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Abstract

Learning the optimal ordering of content is an important challenge in website design. The
learning to rank (LTR) framework models this problem as a sequential problem of selecting
lists of content and observing where users decide to click. Most previous work on LTR
assumes that the user considers each item in the list in isolation, and makes binary choices
to click or not on each. We introduce a multinomial logit (MNL) choice model to the LTR
framework, which captures the behaviour of users who consider the ordered list of items
as a whole and make a single choice among all the items and a no-click option. Under
the MNL model, the user favours items which are either inherently more attractive, or
placed in a preferable position within the list. We propose upper confidence bound (UCB)
algorithms to minimise regret in two settings - where the position dependent parameters
are known, and unknown. We present theoretical analysis leading to an Q(\/JT) lower
bound for the problem, an O(\/J7T ) upper bound on regret of the UCB algorithm in the
known-parameter setting, and an O(K 2/JT ) upper bound on regret, the first, in the more
challenging unknown-position-parameter setting. Our analyses are based on tight new
concentration results for Geometric random variables, and novel functional inequalities for
maximum likelihood estimators computed on discrete data.

Keywords: Learning to rank; Multinomial Logit choice model; Multi-armed Bandits;
Upper Confidence Bound; Concentration Inequalities.

1. Introduction

Learning the optimal ordering of content is an important challenge in website design and
online advertising. The learning to rank (LTR) framework captures such a challenge via
a sequential decision-making model. In this setting, a decision-maker repeatedly selects
orderings of items (product advertisements, search results, news articles etc.) and displays
them to a user visiting their website. In response the user opts to click on none, one, or more
of the displayed items. The objective of the decision-maker will be to maximise the number
of clicks received over many iterations of this process. Such an objective is a reasonable
and widely-used proxy for the most common interests of a decision-maker in this setting:
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e.g. maximising profit, and maximising user satisfaction. As such, methods which achieve
this objective can be hugely impactful in real-world settings.

Recent works (e.g. Kveton et al. (2015), Lagrée et al. (2016)) have considered various
formulations of LTR, distinguished by the assumptions on the click model, assumed to gov-
ern how users decide to click on items. A majority of previous works utilise a factored click
model, which assumes, in particular, that the user will click on any displayed item satisfying
two conditions: 1) that the user finds the item attractive, and 2) the user ezamines the item.
The various factored models are differentiated by their specification of the probability of
attraction and examination events given particular orderings of content.

Factored models represent the user’s choice as a series of binary decisions to click or not
click on each examined item. They fail to capture settings where the user’s decisions are
made among more than two alternatives, for instance choosing between several items con-
sidered simultaneously. In this work, we consider LTR under a click model which captures
the phenomenon of a user making a single decision among several alternatives including the
option to not click at all. Our click model is based on the multinomial logit (MNL) model
of discrete user choice (Luce, 1959; Plackett, 1975). We augment the classical MNL model
with position effects to capture the relative prominence of different display positions, which
may be pre-specified or learned online. The classic model is a special case of ours.

Our model may be more suitable in a variety of settings. For instance, where all items are
visible to a user simultaneously or are laid out on a grid such that it is not possible, a priori,
to specify a rank order of positions in terms of prominence, or assume that users consider
items sequentially. Several studies in the information retrieval and recommender systems
literatures highlight the complexity of position effects in grid displays (Xie et al., 2017,
2019; Guo et al., 2020), and the issues with assuming items are considered independently
by default (Oosterhuis and de Rijke, 2019; Capan et al., 2022; Hazrati and Ricci, 2022).

1.1 Problem Definition

We propose the Multinomial Logit Learning to Rank (MNL-LTR) problem. This problem
captures the challenge of learning an optimal list of K items among J, where the click
model is an order-dependent variant of multinomial logit choice.

In each of a series of rounds ¢t € [T],! the decision-maker chooses an action a; =
(a1t,...,axs) € A C [J]¥, where A is the set of all ordered lists of length K consist-
ing of items drawn from [J] without replacement. The action indicates an ordering of K
items to display to the user in round ¢. Each action j € [J] has an associated attractiveness
parameter, a;; € (0,1], and each slot k € [K] has an associated position bias A, € (0,1]. We
let ¢ = Qay,, refer to the attractiveness parameter of item ay .

In response to the action a;, the user will either click on a displayed item or take a no
click action. This process is captured via a click variable @, taking values in [K]o. The
click probabilities follow from the MNL choice model, whose parameters are the products
of attractiveness and bias parameters. Specifically, we have

Ak Ot t
1 + 21[1(:1 )\vav,t

1. For an integer W > 1, we let [WW] denote the set {1,...,W}

P(Qt:k | at): ) /ﬁE[K], (1)
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and P(Q; =0 |a)=1-S1  P(Q:=k| a).

Following the user’s choice, the decision-maker receives a reward R(a;) = I{Q; # 0}.
The decision-maker’s aim is to maximise their expected cumulative reward over T rounds.
The expected reward on an action a € A (in any round) is written, r(a) := E(R(a)) =
Zszl P(Q =k | a). The challenge for the decision maker is that the attractiveness param-
eters are unknown and the optimal action is therefore initially unclear. We will consider the
problem in two informational settings: where the position biases are known, and unknown.

1.2 On Approaches to the Problem

The decision-maker faces a classic exploration-exploitation dilemma and must employ a
strategy which balances between reward maximising and information gaining actions. We
refer to such a strategy as a policy, and formalise it as a (possibly randomised) mapping
from a history Hi—1 = o(a1, Q1,...,a—1,Q;—1) to an action a; € A for each time ¢ € [T].

We propose upper confidence bound (UCB) policies for both the known and unknown
position bias settings. UCB approaches are well-studied in the context of multi-armed ban-
dits, following from Lai and Robbins (1985), and are known to achieve optimal regret in a
variety of settings. The canonical principle of a UCB approach is as follows. In each round,
the policy computes high probability upper confidence bounds on the expected rewards of
actions by utilising tight concentration results, and selects an action with maximal associ-
ated bound. Intuitively speaking, these approaches are effective because they tend to select
actions that either have high reward (and thus are profitable) or high uncertainty (and thus
provide a substantial information gain).

In the MNL-LTR setting, the identification of tight concentration results is the most
involved aspect of designing UCB policies. In part, this is because the likelihood induced
by the MNL model (1) has a complex combinatorial structure, making it hard to identify
parameter estimates with known distributional properties. Our proposed strategies subvert
this issue by utilising a restriction on the decision-maker’s actions such that the likelihood
factorises usefully. This technique (first used by Agrawal et al. (2017, 2019)) restricts the
decision-maker to repeatedly display any selected ordered list in each round until a no-click
event is observed. Unbiased estimators may then be constructed as a sum of geometrically
distributed random variables which are functions of the users’ stochastic behaviour.

We will be interested in the empirical and theoretical performance of policies, measured
in terms of their expected pseudoregret (referred to simply as regret in what follows) in T°
rounds, defined as,

T
Reg() = Tr(a) ~ B 3 A(a)). @)
t=1

where a* = maxae 4 7(a) is an optimal action. Specifically, we will be interested in the order
(wr.t. T,K, and J) of upper bounds on the regret for our proposed policies, and lower
bounds on the regret which hold uniformly across all (reasonable) policies. We will study
the problem in two informational settings: one where only attractiveness parameters are
unknown, and another where both the attractiveness parameters and position biases are
unknown. Our results establish an Q(v/JT) lower bound on regret, and an upper bound
matching this up to logarithmic factors for the known-position bias setting, and the first
upper bound for the unknown-position bias setting of O(K 2/JT ).
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1.3 Key Contributions

The primary contributions of this work are threefold. Firstly, we provide a new parametric
model of LTR based on set-wise user decisions with foundations in classic choice theory.
This model can capture the complex patterns of position effects in modern recommender
systems, and the phenomenon where users consider multiple items simultaneously (not
possible with factored click models).

Second, we derive new theoretical results concerning the concentration of Geometric ran-
dom variables, giving rise to two new exponential inequalities: The first, an improved high-
probability bound on the sum of non-independent, non-identically distributed (n.i.n.i.d.)
Geometric random variables. The second, a high-probability bound on smooth functions
of n.i.n.i.d. Geometric random variables, which is applied to the maximum likelihood esti-
mates (MLEs) in the unknown position bias setting to give non-asymptotic confidence sets
for all parameters, even in the absence of closed-form expressions for the MLEs.

Finally, based on these results we propose UCB algorithms for the known and unknown
position bias settings, and validate their efficacy through derivation of upper and lower
bounds on regret - which match up to logarithmic factors in the former setting - and
empirical assessment against other state-of-the-art approaches.

1.4 Related Work

A special case of our MNL-LTR model is the MNL bandit (Rusmevichientong et al., 2010).
It does not consider ordering of the items and coincides with our model when all position
biases are equal.

Initial studies of the MNL-bandit problem presented “explore-then-commit” approaches,
which only behave optimally for specific problem classes, and with prior knowledge of certain
problem parameters (Rusmevichientong et al., 2010; Sauré and Zeevi, 2013). Agrawal et al.
(2019) and Agrawal et al. (2017) since presented UCB and TS approaches to the MNL-
bandit respectively, which have O(v/JT) regret, matching the minimax lower bound derived
by Chen and Wang (2018) (up to logarithmic factors). These methods use restrictions on
decision-making to permit the construction of estimators with desirable properties. Such
approaches and results are natural benchmarks? for our problem, since when position bias
A = 1 Vk € [K] the MNL-LTR problem reduces to the MNL-bandit.

When the position biases differ, however, these are not as successfully applied. As we
show in the numerical experiments of Section 6 and the accompanying Appendix F, an
MNL-bandit algorithm can be applied to MNL-LTR, by overparameterising the problem.
That is to say, treating each item-slot combination as an ‘item’ in its own right, placing
constraints on which ‘items’ can be selected concurrently, and mapping each selection to an
ordered list. The theory of Agrawal et al. (2017, 2019) then guarantees O(\/ JKT) regret,
but this is suboptimal, as it does not exploit the problem structure. Our approach to the
known position bias setting does exploit this structure and thus enjoys a lower regret.

2. Independence from J is possible in some variants - Wang et al. (2018) achieve this subject to further
assumptions on the attractiveness parameters, and Chen et al. (2021); Peeters and den Boer (2022)
find such results for an ‘uncapacitated’ version of the problem, but these are either less general or not-
comparable to our model. Gap-dependent results have also been recently identified by Yang (2021),
however we retain a focus on minimax style results in this work.
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There has since been interest in extending the MNL-bandit model in various directions,
considering the best-action identification variant (Chen et al., 2018; Fang, 2022), context-
dependent variant (Oh and Iyengar, 2019; Chen et al., 2020; Bernstein et al., 2022), and
variants models such as including variable rewards, inventory constraints, or omitting the
‘no-click’ event (Bengs and Hiillermeier, 2020; Saha and Gopalan, 2019; Mesaoudi-Paul
et al., 2020; Dong et al., 2020; Zhang et al., 2022). None of these works, however, fully
consider the effect of position biases - i.e. as in our LTR variant - though they can be
adapted to give consideration to ordering through specification of constraints.

Works on LTR are mainly distinguished by different click models (Chuklin et al., 2015),
the majority being of the factored form previously described. Two notable choices are
the Cascade Model (CM) (Craswell et al., 2008) and the Position Based Model (PBM)
(Richardson et al., 2007). Under the CM the user considers each item in sequence, and
decides whether or not to click on it before considering any items. If the user clicks an
item, or reaches the end of the list without clicking any items, they stop. In contrast, under
the PBM, the user may click on multiple items, and chooses whether to examine each item
independently, with probabilities similar to our position biases.

