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Abstract

Generalized likelihoods are commonly used to obtain consistent estimators with attractive
computational and robustness properties. Formally, any generalized likelihood can be used
to define a generalized posterior distribution, but an arbitrarily defined “posterior” cannot
be expected to appropriately quantify uncertainty in any meaningful sense. In this article,
we provide sufficient conditions under which generalized posteriors exhibit concentration,
asymptotic normality (Bernstein—von Mises), an asymptotically correct Laplace approxi-
mation, and asymptotically correct frequentist coverage. We apply our results in detail
to generalized posteriors for a wide array of generalized likelihoods, including pseudolike-
lihoods in general, the Gaussian Markov random field pseudolikelihood, the fully observed
Boltzmann machine pseudolikelihood, the Ising model pseudolikelihood, the Cox propor-
tional hazards partial likelihood, and a median-based likelihood for robust inference of
location. Further, we show how our results can be used to easily establish the asymptotics
of standard posteriors for exponential families and generalized linear models. We make no
assumption of model correctness so that our results apply with or without misspecification.
Keywords: Bayesian theory, consistency, misspecification, pseudolikelihood, robustness

1. Introduction

Many statistical estimation methods are based on maximizing a generalized likelihood func-
tion such as a pseudolikelihood, partial likelihood, or composite likelihood. Generalized
likelihood functions are often advantageous in terms of computation or robustness while
still having consistency guarantees, even though they do not necessarily correspond to the
standard likelihood of a probabilistic model.

Formally, any generalized likelihood can be used to construct a generalized posterior
proportional to the generalized likelihood times a prior. Generalized posteriors have been
proposed based on a variety of generalized likelihoods, including composite likelihoods
(Smith and Stephenson, 2009; Pauli et al., 2011; Ribatet et al., 2012; Friel, 2012), re-
stricted likelihoods (Pettitt, 1983; Doksum and Lo, 1990; Hoff, 2007; Lewis et al., 2014),
partial likelihoods (Raftery et al., 1996; Sinha et al., 2003; Kim and Kim, 2009; Ventura and
Racugno, 2016), substitution likelihoods (Lavine, 1995; Dunson and Taylor, 2005), modular
likelihoods (Liu et al., 2009; Jacob et al., 2017), quasi-likelihoods (Ventura et al., 2010),
generalized method of moments likelihoods (Yin, 2009), loss-based likelihoods (Jiang and
Tanner, 2008; Zhang, 2006; Bissiri et al., 2016), and more.
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Generalized posteriors have been used in a range of applications, including spatial statis-
tics (Ribatet et al., 2012), social networks (Friel, 2012), neural networks (Hyvéarinen, 2006),
protein modeling (Zhou and Schmidler, 2009), computer model emulators of physical pro-
cesses (Liu et al., 2009), copula models (Hoff, 2007), survival analysis (Raftery et al., 1996),
infrastructure networks (Bouranis et al., 2017), longitudinal studies (Yin, 2009), and sur-
vey sampling (Williams and Savitsky, 2018). Although various theoretical guarantees have
been provided in various cases, bespoke theory has been needed to verify whether a given
generalized posterior will be valid for statistical inference.

In this article, we provide new theoretical results on the asymptotic validity of general-
ized posteriors. We provide a range of sufficient conditions for concentration (Section 2),
Bernstein—von Mises asymptotic normality and the Laplace approximation (Section 3), and
asymptotic frequentist coverage of credible sets (Section 4) for generalized posteriors. For
generalized posteriors derived from composite likelihoods—a large class covering essentially
all the examples in this article—we informally discuss what can be expected in terms of con-
sistency and coverage (Section 5). We show how our results can easily be applied to many
standard posteriors, including i.i.d. exponential family models and (non-i.i.d.) generalized
linear models for regression (Section 6). We then apply our results to generalized posteriors
for an array of generalized likelihoods, including pseudolikelihoods in general, the Gaussian
Markov random field pseudolikelihood, the fully observed Boltzmann machine pseudolike-
lihood, the Ising model pseudolikelihood, the Cox proportional hazards partial likelihood,
and a median-based likelihood for robust inference of location (Section 7). Finally, we
provide a discussion of previous work (Section 8).

1.1 Novelty and Overview of the Results

In some sense, new Bernstein—-von Mises (BvM) theorems are never surprising since they
only verify what we already expect to happen if things are sufficiently nice. Thus, the utility
of a BvM result is directly related to the ease and generality with which it can be applied.
The main novelty of this article is that we provide results that are not only general, but are
also relatively easy to apply in practice.

More specifically, the results in this article are novel in the following respects: (a) we
provide rigorous results on generalized posteriors for non-i.i.d. data without any assumption
of model correctness (in fact, in our main results, we do not even require there to be a
probability model—true or assumed), (b) we provide sufficient conditions that are relatively
easy to verify when they hold, and (c¢) we apply our results to a number of non-trivial
examples, providing precise and concrete sufficient conditions for each example.

Standard BvM theorems are only applicable to standard posteriors under correctly speci-
fied i.i.d. probabilistic models (Van der Vaart, 2000; Ghosh and Ramamoorthi, 2003). Kleijn
and Van der Vaart (2012) generalize by establishing a Bernstein—von Mises theorem under
misspecification, but their result still only applies to standard posteriors, and they focus
mainly on the i.i.d. case. In contrast, our main results in Sections 2 and 3 do not in-
volve a probability model at all and are applicable to arbitrary distributions of the form
T (0) o< exp(—nfn(0))m(0), where m and the sequence of functions f,, are required to satisfy
certain conditions. By treating the problem in this generality, we provide results for i.i.d.
and non-i.i.d. cases with or without misspecification; see the examples in Sections 6 and 7.
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Additionally, BvM theorems often only show that the total variation distance converges to
zero in probability; in contrast, we prove it converges to zero almost surely.

For generalized posteriors, much of the previous work on asymptotic normality tends to
rely on unspecified regularity conditions or only establishes weak convergence, that is, con-
vergence in distribution (Doksum and Lo, 1990; Lazar, 2003; Greco et al., 2008; Pauli et al.,
2011; Ribatet et al., 2012; Ventura and Racugno, 2016). In contrast, we show convergence
in total variation distance and we provide rigorous results with all assumptions explicitly
stated. Further, the usual regularity conditions in previous work include an assumption of
concentration (Bernardo and Smith, 2000); in contrast, we prove concentration.

In general, we make no assumption of model correctness. However, to ensure that a
generalized posterior is doing something reasonable, it is desirable to have a guarantee of
consistency—that is, concentration at the true parameter—if the assumed model is correct
or at least partially correct. To this end, in Section 5 we show that for any composite
likelihood derived from a correct model, the resulting generalized posterior concentrates at
the true parameter under fairly general conditions. Since many generalized likelihoods can
be viewed as composite likelihoods, this establishes consistency in a wide range of cases.
On the other hand, it is well-known that—except in special circumstances—the asymptotic
frequentist coverage of composite likelihood-based posteriors is typically incorrect unless an
adjustment is made (Pauli et al., 2011; Ribatet et al., 2012); see Section 5 for more details.

For each main result in Sections 2 and 3, we provide a range of alternative sufficient
conditions, from more abstract to more concrete. The more abstract versions are more
generally applicable, whereas the more concrete versions have conditions that are easier to
verify when applicable. For instance, Theorem 4 is an abstract BvM theorem involving a
quadratic representation condition; meanwhile, Theorem 5 is a more concrete BvM theorem
involving conditions on derivatives that are roughly analogous to the conditions in classical
BvM theorems. We also provide versions of the theorems based on convexity of f,, see
Theorems 3(3) and 5(2), which is usually easy to verify when it applies and simplifies the
other required conditions.

See Section 8 for a detailed technical discussion of how our assumptions, results, and
proof techniques compare with those in previous work.

2. Posterior Concentration

Theorem 2 is a general concentration result for generalized posteriors II,, on a measurable
space (©,.4). The basic structure of the proof of Theorem 2 follows that of Schwartz’s
theorem (Schwartz, 1965; Ghosh and Ramamoorthi, 2003). Although Theorem 2 is use-
ful for theoretical purposes, in practice, one typically needs to establish concentration on
neighborhoods in a relevant topology on ©. To this end, Theorem 3 provides a range of
sufficient conditions for concentration on metric space neighborhoods of a point 6y € ©.

Condition 1 Let f, : © — R for n € N be a sequence of functions on a probability space
(©,AII). For all n, assume z, < 0o where z, = [gexp(—nf,(0))IL(dF), and define the
probability measure

I1,,(d0) = exp(—nfn(0))I1(dO)/zy,.
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Throughout, all arbitrarily defined functions and sets are assumed to be measurable, and
we denote N = {1,2,...}. Here, exp(—nf,(0)) is interpreted as the “likelihood”, possibly
in some generalized sense, II is the “prior”, and II,, is the “posterior”.

Our main theorems in Sections 2 and 3 do not involve a probability model and do
not even require that there be data. Instead, our results apply to arbitrary deterministic
sequences of distributions II, satisfying certain conditions. Consequently, the mode of
convergence in these theorems is not probabilistic in any sense. In the applications in
Sections 6 and 7 that involve probability models, we show that the conditions hold with
probability 1, and in this way we obtain almost sure convergence.

Theorem 2 Assume Condition 1. If 6y € © and there exists f : © — R such that
(1) fn(0) = f(0) asn — oo for all 6 € O,
(2) TI(A:) > 0 for alle > 0, where A, ={0 € O : f(0) < f(6y) + ¢}, and
(3) liminf, infocsc fn(€) > f(6o) for all € >0,

then 11,,(A:) — 1 as n — oo, for any € > 0.

See Section A for the proof. In Section 8, we discuss the interpretation of this result in
relation to Schwartz’s theorem. When © is a metric space, the collection of functions (f,)
is said to be equicontinuous if for any € > 0 there exists § > 0 such that for all n € N,
0,0 € ©,if d(6,0") < & then | f,,() — fn(0')] < . For a function f : E — R where E C RP,
we denote the gradient by f/(6) (that is, f(0) = (g—gi(@))f;l € RP) and the Hessian by

f"(6) (that is, f"(9) = (%(0))5221 € RP*P) when these derivatives exist. We use the
following definition of convexity to allow the possibility that the domain E C RP is non-
convex: f: E — Ris conver if for all 6,6’ € FE and all ¢ € [0, 1] such that t0+ (1 —1¢)0' € E,

we have f(t0 + (1 —¢)0") <tf(0)+ (1 —1t)f(0).

Theorem 3 Assume Condition 1. Suppose (0,d) is a metric space and A is the resulting
Borel sigma-algebra. Fiz 0y € © and denote N. = {6 € © : d(0,6p) < e}. IfII(N:) > 0 for
alle > 0, fr, = f pointwise on © for some f: O — R, and any one of the following three
sets of assumptions hold, then for any e > 0, I1,(N:) — 1 as n — oo.

(1) f is continuous at 0y and liminf, infgc e f,(0) > f(6o) for all e > 0.

(2) (fn) is equicontinuous on some compact set K C ©, 0y is an interior point of K,
f(8) > f(0o) for all 0 € K\ {6y}, and liminf, infoc e frn(0) > f(6o).

(3) fn is convex for each n, © C RP with the Euclidean metric, 6y is an interior point of
O, and either

(a) f(8) > f(bo) for all 0 € O\ {0}, or
(b) [ exists in a neighborhood of 6y, f'(60) = 0, and f"(0y) exists and is positive
definite.

Further, 2 =1 and 8 =1 under the assumptions of the theorem.
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See Section A for the proof. Note that if © is compact, then case 2 with K = ©
simplifies to (f,) being equicontinuous and f(€) > f(6y) for all § € © \ {fp}. This can be
used to prove consistency results based on classical Wald-type conditions such as in Ghosh
and Ramamoorthi (2003, Section 1.3.4).

3. Asymptotic Normality and the Laplace Approximation

Theorem 4 establishes general sufficient conditions under which a generalized posterior
exhibits asymptotic normality and an asymptotically correct Laplace approximation, along
with concentration at 6. As in Section 2, () can be interpreted as the prior density and
Tn(0) o exp(—nfn(0))m(0) can be thought of as the “posterior” density. The points 6,
can be viewed as maximum generalized likelihood estimates. The proof of Theorem 4 is
concise, but some of the conditions of the theorem are a bit abstract. Thus, we also provide
Theorem 5 to give more concrete sufficient conditions which, when satisfied, are usually
easier to verify. Theorem 5 is the main result used in the examples in the rest of the paper.

We remphasize that unlike previous work on BvM, the results in this section only involve
conditions on f,, and 7, and do not involve any assumptions at all regarding the data; indeed,
we do not even require that there be any data. Thus, the limits in these theorems are not
probabilistic in any sense—they are simply limits of deterministic sequences. When we
apply the theorems to statistical models in Sections 6 and 7, we handle the randomness in
the data by showing that the conditions of the theorems hold almost surely, which implies
almost sure convergence.

We also highlight two supporting results that are employed in the proof of Theorem 5.
Theorem 6 provides concrete sufficient conditions under which the quadratic representation
(assumption 1) in Theorem 4 holds. Theorem 7 is a pure real analysis result on uniform
convergence of f,,, f/, and f//, which we believe is interesting in its own right.

Given 29 € RP and r > 0, we write B,(xg) to denote the open ball of radius r at zo,
that is, B.(w) = {x € RP : |z — x| < 7}. We use |- | to denote the Euclidean norm. Given
positive sequences (a,) and (by,), we write a, ~ b, to denote that a, /b, — 1 as n — oo.
We write V(x| u, C) to denote the normal density with mean p and covariance matrix C.

Theorem 4 Fiz 6y € RP and let 7 : RP — R be a probability density with respect to
Lebesgue measure such that w is continuous at 6y and 7(6p) > 0. Let f, : RP — R for
n € N and assume:

(1) fn can be represented as
fa(0) = [0(6n) + 5(0 — 6,)"Hn(0 — 0,,) + 70 (0 — 65,) (3.1)

where 6, € RP such that 0, — 0y, H, € RP*P symmetric such that H, — H,
for some positive definite Hy, and r, : RP — R has the following property: there
exist £9,co > 0 such that for all n sufficiently large, for all x € Bg,(0), we have
Irn ()] < colz|?; and

(2) for any e > 0, liminf, infoep. (6, (fn(O) - fn(Hn)) > 0.
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Then, defining zn, = [pp exp(—nfn(0))m(0)d0 and m,(0) = exp(—nfn(0))7w(0)/zn, we have
fBE(GO)wn(H)dO — 1 for all e > 0, (3.2)

that is, m, concentrates at 6,

(3.3)

n

exp(—nfn(6n))m(6o) (21) D/2
| det Hol|/2 n

asn — oo (Laplace approximation), and letting g, be the density of /n(0—0,,) when 6 ~ m,,

o

that is, g, converges to N (0, Ho_l) in total variation.

qn(x) — N (x| O,Ho_l) dx —— 0, (3.4)

n—oo

See Section B for the proof. The virtue of Theorem 4 is not its technical depth—indeed,
it is fairly straightforward to prove using the generalized dominated convergence theorem.
Rather, the utility of this result is that it is formulated in such a way that it can be
broadly applied to generalized posteriors. In Section 8, we compare Theorem 4 to previous
Bernstein—von Mises results.

Roughly speaking, assumption 1 of Theorem 4 is that f,(0) can be approximated by a
quadratic form in a neighborhood of 6,,. This is similar to a second-order Taylor expansion
where the constants in the bound on the remainder (namely, £¢ and ¢) need to work for all n
sufficiently large; however, unlike in Taylor’s theorem, differentiability of f,, is not assumed.
Since 6, — 6y, the idea of assumption 1 is that the log posterior density approaches a
quadratic form near #y. The assumption that Hy is positive definite is necessary to ensure
that in the limit, the exponentiated quadratic form can be normalized to a probability
density, namely, N (z | 0, Hy ). Note that in the special case of a correctly specified i.i.d.
probability model, Hy typically coincides with the Fisher information matrix at 6.

Assumption 2 of Theorem 4 ensures that, asymptotically, the posterior puts negligible
mass outside a neighborhood of 6y, and thus, the locally normal part near 6y is all that
remains in the limit. Assumption 2 is stronger than necessary, but it is not clear how to
adapt the usual probabilistic separation conditions (such as uniformly consistent tests) to
generalized posteriors, especially since we seek almost sure convergence.

Throughout, we use the Euclidean-Frobenius norms on vectors v € R”, matrices M €
RP*D and tensors T € RP?| that is, |v] = (S, oD)V2 M| = (i Mij)l/Q, and ||T|| =
(EZ ik Tfjk)l/ 2. Convergence and boundedness for vectors, matrices, and tensors is defined
with respect to these norms. A collection of functions h, : £ — F, where F' is a normed
space, is uniformly bounded if the set {||h,(z)|| : * € E, n € N} is bounded, and is pointwise
bounded if {||h,(z)|| : n € N} is bounded for each x € E. Let f”(f) denote the tensor of

third derivatives, that is, f"'(6) = (aei%jaek(ﬁ))%k:l € RP?

Theorem 5 Let © C RP. Let E C © be open (in RY) and bounded. Fiz 6y € E and
let m : © = R be a probability density with respect to Lebesque measure such that w is
continuous at 0y and w(0y) > 0. Let f, : © — R have continuous third derivatives on E.
Suppose fn, — [ pointwise for some f : © — R, f"(6y) is positive definite, and (f)) is
uniformly bounded on E. If either of the following two assumptions is satisfied:
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(1) f(0) > f(0o) for all® € K\{6o} and liminf,, infoco\ g fn(0) > f(6o) for some compact
K C E with 6y in the interior of K, or

(2) each f, is convex and f'(6y) =0,

then there is a sequence 0, — 0y such that f](0,) =0 for all n sufficiently large, f,(6y) —
f(00), Equation 3.2 (concentration at 0y ) holds, Equation 3.5 (Laplace approzimation) holds,
and Equation 3.4 (asymptotic normality) holds, where Hy = f"(6p). Further, 2 =1 under
the assumptions of the theorem.

