Journal of Machine Learning Research 22 (2021) 1-54 Submitted 1/21; Revised 7/21; Published 10/21

Graph Matching with Partially-Correct Seeds

Liren Yu YUS27@QPURDUE.EDU

Elmore Family School of Electrical and Computer Engineering
Purdue University
West Lafayette, IN 47907, USA

Jiaming Xu JXT7@DUKE.EDU

The Fuqua School of Business
Duke University
Durham, NC 27708, USA

Xiaojun Lin LINX@QPURDUE.EDU

Elmore Family School of Electrical and Computer Engineering
Purdue University
West Lafayette, IN 47907, USA

Editor: Gabor Lugosi

Abstract

Graph matching aims to find the latent vertex correspondence between two edge-correlated
graphs and has found numerous applications across different fields. In this paper, we
study a seeded graph matching problem, which assumes that a set of seeds, i.e., pre-
mapped vertex-pairs, is given in advance. While most previous work requires all seeds
to be correct, we focus on the setting where the seeds are partially correct. Specifically,
consider two correlated graphs whose edges are sampled independently from a parent Erdos-
Rényi graph G(n,p). A mapping between the vertices of the two graphs is provided as
seeds, of which an unknown [ fraction is correct. We first analyze a simple algorithm
that matches vertices based on the number of common seeds in the 1-hop neighborhoods,
and then further propose a new algorithm that uses seeds in the 2-hop neighborhoods.
We establish non-asymptotic performance guarantees of perfect matching for both 1-hop
and 2-hop algorithms, showing that our new 2-hop algorithm requires substantially fewer
correct seeds than the 1-hop algorithm when graphs are sparse. Moreover, by combining
our new performance guarantees for the 1-hop and 2-hop algorithms, we attain the best-
known results (in terms of the required fraction of correct seeds) across the entire range of
graph sparsity and significantly improve the previous results in Kazemi et al. (2015); Lubars
and Srikant (2018) when p > n~5/6. For instance, when p is a constant or p = n=3/4, we
show that only Q(v/nlogn) correct seeds suffice for perfect matching, while the previously
best-known results demand Q(n) and Q(n?/*logn) correct seeds, respectively. Numerical
experiments corroborate our theoretical findings, demonstrating the superiority of our 2-
hop algorithm on a variety of synthetic and real graphs.
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1. Introduction

Given a pair of two edge-correlated graphs, graph matching (also known as network align-
ment) aims to find a bijective mapping between the vertex sets of the two graphs so that
their edge sets are maximally aligned. This is a ubiquitous but difficult problem arising
in many important applications, such as social network de-anonymization (Narayanan and
Shmatikov, 2009), computational biology (Singh et al., 2008; Kazemi et al., 2016), computer
vision (Conte et al., 2004; Schellewald and Schnérr, 2005), and natural language processing
(Haghighi et al., 2005). For instance, from one anonymized version of the “follow” relation-
ships graph on the Twitter microblogging service, researchers were able to re-identify the
users by matching the anonymized graph to a correlated cross-domain auxiliary graph, i.e.,
the “contact” relationships graph on the Flickr photo-sharing service, where user identities
are known (Narayanan and Shmatikov, 2009).

Existing graph matching algorithms can be classified into two categories, seedless and
seeded matching algorithms. Seedless matching algorithms only use the topological in-
formation and do not rely on any additional side information. Various seedless matching
algorithms have been proposed based on either degree information (Dai et al., 2018; Ding
et al., 2021), spectral method (Umeyama, 1988; Cour et al., 2007; Feizi et al., 2019; Fan
et al., 2019a,b), random walk (Gori et al., 2005), convex relaxations (Aflalo et al., 2015;
Fiori and Sapiro, 2015; Lyzinski et al., 2016; Dym et al., 2017; Bernard et al., 2018), or
non-convex methods (Zaslavskiy et al., 2008; Fiori et al., 2013; Vogelstein et al., 2015; Yu
et al., 2018; Maron and Lipman, 2018; Zhang et al., 2019; Xu et al., 2019). However, to
the best of our knowledge, these algorithms either only provably succeed when the fraction
of edges that differ between the two graphs is low, i.e., on the order of O (1/ log? n) (Ding
et al., 2021) or require at least quasi-polynomial runtime (no(log”)) (Barak et al., 2018;
Cullina and Kiyavash, 2016, 2017; Cullina et al., 2019), where n is the number of vertices
in one graph. The only exception is the neighborhood tree matching algorithm recently
proposed in Ganassali and Massoulié (2020), which can output a partially-correct matching
in polynomial-time only when two graphs are sparse and differ by a constant fraction of
edges.

The other category is seeded matching algorithms (Pedarsani and Grossglauser, 2011;
Yartseva and Grossglauser, 2013; Korula and Lattanzi, 2014; Lyzinski et al., 2013; Fishkind
et al., 2018; Shirani et al., 2017; Mossel and Xu, 2019; Chiasserini et al., 2016). These
algorithms require “seeds”, which are a set of pre-mapped vertex-pairs. Let G; and Go
denote two graphs. For each pair of vertices (u,v) with w in G; and v in Ga, a seed (w,w’)
is called a 1-hop witness for (u,v) if w is a neighbor of v in G; and w' is a neighbor of v in
G2. The basic idea of seeded matching algorithms is that a candidate pair of vertices are
expected to have more witnesses if they are a true pair than if they are a fake pair. Assuming
that the seeds are correct, seeded matching algorithms can find the correct matching for
the remaining vertices more efficiently than seedless matching algorithm. In social network
de-anonymization, such initially matched seeds are often available, thanks to users who have
explicitly linked their accounts across different social networks. For other applications, the
seeds can be obtained by prior knowledge or manual labeling.

However, most existing seeded matching algorithms crucially rely on all seeds being
correct, which is often difficult to guarantee in practice. For example, the seeds may be
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provided by seedless matching algorithms, which will likely produce some incorrect seeds.
To overcome this limitation, Kazemi et al. (2015) and Lubars and Srikant (2018) extend
the idea of seeded matching algorithms to allow for incorrect seeds. In particular, Kazemi
et al. (2015) proposes a NoisySeeds algorithm, which uses percolation (Janson et al., 2012;
Yartseva and Grossglauser, 2013) to grow the number of 1-hop witnesses from partially-
correct seeds and iteratively matches pairs whose number of witnesses exceeds a threshold
r. However, NoisySeeds is very sensitive to the choice of the threshold r» and matching
errors, and thus is only guaranteed to perform well when the graphs are very sparse. More
specifically, when the two graphs are correlated Erdds-Rényi graphs, whose edges are in-
dependently sub-sampled with probability s from a parent Erdés-Rényi graph G(n,p), and
when (3 fraction of seeds are correct, it is shown in Kazemi et al. (2015) that NoisySeeds
with the best choice of threshold r = 2 can correctly match all but o(n) vertex-pairs with
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However, for denser graphs with p > n™6, no performance guarantees are established in

Kazemi et al. (2015) for the setting with incorrect seeds.

In contrast, Lubars and Srikant (2018) proposes a different algorithm that uses the
numbers of 1-hop witnesses for each candidate pair of vertices as weights, and then uses
Greedy Maximum Weight Matching (GMWM) to find the vertex correspondence between
the two graphs such that the total number of witnesses is large. Lubars and Srikant (2018)
shows that their 1-hop algorithm can work over a much wider range of p (up to p < %) than
Kazemi et al. (2015), and it can correctly match all vertices with high probability if

B > max {1610gn 8p} . (2)

nps? 3

In order to illustrate the limitations of these existing results, we plot in Fig. 1 the
scalings corresponding to the two conditions (1) and (2), as the black dotted curve and
green dashed curve, respectively, where the z-axis is the graph sparsity p (which is bounded
away from 1 and much greater than n~!) and the sampling probability s is a constant.
We observe that, when the graphs are sparse, condition (2) (8 = Q (logn/np)) requires
substantially more correct seeds than condition (1) (5 = 2 (1 /n2p2)), suggesting that the
1-hop algorithm in Lubars and Srikant (2018) is suboptimal. However, condition (1) only
extends to p < n~%% and is not applicable to denser graphs. When the graphs are dense,
condition (2) requires [ to increase proportionally in p. In particular, when p is a constant,
condition (2) demands a constant fraction of correct seeds. Such a requirement seems rather
stringent as well. In summary, the existing conditions on the required number of correct
seeds are either pessimistic or only applicable to very sparse graphs. Since the number of
correct seeds is often limited in practice, it is of paramount importance in both theory and
practice to understand how to better utilize partially-correct seeds to attain more accurate
matching results for both sparse and dense graphs.

In this paper, we propose a new algorithm based on the number of j-hop witnesses and
establish performance guarantees for the 1-hop and 2-hop algorithms, significantly relaxing
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the existing requirements in (1) and (2). Specifically, we first provide a much tighter analysis
than Lubars and Srikant (2018), showing that the 1-hop algorithm can correctly match all
vertices with high probability, provided that

45logn logn
> — 30— . 3
g2 max {np(l —p)*s*" | (1 - p)*s } ®

Moreover, we show that the 2-hop algorithm can exactly match all vertices with high prob-
ability, provided that np? < (logn)™1, nps? > 128logn, and

1 1 5(1— 9)1
B > max {622 en 600\/°gf, 600\/"p (1=s) Og”} . (4)
p2s ns
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See Section 4 for intuitive interpretations of the various terms in (4).

The new conditions (3) and (4), are also plotted in Fig. 1 as the solid red and blue
curves, respectively, to illustrate the improvement compared to the previous conditions (1)
and (2). (Note that there is a factor 1 — s in our condition (4). As a consequence, the
corresponding blue curve has two branches: the top one holds for s < 1 and the bottom
one holds for s = 1.)

=saxxns Condition (1) for NoisySeeds (Kazemi et al.. 2015)
----- Condition (2) for 1-hop (Lubars and Srikant, 2018)
s Qur improved condition (3) for 1-hop

Our condition (4) for new 2-hop

Condition on
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Figure 1: Comparison of the requirements on the fraction 8 of correct seeds, when s is a
fixed constant and p is bounded away from 1. The lower the curve, the fewer
correct seeds it requires.

From Fig. 1, we can see that by combining our two conditions (3) and (4) (i.e., the lower
envelope of blue and red solid curves), we attain the lowest requirements on the number
of correct seeds across the entire range of graph sparsity p, and significantly improve the
previous conditions when p > n~%/6. In particular,

e Comparing the green dashed curve with the red solid curve, we see that when p >
n~1/2 our condition (3) requires many fewer correct seeds than (2) for the 1-hop
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algorithm to succeed. For instance, when p is a constant, only Q(y/nlogn) correct
seeds suffice for the 1-hop algorithm to achieve perfect matching according to our
condition (3), while the previous condition (2) requires 2(n) correct seeds.

e Comparing the green dashed curve with the blue solid curve, we see that when
p < n Y2 for s =1or when p < n=3/5 for s < 1, our condition (4) also requires
substantially fewer correct seeds than (2). This shows that our new 2-hop algorithm
is significantly better than the 1-hop algorithm when the graphs are sparse. For in-
stance, when p = n~3/4, only Q(v/nlogn) correct seeds suffice for our 2-hop algorithm
to achieve perfect matching, while the 1-hop algorithm requires €2 (n3/ 41og n) correct
seeds.

e Comparing the black dotted curve with the blue solid curve, we see that our condi-
tion (4) is comparable to condition (1) when p < n~%/6. However, our condition (4)
continues to hold up to p < n~2. This shows that our 2-hop algorithm enjoys
competitive performance compared to NoisySeeds when graphs are very sparse, but
is more versatile and continues to perform well over a much wider range of graph
sparsity.

Furthermore, our results precisely characterize the graph sparsity at which the 2-hop
algorithm starts to outperform 1-hop. This reveals an interesting and delicate trade-off
between the quantity and the quality of witnesses: while the 2-hop algorithm exploits more
seeds as witnesses than the 1-hop algorithm, the 2-hop witnesses can also be less discrimi-
nating (as they are further away from the node-pair under consideration). Thus, while the
increased quantity helps when the graphs are sparse, the decreased quality can confuse the
matching algorithm when the graphs are dense (e.g., even the fake pairs are likely to have
many 2-hop witnesses).

Our results also significantly outperform the existing performance guarantees for poly-
nomial-time seedless graph matching algorithms. The best known polynomial-time seedless
algorithms require 1 — s = o(1) (Ding et al., 2021) to achieve perfect matching. The
neighborhood tree matching algorithm proposed in Ganassali and Massoulié (2020) only
provably outputs partially-correct matching when np and s are very close to 1. Compared
to polynomial-time seedless algorithms, our proposed algorithm with enough seeds can tol-
erate a constant s much lower than 1.

Finally, using numerical experiments on both synthetic and real graphs, we show that
our 2-hop algorithm significantly outperforms the state-of-the-art. Specifically, when the
initial seeds are randomly chosen, the 2-hop algorithm significantly outperforms the 1-hop
algorithm in Lubars and Srikant (2018) on sparse graphs, which agrees with our theoretical
analysis. Further, the performance of our 2-hop algorithm is comparable to the NoisySeeds
algorithm when the synthetic graphs are very sparse, and much better than the NoisySeeds
algorithm on other graphs. When there are enough seeds, our experiments confirm that our
2-hop algorithm also outperforms the state-of-the-art polynomial-time seedless algorithms.
Our 2-hop algorithm is also much more robust to power-law degree variations in real graphs
than the NoisySeeds algorithm. Moreover, we conduct an experiment on matching 3D de-
formable shapes in which the initial seeded mapping is generated by a seedless algorithm
(instead of randomly chosen). We demonstrate that our 2-hop algorithm drastically boosts
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the matching accuracy by cleaning up most initial matching errors, and the performance
enhancement is more substantial than the 1-hop algorithm and NoisySeeds algorithm. Com-
putationally, our 2-hop algorithm is comparable to the 1-hop and NoisySeeds algorithm and
runs efficiently on networks with ~ 10K nodes on a single PC, and can potentially scale up
to even larger networks using parallel implementation.

In passing, we remark that although we focus on matching two graphs of the same
number of vertices, our 2-hop algorithm can be directly applied to matching two graphs
of different sizes and return an accurate correspondence between nodes in the common
subgraph of the two graphs. Indeed, the simulation results with real data in Section 6.2
show that our 2-hop algorithm still achieves outstanding matching performance, even when
two graphs are of very different sizes.

1.1 Key Ideas and Analysis Techniques

Our improved performance guarantees for perfect matching exploit several key ideas and
analysis techniques, which we present below and will elaborate further in later sections. For
ease of discussion, we assume the true vertex correspondence between the two graphs is
given by the identity permutation. We use 7 : [n] — [n] to denote the initial seed mapping.
Then, each seed (i,7(7)) is correct if 7(i) = ¢ and incorrect otherwise.

G Go

Figure 2: The two green/purple edges are correlated, because they correspond to the same
edge in the parent graph. Thus, the event that an incorrect seed (i,7(i)) be-
comes a 1-hop witness for (u,u) is dependent on the events that (7~'(7),i) and
(m(i), m(m(2))) become 1-hop witnesses for (u,u).

