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Abstract

The count-min sketch (CMS) is a time and memory efficient randomized data structure that
provides estimates of tokens’ frequencies in a data stream of tokens, i.e. point queries, based
on random hashed data. A learning-augmented version of the CMS, referred to as CMS-
DP, has been proposed by Cai, Mitzenmacher and Adams (NeurIPS 2018), and it relies
on Bayesian nonparametric (BNP) modeling of the data stream of tokens via a Dirichlet
process (DP) prior, with estimates of a point query being that are obtained as mean
functionals of the posterior distribution of the point query, given the hashed data. While
the CMS-DP has proved to improve on some aspects of CMS, it has the major drawback
of arising from a “constructive” proof that builds upon arguments that are tailored to
the DP prior, namely arguments that are not usable for other nonparametric priors. In
this paper, we present a “Bayesian” proof of the CMS-DP that has the main advantage
of building upon arguments that are usable under the popular Pitman-Yor process (PYP)
prior, which generalizes the DP prior by allowing for a more flexible tail behaviour, ranging
from geometric tails to heavy power-law tails. This result leads to develop a novel learning-
augmented CMS under power-law data streams, referred to as CMS-PYP, which relies on
BNP modeling of the data stream of tokens via a PYP prior. Under this more general
framework, we apply the arguments of the “Bayesian” proof of the CMS-DP, suitably
adapted to the PYP prior, in order to compute the posterior distribution of a point query,
given the hashed data. Applications to synthetic data and real textual data show that the
CMS-PYP outperforms the CMS and the CMS-DP in estimating low-frequency tokens,
which are known to be of critical interest in textual data, and it is competitive with respect
to a variation of the CMS designed to deal with the estimation of low-frequency tokens.
An extension of our BNP approach to more general queries, such as range queries, is also
discussed.

Keywords: Bayesian nonparametrics; count-min sketch; Dirichlet process prior; likelihood-
free estimation; Pitman-Yor process prior; point query; power-law data stream; random
hashing.

1. Introduction

When processing large data streams, it is critical to represent data in compact structures
that allow to efficiently extract information. Sketches form a broad class of compact random-
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ized data structures that can be easily updated and queried to perform time and memory
efficient estimation in large data streams of tokens. They have found many applications in
machine learning (Aggarwal and Yu, 2010), security analysis (Dwork et al., 2010), natural
language processing (Goya et al., 2009), computational biology (Zhang et al., 2014; Leo
Elworth et al., 2020), social networks (Song et al., 2009) and games (Harrison, 2010). We
refer to the monographs of Cormode et al. (2012) and Cormode and Yi (2020), and refer-
ences therein, for a comprehensive and up-to-date review on sketches. A notable problem
involving sketches is the estimation or recovery of the frequency of a token in the stream,
typically referred to as a “point query”. The count-min sketch (CMS) of Cormode and
Muthukrishnan (2005) is arguably the most popular approach to estimate point queries,
and it relies on random hashing to obtain a sketched representation of the data. The CMS
achieves the goal of using a compact data structure to save time and memory, while having
provable guarantees on the estimated frequency through hashed data. Nevertheless, there
are several aspects of the CMS that may be improved. First, the CMS provides only point
estimates, although the random hashing procedure may induce substantial uncertainty in
the estimation, especially for low-frequency tokens. Second, the CMS relies on the assump-
tion of a finite universe of tokens, although it is common for large data streams to assume
an unbounded number of distinct tokens. Third, often there exists an a priori knowledge on
the data, and therefore it may be desirable to incorporate such a knowledge into the CMS
estimates.

Learning-augmented CMSs aim at improving the CMS through the use of statistical
models for better exploiting the data (Aamand et al., 2019; Hsu et al., 2019). In such
a context, Cai et al. (2018) first considered a Bayesian nonparametric (BNP) approach
that assumes tokens in the stream to be modeled as random samples from an unknown
distribution, which is endowed with a Dirichlet process (DP) prior (Ferguson, 1973). The
resulting learning-augmented CMS, which is referred to as the CMS-DP, estimates a point
query through mean functionals of the posterior distribution of the point query, given the
hashed data. The posterior distribution is at the core of the BNP approach, and it is derived
through an intriguing “constructive” proof that exploits a restriction property and a finite-
dimensional projective property of the DP. The approach of Cai et al. (2018) allows for
an unknown (unbounded) number of distinct tokens in the universe and, most importantly
it allows to: i) make use of the DP prior for incorporating an a priori knowledge on the
data into the CMS estimates; ii) make use of the posterior distribution for assessing the
uncertainty of CMS estimates. Recently, Dolera et al. (2021) showed that the “constructive”
proof of Cai et al. (2018) admits a non-trivial extension to the normalized inverse-Gaussian
process (NIGP) prior, which features a distinguishing power-law tail behaviour (Lijoi et
al., 2005), in contrast with the geometric tail behaviour of the DP prior. This has led to
the introduction of the CMS-NIGP, which is a learning-augmented CMS under power-law
data streams, though with the critical limitation that it can not be tuned to the power-law
degree of the data.

