -1/2

00 2

.

v | DL (In + 1{5=1,a:0}o_2BBT> I @+ Bo” [lwe?
p=0

4172 ((At — Az + (B —B)ut> L5 N (0, 1,).

Appendix F. The proof of Corollaries
F.1 The proof of Corollary 8

Corollary. Assume A + BK is full rank. Algorithm 1 applied to a system described by
Eq. 1 under Assumption 1 satisfies

\/Etm log®/2(t) <<d[j‘ffm> ([_ET] ® In>>1 vec (f(t - K) L5 N0, La).

T
Proof Before we prove this result, we should first examine that the matrix (%) < [ f } ® In>
’ d

.. . . . KT . . . .
is indeed invertible. Slnce<[ I } & In> has an identity matrix component Ig,, it is suf-
d

ficient to show that % is full rank.

dK
F.1.1 TA.E] IS FULL RANK

We can ignore the effect of Ky and consider K, to be the same as certainty equivalent
controller f(t which is directly calculated by plugging flt_l, Bt_l into DARE Eqgs. 3 and 4.
This is because K; = K only happens finitely often and thus does not affect asymptotic
properties; see Appendix G.3.

Before we start, we need to define how we solve % e Rrdxn(n+d) and then prove that

% is indeed a full rank matrix. Lemmas 3.1 and B.1 from Simchowitz and Foster (2020)
gives the relationship between the derivatives of K, P, A, B:

dK = —(R+B"PB)"'(dB"P(A+ BK) + B"' P(dA + dBK) + B"dP(A + BK)), (52)
where dP can be solved from
(A+ BK)"dP(A+ BK)—dP + (dA+dBK)"P(A+ BK)+ (A+ BK)" P(dA+dBK) = 0.

(53)
Now we can solve % by Eq. 52 and Eq. 53. Denote the kernel space of the derivative

matrix % as S. It suffices to show that S’s dimension is n(n + d) — nd = n?, which
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implies d[%{B] is full rank with rank nd. The equivalent definition of kernel space S is the

small perturbation vec[dA, dB] such that K does not change (dK = 0):

dK =

dA,dB) = 0.
JA B vec(dA,dB) =0
Any vector in kernel space S can be considered as vec[dA, dB] which satisfies dK = 0 in
Eq. 52, and that means:

dB"P(A+ BK) + B"P(dA+dBK) + B'dP(A+ BK) = 0. (54)

On the other hand, Eq. 53 describes a linear recursive relationship between dP and dA +
dBK, so that we can solve dP with the infinite summation:

dP =(A+ BK)"dP(A + BK) + (dA+ dBK)"P(A + BK) 4+ (A+ BK) " P(dA + dBK)
=((A+ BK)")?dP(A + BK)?
+(A+ BK)T ((dA+dBK)TP(A+ BK) + (A+ BK) P(dA + dBK)) (A + BK)
+(dA+dBK)"P(A+ BK) + (A+ BK)' P(dA + dBK)

(recursively plugging in the first equation)

-y ((A+ BK)TY ((dA +dBK) P(A+ BK) + (A+ BK) P(dA + dBK)) (A+ BK)'.
=0

Also recall that A + BK is assumed to be full rank matrix, and we can show that P is
also full rank; see Appendix G.2. Thus we can explicitly solve dB from Eq. 54 as a linear
equation with regard to dA + dBK:

dB" = —(P(A+ BK))"Y(B"P(dA + dBK) + B"dP(A + BK)).

This tells us the kernel space S is the image of a function of its linear subspace dA+dBK €
R™, which means dim(S) < n?. Notice by kernel space definition its dimension should
be at least dim(S) > n(n + d) — nd = n?, where the equality is achieved when d[%(B] has
full rank nd. Combining these two equations we have dim(S) = n?. Finally we arrived at
the desired conclusion that dimension of d[%{B] e Rrdxn(n+d)'g kernel space S is exactly n2,
which means d[‘i% is full rank.

Next we descriLe the rest of the proof:

F.1.2 PROOF BY THE DELTA METHOD

By Taylor expansion and the consistency of [At, Bt] (see Proposition 15), we have

vec (R’t — K) = <d[i1[,{3ﬂ> vec [At —A,B,—B (1+0p(1)).

From Remark 6 we know

Ay — A= (B = B)(=K)(1 + 0y(1)).
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Then

vec (f(t _ K) - (d[ii{BO vec ((Bt - B)[-K, IdD (1 + 0,(1)).

which can be written as

vec (f(t - K> = (&) ([_fﬂ ® In> vec (Bt - B) (1+ 0p(1)).

By Eq. 11,
[ 2 )
;—Btﬁﬂ log®/?(t)vec <Bt - B) 2y N(0, Ig).

Combining the above two equations, finally we have

\/Etﬁ/z log™*(1)vee (K, — ) 25 ( d[jffB]) ([‘g T] ® In> N0, Ina).

KT
1,

From the fact that ﬁ is full rank and that ([ ] ®In> has an identity matrix

component Ig,, we can take matrix inverse and get

\/Etm o) () ([ | m) e (R ) L N1

F.2 The proof of Corollary 10

Corollary. The average regret of the controller U defined by Algorithm 1 applied through
time horizon T to a system described by FEq. 1 under Assumption 1 satisfies, ast — oo and
T — oo,

R(U,T)
231 Tr(B] P,B, + R)T#1log*(T)

o) (55)

Proof This is a direct corollary from Theorem 4, which states

R(U,T) i> 1
7281 Tr(BTPB + R)TA11og*(T) ’

and from Proposition 15 and Corollary 40 which implies the consistency of B, and P,. By
Slutsky’s theorem we can replace the parameters B and P in Eq. 55 with B, and P,. |
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F.3 The proof of Corollary 11

Corollary. Algorithm 1 applied to a system described by Eq. 1 under Assumption 1 satisfies

t—1 T
Tr ([At —A,Bi—B]) [ﬂ [i] [Ar — A B, - B]T> X say

=0

Proof For notational simplicity denote ©; := [flt,Bt] and © = [A, B] . By Theorem 5
we know

vec (((i)t - @)Dt) Ly N0, 0% ia)- (56)

Potentially we can derive an ellipsoid ”confidence region” with the above formula by
A A D
Tr (00— ©) (DeD] ) (6 = ©)7) 2 0™\ 10 (57)

However, since a true confidence region should not require any knowledge on oracle pa-
rameters, we need to replace D; D/ with some observable expression, which turns out to
be:

1

Tr <(ét ~0) <tz {ﬂ [ﬂ T) (6, — e)T) =N O X ntd)

i=0 !

Ty
Us

T
Next we will explain why it is valid to replace D;D, by Zf;é [i’] [ ] . We know from
Eq. 57 that
A A D
Tr (6~ ©) (DeluraDy ) (01 = 0)T) 25 010
T
U

-
and we can replace I, ;4 by D; ! Zz;é [zz] [ } (D] )~ 4 0p(1) thanks to Theorem 3. As

a result,
) L Rl R 5
Tr ((et —0)D; (D;l ZO M H (D))" + o,,(l)) D/ (6, — @)T) — X )
By Eq. 56, vec (((:)t - @)Dt> is of constant order, and thus the 0, (1) can be ignored. Finally,

we have
Tr <(ét - 0) <ti m m T) (6, — @)T) 25 02 sy

=0
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F.4 The proof of Corollary 12

Corollary. Algorithm 1 applied to a system described by Eq. 1 under Assumption 1 satisfies

-1 —1
5 dK — [z] [ai]" dK \" . D
K—K T e % % In e K—K 2.2
el )" | (2 g), @0 Wl en) (Gam), ) vetkem 2ot
(58)
where (%L € Rrdxn(ntd) o defined as % evaluated at At_l, Bt—1-

Proof Again, let us denote ©, := [flt, Bt] and © := [A, B]. Starting from Theorem 5
vec ((é)t - @)Dt) £> N(07 UzIn(ner))?

we need to transfer Dy to its observable version in terms of the Gram matrix. More specif-
ically, we need to find another matrix E; which is observable and satisfies:

° Dt_lEt i> I+ q because we want to use Slutsky’s theorem.

T T
o« BB =Y170 [CEZ] [ij because D; 1 Y170 [ij [xl] (D)1 il Intad.

Uj Usj

For now let us assume we have already found such matrix F;, and thus we can replace D;
with Ey:
A D
vec ((@t - @)Et) — N(0, O'2In(n+d)).

That is: R
(Et—r ® In)vec (@t - @) £> N(O, O'QIn(n+d)).

Further denote F} := EtT ® I, and then

Fyvec (ét — @) N N0, 0%y ntd))- (59)

By Taylor expansion and the consistency of ©; (see Proposition 15), we have

vec (Kt — K) = (%)tvec (ét — @) (14 0,(1)).

Since we will prove D, 'E, £, I +q in Appendix F.4.1, E; is asymptotically invertible,
which means we can take inverse of F} = EtT ® I, in asymptotic equations:

vec <Kt - K> = (21(;),5 (Fy) ! Fyvec (@t - ®> (1+0p(1)).

We have already shown in Appendix F.1 that % is full rank, in the same way we can prove
that (%) , 1s almost surely full rank (the only difference is that we replaced A, B with
Ay, Bt—l)- Recall the QR decomposition, we can re-express (%)t (Fy)las (%)t (Fy)~! =
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Q.Uy, where Q; € R"®*"d ig an invertible matrix, and U, € R*@*n(n+d) gatisfies UU," = I
This implies that

vec (Kt — K) = QiU Fyvec <ét — @) (1 + 0(1)) a.s.
From this and Eq. 59 we know
Q; tvec (Kt - K) = U Fyvec (@t - @) (1+0(1)) N N(0,0%I,4).

That is,
vec (K} - K)—r Q) 1Q; tvec (K} - K) 2, a?x2,

~ T ~
vec (Kt — K) (QtUtUtTQ;r)_lvec (Kt — K) D, U2X721d'

Recall that (%) (F;)~! = Q:Uy, and thus

t

-1
. T ([ [dK o (dKN\T 5 D 2 o
vec (Kt — K) ((d@)t (Ft Ft) (d@) > vec (Kt — K) — 0" Xnd-

t
By definition

F'F=E oL)"(E oI,
=(Ey @ L,)(E, ®1,)
=EE! @1,

=l 1T
> 2] e

i—o Ll L
Finally we can say

1 -1
. T (dK Z“ ][] " di\ " . D
vec [Kt — K] <d@>t ( |:UZ:| |:U1:| & In <d@> vec [Kt — K] — 0—2X72’Ld'

1=0

The only remaining task is to find a valid E; which satisfies D, lg, i> I, 4+q and EtEtT =

T T 1/2
Zf;é [gﬂ [azz] . Although we already have Theorem 3, F; = (Zfé [wl] [wz] ) is

™ 1/2
still not necessarily a valid choice, because we can only show D, ! <Zf:(l) [il} [il] ) is
1 K

asymptotically an orthogonal matrix, but not identity matrix.
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F.4.1 FINDING A VALID E}

Recall Eq. 36 that

t—1 2
> wg /tPlog¥(t) = KM KT + AKT + KA + %Id + 0p(1).
=0
Now denote
t—1 7_2
Aui= 3w /17 10g"(t) - (KMtKT +AKT + KA] ) = Glato,(1),  (60)
=0

which is asymptotically proportional to the identity matrix, and is also symmetric. Recall
that D; is defined as

Dy = 19/ 1og®/2(1) [ Ln 0 ]

c? o
K I '

0 %jld

We will verify that the following construction of E; is a valid choice:

- —-1/2
E; = t6/2 loga/2(t) [ In 0 :| [ (Mt - A:AulAt)l/z A;I—Au /

K I 0 AY?

-
We shall examine the two conditions D; ' E; L, Iyq and EE, = Zf;é [xl] [%} in
order.
Proving D;lEt L, I,+q It suffices to show:
—1/2 _
oo (M — ATA AV AT ] p
B 1/2 — In+d.
0 =14 0 Ay
Eqgs. 33, 34, and Eqgs. 35 and 60 states that
o O =071 1og?(t))

o M, = Cy(1+ 0y(1))

—3a+3

o Ay =0t 2log™ 2 (t))

o Ay =TI+ 0y(1)

—2a+3

With these facts, C;1/2A;A;1/2 = O0,(t"*Plog™2 (1)) 2.0 and %IdA}/? P, I

are immediate. It only remains to show that 0;1/2(Mt — AJATA)? L I,,. Notice
C;I/Q(Mt . A;A;lAt)l/Q — (Ct_lMt _ Ct_lA;FAEIAt)l/%
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and Eq. 34 shows that C} 1Mt i> I,,. Tt only remains to show

coia ATA, 2o,

which is true because when 8 > 1/2 or f =1/2 and a > 3/2:

CoIAAIA,
—O(t7 M 1og®(1)) Op (122 1og =57 (1)) 0, (1) Op (£~ /21og =5 (1))

:Op(t—Q,B—H log—2a+3 (t))
=0,(1).

-
. A e S R
Proving B/, = Zi:o [ul] [UJ '

(M, — AT AIA)Y2 ATALY ]

I, 0
0 A2

EE; =t7log"(t) [ v
d

(M; — ATATANY2 0 [ I, KT }
AY2A, AL/? 0 Iy
I, 0 M, AT I, KT
_4B «a n t n n
_tlog(t)[K IdHAt AuHo Id]
M; MK +A] }

1P 10g0
£ log™ (1) [ KM+ Ar KEMKT + AKT + KAT + A,

t—1 T
=> il |
Last step is by definitions Eq. 21, 22, and 60. We will re-use the following equation later:
t—1 T T T
ZI; €Ty _ 4B a In 0 Mt At In K
SR ok A2 E5 ) o
1=

Ui] Ui
u

F.5 The proof of Corollary 13
Corollary. Algorithm 1 applied to a system described by Eq. 1 under Assumption 1 satisfies:

AT EEN) ) o) 2o

tt =0
where up = Kyxy + & for any & independent of the data before t: {e;,n; ';;(1).
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Proof
This one final lemma connects Lemma 30 to our desired conclusion by changing the
parametric expression to the observable one:

Lemma 31. For any & independent of the data before t: {e;,m; E;(l),

-1 —-1/2

T Bo 15,
| DL <In+1{5:1,a:0}UZBBT> )T w+ St oem0 )
p=0

T /-1 ™ ! 12
el (SR )
Ut ; Ui [Wi Ut
The proof of Lemma 31 can be found in Appendix H.3.5. Finally, we can say
—-1/2

52 [ij ! (ti [z] [ﬂ T) h [ij (e = Ay + (Be = Byur) 2 N (0, 1),

=0

Appendix G. The proof of Propositions
G.1 The proof of Proposition 15

Proposition (Similar to Proposition C.1 in Dean et al. (2018)). Let xg € R™ be any initial
state. Assume Assumption 1 is satisfied. When applying Algorithm 1,

—a+1

~ ~ _B
max{||At—A||,||Bt—BH}:O(t 2log 5 (1)) as.

G.1.1 PrROOF OUTLINE

Proof We shall see that all the properties we derived in this section only require the safety
condition Algorithm 1 Line 4 without any other requirement on the controller K;, and thus
also apply to Algorithm 1 with logarithmic updates; see Remark 2.

According to Algorithm 1 Line 4, we keep our controller K; bounded |K;|| < Ck,
which means the next state can not be too far from the previous state. At the same time,
whenever the state is too large (||z¢|| > C,log(t)), it is tuned down by safe controller K.
Overall speaking, the state x; is always controlled with at most log(t) growth. We will see
in Lemma 33 that when state growth is controlled, we have a decent bound on /lt, B,.

