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Abstract

We develop a convex analytic approach to analyze finite width two-layer ReLLU networks.
We first prove that an optimal solution to the regularized training problem can be char-
acterized as extreme points of a convex set, where simple solutions are encouraged via its
convex geometrical properties. We then leverage this characterization to show that an op-
timal set of parameters yield linear spline interpolation for regression problems involving
one dimensional or rank-one data. We also characterize the classification decision regions
in terms of a kernel matrix and minimum #¢;-norm solutions. This is in contrast to Neu-
ral Tangent Kernel which is unable to explain predictions of finite width networks. Our
convex geometric characterization also provides intuitive explanations of hidden neurons
as auto-encoders. In higher dimensions, we show that the training problem can be cast
as a finite dimensional convex problem with infinitely many constraints. Then, we apply
certain convex relaxations and introduce a cutting-plane algorithm to globally optimize the
network. We further analyze the exactness of the relaxations to provide conditions for the
convergence to a global optimum. Our analysis also shows that optimal network param-
eters can be also characterized as interpretable closed-form formulas in some practically
relevant special cases.

Keywords: Neural Networks, ReLU Activation, Overparameterized Models, Convex
Geometry, Duality

1. Introduction

Over-parameterized Deep Neural Networks (DNNs) have attracted significant attention due
to their powerful representation and generalization capabilities. Recent studies empirically
observed that NNs with ReLU activation achieve simple solutions as a result of training (see
e.g., Maennel et al. (2018); Savarese et al. (2019)), although a full theoretical understanding
is yet to be developed. Particularly, (Savarese et al., 2019) showed that among two-layer
ReLU networks that perfectly fit one dimensional training data, i.e., d = 1, the minimum
Fuclidean norm ReLU network is a linear spline interpolator. Therefore, training over-
parameterized networks with standard weight decay induces a bias towards simple solutions,
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which may result in good generalization performance for d = 1. This work later extended
to multi-variate functions (d > 1) in Ongie et al. (2020), however, the later work lacks
an explicit characterization for the optimal solutions. Therefore, in the general case d >
1, characterizing the structure of optimal solutions and understanding the fundamental
mechanism behind this implicit bias remain an open problem.

In this paper, we develop a convex analytic framework to reveal a fundamental convex
geometric mechanism behind the bias towards simple solutions. More specifically, we show
that over parameterized networks achieve simple solutions as the extreme points of a certain
convex set, where simplicity is enforced by an implicit regularizer analogous to ¢i-norm
regularization that promotes sparsity through extreme points of the unit /;-ball, i.e., the
cross-polytope. However, unlike the conventional £;-norm regularization, extreme points are
data-adaptive and can be interpreted as convex autoenconders. In the paper, we provide a
complete characterization for extreme points via exact analytical expressions. As a corollary,
for one dimensional and rank-one regression and classifications tasks, we prove that extreme
points are in a specific form that yields linear spline interpolations, which explains the recent
empirical observations in the d = 1 case. We also extend this analysis to higher dimensions
(d > 1) to obtain exact characterizations or even closed-form solutions for the network
parameters in some practically relevant cases.

1.1 Related work

Maennel et al. (2018); Blanc et al. (2019); Zhang et al. (2016) previously studied the dy-
namics of ReLLU networks with finite neurons. Zhang et al. (2016) specifically showed that
NNs are implicitly regularized so that training with Stochastic Gradient Descent (SGD)
converges to small norm solutions. Later, Blanc et al. (2019) further elaborated the previ-
ous studies and proved that in a one dimensional case, SGD finds a solution that is linear
over any set of three or more co-linear data points. Additionally, Maennel et al. (2018)
proved that initialization magnitude of network parameters has a strong connection with
implicit regularization. The authors further showed that in the regime where implicit regu-
larization is effective, i.e., when initialization magnitude is small, network parameters align
along certain directions characterized by the input data points. This observation shows
that in fact there exist finitely many simple (or regularized) functions for a given training
dataset. Chizat and Bach (2018) then proved that ReLU networks converge to a point that
generalizes when initialization magnitude is small, i.e., called active training. Otherwise,
parameters do not tend to vary and stay very close their initialization so that network does
not generalize as well as in the small initialization case, which is also known as lazy training.

Another line of research in Bengio et al. (2006); Wei et al. (2018); Bach (2017); Chizat
and Bach (2018) studied infinitely wide two-layer ReLU networks. In particular, Bengio
et al. (2006) introduced a convex algorithm to train infinite width two-layer NNs. Although
infinite dimensional training problems are not practical in higher dimensions, the analysis
may shed light into the generalization properties. Wei et al. (2018) proved that over-
parameterization improves generalization bounds by analyzing weakly regularized NNs. In
addition to this, recently, the connection between infinite width NNs and kernel methods
has attracted significant attention (Jacot et al., 2018; Arora et al., 2019). Such kernel
based methods, nowadays known as Neural Tangent Kernel (NTK), work in a regime where
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parameters barely change after initialization, coined the lazy regime, so that the dynamics
of an NN training problem can be characterized via a deterministic fixed kernel matrix.
Therefore, these studies showed that an NN trained with GD and infinitesimal step size in
the lazy regime is equivalent to a kernel predictor with a fixed kernel matrix.

Convexity of infinitely wide two-layer networks and kernel approximation is attractive
due to the analytical tractability of convex optimization and tools from convex geometry,
although these characterizations fall short of explaining the practical success of finite width
networks. In Ergen and Pilanci (2019a); Bartan and Pilanci (2019) convex relaxations of
one layer ReLLU networks were studied, which have approximation guarantees under certain
data assumptions. These architectures have a limited representation power due to the lack
of a second layer.

1.2 Owur contributions

Our contributions can be summarized as follows.

e We develop a convex analytic framework for two-layer ReLU NNs with weight de-
cay, i.e., £2 regularization to provide a deeper insight into over-parameterization and
implicit regularization. We prove that over-parameterized RelLU NNs behave like con-
vex regularizers, which encourage simple solutions as the extreme points of a convex
set which is termed rectified ellipsoids. The polar dual of a rectified ellipsoid is a
convex body that determines the optimal hidden layer weights in a similar spirit to
the extreme points of an ¢1-ball and its polar dual ¢-ball. We further show that
the rectified ellipsoid is a data-dependent regularizer whose extreme points act as
autoencoders (Lemma 7 and Lemma 8).

e As a corollary of our analysis, we show that optimal NNs that perfectly fit the training
data outputs a linear spline interpolation for one dimensional or rank-one data. We
also derive a general characterization for the hidden layer weights in higher dimensions
in terms of a representer theorem to develop convex geometric insights (Corollary 1).

e Using our convex analytic framework, we characterize the set of optimal solutions
in some specific cases so that the training problem can be reformulated as a convex
optimization problem. We also show that there can be multiple globally optimal
NNs with minimal ¢3 regularization, but leading to different predictions in these cases
(Proposition 1 and Figure 7).

e For whitened data matrices, we provide exact closed form expressions of the optimal
first and second layer weights by leveraging the convex duality (Theorems 9, 12 and
15). These expressions exhibit an interesting thresholding effect in a similar spirit to
soft-thresholding of ¢; penalty.

e Based on our convex analytic description, we propose training algorithms relying on
convex relaxations of the rectified ellipsoid set. We further prove that the relax-
ations are tight in certain regimes when a convex geometric condition holds, including
whitened and i.i.d random training data, and the algorithm globally optimizes the
network.



ERGEN

AND PILANCI

15 T
0181 :"‘ \ /
m=600 Ve * d
0.16 - = s 4
sses m=800 AN \ N /
014 | =  m=1000 /.: \ / \ /
_onf /:~' 05 \ / \ /
<] L ..'
LE 0.1 /...
0.08 | /:' o
0.06 |- /.:.
0.04 ": o —Neurons
o ° ® Samples
002} o = Piecewise Linear Fit
Y —— R L e
102 101 25 2 15 -1 05 0 05 1 15 2 25
Standard Deviation
(a) Deviation of the ReLU network output from (b) Contribution of each neuron along with the
piecewise linear spline vs standard deviation of overall fit. Each activation point corresponds to
initialization plotted for different number of hid- a particular data sample.

den neurons m.

Weight Distribution

400

300

04 03 02 0.1

0.1

Il Negative Region

Il Positive Region

= Piecewise Linear Fit
@® Samples
M Points of Intersections

(c) Weight and bias distributions for the net- (d) Binary classification using hinge loss. Net-

work in Figure 1b.

work output is a linear spline interpolation, and
decision regions are determined by zero cross-
ings (see Lemma 6).

Figure 1: Analysis of one dimensional regression and classification with a two-layer NN.

e We establish a connection between fy-f1 equivalence in compressed sensing and the
training problem for ReLU networks (Lemma 10). Using this connection, we then
obtain closed-form solutions for the optimal ReLLU network parameters in certain

practically relevant cases.

e We leverage our convex analytic characterization to design convex optimization based
training methods that perform well in standard datasets and validate our theoretical
results. In contrast to standard non-convex training methods, our methods provide
transparent and interpretable means to train neural models.
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1.3 Overview of our results

In order to understand the effects of initialization magnitude on implicit regularization, we
train a two-layer ReLU network on one dimensional training data depicted in Figure 1b
with different initialization magnitudes. In Figure 1a, we observe that the resulting optimal
network output is linear spline interpolation when the initialization magnitude (i.e., the
standard deviation of random initializations) is small, which matches with the empirical
observations in recent work Maennel et al. (2018); Chizat and Bach (2018). We also provide
the function fit by each neuron in Figure 1b in the case of small initialization magnitude.
Here, we remark that the kink of each ReLLU neuron, i.e., the point where the output of ReLU
is exactly zero, completely aligns with one of the input data points, which is consistent with
the alignment behavior observed in Maennel et al. (2018). We also note that even though
the weights and biases might take quite different values for each neuron as illustrated in
Figure lc, their activation points (or kinks) correspond to the data samples. The same
analysis and conclusions also apply to binary classification scenarios with hinge loss as
illustrated in Figure 1d. In this case, the resulting optimal networks are specific piecewise
linear functions with kinks only at data points that determine the decision boundaries as
the zero crossings. Based on these observations, the central questions we address in this
paper are: Why are over-parameterized ReLU NNs fitting a linear spline interpolation for
one dimensional datasets? Is there a general mechanism inducing simple solutions in higher
dimensions? In the sequel, we show that these questions can be addressed by our convex
analytic framework based on convexr geometry and duality.

Here, we show that the optimal ReLLU network fits a linear spline interpolation whose

kinks at the input data points because the convex approximation! of a data point a; given
by

min a; — E )\jaj
AF0,> 0, Aj=1 iyl
25 A JES,jFi

is given by another data point, i.e., an extreme point of the convex hull of data points in
S\{i}. Consequently, input data points are optimal hidden neuron activation thresholds
for one dimensional ReLU networks. Similar characterizations also extend to the hidden
neurons in multivariate cases as detailed below.

We also provide a representer theorem for the optimal neurons in a general two-layer NN.
In particular, in a finite training dataset with samples a,...,a, €¢, the hidden neurons
ui,...,u, €4 obey

uj = Zai(ai —ay) and b= —a{uj Vi € [m],

for some weight vector a and index k € [n].

Notation: Matrices and vectors are denoted as uppercase and lowercase bold letters,
respectively. Ij denotes the identity matrix of the size k. We use (x)4 = max{z,0} for the
ReLU activation function. Furthermore, the set of integers from 1 to n are denoted as [n]

1. Here a; is an arbitrary data sample, and S is an arbitrary subset of data points. Ai,..., A, are mixture
weights, approximating a; as a convex mixture of the input data points in S\{:}.
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and the notation e; is used for the 4t ordinary basis vector. We also use By to denote the
l5 unit ball in R, i.e., Bo = {u e R?| |lus < 1}.

1.4 Organization of the Paper

The organization of this paper is as follows. In Section 2, we first describe the problem
setting with the required preliminary concepts and then define notions of spike-free matrices
and extreme points. Based on the definitions in Section 2, we then state our main results
using convex duality in Section 3, where we also analyze some special cases, e.g., rank-
one/whitened data, and introduce a training algorithm to globally optimize two-layer ReLU
networks. We extend these results to various cases with regularization, vector outputs,
arbitrary convex loss functions in Section 4. Here, we also provide closed-form solutions
and/or equivalent convex optimization formulations for regularized ReLU network training
problems. In Section 5, we briefly review the recently introduced NTK characterization
and analytically compare it with our exact characterization. Then, Section 6 follows with
numerical experiments on both synthetic and real benchmark datasets to verify our analysis
in the previous sections. Finally, we conclude the paper with some remarks and future
research directions in Section 7.

2. Preliminaries

Given n data samples, i.e., {a;}" ;,a; € R? we consider two-layer NNs with m hidden
neurons and ReLU activations. Initially, we focus on the scalar output case for simplicity,
S 2

ie.,

m

FIA) = wi(Au; + 1), (1)

Jj=1

where A € R"*¢ is the data matrix, u; € R? and b; € R are the parameters of the gt
hidden neuron, and w; € R is the corresponding output layer weight. For a more compact
representation, we also define U € R*™ b € R™, and w € R™ as the hidden layer weight
matrix, the bias vector, and the output layer weight vector, respectively. Thus, (1) can be
written as f(A) = (AU + 1b7), w.3

Given the data matrix A and the label vector y € R"™, consider training the network by
solving the following optimization problem

m

min || 3" wi(Au; + ;1) — |5+ 8D (w3 + w?), (2)
Jj=1 J

w]-,u]-,bj 1

where [ is a regularization parameter. We define the overall parameter space © for (1) as
0 cO={Ub,wm)|UcR>" becR" wecR" m¢c Z,}. Based on our observations
in Figure la and the results in Savarese et al. (2019); Chizat and Bach (2018); Neyshabur

2. We assume that the bias term for the output layer is zero without loss of generality, since we can still
recover the general case as illustrated in Maennel et al. (2018).
3. We defer the discussion of the more general vector output case to Section 4.5.
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et al. (2014); Parhi and Nowak (2019), we first focus on a minimum norm variant of (2)*. We
define the squared Euclidean norm of the weights (without biases) as R(6) = [|w||3 + || U|/%.
Then we consider the following optimization problem

min R(0) s.t. fo(A) =y, (3)

where the over-parameterization allows us to reach zero training error over A via the ReLU
network in (1). The next lemma shows that the minimum squared Euclidean norm is
equivalent to minimum ¢;-norm after a suitable rescaling.