To obtain a much tighter condition than (2) for the success of the 1-hop algorithm,
our key observation is that, when counting the number of witnesses for the true pairs,
the analysis of Lubars and Srikant (2018) only considers the correct seeds and ignores the
incorrect seeds. It is non-trivial to consider the incorrect seeds for a true pair, because
the events that the incorrect seeds become witnesses depend on each other. In particular,
the event that an incorrect seed (i,7(7)) becomes a 1-hop witness for true pair (u,u) is
dependent on the events that (7=1(i),4) and (7 (i), 7(7(i))) become 1-hop witnesses for
(u,u), as these events may involve the same edges in the parent graph (See Fig. 2 for an
illustrating example). Our analysis takes into account the incorrect seeds for the true pairs
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and carefully deals with the above dependency issue using concentration inequalities for
dependent random variables (Janson, 2004). See Section 5.1 for details.

Further, to better utilize seeds in sparse graphs, our key idea is to match vertices by
comparing the number of witnesses in the 2-hop neighborhoods. In sparse graphs, the
number of 1-hop witnesses for most vertices will be very low. (For example, when p =
O(n=1/2), B = O(n~1/?), and s is a constant, the number of 1-hop witnesses for even a true
pair is about Snps? + (1 — B)np?s? = O(1).) Therefore, it will be difficult to use 1-hop
witnesses alone to distinguish true pairs from fake pairs. In contrast, the number of 2-hop
witnesses will be much larger. Thus, compared to the algorithm in Lubars and Srikant
(2018) that uses only 1-hop witnesses, our 2-hop algorithm can leverage more witnesses to
distinguish the true pairs from the fake pairs. The idea of using multi-hop neighborhoods
to match vertices is analyzed previously in Mossel and Xu (2019) when all seeds are correct.
In comparison, our results on the 2-hop algorithm make several significant contributions.
First, our analysis with incorrect seeds is considerably more challenging, as we need to take
care of the dependency on the size of the 1-hop neighborhood and the dependency between
incorrect seeds. Unfortunately, unlike the setting in the previous paragraph, here directly
using the results of Janson (2004) will not work because the number of dependencies that
we have to deal with may be very large (see Section 5.2 for details). Instead we deal with
the dependency issues by first conditioning on the 1-hop neighborhood; and then analyzing
different seeds according to different situations and applying the concentration inequalities
for dependent random variables (Janson, 2004). Second, our condition (4) characterizes the
influence of the incorrect seeds and reveals the delicate behavior of the 2-hop algorithm. In
particular, we show that the 2-hop algorithm requires at least Q(y/nlogn) correct seeds,
irrespective of the graph sparsity. Also, somewhat surprisingly, we discover that when
s < 1, the 2-hop algorithm may require more seeds as p increases from n=2/3, due to the
larger fluctuation of 1-hop neighborhood sizes. All these new phenomenons are absent when
seeds are all correct and thus are not captured by the theoretical results in Mossel and Xu
(2019). Third, the computational complexity of the algorithm in Mossel and Xu (2019) is
O(n?), which is much higher than that of our algorithm — O(n® 4+ n?logn), where n* with
2 < w < 2.373 denotes the time complexity for n x n matrix multiplication (see Section 3
for detail).

2. Model

In this section, we formally introduce the model and the graph matching problem with
partially-correct seeds.

We use the G(n, p; s) graph model proposed by Pedarsani and Grossglauser (2011), which
has been widely used in the study of graph matching. Let Gy denote the parent graph with
n vertices {1,2,...,n} £ [n]. The parent graph Gy is generated from the Erdés-Rényi model
G(n,p), i.e., we start with an empty graph on n vertices and connect any pair of two vertices
independently with probability p. Then, we obtain a subgraph G; by sampling each edge
of Gy into (1 independently with probability s. Repeat the same sub-sampling process
independently and relabel the vertices according to an unknown permutation 7* : [n] — [n]
to construct another subgraph Gy. Throughout the paper, we denote a vertex-pair by (u,v),
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where v € G and v € Gy. For each vertex-pair (u,v), if v = 7*(u), then (u,v) is a true
pair; if v # 7*(u), then (u,v) is a fake pair.

As a motivating example, the parent graph Gy can be some underlying friendship net-
work among n persons, while G is the Flicker contact network and G5 is a Twitter follow
network among these n persons.

Prior literature proposes various algorithms to recover 7* based on G; and G3. The
output of these graph matching algorithms can be interpreted as a set of partially correct
seeds. Taking these partially correct seeds as input, we wish to efficiently correct all of
the errors. However, it is difficult to perfectly model the correlation between the output
of these algorithms and the graphs. One way to get around this issue is to treat these
partially correct seeds as adversarially chosen and to design an algorithm that with high
probability corrects all errors for all possible initial error patterns. However, the existing
theoretical guarantees in this adversarial setting are pessimistic, requiring the fraction of
incorrectly matched seeds to be o(1) (cf. Barak et al. (2018, Lemma 3.21) and Ding et al.
(2021, Lemma 5)).

In this paper, we adopt a mathematically more tractable model introduced by Lubars
and Srikant (2018), where the partially correct seeds are assumed to be generated inde-
pendently from the graphs G; and G3. More specifically, we use 7 : [n] — [n] to denote
an initial mapping and generate 7 in the following way. For 5 € [0,1), we assume that
7 is uniformly and randomly chosen from all the permutations o : [n] — [n] such that
o(u) = 7*(u) for exactly OBn vertices. The benefit of this model is that 7 is independent of
the graph G and the sampling processes that generate G; and G9, and it is convenient for
us to obtain theoretical results. For each seed (u, 7 (u)), if 7(u) = 7*(u), then (u,7(u)) is a
correct seed; if m(u) # 7*(u), then (u,m(u)) is an incorrect seed. Thus, only g fraction of
the seeds are correct. Given G1, G2 and m, our goal is to find a mapping 7 : [n] — [n] such
that nlggoIP’{% =7} =1.

Notation For any n € N, let [n] = {1,2,--- ,n}. We use standard asymptotic notation:
for two positive sequences {a,} and {b,}, we write a, = O(b,) or a, < by, if a, < Cb,

~

for some an absolute constant C' and for all n; a, = Q(by,) or a, = by, if b, = O(ay);

a, = O(b,) or a, < by, if a, = O(b,) and a, = Q(by); an, = o(b,) or b, = w(ay,), if
an/bp — 0 as n — oo.

3. Algorithm Description

In this section, we present a general class of algorithms, shown in Algorithm 1, that we
will use to recover 7*. Similar to Lubars and Srikant (2018), our algorithm also uses the
notion of “witnesses”. However, unlike Lubars and Srikant (2018), our algorithm leverages
witnesses that are j-hop away. Given any graph G and two vertices u, v in G, we denote the
length of the shortest path from u to v in G by d“(u,v). Then, for each vertex-pair (u,v),
the seed (w, 7(w)) becomes a j-hop witness for (u,v) if d (u, w) = j and d°? (v, 7(w)) = j.

We define the j-hop adjacency matrices A; € {0,1}"*™ of Gi. Each element of A;
indicates whether a pair of vertices are j-hop neighbors in graph Gy, ie., Aj(u,v) = 1 if
d% (u,v) = j and Aj(u,v) = 0 otherwise. Similarly, let B; € {0,1}"*" denote the j-hop
adjacency matrix of Go. Equivalently express the seed mapping 7 by forming a permutation
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matrix IT € {0,1}"*", where II(u,v) = 1 if m(u) = v, and I(u,v) = 0 otherwise. We
can then count the number of j-hop witnesses for all vertex-pairs by computing W; =
A;I1B;, where the (u,v)-th entry of W; is equal to the number of j-hop witnesses for the
vertex-pair (u,v). This step has computational complexity same as matrix multiplication
O(n¥) with 2 < w < 2.373 (Le Gall, 2014). As we have mentioned, a true pair tends to
have more witnesses than a fake pair, and thus we want to find the vertex correspondence
between the two graphs that maximizes the total number of witnesses. In other words,
given a weighted bipartite graph G,, with the vertex set being a collection of all vertices
in G; and Ga, the edges connecting every possible vertex-pairs, and weight of an edge
defined as w(u,v) = Wj(u,v), we want to find the matches in G,, with large weights.
This linear assignment problem can be solved by the Hungarian algorithm in O(n?) time
(Edmonds and Karp, 1972), which is computationally expensive for large values of n. To
reduce computational complexity, we use Greedy Maximum Weight Matching (GMWM)
with computational complexity O(n?logn). As we will show in Section 5, using GMWM
is sufficient for finding the exact matching. GMWM first chooses the vertex-pair with
the largest weight from all candidate vertex-pairs in G,,, removes all edges adjacent to
the chosen vertex-pair, and then chooses the vertex-pair with the largest weight among
the remaining candidate vertex-pairs, and so on. The total computational complexity of
Algorithm 1 for any constant j is O(n“ +n?logn) for 2 < w < 2.373.

When graphs are sufficiently sparse with average degree ¢, we can improve the time
complexity of Algorithm 1 to O(nc? 4+-n?logn) by computing the number of j-hop witnesses
via neighborhood exploration. Moreover, we can further improve the scalability of the j-hop
algorithm via parallel implementation. See Appendix B for details.

Algorithm 1 Graph Matching based on Counting j-hop Witnesses.
1: Input: G1,Ga, 7, j
2: Generate j-hop adjacency matrices A; and B; based on G and G, and II based on ;
3: Output @ = GMWM(W;), where W; = A;IIB;.

4. Main Results

In this section, we present the performance guarantees for the 1-hop and 2-hop algorithms.

Theorem 1 If condition (3) holds and n is sufficiently large, then Algorithm 1 with j =1
outputs T such that P{7 = n*} >1—n"1

Comparing our condition (3) with the previous condition (2) in (Lubars and Srikant,
2018) as depicted in Fig. 1, we see that condition (3) requires significantly fewer correct
seeds than condition (2) for dense graphs when p = Q(y/logn/n); thus, the 1-hop algorithm
succeeds in exact recovery even when the fraction of correct seeds is significantly lower than
the theoretical prediction in Lubars and Srikant (2018).

However, when p = O(y/logn/n), condition (3) still requires 5 to grow inversely pro-
portional to np. As we have discussed, this is because when the graph is sparse, there are
not enough 1-hop witnesses among the true pairs. Next, we show that by utilizing 2-hop
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witnesses, our 2-hop algorithm succeeds in exact recovery with many fewer correct seeds in
sparse graphs.

Theorem 2 Suppose that np® < —— and nps® > 1281ogn. If condition (4) holds and n is

logn

sufficiently large, then Algorithm 1 with j = 2 outputs T such that P{7 = m*} > 1 —n~1.

Our condition (4) is depicted as the blue curve in Fig. 1. At a high level, the three terms
in (4) can be interpreted as follows:

e The first term 3 > n12°§27;4 is to ensure that every true pair has more 2-hop witnesses
contributed by the correct seeds than every fake pair. To see this, recall that there
are nf correct seeds. Since a true pair has about nps? 1-hop common neighbors,
each correct seed becomes a 2-hop witness for a true pair with probability about
nps? - ps® = np?s*. In contrast, for a fake pair, assuming independence of the 1-hop
neighborhoods of the two vertices corresponding to the fake pair, the probability that
each correct seed becomes a 2-hop witness for the fake pair is roughly (nps)? - (ps)? =
n’p*s*. Hence, to ensure that a true pair has more 2-hop witnesses from the correct
seeds than a fake pair, we at least need the difference between their means, i.e.,
(nB)np?s* — (nB)n?p*s*, to be positive. This is guaranteed by np? < 1, in which case
the mean difference can be approximated by Bn?p?s*. However, due to randomness,
we also need this mean difference to be larger than the standard deviation, which is
on the order of y/An?p?s*. This is guaranteed by 3 2 @. Adding the extra logn

factor ensures that the above claim holds for every pair with high probability. This

condition coincides with the seed requirement established in Mossel and Xu (2019)

when the seeds are all correct;

e The second term 3 2> lzgsf is due to the negative impact of the incorrect seeds.

Note that there are n(1 — ) incorrect seeds, and each seed becomes a 2-hop witness
for both a true pair and a fake pair with probability about n?p*. Although this
contributes the same mean number of witnesses to both a true pair and fake pair, its
randomness may contribute more to a fake pair than to a true pair. Thus, we need
its standard deviation (on the order of \/n(1 — B)n2pist) to be less than the mean

difference n?p?s* estimated in the first bullet. This is guaranteed by 8 > 4/ #.
Again, adding the logn factor ensures that the above claim holds for every pair with
high probability.

e The third term 8 2> \/ np3(1 — s)logn is also caused by the incorrect seeds. However,
the reason is more subtle than the second bullet, and is due to the fluctuation of the
number of 1-hop neighbors of a true pair. Note that if s = 1, then, in both G and Ga,
the two vertices corresponding to a true pair have the same set of 1-hop neighbors,
and thus the aforementioned fluctuation disappears. If instead s < 1, then the vertices
corresponding to a true pair will have a different set of 1-hop neighbors in G; and Gs.
This variation makes it even harder to distinguish the true pairs from the fake pairs
based on the number of 2-hop witnesses as p increases, which gives to the condition
B = /np3(1 — s)logn. Please refer to (30) in Section 5.2.4 for detailed derivation.

10
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As a consequence, the blue curve has two branches: the top branch holds for s < 1
and the bottom one holds for s = 1.

As readers can see, in the latter two cases, our condition captures the new effect of the
incorrect seeds and thus are significantly different from the theoretical results in Mossel and
Xu (2019) where the seeds are all correct. Please refer to Remark 5.2.3 in Section 5.2 for
more detailed discussions.

Pictorially, the three terms lead to the three segments in the blue curve in Fig. 1:

n3

1
e When p < <1°g )4, the first term of (4) dominates, as the graphs are so sparse that
the 2-hop witnesses contributed by the incorrect seeds become negligible;

1
4 2
e When (l‘fgn) " < p<n73, the second term dominates, as the influence of the incor-

rect seeds cannot be ignored. In this case, the bottleneck for the success of the 2-hop
algorithm is due to the statistical fluctuation of the 2-hop witnesses contributed by
the incorrect seeds;

o When n~3 <p < (nlog n)_% and s < 1, the third term dominates, as the fluctuation
of the 1-hop neighborhood sizes of the true pair increases with p and becomes the new
bottleneck.

From Fig. 1, we observe that our 2-hop algorithm requires substantially fewer correct
seeds to succeed than the 1-hop algorithm when the graphs are sparse. Moreover, our
2-hop algorithm is comparable to the NoisySeeds algorithm for very sparse graphs when
p < n” 6, but continues to perform well over a much wide range of graph sparsity up to
p S (nlogn)~'/2.

Next, we present the necessary condition for the exact recovery with partially-correct
seeds and compare it to our achievable results.

Theorem 3 If
nps? —logn = O(1),

then any algorithm outputs T # 7* with at least a probability of Q((1 — )3).