Kveton et al. (2015) consider a LTR problem incorporating the CM, and Lagrée et al.
(2016) and Komiyama et al. (2017) the PBM. In these specific settings upper confidence
bound approaches can achieve O(v/T) regret (optimal for those models), by exploiting the
knoweledge of the true click model. Recently, Gauthier et al. (2021) have considered a
version of PBM where the position effects are unknown - showing effective performance of
a Thompson Sampling approach, but without theoretical guarantees. The works of Zoghi
et al. (2017), Lattimore et al. (2018), and Li et al. (2019) have investigated more general click
models which include the CM and PBM as special cases. The models of Zoghi et al. (2017)
and Li et al. (2019) retain the assumption of a factored model, but are less restrictive than
CM, and PBM. The model of Lattimore et al. (2018) makes sufficiently few assumptions to
capture a wider range of models, including that which we propose. However such a general
approach does not admit as tight theoretical guarantees. Table 1 compares the existing
results on regret in LTR and the MNL-bandit with our regret upper bound.

MNL choice LTR | Algorithm | Regret on MNL-LTR
Agrawal et al. (2019) v * UCB 5 ( JKT)
Agrawal et al. (2017) v * TS
Lattimore et al. (2018) | included as special case v TopRank O ( JK 3T)
This paper v v UCB O (\/JT>

Table 1: Comparison of results in the present paper and related work for MNL-LTR with
known position biases. T' denotes the number of rounds, J the number of items, and K the
number of items chosen per round. An asterisk (*) in the LTR column denotes frameworks
that can be adapted to LTR, but do so by over-parameterising the problem.
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2. Inference

In the MNL-LTR framework, the task of making accurate and efficient inference on the
attractiveness parameters is more challenging than in other variants of LTR. Consider the
likelihood of the sequence of clicks Q1.7 = {Q1, ..., Qr} given the attractiveness parameters
a, position biases A, and action sequence a;.p = {ay,...,ar},
r ZJ:O Qg Zf:l )\k]l{ak,t = j, Qt = k}

L(Qur | avr, o, ) = [ =00 - iy
=1 1+ Zj:l o Zk:1 Akl{ak,t =J}
The likelihood (3) lacks a closed-form maximiser, meaning maximum likelihood estimators
of a and A can only be computed numerically. Similarly, any Bayesian inference would
necessarily be approximate, and computationally intensive. Both of these approximations
(which are not necessary in related, factored models) are obstacles to the design and analysis
of efficient, optimal sequential decision making policies.

(3)

2.1 Inference with Known Position Biases

Exact inference is possible if we restrict the manner in which actions are selected. For the
MNL-bandit, Agrawal et al. (2019) propose a restriction on decision-making that admits
unbiased independent estimators of the attractiveness parameters. Specifically, if each se-
lected set of items is displayed repeatedly until a no-click event is observed, then unbiased
estimators of the attractiveness parameters are available. We will show that the same is
possible in the MNL-LTR setting, if we display the same ranked list repeatedly until a
no-click event occurs.

To describe this approach, we think of the T rounds as being divided into L < T epochs
of variable length. An epoch | € [L] will consist of a sequence of consecutive time periods
& C [T]. In each epoch | we will offer an ordered list al € A repeatedly, until a no-click
event is observed. Let aﬁg be the item in position k in epoch [ and let ozf,c be the attractiveness
parameter of this item, for k € [K].

As usual in each round ¢ € & a click variable @); is observed. For each slot k € [K]o
the number of clicks on position k in epoch [ is defined as nl = > teg, {Q: = k}. By
the construction of the epochs we always have nf) = 1, unless [ = L and the final epoch
is stopped by the completion of the time horizon, rather than a no-click event. We now
show that these counts nfk can be used to construct simple closed-form estimators of the
attractiveness parameters.

The log-likelihood of the observed clicks n! = (né, nll, .. ,an) in a single epoch [, with
fixed action a' can be written as,

K K
log L(n!|a}, o) = Z nk [log()\kak) — log(1 + Z Avaé)] )
k=0 v=1

The single-epoch likelihood is maximised by estimators & = nl /), for k € [K].

Inspired by these within-epoch estimators, we may then construct estimators for each
attractiveness parameter o, j € [J], aggregating over L complete epochs as

_ Zlel Zszl H{agf = j}ni‘
ZZL:I 25:1 ]I{ai, = J} e

a;j(L) e [J]. (4)
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These estimators result from weighted averaging of the within-epoch maximum likelihood
estimators - which is preferable to uniform averaging as we should expect epochs where the
item j was placed in a slot with a higher position bias to be less variable and thus more
reliable. The lemma below, whose proof is reserved for Appendix E, gives the distribution
of the random variables ni It follows immediately that our estimators dfk and a;(L) are
unbiased.

Lemma 1 For each k € [K], and | € [L], nk, the number of clicks on the item in position
k during epoch 1, follows an Geometric® distribution with parameter (1 + )\kaﬁc)_l.

2.2 Inference with Unknown Position Biases

When the position biases are unknown, epoch-based decision making is also useful. In this
setting the likelihood is not identified unless we fix one of the position biases, so we fix
A1 = 1. This restriction may rescale other parameters, with respect to the known position
bias case, but crucially it does not change the interpretation of the model. Some further
notation is also useful to describe inference in this setting. Define the K x J matrix of click
counts in [ € [L] epochs as N({) having entries,

L
Nej =YY HQi=k,a, =j}, kelK], je[J].

=1 te&

Similarly, define N(I) as the matrix of counts of selections of item-position combinations,
whose entries are

L
Nij =Y Waj, =3}, kel[K], jel[J].
=1

Now, define v;;, = a;A\x, j € [J], k € [K] to be the products of the attraction probabilities
and position biases. Using the known distribution of the click counts née we can derive an
unbiased product parameter estimate 7;;(L) = Ny;/Ny; for each j € [J], and k € [K].
A naive approach would independently estimate the JK product parameters and build
UCBs around those. Such an approach does not make efficient use of the data, and as such
associated decision-making rules can spend a prohibitively long time exploring, although
they will eventually converge to optimal actions. We discuss the limitations of such an
approach in more detail in Appendix F and revisit it in the experiments in Section 6. In the
remainder of this section we will focus on direct inference on the attractiveness parameters
and position biases.

We may obtain estimates of the attractiveness parameters and position biases via the
EM scheme outlined in Algorithm 1. In particular this algorithm exploits that conditioned
on estimates of the attractiveness parameters &i.7(L) we have an estimate of the position
bias for slot k € {2,..., K} as

) L A(D) & Ly~ Ny
)= 13 2 S = - 13 2 o)

3. For clarity, we note that throughout this paper we use the following parametrisation of the geometric
distribution. If X ~ Geom(p) then P(X =z) = (1 —p)®p, x € N:={0,1,...}.
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Similarly, we have an estimate of the attractiveness of item j € [.J] given estimates \o.x (L)
of the position biases, as

K

. 1 Ni;
(&7} L)= - < N 6
=z ZlL:1 ZkK:1 ]I{af{ =j} ; Ax(L) ©

where 5\1([/) = A1 = 1. Algorithm 1 iterates between estimating position biases and attrac-
tiveness parameters until the estimates converge to within some tolerance.* The following
lemma guarantees the convergence of this EM scheme. Its proof is given in Appendix E,
and follows from the unimodality of the log-likelihood function.

Lemma 2 The estimators o and XM derived from the EM algorithm, Algorithm 1,
converge monotonically to the maximum likelihood estimators.

Algorithm 1 EM Algorithm for MNL-LTR with Unknown Position Biases

Inputs: Initial parameter values o for all j € [J], and A for & € {2,..., K}. Tolerance
parameter 0 < £ < 1. Action and click histories, at**, Qq.7.

Set d <1, 5+ 0,and A\ < 1 forall t > 0.

While d > £ do:
e Set s+ s+ 1.
e E-Step For each k € {2,..., K}, calculate A s according to (5).
e M-Step For each j € [J], calculate o ; according to (6).

e Calculate d = max (maxyega g} [Aes — Aks—1], maxjep) lajs — ajs-1)-

Return A;,,..., A and a1 5 ..., , as estimates of position biases and attractiveness
parameters.

3. Concentration Results

In this section we derive concentration results for the parameter estimates in both the known
and unknown position bias settings. Quantification of the uncertainty in the parameters
is key to designing effective sequential decision-making algorithms, and the results in this
section will later be used to construct UCB approaches.

3.1 Concentration Results Relevant to the Known Position Bias Setting

As discussed in Section 2.1, the empirical means, @;, are weighted averages of Geometric
random variables. The following theorem gives a martingale-type concentration result for

4. There is an issue with the numerical stability of this EM scheme, as if a given item or position has no
associated clicks, its estimate will go to 0. We can resolve this either by adopting the convention that
0/0 = 0 or by artificially constraining the estimates to be no smaller than some € > 0
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the sum of geometrically distributed random variables with differing means. This result is
not specific to the MNL-LTR or MNL bandit settings, and therefore may be of independent
interest.

It is worth noting that the results of Theorem 3 simultaneously have improved coeffi-
cients, and a greater generality than alternative results for i.i.d. geometric random variables
obtained by Agrawal et al. (2019). We require the greater generality in the MNL-LTR set-
ting because the random variables associated with clicks of an item per epoch will be a)
non-identically distributed as they depend on the position bias, and b) non-independent as
the assignment of items to slots depends on the previously observed data.

Theorem 3 Consider geometric random variables Y; with parameter p;, i € [n], where p;
may be a function of p1,...,pi—1,Y1,...Y;_1. Let u; = %, and 0 = p? + pi. If i <1
for all i € [n], then we have for all C > 0,

n n
Z Y — Z fi
i—1 =1

Furthermore, we have for all C' > 0,

P

> 12 02log(C) +4log(C) | <2C71, Wn > 1. (7)
=1

where Ay, = {Z;;l w; > 8log(C) + \/8 S ol log(C’)}.

A full proof of Theorem 3 is provided in Appendix A, but we briefly outline its intuition
here. The proof derives a new bound on the central moments of the geometric distribution
in order to utilise a Bernstein-like inequality for martingale difference sequences. As the
central moments of the geometric distribution lack a closed-form expression, this is non-
trivial. We achieve the bound by first bounding the cumulants of the geometric distribution
and exploiting a combinatorial link between central moments and cumulants.

The following lemma adapts the result of Theorem 3 to the LTR setting. Its proof is also
given in Appendix A. The UCB algorithm we propose in Section 4 for the known position
bias setting is designed to exploit these results.

Lemma 4 We have for estimators a;(l) j € [J] defined as in Equation (4), and attractive-
ness parameters 0 < oj < 1, j € [J], the following concentration results, for all 1 : Aj; >0

_ dajlog(JI12/2)  4log(JI%/2) 4
P (1) = o J < — 9
(%() aj| > Ay + Ay ST (9)
_ 8a; (1) log(J12/2)  8log(JI%/2) 6
P <|aj(l) - aj| > \/ ! v +— < o (10)
7l 7l

Furthermore, forl: A;; > 4log(JI%/2)/a; we have,

P (aju) > 20 + W) <2 (11)

l
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3.2 Concentration Results Relevant to the Unknown Position Bias Setting

The derivation of concentration results in the unknown position biases setting is more
challenging, since the MLE for any unknown parameter (attractiveness or position bias)
does not have a closed form. The asymptotic properties of MLEs are well documented, but
there are comparatively few general guarantees relating to finite-time behaviour. However,
here we are able to utilise non-asymptotic deviation inequalities on certain functions of
random variables to derive concentration properties for a family of MLEs derived from
geometrically distributed data.

As in the previous section we have a general concentration result, followed by an ap-
plication to the MNL-LTR setting. We begin with Theorem 5, whose proof is given in
Appendix B which gives a deviation inequality for a function of multivariate Geometric
data. The derivation of this result is based on theory from Bobkov and Ledoux (1998) and
a logarithmic Sobolev inequality of Joulin and Privault (2004). Before stating our result we
introduce a notion of the smoothness of a discrete function expressed in terms of its finite
differences.