In other words, as long as we still run Algorithm 1 Line 4 at every time step, which is
enough to ”control” the system by itself, any /lt, B, generated with Line 3 satisfies

i1

; A B
max {[| A~ Al | By - B|l } = O(t"* log ™5™ (1)) as.

regardless of the estimation result before time ¢.
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Lemma 33 follows from a result by Simchowitz et al. (2018) on the estimation of linear
response time-series. We present that result in the context of our problem. Let © := [A, B],

and define z; := [it} . Then, the OLS estimator Eq. 5 is
t

T-1
Ao A . 1
(Ar, Br) = O € argmin t§_0: 5 w1 = ©z]3. (62)

We know that the accuracy of the OLS estimator is related to the covariance structure
of the predictors, which are {2}, in our context. To capture such covariance structure,
we need the following definiton:

Definition 32 (BMSB condition). The {F;}i>0-adapted process {z}1_, is said to satisfy
the (k,v,&)-block martingale small-ball (BMSB) condition if for any 0 < j < T — k and
ve Sl .= {x c R": ||z|| = 1}, one has that

k
1
EZ (v, 2j1i)| 2 V[Fj) = € as.

This condition is used for characterizing the size of the minimum eigenvalue of the
matrix Zt 0 ztzt . A larger v guarantees a larger lower bound of the minimum eigenvalue.
In the context of our problem the result by Simchowitz et al. (2018) translates as follows.

Lemma 33 (A slightly different version of Theorem C.2 in Dean et al. (2018)). For ¢ €
2
(0, %], for every T, k, v, and & such that {z}]_, satisfies the (k,v,&)-BMSB and

1 1 d Tr(E
Tk > 0(n2—|— d) log 00(n + d) Tr(Ezz,) ' (63)
3 TV2§25 +n+d
the estimate é)T defined in Eq. 62 satisfies the following statistical rate
1 Tr E
P H@T_QH 900 n+d |+ log 0(n +d) (Ezz,) <35 (64)
T 51+ nd y2¢

The proof of Lemma 33 can be found in Appendix H.4.1.

We will show that ZtT L Tr(Ez2/ ) grows linearly with 7' (ignoring logarithmic terms),
which means in Eq. 63 the LHS grows faster than the RHS, and is thus always satisfied if
T is large enough. Lemma 33 is saying that for any T larger than some constant, we can
control the Ly norm of the system parameter estimate O, which implies we can control
the Lo norm of both Ap and By

Still there is one more gap from our Proposition 15, which requires uniform control on
Ap and By Fortunately, we have the blessing that this high-probability bound is in the log
scale w.r.t . Because of that, we can choose a series of decaying 7 = 1/T? for each different
estimate O, so that > 7o 1/T? < 1/C and we can achieve a uniform high probability
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bound on AT and BT for all T' > C, which directly leads to the desired conclusion once we
plug in appropriate values for k, v, and &:

—a+1

~ ~ B
max{“At —A||, 1B - B||} = Ot 2log 5 () as.

To sum up, there are three main steps in our proof of Proposition 15:
e Verify {2 }]_, satisfies the (k,v,&)-BMSB condition in our setting.
e Replace Tr(Ezz, ) in Lemma 33 by an explicit upper bound in terms of 7.

e Prove a uniform high probability bound for Ap and By by choosing with §7 = 1/7?
with Lemma 33.

G.1.2 VERIFYING {2}]_, SATISFIES THE (k,v,£)-BMSB CONDITION

In order to apply Lemma 33, we need to find k, v, and & such that {z}]_, satisfies the
(k,v,&)-BMSB condition.

Lemma 34 (Similar to Lemma C.3 in Dean et al. (2018)). If we assume Assumption 1,
then apply Algorithm 1, the process {zt};fzo satisfies the (k,v,&)-BMSB condition for

1 o? 3
— 2 ;
(ks 8) = (L\/%,Tmm <2’WM)’10> ’

where a%’T = 72TP 1 1og™(T).

See Appendix H.4.2 for the proof of Lemma 34.
G.1.3 UPPER BOUND OF Tr(Ezz, ) IN TERMS OF T
The benefit of a non-random upper bound of Tr(Ezz,) w.r.t T is two-fold.
e We can know exactly how large our T should be for Eq. 63 to hold.
e Furthermore, we can also substitute the upper bound in to Eq. 64.
Lemma 35 shows that we have an upper bound of Tr(Ez;z/ ) that is O(T).

Lemma 35 (Similar to Lemma C.4 in Dean et al. (2018)). If we assume Assumption 1,
then apply Algorithm 1, the process {Zt}tho satisfies

T—
Tr (Eztzj ) = O(Tlog?(T)). (65)
0

—_

t=

See Appendix H.4.3 for the proof of Lemma 35.
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G.1.4 UNIFORM UPPER BOUND FOR max{H/lt — A, ||B; — B||}

With Lemma 34 and Lemma 35 in hand, we can translate Lemma 33 into our problem

setting. Fixing § € (0, %], we already proved by Lemma 34 that the process z; = [it]
t

satisfies the

. (1 o? 3 i
(k, v, g) = <]_7 \/U%,T min <27 WN) ) 10) BMSB condition. (66)

If we choose § = 3% and T such that Eq. 63 holds with (k, v, &) in Eq. 66, we can apply
Lemma 33. By Eq. 65, we only need T to satisfy

k> 10(n+d) (100(n + d)@(T))

&2 Ty2e25 v

O(T)

2 —2(1+ -1
Toy 7 57T L S
=0(1) (Recall that 07277T = TP 11og™(T)).

=0(1) log (&= 13—0 is fixed constant)

Since T is growing faster than @(1), the above condition is essentially saying that
our T" should be larger than some constant O(1). Suppose that is the case, then following
Lemma 33 and Lemma 35, the estimate O defined in Eq. 62 satisfies the following statistical

rate

. 90 +d 10(n 4+ d)O(T)
P H@T—GH>§VU\HT <1+1og<T;+nidy2§ >>

900 |n+d (1 o <10(n +d) YL, Tr(IEztth)>>

<P H@ —@H>
< T v T T51+n%du2£

<39.

Notice that O = [AT, ET], and we know that max {'“é"rﬂgh’} < H@T — @HQ. That is
o

to say

i 1 O(1
P | max {MTfAH’} > g |ntd 1+ log O(n—i-—cli)(’)() < 36.
| Br—Bl| v T T51+my2£

Next we substitute k = 1, £ = %, V= \/U%Tmin (%, W), and 0 = 3% into the
’ K

previous equation
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P | max {”’Z}T_A”’} > o) |ntd 1+ log @(T) < 1
_ I =g
1Br =B O%,T T T(3T‘2)1+n+d 0’7277T T°

By merging all constant parameters in to the O style expression, and noticing that 0'727’T =
72TP~1og®(T), where 3 € [1/2,1), we have for any T > O(1):

P (max {lE=ah > o= log_o‘/Q(T))\/ “ doaog(T))> <

which implies

1 Az—A], _g . =atl 1
P (max { ||BT—B||} >O(T 2log™ 2 (T))) < T3
Notice that

oo [ee] [ee]

1 1 1 1 1
YooY < Y =

7 > R _

T=C+1 r T=C+1 (-1 T=C+1 r-1. 17 ¢

Therefore we can derive a uniform confidence bound on the estimation error of parameters
A; and By: For any integer C' > O(1):

P (at > C, s.t. max {'“éft:g'h’} > O3 1og%“(T)))
o0 A, _B —a+1
<SP (max{““%i fé‘h’} > O(T % log™> (T)))
t=C+1
1
<—.
=C

Notice that this is a uniform upper bound for all t > C'. Recall Definition 14 Item 8, where
we define X,, = O(ay,) a.s. as: for almost every w € €2, there exists a number C(w) such that
| Xn(w)| < C(w)an, where Q denotes the sample space of {X,},. The previous equation
is telling us the union of such event w happens with at least probability 1 — 1/C, and by
taking C' — oo that is exactly the definition of O(a,) a.s., and thus:

—a+1

; ~ B
max { |4, — All, | B, - B} = 0(t % log ™57 (1) as.

The same bound holds for logarithmic updates. The reason is that for time ¢, the closest
estimation update will always be within ¢/c time steps of ¢, which does not change the
order: et ot

O((t/e) 2 log 5 (t/c) = Ot 2 log 2" (1)).

G.2 The proof of Proposition 16
Proposition. Let zg € R™ be any initial state. Assume Assumption 1 is satisfied. When
applying Algorithm 1,

—a—+1

. - ~ 8
max {||4; — Al | B, = BJl | K1 — K|} = (% 1og ™37 (1)) as.
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G.2.1 ProOOF OUTLINE

Proof When the problem parameters (A, B, @, R) are known the optimal policy is given
by linear feedback, u; = Kx;, where K = —(R+ B'PB)"'BTPA and P is the (positive
definite) solution to the discrete Riccati equation

P=A"PA-ATPB(R+B"PB)"'B"PA+Q. (67)
In the following context any time we mention P, and Kt+1, we are refering to the corre-
sponding certainty equivalent responses.
P, =AlP A, — Al BB, (R+ B/ P,B,)"'B] BA, + Q.
Ko = —(R+ B BB BT BA,,
Since we already controlled the estimation error of flt — A and Bt — B, one natural thing to

ask is that, if we have control over flt — A and Et — B, do we have control over f(t+1 - K7
This can be achieved by two steps:

1. Show that we can control K’tﬂ once flt, Bt, and ]5,5 are controlled.

2. Show that we can control ]5t once At and Et are controlled.

G.2.2 SHOW THAT WE CAN CONTROL K;,1 ONCE A;, B;, AND P, ARE CONTROLLED
This is already stated by Proposition 1 in Mania et al. (2019). Denote the quantity
[y =1+ max{|| A, | BI, | Pl [ K|}

Proposition 36 (Proposition 1 in Mania et al. (2019)). Let € > 0 such that |A — A|| < e
and ||B — B|| <e. Also, let |P — P|| < ep such that ep > €. Assume o(R) > 1 we have

||K K| <3 ep.

The o(R) represents the minimum eigenvalue of R. we can discard the constraint of
a(R) > 1 by the following observation. If we replace our @ and R by Q/c(R) and R/o(R),
then the corresponding solution P for Eq. 67 will be P/g(R). Notice that changing Q
and R by the same proportion does not change the LQR problem. With that being said,
our LS estimator At, Bt, and the nominal controller K; will remain the same. By this
transformation the minimum eigenvalue condition is satisfied, and we only need to control

1P = P|/a(R) < ep
such that ep > ¢, and we will have |K — K|| < 713 ep, where
[y := 1+ max{[|A[, | BI, [|P||/a(R), | K]}

Here we can replace this denominator ¢(R) by any constant smaller than ¢(R), and the
whole story would still work. Since later we will also require ¢(P) > 1, we can choose the
shared denominator to be min{c(R),c(P)}. To sum up we have the following corollary of
Proposition 36.
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Corollary 37. Let € > 0 such that |A — A|| < € and |B — B|| < €. Also, let |P — P| <
min{o(R),c(P)}ep such that ep > €. Then we have

|K — K| < 703 ep.
where Ty i= 1+ max{|| ]| Bl | Pll/ min{e(R), o(P)}, | K}
Now we only need to prove that ||P — P|| = O(e) given ||A — A|| < e and ||B — B| <.

G.2.3 SHOW THAT WE CAN CONTROL F; ONCE A; AND B; ARE CONTROLLED

Consider a general square matrix M. In order to quantify the decay rate of || M*||, we define
r(M, p) = sup {||M¥]|p™*: k> 0}

In other words, 7(M, p) is the smallest value such that ||M*| < 7(M, p)p* for all & > 0. We
note that 7(M, p) might be infinite, depending on the value of p, and it is always greater
than or equal to one. If p is larger than p(M), we are guaranteed to have a finite 7(M, p)
(this is a consequence of Gelfand’s formula). In particular, if M is a stable matrix, we can
choose p < 1 such that 7(M, p) is finite. Also, we note that 7(M, p) is a decreasing function
of p; if p > ||M||, we have 7(M, p) = 1.

Recall that L := A+ BK. The following proposition that upper bounds ||P — P|| holds
in a more general LQG setting where the matrix () is unknown:

Proposition 38 (Proposition 2 in Mania et al. (2019)). Lety > p(L) and also let € be such
that ||A — A||, |B — B||, and ||Q — Q|| are at most €. Let ||-||+ = ||| + 1. We assume that
R =0, (A, B) is stabilizable, (QY/?, A) observable, and a(P) > 1.

A T(L’fy)z -
1P —P|| < 0(1)6ﬁIIAHiIIPIIiHBII+IIR Ml
as long as
<(91(1_72)2A’2P*QB*3R_1*2 . LI=2 1 pl-1t
e < O( )77@ Y JANZ 1P IBI 1R I min {[ ]2 1P}

Here O(1) are pure constants without dependence of any other parameters. We already
assumed in Assumption 1 that (A, B) stabilizable, but we have not defined ‘observable’ yet.
An equivalent statement of observable can be found here.

Lemma 39 (Lemma 2.1 in (Payne and Silverman, 1973)). The pair (C, A) is observable if
and only if Ax = Ax, Cx =0 imply x =0

Since we already assumed @ is positive definite, Qx = 0 imply = 0, and thus (Ql/ 2 A)
is observable. In the LQAC setting we know () exactly, so we can remove the estimation
bound condition on Q.

Now we can restate Proposition 38 in the LQAC setting:
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Corollary 40. Let e such that | A, — Al|, and || B, — B|| are at most e. Let ||-|4+ = ||-|| + 1.
We assume that R > 0, (A, B) is stabilizable, and o(P) > 1.

1~ Pl < 00) LD AR IR 31 = 00

as long as

¢ < 0(1)(1 — p(L)*)?

(L, p(L))*

Here, the upper bound condition on ¢ is to ensure that /lt,Bt is stabilizable, so that
B, is well defined. Furthermore, following the paragraph after Proposition 2 in Mania
et al. (2019), the assumption o(P) > 1 can be made without loss of generality when the
other assumptions are satisfied. The reason is that, when R > 0 and (Ql/ 2 A) observable,
the value function matrix P is guaranteed to be positive definite. Similar to how we got
Corollary 37, by replacing @, R and P with @/ min{co(R),c(P)}, R/ min{c(R),c(P)} and
P/min{c(R),c(P)}, we can remove the constraint o(P) > 1.

Corollary 41. Suppose |A; — A|| < € and |B; — B|| <e. Let ||-|+ = ||-|| + 1. We assume
that R = 0 and (A, B) is stabilizable.

LA IPIFIBIE | R min {| LI 32, 1 PIT'} = 001

1B, — P|| < min{a(R), o(P)}O(1) T(L_Z(L))HAL

2

P R -1
e I (e .
=0(e).
as long as
<o LpL?P P -2

Lpnt A | minfe @, e Py |,

-2
min{llLllf,
+

G.2.4 COMBINING THE TWO RESULTS TOGETHER

R

<min{cr(R),U(P)}>1 7

min{c(R),a(P)}

1|33

N

—0(1).

With Corollary 37 and Corollary 41 the following corollary is straightforward.

