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Abstract

Statistical modeling and inference problems with sample sizes substantially smaller than
the number of available covariates are challenging. Chakraborty et al. (2012) did a full
hierarchical Bayesian analysis of nonlinear regression in such situations using relevance
vector machines based on reproducing kernel Hilbert space (RKHS). But they did not
provide any theoretical properties associated with their procedure. The present paper
revisits their problem, introduces a new class of global-local priors different from theirs,
and provides results on posterior consistency as well as on posterior contraction rates.
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1. Introduction

Regression techniques are widely used virtually in any field demanding quantitative anal-
ysis. Even until today, much of this analysis relies on a linear relationship between the
predictors and the response variables. This, however, is often more a convenience than
reality. There is no dearth of problems of applied interest where the linearity assumption
fails, and non-linear regression is called for. Fortunately, recent advancement in computer
capability has allowed statisticians to tackle such non-linear regression problems. In addi-
tion, statisticians are now able to handle data where the number of covariates (say, p) far
exceeds the sample size (say, n), a situation of natural ocurrence, for example in microarray
experiments, image analysis, and a variety of commonly encountered problems in medicine,
business, economics, sociology and others.

Chakraborty et al. (2012) considered one such problem arising from near infrared (NIR)
spectroscopy where spectral measurements typically produce many more covariates (wavelets,
channels) than calibration measurements (samples). They considered a full hierarchical
Bayesian analysis of such data using relevance vector machines (RVM’s). RVM’s are ma-
chine learning techniques, originally introduced by Tipping (1999, 2001) and Bishop and
Tipping (2013). These authors essentially used an empirical Bayes procedure involving
Type II maximum likelihood (Good et al., 1966) estimators of prior parameters. Unlike
them, Chakraborty et al. (2012) used a hierarchical Bayesian procedure by assigning dis-
tributions to the prior parameters. Hierarchical Bayes procedures typically hold advantage
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over empirical Bayes procedures in that unlike the latter, they can model the uncertainty
in estimating the prior parameters, thus are particularly useful for prediction.

The RVM regression approach of Chakraborty et al. (2012) was based on reproducing ker-
nel Hilbert space (RKHS). While they could implement their procedure via Markov chain
Monte Carlo (MCMC), they did not establish any theoretical properties of their method.
The basic objective of this paper is to provide theoretical underpinnings to the problem
introduced by Chakraborty et al. (2012). We have introduced a class of global-local priors
different from the ones of Chakraborty et al. (2012). Global-local priors are widely used in
high-dimensional statistics, for example, by Carvalho et al. (2010), Polson and Scott (2010)
and many others. One of the attractive features of our priors is that they can handle both
sparse and dense situations, and the asymptotics are based on the sample size n tending to
infinity.

Our paper essentially consists of two parts. In the first part of this paper, we have proved
under minimal assumptions posterior consistency as well as posterior contraction rate for a
bounded kernel which includes the well-used Gaussian kernel under some mild conditions.
As mentioned, the results are very general where the number of covariates can far exceed
the sample size n. The prior used is a certain class of global-local priors, and the global
parameter plays a key role in establishing posterior consistency as well as posterior contrac-
tion. With appropriate choice of this parameter, we are able to obtain asymptotic minimax
posterior contraction rate as well. The second part of the paper deals with polynomial
kernels where we are able to establish posterior consistency as well as posterior contraction
rates.

The outline of the remaining sections is as follows. We have introduced the hierarchical
Bayesian model in Section 2 for bounded kernels with fixed kernel parameter and have de-
rived the marginal posterior of the regression parameter of interest. Section 3 deals with
the bounded kernel and posterior consistency and contraction are established under the
proposed model. Section 4 deals with results involving polynomial kernels with fixed kernel
parameters. Some final remarks are made in Section 5.

2. Hierarchical Regression Model Based on RKHS

In this section we introduce the reproducing kernel Hilbert space (RKHS) and hierarchical
Bayesian model based on RKHS.

