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Abstract

Driven by a wide range of applications, several principal subspace estimation problems have
been studied individually under different structural constraints. This paper presents a uni-
fied framework for the statistical analysis of a general structured principal subspace estima-
tion problem which includes as special cases sparse PCA/SVD, non-negative PCA/SVD,
subspace constrained PCA/SVD, and spectral clustering. General minimax lower and up-
per bounds are established to characterize the interplay between the information-geometric
complexity of the constraint set for the principal subspaces, the signal-to-noise ratio (SNR),
and the dimensionality. The results yield interesting phase transition phenomena concern-
ing the rates of convergence as a function of the SNRs and the fundamental limit for
consistent estimation. Applying the general results to the specific settings yields the mini-
max rates of convergence for those problems, including the previous unknown optimal rates
for sparse SVD, non-negative PCA/SVD and subspace constrained PCA/SVD.
Keywords: Low-rank matrix; Metric entropy; Minimax risk; Principal component anal-
ysis; Singular value decomposition

1. Introduction

Spectral methods such as the principal component analysis (PCA) and the singular value
decomposition (SVD) are a ubiquitous technique in modern data analysis with a wide range
of applications in many fields including statistics, machine learning, applied mathematics,
and engineering. As a fundamental tool for dimension reduction, the spectral methods aim
to extract the low-dimensional structures embedded in the high-dimensional data. In many
of these modern applications, the complexity of the data sets and the need of incorporating
the existing knowledge from subject areas require the data analysts to take into account
the prior structural information on the statistical objects of interest in their analysis. In
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particular, many interesting problems in high-dimensional data analysis can be formulated
as a structured principal subspace estimation problem where one has the prior knowledge
that the underlying principal subspace satisfies certain structural conditions (see Section
1.2 for a list of related problems).

The present paper aims to provide a unified treatment of the structured principal sub-
space estimation problems that have attracted much recent interest in both theory and
practice.

1.1 Problem Setup

To fix ideas, we consider two generic models that have been extensively studied in the
literature, namely, the matriz denoising model and the spiked Wishart model; see, for
example, Johnstone (2001); Baik and Silverstein (2006); Paul (2007); Bai and Yao (2008);
Cai et al. (2013); Donoho and Gavish (2014); Wang and Fan (2017); Choi et al. (2017);
Donoho et al. (2018); Perry et al. (2018); Bao et al. (2018), among many others.

Definition 1 (Matrix Denoising Model) Let Y € RP1*P2 pe the observed data matrix
generated from the model Y = UT'V T +Z where Z € RP1*P2 has i.i.d. entries from N(0,02),
' € R™™" is a diagonal matriz with ordered diagonal entries A\ > Ao > ... > A\ >0 for1 <
r < min{py,p2}, U € O(p1,7), and V € O(p2,r) with O(p,r) = {W € RP*" : W'W =1,}

being the set of all p X r orthonormal matrices.

Definition 2 (Spiked Wishart Model) LetY € R"*P be the observed data matriz whose
rows Y; € RP, i = 1,...,n, are independently generated from N(u, UTUT + 0’2Ip) where
U € O(p,r) with 1 < r < p, and T' € R™" is diagonal with ordered diagonal entries
AL > ... > A > 0. Equivalently, Y; can be viewed as Y; = X; +¢; where X; ~ N(p, UI‘UT),
€i ~ N(0,0%L,), and X1,..., X, and €y, ..., €, are independent.

These two models have attracted substantial practical and theoretical interest, and
have been studied in different contexts in statistics, probability, and machine learning. The
present paper addresses the problem of optimal estimation of the principal (eigen/singular)
subspaces spanned by the orthonormal columns of U (denoted as span(U)), based on the
data matrix Y and the prior structural knowledge on U. Specifically, we aim to uncover
the deep connections between the statistical limit of the estimation problem as measured
by the minimax risk and the geometric complexity of the parameter spaces as characterized
by functions of certain entropy measures.

Since the principal subspaces can be uniquely identified with their associated projection
matrices, estimating span(U) is equivalent to estimating UUT. A commonly used metric
for gauging the distance between two linear subspaces span(U;) and span(Us) is

d(Uy,Uy) = U1 U] — U,U; ||p.

In this paper, we use d(-,-) as the loss function and measure the performance of an estimator
U of U by the risk
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1.2 Related Works

The problem considered in this paper can be viewed as a generalization and unification of
many interesting problems in high-dimensional statistics and machine learning. We first
present a few examples to demonstrate the richness of the structured principal subspace
estimation problem and its connections to the existing literature.

1. Sparse PCA/SVD. The goal of sparse PCA/SVD is to recover span(U) under the
assumption that columns of U are sparse. Sparse PCA has been extensively studied in
the past two decades under the spiked Wishart model (see, for example, d’Aspremont
et al. (2005); Zou et al. (2006); Shen and Huang (2008); Witten et al. (2009); Yang
et al. (2011); Vu and Lei (2012); Cai et al. (2013); Ma (2013); Birnbaum et al. (2013);
Cai et al. (2015), among many others). In particular, the exact minimax rates of
convergence under the loss d(-,-) was established by Cai et al. (2013) in the general
rank-r setting. In contrast, theoretical analysis for the sparse SVD is relatively scarce,
and the minimax rate of convergence remains unknown.

2. Non-negative PCA/SVD. Non-negative PCA/SVD aims to estimate span(U) under
the assumption that entries of U are non-negative. This problem has been studied by
Deshpande et al. (2014) and Montanari and Richard (2015) under the rank-one ma-
trix denoising model (r=1), where the statistical limit and certain sharp asymptotics
were carefully established. However, it is still unclear what are the minimax rates of
convergence for estimating span(U) under either rank-one or general rank-r settings
under either the spiked Wishart model or matrix denoising model.

3. Subspace Constrained PCA/SVD. The subspace constrained PCA/SVD assumes the
columns of U are in some low-dimensional linear subspaces of RP. In other words,
U € Ca(p,k) = {U € O(p,r) : AU; = 0for all 1 <j <r} for some rank (p — k)
matrix A € RP*(P—%) where r < k < p. Estimating the principal subspaces under
various linear subspace constraints has been considered in many applications such as
network clustering (Wang and Davidson, 2010; Kawale and Boley, 2013; Kleindessner
et al., 2019). However, the minimax rates of convergence for subspace constrained
PCA/SVD remain unknown.

4. Spectral Clustering. Suppose we observe Y; ~ N(6;, 0'21p> independently, where 6; €
{0,—-0} CRP fori=1,...,n. Let Y € R™*P such that Y; is the i-th row of Y. We have
Y = hO'" + Z where h € {£1}" and Z has i.i.d. entries from N(0,0?). The spectral
clustering of {Y; }1<i<, aims to recover the class labels in h. Equivalently, the spectral
clustering can be treated as estimating the leading left singular vector u = h/| h||2 in
the matrix denoising model with u € C% = {u € R" : ||ullz = 1,u; € {#n""/2}}. See
Azizyan et al. (2013); Jin and Wang (2016); Lu and Zhou (2016); Jin et al. (2017); Cai
and Zhang (2018); Giraud and Verzelen (2018); Ndaoud (2018); Loffler et al. (2019)
and references therein for recent theoretical results.

In addition to the aforementioned problems, there are many other interesting problems
that share the same generic form as the structured principal subspace estimation problem.
For example, motivated by applications in the statistical analysis of metagenomics data,
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Ma et al. (2019, 2020) considered an approximately rank-one matrix denoising model where
the leading singular vector satisfies the monotonicity constraint. In a special case of matrix
denoising model, namely, the Gaussian Wigner model Y = Auu' + Z € R™", where Z
has i.i.d. entries (up to symmetry) drawn from a Gaussian distribution, the Gaussian Z/2
synchronization problem (Javanmard et al., 2016; Perry et al., 2018) aims to recover the
leading singular vector u where u € {u € R" : |lulls = 1,u; € {#n~"/2}}. These important
applications provide motivations for a unified framework to study the fundamental difficulty
and optimality of these estimation problems.

On the other hand, investigations of metric entropy as a measure of statistical complexity
has been one of the central topics in theoretical statistics, ranging from nonparametric
function estimation (Yatracos, 1988; Haussler and Opper, 1997b; Yang and Barron, 1999;
Yang, 1999; Wu and Yang, 2016), high-dimensional statistical inference (Raskutti et al.,
2011; Verzelen, 2012; Vu and Lei, 2012; Cai et al., 2013; Ma, 2013) to statistical learning
theory (Haussler and Opper, 1997a; Lugosi and Nobel, 1999; Bousquet et al., 2002; Bartlett
and Mendelson, 2002; Koltchinskii, 2006; Lecué and Mendelson, 2009; Cai et al., 2016;
Rakhlin et al., 2017). Among them, interesting connections between the complexity of the
parameter space and the fundamental difficulty of the statistical problem as quantified by
certain minimax risk have been carefully established. In this sense, the current work stands
as a step along this direction in the context of principal subspace estimation under some
general random matrix models.

1.3 Main Contribution

The main contribution of this paper is three-fold. Firstly, a unified framework is introduced
for the study of structured principal subspace estimation problems under both the ma-
trix denoising model and the spiked Wishart model. Novel generic minimax lower bounds
and risk upper bounds are established to characterize explicitly the interplay between the
information-geometric complexity of the structural set for the principal subspaces, the
signal-to-noise ratio (SNR), and the dimensionality of the parameter spaces. The results
yield interesting phase transition phenomena concerning the rates of convergence as func-
tions of the SNRs and the fundamental limit for consistent estimation. The general lower
and upper bounds reduce determination of the minimax optimal rates for many interest-
ing problems to mere calculations of certain information-geometric quantities. Secondly, to
obtain the general risk upper bounds, new technical tools are developed for the analysis of
the proposed estimators in their general forms. In addition, the minimax lower bounds rely
on careful constructions of multiple composite hypotheses about the structured parameter
spaces, and non-trivial calculations of the Kullback-Leibler (KL) divergence between certain
mixture probability measures, which can be of independent interest. Thirdly, by directly
applying our general results to the specific problems discussed in Section 1.2, we establish
the minimax optimal rates for those problems. Among them, the minimax rates for sparse
SVD, non-negative PCA/SVD and subspace constrained PCA/SVD, are to our knowledge
previously unknown.
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1.4 Organization and Notation

The rest of the paper is organized as follows. After introducing the notation at the end of
this section, we characterize in Section 2 a minimax lower bound under the matrix denoising
model using local metric entropy measures. A general estimator is introduced in Section 3
and its risk upper bound is obtained via certain global metric entropy measures. In Section
4, the spiked Wishart model is discussed in detail and generic risk lower and upper bounds
are obtained. The general results are applied in Section 5 to specific settings and minimax
optimal rates are established by explicitly calculating the local and global metric-entropic
quantities. In Section 6, we address the computational issues of the proposed estimators
and discuss some extensions and make connections to some other interesting problems.
For a vector a = (a1, ...,a,)’ € R™, we denote diag(a1, ..., a,) € R™™ as the diagonal

matrix whose i-th diagonal entry is a;, and define the £, norm |all, = (31, af’) P wWe
write a A b = min{a,b} and a Vb = max{a,b}. For a matrix A = (a;;) € RP**P?  we

define its Frobenius norm as [|Al[p = /302, 3202, a?j and its spectral norm as ||A] =
sup|jx|l,<1 [Ax[|2; we also denote A; € RP! as its i-th column and A; € RP? as its i-th
row. Let O(p, k) = {V € RP** : VTV = I} be the set of all p x k orthonormal matrices
and O, = O(p,p), the set of p-dimensional orthonormal matrices. For a rank r matrix
A € RPY*P2 with 1 < r < py A pa, its SVD is denoted as A = UT'V" where U € O(p1,r),
V € O(pa,r), and T' = diag(A1(A), \a(A), ..., A (A)) with Apax(A) = A (A) > Aa(A) >
e 2 Apiape (A) = Amin(A) > 0 being the ordered singular values of A. The columns of U
and the columns of V are the left singular vectors and right singular vectors associated to
the non-zero singular values of A, respectively. For a given set S, we denote its cardinality
as |S|. For sequences {a,} and {b,}, we write a,, = o(by,) or a,, < by, if lim, a,, /b, = 0, and
write a, = O(by), an < by, or b, 2 a, if there exists a constant C' such that a,, < Cb,, for
all n. We write a,, < b, if a,, < b, and a,, 2 b,. Lastly, ¢, C,Cy, C1, ... are constants that

may vary from place to place.