Corollary 42. Let € > 0 such that e < O(1), ||A; — A|| < € and ||B; — B|| < e. Then, we
have

K1 — K|| <703 ep = O(e).
Here I := 1 + max{[|A[, | B]|, [ P||/ min{a(R), a(P)}, [ K|}

Proof With Corollary 41 we can find ep such that ||[P, — P|| = O(e). Thus, the condition
of Corollary 37 is satisfied. [ |
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G.2.5 CONCLUDING THE PROOF OF PROPOSITION 16

Proof With Proposition 15 and Corollary 42, it is straightforward to give a new corollary
with uniform control on all ||4; — A||, ||B; — B||, and ||K+1 — K||. Recall that we already
proved the high probability bound in Proposition 15 that

—a+1

~ ~ B
max{“At Al 1B - B||} — Ot 3 log™%" (1)) as.

Basically, to satisfy the constraint in Corollary 42, we only need our bound (named €) in
Proposition 15 to satisfy

—a+1

e=0Ot 3 log~3 (1) < O(1) as.

which is always true when t is large enough. (This also ensures Ay, B, to be stabilizable so
that K is only used finitely many times.) That means,

—a+1

K1 — K| = O(e) = Ot 5 log ™% (1)) as.

Finally, we can say

—a+1

A - -~ _B
max { |4y = Al || B, = BJ| [ K1 — K|} = O3 log ™57 (1) as.

G.3 The proof of Proposition 17
Proposition. Let zg € R™ be any initial state. Assume Assumption 1 is satisfied. When
applying Algorithm 1

—a+1

A A ~ _8
max { |4, — Al 11, = Bl | K1 — K|} = O % log ™5™ (1)) as.

Proof Going thorough the whole Algorithm 1, there are two conditions that might cause
the difference between K; and Kj:

1. |K| > Ck, and
2. |lzt|| > Cpp = Cylog(t).
Our objective is to show that, with probability 1, K, % K; will happen only finitely often.

The first case ||K;| > Cx The first case is when |K¢|| > Ck, this will not happen
infinitely often. The first case || K¢|| > Cx can only happen when

1K = K| > | K| = 1K > Cx — [ K] (68)

By Proposition 16, we know that ||[K; — K || is exponentially decaying:

—a+1

max{nfg - KH} = Ot % log~ 5 (1)) as.

As a result, Eq. 68 will hold only finitely many times, a.s.
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The second case ||z¢|| > Cypr = Cylog(t) To examine how often this would happen, we
need to dig into more details of the decomposition of ||z;||. Recall the previously derived
formula from Lemma 19:

t—1
2y =Y (A+BEK; 1)+ (A+ BKy11)(Bny +p) + (A+ BKy 1) -+ (A+ BEKg)o.
p=0

We hope to get an upper bound for ||z;||. Apparently the main difficulty here is to
bound the norm of (A+ BK;_1)---(A+ BKp41). The following lemma serves as a key.

Lemma 43. Suppose we have a constant square matrix M with spectral radius p(M) <
1, and a sequence of uniformly bounded random wvariables {6,}52,, satisfying |6 <5 0.

Denote the constant pps = pr(M) < 1. Then we have, for anyt,q € N, t > q:

(M 4 04—1) -+ (M +dq)|| = O(ptj\}q) a.s.

And as a direct corollary
IM*4]| = O(py,?).

The proof can be found in Appendix H.5.1.
Notice that by our Algorithm 1, ||K;|| < Ck always holds, thus there exists a uni-
form upper bound on [ B := [[B(K: — K)|| < ||B|[(Ck + || K[]). Now we can sep-

arate the whole |[(A + BK;_1)---(A + BK,.1)|| into two parts. If we denote py :=
2+p(A+BKjp) 2+p(A+BK))
3 7 3

max(
parts.

, then with Lemma 43, we can simultaneously bound both

1. The first part contains the A + BK}, where K, = K, this part of product is denoted
as I. In this part, A+ BK; = A+ BKj. Suppose this part has p; same items, by
Lemma 43 we know I; < O(pj') a.s.

2. The second part contains the (A + BK, k) where K © = Ki to be our true certainty
equivalent controller, this part of the product is denoted as Is. If we denote 0 :=
(K —K), then, in this part, (A+BK}) = (A4 BK + Bd}). Remember our conclusion
in Proposition 16 that ||K; — K| <3 0, thus ||6x]| =3 0, assuming this part has po
items, then since | Bdx|| < || B||(Ck + || K||), by Lemma 43

I, <O(pF?) as.
We know p; + po =t — p — 1. Combining these two parts we have
I(A+ BKi1)--- (A+ BKpi1)[| < O(pg 7) as.

Finally we have the bound on z;:

t—1
] = || > (A+ BKi 1)+ (A+ BKp41)(Bny + ) + (A+ BK; 1) - - (A+ BKo)xg
p=0
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- (“ |(A+ BRi1)- (A4 BEyia) | 1Bn + el + |[(A+ BEi-1) -+ (A + BEo)|| ol

p=0
t—1
¢
<> Olpy ") 1By + epll + O(pp) [lo]| as.
p=0
Then
t—1
tf
[z = O Zpo Pl By + epll + po lzoll | as.

p=0

By Gaussian tail bounds (see Lemma 18), we know that
| By + ]| = O(log!/?(t)) a.s.
Then

t—1
el = O [ D ph Plog'2(t) | +0(1) aus.
p=0

Because péfp is geometric sequence,
2] < O(log'?(t)) as.

Thus for almost any w € Q, [|z¢|| > Cp+ = C; log(t) will happen only finitely many times.
Finally, because two conditions || K¢|| > Ck and ||z¢]] > Cy = Cylog(t) will happen
only finitely many times, K; and K; eventually are the same. Following Proposition 16,

—a+1

~ A~ S _B
max { |4y — Al B, = BJ|, [ Key1 — K|} = O3 log ™5 (1) as.

|
Appendix H. The proof of lemmas
H.1 Lemmas in Appendix B
H.1.1 THE PROOF OF LEMMA 18
Lemma.
.
ezl llmell = O(log"*(1)) a.s. (69)
.
| By + &4]| = O(log?(t)) a.s. (70)

Assume Eq. 23, then:
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16 = K — K| = O(t~% log 3™ (1)) a.s. (71)
(L + BSi—1) --- (L + BS,)|| = O(p7%) as. (72)
], l[uel| = O(log2(2)) a.s. (73)

where 6, := K; — K, L := A+ BK, and pL = 240(L) Additionally, when t = 0,1 all
these terms are bounded by O(1) a.s.

3

Proof Outline:

The proof of Eq. 69 and Eq. 70 The following lemma give the proof that Eq. 69 and
Eq. 70 holds with probability at least 1 — §, which can be shown by the tail bound for i.i.d
Gaussian random variables.

Lemma 44. For the noise n; ~"N (0, 72t' P log®(t)) and &, “"N(0,0?), we have that for
any 0 € (0,1), with probability 1 — §, the following two equations holds for any t > 1:

leell, el | Bne + el < O(1) log!2(£/6).

We will prove Lemma 44 shortly. By Definition 14 Item 8, this implies

and

leell, [mel] < O(log2 (1)) aus.

| B + &¢]| < O(log'/? (1)) a.s.

The proof of Eq. 71 and Eq. 72 Eq. 71 directly follows from Eq. 23. Eq. 72 follows
from Lemma 43 given that we have §; = 0 from Proposition 17:

I(L+ Bya) - (L + BS,)|| < O ) as.

The proof of Eq. 73 Finally we need to prove Eq. 73 that

2], lluell = Olog 2 (1)) as.

With the fact from Lemma 19 that

kg
Il

t

S

hS]

—_

(A+BKi1)- - (A+ BKp1)(Bny + £p) + (A+ BK;-1) - - (A + BKo)xo

= o

(L + B(St_l) s (L + B5p+1)(B77p + €p) + (L + Bét—l) s (L + B50):E0,
0
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combined with the conclusion of Eq. 72 and Eq. 70, we derive a norm bound on x;:

T
L

[le]] <

(L + BSi1) - (L + Boy) || By + pll + (L + BSm) -+ (L + Bdo) ol a.s.

o+ 3
I
— o

O(p} )| By + &5l + O(p)||zol| as.

1
~+~ 3
Ty M
[l )

O(p}, P)O(log!(p)) + o(1) as.

INA Il
o+ 3
I\g

O(ptL_p)O(logl/Q(t)) +o0(1) a.s.

hS]
I
o

=0(log!?(t)) a.s.
Recall that we have already shown Eq. 69:
7]l = O(log' /2 (1)) as.
That means
il
=[|(A + BE;)a; + 1]

<Al + 1 BIIC) |zl + [1ms]l
=0(log"/%(t)) a.s.

The proof of Lemma 44 Proof For any Gaussian variable X ~ N(0,02),
P(X > to) < e V)2,

and ,
P(X? > t?0%) = 2P(X > to) < 271 /2.

For any multivariate normal vector sequence X; ~ N'(0,021,),

n n
P(|| X||* > nto?) =P <Z th,i > nt02> < X:P(XZ-2 > to?) < 2ne 12
i=1 i=1

That means for any constant ¢ > 0,

20

P([|X,|% > n2log(ct?/8)o?) < 2ne2108(*/0)/2 — R
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We can sum up all choices of ¢ to get a uniform bound. A well known equation states that
Soro, 1/t2 = % Then

2nd

. 2 2 2
P(3t > 1: || X¢||> > 2n0” log(ct?/6)) < ; =

We can choose ¢ = 5= > 00, 1/t? = %, so that
Pt > 1: || X¢||* > 2no*log(ct?/5)) < 6.
That is to say, with probability at least 1 — d, we have for any ¢ > 1,
IX]| < O(1)log'/?(ct? /6) = O(1)(log(t*/5) + log(c)) />,
Since log(c) can be dominated by log(#2/6), the above equation can simply be written as

1X0]| < O(1) log!2(¢2/5).

This bound holds for e; which has constant variance and is also true for 7; which has
shrinking variance. Thus, with probability at least 1 — d:

leell, lnell < O(1)log"*(¢2/5).

Consider the fact that ||Bn, + || < || Bl|||n:]| + |le¢||, which means || Bn; + || can still be
bounded by:
1B+ el < O(1) log"*(£/5).

[ |
H.1.2 THE PROOF OF LEMMA 19
Lemma.

t—1 . . .

2y =Y (A+BEK; 1) (A+ BEp1)(Bny + ) + (A+ BKy 1) -+ (A + BKo)xo.
p=0
t—1
up =Y Ki(A+BK; 1) (A+ BKp1)(Brp+ep) + Ky(A+ BK;_1) -+ (A+ BKo)zo + .
p=0

Here whenp=t—1, (A+ B[A(t,l) (A4 Bf(pﬂ) =1,.
Proof Consider the following relationship:
Uy = Kt.fl/‘t + M-
xy =Axi 1+ Bug_1 + i1
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=Axi1 + B(Kj—120-1 + i—1) + €1-1
:(A + Bthl)l‘tfl + Bni—1 + €41

Iteratively do this calculation to the end:

t—1
2y =Y (A+BEK; 1) (A+ BEp11)(Bny + ) + (A+ BKy 1) -+ (A + BKo)xo.
p=0
t—1

uy =Y Ky(A+BK; 1) - (A+BKp41)(Bry+ep) + Ki(A+ BK; 1) - -+ (A+ BKo)zo + .

p=0

H.1.3 THE PROOF OF LEMMA 20

Lemma. Assume Eq. 23, then

1.

[(A+ BK)™"] (Bn, +&,)(Bng + &) " [(A+ BE) 1] "

3
— 1 10g% (1) (Cy + 0,(1)).

o 2 (o]
=3 1P(17) 0% + 17 1og™(1)(1 + 0,(1)) Y L4BBT[LY)T
p=0 q=0

t—1 1—1 1—1
(A4 BEi 1)+ (A+ BRyi1) - (A+ BE) 7]
i=1 p=0 ¢=0
“(Bnp + 810)(377q + 5q)T [(A + BK)i_q_l] = Op(tl_ﬁ/z IOg_o;rs (1))
t—1i—1 i—1 ‘
SN [(A+BE) TP (B +2,) (B + &)
i=1 p=0 q=0

—a+3

t—1 1—1 1—1
3 [(A +BE,_1)-(A+ BKy41) — (A+ BK)i—P—l}
i=1 p=0 q=0

~ ~ . T
(Bnp +€p)(Bng + Eq)T (A+BK;1) - (A+ BKg1) — (A+ BK)%(FI}

— 0, (1" F1og ™37 (1)),
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Proof The first step is to show the order of 2nd, 3rd and 4th part because they follow
by the same method, especially the second part is just a transpose of the third part. Then
we can focus on analyzing the first part, which is replacing all controllers K, by optimal
controller K.

Second Part With Lemma 18 in hand, now we are in good shape to start our proof with
the second part showing

t—1 1—1 ¢—1

>3 [(A +BK;_1)-(A+ BKps1) — (A+ BE)=P~1
=1 p=0 ¢=0

(Bnp + €p)(Bng + 5q)T [(A + BK)i_q_l] !

—a+3

= O0,(t' P log™2 (1)).

Since we have already shown the uniform bound of (B, +¢,)(Bn,+¢,) " in Lemma 18,
and that [(A + BK )i_q_l] T has an exponential decay rate, the main difficulty in bounding

the second part is to give a tight bound on (A + BK;_1)--- (A+ BKp41) — (A4 BK)"P~1],

Recall the conclusion of Lemma 18:
I(L+ BSi1)-- - (L+ Bop)|| = 00 ?) as. (74)
Thus

I(A+ BEKi—1)---(A+ BKps1) — (A+ BK)' 7|
=|[(L + Bdi—1) -+ (L + Bps1) — L' P77|
<||Boi-1(L + Bdi—2) -+ (L + Boyi1)|| + [|ILBSi—a(L + Bbi—3) -+ - (L + Bpy1)| + -+ [[L" P 7*Bpy||

(For example, (L + Bd3)(L 4+ Bdy)(L + B6y) — L? = 63(L + BSy)(L + Béy) + Lés(L + Béy) + L?Bé,)
<|IBéi-al[[[(L + Bbi—z) - (L + Bdpi1) || + | BOi—2[|| L(L + Béi—3) - - (L + Bépsa)|| + - -+ [ Bopra [ L7772

<O ") (5]l + -+ |pe ) s (using Eq. 74)
(75)

Now the L2 norm of the second term can be bounded as
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t—1i—1 i—1
DI [(A +BKi-1) - (A+ BKp1) — (A+ BK)i—P—l}
i=1 p=0 ¢q=0

: (B77p +&p)(Bng + 5q)T [(A + BK)i_q_l}T

-
|

SN[+ By 4t Bk - (4 + BEY |
1

|
—

.
Il

3
I
=)
<
Il
=)

(B +2p)(Bng +2)" | || [(4 + BEY=1])7 |

t—1 i—1 i—1

< O Y I8i=1ll + - - + 16511 1N O (o, DBy + ) (Brig +24) " || as.
i=1 p=0 q=0
t—1 ¢—1 ¢—1 ) )

< O(pp, "YUdi-1ll + -+ + 164110 O )1 Bnp + €1 + || Brg + £4]1%) s
i=1 p=0 q=0

(76)

At first glance it seems like there is no way this would generate the desired bound, because
the |[0;—1|| + -+ + ||0p+1]| term could diverge when i is large. However, thanks to the
exponentially decaying term O(p} ¥'), we can avoid this by changing the order of summation:

i—1

i—1
D00 ) ISi-1ll + -+ + [1p41]) :ZO Z 165

p=0 p=0 Jj=p+1

—Zfo o

p=0J =p+1

= (’)(pZL_p )65 (exchange the order of summation)

= ZI|5 1oL 7)
(77)

The final form is almost the same as the beginning, except that the summation of
9; disappears. Restart from Eq. 76, and remember to use Eq. 77 (Additionally, when
p=0,1, O(log(p)) is meant to be O(1) a.s.):

t—1 i—1 1—1

ii {(A—FBIA(Z'_I)...(A_FBIA(Z)_H)_(A_i_BK)ifpfl]
i=1 p=0 ¢=0
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(Bnp +ep)(Bng + 5q)T [(A + BK)i_q_l}T

t—1 i—1 i—1
< O ) (I8i=1 ]l + -+ + 16511 1DO (o, VI B1tp + epl|* + | Brg + 4[1%) as
i=1 p=0 gq=0
t—1 -1 ¢1—1 )
<D Y0 UIdi—all + - - + 18,11NO(pL ) (Olog(p)) + Ollog(a))) a.s
=1 p=0 ¢=0
t—1 i—1 i—1 ]
< Oy, ") [Ii-1ll + - -+ + 19p41 1) O(py, ) O(log(t)) a.s
=1 p=0 ¢=0
t—1 i—1
O(log(t) ZO D)UGiall + -+ + [|6p1al) aus
i=1 p=0
t—1 i—1
O(log(1)) > > l16;110(p},
= 1] 1
O(log(t) Zué [ Z O(p (by Eq. 77)
i=j+1
O(log(t) ZH(S || a.s.
O(log(t) ZO -3 log ™ e (])) a.s. (by Eq. 81)
= (’)(log(t))(’)(tl_5 log=% (1)) a.s.