Lemma 1 ° The following two optimization problems are equivalent:

P* = IgélélR(Q) s.t. fo(A)=y = gélél |wll1 s.t. fo(A)=1y,]ujll2 =1,V

Lemma 2 Replacing [[ujll2 = 1 with [lujll2 < 1 does not change the value of the above
problem.

By Lemma 1 and 2, we can express (3) as

P* = min [[wljy s.t. fo(A) =y, ujll2 <1, V5. (4)

However, both (2) and (4) are quite challenging optimization problems due to the opti-
mization over hidden neurons and the ReLU activation. In particular, depending on the
properties of A, e.g., singular values, rank, and dimensions, the landscape of the non-convex
objective in (2) can be quite complex.

2.1 Geometry of a single ReLU neuron in the function space

In order to illustrate the geometry of (2), we particularly focus on a simple case where we
have a single neuron with no bias and regularization, i.e., m =1, by = 0, and 8 = 0. Thus,
(2) reduces to

min [|wy (Aw); — y|2 st fwillz < 1. (5)
The solution of (5) is completely determined by the set Qa = {(Au)y|u € R, |Julls < 1}. It
is evident that (5) is solved via scaling this set by |w; | to minimize the distance to +y or —y,
depending on the sign of w;. We note that since ||ul|2 < 1 describes a d-dimensional unit
ball, Au describes an ellipsoid whose shape and orientation is determined by the singular
values and the output singular vectors of A as illustrated in Figure 2.

2.2 Rectified ellipsoid and its geometric properties

A central object in our analysis is the rectified ellipsoidal set introduced in the previous
section, which is defined as Qa = {(Au)Jr lu € RY [lufl2 < 1}. The set Q4 is non-convex
in general, as depicted in Figure 3, 4, and 5. However, there exists a family of data matrices
A for which the set Qa is convex as illustrated in Figure 2, e.g., diagonal data matrices.
We note that the aforementioned set of matrices are, in fact, a more general class.

4. This corresponds to a weak form of regularization as § — 0 in (2).
5. Proofs are presented in Appendix 11.
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(a) Ellipsoidal set: (b) Rectified ellipsoidal set Qa: (c) Polar set Q4 :
{Au|u e R? |ul]z <1} {(Au)+|u€Rd,||u||2 <1} {vl[vTu<1Vu € Qa}

Figure 2: Two dimensional illustration of a spike-free case. Extreme points (spikes) induce
the linear spline interpolation behavior in Figures 1b and 1d as predicted by our theory
(see Lemma 7). The set shown in the middle figure acts as a regularizer analogous to a
non-convex atomic norm.

2.2.1 SPIKE-FREE MATRICES

We say that a matrix A is spike-free if it holds that QA = AB2NR"} , where ABy = {Au|u €
By}, and By is the unit 5 ball. Note that Qa is a convex set if A is spike-free. In this case
we have an efficient description of this set given by Qa = {Au|u € R?, ||lulj < 1, Au > 0}.

If Oa = {(Au);|u € RY, |lul2 < 1} can be expressed as R? N {Aulu € RY, [|ull2 < 1}
(see Figure 2), then (5) can be solved via convex optimization after the rescaling u = ujw;

min |Au — yHi st. ue {Au =0} U{—Au > 0}.

The following lemma provides a characterization of spike-free matrices

Lemma 3 A matriz A is spike-free if and only if the following condition holds
Yu € By, Jz € By such that we have (Au)+ =Az. (6)
Alternatively, a matriz A is spike free if and only if it holds that

ma, AT(Au <1
u:||qu§1,(In—1§(AT)(Au)+:0H ( )+||2 =

If A is full row rank, then the above condition simplifies to

o AT (Aw). <1 )
We note that the condition in (7) bears a close resemblance to the irrepresentability con-
ditions in Lasso support recovery (see e.g. Zhao and Yu (2006)). It is easy to see that
diagonal matrices are spike-free. More generally, any matrix of the form A = V7, where
3 is diagonal, and V7T is any matrix with orthogonal rows, i.e., VI'V = I, is spike-free.
In other cases, QA has a non-convex shape as illustrated in Figure 3 and 4. Therefore,
the ReLLU activation might exhibit significantly complicated and non-convex behavior as
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(a) Ellipsoidal set: (b) Rectified ellipsoidal set Qa: (c) Polar set Q4 :
{Au|u e R? |ul]z <1} {(Au)+|u6Rd, [ulls <1} {vl[vTu<1Vu € Qa}

Figure 3: Two dimensional illustration of a the rectified ellipsoid that is not spike-free and
its polar set. Note that the polar set is not polyhedral and exhibits a combination of smooth
and non-smooth faces.

(a) Ellipsoidal set: (b) Rectified ellipsoidal set Qa: (c) Polar set Q4 :
{Au|u e R? ||ullz <1} {(Au)+|u€Rd, [ulls <1} {vlvTu<1Vu € Qa}

Figure 4: Two dimensional illustration of a the rectified ellipsoid that is not spike-free and
its polar set. Note that the polar set is polyhedral since the convex hull of the rectified
ellipsoid is polyhedral.

the dimensionality of the problem increases. Note that AB; NR’t C QA always holds, and
therefore the former set is a convex relaxation of the set Qa. We call this set spike-free
relaxation of Qa.

As another example for spike-free data matrices, we consider the Singular Value De-
composition of the data matrix A = UXV7 in compact form. We can apply a whitening
transformation on the data matrix by defining A = AVX !, which is known as zero-phase
whitening in the literature. Note that the empirical covariance of the whitened data is
diagonal since we have AAT = I,. Below, we show whitened data matrices are in fact
spike-free. Furthermore, rank-one data matrices with positive left singular vectors are also
spike-free as detailed below.
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(a) Ellipsoidal set: (b) Rectified ellipsoidal set Qa: (c) Polar set Q4 :
{Au|ueR? |ulz <1} {(Au)+|u€Rd,||u||2 <1} {vlvTu<1Vu € Qa}

Figure 5: Three dimensional illustration of the rectified ellipsoid and its polar set. Note
that the rectified ellipsoid is the union of lower-dimensional ellipsoids its polar set exhibits
a combination of smooth and non-smooth faces.

Lemma 4 Let A be a whitened data matriz with n < d that satisfies AAT =1,,. Then, it
holds that

a AT Au <1
UZIHI}IIIZ{QH (Au) |2 <1,

where AT = AT(AAT)™1. As a direct consequence, A is spike-free.

Lemma 5 Let A be a data matriz such that A = cal, where ¢ € R and a € R?. Then,
A is spike-free.

Although the examples presented here for spike-free data matrices are whitened, one
dimensional or rank-one, we believe that the set of spike-free data is far more generic and
common. In addition, whitening is a common technique used by deep learning practitioners,
e.g., ZCA whitening in image classification is used to improve the validation accuracy of
the system as empirically shown in Coates and Ng (2012). Furthermore, recent work has
shown that whitening improves the performance of the state-of-the-art architectures, e.g.,
ResNets, on benchmark datasets such as CIFAR-10, CIFAR-100, and ImageNet Huang et al.
(2018). Therefore, we believe that theoretical results on spike-free matrices are valuable for
practitioners.

2.3 Polar convex duality

It can be shown that the dual of the problem (4) is given by®

maxvly st. vE Qy , —veE Qi, (8)
v

where QF is the polar set (Rockafellar, 1970) of QA defined as Qf = {v\vTu <1,Vue€
OA}-

6. We refer the reader to Appendix 12 for the proof.

10
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2.4 Extreme points

A point is called an extreme point of a convex set C if it does not lie between any two
distinct points of C. More precisely, extreme points of a convex set C is defined as the set
of points v € C such that if v = %vl + %VQ, for some vi,vy € C, then v = vy = vo. Let us
also define the support function map

oo, (V) := argmax v’ z. (9)
z€0A

Note that the maximum above is achieved at an extreme point of Q. For this reason,
we refer 0g, (v) as the set of extreme points of QA along v. In addition, og, (v) is not a
singleton in general, but an exposed set. We also remark that the endpoints of the spikes
in Figure 3 and 4 are the extreme points in the ordinary basis directions e; and es.

In the sequel, we show that the extreme points of Qa are given by data samples and
convex mixtures of data samples in one dimensional and multidimensional cases, respec-
tively. Here, we also provide a generic formulation for the extreme points along an arbitrary
direction.

Lemma 6 In a one dimensional dataset (d = 1), for any vector v € R", an extreme point
of Qa along v is achieved when u, = £1 and b, = —sign(uy)a; for a certain index i € [n].

The above lemma shows that the extreme point of the set QA along an arbitrary direction
v yields a set of hidden neurons and biases that take values of £1 and +a;, respectively,
for an arbitrary index ¢ € [n]. Therefore, the kink of each ReLU activation at the extreme
points corresponds to one of the input data samples, i.e., a;u + b = 0 for an arbitrary index
i € [n]. Moreover, in the next section (Theorem 1 and other results) we prove the optimality
of these extreme points. Therefore, combined with Theorem 1, the above result proves that
the optimal network outputs the linear spline interpolation for the input data.

We now generalize the result to higher dimensions by including the extreme points in
the span of the ordinary basis vectors. These will improve our spike-free relaxation as a
first order correction. In particular, for the spike-free relaxation, we represent the output of
ReLU activation as (Au) L= Au with the constraint Au = 0. However, this representation
is restrictive since it doesn’t allow any non-negative preactivation Au. In order to further
improve this relaxation, we also include extreme points in the ordinary basis directions
{ei}_,. Therefore, instead of restricting preactivations to be all nonnegative, we also allow
preactivations that have one positive entry. For instance, the behavior in Figure 3 and 4
is captured by the convex hull of the union of extreme points along e; and ey, and the
spike-free relaxation.

Lemma 7 FExtreme point in the span of each ordinary basis direction e; is given by

n
a; — 3 j=1 A3

A
a; — ) j=1\jay ’
G 2

11
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where A is computed via the following problem

n
a; — E )\jaj
7j=1

i

st. A=0,1TA=1.
2

min
A

Lemma 7 shows that extreme points of Qa are given by a convex mixture approximation
of the training samples: the hidden neurons are the residuals of the approximation and the
corresponding bias values is the negative inner product between the hidden neurons and a
training sample, which places a kink at the training sample. Our next result characterizes
extreme points along arbitrary directions for the general case.

Lemma 8 For any a € R™, the extreme point along the direction of a can be found by

" Yies(@i +A)ai — Y icse via, and b — {maXies(—aiTua% if D ies i <0
l,

a = . .
HZieS(ai + M)A — Y jese Vi ) minjese(—atu,), otherwise

J

(11)

where S and 8¢ denote the set of active and inactive ReL Us, respectively, and X and v are
obtained via the following convex problem

minmaqu<Z(oci + )\Z')ai — Z Vjaj> s.t. A v =0, Z(Ozz + /\1) = Z vj, Hqu <1.

A7V u7b . . . .
1€S jeSe €S jES®

Lemma 8 proves that optimal neurons can be characterized as a linear combination
of the input data samples. Below, we further simplify this characterization and obtain a
representer theorem for regularized NNs.

Corollary 1 (A representer theorem for optimal neurons) Lemma § implies that each
extreme point along the direction ac can be written in the following compact form

o Diesi(ai —ay)
> ies cilai —ag) |2

Ug and b = —a{ua, for some k and subset S.

Therefore, optimal neurons in the training objectives (2) and (4) all obey the above repre-
sentation.

Remark 1 An interpretation of the extreme points provided above is an auto-encoder of the
training data: the optimal neurons are convex mixture approximations of subsets of training
samples in terms of other subsets of training samples.

3. Main Results

In the following, we present our main findings based on the extreme point characterization
introduced in the previous section.

12
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3.1 Convex duality

In this section, we present our first duality result for the non-convex NN training objective
given in (4).

Theorem 1 The dual of the problem in (4) is given by

D* — T _ T 12
max vy max vy, (12)
s.t. ’vT(Au)Jr! < 1Vu € By s.t. veQp,—vE QA

and we have P* > D*. For finite width NNs, there exists an optimal network width m*
that is upperbounded as m* < n + 1 such that strong duality holds, i.e., P* = D*, and an
optimal U for (4) satisfies ||(AU*)Tv*||oo = 1, where v* is dual optimal.

Remark 2 Owver-parameterization has been extensively studied in the literature and has
shown to be one of the key factors for the remarkable generalization performance of deep
neural networks Du et al. (2018); Li and Liang (2018); Du and Lee (2018); Arora et al.
(2018); Brutzkus et al. (2017); Neyshabur et al. (2018); Jacot et al. (2018). However, most
of these studies require an extreme over-parameterization level, e.g., (Du et al, 2018) Du
et al. (2018) requires m = O(n"), or even an infinite-width as in Jacot et al. (2018), which is
far from empirical observations and therefore fail to explain the success of neural networks
in practice. However, the result in Theorem 1 require m* neurons, where m* < n + 1.
Even the upper-bound n+1 on m* is significantly less over-parameterized than the previous
theoretical studies. Therefore, we claim that our analysis requires a moderate amount of
overparameterization and aligns with practical settings.

Remark 3 Note that (12) is a convex optimization problem with infinitely many con-
straints, and in general not polynomial-time tractable. In fact, even checking whether a
point v is feasible is NP-hard: we need to solve maxy,||y|,<1 Yo (aiTu)Jr. This is related
to the problem of learning halfspaces with noise, which is NP-hard to approximate within a

constant factor (see e.g. Guruswami and Raghavendra (2009); Bach (2017)).

Based on the dual form and the optimality condition in Theorem 1, we can characterize the
optimal neurons as the extreme points of a certain set.

Corollary 2 Theorem 1 implies that the optimal neuron weights are extreme points which
solve the following optimization problem

argmax
uehbs

v (Au), |.

The above corollary shows that the optimal neuron weights are extreme points along +v*
given by og, (£v*) for some dual optimal parameter v*.

In the sequel, we first provide a theoretical analysis for the duality gap of finite width
NNs and then prove strong duality under certain technical conditions.

13
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3.1.1 DUALITY FOR FINITE WIDTH NEURAL NETWORKS

The following theorem proves that weak duality holds for any finite width NN.

Theorem 2 Suppose that the optimization problem (4) is feasible, i.e., there exists a set 0
such that fg(A) =y, then weak duality holds for (4).

We now prove that strong duality holds for any feasible finite width NN, in which the
number of neurons exceeds a critical number less than n + 1.