See Section B for the proof. While Theorem 4 is more general, Theorem 5 provides
conditions that are easier to verify when applicable. The set E simply serves as a neigh-
borhood of 6y on which f,, is well-behaved. The assumption that f”(6y) is positive definite
ensures that f is locally convex at 6y, but not necessarily globally convex. See Section 8 for
comparison with previous work. The following result is used in the proof of Theorem 5.

Theorem 6 Let E C RP be open and convex, and let 6y € E. Let f, : E — R have
continuous third derivatives, and assume:

(1) there exist 6,, € E such that 6,, — 0y and f),(0,) =0 for all n sufficiently large,
(2) fl'(60) — Ho as n — oo for some positive definite Hy, and
(3) (f) is uniformly bounded.

Letting Hy, = f/(0,), assumption 1 of Theorem 4 is satisfied for all n sufficiently large.

See Section B for the proof. The main tool used in the proof of Theorem 5 is the
following result, which provides somewhat more than we require. A collection of functions
h, : E — F, where E and F are subsets of normed spaces, is equi-Lipschitz if there exists
¢ > 0 such that for all n € N, z,y € E, we have ||h,(z) — hp(y)|| < cl|z —y]|.

Theorem 7 (Regular convergence) Let E C RP be open, conver, and bounded. For
n €N, let f, : E — R have continuous third derivatives, and suppose (f}") is uniformly
bounded. If (f,) is pointwise bounded, then (f,), (f}), and (f}!) are all equi-Lipschitz and
uniformly bounded. If f, — f pointwise for some f: E — R, then [’ and f" exist, f, — f
uniformly, fl — [ uniformly, and f] — f" uniformly.

Note that if f,, — f pointwise then (f,,) is pointwise bounded; thus, if f,, — f pointwise
then we also get the equi-Lipschitz and uniform bounded result. See Section C for proof.

4. Coverage

For a generalized posterior to provide useful quantification of uncertainty, it is important
that it be reasonably well-calibrated in terms of frequentist coverage. Ideally, we would like
I1,, to have correct frequentist coverage in the sense that posterior credible sets of probability
p have frequentist coverage p. Obviously, an arbitrarily chosen generalized posterior cannot
be expected to have correct coverage. Thus, in Theorem 8, we provide simple conditions
under which a generalized posterior has correct frequentist coverage, asymptotically.
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Unfortunately, it seems that, like misspecified models, many common choices of gen-
eralized posterior do not exhibit correct coverage, even asymptotically. In Section 5.2, we
discuss why this problem occurs in the context of composite likelihood-based posteriors,
which is a very general class that includes nearly all of the examples in this paper. Due to
this, we do not apply our main coverage result (Theorem 8) to the examples in Sections 6
and 7 for the simple reason that we do not expect it to hold, except under correct speci-
fication or in special circumstances. Nonetheless, we present the theorem here in order to
help find those special circumstances when they do arise, and to provide a foundation for
future work that may generalize upon this result. For instance, having correct coverage
for each univariate component of the parameter, marginally, rather than jointly, is a less
stringent property that would still be very useful in practice. Alternatively, one could aim
for conservative coverage, which would be more achievable as well.

To interpret Theorem 8, we think of 6, as a maximum generalized likelihood estimate,
O as the “true” parameter we want to cover, I, as the generalized posterior distribution,
S, as a credible set of asymptotic probability p, @), as a centered and scaled version of
II,,, and R, as a centered and scaled version of S,,. Roughly, the theorem says that if
@, converges in total variation to the asymptotic distribution of —y/n(6, — 6y), and R,
converges pointwise, then asymptotically, .S,, contains the true parameter 100p percent of
the time. In other words, if the conditions of the theorem hold, then asymptotically, 11,, has
correct frequentist coverage in the sense that posterior credible sets of probability p have
frequentist coverage p.

Typically, when things work out nicely, 6, is y/n-consistent and asymptotically normal
and a BvM result holds for II,,, in which case the result says that II,, has correct coverage
asymptotically if the covariance matrices of these two normal distributions are equal. In
other words, if /(0 — 0p) = N'(0,C1) and Q,, — N(0,C3) in total variation distance,
then II,, has correct asymptotic frequentist coverage if C; = Cs. In this case, the only other
condition is that R, converges to a set R with finite nonzero Lebesgue measure, because
it is guaranteed that Q(OR) = 0. (Note that if X ~ N(0,C4) then —X ~ N(0,C}) also.)
This result is precisely what one would expect; thus, the purpose of the theorem is to make
this rigorous under easy-to-verify conditions.

We give RP the Euclidean topology and the resulting Borel sigma-algebra, B, and we
use m(-) to denote Lebesgue measure on RP. We write R to denote the boundary of a set
R € RP, that is, R = R\ R°, where R is the closure and R° is the interior of R. Given
R, Ry, Ry, ... C RP we write R,, — R to denote that for all z € RP 1(z € R,) — 1(z € R)
as n — co. Define d(z, A) = infyc4 ||z — y| for z € RP and A C RP.

Theorem 8 Let 61,0,,... € R be a sequence of random vectors, and let 6y € RP be fized.
Let T11, 1y, ... be a sequence of random probability measures on RY, possibly dependent on
61,65,.... Let S1,S0,... C RP be a sequence of random convex measurable sets such that
0,(S,) 22 p for some fized p € (0,1). For A € B, define Q,(A) = [1(vn(0 —6,) €
A)IL,(df) and define R, = {\/n(0 — 6,) : 0 € S,}. Suppose there is a fized probability
measure Q and a fized set R C RP such that

(1) —v/n(6, — 6p) D Q asn— oo (where D, denotes convergence in distribution),

(2) supsep |Qn(A) — Q(A)| 2230 as n — oo (that is, Qn >3 Q in total variation),
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(3) Ry 2% R asn — oo (that is, a.s., for allz € RP, 1(z € R,) — 1(x € R)), and
(4) Q(OR) =0 and 0 < m(R) < oo, where m denotes Lebesque measure on RP.

Then P(6y € Sp) — p as n — oo.

See Section D for the proof. If @) has a density with respect to Lebesgue measure, then
the condition that Q(OR) = 0 is automatically satisfied, since the assumptions imply that
R is convex and thus m(90R) = 0. In Theorem 8, the assumption that the confidence sets
Sy, are convex is not essential. The only place that convexity is used is to ensure that the
conclusion of Lemma 10 holds. Indeed, Theorem 8 still holds if S1, Ss, ... are not assumed
to be convex and assumption 3 is replaced by the conclusion of Lemma 10 (that is, for any
e>0,if A={r €RP :d(xz,R°) > ¢} and B = {x € R : d(z,R) < €} then for all n
sufficiently large, A C R,, C B). We chose to state the theorem in this way because credible
sets are often convex by construction, and pointwise convergence of R, to R is considerably
easier to verify than the conclusion of Lemma 10. The following lemmas are used in the
proof of Theorem 8, and may be useful in their own right. See Section D for their proofs.

Lemma 9 Let X, Xo,... € RP be random vectors such that X, R) X for some random
vector X. Let Ri,Ro,... C RP be random convex measurable sets, possibly dependent on
X1, Xa,.... Assume there exists some fized R C RP with 0 < m(R) < oo and P(X € OR) =
0 such that R, — R almost surely as n — oo. Then P(X,, € R,) —» P(X € R) as n — oo.

The probability P(X,, € R,) should be interpreted as [ 1(X,(w) € Ry(w))P(dw), that
is, X,, and R,, are jointly integrated over and P(X,, € R;,) is a non-random quantity.

Lemma 10 Let R, Ro,... C RL be convex sets. Assume R,, — R for some R C RL with
0 < m(R) < co. Foranye >0, if A= {x € RP : d(z,R°) > ¢} and B = {x € RP :
d(xz, R) < e} then for all n sufficiently large, A C R,, C B.

5. Composite Likelihood-based Posteriors

Composite likelihoods (CLs) (Lindsay, 1988) represent a large class of generalized likelihoods
that encompasses essentially all of the examples in Sections 6 and 7. The theory of maximum
composite likelihood estimation is well-established (Lindsay, 1988; Molenbergs and Verbeke,
2005; Varin et al., 2011). Theoretical results for CL-based generalized posteriors have been
provided (Pauli et al., 2011; Ribatet et al., 2012; Ventura and Racugno, 2016; Greco et al.,
2008; Lazar, 2003), subject to the caveats discussed in the introduction. The purpose of
this section is to discuss how these previous results on CL-based generalized posteriors, or
CL-posteriors for short, can be strengthened using our results in Sections 2 to 4. Roughly
speaking, CL-posteriors derived from a correctly specified model can generally be expected
to be consistent, but not necessarily correctly calibrated with respect to frequentist coverage.

Let y denote the full data set, which may take any form such as a sequence, a graph,
a database, or any other data structure. Suppose {FP : § € ©} is an assumed model for
the distribution of y given ¢, where © C RP. For j = 1,...,k, suppose s;(y) and t;(y)
are functions of the data and, when Y ~ Py, suppose the conditional distribution of s;(Y")
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given t;(Y') has density pg(s;|t;) with respect to a common dominating measure A; for all
values of § and t;. Define the composite likelihood (Lindsay, 1988),

k
L0) = ] po(sslty).
j=1

A few examples are given here and in Section 7; see Varin et al. (2011) for more examples.

Example 1 (i.i.d. likelihood) If vy = (y1,...,yn), S;(y) = y;, and tj(y) = 0, then
LOY(0) = [T_, pe(yy) is simply the likelihood for an i.i.d. model.

Example 2 (pseudolikelihood) If y = (y1,...,yn), s;(y) = y;, and t;(y) = y—; =
(Yise s Yj=1,Yjt1,- - - Yn), then L) = H?zlpg(yj]y,j) is a pseudolikelihood (Besag,
1975).

Example 3 (restricted likelihood) If k = 1, t;(y) = 0, and s1(y) is an insufficient
statistic, then LCV(0) is a restricted likelihood (Lewis et al., 2014). For instance, if s1(y)
consists of ranks or selected quantiles, then L°(0) is a rank likelihood (Pettitt, 1985; Hoff,
2007) or a quantile-based likelihood (Doksum and Lo, 1990), respectively.

Due to the special structure of composite likelihoods, one can make some general obser-
vations about CL-posteriors of the form m,(0) o< L%(0)7(6). First, a reassuring property
is that if the model is correctly specified, then CL-posteriors are consistent under fairly
general conditions; we discuss this next.

5.1 Consistency of CL-posteriors under Correct Specification

Throughout this article, we make no assumption of model correctness in the main results
(Sections 2 to 4) or the applications (Sections 6 and 7). However, for interpretability, it is
important to have a guarantee of consistency if the assumed model is correct or at least
partially correct. Here, we show that in many cases of interest, if the model is correctly
specified—or at least, if the conditional densities py(s;|t;) are correctly specified—then the
CL-posterior concentrates at the true parameter. The analogue of this result for maximum
CL estimators is well-known (Lindsay, 1988; Varin et al., 2011); also see Pauli et al. (2011)
and Ribatet et al. (2012).
First, observe that if Y ~ Py, S; = s;(Y), and T; = t;(Y), then for all 6 € O,

E (log pu, (S5173)) = E(log po(S;115)) (5.1)

because the conditional relative entropy E(log(pg,(S;|T})/pe(S;|T;))) is nonnegative; this
is referred to as the information inequality by Lindsay (1988). Now, suppose that for each
n € {1,2,...}, we have a data set Y", model {F}' : # € ©} (where © does not depend on
n), and functions s, t7 for j =1,..., k,. Further, suppose the assumed model is correct,
such that Y ~ Fg where the true parameter Ay is shared across all n. Define

k
1 1 - n n n
fn(0) = n logESL(H) - Zlogpg(Sj |Tg )
j=1

10
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and 7,(0) x exp(—nf,(0))7(0) = LS“(0)7(h) where SP = sMY") and T}' = t7(Y"). In
many cases of interest (see Sections 6 and 7), we have that with probability 1, for all § € ©,
limy, o0 fr(0) = f(0) where f(0) = limp_o0 E(fn(#)). Then, by Equation 5.1, f(6y) < f(6)
for all 8 € ©, in other words, 6 is a minimizer of f. Further, in many cases, f has a unique
minimizer, and 7, concentrates at the unique minimizer; in particular, this holds if the
conditions of Theorem 3 or Theorem 5 are met. Therefore, in such cases, the CL-posterior
m, concentrates at the true parameter, 6.

5.2 Coverage of CL-posteriors under Correct Specification

Although CL-posteriors have appealing consistency properties, they do not generally have
correct asymptotic frequentist coverage, except in special circumstances (Pauli et al.,
2011; Ribatet et al., 2012). Continuing in the notation of Section 5.1, suppose Y ~
Pg s let mp(0) o< exp(—nfn(0))m(0) = LE%(0)7(0) be the CL-posterior, and let 6, =
arg maxy L5(0) = arg min, f,(6) be the maximum composite likelihood estimator. If The-
orem 5 applies with probability 1, then @, *> N(0, Hy ') in total variation distance,
where Hy = f"(6y) and Q,, is the distribution of \/n(6 —6,,) when 6 ~ 7. This strengthens
previous BvM results for CL-posteriors by showing almost sure convergence (rather than
convergence in probability) with respect to total variation distance (rather than in the weak
topology).

To use Theorem 8, we also need to know the asymptotic distribution of 6,. The
asymptotics of 6, are well-known (Lindsay, 1988; Varin et al., 2011), but for complete-
ness we provide an informal derivation (see below). Define G7 = ] 0—0, 108 Py (STIT}).
It turns out that —y/n(6, — 6y) ~ N(0,A 1T, A1) under regularity conditions, where
Ay =237 Cov(G?) and J, = 2Cov( Yk, G7). Typically, A, — Ho and J, — Jy for
some Jg, so that

/(0 — 80) = N'(0, Hy “ JoHy ).

Hence, under typical conditions, the asymptotic distribution of —/n(6,, — 6p) and the
limit of @, are the same if and only if Hy = Jy. Therefore, under these conditions, if Hy = Jy
then the CL-posterior m, has correct asymptotic frequentist coverage by Theorem 8. For
instance, if for each n, G7,...,Gy are pairwise uncorrelated, then A, = J, and hence
Hy = Jy. However, in many cases of interest, Hy # Jy and the CL-posterior needs to be
affinely transformed to have correct coverage (Ribatet et al., 2012; Pauli et al., 2011; Friel,
2012; Stoehr and Friel, 2015); also see Williams and Savitsky (2018) for a similar technique
in survey sampling.

For completeness, here we provide a rough sketch of the derivation of the asymp-
totic distribution of 6,; see Lindsay (1988) and Varin et al. (2011). By a first-order
Taylor approximation applied to each entry of f/(0) € RP, when 6, is near 6, we have
0 = f4(0n) = f(60) + F2(60)(6 — Oo), and thus, —/(0 — 0o) ~ £21(00) (/i fL(00)),
assuming f”(0y) € RP*P exists and is invertible and the error terms are negligible. When
n is large, we typically have f//(6p) ~ Ef}/(6p) (for instance, due to a law of large num-
bers result), and thus, f//(6p) ~ Ef/(6y) = %Z?Zl E(G?G;LT) = %ngl Cov(G}) = Ay
since E(G}) = 0 and E(Vg‘(a:eo logpg(Sj’HT]”)) = —E(G;‘G;‘T), as long as we can inter-
change the order of integrals and derivatives. Further, assuming a central limit theorem

11
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holds, v/nf},(0) = f Zk" G% ~ N(0,J,) where J, = %COV(Z?ll G;‘) Thus, under
appropriate conditions, —/n(6,, — 0o) ~ N(0, A 1T, A 1).

6. Applications to Standard Posteriors

In this section, we illustrate how our results can be used to easily prove posterior concen-
tration, the Laplace approximation, and asymptotic normality for standard models such
as exponential families, linear regression, and generalized linear models including logistic
regression and Poisson regression. We do not assume that the model is correctly specified;
thus, this section can be compared to the misspecified setting of Kleijn and Van der Vaart
(2012). Even in these standard models, our results go beyond the existing theory of Kleijn
and Van der Vaart (2012) by showing almost sure convergence and employing conditions
that we believe are easier to verify; see Section 8.5 for a detailed comparison. Further, these
“toy” examples serve to illustrate our general results in familiar settings, enabling one to
compare our assumptions with commonly used assumptions for these models.

6.1 Exponential Families

Consider an exponential family with density q(y|n) = exp(n’s(y) — k(n)) with respect
to a sigma-finite Borel measure A on ) C RY where s : ) — Rk, ne & C Rk, and

r(n) = log [,,exp(n"s(y))A(dy). Any exponential family on R? can be put in this form by
choosing A approprlately and possibly reparametrizing to 7. Let Q,(E) = [ 1 2(yIn)A(dy)
and denote E; s( fy y)Qn(dy). For any m € N, we give R™ the Euchdean metric and
the resulting Borel 81gma—algebra unless otherwise specified.

Condition 11 Assume q(y|n) is of the form above, & = {n € R¥ : |k(n)| < oo}, £ is open,
€ is nonempty, and n— Q, is one-to-one (that is, n is identifiable).

Theorem 12 (Exponential families) Consider a family q(y|n) satisfying Condition 11.
Suppose Y1,Ya,... € Y are i.i.d. random vectors such that Es(Y;) = _Egos(Y) for some
by € © := E. Then for any open ball E such that 6y € E and E C O, f,(0) :=
—% Yo, logq(Yi|0) satisfies the conditions of Theorem 5 with probability 1.

Condition 11 is that the exponential family is full, regular, nonempty, identifiable, and in
natural form; these are standard conditions that hold for most commonly used exponential
families (Hoffman-Jgrgensen, 1994; Miller and Harrison, 2014). Recall that the maximum
likelihood estimate (MLE) is obtained by matching the expected sufficient statistics to the
observed sufficient statistics. Thus, the assumption that Es(Y;) = Eg,s(Y") for some 6y is
simply assuming that this moment matching is possible, asymptotically. In many cases,
this holds automatically since the moment space M := {Egs(Y) : 6 € O} is often equal to
the full set of possible values of Es(Y;), due to the fact that M is convex (e.g., Miller and
Harrison, 2014, Prop. 19). Thus, while exceptions can occur, the result holds very generally.