1.1 Owur contributions

In this paper, we further investigate the BNP approach to develop learning-augmented
CMSs. The peculiar interplay between the predictive distribution and the restriction prop-
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erty of the DP is the cornerstone of the “constructive” proof of Cai et al. (2018). While
providing an intuitive derivation of the CMS-DP, such a proof builds upon some heuristic
arguments that are tailored to the DP prior. This is a critical limitation of the approach
of Cai et al. (2018), especially with respect to the flexibility of incorporating an a priori
knowledge on the data into the CMS estimates. Here, we present a “Bayesian” proof of the
CMS-DP, that is we present a rigorous computation of the (regular) conditional distribution
of a point query, given the hashed data, and we show that such a distribution coincides with
the posterior distribution derived in Cai et al. (2018). Besides strengthening the BNP ap-
proach of Cai et al. (2018), our proof improves its flexibility by avoiding the use of peculiar
properties of the DP, paving the way to go beyond the use of the DP prior. In this respect,
nonparametric priors with power-law tail behaviour are of special interest, as power-law
distributions occur in many situations of scientific interest, and they have significant conse-
quences for the understanding of natural and social phenomena (Clauset et al., 2009). As
well as being well known in natural language or textual data (Zipf, 1949; Cancho and Solé,
2020; Harald, 2001), power-law phenomena have emerged for data arising from humans’
electronic activities, e.g. website visits, emails, interactions in social networks, password
innovation, tags in annotation systems and editing of webpages (Huberman and Adamic,
1999; Barabasi, 2005; Muchnik et al., 2013; Tria et al., 2014; Rybski, 2016; Monechi et al.,
2017).

Our “Bayesian” proof of the CMS-DP leads to extend the BNP approach of Cai et
al. (2018) to the Pitman-Yor process (PYP) prior, which is arguably the most popular
nonparametric prior with power-law tail behaviour (Pitman and Yor, 1997). The PYP is
indexed by a discount parameter that controls the tail behaviour of the prior, ranging from
geometric tails to heavy power-law tails, and including the tail behaviour of the NIGP prior.
The PYP has neither a restriction property nor a finite-dimensional projective property
analogous to that of the DP, and hence: i) we apply the arguments developed for the
“Bayesian” proof of the CMS-DP, suitably adapted to the PYP, to compute the posterior
distribution of a point query, given the hashed data; ii) we introduce a likelihood-free
approach, which relies on the minimum Wasserstein distance method (Bernton et al., 2019),
to estimate the prior’s parameters. This leads to a learning-augmented CMS under power-
law data, which is referred to as CMS-PYP. Besides generalizing the CMS-DP to power-law
data streams, the CMS-PYP improves remarkably the CMS-NIGP, as it can be tuned to
the power-law degree of the data through the discount parameter. Applications to synthetic
and real data show that the CMS-PYP outperforms both the CMS and the CMS-DP in the
estimation of low-frequency tokens, which are of interest in textual data (Pitel and Fouquier,
2015); the CMS-PYP also outperforms the CMS-NIGP for data with heavier power-law
tails, whereas it is competitive with the CMS-NIGP for data with lighter power-law tails.
In general, we show that CMS-PYP is competitive with respect to the count-mean-min
(CMM) of Goyal et al. (2012), which is a variation of the CMS designed for the estimation of
low-frequency tokens, and also with respect to the bootstrap-debiased-count-min (BDCM)
of Ting (2018).
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1.2 Organization of the paper

The paper is structured as follows. In Section 2 we briefly review the CMS-DP and its
“constructive” proof, and then we present our “Bayesian” proof of the CMS-DP. In Section
3 we develop the CMS-PYP through the computation of posterior distribution of a point
query, given the hashed data, and the estimation of the prior’s parameters. Section 4
contains a numerical illustration of the CMS-PYP, both on synthetic data and real data.
In Section 5 we discuss our work, as well as its extension to the problem of estimating more
general queries, and present some directions for future research. Proofs of our results, except
for the “Bayesian” proof of the CMS-DP, and additional technical results are deferred to
appendices.