2.1 Regression Model Based on RKHS

For a regression model, we have a training set {y;,z;},i = 1,2,---,n, where y; is the
response variable and x; = (z;1, - - - ,xip)T is the vector of covariates of size p corresponding
to y;. Given the training data our goal is to find an appropriate function f to predict the
response y in the test set based on the covariates . This can be viewed as a regularization
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problem of the form
min[3i L(y;, f (@) + AJ(f)] (1)
fer

where L(y, f(x)) is a loss function, J(f) is a penalty functional, A > 0 is the smoothing pa-
rameter, and H is a space of functions on which J(f) is defined. In this article, we consider
H to be a reproducing kernel Hilbert space (RKHS) with kernel K, and we denote it by Hx .
A formal definition of RKHS is given in Aronszajn (1950), Parzen (1970) and Wahba (1990).

If f € Hi, we take J(f) = f |2, and rewrite (1) as

min ZL Yir f(@i)) + AT [l ] (2)

The estimate of f is obtained as a solution of (2). It can be shown that the solution can be
written as a finite sum (Wahba, 1990) and leads to a representation of f (Kimeldorf and
Wahba, 1971; Wahba et al., 1999) as

f(@) = i1 5, K (, ;). (3)

It is also a property of RKHS that

| Zﬁ] . :L'] HHK Z BiBi K :BZ',CL']').
j=1

3,j=1

To obtain the estimate of f we substitute above equation and equation (3) in (2) and then
minimize it with respect to (8;,- - , 8,) and the smoothing parameter \.

There are a wide variety of kernels in literature, and according to Duvenaud (2014) three ba-
sic kernels among them are the Gaussian Kernel(or squared-exponential kernel): K (z;,z;) =
UJ% exp(—(z; — z;)%/0)), periodic kernel: K (z;,z;) = UJ% exp (—l% sin? (le;fm])) and linear
kernel: K(z;,z;) = a]%(xi —¢)(xzj — ¢). There are many ways to combine known kernels
to get new kernels with different properties. This allows us to include as much high-level
structure as necessary into our models. Two popular ways to combine kernels are addition

and multiplication. A thorough discussion on the topic can be found in Duvenaud (2014),
Hofmann et al. (2008), Shawe-Taylor and Cristianini (2004) and Slavakis et al. (2014).

In this paper we study the following two reproducing kernels K:
(a) The Gaussian kernel Ky(x;, x;) = exp{—||z; — z;||*/0}, 6 > 0,
(b) The polynomial kernel Ky(x;, @;) = (z; - z; + 1)?, 0 > 0.

We can see that the Gaussian kernel is stationary, meaning that its value only depends
on the difference x; — x; and the RKHS generated by the Gaussian kernel is infinite dimen-
sional (Slavakis et al., 2014), while the polynomial kernel is nonstationary and the dimension
of RKHS generated by polynomial kernel is finite.
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2.2 Hierarchical Bayes Relevance Vector Machine

Begin with the model y;|0, X, By, 0 i N(KL B, 0% with KI' = (Kg(zi,x1), -+, Ko(xi, 1)),
i=1,---,n. WealsoletY;, = (y1,--- ,yn)?, X! = (x1,--- ,x,) and K = (K1, -+ , Kpn).
We call K, the matrix associated with kernel K. In the following, we always assume the
parameter 6 is fixed.

The following hierarchical prior is assigned for the unknown parameters 3,, o2

Model 1:

(i) Bn|0'27 AZL ~ N(O’GQTT%A?Q’L)’A?Q’L = diag()\%, T 7)‘121) )

(i) 0% ~ IG(a/2,b/2),

(i) 2 " p(N?)

where a,b > 0 are constants not depending on n, parameter 7, and prior distribution p(\?)
will be specified in the following theorems.

Remark 1 Here we assign a global local shrinkage prior to the coefficient B,, and the
parameter 72 is called the global shrinkage parameter. The \; on the other hand are local
shrinkage parameters. Global local shrinkage prior is widely used in high dimensional regres-
ston problems nowadays, and it can lead to posterior consistency, see Ghosh and Chakrabarti
(2017), Van Der Pas et al. (2014) and Song and Liang (2023). Our model is essentially a
linear model, and K, in our case becomes the design matriz with coefficient B3,. We need
to add some regularization conditions on K,, and also on the prior distributions of \2. Our
model is similar to that of Ghosh and Chakrabarti (2017), but we assume o is unknown,
which makes our analysis more complicated.