The intuition behind Theorem 3 is as follows. Let Gf* denote the graph obtained by
relabeling every vertex i in G1 by 7*(i). In this way, any two vertices corresponding to a
true pair have the same label in GT  and Go. Denote the intersection graph by GT~ A G2
which includes the common edges in both GT~ and G5. The main idea of Theorem 3 is
that it is impossible to recover the true matching of any isolated vertex in GJ A Go that
is incorrectly seeded. Therefore, we need nps? — logn — +oo so that there is no isolated
vertex in GT~ A Ga. Detailed proof of Theorem 3 is provided in Appendix F.

Note that the above information-theoretic limit of exact recovery with partially-correct
seeds coincides with that without seeds (Cullina and Kiyavash, 2016, 2017; Wu et al., 2021).
Thus, seeds do not improve the information-theoretic limit for exact recovery compared to
that without seeds. However, to our best knowledge, achieving these information-theoretic
limits requires algorithms with super-polynomial time. Seeds do help in designing polyno-
mial-time algorithms as our polynomial-time seeded matching algorithms can tolerate lower
values of s than polynomial-time seedless matching algorithms (see discussions in Section 1).

11
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Further, we acknowledge that there is a gap between the sufficient conditions for our
algorithms and the above information-theoretic limit of exact recovery. Recall that the 1-hop
algorithm requires a sufficient condition nps? > é‘r’_l;%g%, and our 2-hop algorithm requires
a sufficient condition nps? > 128logn. It remains open whether the information-theoretic
limit can be achieved in polynomial time.

5. Analysis

In this section, we explain the intuition and sketch the proofs for Theorem 1 and Theorem 2.
In the analysis, we assume without loss of generality that the true mapping 7* is the identity
mapping, i.e., 7(i) = i.

5.1 Intuition and Proof of Theorem 1

To understand the intuition behind Theorem 1 and why it provides a better result than
Lubars and Srikant (2018), recall that the 1-hop algorithm will succeed (in recovering 7*) if
the number of 1-hop witnesses for any true pair is larger than the number of 1-hop witnesses
for any fake pair. For any correct seed, it is a 1-hop witness for a true pair with probability
ps? and is a 1-hop witness for a fake pair with probability p?s2. In contrast, for any incorrect
seed, it is a 1-hop witness with probability p?s? for both true pairs and fake pairs. Since

there are ng seeds that are correct, it follows that

Binom (nﬁ,psQ) + Binom (n(l — B),p252) if u=w, (5a)

Wite o~ { Binom(n, p®s?) ifuzo. (50)

where ~ denotes “approximately distributed”.

For fake pair v # v, using Bernstein’s inequality given in Theorem 15 in Appendix
C, we show that Wi (u,v) is upper bounded by np?s? + O(y/np?s2logn) + O(logn) with
high probability. More precisely, we have the following lemma, with the proof deferred to
Appendix D.1.

Lemma 4 For any two vertices u,v € [n] with u # v and sufficiently large n, the following
holds
7
]P){Wl(u,v) < wmax} Z 1— n7§7 (6)

where Pmax = Np>s® + /Tnp?slogn + %logn + 2.

For true pair u = v, the first binomial distribution in (5a) can be lower bounded by
nBps® — O(y/nPps?logn) — O(logn) with high probability using Bernstein’s inequality.
However, the second Binomial distribution in (5a) is not precise because the events that
each incorrect seed becomes a witness for a true pair are dependent on each other, as
we discussed in Section 1.1. We address this dependency issue using the concentration
inequality for dependent random variables (Janson, 2004 ), and get the following lower bound
on the number of 1-hop witnesses for the true pairs.

Lemma 5 For any vertexr u € [n] and sufficiently large n, the following holds

P{Wi(u,u) > Tmin + Ymin} > 1 — 173, (7)

12
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where
9 5
Tmin = (nf — 1)ps” — \/5nfps?logn — - logn
yminZ(n(l—ﬂ)—Z SW——logn

Proof [Proof of Lemma 5] Recall that A; and B; are the adjacency matrix for G and G,
respectively. Let F = {i: (i) = i} denote the set of fixed points of 7. Then F corresponds
to the set of correct seeds with |F| = nS (recall that we assume the true matching 7* to be
the identity mapping). By the definition of 1-hop witness, we have

Wi(u,u) =Y Ar(u,8)Bi(u,d) + > Ar(u,§)Bi(u, 7(4))

i€F i€[n]\F
> Ay(u,4)By(u,i) + > Ay (u,7) By (u, (7)), (8)
i€F\{u} i€n]\(FU{u,m=1(u)})

where the second equality holds because A;(u,u) = Bi(u,u) = 0. Let X; £ Ay (u,i)Bi(u,q)
fori € F\{u} and Y; Al(u i)B1(u, (i) for i € [n] \ (F U {u, 7" 1(u)}).

For all i € F\ {u}, X;'~ Bern(ps ). It follows that

P {ZXZ < xmin} < P {Binom(nj — 1,ps?) < Trin } < n_%, (9)

icF

where that last inequality follows from Bernstein’s inequality given in Theorem 15 with
v = %logn and K = 1.

For all i € [n] \ (FU{u,7 ' (v)}), ¥; ~ Bern(p?s?). However, Y;’s are dependent and
thus we cannot directly apply Bernstein’s inequality. To see this, Aj(u,i) and B (u,?)
are correlated, but {A4;(u,), By1(u,i)} are independent across different (u,i). Let S; =
{{u, i}, {u,m(7)}}. Thus, Y; only depends on the set S; of entries of A; and Bj. Since
S; N Sy # 0 if and only if i’ = 7(i) or i’ = 71(i), it follows that Y; is dependent on Y if
and only if i’ = 7(i) or i’ = 77 1(i). Then we can construct a dependency graph I for {Y;},
where the maximum degree of I';, A(T"), equals to two. Hence, applying the concentration
inequality for the sum of dependent random variables given in Theorem 18 with v = % logn
and K =1 yields that

03\00

P > Yi < Ymin ¢ <10 (10)
i€[n]\(FU{u,m~1(u)})

Finally, combining (8), (9) and (10) and applying union bound yields the desired con-
clusion (7). |

Combining Lemma 4 and Lemma 5, for the 1-hop algorithm to succeed, it suffices to
ensure that Tmin + Ymin = Ymax. Note that

Tmin + Ymin — wmax Z 0

13
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1 1
<:§n6p(1 — p)s® > \/5nfps?logn, and gnﬁp(l —p)s? > (5+V7)/np?s2logn, and

1
SBp(1 = p)s* > 3?)7 logn + 2+ ps® + 2p*s?, (11)

which is implied by condition (3) in Theorem 1. Thus, by taking the union bound over (6)
and (7), we complete the proof of Theorem 1. Please refer to Appendix D.2 for details. The
above argument suggests that the sufficient condition (3) is also close to necessary (differing
from the necessary condition by a constant factor) for the 1-hop algorithm to succeed, which
is confirmed by our simulation results in Appendix A.

5.2 Intuition and Proof of Theorem 2

1

ogn and

We next explain the intuition and sketch the proof of Theorem 2 when np? <
nps® > 128log n.

We start by explaining why Theorem 2 requires np? < @ and nps® > 128logn. First,
note that the intersection graph GT* A Go (which includes edges appearing in both G
and G2) is an Erd6s-Rényi random graph with average degree (n — 1)ps?. Thus, we need
nps? > 128logn so that there is no isolated vertex in G’lr* A Ga. Otherwise, it is impossible
to match the isolated vertices and reach the goal of perfect matching (Cullina and Kiyavash,
2016, 2017; Wu et al., 2021). Moreover, we will use this condition in Section 5.2.1 to ensure
that the number of 1-hop neighbors is concentrated. Second, the condition np? < 1/logn
ensures that the graph is not too dense so that the true pair is expected to have more 2-hop
witnesses than the fake pair. Please see later in (15) how this condition arises.

Then, analogous to the 1-hop algorithm, we derive the condition on 8 by comparing
the number of 2-hop witnesses for true pairs and for fake pairs. However, the dependency
issue is more severe here when we bound the number of 2-hop witnesses. Specifically, in
the analysis of Lemma 5, the event that an incorrect seed becomes a 1-hop witness for
a true pair is dependent on that of at most two other incorrect seeds. However, for 2-
hop witnesses, any two seeds could be dependent through the 1-hop neighborhoods of the
candidate vertex-pair (see Fig. 3 for an example). Thus, directly using the concentration
inequality in Janson (2004) will lead to a poor bound. To address this new difficulty, we
will condition on the 1-hop neighborhoods first. After this conditioning, the remaining
dependency becomes more manageable, which is handled by either classifying the seeds or
by applying the concentration inequality in Janson (2004) again.

5.2.1 BOUND ON THE 1-HOP NEIGHBORS

In order to condition on the typical sizes of the 1-hop neighborhoods, we first bound the
number of 1-hop neighbors. For any vertex u in graph G, we use N%(u) to denote the set
of 1-hop neighbors of u in G, i.e., N%(u) = {v €G:d%u,v) = 1} . For any two vertices
u,v € [n], let C(u,v) denote the set of 1-hop “common” neighbors of v and v across G and
Go, i.e., C(u,v) = N9 (u) N N¥2(v). For ease of notation, let

du:|NG°(u)|, au:‘NGl(u)‘, bU:‘NGQ(U)‘, cur = |C(u,v)]|.

By definition, we have ay,b, ~ Binom(n — 1,ps), cu, ~ Binom(n — 1,ps?), and cyp ~
Binom(n — 1,p?s?) for u # v. Thus, by using concentration inequalities for binomial distri-
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Figure 3: The events that any seed (7, 7(7)) or (j, 7(j)) becomes a 2-hop witness for (u, u) are
dependent through the 1-hop neighbors of u. Specifically, knowing that (i, 7 (7)) is
a 2-hop witness for (u,u) means that some vertex v is connected to w, which will
influence the probability that any other seed (j,7(j)) becomes a 2-hop witness
for (u,u). Thus, there exists dependency across any two seeds.

butions and letting

. 12logn <

(n— 1)ps? 12)

1

3 )
where the last inequality holds due to the assumption nps? > 1281logn, We can show that
with high probability, a,, and b, are bounded by (1 # €)nps, ¢y, is bounded by (1 4 ¢)nps?,

and ¢y, is upper bounded by Y. in Lemma 6 below. In particular, we arrive at the
following lemma with the proof deferred to Appendix E.1.

Lemma 6 Given any two vertices u,v € [n] with u # v, let Ry, denote the event such that
the followings hold simultaneously:

(1—¢€)(n—1)ps < ay, Gy, by, by < (1 +€)(n —1)ps,
(1—€)(n—1)ps® < cyu, Con < (1 +€)(n —1)ps?,
Cuv, Wl(’U,’LL) < Ymax,

where Pmax = np?s® + /Tnp?s2logn + %logn +2.
If nps? > 1281ogn, then for all sufficiently large n,

P{Ryy} >1—n"%. (13)

5.2.2 BOUND ON THE 2-HOP WITNESSES

In the sequel, we condition on the 1-hop neighborhoods of u and v such that event R,,
holds, and bound the 2-hop witnesses for both the true pairs and fake pairs. To compute
the probability that a seed (j,7(j)) becomes a 2-hop witness for pair (u, v), we calculate the
joint probability that j connects to some 1-hop neighbor of u in G and 7(j) connects to some
1-hop neighbor of v in G3. For any correct seed, it is a 2-hop witness for a true pair (u,u)
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with probability! about Cuups® + (ayby — cuu)pQSQ, where the first term is the dominating
term, and is a 2-hop witness for a fake pair (u,v) with probability about a,b,p?s?. In
contrast, for any incorrect seed, it is a 2-hop witness for a true pair (u,u) with probability
about a,b,p?s? and is a 2-hop witness for a fake pair (u, v) with probability about a,b,p*s>.
Thus we have

Binom (nﬁ, CuupSQ) + Binom (n(l - B), aubupQSQ) ifu=wv, (14a)

Wo(u,v) ~
2(u;v) { Binom (n, aubvp252) ifu#v. (14b)

To ensure that the numbers of 2-hop witnesses are separated between true pairs and
fake pairs, we need E [Wa(u, u)] > E [Wa(u, v)] for u # v, which, in view of (14a) and (14b),
Ay, bu, by = nps, and ¢y, ~ nps?, amounts to

nB(nps?)ps® +n(1 — B)(nps)?p*s® — n(nps)*p?s® > 0 < np® < 1. (15)

This shows that the 2-hop algorithm is only effective when the graphs are sufficiently sparse.
For this reason, we assume np? < 1/logn so that (15) is satisfied.

For the 2-hop algorithm to be effective, we also need to consider the statistical fluctu-
ation of Wa(u,v). For true pair u = v, using Bernstein’s inequality, Binom(nS3, c,,ps?) is
lower bounded by nBcu,ps* — O(\/nBcuups?logn) — O(logn) with high probability. How-
ever, the second Binomial distribution in (14a) is not precise because the events that each
incorrect seed becomes a 2-hop witness for a true pair are dependent on other incorrect
seeds. Fortunately, similar to the proof of Lemma 5, we can deal with this dependency
issue using the concentration inequality for dependent random variables (Janson, 2004).
Thus, we can get the following lower bound on the number of 2-hop witnesses for the true
pairs conditional on the 1-hop neighborhoods.

Lemma 7 Given any two vertices u,v € [n] with u # v, we use Quy to collect all informa-
tion of 1-hop neighborhood of u and v, i.e.,

Quo = {N (u), N (u), N (v), NO2(v)} .

If n is sufficiently large and nps® > 128logn, then

P{”Q(u7u) < Imin + Mmin | qu} : ]I(Ruv) < niga (16)
where
7 9 9 4 \/35 5
min — &, 1- - P 2p? 41 — =1 ) 1
l 24( 5)pn“p*s 165711)3 ogn — 5 logn (17)

Manin =n(1 = B) (1= (1 = ps)™) (1= (1= ps)Pv)

15 /3 25
—21n3p°sd — ER / §n3p4s4 logn — 5 logn, (18)

with 01 = %7 Ay\v = ’NGl(u) \ {U} , and bu\v = ‘NG2(U) \ {U}’

1. Among all a,b, possible cases that a correct seed connects to 1-hop neighbors of (u,u), there are only
cuu cases that the correct seed connects to the common 1-hop neighbors of (u,v). Thus, we have ¢y, in
the first term and (awby — cuw) in the second term.
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Remark 8 Note that iy is contributed by the correct seeds and My, s contributed by the
incorrect seeds. Specifically, conditional on the 1-hop neighbors, a correct seed becomes a 2-
hop witness for the true pair (u,u) with probability about cu,ps® ~ np?s*. Multiplying by nS
gives an expression close to the first term of lyin. Similarly, an incorrect seed becomes a 2-
hop witness for the true pair (u, w) with probability about (1 — (1 — ps)®=\») (1 — (1 — ps)bu\v).
Multiplying by n(1 — ) gives the first term of muyin. In summary, the first term in lyin
and Mmmin 1S a lower bound of the expectation, and the rest of the terms are due to the tail
bounds.