Let (€i)ig[d),ic[n) denote the canonical basis on R¥"_ For a function f : N¥X* & R
define the finite difference with respect to the input variable indexed [, 7,

Dif(X) = F(X +¢;) — F(X), X eN>n,

We say that a function F' : N9*" — R is (81, f2)-smooth, for parameters £y, B2 > 0, if,

n

d
DD IDuFP < B, and maxmax(IDF)) < B2 VX € NG (12)
€ln| 1€
=1 i=1

Theorem 5 Let n,d € N and py | pq-1 1 € [n] be a series of conditional multivariate
geometric measures on N¢, such that each component, p; is a geometric law with parameter
pi € (0,1] for i € [d], I € [n]. Define p" = @, u as the product measure, and let
F be a (B, p2)-smooth function with 1 > 0, and B2 € (0,max;;(—log(1l — pj;))]. Then
E,»(|F|) < oo, and for every 6 > 0,

Pun (F = Eyn (F) +6) < exp (min{ —0° (log(1 —p))"FiM + log(1 _p)é}) ;o (13)

4pEM° 463 265
where M > 0 is a known finite constant depending on the parameters {Pli}ie[d],le[n]-

Choosing the function F' to be the MLEs in the MNL-LTR setting, we have the following
result, giving concentration inequalities for the estimators derived from Algorithm 1.

Corollary 6 We have for EM estimators aﬁjM, j € [J] and attractiveness parameters
0<aj<1,j€l[J], that for alll: Y5, Ny; >0,

2
EM
P (‘ald- — o] > \/366%714 log(JZQ)) < S
where (1 is a sensitivity parameter defined as
2 .
Bugi= | D (ofA, = afY,) N forje )iz 1.

k,s:Nis>1

10
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The proof of this corollary is reserved for Appendix B. Its main argument is to recognise
that the restriction of af"™ to its j* output, for fixed selections matrix N(l), is (subject to
a minor rearrangement of the inputs) a function from N¥*! — [0, 1], to which the functional
inequality of Theorem 5 applies.

A similar result holds for the position bias parameters but is not required. This is since
the algorithm we propose in the following section does not need to construct UCBs for the
position biases as every slot is utilised in every round.

Finally, for the purpose of the regret bounds which will follow in Section 5, Lemma
7, below, relates the sensitivity parameter (;;; to the number of selections of item j in [
epochs. Its proof is given in Appendix B, and is based on bounding inverse gradients of the
log-likelihood to quantify sensitivity of the MLEs.

Lemma 7 There exists a constant C' > 0 independent of J, K, and L such that the sensi-

tivity parameter (1 j; satisfies
[ JK
Bip; <Oy ——=—.
maxyg Nkj

4. Decision-making Algorithms

We now outline our new UCB approaches. As is typical, the algorithms select actions which
maximise the expected reward with respect to a set of upper confidence bounds on the
attractiveness parameters. Such an optimal action will place the item with the k" largest
UCB in the slot with the k" largest position bias (or estimated position bias if position
biases are unknown) for each k € [K]. Then, however, the algorithms will repeatedly use
this action in each round until a no-click event is observed. This is in contrast to the
traditional approach of calculating new UCBs in every round.

Algorithm 2 Epoch-UCB algorithm for known position biases

Initialise with { = 0, and Qo = 0. Iteratively perform the following for t € [T,
If Q-1 =0
e Set [+ 1+1

e Calculate UCBs. For j € [J] compute,

WUCP a1 1) 4 \/4min(1,2aj(l —1))log(J12/2) | 4log(J1%/2)

/
J Ajiq Ajiq

e Select an action a; € argmax,¢ 4 TalCB (a) which is optimal with respect to the UCB

vector af]CB = (aglCB, A al[{fB), and observe click variable Q;

otherwise, set action a; = a;_1, and observe click variable Q).

11
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In Algorithm 2 we present our Epoch-UCB method for the variant of MNL-LTR with
known position biases. In each epoch [ € [L] the algorithm computes a UCB, aglCB for
each item j € [J]. This UCB is constructed using the concentration results of Lemma 4 to
give an upper bound on «; with high probability. The min(1,2da;;—1) term allows the UCB
to adapt to whichever of (9) and (10) gives the tighter bound. Henceforth, for [ > 1, and

j € [J], we define Aj; =S5 2L MI{ag = 5}

To state our algorithm for the setting where position biases are unknown define «
NEXT 5 NEXJ 5 10,1]7 be the function which takes click and selection count matrices

EM .

as inputs and returns the EM estimates for attractiveness parameters a. In effect, oM

represents the application of Algorithm 1.

Algorithm 3 Epoch-UCB algorithm for unknown position biases

Initialise with { = 0 and Qg = 0. Iteratively perform the following for ¢ € [T7,

If Qt—l = 0

e Set [+ [+ 1. Compute EM estimators and finite difference bounds,
oM = oFM(N(1 - 1),N(l - 1)) (14)
affl = a"M(N(1—1) + €, N(I — 1)), Vk,j: Ny >1 (15)
2 ‘

5%,1,3' = Z (aﬁﬂl{j - aﬁﬂ{{ks,j) Nis, Vj € [J] (16)

k,s:Nk321

e Calculate UCBs. For j € [J] compute,

aglCB_U = aflM + \/365%,]',1 log(J12).

e Select an action a; € argmax,c 47, vcs-v(a), which is optimal with respect to the
1
UCB vector, and observe click variable Q.

otherwise, set action a; = a;_1, and observe click variable Q.

In Algorithm 3 we give our policy for the setting where position biases are not known.
Its structure is similar to Algorithm 2, but the computation of the UCBs is more involved
as it involves finite difference gradients. In each epoch [ € [L], estimates of the MLEs,
aFM , are computed via Algorithm 1 as in (14). Our approach proceeds to calculate further
estimates of the attractiveness parameters but on modified data, as in (15). For each item-
position pair that has been selected at once, i.e. each k, 7 with Nkj > 1, we compute alE,i\]/[ ,
parameter estimates based on [ epochs of data but with Nj; incremented by 1. A sum of
the squared finite differences is then computed as in (16), which is used in the UCB inspired
by Corollary 6. This is in place of a supremum bound on the sum of squared differences

over all possible outcomes, which would be difficult to compute in practice.

12
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5. Regret Bounds

In this section we give upper and lower bounds on the regret for MNL-LTR algorithms.
Proposition 8 gives our upper bound on the regret incurred by Algorithm 2 when the
position biases are known. Proposition 9 gives a lower bound on the regret of any algorithm,
in terms of S = Ele Ak, and Sk o = Eszl )\z. The proofs of both results are given in
the appendix - Proposition 8 in Appendix C, and Proposition 9 in Appendix D.

Proposition 8 The regret in T rounds of the the Epoch-UCB approach, Algorithm 2, for
any MNL-LTR problem where the item attractiveness parameters satisfy a; < ag = 1,
j € [J] and the position biases A\, < 1, k € [K| are known satisfies

A log(JT)JT
Reg(T):0<\/maX’“€[K] 1og(JT) )

Minge (k] Ak

Proposition 9 The regret of any algorithm for the MNL-LTR problem with position biases
1> > X > > Ag > 0 satisfying Sg2 > 1 and J > 4K items with attractiveness
parameters a; € (0,1], j € [J], is lower bounded as

Reg(T) = Q (\/JTSS“) . (17)

The upper and lower bounds in the known position bias case match in their order with
respect to J and T (up to logarithmic factors).

For the case of unknown position biases, the complex form of the derived UCB algo-
rithm prohibits an analysis which as sharply quantifies the dependence on position biases.
Nevertheless, we have an upper bound on the regret of Algorithm 3 in terms of J, K, and
T, in the proposition below, whose proof is in Appendix C.

Proposition 10 The regret in T rounds of the Epoch-UCB approach, Algorithm 3, for any
MNL-LTR problem where the unknown item attractiveness parameters satisfy o < og = 1,
j € [J] and unknown position biases satisfy \p, < 1, k € [K| satisfies

Reg(T) = O (KQ\/log(JTQ)JT) .

There is some suboptimality in the bound of Proposition 10 with respect to K. We believe
this arises, in part, as an artefact of the (simplifying) focus on a single k = argmax Nkj in
Lemma 7, and it may yet be possible (through further laborious analytic work) to achieve
a less elegant but tighter bound.

6. Experiments
We now conduct empirical comparisons on three instances of MNL-LTR:
(a) There are K = 4 slots with position biases A = (1,0.3,0.2,0.1). There are J = 6
items with attractiveness parameters o = (0.3,0.28,0.26,0.24,0.22,0.2).

13
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(b) There are K = 3 slots with position biases A = (1,0.2,0.9). There are J = 4 items
with attractiveness parameters a = (0.05,0.1,0.15,0.2).

(c) There are K = 6 slots with position biases A = (1,0.9,0.7,0.3,0.5,0.7) and J = 30
items, four having attractiveness parameter 1, two having attractiveness parameter
0.8, and the remaining twenty-four having attractiveness parameter 0.1.

Together, these cover several scales of problem where users may simultaneously consider
multiple options with different prominence and items may be modelled as having indepen-
dent attractiveness.

We consider both Algorithm 2 which knows the position biases and Algorithm 3 where
the position biases are inferred. We will refer to the former as Epoch-UCB, and the latter as
Epoch-UCB UPB (Unknown position biases) in what follows. Experimental results suggest
that while the Epoch-UCB UPB algorithm does eventually learn the optimal actions, it can
be overly conservative. We therefore also investigate a modification, Epoch-UCB* UPB,
which is identical to Algorithm 3 except the UCB for item j € [J] in epoch | € [L] is

calculated as ag{lCB = aflM + 0.5, /ﬁij,L log(V/J1).

We compare our algorithms to a range of alternative approaches. Firstly, we have a fur-
ther known-position-bias epoch-based approach, Epoch-UCB-W. This uses the coefficients
we would expect from adapting the weaker concentration inequalities used in Agrawal et al.
(2019). Epoch-UCB-W is identical to Algorithm 2 except it calculates UCB index for item
j € [J] in epoch [ € [L] as:

a

UCB-W 48 min(1,2a;;-1) log(v/JI/v/2)  481log(v/J1/V/2)
il = Q-1 : + . :
A],l—l A],l—l

Second, we also consider the TopRank algorithm of Lattimore et al. (2018). This algo-
rithm can operate without knowledge of the position biases, but assumes that the slots are
of decreasing attractiveness. TopRank has a markedly different structure to Epoch-UCB.
TopRank maintains a hierarchical partition of the item set, such that the items sit in strata
based on their perceived attractiveness. In each round the displayed list is constructed by
randomising the order of the n; > 1 items in the top strata and assigning these to the first
ny slots, then randomising the order of the ng > 1 items in the second strata, assigning
these to the next ng slots, and proceeding in such a fashion until all K slots are filled. Items
are demoted to lower strata if they have received sufficiently fewer clicks than another item
in their strata.

As discussed in Section 1.4, the other LTR approaches that we are aware of are all
designed with factored click models in mind, and do not carry performance guarantees to
the MNL-LTR setting. We do however investigate the Position Bias Upper Confidence
Bound (PBUCB) algorithm of Lagrée et al. (2016), which is based on the position bias click
model. This algorithm can use our position bias parameters in terms of its model, but will
underestimate the o parameters as it expects that multiple items may be clicked by a user
- i.e. its inference model is inconsistent with the MNL data generating process. Further
modifications would be necessary to deploy a version of this algorithm if the position biases
were not known.

14
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Finally, we compare to the UCB approach described in Appendix F. This approach,
which we refer to as ‘MNL-bandit’ in the figures, ignores some of the LTR structure, and
treats the unknown position bias version of the problem as a constrained MNL bandit
problem. It learns the product parameters 7, = Apa; individually and avoids the need
for running the EM algorithm. As discussed in Appendix F it does have sublinear re-
gret guarantee, but must perform more exploration than other approaches due to being
overparameterised.

Note that, problems (b) and (c) give examples where the optimal ordering of items is
not in decreasing order of attractiveness. In (b) for instance, the final slot, not the second
slot, has the second-to-largest position bias. In the unknown position bias variant of this
problem, Epoch-UCB UPB and Epoch-UCB* UPB can adapt to this as they actively learn
the position biases, but algorithms assuming decreasing position bias, such as TopRank,
cannot.