2. Minimax Lower Bounds via Local Packing

We start with the matrix denoising model. Without loss of generality, we focus on estimating
the structured left singular subspace span(U). Specifically, for a given subset C C O(p1,7),
we consider the parameter space

I'= diag()‘lv "'7)‘7”)’U € C7V € O(p27’r)

C.t =< (I,U,V): 1
y(,,pl,pQ,T) {(7 ) ) LtZ)\1Z---2)\r2t/L>O }7 ()

for some fixed constant L > 1. For any U € O(py1,7r) and € € (0, 1), the e-ball centered at
U is defined as
B(U,¢) = {U € O(p1, ) : d(U', U) < e},

and for any given subset C C O(p1,r), we define

diam(C) = sup d(Up,Usy).
U;,UzeC

We introduce the concepts of packing and covering of a given set before stating a general
minimax lower bound.
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Definition 3 (e-packing and e-covering) Let (V,d) be a metric space and M C V. We
say that G(M,d,e) C M is an e-packing of M if for any m;, m; € G(M, d, €) with m; # m;,
it holds that d(m;,mj) > €. We say that H(M,d,e) C M is an e-covering of M if for any
m € M, there exists an m' € H(M,d,€) such that d(m,m’) < e. We denote M(M,d,€) =
max{|G(M,d,€)|} and N(M,d,e) = min{|H(M,d,€)|} as the e-packing number and the
e-covering number of M, respectively.

Following Yang and Barron (1999), we also define the metric entropy of a given set.

Definition 4 (packing and covering e-entropy) Let M(M,d,€) and N (M,d,¢€) be the
e-packing and e-covering number of M, respectively. We call log M(M,d,€) the packing
e-entropy and log N'(M,d, €) the covering e-entropy of M.

The following theorem gives a minimax lower bound for estimating span(U) over Y(C, t, p1, p2,7),
as a function of the cardinality of a local packing set of C, the magnitude of the leading
singular values (t), the noise level (02), the rank (r), and the dimension (ps) of the right
singular vectors in V.

Theorem 5 Under the matriz denoising model Y = UT'VT +Z where (T, U, V) € Y(C,t,p1,p2,7),
suppose there exist some Uy € C, ¢¢ > 0 and o € (0,1) such that a local packing set
G = G(B(Ug,e0) NC,d, aey) satisfies

co?(t2 + o2psy .
€ = [( ( 3 )\/log|G| A diam(C) |, (2)
for some ¢ € (0,1/640]. Then, as long as |G| > 2, it holds that, for 6 = (T', U, V),

mnf sy R(O,U [(Vt+ap2\/T)Adlam] (3)

U 96)7((3,@171 P2 7T)

where the infimum is over all the estimators based on the observation Y.

The above theorem, to the best of our knowledge, is the first minimax lower bound
result for the matrix denoising model under the general parameter space (1). Its proof
is separated into two parts. In the strong signal regime (> > o%ps), the minimax lower
bound can be obtained by generalizing the ideas in Vu and Lei (2012, 2013) and Cai et al.
(2013), where a general lower bound for testing multiple hypotheses (Lemma 30) is applied
to obtain (3). In contrast, the analysis is much more complicated in the weak signal regime
(1> < 02py) due to the asymmetry between U and V: the dependence on py needs to be
captured by extra efforts in the lower bound construction (Cai and Zhang, 2018), which is
different from the aforementioned works on sparse PCA. To achieve this, our analysis relies
on a generalized Fano’s method for testing multiple composite hypotheses (Lemma 31) and
a nontrivial calculation of the pairwise KL divergence between certain mixture probability
measures (Lemma 32).

For general C, the existence of ¢ satisfying (2) is not guaranteed by itself — it has to
be determined case by case. In addition, for different constructions of the local packing set
G(B(Ug, €9) NC,d, aep) satisfying (2), the magnitude of ¢y could also vary. Therefore, with
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our general results, obtaining a sharp minimax lower bound for a specific problem reduces
to identifying a local packing set with largest possible €y such that equation (2) holds. See
Section 5 for specific examples of calculating such local packing entropy.

A key observation from the above theorem is the role of the local packing set G(B(Ujy, €9)N
C,d, aep) and its entropy measure log |G(B(Ug, €g) NC,d, aep)| in characterizing the funda-
mental difficulty of the estimation problem. Similar phenomena connecting the local packing
numbers to the minimax lower bounds has been observed in, for example, nonparametric
function estimation (Yang and Barron, 1999), high-dimensional linear regression (Raskutti
et al., 2011; Verzelen, 2012), and sparse principal component analysis (Vu and Lei, 2012;
Cai et al., 2013). Compared with global packing, local packing reflects the fact that the fun-
damental difficulty of the estimation problem as quantified by the minimax risk is usually
determined by the local geometry of the parameter space around certain worst-case scenario.
In particular, most of the current techniques for deriving the minimax lower bound rely on
constructing hypotheses about the parameter of interest that are as separated as possible,
while their corresponding probability measures are asymptotically indistinguishable (i.e.,
having bounded KL divergence or x? divergence). In this case, after careful constructions,
the parameters corresponding to the local packing set oftentimes meet this simultaneous
requirement of separateness and closeness, whereas it is difficult to achieve based on the
global packing set.

In Cai and Zhang (2018), the minimax rate for estimating span(U) under the unstruc-
tured matrix denoising models (i.e., C = O(p1,r)) was shown to be

inf sup R(U,U) =< (U /( + °pa)rp1 A \/77> (4)

P 2
U (T,U,V)EV(O(p1,1),t,p1,p2,1) t

In light of the packing number estimates for the orthogonal group (Lemma 1 of Cai et al.
(2013)), one can show that, for C = O(p1,r), there exists a local packing set G(B(Uy, €g) N
C,d, aep) satisfying (2) such that log |G(B(Uy, 9)NC, d, aep)| < p17. Hence, the lower bound
in (4) is a direct consequence of (3). In addition, comparing the lower bound (3) to (4),
we observe that the information-geometric quantity log |G(B(Uy, €9) NC, d, aep)| essentially
quantifies the intrinsic statistical dimension of the set C.

3. Risk Upper Bound using Dudley’s Entropy Integral

In this section, we consider a general singular subspace estimator and study its theoretical
properties. Specifically, we obtain its risk upper bound which, analogous to the minimax
lower bound, can be expressed as a function of certain entropic measures related to the
structural constraint C.

Under the matrix denoising model, with the parameters (I', U, V) € Y(C, t, p1, p2, r) for
some given set C C O(p1,7), we consider the structured singular subspace estimator

~

U = argmaxtr(U'YY ' U), (5)
UeC

which is also the constrained maximum likelihood estimator. Before stating our main the-

orem, we need to make more definitions about quantities that play important roles in our

subsequent discussions.
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Definition 6 For given C C O(p1,r) and any U € C, we define the set

WW'T —UU"
C.U) =
7¢O {HWWT—UUTHF

€ RPUPL W € C\{U}},

equipped with the Frobenius distance da, where for any D1, Dy € T(C,U), we define do(D1,D2) =

D1 — D2l

Definition 7 (Dudley’s entropy integral) For a metric space (T,d) and a subset A C
T, Dudley’s entropy integral of A is defined as D(A,d) fo V1eg N ( A d,€)de. Moreover,
we define D'(A,d) = [, log N'(A, d, €)de.

The Dudley’s entropy integral measures the geometric complexity of a given set. Its
geometric properties as well as its relationships with other geometric complexity measures
such as the Gaussian width and the Sudakov minoration estimate (Cai et al., 2016) have been
carefully studied in literature. See, for example, the well-celebrated Sudakov minoration
theorem (Ledoux and Talagrand, 2013) and the Dudley’s theorem (Dudley, 2010).

Theorem 8 Under the matriz denoising model, for any given subset C C O(p1,r) and the
parameter space Y(C,t,p1,p2,7), if t/o 2 supyee|D/(T(C,U),d2)/D(T(C,U),ds)], it holds

that
sup R(U,U) < <0A(C) /T + o, A diam(C)), (6)

2
(T, U, V)EY(C,t,p1,p2,r) ¢

where A(C) = supyec D(T(C,U), da).

The proof of the above theorem, as it concerns the generic estimator (5) under some
arbitrary structural set C, is involved and very different from the existing works such as
Cai et al. (2013), Deshpande et al. (2014), Cai and Zhang (2018) and Zhang et al. (2018),
where specific examples of C are considered. The argument relies on careful analyses of the
supremum of a Gaussian chaos of order two, and the supremum of a Gaussian process. In
the latter case, we applied Dudley’s integral inequality (Theorem 23) and the invariance
property of the covering numbers with respect to Lipschitz maps (Lemma 24), whereas in
the former case, the Arcones-Giné decoupling inequality (Theorem 25) as well as a generic
chaining argument (Theorem 28) were used to obtain the desired upper bounds. Many
technical tools concatenated for the proof of this theorem can be of independent interest.
See more details in Section A.1.

Interestingly, both the risk upper bound (6) and the minimax lower bound (3) indicate
two phase transitions when treated as a function of the SNR ¢/o, with the first critical point

t
; — p27 (7)

and the second critical point
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where in the upper bound ¢ = A2(C) and in the lower bound ¢ = log|G(B(Uy, ) N
C,d,aep)|. Specifically, the phase transition at the first critical point highlights the role of
the dimensionality of the right singular vectors (V) and the change of the rates of conver-
gence from an inverse quadratic function (02v/p2(/t?) to an inverse linear function (o+/C/t)
of t/o. The message from the second phase transition concerns the statistical limit of the es-
timation problem: consistent estimation is possible only when the SNR exceeds the critical
point (8) asymptotically. See Figure 1 for a graphical illustration. As for the implications
of the condition

t/o 2 sup[D'(T(C,U),d2)/D(T(C,U),dy)] (9)

UeC

required by Theorem 8, it can be seen in Section 5 that, for many specific problems, a
sufficient condition for (9) is that ¢/o is above the second critical point (8), which is mild
and natural since the latter condition characterizes the region where U is consistent and
more generally where consistent estimation is possible.

diam(C)

diam(C)

Risk Risk

D'\/?/t

2" critical point 1%t critical point 2nd critical point

SNR (t/o) SNR (t/0)

Figure 1: Graphical illustrations of the phase transitions of the risk as a function of
the SNRs under the matrix denoising model. Left: ¢/diam?(C) < ps; Right:
¢/diam?(C) > po

Another interesting phenomena demonstrated by our analysis concerns the relationship
between the two critical points. Specifically, when ¢/diam?(C) < po, the second critical

point becomes (Cpg /diam? (C))l/ 4, which is much smaller than the first critical point ,/p2

(Figure 1, left); when (/diam?(C) >> po, the second critical point becomes (¢/diam*(C)) 1/2,
which is much larger than ,/pz so that in this case the first critical point disappears (Figure
1, right). In general, the above discrepancy has deep implications as to the fundamental
difficulty of the estimation problem. For example, in the unstructured case, it can be shown
that ¢/diam?(C) < p1, so that the behavior of minimax rates for estimating span(U) relies
heavily on the relative magnitude between p; and po (Cai and Zhang, 2018).

Comparing our risk upper bound (6) to the minimax lower bound (3), we can observe the
similar role played by the information-geometric quantities that characterize the intrinsic
statistical dimension of the sets C or T (C,U). Specifically, in (6), the quantity A(C) is re-

lated to the global covering entropy, whereas in (3), the quantity \/ log |G(B(Ug, e9) NC,d, aep)]



Carl, L1 AND MA

is associated to the local packing entropy. To obtain the minimax optimal rate of conver-
gence, we need to compare the above two quantities and show

AQ(C) = log’G(B(UO7€0) ﬂC,d, a€0)|' (10)

For example, under the unconstrained setting, direct calculation yields A?(C) < p;r, which
coincides with the local packing entropy and thus leads to the sharp rate in (4). However,
proving the above equation in its general form is difficult. Alternatively, we briefly discuss
the affinity between these two geometric quantities yielded by information theory and leave
more detailed discussions in the context of some specific examples in Section 5.