Due to the conditioning of 1-hop neighborhoods, we exclude seeds that are 1-hop neigh-
bors of v when bounding Wa(u,u), giving rise to the additional §; and 21n3p®s® terms in
Lemma 7. Please refer to Appendix E.2 for the proof.

For the fake pair u # v, we have the following upper bound on the number of 2-hop

witnesses for the fake pairs conditional on the 1-hop neighborhoods.

Lemma 9 For any two vertices u,v € [n| with u # v, if nps®> > 128logn, then for all
sufficiently large n,

7
P {W2(u> U) > Tmax + Ymax + 22max + Ymax + 28logn | qu} -1 (Ruv) <n 2. (19)
where
2,9 944
Tmax = 277//8 lemaxps + Zn ps s (20)
5
Ymax = n(1 = B) (1 — (1 — ps)*\v) (1 —(1 —pS)””\”) +n?p’s® + 5 V1sndpistlogn, (21)
9
eom = 571210?,53’
7
Vmax = np>s® + \/Tnp2s2logn + 3 logn + 2. (22)

Remark 10 Note that if u and v are connected in G1, the conditioning on @y, changes
the probability that the seed (j,7(7)) with 7 € N&1(v) becomes a 2-hop witness for (u,v).
Thus, we have to divide the seeds into several types depending on whether j € N&1(v) or
7(j) € N@2(u), and consider their contribution to the number of 2-hop witnesses separately:

1) Tmax + Ymax 1S the magor term in (19) and is contributed by the seeds such that
j ¢ N (v)urt (N(u)) (see Fig. 4(a) for an example). In the analysis, we
further divide such seeds into two categories, where Tmax 1S contributed by the cor-
rect seeds, and Ymax 1S contributed by the incorrect seeds. Specifically, conditional on
the 1-hop meighbors, a correct seed becomes a 2-hop witness for the fake pair (u,v)
either when the two wertices of the seed connect to different 1-hop neighbors of u
and v, respectively, or when they connect to a common 1-hop neighbor of u and v.
Thus, the conditional probability of such event is about cuyps® + aybyp?s®. Accord-
ing to Lemma 6, Ymax 1S an upper bound estimate of cy,, and both a, and b, are
approzimately nps. Therefore, the above conditional probability can be approximately
estimated as Pmaxps® + n?ptst. Multiplying by nB gives an expression close to Tmax.
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Similarly, an incorrect seed becomes a 2-hop witness for the fake pair (u,v) with prob-
ability about (1 — (1 — ps)®\v) (1 — (1 —ps)b“\u). Multiplying by n(1 — B) gives the
first term of Yymax- In summary, the first term in Tmax and Ymax 1S an upper bound of
the expectation, and the rest of the terms are due to the tail bounds.

2) One multiple of zmax in (19) is contributed by the seeds such that j € NG (v) \
71 (N2 (u)) (see Fig. 4(b) for an example). To see this, note that there are roughly
nps such seeds (j,m(j)). If u and v are connected in Gi, then j must be a 2-hop
neighbor of u, i.e., As(u,j) = 1. On the other hand, the probability that 7(j) becomes
a 2-hop neighbor of v is approzimately np®s®>. Thus, the expected number of 2-hop
witnesses contributed by this type of seeds is approzimately n*p>s3. The other multiple
of zZmax 0 (19) is for the opposite case: it is contributed by the seeds such that j €

71 (N2 (u)) \ NO (v).

3) The term Ymax in (19) is contributed by the seeds such that j € N1 (v)Nm~! (N2 (u))
(see Fig. 4(c) for an example). In this case, (j,m(j)) becomes a I1-hop witness for
(v,u). Since Wi(v,u) < thmax according to Lemma 6, there are at most Pmax such
seeds.

4) The term 28logn in (19) comes from the sub-exponential tail bounds when applying
concentration inequalities.

Please refer to Appendiz E.3 for the proof.

5.2.3 DERIVATION OF A SUB-OPTIMAL VERSION OF CONDITION (4)

By combining Lemma 7 and Lemma 9, we are ready to derive a sufficient (but not tight)
condition for the success of the 2-hop algorithm. First, analogous to the proof of Theorem 1,
for the 2-hop algorithm to succeed, it suffices that

mm Wa(u, w) > max Wa(u,v). (23)

uUFv
Then by combining Lemma 7 and Lemma 9, (23) is guaranteed when
Imin + Mmin > Tmax + Ymax T 22max + Ymax + 28 logn. (24)

and nps® > 128logn, we arrive at the

Finally, to ensure (24) is satisfied when np? <
following sufficient condition:

1 I 3]
ﬁZmaX{ e ng,\/”p Og”}. (25)
n2p2s ns S

Note that condition (25) is similar to condition (4) except for the third term. It is instructive
to see how (25) implies (24):

log n

e When 8 > nlfgz4, B = \/liif, and np? < lo;;n’ we have from (17) that [y, >
¢- fn?p?s* for some constant c¢. In other words, the true pair should have sufficiently

many 2-hop witnesses from the correct seeds.
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G1 G2 G1 G2

(c) je N1 ()Nt (NGQ(u)).

Figure 4: We divide the seeds into several types based on whether j € N&1 (v) or m(j) €
NG (u).

e When np? < @ and nps? > 128logn, we have from (20) that zp.. < Bnps?logn <
BnQ 25t ensuring that the fake pairs have fewer 2-hop witnesses from the correct
seeds than the true pairs.

e For the 2-hop witnesses from the incorrect seeds, we have from (18) and (21) that

Mumin ~ n(1 — B)aubup2s2 - A
Ymax ~ n(l - 5)aubvp232 + A’

where A = O(/n3ptstlogn) + O(logn) captures the statistical deviation.

— When 3 > log”4 and 8 2 log" , we have A < §An?p?s*.

— When § 2 4/ m, in view of a, < nps and b, — b, < V/npslogn (the latter

one is due to the fluctuation of the 1-hop neighborhood sizes), we have that

n(1 — B)aubyp®s® —n(l — Bayb,p’s®> <n B)nps+/nps log np?s* E n?p?st.
(26)

C«\D
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The above two claims together ensure that ymax —Mmin, i-€., the difference between the
true pairs and fake pairs of the 2-hop witnesses from the incorrect seeds, is dominated
by % Bn?pist.

e Finally, when np? < —=—, 22nax + ¥max + 28logn < A and hence is negligible.

— logn?’

In sum, if condition (25) holds, then with high probability (23) is satisfied and thus the
2-hop algorithm exactly recovers the true vertex mapping 7*.

5.2.4 DERIVATION OF THE TIGHT CONDITION (4)

Unfortunately, condition (25) does not completely coincide with the desired condition (4).
This is because the criteria (23) that we used for GMWM to succeed is too strict. Indeed,
the GMWM algorithm may succeed even when (23) does not hold. For example, consider
the case in Fig. 5 when a, and b, are both small, while b, is large . Then, Wa(u,v) may
be larger than Ws(u,u) and hence (4) is not satisfied. However, since N1 (v) and N2 (v)
are expected to overlap significantly, when b, is large, a, is also likely to be large. Hence
Wa(v,v) is likely to be larger than Wa(u,v). Thus, GMWM will still select the true pair
(v,v) and eliminate the fake pair (u,v). From the above example, we can see that, for the
2-hop algorithm to succeed, it is sufficient to satisfy the following new criteria:

Wa(u,v) < Wa(u,u) or Wa(u,v) < Wa(v,v), Vu #wv. (27)

Next, we show that under condition (4), with high probability the new criteria (27) is

“O—0
o—o{-{-0—0
o—o-{-{-0—0

Figure 5: The 2-hop algorithm with GMWM still selects the true pair (v,v) and eliminate
the fake pair (u,v) when Wa(u,v) > Wa(u,u) but Wa(v,v) > Wa(u,v).

satisfied and hence the 2-hop algorithm succeeds. Since N1 (u) and N&2(u) are both
generated by sampling with probability s from N (u) in the parent graph Gp, we have
Ay, by ~ Binom(d,,s). Similarly, a,,b, ~ Binom(d,,s). Therefore, if d,, < d,, we expect
a4 — Gy not to be too large. If instead d,, > d,, we expect b, — b, not to be too large. More
precisely, we have the following lemma, with the proof deferred to Appendix E.4.

Lemma 11 Given any u,v € [n], let Ty, denote the event:

Tuv:{au_avéT}U{bv_bugT}’ (28)
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where

7 £ 2,/10nps(1 — s)logn + 5log n. (29)

If n is sufficiently large and nps®> > 128logn, then

Next we show the new criteria (27) is satisfied by separately considering two cases:
by—b, < 7and ay,—a, < 7. We first consider the case b, —b, < 7. When 3 > M,
/B > logn
left hand side of (26):

n(1 — B)aubyp®s® — n(1 — B)aybup®s*
<n(l - B)nps <\/nps(1 — s)logn + log n) p252

(a) /1
<n?p3s3\/nps(1 — s)logn + n’p?s> logn { Cﬁ Zp2st, (30)

where the inequality (a) holds due to p < y/1/(nlogn); the inequality (b) is guaranteed by
the last two terms in condition (4).

To be more precise, the following lemma combined with Lemma 7 and Lemma 9 ensures
that Wa(u,u) > Wa(u,v) with high probability.

< nps, we can get a tighter upper bound to the

logn’

Lemma 12 Given any two vertices u,v € [n] with u # v, if Ry, occurs, b, — b, < T,
nps® > 1281ogn, np® < and condition (4) holds, then for sufficiently large n,

logn’

lmin + Mmin > Tmax + Ymax + 2Zmax + wmax + 28 1Og n.

where lmin, Mmin, Tmax, Ymax, Zmax ONd Ymax are given in Lemma 7 and Lemma 9.

Please refer to Appendix E.5 for details.

For the other case that a,, —a, < 7, we instead bound W (v, v) from below analogous to
Lemma 7, and prove that W (v,v) > Wa(u, v) with high probability analogous to Lemma 12.

Thus, by combining the two cases and applying union bound, we ensure that with
high probability the new criteria (27) is satisfied and hence the GMWM outputs the true
matching, completing the proof of Theorem 2. Please refer to Appendix E.6 for details.
Note that, when 1 —s = o(1), condition (4) given by the new criteria (27) requires a smaller
B than (25) given by the old criteria (23).

6. Numerical experiments

In this section, we present numerical studies, comparing the performance of our 2-hop al-
gorithm to the 1-hop algorithm (Lubars and Srikant, 2018) and the NoisySeeds algorithm
(Kazemi et al., 2015), which are the state-of-the-art for graph matching with imperfect seeds.
Additional numerical studies to verify our theoretical results are deferred to Appendix A. In
all our experiments except for the last one on the computer vision data set in Section 6.2.3,
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the initial seeded mappings are constructed in the same way as our model given in Section 2,
i.e., the initial mappings are uniformly chosen at random with a given number of correctly
matched pairs. To be more precise, we choose n correct seeds among all true pairs uni-
formly, and then we permute the rest of the vertices uniformly at random such that they all
form incorrect seeds. In contrast, in the computer vision experiment in Section 6.2.3, the ini-
tial seeded mapping is from the output of a seedless matching algorithm. The computational
environment is MATLAB R2017a on a standard PC with 2.4 GHz CPU and 8 GB RAM.
Our code has been released on GitHub at https://github.com/Leron33/Graph-matching.

6.1 Performance Comparison with Synthetic Data

For our experiments on synthetic data, we generate G1, G2 and 7* according to the corre-
lated Erd6s-Rényi model. We calculate the accuracy rate as the median of the proportion
of vertices that are correctly matched, taken over 10 independent simulations.

6.1.1 PERFORMANCE COMPARISON BETWEEN SEEDED ALGORITHMS

In this section, we compare the graph matching algorithms using partially—cogrect seeded. 1611
Fig. 6, we fix n = 10000 and s = 0.9, and plot the accuracy rates forp =n"4 and p=n"7.
We observe that the 2-hop algorithm significantly outperforms the 1-hop algorithm. For
the NoisySeeds algorithm, its performance is sensitive to the threshold value r. The 2-
hop algorithm performs either comparably or better than the NoisySeeds algorithm even
with the best choice of r. Note that it is a priori unclear how to choose the best value
of r for the NoisySeeds algorithm, while our 2-hop algorithm does not need to tune any
parameters. Computationally, when we match two graphs of size 10000 with p = n~7 and
B = 0.5, the average running times of the 1-hop algorithm, 2-hop algorithm, and NoisySeeds
algorithm are about 52s, 86s and 101s, respectively. Similar to the NoisySeeds algorithm,
we can modify GMWM for parallel implementation to make our 2-hop algorithm even more
scalable. Please refer to Appendix B for details.

1 o TEELS 1

s el BB B 8B B P A

! &m0 L o &=
0 08f J 008 ® o
= 7 P = - _ o0

L S i & o
~.06 A >.06 o "
g T ——2-ho g g 2 o
504f $ 0 0P ] 504f A op ]
g /,}/ / --=--NoisySeeds r=2 g / o = --=--NoisySeeds r=2
< i 9 --6--NoisySeeds r=3 < /,F! B //9 o -NoisySeeds r=3
021 / /mf K -<--NoisySeeds r=4|] 0.2} )ﬁ/ Q/" o o |-e-NoisySeeds r=4/ |
0.2 0.4 0.6 0.8 1 0.2 0.4 0.6 0.8
I}
_3 _6
(a) p=n—1. (b) p=n"7.

Figure 6: Performance comparison of the 1-hop algorithm, 2-hop algorithm and NoisySeeds

algorithm with p = n~1 and p= n=7. Fix n = 10000 and s = 0.9.
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In Lubars and Srikant (2018), the authors suggest iteratively applying the 1-hop algo-
rithm to further boost its accuracy. Thus, we further iteratively apply the 1-hop algorithm,
2-hop algorithm and NoisySeeds algorithm and compare their performance. By using the
matching output of the previous iteration as the new partially-correct seeds for the next
iteration, we run the three algorithms with a given number of iterations L = 0,1,2. In
Fig. 7, we consider the same getup as in Fgg. 6. We fix n = 10000 and s = 0.9, and plot
the accuracy rates for p=n"4 and p =n"7. For tgle NoisySeeds algorithm, we choose the
threshold r = 3 for p =n"41 and r = 2 for p = n~ 7. We observe that iteratively applying
these algorithms boost their performance and the 2-hop algorithm still performs the best
among the three algorithms when the number of iterations is the same. In particular, when
p = n~ 7, while the matching accuracy of the 2-hop with multiple iterations gets close to
1, the matching accuracy of NoisySeeds saturates at 0.8 ~ 0.9. This is because about 10%
true pairs have only one common 1-hop neighbor and thus cannot be correctly matched by
the NoisySeeds algorithm with r = 2.

w

1 1 ; ~
9/5/9/644 a = % o Eandl
0.8r -2 0.8 P i o
[0l [0} L 7 »> ~
= —o—2-hop L=0 T ¥ e o~ 2" |~e—2-hop L=0
[an) 06" ——2-hop L=1 [an) 0.6 H _/. ,d'//u/ o~ ——2-hop L=1
> —=—2-hop L=2 > )l R —=—2-hop L=2
© --o--NoisySeeds L=0 © i/ g - --o--NoisySeeds L=0
304r --*--NoisySeeds L=1| 3047 s o --*--NoisySeeds L=1|
o --=:-NoisySeeds L=2 o of & B e --=:-NoisySeeds L=2
< 02l ~&-1-hop L=0 < oot/ [ £/ /e ~&-1-hop L=0
. -*-1-hop L=2 . //'g"/,g/ -*-1-hop L=2
-=-1-hop L=2 ';'}:o’ -=-1-hop L=2
0 i 0¥- | | | i
0.8 1 0 0.2 0.4 0.6 0.8 1

Figure 7: Performance comparison of the 1-hop algori;chm, 2-hop algorithm and NoisySeeds
algorithm applied iteratively with p = n~4 and p = n~ 7. Fix n = 10000 and
s =0.9.