The aforementioned algorithms were applied to problems (a) and (b) over 50000 decision-
making rounds, over 40 replications. For problem (c¢) we use 8000 decision-making rounds,
and 40 replications, since the optimal action can be learned more quickly. Figures 1, 2, and
3 display the results, in two forms: the mean regret accumulated through time in their left
panes and the distribution of regret in the final rounds in their right. We focus only on
the distribution in the final rounds as the results are such that plotting error bars with the
each of the seven mean trajectories would make the graphs difficult to read.

Across all three problems we find that our Epoch-UCB and the PBUCB algorithms gen-
erally perform best. This is to be expected as they have access to the known position biases
and assume a position based model. Our improved coefficients for the known position-bias
setting are seen to have a substantial benefit as Epoch-UCB-W is much more conservative
than Epoch-UCB. Indeed Epoch-UCB-W even suffers worse performance than TopRank
which can identify the correct ordering of items despite not knowing the true click model.

In the unknown position bias setting, we see that the unmodified Epoch-UCB UPB
approach is also overly conservative, but the approach with modified coefficients Epoch-
UCB* UPB is not much worse than the best known position bias algorithms. TopRank
does not know the click model but performs well when the position biases are decreasing in
the slot index. In problems (b) and (c¢) where the position biases do not fit this assumption
TopRank can identify the top K items reliably, but incurs a linear regret due to repeatedly
ordering these suboptimally.

Problem (c¢) most clearly demonstrates the issue with the MNL-bandit approach. Here,
K and J are much larger than in problems (a) and (b), and the MNL-bandit approach
continues to explore long after Epoch-UCB* UPB has reached the point of mostly exploiting
near-optimal actions. This is due to the fact that the MNL-bandit approach aims to collect
data to estimate JK = 180 different parameters, whereas Epoch-UCB* UPB utilises the
known click model such it only estimates J + K —1 = 35 (assuming A; = 1). This example
displays that although the MNL-bandit approach has a sublinear regret guarantee, as shown
in Appendix F, it may be inappropriate in practice.
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Figure 1: Performance of algorithms on problem (a).
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The left panel shows the mean

cumulative regret trajectory for each algorithm over 50000 rounds. The right panel shows
the distribution of regret by algorithm at the end of 50000 rounds.
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Figure 2: Performance of algorithms on problem (b). The left panel shows the mean
cumulative regret trajectory for each algorithm over 50000 rounds. The right panel shows
the distribution of regret by algorithm at the end of 50000 rounds.
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Known Position Biases Regret at Round 8000
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Figure 3: Performance of algorithms on problem (c). The left panel shows the mean cumu-
lative regret trajectory for each algorithm over 50000 rounds. The right panel shows the
distribution of regret by algorithm at the end of 8000 rounds.
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7. Conclusion

In this paper, we have proposed and analysed the multinomial logit choice variant of the
learning to rank problem. Distinct from other model-based treatments of learning to rank,
our model captures the behaviour of a user who makes a decision over a set of alternatives,
rather than making a sequence of independent decisions.

We proposed upper confidence bound approaches for the problem in two informational
settings - where the effects of rank are known and unknown respectively. Both of these
approaches are derived from new concentration theory. In the known position bias setting,
we have derived a verified a Bernstein moment condition on the moments of the Geometric
distribution and provided new martingale inequalities for geometric random variables. In
the unknown position bias setting we have provided new functional inequalities for geometric
data, giving concentration results for numerical maximum likelihood estimators. Further
we have provided upper and lower bounds on regret in the known position bias setting, and
simulations to display the effectiveness of our approaches.

Our proposed framework makes few assumptions beyond the MNL choice, which is a
long-standing popular model in decision theory and may be applicable in numerous domains.
Our concentration results are also of potential interest in other areas. Further, we lay a
groundwork for further study of MNL-type LTR problems. Future work may consider ran-
domised approaches, utilising similar posterior approximations as in Agrawal et al. (2017),
or recently proposed bootstrapping techniques as in Kveton et al. (2019). The development
of algorithms for a contextual variant of the problem, or with more complex or alternatively
structured actions (perhaps bespoke to particular settings) would also seem to be worthy
avenues to follow in the extension of this work.
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Appendix A. Proof of Geometric Martingale Concentration

In this section, we provide proofs of Theorem 3 and Lemma 4, which comprise the con-
centration results relevant to the known position bias setting. The following result is a
key component of the proof of Theorem 3. It gives a Bernstein-like bound for heavy-tailed
martingale data.

Lemma 11 (Theorem 1.2A of de la Pena (1999)) Let {d;, F;} be a martingale dif-
ference sequence with E(d; | Fj—1) =0, ]E(d? | Fio1) = O'j2-, for each j, and V2 = Py aj2-.
Furthermore assume that

!

072 ae (18)

o

E(|d;|* | Fj-1) <

v |
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or P(|dj| <c | Fj—1) =1, fork>2,0<c¢<oo. Then for all x,y > 0,

n 2
P<Zdj Zx,VnQ <y for some n) < exp <2(y—|—xcx)>

Jj=1

A.1 Proof of Theorem 3

Firstly, we demonstrate that a geometric martingale difference sequence meets the condi-
tions of Lemma 11. Define, Z; = Z;Zl(Yg—,u,i) and W; = Z;— Z;_1. By definition {Z;}2 is
a martingale and {W;}:°, is a martingale difference sequence. Immediately, from the distri-
bution of Y;, i € [n], we have E(W; | Fi—1) = 0 and E(W? | Fi—1) = Var(Y; | Fic1) = p3+ .

The higher-order central moments of the Geometric distribution lack a closed-form ex-
pression which makes checking condition (18) more complex. Our technique relies on two
main steps: we identify a bound on the cumulants of the Geometric distribution, and we use
a link between the central moments and cumulants from Combinatorics to realise a central
moment bound, given in the following lemma.

Lemma 12 The central moments p,, n > 1 of the Geometric random variable with param-
eter p satisfy
n(1 —p)
pn
where !'m denotes the number of derangements of an integer m > 1, defined recursively as

Hn <

'm=(m—1)({(m—1)+!(m —2))
where 10 =1 and !1 = 0.

The proof of Lemma 12 is given in Section A.3. It uses the property that the the central mo-
ments of any distribution may be expressed in terms of the cumulants kj of the distribution
via tncomplete exponential Bell polynomials. In particular, we have,

k
E(WF | Fic) = Y Brm(0,k2, -, Kp—m1), (19)
m=1

where the summands By, are incomplete exponential Bell polynomials (see e.g. Chapter
11 of Charalambides (2002)). For integers n > m > 1 and arguments x1,...,Tp—m+1 €
7=+ these polynomials are defined as

n! 1 J 9 Jz Tn—mal Jn—m+1
Brn(@1, 2 En-m1) _Zy‘l!jﬂ...jﬂ_mﬂ!<1!> <2' T\ —m+1)! ’
(20)

where the sum is over all sequences ji,j2,- .., Jn—m+1 Of non-negative integers such that
S i = moand Yp0" iji = n.

The bound in Lemma 12 can be adapted to the form required for condition (18). We
have the following relationship between the number of derangements and the factorial,

n! n!
In=|—| <—
e

20



LEARNING TO RANK UNDER MULTINOMIAL LoGIT CHOICE

where [-] is the nearest integer function. It follows that

kKl(l1—p) Kll1-p 1
ka ) p2 pk—z'

E(WF|F;_1) < (21)

Thus, the central moments of the Geometric random variable X; satisfy (18) with o2 = 1;—2’9

and ¢ = 1/p.
Thus from Lemma 11 we have, for some n > 1, and any x > 0,

P@’ iz ‘”) = o (2(2?1 affsjmmimpi)) )

Therefore if, for C' > 0, z = 2log(C)/(min; p;) + \/2 St o2log(C), we have

" () 4 WL () 95| o2 log(C)
<ZY;‘_M2‘Z$>SGXP ”l - 5 22” =0

; 4 V23Xl 07 log(C)

=1 (Ir11C1)1g1(;101))2 + mirii i +2 Zznzl 0-7,’2

<exp (—log(C)) =C~!

By symmetry we have the same bound on P( S i =Y > x), and the statement of (7)
follows.
Now consider,

P(2ingiﬂi)_ (Z” ZY> ”“Z)§P<im—i%25im>,

for any ¢ € [0,1/2]. Choosing

2log(C . _
§=|=—"—=+,2) o1 )7t
min py Za 0g(C) (Z”’) :

and noting 6 < 1/2 when """ | p; > 4log(C)/(min; p;) + \/8 > o2log(C), we have by
Lemma 11 and a similar manipulation to that used in the proof of (7), that

P<2anyigznjui> <c™
i=1 =1

Furthermore, since 07 = p? + p; < 2u; (as p; < 1), we have also that

P (4271:1@ < iﬁ) <Cch
=1 =1

It follows that

n
P(Zm—up
=1




GRANT AND LESLIE

A\

_P<zn:Yi—m 2Zn:o§10g(0) Qéfip d4ZY<Z )
i=1 i=1 v

Y

n
< P<ZYiMi
i—1

By symmetry we have the high-probability same bound on Y ;" | ; — Y;, and the statement
of (8) follows. O

- 21 & n
23 ottog(2/2)+ 2D ) L p (43 v <y o) <20t

A.2 Proof of Lemma 4

We recall that the number of clicks on item j € [J] in an epoch [ € [L] is a geometric
random variable with parameter p;; = Z,If:l I{a} = j}(1 + Apay) L, as such

—1 -1
<1 + max /\kaj> , <1 + Inkin )\kaj) ] C [0.5,1]

for an epoch where j € a'. Thus, the sequence of click counts is a sequence of Geometric
random variables of the form considered in Theorem 3. It follows from Theorem 3, specif-
ically equation (7), that for any item j € [J] the sum of clicks on that item in L epochs
obeys,

JZRAS

L
<\ [2) 02 log (JL2/2) + 4log (JL?/2)
=1

S5 tek = k- 3 0ok = e

=1 k=1 =1 k=1

with probability at least 1 —4/JL2. As per their definition in equation (4) the estimators
@;(l) are weighted sums of these click counts, and therefore we have for any j € [J], | € [L],
and aj, such that 2221 S Hag =5} >0,

_ V2T o los(7122) 4log(J12/2)
K + l K N
Zs 1 ke Mvel{ag =01 Yo i Adl{ag = 5}

with probability at least 1 —4/.JI%. Notice that

a;(l) — aj (22)

K K

0%y = 15y + g < 2p50 =205y aj, =5} <2 aj, = j},
k=1 k=1

and thus we also have, for all j € [J] and [ € [L],

4ajlog(J12/2) 4log(JI1%/2) 4
(Iaj ) — o] > = +— - / —— A < o5
Zs 1 ke Ael{ag =g D0 o Al{af =}

Fixing 7 and [ and considering the unconditioned probability, the result stated in equation
(9) follows via a union bound.
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Similarly, it follows from equation (8) that the data adaptive bound below holds with
probability at least 1 —6/JL2,

> D Hak =3 ZZ {aj, = j}Aney
k=1

=1 k=1 =1 k=

L K
8> Y Ial = jinf log (JL2/2) + 4log (JL?/2),

=1 k=1

IN

Then by a similar union bound we have the result (10) as stated.
Finally, we consider the probability in equation (11). We have, for A;; and [ such that
Ajy > 4log(J1%/2) /oy,

A; A

P <aj(l) > 20 + ‘W) <P (aj(l) o> oy 1og(=lfl2/2) N 4log(Jl2/2)>

Jsl R
2

< P

= JiZ’

with the final inequality using Lemma 3 once again. [J

A.3 Proof of Lemma 12

First, we give a recurrence relation for the cumulants of the Geometric distribution. This
will be used to verify the Bernstein condition for the central moments. These results may
also be of independent interest.

Lemma 13 The cumulants k,, n > 1 of the Geometric random variable with parameter p
satisfy,

n

= 3 (=i (23)

i=1 p

where the coefficients hy,;, n > 1, i < n are recursively defined positive integers satisfying

hpi =1 Vn>1
hn,i = ’L'hnfl,i + (Z - 1)hn71,i71 Vn > 3,i S {2, e, — 1}
hnp = (n—1Dhp-1,n-1 vn > 1.