By definition of the packing numbers, we have the relationship

log |G(B(U0, 60) NC,d, a€0)| < IOgM(B(Uo, 60) NC,d, aeo), (11)

that links log |G(B(Uy, €9) NC, d, aep)| to the local packing entropy. A well known fact about
the equivalence between the packing and the covering number of a set M is that

M(M,d,2¢) < N(M,d,e) < M(M,d,e). (12)

Moreover, Yang and Barron (1999) obtained a very interesting result connecting the local
and the global (covering) metric entropies. Specifically, let U be any element from M, then

log M(M,d,e/2) —log M(M,d,e) <logM(B(U,e)NM,d,e/2) <logM(M,d,e). (13)

In Section 5, by focusing on some specific examples of C that are widely considered in
practice, we show that equation (10) holds, which along with our generic lower and upper
bounds recovers some existing minimax rates, and more importantly, helps to establish
some previously unknown rates.

4. Structured Eigen Subspace Estimation in the Spiked Wishart Model

We turn the focus in this section to the spiked Wishart model where one has i.i.d. ob-
servations Y; ~ N(pu,X) with ¥ = UT'VT + 621, which is usually referred as the spiked
covariance. Similar to the matrix denoising model, a minimax lower bound based on some
local packing set and a risk upper bound based on the Dudley’s entropy integral can be
obtained.

4.1 Minimax Lower Bound

For any given subset C C O(p,r), we consider the parameter space
Z(C,t,p,r) ={(T,U) : T =diag(A1, ..., \p), Lt > A1 > ... >\, > t/L > 0,U € C},

where L > 1 is some fixed constant. The following theorem provides the minimax lower
bound for estimating span(U) over Z(C,t,p,r) under the spiked Wishart model.

10
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Theorem 9 Under the spiked Wishart model where (T',U) € Z(C,t,p,r), suppose there
exist some Ug € C, €9 > 0 and o € (0,1) such that a local packing set G = G(B(Ug, ep) N

C,d, aeq) satisfies
€ = [( yelr + 1) \/log|G) A diam(C ] (14)

for some ¢ € (0,1/32]. Then, as long as \G( (U, e0) NC,d, aeg)| > 2, it holds that

inf  sup  R(U,U) 2 K"WW> A diam(C } (15)

U (TLU)eZ(C t,pr)

where the infimum is over all the estimators based on the observation Y.

In Zhang et al. (2018), the sharp minimax rate for estimating span(U) under the un-
structured spiked Wishart model was obtained as

—~ 24 ¢
inf sup R(U,U) < (W A \/F), (16)
T (LU)EZ(0(pr) tpr) tvn

whose lower bound immediately follows from (15). Comparing the general lower bound
(15) to (16), we observe again that the local entropic quantity log |G(B(Ug, o) NC,d, aep)]
characterizes the intrinsic statistical dimension (which is 7p in the case of C = O(p,r)) of
the set C. See Section 5 for more examples.

4.2 Risk Upper Bound

Under the spiked Wishart model, to estimate the eigen subspace span(U) under the struc-
tural constraint U € C, we start with the sample covariance matrix

3=
i=1
where Y = 2 3" | Y; and Y; is the i-th row of the observed data matrix Y € R™*?. Since
3 is invariant to any translation on Y, we assume p = 0 without loss of generality.

Similar to the matrix denoising model, for the spiked Wishart model, with a slight abuse
of notation, we define the eigen subspace estimator as

U = argmax tr(U ' 2U). (17)
UeC

The following theorem provides the risk upper bound of U.

Theorem 10 Under the spiked Wishart model, for any given C C O(p,r) and the parameter
space Z(C,t,p,r), suppose n 2 max{log ﬁ, r} and Vt/o 2 supyece[D'(T(C,U),ds)/D(T(C,U),ds)],

then
o A(C)Vt + o2

sup R(&U)g( T

(T, U)eZ(C\t,p,r)
where A(C) is defined in Theorem 8.

A diam(C)) ,

11
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Similar to the matrix denoising model, the above risk upper bound has a great affinity
to the minimax lower bound (15), up to a difference in the information-geometric (metric-
entropic) measure of C; the sharpness of our results relies on the relative magnitude between
the pair of quantities A%(C) and log |G(B(Uy, €9) N C,d, aep)|. In addition, the phase tran-
sitions in the rates of the lower and upper bounds as functions of the SNR ¢/0? can be
observed with the first critical point at

— =1 18
=1 (18)
and the second critical point at
% - ¢ 3 < TN (19)
o n - diam*(C) n - diam“(C)

where in the lower bound ¢ = log |G(B(Uy,€¢) NC,d, aey)| and in the upper bound ¢ =
A2(C). Again, the phase transition at the first critical point reflects the change of the
speed of the rates of convergence, whereas the phase transition at the second critical point
characterizes the statistical limit of the estimation problem. See Figure 2 for a graphical
illustration. Finally, it will be seen in Section 5 that for many specific problems, the
condition t/0? 2 supyec[D*(T(C,U),ds)/D?(T(C,U), ds)] required by Theorem 10 is mild

and in fact necessary for consistent estimation.

diam(C) diam(C)

Risk Risk

oSNt o\T/Vnt

2 critical point 1st critical point 2 critical point

SNR (t/a?) SNR (t/a?)

Figure 2: Graphical illustrations of the phase transitions in risks as a function of the SNRs
under the spiked Wishart model. Left: ¢/diam?(C) < n; Right: ¢/diam?(C) > n.

5. Applications

In the following, building upon the minimax lower bounds and the risk upper bounds
established in the previous sections, we obtain minimax rates and fundamental limits for
various structural principal subspace estimation problems of broad interest. Specifically, in
light of our generic results, we show the asymptotic equivalence of various local and global
entropic measures associated to some specific examples of C. Previous discussions under the
general settings such as the phase transition phenomena also apply to each of the examples.

12
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5.1 Sparse PCA/SVD

We start with the sparse PCA/SVD where the columns of U are sparse vectors. Suppose
Cs(p,r, k) is the k-sparse subset of O(p,r) for some k < p, i.e., Cs(p,r, k) = {U € O(p,r) :
maxi<i<r ||U.illo < k}. The following proposition concerns some estimates about the local
and global entropic quantities associated with the set Cs(p, 7, k). For simplicity, we denote
Cs(k) = Cs(p,r, k) when there is no confusion.

Proposition 11 Under the matriz denoising model where (I', U, V) € Y(Cs(k),t,p1,p2,7)
with k = o(p1) and r = o(k), there exist some (U, €o, ) and a local packing set G(B(Ug, €g)N
Cs(p1,7, k), d, aep) satisfying (2) such that

A?(Cs(p1, k, 7)) < klog(epy/k) + kr < log |G(B(Ug, €0) N Cs(p1,7, k), d, aep)).
Similarly, under the spiked Wishart model where (I', V) € Z(Cs(k),t,p,r) with k = o(p) and
r = o(k), there exist some (Ug, €9, ) and a local packing set G(B(Uy, ¢9)NCs(p,r, k), d, aep)
satisfying (14) such that

A*(Cs(p, k, 7)) S klog(ep/k) +rk < log |G(B(Uo, €0) N Cs(p. k, 1), d, aeo).

In light of our lower and upper bounds under both the matrix denoising model (Theorem
5 and 8) and the spiked Wishart model (Theorem 9 and 10), with Proposition 11, we are
able to establish sharp minimax rates of convergence for sparse PCA/SVD.

Theorem 12 Under the matriz denoising model with U € Cg(p1,7, k) where k = o(p1) and
r=o(k), fort/o 2 \/klog(ep1/k) + Vrk, it holds that

~ 2 2
inf sup R(U,U) < [W(\/klog €p1 +M)} AT (20)
U Y(Cs(k)t,p1,p2,r) t k

where the minimax rate is achieved by (5). Similarly, under the spiked Wishart model
with U € Cs(p,r, k) where k = o(p) and v = o(k), if n 2 max{log 5,7} and Vt/o =

Vklog(ep/k) + Vrk, then

inf sup  R(U,U) = [(W (\/klogelf + Mﬂ AT, (21)

U Z(Cs(k),t,p,r)

where the minimaz rate is achieved by (17). In particular, for r = O(1), both estimators
(5) and (17) are rate-optimal whenever consistent estimation is possible.

The minimax rate (21) for the spiked Wishart model (sparse PCA) recovers the ones
obtained by Vu and Lei (2012) and Cai et al. (2013) under either finite rank or r» = o(k)
settings. In contrast, the result (20) for the matrix denoising model (sparse SVD), to the
best of our knowledge, has not been established.

13
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5.2 Non-Negative PCA/SVD

We now turn to the non-negative PCA /SVD under either the matrix denoising model (SVD)
or the spiked Wishart model (PCA) where U € Cn(p,r) = {U = (u;;) € O(p,7) : wij >
0 for all 4,j}. The following proposition provides estimates about the local and global
entropic quantities related to the set Cn(p,r).

Proposition 13 Under the matriz denoising model where (T, U, V) € Y(Cn(p1,7),t,p1,p2,7),
there exist some (Ug, €9, ) and a local packing set G(B(Ug, €0) N\Cn (p1,7),d, aeg) satisfying
(2) such that

log |G(B(Ug, e0) NCn(p1,7),d,€p)| 2 p1, and AQ(CN(pl,r)) < pir.

Similarly, under the spiked Wishart model where (I',U) € Z(Cn(p,r),t,p,r), there exist
some (Ug, €9, @) and a local packing set G(B(Ug, e9) NCn(p,7T),d, ceg) satisfying (14) such
that

log |G(B(Ug, €0) NCn(p,7),d, ce0)| = p, and A Cn(p,r)) < pr.
Remark 14 Unfortunately, unlike the previous example, the estimates of the local and
global entropic quantities provided by the above proposition are not as precise. Between the
estimates of two geometric quantities there is a gap of factor r, which implies matching
minimax rates only when r = O(1) (see Theorem 15 below). In particular, it is unclear
whether such discrepancy is intrinsic to the corresponding geometric quantities or due to
the limitations of our technical tools for deriving sharp estimates of them.

Proposition 13 enables us to establish the following minimax rates using the general
lower and upper bounds from the previous sections.

Theorem 15 Under the matriz denoising model with U € Cn(p1,7) where r = O(1), it
holds that

R $2 2
inf sup R(U,U) = (0 &+ ople 1), (22)
U Y(Cn(p1,7),t,p1,p2,7) L

and the estimator (5) is rate-optimal whenever consistent estimation is possible. Similarly,
for the spiked Wishart model with U € Cx(p,r) where r = O(1), if n 2 max{log 5,7}, then

~ t 2
inf sup R(U,U) < (‘7(—’_0)1) A 1>7 (23)
T Z(Cn(pr) ) t/n

where the estimator (17) is rate-optimal whenever consistent estimation is possible.

The minimax rates for non-negative PCA/SVD, which were previously unknown, turn
out to be the same as the rates for the ordinary unstructured SVD (Cai and Zhang, 2018)
and PCA (Zhang et al., 2018). This is due to the fact claimed in Proposition 13 that, under
the finite rank scenarios, as a much smaller subset of O(p,r), Cn(p,r) has asymptotically
the same geometric complexity as O(p,r).

14
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Remark 16 Deshpande et al. (2014) considered the rank-one Gaussian Wigner model Y =
Auu' 4+ Z € RPYXPL which can be treated as a special case of the matriz denoising model.
Specifically, it was shown that, for U = arg MAaXyecy (p,1) u' Yu, it holds that

sup E[l—|d uf] < ("\/T’ A 1),
(Aru)EZ(CN(p71)7t7pvl) t

which, by the fact that 1 — |G u| < d(U, ), can be implied by our result (see also Section
6.2). Similar problems were studied in Montanari and Richard (2015) under the setting
where p1/ps — a € (0,00). However, their focus is to unveil the asymptotic behavior of
u'u as well as the analysis of an approzimate message passing algorithm, which is different
from ours.

5.3 Subspace Constrained PCA/SVD

In some applications such as network clustering (Wang and Davidson, 2010; Kawale and
Boley, 2013; Kleindessner et al., 2019), it is of interest to estimate principal subspaces with
certain linear subspace constraints. For example, under the matrix denoising model, for
some fixed A € RP1*(P1=k) of rank (p1 — k) where r < k < pi1, a k-dimensional subspace
constraint on the singular subspace span(U) could be U € Cy(p1,r,k) = {U € O(p1,r) :
AU ; =0,V1 <i <r}. Again, subspace constrained PCA/SVD can be solved based on the
general results obtained in the previous sections.