6.1.2 PERFORMANCE COMPARISON BETWEEN SEEDED AND SEEDLESS ALGORITHMS

In this section, we compare the performance of the seeded algorithms (the 1-hop, 2-hop
algorithms, and the NoisySeeds algorithm) with that of the seedless algorithms (including
degree profile matching algorithm (Ding et al., 2021), quadratic programming relaxation of
QAP based on doubly stochastic relaxation (QP), and GRAph Matching by Pairwise eigen-
Alignments (GRAMPA) (Fan et al., 2019b)). The results are shown in Fig. 8 as a function
of s with n = 1000, p = n=3/% and 8 = 0.5. Clearly, our 2-hop algorithm outperforms other
algorithms, including the seedless ones.

6.1.3 COMPARISON BETWEEN GMWM AND THE HUNGARIAN ALGORITHM

In this section, we compare the Greedy Maximum Weight Matching algorithm with the
Hungarian matching algorithm (for solving the linear assignment problem), when they are
used as a component of the 1-hop algorithm and the 2-hop algorithm. In Figure 9 be-
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Figure 8: Performance comparison on correlated Erdds-Rényi random graph model with
n = 1000, p =n"3/* and B = 0.5.

low, we fix n = 1000, s = 0.9, and plot the matching accuracy rates for p = n=i. The
simulation results show that the Hungarian algorithm has slightly better matching accu-
racy. However, the improvement over GMWM is quite small. Further, the running time
of the Hungarian algorithm is much larger. Specifically, the average running time of using
GMWM algorithm and the Hungarian algorithm in the 1-hop algorithm is about 0.12s and
1.1s, respectively. Thus, the GMWM algorithm saves a lot of running time. In summary,
the GMWM algorithm strikes a good balance between time complexity and accuracy.
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Figure 9: Performance comparison of using GMWM and the Hungarian algorithm in the
1-hop algorithm and the 2-hop algorithm.

6.2 Performance Comparison with Real Data

In this section, we will show that our 2-hop algorithm also performs well on real-world
graphs. Further, departing from our simulation with synthetic data where the two corre-
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lated graphs have the same number of vertices, we will evaluate the performance of the
algorithms when the two correlated graphs have a different number of vertices. In Sec-
tion 6.2.1, we consider de-anonymizing social networks, which is a popular application of
graph matching. In this example, the two correlated graphs are generated by sampling a
Facebook friendship network. In Section 6.2.2, we match networks of Autonomous Systems
in which the correlated graphs are povided by the real data set. In both Section 6.2.1 and
Section 6.2.2, the initial seeds are chosen uniformly randomly. In Section 6.2.3, we match
deformable 3D shapes, where not only the correlated graphs are provided by the real data
set, but also the initial seeds are generated by a seedless graph match algorithm.

6.2.1 FACEBOOK FRIENDSHIP NETWORKS

We use a Facebook friendship network of 11621 students and staffs from Standford university
provided in Traud et al. (2012) as the parent graph Go. There are 1136660 edges in Gy. The
Facebook social network has an approximate power-law degree distribution with p(d) ~ d =1
with average degree about 100. To obtain two correlated subgraphs G and G of different
sizes, we independently sample each edge of G twice with probability s = 0.9 and sample
each vertex of G twice with probability & = 0.8. Then, we relabel the vertices in Gs
according to a random permutation 7* : [ng] — [ng2], where ng is the number of nodes
in GGo. Let m denote the number of common vertices that appear in both G; and Go.
The initial seed mapping is constructed by uniformly and randomly choosing a mapping
m : [m] — [m] between the common vertices of the two subgraphs such that g fraction
of vertices are correctly matched, i.e., w(u) = 7*(u) for exactly Sm common vertices. We
treat GG1 as the public network and G2 as the private network, and the goal is to de-
anonymize the node identities in G5 by matching Gy and G3. We show the performance of
the 1-hop algorithm, 2-hop algorithm, and NoisySeeds algorithm in Fig. 10. We choose the
threshold r = 5,10, 15 for the NoisySeeds algorithm to search for the best value of r. We
observe that our proposed 2-hop algorithm significantly outperforms the 1-hop algorithm
and NoisySeeds algorithm. Note that the matching accuracy is saturated at around 80%,
because there are about 15% common vertices that are isolated in the intersection graph
G’lr* A G2 and thus can not be correctly matched. Due to the power-law degree variation,
the number of witnesses for some fake pairs could be larger than the threshold r. Thus,
even the NoisySeeds algorithm with the best value of r does not perform well.

6.2.2 AUTONOMOUS SYSTEMS NETWORKS

Following Fan et al. (2020), we use the Autonomous Systems (AS) data set from Leskovec
and Krevl (2014) to test the graph matching performance on real graphs. The data set
consists of 9 graphs of Autonomous Systems peering information inferred from Oregon
route-views between March 31, 2001, and May 26, 2001. Since some vertices and edges are
changed over time, these nine graphs can be viewed as correlated versions of each other. The
number of vertices of the 9 graphs ranges from 10,670 to 11,174 and the number of edges
from 22,002 to 23,409. The Autonomous Systems networks have an approximate power-law
degree distribution with p(d) ~ d=2 with average degree about 2. We apply the 1-hop
algorithm, 2-hop algorithm and NoisySeeds algorithm (with the best-performing threshold
r = 2) to match each graph to that on March 31, with vertices randomly permuted. To
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Figure 10: Performance comparison of 1-hop algorithm, 2-hop algorithm and NoisySeeds
algorithm applied to the Facebook networks.

obtain the initial seed mapping, we uniformly and randomly choose the mapping between the
common vertices among the two given graphs such that g fraction of vertices are correctly
matched.

The performance comparison of the three algorithms is plotted in Fig. 11 for § =
0.3,0.6,0.9. We observe that our proposed 2-hop algorithm significantly outperforms the
1-hop algorithm and NoisySeeds Algorithm. The NoisySeeds algorithm does not perform
well due to its thresholding component: There exists high degree variation in these real
graphs and thus a significant fraction of true pairs have only 1 witness, which falls below
even the smallest threshold r = 2. Note that the accuracy rates for all algorithms decay in
time because over time the graphs become less correlated with the initial one on March 31.
Computationally, when we match two real graphs with g = 0.6, the average running time
of the 1-hop algorithm, 2-hop algorithm, and NoisySeeds algorithm is about 46s, 73s and
91s, respectively.

6.2.3 COMPUTER VISION DATA SET

In this experiment, we use the output of seedless graph matching algorithms as partially
correct seeds, and test the performance of 1-hop, 2-hop, and NoisySeeds in correcting the
initial matching errors. We focus on the application of deformable shape matching. Match-
ing 3D deformable shapes is a fundamental and ubiquitous problem in computer vision
with numerous applications such as object recognition, and has been extensively studied for
decades (see Van Kaick et al. (2011) and Sahillioglu (2020) for surveys). At a high-level,
each 3D shape is represented as a mesh graph. For two 3D shapes corresponding to the same
object but with different poses, their mesh graphs are approximately isomorphic. However,
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Figure 11: Performance comparison of 1-hop algorithm, 2-hop algorithm and NoisySeeds
algorithm applied to the Autonomous Systems graphs.

the exact vertex mapping is not knowm. Thus, the goal of deformable shape matching is
to retrieve the correct vertex correspondence by matching the two mesh graphs.

The previous work Fan et al. (2020) applied the 1-hop algorithm iteratively to boost
the matching accuracy of their seedless graph matching algorithm, GRAMPA (GRAph
Matching by Pairwise eigen-Alignments). Their experiment is carried on the SHREC’16
data set in Léahner et al. (2016). The SHREC’16 data set provides 25 deformable 3D shapes
(15 for training and 10 for testing) undergoing different topological changes. At the lower
resolution, each shape is represented by a triangulated mesh graph consisting of around 8K-
11K vertices with 3D coordinates and 17K-22K triangular faces, with vertex degrees highly
concentrated on 6. It is demonstrated in Fan et al. (2020) that the GRAMPA followed
by the iterative 1-hop algorithm achieves much higher matching accuracy compared to the
existing methods tested in Lahner et al. (2016).

We also use the SHRED’16 data set in our experiment. When we match each pair
of test shapes, we first apply the GRAMPA algorithm, and then repeatedly use the 1-
hop algorithm, 2-hop algorithm and NoisySeeds algorithm with 100 iterations to boost the
matching accuracy of the output of the GRAMPA algorithm. Fig. 12 provides a visualization
of our results, where the matched vertices are colored with the same color. We can see that
the 2-hop algorithm corrects most matching errors of the GRAMPA algorithm.

We follow the Princeton benchmark protocol in Kim et al. (2011) to evaluate the match-
ing quality. Assume that a vertex-pair (,j) € M x N is matched between shapes M and

N, while the ground-truth correspondence is (4, j*). Then the normalized geodesic error of
INGT) where dyy d i

, » denotes the geodesic
v/ area(N)

distance on A/ and area(/NN) is the total surface area of . Finally, we plot the cumulative

this correspondence at vertex i is defined as (i) =
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(a) (b) (c)

Figure 12: Visualization of the matching results. Fig. 12(a) is the mesh graph of a 3D shape
randomly chosen from the SHREC’16 data set, whose vertices are colored in a
gradient. Fig. 12(b) and Fig. 12(c) are the same mesh graph with a different
pose that needs to be matched with Fig. 12(a), where vertices in Fig. 12(b) and
Fig. 12(c) are labeled with the same color as that of the vertices in Fig. 12(a)
matched by the corresponding graph matching algorithms. Fig. 12(b) shows
the matching result of the GRAMPA algorithm. Fig. 12(c) shows the matching
result when we use the output of the GRAMPA algorithm as the initial seeds and
apply the 2-hop algorithm iteratively. We can observe that the 2-hop algorithm
corrects most matching errors of the GRAMPA algorithm.

distribution function of {e(#)}!" ; in Fig. 13, where cdf(e) is the fraction of vertices ¢ such

that £(i) < e. In particular, cdf(0) is the fraction of correctly matched vertices in shape M.

In Fig. 13, we observe that all three algorithms improve the initial matching accuracy of
the GRAMPA algorithm, but the performance improvement of our 2-hop algorithm is most
substantial. In particular, our 2-hop algorithm increases the fraction of correctly matched
vertices to more than 80%, while the 1-hop algorithm and NoisySeeds (with the best choice
threshold r = 2) only correctly match around 60% and 30% of vertex-pairs, respectively.

7. Conclusion

In this work, we tackle the graph matching problem with partially-correct seeds. Under the
correlated Erdos-Rényi model, we first present a sharper characterization of the condition
for the 1-hop algorithm to perfectly recover the vertex matching for dense graphs, which
requires many fewer correct seeds than the prior art when graphs are dense. Then, for
sparse graphs, by exploiting 2-hop neighbourhoods, we propose an efficient 2-hop algorithm
that perfectly recovers the true vertex correspondence with even fewer correct seeds than
the 1-hop algorithm in sparse graphs. Our performance guarantees for the 1-hop and 2-
hop algorithm combined together achieve the best-known results across the entire range of
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Figure 13: Performance comparison of 1-hop algorithm, 2-hop algorithm and NoisySeeds
algorithm applied to the SHREC’16 data set, with initial noisy seeds generated
by the GRAMPA algorithm. The higher the curve, the better the algorithm
performance.

graph sparsity and significantly improve the state-of-the-art. Moreover, our results precisely
characterize the graph sparsity at which the 2-hop algorithm starts to outperform 1-hop.
This reveals an interesting and delicate trade-off between the quantity and the quality of
witnesses: while the 2-hop algorithm exploits more seeds as witnesses than 1-hop, the 2-hop
witnesses are less accurate than the 1-hop counterparts in distinguishing true pairs from
fake pairs when graphs are dense.

Experimental results validate our theoretical analysis, demonstrating that our 2-hop
algorithm continues to perform well in real graphs with power-law degree variations and
different number of nodes. There are many exciting future directions such as analyzing the
performance of j-hop algorithms for j > 3, investigating partial recovery when nps?—logn =
O(1), and studying graph matching under other random graph models beyond Erdés-Rényi
random graphs.
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Appendix A. Numerical Experiments to Verify The Scalings

In this section, we conduct numerical studies to verify the scaling results given in Theorem 1
and Theorem 2. We observe that conditions (3) and (4) are not only sufficient, but also
close to necessary (differing from the necessary conditions by a constant factor) for the
1-hop and 2-hop algorithms to succeed, respectively. Throughout, we generate G, G2 and
m* according to the correlated Erdos-Rényi model with fixed sampling probability s = 0.8,
and vary the number of vertices from 2000 to 8000.

We first simulate the performance of the 1-hop algorithm for p = n~% and p= n=3. The
results are presented in Fig. 14(a) and Fig. 15(a) as a function of §. Theorem 1 predicts
that the 1-hop algorithm succeeds in exact recovery when 5 2 (/logn/n for p = n~3 and
when § 2> % for p = n=3. Thus, we rescale the z-axis in Fig. 14(b) and Fig. 15(b) as

B/ loi “ and 3/ (Efp”), respectively. We see that after rescaling the curves for different

n align well with each other, suggesting that condition (3) is both sufficient and close to
necessary for the 1-hop algorithm to succeed.
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Figure 14: The 1-hop algorithm with varying n and p = n~5. Fix s = 0.8.
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Figure 15: The 1-hop algorithm with varying n and p = n=5. Fix s = 0.8.
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Next, we simulate the performance of the 2-hop algorithm for p = n_%, p= n_%, and

p= n~5. The results are presented in Fig. 16(a), Fig. 17(a) and Fig. 18(a). Since Theorem 2
predicts that the 2-hop algorithm succeeds in exact recovery with high probability when

Bz max{\/np3 logn, 4/ 107%”, }ffp@}, we rescale the x-axis in Fig. 16(b), Fig. 17(b) and

Fig. 18(b) as 8/+/np3logn for p = n_%, B/ loin for p = n~2i and B/ (log"> for p = n=s.