Proof: Firstly we note that the cumulants of the Geometric distribution with parameter p
satisfy the recurrence relation
dkg—1 1-p

==, 24
dp Y K’l p ( )

Kp=(p—1)

The second and third cumulants follow immediately from (24) as

drq (—1) -1 1
ko=pPp—1)—=p-1)— | =—+ —,
2=(p )dp (p—=1) p2 p  p?
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drio 12 1 3 2
kg =(p—1)——==p—-1 <—>=—+.
( )dp ( )p2 P p p* P

Thus we may verify that x3 satisfies the definition in (23). Now assume that x,, matches the
definition in (23) for some fixed n > 3 and consider k1. We have from (24) the following,

dkn,
Knyl = (P — 1)%
LD PRI

i=1

_ Z |:(_1)n+1i7’-hfl,i . (_1)n+1z’ihn,i:|
=1

Pl pi+1

hn1 n [ t1_ijhn —'(j_l)hnj1:| nho
= _171 ’ + _1 n ] o _1n ‘7—', _ _1 ,
(AT D[ m (-1
hn " (=) (Ghg i+ (G — Db o
— (_1)n ,1 + Z |:( ) (] J ' (.7 ) J 1):| I nn+71 7
p 24 P

thus proving the statement by induction. [

Considering this form of the cumulants (23), and the nature of the Bell polynomial (20),
it is apparent that the n” central moment fi,, may also be written as O((1/p)") polynomials,
with some non-negative, integer coefficients fy, 1,. .., fn.n (to be specified later). Specifically,

we may write
n

_ —ifngi
fin =) _(=1)"E (25)
i=1 p
Next, we introduce a relevant property of a sequence of non-negative integers, and give
a lemma showing that the coefficients of the cumulants and central moments have this

property.

Definition 14 (Alternating Partial Sum (APS)) A sequence of n > 0 non-negative
integers, hi,...,hy is called APS if for all k € [n]

Ek:( )", >0, when (n—k) mod2=0,
l <0, when (n—k) mod2=1.

Lemma 15 For any integer n > 3, and Geometric random variable X with parameter p,
both the coefficients of the polynomial expression for the cumulants of X, hp1,. .., hyn, and
the coefficients of the polynomial expression for the central moments of X, fn1,..., fan are
APS sequences.

The full proof of Lemma, 15 is in the next subsection. The proof has two main steps. First we
show that the sequence hp 1, ..., hyy, is APS for any n from its recursive formula. Second,
we show that the sequence f, 1,..., fnn can be written as a linear combination of APS
sequences (derived from multiplying together cumulants in the Bell polynomial). This linear
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combination operation preserves the APS property, and thus the sequence fy, 1,..., fnn is
also APS.

The proof of Lemma 12 follows from application of Lemma 15. First, we demonstrate
that f, , =!n. Recall that the central moments p,, are defined in terms of the cumulants as

2 h n—m-+1 h
2 — —q - 1,
un—ZBnm SO LY (R ()
=1 =1

It follows that the leading order coefficient f,, ,, of the polynomial expression for p,, can be
expressed in terms of incomplete Bell polynomials of the leading order coefficients of the
preceding cumulants, i.e.

fn,n = Z Bn,m(oa h’2,2a B hn—m—i—l,n—m—i—l Z Bn m 0 1' 2' (n - )') (27)

m=1

where the second equality follows from Lemma 13. The above definition of f, , coincides
with a complete Bell polynomial, such that we have

Fam = Ba(0,11,2!, ... (n—1)!)

n! 11\% (n— DN’
- X ) ()

. ‘72,‘“7.]7}
2j2+4njn=n

_ Z ”(;)EG)M:m (28)

J25-+50n
2j2+-+njn=n

The final equality follows from the observation that each of the summands in the penultimate
expression are the number of permutations in the group of all permutations of n integers
with cycle structure 272373 ... nJ». By definition this sum is the number of derangements of
n.

The second stage of the proof is to demonstrate that i, < f,,,/p". First, we note that
if p = 1 then the Geometric variable X has P(X = 0) = 1. Thus, by the definition of
[n as a central moment, if p = 1 then i, = 0. This implies that the alternating sum of

polynomial coefficients fy, 1,..., fnn must be 0 for any n, i.e.
n .
Z(_l)n_lfn,i =0,
i=1

and in particular, that
n—1

Fan =D (=1)" " fui (29)

=1
As p <1 by definition, the APS property of fy,1,..., fn—1 tells us that

n—1 1

Z( 1)n 1_1fnz

=1 i=1

n 1_ifn,z'- (30)
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We verify this by considering that

n—1 n—1 n—1—1

Z(_l)nflfiani:Z( )n 1—3 P 1- anz+ Z n 1— z pnilii)fn,i

i=1 i=1
n 1—2 n 1—12
< E fnis

where the inequality holds since the second sum is negative. Dividing both sides by p
gives (30).
We then complete the proof by bounding fi,, as follows

n—1

n

) n—1 ‘ )
fin = Sttt en SR qpnmifn

i=1 p o p
< fn,n B fn,n
— pn pnfl
~ fan(l=p)  n(1-p)
- - opr

where the inequality follows from (30) and (29), and the final equality follows from (28). O

A.4 Proof of Lemma 15

Firstly we show by induction that the sequences hy, 1, ...,k are APS for all n > 3.

Consider first the case of n = 3. We have, as defined in Lemma 13, that h3; = 1,
h371 - h372 =1-3 = -2, and h3,1 — ]’L372 + h373 =1—-—3+2 = 0. Thus all of the
non-negativity and non-positivity conditions are satisfied and the sequence h3 1, h3 2, h33 is
APS. We now assume for some fixed m > 4 that hp,1,..., hmm is APS, and proceed to
consider the sequence Api1.1, .- -5 Png1,m+1-

By definition we have h,,1 = 1 and hpy41,m+1 = m!. Thus the APS conditions are
satisfied for ¥ = 1 and k = m + 1. We proceed to consider Zle(—l)mﬂ_iherLk for
ke {2,...,m}. We have,

k
Z(_l)m-i-l—iherLi —(_ m 1+ Z m+1 z i + (’L _ 1)hm,z’fl]
=1
= (=1)"t1- kkhm,k. (31)

Since all Ay, ), m > 2,k < m are positive integers, (31) is positive when m+1—k mod 2 =0
and negative when m + 1 — k mod 2 = 1. Thus the APS conditions are satisfied for
the sequence Nyt1.15 -5 hngim+1 given hpy1,..., Amm is APS. Thus, by induction, the
sequences Ny, 1,. ..,y are APS for all n > 3.

We next show two properties of APS sequences. Firstly, we have the property that
addition preserves APS.

Property 1 (Preservation of APS under addition) Ifaq,...,a, andby,..., b, are APS
sequences, then the sequence ay + by, ...,a, + by is APS.

26



LEARNING TO RANK UNDER MULTINOMIAL LoGIT CHOICE

To verify, consider first j <n:n—j mod 2 =0, we have

J j j
D (=D ai+b) =D (1" ai+ Y (—=1)" b >0,
=1 =1

=1

since a1, ...,a, and by,...,b, are both APS. Similarly, for j < n:n—j mod 2 =1 we

have ' 4 '
J . J ' J .
S =D ai+b) =D ()" ai+ > (—1)" b <0,
i=1 i=1 i=1
showing that (aj; + by, ...,a, + b,) are APS.
The second property states that if two polynomials (in the same variable) have APS
coefficients, the product of these polynomials has APS coefficients.

Property 2 (Preservation of APS under polynomial multiplication) Letay,...,a,
and by,...,by, be APS for n,m € N, with Z,l( )" a; = 0 and Y1*, (—1)™"; = 0.
Then, the sequence of polynomial coefficients c1, ..., Cnim Such that

Z (=)t = (Z(—l)""aw’) <Z(—1)m_lbix’>, zeR

i=1 i=1 i=1
are APS.

To verify this, consider

n+m m
n+m—i T n n—1 n mf'
E (—1) crt = (anx — Up_1T + 4 ( alx E Tbjz;
=1 j=1

I

( 1)M7jb] (anxn+j — an—lxn71+j + -+ (_1)” a1$1+‘7)

<
I
—

n+m

n+m—i dgj) 2l

I
Dﬂs

z:l

.
Il
—

for coefficients dl(j ), j € [m],i € [n+ m|, defined as follows

0, i<14
dgj): a;—;bj, ie{l+j,...,n+7}
0, 1>n+7
Now, since a1, ..., a, is APS and has > (—1)""‘a; = 0, we have
k 0, k<l4y
STyt = & SR e, ke {144, 0+ 5}
=1 0, k>n+j
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for all j € [m]. Thus the sequence {dgj ) "1™ is APS for each j € [m] and by Property 1,
the coefficients ¢y, ..., ¢ytm are also APS.

Using the result that hy1,...,hn, is APS for any n > 3 and the above properties, we
will show that the sequences fy, 1,..., fn,n are also APS for all n > 3. Firstly, we recall the
definition of the central moments in terms of cumulants,

_ nl K9 J2 K3 J3 Kn In
el Jolo gt \ 2! 3! n!

2j2+-+njn=n
Since ky = O(p~2), k3 = O(p~?), and k,, = O(p™™), each summand is o(p~™), and may be
written as a polynomial

S o () () ()
i=1 P gol. gl \ 2! o) U

where Ji, ..., J, are (possibly zero or negative) coefficients which are a function of variables
J2s .-, Jn, the order n of the moment in question, and the sequences Ay, 1, ...,y for all
m < n. It follows by Property 2 that the coefficients Ji,...J, are APS. Finally since
the coefficients fy1,..., fnn can be written as sums of the J coefficients over the valid
combinations of jo,...,Jj,, we have by Property 1 that the coefficients f,1,..., fnn are
APS. O

Appendix B. Proof of Maximum Likelihood Concentration

In this section we provide proofs of Theorem 5 and Corollary 6 giving our result on the
concentration of the maximum likelihood estimators in the unknown position bias setting.

B.1 Proof of Theorem 5

The first step of the proof is derive a bound on the relative entropy of functions with respect
to the product measure. We make use of the following result from Joulin and Privault (2004).
It gives a logarithmic Sobolev inequality tailored to functions of a univariate Geometric
distribution.

Theorem 16 (Theorem 3.7 (Joulin and Privault, 2004)) Let © denote the law of a
Geometric random variable with parameter p. Let 0 < b < —log(l —p) and let f : N — R
such that |d* f| = maxgen | f(k + 1) — f(k)| < b for all k € N. We have

)b
Ent, (ef> < ol _(1 (f)_ p)eb)]Ew (]d+f]26f) .

The chain rule for differential entropy (see e.g. Theorem 8.6.2 of Cover and Thomas
(2012)) states that for a series of random variables X, ..., X,, with joint distribution p",

n
Entyn (X1,..., Xn) =Y Enty (X | X1,..., X111).
=1
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Using this result we may extend the univariate bound in Theorem 16 in both dimensions
to a bound under product measure. Specially, for every function G : N¥X* — R, satisfying
DGy; < by; for constants 0 < by; < —log(1l —py;) @ € [d], | € [n], we have

d n
1 — py;)el
Entyn (¢9) < max ( Eun dTGyl*e | . 32
a ( ) icld],le[n] pi(1 — /(1 — py)ebid) H (ZZ‘ il (32)

i=1 =1

In particular, under the assumptions of the theorem statement, this holds for F', with
maxy ; by; = 3.

We now follow the so-called Herbst’s method (Davies and Simon, 1984; Aida et al., 1994)
to achieve a deviation inequality on F'. For ease in what follows we introduce the function
Mg : R — R with

(1 —pu)e’

Mg(b) = max , be |0, max —log(l—py)|. 33
o) ieldlleln] p (1 — /(1 — pi)ed) ( i€[d],l€[n] 8( pl)) (33)

Further we let p be the parameter attaining the maximum in (33), i.e.