Proposition 17 For given A € RPXW1=FK) of rank (p1 — k), under the matriz denoising
model where (T, U, V) € Y(Ca(p1,7,k),t,p1,p2,7), there exist some (Uy, €y, ) and a local
packing set G(B(Ug, €9) NCa(p1,7, k), d, aep) satisfying (2) such that

A2(CA(p1,r, k)) S rk <Slog |G(B(ug, €0) N Ca(pr,r, k), d, aeg)l.

Similarly, for given B € RP*®P=K) of rank (p — k), under the spiked Wishart model with
(T,U) € Z(Cp(p,r k), t,p,r), there exist some (Ug, €9, &) and a local packing set G(B(Uy, €9)N
Cp(p,r k), d,aey) satisfying (14) such that

A*(Cp(p,r k) S vk < log|G(B(Uo, o) N Cp(p, 7, k), d, aeo) -

Theorem 18 Under the matriz denoising model with U € Ca(p1,r, k) where r < k < p;
and A € RPP1=FK) s of rank (py — k), for t/o = /rk, it holds that

. t2 2 k
inf sup R(U,U)x(a ( +20 P2 A\/F>, (24)
U Y(Calprmk) tp1par) t

where the minimaz rate is achieved by (5). Similarly, under the spiked Wishart model with
U € Cp(p, 1 k), where r < k < p and B € RP*®P=F) 4s of rank (p— k), if n = max{log L1}
and \/t/o > \/rk, then

N t+o2)rk
inf  sup  R(U,U) = (W
n

6 Z(CB(pvrvk)zt’pzT)
where the minimazx rate is achieved by (17). In particular, if r = O(1), then both estimators
(5) and (17) are rate-optimal whenever consistent estimation is possible.

A \/?>, (25)
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5.4 Spectral Clustering

As discussed in Section 1.2, spectral clustering can be treated as estimation of the structural
eigenvector under the rank-one matrix denoising model Y = Auv' 4+ Z € R™P where
A = ||h]|2]|@]]2 = v/n||@||2 is the global signal strength, u = h/||h|js € C% = {u € R" :
|ullz = 1,u; € {£n~/2}} indicates the group labels, and Z has i.i.d. entries from N(0,c?).
As a result, important insights about the clustering problem can be obtained by calculating
the entropic quantities related to C} and applying the general results from the previous
sections.

Proposition 19 Under the matriz denoising model where (A\,u,v) € Y(C},t,n,p,1), it
holds that A*(Ct) S n. In addition, if t* = Co?(\/pn +n) for some constant C > 0, then
there exist some (ug,€p, ) and a local packing set G(B(uo, o) NCY,d, aeg) satisfying (2)
such that log |G(B(ug, €0) NCY, d, aep)| < n.

Theorem 20 Under the spectral clustering model defined in Section 1.2, or equivalently,
the matriz denoising model Y = Auv' + Z € R™P where u € C%, the estimator u =
arg maXyecy u' YY "u satisfies

N t2 2
sup R(u,u) < (a(—;—ap)n A 1). (26)
(Au,v)ey(Cy t,n,p,1) t
In addition, if t* < o?(n + /np), then
inf sup R(a,u) 2 C (27)

T (Auv)EV(CE tnp,1)
for some absolute constant C' > 0.

Intuitively, the fundamental difficulty for clustering relies on the interplay between the
global signal strength ¢, which reflects both the sample size (n) and the distance between
the two clusters (|@]|2), the noise level (¢2), and the dimensionality (p). In particular,
the lower bound from the above theorem shows that one needs |03 = o%(\/p/n + 1) in
order to have consistent clustering. Moreover, the risk upper bound implies that, whenever
1013 = o%(\/p/n + 1), the estimator U is consistent. Theorem 20 thus establishes the
fundamental statistical limit for the minimal global signal strength for consistent clustering.
Similar phenomena have been observed by Azizyan et al. (2013) and Cai and Zhang (2018).

Nevertheless, it should be noted that, despite the fundamental limits for consistent
recovery yielded by Theorem 20, the upper bound (26) is sub-optimal and can be further
improved through a variant of Lloyd’s iterations (Lu and Zhou, 2016; Ndaoud, 2018), or a
hollowing method (Abbe et al., 2020).

6. Discussions

In this paper, we studied a collection of structural principal subspace estimation problems
in a unified framework by exploring the deep connections between the difficulty of statistical
estimation and the geometric complexity of the parameter spaces. Minimax optimal rates
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of convergence for a collection of structured PCA/SVD problems are established. In this
section, we discuss the computational issues of the proposed estimators as well as the
extensions and connections to other problems.

6.1 Computationally Efficient Algorithms and the Iterative Projection Method

In general, the constrained optimization problems that define the estimators in (5) and (17)
are computationally intractable. However, in practice, many iterative algorithms have been
developed to approximate such estimators.

For example, under the matrix denoising model, given the data matrix Y, the set C, and
an initial estimator Uy € O(p1,7), an iterative algorithm for the constrained optimization
problem arg maxyce tr(UTYY TU) can be realized through iterations over the following
updates for ¢t > 1:

1. Multiplication: G; = YY " Uy;

2. QR factorization: Uj, Wy 1 = Gy where U, is p; x 7 orthonormal and Wy, is
r X r upper triangular;

3. Projection: Uy = Pe(Uj,).

Here the projection operator P¢(-) is defined as Pc(U) = arg mingce d(U, G). The above
algorithm generalizes the ideas of the projected power method (see, for example, Boumal
(2016); Chen and Candes (2018); Onaran and Villar (2017)) and the orthogonal iteration
method (Golub and Van Loan, 2012; Ma, 2013).

The computational efficiency of this iterative algorithm relies on the complexity of the
projection operator P¢ for a given C. In the rank-one case (r=1), Ferreira et al. (2013)
pointed out that, whenever the set C is an intersection of a convex cone and the unit sphere,
the projection operator P¢(-) admits an explicit formula and can be computed efficiently.
This class of spherical convex sets includes many of the above examples such as non-negative
PCA/SVD and subspace constrained PCA /SVD. The case of spectral clustering, under the
rank-one setting, is also straightforward as the projection has a simple expression Pcr (u) =
sgn(u)/y/n (see Ndaoud (2018) and Loffler et al. (2019) for more in depth discussions). As
for sparse PCA/SVD, the computational side of the problem is much more complicated and
has been extensively studied in literature (Shen and Huang, 2008; d’Aspremont et al., 2008;
Witten et al., 2009; Journée et al., 2010; Ma, 2013; Vu et al., 2013; Yuan and Zhang, 2013;
Deshpande and Montanari, 2014).

In addition to the iterative projection method discussed above, there are several other
computationally efficient algorithms such as convex (semidefinite in particular) relaxations
(Singer, 2011; Deshpande et al., 2014; Bandeira et al., 2017) and the approximate message
passing algorithms (Deshpande and Montanari, 2014; Deshpande et al., 2014; Montanari
and Richard, 2015; Rangan and Fletcher, 2012), that have been considered to solve the
structured eigenvector problems. However, the focuses of these algorithms are still rank-
one matrices, and it remains to be understood how well these algorithms generalize to the
general rank-r cases. We leave further investigations along these directions to future work.
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6.2 Extensions and Future Work

As mentioned in Section 1.2, an important special case of matrix denoising model is the
Gaussian Wigner model (Deshpande et al., 2014; Montanari and Richard, 2015; Perry et al.,
2018), where the data matrix Y = UTUT + Z € RP*P is symmetric, and the noise matrix
Z has i.i.d. entries (up to symmetry) drawn from N(0,0?). Consider the parameter space
Z(C,t,p,r) defined in Section 4.1. It can be shown that, under similar conditions to those
of Theorem 5,

inf  sup  R(U,U) > [<U\/Iog|G(IB%(U0,eo) ne,d, aeg)|> /\diam(C)] (28)
U (D, U)eZ(Citpr) t

Moreover, if we define U = arg maxyee tr(UTYU), then its risk upper bound can be
obtained as AlC
sup R(U,U) < <U() A diam(C)). (29)
(LV)EZ(C.tpir) t
These general bounds combined with the entropic quantities calculated in Section 5 would
yield many other interesting optimality results. For instance, recall that the Gaussian
Z/2 synchronization problem can be treated as a rank-one Gaussian Wigner model Y =

Auu' + Z where u € C%. In this case, we have, for t < ov/n

inf sup R(u,u) = C.
v (\u)eZ(Cy tn,1)

and, for U = argmaxyccn u'Yu,

sup R(d,u) < <U\t/ﬁ A 1>.

(Au)eZ(CY tn,1)

This implies that, about Gaussian Z/2 synchronization, to have consistent estimation /recovery,
one needs A 2 o+/n, and the estimator U is consistent whenever A\ > oy/n. These results
make interesting connections to the existing works (Javanmard et al., 2016; Perry et al.,
2018) concerning the so-called critical threshold or fundamental limit for the SNRs in Z/2
synchronization problems.

In the present paper, under the matrix denoising model, we only focused on the cases
where the prior structural knowledge on the targeted singular subspace span(U) is available.
However, in some applications, structural knowledge on the other singular subspace span(V)
can also be available. An interesting question is whether and how much the prior knowledge
on span(V) will help in the estimation of span(U). Some preliminary thinking suggests
that novel phenomena might exist in such settings. For example, in an extreme case, if V
is completely known a priori, then after a simple transform YV = UT + ZV, estimation
of span(U) can be reduced to a Gaussian mean estimation problem, whose minimax rate is
clearly independent of the dimension of the columns in V and therefore quite different from
the rates obtained in this paper. The problem again bears important concrete examples
in statistics and machine learning. The present work provides a theoretical foundation for
studying these problems.
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Appendix A. Proof of the Main Theorems

In this section, we prove Theorems 5, 8, 9 and 10.

A.1 Risk Upper Bounds

This section proves Theorems 8 and 10. Throughout, for any X, Y € RP1*P2 we denote
(X,Y) = tr(XTY). We recall Lemma 1 in Cai and Zhang (2018), which concerns the
relationships between different distance measures.

Lemma 21 ForH;,Hy € O(p,r), |HiH] —HoH] || p = \/2(7" — |H]Hs||%), and %HHlHlT—
HLH] ||p < infoco() [Hi — H20||p < [HiHY — HoHJ || 5.

Proof of Theorem 8. We begin by stating a useful lemma, whose proof is delayed to
Section C.

Lemma 22 Let U € O(p,r), and T’ = diag(\1, ..., ). Then for any W € O(p,r), we have
%ﬁyUUT ~-WWT |2 <(Ur?u’, uu’ - ww') < ’\2—%||UUT —~ WW 2. If in addition
we define ¥ = 01, + UTU . Then for any W € O(p,r), we have ’\24 [UUT -WWT |2 <
(Z,UUT -WWT) <2 UU" - WW 2.