Theorem 3 Let {A,y} be a dataset such that the optimization problem (4) is feasible and
the width exceeds a critical threshold, i.e., m > m™*, where m* is the number of constraints
active in the dual problem (12) that obeys m* < n + 1. Then, strong duality holds for (4).

Since strong duality holds for finite width NNs as proved in Theorem 3, we can achieve
the minimum of the primal problem in (4) through the dual form in (12). Therefore, the
NN architecture in (1) can be globally optimized via a subset of extreme points defined in
Corollary 2.

In the sequel, we first show that we can explicitly characterize the set of extreme points
for some specific practically relevant problems. We then prove that strong duality holds for
these problems.

3.2 Structure of one dimensional networks

We are now ready to present our results on the structure induced by the extreme points for
one dimensional problems. The following corollary directly follows from Lemma 6.

Corollary 3 Let {a;}}' ; be a one dimensional training set i.e., a; € R, Vi € [n]. Then,
a set of solutions to (4) that achieve the optimal value are extreme points, and therefore
satisfy {(u;, b;) }", where u; = £1,b; = —sign(u;)a;.

Corollary 4 For problems involving one dimenstonal training data, strong duality holds as
a result of Corollary 3 and Theorem 3 when m > n + 1.

Corollary 4 implies that we can globally optimize (1) using a subset of finite number of
solutions in Corollary 3. In Figure 6a, we perform a numerical experiment on the dataset
plotted in Figure 1b. Since strong duality holds for finite width networks with at most n+1
neurons as proven in Theorem 1, in Figure 6a, the duality gap vanishes when we reach a
certain m value using the parameters formulated in Corollary 3. Notice that this result also
validates Theorem 3.

Besides, Corollary 3 proves that the optimal function output is the linear spline inter-
polation for the input data, where the kinks of ReLLU activations occur at one of the data
points. However, in the following, we prove that this set of solutions is not unique so that
there might exist other optimal solutions to (4) with different function outputs.

Proposition 1 The solution provided in Corollary § is not unique in general. Let us denote
the set of active samples for an arbitrary neuron with the parameters (u,b) as S = {i|a;u+
b > 0} and its complementary S¢ = {jlaju+b < 0} = [n]/S. Then, whenever ), .sv; =0,

14
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(a) Duality gap for the one di- (b) Duality gap for a rank-one (c¢) Duality gap for a whitened
mensional dataset in Figure 1b. dataset with n = 15 and d = 10. dataset with n = 30 and d = 40.

Figure 6: Duality gap for a regression scenario, where we select 3 = 1073 for the regularized
problem. Here, we consider both the equality constrained case in (4) and the regularized
case in (16). To solve the primal and dual problems, we use CVX Grant and Boyd (2014)
with the SDPT3 solver Tiitiincii et al. (2001).

the value of the bias does not change the objective in the dual constraint. Thus, all the
bias values in the range [max;cs(—a;), minjcse(—a;)| are optimal. In such cases, there
are multiple optimal solutions for the training problem. Remarkably, our duality framework
enables the construction of all optimal solutions. In Appendix 11, we present an analytic
expressions for a counter-example where an optimal solution is not in this form, i.e., not a
piecewise linear spline, and illustrate the corresponding function fits in Figure 7.

We remark that Savarese et al. (2019) also proved the optimality of the linear spline in-
terpolation as the network output function for one dimensional data and scalar output
networks. Moreover, they empirically observed the non-uniqueness of the optimal solutions
however did not give any theoretical justifications for this observation. On the contrary, in
Proposition 1, we completely characterize the set of optimal solutions via convex duality
and prove that the linear spline interpolation is not the only optimal solution. In other
words, there might exist other optimal solutions with different functional forms. Based on
other characterization for the set of optimal solutions, we also provide an empirical evidence
for non-uniqueness in Figure 7. Here, we particularly depict three different optimal func-
tion fits that are very similar to the linear spline interpolation with the kinks at the input
data points except a kink in the range (0,1). Furthermore, since we utilize a more generic
approach based on convex duality, our analysis is valid for rank-one data and vector output
networks as detailed in the next section and Section 4.5, respectively.

3.3 Solutions to rank-one problems

In this section, we first characterize all possible extreme points for problems involving rank-
one data matrices. We then prove that strong duality holds for these problems.

Corollary 5 Let A be a data matriz such that A = cal, where c € R" and a € R%. Then,
a set of solutions to (4) that achieve the optimal value are extreme points, and therefore
satisfy {(w;, b))}, where u; = s;5—, b; = —s;c;||alla with s; = £1,Vi € [m)].

llall2”
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Figure 7: An example verifying our non-uniqueness characterization in Proposition 1. Here,
we plot four different solutions that analytically achieve the optimal E% regularized training
cost but produce different predictions. It is interesting to note that the minimum norm
criteria is not sufficient to uniquely determine the NN model. The details (including the
exact analytical expressions) are presented in Section 11.

Corollary 6 As a result of Theorem 5 and Corollary 5, strong duality holds for problems
tnvolving rank-one data matrices.

Corollary 5 and 6 indicate that we can globally optimize regularized NNs using a subset of
the extreme points in Corollary 5. We also present a numerical example in Figure 6b to
confirm the theoretical prediction of Corollary 6.

3.4 Solutions to spike-free problems

Here, we show that as a direct consequence of our analysis above, problems involving spike-
free data matrices can be equivalently stated as a convex optimization problem. The next
result formally presents the convex equivalent problem and further proves that this problem
can be globally optimized in polynomial-time with respect to all the problem parameters
n, d, and m.

Theorem 4 7 Let A be a spike-free data matriz. Then, the non-convex training problem
(4) can be equivalently formulated as the following convex optimization problem

Vgrllivlvl2 w12 + [[w2ll2 s.t. A(wi—wsa) =y, Aw; =0, Aws =0,

which can be globally optimized by a standard convex optimization solver in O(d>).

7. Proof and extensions are presented in Section 4.4.
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Theorem 4 proves that the regularized training problem for spike-free data matrix can be
equivalently cast as a convex optimization problem with two neurons. More importantly,
this convex problem can be globally optimized by standard convex optimization solvers,
e.g., interior-point methods, with a polynomial-time complexity in terms of the number of
data samples n and the feature dimension d.

3.5 Closed-form solutions and /jy-¢; equivalence

A considerable amount of literature have been published on the equivalence of minimal /1
and £ solutions in under-determined linear systems, where it was shown that the equivalence
holds under assumptions on the data matrices (see e.g. Candes and Tao (2005); Donoho
(2006); Fung and Mangasarian (2011)). We now prove a similar equivalence for two-layer
NNs. Consider the minimal cardinality problem

min [[wllo st. fo(A) =y, l[ujll2 = 1, V5. (13)
€

The following results provide a characterization of the optimal solutions to the above prob-
lem.

Lemma 9 Suppose thatn < d, A is full row rank andy contains both positive and negative
entries, and define AT = AT(AAT)™. Then an optimal solution to the problem in (13) is
given by

Al(y),
"AT(Y)+||2

Af(-y)
uj = ,wTZIIAT(Y)JJb and 115=| - w§=—HAT(—.Y)+H2'

AT(—y) ll2’

Lemma 10 We have {1-ly equivalence, i.e., the optimal solutions of (13) and (4) coincide
if the following condition holds

min max ‘VT(AU)+‘ <1.
VZVT(AU1)+:1,VT(A]_12)+:—1 u:|ufl2<1

Furthermore, whitened data matrices with n < d satisfy £1-fy equivalence.

Corollary 7 As a result of Theorem § and Corollary 10, strong duality holds for problems
involving whitened data matrices.

Lemma 10 and Corollary 7 prove that (1) can be globally optimized using the two
extreme points in Lemma 9. Therefore, we achieve an equivalence between ¢1-¢; problems.
Moreover, this result is also consistent with Theorem 4 as its special case, i.e., we have full
row-rank spike-free data matrix. We also validate Corollary 7 via a numerical experiment
in Figure 6c¢.

3.6 A cutting plane method

In this section, we introduce a cutting plane based training algorithm for the NN in (1).
Among infinitely many possible unit norm weights, we need to find the weights that violate
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the inequality constraint in (12), which can be done by solving the following optimization
problems

u} = argmax v’ (Au), u = argmin v (Au). (14)
u:|ul]2<1 u:|ul]2<1
However, (14) is not a convex problem since ReLLU is a convex function. There exist several
methods and relaxations to find the optimal parameters for (14). As an example, one
can use the Frank-Wolfe algorithm (Frank and Wolfe, 1956) in order to approximate the
solution iteratively. In the following, we show how to relax the problem using our spike-free
relaxation

;= argmax v!Au iy = argmin v’ Au, (15)
wAu=0,[ul2<1 wAu=0,[ju|2<1

where we relax the set {(Au)y|u € R?, [Jul]s < 1} as {Auju € R?, |Jul]> < 1}NR%. Now, we
can find the weights for the hidden layer using (15). In the cutting plane method, we first
find a violating neuron using (15). After adding these neurons to U as columns, we solve
(4). If we cannot find a new violating neuron then we terminate the algorithm. Otherwise,
we find the dual parameter for the updated U and then repeat this procedure till we find
an optimal solution. We also provide the full algorithm in Algorithm 13.

The major advantage of our cutting-plane algorithm (compared to the non-convex meth-
ods such as Frank-Wolfe in Bach (2017)) is that it can be solved via convex optimization.
More specifically, in Algorithm 1, all the problems we need to solve are convex and therefore
can be globally and efficiently optimized by standard convex solvers without requiring any
exhaustive search to tune hyperparameters, e.g., learning rate and initialization, or heuris-
tics such as dropout. Moreover, since the algorithm incrementally inserts neurons to the
hidden layer, there is no need to carefully tune the hidden layer width or use unnecessarily
wide architectures to fit the training data. We next prove the convergence of Algorithm 1
for spike-free data.

Proposition 2 When A is spike-free as defined in Lemma 3, the cutting plane based train-
ing method globally optimizes (12).

The following theorem shows that spike-free cases are in fact practically relevant. Particu-
larly, random high dimensional i.i.d. Gaussian matrices asymptotically satisfy the spike-free
condition as detailed below.

Theorem 5 Let A € R™? be an i.i.d. Gaussian random matriz. Then A is asymptotically
spike-free as d — oo. More precisely, we have

lim P |max ||Af(Au >1| =0.
i [ 1A ()
We now consider improving the basic spike-free relaxation by including the extreme points
along the ordinary basis vectors {e;} ;, which is detailed in Lemma 7. The next result
characterizes the cases where employing only these extreme points are sufficient to fit the
training data.

8. We also provide the cutting plane method for NNs with a bias term in Appendix 9.
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Algorithm 1 Cutting Plane based Training Algorithm for Two-Layer NNs (without bias)

1: Initialize v=y
2: while there exists a violating neuron do

3: Find 0; and us:
;= argmax Vv!Au Uy = argmin v’ Au,
w:Aui=0,||ull2<1 w:Aui=0,[|ul]2<1
4: U* + [U* 1501 flg]
5: Find v by solving the dual problem:
T T
max v st. |[vi(Au),|<1VueRB
veRn y } ( )+‘ = 2
6: Check the existence of a violating neuron:
? ?
m viAu>1 min viAu < -1,
wAui=0,||ul[2<1 wAui=0,||ul[2<1

7: end while
8: Solve the training problem using U*:

w* = argmin ||w||; s.t. (AU*)+W =y
w

9: Return 0 = (U*, w")

Theorem 6 Let C, denote the convex hull of {a;}}' ;. If each sample is a vertex of C,, then
a feasible solution to (4) can be achieved with n neurons, which are the extreme points in
the span of the ordinary basis vectors. Consequently, the weights given in Lemma 7 achieve
zero training error.

This shows that the extreme points in Lemma 7 enable the network architecture to achieve
zero training error and therefore completely characterize the training data geometry when
each data sample is a vertex of the convex hull of all the samples.

Our next result shows that the above claim, i.e., “ each data sample is a vertex of the
convex hull of all the samples”, is likely to hold for high dimensional random matrices.

Theorem 7 Let A € R"¥? be a data matric generated i.i.d. from a standard Gaussian
distribution N'(0,1). Suppose that the dimensions of the data matriz obey d > 2nlog(n—1).
Then, every row of A is an extreme point of the convex hull of the rows of A with high
probability.

4. Regularized ReLU Networks and Convex Optimization for Spike-Free

Matrices

In this section, we present extensions of our approach to regularized networks, arbitrary
convex loss functions, and vector outputs. More importantly, as a corollary of our analysis
in the previous section, we provide exact convex formulations for problems with spike-free
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data matrices and show that convex equivalent formulations can be globally optimized in
polynomial-time by a standard convex solver.

4.1 Regularized two-layer ReLU networks

Here, we first formulate a penalized version of the equality form in (4). We then present
duality results for this case.

Theorem 8 Optimal hidden neurons U for the following regularized problem

B

1 o1 .
min > [(AU)sw = y[3+ 5 (1wl + [UI3) = min | (AU)w = yl3 + Blwlh st Jlusll2 <1,

2
(16)

can be found through the following dual problem

1 1 . .
max — v —y[l3 + S yl3 s:t. v € 8Oy, —v € BQ;,

where [ is the regularization (weight decay) parameter. Here Q% is the convex polar of the
rectified ellipsoid QA .

Remark 4 Based on Theorem 8, we note that all the weak and strong duality results in
Theorem 2 and 3 hold for regularized networks. Therefore, Corollary 4, 6 and 7 also apply
to reqularized networks. Furthermore, the numerical results in Figure 6 confirm this claim.

Corollary 8 Remark 4 also implies that whenever the set of extreme points can be ex-
plicitly characterized, e.g., problems involving rank-one and/or whitened data matrices, we
can solve (4) as a convex {1-norm minimization problem to achieve the optimal solutions.
Particularly, we first construct a hidden layer weight matriz, i.e., denoted as U™, using all
possible extreme points. We then solve the following problem

rré‘lln||w||1 s.t. (AU )+W =y (17)
or the corresponding regularized version
. 1 * 2
min 7| (AU") . w =yl + Bl wlh.

Next, we provide the closed-form formulations for the optimal solutions to the regular-
ized training problem (16) as in Lemma 9.