7’L2p2
As we can see in Fig. 16(b), Fig. 17(b) and Fig. 18(b), the curves for different n align well
with each other, suggesting that condition (4) is both sufficient and close to necessary for
the 2-hop algorithm to succeed.
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Figure 16: The 2-hop algorithm with varying n and p = n~5. Fix s = 0.8.
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Figure 17: The 2-hop algorithm with varying n and p = n~=3. Fix s = 0.8.
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Figure 18: The 2-hop algorithm with varying n and p = n=5. Fix s = 0.8.

In addition, if s =1 and p = nfé, we show in Fig. 19 that the curves for different n align

well when we rescale the x-axis as 3/

log n
n

but they do not align well with each other when

the x-axis is rescaled as §/1/np3logn. This result agrees with Theorem 2, demonstrating
that condition (25) derived from the old criteria (23) is not tight.
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Figure 19: The 2-hop algorithm with varying n and p = n~3. Fix s = 1.

Appendix B. The scalability of our algorithm and feasible parallel
implementation

We may further improve the time complexity of our 2-hop algorithm by exploiting graph
sparsity and parallel computing. Recall that the theoretical worst-case computational com-
plexity of our algorithm is O(n® + n?logn) for 2 < w < 2.373, where n* denotes the
complexity of n X n matrix multiplication. For sparse graphs, the computational complex-
ity of our 2-hop algorithm is comparable to that of the NoisySeeds algorithm in Kazemi
et al. (2015) and the 1-hop algorithm in Lubars and Srikant (2018). To see this, note that
there are only two differences in the execution of our 2-hop algorithm: (i) To compute the
number of 2-hop witnesses for all vertex-pairs, for every seed (w, 7(w)), our algorithm needs
to compute the set of 2-hop neighbors of w (resp. m(w)) in G (resp. G2), which takes O (c*)
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steps, where ¢ denotes the average degree. Thus in total it takes O (nc4) steps. Hence, for
sparse graphs with small average degree ¢, finding 2-hop witnesses only increases complex-
ity slightly compared to finding 1-hop witnesses; (ii) We use greedy max weight matching
(GMWM) rather than simple thresholding in Kazemi et al. (2015). As the time complexity
of GMWM is O(n?logn) and the thresholding procedure needs to go through all the n?
vertex-pairs, GMWM only incurs an additional logn factor to time complexity. Thus, the
computational complexity of our 2-hop algorithm is comparable to others.

For very large graphs, one may want to run these algorithms parallelly. Our 2-hop
algorithm can be executed in parallel as follows. First, it is easy to turn (i) into parallel
implementation. Second, if the complexity of (ii) is an issue, we can instead run the following
modification: For each vertex u in (G1, matches it to v in G5 that has the largest number
of 2-hop witnesses; Output failure if there is any inconsistency in the final matching. This
procedure can then be executed across all nodes in G (or G2) in parallel. This parallelizable
version of the 2-hop algorithm can still provide perfect recovery if criteria (23) holds. This
criteria is satisfied with high probability under condition (25), as discussed in Remark 5.2.3.
Hence the parallelizable version of the 2-hop algorithm can achieve perfect recovery under
condition (25). Thus, we believe our 2-hop algorithm can scale to very large graphs with
strong matching performance.

Appendix C. Preliminary Results

We first present some useful concentration inequalities for the sum of independent random
variables.

Theorem 13 Chernoff Bound (Dubhashi and Panconesi (2009)): Let X = 3 Xi,
where X;’s are independent random variables taking values in {0,1}. Then, for § € (0,1),
52 52
P{X <(1-0)E[X]} <exp <—2E [X]) , P{X > (14+)E[X]} <exp (—3E [X]) .

As a corollary of Theorem 13, we obtain the following lemma, which will be useful for
the proofs of Lemma 6 and Lemma 11.

Lemma 14 Let X denote a random variable such that X ~ Binom(n—1,«). Ifa € [psQ, 1)
and nps® > 128logn, then

P{X <(1-¢(n-1)a} <n® P{X>(1+c(n—1la}<n™,

12logn 1
(n—1)ps?2 — 3~

where € is given in (12), i.e., € =

12logn
(n—1)ps?

Proof Since X ~ Binom (n —1,a) and € = < %, applying Chernoff bound in

Theorem 13 and using o > ps? yields
P{X <(1—-¢€)(n—1)a} <exp

( n—l
P{X <(l —|—e)(n—1a}<exp< ”_1 )gn—4.
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Theorem 15 Bernstein’s Inequality (Dubhashi and Panconesi (2009)): Let X =31, Xi,
where X;’s are independent random variables such that | X;| < K almost surely. Then, for
t > 0, we have

P{X > E[X]+1} <exp (‘M)

where 0% = Zie[n] var(X;) is the variance of X. It follows then for v > 0, we have

2K
P {X > E[X]+ 202y + 37} < exp(—y).

Similarly, by considering — X, it follows that
2K
]P’{X <E[X]—+V20%y — 37} < exp(—7).

Corollary 16 Let X denote a random wvariable such that X ~ Binom(n,«). If n €
[Mmin, Mmax|, then for ~ >0,

2

P{X < it~ /By = 5} < xpl-), 1)
2

P X > nmax® + v/ 2Nmaxary + 3 < exp(—7). (32)

Moreover,
4y
P X > 2npmaxe + 3 < exp(—7) (33)

Proof The proof of (31) and (32) follows by invoking Theorem 15 with 02 = na(l — )
and K = 1 and using the assumption that n € [Nyin, Nmax]. In view of 2v/ab < a + b, (33)
follows from (32). [ ]

Next, we present a concentration inequality for the sum of dependent random variables.
To this end, we first introduce the notion of dependency graph.

Definition 17 Given random variables {Xi}ie[n}, the dependency graph is a graph I' with
vertez set [n] such that if i € [n] is not connected by an edge to any vertex in J C [n], then
X; is independent of {X;}jcr.

Theorem 18 (Janson (2004)) Let X = 3,1, Xi, where X;’s are random variables such
that X; —E [X;] < K for some K > 0. Let I denote a dependency graph for {X;} and A(T")

denote the mazimum degree of I'. Let 0 = Zie[n] var(X;). Then, fort >0,

8t2
P{X >E[X] +t} <exp <_25A1(F)(02 - Kt/3)> ’
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where A1 (T') = A(T') 4+ 1. It follows then for v > 0, we have

2571 (T 251 (I K
IP{X > E[X]+ 581()027+ 512(4)7} < exp(—7).

If the assumption X; —E[X;] < K is reversed to X; —E [X;] > —K, then by considering
—X, it follows that

P {X <elx] - 200, M;(?KV} < exp(—7).

Finally, we will repeatedly use the following simple inequality.
Theorem 19 For r > 0, every real number x € (0,1) and rz < 1, it holds that
rlog (1 —z) < log (1 - %) .

Proof Set f(z) =rlog(l —z) —log (1 — %) . Then f(0) =0 and f'(z) = % <0.
Thus f(x) <0, completing the proof. [ |

Appendix D. Postponed Proofs for Theorem 1

D.1 Proof of Lemma 4

Recall that A; and B; are the adjacency matrix for G; and Ge, respectively. By the
definition of 1-hop witness, we have

Wi(u,v) = > Aq(u, 1) By (v, (). (34)
i€\ {u.m =1 (v)}

Let Z; £ Ay(u,i)Bi(v,7(7)). Note that Z, is dependent on Zz-1(y)- Thus, we exclude
these two seeds and consider the remaining seeds. For all i € [n] \ {u,v,7 !(u), 7~ (v)},

Zii'im'fi'Bern(pQSQ). It follows that

P Z Zi > Ymax — 2 p <P {Binom(n,p232) > Ymax — 2} < n*%, (35)
€n\{u,v,m/= 1 (u),7~1(v)}

where that last inequality follows from Bernstein’s inequality given in Theorem 15 with

v = %logn and K = 1.
Finally, adding back Z, and Z-1(, yields the desired conclusion (6).
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D.2 Proof of Theorem 1

Since the bound of the number of 1-hop witnesses is provided by Lemma 4 and Lemma 5,
it remains to verify Tmin + Ymin — ¥max > 0 under the condition of Theorem 1. Note that

Zrin + Ymin — Pmax

=nfp(1 — p)s* — \/5nBpstlogn — (5 + V7)/np?s2logn — ps? — 2p*s* — %7 logn — 2.

First, by assumption that g > J?li%, we have
1 451
—nBp(1 —p)s® > & n\fp 1-— = /5nBps?logn. (36)
3 np(1 —
Second, by assumption that 5 > 30,/ %, we have
1 9 logn 1 9
gnﬂp(l —p)s© > 30 o= p)is gnp(l —p)s? > (5+V7)/np?s2logn. (37)
n(l—p)3s
Third, by assumption that g > J‘;’liof)”sz and n is sufficiently large, we have
1 9 45logn 1 9 37 2 2 9

Combining (36)-(38), we have Zmin + Ymin — ¥max > 0. Thus,

]P’{mle(u u) > max Wl(u,v)}

u€ln] u,vE[n]:uFt

>1-P | {Wi(u,v) < omin + Ymin} p — P U 7(u0) > tmax}

u€(n] u,vE[n]:uFv

Z 1—’I’L_1,

w\w

where the second inequality holds by combining Lemma 4 and Lemma 5 with the union
bound. Thus, GMWM outputs 7 with P{7 = 7*} > 1 —n~! under the 1-hop algorithm.

Appendix E. Postponed Proofs for Theorem 2
E.1 Proof of Lemma 6
By definition, we have a,, ~ Binom(n — 1, ps). It follows from Lemma 14 that
Pla, < (1—)(n—Dps} <05 Play > (1+)(n—Dpsh<nt.  (39)

The same lower and upper bounds hold for b, analogously.
Note that ¢y, ~ Binom(n — 1, ps?). Applying Lemma 14 yields that

P{cuu < (1 —€)(n—1ps*} <n™0 P{ey, > 1—|—6)(n—1p52}<n ) (40)
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Also, for fake pairs u # v, ¢y, ~ Binom(n — 2,p%s?). Therefore, applying Bernstein’s
inequality given in Theorem 15 with v = %logn and K =1, we can get

P{cuy > Ymax} < P{Binom(n —2,p°5%) > np?s® + /Tnp2s2logn + - logn} <n” 2.
(41)

According to Lemma 4, we can get
7

P{Wi(v,u) > tmax} <n” 2. (42)

Taking the union bound over (39)—(42) yields the desired conclusion (13).

E.2 Proof of Lemma 7

Fixing any two vertices u # v, we condition on @, such that the event R,, holds. Note
that

Wa(u,u) = As(u, ) Bs (u, (),
j=1
where As and Bs are the 2-hop adjacency matrix of G; and Go, respectively. Note that for
all j € N9 (u) U{u}, Az(u,j) = 0 by definition. Similarly, for all 7(j) € N (u) U {u},
By (u,m(5)) = 0. Thus, we define

Ju =N w) U{u}ur™t (N2 (u)) U (u)

and exclude the seeds in J,. Furthermore, note that we have conditioned on the 1-hop
neighborhoods of v in G; and Gs. In either G7 or Go, if u and v are connected, then a
1-hop neighbor of v may automatically become the 2-hop neighbor of u. Hence, if j is
connected to v in G or 7(j) is connected to v in Gg, then conditioning on @, can change
the probability that As(u,j)Bsa (u,m(j)) = 1. To circumvent this issue, we further exclude
the set J, of seeds and get that

Wa(u,u) > > Ag(u,§)Bs (u, 7(4))
JEMN(JuUJy)

= > Aw)B(u)+ Y A(wj)Ba(uw(l),  (43)

JEF\(JuUJy) JEMNFUILUTy)

where F' = {j : m(j) = j} corresponds to the set of correct seeds with |F'| = n/3. Since the
event R, holds, it follows that |J, U J,| < 4(1 4 €)(n — 1)ps + 4 < 6nps, where the last
inequality holds due to € < 1/3 and nps > 6. Thus, ng 2 |F \ (J, U J,)| > n(B — 6ps).

We first count the contribution to Wa(u,u) by correct seeds. For each correct seed
J € F'\ (JyUJy), define an indicator variable x; = 1{3icc(u,u)\{v}:;jeC(i,i)}- In other words,
X; = 1if j is connected to some “common” 1-hop neighbor of true pair (u,u) in both Gy
and Go, and x; = 0 otherwise. By definition As(u, j)Bs (u, j) > x;. Moreover,

P{Xj =1 | qu} =1-P ﬂ {] ¢ C(Z’Z)} | qu

1€C(u,u)\{v}
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(a) . .
=1- H P{]¢C(sz) ‘qu}
1€C (u,u)\{v}

@1 o (1 _ pSZ)IO(uvu)\{U}‘

@1 s DT Ly,

> — > =

25 (Cuw = 1) ps™ = 5 mp™s™,
where (a) holds because {j ¢ C(i,i)} = {A1(4,j) = 0} U{B1(4,j) = 0}, which are inde-
pendent across different vertices i conditional on @Q,,; (b) holds due to P{j € C(3,7)} =
P{A1(i,j) = Bi1(i,j) = 1} = ps?; (c) follows from Theorem 19 and the fact that c,,ps>
(1+€)(n—1)p?s* < 4np?s? < 1; (d) holds as cyy—1 > (1—€)(n—1)ps?—1 > 2(n—1)ps*—1
702
13MPs”.

IV IA

(1>

Furthermore, note that x; depends on A; and B; only through the set of entries S;
{{i,j} : i € C(u,u)\{v}}. Since S; NSy =0 for all j,j' € F\ (J,UJ,), it follows that x;

are mutually independent. Therefore,

»n

P D As(u,5)Ba (4,5) < lin | Quo
JEF\(JuUJy)

SP Z Xj S lmin | qu

JEF\(JuUJy)

7
<P {Binom <nR, 24np284) < min | qu} < n_%v (44)

where lyin = 55 (8—6ps)n’p?s* — \/ %Tﬂ Bp2stlogn —3logn, and the last inequality follows

from Corollary 16 with v = % logn and n(B — 6ps) < ng < np.

Next, we count the contribution to Wa(u,u) by the incorrect seeds. Fix an incorrect
seed (j, (7)) where j € [n]\(FUJ,UJ,). Note that As(u,j) depends on A; through the set
of entries given by 7} £ {{i,j} : i € N9 (u)} and Ba(u,n(j)) depends on B; through the
set of entries given by Tvﬁ(j) 2 {{i,7(5)} : i € N®2(u)}. Thus As(u, ) and Ba(u, 7(j)) are
independent when T; N ir(j) = (), which occurs if and only j ¢ N2 (u) or 7(5) &€ N (u).
Thus to ensure the independence between As(u,j) and Ba(u,7(j)) in order to facilitate
computing the probability of Az (u,j)Ba2(u,7(j)) = 1, we also exclude the set of seeds given
by J, = NC2(u) N7t (N9 (u)). Let nw = |[n] \ (F U J, UJ,UJy)|. Since the event Ry,
holds, it follows that ny > n(1 — 8) — 9nps. Now, for each j € [n]\ (F U J, U J, U J,), we
have

P{AZ(uvj)BQ(uvﬂ-(])) =1 | qu}
:P{AQ(uvj) =1 ‘ qu} X P{B2(u’ﬂ-(j)) =1 | qu}
=(1-P{Ai(i,j) =0,¥i € N (u) | Quo}) (1 =P {Bi(i,7(j)) = 0,¥i € N®(u) | Quv})
= (1= (1 =ps)") (1= (1= ps)Pr) 2,

where the last equality holds because A1(i,j) = 0 if i = v as j ¢ J,; otherwise A;(i,7) ~
Bern(ps); and similarly for By (i, m(j)).
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Finally, note that As(u,j)Ba(u,m(j)) are dependent across different j and thus we can-
not directly apply Bernstein’s inequality. To see this, observe that conditional on qu,

As(u,j)Ba(u, m(j)) depends on A; and B; through the set of entries given by Tj uT, wG) =

2y;.