By Lemma 22 and the fact that tr(UTYYTU) > tr(UTYYTU), or equivalently
(YY", UUT -UUT) <0, we have

00T —UUT |2 < S@uru’ - vy, uu' —UU").

sl

Since Y = UT'V! +Z, we have YY ' = UT?U" + ZVIU' + UT'V'ZT + ZZT". Thus

~ 2
IT0T - UUTE < o

+(22",UU" —~uu"y)

[(urv'z", U0’ —~uu") + (Zvru', Ul —Uuu’)

(Hl + Hy + Hg).

e

For Hq, if we set

wWw' -UuU’
IWWT —UUT||p’

Gw = W e O(p1,7) \ {U}, (30)
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we can write

H;=(Urv'z", 00" - UU") = |[UU" - UU" ||z - (UTV'Z",Gg)

<|UUT —UU" |z - sup tr(ZVIU' Gw).
wec

Similarly, we have Hy < |[UUT —UUT || p - supwec tr(UTVTZT Gw), and Hy < |[UUT —
UU' || - supwee tr(ZT GwZ). It then follows that

2
IUUT-UU"|p < by (&}1p tr(ZVI‘UTGw)—i—\?\}lpc tr(UrVTzTGWHVspr tr(ZTGWZ)>.
eC € S
(31)

The above inequality decomposes the error EHﬁﬁT — UU"||F into three terms

Ei sup tr(ZVIU ' Gw), Ei sup tr(UT'V'Z" Gw), E=> sup tr(Z' GwZ).
A2 wec A? wec A? wec
In fact, the errors due to the first two terms correspond to the risk in the strong SNR
regime, and the last term contributes to the risk in the weak SNR regime. The rest of the
proof is separated into three parts. In Part I, we show that the first two terms are bounded
by oA D(T(C,U),ds)/A\2, whereas in Part II we show that the third term can be bounded
by 0%,/p2D(T(C,U),d2)/ 2 +oD'(T(C,U),d2)/A2. In Part III, we obtain the desired risk
upper bound.
Part I. For the term supy e tr(ZVI'U T Gw), we have

sup tr(ZVI'U ' Gw) = sup tr(UTGwZVT) = sup Z)\ (UTGwWZV);i
WweC wecC WwecC

<A sup tr(VUTGwZ) <A1 sup (G,Z),
wecC GeT/(C,U,V)

where we defined 77(C,U,V) = {GwUV'T € RP*P2 : W ¢ C\ {U}}. To control the
expected suprema of the Gaussian process supger(c,u,v)(G, Z), we use the following Dud-
ley’s integral inequality (see, for example, Vershynin 2018, pp. 188).

Theorem 23 (Dudley’s Integral Inequality) Let {X;}icr be a Gaussian process, that
is, a jointly Gaussian family of centered random variables indexed by T, where T is equipped

with the canonical distance d(s,t) = \/E(Xs — Xt)%2. For some universal constant L, we

have Esup;ep Xy < L [° \/logj\/' T,d,e) de

For the Gaussian process supge7(c,u,v)(G, Z), the canonical distance defined over the
set 7'(C,U, V) can be obtained as follows. For any G1, G2 € T(C,U, V), the canonical dis-
tance between G and Go, by definition, is \/IE<G1 —Gy,Z)? = ||G1—Ga|F = d2(G1, Go).
Theorem 23 yields

E  sip  (GZ)<Co / g NT/(C, U, V), dy, €)de, (32)
GeT'(C,U,V) 0
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for some universal constant C' > 0. Next, for any G1,G2 € T'(C,U, V), without loss of
generality, if we assume G; = Gw, UV and G2 = Gw, UV where Wi, W, € C\ {U},
then it holds that
d2(G1, Gz2) = [|G1 — Gof[r < [[Gw, — Gw. | #[[U[[[[V]] (33)
S HGWI - GWQHF = dQ(GWU GW2)7
where we used the fact that |HG|r < |H||r|/G|. The next lemma, obtained by Szarek

(1998), concerns the invariance property of the covering numbers with respect to Lipschitz
maps.

Lemma 24 (Szarek (1998)) Let (M,d) and (My,dy) be metric spaces, K C M, ® : M —
M, and let L > 0. If ® satisfies di(®(z), ®(y)) < Ld(x,y) for x,y,€ M, then, for every
€ >0, we have N(®(K),dy, Le) < N(K,d,e).

Define the set T(C,U) = {Gw : W € C\ {U}}. Equation (33) and Lemma 24 imply
log N(T'(C,U, V), ds, €) <logN(T(C,U),ds,e), (34)

which means

sup tr(ZVIU ' Gw) < CAjo / VIeg N(T(C,U), dy, €)de (35)
wec

Applying the same argument to supycc tr(UTVTZTGw) leads to

sup tr(UTV'Z'Gw) < CA\jo / V1og N(T(C,U), do, €)de. (36)
wecC 0

Part II. To bound supy e tr(Z' GwZ), note that tr(Z'GwZ) = vec(Z) Dwvec(Z),
where VEC(Z) = (211, ceey Zp11, Z12, ceey Zplg, ceey le2, ceey Zplm)—r, and

Gw
Dw = . c RP1P2 ><’p1’p2, (37)
Gw
It suffices to control the expected supremum of the following Gaussian chaos of order 2,
sup  vec(Z) Dvec(Z), (38)
DeP(C,U)

where P(C,U) = {Dw € RP1P2XP1P2 : W ¢ C\ {U}}. To analyze the above Gaussian chaos,
a powerful tool from empirical process theory is the decoupling technique. In particular, we
apply the following decoupling inequality obtained by Arcones and Giné (1993) (see also
Theorem 2.5 of Krahmer et al. (2014)).

Theorem 25 (Arcones-Gené Decoupling Inequality) Let {g;}i<i<n be a sequence of
independent standard Gaussian variables and let {g}}1<i<n be an independent copy of {g; }1<i<n-
Let B be a collection of n xn symmetric matrices. Then for all p > 1, there exists an absolute
constant C such that

, p
Y. Bjkgig

E sup Z kg]gk—kZB” — 1)‘ < CPE sup
1<j,k<n

BEB | izt<n =1 BeB
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From Theorem 25 and the fact that for given W € C\{U} we have Evec(Z) " Dwvec(Z) =
0, then
E sup [vec(Z) Dvec(Z)] < CE sup [vec(Z) Dvec(Z')] (39)
DeP(C,U) DeP(C,U)
where Z' is an independent copy of Z. The upper bound of the right hand side of (39) can
be obtained by using a generic chaining argument developed by Talagrand (2014). To state
the result, we make the following definitions that characterize the complexity of a set in a
metric space.

Definition 26 (admissible sequence) Given a set T in the metric space (S,d), an ad-
missible sequence is an increasing sequence { Ay} of partitions of T such that |Ag| =1 and
|A,| < 22" forn > 1.

Definition 27 (7,(7,d)) Given o > 0 and a set T in the metric space (S,d), we define
Yo T, d) = inf sup;eq 3,50 27/ediam (A, (t)), where Ay(t) is the unique element of A, which
contains t and the infimum is taken over all admissible sequences.

The following theorem from (Talagrand, 2014, pp. 246) provides an important upper
bound of the general decoupled Gaussian chaos of order 2.

Theorem 28 (Talagrand (2014)) Let g, g € R™ be independent standard Gaussian vec-
tors, and Q = {¢iji<ij<n € R™™. Given a set T C R™ " equipped with two distances

doo(Q1,Q2) = [|Q1 — Q2| and d2(Q1,Q2) = Q1 — Q2||F,

Egug g' Qg < L(i(T,ds) +72(T, dz)),
S

for some absolute constant L > 0.

A direct consequence of Theorem 28 is

E sup [vec(Z) Dvec(Z')] < Co?(v1(P(C,U),ds) + 72 (P(C,U), ds)). (40)
DeP(C,U)

Our next lemma obtains estimates of the functionals 1 (P(C,U),dw) and v2(P(C,U), d2).

Lemma 29 Let T(C,U) = {Gw € RP*P1 : W € C\ {U}} be equipped with distances d
and dy defined in Theorem 28. It holds that

W (P(C,U),ds) < Cy /O Clog N (T(C, U), da, €)de, (41)
VQ(P(C, U), dg) < CQ\/]TQ/OOO \/logN(T(C, U), d2, e)de. (42)

Combining the above results, we have

E sup tr(Z' GwZ) < 02\/172/ \/logN(T(C,U),dg,e)de—i-oZ/ log N (T(C,U), dg, €)de.
WwWec 0 0
(43)
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Part I11. By (31) (35) (36) and (43), we have, for any (I',U,V) € Y(C,t,p1,p2,7)
whenever t 2> o D'(T(C,U),d2)/D(T(C,U),ds),

O3 2 /p2D(T(C,U),d 2DN(T(C.U).d
NN

~ tg

The final result then follows by noticing the trivial upper bound of diam(C).

Proof of Theorem 10. Note that Y = XT''/2U " +Z € R"*P where I''/2 = diag()\l/2 )\1/2),

Vs A
X € R™" has i.i.d. entries from ~ N(0,1), and Z has i.i.d. entries from N(0,0%). We can
write

$-yTy_yyT - l(Url/?XTxrl/?UT +Z"XrY2uT 4 Ur'?2XZ2 + 277)
n n
—(Ur2xx'r2ut 4 ur'?2xz" + ZX'r2ut + 227,

where X = 1 Z%l X; eR" in:l Z=1L1%" 7 €RP. Now since tr(UT2U0) > tr(UTZU),
or equivalently (X, UU" —UUT) <0, by Lemma 22, we have

PN 9 . o~
[UUT —UUT |2 < (E- S, UUT -UU").

Hence,

BT -~ UUT|;

< % [(n'ZTXTY?2UuT, U0 —uUu’T) + (nurt/?2x'z, UU" —-uu’)
+ (n'urt2xXTXr'?u’ —uru’, 00" —UU ) + (n'2'Z2 -1, UCT —UuU")
—(ur2xx'r?u’, uu’ —uu") —(ur2xz" U’ —-uu’)
—(ZX'T¥?uT, U’ —~uu") - (ZZ"T,UU"T -~ UuUu")]

| ro

(Hy+ Ho + H3 + Hy — Hs — He — Hy — Hy).

>

T

To control Hy, using the same notations in (30), we have

1 o~
H < —||lUUT —UU"||f- sup tr(UI‘l/QXTZGW).
n wec

23



Carl, L1 AND MA

Similarly, it holds that

1 ~~
Hy < —|UUT —UU"||p - sup tr(Z' XT?U Gw),
n wec

Hy < (T2 'X"X —1)r/?2, U'00'U - L,
< ITY2(n'XTX - L)TY?| - [tx(UTUUTU - 1)
A, I
< SInX'X-Ljjjuu’ - U,
Hy < |[UUT —UU"|p- sup tr((n~'2"Z — L) Gw),

wec
_ ~ AN - ~
Hs < |DV2XX'0V? . |tr(UTUUTU - 1,)| < %HXXTHHUUT ~UU"|3,

He < |[UUT —UUT || - sup tr(UTV2XZ Gw),

wecC

H; < |[UUT —UU" || - sup tr(Z' XTV2U T Gw),
weC

Hg < HIAJ'[AJT —UU"||F- sup tr(ZZ " Gw).
weC

Combining the above inequalities, we have

IUUT —UuU"||p

2 -1 /2T
< — n~ " sup tr Ur'?X"zZGw
Ar(L = 3 [ IXTX — L[| = 31| X X)) ( wec ( )

+n ! sup tr(Z"XTY?2U T Gw) + sup tr((n'27Z — I,)Gw) + sup tr(UT'2X 7T Gw)
wecC weC wec

+ sup tr(ZTXTY?UT Gw) + sup tr(ZZTGW)> (44)
WeC WweC
The rest of the proof is separated into four parts, with the first three parts controlling the
right-hand side of the inequality (44), and the last part deriving the final risk upper bound.
Part 1. Note that

sup tr(UTY2X T ZGw) = sup tr(X | ZGwUTY2) < A2 sup tr(ZGwUX T /| X)X
WweC WwWeC WweC

<A sup (ZT,G)X],
GeTo(C,U,X)

where 75(C, U, X) = { SwUX_ . W € ¢\ {U}}. By Theorem 23, we have

E sup <ZT,G>’X} < CU/ V1og N (To(C, U, X), dy, €)de.
GETo(C,UX) 0

For any G1, G2 € To(C, U, X), without loss of generality, if we assume G = || X||"!Gw, UX "
and Gy = ||X|'Gw,UXT where W1, W5 € C\ {U}, then

d2(G1,G2) < ||Gw, — Gw,[[F|IU| £ [|[Gw, — Gw,||F = d2(Gw,, Gw,).  (45)
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Again, recall the set 7(C,U) defined in the proof of Theorem 8, by Lemma 24, we have
log N (To(C, U, X), da,€) <logN(T(C,U),ds,€), which implies

E sup tr(UTY/?XZGw) < CA}”EHXya/ Vieg N(T(C,U),dy, e)de.  (46)
WweC 0

Now by Theorem 5.32 of Vershynin (2010), we have E||X]|| < \/n + /r, then

En~' sup tr(UTY2X " ZGw) < CAY?0(1/v/n + v/ /n) / VIog N (T(C,U), dy, €)de.
0

WweC
(47)
Similarly, we can derive

En~' sup tr(Z" XTY2U T Gw) < CAY20(1/v/n + \/F/n)/ Vieg N(T(C,U), da, €)de.
weC 0
o o (48)
One the other hand, since supwec tr(UTY2XZTGw) = supwece tr(XZTGwUTY/2) <
M2 supwee tr(ZT GwUX /|| X[2)[| X[l < AY?|[X |lasupger; (Z,8), where T3(C,U,X) =
{EwUX .y < ¢\ {U}} is equipped with the Euclidean ¢, distance. By Theorem 23, we