= O(t'=h/2 log%ﬁ(t)) a.s. (78)

We know that for any matrix A, ||A]| < ||A||r < /T]|4]|, where r is the rank of matrix
A. Thus Eq. 78 implies an upper bound on the Frobenius norm, and the Frobenius norm
implies entry-wise upper bound:

t—1 i—1 1—1

(A4 BE 1)+ (A+ BRy) — (A+ BEY ]

I
=)
Il
=)

7

1 p=0g¢q

: B77p+5p)(B77q+5q) [(A‘FBK)l - 1]

T +3

= Ot P2 log ™5 (1)) as.

Third Part This part is the transpose of the second part, thus shares the same result
with the second part.

Fourth Part We wish to show that

t—1 i—1 +—1

iii [ (A+BK;_1) -+ (A+ BKps1

i=1 p=0 ¢=0

)~ (A+ BK) ]
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~ ~ . T
: (Bnp + 5p)(B77q + 5q)T (A + BKifl) e (A + BKq+1) - (A + BK)Z_q_l} H

—a+3

= 0,7 1og™7 (1)).
By Lemma 43 we have
I(A+ BK; 1) (A+ BKyp1)l| = O(p ) as.,
and _ ‘
I(A + BE)-17| = O(p ) as.
Thus,

(A+ BEK; 1) (A+ BKy41) — (A+ BK)™7t = 0(p" %) as.

Combining this with Eq. 75,

t—1 1—1 i—1
||ZZ Z |:(A + BKi—l) . (A + Bf{p-i—l) _ (A + BK)i*pfl]
i=1 p=0 ¢=0
~ R ' T
t—1 i—1 i—1

<N NS0T UG-l + -+ 10,1 D 1B + ) (Bng +29) TO(p} %) aus.
i=1 p=0 q=0
t—1 1—1 +—1

<SSO Il + -+ 1851 DO UBrp + €l + 11 Bty + egll?) a5,
i=1 p=0 gq=0

which is exactly the same as the final line of Eq. 76. Then following the same proof procedure

as in the second part we can get the same order as in the second part: O(t'=#/2log™2 (1)) a.s.

Summarize second, third, and fourth parts To sum up, all three parts are bounded
—a+3

by the same order O(t'=#/2log Ea (t)) a.s.

First Part It remains to show

t—1 1—1 ¢+—1

Z Z Z [(A + BK)i_p_l] (Bnp + €p)(Bng + <‘-Iq)—r [(A + BK)i_q_l]

=1 p=0 q=0

T

o0

=ty LP(LP)'o® +1° T; log®(t) >  LIBB LY (I, + 0p(1)).
p=0 q=0

Recall L = A+ BK. We divide the left hand side into two separate parts:

e The part where p # q. We will show this part is dominated by the p = ¢ part and is
only of order O,(t!/?).

t—1 i—1

Gr = Z Z Li_p_l(Bﬁp +&p)(Bng + 5q)T[Li_q_1]T = Op(tl/z)-
i=1 p#q
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e The part where p = ¢q. We will show that

t—1 i—1

Z Z Li_p_l(BUp +&p)(Bng + Eq)T[Li_q_l]T
i=1 p=q=0

() 2 00
=Y LML) To% + tﬁ% log®(£) Y LIBBT LY (I, + 0,(1)).
p=0 q=0

Let us first consider the part where p # q. We will show the order of Gy by considering its
expectation and variance. Since Gy is a summation of cross terms and E(Bn, +¢,) = 0,
E(Gt) = 0. Now it remains to consider the variance

E(|Gll%) =E(Tx(G}))

t—1  t—1 t—1
—E(Tr (Z Z Z Liipil(BWp + &p)(Bng + Eq)T[Liiqil]T

p#q i=pVq+1 j=pVq+1

: Lj_p_l(BUp +¢ep)(Bng + 5q>T[Lj_q_1]T>>

t—1

t—1  t—1
+E ( Tr (Z Z Z Liipil(Bnp +ep)(Bng + fq)T[Liiqil]T

p#q i=pVq+1 j=pVq+1
‘ Lj_q_l(Bnq +eq)(Bmp + Ep)T[Lj_p_l]T>>
(terms with odd power go away in expectation) .

It is sufficient to consider the first term in the previous expression, and the other term can
be analyzed in exactly the same way. Notice the following relationship on any square matrix
A with dimension n

Tr?(A) < nl|Allf < n-nf A%

That is
Tr(4) < nl|4].

Then

=1 t—1 t—1
B ( Tr (z S S By o) Byt o) Y
p#q i=pVq+1 j=pVg+1
: Ljipil(Bnp +&p)(Bng + EQ)T[qul]T>>

t—1  t—1 t—1 ' '
Z Z Z Ll_p_l(Bnp +&p)(Bng + 5q)T[LZ_q_1]T

p#q i=pVq+1 j=pVgq+1

< nkEk

: Ljipil(Bnp +&p)(Bng + Eq)T[Ljiqil]T
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<EZ Z Z O(py P VB + epl311Bng + &4l30(p Pl %) (by Lemma 43)
p#q i=pVq+1 j=pVq+1

t—1 -1 t—1 4 '
=0 Z Z Z pilfpfqpijfpfq

p#q i=pVgq+1j=pVg+1

G

t—1
(Z pi(p q)> (WLOG consider the part where p > q)
p>q

t—1
o> 1

q=0
= O(t).

Thus the entry-wise standard error of Gy is of order O(t'/2). Combining this with the fact
that EG; = 0, we have

t—1 i—1
Gy = Z Z Ll_p_l(Bnp +ep)(Bng + 5q)T[Ll_q_1]T = Op(tl/Q)- (79)
i=1 p#q
and it remains to consider

t—1 i—1

R = Z Z Liipil(Bnp +ep)(Bnp + 5p)T[Li7p71]T-
=1 p=0

Consider the expectation of R: E(R) = Ry, where
=li-1 4
Ro:=> > L"P 1 (p’log*(p)BB 7° + Io?)[L 7] T.
=0 p=0
Let us first show R — Ry = O,(t'/?), and after that we only need to consider Ry, which

is the dominating term. We know that Bnj, + ¢, has a finite fourth moment, so the sum of
the variances of each element of R — Ry can be written as

E|R — Roll% =E(Tr((R - Ro)Q))

t—1 t—
Z Z Z Lr- 1 Bnp+5p)(B77p+5p) (p’g_l loga(p)BBT72+Im02)]
p=0i=p+1 j=p+1

LR TLITP (B + 2) (B + €)= (97 og®(p) BB + Lyo®)[L77P71T))

1 t—1  t-1
S”EHZ Z Z Liipil[(Bnp +&p)(Bnp + €p)T - (pﬁil IOga(p)BBTTZ + I;no?)]
p=01i=p+1j=p+1
ALTP TP (B + ) (Bigp + €)' — (07 log® (p) BB + Lo )L P T
t-1 t-1 -1

EZ Z Z P 2p” B77p+5p)(B77p+5p) (pﬁ_lloga(p)BBTT2+ImU )H2 7 2p)
p=01i=p+1 j=p+1
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t—1
:O<ZEH(B7IP +&p)(Bmp + Ep)T - (p’g_l loga(@BBTTQ + ImUQ)HQ)
p=0

—0(1).

Thus R — Ry = Op(t'/?). Now we only need to focus on:
Ry = Z Z L7P= L (pPL1og®(p)BB 7% 4 1,0} [L7P7 1T,

Again, when p = 0, 1 p?~log®(p) should be considered as 1. Let us start from the identity
matrix part > \_ ZZ L L e[ T

i—1 -1 -1

t—1 12 t
ZZLifpfl[Lifpfl]T :ZZLq[Lq]T
i=1 p=0 i=1 ¢=0
_Z iLP )T ZLQ [La"
=1 p=0
t—1 oo
—tZLP (LT => > oL’
=1 q=1
Notice

t—1 oo t—1 oo

IS LT <> 07

i=1 q=i i=1 q=i

q - q
=Y O(1)
i=1
=0(1).
Thus
t—1 1—1
Pl An ol —tZL” )T +0().
i=1 p=0

67



WANG AND JANSON

On the other hand (when p = 0,1, p®~!log®(p) is meant to be 1),

t—1 i—1
Z Li—p—lpﬁ—l loga(p)BBT[Li—p—l]T

i=1 p=0

t—2 t—1

— szpflpﬁfl logo‘(p)BBT [szpfl]T
p=0i=p+1
t—2 t—p—2

=S p* Mlog(p) S LIBBTILY
p=0 q=0
t—2 00 0o

= P log®(p) (Z L‘BBT[LY" — > LBBT[LYT
p=0 q=0 g=t—p—1 (80)
t—2 00

=> " p" tlog"(p) (Z LBBT (LY - O(p ")
p=0 q=0
t—2 0o t—2

=30 og" () 3 LIBBTILY T+ ' og (n)0 ()
p=0 q=0 p=0
t—2 00 t—2

<> P og(p) 3 LIBBET (LT + 3 0(1)0 (5 7Y)
p=0 q=0 p=0
t—2 00

=Y " Mlog*(p) Y LBBT[LYT + O(1).
p=0 q=0

Now it remains to calculate Z;_:% p?~1log®(p). Let us consider a more general case Z;:O p7 log®(p)
where 7 > —1 and « is any real number. It is clear that this summation goes to infinity

when t — 0o. Recall the Stolz—Cesaro theorem:

Theorem 45 (Stolz—Cesaro). Let {a;}+>1 and {b:}+>1 be two sequences of real numbers.
Assume that {b;}4>1 is a strictly monotone and divergent sequence and the following limit
exists:
. Qi1 — Gt
lim ——— =1
t—00 bry1 — by

Then, the limit

In Theorem 45, we choose a; and b; to be Z;:o p?log®(p) and 7! log®(t), respectively.

LG — G . t7log™(t)
lim ——— = lim = =
t=oo by — b1 t—oo 7T 1log*(t) — (t — 1)7 T 1log™(t — 1)

1
= lim

t—o0 t— (%)W(t B 1) <log(t—1))a

log(t)
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By Theorem 45, we know

That is to say, for any v > —1:

Following Eqgs. 80 and 81,

To sum up,

> t
o=ty LP(LP)To” +
p=0

= lim L/t
T 00 1 _ (1 _ Lyytl 1 4 log(t=1)-log(t) | *
1 (1 t) ( + log(t)
1/t
= lim
t—00 —LIio(H\@
T 0= o) (14 )
= lim 1/t
=00 1 — (1 — 2 4 o(1)) (14 0(3))”
= lim 1/t
T 500 1— (1 o ’YTH + 0(%))€alog(l+o(%))
1/t
= lim
t=00 1 — (1 — 25 4 p(1))ed)
= lim 1/t
=001 — (1 — - 4 o(1)) (1 +0(2))
. 1/t
e T o)
1
o+l
poan o YpmopTloe’(p) 1
twoo by t—oo  Hllog®(t) v+ 1
' y o 1 v+1 o
> pTlog™(p) = " log () (1 + o(1)). (81)
p=0 v
t—1 1—1
Z Z Li—p—lpﬁ—l loga(p)BBT[Li—p—l]T
=1 p=0
t o0
=> " og®(p) Y LIBBT[L)" + O(1)
p=0 q=0
t8 >
=3 log®(t)(1+ o(1)) > LIBBT[LY] + O(1)
q=0
B (o]
ztﬁ log®(t) " LIBBT (L] (I, + o(1)).
q=0

AEkg%ﬂiiL%ﬂfﬂﬂTUﬁ+oU»
q=0

8
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Recall that R — Ry = O,(t'/?), so

t—1 i—1
R = Z Z Ll_p_l(Bnp +&p)(Bnp + 5p)T[Lz_p_1]T
i=1 p=0

= ti LP(LP) o2 + tﬁT; log® (t) i LIBBT[LY " (I, + 0,(1)).

q=0
Recall Eq. 79:
t-1i-1
Z Z L~ (Bny +£,)(Bng +2¢) T[T = O (tl/Q)
i=1 p#q

Finally we proved the order of the first part:

t—1 i—1 +—1

[(A+ BEK)"P7 (B +p)(Bng + )" [(A+ BK)™97!]

T

I
=)
Il
=)

%

1 p=0g¢q

t—

—_

1
L= 1 B77p + 51))(37761 +&4) [Liiqil]T

1—1 1

I
—
|
=

i p=0q

t

NE

2 o0
LP(LP)To? + 1P % log®(t) >  LYBBT[LYT (I, + 0p(1))
q=0
0g™(t)(Cy + 0p(1)) (by Cy definition Eq. 29).

I

-

@ 3

= |l
[en}

H.1.4 THE PROOF OF LEMMA 21

Lemma. Assume Eq. 23, then

1S [(A+ BRiLy) - (A + BEo)ro| [Sich(A+ BEi1) - (A+ By )(Bug +29)] =
O(1) a.s.

2. -l [(A +BE; 1) (A+ BKO)xO} [(A Y BE;_) - (A+ BKO)xO} " 00) as

Proof This can be proved using a similar technique as in Appendix H.1.3. Recall that
when ¢ =0, 1, log®(q) is taken to be 1.

t—1 i—1 . . T
> > (A+BK; 1)+ (A+ BKo)zo(Brg +¢4) " [(A +BK;1)---(A+ BKqul)}
i=1 ¢=0

t—1

< (L + Bd—1) - - (L + Bdo) | [woll[| Bg + eqll | (L + Bde—1) - (L + Bég1)|| "

i=1q

@
|
—

Il
=)
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-
|
-
-
|
—

O(p1)|wolll Bng + £glO(p% %) as.  (by Lemma 18)

I
e

~+ .
|
=R
Il
= o

O(p7~10(1)O(log?(q)) a.s. (by Lemma 18)

I
—_ =

&+ .
I
=R
Il
= o

O(pii_q)@(l) a.s.