Theorem 9 Suppose A is whitened such that AAT =1,,, then an optimal solution set for
(16) can be formulated as follows

o) w() ] [ IAE) s o
(e e IR O RAEE
S A 3 ) 85 16) o 5 < 1(=), e
(a0, 5) FA<10), b 5> 1),
| 0.) 785 10), I 8> 1(=5),
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We note that Theorem 9 exactly characterizes how the regularization parameter 8 controls
the number of neurons and changes the analytical form of the optimal network parameters.
Therefore, for whitened data matrices, there is no need to train a network via backpropaga-
tion or other numerical methods, instead, one can directly utilize the closed-form solutions
in Theorem 9.

4.2 Two-layer ReLU networks with hinge loss
Now we consider classification problems with the label vector y € {+1, —1}" and hinge loss.

Theorem 10 An optimal U for the binary classification task with the hinge loss given by
n

gggz;max{o, 1—yi(a] U)yw} + Bllwlly s.t. [[uy]l2 <1, (18)
1=

can be found through the following dual
maxvly s.t. 0 <yv; <1Vie [n],v € BOA,—V € BO4 -

Theorem 10 proves that since strong duality holds for two-layer NNs, we can obtain the
optimal solutions to (18) through the dual form. The following corollary characterizes the
solutions obtained via the dual form of (18).

Corollary 9 Theorem 10 implies that the optimal neuron weights are extreme points which
solve the following optimization problem

9

T
A
arugenl;QaX ’V ( u) +

where [V < 1.

Consequently, in the one dimensional case, the optimal neuron weights are given by the
extreme points. Therefore the optimal network network output is given by the piecewise
linear function

fla) = wj(au; + b))y,
j=1

for some output weights w, ..., w,, where u; = &1 and b; = Fa; for some j.

This explains Figure 1d, where the decision regions are determined by the zero crossings
of the above piecewise linear function. Moreover, the dual problem reduces to a finite
dimensional minimum ¢;-norm Support Vector Machine (SVM), whose solution can be
easily determined. As it can be seen in Figure lc, the piecewise linear fit passes through
the data samples which are on the margin, i.e., the network output is £1. This corresponds
to the maximum margin decision regions and separates the green shaded area from the red
shaded area.

It is easy to see that this is equivalent to applying the kernel map x(a,a;) = (a — aj)+,
forming the corresponding kernel matrix

Kij = (ai — aj)+

and solving minimum ¢;-norm SVM on the kernelized data matrix. The same steps can
also be applied to a rank-one dataset as presented in the following.
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Figure 8: Binary classification using hinge loss, where we apply GD and our approach in
Theorem 11. Here, we denote the objective value in (18) as L; and Lgq for our theoretical
approach (Theorem 11) and GD, respectively. We also note that optimal solution might
not be unique as shown in Proposition 1 and Figure 7, which explains why GD converges
to a solution with a kink in the middle of two data points in (b). In (c¢), we also provide
3D illustration of the loss surface of the example in (b), where we mark the initial point
(black), the GD solution (red), and our solution (green).

Corollary 10 Let A be a data matriz such that A = cal , where c € R™ and a € R%. Then,
a set of solutions to (18) that achieve the optimal value are extreme points, and therefore
satisfy {(u;,b;)}",, where v; = s;5—,b; = —s;c;|all2 with s; = £1,Vi € [m)].

llall2”

Theorem 11 For a rank-one dataset A = cal , applying ¢1-norm SVM on (AU*T-f—lb*T)Jr

finds the optimal solution 6* to (18), where U* € R¥?™ and b* € R* are defined as

{uf = siﬁ,bf = —sici||all2}, with s; = £1, V1.

The proof of Corollary 10 and Theorem 11 directly follows from the proof of Corollary 5.

We also verify Theorem 11 using a one dimensional dataset in Figure 8. In this figure,
we observe that whenever there is a sign change, the corresponding two samples determine
the decision boundary, which resembles the idea of support vector. Thus, the piecewise
linear fit passes through these samples. On the other hand, when there is no sign change,
the piecewise fit does not need to create any kink as in Figure 8a. However, we also note
that optimal solution is not unique and there might exist other optimal solutions as shown
in Proposition 1 and Figure 7. This is exactly what we observe in in Figure 8b, where
GD try to converge to a solution with a kink in the middle of two data points unlike our
approach. In Figure 8c, we also provide a visualization of the loss landscape for this case.
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Theorem 12 Suppose that A is whitened such that AAT =1,,. Then an optimal solution
to the problem in (18) is given by

Ai/(%)ﬂm) if B = /ix %w) if B = /A=
(uj,wi) = Af(y) (uz, wy) = Al (-y)

FWH) if B < iy r—mf) if B < yn=’

where wy € [0, /ny], w— € [—\/n_,0], ny, and n_ are the number of samples with positive
and negative labels, respectively.

Theorem 12 shows that the well-known problem achieving minimum #2-norm parameters
maximizing the margin between two classes can be solved in closed-form for some generic
settings such as problems involving a spike-free and/or whitened data matrix. As in the
squared loss case, we observe that the weight decay parameter 8 directly controls the sparsity
of the optimal solution.

Interpretation of the hidden neurons as Fisher’s Linear Discriminant vectors:

According to Theorem 12, it is interesting to note that for generic full column rank
matrices and binary labels y € {+1, —1}", the expression for the first hidden neuron equals
ui = Af(y)y = (ATA) AT (y), = ﬁ)_lﬂl where 3 := LATA is the empirical covariance
matrix and p; = AT (y), = %Zi:yi>0 a; is the empirical mean of the samples in the
first class. In fact, this formula is identical to Fisher’s Linear Discriminant for binary
classification. For whitened data, note that ¥ is a multiple of the identity matrix. This
shows that there are two optimal hidden neurons for two individual classes corresponding
to the {+1,—1} labels. Furthermore, a particular hidden neuron is only active when the
weight decay parameter § is less than the square root of the number of samples in the
corresponding class, i.e., 8 < /n— or 8 < ,/ny. In theorem 15, we provide a closed-form
expression for the multi-class case where the number of hidden neurons can be as large as
the number of classes and is controlled by the magnitude of 5.

4.3 Two-layer ReLU networks with general loss functions
Now we consider the scalar output two-layer ReLU networks with a generic loss
: B : .
min ((AU) 1w, y) + = (1w + [UI[}) = min £((AU) 1w, ) + Blwlh st [l < 1,5,
(19)
where £(-,y) is a convex loss function.

Theorem 13 The dual of (19) is given by
max —0*(v) s.t. veBQOA,—V € BQAA,
where £* is the Fenchel conjugate function defined as (Boyd and Vandenberghe, 2004)

0*(v) =maxz! v — l(z,y).
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Theorem 13 proves that our extreme point characterization in Lemma 6 applies to arbitrary
convex loss functions. Therefore, the optimal parameters for (1) is a subset of the same
extreme point set, i.e., determined by the input data matrix A, independent of the loss
function.

4.4 Polynomial-time convex optimization of problems with spike-free
matrices

Here, we show that two-layer ReLU network training problems involving spike-free data
matrices can be equivalently stated as convex optimization problems. More importantly, we
prove that the equivalent form can be globally optimized by standard convex optimization
solvers with polynomial complexity in terms of the number of data samples n and the data
dimension d.

We start by restating the two-layer training problem with arbitrary convex loss functions
as follows

min (((AU)sw,y) + Slwil st [z < 1, (20)

Then, by Theorem 1 and 13, we have the following dual problem with respect to the output
layer weights w

max —¢*(v) s.t. max ‘VTAU‘ <1, (21)
v uchBs
Au=0

where we replace (Au); with {Au: Au = 0} since A is spike-free. If we take the dual of
(21) with respect to v one more time, i.e., also known as the bidual of (20), we obtain the
following optimization problem

min {(A(w; —wa),y) + B(||will2 + ||wzl]2) s.t. Aw; =0, Awy = 0. (22)

Wi1,W2

Note that (22) is a convex optimization problem with 2d variables and 2n constraints. There-
fore, standard interior-point solvers, e.g., CVX Grant and Boyd (2014) with the SDPT3
solver Titiincii et al. (2001), to solve convex optimization problems in Section 4.4. can
globally optimize (22) with the computational complexity O(d?).

4.5 Extension to vector output neural networks

In this section, we first derive the dual form for vector output NNs and then describe the
implementation of the cutting plane algorithm. For presentation simplicity, we consider the
weakly regularized scenario with squared loss. However, all the derivations in this section
can be extended to regularized problems with arbitrary convex loss functions as proven in
the previous section.

Here, we have Y € R"*? and f(A) = (AU)+W, where W € R™*°, Then, the training
problem is as follows

: 2 2
W t. (AU),W=Y.
min [WI[5 + [Ulf7 st (AU)

24



CONVEX GEOMETRY AND DUALITY OF OVER-PARAMETERIZED NEURAL NETWORKS

Lemma 11 The following two optimization problems are equivalent:

: 2 2 : .
min W%+ [[U||7 s.t. (AU)+W =Y = mlnz |wjll2 s.t. (AU)+W =Y, |lujl2 <1, Vj

0cO
€ =

Using Lemma 11, we get the following equivalent form

m
QEEQMNQM.MD)QVZYAmm2§Lv@ (23)
]:

which has the following dual form
m\z}xtrace(VTY) st. [VI(Au),]2 <1, u € Bo. (24)
Then, we again relax the problem using the spike-free relaxation and then we solve the
following problem to achieve the extreme points
u= argmax [VIAulj s.t. Au=0,[[ullz <1 (25)

Therefore, the hidden layer weights can be determined by solving the above optimization
problem.

4.5.1 SOLUTIONS TO ONE DIMENSIONAL PROBLEMS

Here, we consider a vector output problem with a one dimensional data matrix, i.e., A =
a, where a € R"™. Then, the extreme points of (24) can be obtained via the following
maximization problem

argmax | VT (au + b1) 4 ||3 s.t. |u| = 1. (26)

u,b
Using the same steps in Proof of Lemma 6, we can write (26) as follows
2
argmax H Zvi(aiu + b)H2 st. au+b>0,Vi e S,a;u+b<0,¥j €S |uf=1. (27)
u,b ;
’ i€S

Notice that u can be either +1 or —1. Thus, we can solve the problem for each option and
then pick the one with higher objective value. First assume that u = +1, then (27) becomes

2
(a; bH £, —a; < b < min—a,. 28
argglax“ezsvz(al+ ) , St max—a; < _%}SI% a; (28)
3

Since

2
9
2

2 2 T
H Zvi(ai + b)H2 = H sz‘ai , T 2b<ZVz‘ai> ZW + b2H sz‘
i€S 1€S 1€S €S 1€S
(28) is a convex function of b. Therefore, the optimal solution to (28) is achieved when

either b = minjcse —a; or b = max;es —a; holds. Similar arguments also hold for u = —1.

Corollary 11 Let {a;}}"; be a one dimensional training set i.e., a; € R, Vi € [n]. Then,
the solutions to (23) that achieve the optimal value satisfy {(u;, b;) }1", where u; = £1,b; =
—sign(u;)a;.
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4.5.2 SOLUTIONS TO RANK-ONE PROBLEMS

Here, we consider a vector output problem with a rank-one data matrix, i.e., A = ca’.

Then, all possible extreme points can be characterized as follows

2

argmax HVT(Au + bl)Jr H2

2
= argmax HVT(caTu + bl)Jr H
bu:||ufl2=1 2

b,u:|juf|2=1
= argmax H E vi(cz-a u+b)+‘ ,
buflull2=1" "4 2

which can be equivalently stated as

T
z(aTu)2 + 2b(a’u) < ; V,-ci> Z v +b? H Z Vi

i€S €S

2
argmax H Z ViC;
bui[ulla=1"" 55 2

. calu+b>0,¥ieS
s.t. ,
cjalu+b<0,Vj € 8¢

which shows that u must be either positively or negatively aligned with a, i.e., u = sm,
where s = 1. Thus, b must be in the range of [max;cs(—sc;llal|2), minjese(—scjllal|2)]
Using these observations, extreme points can be formulated as follows

a . . . .
w, — {”M if D iesvici 20 b, — {mmjeSC(SijHaHZ) if 2iesvi 20

== otherwise max;es(—syci|lall2)  otherwise

[[all2
where s, = sign(} ;g vici).

Corollary 12 Let A be a data matriz such that A = ca’, where ¢ € R" and a € R?.
Then, the solutions to (23) that achieve the optimal value are extreme points, and therefore
satisfy {(w;, b))}, where u; = siHaﬁ,bi = —s;cil|alla with s; = £1,Vi € [m)].

Theorem 14 For one dimensional and/or rank-one datasets, solving the following ¢3-norm
convex optimization problem globally optimizes (23)

m
n%‘i[nz; Iwll2 s.t. (AU:), W =,
iz

where U, € R¥™e s q weight matriz consisting of all possible extreme points.

Theorem 14 proves that for one dimensional and/or rank-one datasets, the regularized non-
convex training problem in (23) can be equivalently stated as a convex optimization problem
where the hidden neurons are fixed. Therefore, the training problem can be globally and
efficiently optimized via standard convex optimization solvers.
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4.5.3 SOLUTIONS TO WHITENED PROBLEMS

Here, we provide the closed-form formulations for the optimal solutions to the regularized
training problem (23) as in Theorem 9.

Theorem 15 Let {A, Y} be a dataset such that AAT =1,, and Y is one hot encoded label
matriz, then a set of optimal solution (U*, W*) to

1 9 B 2 2
min o[ (AU), W = Y[ + & (U] + [ W]3)
can be formulated as follows

Aly; - . - A
(ui, wh) = {(IIATnyIIz (v = P)es) 5= VP e (o,
(0,0) otherwise

where n; is the number samples in class j and e; is the Gt ordinary basis vector.

The above result shows that there are at most o hidden neurons, which individually
correspond to classifying a particular class. A hidden neuron is only active when the weight
decay parameter (3 is less than the square root of the number of samples in the corresponding
class. It is interesting to note that the form of the hidden neuron is identical to Fisher’s
Linear Discriminant for binary classification applied in a one-vs-all fashion.