Proof of Theorem 12 Note that f,(0) = x(0) —607S,, where S, = 1 3" | 5(V;). By stan-
dard exponential family theory (e.g., Miller and Harrison, 2014, Prop. 19) kis C* (that is, k
has continuous derivatives of all order), x is convex on O, x/(0) = Egs(Y'), and £”(0) is sym-
metric positive definite for all @ € ©. Let sp = Es(Y;). Since sop = Es(Y;) = Eg,s(Y) = £'(6p)

12
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and x/(6)p) is finite (because k is C*°), S,, — so with probability 1 by the strong law of large
numbers. Thus, letting f(0) = x(0) — 6Tsg, we have that with probability 1, for all § € O,
fn(0) = k() — 0TS, — k() — 0Tsg = f(0). (Note that due to the almost sure convergence
of the sufficient statistics, we not only have that for all 8, with probability 1, f,(0) — f(6),
but we have the stronger consequence that with probability 1, for all 8, f,,(6) — f(6), which
is needed for Theorem 5 to apply.) Let E be an open ball such that §p € E and E C ©.
Then x"(6) is bounded on E, since () is continuous and E is compact. Hence, (f/) is
uniformly bounded on E because f)'(0) = £”’(0). Therefore, with probability 1, f, — f
pointwise, f, is convex and has continuous third derivatives on ©, f'(6p) = £’ (6p) — so = 0,
1" (00) = K"(6) is positive definite, and (f})) is uniformly bounded on E. [ ]

6.2 Generalized Linear Models (GLMs)

First, we state a general theorem for GLMs, then we show how it applies to commonly used
GLMs. Consider a regression model of the form p(y; | 0,2;) xg q(y; | 0%x;) for covariates
r; € X C RP and coefficients § € © C RY, where q(y|n) = exp(ns(y) — x(n)) is a one-
parameter exponential family satisfying Condition 11. Note that the proportionality is with
respect to 0, not y;. Assume O is open, © is convex, and §Tx € £ for all § € ©, v € X.

Theorem 13 (GLMs) Suppose (X1,Y1),(X2,Y2),... € X x Y i.i.d. such that:

1) f'(60) =0 for some 6y € ©, where f(0) = —Elogq(Y; | 67X;),

(1)

(2) E|X;s(Y;)| < oo and E|k(0TX;)| < oo for all 6 € O,

(3) for alla € RP, if a"X; 2 0 then a = 0, and

(4) there is an open ball E C RP such that 0y € E, E C ©, and for all j, k,¢ € {1,..., D},
E(SupgeE |H”/(0TXZ')XZ‘]'XU€XMD < Q0.

Then for any open ball E satisfying assumption 4, fn(0) := —% * logq(Y; | 07X;) satis-

fies the conditions of Theorem 5 with probability 1.

Assumption 1 of Theorem 13 is essentially that the MLE exists, asymptotically. As-
sumption 3 is that the support of the covariate vector X; is not contained in any proper
subspace of R”; this is necessary to ensure identifiability. When EX,;X] exists and is fi-
nite, assumption 3 is equivalent to the assumption that EX;X] is non-singular, which is
commonly used to ensure identifiability in GLMs (Van der Vaart, 2000, Example 16.8); al-
ternatively, it is sometimes assumed that % i, X;X] is non-singular for all n sufficiently
large (Fahrmeir and Kaufmann, 1985). Assumptions 2 and 4 are moment conditions that
are fairly easy to work with; for instance, if the covariates are bounded and Es(Y;) exists,
then assumptions 2 and 4 are always satisfied since s is C°° smooth.

For comparison, traditional theorems on the asymptotic normality of the MLE in a GLM
typically assume the model is correctly specified (whereas we do not), and they assume
conditions on the observed Fisher information nf)/(#), such as divergence of the smallest
eigenvalue of nf]/(6y) and bounds on the variability of f//(0) near 6y as n — oo (Fahrmeir
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and Kaufmann, 1985). These Fisher information conditions are more closely analogous to
assumption 1 of Theorem 4, which is implied by our result in Theorem 13. On the other
hand, we show almost sure convergence of the posterior in TV distance, whereas Fahrmeir
and Kaufmann (1985) only show convergence in distribution of the MLE.

Proof of Theorem 13 For all 0 € ©, f,(0) = 23" k(07X;) — 7S, where S, =
LS X;s(Y;). Thus, f,(0) is C*° on © by the chain rule, since (1) is C* on €. Further,
fn(0) is convex since k(n) is convex. Noting that

f(0) = —Elogq(Y; | 0°X;) = B(x(0" X;)) — 0"E(X;s(Y7)),

the assumed moment conditions (2) ensure that for all # € ©, with probability 1, f,(0) —
f(0). This implies that with probability 1, for all § € ©, f,(6) — f(0), by the following
argument. For any countable set C' C ©, we have that with probability 1, for all 8 € C,
fn(0) — f(0). Hence, letting C be a countable dense subset of O, and using the fact that
each f,, is convex, we have that with probability 1, the limit f(6) := lim,, f,(0) exists and
is finite for all # € © and f is convex (Rockafellar, 1970, Theorem 10.8). Since f is also
convex, then f and f are continuous functions (Rockafellar, 1970, Theorem 10.1) that agree
on a dense subset, so they are equal.

Choose E according to assumption 4. We show that with probability 1, (f;) is uniformly
bounded on E. Fix j, k,¢ € {1,..., D}, and define T(0, z) = " (0 x)z ;x50 for 6 € O, x €
X. Forall z € X, 0 — T(0,z) is continuous, and for all § € ©, z — T'(f, x) is measurable.
Since f}'(0)ke = L 31, T(0, X;), assumption 4 implies that with probability 1, (£ (8)xe)
is uniformly bounded on E, by the uniform law of large numbers (Ghosh and Ramamoorthi,
2003, Theorem 1.3.3). Letting Cjre(X1, X2,...) be such a uniform bound for each j, k, ¢,
we have that with probability 1, for all n € N, 0 € E, ||f”(0)||*> = D ikt f,’{’(@)?kg <
> ik Cire(X1, Xa, .. .)? < 0o, Thus, (f,') is a.s. uniformly bounded on F, and hence on E.

By Theorem 7, f”(6p) = limy, o0 f2/(60) = lim 2 3" | k”(65X;)X; X}. Since this limit
exists and is finite almost surely, then by the strong law of large numbers, the limit
must be equal to the expectation (Kallenberg, 2002, Theorem 4.23), that is, f”(6y) =
E(x"(05X;)X;X]). Thus, f”(f) is positive definite, since for all nonzero a € RP,
a’f"(6o)a = E(x"(05X;)a"X;XTa) > 0, by the fact that &”(n) > 0 for all n € £ and
by assumption 3, a’X; XTa = |aTX;|? is strictly positive with positive probability. [ |

6.2.1 LINEAR REGRESSION

The linear regression model is p(y; | 0, z;) = N (y; | 0Tx;,0%) fory; € Y :=R, 2; € X := RP,
and § € © := RP. The model can equivalently be written as p(y; | 0, z;) oo q(y; | 0Tx;)
where q(y|n) := exp(ns(y) — k(n)) is a density with respect to A(dy) = N(y | 0,02)dy for
y €Y and n € £ := R, by defining s(y) = y/o? and k(n) = n?/(20?).

Theorem 14 (Linear regression) Suppose (X1,Y1),(X2,Y2),... € XxY i.i.d. such that:
(1) E|X;Y;| < oo, E||X; X]|| < 0o, and

(2) for alla € RP, if a"X; 2 0 then a = 0.
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Then 0y == (EX; X)) T'EX,Y; is well-defined and for any open ball E such that 6y € E,
fu(0) := =150 logq(Vi | 07X;) satisfies the conditions of Theorem 5 with probability 1.

n

Assumption 1 is necessary to ensure that 6y := (EX;X] )TIEX;Y; is well-defined and
assumption 2 is necessary to ensure identifiability, as in the case of Theorem 13. Since x(n) =
n?/(20%), we have f//(0) = 13" | X;X]/o® Thus, for the traditional MLE conditions of
Fahrmeir and Kaufmann (1985), it is not necessary to bound the variability of f)/(6), since
17 (0) does not depend on 6 in the linear regression model. Hence, these traditional MLE
conditions reduce to assuming divergence of the smallest eigenvalue of Y"1 ; X; X[, which
can be shown to be equivalent to assumption 2 of Theorem 14 when Xi, Xo, ... are i.i.d.

Proof of Theorem 14 For any random vector Z € R¥, E|Z| < oo if and only if EZ exists
and is finite; likewise for matrices and tensors. Thus, EX;Y; and EXZ-X;-r exist and are finite.
Further, EX;X] is positive definite (and hence, invertible) since for all nonzero a € RP,
a'(EX; X )a = Ela"X;|*> > 0. Condition 11 is easily checked: & = {n € R : |r(n)| < oo}
since 7%/(20%) < oo for all € R, £ is open and nonempty, and the mean of a normal
distribution is identifiable. The GLM conditions are also straightforward to verify. © is
open and convex, and 0Tz € £ for all @ € ©, x € X. Assumption 3 of Theorem 13 is satisfied
by assumption, and assumption 4 of Theorem 13 is satisfied trivially since " (n) = 0 for all
n € €. Assumption 1 of Theorem 14 implies that assumption 2 of Theorem 13 holds, since
E|X;s(Y;)| = E|X;Y;|/0? < 0o and E|x(07X;)| = 0T(EX; XT)0/(202) < co. It is straightfor-
ward to verify that assumption 1 of Theorem 13 holds with 6y = (EX; XT)'EX,Y;. [ |

6.2.2 LOGISTIC REGRESSION

The logistic regression model is p(y; | 0, z;) = Bernoulli(y; | o(6%x;)) for y; € Y := {0,1},
r; € X := RP and § € © := RP, where o(n) = 1/(1 + ) for n € £ := R. Thus,
p(yi | 0,2:) = q(y; | 0%x;) where q(y|n) := exp(ny — k(n)) is a density with respect to
A=20p+ 01 for y € Y and n € £, by defining x(n) = log(1 + €"). Here, ¢, denotes the unit
point mass at y.

Theorem 15 (Logistic regression) Suppose (X1,Y1),(X2,Y2),... € X x Y d.i.d. such
that:

(1) f'(Bo) =0 for some 6y € O, where f(0) = —Elogq(Y; | 67X;),
(2) E|Xj Xk Xi| < oo forall j,k,0€{1,...,D}, and
(3) for alla € RP, if a"X; “= 0 then a = 0.

Then for any open ball E C © such that 6y € E, f,(0) := —% » logq(Yi | 07X;) satisfies
the conditions of Theorem 5 with probability 1.

Assumption 1 is essentially that the MLE exists, asymptotically, and assumption 3 is
necessary for identifiability (see the remarks following Theorem 13); these are both very
mild. Assumption 2 is a third-moment condition on the covariates, which we use to bound

77(0); this is more stringent, but is reasonable in many practical applications.
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Proof Condition 11 is easily checked: £ = {n € R : |k(n)| < oo}, £ is open and nonempty,
and 7 is identifiable since o(n) is one-to-one. Trivially, © is open and convex, and 6Tz € &€
forall € ©, x € X. Assumptions 1 and 3 of Theorem 13 are satisfied by assumptions 1 and
3 of Theorem 15, respectively. Assumption 4 of Theorem 13 is satisfied due to assumption
2 and the fact that [x”(n)| < 3 for all n € £, because £ = (1 — 0)(1 —20)? — 20%(1 — 0)?
and 0 < o(n) < 1. Assumption 2 also implies that E[X;| < oo, because |X;| < 37, [Xj|
and E|Xj;| < oo for all j (Folland, 2013, 6.12). It follows that assumption 2 of Theorem 13
holds, since E|X;Y;| < E|X;| < co and E|x(07X;)| < log2 + E|0TX;| < log2+ |0|E| X;| < oo,
where we have used the inequality |x(n)| = log(1 + €") < log2 + |n| for n € R. [ |

6.2.3 POISSON REGRESSION

The Poisson regression model is p(y; | 0,2;) = Poisson(y; | exp(0Tz;)) for y; € Y =
{0,1,2,...}, 2, € X := R, and § € © := RP. Thus, p(y; | 0,7;) g q(y; | 6Tx;) where
q(y|n) = exp(ny — £(n)) is a density with respect to A := > 3, 6,/y! for y € Y and
n € £ :=R, by defining x(n) = €.

Theorem 16 (Poisson regression) Suppose (X1,Y1),(X2,Y2),... € X x Y i.i.d. such
that:

(1) f'(6p) =0 for some 0y € ©, where f(0) = —Elogq(Y; | 07X;),
(2) E|X;Y;| < 0o and Eexp(c|X;|) < oo for all ¢ > 0, and
(3) for alla € RP, if a"X; 2 0 then a = 0.

Then for any open ball E C © such that 6y € E, f,(0) := —% » logq(Yi | 07X;) satisfies
the conditions of Theorem 5 with probability 1.

Proof As before, Condition 11 is easily checked: &€ = {n € R : |k(n)| < oo}, £ is open
and nonempty, and 7 is identifiable. Trivially, © is open and convex, and 6%z € £ for all
€O, xeX. Assumptions 1 and 3 of Theorem 13 are satisfied by assumptions 1 and 3 of
Theorem 16. Assumption 2 of Theorem 13 is satisfied due to assumption 2 of Theorem 16,
since for all § € O, E|x(07X;)| = Eexp(0TX;) < Eexp(|0]|X;]) < oo. For all m € N and
je{l,...,D}, E|X;|™ < E|X;|™ = mIE(|X;|™/m!) < m!Eexp(|X;|) < oco. Further, letting
r>0,c=|0| +r, and E = B,(6p), we have that for all € E, " (0TX;) = exp(67X;) <
exp(c|X;|). Hence,

. _ 1/4
E(sup |&" (07 X;) Xi; Xir Xie]) < E(ec‘Xl”XinikXiZ’) < (E€4C‘XZ‘E’X@'|4E\Xz‘k|4E\Xz‘e|4>
0cE

by Hélder’s inequality (Folland, 2013, 6.2); thus, assumption 4 of Theorem 13 holds. |

7. Applications to Generalized Posteriors

In this section, we apply our results to a number of generalized posteriors of interest.
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7.1 Pseudolikelihood-based Posteriors

Pseudolikelihood (Besag, 1975) is a powerful approach for many models in which the like-
lihood is difficult to compute due to intractability of the normalization constant. Instead
of the standard likelihood p(y1,...,yn | @), the basic idea is to use a pseudolikelihood
L) =TI pyi | y—i,0) where y_; = (y1,- .., Yi—1,Yit1,---,Yn). Maximum pseudolikeli-
hood estimates are used in many applications and have been shown to be consistent and
asymptotically normal in a range of cases (Besag, 1975; Geman and Graffigne, 1986; Gidas,
1988; Comets, 1992; Jensen and Kiinsch, 1994; Mase, 1995; Liang and Yu, 2003; Hyvarinen,
2006). Usage of pseudolikelihoods for constructing generalized posteriors is much less com-
mon, perhaps due to concerns about the validity of the resulting posterior (but see Zhou and
Schmidler, 2009; Bouranis et al., 2017; Pauli et al., 2011; Rydén and Titterington, 1998).
In this section, we provide sufficient conditions for concentration, asymptotic normal-
ity, and the Laplace approximation for a large class of pseudolikelihood-based posteriors.
Specifically, we consider pseudolikelihoods in which each factor takes the form of a gen-
eralized linear model. We provide a general result for pseudolikelihoods in this class, and
then consider three cases in particular: Gaussian Markov random fields (Section 7.2), fully
visible Boltzmann machines (Section 7.3), and the Ising model on Z™ (Section 7.4). Any
pseudolikelihood is a composite likelihood, so as discussed in Section 5, if the model is
correct then we can expect consistency but not necessarily correct frequentist coverage.

Condition 17 Suppose the data can be arranged in a sequence yi,ys,... € Y C R? and
consider a pseudolikelihood of the form.:

n

£$Lseud°(9) x HQ(yz | GT%’@))

i=1

for 6 € © C RP, where o;(§) € X C RP is a function of ¥ = (y1,%2,...) and q(y|n) =
exp(ns(y) — k(n)) is a one-parameter exponential family satisfying Condition 11 fory € Y,
n € &. Assume © is open and convex, and 0Tx € £ for all € ©, x € X.

Theorem 18 Assume the setup in Condition 17. Let Y = (Y1,Ys,...) be a sequence of
random vectors in' Y and define X; = 0;(Y). Suppose (X1,Y1), (Xa,Ya2), ... are identically
distributed, but not necessarily independent. Define f,(0) = —% S logq(Yi | 67X;) and
f(0) = —Elogq(Y; | 0TX;) for 0 € ©. Assume:

(1) for all 0 € ©, f(0) is finite and fr(0) 225 £(0) as n — oo,

(2) there exists 6y € © such that f'(60) =0 and f"(60) = E(k"(65X;) X X]),

(3) for alla € RP, if a"X; 2 0 then a = 0, and

(4) with probability 1, (f}') is uniformly bounded on some open ball E C © containing 6y.

For any E as in assumption 4, f. satisfies the conditions of Theorem 5 with probability 1.

Proof As in the proof of Theorem 13, f, is C*°, f,, is convex, and by convexity, as-
sumption 1 implies that with probability 1, for all 8 € ©, f,(0) — f(#). By Theorem 7,
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f"(p) exists and is finite. Thus, f”(fp) is positive definite since for all nonzero a € RP,
a’f"(60)a = E(x" (05 X;)a" X; X[ a) > 0 by assumptions 2 and 3 and the fact that () > 0.
|

To explain the notation, the observed data consist of the first n elements of single
random sequence Y = (Y1,Ys,...), where each Y; is a random vector. In the Gaussian
Markov random field and Ising model examples in Sections 7.2 and 7.4 below, Y contains
the values at the vertices of a single infinite graph, arranged as a sequence. Meanwhile, in
the fully visible Boltzmann machine (Section 7.3), we have i.i.d. samples of graphs.