With these priors we get
W(Bna 0-2; Ai|Yn7 Xn)

—n—a/2— -1/2 —b— IBnT 7—n_2A7:2 Bn — (Yn — K8, r Y, — K;(n
(o) (A2) A2 e o A0 = (B~ Kl ) )y
(4)
Bnlo® A2, Yy, X,y ~ N((K2 + 7, 2A, ) K, Y, 02 (K2 + 7,2 A5 7)), (5)
m(o? A2|Y,, X,)
—n/%—a/2— —1/2 _9 . _9,—1/2
(o) 722 L (A2) A2V K A (©)
—b—- Y, '(I, - K,(K?+7,2A,,2)7'K,)Y,
X exp| 552 I;

W(A%‘Ym Xn)

- —nj—arz (1)
(AL + 7 2L, 0+ YT (T, — Ko(KE + 72800 T Y)Y,

2.3 Notations

For a vectorv € R", || v [|2.n= (Z?Zlvf)% denote the ls norm. Let Apax = max{As, -+, A\n},
Amin = min{A1, -+, Ay }. dy <X ¢, denotes d,, = O(qy,).
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3. Hierarchical Bayesian Model with Bounded Kernel

In this section, we consider the case where Model 1 has a bounded kernel with fixed param-
eter 0. Before studying the property of the posterior distribution, we state some regularity
conditions on the matrix K,, and the true model parameters Gy, 0(2) .

Regularity conditions:
(A1)(Bounded Kernel) The design matrix X,, satisfies

al, < K, <cl,

for sufficiently large n, where c¢1,co > 0 do not depend on n.

We now verify that (A1) holds for the RKHS with Gaussian kernel if the different columns
x; are sufficiently apart.

Lemma 2 Let K,, be the matriz associate with Gaussian kernel , if |x; — z;||*> > k(n) =
20logn for sufficiently large n for i # j, then there exists N > 0 such that when n > N,
(1- L)1, <K, < (1+1)L,.

Proof: It suffices to show that for every ¢ # 0, ¢! K, c < (1 + %)cTc for large n. But
CTKnC
<EL¢i® + Si<igjznlcille;l/ exp(k(n) /6)
=(Bie” + [(Bylal)? - Zii6®)/(2exp(k(n) /6))

< [1 — W] e 2

1
< <1 + > cle,
n

for sufficiently large n. Similarly, we have ¢ (p7?K,)e > (1 — 1) cle. [ |

nxi ¢
2exp(k(n)/0)
2

Remark 3 The condition that different columns x; are sufficiently apart as n — oo seems
counter-intuitive. This condition will not hold if the data points x; are in a compact set
in R, d is a fized integer. However, the dimension p of x; in our paper also goes to
infinity as n — oo, and we do not restrict our data points on a compact set. So condition
|z:i — ;||> > k(n) = 20logn for sufficiently large n for i # j is attainable, and will be
satisfied if p > n.

Remark 4 In contrast to Ghosh and Chakrabarti (2017), who assumed K, = I, condi-
tion(A1) requires only boundedness of K,, in both directions.
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We now introduce the true model Y;, = K,Bo, + €., where Bo, = (Bo1, - ,Pon)’ and
€, ~ N(0, agIn). We define ¢, as the number of nonzero elements in Bp,. Our objective
is to evaluate the performance of our proposed procedure in relation to the true model. In
particular, we demonstrate mean squared error consistency of the hierarchical Bayes esti-
mator under certain regularity conditions. To this end, we first make there assumptions
(A2)- (A4) in addition to (Al):

(A2) [|Bonll2 = Olan),

(A3) g, = o(n),

(A4) 03 =0(1).

Remark 5 Condition (A2) is called sparsity assumption, it is reasonable in RVM model,
because as shown in Tipping (2001), they find in practice the posterior distributions of
many of the weights(B; in our settings) are sharply peaked around zero, and they term those
training vectors associated with the remaining non-zero weights ’relevance’ vectors.

Remark 6 Regularity condition (A3) and condition |Boin| = O(1) will imply regqularity
condition (A2), so we can also make condition |Bo;n| = O(1) as regularity condition(A2)
to get all of our results in this paper, however, condition ||Bon||3 = O(qn) seems more nat-
ural here. Indeed, when the regression function f(x) = Z;‘:l BiK (zj,x), the assumption
| fller < Cf can be rewritten BT K,B < Cy and by Assumption (A1), we only have to assume

that ||8]|3 < C¢/ca. This improves the connection to Gaussian processes and nonparametric
estimation in RKHS.