4.5.4 CONVEX OPTIMIZATION FOR SPIKE-FREE PROBLEMS

We now analyze the case when the data matrix is spike-free. Following the approach in
Section 4.4, we first state the dual problem as follows

max trace(VIY) s.t. max |[VIAully < 1, Yu € Bs. (29)
\% Auzo
uch2

Then, the the corresponding bidual problem is

m m
min_ Z [wijll2|lwajll2 s.t. ZAWUW;]' =Y, Awy; = 0, Vj, (30)

{w1j,wa; 1L, =1 =1

which can be stated as a convex optimization problem as

min [|[M]||, s.t. AM =Y, (31)
MeC
as long as m > m* := rank(M*) where M* is an optimal solution, C := conv{w;w3i
Aw; = 0, w; € R% wy € R°}, || - ||« denotes the nuclear norm, and conv represents the

convex hull of a set. We remark that the problem in (31) resembles convex semi non-negative
matrix factorizations, such as the ones studied in Ding et al. (2008); Sahiner et al. (2021b).
These problems are not tractable in polynomial time in the worst case. For instance taking
A =1, simplifies to a copositive program, which is NP-hard for arbitrary Y.
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4.5.5 {1 REGULARIZED VERSION OF VECTOR OUTPUT CASE

Notice that since (25) is a non-convex problem, finding extreme points in general is com-
putationally expensive especially when the data dimensionality is high. Therefore, in this
section, we provide an {1 regularized version of the problem in (23) so that extreme points
can be efficiently achieved using convex optimization tools. Consider the following opti-
mization problem

m
min [U]3+ 3 [wj [ st. (AU), W =Y.
j=1

Then using the scaling trick in Lemma 1, we obtain the following
m
mind _[lw;fl1 s.t. (AU), W =Y, [u;|} <1, vj,
j=1

which has the following dual form

m\:}xtrace(VTY) s.t. HVT(Au)JrHC>O <1,VuebB,

and an optimal U satisfies
(AU LV o =1,

where V* is the optimal dual variable. Note that we use this particular form as it admits
a simpler solution with the cutting-plane method. We again relax the problem using the
spike-free relaxation and then we solve the following problem for each k € [0]

;1 = argmaxvi Aus.t. Au= 0, |luf2 <1
u

U0 = argmin v} Au s.t. Au =0, [luls <1,
u

where vy, is the k" column of V. After solving these optimization problems, we select the

two neurons that achieve the maximum and minimum objective value among o neurons for

each problem. Thus, we can find the weights for the hidden layers using convex optimization.
Consider the minimal cardinality problem

in l'W t. A=Y Ao = 1, V5.
I@Iélél“ o s.t. fa(A) gl V)

The following result provides a characterization of the optimal solutions to the above prob-
lem.

Lemma 12 Suppose that n < d, A is full row rank, and Y € R*°, e.g., one hot encoded
outputs for multiclass classification and we have at least one sample in each class. Then an
optimal solution to (13) is given by

Af (yk)+
AT (vi), [l

for each k € [0], where wy, and yi are the k" row of W and column of Y, respectively.

ul = and wi = ||AT (Yk)Jr”Zek
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Figure 9: One dimensional regression task with square loss, where we apply GD, NTK, and
our approach in Corollary 8.

Lemma 13 We have ¢1-fy equivalence if the following condition holds

min max v’ (Au)+ <1.
vivT (Auk)+:1,Vk u:ueBby

5. Comparison with Neural Tangent Kernel

Here, we first briefly discuss the recently introduced NTK (Jacot et al., 2018) and other con-
nections to kernel methods. We then compare this approach with our exact characterization
in terms of a kernel matrix in Corollary 8.

The connection between kernel methods and infinitely wide NNs has been extensively
studied (Neal, 1996; Matthews et al., 2018; Lee et al., 2017). FEarlier studies typically
considered untrained networks, or the training of the last layer while keeping the hid-
den layers fixed and random. Then, by assuming a distribution for initialization of the
parameters, the behavior of an infinitely wide NN can be captured by a kernel matrix
K(a;,a;) = Epup[fo(ai)fo(a;j)], where D is the distribution for initialization. However,
these results do not fully align with practical NNs where all the layers are trained simulta-
neously. Therefore, Jacot et al. (2018) introduced a new kernel method, i.e., NTK, where
all the layers are trained while the width tends to infinity. In this scenario, the network
can be characterized by the kernel matrix K(a;,a;) = Egop[Vofo(a:)T Vo fo(a;)]. This can
be interpreted as a linearization of the NN model under a particular scaling assumption,
and is closely related to random feature methods. We refer the reader to Chizat and Bach
(2018) for details and limitations of the NTK framework. For one dimensional problems,
this kernel characterization can be written as follows (Bietti and Mairal, 2019)?

a;a;
K (a,0,) = rai\am( i9; ) |

|ailla;|

9. We provide the NTK formulation without a bias term to simplify the presentation. The expression for
a case with bias can be found in Williams et al. (2019).
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where

k(u) = uko(u) + k1(u)
1 1
ko(u) = =(m — arccos(u)) k1(u) = — (u(7r — arccos(u)) + V1 — u2) .
w T
After forming the kernel matrix, one can solve the following fo-norm minimization problem
to obtain the last layer weights

min ||w||2 s.t. Kw =y. (32)

We first note that our approach in (17) is different than the NTK approach in (32) in terms
of kernel construction and objective function.

In order to compare the performance of (17), (32) and GD, we perform experiments on
one dimensional datasets. In Figure 9, we observe that NTK outputs smoother functions
compared to GD and our approach. Particularly, in Figure 9a and 9b, we clearly see that
the output of NTK is not a piecewise linear function unlike our approach and GD. Moreover,
even though the output of NTK looks like a piecewise linear function in Figure 9c, we again
observe its smooth behavior around the data points. Thus, we conclude that NTK yields
output functions that are significantly different than the piecewise linear functions obtained
by GD and our approach. We also note that optimal solution might not be unique as proven
in Proposition 1 and Figure 7, which explains why GD converges to a solution with a kink
in the middle of two data points while the kinks obtained by our approach exactly aligns
with the data points.

6. Numerical Experiments

We first consider a binary classification experiment using hinge loss on a synthetic dataset!?.
To generate a dataset, we use a Gaussian mixture model, i.e., a; ~ N (p;,0.25), where the
labels are computed using: y; = 1, if pu; € {—1,0,2}, and y; = —1, if u; € {—2,1}. Following
these steps, we generate multiple datasets with nonoverlapping training and test splits. We
then run our approach in Theorem 11, i.e., denoted as Theory and GD on these datasets.
In Figure 10, we plot the mean test accuracy (solid lines) of each algorithm along with a
one standard deviation confidence band (shaded regions). As illustrated in this example,
our approach achieves slightly better generalization performance compared to GD. We also
visualize the sample data distributions and the corresponding function fits in Figure 10a,
where we provide an example to show the agreement between the solutions found by our
approach and GD.

We then consider classification tasks and report the performance of the algorithms on
MNIST (LeCun) and CIFAR-10 (Krizhevsky et al., 2014). In order to verify our results in
Theorem 15, we run 5 SGD trials with independent initializations for the network parame-
ters, where we use subsampled versions of the datasets. As illustrated in Figure 11 and 12,
the network constructed using the closed-form solution achieves the lowest training objec-
tive and highest test accuracy for both datasets. In addition to our closed-form solutions, we
also propose a convex cutting plane based approach to optimize ReLLU networks. In Table

10. We provide further details on the numerical experiments in Appendix 8.
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Figure 10: Binary classification using hinge loss, where we apply GD and our approach in
Theorem 11, i.e., denoted as Theory.
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Figure 11: Training and test performance of 5 independent SGD trials on whitened and
sampled MNIST, where (n,d) = (200, 250), K = 10, 8 = 1073, m = 100 and we use squared
loss with one hot encoding. For the method denoted as Theory, we use the layer weights in
Theorem 15.

1, we observe that our approach denoted as Convex, which is completely based on convex
optimization, outperforms the non-convex backpropagation based approach. Note that we
use the full datasets for this experiment. Furthermore, we use an alternative approach,
denoted as Convex-RF in Table 1 which uses (10) on image patches to obtain 40k filters,
e.g., Figure 13 (further details are provided in the next section). This training approach
for the hidden layer weights surprisingly increases the accuracy by almost 40% compared to
the convex approach with the cutting plane algorithm. We also evaluate the performances
on several regression datasets, namely Bank, Boston Housing, California Housing, Eleva-
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Figure 12: Training and test performance of 5 independent SGD trials on whitened and
sampled CIFAR-10, where (n,d) = (60,60), K = 10, 8 = 1073, m = 100 and we use
squared loss with one hot encoding. For Theory, we use the layer weights in Theorem 15.

Table 1: Classification Accuracies (%) and test errors

MNIST CIFAR-10 Bank Boston California Elevators News20 Stock

One Layer NN (Least Squares) 86.04%  36.39% 0.9258  0.3490  0.8158 0.5793 1.0000  1.0697
Two-Layer NN (Backpropagation) 96.25% 41.57 %  0.6440 0.1612 0.8101 0.4021 0.8304  0.8684
Two-Layer NN Convex 96.94%  42.16% 0.5534 0.1492 0.6344 0.3757 0.8043 0.6184
Two-Layer Convex-RF 97.72% 80.28% - - - - - -

tors, Stock (Torgo), and the Twenty Newsgroups text classification dataset (Mitchell and
Learning, 1997). In Table 1, we provide the test errors for each approach. Here, our convex
approach outperforms the backpropagation, and the one layer NN in each case.

6.1 Unsupervised and interpretable training using extreme points: Convex-RF

For this approach, we use the convolutional neural net architecture in Coates and Ng (2012).
However, instead of using random filters as in Zhang et al. (2016) or applying the k-means
algorithm as in Coates and Ng (2012), we use the filters that are extracted from the patches
using our convex approach in (10). Particularly, we first randomly obtain patches from the
dataset. We then normalize and whiten (using the ZCA whitening approach) the randomly
selected patches. After that we apply (10) on the the resulting patches to obtain the filter
weights via a convex optimization problem with unit simplex constraints.

After obtaining the filter weights in an unsupervised manner, we first compute the
activations for each input patch. Here, we use a linear function for activations unlike the
triangular activation function in Coates and Ng (2012). We then apply ReLU and max
pooling. Finally, we solve a convex ¢;-norm minimization problem to obtain the output
layer weights. Therefore, we achieve a training approach that completely utilizes convex
optimization tools and learns the hidden layer weights in an unsupervised manner. The
complete algorithm is also presented in Algorithm 2.
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Figure 13: Extreme points found by (10) applied on image patches of CIFAR-10 yield
filters used in the Convex-RF algorithm. Note that the extreme points visually correspond

to

predictive image patches.

Algorithm 2 Convex-RF

10:
11:
12:
13:
14:

1
2
3
4:
5
6
7

: Set P, e, and
: Randomly select P patches from the dataset: {p;}Z;
: for i=1:P do

_ pi—mean(p;)

Normalize the patch: p; =
\/var(p;)+e
: end for

: Form a patch matrix P = [p; ... pp|

: (Optional) Apply whitening to the patch matrix:

[V, D] = eig(cov(P))
P=V(D+e) VP

for i=1:P do
Compute a neuron using (10):

Pi — > j=1 \jD;
J#i

Di — > j=1A\jD;
J#i

u; =

2

where A is computed via the following problem

n

Pi — Y AB;
j=1
J#i

st. A=0,1TA =1.
2

min
A

end for

Form the neuron matrix: U = [u; ... up]

Extract all the patches in A: A,

Compute activations: B = pooling(ReLU(A,U))

Solve a convex {1-norm minimization problem: miny 5| Bw —y||3 + 3[|w|

Remark 5 Note that the ZCA whitening step plays a crucial role for similar implementa-
tions in Coates and Ng (2012); Shankar et al. (2020); Thiry et al. (2021). We believe that
this is mainly due to the fact that these approaches rely on either direct distance compu-
tations or inner products with the samples, where whitening can enable more informative
features, i.e., either the distance computation or inner product, by transforming the sam-
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ples (see Appendiz A of Thiry et al. (2021)). However, in our case, the hidden neurons
constructed from the data samples are inherently informative and normalized as detailed in
Step 9 of Algorithm 2. Particularly, since we compute the distance of each sample to the
convex hull of the remaining samples instead of computing pairwise distances, our approach
18 much more robust against the correlations among patches. In addition, due to the scaling
i Lemma 1, the hidden neurons are normalized such that inner products tend to be drasti-
cally less dependent on the correlations. Therefore, whitening don’t change our results and
this is why we remark that the whitening step is optional in Algorithm 2.

7. Concluding Remarks

We studied two-layer ReLLU networks and introduced a convex analytic framework based
on duality to characterize a set of optimal solutions to the regularized training problem.
Our analysis showed that optimal solutions can be exactly characterized as the extreme
points of a convex set. More importantly, these extreme points yield simple structures
at the network output, which explains why ReLU networks fit structured functions, e.g., a
linear spline interpolation for one dimensional datasets. Moreover, by establishing a relation
with minimum cardinality problems in compressed sensing, we even provided closed-form
solutions for the optimal hidden layer weights in various practically relevant scenarios such
as problems involving rank-one or spike-free data matrices. Therefore, for such cases, one
can directly use these closed-form solutions and then train only the output layer, i.e., a linear
layer, in a similar fashion to kernel regression/classification problems. However, unlike the
existing kernel methods, e.g., NTK (Jacot et al., 2018), our approach is regularized by
£1-norm encouraging sparse solutions. Thus, we are able to match the performance of a
classical finite width ReLU network trained with SGD, for which existing kernel methods
fail to provide a satisfactory approximation, by solving a linear minimum ¢;-norm problem
with a fixed matrix. Additionally, we provided an iterative algorithm based on the cutting
plane method to optimize the network parameters for problems with arbitrary data and
then proved its convergence to the global optimum under certain assumptions.

In the light of our results, there are multiple future research directions, which we want
to mention as open research problems. First of all, our analysis reveals that the original
non-convex training problem has a geometrical structure that can be fully characterized
by convex duality. Under certain technical conditions such as spike-freeness, whitened, or
rank-one matrices, this geometry is easily understood by closed-form expressions of the
extreme points. We conjecture that one can also utilize convex duality to understand the
optimization landscape and extraordinary generalization abilities of deep networks. For
instance, the recent findings in Lacotte and Pilanci (2020); Lederer (2020) regarding the
global optimality of all local minima in sufficiently wide networks can be understood through
the lens of convex analysis. In addition to this, our approach explains why NTK (Jacot
et al., 2018) and other kernel methods fail to recover the exact training dynamics of finite
width ReLU networks. We also show that one can obtain closed-form solutions for all
network parameters, i.e, hidden and output layer weights, in some special cases such as
problems with rank-one or whitened data matrices. Hence, there is no need to train a fully
connected two-layer ReLLU network via SGD in these cases. Based on these observations,
we believe that the active learning regime as coined in Chizat and Bach (2018), or a new
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transition regime, where hidden neurons actively learn useful features that generalize well
can be analytically characterized. Finally, one can also extend our polynomial-time convex
formulations for spike-free problems to develop efficient solvers to globally optimize deeper
networks via layerwise learning. Even though certain parts of our analysis are restricted
certain classes of data matrices such as spike-free, whitened, rank-one or one dimensional,
we conjecture that a similar convex analytic framework can be developed for arbitrary data
distributions, alternative network architectures and deeper networks. After a preliminary
version of this manuscript appeared in Ergen and Pilanci (2020a), our follow-up work (Ergen
and Pilanci, 2020b; Pilanci and Ergen, 2020; Ergen and Pilanci, 2021; Sahiner et al., 2021a)
aimed to address some of these questions via the convex analytic tools developed in this
present work.
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In this section, we present proofs of the main results and further details on the algorithms
and numerical results.