7.2 Gaussian Markov Random Fields

Gaussian Markov random fields (GMRFs) are widely used in spatial statistics and time-
series (Banerjee et al., 2014). Let G be an infinite regular graph with vertices v(1),v(2),.. .,
and let y1,19,... € R be variables associated with the vertices of G such that y; is the
value at v(i). Consider a model in which the conditional distribution of y; given y_; is
po(yily—i) = N(yi | 0%0i(7),7™") where 6 € © := RP, ¢i(§) = (y; : j € N;) € R, and
N; ={j € N:v(j) is adjacent to v(7)}. This leads to the pseudolikelihood (Besag, 1975)

LR0) = [ powily—i) = [TV (wi | 070i (@), 7).
=1 =1

By defining q(y|n) = exp(nyy — k(n)) for y € R and n € R, where x(n) = %7772, this
pseudolikelihood can be written as L% (0) oc [TiL; q(vi | 0%0i(7))-

Theorem 19 Let Y = (Y1,Ys,...) be a sequence of random wvariables in R and define
Xi=;:j€eN;) € RP where N; is defined as above. Suppose (X1,Y1),(X2,Y3),... are
identically distributed, but not necessarily independent. Assume:

(1) 1377 XY 25 EXY; € RP and 2370 X XT 25 EX,XT € RPXP and
(2) for alla € RP, if a"X; 2 0 then a = 0.

Then 0y := (EXZ-XZT)_lEXiYZ- is well-defined and for any open ball E such that 6y € E,
fn(0) == =+ 3" logq(Yi | 07X;) satisfies the conditions of Theorem 5 with probability 1.

Proof We apply Theorem 18. Let f(0) = —Elogq(Y; | 67X;) = 1707(EX,; X)) —10"EX,Y;
for 6 € RP. Thus, f"(0) = v(EX;X]) = E(x”(6"X;)X;X]) since £”(n) = v. By assump-
tion 1, for all € R, £(0) is finite and f,(0) == £(0) as n — co. As in the case of linear
regression (Theorem 14), EX; X is positive definite by assumption 2, f'(6y) = 0, and (f")
is a.s. uniformly bounded on all of R since x"'(n) = 0. [ |

The setup of Theorem 19 is quite general; note that the graph G may consist of a single
connected component (such as the m-dimensional integer lattice Z™) or it may consist
of many disconnected components, each of which could contain finitely many or infinitely
many vertices. Further, the setup is that there is a single graph G, and more and more of
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the graph is observed as n grows; thus, it is necessary that G be infinite in order to obtain
an asymptotic result, as we do in Theorem 19. The identically distributed assumption is
quite general as well; for instance, it holds whenever the true distribution is stationary
with respect to a set of transformations that can map v(i) to v(j) for any i,j. Thus,
this assumption is reasonable since stationarity is commonly assumed (Banerjee et al.,
2014; Lee et al., 2002; Kervrann and Heitz, 1995); also see Kiinsch (1981) for background.
Assumption 1 of Theorem 19 is that a strong law of large numbers holds for X;Y; and X; X7;
in Theorem 20 we show that this holds whenever the true distribution is a stationary,
ergodic process on the integer lattice Z™, assuming a moment condition. Assumption 2
of Theorem 19 is simply that the support of the neighbor vector X; is not contained in
any proper subspace of R”: see Theorem 13 for further discussion of this non-degeneracy
assumption.

Many applications in spatial statistics involve more complex models that do not sat-
isfy the assumption of a regular graph with identically distributed neighborhoods (X;,Y;)
(Ferreira and De Oliveira, 2007). While Theorem 19 could be extended to handle such gen-
eralizations, we chose to keep it relatively simple in order to capture the essential features
of this class of models without being overburdened with details.

Theorem 20 Suppose G is the m-dimensional lattice on Z™, and let v : N — Z™ be a
bijection from N to Z™ such that R(v(1)) < R(v(2)) < --- where R(j) = max{|j1],...,|jml|}
forj € Z™. LetTy,...,T,, denote the shift transformations on Z™. Suppose (Y1,Ya,...) is
a stochastic process such that the random field (Yu—l(j) 1 j € Z™) is stationary with respect
to 11, ..., Ty, and ergodic with respect to at least one of T1,..., Ty. If E\Y1|4 < oo, then
assumption 1 of Theorem 19 holds.

See Section E for the proof.

7.3 Fully Visible Boltzmann Machines

The Boltzmann machine is a stochastic recurrent neural network originally developed as a
model of neural computation (Hinton and Sejnowski, 1983; Ackley et al., 1985). Maximum
pseudolikelihood estimation has been shown to be consistent for fully visible Boltzmann
machines (Hyvérinen, 2006). Here, we consider the corresponding pseudolikelihood-based
generalized posteriors. To our knowledge, Theorem 21 is the first result establishing a
Bernstein—von Mises theorem for this model.

Define pap(y) o exp(yTAy + bTy) for y € ¥ := {—1,1}%, where A € R¥? is a strictly
upper triangular matrix and b € R% Given samples from p Ap, inference for A and b is
complicated by the intractability of the normalization constant Z4;, = Zyey exp(yTAy +

bTy) since | Y| = 2% is very large when d is large. Observe that we can write
j—1 d
Pab(Yily—5) ocy; exp (39—1 Akjyrys + Dk jir Ajkyiyk +0jy;) = exp (y;670;(y))  (7.1)

where 0 = 0(A,b) € RP isa D = d+d(d—1)/2 dimensional vector concatenating b and the
strictly upper triangular entries of A, and ¢;(y) € {—1,0,1} is a function that does not

depend on y;. Thus, we have pay(y;ly—;) = a(y; | 07¢;(y)) by defining q(y;|n) = exp(ny; —
k(n)) for y; € {—1,1} and n € R, where k(n) = log(e” + e~"). Now, suppose we have n
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samples y1,...,y, € Y = {—1,1}% and for # € © := R, consider the pseudolikelihood

d
*CEOltZ H H PAp yz] |yz —] H H Q(yij | QTQOJ' (yz))

i=17j=1 i=1j5=1

Theorem 21 Let Y1,Ys,... € Y be i.i.d. random vectors and define X;; = ¢;(Y;). Define
f(0)=— 2?21 Elogq(Y;; | 07 X;;) for 6 € ©. Assume:

(1) f'(60) =0 for some 6y € O, and
(2) for all nonzero a € R, Var(a'Y;) > 0.

Then for any open ball E such that 6y € E, fo(0) == —2 37 12; ogq(Yi; | 07Xy5)
satisfies the conditions of Theorem 5 with probability 1.

The assumptions of Theorem 21 are extremely mild and can be expected to typically
hold in practice. Assumption 1 is simply that the maximum pseudolikelihood estimator
exists, asymptotically — or more precisely, that the asymptotic pseudolikelihood function
has a critical point. Assumption 2 is that there is no lower-dimensional affine subspace that
contains Y; almost surely; this is analogous to the non-degeneracy condition in Theorem 18.

Proof of Theorem 21 Observe that

S D WL 3)

11]1 =1 j=1

and f(0) = Z;lzl Ex(07X;;) — HT(Zgzl EX;;Y;;). As in the proof of Theorem 13, f, is
C® and convex. Since {—1,0,1}” is a finite set, sup {|x(67z)| : z € {-1,0,1}} < oo for
all 0 € ©. Also, | X;jxYi;| < 1, and thus, f(0) is finite and f,(6) == f(#) by the strong law
of large numbers. (Note that the standard strong law of large numbers applies here since
the data consist of n i.i.d. samples from the Boltzmann machine, rather than the first n
elements of a single sample as in the GMRF example.) Due to convexity, this implies that
with probability 1, for all § € ©, f,,(0) — f(6) as n — oc.

Let E be an open ball containing 6y. Then for all 8 € E, |f(0)kem| < cd where
c = sup{|x"”(0%2)| : € {~1,0,1}P,0 € E}, and ¢ < oo because " is continuous and E
is compact. Thus, for all § € E, || /" (O)I1> = 325 4. [ (O)kem|* < 2d?D?. Hence, (f)) is
uniformly bounded on FE.

Now, we show that f” () is positive definite. First, f”(6y) = Z;lzl E (k" (65Xij) Xi; X[5)
because differentiating under the integral sign is justified by the bounds |k(n)| < |n| 4 log 2,
I'(n)] <1, ["(n)] < 2, and |X;;x| < 1 (Folland, 2013, 2.27). Let 6 € R” be nonzero and
let A,b be the corresponding parameters such that § = 6(A,b). Then by Equation 7.1,
ATY; + AY; + b= (0T X;1,...,07X;4)T € RE If A # 0, then Var(67X;;) > 0 for some j’ by
assumption 2, and hence, 0T f"(6y)0 = E] LE(K"(03X:5)|0" X45]?) > 0 because (1) > 0
and P(|07X;;/| > 0) > 0. Meanwhile, if A = 0, then b; # 0 for some j' (because 6 # 0), and
again 07 f”(09)0 > 0 because |07 X, ;| = |bjs| > 0. Therefore, f”(6p) is positive definite. M

20



GENERALIZED POSTERIORS

7.4 Ising Model

The Ising model is a classical model of ferromagnetism in statistical mechanics and has
gained widespread use in many other applications such as spatial statistics (Banerjee et al.,
2014) and image processing (Geman and Geman, 1984). Pseudolikelihood-based posteriors
for the Ising model and Potts model, more generally, have been used by Zhou and Schmidler
(2009) for protein modeling.

Consider the m-dimensional integer lattice Z™ and let v : N — Z™ be a bijection from N
to Z™. Let y1,y2,... € Y := {—1,1} be variables associated with the points of Z" such that
y; is the value at v(i). The Ising model is a Markov random field with singleton potentials
exp(61y;) for each i € N and pairwise potentials exp(62y;y;) for each pair 4, j € N such that
v(i) and v(j) are adjacent in Z™, that is, such that |v(i) — v(j)| = 1. This motivates the
use of the pseudolikelihood (Besag, 1975),

n

exp(01y; + 02> e N, YiYs)
i=1 > yey exp(bry + 02 3 n. YY)

£iine(9) =

for § € © := R?, where N; = {j € N : v(j) is adjacent to v(i)}. By defining q(y|n) =
exp(ny — k(n)) for y € {=1,1} and 1 € R, where k() = log(e” 4+ e~"), the Ising model
pseudolikelihood can be written as Lr () = [Ty a(yi [ 01+ 023" 5N, ¥))-

Theorem 22 LetY = (Y1,Ya,...) be a sequence of random variables in {—1,1} and define
X, = (1, ZjeNi Y])T € R2. Suppose (X1,Y1), (Xo,Y2), ... are identically distributed, but not
necessarily independent. Define f,,(6) = =2 3" logq(Y; | 67X;) and f(0) = —Elogq(Y; |
0TX;) for 6 € ©. Assume:

(1) for all 0 € ©, f,(0) 25 £(0) asn — oo,
(2) f'(6o) =0 for some 0y € ©, and

(3) Var(zjeNin) > 0.

Then for any open ball E such that 6y € E, f, satisfies the conditions of Theorem 5 with
probability 1.

Assumption 1 is that a strong law of large numbers holds for the log-likelihood terms. In
Theorem 23, we show that assumption 1 holds whenever the true distribution is a stationary,
ergodic process on Z™ satisfying a certain moment condition. Assumption 2 is that a
maximum pseudolikelihood estimate exists, asymptotically. Assumption 3 is simply that
the distribution of the neighbors is not degenerate, in the sense that their support is not
restricted to an affine subspace orthogonal to the vector (1,...,1)%.

Proof of Theorem 22 We apply Theorem 18. Define X = {(1,2)T : z € {—2m,...,2m}},
noting that X; € X. It is easy to check that Condition 17 holds. For all § € O, f(6) is
finite since |X x Y| < oco. If a™X; = 0 then a = 0, since a*X; = a1 + ap > jen, Yj and
Var( Y cn. ¥j) > 0. Let E be an open ball containing 6y, and let ¢ = sup{|x" (6"z)| : = €
X,0 € E}. Then ¢ < oo since " is continuous, |X| is finite, and F is compact. Therefore,
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for all 0 € B, |f2(0)jke| < L 30, 6" (07X;) Xij Xk Xie| < c(2m)3, and thus, (f2') is a.s.
uniformly bounded on E. Finally, f”(60) = E(x" (6] X;)X;XT) because differentiating under
the integral sign is justified by the bounds |x(n)| < |n| 4+ log2, |<'(n)| < 1, |&"(n)| < 2, and
| Xij| < 2m (Folland, 2013, 2.27). [ |

Theorem 23 Let v : N — Z™ be a bijection such that R(v(1)) < R(v(2)) < --- where

R(j) = max{|j1|,. .., |[jm|} for j € Z™. Let Ty,...,T,, denote the shift transformations on
Z™. Suppose (Y1,Ya,...) is a stochastic process such that the random field (Y,-1(;) : j € Z™)
18 stationary with respect to 11, ..., Ty, and ergodic with respect to at least one of T1, ..., Ty.

Assume that Var(logq(Y1 | 61 + 65 > jen Y;)) < oo for all § € ©. Then assumption 1 of
Theorem 22 holds.

The proof is the same as Theorem 20, except with Z; = logq(Y; | 01 + 62>
E(logq(Y; | 61 + 62 D ieN; Y;)).

jen, Yj) —

7.5 Cox Proportional Hazards Model

The Cox proportional hazards model (Cox, 1972) is widely used for survival analysis. The
proportional hazards model assumes the hazard function for subject i is A\g(y) exp(6Tz;)
for 5 > 0, where A\g(y) > 0 is a baseline hazard function shared by all subjects, z; € R”
is a vector of covariates for subject i, and § € R” is a vector of coefficients. To perform
inference for 6 in a way that does not require any modeling of A¢ and elegantly handles
censoring, Cox (1972, 1975) proposed using the partial likelihood,

n

Cox _ eXp<0Txi) -
En (9) - H <Z?:1 exp(Hij)]l(yj > yz>)

=1

where y; > 0 is the outcome time for subject i and z; € {0,1} indicates whether y; is
an observed event time (z; = 1) or a right-censoring time (z; = 0). When z; = 1, the
ith factor in the partial likelihood can be interpreted as the conditional probability that
subject ¢ has an event at time y;, given the risk set {j : y; > v;} (the set of subjects that
have not yet had an event or been censored up until time y;) and given that some subject
has an event at time y;. See Efron (1977) for an intuitive explanation of the Cox partial
likelihood based on a discrete approximation. Formally, the Cox partial likelihood coincides
with the likelihood of a certain generalized linear model with categorical outcomes, however,
asymptotic analysis is complicated by the dependencies between the factors of the partial
likelihood. A number of authors have studied the asymptotics of the Cox partial likelihood;
we mention, in particular, the result of Lin and Wei (1989) on asymptotic normality of the
maximum partial likelihood estimator for the Cox model under misspecification.

The generalized posterior m,(0) o L£5%(0)7(0) based on the Cox partial likelihood
has been considered by several authors (Raftery et al., 1996; Sinha et al., 2003; Kim and
Kim, 2009; Ventura and Racugno, 2016). Sinha et al. (2003) show that 7, approximates
the standard posterior under a semiparametric Bayesian model, extending the results of
Kalbfleisch (1978). Here, we provide sufficient conditions for , to exhibit concentration,
asymptotic normality, and an asymptotically correct Laplace approximation.
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Theorem 24 Suppose (X,Y,7),(X1,Y1,21),(X2,Ys, Zs),... are i.i.d., where X € X C
RP,Y >0, and Z € {0,1}. Define f(0) = E(hy(0)Z) — 6"E(X Z) for 6 € © := RP where
hy(0) =logE(exp(6"X)1(Y > y)). Assume:

1) X is bounded,

Then for any open ball E such that 6y € E, fo(f) = —Llog LS™(0) — 231" Zilogn

- n

satisfies the conditions of Theorem 5 with probability 1.

See Section E for the proof. Note that exp(—nf,(0)) o< £$(6) since 13" | Z;logn
does not depend on 6; the purpose of introducing this term is so that f,, converges. For
interpretation, in words, the assumptions of Theorem 24 are that: (1) the covariates are
bounded, (2) the time outcome is a continuous random variable, (3) the probability of ob-
serving an uncensored outcome is nonzero, and there is no lower-dimensional affine subspace
that always contains the covariates (which is necessary for identifiability), (4) the survival
function is nonzero, and (5) the maximum partial likelihood estimate exists, asymptotically
(or more precisely, the asymptotic partial likelihood function has a critical point). These

conditions are fairly mild and can be expected to hold in many practical applications.

7.6 Median-based Posterior for a Location Parameter

Suppose we wish to perform robust Bayesian inference for the parameter 8 of a location
family model Gy(x) = G(x — 6) where G is a cumulative distribution function (c.d.f.) on R.
If G is misspecified, then the posterior on # can be poorly behaved, and may even fail to
converge at all. For instance, if Gy is the c.d.f. of A(#, 0%) and the data are X1, Xo, ... i.i.d.
~ Cauchy(0,1), then the posterior on # is concentrated near %2?21 X; when n is large,
but % >oiy X; ~ Cauchy(0, 1); thus, the posterior does not converge to any fixed value.

Doksum and Lo (1990) propose to use the conditional distribution of § given the sample
median (or some other robust estimate of location) to perform robust Bayesian inference
for 6. More precisely, let M (z1.,) be a sample median of z1., = (x1,...,2,) and assume
Gy has a density gg. Then when n is odd,

p(G ‘ M(X1m) = m) x m(0) p(M(X1.n) =m | 0)
7(8)g0 (m)Go(m) "D/ (1 = Gy(m)) "
= m(6) exp (%(n —1)logG(m —0)(1 — G(m — 0)) + loggg(m)>

2

where 7 is the prior on 8. Here, the conditional densities are under the model in which 8 ~
and X1,...,X,|0 ii.d. ~ Gy. Doksum and Lo (1990) show that p(6 | M (X1.,) = M(x1.4))
and generalizations thereof have desirable properties as robust posteriors for ; in particular,
they provide consistency and asymptotic normality results.
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With this as motivation, consider the generalized posterior m,(0) o 7(8) exp(—nfn(0))
where f,(0) = —% log G(my, —0)(1—G(m,, —0)) and m,, = M (z1.,); this approximates p(0 |
M(X1.,) = my) and is somewhat simpler to analyze. The following theorem strengthens
the Doksum and Lo (1990) asymptotic normality result by showing convergence in total
variation distance, rather than convergence in the weak topology. Further, our conditions
are simpler, but we do assume greater regularity of G and we only consider the median.