Theorem 7 Assume conditions (A1)-(A4) hold. Consider the priors assigned to A, and
o2 in Section 2.2. Then if 72 = O(n™2) and

/ Mp(A2)dX\? < oo,

EO H E(Knlﬂn’Yna Xn) - KnIBOn H%,n: O(n)

as n — 0o, where Eqg denotes expectation under the true model.

Remark 8 This theorem holds for both p < n and p > n.
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Proof of Theorem 7: First we calculate

E(Knﬂn‘ym Xn) - Kn/@On
E(E(KBnlo?, A7, Yo, X0)[Ya, X) — KnBon
E[K, (K + 7,2 AL ) T KoY Yo, Xal) — KnfBon
E[Kn(Kg + Tn_zAgZ)_lKn(Yn — K Bon)| Yo, Xn)
+ E[Kn (K, + 7, AL %) ™ K Bon | Yo, Xon] — KnfBon
:E[KH(K’% + Tn_QAZQ)_lKn(Yn — KnBon)|Yn, Xn]
+ EK (K + 7 A% T K + 7 A — 72 AL %) Bon | Yo, Xn) — KonfBon
:E[Kn(Kg + TJZAgz)ilKn(Yn — KnBon)|Yn, Xn]
— E[K, (K2 47, 2A,2) 11,2 A, 2 Bon| Y, X
=I-11,

where we let the first term in the second last equality in (8) be I and the second term be I1.
In view of (8), it suffices to show that Eq || I ||%n: o(n) and Eg || I1 H%nz o(n).

In order to prove these results, first we recall the matrix result that if A > B, that is
A — B is nonnegative definite, then cACT >cBCT.

Next recalling (A1),

1113,
<E[(Y;, — KnBon) Kn(K2 +7.2A, ) ' K2(K2 4 7, 2A2) LK, (Y, — K. Bon) | Yo, X
<AR[(Y; — KuBon) Kn (K2 +7,2A,2) 2K, (Y, — K,.800) | Yo, X0
=c2E[(Y,, — KnBon) ' Kn(K2 +172A;) 7 V2(K2 + 7720271

(K2 + 120272 K (Y, — K Bon) Y, X

<EE((Y;, — KnBon) T Kn(K2 +772A,%)72(K2) ™!

(K2 4+ 7 2A )T V2K (Y — KnBon)| Yo, Xl
<(3/)E((Yn — KnBon) Kn(K} + 7,2 A,%) 7 Ko (Yo — KpBon)| Yo, Xon)
S(C%/C%) (Y, — Knﬂ()n) (K. TzAan)(Yn_KnﬁOnNYan]
<72(C%/Cl) (Y, — Knﬁon)TAIZnaXKTZL(Yn — K. B0n)| Yy, X

4 2

CoHT,
<2

|
max

[)\ Y, Xn] ' HYn - Kn/BOn”%,n’

Cl
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Next applying the Cauchy-Schwarz inequality and the fact that [|Y,, — K,Bonl3, ~ ogx;
under the true model Y,, ~ N (K,Bon, 021,),

[ [ maz‘anX ] ||Yn_KnB0n||%,n]
<Ey2(E2[A2,..| Y, X )ES (Y — K, 4

(B M| Yo, X EY [ Ve, — KnBonll2.,,]
<E P (BN g0l Yo, X)) - B> (03X2)?

max |

=By (A 0) - /(0 + 2)o

<E¢/? ZA4 \/n(n+2)od (10)
=(Z EoX{)'/? - y/n(n+2)o}

—fEl/Q(A4) n(n + 2)o
The result now follows from (9) and (10) since 72 = O(n™2) .

Next using 31, < K2 < c¢2I,, and assumption (A2),

1113,
<E[|| K, (K7 + 7, 2A,2) 1, 2 A2 Bon13 | Yo, X
= E[BL AA(K? + 1 2A ) T K2 (K2 4 7202 T A 2 Bon | Y, X
<A EBL A2(K2 +772A, ) 72 A 2 Bon| Yo, X (11)
<A E[BL A2 (AT, 4+ 7, 2A %) T2 A2 B0n | Yo, X
<A E[BL A PTAAL A2 Bon | Y, X
=3 1Bonll3,, = Olgn) = o(n).
This completes the proof of the theorem. |