2. A “Bayesian” derivation of the CMS-DP

For any m > 1 let 1., = (x1,...,2Zy) be a stream of V-valued tokens, with V being a
space of types (symbols). Assuming 1., to be available through summaries obtained by
its random hashing, the goal is to estimate, or recover, the frequency of a new token x,,11
in 1., i.e.

Fomer = > Lz (@mi1)-
i=1

The CMS (Cormode and Muthukrishnan, 2005) is the most popular approach to estimate
the point query f;, ... For positive integers J and N such that [J] = {1,...,J} and
[N] = {1,...,N}, let hy,...,hy, with hy, : V — [J], be random hash functions that are
i.i.d. according to a pairwise independent hash family H. That is, h € H is such that for all
v1,v2 € V, with v1 # vo, the probability that v; and vo hash to any j; and js, respectively,
is Pr[h(v1) = j1, h(vy) = jo] = J~2. Pairwise independence is typically known as strong

universality, and it implies uniformity, i.e. Pr[h(v) = j] = J~! for any j € [J] (Cormode
and Yi, 2020, Chapter 3). Hashing x1.,,, through hq,...,hx creates N vectors of J buckets,
say {(Cn,1,- -+, Cn,J) tne|ns as follows: Oy, j is initialized at zero, and whenever a new token

x; with hy(x;) = j is observed we set C,, j - 14+ C,, ; for every n € [N]. The CMS estimates
Jrpia DY A

FE =min{C1 b, (2in)r > ON b (@msn) - (1)
We refer to Cormode and Yi (2020, Chapter 3) for a detailed account on the CMS and
generalizations thereof dealing with general small summaries for big data. In this section,
we consider the CMS-DP (Cai et al., 2018), which is a learning-augmented version of the
CMS that relies on BNP modeling of the stream x1.,,, through a DP prior. We briefly review

the CMS-DP and its “constructive” proof, and then we present our “Bayesian” proof of the
CMS-DP.

2.1 The CMS-DP and its “constructive” proof
2.1.1 THE DP PRIOR

A simple and intuitive definition of the DP follows from its stick-breaking construction
(Ferguson, 1973; Sethuraman, 1994). For # > 0 let: i) (B;);>1 be random variables i.i.d.
as a Beta distribution with parameter (1,6); ii) (V;)i>1 be random variables independent



LEARNING-AUGMENTED COUNT-MIN SKETCHES VIA BAYESIAN NONPARAMETRICS

of (Bj)i>1, and ii.d. from a non-atomic distribution » on V. Then, define P; = B; and
Pj = Bjlli<i<cj1(1 = B;) for j > 2, in such a way that > ,-; F; = 1 almost surely.
The (discrete) random probability measure P = } .., P;dy; is a DP on V with (base)
distribution v and mass parameter #. The law of P thus provides a prior distribution on
the space of discrete distributions on V. For short, P ~ DP(#;v). See Ghosal and van
der Vaart (2017) and references therein for a comprehensive account of the DP, including
its definition in terms of the normalization of a Gamma completely random measure. For
our work, it is useful to recall the restriction property and the finite-dimensional projective
property of the DP (Ferguson, 1973; Regazzini, 2001). The restriction property is stated as
follows: if A C V and P4 is the random probability measure on A induced by P ~ DP(6;v)
on V, i.e. the renormalized restriction of P to A, then Py ~ DP(0v(A);va/v(A)), where vy
is the restriction of the measure v to A. The finite-dimensional projective property is stated
as follows: if {Bj,..., By} is a measurable k-partition of V, for k£ > 1, then P ~ DP(0;v)
is such that (P(By),..., P(By)) is distributed as a Dirichlet distribution with parameter
(Ov(By),...,0v(By)).