Theorem 25 Suppose G : R — (0,1) is a c.d.f. such that G" exists and is continuous,
G(—z) = 1—=G(z) for all z € R, (logG)"(x) < 0 for all x € R, and (logG)"(0) < 0.
If 6y € R and mi,ma,... € R such that 6y = lim,, o My, then for any open ball E
containing 0, fn(0) := —3% log G(m,—0)(1—G(m,—0)) satisfies the conditions of Theorem 5
on R.

Proof By the chain rule, f,,(f) has a continuous third derivative since log(z) and G(z) have
continuous third derivatives and G(z) € (0,1). Define f(0) = —3 log G(6p—0)(1—G(6y—0))
for € R. Then for all 8 € R, f,,(6) — f(0) as n — oo since m,, — O, log(x) and G(z) are
continuous, and G(z) € (0,1). Further,

f(0) = —5log G(0o — 0) — 51og G(6 — o),
f(0) = 5(log G)' (6o — 0) — 5(log G)'(6 — o),
f"(0) = —5(10g G)" (6o — 0) — 5(log G)"(0 — bo).

Thus, f'(6p) = 0 and f”(6y) = —(log G)”(0) > 0. Similarly, f/() = —1(log G)"(m,, — 0) —
3(log G)"(0 — my) > 0 since (log G)"(z) < 0. Thus, f, is convex. Finally, for any bounded
open interval E containing 6y, (f}) is uniformly bounded on E by Proposition 26 with
h(6,s) = —3log G(s — 0)G(0 — s), K = E, and S = [inf m,,,supm,,] C R. [ ]

In cases where f,(0) = h(0,s,) for some finite-dimensional statistic s, the following
simple proposition can make it easy to verify the uniform boundedness condition.

Proposition 26 Let K C RP and S C R? be compact sets. Suppose fn(0) = h(8, s,) for
€ K,neN, where h: K xS — R and s1,52,... € S. If (93h/90,00;001)(0, s) exists and
is continuous on K x S for all i,j,k € {1,..., D}, then (f)") is uniformly bounded on K.

Proof Let h"(6,s) denote the tensor of third derivatives with respect to 0, and let ¢ =
sup{||h"(0,s)|| : 0 € K,s € S}. For all 0 € K, n € N, we have ||f/"(0)| = || (0, sn)|| < ¢,
and ¢ < oo since (0, s) — [|h"(0, s)|| is continuous and K x S is compact. [ |

8. Previous Work

In this section, we provide a discussion comparing our assumptions, results, and proof tech-
niques with those in previous work. Our discussion focuses primarily on asymptotic nor-
mality (Bernstein-von Mises), and we discuss work on posterior consistency in Section 8.7.
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8.1 Overview of Previous BvM Results

The origins of the Bernstein—von Mises (BvM) theorem go back to Laplace (1810), Bern-
stein (1917), and Von Mises (1931). Rigorous formulations of the theorem were developed
by Le Cam (1953), Bickel and Yahav (1969), Walker (1969), and Dawid (1970). These
works employed “classical conditions” involving second, third, or even fourth-order deriva-
tives of the log-likelihood; see the texts by Lehmann and Casella (2006) and Ghosh and
Ramamoorthi (2003).

Le Cam (1970) discovered that the classical differentiability assumptions could be re-
placed by a less stringest condition referred to as differentiability in quadratic mean (DQM),
which yields the benefits of a quadratic expansion while only requiring a certain first-order
derivative; also see Le Cam (1986), Pollard (1997), Van der Vaart (2000), and Le Cam and
Yang (2000) for background. Le Cam and Schwartz (1960) and Schwartz (1965) developed
the assumption of the existence of uniformly consistent tests (UCTSs) as a way of guaran-
teeing that 6 is distinguishable. In combination, the DQM and UCT assumptions form the
basis for an elegant BvM theorem in the i.i.d. setting (Van der Vaart, 2000).

The works listed above focus on the canonical setting of a correctly specified, i.i.d. prob-
abilistic model in which the dimension of parameter is fixed and finite. Going beyond this
canonical setting, a number of authors have provided extensions of the theory. For instance,
BvM theorems have been established for non-i.i.d. models such as Markov processes (Bor-
wanker et al., 1971) and the Cox proportional hazards model with a prior on the baseline
hazard function (Kim, 2006). More recently, Kleijn and Van der Vaart (2012) provide a
BvM for cases in which the assumed model is misspecified, focusing primarily on the i.i.d.
setting. Bochkina and Green (2014) provide an interesting BvM result when the true pa-
rameter is on the boundary of the parameter space, and their result is also applicable under
misspecification.

For semiparametric and nonparametric models, BvM results have been established by a
number of authors (Shen, 2002; Kim and Lee, 2004; Leahu, 2011; Castillo and Nickl, 2013;
Bickel and Kleijn, 2012; Castillo and Rousseau, 2013). A very general result is provided
by Panov and Spokoiny (2015), who establish a finite-sample BvM theorem for non-i.i.d.
semiparametric models under misspecification, allowing the dimension of the parameter to
grow with the sample size. While the theorem of Panov and Spokoiny (2015) is very general,
their conditions are quite abstract and may be challenging for non-experts to employ.

For more references of early BvM contributions, see Bernardo and Smith (2000).

8.2 Categories of BvIM Conclusions and Conditions

While all BvM results show that “the posterior converges to a normal distribution”, each
result can be placed along various axes in terms of the strength of the conclusions obtained
and the generality of the conditions assumed.

Strength of the conclusions. First, the topology with respect to which convergence is
shown to occur is usually either the weak topology (that is, convergence in distribution)
or the “strong topology”, that is, the metric topology induced by total variation (TV)
distance. Second, in either topology, one can prove convergence in probability or almost
sure convergence. In our results, we prove almost sure convergence in TV distance, which
is the stronger conclusion in both respects.
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Generality of the conditions. We group the conditions commonly assumed in BvM
theorems as follows. The key conditions fall into two categories:
(A) regularity of the log-likelihood or generalized log-likelihood, and

(B) separation conditions enabling 6y to be distinguished.
Other conditions often assumed are that:

the limiting Hessian at 0y is positive definite,

(C
(D

)
) the prior density is continuous and positive at 6y,
(E) the dimension of parameter is fixed and finite,
(F) a consistent root of the likelihood exists (such as the MLE),
(G)
(1)
(I) the model is correctly specified.

the posterior arises from a probabilistic model,

the data are independent and identically distributed, and

8.3 Abstract BvM Conditions

To discuss how our Theorem 4 relates to the existing literature, we compare with Van der
Vaart (2000, Theorem 10.1) (VdV, for short) as an example of a modern BvM theorem.

VdV assumes conditions G, H, and I (that is, the posterior arises from a correctly
specified, i.i.d. probabilistic model), whereas Theorem 4 does not require these conditions—
our results hold in misspecified, non-i.i.d. settings and do not even require that the posterior
arise from a probability model. Theorem 4 and VdV both assume condition C (the limiting
Hessian at 6y, which coincides with the Fisher information matrix in VdV, is positive
definite), condition D (the prior is continous and positive at 6p), and condition E (the
parameter dimension is fixed and finite). Meanwhile, neither theorem explicitly assumes
condition F (consistent root), but both work with a sequence 6,, that converges to 6.

In category A (regularity conditions), VAV assumes differentiability in quadratic mean
(DQM) whereas Theorem 4 assumes the quadratic approximation in assumption 1. DQM
implies a particular quadratic expansion referred to as local asymptotic normality (LAN)
(Van der Vaart, 2000, Theorem 7.2). The LAN property is roughly similar to assumption 1 of
Theorem 4, except that it is centered at 0y and the remainder is formulated probabilistically
(Pollard, 1997). In Theorem 4, having a deterministic (rather than probabilistic) bound
on the remainder facilitates applications to generalized posteriors, since it decouples the
deterministic convergence result from the (possibly complex) distribution of the data.

In category B (separation conditions), VAV assumes there exists a sequence of uniformly
consistent tests (UCTs) for Hy : 0 = 6y versus Hy : |6 — Og]| > ¢, for every ¢ > 0.
Correspondingly, Theorem 4 employs assumption 2. The UCT assumption is less stringent
in the i.i.d. setting, but not as broadly applicable in general; see our discussion of Schwartz’s
theorem in Section 8.7.

Finally, VdV establishes convergence in probability with respect to TV distance, whereas
Theorem 4 enables us to obtain almost sure convergence in TV. Thus, while our assumptions
in categories A and B may be stronger than VdV’s in the correctly specified i.i.d. model
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setting, our conditions apply to much more general settings and we also obtain the stronger
conclusion of almost sure convergence. Exploring whether DQM and UCT-like conditions
can be extended to generalized posteriors is a potential area for future work.

8.4 Concrete BvM Conditions

To relate our Theorem 5 to the existing literature, we compare with Ghosh and Ramamoor-
thi (2003, Theorem 1.4.2) (G&R, for short) as an example of a BvM theorem employing
more concrete, classical conditions.

G&R assume conditions F, G, H, and I (the posterior arises from a correctly specified,
i.i.d. probabilistic model with a consistent root), whereas Theorem 5 does not assume any
of these conditions. Theorem 5 and G&R. both assume conditions C, D, and E.

In category A (regularity), G&R assume the third derivatives of the log-likelihood terms
are dominated, uniformly over a neighborhood of 6y, by an integrable function of the data.
Similarly, Theorem 5 assumes the third derivatives of f,, are uniformly bounded in a neigh-
borhood of 6y. In the i.i.d. setting, the G&R domination condition is slightly weaker, but
it is not clear how to extend it to arbitrary generalized posteriors. In category A, G&R
also assume that the densities have common support, that the first and second derivatives
of the log-likelihood at 6y are integrable, and that differentiation under the integral sign
is justified; meanwhile, we only additionally require that f, converges pointwise and has
continuous third derivatives. In both G&R and Theorem 5, the role of these category A
conditions is to bound the error term in a second-order Taylor expansion as in assumption
1 of Theorem 4; this is formalized on page 37 of G&R and in our Theorem 6. This es-
tablishes that near 6y, the log posterior density approaches a quadratic form. Note that
condition C is necessary to ensure that, when exponentiated, the limiting quadratic form
can be normalized to a probability density.

In category B (separation), G&R assume that for any 6 > 0, there exists € > 0 such
that P(inf|g_g,>5(fn(0) — fu(6o)) > &) — 1 as n — oo, where the probability P(-) is with
respect to the randomness in f,, due to the data. Meanwhile, in Theorem 5, we employ
assumption 1, which is more stringent but is helpful in obtaining almost sure convergence
rather than just convergence in probability. The role of the category B conditions is to
ensure that negligible mass is placed outside a neighborhood of 6y, asymptotically.

Like VAV, G&R prove convergence in probability with respect to TV distance, whereas
Theorem 5 enables us to obtain a.s. convergence in TV. Thus, overall, we obtain a stronger
and more general conclusion while assuming fewer conditions. In the special case of correctly
specified i.i.d. models, our third derivative bounds and our separation condition are more
stringent than the corresponding G&R conditions, however, our conditions extend readily
to generalized posteriors.

8.5 BvM under Misspecification

Relatively recently, Kleijn and Van der Vaart (2012) extended the BvM theory to handle
misspecification, that is, to apply to cases in which the assumed model is incorrect; also
see Bochkina and Green (2014). Kleijn and Van der Vaart (2012, Theorem 2.1) (K&V, for

short) establish a BvM result assuming (i) the LAN property holds at rate d,, and (ii) the
posterior concentrates (in probability) at 6y at the same rate, é,. Additionally, like our
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Theorem 4, K&V assume conditions C, D, and E above. (Note that our Hy corresponds to
their Vp-.) Further, K&V assume condition G (whereas Theorem 4 does not), however, this
assumption might not be essential for their proof.

In category A, condition (i) of K&V is roughly similar to assumption 1 of Theorem 4,
as discussed in Section 8.3. In category B, condition (ii) of K&V roughly corresponds to
assumption 2 of Theorem 4, except that K&V assume concentration at a particular rate (to
match the LAN rate), whereas our condition does not require a rate. On the other hand,
(ii) is less stringent in the sense that it only involves posterior probabilities and convergence
in probability, whereas we require strict separation of fy in terms of the values of f,,(6).

To facilitate application of their theorem, Kleijn and Van der Vaart (2012) focus in
particular on the i.i.d. setting, providing concrete conditions under which (i) and (ii) hold,
assuming differentiability, a Lipschitz condition, a second-order Taylor expansion, non-
singular Fisher information, and existence of UCTs. These conditions generalize VAV to
the misspecified setting.

Regarding the strength of the conclusions, like VAV, K&V show convergence in probabil-
ity (in TV), whereas our results show a.s. convergence (in TV). Thus, while our conditions
are stronger in some respects, they are weaker in other respects, and we obtain a stronger
conclusion in a more general setting.

8.6 BvM for Generalized Posteriors

Much previous work on generalized posteriors relies on Bernardo and Smith (2000, Propo-
sition 5.14) to establish asymptotic normality; for instance, see Lazar (2003), Greco et al.
(2008), Pauli et al. (2011), and Ventura and Racugno (2016). Thus, to relate our results to
this literature, we compare our Theorem 4 to Bernardo and Smith (2000, Proposition 5.14)
(B&S, for short), which is originally due to Chen (1985).

First, in terms of the strength of the conclusions, B&S only show convergence in distri-
bution (that is, convergence in the weak topology), whereas Theorem 4 shows convergence
in TV distance, which is much stronger. On the other hand, both theorems consider an
arbitrary deterministic sequence of distributions (playing the role of generalized posteriors
indexed by n), and thus, both are conducive for establishing almost sure BvM results.

In category A (regularity), B&S assume that (i) f, is twice differentiable, (ii) the smallest
eigenvalue of nf]/(6,) tends to oo as n — oo, and (iii) for all € > 0, there exists 6 > 0 such
that for all n sufficiently large, for all § € Bs(6,,), the Hessian f//(0) satisfies I — A(e) <

") f7(0,)" = I+ A(e) where [ is the identity matrix and A(e) is a symmetric positive
semidefinite matrix whose largest eigenvalue tends to 0 as ¢ — 0. Here, A < B denotes
that B — A is positive definite. Meanwhile, Theorem 4 employs assumption 1, which does
not require any differentiability, but may require stronger control on the remainder term in
Equation 3.1 compared to (iii) above (which B&S use to derive a quadratic approximation).
B&S’s eigenvalue condition in (ii) above is related to our assumption that H,, — Hy positive
definite; indeed, the latter implies the former if r//(0) — 0 as n — oo, where r,, is the
remainder term in Equation 3.1.

In category B (separation), B&S assume that (iv) f,, has a strict local minimum 6,,, and
(v) for any § > 0, the posterior probability of Bs(6,,) converges to 1 as n — co. Meanwhile,
Theorem 4 obtains posterior concentration as a conclusion rather than assuming it, but
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Theorem 4 does employ assumption 2. Both theorems assume condition E (the dimension
of parameter is fixed and finite), however, neither theorem requires any of the additional
conditions F, G, H, or I. Theorem 4 assumes condition D, while B&S does not since their
assumptions are placed directly on the posterior density.

Overall, while Theorem 4 assumes more stringent conditions than B&S in terms of
remainder control and separation, Theorem 4 does not require differentiability and yields a
considerably stronger result in terms of TV distance rather than convergence in distribution.

8.7 Posterior Consistency

Doob (1949) used martingales to prove a very general result on posterior consistency for
correctly specified i.i.d. models (also see Miller, 2018), however, it seems difficult to extend
this proof technique, especially to generalized posteriors. Further, Doob’s theorem is only
guaranteed to hold on a set of prior probability 1. Schwartz (1965) established a powerful
theorem on posterior consistency based on the UCT assumption along with an assumption
that the prior puts positive mass in Kullback—Leibler neighborhoods of 6y; see Ghosh and
Ramamoorthi (2003, Theorem 4.4.1) for a clear exposition. Schwartz’s theorem forms the
basis for many modern results on posterior consistency in nonparametric Bayesian models
(Ghosal, 2010). Schwartz’s approach improves upon Doob’s theorem by guaranteeing con-
sistency at all points, and it is also conducive to generalization. Other notable early results
on posterior consistency are due to Le Cam (1953) and Freedman (1963).

To interpret our posterior consistency theorems in the context of these well-known re-
sults, we first relate our Theorem 2 to Schwartz’s theorem as presented by Ghosh and
Ramamoorthi (2003, Theorem 4.4.1). Schwartz considers the setting of an i.i.d. probabil-
ity model with densities p(x|f), and assumes the data X; are i.i.d. from some Py. In this
setting, fn(0) = =2 37" | log p(X;]0) and f,,(6) — f(0) = Ep,(—log p(X;]0)) almost surely
by the strong law of large numbers (SLLN), assuming Ep |log p(X;|0)| < co. Further, if
the model is correctly specified, so that Py = Py, for some 6y, then f(0) — f(6p) equals the
Kullback—Leibler divergence, D(Py, || Pp)-

Thus, in the correctly specified i.i.d. setting, the interpretation of Theorem 2 is as
follows: assumption 1 essentially amounts to assuming a SLLN holds, assumption 2 is that
the prior puts positive mass on Kullback—Leibler neighborhoods of 6y (just like Schwartz
assumes), and roughly speaking, assumption 3 is that outside neighborhoods of 6y, the log-
likelihood does not get too close to the log-likelihood at #y when n is sufficiently large. The
main difference between Theorem 2 and Schwartz’s theorem is that Theorem 2 employs
assumption 3 instead of the UCT condition. In the i.i.d. setting, it seems inevitable that
the UCT assumption is less stringent than assumption 3, however, it is not obvious how
to extend the UCT approach to our setting of arbitrary generalized posteriors where we do
not even assume there exists a data distribution. Thus, although in the i.i.d. setting, our
condition is more stringent, we obtain the benefit of much broader applicability in general.