Remark 9 The assumption of finiteness of the second moment of \> can be weakened. All
we need is the finiteness of the (1+0)th moment of A2, where § > 0. To see this, one applies
Holder’s inequality to get

[ [)‘2 ax’an Xn] ’ ||Yn - Knﬁ()nH% n]

_1 6 i
SES” (B A [ Yo, X BT [[| Y, — K on’ ]
<E1+5 (E[)‘?nal:r& ’Yna X ])E6+6 [HYn - KnIBOnH 6 ]

6 146
7 (AZNETT (Y, — KoBonl 2ot ).

max

Since HYn - KnIBOn”%,n ~ U%X?%J

EolllYa — KnBonllsa’ | = (63)' (:2) 415 = (203) 8 T(n/2 + 1/8 + 1)/T(n/2).
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Using Stirling’s formula, T'(n/2 4+ 1/6 +1)/T(n/2) < Cn/%*1 so that the second term in
the right hand side of (12) is bounded above by a constant multiple of n, also

EQZENET (20HY) < nEres (A7) (13)
By (12) and (13),
Eo[E[Nuxl Yo X - [ Ys = KnBonl3,,] < Cn'FrsErs (A7), (14)

Then Theorem 1 still holds since 72 = O(n™2).

n

Remark 10 The assumption of (1 + §)th moment of A2 holds for several distributions.
Ezamples include the common Gamma distribution, the inverse Gaussian distribution, Stu-
dent’s t-distribution with finite second moment, the inverse gamma distribution with shape
parameter greater than 14 8 and the beta prime priors p(A\%) oc (A2)*~1(1 4+ X2)=2=b with
b>1+0.

Remark 11 Checking the proof of Theorem 7, we can reformulate it as follows:
Assume conditions (A1)-(A4) hold. Consider the priors assigned to A, and o2 in Section
2.2. Then if 72 < n=3/2q, and

/ Mp(A?)dA? < oo,
EO H E(Kn'@n|Yn’Xn) - Knﬁ()n H%,n—\< dn

as n — o0.

Theorem 12 Assume conditions (A1)-(A4) hold. Consider the priors assigned to A,, and
o2 as in Section 2.3. Then if 72 = O(n=2) and

/ Mp(A2)dA? < oo,

then
Eo{tr[V(K.Bn[Yn, Xn)]} = o(n)
as n — 0.
Proof of Theorem 12: By (6) we have E(0?|A,,, Y, X,,) = b+Y"T(I"7K"(f§:_7’5_2A’72)_1K")Y”,

tr[V(KnBn|Yn, Xy)]
=trE[V(K,Bn|0?, A, Yo, X)) | Yo, X
+ trV[E(K,Bn|02, Ap, Yo, X,)| Yo, X,]
b+ Y, (I, — K,(K2+7,2A;2)K,)Y, (15)

=trE| K, (K2 + 71,2027 K, |Y,, X,]
n+a—2
+ trV[K, (K, + 7,2 A,%) T KL Y|V, X
=IIT+ 1V,
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where we let the first term in the second last equality in (15) be IIT and the second term
be IV.

Since K2 < 21, tr(K,?) < nc3. Hence, by Cauchy-Schwartz inequality,

b+ Y,TY, b+ Y1y,
IIT gm@[;( 222 K2)|Y,, X,)] < nrPEIN, Y, X, ]J“i
n+a—2 n+a—2
EY2(b +Y,TY;,)? (16)
<nATIEY? (M| Yo, Xin) non
n+a—2

We may note that under the true model Y,, ~ N(K, By, U%In), YnTYn/O'g is a noncentral
chisquared distribution with degrees of freedom n and noncentral parameter (8¢, K280,)/03.
Hence, E(Y,IY;,/02) = n + (BL,K2Bon) /0t and V(Y,1'Y,/03) = 2n + 8(BL, K2Bon) /03
Thus

E2 (b + Y, TY,)? <EY2126% + 2(Y,TY,)?) < Vo + B2 2(Y,TY,)Y
=V2b + V2[2n07 + 803 (84, K1 Bon) + (nog + (83, K7 Boa))?)/* (17)
<V2b + V22002 + 8c3qn + (no? + 3gn) Y2 = O(n)
Combining (16) and (17)
EolII <ncm2Eo[nEAH]Y20(n)/(n +a—2)

—<c2n3/27'2 = o(n).