Therefore, for any pair of j, 7" € [n]\ (FUJ, UJ,UJ,) with j # 5/, As(u, j)Ba(u, 7(j)) and
As(u, j")Ba(u, w(j")) are dependent if and only if U;NU; # (), which occurs if and only if j' =
7(j) or j/ = 771(j). Hence, we construct a dependency graph I for {As(u, j)Ba(u,7(5))},
where the maximum degree A(T") equals to 2. Thus, applying Theorem 18 with K = 1,

02 = nwA(1 — \), and v = 4logn yields that

3 25
P Z As(u, j)Ba(u, (7)) < nwA — 5\/2nw)\(1 — A)logn — 5 logn | Qua

JEMNEF’
<n!

)

where F' = FU J, U J, U J,.
Since n(1 — f — 9Ips) < nw < n, we have

(@) 22()9344

nwA(1—X) <n (1 — (1 —ps)™) (1 — (1 —ps)*) < naybyp?s® < 1

where (a) holds as (1 +x)" > 1+ rx for every integer r > 0 and every real number z > —2;

(b) holds because ay,b, < (14 ¢)(n—1)ps < 3 snps under event Ry,. And

nwA > n(l — B)A — 9npsA > n(1 — B)A — 21n?p°s°.

Therefore, recalling that mmyin = n(1 — B)A — 21n3pPs® — 2, /3ndptstlogn — £ logn, we

get that

2
Mmin < NWA — 5\/2nw)\(1 —A)logn — ?5 logn.

It follows that

P Z AQ(U,])BQ(U,W(])) < Mpmin | qu < n_4-

jeMN\(FUJLUT,UTL)

Combining (43), (44), (45) with a union bound, we get that

15

[SIE

P {Wa(u,t) < lmin + Mmin | Quo} - 1 (Ruw) <n™ % +n7 1 <n™2.

(45)

Remark 20 In (44), we bound As(u,j)Ba(u,j) from below by x;, by neglecting the case
that j is connected to different 1-hop neighbors of u in Gy and Gy. This lower bound is

relatively tight, because

P{A2(u, j)Ba(u,j) = 1,x; = 0| Quo} = P {A2(u,
2

39



Yu, XU, AND LIN

E.3 Proof of Lemma 9

Fixing any two vertices u # v, we condition on @,, such that event R,, holds. Note that

Wa(u,v) = ZA2(U7j)BQ (v,7(5))
j=1

where Ay and By are the 2-hop adjacency matrix of Gy and Ge, respectively. Let
Jo=N(w)Uufu}unrt (NG2 (v)) U 7 (v)

Then As(u,j)Bs (v,n(j)) =0 for all j € Jy. Thus,

Wo(u, v) Z As(u, j) B2 (v,7(j)) -
J€MN\Jo

Note that we have conditioned on the 1-hop neighborhoods of v and v in G; and Gb.
In either Gy or Ga, if w and v are connected, then a 1-hop neighbor of w (or v) may
automatically become the 2-hop neighbor of v (or u). Hence, if j is connected to v in G;
or 7(7) is connected to u in G, then conditioning on @, can change the probability that
As(u,j)Ba (v,m(j)) = 1. To circumvent this issue, we further divide the remaining seeds
into five types depending on whether j € N1 (v) U {v} and 7(j) € N2(u) U {u}, and get

5

Wa(u,v) =Y > As(u, j)Bs (v,7(5)) (46)

k=1jeJ

Let Xy = >, A2(u, j)Ba (v,7(j)) denote the contribution from type k. In the sequel, we
will separately bound X} from the above for each k € [5].

Type 1: J1 = {v,7 ' (u)} \ Jo. We have X; < |.J;| < 2.

Type 2: Jo £ N9 (v)nm~! (N2(u))\Jo. For j € Jo, since A (v, j) = 1 and By (u, 7(j)) =
1, it follows that (j, 7(j)) is a 1-hop witness for (v, u). Thus, we have X9 < |Jo| < Wi (v, u) <
Pmax on event Ry,.

Type 3: J3 = N9 (v)\ (771 (N®2(u)) U{r ' (u)} U Jy). We have |J3| < a, < 3nps on
event R,,. By definition, As(u,j)Ba(v,7(j)) < Ba2(v,7(j)). Moreover,

P{By(v,7(j)) = 1| Quv} =P{B1(i,(j)) = 1,3i € N%(v) | Quv}
—1-P{Bi(i,r ))_0 Vi€ N%(v) | Quo}

where (a) holds because By (i,7(5)) = 0 if i = u as 7(j) ¢ N&2(u); otherwise Bl(i,w(j))i'i‘vd'
Bern(ps) across different i; (b) follows from (1 + z)" > 1+ rx for every integer r > 0 and

every real number x > —2; (¢) holds due to b, < %nps on event Ry,.
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Note that By (v,m(j)) only depends on B; through the set of entries Uy ;) = {{i,7(j)} :
i € N%(v)}. Since Ur(j) NV Uxr(ry = 0 for all j # j' ¢ Jo, it follows that By(v,7(j)) are
mutually independent across j € Js. Therefore,

9
P {Xg > §n2p3s3 + 5logn | Qm,}

) 9
<P Z By (v, m(j)) > §n2p353 +5logn | Quy
jE€J3

IN

3 9
P {Binom (|J3| ) 2np252) > §n2p353 + 5logn | qu}

15

n- 4, (48)

IN

where the last inequality follows from Corollary 16 with v = % logn and |J3] < %nps.

Type4: Jy =71 (N (u))\ (N (v) U{v}U.Jp). Following the similar proof as in Type
3, we can get
9 233 -1
P X4Z§nps +5logn | Quyp <n” 4. (49)
Type 5: j € Js 2 [n]\ (Ui:OJk). This is the major type. We bound X5 by separately
considering the correct and incorrect seeds.

Correct Seeds in Type 5: Recall that F' = {j : w(j) = j} corresponds to the set of
correct seeds. We have |F'NJs| < |F| = nB. Note that As(u,j) depends on A; through
the set of entries given by 7} £ {{i,5} : i € N1 (u)} and Ba(v,j) depends on B; through
the set of entries given by JN“] £ {{i,j} : i € N%(v)}. Thus As(u,j) and Bs(v,j) are
dependent on each other because T; N TJ = {{i,j} : i € C(u,v)} # 0. Thus, we bound
P{As(u,j)Ba(v,j) = 1} by separately considering whether j is connected to some vertices
in C(u,v). Specifically, on the one hand,

P{{AZ(umj)BQ(v?j) = 1} N {Al(zvj)Bl(Zaj) =1,Jdie C(uvv)} ‘ qu}
SP {Al(zvj)Bl(Zaj) = 175” € C(uvv)} | qu}
=1- P{Al(iaj)Bl(ivj) = 07Vi € C(u, U)} ‘ qu}

(i)l — (1 — ps?)cw

© 0 )
<1 (1 CyvPS ) < Ymaxps”, (50)

where (a) holds because A1 (i, j)B; (z’,j)i'ir'\(aj'Bern(ps2); (b) follows from (14 z)" > 14 rz for
every integer r > 0 and every real number x > —2; (¢) holds due to ¢y, < 1¥max On event
Ryy.

On the other hand, letting A,(X) = {3i € X : A1(4,5) = 1},

P{{A2(u,j)Ba(v,j) = 1} N {A1(4,4)B1(i,j) = 0,Vi € C(u,v)} | Quo}
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=PS |  AuX)N{Zie N®(u)\ X : Bi(i,5) = 1} | Quo

XENGC1 (u)
< Y P{AUX)N{3ie N®w)\ X : Bi(i,j) =1} | Quv}
XENC1(u)
WS P{AX) | QuP{3i€ N%(u)\ X : Bi(i,j) = 1| Quu}
XENGC1 (u)
<P{3ie€ N(u): Bi(i,§) =1| Quw} Y P{AX)] Quo}

XENC1 (u)

<P{Ai(i,j) =1,3i € N (u) | Quv} x P{B1(i,5) = 1,3i € N®(v) | Quo} < 9n2p4s4
(51)

where the equality (a) holds as A, (X) and {3i € N®2(u)\ X : By(i,j) = 1} are independent

conditional on X. This is because A, (X) depends on T} 2 {{i,j} :i € X}, which is disjoint

from TJ = {{i,j} :i € N9 (v)\ X}; (b) follows from the similar reasoning as in (47).
Thus, by taking the union bound over (50) and (51), we have

. . 9
P{A2(u, j)B2(v,5) = 1| Quo} < Ymaxps + 4n2p4s4 £ 1.

Note that Az(u,j)B2(v,j) only depends on A; and B; only through the set of entries
T; UT; £ Uj. Since UjNUy = 0 for all j # j' ¢ Jo, it follows that As(u, j)Ba(v,j) are
mutually independent for all j € F'N Js. Therefore,

P Z As(u, ) Ba(v, j) > Tmax + 5logn | Quv
JEFNTs

<P {Binom(nB, 1) > Tmax + 5logn | Quy} < n~ %, (52)

where Tpmax = 2np (wmaxps + 9n2p434) and the last inequality follows from Corollary 16

with v = 13 1 logn.

Incorrect Seeds in Type 5: Let I = [n]\ F denote the complement of F' in [n]. Then,
F corresponds to the set of incorrect seeds w1th |F‘ =n(1— /). Note that As(u,j) depends
on A; through the set of entries given by 7; = {{z jriie NGl( )} and Ba(v,7(j)) depends

on By through the set of entries given by Ty 2 {{i,7(j)} : i € N9 (v)}. Thus As(u, 5)
and By (v, 7(j)) are independent when T ﬁT = (), which occurs if and only if j ¢ N&2(v)
or 7(j) & N (u). We define J = N2 (v) N (NGl( )), and have ‘J‘ < b, < 3nps under

the event R,,. Then, we separately consider the incorrect seeds depending on whether
jed.

e For je FnJs\J,

p2 =P {As(u, ) Ba(v,7(5)) = 1 | Quo}
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=P {AQ(U,]) =1 ’ qu} X P{BQ(Q}?W(])) =1 ’ qu}

9
= (1= (L=ps)™) (1= (L =ps)'ei+) < Jn?p's’,
where the last two steps follow from the similar reasoning as in (47).

e For j € FNJsnN J. , we divide the analysis into two cases depending on whether
A1(4,7(j)) = 1. On the one hand,

P{{AZ(u7j)BQ(U77T(j) = 1} N {Al(jvﬂ'(])) = 1} ‘ qu}
<P{{A:1(j,7(j)) = 1} | Quv} < ps.

On the other hand, letting A, £ {Ji e NG (W) \ {7 ()} : A1(4,5) = 1},

P{{AQ(U,j)BQ(U,ﬂ'(j) = 1} N {Al(jaﬂ-(j)) = 0} ’ qu}
=P {A, N{B2(v,j) = 1} | Quo}

WP LA, | Quod x PUBa(v,5) = 1} | Quo}
<P{A(i,j) =1,3i € N9 (u) | Quo} x P{B1(i,5) = 1,3i € N°2(v) | Quo}

(2)
ansv

where the equality (a) holds as A, and {Ba(v,7(j)) = 1} are independent. This is
liecause A, depends on T} £ i, 5} i € NG (u)\ {m(4)}}, which is disjoint with
Try = {{i, ()} i € NG (v)}; (b) follow from the similar proof in (47).

Combining the last two displayed equations yields that

np?s?.

W N

. . 9
p3 = P{As(u,j)Ba(v,7(j) = 1| Quo} < ps+ Zn2p484 <

Note that As(u,j)Bz2(v,n(j)) are dependent across different j € F N .Js and thus
we cannot directly apply Bernstein’s inequality. To see this, observe that conditional
on Quu, A2(u,j)B2(v,m(j)) depends on A; and B; through the set of entries given by
T;UTx) £ U;. Therefore, for any pair of j, i € F'NJ5 with j # j/, As(u, j)Ba(v,7(j)) and
As(u, j")Ba(v, m(j")) are dependent if and only if U;NU; # (), which occurs if and only if j* =
7(j) or j/ = m~1(j). Hence, we construct a dependency graph T for {As(u,j)Ba(v,7(5))},
where the maximum degree A(T") equals to 2. Thus, applying Theorem 18 with K = 1,

o2 = ‘Fn Js \ j‘ po(1 — po) + ‘Fﬂ Js N j’ us3(1 — pg), and v = 4logn yields that
_ . 25 —4
P Y As(u,§)Bav, (4)) > Ymax + - logn | Quo p <7, (53)
jEFNJs

where ymax = n(1 — B)ua + n?p®s3 + 51/15n3ptstlog n.
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Finally, combining all types of seeds and taking an union bound on (48), (49), (52) and
(53), we get
P {WQ(Uu U) > Tmax T Ymax + 22Zmax + wmax + 28 IOgn ’ qu} -1 (Ruv)
<3- n=r +nt< n*%,

where zmax = %n2p353.

E.4 Proof of Lemma 11

Recall that d, = }NGO (u)‘ ~ Binom(n — 1,p). In view of assumption nps? > 128logn,
applying Lemma 14 gives that

P {du > %(n - 1)p} <n 4 (54)

Let R, denote the event {d, < 3(n —1)p}.
For any two vertices u,v € [n| with u # v, let E,, denote

Euv = NGO(U)’NGO(U)} .

Conditioning on FE,, such that R, and R, are true, we separately consider two cases:

dy, <d, and d, > d,.

Case 1: d, < d,. By definition, we have a, ~ Binom (d,,s) and a, ~ Binom (d,, s).
Applying with Bernstein’s inequality given in Theorem 15 with v = % logn and K =1
implies that

15

15 )
P{au > dys + \/2dus(1 —s)logn + ilogn | Euv} <n 1, (55)

15

1
P {av < d,s— \/;dvs(l —s)logn — glogn | Em,} <n 1, (56)

Under the events R, and R,, we have

1 1 5
dys + \/;dus(l —s)logn + glogn - (dus - \/;dw(l —s)logn — 5 log n)

15 15
< \/2dus(1 —s)logn + \/2dvs(1 — s)logn + 5logn

< 24/10nps(1l —s) + b5logn = 7.