- (1= pii)e’
p = argmax )
puziedleln] pri(1 — /(1 — pri)eb)

for any valid b.
Applying (32) to nF for every 0 < n < —log(1—p)/(262) and substituting the definition
for entropy we have,

By (nFe™) = By (¢7F) log (B (¢7F))
n dp

< Mg(nB2)Eyn (Z > PIF(X + ) — F(X)PenF> .
=1 =1

Exploiting the assumed bound (12), and introducing the notation H(n) = E,» (e"F ) we
may then rewrite the above display as,

nH' (1) — H(n)log (H (n)) < 1° 5 Mc(nf2) H ().
We then set K(n) = %log(H(n)), with K(0) = H'(0)/H(0) = E,»(F) and observe,
0Bt M (n52) H (1)
n*H(n)

since Mq is an increasing function. We will define M := Mg (M) for convenience.

K'(n) < — Mol < gt (5 =2

As such we may bound K (n) < E,»(F) + nB?M, and derive the exponential inequality,

—log(1 — p)
2/32 '

Finally, we apply a Chernoff bound to F', and substitute (34), giving,

Eyn (") < exp (nByn (F) +0°B7 M), 0<n< (34)

which when minimised over n € (0, —log(1 — p)/(282)], yields the stated result. OJ
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B.2 Proof of Corollary 6

The function o which computes the EM estimates of «, is posed as a function from

NEXT 5 NKX7 t6 [0,1])7, where the input matrices are of the form of N(L) and N(L). Recall
that we have o™ (N(L),N(L)) = o™ where oM are the EM estimates of o derived from
Algorithm 1. For the purposes of this proof we will define a® : NKxL x [J]E>XL [0, 1)/,
which computes the same aM estimates but via an alternative arrangement of the input
data.

Let N(L) be the K x L matrix whose ["* column (I € [L]) is n!, which we recall is
the vector of clicks per slot in epoch I. Let A(L) be the K x L matrix whose [** column
(I € [L]) is a' the action vector in epoch I. Define & such that a®(N(L), A(L)) =
oPM(N(L),N(L)) = oM,

Then, for fixed A(L), the restriction of a® to its j* output, o_sz , is, a function
from NE*L to [0,1]. It also follows from the definitions above that E(d]EM ) = «j. Finally
since the entries of the (non-fixed) input matrix N(L) are Geometric random variables, the
function dfM fits within the framework of Theorem 5. We therefore have that

) ) ) _ 52
p (|a§?M(N(L)’N(L)) — ol > 5) = P (jaj" (N(L), A(L)) = aj] > 6) < exp {4551]\4}

where

2
| (35)

L K
Brji= sup 4> N ‘O_ZJEM(X +eax) — aPM(X)

for any X € NEXL,

We recall that M = Mg(maxge(x) ez —log(1 — pr1)/2). Specifically in the context
of our MNL-LTR problem, we have py; € [1/2,1) for all k& € [K], I € [L]. Thus, M <
V0.5/(0.5(1 — (0.5)1/4)) < 9. Rearranging the exponential inequality and substituting a
bound on M we therefore have,

P <|aJEM(N(L),N(L)) — o] > \/72B%,L,j log(\/jL)> = % -

B.3 Proof of Lemma 7

In this section, we derive the bound on the sensitivity parameter (3 ;; which enables an
analysis of the regret. We first derive an alternative expression for 3 ;; to that in (35) in
terms of the oM functions, as oppose to the @M functions, as

K
Brji= sup | > > Ny

NENFXT N Go1 k=1

’ 2

04;-5M(N7 N) — aJEM(N + i N)

Bounding the finite differences with partial derivatives, we have the following bound on the
sensitivity parameter,

J K datM
\J J
P11 < sup Z E Ny max

J NenkxJ \ ‘= 1= n4i€[Ngi, Ngi+1] \ ONgi

2
) . (36)
Ngi=np;
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In what follows we shall obtain a further analytical bound on this expression in order to
relate the sensitivity parameter to the selected actions and number of rounds.

For the purposes of this section, let @ = (a, A_1) denote the length J 4+ K — 1 vector of
the unknown parameters in the unknown position biases model. As before, N and N are
J x K matrices of click- and play-counts for each item-slot combination. We will suppress
dependence on L for brevity in this section. In order to express gradients with respect to
click counts conveniently, we introduce the notation n to represent a vectorised version of
N. Here element m of n corresponds to element N(,, mod K),[m/K] Of the matrix N.

For a given pair n, N, the maximum likelihood estimate,

0*(n,N) € argmax / (0;n,N) ,
0c[0,1]7+K~1

is found where Vl(0;n,N) = 0. It then follows from the continuous differentiability of
the likelihood, and an application of the Implicit Function theorem that the gradient of the
maximiser with respect to the click vector n, within an open neighbourhood of a particular
solution 6 may be written,

Vnb*(n,N) = — [vgee (0; n, N)} T Vout (0; n, N) : (37)

Elements of V,0*, a (J+ K —1) x JK matrix provide the gradients of maximum likelihood
estimators contained in (36).

To compute (37), we first consider the gradient vector V¢ which contains the partial
derivatives,

ot _ i Nij  Me(Nj + Nij) Z Nk] aj(Ni + Nyy)

8ij Q; B (1 + Oéj)\k) 1 + Oz])\ )

€ [K]\ {1}

k=1

Thus, the second derivatives contained in the Hessian matrix Vggf are of the following form

0% _ i M (Nigj+Nig) Ny 0% ZJ: a?(Nij + Nij) Ny
(

304]2 B 1 (1+Oéj)\k)2 B 04]2- ’ a)% B 1+Oéj)\k)2 B )\z ’

%0 B (Nkj +Nkj)

d [
an 8aj>\k (1 +Oéj)\kj)27
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with 826/604]-6043 = 0 where j # j' and 9*(/ON\,0)\), = 0 where k # k. The Hessian
therefore has a sparsity structure which we later exploit:

9% 0 0 94 94
804% e O ONg e e 01O
0 . .
0 0 9% 9% 9%t
v g . 8043 Ja g0 Tt Tt O jONg
66~ — 9%¢ 9%t 224 0 0
90107s da 0% 8/\%
: : : 0
0% 9%¢ 0 0 9%¢
Oa1 0N OO 6)&{

Finally, the elements of Vg,{ are the second derivatives,
82€ . i )\k 82£ . i aj
80éjaNkj N a; (1 + Oéj)\k), 8>\k8Nk] N )\k (1 + Oéj)\ky
and 020/0aj Ny = 0 for j # j' and 0*¢/ Ny ; = 0 for k # k.
It follows from the sparsity of Vg,¢ that the gradient of a particular attractiveness

parameter estimate 04;7 with respect to a particular click count Ny, k € [K], | € [J], may

(38)

be written,
a * J 82£ K 1 62€
oxu ~ 2= (Vao)is gaany ~ 2o (Vao)isens 33, o,

0% . 0%

- _ -1 _
(Voo)jz D ONy I{k # 1} (v00>j7‘]+k71 OIMONK’ (39)

where Vgel will henceforth be shorthand for the inverse Hessian, (Vggf)~!. We proceed to
bound these gradients uniformly, and apply said bounds to derive a bound on 3 ;.

To bound the elements of Vggl, recall the definition of the matrix inverse as A~! =
(det(A))~tadj(A), where adj(A) denotes the adjugate of a square matrix A, a matrix of the
same dimension, consisting of minors of the matrix. Specifically, entry (h,i) of adj(A) is
the determinant of the matrix obtained by removing the i** row and ht* column of A, times
(=1)* i, adj(A)p = (—1)"* ¥ det(A_; ;). We may therefore write, for j € [J], k € [K],
and [ € [J],

a5 (adj(Vea)), 0% (adj(Voo)), 41 00

= — —{k#1
8Nkl det(Vgg) 8alaNkl { 7& } det(Veo) a>\]€3]\fkl7

and, since the second derivatives which mix parameter and click derivatives (thos~e of the
form 9%0/0a.ON.. and 9?(/ON.ON.. defined in (38)) are independent of N and N, there
exists a constant C > 0 such that,

J K

CRVENDY
=1k

~ da; 2
Nkl max J
1 n ONM
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K . 2
(adj(Vee))ji (adj(Vee))ji  (adi(Ves))jsk+1
< .|C N ~ — — 2
- ! Z u ( det VQQ ) kz ( det(VQQ) det(VQg)
_ |G S Ny (adj(Vee) 1) + Sory N (adj(Vee) ;i + adj(Ves)j.rik—1)° (40)
det(Vgg)? '

For any j € [J], k € [K]\ {1}, the variable Nj; enters (always linearly) in four elements
of Vgl only, namely those indexed (j, j), (4, J+k—1),(J+k—1,7),and (J+k—1,J+k—1).
The determinant computation never takes a product of terms in the same row or column,
and thus,

det(Vagl) = O (N,zj) , VielJ], kelK)\ {1}

For the adjugate of our Hessian matrix, we have the following order results, for h,i €
[J+ K —1],j€[J], and k € [K],

0] Nkj when h € {j,J+k—1} and/or i € {j,J + k — 1},

[(adj(Vee)) | = S
( ) h ‘ 0O Nl?j otherwise.

That is, the elements of the adjuagte (themselves determinants of submatrices), are quadratic
in variables Nkj unless they are contained within a row or column sharing indices of the
variable. In such rows and columns, the order is linear, since instances of Nkj are removed
from the determinant computation. The order never falls to O(1) because the removal of
no single row h and column ¢ can remove all four instances of the variable Nkj.

It follows, from these order results that within the square root of Equation (40), for all
k € [K] that the numerator is of order O <N,§j>, while the denominator is O <Nf§j> and

thus there exists a constant C' > 0 such that,

JK
prjL<Cy|———. O
maxp Nkj

Appendix C. Proof of Regret Upper Bounds

In this section we provide a proof of Proposition 8, giving an upper bound on the regret of the
Epoch-UCB algorithm for the known position bias setting. The proof has two main stages.
First we construct an event that all the UCB indices remain in intervals of certain width
around the unknown attractiveness parameters, and verify that this is a high-probability
event. We simply assume that the regret is the worst possible if this event does not occur.
Then conditioned on the high probability event occurring, we utilise bounds on the values
of the UCB indices and the properties of the reward function to bound the regret per epoch,
which is aggregated over L epochs to give the stated regret bound.
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C.1 Proof of Proposition 8

We begin by defining the regret specifically for an epoch-based algorithm. We have that
the T-round regret as defined in (2) may be rewritten as

Ry -2 (3 > )~ () ) -2 (X (m) - ().

We recall that |&|, the number of rounds in epoch [ follows a Geometric distribution when
conditioned on a‘, and that a' is a deterministic function of the history #;_;. As such we
may use the the law of conditional expectations to replace |&| with its expectation. We

Reg(T (zE(w( (z))ml_l))
(;(HD,M)( a _R(az))).