IV = t?“V[ (K2 + T_QA_2)_1K (Y - Kn,@On + Kn/BOn)|Yn7 Xn}
< 2rV[K, (K2 4+ 7,20 K, (Y, — K.B0n)| Yo, X (18)
4+ 2tr VK, (K2 4 7,2 A, L K2 B0, | Yo, X

Now noting that #r[V(X)] < E||X||?, the 1st term in the RHS of (18)
< 2B[|| Kn (K7 + 7, °AL%) T K (Ve — KnBon) 30| Yo, Xal.
Then by (9), (10),we have
Eo{trV[K,(K? 4+ 7. 2A-2) " Ko (Y — KnBon)| Y, Xul} < gn = o(n). (19)
The 2nd term in the RHS of (18)

<2R[|| K, (K + 75, 2 A7) T K Bon 13, Yo, X

<2685, K (K + 7, ° A %) 2 K Bon

=26380, K (K} + 7,2 A %) V2K +7,2A,%) T (K + 7, AL TP K Bo
<2(c3/ ) Bon K (K + 7, * AL %) T K Bon

<2(c3/})Bon K (K32) ™ K2 Bon

= O(gqn) = o(n).

4

C
<22
51

10
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Hence,
Eo{trV[K, (K> + 7,2A,?) L K280, Yy, Xu]} = o(n). (20)

The theorem follows from (15)-(20). [ ]

Remark 13 Checking the proof of Theorem 12, we can reformulate it as follows:
Assume conditions (A1)-(A4) hold. Consider the priors assigned to A, and o as in Section
2.8. Then if 72 < n=3/2q, and

/ Mp(A2)dN\? < oo,
Eo{tr[V(K,B,Yn, X,)]} < an

as n — oQ.

Combining Remark 11 and Remark 13, we can get:

Corollary 14 Assume conditions (A1)-(A4) hold. Then with the prior assigned to A, and

. . _3
o2 in model 1, if T2 < n"2q, and

/ Mp(A2)d\? < oo,

EoP (|| KnBn — Kn/@OHH%n > Mpgn|Yn, Xp) =0
as n — oo, where M, — oo as — 0.

In particular, one may take M, = log(n/q,) to get the asymptotic minimax contraction
bound.

4. Hierarchical Bayesian Model with Polynomial Kernel

For a polynomial kernel, we can not apply Theorem 7 directly, because the regularity condi-
tion (A1) does not generally hold. For example, for polynomial kernel with fixed parameter
6 > 0, if the design matrix X, satisfies the orthogonality condition, namely, X, X! = pI,,,
then p?K, — I, — 0 as n — oo so that %paIn < K,, < 2p°I, for sufficiently large n,
which does not satisfy condition (A1). In this section, we consider the case when the design
matrix X, satisfies t;(n)I, < K, < ta(n)l,, ta(n)/t1(n) = O(1), where t1(n) and ta(n) are
functions depending solely on n.

We have the following posterior contraction result for polynomial kernels.

Theorem 15 Assume conditions (A2)-(A4) hold. Then with the prior assigned to Ay,
and o in Model 1, if ti(n)I, < K, < ta(n)I,, ta(n)/ti(n) = O(1), t3(n) < 10g(q£n) ;

7‘,% < n_3/2qn and

/ Mp(A2)dX\? < oo,

11
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n
Eo || E(KnBn|Yn, Xn) — KnBon H%,n< dn IOg(;)

n

as n — Q.

Proof of Theorem 15: This proof is almost the same as of Theorem 7. It suffices to show
that Eo || I [13,,< ¢n log(7-) and Eo || 11 13,0 @n log(7-) as n — oo.

Substituting ¢1(n) and ta(n) for ¢; and co in Theorem 7, we get

2 t5(n) Ty 1/2,\4 4 .3/2.2,2 n
Eo [ I [I3n< Vg 3 20n) Ey' “(AD) - \/n(n+2)o5 < n* rit5(n) < an log(q*) (21)
1 n
and
n
Eo || 1T [[3,< t3(n) b < n 10g(q*)- (22)
|

Theorem 16 Assume conditions (A2)-(A4) hold. Then with the same priors assigned to
A, and o2 in Section 2.2, if ti(n)I, < K,, < ta(n)L,, ta(n)/ti(n) = O(1), t3(n) < IOg(q%)’

7‘,% < n_3/2qn and

/ Mp(A2)dX\? < oo,
then

n

n
EO{tT[V(Kn/Bn’Ym Xn)]} < qn IOg(;)
as n — oQ.