<. o~ ﬂ

LR

L~

21

> o
=~
~—
&Y
—~
—_
~—
o
w0

G
~ =
—_
S—
o
wn

T

ti (A BR; 1) (A+ BEo)wo| [(A+ BR; 1)+ (A+ BEo)o|
=1

t—1
<> O0()llzol?O(p}) as.  (by Lemma 18)

H.1.5 THE PROOF OF LEMMA 22

A2 I

AB S5,

A2 I,

Entry-wise convergence implies F-norm convergence:

|42 B = L]l r = 0.

71

Lemma. Assume we have two matriz sequences {A;}72, and {B¢}72,, where Ay and By are
p X p positive definite matrices, and

Proof The basic idea is to utilize the equivalence of entry-wise convergence and F-norm
convergence and the fact that the F-norm is invariant under orthogonal transformation. We
know that positive definite matrices can be diagonalized by orthogonal transformation, and
these diagonal matrices are easier to deal with. Starting from our only equation
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By the positive definiteness of A; and B;, we can assume they have the diagnolization
A, =U AtAAtUL and By = U BtABtU;tv where A4; and Ap; are diagonal matrices with
diagonal values A4;+ and Ap;¢ (1 =1,2,---,p), and Uy and Up; are orthogonal matrices.
With this transformation, we have

P
”UAtA?LXtUXtUBtAQBtU;t — Ipllr — 0.

Since orthogonal transformation does not affect F-norm, on RHS inside the F-norm, we can
multiply UL on the left and Up; and on the right and get

P
HA,Q%ULUBtAth - UXtUBtHF — 0.

Because F-norm convergence to zero is equivalent to entry-wise convergence to zero,

P
A%, UL UBiA%, — UL, Ups — 0.

Denote T} := U;‘rtUBt, then

P
A4, TN, — Ty — 0.
If we consider the ijth element of the above equation:
P
)\,24i,tTij/\QBj,t —Tij — 0,
which is b,
(M ABje — 1) (AaigAje + 1)1 — 0.
Since by positive definiteness we have A4; ¢, Apj: > 0, the above equation implies
P
()\Az',t)\Bj,t — 1)Tij — 0.

This holds for every i, j pair. If we write out this equation back to matrix form, we would
get
AaiTidps =Ty =5 0.

By the same trick this is equivalent to the F-norm form
P
A4 TiAp: — Til|F — O,

P
”AAtUXtUBtABt — UXtUBtHF — 0.
On RHS inside the F-norm, we can multiply U4; on the left and Ugt and on the right and
get
P
|UatAasU LU AUy — Ip|lp — 0.

Plug in our definition A; = UAtAAtUXt and B; = UBtABtU;t:

P
||AtBt — IpHF — 0.

And this implies
ABy 5 1,
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H.1.6 THE PROOF OF LEMMA 23

Lemma. Assume Eq. 23, then

+3

1. SN R — Kzl = 0P 1og™% (1)) a.s.

2. S —o(t@/2 logaTJrs(t)> a.s.
Proof

First part Zf;é(f(l — K)xlsc;r By Lemma 18 we have a uniform bound for §; = Ki— K
and x;. We can derive the result in the first part by directly plugging in the bound for ||4;]|
and ||x;|.

By Lemma 18
]| < O®log'/? (1)) a.s.
Thus
t—1
> (Ki - K)zix ZHéHsz il
=0

O(log(t) ZH& | a.s. (by Lemma 18)

t—1
<O(log(t) Z(’) =812 10g =5 (1)) a.s. (by Lemma 18)
=0
<O(log(t)t! A2 1og ™% (t)) a.s.  (by Eq. 81)

3

<Ot P2 10g ~5 (1)) a.s.

which means (by bounding entry-wise terms by the operator norm)

t—1
SR — K)zia] = O P log ™5 (1)) as.
=0

Second Part >/~ 0 nix;  Following Lemma 2 (iii) from Lai and Wei (1982):

Lemma 46. Let {€,} be a martingale difference sequence with respect to an increasing
sequence of o-fields {F,} such that sup,, E(¢2|F,_1) < oo a.s. Let v, be an F,_1-measurable
random variable for every n. Then

n o0
g vi€; < 00 a.s. on { g v? < 0o}
i—1 i=1

And for any n > 1/2

Zviei =0 ((Z 2)1/2 1og" (Z v?)) a.s. on {Z v? = oo}
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As a result, with probability 1

Z Vi€; =0 <(Z 03)1/2 ]Og(z U?)) 121021 v2=00 + 0(1)121021 v2<oo &-S.
i=1 i=1 i=1
=0 ((Z v2)1/? log(z U?)) +0() as
i=1 i=1

We can apply Lemma 46 to our context by noticing

(82)

Zm Zmz 7 log™/2(i)(i"F log™/ (i)} ).

Here we normalized all n; to have a fixed normal distribution mi% log=%/2(i) ~ N(0,721,).
Apply Eq. 82 entry-wise, where v; corresponds to a fixed entry of i log®/ Q(Z)l‘;r and ¢;
corresponds to a fixed entry of 771-1'% log~®/2(i). v; is bounded by i log®/2(4) ||| Thus

> oma] = o (V" log(V)) +0(1) as

where V; = Zt l(z 2 10go‘/2( )||lz:||)2. Applying the bounds in Lemma 18 (recall that
when i = 0,1, i’“!log®(i) is taken to be 1):

o+
|
—

S
V=3 (i"7 log™?(i)|ail)?

T
- O

=i log*(i)O(log(t)) as. (by Lemma 18)

1=0

=O(t° log®(t ))O(log(t)) a.s. (by Eq. 81)
=O(t’ log®*1(t)) as.

Thus,

o (V2 log(V; ) 0(1)

t—1
E 77i$
i=0

o

o(t?/? 10g t) log(t))) +0(1)

(v
) <(’) 8 log“Jrl )1/2 log((’)(t’B logaH(t)))) +0O(1)
(o
=0 <tﬁ/2 loga+3 t) ) a.s.

74



EXACT ASYMPTOTICS FOR LINEAR (QUADRATIC ADAPTIVE CONTROL

In exactly the same way, we can show that

t

Z(szi)TRni =o0 (tﬁ/Q logaT%(t)) a.s. (83)
i=1
We first standardize n;
t A t—1 51
S (Ki) R = Y177 log™2(0) (Kii) Ry 2" log™*/%(i),
i=1 i=0

and then v; is bounded by

= loga/2(z)CKHR|| |lz;|| (by Algorithm 1’s design),

which is different from v; in Y.'20 mz] by a constant factor Cre||R||. The rest of the proof
is all the same.
H.1.7 THE PROOF OF LEMMA 24

Lemma. Assume Eq. 23, then

1. Zg;é Siziz] 6] = Ot Plog™**2(t)) a.s.

2. 02y b = (iZgmiw) 07) T = o (log?(t)) a.s.
3. Y Zhmin, =177 log® () (Ia + 0p(1))
Proof

First part >, 5 iz} 8] Recall the conclusion from Lemma 18: ||z|| = O(log'/%(t)) a.s.
atl

and ||0|| = O(t™ 3 log=2 (t)) as.

t—1 t—1
ZCSMWZT(SZ‘T SZHMFH%W
i=1 i=1
t—1
<O(log(t) ZO “Plog=*1(4)) as. (by Lemma 18)
i=1

=O(t1 P log=*2(t)) a.s. (by Eq. 81)

This implies (by bounding the entries by the operator norm, and including the i = 0 term

as O(1)):

1
Z Sizix; 6 = Ot P log=*2(t)) a.s.
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Second part Zf;[l) niz] 0]  The representative of the third term is 3 :0 77z T(ST The
proof idea is similar to that in Lemma 23 when we prove the bound for Z 0 n;x; . Here
we have an extra shrinking term §; which makes things easier.

Again, we can apply Lemma 46 to our context by noticing

t—1 t—1
S mial 6] =S i 7 log ()7 log™2 (i)l 67).

Here we normalized all n; to have a fixed normal distribution. Apply Lemma 46 entry-wise,
B-1
where v; corresponds to a fixed entry of i 2 loga/ 2( ) T(ST and ¢; corresponds to a fixed

entry of the normalized n;. Our v; is bounded by i logo‘/z( M zil|[|:]]. Thus,
t—1
Z nix; 6] =o (V1/2 log(Vt)> + O(1).

where V; 1= 71 é(z 2 logo‘/2( ) ||z:]|110:])2. Apply the high probability bound in Lemma 18
and we have

t—1
Ve =Y (77 1og®2(0) 1 6il1)?
i=1
= i i1 10g? (1) O (log(t))O(t P log =2+ (1)) aus. (by Lemma 18)
=O(t? log®(t))O(log(t))O(t P log =+ (1)) a.s. (by Eq. 81)
=0(log%(t)) a.s.

That is to say, V; = O(log?(t)) a.s. (adding the i = 0 term as O(1)). Thus,

t—1

TGT
E ity O;
i=0

=0

O(th/zlog ) +0O(1) as
(

0<1og2<t >1/2 1og< (log?(1))) ) + O(1) as

Third part Zl “omn; By Eq. 81:

t—1 t—1 2
.B— . T
E( g nin; ) = E 2P og® (i) Iy = tﬁﬁ log®(t)(I + o(1)).
i=0 i=0
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With a little abuse of notation we use Var(-) as entry-wise variance of a matrix. Again,
i =0, 1 terms are meant to be O(1).

t—1 t—1
Var(_minl) =) _ Var(n)
1=0 1=0
t—1
:(’)< §2(6-1) logm(i)>
=0
t—1
<0 (Z ,L-Q(B—l) 10g2max{0,a} (’L))
=0
t—1
<0 (Z ,L~2(B—1) 10g2 max{0,a} (t))
=0
t—1
>, ( Zz(ﬁn)
1=0
—O( )

When 8 > 1/2 the last equation follows by Eq. 81 and when 3 =1 /2 it is summation of
harmonic series which is O(1). Thus the standard error is only of order O(t%~1/2), which
is smaller than E(Ef;é nim; ). That is to say,

t—1 )

T (6%
> nin = tﬁﬁlog ()(La + 0p(1)).
=0

H.2 Lemmas in Appendix C
H.2.1 THE PROOF OF LEMMA 25

Lemma. For any K with suitable dimension,

2" (Q+K"RK)x +2"(A+ BK)"P(A+ BK)z —z' Pz
=2 (K—-K)'(R+B"PB)(K — K)z.

Recall P is the middle step described by the DARE. It should satisfy Eq. 3
K=—(R+B'"PB)"'B"PA.

As a result,
(R+B'"PB)K + B"PA=0. (84)

Also it is well known that (Jamieson et al., 2018):

Q+K'RK + (A+ BK)'P(A+ BK) = P. (85)

7
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Let K be another controller, then we have the following useful equation stated by Lemma 25.

2" (Q+K"RK)z +2"(A+ BK)"P(A+ BK)r —z' Px
=2 (Q+(K—K+K)'R(K — K + K))x
+2'(A+ B(K — K)+ BK)'P(A+ B(K — K) + BK)z
—z' Px
=2"(Q+K'"RK + (A+ BK)"P(A+ BK))x
+ 22T (K — K)'(RK + BT P(A+ BK))z
+2" (K- K) (R+B'"PB)(K — K)z
—z' Px
=2 (Q+K"RK + (A+ BK)'P(A+ BK))x — z' Pz
+2:"(K -~ K)'(R+B"PB)K + B'"PA)x
+2" (K- K) (R+B'"PB)(K — K)z
—2"(K—K)'(R+B"PB)(K —K)x  (by Egs. 84 and 85).

H.3 Lemmas in Appendix E

H.3.1 THE PROOF OF LEMMA 27

Lemma. 5 s

=3+ 0t 2log72 (t)) a.s

up = Ug + O(t‘g log7a2+2 (1) a.s
where

t—1
Ty = Z (A+ BK)"™P"Y(Bn, +¢),
p=t|-metin)

and

t—1
=K+ & =K Z (A+BK)t*p*1(Bnp+5p) + &

p=t=| - ates

Proof Recall Lemma 19 states that
t—1

2y =Y (A+BK; 1) (A+ BEp1)(Bny + ) + (A+ BKy_1) -+ (A + BKo)xo.

p=0

Similarly, we can rewrite x; as if starting from time ¢ — L— kl)z%;?)J:

t—1
Ty = Z (A+ BEK;-1) - (A+ BKyi1)(Bnp + )+

p=t—| - retss |
(

A+ Bkt_l) s (A + Bktfl log(t) J)xtf {7 log(t) J

"~ log(pr) log(pr,)

78
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By Lemma 18, we know

(A+ BKt—l) (A4 BKt—{ ot J) SO(leOg(t)/lOg(pL)) a.s.

" log(pyr)

=0(e” log(t)) a.s.
=0(t™!) as.
and
e, luel| < O(log!/%(t)) aus.
Thus

(A + Bf{tfl) e (A + BKt_{ log(t) J)l‘t_{ log(t) J = O(t_l logl/Q(t)) a.s.

" Tog(pr) " Tog(pr)

Next, comparing Eq. 86 with Eq. 87, we still need to bound the difference between (A +
BKi_1)--- (A4 BKp41) and (A + BK)!=P=1_ Again by Lemma 18,

t—1
S [(A+BE 1) (A+ BRyp) — (A+ BE) 7Y (Bry + 5)

p=t=| - ates
t—1
< Ol ") (1811ll -+ 181 [NO(log! (1)) s (by Eas. 75 amd 24)
p=t-| et
t—1

=Y ImlloI0es ) as. (by Eq. 77)
p=t— {7 log(t) J

log(py,)
t—1
<Ot/ Flog™5 (1/2) Y. OOl (1)) as.
p=t— L_ 15‘;%’£l)> J

(by Eq. 26 and that asymptotically p > t/2)

— Ot~ 2 log =5 (£))O(log!/2(1)) a.s.
= (’)(t_g log 5 (t)) a.s.
This is larger than O(t~!log'/?(t)). To summarize,

—a+2

Ty =T+ O 5 log=3 (1)) as.

Since u; — uy = K(xy — &),
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H.3.2 THE PROOF OF LEMMA 28

Lemma.
Av= A1 o | + 0,01 P log™ (1)),
log(pyr,)
Bu=B,_|_ o | +Oplt™ log™ (1)

log(pr,)

Proof We can bound the distance of neighboring estimators by the following recursive LS

formula. Denote ©; = [ﬁt,EtL Z; = [il}, H; = (Zf;(l] ziziT)*l. Then the LS estimator
1
Eq. 5is
t—1 t—1 t—1
O; = Z ziﬂz;r(z ziz;—)_l = ZzinZTHt.
i=0 i=0 i=0
For simplicity, denote a; := [_I(I)Zg(,(;?)J’ then our objective is to bound the difference 6, —
Ot _q,-
t—CLi—l
®t7at = Z Zi+1ZiTHt7at'
i=0
As a result,
t—1
Or = (Or-aHi Ly + Y zit12 )Hi
1=t—az
And

1=t—ay
t—1 t—1
= <_@t—at ( Z ziz;> + Z Zit1%; ) H;
1=t—at 1=t—at
t—1 t—1 (88)
= (—@t_at ( Z zzz:> + Z (Oz; +€i)ziT> H,
i=t—az i=t—at
t—1 t—1
:(@ - ®t7at) ( Z ZiZl-T> H, + Z €Z'ZZ-THt.
i=t—ay i=t—ay
Following Eqgs. 8 and 48,
Hy = O,(t P log™(t)). (89)

Next will bound the first and second term separately.
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First term (© — (:)t_at)(ztl zzzj)Ht By Lemma 18,

1=t—a¢
z = O(log'/?(t)) a.s.
Recall that from Eqs. 10 and 48, © — ©;_,, = O,(t/21og=*/2(t)). As a result,

t—1

(©=01-0)( > 2z )H, =0, (t—m 10g_°‘/2(t)> Op(aslog(t)t " log (1))

i=t—az

(90)
:Op(t73ﬂ/2 log73a/2+2(t))'
We will see that this order is smaller than the second term, so that the second term is

dominating.