8. Additional details on the numerical experiments

In this section, we provide further information about our experimental setup.

In the main paper, we evaluate the performance of the introduced approach on several
real datasets. For comparison, we also include the performance of a two-layer NN trained
with the backpropagation algorithm and the well-known linear least squares approach. For
all the experiments, we use the regularization term (also known as weight decay) to let the
algorithms generalize well on unseen data (Krogh and Hertz, 1992). In addition to this,
we use the cutting plane based algorithm along with the neurons in (10) for our convex
approach. In order to solve the convex optimization problems in our approach, we use
CVX (Grant and Boyd, 2014). However, notice that when dealing with large datasets,
e.g., CIFAR-10, plain CVX solvers might need significant amount of memory. In order to
circumvent these issues, we use SPGL1 (van den Berg and Friedlander, 2007) and SuperSCS
(Themelis and Patrinos, 2019) for large datasets. We also remark that all the datasets we
use are publicly available and further information, e.g., training and test sizes, can be
obtained through the provided references (LeCun; Krizhevsky et al., 2014; Torgo; new).
Furthermore, we use the same number of hidden neurons for both our approach and the
conventional backpropagation based approach to have a fair comparison.

In order to gain further understanding of the connection between implicit regularization
and initial standard deviation of the neuron weights, we perform an experiment that is
presented in the main paper, i.e., Figure 1. In this experiment, using the backpropagation
algorithm, we train two-layers NNs with different initial standard deviations such that each
network completely fits the training data. Then, we find the maximum absolute difference
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between the function fit by the NNs and the ground truth linear interpolation. After
averaging our results over many random trials, we obtain Figure 1. The same settings are
also used for the experiment using hinge loss.

9. Cutting plane algorithm with a bias term

Here, we include the cutting plane algorithm which accommodates a bias term. This is
slightly more involved than the case with no bias because of extra constraints. We have the
corresponding dual problem as in Theorem 1

max v'y s.t. ‘VT(AU + b1)+| <1,Vue€ By, Vb eR (33)

v:1Tv=0
and an optimal (U*, b*) satisfies
[(AU* + 1bsT)Iv*|| = 1,

where v* is the optimal dual variable.

Among infinitely many possible unit norm weights, we need to find the weights that
violate the inequality constraint in the dual form, which can be done by solving the following
optimization problems

uj = argmaXVT(Au +01)4 st flufl2 <1

u,b
uy = argmin v’ (Au+b1), s.t. [julls < 1.
u,b
However, the above problem is not convex since ReLLU is a convex function. In this case,
we can further relax the problem by applying the spike-free relaxation as follows

(i1, b1) = argmax v  Au+bv71 s.t. Au+b1 =0, |lufs <1

u,b

(ﬁg,i)g) = argminv? Au+ bvl1 st. Au+b1 =0, |ullz <1,

u,b

where we relax the set {(Au+b1);|u € R, |lulls < 1} as {Au+bllu € RY, |luf, < 1}NR%.
Now, we can find the weights and biases for the hidden layer using convex optimization.
However, notice that depending on the sign of 17v one of the problems will be unbounded.
Thus, if 17v # 0, then we can always find a violating constraint, which will make the
problem infeasible. However, note that we do not include a bias term for the output layer.
If we include the output bias term, then 17v = 0 will be implicitly enforced via the dual
problem.

Based on our analysis, we propose the following convex optimization approach to train
the two-layer NN. We first find a violating neuron. After adding these parameters to U as
a column and to b as a row, we try to solve the original problem. If we cannot find a new
violating neuron then we terminate the algorithm. Otherwise, we find the dual parameter
for the updated U. We repeat this procedure until the optimality conditions are satisfied
(see Algorithm 3 for the pseudocode). Since the constraint is bounded below and 1;’s are
bounded, Algorithm 3 is guaranteed to converge in finitely many iterations Theorem 11.2
of Goberna and Loépez-Cerda (1998).
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Algorithm 3 Cutting Plane based Training Algorithm for Two-Layer NNs (with bias)

1: Initialize v such that 17v =0

2: while there exists a violating neuron do

3 Find ﬁl, ﬁg, 81 and 82

4 U «~ [U u; flg]

5: b + [bT 61 EQ]T

6 Find v using the dual problem

7 Check the existence of a violating neuron
8: end while

9: Solve the problem using U and b

10: Return 6 = (U, b, w)

10. Infinite size neural networks

Here we briefly review infinite size, i.e., infinite width, two-layer NNs (Bach, 2017). We refer
the reader to Bengio et al. (2006); Wei et al. (2018) for further background and connections
to our work. Consider an arbitrary measurable input space X with a set of continuous
basis functions ¢y : X — R parameterized by u € By. We then consider real-valued Radon
measures equipped with the uniform norm (Rudin, 1964). For a signed Radon measure p,
we define the infinite size NN output for the input x € X" as

f(x) = /  Ou0d(w).

The total variation norm of the signed measure g is defined as the supremum of [ _ 5, 4(0)dp(u)

over all continuous functions g(u) that satisfy |¢g(u)| < 1. Now we consider the ReLU basis

functions ¢y (x) = (xTu) - For finitely many neurons, the network output is given by

Fx) = du,(x)w;,
Jj=1

which corresponds to the signed measure p = Z;nzl w;d(u—u;), where ¢ is the Dirac delta
function. And the total variation norm ||p|7y of p reduces to the ¢;-norm ||wl|;.
The infinite dimensional version of the problem (4) corresponds to

min ||l 7y
st. f(x;) =vy;,Vi € [n].

For finitely many neurons, i.e., when the measure p is a mixture of Dirac delta basis
functions, the equivalent problem is

min ||w||;
s.t. f(XZ) =1y;,Vi € [n] .

which is identical to (4). Similar results also hold with regularized objective functions,
different loss functions and vector outputs.
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11. Proofs of the main results

In this section, we present the proofs of the theorems and lemmas provided in the main
paper.

11.1 Proofs for the results in Section 2

Proof of Lemma 1 We first note that similar proofs are also presented in Neyshabur
et al. (2014); Savarese et al. (2019); Ergen and Pilanci (2019b, 2020a,b,c); Pilanci and
Ergen (2020); Ergen et al. (2021); Gupta et al. (2021). For any 6 € ©, we can rescale the
parameters as u; = o uy, Bj = ojb; and w; = wj/a;y, for any a; > 0. Then, (1) becomes

fa(A :Z (AT +b1) 1 =D

J=1

o) LS

OZJAll] + Oé]b 1) ij(Auj + bj1)+,
J j=1

which proves fy(A) = fz(A). In addition to this, we have the following basic inequality

5 2w+ Iwl3) =D (sl [luyl2),
j=1 j=1
NN
where the equality is achieved with the scaling choice a; = (”‘S;J”L)Q. Since the scaling
operation does not change the right-hand side of the inequality, we can set ||u;|l2 = 1,Vj.
Therefore, the right-hand side becomes ||w]||;. [ |

Proof of Lemma 2 Consider the following problem

rerélélule s.t. fa(A) =Y, HuJH2 < 1,vj,

where the unit norm equality constraint is relaxed. Let us assume that for a certain index
J, we obtain |juj|j2 < 1 with w; # 0 as the optimal solution of the above problem. This
shows that the unit norm inequality constraint is not active for u;, and hence removing
the constraint for u; will not change the optimal solution. However, when we remove the
constraint, ||u;||2 = oo reduces the objective value since it yields w; = 0. Hence, we have a
contradiction, which proves that all the constraints that correspond to a nonzero w; must
be active for an optimal solution. |

Proof of Lemma 3 The first condition immediately implies that {(Au) L|u€ B} CAB,.
Since we also have {(Au) lu € By} C R%, it holds that {(Au)+]u € By} C ABy NRY.
The projection of ABy N R” onto the positive orthant is a subset of Qa, and consequently
we have Qo = AB; NRY.

The second conditions follow from the min-max representation

max min |zl <1 < (6),
ueBz  z:Az=(Au)y

by noting that (I, — AAT)(Au), = 0 if and only if there exists z such that Az = (Au),,
which in that case provided by AT(Au),. The third condition follows from the fact that
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the minimum norm solution to Az = (Au), is given by Af(Au), under the full row rank
assumption on A, which in turn implies I, — AAT = 0. |

Proof of Lemma 4 We have

max ||AT(AAT)_1(AU)+||2§UmaX(AT(AAT)_1) max H(Au)

u:[lull2<1 u: [lull2<1 +llz
-1
=0 (A) ma Au
Um]n( )u”u”);glu( )+”2
-1
o (A) max |[Au
— mln( )u:||u||2§1|| H2
< Ur;iln(A)Umax(A)
<1.
where the last inequality follows from the fact that A is whitened. |

Proof of Lemma 5 Let us consider a data matrix A such that A = ca’, where ¢ € R?
and a € R%. Then, (Au)Jr = c(aTu)+. If (aTu)Jr = 0, then we can select z = 0 to satisfy
the spike-free condition (caTu)+ = Az If (aTu)Jr # 0, then (Au)Jr = ca’u = Au, where
the spike-free condition can be trivially satisfied with the choice of z = u. |

Proof of Lemma 6 The extreme point along the direction of v can be found as follows

n
argmaXZvi(aiu +b)4 s.t. Jul =1, (34)
whb =1

Since each neuron separates the samples into two sets, for some samples, ReLU will be active,
i.e., S = {ila;u+b > 0}, and for the others, it will be inactive, i.e., S¢ = {jlaju +b < 0} =
[n]/S. Thus, we modify (34) as

argmavai(aiu +0b)s.t. aju+b>0,VieS,a;u+b<0,V) €S |ul =1. (35)
wb  Ges

In (35), u can only take two values, i.e., 1. Thus, we can separately solve the optimization
problem for each case and then take the maximum one as the optimal. Let us assume that
u = 1. Then, (35) reduces to finding the optimal bias. We note that due to the constraints
in (35), —a; < b < —a;,Vi € S,Vj € §¢. Thus, the range for the possible bias values is
[max;es(—a;), minjese(—a;)]. Therefore, depending on the direction v, the optimal bias
can be selected as follows

b, = méXiES(_ai)v if Zzes v; <0 . (36)
minjege(—a;), otherwise
Similar arguments also hold for u = —1 and the argmin version of (34). Note that when

Y ics Vi = 0, the value of the bias does not change the objective in (35). Thus, all the bias
values in the range [max;cs(—a;), minjese(—a;)] become optimal. In such cases, there
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might exists multiple optimal solutions for the training problem. |

Proof of Lemma 7 For the extreme point in the span of e;, we need to solve the following
optimization problem

argmax(al u + b) s.t. a;‘-Fu +b<0,Vi#j,|ul2 =1. (37)

u,b

Then the Lagrangian of (37) is

n
LA wb)=alu+b—Y A(aju+b), (38)
j=1
J#
where we do not include the unit norm constraint for u. For (38), A must satisfy A = 0
and 17X = 1. With these specifications, the problem can be written as

n
. T T
min max u <ai - Z)\ja]) st. A=0,1"A=1,||lul2 =1. (39)
j=1
el
Since the u vector that maximizes (39) is the normalized version of the term inside the
parenthesis above, the problem reduces to

n
min ||a; — Z Naj|| st A=0,1TA=1. (40)
A : 9
7=1
J#
After solving the convex problem (40) for each i, we can find the corresponding neurons as
follows
a; — 2?21 /\jaj
u; = J7i and b; = m;n(—a?ui),
{2
a; — Z}lzl )\jaj J
i 2
where the bias computation follows from the constraint in (37). [

Proof of Lemma 8 For any o € R™, the extreme point along the direction of & can be
found by solving the following optimization problem

argmax o’ (Au+b1); s.t. [ullz <1 (41)

u,b

where the optimal (u, b) groups samples into two sets so that some of them activates ReLU
with the indices S = {i|]alu + b > 0} and the others deactivate it with the indices S¢ =
{j|a]Tu +b < 0} = [n]/S. Using this, we equivalently write (41) as

max ai(alu+b) st. (alu+0b)>0,VieS, (aJTu—F b) <0,Vj €S ull2 <1,
u
Ties
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which has the following dual form
rinnmabqu<Z(04i + Ai)a; — Z l/jaj> st. A v o= O,Z(ai +\) = Z vj,|lull2 < 1.
v i€s jese i€s jese

Thus, we obtain the following neuron and bias choice for the extreme point

Uy

Yics(ai +A)a; — ZjeSc via; and b — {maxieg(—a?u), if > ieg0i <0
0 = )

A Yics(ai +A)a; — Zjegc vjaj|2 minjese(—alu), otherwise

J
|

11.2 Proofs for the results in Section 3

Proof of Theorem 1 and Corollary 2
We first note that the dual of (4) with respect to w is

. T T )
min maxv s.t. |[[(AU)Lv <1, luls < 1,V5.
peonw) v Y [(AU) Voo <1, fuyfl2 <1,V

Then, we can reformulate the problem as follows

P* = mi Ty +7((AU)T <1), s.t. [Jujllz < 1,V
pein  max vy + I([(AU) Voo < 1), st [lujll2 < 1,%7

where Z(||(AU)Tv|| < 1) is the characteristic function of the set |(AU)Tv| s < 1, which
is defined as

0 i (AU) V]| <1

—oo otherwise

Z(|(AUY V]l < 1) = {

Since the set [|(AU)Tv| s < 1is closed, the function ®(v,U) = vIy + Z(|[(AU)Tv| < 1)
is the sum of a linear function and an upper-semicontinuous indicator function and therefore
upper-semicontinuous. The constraint on U is convex and compact. We use P* to denote
the value of the above min-max program. Exchanging the order of min and max we obtain
the dual problem given in (12), which establishes a lower bound D* for the above problem:

P*>D*=max min vy +Z(||[(AU)Lv|s < 1), s.t. ||uille <1,Vj

> D =max min vy +Z(|(AU)[ V] < 1), st |yl < 1Y,

=maxv'y, s.t. [[(AU)Lv]ew <1 Vu;: |ujf2 < 1,5,
v

=maxv'y, st. [[(Au)lv]w <1Vu: |ullz <1,
v

We now show that strong duality holds for infinite size NNs. The dual of the semi-infinite
program in (12) is given by (see Section 2.2 of Goberna and Lépez-Cerda (1998) and also
Bach (2017))

min || p||7v

s.t. /ueBg (Au)+du(u) =y,
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where TV is the total variation norm of the Radon measure . This expression coincides
with the infinite-size NN as given in Section 10, and therefore strong duality holds. We also
remark that even though the above problem involves an infinite dimensional integral form,
by Caratheodory’s theorem, this integral form can be represented as a finite summation
with at most n + 1 Dirac delta functions (Rosset et al., 2007). Next we invoke the semi-
infinite optimality conditions for the dual problem in (12), in particular we apply Theorem
7.2 of Goberna and Lopez-Cerda (1998). We first define the set

K—cone{< S(Alu)+ >,u682,8€{—1,+1};< _01 )} .