Proof of Theorem 16: This proof is almost the same as of Theorem 12. Substitute ¢y,
¢z in the proof of Theorem 12 by t1(n), ta(n). [ ]

Combining Theorems 15 and 16 we get minimax contraction rate for our model.

Corollary 17 Assume conditions (A2)-(A4) hold. Then with the same priors assigned to
Ay and a* in Section 2.2, if ti(n)I, < Ky < ta(n)In, ta(n)/ti(n) = O(1), t3(n) < log(J),
T2 < n=3/2q, and

/ Mp(A2)d\? < oo,

Eo P (|| KpBrn — nﬂOnHZn > QnIOg(q WY, X)) = 0

n

as n — oQ.
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Remark 18 For polynomial kernels with fized parameters, if the design matrix is approz-
imately orthogonal , then we still have t1(n)I, < K, < ta(n)l,, ta(n)/ti(n) = O(1).

Theorems 15 , 16 and Corollary 17 hold if p° < /qn log(qﬂn), then p < n. Actually we have
the following lemma which describes the behavior of the kernel K when the design matriz

s approzimately orthogonal.

Lemma 19 Let K be a polynomial kernel with parameter 6 € |ar,ay], ar, > 1/2, and the
design matriz X,, satisfies

R | 1
p h(n)
mi'$j+1 1 . .
< 1 <i#j<n,
W

h(n) = 2ay - n, k(n) = n*. Then for sufficiently large n, there exists N > 0 such that when
n>N, (1-I, <p K, <(1+ 11, for all 0 € [ar,ap].

Proof: It suffices to show that for every ¢ # 0, ¢’ (p™°K,)e < (1+ %)CTC for large n. But
T <p79Kn) c
<" e 1—|—L 9+2 <izj<nlcille;| /KO (n)
216 h(n) 1<i#j<n|Ci||Cj
1 n
= (14 ) S+ (Sl — S 24 )

1\’ 1 ny2_ ;2
1 - - En_ i2 =1"
( *h(n)) 2k9<n>] = o)

0
1 1 1
<1 ! h(n)) "ot 2n4e—1] T’

1
< (1 + > cle, (since § >1/2).
n

<

Similarly, we have ¥ (p~’K,)e > (1 — L)cTe. [ |

Although we have to assume p < n to get posterior contraction results for polynomial
kernels, we can still get posterior consistency for the p > n case for polynomial kernels.

Theorem 20 Assume conditions (A2)-(A4) hold. Consider the same priors assigned to Ay,

and o2 as in Section 2.2, If t1(n)I, < K, < tao(n)I,, ta(n)/t1(n) = O(1) and t1(n) = 1,
2 < n_3/2qn

/ Mp(A2)dN\? < oo, / A 2p(A)d\? < oo,
then
EOP(”IBR - 5011”%,71 > MnQn|Yn7Xn) —0

as n — oo, where M, — oo as n — 00.

13
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Remark 21 For polynomial kernels, condition t1(n) = 1 implies p = 1, that is p — o0 as
n — oo.

Proof of Theorem 20: First calculate
E(Bu|Yn, X0) — Bon =E(E(Bnlo®, AL, Yo, X0)| Ve, X) — Bon
=E(K?+ 7, 2A2) " K, Y| Yy, X,)
—E[(K; + 7,20 (KR + 7,2 A7) Bon)]
:E[(Kg + TEQAEQ)ilKn(Yn — K,,Bon)|Yn, Xn]
—E[(K + 7, 2A,%) 717, AL Bon| Yo, X
=V — Va.

(23)

where we let the first term in the second last equality in (23) be V; and the second term be V5.