Taking the union bound over (55) and (56), and noting that Ty, C {a, — a, > 7}, we have
—_— _15
]P){Tuv|Euv}§]P){au_avZT’Euv}§n 4.
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Case 2: d, > d,. Following the similar proof, we can get
- 15
P{Tuv ’ Euv} < P{bv —b,>T | Euv} <n 4.

Combining the two cases gives that

15

P{Tw | Eu} - 1(RuNRy) <n” 4. (57)
Finally, since n is sufficiently large, applying (54), (57) and the union bound yields

P{Tu} =B, [P{Tuw | Buv}]
=Ep,, [P{Tw | Bw} - 1(RuNRy) +P{Tu | Euw} -1 (RuNRy)]
<Ep,, [P{Tw | Ew} - 1(BuRy)] +Ep,, [1(RiNR,))]

_15 4 _7
<n 1 +2-n"<n"z.

E.5 Proof of Lemma 12

Since Ymax = np*s® + \/Tnp2s2logn + %1ogn +2 < 3logn due to np? < ——, we have

logn?’

lmin + Mmin — Tmax — Ymax — 2Zmax — wmax — 28 logn

T 9,04 T 235 3,5.5 \/35 5
> D _! _ 22,208,244 _2 34 4
2 54" Bp“s nPs 21n°p°s 16n Bp?stlogn 2\/1571 pistlogn
15 /3 ., , 2 9 2 4.4 2,33
— 3 inp s*tlogn —2np { 3ps logn—i—znp s* )] —10n“p°s® — 46logn
+n(l = B) (1~ (1 - ps)®v) ((1 —ps)P\v — (1 - pS)b“\”> : (58)

To bound from below the last term in (58), we have

(1= (1 =ps)) (1 = ps)Pie = (1 = ps) )
(a)

2 (1= =ps)*™)((1—ps)"—1)

(b) 5 o

> —a,Tp°Ss
© 3.3 15 3 3

> —3np®s3y/10nps(1 — s)logn — 5 s logn,

where (a) follows from b\, — b\, = by — by < 7 and (1 — ps)® — (1 —ps)¥ > (1 —ps)” — 1
when x —y < 7; (b) holds due to Bernoulli’s Inequality: (14 x)” > 1+ ra for every integer
r > 0 and every real number x > —2; (¢) follows from a, < %nps and the definition of 7
given in (29).

Combining the last two displayed equation gives that

lmin + Mmin — Tmax — Ymax — 2Zmax — ¢max — 28 logn

7 7 35
> ﬂn26p284 - 1n2p335 —21n3p°s® — \/167125])234 logn — 54/ 15n3ptstlogn
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—2np <3ps logn + ZnQ 4 4) 10n2p3s® — 46logn

15
— 3n%p®s>\/10nps(1 — s) logn — ?nzp?’s?’ logn. (59)

In view of (59), we can guarantee Iy + Mmin — Tmax — Ymax — 22max — Pmax — 28 logn > 0
if the following inequalities (60)-(65) hold. We next verify (60)-(65) hold.

By assumption that 8 > 600 log” ,np? <

logn’ and n is sufficiently large, we have

1 logn
2280264 > 2,24 600
40" pp7s ST nst
>15n2p%s? - plogn (60)

15 7
>n?p3sd(— 5 logn + 10 + 132 + 21np?s?),

60010 n
n2p 34 )

6001
QBp > 2 Bp 24 og4n \/ n2pp2stlogn. (61)
15 n2p2s

By assumption 8 > 600 4 , we have

we have

By assumption g >

1 1
g Pt = oon®p?st 600\/ " > 5v/15n3pistlogn. (62)

30
By assumption 8 > 600;"54", we have
600 log n
28p264 > — 2yt .

By the assumption that nps® > 128logn, np? < and n is sufficiently large, we have

logn’

2[3]9254> nﬁps2 12810gn+ 26]9 -np?logn

15
. (64)
>2nf <3ps logn + 4n2 4 4),
By the assumption 8 > 600 M, we have
1 1 p3(1 —s)1
@n25p 60 n*p?s? 600\/ (1= s)logn > 3n2p3s31/10nps(1 — s) log n. (65)
s

Thus, we arrive at lyin + Mmin = Tmax + Ymax + 2Zmax + Pmax + 28logn.
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E.6 Proof of Theorem 2

Given any two vertices u,v € [n| with u # v, we let Wy, denote
Wyw = {Wa(u,u) > Wa(u,v)} U{Wa(v,v) > Wa(u,v)}.

We will prove Wy, happens with high probability. We condition on (., such that the event
R, is true. Then, we consider two cases: b, — b, < 7 and a, —a, < 7.

Case 1: b,—b, <.

Let Wnin = Imin + Mmin and Wmax = Tmax + Ymax + 22max + Ymax + 28 log n. According to
Lemma 7 and Lemma 9, Wa(u, u) > wpiy, with high probability, and Wa(u,v) < wmax with
high probability. Since wmin > Wmax according Lemma 12, we get that Wa(u, u) > Wa(u,v)
with high probability. More precisely, if R, occurs,

P{Wa(u,u) < Wa(u,v) | Quot

(a) (b)
<P {Wa(t, 1) < Winin | Quot + P {Wa(1,0) > Wnax | Quo} < 2173,

where (a) is based on the union bound; () is based on Lemma 7 and Lemma 9.
Since {Wa(u,u) > Wa(u,v)} C Wy, it follows that,

P{Wao | Quo} < PAWa(u,u) < Wa(u,v) | Quo} <217 3.

Case 2: a, —a, <T.
We can lower bound Ws(v,v) analogous to Lemma 7, and prove that the lower bound
is no smaller than the upper bound of Ws(u,v) in this case. Then,

P {Woy | Quo} < P{Wa(v,v) < Wa(u,v) | Quo} <2-n7 2.
Since Tyy = {ay — ay < 7} U {b, — b, < 7}, applying the union bound yields that

P{Wuv | Quo} - 1 (Ruw N Touw)
=P {Wu | Quov} - 1 (Ruv) - 1 (Two)
<P{Wuo | Quo} - 1 (Rup) - 1 (by — by < 7)
+P{Wuo | Quo} - 1 (Ruw) - 1 (ay —ay, <7) <4-m7 3.

NI~

Then, applying Lemma 6 and Lemma 11 yields that

P{Wuw} =Equ, [P{ W | Quo} - T (Ruw N o) + P {Way | Quo} - 1 (R N T
<EqQ,, [P{ W | Quo} - 1 (Ruy N Tow)] + Eq,, [1 (Ruw 0 To)]
<6 - nz.

Finally, applying the union bound over all pairs (u,v) with u # v, we get that
P () Wuwp21-Y P{Wu}>1-6-n2>1-n"
u,vE[n),u#v uFv
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Assuming W 1s true, we next show that the output of GMWM, 7, must
be equal to 7*.

We prove this by contradiction. Suppose in contrary that @ # #n*. Assume the first
fake pair is chosen by GMWM in the k-th iteration, which implies that GMWM selects
true pairs in the first k£ — 1 iterations. We let (uk,vk) denote the fake pair chosen at
the k-th iteration. Because mu,ve[n},u;év W is true, we have Wy (uk,uk) > Wo (uk, vk) or
Wo (vk, vk) > Wy (uk, vk). We consider two cases. The first case is that (uk, uk) or (vk, vk)
has been selected in the first k£ — 1 iterations, in which case the fake pair (uk,vk) would
have been eliminated before the k-th iteration. The second case is that (uk, uk) and (vk, vk)
have not been selected in the first k£ — 1 iterations. Then, GMWM would select one of them
instead of (uk, vk) in the k-th iteration. Thus, both cases contradict to the assumption that

GMWM picks a fake pair in the k-th iteration.

u,vE[n] uFv

Hence, GMWM outputs n true pairs. Then, we have P{m = 7*} > P N Wy ¢ >
u,vE[n]

uFv
1—n"l.

Appendix F. Proof of Theorem 3

Suppose nps? — logn = ¢ for ¢ < +oo. Recall that Gf* is the graph obtained by relabeling
every vertex i in G by 7*(i), and the intersection graph GT A Gy includes the common
edges in both GT~ and G3. Since GT~ A Go ~ G(n, ps?), Bollobés (2001, Section 3.1) shows
that the distribution of the number of isolated vertices in GT~ A G converges to Pois(e™¢).
Let F; denote the event that there are at least three isolated vertices in GT~ A Ga. Then
P{Fi} =Q(1).

Let F> denote the event that there are at least three isolated vertices that are incorrectly
seeded in GT~ A Gy. Since we construct the seed set by choosing nf3 correct seeds uniformly

n—3

from n vertices, it follows that P{F2} > P{Fi} (("f)) =P{F} (";!3)! ' (é?l(;@)! =Q((1-
nB

B)?).

Since the prior distribution of the ground truth permutation 7* is uniform, the maxi-
mum likelihood estimator (MLE) 7y, is equivalent to the maximum a posterior probability
(MAP) estimator, both of which minimize the error probability P {7 # 7*} among all pos-
sible estimators. Below, we will show that the probability with which MLE recovers the
correct matching 7* is at most Q((1 — 3)3).

Recall that A; and B; are the adjacency matrix for G; and Go, respectively, and 7 is
the partially-correct seed mapping. Let S(m) denote the set of all possible permutations
7w on {1,2,...,n} such that 7(i) = 7(¢) for exactly nf vertices. Under the model given in
Section 2, the maximum likelihood estimator Tasy, is

Ty = argmaxP{Ay, By, 7 | 7} .
7eS(m)

We next prove that 77, may not be 7*. Our key idea is to show that there exist multiple
7 € §(m) that differ from 7*, with

P{Ay, By, 7w |7} >P{A;, By, 7w | 7*}.
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Towards this end, we first derive an expression for P{A;, By, 7 | 7} given that the true
mapping is 7 in S(7). Note that

P{A),Bi,7 |7} =P{r |7} P{A1, B | 7,7} =P{n | 7} P{A1, B: | 7}, (66)

where the last equality holds because the seed mapping 7 is generated independently from
the graphs G; and Gy. For any 7 € S(m), since 7 and 7 coincide at exactly n/ vertices, we
can get

1
() 1 (n(1 = B))

where !k is the k-th derangement number. A derangement is a permutation of the elements
of a set, such that no element appears in its original position. The k-th derangement number
is the total number of such derangements when the set has k elements.

For P{Ai, By | 7}, by definition of the correlated Erdds-Rényi model, we have

P{r |7} = =P{r |77}, (67)

ps® if Ai(i,75) = B1(7(i),7(j)) = 1,
P{A1(i,5), B1(7 (i), 7(j)) | 7} = { ps(1 — ) if A1(i,75) + B1(7(2),7(j)) =1,
1—p+p(l—s)® if Ai(i,j) = Bi(7(i),7(j)) =0

This formula can be rewritten as

ps2(1 — 2ps + ps?)
P51 — o)

+ (A1(i, ) + B1(7(5),7(j))) log ps(1— s)

1 — 2ps + ps?
+ log(1 — 2ps + ps?).

log P {A1(i, ), B (7 (i), 7(5)) | 7} =A1(4, 7) B1 (7 (i), 7(5)) log

Since {A1(¢,7), B1(7(i), (7))} is independent across different pairs of vertices, we have

logP{A1, By |7} = Y logP{A(i,]), Bi(7 (), 7(4)) | 7}

1<i<j<n
(1 —2ps + ps*)

1 R R 2
:§<A1, 1B, 117) log ps

P o)
1—3s)
1741+ 1781 log - P =9)
+( 1 + 1)0g1—2p8+p82
+ (n2 —n)log(1l — 2ps +p82), (68)

where II is the permutation matrix corresponding to 7, (-,-) is the Frobenius inner prod-
uct, and 1 is a n X 1 vector whose entries are all 1’s. Because A; and B; are observed
and fixed, maximizing log P {A1, By | 7} is equivalent to maximizing (Ay, [1B{1I7) over all
permutations 7 € S(m).

Based on (68), we can now specify the alternative 7 € S(m) such that P{A;,B; | 7} >
P{A;,B; | 7*}. Let I denote the union of the set of correct seeds and the set of all non-
isolated vertices in GT A Gg3. Then, its compliment 7€ is the set of isolated vertices that
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are incorrectly seeded in GT" A Ga. Let S () denote the set of all possible permutations
7 € S(m) such that 7 coincides with 7* on the set I, i.e., (i) = 7*(i) for ¢ € I. Then, we
must have 7* € §(7) C S(m). Note that for any 7 € S(7w) C S(w), we have

(A, TIBTT) > > Ay(i, ) Bi(7(i), 7(j))
(i,5)elxI

@ > AL 5) B (i), 7 ()

(i,§)eIxI

2 Y GBI G), (69)
(i-3)€n]x[n]
where (a) follows from 7 (i) = 7*(4) for i € I, and (b) holds due to A1 (7, j)B1(7*(3), 7*(j)) =
0 for all (7,7) ¢ I x 1.
Combining (66), (67) and (69), for any 7 € 5’(77), we have

P{Al,Bl,ﬂ ‘ %} :P{Al,Bl ’%}P{ﬂ ‘ %}
>P{Ay, By | m*}P{r | 7"}
:P{Al,Bl,T(‘W*}.

It remains to count the number of such @ € S(). Towards this end, we first show below
that every derangement of I¢ corresponds to a distinct 7. Let X = {k : k = 7(¢),i € I}
and Y = {k : k = 7*(i),7 € I°}. Note that |X| = |Y| = |[[¢]. Welet f: X — Y
denote an injective mapping such that f(z) = x for every z € X NY. We thus have
Y ={k: k= f(n(i)),i € I°}. Then, let 7’ be a permutation on {1,2,...,n} such that
7'(i) = 7*(4) for i € I and 7'(i) # f(m(i)) for i € I¢. Thus, {k : k = 7/(¢),i € I°} must be
a derangement of Y = {k : k = f(n(i)),7 € I°}. We can conclude that every derangement
of I¢ corresponds to a distinct /. It only remains to show that every such 7’ € S. First,
for i € I¢, we have 7'(i) # w(i). This is because, (i) if (i) € X NY, then 7'(i) # 7(i)
due to f(n(i)) = n(i) and 7'(i) # f(x(i)); (ii) if 7(i) ¢ X NY, then 7'(i) # 7(i) due to

7(i) ¢ Y. Second, we have 7'(i) = 7*(i) for i € I. Thus, we must have 7’ € S. In summary,
every derangement of I¢ corresponds to a distinct 7 € S(7). By counting the number of

derangement of /¢, we can then conclude that ‘g’(w)‘ > (MI9).

Note that 7* also belongs to S(7). Hence, there are at least (!|1¢|—1) different incorrect
permutations in Si (m) whose likelihood is at least as large as the ground truth 7*. Thus,
the MLE is correct with probability at most 1/(!|I¢|). Note that on the event F», we have
|I¢| > 3. Therefore, MLE is correct with probability at most 1/2 conditioned on F5. In
conclusion, MLE is correct with probability at most (1/2)P{F} = Q((1 — B)3).
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