To aid readability, we will define AR! = (1 +3K )\ka§€> <R(a*) —R(a") ) for each epoch
[ € [L] so that we have

Reg(T (Z ARZ>

Next, we define a series of events B;,l € [L] which concern the value of the UCBs, as
follows,
J
8avjlog(JI2/2)  4(2+ v/2)log(JI?/2
5= ) L% ¢ [ 114 v, [F108UB2) | 2+ VD log(/2)] |
P Ajy Ajy

We can bound the probability of this event using the concentration results derived in Lemma
4. Specifically, we have that

P(B)

. 2 2
UCB <%)+P< UCB - o 1 (14 /2) 8a; loi(Jl /2) N 4(2+\/§j)xlog(ﬂ /2)>
Jil 4,1

( AUCE _ o > (1+ V2) 8aj IOZ%E,ZJP/Q) n 42 + ﬂ/)é(;g(JP/?)) (41)

since P(o; UCB < ;) is bounded for each j € [J] whether min(1,2a;,) is 1 or 2a;,. Fixing
JjelJ] and considering a single summand from (41) we have,

<|an3 a4+ ) — g > (14 V), SBTE/2) | 4@+ V2) log(Jl2/2)>

Ajy Ajy

34



LEARNING TO RANK UNDER MULTINOMIAL LoGIT CHOICE

< P('@?,FB - a(0] > \/ 160, 0B(TP/2) | 41+ V2) log(Jl2/2)>

j?l ]7l

Q5 10 O, 2
# P (las() ol > [FUEIE/D) DRI/ )

Jsl Jsl

éP(\/4min(1,254j,l)log(J12/2) | Alog(J2/2) \/16% log(J12/2) +(1+\/§)410g(ﬂ2/2)>

Ajy Ajy Ajy Ajy

L4
Jl

P( 4min(1, 2a;,;) log(JI2/2) - 16cvjlog(Ji2/2) N 4\/§log(Jl2/2)> N 4
A]‘J Aj,l Aj,l Jl
I al 2 9 . 2 2 2
p 8a;;log(J1%/2) S 160y log(J1%/2) N 32log (2Jl /2) +i
A Ajy A2 Jl
4log(Jl2/2)> 4 6

IN

al

0 <= (42)

= P(O_(N > 204j + ST

3l
The first inequality uses the triangle inequality, the second an application of equation (9),
the third bounds by replacing the minimum with the 2a;; term, and the final uses (11). It
follows, combining (41) and (42), that for any [ € [L], P(B;) < 9/I.

Having established B; as a low probabilitiy event we will decompose the regret according
to B;, and bound it separately under the events 5; and =B;. Under B; we will resort to trivial
bounds on regret coming from the maximum of the reward function, but these will make
limited contribution to the overall expected regret, since I5; occurs with low probability.
On —B;, the parameters are bounded in a way that we can exploit to bound the per-round
regret with quantities leading to an optimal overall bound. Specifically, we have for I € [L],

E(AR") =E (ARIH{B,} + ARZ]I{ﬂBz}>

< (K +1)P(B) + E(AR'T{-B;})
K

LA E<(1 3 veal) (Ria) - R<a1>)n{ﬂa}). (43
k=1

Since the reward function R is monotonically increasing in the attractiveness parameter
vector, and under —B; we have oz;-]lc B > q; for all j € [J], it follows that we also have

R(a,a/“B) > R(a,a), Vac A,

under —B;. We also have by definition of the UCB algorithm that R(a',a/“P) > R(a*, &),
and thus under —B; we have

R(a*) - R(a') < R(a', ] “") — R(a', @)
Yt )‘kal[,]a? PO Akl

- K - K
1+ Ek:l )\kal[{a? 1+ Zk:l )\k()dagC
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Zk 1)‘k’( _Oél)
1+Zk 1)\kOéUCB
Zk 1 Ak (e UCB—OH)
1+ 55 1 Akl

(44)

Thus, combining (43) and (44) we have the following bound on per-epoch regret,

E(ar) < 281D 1y iAk (1+v2) ! 1zg(Jl2/2) 42+ fA)log(Jl?/2)

l
k=1 akv ak,

Aggregating over L epochs, it follows that Reg(T') is upper bounded by

K azlo 12 o
. Z[9(K+1 +Z)\k (14 VD) 8 Agl(J /2)+4(2+\[A)1,g(ﬂ2/2) }

=1 a,»l a,l

L
< 9(K 4+ 1)(log(T) + 1) +E<Z

=1k

57| 48ag Aflog(J12/2) 141log(.J12/2
Z( ¢ . 8(J1/2) ))

l l
1 AK Zs 1 ]I{agc € aS} AK Zs:l H{ai € aS}

14K
< (9(K+ 1)+ 10 (JT?/2) ) (log(T

J
+ ZE( ii{ ajA?log(J12/2) ZH{] € as}>

s=1

< <9(K +1) + 14;([( log(JT2/2)> (log(T) + 1)

1922 log(.Ji2/2) JE (23]:1 YL a;1{al € as})
AK

+

14JK 1922 log(JT2)J T
< <9(K+ 1) + AJ log(JT2/2)> (log(T) + 1) +\/ 92A1 O;g,(J )J
K K

Here the second inequality replaces sums of reciprocals with increasing functions of T (since
T > L), the third inequality uses Cauchy-Schwarz, and the final inequality uses the property
that Z}']:1 ZSLZI a;I{al € as} is less than T in expectation, as derived in (Agrawal et al.,
2019, Appendix A.3). O

C.2 Proof of Proposition 10

The structure of the proof is similar to that of Proposition 8. We again decompose the

Reg(T (Z ARl> (Z (1 + Z)\kak> (R@@) - R (al)>> ,

=1
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and define a series of low-probability events C;, [ € [L], where the UCBs deviate substantially
from their expected value,

C = LJJ {OK%CB—U [aj,aj + 24 /36@13 log(J1?) }}

=1

For each [ € [L], we may bound the probability of C; as,

J
P (C) SZ (UCB U<ozj>—|—P( veB- U>aj+2\/m>§%.

We now decompose the per-epoch regret on the low-probability event C;. For each [ € [L]
we have,

E (ARl) <E (ARl | cl) +E (ARl E cl)

<M e (1 k) (ma) - m()) [ a).
k=1

The result (44) holds irrespective of the knowledge of position bias, so we have the following
bound on per-epoch regret, combining (44), (45), and then utilising Lemma 7,

E(AR) < 4K SR (Z 2c, /3652, | log( Jz2)>
2
4K +4 Z%JE <\/360JKlog£Jl )) |

man’E[K] Nk/aﬁc

Aggregating over L epochs, we reach the stated regret bound as follows,

K

L
4K +4 36C JK log(JI?
Reg(T)SE<Zz2 Zm\/ el >>

=1 man/E[K] Nk’ l
L& 36CJK log(J12)
S8(K+1)+E(222Ak )
=1 k=1 man/e[K] Nk” l

< 8(K + 1) + \/144CJK*T log(JT?). O

Appendix D. Proof of Regret Lower Bound

Proof: We first introduce some further notation. For each action a € A, a fixed position
bias vector A, and some constant € € (0,1/2] to be fixed later, define the attractiveness
parameter vector T, € (0,1]7+1 such that

1, J =0,
A .
Taj = =+ Sy J=an, ke [K], (46)
Si, otherwise.
K
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Let P, and E, denote the law and expectation with respect to the parametrisation o; = 75 ;.
Under P,, the action a is optimal.

We will also make use of the additional laws P, ; and expectations E,\; for j € a,
for each a € A. Under Py ;; we set aj = 7;, for all j # j' and have ay = 1/Sx. We
define A’ as the set of incomplete orderings, i.e. orderings in A with a single unfilled slot.
Each incomplete ordering a’ € A has a corresponding law P, and expectation operator E
which coincide with P, ;» and E,\ ;» when placing j" in the empty slot of a’ would generate
ordering a.

Further, for j € a, introduce the notation a~!(j) to refer to the slot in which action a
places item j - i.e. a,-1(;) = j. For j ¢ a, a1(j) = K+ 1, and we let A1 = 0.

For a fixed a € A, consider the per-round regret under the problem with parameters
Ta. We have, for any ¢ € [T],

1+e 1+$Zk]{1>\kzjea a1y Hake = 7}
Ea(r(a) —r(ar)) = Ea | 57 — K
TE 24 55 21 Ak D jea Aot (pHake = 5}
€— m 25—1 Ak D jea Aa—1(hyHawe = j}
(2+6)<2+S Zfl)‘ijea a—1 )H{akt_]}>

€ K .
~ Ska D k1 Mk Zan )‘rrl(j)ﬂ{ak,t =J}
7

It follows that in 7" rounds, the regret satisfies

T
max Regq(T) > r;léﬁ(Ea (Z r(a) — T(at)>

ae(0,1]7 o
“ A P <Zr<a> - T(at)>
acA t=1
1 € T
= 74| Z S Sk ZA'rl(j) Z)‘afl(j) : (47)
acA j€Ea t=1

Modifying slightly the notation from Section 4, we consider the innermost sum A;(T) =
Zthl )\a;1(j) in isolation, for j € [J].
For an a € A, and j € a the expectation of these random variables has the following
property,
Ea(A;(T)) < Ea\j(A' (T)) + |Eay; (A5(T)) — Ea(A;(T))]
a\] (Nkj (T)) =+ T>\max”Pa\j - PaHTV

KL(P, || Py
< IE’a\j (A] (T)) + T)‘max\/ ( 2” a\]) .

Here, the second inequality uses the discrete support of A;(7"), and the final inequality uses
Pinsker’s inequality.
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We now turn our attention to the KL divergence term KL(Pa || Pa\;). By the Law of
Total Entropy (see e.g. Theorem 2.5.3 of Cover and Thomas (2012)), we have

KL (Pa(Q¢ | Q1,--,Qr1) || Payjr(Qr | Q1,-.., Q1))

Mﬂ

KL(Pa || Pa\j)

w
I
—

Po{a; = a'}KL(Pa(Q | @) || Payy(Q | &)

Mw HMH

cA:jea’

IN

Y Ea(Nig (1)K L(Pa(Q | a') || Pa\;(Q | ") (48)

=
Il

1

Here we also use the property that any algorithm gives a deterministic mapping from Q1..—1
to a; - since even an instance of a ‘randomised’ algorithm can, alternatively, be viewed as
a deterministic algorithm randomly selected from a (potentially infinitely large) population
of algorithms.

The following lemma, whose proof is given in the the following subsection, bounds the
contribution to the KL divergence from a single round.

Lemma 17 For two actions a,a’ € A, and an item j € a such that a, = j and a,, = j
for some (possibly equal) n,n’ € [K], we have the following bound on the KL divergence
between Pa(Q | a’) and Py y(Q | &), the marginal distributions on Q | a’ implied by the
laws Pa and Py,

17€20?,_, (j)SK
e« v (49)
Sko

L(Pa(Q | &) || Pa;(@Q | &) <

Thus, combining the decomposition of KL divergence in (48) and the bound on per-
round KL divergence in (49) we have for any j € a,
1762)%3 K

Sk2

M=

KL(Pa || Paj) <) Ea(Nii(T))

>
Il

1

Then combining with (47) we have that the regret is lower bounded, similarly to in Chen
and Wang (2018), as

Reg(T) > 7|A| Z Z)‘ —1()A

]Ea

(a) €l 1 \/F,L( aH a\j)
= C714] -1 j j max
- 7|A] Z SK2 Z)‘ () <Ea\J(AJ(j))+j)\ 5
(b) : \/ L( a || a\j)
> Ea (AT T Amaz KL(1 1
7 7SK2!Ay ZlaeAZ]ea [ ( \v(A4(T) + 5
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( AT + Thp) e ) )]

el
T 751(2’44\ 22|

a’'c A’ j¢a’
(©) €T TAria KL(P, || P,
> “ Z A ST — €|~A ’ ma \/ H a\j’ )
7 7SK2|A| 7SK2‘A| a’EA’ 2
leA/ /g ’
@ eT eSkKT eKT Z S Ea (Nijr (1)) 17€2)2, S5
-7 7SK,2(J—K+1) 7SK2 aeA’ QS%Q(J—I-K—U

(i) el ecCSkT 17CSKT3et
-7 1(J-K+1) 2Ska(J — K +1)

Here inequality (a) introduces the bound on the A; terms, and inequality (b) reorders the
summations. Inequality (c) replaces the |A’| individual summands with |.A4’| copies of their
largest and notes any sum of A;(7") terms is necessarily bounded by SkT'. Then, inequality
(d) uses the concavity of the square root, while noting |A’|/|A| = K/(J — K +1). The final
inequality introduces a constant C' > 0 such that K/Sk2 < C. Finally, we complete the
proof by choosing € = O(,/JSk 2/v/TSk) and using the assumption that K < J/4. O

D.1 Proof of Lemma 17

In this section we provide a proof of Lemma 17, which helps to complete the proof of the
regret lower bound, Proposition 9. Lemma 17 gives a bound on the KL divergence between
the marginal distributions over a single click variable, under (particular) different attrac-
tiveness parameter vectors. The proof makes use of the following result, originally given
as Lemma 3 in Chen and Wang (2018), bounding the KL-divergence between categorical
random variables.