8.8 Proof Techniques

The proofs in this paper involve several new or non-standard techniques. First, in our main
results in Sections 2 and 3, a major shift in technique is to study deterministic sequences
of posterior distributions, rather than the usual approach of studying sequences of random
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posterior distributions obtained from random data. By showing that the conditions of the
theorems hold with probability 1, we obtain almost sure convergence. This device enables
one to separate the problem into a real analysis part (involving asymptotics of functions)
and a probability part (involving the randomness in the data), which is particularly useful
when considering generalized posteriors and misspecified models. This decoupling technique
may facilitate future work on each part, separately. Bernardo and Smith (2000, Proposition
5.14) and Chen (1985) also considered deterministic sequences of distributions, but only for
showing weak convergence rather than in total variation.

The proof of Theorem 2 has the same core structure as the proof of Schwartz’s theorem
(Ghosh and Ramamoorthi, 2003, Theorem 4.4.1), however, to handle generalized posteriors,
we use assumption 3 rather than the UCT assumption in order to employ the deterministic
sequence technique and enable application to generalized posteriors.

The proof technique for Theorem 4 differs from previous BvM proofs in some key re-
spects — specifically, this formulation of the conditions facilitates a succinct proof using
the generalized dominated convergence theorem. Further, we use the deterministic sequence
technique described above. On the other hand, certain aspects of the proof are adapted
from Ghosh and Ramamoorthi (2003, Theorem 1.4.2), such as how we break up the integral
into regions.

The proof technique for Theorem 5 involves innovations as well, encapsulated primarily
in Theorem 7. Specifically, regularity properties of f, f', f”, fn, f1, and f are obtained
via Theorem 7, rather than having to be assumed. This simplifies several aspects of the
proof, such as interchanging the order of derivatives and limits or expectations. Another
advantage of our proof technique is that there is no need for a common support condition,
which is sometimes assumed (Ghosh and Ramamoorthi, 2003, Theorem 1.4.2), because we
deal with f, directly, rather than with a probability model.
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Appendix A. Proofs of Concentration Results

Proof of Theorem 2 Let ¢ > 0. Define p,(E) = [5 e OTI(dh) for E C ©. Recall
that 1, (0) = z, < oo by assumption. For any § € R,
pn(AS) e (@)+8)  (AC)

A=A = @) T et 6)

so prove the result, it suffices to show that for some (3, the numerator is bounded and the
denominator goes to oo.

First, consider the numerator. Assumption 3 implies that there exists 5 > 0 such that
for all n sufficiently large, infge ac fn(6) > f(60) + 3. Then for all n sufficiently large, for all
0 € A¢, we have exp (— n(fn(f) — f(6o) — B)) < 1. Hence, for all n sufficiently large,

U O0+8), (40) — /A

Now, consider the denominator. For any 6 € Ag/s, fu(0) — f(60) — B — f(0) — f(60) —
B < —(/2 < 0, and thus, exp ( —n(fn(@) — f(6o) — B)) — oo as n — oo. Therefore, by
Fatou’s lemma,

exp (= n(fu(6) ~ £(60) — B)11(d8) < [ 11(ap) < 1.

A

c
€

n—o0 n—oo

liminf "))y, (A5 ) = liminf /A exp (— n(fa(0) — f(6o) — B))IL(dF) = oo
B/2

since II(Ag/5) > 0. Hence, eF00)+8) 1y, (©) — oo since u,(©) > pn(Ag/2)- [ |

Lemma 27 Suppose © C RP, E C O is convex and open in RP, and 6y € E. Let
fn:© —= R be convex, and assume f,, — f pointwise on E for some f : E — R.

(1) If f' exists in a neighborhood of 6y, f'(6p) = 0, and f"(0y) exists and is positive
definite, then f(0) > f(6o) for all 0 € E\ {6y}.

(2) If f(0) > f(0o) for all 0 € E\ {6o}, then liminf, infycon B, (gy) fn(0) > f(00) for any
e >0.

Proof (1) As the pointwise limit of convex functions on a convex open set, f is convex
on E (Rockafellar, 1970, 10.8). Let R > 0 such that f’(6) exists for all # € Br(fy). Let
u € RP with |u| = 1, and define g(r) = f (0o +ru) for r € [0, R). Then ¢'(r) = (o +ru)Tu
and ¢”(0) = u”f"(6p)u. Since

— 1 _ T e
SO0 o) = T (Bo)u > O,

then ¢'(r) > 0 for all » > 0 sufficiently small, say, all » € (0,&]. Then for any s € (0,¢], we
have

F(60 + su) — F(80) = g(s) — g(0) = /0 g (P)dr > 0. (A1)
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Meanwhile, for any s > ¢ such that 6y + su € E, we have

L (460 + s - F(00) >

m | =

(f(6o +eu) — f(6o)) >0

by the convexity of f and by Equation A.1 with s = . Hence, for any s > 0 such that
0o+ su € E, f(0p + su) > f(6p). Since u is arbitrary, the result follows.

(2) By Rockafellar (1970, 10.8), f, — f uniformly on any compact subset of F, and f
is convex on E. Further, f is continuous on F, as a convex function on a convex open set
(Rockafellar, 1970, Theorem 10.1). Let & > 0 small enough that the e-sphere S, = {6 € RP :
|0 —0y| = €} is contained in E. Let o, = infgecg. fn(0)— fn(6o) and o = infpecg. f(0)— f(0o).
By uniform convergence, o, — «. Note that a > 0, as the minimum of the continuous
positive function f(6) — f(6y) on the compact set S.. For any 0 € © \ B.(p), letting &y be
the point of S: on the line from 6 to 6y, we have, by the convexity of f,,

fn(£0) _fn(e())
€9 — ol = on

whenever a,, > 0, since |0 — 6y| > |£p — Op|. Since a,, — a > 0, then for all n suf-
ficiently large, for all 6 € © \ B.(6p), fn(0) > fn(6o) + an, —> f(60) + . Therefore,
liminf,, infpce\ B, (89) fn(0) > f(0o) + a > f(6b). Note that this also implies the same in-
equality for any &’ > e. [ |

fn(9> - fn(g(]) > ‘9 - 90|

Proof of Theorem 3
(Part 1) Defining A, as in Theorem 2, it suffices to show that

(a) for any £ > 0 there exists § > 0 such that As C N, and
(b) for any ¢ > 0 there exists ¢’ > 0 such that N C As,

since for any € > 0, choosing § by (a), we have IL,(N.) > II,,(A4s); meanwhile, for any
6 > 0, choosing &' by (b), we have II(As) > II(N) > 0 and liminf, infye e fn(0) >
liminf,, infgene fn(6) > f(6o), and hence, by Theorem 2, IT,,(A5) — 1.

(a) Let ¢ > 0. Pointwise convergence and the liminf condition imply infgene f(0) >
f(6o), hence, letting 6 = infgene f(0) — f(6o), we have § > 0 and As C N-..

(b) Let 6 > 0. By the continuity of f at 6y, choose ¢’ > 0 such that |f(6) — f(6o)| <
for all 8 € N.,. Then for any 0 € N, f(0) < f(6y) + 0, hence, 6 € As.

(Part 2) We show that 2 implies 1. By Lemma 36, f, — f uniformly on K. Conse-
quently, f|x is continuous, as the uniform limit of continuous functions (Rudin, 1976, 7.12).
In particular, f is continuous at 6, since g is an interior point of K. For any € > 0,

liminf eeg\fm fn(8) = eegl\fm f(8) > f(6o),
the first step holding since f, — f uniformly on K, and the second step since f|x is
continuous, K \ N, is compact, and f(6) > f(6p) for all 6 € K \ {6y}. Therefore, since
NEC (K \N.) UK®,

liminf inf_f,(9) > liminf min{eeill(a\fNa £al0), it fn(a)} > £(60).
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(Part 3) We show that 3 implies 1. Denote B. = {# € RP : |0 — 6| < €}. Let r > 0
small enough that B, C ©. As the pointwise limit of convex functions, f is convex, and
thus, it is continuous on B, (Rockafellar, 1970, 10.1). By Lemma 27 with E = B, in either
case (a) or (b), we have

liminf inf 0) > f(0
T pconB. Ju(8) > J(60)

for any € > 0. Since © \ B, = O\ N, = N¢, this proves the result. [ ]

Appendix B. Proofs of Asymptotic Normality Results

Lemma 28 Let 6,, € RP such that 6, — 6y for some 6y € RP, let m, be a density with
respect to Lebesque measure on RP, and let q, be the density of \/n(0 — 6,) when 0 ~ T,.
If [qn(z) — q(x)|dz — O for some probability density q, then m, concentrates at y.

Proof Let II,, @, and @@ denote the probability measures corresponding to m,, g,, and
q, respectively. For any € > 0 and § > 0,

Qn(Bs(0)) = Hn(Bé/\/ﬁ(en» < 1L, (B (o))
for all n sufficiently large. Hence, since Q),, — @ in total variation,
Q(B5(0)) = lim Qu(B5(0)) < liminf T, (B (0)).

Taking the limit as 6 — oo shows that lim,, IT,,(B:(6y)) = 1. [ |

Proof of Theorem 4 Note that ¢,(z) = 7,0, + x//n)n"P/2. Define

gn(m) = €xp ( - n[fn(en + m/\/ﬁ) - fn(en)])ﬂ-(en + x/\/ﬁ)
= gn(z)e" ) P12, (B.1)
recalling that z, < oo by assumption, and define
go(a) = exp(—ga’ Hoz)m(6p).

Let a € (0,)\), where X is the smallest eigenvalue of Hy. Let € > 0 small enough that
e < af(2¢), € < g9, and 7(f) < 27w(0y) for all 6 € Ba-(0y) (which we can do since 7
is continuous at 6p). Let 6 = liminf, infocp_(g,)e (fn(H) — fn(Hn)), noting that § > 0 by
assumption. Letting A, = H, — al and Ay = Hy — al, define

o exp(—32TA,z)27(0p) if |z] < ey/n,

n\T) =
e 210, + x/y/n) if || > ev/n,
ho(z) = exp(—32" Aox)27(6p).

We will show that
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(a) gn — go and h,, — ho pointwise,

(b) [ hy — [ ho,

(¢) gn = |gn| < hy, for all n sufficiently large, and
(d) gn, g0, hn, ho € L* for all n sufficiently large.

By the generalized dominated convergence theorem, this will imply that [ g, — [ go and
[ 19n — go| = 0 (e.g., Folland, 2013, exercises 2.20, 2.21). Supposing this for the moment,
we show how the result follows. Since [ ¢, = 1, by Equation B.1 we have

D/2
M)y D12, — [ (g0 = n(6o) (2m)

— B.2

where |Hy| = | det Hy|, and hence,

Zn N~

e~ On) 7 (6y) (2£) D/2

| Hol'/? n

as n — oo; this proves Equation 3.3. For any a, — a € R, we have [ |angn — ago| — 0 since

[ 1angn = asol < [ laugn~ angol + [ longo = g0l = laal [ 90~ g0l + 1w ~al [ loo] 0.
. D/2
Thus, letting 1/a, = e™»@)nP/2z and 1/a = w(@o)%,
tion B.2, and thus,
[la

proving Equation 3.4. Equation 3.2 (concentration at y) follows by Lemma 28, since
0, — 0p. It remains to show (a)—(d) above.
(a) Fix € RP. First, consider h,. For all n sufficiently large, |z| < ey/n, and thus,

we have a, — a by Equa-

| Ho|/?
n(@) — D/2
(2m)P/

exp(—32"Hoz)|dx — 0,

hn () = exp(—12TA,2)2m(0) — exp(—32T Agz)27(0p) = ho()

since 4, — Ap. Now, for g,, first note that 7 (6,, + z//n) — 7(6p) since 7 is continuous at
0y and 6,, — 6y, x/\/n — 0. By the assumed representation of f,, (Equation 3.1),

n(fu(On +2/V/0) = fu(0n)) = 52" Hyz + nrn(z/v/n) — 2" Hox

since H,, — Hy and for all n sufficiently large (to ensure that |z//n| < ¢ and the assumed
bound on r,, holds),

[ (x/v/n)| < neolw/Vnl? = colal*/v/n — 0 (B.3)

as n — oo. Hence, g,(x) — go(z).
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(b) By the definition of hy, letting B, = B, /(0),

[hn = / exp(— Lo A, z)2m(6)di + / 270, + /) da.
Bn, B

Since A,, — Ag and Ay is positive definite, then for all n sufficiently large, A,, is also positive
definite and the first term equals

I’ D/2 B o7 D/2
S R4,72] < i) — 2(00) S = [

271‘(90)

where Z ~ N(0,I). The second term goes to zero, since it is nonnegative and upper
bounded by
e 250, 4 x/v/n)dx = e /2 P2 5,
RD

using the fact that 7(6, + x/\/n)n"P/? is the density of X = \/n(f — 6,,) when 6 ~ .

(¢c) For all n sufficiently large, |6, — 6p] < e, the bound on r, applies, and
infye g (0,)e fn(0) — fn(6n) > 6/2. Let n large enough that these hold, and let z € RP.
If |z| > ey/n, then f, (60, + x/v/n) — fn(0n) > /2, and thus,

9n(@) < e n (0, + 2/ V) = h(2).

Meanwhile, if |z| < ey/n, then 7(6,, + x//n) < 27(6y) (by our choice of e, since |(6,, +
£/3/) — 60| < |8 — o] + |2/ /] < %), and

n(fn(n +2/v/n) = f2(0n)) = 32" Hyx + nrp(z/v/n) > 2a"Hyr — Jaa™s = 22" Ap2

since [nr,(z/v/n)| < colz?/yv/n < coelz|? < Lalzf?, by the fact that |z/\/n| < € < gy and
e < a/(2cy). Therefore,

gn(x> < eXp(—%xTAnx)Qﬂ'(ao) = hn(x)

(d) Since Hy and Ay are positive definite, [ go and [ hg are finite. By (b) and (c), since
[ hn = [ ho < o0, we have [ g, < [hy, < oo for all n sufficiently large. Measurability of
gn and h,, follows from measurability of f,, and . |

Proof of Theorem 5 Without loss of generality, we may assume FE is convex, since
otherwise we can choose E/ C E to be an open ball around 6y, and proceed with E’ in
place of E throughout the proof. First, we show that under case 2, the conditions for
case 1 hold. By Lemma 27(1), f(0) > f(6y) for all 8 € E \ {6y} since f’ exists on F
by Theorem 7. Letting K = B.(fy) where € > 0 is small enough that K C E, we have
liminf,, infpee\ g fr(0) > f(0o) by Lemma 27(2). Thus, it suffices to prove the result under
case 1.

Consider case 1. Extend 7, f,, and f to all of RP by defining 7() = 0 and f(0) =
fn(0) = f(0o) + 1 for all & € RP \ ©. Then all the conditions of Theorem 5 (under case 1)
still hold with R? in place of ©. We will show that:

(a) (fn) is equicontinuous on E, and f//(6y) — f"(6p) as n — oo,
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(b) there exist 6,, € E such that 6,, — 6y and f/(6,) = 0 for all n sufficiently large, and
(C) fn(en) - f(eo)

Assuming (a)—(c) for the moment, we show how the result follows. Letting Hy = f”(6y),
the conditions of Theorem 6 are satisfied, and thus, assumption 1 of Theorem 4 is satisfied
for all n sufficiently large. Assumption 2 of Theorem 4 holds, since for all € > 0,

timinf | inf | (fu(6) = fo(6n)) = (Tminf jnf Ja(0)) = £(60)

> (hH}llnf OeBglgf(eo)C fn(ﬁ)) f(6y) >0
the first step holding by (c), the second step since ¢, — 6 and thus B, /y(0p) € B:(0n)
for all n sufficiently large, and the third step by the implication 2 = 1 in Theorem 3.
Thus, the conditions of Theorem 4 are satisfied (except possibly for some initial sequence
of n’s, which can be ignored since the conclusions are asymptotic in nature), establishing
Equation 3.2 (concentration at ), Equation 3.3 (the Laplace approximation), and Equation
3.4 (asymptotic normality). To complete the proof, we establish (a), (b), and (c).

(a) By Theorem 7, (fy) is equi-Lipschitz (hence, equicontinuous) on E and f; — f”
uniformly on E.

(b) Let ¢ > 0 small enough that Sc € K where S. = {# € R” : |0 — 6y| = ¢}. By
Theorem 7, f is continuous on E (since f’ exists on E). Thus, f attains its minimum on
the compact set S;, and since f(0) > f(6p) on S;, we have infges. f(6) > f(6y). For each
n, since f,, is continuous on F, its minimum over the set B (6y) is attained at one or more
points; define 65 to be such a minimizer. Since f,, — f uniformly on £ (by Theorem 7), then
for all n sufficiently large, any such minimizer cannot be in S; (since infgeg, f(0) > f(6p)).
Hence, for all sufficiently small e > 0, for all n sufficiently large, we have 65 € B.(6y) and
(by Lemma 38) f/(05) = 0.

Thus, we can choose a sequence &, > 0 such that (a) e, — 0 and (b) for all n sufficiently
large, 657 € B, (0p) and f](05*) = 0. Therefore, letting 6, = 65, we have 6, — 6y and
11(6,) = 0 for all n sufficiently large.

(c) We have |fn(6n) — f(00)| < |fn(0n) — fn(6o)] + | fr(60) — f(6o)] — O, the first term
going to zero since 6, — 0y and (f,) is equi-Lipschitz on E, and the second term since
fn — f pointwise. |

For tensors S,T € RDS, define the inner product (S,T) = Z”k SijkTijk (noting that
this is just the dot product of the vectorized versions of S and T). For z € RP, define

1P =zRrer= (l‘il‘jl‘k)D € RP?, and note that [|2®3|| = |z|3.

ij k=1
Proof of Theorem 6 By Lemma 37, (f/) is equi-Lipschitz. Thus,
1/ (0n) = Holl < 1£(0) — £ (00)ll + 1| £ (60) — Holl < C10 — 6o + || (60) — Holl — O,

and hence, H,, — Hy. Let Cy = sup,, supgcg || f1'(0)]|. Let n large enough that f,(6,) = 0.
For 6 € E, by Taylor’s theorem,

Jn(0) = fn(0n) + %(0 - en)T g(@n)(G —0n) +10(0 — 0)
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where 7, (6 — 6,) = £ {f (ta(6)), (0 — 6,)¥3), and t,(6) is a point on the line between § and
0,,. Then by Cauchy—Schwarz,

(0 = 0n)] < G (E(@)IIIO = 02) %I < §Coll(0 — 02)° = §Col0 — 0. (B.4)

Choose g9 > 0 small enough that Ba.,(6y) C E, and choose ¢y = Cy/6. For all n sufficiently
large, |0, — 00| < € and hence for all z € B, (0), we have 6,, + = € Ba.,(6y) C E; thus,
setting 6 = 6, + = in Equation B.4 yields |r,(z)| < co|z|>. [ |

Appendix C. Proof of Regular Convergence Theorem

Lemma 29 Let E C RP be open. If f, : E — R has continuous second derivatives, (fy) is

pointwise bounded, and (f))) is uniformly bounded, then (f],) is pointwise bounded.