Note that K is the union of finitely many convex closed sets, since the function (Au)

can be expressed as the union of finitely many convex closed sets. Therefore the set K
is closed. By Theorem 5.3 of Goberna and Loépez-Cerda (1998), this implies that the set
of constraints in (12) forms a Farkas-Minkowski system. By Theorem 8.4 of Goberna and
Lépez-Cerda (1998), primal and dual values are equal, given that the system is consis-
tent. Moreover, the system is discretizable, i.e., there exists a sequence of problems with
finitely many constraints whose optimal values approach to the optimal value of (12). The
optimality conditions in Theorem 7.2 of Goberna and Loépez-Cerda (1998) implies that
y = (AU*) +w* for some vector w*. Since the primal and dual values are equal, we have

vily = V*T(AU*)+W* = ||w*||1, which shows that the primal-dual pair ({w*, U*}, v*) is
optimal. Thus, the optimal neuron weights U* satisfy H(AU*)IV*HOO =1. [ |

Proof of Theorem 2 We first assume that zero training error can be achieved with m;
neurons. Then, we obtain the dual of (4) with m = my

P = i Ty st. |[(AU)T <1, ||uills < 1,Vj € . 42
F = pedlin  maxviys [(AU)v][oo <1, [luyllo < 1,Vj € [m4] (42)

Exchanging the order of min and max establishes a lower bound for (42)

P; > D} = mgxeeelil{i\fvl,m} vy + Z((AU)v]| o < 1), sit. [Jujll2 < 1,V5 € ], (43)

If we denote the optimal parameters to (42) as U* and v*, then [(AU*)Tv*| = 1 must
hold, i.e., all the optimal neuron weights must achieve the extreme point of the inequality
constraint. To prove this, let us consider an optimal neuron u?, which has a nonzero weight
w; # 0 and \(Au;‘)iv*\ < 1. Then, even if we remove the inequality constraint for uj in
(42), the optimal objective value will not change. However, if we remove it, then u} will
no longer contribute to (AU);w =y. Then, we can achieve a smaller objective value, i.e.,
||lwl|1, by simply setting w; = 0. Thus, we obtain a contradiction, which proves that the
inequality constraints that correspond to the neurons with nonzero weight, w; # 0, must
achieve the extreme point for the optimal solution, i.e., |(Au;“)JTrV*| =1,Yj € [m].
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Based on this observation, we have

Pf = min max v’y > min maxv’y
0eO\{w,m} Vv oeO\{w} Vv
st AU Ve <1, gl < 1Y) € ] st. [(AUY Voo < 1, [l < 1,
> max min va
v’ 0co\{w}

st [(AU) V] < 1, [luyll2 < 1,5

= max  min va
v ge\{w,m}

s.t. (I(AU) Voo <1, ujll2 < 1,V € [ma]

where the first inequality is based on the fact that an infinite width NN can always find a
solution with the objective value lower than or equal to the objective value of a finite width
NN. The second inequality follows from (43). More importantly, the equality in the third
line follows from our observation above, i.e., neurons that are not the extreme point of the
inequality in (42) do not change the objective value. Therefore, by (44), we prove that weak
duality holds for a finite width NN, i.e., PJT > pP*> D;‘c = D*.

|

Proof of Theorem 3 By Caratheodory’s theorem (see Rosset et al. (2007)), the number
of constraints active in the dual problem is bounded by n + 1. Suppose this number is m*,
where m* < n + 1. Thus, we can construct a weight matrix U, € R®*™" that consists of
all the extreme points. Next, the dual of (4) with U = U,

D} = mngTy st (AU v]eo < 1, (45)
Consequently, we have
P*= min maxv'y >  max min vly
fcO\{w} Vv v co\{w}
st [[(AU)Iv]oo < 1, [luyll2 < 1,5 st [(AU) v < 1, [Juylla < 1,5
= maxvly
v

st. (AU V] < 1
= D;=D* (46)

where the first inequality follows from changing order of min-max to obtain a lower bound
and the equality in the second line follows from Corollary 2 and our observation above, i.e.,
neurons that are not the extreme point of the inequality in (45) do not change the objective
value.

From the fact that an infinite width NN can always find a solution with the objective
value lower than or equal to the objective value of a finite width NN, we have

Pi= mi > P* =mi 47
(R [wll1 > min [wll1 (47)
st. (AU )yw =y st. (AU)yw =y, |uj|l2 <1,V
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where P* is the optimal value of the original problem with infinitely many neurons. Now,
notice that the optimization problem on the left hand side of (47) is convex since it is an ;-
norm minimization problem with linear equality constraints. Therefore, strong duality holds
for this problem, i.e., P}‘ = D}i and we have P* > D* = D;‘c. Using this result along with
(46), we prove that strong duality holds for a finite width NN, i.e., P} = P* = D* = D;Z. |

Proof of Proposition 1

We first note that the conditions related to the range of bias values that lead to non-
uniqueness directly follows from Proof of Lemma 6. Hence here, we particularly examine
the problem in (4) when we have a one dimensional dataset, i.e., {a;, ¥}, to provide
analytic forms for the counter-examples depicted in Figure 7. Then, (4) can be modified as

Iéaig [wl1 s.t. (au” +1b7) w =y, uj| < 1,Vj. (48)
€

Then, using Lemma 6, we can construct the following matrix
A, = (au*T + lb*T)+,

where u* and b* consist of all possible extreme points. Using this definition and Corollary
3, we can rewrite (48) as

min [|[w|; s.t. Acw =Y. (49)
w

In the following, we first derive optimality conditions for (49) and then provide an analytic
counter example to disprove uniqueness. Then, we also follow the same steps for the regu-
larized version of (49).

Equality constraint: The optimality conditions for (49) are

Aw' =y
Azsv* +sign(wj) =0 (50)
1AV lloo < 1,

where the subscript s denotes the entries of a vector (or columns for matrices) that corre-
spond to a nonzero weight, i.e. w; # 0, and the subscript s¢ denotes the remaining entries
(or columns). We aim to find an optimal primal-dual pair that satisfies (50).

Now, let us consider a specific dataset, i.e.,a=[-2 —1012/Tandy =[1 —111 —1]7,
and yields the following

00001234
100001 23
A.=(au” +1b")=1{2 1 0 0 0 0 1 2|,
32100001
43210000
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whereu =[1111 -1 —1 —1 —1]andb* =[210 —1 — 101 2]. Solving (49) for
this dataset gives

C oA
6419/5000

—3919/2500
—8581/5000
13581/5000
—1081/2500
—1419/5000

0

*

= w1 =

We can also achieve the same objective value by using the following matrix

000 0 1 2 25 4
100 0 0115 3
A,=@i"+1p =12 10 0 0 0 05 2|,
3210500 0 1
4321500 0 0

wherea”’ =[1111 =1 =1 —1 —1Jand b" =[210 —0.5 — 1 00.5 2]. Solving (49) for
this dataset yields

P
) 4(/)3
| THA . —-10/3 X
v=| 5/4 | andw= = [|w| =8.
8/3
7/4 0
—5/4 -2/3
U

We also note that both solutions satisfy the optimality conditions in (50).

Regularized case: The regularized version of (49) is as follows
. 1 2
min S|wl[i + —[[Acw —ylf3, (51)
w 2n

where the optimal solution w* satisfies

1
EAZS(AGW* —y) + Bsign(wi) =0

IAL o (Aew™ — )|l < B,

e,s¢

(52)

where the subscript s denotes the entries of a vector (or columns for matrices) that cor-
respond to a nonzero weight, i.e. w; # 0, and the subscript s¢ denotes the remaining
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entries (or columns). Now, let us consider a specific dataset, i.e., a=[-2 —101 2] and
y=[1 =111 — 1], We then construct the following matrix

000 0 01 2 25 3 4
100 0 001 15 2 3
A.=(au* +1b*)=2 10 0 0 0 0 05 1 2|,
32105000 0 01
43215100 0 00

whereu* =[11111 —1 —1 —1 —1 —1]andb* =210 —05 —1 —100.512]
For this dataset with 8 = 1074, the optimal value of (51) can be achieved by the following
solutions

] 0 ]
3197/2400
—2497/1500

0

—19997/12000
3196112000
—997/3000

0
—3997/12000
0 i

- 0 ]

191823 /140000

—990613/840000

—471683,/420000

—128017/120000

367547,/140000

—127357/840000

—87827/420000

—31993,/120000

0

1999

1
. 1A iz = 7Y
Bltwall + 5 llAews = yliz = 5255500

1999

1
e _ A_ —_ 2:7
Blwall + 5| Aews — [ = s

where each solution satisfies the optimality conditions in (52). We also provide a visualiza-
tion for the output functions of each solution in Figure 7, namely Solutionl and Solution2.

Remark 1 In fact, there exist infinitely many solutions to the reqularized training problem
discussed above, which can be analytically defined by the following weights and biases

w' =[11111-1-1-1-1-1,b* =210 —-c—1-10c¢12]
where ¢ can be arbitrarily chosen to satisfy 0 < ¢ < 1. As a numerical proof, we also provide

two additional examples with ¢ = 0.2 and ¢ = 0.8, i.e., Solutiond and Solution4, in Figure
7. These solutions also achieve the same objective value and their last layer weights are as
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follows
] 0 ] ] 0 ]
323691 /248000 167847,/116000
—7349999 /5208000 —1248409/1218000
—1039627,/1041600 —1058987/974400
w —4660169/5208000| | ~6500131/4872000
57| 667193,/248000 + 7| 295631/116000
—1810997/5208000 —25387/1218000
—199753/1041600 —99563,/974400
—795707 /5208000 —2082883 /4872000
0 0

This numerical observation can also be explained via our extreme point characterization in
(36), where the optimal bias can take one of infinitely many possible values in a certain
interval when ) ;. sv; = 0.

Proof of Corollary 5 Given A = ca’, all possible extreme points can be characterized
as follows

argmax |v! (Au+ b1)+ | = argmax |[v' (ca’u+ bl)Jr ]
bu:||ull2=1 byu(|ul[2=1

= argmax ) Z V; (ciaTu + b)Jr ‘
buifull2=1" ;"7

which can be equivalently stated as

argmax Z viciaTu + Z ;b s.t.

cgalu+b>0,VieS
buifulz=15cg €S

c;alu+b<0,vj €8’

_a_
l[all2

where s = 1. Thus, b must be in the range of [max;cs(—sc;l/al|2), minjese(—scjllal|2)]
Using these observations, extreme points can be formulated as follows

a . o . .
" — {”aQ if Y cqvici >0 and b, — {mlnjesc(svchaHg) if > icqvi>0 ?

which shows that u must be either positively or negatively aligned with a, i.e., u=-s

—2  otherwise

Tall2 max;es(—syci|lall2)  otherwise

where s, = sign(} ;g vici). [ ]

Proof of Lemma 9 Since y has both positive and negative entries, we need at least two u’s
with positive and negative output weights to represent y using the output range of ReLLU.
Therefore the optimal value of the ¢y problem is at least 2. Note that AAT = I, since A is
full row rank. Then let us define the output weights

wi = AT (y), |2
wy = —[|[AT(=y) [l
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Then note that

wi(Aw), +wy(Aw), = (AAT(y),), — (AAT(-y),),

—~
<
~—
+
~—
+
|
—~
—
<
SN——
+
~—
+

_l_
I
-
3

where the second equality follows from AA |

Proof of Lemma 10 We first provide the optimality conditions for the convex program
in the following proposition:

Proposition 3 Let U be a weight matriz for (4). Then, U € R&™ is an optimal solution
for the regqularized training problem if

da € R",w € R™ s.t. (AU)+W =y, (AU)ia = sign(w) (53)
and
max |af (Au) | <1. (54)
u: [[ufl2<1

These conditions follow from linear semi-infinite optimality conditions given in Theorem
7.1 and 7.6 of Goberna and Lépez-Cerdd (1998) for Farkas-Minkowski systems. Then the
proof Lemma 10 directly follows from the solution of minimum cardinality problem given
in Lemma 9.