1X12
have

[ee]

Bl s (zalfx| < [T ViR NTTC UK. e
g€Ti(C,UX) v Jo

Now for any g1, g2 € 71(C, U, X), without loss of generality, if we assume g; = X5 1ij UXx

and gy = | X |5 ' Gw,UX, where W, Wy € C\ {U}, then ||g1 —gall2 < || X||5'|Gw, UX —

GW2UX”2 S dOO(GW17 GWQ) S dg(GWl s GWQ). Lemma 24 implies log./\/'(Tl (C, U, X), dg, 6) S

log N(T(C,U),da,€), which along with the fact that E|| X || < /r/n implies

/2 poo
E sup tr(UT'Y2XZTGw) < CJM/ V1og N(T(C,U), do, €)de. (49)
wecC n 0

Similarly, we have

5T wl/277T Coy/rA” [
sup tr(Z' XI''“U ' Gw) < — V1og N(T(C,U), da, €)de. (50)
weC 0

Part I1. Note that tr((n 'Z" Z—021,)Gw) = tr(n ' ZT ZGw)—0?tr(Gw) = n~tvec(Z) "Dwvec(Z),
where Dy is defined in (37). By the similar chaining argument in Part I of the proof of
Theorem 8, we have
2

2 00 o)
E sup tr((n 'Z2'Z-1,)Gw) < U/ \/logN(T(C,U),dg,e)de+a/ log N(T(C,U), da, €)de
wecC vn Jo n Jo (51)
ol

Similarly, since supwec tr(ZZ " Gw) = supwee Z ' Gw Z, we also have

2 0 2 o]
E sup tr(ZZ'Gw) < "/ VIeg N(T(C,U), dy, €)de + "/ log N'(T(C,U), ds, €)de.
wecC n Jo n Jo (52)
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Part II1. Define the event E = {||[n !X "X — L.|| < 1/(4L?), | XX "|| < 1/(4L?)}, where
L is the constant in Z(C,t,p,r). By Proposition D.1 in the Supplementary Material of Ma
(2013),

P(In "X X —L | <2(v/r/n+ 1)+ (\V/r/n+1)%) > 1 —2¢ /2,

which implies P(|[n 'XTX — || < 1/(4L?)) > 1 — 2¢e~°". In addition, since || XX || <
|X]13 =137, g7, where g; ~;;4 N(0,1), it follows from the concentration inequality for
independent exponential variables (Vershynin, 2010, Proposition 5.16) that P(| XX || <
1/(4L?)) > 1 — 2e~“". Thus, it follows that

P(E*) < P(In XX ~ L|| > 1/(4L2) + P(IXX 7| > 1/(4L2) < 4e~".

Part IV. Note that Ed(U, U) = E[d(U, U)|E] + E[d(U, U)|E¢]. It follows from (44) and
the inequalities (47)-(52) from Parts I and II that

o sy O
(1 F)oric 0y PATCV) | DTIC DL
- CoA(C)\/t(1 +7/n) + o2

Vnt ’

where the last inequality holds whenever v/t/o 2> supyec[D'(T(C,U),ds)/D(T(C,U), ds)].
On the other hand, by Part III, E[d(U, U)|E] < diam(C)-P(E°) < Cy/re~". Consequently
as long as n 2 max{log 5,7} and Vt/o Z supyce[D'(T(C,U),d2)/D(T(C,U),ds)], we

Y
have

—~ A/ 2
sp  Ed(U,0) < o8OV
(T,U)eZ(C.t,p.t) Vnt

The final result then follows by noticing the trivial upper bound of diam(C).

A.2 Minimax Lower Bounds

Proof of Theorem 5. The proof is divided into two parts, the strong signal regime
(t? > 02py/4) and the weak signal regime (1> < o2py/4). In the strong signal regime,
the minimax lower bound does not depend on the dimensionality ps of V, so it suffices
to fix V = Vj and perturb U around some Uy € C to construct a parameter set whose
corresponding probability measures are sufficiently close to each other. The minimax lower
bound can be obtained by applying the general lower bound for testing multiple simple
hypotheses (Lemma 30 below). However, in the weak signal regime, the minimax lower
bound does depend on po. In this case, the construction of the probability measures should
reflect the fundamental difficulty of estimating U due to the coupling effect of the unknown
V. In order to do so, we not only perturbed U around some Uy € C, but also considered
an approximately uniformly distributed prior of V over O(ps,7) subject to certain spectral
constraint. The minimax lower bound is then obtained by using a generalized Fano’s method
(Lemma 31) for testing multiple composite hypotheses. This mixing technique helps to obtain
a sharper minimax lower bound (see also Cai and Zhang (2018)).

26



OPTIMAL STRUCTURED PRINCIPAL SUBSPACE ESTIMATION

Part 1. Strong Signal Regime. The following general lower bound for testing multiple
hypotheses Tsybakov (2009) are needed.

Lemma 30 (Tsybakov (2009)) Assume that M > 2 and suppose that (©,d) contains
elements 00,(91, <.y 001 such that: (i) d(6;,0) > 2s > 0 for any 0 < j < k < M; (i) it holds
that < Zj 1D(P],PO)<()zlogM with 0 < a < 1/8 and P; = Py, for j =0,1,..., M, where

D(P;, Py) = flog dPi) dP; is the KL divergence between P; and Py. Then

a0 292 7 (-2 i)

Let Vo € O(p2,7) be fixed and Uy € C. Denote the e-ball B(Ug,€) = {U € O(py,7) :
d(U,Uy) < €}. For some ¢ < €, we consider the local d-packing set G5 = G(B(Ug, €)NC, d, )
such that for any pair U, U’ € B(Uy, €)NC, it holds that d(U,U’) = [UUT -U'U""||r > 6.
We denote the elements of G5 as U; for 1 < i < |Gs|. Lemma 21 shows that, for any i, we
can find O; € O, such that |Uy — U;0;||r < d(Up, U;) < e. Set U, = U;0; and denote
G5 = {U}}. For given t > 0, we consider the subset

X(t, 6,(5, U(),V()) = {(F,U,V) :U e GS,V = Vo,r = tIr} (- y(c,t,pl,pg,r).

In particular, the above construction admits |X (¢, €, d, Ug, Vo)| = |Gs|.
Moreover, for any (T',U;, Vi) € X(t,¢€,9,Ug, Vg), let P; be the probability measure of
Y = U,I'V] + Z where Z has i.i.d. entries from N(0,0%). We have, for 1 <i # j < |G5|,
(U - UV _ 2T - Uyl _ o
202 - 202 - o2’

Now set € = ¢y and § = ae for some « € (0,1). By assumption,

D<Pia1Dj):

32t2

for some ¢ € (0,1/32), it holds that D(P;, P;) < %6 log |Gy |- Now by Lemma 30, it holds
that, for 6 = (', U, V),

. \/ |Ga€0] 7 1
inf sup d(U U) > ae/2) > R e —
U 9eX(t,e,6,U0, Vo) Fol / 1L+ V/|Gael 8log |Gac|

By Markov’s inequality, we have

CO’2 0'2
< 10g |G ac,| A diam (C)> << < log |G ac,| A diam (C)> (53)

. ~ QEgy/ ’Gam’ 7 1
inf sup Eyd(U,U) > = — > Clae,
U 0eX(t,60,Up,Vo) 2(1 + \/ ’Gaeo‘) V 810g ‘Gaeo|

for some C' > 0 as long as |Gae,| > 2. Therefore, it holds that

inf sup Egd(ﬁ,U) > inf sup E¢d(U, U)
U 9eY(C,t,p1,p2,7) U 0eX(t,e,68,Ug, Vo)

12
(ot \/10g |Gaeo| A diam(C (U +U IVETIP2 A g |Gaeo| A diam(C )

Part II. Weak Signal Regime. The proof relies on the following generalized Fano’s method,
obtained by Ma et al. (2019), about testing multiple composite hypotheses.

27



Carl, L1 AND MA

Lemma 31 (Generalized Fano’s Method) Let g, p1,...,uar be M + 1 priors on the
parameter spaces © of the family {Py}, and let P; be the posterior probability measures on
(X, A) such that

P(8) = [ RSus(do). VS A j= 0.1 M,

Let F : © — (R, d). If (i) there exist some sets B, By, ..., Byy C R? such that d(B;, B;) >
2s for some s >0 for all 0 <i# j < M and pj(0 € © : F(0) € Bj) = 1; and (ii) it holds
that 47 301, D(Pj, Py) < alog M with 0 < o < 1/8. Then

A VM ( 200 >
infsup Py(d(F,F(#)) >s) > ————|1—2a — .
nfsup F)(d(F.F(0)) > 5) > = Vit

To use the above lemma, we need to construct a collection of priors over the set
Y(C,t,p1,p2,7). Specifically, recall the previously constructed J-packing set G5 = {U; :
1 <i < |Gs|}. Inspired by Cai and Zhang (2018), we consider the prior probability measure
wi over Y(C,t,p1,p2, ), whose definition is given as follows. Let W be a random matrix on
RP2%" " whose probability density is given by

rp2/2
pW) = C(22) 7 expl-pall WIE/2) - 11L/2 < Ain (W) < (W) < 21
where C' is a normalizing constant; then, if we denote INJ'Zf‘ZVZT as the SVD of tU,W T ¢
RP1*P2 where U; € Gs and W ~ p(W), then p; is defined as the joint distribution of
(T';,U;, V). By definition of Uy, one can easily verify that p; is a well-defined probability
measure on Y(C,t,p1,p2, 7). Note that, for any 0; = (I;, U;, V;) € supp(u;) and 9 =
(T;,U;,V;) € supp(p;) with 1 <i # j <|Gs], it holds that d(U;, U;) = d(U;, U;) > 6.

Consequently, the joint distribution of Y = UT'V " + Z with (I, U, V) ~ p; and Zij o~
N(0,0?) can be expressed as

Ufp1p2
P(Y)=C / I s
1/2<  min (W) max (W) <2 (270)P1P2/

b2 rp2/2 2
(B) exrlnlWIE /2w,

xp(—[Y = tU;W T [|%/(207))

and it remains to control the pairwise KL divergence D(F;, P;) for any 1 < i # j < |Gs|.
This is done by the next lemma, whose proof, which is involved, is delayed to Section C.

Lemma 32 Under the assumption of the theorem, for any 1 < i # j < |Gs|, we have

C1t4d?(U;,U;
D(P;, Pj) < W

elements of Gs.