Proof Let C =sup{||f)(z)|| :n € N,x € E} < co. Fix z € E, and let £ > 0 small enough
that Ba.(r) C E. By Taylor’s theorem, for any u € R” with |u| = 1,

fale +eu) = fol) + e fp (@) u+ 5e2u" f (2)u
for some z on the line between x and x + eu, and therefore,
|fr(@) ul < (1/e)| fulz + eu) = fu(x)] + 5¢C

since |uTf(2)u| < || f”(2)|||u|> < C. Thus, {f:(x)™u : n € N} is bounded, for any u with
|u| = 1. Applying this to each element of the standard basis, we see f/ (z) is bounded. W

Lemma 30 Let E C RP be open. If f,, : E — R has continuous third derivatives, (fy) is
pointwise bounded, and (f)") is uniformly bounded, then (f)) is pointwise bounded.

Proof Let C = sup, sup,cg ||f//(x)]] < co. Fix € E, and let € > 0 small enough that
B-(z) C E. By Taylor’s theorem, for any u € R” with |u| =1,

Falw +2u) = ful@) + efo(@) u+ S f (w)u + 23 (£ (), u®)
for some 2T on the line between x and = + cu. Likewise,
Falw = cu) = ful@) — efo(@) u+ 32 f (w)u — 23 (£ (=) u?)
for some 2z~ on the line between x and z — eu. Adding these two equations gives
Falw +2u) + fala — cu) = 2fa(@) + 20" f(@)u+ 3L () = £ (27), u).

For any tensor T € RP® | [(T, u®3)| < ||T|||[u®3|| = |T||, by the Cauchy—Schwarz inequality.
Therefore,

Wl £ (@)ul < (1/2)| oz + eu) + folz — eu) — 2fn(z)| + 1eC.
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Thus, since (f,) is pointwise bounded, this implies that {u*f”(z)u : n € N} is bounded,
for any u with |u| = 1. Let ui,...,ur € RP, with |u;] = 1, such that wju],..., upul
is a basis for the vector space V. C RP*P of symmetric matrices. (This is possi-
ble since span{uu’ : |u| = 1} = V by the spectral decomposition theorem.) With
(A,B) =3, ; AijBij, V is an inner product space. Since {ul f(z)u; : n € N} is bounded
for each 7, and u] f}/(z)u; = (u;ul, f1/(x)), then by Lemma 31, {f/(z) : n € N} is bounded.
Since x is arbitrary, (f]/) is pointwise bounded. [ |

Lemma 31 Suppose V is a finite-dimensional inner product space over R, and let
el,...,ex € V be a basis. If S C V such that {{e;,x) : = € S} is bounded for each
i=1,...,k, then S is bounded.

Proof Let G be the Gram matrix of (e;), i.e., G;j = (e;,e;). Note that G is positive
definite, since for any a € R¥,

aTGa = ZaiajGij = Z(aiei, (Ij@j) = <Zz a;€;, Zj ajej> = || Zz a¢e7;||2 Z 0, (Cl)
2% 4,3

with equality if and only if ) . aje; = 0, that is, if and only if a = 0 (since (e;) is a linearly
independent set). For x € V, define a(z) € R¥ by the property that >, a;(x)e; = = (noting
that a(z) always exists and is unique, since (e;) is a basis). Define b(x) € R* such that
bi(x) = (e;, z). Then for any z € V,

bi(x) = (e, 3;a5(x)ej) = Z%(-’IJK% €j) = Z%’(@sz»

and thus, b(x) = Ga(z). Hence, a(x) = G~1b(x), so by Equation C.1,
lz]|* = a(x)"Ga(z) = b(z)"G ™ b(z) < [|GTH||b(x)[*.

By assumption, {|b(z)|: x € S} is bounded, hence, {||z| : € S} is bounded. [ |

Lemma 32 Let E C RP be open, convex, and bounded. Let f, : E — R have continuous
second derivatives. If f, — f pointwise for some f : E — R, and (f}!) is uniformly bounded,
then f" exists and is continuous, and f], — f' uniformly.

Proof First, we show that (f}) converges pointwise. Let C' = sup,, sup,cg || f//(z)| < oo.
Let x € E, and let &€ > 0 small enough that B.(z) C E. Then for any u € R” with |u| = 1,
for any m,n, by applying Taylor’s theorem to f,, — fn,

fn(@+eu) = fal(z+eu) = fu(2) = fulz) + (Fn(2) = f(2)) " (€u) + 5(ew) (f(2) = £/ (2)) ()

for some z on the line between x and z + eu. Thus,

(@) = Sl < L+ w) = Ful )|+ <) = Fal@) + el fnz) = F2CE)]L
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The first two terms on the right go to zero as m,n — oo (by pointwise convergence of
fu)s and [ f4() — F1G) < 174G + 2] < 2C, therefore, Hmsupy, o |(fh () —
f1(x))Tu| < eC. Since € can be arbitrarily small, |(f/ (z) — f/(z))"u| — 0 as m,n — oc.
Choosing v = (1,0,0,...,0)T, then v = (0,1,0,...,0)T, and so on, this implies |f} (z) —
fl(z)] = 0 as m,n — oo, and hence, f/(z) converges.

Next, by Lemma 37, (f}) is equi-Lipschitz, and hence, equicontinuous. Thus, in fact,
(f1) converges uniformly, by Lemma 36. Finally, we show that f’ exists and f, — f’
uniformly; it will follow that f’ is continuous, as the limit of a uniformly convergent sequence
of continuous functions.

Let Cpn = sup,eg |fl(x) = fi(z)]. Then Ch,y — 0 as myn — oo, by uniform con-
vergence. To establish the result, it suffices to show that for any xzg € E, f'(x¢) ex-
ists and f) (z0) — f'(z9). Fix zp € FE, and let B = B.(xg) \ {zo} where ¢ > 0 is
small enough that B C E. For x € B, define p,(z) = (fn(z) — fu(zo))/|x — 20| and
o(z) = (f(z) — f(zo))/|x — xo|, noting that ¢,, — ¢ pointwise. For any = € B, by Taylor’s
theorem applied to f,, — fa,

fn(@) = fa(@) = frn(@0) = falz0) + (fin(2) = fr(2))"(z = 20)

for some z on the line between = and xg, and hence,

|om (@) = en(@)| < |fn(2) = fr(2)] < Con — 0

as m,n — oco. Therefore, ¢, — ¢ uniformly (on B) (by e.g., Rudin, 1976, 7.8).

Now, define 1, (z) = f1(z0)T(x — x0) /| — zo| and () = v™(x — x0)/|x — 20| for = € B,
where v = lim,, f] (z¢). Since |, (x) — ¥ (z)| < |f}(z0) —v| = 0 as n — oo, then ¥, — ¥
uniformly as well. Hence, |¢, — 1¥,| — |¢ — ¥| uniformly (on B).

By the definition of the derivative f, (xo),

lon(z) — thn(2)] = | fn(x) = fulzo) = f1(x0)T(x — xo)] N

|£1;‘ — :L'0| T—T0

Therefore (by e.g., Rudin, 1976, 7.11),

0= lim lim [@,(2) = ¢u(@)| = lim lim |, () — ()| = lim |@(x) — v(x)

n—00 T—T( T—TQ N—00 T—T(
_ i @) = f(0) = 0T(z — o)
T—TQ |$ — {1,‘0| ’
Hence, f'(z) exists and equals v = lim,, f] (xo). [ |

Proof of Theorem 7 First, suppose (f,) is pointwise bounded. By Lemma 37 with
k =3, (f)) is equi-Lipschitz, and by Lemma 30, (f) is pointwise bounded. Thus, since F
is bounded, it follows that (f}) is uniformly bounded. Therefore, by Lemma 37 with k = 2,
(fr) is equi-Lipschitz, and by Lemma 29, (f)) is pointwise bounded. Thus, likewise, (f})
is uniformly bounded. And lastly, applying Lemma 37 with £ = 1, we have that (f,,) is
equi-Lipschitz, and hence, uniformly bounded, since it is pointwise bounded by assumption.

Now, assume f, — f pointwise. Then in fact, f,, — f uniformly, by Lemma 36, since

(fn) is equi-Lipschitz (as just established), and hence, equicontinuous. By Lemma 32, f’
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exists and f], — f’ uniformly. To complete the proof, we show that f” exists and f;/ — f”
uniformly. For any ¢ € {1,...,D}, if we define h,(z) = f}(x); and h(z) = f'(z);, then
hn — h pointwise and (h!") is uniformly bounded (since (f}) is uniformly bounded and
B2 ()|l < || £ (x)])); hence, by Lemma 32, h’ exists and is continuous, and h], — h’ uni-
formly. Since this holds for each coordinate i, then f” exists, and f;) — f” uniformly. H

Appendix D. Proofs of Coverage Results
Proof of Theorem 8 Letting X,, = —/n(0, — 6y) and X ~ Q,

P(@o S Sn) @ P(\/ﬁ(eo - Qn) € Rn) = P(Xn € Rn) @) P(X S R) = Q(R)

where step (a) is by the definition of R,, and (b) is by Lemma 9, using assumptions 1
(Xn LEN X), 3, and 4. To see that Q(R) = p, note that I1,(S,) =2+ p by assumption and

also I1,,(Sn) = Qn(Ry) == Q(R) since
< sup Qn(A) = QA +1Q(Ry) — Q(R)| = 0

by assumption 2 and assumption 3 plus the dominated convergence theorem (Folland, 2013,
Theorem 2.24). [ |

Proof of Lemma 9 For each k = 1,2,..., define Ay = {z € RP : d(z,R°) > 1/k}
and By = {z € RP : d(x,R) < 1/k}. Note that Ay is open and By is closed since
x + d(z,R) and = — d(z, R°) are continuous. For any k, by Lemma 10 we have that
with probability 1, for all n sufficiently large, A, C R, C Bg. Thus, with probability 1,
liminf, (1(X, € R,) — 1(Xy € Ag)) > liminf, inf, (1(z € R,) — 1(z € Ag)) > 0. It follows
that

liminf E(1(X,, € R,) — 1(X,, € A;)) > Eliminf (1(X, € R,) — 1(X,, € A)) >0

by Fatou’s lemma applied to 1(X,, € R,) — 1(X,, € Ax) + 1. (The +1 is added to make
the function nonnegative, so that Fatou’s lemma applies directly.) If liminf, (a, — b,) > 0
then liminf a,, = liminf(a,, — b, + b,) > liminf(a, — b,) + liminf b,, > liminf b,,. Therefore,
liminf,, oo P(X,, € Ag) < liminf,,_,o P(X,, € R,,). Similarly, by reverse Fatou’s lemma,

limsup E(1(X,, € R,) — 1(Xy, € By)) < Elimsup (1(X,, € R,,) — 1(X,, € B)) <0,

and therefore, limsup,, P(X,, € R,,) < limsup,, P(X,, € By). Hence, by the portmanteau
theorem (Dudley, 2002, Theorem 11.1.1), for all k,

P(X € Ag) < liminf P(X,, € Ay) < liminf P(X,, € R,,)
< limsupP(X,, € R,) < limsupP(X,, € By) <P(X € By).
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Taking limits as k — oo and using the fact that |72, Ay = R° and (jo; Br, = R, we have
P(X € R°) =lim P(X € Aj) < liminf,, P(X,, € R,,) < limsup,, P(X,, € R,,) < limy IF’(X €
Br) = P(X € R) by Folland (2013, Theorem 1.8). Further, P(X € R°) = P(X € R) =

P(X € R) since P(X € OR) = 0. Therefore, lim,, P(X,, € R,) = P(X € R). |

Proof of Lemma 10 First, we establish some initial facts. It is straightforward to check
that R is convex. R° is nonempty since m(R) > m(R) > 0 and m(OR) = 0 (Lang, 1986).
It follows that R, A, and B are bounded. For any open cube E such that £ C R, we have
E C R, for all n sufficiently large, since 1(z € R,) — 1(z € R) for each corner x of the
cube E.

Next, we show that A C R, for all n sufficiently large. For each = € A, let E, be a
nonempty open cube centered at x such that E, C R. Then {E, : x € A} is an open cover
of A. Since A is compact, there is a finite subcover E,,, ..., F,,. Thus, for all n sufficiently
large, AC A CUF| E., C Ry

Now, we show that R, C B for all n sufficiently large. Let S5 = {x € R : d(x, R) = 6}
for 6 > 0. Let E C R be a nonempty open cube such that £ C R,, for all n sufficiently
large. For each x € S, 5, define Cp = (J;o {tx + (1 —t)z : z € E}. Then C, is open,
as a union of open sets. Note that y € C, if and only if z = sy + (1 — s)z for some

€(0,1), z € E, i.e., if and only if x is a (strict) convex combination of y and some point
of E. Thus, {C; : x € S/} is an open cover of S (since for any y € Sc, the line between
y and any z € E must pass through S, /5 by the intermediate value theorem applied to
s — d(sx + (1 — s)z,R)). Since S; is compact, there is a finite subcover Cy,,...,Cy, for
some z1,...,T € Sg/p. Since z; € R° for each i = 1,..., k, there exists N such that for all
n>N, zq,...,x, € R and £ C R,,. Then for all n > N, by the convexity of R,,, we have
S. C Ule Cz; € RS and hence R,, C B. [ |

Appendix E. Proofs for Generalized Applications

Proof of Theorem 20 Define B, = {j € Z™ : R(j) < r}, that is, B, =
{-r,...,—1,0,1,...,7}™ for r € N. Let r, = R(v(n)), L, = |By,—1|, and M,, = |B,, |, for
n € N. Observe that L, <n < M, since R(v(1)) < R(v(2)) < ---. Further, M,,/n — 1 as
n — 00, since

1M Mo Bl 2ty
on Ln |Brn71| 21”n—1

as n — oo since r, — 00.

Fix k‘,g S {1, .. .,m}, and define Zz = Y;Xlk — E(Y;Xlk) or Zz = szXzE — E(Xlleg)
where X; is defined as in Theorem 19; the proof is the same in either case. Then Z, Zo, ...
are identically distributed, and in fact, by Lemma 33, (Z,-1(;) : j € Z™) is stationary with
respect to 11, ..., T, and ergodic with respect to at least one of 71, ..., T,,. Note that EZ; =
0 and E|Z;|? = Var(Z;) < oo, since for all i, j, Var(V;Y;) < E|Y;Y;|? < (B|Vi[*E[Y;|1)Y/? < o0
by the Cauchy—Schwarz inequality.

To prove the result, we need to show that L Z? 1 Z; — 0 almost surely as n — oo.

The key part is showing that (A ) Z tZi — O by the multivariate ergodic theorem; the

41



MILLER

remainder of the proof is showing that (B) the difference between = 3" | Z; and - ZM" Z;
is negligible.
(A) For the first part, letting Fj, denote the invariant sigma-field with respect to T,

MZ B 2 %

]eBrn

27« _|_1 m Z Z L(g1seesdm) (E.1)
Jr—

Jj1=—Tn

n—oo

by applying the multivariate ergodic theorem (Kallenberg, 2002, Theorems 10.12 and 10.13)
to each of the 2™ orthants of Z™. A few clarifying remarks. The subset {j € Z™ :

min{|ji|, ..., [jm|} = 0} can be handled by shifting each orthant to ensure that, collectively,
they form a partition of Z™. Kallenberg (2002, Theorem 10.12) shows that the limit is
Efm...Ef1Z;, and since T1,..., T}, are commutative, we have EXm ... E/17; = E(Z; |

Nk Fi) by Kallenberg (2002, Theorem 10.13). Ergodicity with respect to T} means that the
corresponding invariant sigma-field Fj, is trivial, that is, the probability of any set A € F},
is either 0 or 1. So by assumption, at least one of Fi, ..., Fy, is trivial, and hence, NgF} is
trivial as well. Therefore, E(Z; | Ny F) = EZ; = 0.

(B) Now, for the remainder of the proof,

1 n My,
S’Mn;Zz‘ Z

‘M
" oi=1

As for the second term, we have —— Z " Z; — 0 a.s. by Equation E.1. As for the first
term, we have

1 — 1 1 1
‘EZZi_EZZi SEZ ’Z’|§ﬁz |Zi|:CrnWrn
=1 =1 i=n+1 i=Lnp+1

where ¢, = |B, \ Br_1|/|B,|, W, = |S‘ZZ€S |Zi|, and S, = {L, +1,...,M,}. If we can
show that ¢, W, —> 0 almost surely as n — oo, then this will prove the result since then
IS Z = (—) - > i1 Zi — 0 as., using the fact that M, /n — 1 as shown above.

We show that ¢, Wrn — 0 using the Borel-Cantelli lemma. For all ¢ > 0, r € N, by
Markov’s inequality we have

P(c, W, > &) = P(W} > (¢/¢)?) < (er/e)*E(W}?) < (er/2)*Var(Z1), (E.2)

where the last step holds since E(W?2) < E(|S | Yics, |Zil?) = E|Z1|* = Var(Z1) by Jensen’s
inequality. Now, for all » € N, we have the bound

_@2r+1)m—=(2r -1
" (2r +1)m

2r —1)m-t3m _ gm
<2r=b 2 < (E.3)
(2r+1) r

42



GENERALIZED POSTERIORS

where the first inequality holds by the following application of the binomial theorem, taking
r=2r—landy=2:forallmeN,z>1,y >0,

(:c+y)m—xm:§:<7:>xm hyk < gm= 12( >yk:a:m1(1+y)m

k=1

Therefore, combining Equations E.2 and E.3, we have that for all € > 0,

ZP(CrWr >¢) Z (cr/€)?Var(Zy) < (3™ /e)*Var(Zy) Z

r=1 r=1 r=1
Hence, by the Borel-Cantelli lemma, for all ¢ > 0, P(limsup, ¢,W, < ¢) = 1. Therefore,
P(lim ¢, W, = 0) = P(N2, {limsup, ¢, W, < 1/k}) =1, that is, ¢,W, = 0 a.s. asr — oco. A

In the following lemma, we adopt the notational conventions and definitions of Kallen-
berg (2002), page 181.