Second term ZZ tar EiZiTHt Consider the variance of the jk-th element of ZZ b, € Z-T,

which is applicable to any choice of j and k. Fix j, k. Define F;_1 as the filtration which
contains every variable except for e;_1 j. We know that ;1 ; L F;—1 and &¢_1,; ~ N(0,0?).

t—1
Var( Z Eij(zi)k>
t—1
Fie 1)) +E (Var ( Z i (2i)k th—l))

i=t—at
t—
= Var < gij(2i)k ) +E ((%4)%‘72)
at

—ag

t—1
= Var g gzj 2i)k
1=
i=t—

t—1
=o° Z E ((2:)7) (by recursively conditioning on Fy_g,- -+ , Fi_q,)

i:t—az

t—1
<o’ Y Efalp

1=t—at

< 02a;0(log?(t)) (by Eq. 104)

<o0lo(t) (b o= -] )

Since E (Z;‘f;tl_at 5Z-j(z;r)k) = 0, we have Zz;tl_at eij(z )k = Op(log3/2(t)), which implies

S sl — 0, (08¥2(0).
i=t—ay
By Eq. 89,
> izl Hy = 0p(log*(1)) Oy (t 7 log™(t)) = Op(t 7 log™* T2 (t)). (91)

i=t—at
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This is larger than the first term. Combining Eqs. 88, 90, and 91 we have

(':)t - étfat = Op(t_ﬁ IOg_OH'_S/2 (t))

H.3.3 THE PROOF OF LEMMA 29
Lemma. For any & independent of the data before t: {e;,n; ﬁ;(l)
1 -1/2

(o2
ZLP( + L{p=1.0=0} QBBT> ()’ $t+ﬁ '~ log = (t) |16

/2 ((At {7 log(t) J — A)Ty + (Bt, Lf log (t) J — B) (K¢ + &)) £> N(O’ In).

log(pr,) log(py,)

Proof We will start from finding the conditional distribution of

it:x,&t:K$+§.

(At_ {_MJ - A)‘%t + (Bt— {_ log (t) J - B)ﬂt

log(pyr,) log(pr,)

where x and £ are constants. This should be easy because /Alt L log(1) J — A, Bt { log (1) J —
“ | Togler) L log(pr)
B 1 %4, %, which means we can directly apply the asymptotic normality result from The-

orem 5. Recall Eq. 11 that

c? o

t9/210g/*(t)vec | [A; — A+ (B; — B)K, B;— B] =

] > i) N(O, U2In(n+d))v

where Cy = t17Plog ™ (t) Y02 LP (0% In + 1{p—1,0a=0} 7> BB ) (L?)" (I,+0p(1)) (by Eq. 32).
Here there are two different convergence speeds and we need to consider them separately.
More precisely,

vee (| (A= A+ (B — B)K)210g°2(0)C) o™t (B — B)t* 2 10g®/2(0), [ 251 |)
L N(0, Lnsa ® L),

That is to say, for any constant vector  and & independent of data before ¢, we have

Vec( [ (A — A+ (B, = B)K)t"*1og®*(1)C; P01 (B, — B}t 1og®* (1) \/%Id ]

t8/2log= /2 (¢ 1/2 t8/2log™ /2 (¢ )C_I/Qcm
408210 ,/ fe, t0=F)2log=/2(t), [ 4 ¢

D 25 N0, I,).
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The above equation holds because we are multiplying independent unit vector to the left
hand side, so the result is still a normal distribution. Simplifying the equation:

1 -1/2
T G p 2 T T 502 1-81. —a 2
2T (DL In+1g—1.0-0y 5 BB" | (L") x4+ 1P log™ (1) ||&|]
p=0

T2

12 [(Ay — A)x + (B~ B)(Kx +8)] 25 N0, L),

We can replace t with ¢ — L— l(l)(;%ffg)J :
-1
z" iLP I, +1 TjBBT (77T x+57‘72 | tos®) I_BIO —a(y_ | los(®) ‘
par n {B8=1,0=0} o2 72 log(pr) g log(pr)
log(t) J)lﬂ[ A . } D
t= = A o — Az + (B o —B)(Kz+ — N(0,1,).
( { log(pr) A |- o ) = Ao+ (B ) oww | = B &) (0,1,,)

1/2
Because (t — L— log(t) J) t=1/2 = 1, we can drop the first three instances of L— log(t) J:
log(pr) log(pr)

-1 —-1/2

0 2 2
T Bo* | _ _
S (1 BT ) 02Tk T o e
p=0

(| = Ak (B |~ B)E 46| 25 0. 1),

L 10g<pL)J { log(pL)J
Here we actually used the fact that for ¢;, a;, by > 0, when a;/by — 1, then (c;4a)/(ci+bi) —
1. This is because
(bt - at)Ct
(Ct + bt)bt

bt — Qg
be

Ct + Q¢ Qg

C¢ + bt bt

<

~1
In our specific context ¢; is the constant 2" (Z;io Lr (In + 1{g—1,a=0} ;—zBBT) (LP)T) x.

Since z; 1L A og(ty | — A, B gty | — B, we can replace x with z; by conditioning
~ = L_ log(pL}J _ = L_ log(pL)J L )
on Ty = z, replace all x with Z;, and finally remove the conditioning since they all converge

in distribution to standard normal and z; asymptotically have same distribution.

-1 -1/2

o0 2 2

- T . Bo® _

(0 (1t e BT ) 0T |k o0 el
p=0

. t1/2 <<At— {_ log(t) J - A)ft + (Bt— {_ log(t) J - B)(Kjt + ft)) £> N(O’ In)’
log(pr,) log(pyr,)

(92)
u
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H.3.4 THE PROOF OF LEMMA 30

Lemma. For any & independent of the data before t: {e;,m;}! i 0,

1 -1/2

2
0" 1 —a
ZLP( + 1{g=1,0=0} QBBT> (LT m% £ log ™ (t) [|& 1

412 [(At — Az + (By — B)(Kyxy + gt)} b, N(0, I,,).

Proof Since we already proved Lemma 29, the only thlng we need to do is to replace 4
with z;, K with Kt, and A L_ log () J, Bt— L_ log(t J with At, Bt

log(pr,) log(pr,)

Replacing 7; with x; First, we can replace
-1

- B g
ZLP( + 1{g=1,0=0} gBBT) INT] Eet gt g (1)

with
-1 5 '
(o] (S0 22 (I 1pmramy BEBT) (@0T) a4+ 2507 hog (o) [ ) i . 92
because Z; = x; + 0p(1) by Lemma 27.

1 -1/2

Bo® 1 81 —a
ZLP( Flpmracn BB (T | et 5 o0

41/2 <<At— L_ log(t) J — A)7 + (Bt— L_ log(t) J - B)(Kz; + 575)) £> N0, I).

log(pr,) log(py,)

~1
Since x, (Z;io Lp (In + 1{5:1@:0};—2BBT) (LP)T) x; is bounded away from 0 with
high probability (z; has the component &;_1),

-1 —1/2
P T T o ;B p—— 2
ZL o+ ooy BB ()|t 205700 e = 0,(1).
By Lemma 27, ; = x:+0,(t~ 3 log =5 (t)). Recall Proposition 17 states that ||A {_ log(t) J_
log(pp)
Al ||Bt { log() J — B, ||K; — K| = O,(t=/1log =5 (t)). Thus, the error induced by re-
~| e

placing the remaining z; with x; in Eq. 92 is

a+

Oy ()20, (t 7 log ™2 (£)Op(t™ 7 log =2 (1)) = Op(t/2 P log—*+3/2(1)).

Under our condition f > 1/2 or f = 1/2,a > 3/2, this error is of order op,(1), which is
negligible. Now we can replace all z; with x;:

1 —-1/2

2
0" 1 -
ZLF( T QBBT> @) S og )
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/2 (At_L g | Az + (Bt{ log(0)_ | B)(Kxy +&)| = N(0, I).

Tog(pr,) “log(pr)

Replacing K by K; Since HBt { log(#) J — B|, | K — K|| = O,(t /2 log 2 (t)) (see
~ L los(pp)

Proposition 17), and z; = O, (log'/%(t)), the final difference is still of order O, (t'/2~% log=**+%/2(1)) =
op(1). Thus

-1 —1/2

0 2 2
T g _ _
zl (DYoL (In+1{ﬁ=1,a=0}0233T> ()’ $t+7ﬁ72 170 log ™ (t) [|& I

p=0

12 |:(At{ log(t) J — Az + (Btit log(t) J - B)(Rtxt +&) A N0, I).

"~ log(pr) "~ log(pr)

Replacing AFL log(t) J, BFL log(t) J with At, Bt By Lemma 28,

"~ log(pr) "~ log(pr)

A - At,{ log (1) JaBt - Bt{ logl6) | = Op(t " log*+32(1)).

~log(pr) "~ log(pr)

Notice the z; and &; are multiplied by

1 -1/2

o 2 2
T g _ _
(0 (14 e BT )t Do el
p=0

thus their order is only Op(1). The difference induced by replacing flt_L log(t) J , Bt_L log (1) J

" log(py) “log(pyr,)
with Ay, By is of order O, (t'/2=# log~®t3/2(t)). When 8 > 1/2 or 8 = 1/2,« > 3/2, this
error is of order o,(1). Finally, after replacement we have

-1 —-1/2

> T2 Bo? o
| DL (Iﬁlwzl,a:ma?BBT) (@) @t 5t g™ () &)
p=0

A2 (A = Ay + (B = B) (g + )| - N (0, 1),

H.3.5 THE PROOF OF LEMMA 31
Lemma. For any & independent of the data before t: {e;,n; f;[l),
1 —-1/2

oo 2 2
T o _ _
z | > LP <In+ 1{61,QO}UQBBT> (I | @+ —/; P log™(t) |||
p=0
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Proof By u; = Kz + &, it suffices to show

-1

-1
2
( (ZU’( + 1smt.0m0) QBBT> <LP>T) m+i‘§flﬁloga<t>&2)

_ -1
e e e (SRR lae]) 2
Kixy + & o L] (Wi Kz + & '

By Eq. 61:

) - [ 8][4 3 ][5 %]

Usj i

Il
=)

i

Thus

i (Bl > [l

1=

In My A7 Lo ] T
Ktmt +§t 0 Ay Ay K I, Ky + &
T I, —KT (My — A AT AT (M, - ATAIA) 1ATA;1
Ktmt +€t ’ —((My = ATATA)TTAT ALY T (A —AMIAT)
O . . .
[ K Iy ] [Ktxt + &] (by block matrix inversion)
- (M — A AT AT — (M — A AIA) 1ATA;1
- K +€t Ka | (0= ATAPA) AT (8= AMIAT)

Tt
Kixy + & — Ky
= ﬂj‘;r(Mt — A:A;lAt)_llL‘t — 2:1,‘2—(Mt — A:A;lAt)_lA:AJI(KtIEt + gt — Kl’t)

+ (K + & — Kzp) T (Ay — AM7TIA]) Y (K + & — Kay).
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By Eq. 31, Eq. 35, Eq. 60:

My =log~ ()t # | 3 17 (02In + 1{,3:1@:0}72BBT) (L))" | (I + o(1))
p=0
—1

M =log®(t)t P | YL (O‘QIn + 1{5:1@:0}7‘2BBT> (LT | Unto(1))  (93)
p=0

—3a+3

A =0, log ™5 (1))
2

A, =%<Id +0p(1))-

As a result, when > 1/2 or =1/2,a > 3/2

ATAIA =0,(t2 % 1og=343(1)) = o0, (11~ log~*(t))
(Mt - AtTqulAt)il :Mt_l(In - Op(l))il = Mt_l(In + Op(l))
AMIAT =0, (875210757 (1)) 0, (17 log™ (1)) Oy (732 10g =3 (1))
=0,(t"" 2 log 223 (1)) = 0,(1)

(A — AMTIAN T =AM (I + 0,(1)).

—a+1

Notice by Lemma 18, K; — K = (’)p(t_g log™2 (t)). Then

v (SEIED) oo
Kixy + & o LW Wi Kixy + &
=] (M — ATATIA) oy + 2] (M — AT ATIA)TIAT AT (K + & — Kay)
(K + & — Ka) T (Ay — AM7A) TN ( Ky + & — Kay)
= M (I + 0p (1) + 20 My (I + 0,(1) O (17252 10g 5 (1) A (Ot 2 log ™3 (1)1 + &)
et

+(Op(t 2 Tog ™5 (1)) + &) T AL (I + 0p(1)(Op(t™2 log ™5 ()2 + &)

Quadratic terms of z; Let us first consider all those quadratic terms of xy:
° xtTMt_l(In + 0p(1)) .

3a+3 —a+1

22 M (I + 0,(1)) 0, (8392 10g =5 (1) ATL O, (75 log =5 (£)) x4
= 23] M; (I + 0,(1)O0p(t 2P log 2 (£))ay
= 2] M o,(1)y.

—a+1

1] 0y (75 10g ™5 (1)) AT (Lu+ 0,(1))0, (+75 10g ™5™ (1))
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=20, < ﬂlog_a+1(t)) Ty

=g MR log™*(t) O, ( “Blog= (¢ )) Xy (by Eq. 93)
=z M0, (1 28 log’MH(t)) 2

= Mt_ op(1)zy.

Thus the later two items are dominated by the first term, and the quadratic terms of
x; can be summarized by x; M; (I, + 0,(1))z; = o] M (1 + 0,(1)).

Quadratic terms of & That is already in a simple single item form, so we just keep it

as &

FATH I+ 0p(1))& = & ATIE(L + 0,(1)).

Cross terms between z; and & Finally consider the cross terms of x; and &:

+

2] M (I, + op< )0, <t1—3ﬁ/2 log ™% (t >>A—lst +20,(t" 3 log 2 ()] Ayt (Iy + 0p(1)&

=22/ Oy(t 7 log ™7 ())& + 22/ Op(t 7 log ™7 ())& (by Eq. 93)
= Ty [O (t g log =55 ()&

= op(tT logf(t))ft (because > 1/2 or f =1/2 and a > 3/2)
= o/ M, o, (1)A;Y2%,  (by Eq. 93)

< op(V)lf M| A7 2|

< op(1) (2 M Mwe + €7 AT

which is dominated by the quadratic part. To sum up, we have

|:Kt1't +&

In ot

“{

T -1
Tt Zz 0 xeT Ez 1 L Lt B o
s T . t” log™(t)
Zz 0 Wiy Z'L 1 Wik Ktm't + gt

= (a My 2y + &0 ALTE) (1 + 0p(1))
-1

z) log®(t) 0 | Y 1p (ﬁn n 1{5:1,QZO}TQBBT) )| wr e ggt (1 + 0p(1)).
p=0

her words

t—1 t—1 -1
Tt } [leo xzx;r dimt x,uq { Tt }
i—1 i—1 -
Ko+ &) [ Siowe] Yo wu) Kixy + &
-1

72 o2 . Y
ZLP< + 1{p=1.0=0} 3 BBT) (L")’ w%t”log (®) €17 ) (1+ 0p(1)).
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H.4 Lemmas in Appendix G.1
H.4.1 THE PROOF OF LEMMA 33

Lemma (A slightly different version of Theorem C.2 in Dean et al. (2018)). Fizing 0 €
2
(0, %], for every T, k, v, and & such that {z}}_, satisfies the (k,v,&)-BMSB and

/b > 10(n+d) <100(n +d)> ’I‘r(IEztth)> |

&2 TV2€251+%+(1

the estimate Op defined in Eq. 62 satisfies the following statistical rate

T T
Op — @ 900 n+d |+ log 10(n+d) >, Tr(Ezz, ) < 36.
T I+
T " n+d ]/26

First let us review the main theorem in (Simchowitz et al., 2018). Lemma 33 is actually
a corollary of that. To capture the excitation behavior observed in the case of linear systems
we introduce a general martingale small-ball condition which quantifies the growth of the
covariates X for vectors (notice that this is different from Definition 32).