+ Cy where Cy,Cy > 0 are some uniform constant and {U;} are

Again, set € = ¢p and § = «ae for some a € (0,1). By assumption,

<ca(—i—apg) log |Gs| A diam(c)> < 6(23 = <0(64+0tsz)

" log |Gs| A diam(C)),
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OPTIMAL STRUCTURED PRINCIPAL SUBSPACE ESTIMATION

for some ¢ € (0,1/640]. It then follows that D(F;, Pj) < Clog|Gae| + C2. Now let
X'(t,e,6,Ug) = U1§i§|GaEOISUPp(”i)' By Lemma 31 and Markov’s inequality, we have,
for 6 = (I', U, V),

~ aegy/ |Ga€0’ 7 1
inf sup Eyd(U,U) > = — > Cl,
U 0e X! (t,e0,0e€0,Up) 2(1 + AV ’Gaeo‘) \/ 810g ‘Ga50|

for some C' > 0 as long as |Gue,| > 2. Hence,

inf  sup  Egd(U,U) > inf sup E¢d(U, U)
U 96.)7(67757171719277") U eeXl(t 6070‘607U0)

/142
N(U At +Up2\/1g]Gaeo A diam(C )

Proof of Theorem 9. For some Ug € C, similar to the proof of Theorem 5, we consider
the d-packing set G5 = G(B(Ug,€) NC,d, ), where for any U;, U; € Gs, d(U;,U;) =
|u,ul — UjU;—HF > §. Then, for given ¢ > 0, we consider the subset Z'(t,¢,d,Ug) =
{(T,U) € Z(C,t,p,r) : U € Gs, T =1, }, so that |Z'(t, €6, Upy)| = |Gs|. Let P; be the joint
probability measure of Yy ~;;q4 N(0,%;) with £ = 1,...,n and ¥; = tUZ-U;r + O'QIp. We
have, for any 1 < i # j < |Gs|,

det 3;
D(P;, Pj) = ;L<tr(2;12¢) —p+log < © ))

det 2]‘
n t T, U T t* T T
nt? nt?d*(U;, U;) nt?e
=" Uy < 0 Uj)
202(U2+t)(r 1U: Usllk) = o?(c2+1t) ~ o2(c?+1t)’

where the second equation follows from the Woodbury matrix identity and the second last
inequality follows from Lemma 21. Now let € = ¢y and § = ae for some a € (0,1). By
assumption,

(002 (02 +1)

nt?

o?(0? + 1)
32nt?

for some ¢ € (0,1/32). It holds that D(P;, P;) < 75 10g|Gae,|. Now by Lemma 30, it holds
that, for 6 = (T", U),

. ~ ~ VIGae| 7 1
inf sup Py(d(U,U) > aep/2) > N
U 0€Z'(t,e0,ae0,U0) L+ V/|Gael V/8log |G|

By Markov’s inequality, as long as |Gqae,| > 2, we have

inf sup Egd(ﬁ, U) > Cae,
U 0eZ’ (t,e0,0€0,U)

log |Gae| A diamQ(C)) <e< ( log |Gae| A diamQ(C)),

for some C' > 0. Therefore, since Z'(t, €y, aeg, U) C Z(C,t,p,r),

inf  sup R(ﬁ, U) > inf sup E@d(ﬁ,U)
U QEZ(C,t,p, ) U 962’@ eo,aeo,Uo)

2 <U o+ V10g|Gae,| A diam(C )
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Appendix B. Calculation of Metric Entropies

In this section, we prove the results in Section 5 by calculating metric entropies of some
specific sets. The calculation relies on the following useful lemmas.

Lemma 33 (Varshamov-Gilbert Bound) Let Q = {0,1}" and 1 < d < n/4. Then
there exists a subset {w™M),...,w™M)} of QO such that |wD|og = d for all 1 < j < M and
Hw(j) — w(k)Ho > % for 0 <j <k< M, andlogM > cdlog % where ¢ > 0.233.

The proof of the above version of Varshamov-Gilbert bound can be found, for exam-
ple, in Lemma 4.10 in Massart (2007)). The next two lemmas concern estimates of the
covering/packing numbers of the orthogonal group.

Lemma 34 (Candes and Plan 2011) Define Py = {UTV' : U,V € O(p,2r), ||(Tii)1<i<2r|l2 =
1}. Then for any e € (0,+/2), there exists an e-covering set H(Py, dz, €) such that |H(Py,dz, €)| <
(c/€)? V" for some constant ¢ > 0.

Lemma 35 For any V. € O(k,r), identifying the subspace span(V') with its projection
matriz VV' T, define the metric on the Grassmannian manifold G(k,r) by p(VV T, UUT) =

\VVT —UUT||p. Then for any e € (0,+/2(r A (k —1))),

co r(k—r) 1 r(k—r)
() < N(G(k,r). prc) < () ,
€ €

where N'(E, €) is the e-covering number of E and cy,c1 are absolute constants. Moreover,
for any V € O(k,r) and any o € (0,1), it holds that

co r(k—r) 21 r(k—r)
<) < MB(V,e), p, ae) < <> .
acy acy
Proof We only prove the entropy upper bound
co r(k—r)
M(B(V,e),d, ae) < <> , (54)
acy

as the other results has been proved in Lemma 1 of Cai et al. (2013). Specifically, Let G
be the e-packing set of O(k,r). It then holds that

M(O(k,r),d, ae) Z MB(V,e€),d, ae) > |G| M(B(V*,¢€),d, )
Ved.
= M(O(k,r),d,e)y M(B(V*,¢€),d, ae)

for some V* € O(k,r). Hence,

. M(O(k,7)),d, ce)
M(B(V* e),d,ae) < MO de)

By the equivalence between the packing and the covering numbers, it holds that

* N(O(k,r)),d, ae/2) 2¢1 r(k=r)
ME 0 bed < TSR < ()
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where the last inequality follows from the first statement of the lemma. Then (54) holds
since the metric d is unitarily invariant. |

The following lemma is an estimate of the Dudley’s entropy integral for the orthogonal
group O(p,r).

Lemma 36 For any given U € O(p,r), there exists some constant C > 0 such that
1" V1og N(T(O(p, ), U),da, €)de < C\/pr. Therefore, we have A*(O(p,r)) < Cpr.

Proof By definition, for any G € T(O(p,r), U), it is at most rank 2r, and suppose its SVD
is G = ULV, then T is a diagonal matrix with nonnegative diagonal entries and Frobenius
norm equal to one. Thus, if we define Py = {UTV ' : U,V € O(p,2r), ||(Tii)1<i<2r|l2 = 1},
then by Lemma 24,

N(T(O(p,7),U),ds,€) < N(Po,dz,¢€).

By Lemma 34, we can calculate that

/ = Jlog N(T(O0p,7),0), da, )de < / " VIog N (P, o, e)de
0 0

V2
<O / JIog(c/e)de < C/pr. (55)
0
The second statement follows directly from the definition of A2(O(p,7)). [ |

B.1 Sparse PCA/SVD: Proof of Proposition 11 and Theorem 12

Matrix denoising model with Cg(pi, 7, k), or sparse SVD. By Lemma 33, we can
construct a subset O(k) C Cs(p1, 7, k) as follows. Let Qpr = {w®, ., w1} c {0,1}1 71
be the set obtained from Lemma 33 where n =p; —r—1,d=k/e < (p1 —r—1)/4 and M
is the smallest integer such that log M > cdlogn/d, i.e., M = [exp(ck log WH We
define

O, = { [‘Of IO ] v=(V1-e ew/Vd) e ST we QM}, e€ (0,1).
r—1

Then O, is a §-packing set of B(Uy, V2¢) N Cs(p1,7, k) with Ug = h)o I ] where v =
r—1
(1,0,...,0)T, |© = M. Now we set
o c1(t? +0%pe)oiklogle(pr —r —1)/k)
for some sufficiently small ¢; > 0. It follows that
242 2 242 2
co0”(t* + o%p2) 9 o (t* + o°p2)
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for some ¢z € (0,1/640). So the condition of Theorem 5 holds with ¢y = v/2¢, a = 1/(2v/2)
and log |©.| < klog(ep1/k). Moreover, for any U’ € O(k,r), suppose M, C O(k,r) is an
ae-packing set of B(U’, €) constructed as in Lemma 35, then the set

ol = {U = [ng] W ¢ Me} C Cs(p1,m, k), (56)

!
is an ae-packing set of Cs(p1,7, k) N B(Ug, €) where Uy = [Ié}, and |0 > (¢/a) 7).,

Now we set ) ) )
t k —
2 ca(t“+o ptg4)0 r( T) Ar?,

for some sufficiently small ¢; > 0. It follows that

242 2 242 2

c20”(t + 07pa) / 2 _ ((0°(t° +0°p2) /
< m log|@, | AT | <€ < Wlog@J/\r
for some ¢y € (0,1/640). Thus, the condition of Theorem 5 holds with log |OL] < r(k — 7).
To obtain an upper bound for A(Cs(p1,r, k)), we notice that any element H € T (Cs(p1,7, k), U)

satisfies H=H' and

o < illo < k.
25, Helo =k pggg [Hallo < &

Then T (Cs(p1,7, k), U) can be covered by the union of its (’2) disjoint subsets, with each
subset corresponding to a fixed sparsity configuration. Each of the above subsets can be
identified with 7 (O(k,r),U’) for some U’ € O(k,r), and by Lemma 34 and the proof of
Lemma 36,

N(T(O(k,7),U"),da, €) < (c1/€)* D),
for any € € (0,v/2). Then by taking a union of the covering sets, we have

N(T(Cs(pr,m, k), U), da, €) < <12) (c1/€)¥ PR+ < (epy k)R (c1 /e)> (2RHD)
As a result,
0 V3 ~
/ Viog N(T (Cs(pr, 7.%), U), da. e)de < /2klog(epr/k) +v/2r(2k +1) / \/Kd
’ 0
< C(v/klog(ep1/k) + Vrk).

In addition, we also have

/ log N (T (Cs(p1,7, k), U),da, €)de < C(klog(epy/k) + rk).
0

By Part III of the proof of Theorem 8, the upper bound result follows whenever 5 =

~

Vklog(ep1/k) + vrk. In particular, in light of the minimax lower bound (from Theorem
5), if r = O(1), then, whenever consistent estimation is possible, or

/12 4 o2py ep1
(R log T Vi) <1,

the condition £ > \/klog(epi/k) + V/'rk is satisfied and the proposed estimator is minimax
optimal. The final results follows by combining Theorems 5 and 8.
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Spiked Wishart model with Cg(p,r, k), or sparse PCA. We omitted the proof of
this case as it is similar to the proof of the sparse SVD.

B.2 Non-Negative PCA/SVD: Proof of Proposition 13 and Theorem 15

Matrix denoising model with Cxy(p1,7), or non-negative SVD. On the one hand,
with Lemma 33, we can construct a subset ©, C O(p1, ) as follows. Let Qp; = {w™,...,w™)}
{0,1}" be the set obtained from Lemma 33 where n =p; —r—1,d = (p1 —r—1)/4 and M is
the smallest integer such that log M > cdlogn/d, i.e., M = (exp(%ﬂ
the idea of Vu and Lei (2012) and Cai et al. (2013), we define

@6:{ [V 0 ] :v:(m,ew/\/ﬁ)eSPl"“‘l,weQM}, e € (0,1).

. Following

0 Irfl

Then it holds that ©. C B(Uy, v/2¢) for Uy = [0 L
r—1

M, and that for any U # U’ € O,
d(U,U") > V21— (1—¢€2/8)2>

In other words, © is a §-packing set of B(Uo, V2¢) NCyn(p1,7). Now we set

vo 0 } where vo = (1,0,...,0)7, |©.] =
€
5

2 Cl(t2 —|-0'2p2)0'2(p1 —7r — 1)
€ = t4 /\17

for some sufficiently small ¢; > 0. It follows that

(0202(752 + 0%ps) a2 (t2 + o%ps)

640t4

b logreem) g&g(

log [©¢] A 1)
for some ¢y € (0,1/640). So the condition of Theorem 5 holds with ey = v/2¢, a = 1/(2v/2)
and log |O,] < p;.

On the other hand, we need to obtain an upper bound for A(Cy(p1,7)). To bound the
Dudley’s entropy integral fooo V1og N(T(Cn(p1,7),U), ds, €)de, we simply use the fact that
Cn(p1,7) C O(p1,7) and

N(T(CN(phr)?U)?dQvf) < N(T(O(p1,T),U),d2,6).

Then by Lemma 36, we have A?(Cyn(p1,7)) < pir. Combining Theorems 5 and 8, we
have A%2(Cny(p1,7)) = log |©c|, which implies A%(Cyn(p1,7)) < log |O] < p1 if r = O(1).
Again, by Part III of the proof of Theorem 8, the upper bound follows whenever g 2 \/TP1-
In particular, when » = O(1), this condition is satisfied whenever

ov/p1(t? + o?ps) <

12 ~

In other words, in light of the minimax lower bound (from Theorem 5), whenever consistent
estimation is possible, the condition g 2 /p1 is satisfied and the proposed estimator is

minimax optimal.
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Spiked Wishart model with Cy(p,r), or non-negative PCA. Similarly, let Qy; =
{w® . W)Y c {0,1}?"~! be the set obtained from Lemma 33 where d = (p—r—1)/4 and

M is the smallest integer such that log M > cdlog(p—r—1)/d,i.e., M = [exp(wﬂ.
We define

@GZHV 0]:v:(m,m/\/&)eSp—r-l,weQM}, e e (0,1).