Lemma 33 Let £ be a random element in S with distribution u, and let T : S — S be
w-preserving (that is, T(&) i €). Suppose f : S — S is a measurable function such that

foT =Tof. ThenT(f (§)) f(&), that is, T preserves the distribution of f(&). If, further,
¢ is T-ergodic, then f(&) is T-ergodic.

Proof The first part is immediate, since T'(f(&)) = f(T(¢)) 4 f(&). Suppose & is T-
ergodic. In other words, suppose that for any measurable set A such that T-1(A) = A4,
we have P(§ € A) € {0,1}. (This is also equivalent to saying that the T-invariant
sigma-algebra is trivial under p.) To show that f(£) is T-ergodic, let A such that
TY(A) = A. Then T-1(f~1(A)) = f~HTY(A)) = f~1(A) since foT = T o f, so we
have P(f(&) € A) = P(¢€ € f~1(A)) € {0,1}. Hence, f(£) is T-ergodic. [ |

In the proof of Theorem 20, we apply Lemma 33 in the following way. Suppose £ is a real-
valued stochastic process on Z™, that is, & = (£(i1, ..., 9m) : © € Z™) where (i1, ...,imy) is a
real-valued random variable. Suppose T}, is the shift transformation in coordinate k, that is,
1§ = Ti(&) = (£(ir, - - ik +1,... i) 10 € Z™). Let ¢(§) € R be a measurable function of
€ and define £() = (o(T3" - T4r€) - § € 7). Then F(Ti) = (p(Th ---TH1 .. Ting) :
JjeZ™) =Tpf(€) and thus, f oTy = T o f. Hence, if £ is stationary Wlth respect to Ty,
(that is, T 4 ¢) and & is Ty-ergodic, then by Lemma 33, f(§) is stationary with respect
to Ty and is Ty-ergodic.

Proof of Theorem 24 For § € R,
1 Cox 1 S 1 S n T(1 n
fn(0) = ——log £°(0) — — > Zilogn = - > HY(0)Zi— 60" (2 Y0, XiZ)
i=1 i=1

where Hy(6) = log (2 Py exp(07X;)1(Y; > y)). Note that f, is C*™, as a composition
of C’OO functions. Further, f,, is convex on R”, since H -(0) is convex by Lemma 41 with

= Z] >V, d0x;. By Lemma 35, f”(6o) is positive definite.
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By the strong law of large numbers, %Z?:l X:Z; 2% E(XZ) as n — oo, and by
Lemma 34, for all 6 € RP, E|hy (0)Z| < coand L 37" | HY. (0)Z; == E(hy (0)Z) as n — oo.
Therefore, for all # € R, with probability 1, f,,(#) — f(#). Due to convexity, this implies
that with probability 1, for all § € RP, f,(6) — f(0).

Let m = sup{|z| : € X} < oco. Then by Lemma 41, (83/60j89k805)H%(9)} <
(2m)3 = 8m? for all § € RP. Thus, | f”(0)|> = D ikt ’(83/89j00k805)fn(0)‘2 < D3(8m3)?
for all # € RP n € N. Hence, (f) is a.s. uniformly bounded on all of R”. Thus, for any
open ball E containing 6y, the conditions of Theorem 5 are satisfied with probability 1. W

Note that Hy (0), Hy,(0), ... are not i.i.d., which is why the next lemma is not trivial.

Lemma 34 Suppose (X,Y,Z),(X1,Y1,7Z1),(X2,Ys, Z3),... are i.i.d., where X € X C RP,
Y >0, and Z € {0,1}. Define hy(0) = logE(exp(0"X)L(Y > y)) and H'() =
log (% Z?:l exp(67X;)1(Y; > y)) for @ € RP, y > 0. If X is bounded and the c.d.f. of
Y is continuous on R, then for all € R, E|hy(0)Z| < 0o and

1~ a.s.
- ZHYZ_(G)ZZ» = E(hy (0)2).

Proof Let F(y) =P(Y <vy), ¢ =sup{y € R: F(y) < 1}, and m = sup{|z| : € X'} < 0.
Since | X| < m and F is continuous, E|hy (0)Z] < m|0| —Elog(1—F(Y)) = m|f|+1 because
F(Y)) ~ Uniform(0,1). Fix § € R” and define g(y) = hy(0) and G, (y) = H'(0).

First, we show that for all ¢ € (0,c*),

sup [Gn(y) — g(y)] —— 0. (E4)

ye[0,c] oo

a.s.

Let S be a countable dense subset of [0,c] such that 0,¢ € S. For all y € S, Gp,(y) —
g(y) € R by the strong law of large numbers since 0 < E(e? X1(Y > y)) < ™ < co. Next,
G, is a non-increasing function on [0,¢] (that is, if 0 < y <y < ¢ then Gy(y) > Gn(¥'))
since y — 1(Y; > y) is non-increasing. Further, g(y) is continuous on [0, ¢| by the dominated
convergence theorem, since e/ X1(Y > y)| < ™ and P(Y = y) = 0 by the continuity of F.
Thus, with probability 1, for all n sufficiently large, G4, is finite on [0, ¢] since G,,(0) =% ¢(0)
and G, (c) 2% g(c). Tt follows that SUPycpo,q |Gn(y) — 9(v)] 2% 0 by Lemma 39.
Second, we show that for all ¢ € (0, ¢¥),

n

%Z Gu(Y)ZiL(Y; < ¢) 25 Bg(Y)ZL(Y < o)), (E.5)
=1

To see this, observe that by Equation E.4,

ZG NZA(Y; < ¢) ——Zg )ZA(Y; < c)

=1

*Z\G (Yi)|[1(Y; < ¢) < sup [Gn(y) —g(y)] === 0
yE[OC] n—0o0
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and 231 g(Y;) Z1(Y; < ¢) == E(g(Y)Z1(Y < ¢)) by the strong law of large numbers.

n—oo

Third, we show that for all ¢ € (0, c*),

n

1
- > Gu(Y)ZA(Yi > c)
i=1

a.s.
limsup < mw’pc — pclogpe + pe (EG)

n—oo

where p. = P(Y > ¢). This follows from the fact that

En:G (Y ZA(Y; > ¢

=1

Z]G D|L(Y; > ¢)

1
n

< Z (ml6] — log (2 527, 1(Y; 2 Y1) )1(¥i > o

K,
a.s. 1 -
= —_ — 1
m|0| K, /n - E: og(k/n)

i Pe
22 m||pe — / (log x)dx = m|0|p. — pclog pe + pe
n—oo 0

where K, =" | 1(Y; > ¢), using that P(Y; = Y;) = 0 for ¢ # j by continuity of F.

Now, we put these pieces together to obtain the result. Writing %Z?:l Gn(Y;)Z; =
IS Ga(Y)ZA(Y; <o)+ 230 Gu(Y:) ZiL(Y; > ¢), for all ¢ € (0,c¢*) we have

1 n
- ;Gnmzi —E(g(Y ‘

Bt zar <o) - E<g<Y>Z>] "

ZG NZA(Y; < ¢) — E(g(Y)Z]l(YSC))’

and therefore, by Equations E.5 and E.6,

limsup
n—oo

> G Zi- E(g(Y)Z)‘
=1

< B9 ZL(Y <€) — Bg(V)2)| +mlolpe — plogpe+pe. ()

Let c1,c2,... € (0,c¢*) such that ¢, — ¢*. Then p., — pe~ = 0 by continuity of F, and thus,
m|0|pe,, — Pey 108 Pey, + Do, — 0 as k — oo. Further, E(9(Y)Z1(Y < ¢;)) — E(9(Y)Z) by
the dominated convergence theorem, since |g(Y)Z1(Y < ¢)| < |g(Y)Z|, E|g(Y)Z| < 0,
and 1(Y < ¢) 2% 1 as k — oo. Applying Equation E.7 to each ¢; and taking limits as
k — 0o, we have that limsup,, ., |2 37| Gn(Y;)Zi — E(9(Y)Z)| = 0 almost surely. [ |

Lemma 35 Under the conditions of Theorem 24, f"(0) is positive definite for all 6 € RP.

Proof Recall that f(0) = E(hy(0)Z) — "E(XZ) where hy(0) = log E(e’ X1(Y > y)) for
0 € RP. First, we put hy(f) in the form of x(6) in Lemma 41 by noting that hy(6) =
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log E(e” XP(Y > y | X)) = log [ exp(8%x)uy(dz) where p,(dz) = P(Y >y | X = z)P(dx)
and P is the distribution of X (Dudley, 2002, 10.2.1-10.2.2). Let m = sup{|z| : z € X'} < 0.
We have |hy(6)| < oo for all § € RP and all y > 0 because exp(—m|f]) < exp(fTX) <
exp(m|6]), and thus —oco < —m|f| +logP(Y > y) < hy(0) < m|f| +1logP(Y > y) < oo due
to assumptions 1 and 4 of Theorem 24.

For any given # € R and y > 0, following Lemma, 41, we define a probability measure
P = Py, on X by P(dx) = exp(6™z — h,(0))P(Y > y | X = 2)P(dr). Note that P and
P are mutually absolutely continuous since exp(6Tx — hy(0))P(Y > y | X = z) is strictly
positive for all x € X. By Lemma 41, hy(0) = E(X) and hyy(0) = Cov(X) where X ~ P.
We claim that for any nonzero a € RP, aTh’y’(H)a > 0. To see this, suppose a € RP such
that a’hj)(#)a = 0. Since a™h}(f)a = Var(a"X), it follows that P(a"X = E(a’X)) = 1.
But then P(a™X = E(aTX)) = 1 since P < P. Hence, a"X is a.s. equal to a constant, so
Var(a*X) = 0, which implies a = 0 by assumption 3 of Theorem 24.

To justify differentiating under the expectation in E(hy (0)Z), we apply Folland (2013,
Theorem 2.27b) using the following bounds. First, E|hy(0)Z]| < oo by Lemma 34. Next,
|X| < m because P is supported on X. Thus, |a%jhy(9)z| = [E(X;)z| <E|X;| <E|X|<m
and | g2y (0)2] = |Cov (X, Xp)z| < BIX;||Xx| + B X;[E|[Xs| < 2m? for = € {0,1}.

Hence, f”(0) = E(h}.(0)Z), and we have that for any nonzero a € RP, a'f"(f)a =
E(a™h¥ (f)aZ) > 0 because a"hy (f)a > 0 and P(Z = 1) > 0 due to assumption 3 of Theo-
rem 24. Therefore, f”(0) is positive definite. ]

Appendix F. Supporting Results

This section contains miscellaneous supporting results used in the proofs. A metric space
FE is totally bounded if for any 6 > 0, there exist x1,...,z € E, for some k € N, such that
E = Ule{:v € E:d(z,x;) < ¢}. In particular, any bounded subset of a Euclidean space is
totally bounded.

Lemma 36 Suppose h,, : E — F forn € N, where E is a totally bounded metric space and
F is a normed space. If (hy) converges pointwise and is equicontinuous, then it converges
uniformly.

Proof Let € > 0. Choose § > 0 by equicontinuity, so that for any n € N, z,y € F,
if d(xz,y) < 0 then ||hy(z) — hyn(y)|| < e. Choose z1,...,z; € E by totally boundedness,
and by pointwise convergence, let N such that for all m,n > N, for all i« € {1,...,k},
|hm(xi) — hn(x;)|| < €. Then, for any € E, there is some i € {1,...,k} such that
d(x,z;) < d, and thus

[hin(z) = Bn (@) || < [[hin () = B (@) [| + 1B (23) — P (22) || + [[n(2:) — hn(2)[| < 3
for any m,n > N. Therefore, (h,) converges uniformly (by e.g., Rudin, 1976, 7.8). [ |

When all the kth order partial derivatives of f exist, let f*)(z) denote the k-way tensor
of kth derivatives; in particular, f&) = f/, & = f” and so on. When these derivatives
are continuous, the order of differentiation does not matter (Rudin, 1976, exercise 9.29).
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Lemma 37 Let E C RP be open and convez, and let f, : E — R for n € N. For any

k € N, if each f, has continuous kth-order derivatives and (f,sk)) 1s uniformly bounded,
(k=1)y . S

then (fn ) is equi-Lipschitz.

Proof First, we prove the case of k = 1. Let C = sup, sup,cg |f}(z)| < co. By Taylor’s
theorem, for any n € N, z,y € E, fu(z) = fu(y) + f,(2)"(z — y) for some z on the line
between x and y, and therefore,

|[fn(@) = fuW)] < [fr(2)] |2 =yl < Cla = y.

Thus, (f,) is equi-Lipschitz.

For notational clarity, we prove the case of k = 3, and observe that the extension from
this to the general case is immediate. For any i,j € {1,...,D}, if we define h,(z) =
f(x)i; = 8x o7 fn(x), then (h]) is uniformly bounded (since |h!,(z)| < ||f/ (x)| and (f}")
is uniformly bounded), and hence, (hy,) is equi-Lipschitz by the case of k = 1 just proven.
Thus, (f))) is equi-Lipschitz, since if Cj; is the equi-Lipschitz constant for entry (7,7), then

1fn(@) = Fa@)* = Zlf” i = I @)yl® < CPla —yP?

where C? = Z” [ |

Lemma 38 Let B C R be open and let f : B — R be differentiable. If zo € B such that
f(z) > f(zo) for all x € B, then f'(zo) = 0.

Proof For any u € RP with |u| = 1, f/(z0)"u = lim._o(f(zo + cu) — f(x0)) > 0. If
f'(z0) # 0, then choosing u = —f'(x0)/|f'(z0)|, we have 0 < f'(z0)Tu = —|f'(z0)| < 0, a
contradiction. ]

Lemma 39 Let a,b € R such that a < b, let g : [a,b] — R be continuous, and for n € N,
let g, : [a,b] — R be a non-increasing function. If there is a dense subset S C [a,b] such
that a,b € S and gn(y) — g(y) for all y € S, then supycpqp) [9n(y) — g(y)| —> 0 as n — oo.

Lemma 39 is straightforward to verify, so we omit the proof. Lemmas 40 and 41 are
standard well-known results, but we provide precise statements and proofs for completeness.
We write S° to denote the interior of S.

Lemma 40 Let p be a Borel measure on RP and define G(0) = [pp exp(67x)pu(dz) for
6 € RP. Let S = {0 € RP : G() < oo}. Then G is C*® on S° and for all § € S°,
ke{0,1,2,...}, 41,...,ix € {1,..., D}, we have

8 DY 8
90;, 06

ik

G(0) = /xil - xi, exp(0Tz) u(dx). (F.1)
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Proof We proceed by induction. By construction, for all § € S°, [ 7| pu(dz) < oo
and Equation F.1 holds when & = 0. Fix i1,...,4; € {1,...,D} and suppose that for
all 0 € S°, f|xi1---xik69%|u(da¢) < oo and Equation F.1 holds. Let j € {1,...,D} and
0y € S°. Define u = (0,...,0,1,0,...,0) € R” where the 1 is in the jth position. Choose
€ > 0 such that 6y + tu € S° for all t € [—2¢,2¢]. Define f(z,t) = x;, - - - x5, e P and
= [ f(z,t)u(dr) for = € RP, t € [~2¢,2¢]. Note that [|f(x,t)|u(dz) < oo for all
[ 2e, 2¢] by the induction hypothesis. Define g(x) = |f(z,2¢)|/e + | f(z, —2¢)|/e. Tt is
straightforward to verify that \%(w,tﬂ = |z;f(2,t)| < g(z) for all z € R t € [—¢,¢], by
using the inequality |z;| < e°l%l/e. Further, [ |g(x)|p(dz) < oo by the induction hypothesis.
Therefore, F is differentiable and F'(t) = [ %(x, t)u(dzx) for all t € (—¢,¢) by Folland (2013,
Theorem 2.27b).
Putting these pieces together, we have

d 9 d d
90;|g_g, 00, 6; G0) = a0,

1k

/l’il -1y, exp(0 ) p(dz)
=09

/f:vt (dzx) = F'(0 / (z,0)u(dz)
t=0 ot

= /mjf(x,())u(dx) = /~Tj$i1 - - iy, exp(Oga) p(da)

875

and [ |zjzi, -z 067 | 1u(dx) f\af (z,0)|u(dz) < [|g(z)|u(dx) < oo. Since j €
{1,...,D} and 6y € S° are arbrtrary, this completes the induction step. |

Lemma 41 Let yu be a Borel measure on R and define k(0) = log [p exp(6Tz)p(dz) for
0 € RP. Let © = {0 € RP : |k(0)| < oo}, and define Py(A) = [, exp(0Tz — x(0))p(dx)
for 8 € © and A C RP Borel measurable. Then © is a convex set and k is convex on ©.
Further, for all 0 in the interior of ©, for alli,j,k € {1,...,D}, if X ~ Py then

(1) 5 (0) = ECX0),

2k
(2) 3339. (0) = E((XZ - EXi)(X; — EXj)) = Cov(X;, X;), and

Pk
(3) m(e) = E((Xi - EX;)(X; — EX;)(Xy — EX})).
More succinctly, items 1 and 2 state that x'(0) = E(X) and £”(0) = Cov(X) where X ~ P,.
Proof Convexity of © and « is a straightforward application of Holder’s inequality. Define
= [exp(6Tx)u(dz) for § € RP. By Lemma 40, G is C* on the interior of © and its
partial derivatives are given by Equation F.1. The identities in items 1 - 3 are straightfor-
ward to derive using Equation F.1 and the chain rule. |
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