Lemma 18 (Lemma 3 of Chen and Wang (2018)) Suppose P is a categorical distri-
bution on [M]y with parameters po,...,pam, such that if X ~ P, P(X = m) = pn, for
m € [M]o. Suppose also that Q is an equivalently defined categorical distribution with
parameters qo, . . .,qu, and we have 0y, = Py — Gm for m € [M]o. Then

\sw

M
L(P || Q) SZ

Proof of Lemma 17: We begin by deriving expressions for the parameters py 1= Po(Q =
k| a),

1
bo = K )
2+ €305 N e 1SK Ka; = am}
>\k
+ €Ak Z 1 H{aj, = am}
Dr = m= Sxim m ke [K],

2"‘621 LAY 1 Ska H{al:am}’
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and q; = Po\;(Q =k | a'),

1
q0 = )
24 €3S N e 1sK Ka; = am, m # n}
)\k
+ee E {a), = am, m #n}
@ = - S“ b ke K.

2"‘621](1)\12771 1SK {a] = am, m#n}

To apply Lemma 18 we consider the differences in these parameters. For the no-click event
we have

—EAp A/

Po —4qo = % % .
Sk 2 <2+ezl R ISK ]I{al—am}> (24—62[ K ISK {a; = am, m#n})

For k € [K] such that k # n’ we have

/\’“ +ene F SK Ha), = am} )‘k + el Zm 1 SKQH{ak = Qm, m#n}
Dk — Qk =
2+€Zz TN e SK Kaj = am} 2+€Ez TN e 1sK Haj = am, m#n}
ArAndy 22 AnAy
€Sk Sk, S% o

(2—1—62{{1/\127” 1SK2H{al_am}> <2+GZZKI)\ZZm 15/\1? {a] = am, m;én})

Finally for the slot n’ in which item j is placed we have

A,/ A
SK te sm §

24 €3 N e 15K Ha; = am} 2+€Zl TN e ISK Kaj = am, m # n}
An)2,

AnAr A Am _
S (2€+€221 1Zm 1 SZKQ]I{a;_am,m#n}) GSKSKQ
K K
(24—62[ 1)\12m 1SK H{al—am}> (2—1—62[ 1)\lzm 1SK Ha; = am, m#n})

It follows, subsequent to some further algebra, that we have

N2 24242 Y 2 2 2 2\ 22,
(Po — qo) <€ )\2)\71/7 (Pr — ax) < Te ;\k/\n/\n/’ and (P — qu?) < 962)\n)\n _
40 85% 2 Ak 85K,2/SK qn’ 8SK,2/SK

Pn/ — Qn =

As such, we have the following by Lemma 18, and the assumption that Sk > 1

2A2)2, TEX A2, 9e2 A, A2,
KL(P, NI Pas "y < £t W nAn
(U@ |2 || Pay(@ | ) < 238532/5 (') + G
176202, 8
_y' 0
Sk 2

Appendix E. Proofs of Technical Lemmas

In this section we provide proofs of the remaining technical lemmas arising in the main text.
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E.1 Proof of Lemma 1

The probability of a no-click event given action a’ is given as

1
L+ 2 e,

po(a) = P(Q; = Ola, = a') =

It follows that n! = |&| — 1, the number of clicks before the no-click event in epoch [ is a

Geometric random variable with parameter pg(a'). It follows, that conditioned on n', each

ni, count may be viewed as a Binomial random variable,

nk|n! ~ Binom(n!,py),

where
Ak

25:1 )\vav

is the probability of a click on the item in position k, given that there is a click.

Pk =

)

The moment generating function of a Binomial random variable is of course well-known,
and we therefore have

k) = B (Ex (P ) = Bt (i’ + 1 — pr)™).

We then consider the result that if X is a Geometric random variable with parameter p,
then for any 7 such that 7(1 — p) < 1 we have E(7%) = p/(1 — 7(1 — p)). It follows that,

l
for any 0 < log(/\’;\(:ffl), we have
k
Po
Eﬂ(eeni) = - =
1 — (pre?/™ 41— pg)(1 — po)
_ Po
1— (pr(e? = 1) +1)(1 = po)
_ Do
1—(1—=po)— )\kozi;po(ee -1)

1
1— Aok (ef — 1)

as stated. We recognise that each ni | al is an independent geometric random variable,
by considering the moment generating function of the geometric random variable X with
parameter p and density fx (k) = p(1 —p)* for k € {0,1,2,...}, is given as

P 1

TI-e(l-p) 1o (Bt - 1)

M(t)

and is defined only for /(1 —p) < 1. O
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E.2 Proof of Lemma 2

We will first demonstrate that the log-likelihood function has at most one stationary point
on the parameter space (0, 1]‘] +E=1 We have that the log-likelihood of data N given N and
parameters o, A is

K J
log L(N; N, 0, ) = > )~ Nyjlog(aA) — (Nij + Nigj) log(1+ o Ap). (50)
k=1 j=1
Consdier the partial derivatives of the log-likelihood,
J

dlog L _ K Nij — Ozj/\kaj . [ ] Olog L _ Z Ngj — Ozj)\kaj
8C¥j Oéj(l + ij/\k) ’ ’ O = )\k(l + Oéj)\k) ’

ke K]\ {1}.
k=1

The solutions of the system of equations dlog L/0a; = 0,0log L/ON, = 0, j € [J], k €
[K]\ {1}, coincide with the solutions of,

K
D (Vi — ajNig) T 1+ ajdm) =0, 5 € [J) (51)
k=1 m#k
J
(Nij — M) [[(1 + cide) =0, & € [K]\ {1}, (52)
Jj=1 i#£j

We will demonstrate that the log-likelihood has at most one stationary point on (0, 1]/ 51
by showing that the system of equations given by (51) and (52) has at most one solution
on (0,1)/+K-1,

For each j € [J] consider the LHS of equation (51) with all Ag,..., Ag fixed in (0, 1].
The result is an O(ajK ) polynomial, which can be decomposed in to the summation of k
O(ajK) polynomials, gx(c;) = (Np; — ajNi;j) [Lnx(1+ ajAn), k € [K]. We have roots of
gr at o = Nkj/Nkj and a; = —1/\y,, Vm # k, and notice that g(c;) has negative leading
order term when o; > 0. Notice that only one of the solutions is positive, and lies in (0, 1]
iff 0 < Nkj < Nkj‘

Since each polynomial g, has negative leading order term, it follows that 25:1 gr(ay) =
0, i.e. equation (51), also has at most one solution in (0,1], for fixed Ao,...,Ax. An
analogous argument applied to equation (52) tells us that there is at most one positive
solution value in (0, 1] for each A, k € [K]\ {1}, coinciding with all other variables being
positive.

This tells us that the system of equations where the partial derivatives are set to zero,
has at most one solution in (0, 1]%¥7/~! and as such the log-likelihood function has at most
one stationary point on (0,1]%+/~!. From this we deduce that the log-likelihood is either
monotonic on (0,1]5+/~! or unimodal. We have from Wu (1983) that the EM algorithm
will converge to the unique MLE if the log-likelihood is unimodal and continuous, and thus
that the EM algorithm, Algorithm 1, will converge to the MLEs. [J
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Appendix F. Independent Product Parameter Model

A perhaps more straightforward approach to the unknown position bias variant of the MNL-
LTR problem would be to exploit the closed-form distribution of the estimators 7; (L) =
Ny;/Ny; of product parameters ;1. = a; Ay, j € [J], k € [K] and build UCBs around these
parameters independently. In this section we argue that this is not an appropriate strategy.
Specifically, although such an approach can be shown to eventually learn the optimal action,
and indeed have sublinear regret, the amount of exploration it requires is prohibitively large
in comparison to our proposed strategy.

F.1 An MNL-Bandit Approach to MNL-LTR with Unknown Position Biases

We notice that by modelling the ;5 parameters as independent, the unknown position bias
variant of MNL-LTR can also be thought of as a constrained MNL-bandit problem. We can
design such a formulation where the decision-maker is oblivious to the ranking aspect, but
the constraints on their actions ensure that they implicitly assign a single item to a single
slot.

In such a setting there are JK objects, indexed S, for j € [J], k € [K], where selecting
object S; i represents placing item j in slot k. Object S is therefore associated with
parameter ;. In each round t € [T] the decision-maker chooses a set S; containing K of
the objects. The constraints of the associated MNL-LTR problem are such that in each
round exactly one of these objects must have index k for each k € [K].

Introducing JK further indicator variables z;i(t) = I{S; € S;} for each t € [T, these
constraints may be expressed as,

J K
Y wip(t)=1Vk € [K], and Y zn(t)<1Vjel[J], VtelT). (53)
j=1 k=1

The first constraint captures the rule that every slot is utilised, and the second constraint
captures the rule that each item is used at most once. A valid set of objects S;, satisfying
(53), maps in a one-to-one fashion to a valid action a; € A for our MNL-LTR problem.

Both Agrawal et al. (2017) and Agrawal et al. (2019) derive order-optimal guarantees for
constrained MNL-bandit algorithms. However, the constraint considered in Agrawal et al.
(2017) is only a simple cardinality constraint - i.e. an upper limit on the number of objects
chosen in each round. Thus the guarantees on the Thompson Sampling approach proposed
therein do not carry to the problem with constraints (53). Agrawal et al. (2019), however,
allow for a more general class of constraints, requiring that constraints may be expressed in
the form Ax < b, where A is a totally unimodular (TU) matrix, and b is an integer-valued
vector. The JK x (J + 2K) matrix A implied by constraints (53) can be shown to be TU.
Thus the regret guarantees on the UCB algorithm proposed in Agrawal et al. (2019) apply
directly to the constrained MNL-bandit instance associated with an MNL-LTR instance.

Algorithm 4 describes a modification of such an algorithm to incorporate our sharper
concentration results. Then, the corollary below gives the corresponding order result on
regret enjoyed by this algorithm. The proof of this result is omitted as it follows directly
from the observation that the coefficient matrix implied by constraints (53) is TU, and
substituting the concentration results of Lemma 4 in to the proof of Theorem 1 of Agrawal
et al. (2019).
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Corollary 19 There exist constants C1,Co > 0 such that for any MNL-LTR problem where
the item attractiveness parameters satisfy o < ag = 1, j € [J] and the position biases satisfy
A =1, A < A1 k> 2, the regret in T rounds of Algorithm 4 satisfies

Reg(T) < C1\/JKTlog(JKT?) 4+ CoJK log?(JKT).

Although this implies a guarantee on the performance of Algorithm 4 which is near
optimal in its dependence in T', we see that the O(log(7T)) term has a worse dependence
on JK than, for instance, the Epoch-UCB algorithm for the known position bias case.
This hints to the critical issue with deploying Algorithm 4, that its exploration cost scales
linearly with the product of the number of items and number of slots. In the experiments
in Section 6, in particular problem (c), we see that even in ’simple’ problems - where the
optimal action can be identified quickly - Algorithm 4 is slow to converge.

Algorithm 4 Epoch-UCB algorithm for MNL-bandit model of MNL-LTR

Initialise with { = 0, and Qo = 0. Iteratively perform the following for t € [T,
fQi-1=0
o Set I+ [+1

e Calculate UCBs. For j € [J], k € [K] compute,

UCB 4min(1,27%; (1 — 1)) log(JKI2/2) 4log(JKI%/2)
Viki =Ykl —1)+ -1 -1 :
>sm1 {Sjk € S} > 1 {Sjk € Si}

e Solve the optimisation problem for object indicator variables

J K
UCB
X; = argmax E E T kY] kol
zjkd€lLREK] ;27 =

J
st > xjp(t) =1Vk € [K],
j=1

K
zjk(t) <1Vje[J]
=1

}J><K

e Select an action a; € A associated with x; € {0, 1 , and observe click variable (),

otherwise, set action a; = a;_1, and observe click variable Q.
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