Now we prove the second claim. For whitened data matrices, denoting the Singular
Value Decomposition of the input data as A = U where UTU = UU”T = I, since A is
assumed full row rank. Consider the dual optimization problem

T
max v 55
[vT (Au)4|<1, YueBs Y ( )

Changing the variable to u’ = Uu in the dual problem we next show that

max vy = X vly. (56)

y = ma
VT (w)4|<1, Vu'EB; (V) +1l2<L, [[(=v)+ll2<1

where the equality follows from the upper bound
Vi) < (VI < V)+ll2ll(@)4ll2 < 1) ]2

which is achieved when u’ = T W+ Similarly we have

(V)+ll2

v (W) < (T4 < V)l @) ll2 < (=942,

which is achieved when v’ = H((—i

V)++H2’ which verifies the right-hand-side of (56). Now note
that

vy < (WE®)+ + (V)

49



ERGEN AND PILANCI

Therefore the right-hand-side of (56) is upper-bounded by ||(y)+|l2+|(=¥)+||2- This upper-
bound is achieved by the choice

(¥)+ _ (=y)+
1)+l (=)l

vV =

since we have
Ty Y& Yy L 0i0)r | YRy
[)+llz 1=yl 1)+l [(=¥)+ll2

= 1) +llz + [[(=y)+l12-

Therefore the preceding choice of v is optimal. Consequently, the corresponding optimal
neuron weights satisfy

(=y)+
1(=y)+ll2

Changing the variable back via u = UTu’ = Afu’ we conclude that the optimal neurons
are given by

/ (y)—i—

u; = and uh =
)l 2

Af Af
m= AW g e, =AY

1) +1l2 I(=y)+l2"

or equivalently
At AT(—
w = (¥)+ and uy = - (=y)+ ’
[AT(y)+ll2 [AT(=y)+]l2

since A is orthonormal and yields the claimed expression. Finally, note that the corre-
sponding output weights are ||Af(y) |2 and ||AT(—y), |2, respectively. [ ]

Proof of Proposition 2 Since the constraint in (15) is bounded below and the hidden
layer weights are constrained to the unit Euclidean ball, the convergence of the cutting
plane method directly follows from Theorem 11.2 of Goberna and Lépez-Cerdd (1998). W

Proof of Theorem 5 Given a vector u we partition A according to the subset S =
{ila’u > 0}, where Agu = 0 and —Ageu = 0 into

_ | As
a-[2]

Here Ag is the sub-matrix of A consisting of the rows indexed by S, and S¢ is the comple-
ment of the set S. Consequently, we partition the vector (Au) as follows

(Au), = [ Aosu] .
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Then we use the block matrix pseudo-inversion formula (Baksalary and Baksalary, 2007)
_ f T
At =] (asp)! (asP)' |,
where Pg and Pgc are projection matrices defined as follows

Ps =1, AL(AsAL) 'Ag
Pse =T, — AL (AgeAL) A

Note that the matrices ASAE e RISIxISI AScAgc e RISIXI5°I are full column rank with
probability one since the matrix A € R"*? is i.i.d. Gaussian where n < d. Hence the
inverses (AsAg)f1 and (AScAgc)fl exist with probability one. Plugging in the above
representation in the spike-free condition we get

T
Af(Au), = (ASP§C) Agu.
Then we can express the probability of the matrix being spike-free as
P | max | AT (Au), [l2 > 1} —P [au € By | |Al(Au), |2 > 1}

)
<P [Elu c BQ,S - [’I’L] | ” <A5P§c) ASuHQ > 1:| .

Finally, observe that Pge € R%*? is a uniformly random projection matrix of subspace of
dimension |S| < n. Therefore as d — oo, we have Péc — 14, and consequently

: 1\f T
lim || (AsP:) Asuls = [ALAsulz,
d—o0
with probability one, and we have

T
lim P [Elu € By, SCn] || (ASP;) Aguls > 1] = 0.

d—o0

Proof of Theorem 6 Since each sample a; is a vertex of C,, we can find a separating
hyperplane defined by the parameters (u;, b;) so that aJTuj—i—bj > (0 and aZTuj+bj <0,Vi #j.
Then, choosing {(u;,b;)}}_; yields that (AU + 1b”), is a diagonal matrix. Using these
hidden neurons, we write the constraint of (4) in a more compact form as

(AU + 1bT)+W =Y,

which is a least squares problem with a full rank square data matrix. Therefore, selecting
w = ((AU + 1b7), )ty along with U and b achieves a feasible solution for the original
problem, i.e., 0 training error. [ |
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Proof of Theorem 7 Let us define the distance of the i*" sample vector to the convex
hull of the remaining sample vectors as d;

A . .
di = min ||a, — E aijHQ = min ||ATZ||2
zeR™: — zZER™ :
Zj;éi zj=1 J# Zj;éi zj=1
z>=0 z=0,2;,=—1
= min max vI ATz
zeR":  vi|v]2<1
i %=1
z=0,2;,=—1

Using Gordon’s escape from a mesh theorem (Gordon, 1988; Ledoux and Talagrand, 2013),
we obtain the following lower-bound on the expectation of d;

Ed; >E min max hTVHZHQ + zTg
z€R™:  v:[|v]2<1
A R
2j20,2;=—1

=E i h T
min  [hllalz] +2"g
Zj;éizj:]'
2;20,2;=—1

> Vd||z|

o—E max g¢g;+ ¢g;
jeimges? T F

n|,J7#1

2\\/{%—\/210g(n—1), (57)
where h € R? and g € R are random vectors with i.i.d. standard Gaussian components,
and the second inequality follows from a well-known result on finite Gaussian suprema
(Ledoux and Talagrand, 2013). Therefore, the expected distance of the it" sample to the
convex hull is guaranteed to be positive whenever d > 2nlog(n — 1). Note that the lower
bound (57) is vacuous for d < 2nlog(n — 1) since the random variable d; can only take
non-negative values.
The distance d; is a Lipschitz function of the random Gaussian matrix A. This can be
seen via the following argument

min  ||[ATz|; — min ||ATz|; < min | (A — AT)ZHQ
zER™ : z€ER™ : zER™:
Zj;éi zj=1 Zj;éi zj=1 Zj;ﬁi zj=1
ZjZO,Zi:—l ZjZO,Zi:—l ZjZO,Zi:—l
<|(A - A
<I(A-A) max |zl
2j¢i zj=1
ijo,ziz—l

<[(A=A)|r max |z[h
zeR

Zj;&i Zj.zl
2;20,z;=—1
<2[(A—-A)|Fr

Applying the Lipschitz concentration for Gaussian measure (Ledoux and Talagrand, 2013)
yields that

P[d; > Vd — \/2nlog(n — 1) — 1] > 1 —2¢74/2.
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Therefore, we have d; > 0 for d > 2nlog(n — 1) with probability exceeding 1 — 2e~t*/2,

Taking a union bound over every index i € {0, ...,n}, we can upper-bound the failure prob-
ability by 2ne~*"/2. Choosing 2 = 4log(n — 1) will yield a failure probability O(1 /n) and
conclude the proof. |

11.3 Proofs for the results in Section 4

Proof of Theorem 8 The equivalence of weight decay and ¢; regularized problems in
the theorem statement follows from the scaling argument as in the proofs of Lemma 1 and
2. The rest of the proof follows a similar argument as in the proof of Theorem 1. We
reparameterize (16) as follows

1 ,
min |3+ 8wl st. r = (AU) w —y, [lujf2 < 1,75
r,0co 2

Then taking the convex dual of the above problem with respect to the second layer weights
yields the claimed form. |

Proof of Theorem 9 Let us first restate the dual problem as
1 1
max [V = y[3 + 3 ly[3 s.t. max|v'(Au) | < 5. (58)
Since A is whitened such that AAT = I,,, (58) can be rewritten as follows
1 2, Ly 1o
max — v = y1} + 5 I¥15 s:t. max {J|(v) o, |( = V) , 12 < 5.

The problem above has a closed-form solution in the following form

e e e L (SN RN

- 6”(_)I)J|2 if 8 > H(y)+H27 B < (_y)—f—H2

NP S L (N RN [CONE

y if 8> 11(y),ll2s 8> 1(=¥),ll2

and the corresponding extreme points for the two-sided constraint in (58) are

(i((yy)):na’ :T((_yy));) HA<NO) M B<N(=9). 1

— ”::((_yy))Jb it B> [1(y) 2 8= (=y),ll2
Igﬁ}Q it 5 < 1(y), o 8> 1), I

0 i85 1), o 85 (=),
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Now, we first substitute each case into the primal problem 16 and then take the derivative
with respect to the output layer weights w. Since this is a linear unconstrained least squares
optimization problem, which is convex, we obtain the following closed-form solutions for
the output layer weights

AT (y) lla =5 48 < -
!_‘AT( W)l + 8 £8<N(y) N2 B<I(=y) 2
wh = -ﬂAWY)h+5 it B> (y),lles 8<M(=y),ll2-
AT (y), I — 8 it 8<1(y) M2, 8> 1(=y),l2
(¥) 4 (-¥),

0 if B> ([(y) ll2; B> |

y H2

Proof of Theorem 10 The proof follows from a similar argument as in the proof of
Theorem 1 and 8. We first put (18) into the following form

n
. T . .
5{2&%;& + Blwll s.t. & >0, & > 1 —yi(a; U)pw, Vi, [lujll2 < 1,Vj.
1=
Then taking the dual of the above problem yields the claimed form. |

Proof of Theorem 12 Since A is whitened, as a direct consequence of Theorem 9 and 10,
we rewrite the dual problem as

m\z}vay s.t. max |\(V)+||2, (- v)+||2 < B, (59)

which has the following optimal solution

and the corresponding extreme points are

e [ A6, A*<—y>+]:[~<y>+ A (),

lat(y) 2 1At(=y), Il e T

where n, and n_ are the number of samples with positive and negative labels, respectively
and the second equality follows from y; € {£1}. If we substitute U* into (18) and take
derivative of the objective with respect to the output layer weight w, we obtain the following
optimality conditions

0 € Omax{0,/ny —w;} /nx + BO|wi|

0 € dmax {0, /A~ + ws} \/n- + B0|wa] (60)
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Therefore, the optimal solutions are

we[0,,/ny] ifB=/nt we [-/n=,0] if f=,/n"
wy = Vg if < ny , w2= —/n= if g <(m- .
0 if 8> /ny 0 if 8> /n-

Proof of Theorem 13 The proof follows from classical Fenchel duality (Boyd and Van-
denberghe, 2004), and a similar argument as in the proof of Theorem 1 and 8. We first
describe (19) in an equivalent form as follows

min ((z,y) + Blwl st. 2= (AU)sw, Jujls < 1%,

Then the dual function is

o(v) = min ((z.y) ="z + VT (AU)w + Blwll st |[uyl2 < 1,%.

Therefore, using the classical Fenchel duality (Boyd and Vandenberghe, 2004) yields the
proposed dual form. |

Proof of Lemma 11 For any 6 € ©, we can rescale the parameters as i, = «oju; and
w; = w;/a;, for any o; > 0, where u; and w; are the 4t column and row of U and W,
respectively. Then, (1) becomes

m

fo(A) = Z (Au;)4 Z (ajAuy)y
7=1

T m
=1 ‘

Z(Auj)+WJ-T7

J=1

which proves fy(A) = f3(A). In addition to this, we have the following basic inequality

m m
> w3+ [ l3) Z (Iw;ll2 fujll2),
j=1 =1

RTINS
where the equality is achieved with the scaling choice a; = (%)2 Since the scaling
operation does not change the right-hand side of the inequality, we can set lujll2 = 1,Vj.
Therefore, the right-hand side becomes > 7, [|w; 2. [ |
Proof of Corollary 11 The proof directly follows from the proof of Corollary 3. |
Proof of Corollary 12 The proof directly follows from the proof of Corollary 5. |
Proof of Theorem 14 Proof directly follows from Corollary 11 and 12. |
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Proof of Theorem 15 We first apply the scaling in Lemma 11 and then restate the dual
problem as

1 1
max 3|V = Y[+ SY[F st max ||V (Au), |l < 5. (61)

Since A is whitened such that AAT =1,, and Y is one hot encoded, (61) can be rewritten
as follows

1 1
D i=mgx—2 [V = Y3 + 5[V st. max [V7ul> < 6. (62)
The problem above has a closed-form solution as follows

yill2

Y if B < .
vi= A<Ml g e g (63)
Y otherwise

and the corresponding extreme points of the constraint in (62) are

Aly; :

2l if B < ||y,

u; = ATy;l2 ps |.]y]||2 , Yy € ol (64)
— otherwise

Now let us first denote the set of indices that yield an extreme point as £ := {j : f <
llyjll2,7 € [o]}. Then we compute the objective value for the dual problem in (62) using
the optimal parameter in (63)

1., 1
D:—§||V —Y||%+§HY”%

1 1 <
=-3 Z(B — lly;sll2)* + 3 Z ly;l3
j=1

jeE

1 1
= *552|5|+5ZHYJ||2+§ZHYJ||§~ (65)

je€ J¢E

Next, we restate the primal problem as follows

1 & .
P = max | (AU), W = Y3 + 8D llwyll2 s.t. [Juyll < 1,5 € [o], (66)
) =

and then solve it using the optimal hidden layer weights in (64), which yields the following
optimal solution

YRS .
— otherwise

Aly; . . : )
(uf, w) = {<||A*yyj||z’<”yﬂ‘|2 ~B)es) it 5 <yl . Vel (67)
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Evaluating the primal problem objective with the parameters (67) gives

1 * * *
= SI(AU"), W - Y]} +ﬁZ; W}l
JjE€

1 yi

Jjee€ ]65
1 R/
jEE Yill2 jee
1
— 1%+ 5Zuyjr\% +5Z 15512 (68)
j¢E JjEE

which has the same value with (65). Therefore, strong duality holds, i.e., P = D, and the
set of weight in (67) are optimal for the primal problem (66). We also note that since Y is
one hot encoded, (67) can be equivalently stated as

(uf, W) = {<IATy I (\ﬁ 5) eﬂ) N ] (69)

] ) . )
otherwise

where n; is the number samples in the Gt class. |

Proof of Lemma 12 The proof is a straightforward generalization of the scalar output
case in Lemma 9. |

Proof of Lemma 13 The proof is a straightforward generalization of the scalar output
case in Lemma 10. |

12. Polar convex duality

In this section we derive the polar duality and present a connection to minimum ¢; solutions
to linear systems. Recognizing the constraint v € Qa can be stated as

veQL, ve—0L,
which is equivalent to
veQaN—0Q;i.

Note that the support function of a set can be expressed as the gauge function of its polar
set (see e.g. Rockafellar (1970)). The polar set of Q4 N —Q4 is given by

(QaN—0Q%)° =conv{Qa U—0Qa}.
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Using this fact, we express the dual problem (12) as

D* =inf t (70)
teR

s.t.ye€ tconV{QA U —QA} )

where conv represents the convex hull of a set.
Let us restate dual of the two-layer ReLU NN training problem given by

maxvlyst. veE Qi , —veEQx (71)
v

where QF is the polar dual of Q4 defined as Q3 = {viviu<1Vu € Qa}.

Remark 2 The dual problem given in (71) is analogous to the convex duality in minimum
£1-norm solutions to linear systems. In particular, for the latter it holds that

min ||wl|; = max vy,
w:Aw=y veconv{ai,...,aq}°, —veconv{ai,...,a4}°

where a1, ...,a4 are the columns of A. The above optimization problem can also be put in

the gauge optimization form as follows.

i =inf t s.t. t +ap, ..., +a
wggl:waHl inf ¢ s y € tconv{tay, ..., ta,},

which parallels the gauge optimization form in (70).
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