0 Ir—l

Then it holds that ©, C B(Uy, v/2¢) for Uy = [
M, and that for any U # U’ € O,

(U, U = V3 \/T- (1- &8

In other words, O is a §-packing set of B(Up, v/2¢) N Cnn(p, 7). Now we set

vo 0 where vo = (1,0,...,0) T, |0 =
0 Irfl

N

2 cio?(o? +t)(p—r—1) AL
nt?

for some sufficiently small ¢; > 0. It follows that

<0202(02 +1) o2(o?+t)(p—r—1) 10g2/\1> < <a2(02 +1)

log [Bc|A1 ) < €2 <
iz 10816 )J —< nt? 10 32nt2

log|®6|/\1>

for some ¢y € (0,1/32), so that condition of Theorem 9 holds and log|©.| < p. The rest
of the arguments such as the calculation of Dudley’s entropy integral are the same as the
above proof of the non-negative SVD.

B.3 Subspace PCA/SVD: Proof of Proposition 17 and Theorem 18

To prove this proposition, in light of Lemmas 34, 35 and 36, it suffices to establish the
isometry between (Ca(p,7,k),d) and (O(k,r),d). Let Q € O(p, k) has its columns being
the basis of the null space of A. We consider the map F' : O(k,r) — Ca(p,r, k) where
F(W) = QW. To show that F is a bijection, we notice that

1. For any G € Ca(p,r, k), for each of its columns Q ;, there exists some v; € S¥=! such
that G, = Qv; and v, v; = v/ Q"Qv; = GIG; = 0. Then let W = [vy,...,v,] €
O(k,r), apparently, we have F(W) = G. This proves that the map is onto.

2. For any Wi # W3y € O(k,r), it follows that F(W;) # F(Wz). This proves the

injection.
To show the map F' is isometric, we notice that
1. For any G; = F(W1),Gy = F(W3) € Ca(p, 1, k),
d(F(W1),F(W2)) = [QW1W]QT - QW2W; Q|

< |QI*IWiW{ — WyW, ||p
< d(Wl,Wg).
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2. For any W1, Wy € O(k, 1),
d(W1,W3) = [|QTQW ;W[ Q" — QW W, Q' Q||r < d(F(W1, Wy)).

Thus d(F(Wl), F(WQ)) = d(Wl,WQ).

B.4 Spectral Clustering: Proof of Proposition 19 and Theorem 20

The upper bound A2?(C?%) < n follows from the same argument as in the proof of Proposition
15. For the second statement, by Lemma 33, we can construct a subset ©(d) C S*! as
follows. Let Qpr = {w®,...,w™)} ¢ {0,1}" be the set obtained from Lemma 33 where
|wPlo =d < n/dforall 1 <j<nand M is the smallest integer such that log M > cd,
i.e., M = [exp(cdlog 5)]. We define

_ [2lw—05-1]
ow= {4

where 1 = (1,...,1)T € R™. Then since for ug = (—=1//n,...,—1/y/n)" and any u € 9(d),

d
d(up,u) < [jug —ulj2 < 2\/;7

it holds that ©(d) C B(ug,2+/d/n) with and that for any u # u’ € ©(d),

1 d
diu,u') > —|lu—-1u >\/>
()2 ol > /7
so that ©(d) is a y/ 2-packing set of B(ug, 21/d/n) NC%L. Now since t? = Co?(n+ /np), we
n +

can set
d
€0 =1\/—, where d=cqn,
n

for some sufficiently small ¢; > 0, and thus it follows that

2042 | 2 2042 | 2
c20°(t* 4 0°p) 9 o?(t* + o°p)
R S . 74 <eg < | ———1 1
< " log |©(d)| A 1) €5 < 12344 og[6(d)| A

for some co € (0,1/128). So the condition of Theorem 5 holds with o = 1/2 and log |©(d)| <
n.

eCl:we Qru{(0, ...,0)}},

Appendix C. Proof of Technical Lemmas

Proof of Lemma 22. For the first statement, the first inequality can be proved by
(Ur?U, 00" —WW') = tr(Ur?U ") — tr(W'UT?U W)
= tr(I'?) — tr(M?UTWW ' U)

=> N1-(UTWWTU);)
=1
> A(r —tr(UTWW T U))

A7
=S Iuu’ - ww .

35



Carl, L1 AND MA

The second inequality follows from the same rationale. The second statement has been
proved in Lemma 3 of Cai et al. (2013).

Proof of Lemma 29. Throughout the proof, for simplicity, we write P = P(C,U) and
T = T(C,U). By Corollary 2.3.2 of Talagrand (2014), for any metric space (T,d), if we
define

en(T) = inf{e : N(T,d,e) < N,,}, where Ny = 1; N,, = 22" for n > 1, (57)

then there exists some constant K («) only depending on « such that

Ya(T,d) < K(a) ) 2" %en(T). (58)
n>0

The following inequalities establish the correspondence between e,, and the Dudley’s entropy
integral,
o
> o2 (T) < C / V1og N (T, d, €)de,
n>0 0

Z 2", (T) < C/OO log N (T, d, €)de,
0

n>0

(59)

whose derivation is delayed to the end of this proof. Combining (58) and (59), it follows
that

Yo(T,d) < K(a) /0 b log"/* N'(T', d, €)de. (60)

By (60), it suffices to obtain estimates of the metric entropies log N (P, dwo, €) and \/log N (P, da, €).
By definition of T, apparently (P, ds) is isomorphic to (7, d ), then by Lemma 24, it holds
that

N(P,doo,€) = N(T,doo, €).

Along with the fact that, for any G1,Ge € T, doo(G1, G2) < d2(G1, G2) and therefore
N(T,doo,€) < N(T,dz,e),

we prove the first statement of the lemma. On the other hand, consider the map F' :
(P,d2) — (T,dz2) where for any D € P, F(D) € RP1*P1 ig the submatrix of D by extracting
its entries in the first p; columns and rows. Then, for any D1, D9 € P, it holds that

1
d2(F(Dn), F(D2)) = |[F(Dy) — F(D2)|[r = ﬁdﬂDl,Dz)'
Again, applying Lemma 6, we have

N(P,dz,e) = N(T,da,€/\/p2).

The second statement of the lemma then follows simply from the change of variable

’YQ(P, dQ) S 02/ \/logN(T, dg, 6/\/172)d6 = CQ\/}TQ/ A/ log/\/(T, dQ, E)dﬁ.
0 0
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Proof of (59). The proof of the first inequality can be found, for example, on page 22 of
Talagrand (2014). Nevertheless, we provide a detailed proof for completeness. By definition
of ey, if € < e,(T), we have N(T,d,e) > N,, and N (T,d,e) > N, + 1. Then

en(T)
Viog(l+ Ny)(en(T) — ent1(T)) < / - VIeg N (T, d, ).

Since log(1 + N,,) > 2™ log 2 for n > 0, summation over n > 0 yields

eo(T)
\/logQZZ”/Z(en —ent1(T)) < / V1eg N (T, d, ).
0

n>0

Then the final inequality (59) follows by noting that
D 22 (en — enia (1)) = > 2%, (T) = > 2D/ 2e, (1)

n>0 n>0 n>1
> (1-1/V2) > 2%, (T).
n>0
The second inequality can be obtained similarly by working with the inequality

en(T)

log(1 + Np)(en(T) — ens1(T)) < / . log N'(T, d, €).

Proof of Lemma 32. The proof of this lemma generalizes the ideas in Cai and Zhang
(2018) and Ma et al. (2019). In general, direct calculation of D(FP;, P;) is difficult. We
detour by introducing an approximate density of P; as

- o pip2 T ) Do rp2/2 )
P(Y) = WM/GXP(—’Y —tU;W ||/ (20 ))<277> exp(—p2[W|5/2)dW.
Now for Y ~ P,, if Y}, is the k-th column of Y, we have
2 at? 7\ 2y AP T

for k=1,...,po. It is well-known that the KL-divergence between two p-dimensional multi-
variate Gaussian distribution is

1 _ _ det X
DOV Zo) [N G, 21)) = 5 (1025 1) + G =07 = )= +10g (i ) )

As a result, we can calculate that for any P; and Pj,

D(_P“_Pj) = ? tr ‘[pl - mUZUZ Ipl + UszU]UJ — P1

- ct*

T A2 + o2py
_ Ct'd(U;, ;)
42+ o2py

(r =10/ Uj1%)
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where the last inequality follows from Lemma 21. Hence, the proof of this proposition is
complete if we can show that there exist some constant C' > 0 such that

D(P;, P;) < D(P,, P) + C. (63)
The rest of the proof is devoted to the proof of (63).

Proof of (63). Define the event G = {W € R™P2 : 1/2 < Apin(W) < Apax(W) < 2}
For any given u,

P, 1 ( 1 in(I 42 UUUY)
B ) ™y OXP | 55 k Upyr — 55 ViU )Xk
P (27) 7 (ﬁ) 5 202 i 42 + 02py !

X CUz-,t/geXp(—HY —tU;W [/ (20%) — pol [ W|3:/2)dW

442 1 52pn \ P2T/2
= <+UPZ> exp ( — (4t + o%py)

2702

2t
=yl
4t2 4+ o2py "

>dW
2t o2
=Cuy,P[W €GW ~ N UY, I
Uz,t ( g‘ <4t2+0_2p2 (3 4t2+02p2 P1

< CUi,t‘ (64)
Recall that

W —

Cyly = P(W = (wjk) € Glujk ~ N(0,1/p2)).
By concentration of measure inequalities for Gaussian random matrices (see, for example,
Corollary 5.35 of Vershynin (2010)), we have, for sufficiently large (p2,7),

P(W € G)>1-—2exp(—cp2), (65)
for some constant ¢ > 0. In other words, we have
Cop=1-p° (66)
and P
<1 4pye 67
P~ P2 (67)

uniformly for some constant ¢ > 0. Thus, for some constant § > 0, we have

ptr )= | o (1) s () s (£

Slog(1+6)+D(15¢,Pj)+/(Pi—I5i)10g (?)dYJr/Blog <§;>dY
<log(1+4) + D(P;, P;) + /P(i >log<?>dY

J
Ao (5 o

< log(1 + ) + D(B;, P,) +p20/

(1+5

_ P;
P;| log (PJ) ’dY.
i

(68)

log(;>‘dY+(1+6)/
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Now since

/7

ay

P, 1 442 b2
1 dY = — | B|————) Y, (U, U] — UUTY
Og(P;)' 202/ ‘4t2+opzz k Y

1 At? T T T
1 {M ZYk (UU] +U,U] )Yk]
k=1

= W, (U, U] +U,U0)) (0], +4—t2U~U~T)
202 (412 4 0%po) o 7 Lt opy T

4t2po T 42
————tr( U, (/ —/—)U;
= 12 + o2 r( i (p1+0_2p2) i

where in the second row the expectation is with respect to Yz ~ N(O O'ZIpl + 4t2(’ U UT).
we know that the third term in (68) can be bounded by

pEC/P

for some constants C, ¢ > 0. Finally, by (64), we have

/P log(}i)‘dY</f’i dY+/I5¢
j

where we denoted
2t o2
E={W ~N(——U'y, — 1 .
{ (4t2 +oZpy ' A+ o%po p>}

Now on the one hand,

/7
On the other hand, for fixed Y and U;-FY € R™P2_ we can find Q € O(pa, p2 — r) which is
orthogonal to U;Y, ie., UZTYQ = 0. Then W/Q € R"™*®277) are i.i.d. normal distributed
with mean 0 and variance 4752072

e Then again by standard result in random matrix (e.g.
Corollary 5.35 in Vershynin (2010)), we have

P
log< )‘dY<rp2 Py ¢ <C
P]

log log

1
—————|dY,

1
log e dY < (log(1+4) Vv |log(1—d)~1|).

U;,t

Anin (W) = A (W) 2 A, (W'Q) > (Vo2 =T — Vi —1)

m

with probability at least 1 — 2exp(—x2/2). Since t? < 02py/4, for py sufficiently large, we
can find ¢ such that by setting z = ¢,/p2,

POumin(W') > 1/2) > 1 — ¢~ P2, (69)
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Analogous to the argument on Api, (W’), we also have
P(Amax(W') <2) > 1 —e™2, (70)
Thus, by the union bound inequality, we have
PW' €G)>1—2e" P

and consequently,

<p5°.

/i

This helps us to bound the last term of (68). Combining the above results, we have proven
the inequality (63) and therefore completed the proof.

v <

1
log ——
gl— 2—6

|
1 - -
°© P(W' € G|E)
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