Definition 47 (BMSB condition 2). Given an {F;}i>1-adapted random process {Xi}i>1
taking values in R, we say that it satisfies the (k,T g, €)-matriz block martingale small-ball
(BMSB) condition for T'y, = 0 if, for any w € S%' and j > 0, %Zle P(|(w, Xj44)| >

VuwTTgw|Fj) > € as.

Theorem 48 (Theorem 2.4 in Simchowitz et al. (2018)). Fiz 6 € (0,1), T € N and
0 < Ty <XT. Then if {zt,xtﬂ}tzo € (R x RMT s a random sequence such that (a)
Tir1 = Oz + &4, where g4 F; is o2-sub-Gaussian and mean zero (b) zo,...,2r—1 satisfies

the (k,Tgp, &)-small ball condition, and (c) such that ]P’[Zt o 2z ATL) < (5 Then if

7> 1;’“ (10 <1> 1 2(d + n) log(10/€) + log det(FT, ))

we have Op defined in Eq. 62 satisfies the following statistical rate

n+d log + log det IT L4 log (4 -
H@T B @H 900\/ + ( ) (5) < 35
To'min(rsb)

Now the main task is to translate this theorem to Lemma 33. First we need to derive
the (a), (b), (c) three conditions from the assumptions in Lemma 33. Let us check the
conditions one by one.

Condition (a) Theorem 48 states the model should be in the form of z; = Oz + &,
where &;|F; is 0?-sub-Gaussian and mean zero. It is obvious that the system noise satisfy
the sub-Gaussian and mean zero condition.

89



WANG AND JANSON

Condition (b) zi,..., 27 satisfies the (k,I'g, £)-small ball condition.
Based on Definition 47, if we pick I'y, = v2I,,;4, then the condition becomes

k

E B 40)| 2 Ve T = vIF) > € as (94)

=1

Since we already assume {z; }/_, satisfies the (k, v, £)-BMSB (see Definition 32) in Lemma 33,
Eq. 94 holds by definition.

Condition (c) We need to show that IP’[ZZ;O zz £ TT] < § for some choice I'. Let us
take

[=

(n+ d)E{Zt Rt2y }
i 0 (95)

(n+d)E{§T33:7,1 2z } - T

First we need to show that T =
Eq. 94:

sb, and we can prove this from

k
1
For any 0 <j <T —k, - D P([(w, zj4i)| = vIFy) = €
i=1
From a high level perspective, this equation allows us to have a lower bound on the minimum
cigenvalue of E{3>"]_' 2z, }, and then we can choose a § small enough so that T' > Ty, =

V21, 4. By Markov inequality, for any 0 < j < T — k,

k
% Zizl E|(w, Zj+i>| >

This is equivalent to

By Cauchy—Schwarz inequality:

k k 2
1
EZ (w, zj44)] ZEZ wzj+,\>< ZE]wzJH ) > 22
Thus %Zle E|(w, zjk+i)|> > €22 By summing up this inequality with j = 0,1, , L%J —
1, we have
) -1 WA
2 §=0 i=1

We can clean up the summation by merging >, and }_; into one summation:

E|(w, z)* > €2
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Recall that w is any vector in S?!, so the above equation can be translated into

k22

1
f%2slmn4—iff§jlmw¢wﬁ

weSd—1 kLuJ =1

1
L
k t=1

= min w?!
weSd—1

el

- (n+dE (X7 2z
)\min (F) :)\min < i >
Té

(n+d)E (15 2= /RI5ED) 1oy
=Amin TS (k\_

s

This means

>(n+d)§2u2 T-1

k
- ) L k J
d)E*2 T
Z(n—i-T()5€V2 (achieved when T is even and k = T'/2)
_(n+ad)&?
25

We wish to have % > 12 50 that Amin ( ) >v?2and I = 'y, = %1, 4. One sufficient
condition is )
5< (ntAE
- 2
Next we need to show P[Y.7 ! 2.2, £ TT] < 4. For simplicity denote Zp = S 22, ,
which is a positive semi-definite matrix.

T—1
P 2z £ TT) =P[Zr £ w] (by Eq. 95)
t=0
_PEY? (Z7) ZrE- Y (Z7) 2 In+d((? + d)]
PP (B2 (Z0) Zr B2 (200} > O ; 9),
<PITe{E? (2p) B2 (2p)) > 5 2
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<E[Tx{E~Y2 (Zr) ZrE~Y% (Z1)})6/(n+d)  (by Markov inequality)
=Tr[E{E™"? (Zr) ZrE~? (Z7)}]8/(n + d)

e[, 4J6/(n + d)

=0.

Result Now that we verified all conditions of Theorem 48, we can now translate the
conclusion of Theorem 48 into our setting. Theorem 48 requires

T> 1502’“ <log <<13) +2(d + 1) log(10/€) + log det(FFsbl)> :

First by our choice of I'y, and I' we have

(n+ E{Z L 2% ) )

log det(I'T,') =log det ( T

~log ((%;?)n E{me}»

n+d
<log (n+ Z Tr(Ezz2, )

(96)

- T<5 1/2

T 1

=(n +d)log < T2 Tr(Ezz,) ) .
t=0

With this in hand, we know that

10k

e (10 <1>+2(d+n)10g(10/§)+10gdet(FI‘ ))

T—-1
1502k (log (;) +2(d +n)log(10/§) + (n + d) log (OZF:S:/;Z) Z Tr(EthtT)>>

T-1
=—a <log (5 +d) + log(100/£%) + log ( Tor2 ;’I‘I'(Eztzt )
10(n + d)k 100(n + d) Tr(Ezz, )
———log :
& Ty2§251+n
Thus one sufficient condition for the requirement in Theorem 48 is
10(n + d) 100(n + d) Tr(IEztzt )
log .
& TI/2£251+"

Finally we need to translate the conclusion of Theorem 48:

90 n+ (n+ d)log 2 —|—logdetFF L4 Jog (4
e lor o] » 2 e 0) <

T/k >

Tomin (Fsb)
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By Eq. 96 and I'y, = %1, 4 we have

nt (n+d)log 12+ (n -+ d)log (G YT Tr(Ez2]) ) +1og (3)

900
_ < 34.
P [er-ef > i :
Notice that
+(n+d)lo E—|—(n—|—d)lo (n+d)§Tr(EzzT) +lo !
& 3 &\ o2 — =t &\5

10 (n+d) — .
< (n+d) <1+log§ —|—log< To0? Z’I‘r Ezw,j)) —|—log5n+d>
t=0

10(n + d) Tr(Ezz)
= (n+4d) <1+log< 51+n+dy2§ )) |

Combining this with the previous inequality we have

1 T Ty (B2 2]
HQT_@H 900 n+d 1+ log 0(n +d) =0 (Ezz, ) <35
T To' T avay2¢

H.4.2 THE PROOF OF LEMMA 34

Lemma (Similar to Lemma C.3 in Dean et al. (2018)). If we assume Assumption 1, then
apply Algorithm 1, the process {zt}?zo satisfies the (k,v,&)-BMSB condition for

1 o? 3
— 2 :
)= (1’ \/ 7o <2zacK+)m> >

where O'%’T = 72TP= 1 og™(T).

Proof
By Definition 32 the statement means, for any v € S"t% and 0 <t < T — 1:

1 o2
POzl 2 formin (5,5 000

Recall that

f) > 3/10.

Tiy1 = Axy + Buy + €.
U1 = Ki1@ee1 + nevr = Kiy1 (Azg + Bug + €0) + 111

Denote the filtration Fy = o(20,70,€0 - - s M—1,Et—1, M) = 0(To, U0, T1, -+ , Ty, Ug). 1t s
clear that the process {zt}>0 s {]:t}t>0 adapted

Recall that Kt+1 is decided by A, By in Algorithm 1, where our estimator Ay, By is
designed to be only dependent on xg, ug, x1, - ,us_1, T, Which means

Kt+1 S Ft = U($07u07x17 Tt 7fft7Ut).
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For all t > 1, denote
i1 = [A(H,l(ASL‘t + But) € Fi.

Now we are ready to prove Lemma 34. We have
e i B P el
Ugt1 &1 Kivr La [me1]

I I
Given Fi, [mtﬂ] only has randomness in [ S 0] [ “t ], where [ " 0} is fixed
Uyl K1 Ia] [Men1 K1 1g

2
given F;, and { “t } follows N (0, [U In 0 ]) That implies

Nt+1 0 opla
Tyl N Axy + Buy o?l, U2K;1
Fi~ ) QIA( zk R—T 2 I :
Ugr1 &t oK1 0" K1 K+ 0500 1d

Denote g, 441 and ¥, ;41 as the mean and covariance of this multivariate normal dis-

Fi o~

tribution. Recall that we denoted z;y1 = [ajt"'l]. Let v € S"¢ and then (v, z;11)
N (v, prz41), v 2, ¢410). Therefore,

Ut4-1
ft) >P <|<U72t+1>| > \/UTEz,t—HU Ft)
>P <|<’U, 241 — Hapt1)| = /0T B 10

> 3/10.

P (\(Uazt+1>| > A/ Omin(Xz,641)

ft> (97)

Here we used the fact that for any p,0? € R and w ~ N(0,0?), we have:
P(|pu+ w| > o) > P(jw| > o) > 3/10.

Recall in Algorithm 1, we force all our controllers K; to have norm || K| < Ck, where
Ck is a constant. Then, by a simple argument based on a Schur complement (Lemma 49):

02

) A A
2T 2
2 HKt_HJ K’H‘le +on.

| =

2 .
Umin(zz,t+1) Zgn,t min
9 . 1 o?
R I wye
’ 2 20°Cy + oy,

>(72 min 10’72
=T 220202 +72)
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The desired conclusion directly follows:

1 o?
2 .
P <|<U, Zt+1>| > \/Un,T I <2’ 20.20%( + 7—2)

)

)

>P <‘<U, Zt+1>‘ > Umin(zz7t+l)

> 3/10 by Eq. 97.

Schur complement

Lemma 49 (Lemma F.1 in Mania et al. (2019)). Let ¥ be a n X n positive-definite matriz
and let K be a real d X n matrix. Then, for any o, € R we have that

Omi > BK! > o2 min 1 Tmin(2)
MAIKY KXK' 402I|) = v 2'2|KSK |, +02) "

H.4.3 THE PROOF OF LEMMA 35

Lemma (Similar to Lemma C.4 in Dean et al. (2018)). If we assume Assumption 1, then
apply Algorithm 1, the process {zt}go satisfies

T—-1
Tr (Eztzj ) = O(Tlog?(T)).

t=
Proof
Now, note that
Tr (B2 ) =E (Trzez ) = Ellzl? = E (llzel? + ul?)

Since |Jug]| = || Ky + nel| < || K|zl + 1|mel] < Crellze]] + |||, we will show that if we can
bound ||z¢||, then we can also get a bound for ||u|| in the same order. Next we will focus
on deriving the bound for ||z

Define C + := Cylog(t). Since p(A+ BKj) < 1, there exists some integer m that ||(A+

BEKy)™|| < (W)m. Let us denote p := % < 1 just for this Lemma 35.
For each t > m + 1, one of the following two statement must be true:

o loeil > Copoin =2, m+1).
e Jie{2,---,m+ 1}, which satisfies ||z;—;|| < Cp ;.

We can derive an upper bound for ||z¢|| in both cases, and thus have an upper bound for
every ||z¢|| by adding up those two bounds in two different cases.
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L If ||xe—i]| > Crpp—i, (i = 2,---,m + 1), recall that if ||x¢|| > Cy4, then we assert
our controller in the next step to be probing noise: w1 = Koxer1 + m+1. By
assumption we already had |lzy| > Cyp, for k =t —m —1,t —m,--- ,t — 2. That

means we have a consecutive m steps of probing noise with u, = Kozp + ng, for
k=t—m,t—(m—1),---,t—1. Now we have

2g+1 = (A+ BKo)zg + By + e, for k=t—m,t—(m—1),---,t—1.

That is
m—1
vy = (A+ BKo)"2m + » (A + BKo)"(Bri—1_ + 1-1-1)-
k=0
which implies
m—1
el < (A + BKo)™ [[@t—mll + Y I(A + BE)*[|(Bn—1-x +ei-1-8) - (98)
k=0

2. If3i € {2,--- ,m+1}, which satisfies ||x;—;|| < Cy¢—i, (1 = 2,--- ,m+1), then consider
the following relationship

xy = Azt + Bug—1 + €41
= (A + BKt—l)xt—l + Bni—1 + &1

Therefore by our algorithm design that || K;|| < Ck for any ¢

lzell < 1A+ BE e [[llze-1ll + | Bri—1 + ee1
< (Al + Bl [DlJze—all + 1 Bne—1 + e

< (1A + IBlICk) w1l + |1 Bre—1 + e
i—1

< (1Al + | BIICx) lwe—ill + > AN+ I1BICw) | Bre—1-k + -1l
k=0
m—1
< max{1, (| Al + |BIICx)"}Cur + > (1Al + I BICK)" | Bnt-1-k + -1k
k=0

(99)

By adding up Eqgs. 98 and 99, we have a bound that is applicable to both cases. Notice our
previous assumption that ||(A + BKg)™|| < p™, where p < 1, further take ||(A + BKo)*||,
and (||A|| + || B||Ck)¥ to be all bounded by a constant M > 1 for k = 0,1,--- ,m, which is
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of order M = O(1) (because m = O(1)). By Egs. 98 and 99

m—1
lzell < 1(A + BEo)™ [ @t—mll + > II(A+ BEo)* || Bt—1-k + -1l
k=0
m—1
+max{1, (||A]l + | BICx)™}Cut—i + > (IAl + IBIICx)* | Bit—k—1 + €1-x1l
k=0

m—1
< p"|xt—ml + M (Cz,ti +2 Z | B1t—k—1 + €t—k—1||>
k=0

m—1
< " @rmll + M (c +2 3 1By + st_k_nr) .
k=0
(100)

Eq. 100 is very promising because it has a shrinking weight on ||z¢—n||. Let us use a
simplified notation for the remainder:

—1
Jy=M (Cx,t + 2%: | Bne—k—1 + 6tk1”> :
k=0
In E[J?] there are three types of components:
o« M=0(1)
o Cpy = Cylog(t)
o B pg 1Br—k—1 + €i—k—1])* = O(1).