First, we show that Eq || V3 H%n< ¢n. Similar to (9) and (10) in the proof of Theorem
7, we get

t2(n) 712
Eo || Vi [30< v 2T EY2(38) - fn(n + 2)0d < n%/272 < g, (24)

t(n)

Next we show Eq || V2 [|3,,< gn, since K} > t{(n)1I,,

Eo || V2 3.0
<EoE[|(K} + 7,2 A %) 7 7 AL 2 Bon I3 0 Yo, X

<ty H(n)EoE[B0, (1, AL ) (K7 + 7, 2 AL ) T K (K + 73 AL %) ™ (1, 2 AL %) Bon Yo, X
=t (n)EoE[85, (K, + 7 A7) > Bon| Yo, X

=t (n) BR8], (K, 2 + T2 AL) V2K, 2 + 72 AL) (K, + 1 AL) T2 Bon| Vi, X

<ty (n)EoE[BY, (K, ” + 1o AL) P KA (K, + 72 A%) 280, Yo, X
<(t5(n)/t1(n))EoE[B4, (K, > + 2 A2) ™" Bon| Y, Xin]
<(t5(n)/t1(n))EE[B4, K, Bon| Yo, Xn] < (t3(n) /t1(n))[|Bonll5.n = ¢n-

Then we have
IEO H E(Bn|YnaXn) - ﬁUn ||§,n< qn-

as n — Q.

Now we will show
Eo{tr[V(Bu|Yn, X0)]} < dn,

as n — oQ.

14
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The method of proof is similar to that in Theorem 12. We only provide some details
of the key steps here.

tr[V(Bn|Ya, Xu)]

=trE[V(B,|0%, An, Yo, X)) | Yo, X)) + trV[E(Bn|0?, An, Yo, X0)| Y, X

b+ Y, (I, — K, (K2 +7,2A,2) 7' K,)Y, (26)

+ trV[(K2 4+ 7,20, ) K, Y, | Y, X

=trE|[

trV[(K2 + 7,2A;2) L K2 Bon| Yo, X
<2E[||(K} + 7, 2 A, %) " K Bonlls [ Yo, X
<260, K;(K; + 7, 2A,%) 2K Bon
=280, K (Kp + 7,2 M%) VA(KE 4 7,7 A) T (KD + 7,2 AL %) T K Bo

(27)
<2(1/t1(n)) 85, K (K, + 7, ° AL ) T K2 Bon
<2(1/t1(n)) B, K (K2) " K2 Bon
t3(n)
Combining above equations, we prove this theorem. |

5. Discussion

Tipping (2001), Williams and Rasmussen (2006) pointed out that RVM is a special case
of Gaussian process. van der Vaart and van Zanten (2008) and Ghosal and Van der Vaart
(2017) obtained several posterior concentration results for Gaussian process models. They
considered estimating a regression function f based on observations yi,- - , ¥, in a normal

regression model with fixed covariates y; = f(x;) +¢;, where ¢; LN (0,02) and the covari-
ates @1, - ,x, are fixed elements from a set X.

A prior on f is induced by setting f(x) = W, for a Gaussian process (W, : = € X).
Any Gaussian element in a separable Banach space can be expanded as an infinite series
>; Zih; for ii.d standard normal variables Z; and elements h; from its RKHS. van der
Vaart and van Zanten (2008) truncated this infinite series at a sufficient high level to get
a new Gaussian process prior. If this series converges to the infinite series quickly, then by
Theorem 2.2 in van der Vaart and van Zanten (2008), the same posterior rate of contraction
is attained. Since finite sums may be easier to handle, it is interesting to investigate special
expansions and the number of terms that need to be retained in order to obtain the same
contraction rate. van der Vaart and van Zanten (2008) illustrated this by an example of the
truncated wavelet expansion of functions in Lo ([0,1]¢). Ghosal and Van Der Vaart (2007)
considered the truncated B-spline expansion in their Theorem 12. These truncated series
are quite similar to our model if set p = d fixed, K,, = I,, and the prior 3, ~ N (0, I,).
However in their case, the number of terms in the random series is O(n®), a < 1, while ours
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is n. Hence, adding global shrinkage parameter 7,, to accommodate sparsity seems reason-
able, meanwhile we also introduce hierarchical model to make the prior of 3, have heavy
tail, which helps to detect nonzero coefficients. Also, the Gaussian process prior related to
RVM is data dependent (Williams and Rasmussen, 2006), which is likely to add flexibility
to prediction.

In our model, we assume the parameters in kernel K is fixed, however, in Tipping (2001),
they argue that for Gaussian kernel, the data set can become more probable at some interme-
diate width(6 in our paper), so we could put priors on kernel parameters as in Chakraborty
et al. (2012), and its posterior contraction properties remain to be explored.
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