Since
m—1

E[J7] < M?-2(C3, +4E(Y | Bmi—g—1 + k1)) = O(log*(t)), (101)
k=0

we can control E||z¢|? by

Ellzil? < E (0™ |zt_m| + 1)
= P El|oemll? +ETE + 20" E|l@t-m||]

2m 2 2, 1=p*" 2 20" 2
< P El|zi—ml|” + EJ7 + Ellze—ml” + 1_— meEJt
1+p2m 1 +p2m
= Ellaemll + B
1— 2m 92 2m
(because 2ab < a? + b* with a® = 2p |2t—m||* and b* = T _pp2m J?).
(102)
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By Eqgs. 101 and 102,

1+ 2m
Ellai|” < —

El|ze—m|* + O(log?(t))

< (-

2

)Ezt—2m* + O(log?(t)) + O(log(t))

| £]-1
+ 9 = 1+t 9 (103)
)LMJEHmt—mL%J” + 'E—o (= —)"0(log™(?))

< (

2

< E|y 2 [17 + O(log?(t))

(Recall that p < 1, and thus <1).

Now it only remains to show that Elz,_,, + | is bounded by some constant. Notice
that

. 2
Bllzel? <E (A + I BIIE Dol + 1Bl + llee]

<3 (1A + 1 BICr ) Ellaze—1]1* + | BIPEl|nel|* + llee 1)

<3 (1Al + IBl|ICx)*Ellze-[* + |B]*7* + 0?) .
By iteratively applying this inequality down to E|z||?, we know that for ¢ < m:

E|lze||* = O(1).
Thus following from Eq. 103 we have
E||z[|* = O(log*(t)).

Since we already controlled the expectation of ||z¢||?, it is straightforward to control the

expectation of |lug||?:

up = Ky + M-

Ellu? < E|| Kz + n?
< 2B (|| K|l + llme)l?)
< 2E(CE||@el|® + ||me]|?)
< O(log?(t)).

Thus,
El|z]1* = Efl||* + Ellu[* < O(log?(1)) (104)

Then we have

T-1 T-1 T-1
EY llze®EY lluel> EY llzl* < O(T log(T)).
t=0 t=0 t=0
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H.5 Lemma in Appendix G.3
H.5.1 THE PROOF OF LEMMA 43

Lemma. Suppose we have a constant square matriz M with spectral radius p(M) < 1, and
a sequence of umformly bounded random variables {6;}52,, satisfying ||6:]] <> 0. Denote

the constant pyr 2+p(M) < 1. Then we have, for anyt,q € N, t > q:

(M + 8i—1) -+ (M +8,)|| = O(p’y,%) a.s.

And as a direct corollary
1M = O(py ).

Proof

Our assumption of stability only says p(M) < 1, but our analysis prefers similar expo-
nential decay with regard to spectral norm. First, we need a conversion between spectral
radius and spectral norm. Define

(M, p) 1= sup { | AHp~: k= 0}

For simplicity, let us denote

(M) =7 <M, ”g(M)> .

and with Gelfand’s Formula

p(M) = lim HMk %

k—oo

Thus 7(M) is finite because - (M) > p(M). Since {6:}{2, is uniformly bounded, we
can assume an upper bound Us for ||M + 6;||. Let us now consider the spectral norm of

(M +0¢-1) - (M + 5g).

~
»Q

IIMt o > L1610

q<ky<-<km<t—1j=1

rar) (112040 )m S T

q<ki1<-<km<t—1j=1

_0< )m S e

= q<k1 < <km<t—1j=1

) <1 2O ol ) o (R 4 )

(M +0t—1) -+ (M +6,)|| <

“SM

IN

[\D

Since ||&¢|| — 0 a.s., for every w in the sample space €2, such that there exists some
Ti(w), whenever ¢t > T} (w), 1+p )4 [|0¢]] < 2+p(M) < 1, then

101+ bca)-+- 01+ 3] <o o) (ZHD 4 o) (00D
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Following Definition 14 Item 8:

[(M +6¢-1)--- (M +dg)|| = (’)(pi\}q) a.s.

Appendix I. Experiment Details
1.1 Experiment Setting

I.1.1 EXPERIMENT SETTING ON STABLE SYSTEM

0.8 0.1

0 0.8
Q = I, R = 1 and initial state zo = [0,0]". As for the algorithmic hyper-parameters, we
set the warning threshold for states x; at C, =1 (so that Cy; = log(t)), the known stable
controller Ky = [0, 0], and the upper bound of the L2-norm for our controller K, at Cx = 5.
Note that this is conservative by about a factor of 10, since the true optimal controller in
this system is K ~ [—0.10, —0.48]. Recall that the choice of these hyper-parameters does
not actually affect our theoretical coverage (as long as Cx > ||K]|) or regret guarantees,
but in practice their values prevent the system from incurring very large regret in the first
few time steps. Even for this, they are only needed because we do not assume we are given
an initial controller that is very close to K; in contrast, for instance, Dean et al. (2018)
started from a controller fitted with 100 samples of white noise actions. All stable system
results are based on 1,000 independent runs of Algorithm 1 for T'= 10,000 time steps.

We set A = { ] and B = [ﬂ , with system noise o = 1, injected noise baseline 7 = 1,

1.1.2 EXPERIMENT SETTING ON UNSTABLE SYSTEM

The unstable system we simulate is highly unstable, and is largely the same as that in

2 00
Appendix H of Dean et al. (2018). Weset A = |4 2 0| and B = I3, with system noise
0 4 2

o = 1, injected noise baseline 7 = 1, Q = 10I3, R = I3 and initial state 29 = [0,0,0].

As for the hyper-parameters, we set the warning threshold for states z; at C; = 1 (so that

Cyt = log(t)), and we examined two different choices for the known stabilizing controller:
1.

5 0 0 1.5 0 0
Ky=—10 15 0| and Ko = — [3.5 1.5 0 |. The former choice incurs quite a
0 0 15 0 35 15

bit higher regret than the latter, and hence we refer to the former as the ‘bad’ stabilizing
controller and to the latter as the ‘good’ stabilizing controller. We set the upper bound of
the L2-norm for our controller K; at the level of C = 1000. Our choice of Ky is different
from the starting point in Dean et al. (2018), where they started from a 7' = 250 burn in
period estimate, and did not report the regret in the first 250 steps. All unstable system
results are based on 1,000 independent runs of Algorithm 1 for 7"= 5,000 time steps.

100



EXACT ASYMPTOTICS FOR LINEAR (QUADRATIC ADAPTIVE CONTROL

1.2 Experiment on Unstable System

In contrast to the stable system simulation summarized in Section 4.1, in this section we
simulate the severely unstable system described in Appendix 1.1.2. In this setting, the
specification of K is critical due to the costs incurred at the early time steps, an unavoidable
consequence of starting from limited information in a system that can rapidly spiral (nearly)
out of control.

1.2.1 SUMMARY OF RESULTS ON UNSTABLE SYSTEM

We begin with the analogue of Fig. 1 for the unstable system, given in Fig. I.1. The main
takeaways are the same as the discussion in Appendix 4.1.

1.2.2 LARGE REGRET FrROM EARLY TIME STEPS

1.5 0 0
For the ‘bad’ choice of stabilizing controller Ko =— | 0 1.5 0 |, we plot the log regret
0 0 15

in subplot (a) of Fig. .2. We observe a rapidly increasing regret in the first roughly 200 time
steps, which dominates all the regret in the remaining steps. We offer a brief explanation
why the cost in the early time steps is very large despite assuming knowledge of a stabilizing

05 0 0
yet sub-optimal controller Ky. Notice A+ BKg= | 4 05 0 |. Thus (4 + BKy)? =
0 4 05
025 0 0 273 0 0 274 0 0
4 025 0 |,(A+BKy)*=1|3 23 0|, (A+BKy*=1|2 2% 0|,
16 4 025 24 3 273 24 2 27
275 0 0 276 0 0
(A+BKy)® = |125 275 0 |,(A+BKy)°%= [0.75 27¢ 0 |. So although we have
20 1.25 279 15 0.75 276

a controlled system with maximum eigenvalue 0.5, the power of (A + BKy)* can still be
very large in the bottom left corner for k = 2,3,4,5,6. Because of this, the randomness in
the states is enlarged and propagated to several future steps. It turns out that, at the first
200 steps we used this high cost safety policy Ky a lot as we do not have a good estimate
of optimal controller K, and that is the real reason for this high burn-in period cost. As we
will see later, if we change the stabilizing controller Ky to be closer to the optimal K, the
regret will be much smaller.

1.2.3 COMPARISON WITH THOMPSON SAMPLING

For comparison, we implement a straightforward version of Thompson sampling as follows.
Denote © := [A, B]. We use a prior of

vecOprior] ~ N (vec[O], Iyniq))-
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Figure I.1: Summary of 1000 independent experiments applying Algorithm 1 with g = 0.5,

1.5 0 0
a=2,0C,=1 Cg =5,and Kg = — |35 1.5 0 | to the unstable system described
0 35 15

in Appendix I1.1.2. (a) Difference between the regret of Algorithm 1 using stepwise and
logarithmic updates. (b) The ratio of the empirical regret and our parametric or observable
expressions for the regret. (c) The average Frobenius norm of various estimation errors
considered in this paper, with slopes fitted on a log-log scale so that the estimation error
is O(t91°P¢). The effect of a was removed from the slopes of K; — K and [A; — A, B; — B]
by dividing the error by log®/? (t). (d) Coverage of our 95% confidence regions for [A, B,
K, and E[ziq | {zi,wi}l_o] = Azy + Buy. (e) Coverage of our 95% prediction region for
Tyt | {@i, ui i_, along with coverage of the naive prediction region given in Eq. 17.

Using the Bayesian updating equations and denoting the least-squares estimate of © by
©; = [A4, By], the posterior at time ¢ is given by

wto ¢ (se | (06,5 [ [2] ) (1ear £ [2] 2] ) o
(ST ) on)

At each step, we draw a sample G)tTS from this posterior and use it as the input to the
DARE for calculating K;. Since a system is stabilizable if rank([A — AI, B]) = n for any
eigenvalue \ of A (Hautus, 1970), the Gaussian posterior puts probability 1 on stabilizable
© = [A, B] and hence defines a unique solution to the DARE with probability 1 as well.

We report the Thompson sampling regret in subplot (b) of Fig. 1.2, and see that it also
suffers from rapidly increasing regret at early time points.f

1.2.4 IMPROVED REGRET WHEN USING ‘GOOD’ Kj

When we switch from the ‘bad’ stabilizing controller to the ‘good’ one specified in Ap-

1.5 0 0 05 0 0
pendix I.1.2 as Ko = — |3.5 1.5 0 |, we get that A+ BKy = (0.5 0.5 0 |, which
0 35 1.5 0 05 05
05 0 0
is a much better starting point than the previous | 4 0.5 0 [, and the regret in this
0 4 05

setting is indeed much better (see subplot (c) of Fig. 1.2) and resembles that of the stable
system described in Appendix I.1.1.
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(a): Bad K, (b): Thompson Sampling (c): Good K

107

Regret
=
=

10° 10° 10° //

1 1
100 10! 10° 10° Til 10! 10? 10° 10 10! 10° 10°
Time

—— mean quantile (0.05 to 0.95)

Figure 1.2: Regret on the log scale based on 1000 independent experiments on the unstable

1.5 0 0
system for 5 = 0.5 and @ = 0. (a): Bad safety controller Ko = — | 0 1.5 0 [; (b):
0 0 15
1.5 0 0
Thompson Sampling; (c): Good safety controller Ko = — [3.5 1.5 0
0 35 15

1.3 Choices of § other than 0.5

Our simulations consider choices of 8 beyond 0.5 and even beyond those covered by our
theory. In particular, we consider 8 = 0.1,0.3,0.5,0.7,0.9 and observe promising evidence
that some of our asymptotic coverage results may generalize to the setting of 5 < 1/2.

1.3.1 REGRET

According to Theorem 4 the dominating term for regret should be T log®(T) Tr((B" PB +
R)%Q) for any § € [1/2,1) and max{3, @« — 1} > 1/2, and that indeed matches with our
experimental results (see Fig. 1.3). The asymptotic regret expression from Theorem 4 is

represented as the black solid curve, which converges to the empirical regret for 5 > 0.5,
but not 8 < 0.5.

1.3.2 CONFIDENCE REGION COVERAGE

Fig. 1.4 shows that the finite sample coverage of our confidence regions and prediction region
closely matches the asymptotic theory from Corollary 11, Corollary 12 and Corollary 13 for
any choice among 8 = 0.1,0.3,0.5,0.7,0.9, with the exception of confidence regions for K,
which seem to only work for the 8 > 0.5 covered by our theory.

I.4 Algorithm design

We now investigate how the details of Algorithm 1 (the stabilizing controller K and the
thresholds on z; and || Ky||) impact the regret.

The threshold C,; controls extreme tail behavior Although we only trigger the
threshold C; ; rarely, without it we can see some extreme behavior with low probability. In
particular, when this threshold constraint is removed, we occasionally observe very large
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(a) Stable System

8=0.1 8=0.3 B=0.5 B=0.7 B=0.9
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(b) Unstable System
. B8=0.1 B=0.3 B=05 B=0.7 B=09
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Figure 1.3: Regret on the log scale based on 1000 independent experiments for 8 =
0.1,0.3,0.5,0.7,0.9 and « = 0. (a): stable system; (b): unstable system.

regret in early time steps due to the poor estimate K, which causes instability of the system
(see Fig. 1.5 and compare it to the purple line and shaded region in Fig. 1.6). The mean
value is even higher than the 0.95 quantile curve because of several extremely large regrets
induced by the unstable closed-loop system. And compared to when C; is used in Fig. 1.6,
the 0.95 quantile when C, ; is not used is considerably higher, although its median is quite
similar to the mean when C,; is used.

Stepwise updating improves regret over logarithmic updating As our theory pro-
vides guarantees for Algorithm 1 with both stepwise and logarithmic updating, we run
experiments to compare the regret of these two choices. Figs. 1c and I.1c show the dif-
ference in regret between Algorithm 1 and the same algorithm but that only updates its
estimates of the system parameters logarithmically often, i.e., at times ¢t =1,2,4,8,... On
average, we see a steady logarithmic increase in regret from switching from stepwise updates
to logarithmic frequency.

A stabilizing controller K closer to K improves performance Although Kj is a
stabilizing controller by assumption, bad choices of Ky can still make (A + BKg)* large for
some finite &k (see Appendix 1.2.2 for a concrete example). Thus, unsurprisingly, choosing K
to be as near as possible to the optimal controller K produces smaller regret, as evidenced
by Fig. 1.2.
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Figure 1.4: Coverage on the log scale based on 1000 independent experiments for § =
0.1,0.3,0.5,0.7,0.9 and « = 0. (a): stable system; (b): unstable system.
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Figure I.5: Regret on the log scale with no C, ¢ threshold on ||z;|| based on 1000 independent
experiments on stable system for 8 = 0.1,0.3,0.5,0.7,0.9 with Cx =5 and a = 0.

Regret is robust to conservative choices of C'xy  To check the sensitivity of the choice
of Cx = 5 in the stable system, we also tried a looser bound Cx = 1000. We found that the
norm of K; never surpassed the C'x = 1000 bound. This larger C'x made little difference
for settings covered by our theory (8 > 0.5), and surprisingly seems to actually improve the
regret for smaller 8 (see Fig. 1.6).
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