Because of the discreteness of P ~ DP(6;v), a random sample X1.,, = (X1,...,Xn)
from P induces a random partition of the set {1,...,m} into 1 < K,, < m partition
subsets, labelled by distinct types v = {vy,...,vk, }, with corresponding frequencies
(N1ims - -y Nim) such that 1 < Ny < m and ) cicpe Nign = m. For 1 <1 <m
let M ,, be the number of distinct types with frequency [, i.e. M, = > i<i<k, LNy (1)
such that Y, ... M;,m, = Ky and Y ., IM;,, = m. The distribution of M,, =
(Mim, ..., Mym)is defined on My, = {(m1,...,my,) : my >0, Zlglgm my =k, Zlglgm Imy; =
m}, such that

o* 1
Pr[M,, = m| = ! 1 2
where (a)(,) denotes the rising factorial of a of order n, i.e. (a)@m) = [lo<;j<p_1(a+14). See
(Pitman, 2006, Chapter 3), and references therein, for details on the sampling formula (2).
Let vi = {v; € v : N;,, =1}, i.e. the labels of types with frequency [, and let v =V — v,
i.e. the labels in of types not belonging to v. The predictive distribution induced by
P ~DP(6;v) is

g i 1=0
PI“[Xm_H € vy |X1;m] = PI‘[Xm_H € vy | Mm = m] = (3)
i1 > 1,

for m > 1. The DP prior is characterized as the sole (discrete) nonparametric prior for
which: i) the conditional probability that X,,11 belongs to vo, given Xj.,, depends on
X1.m only through m; ii) the conditional probability that X,, 1 belongs to v;, given X,
depends on X1.,, only through m and M ,,. Such a characterization is typically referred to
as the “sufficientness” postulate of the DP (Regazzini, 1978; Zabell, 1997; Bacallado et al.,
2017).

2.1.2 Tae CMS-DP

The CMS-DP of Cai et al. (2018) assumes that the stream 1., is modeled as a random
sample X7.,,, from an unknown discrete distribution P, which is endowed with a DP prior.
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That is,
Xim | PN P (4)
P ~ DP(6;v)
for m > 1. Let hqy,...,hx be a collection of random hash functions that are i.i.d. from
the strong universal family H, and assume that h1,...,hyx are independent of Xj.,, for any
m > 1; in particular, by de Finetti’s representation theorem, it holds that hq,..., Ay are

independent of P ~ DP(#;v). Under the CMS-DP the X;’s are hashed through hy, ..., hy,
thus creating {(Cn,1,- .., Cn,J)tne|n], and estimates of the point query fx,,,,, with Xy 11
being of an arbitrary type v € V, are obtained as suitable mean functionals of the posterior
distribution of fx, ., given {Cy s, (x,. 1) nev)- Cai et al. (2018) provided an intriguing
“constructive” derivation of such a posterior distribution, which relies on two main argu-
ments:

A1) because of the strong universality of H and the independence between h,, and Xi.p,,
the restriction property of the DP, in combination with the “sufficientness” postulate
of the DP, implies that the tokens X;’s hashed in the j-th bucket C, ; constitute
random samples from a DP with scaled mass parameter 6/J, for any j € [J] and
n € [N];

A2) because of the strong universality of #, the finite-dimensional projective property
of the DP implies that the vector of hashed frequencies C,, = (Cp1,...,Cy ) is
distributed as a Dirichlet-Multinomial distribution with parameter (8/J,...,0/J), for
any n € [N].

For a single hash function h,,, the main result of Cai et al. (2018) may be summarized
as follows. A random sample Xi.,, from P ~ DP(#;r) induces a random partition of
{1,...,m} into subsets labelled by v € V, and (3) is the posterior distribution, given Xj.,,,

over which subset X,;1 joins. The frequency of that subset is the point query fx, ., we
seek to estimate, i.e.

Prfx,.. = U Xim] = Pr[Xmi1 € vi| Xiam] (5)
for [l = 0,1,...,m. However, we are assuming that the sampling information Xj.,, is

available only through {C;, . (x,.,1)}ne[n], and hence the posterior distribution (5) is not
of interest in itself. Instead, it is of interest the distribution of fx, .,, which is obtained
from (5) by marginalizing out Xji.,,. By combining (5) with (2) (Cai et al., 2018, Section
3), it holds that

Ilim,0) =P =1]=6 .
prm+1( ;1 ) r[me+1 ] (9 +m— l)(l+1) (6)

For any n € [N], strong universality of H and independence between h,, and Xi.,,, imply that
hy, induces a (fixed) J-partition of V, say {Bp,, 1,..., B, s}, and the measure with respect
to P ~ DP(6;v) of each By, ; is 1/J. Therefore, according to Al), h, turns P ~ DP(0;v)
into J bucket-specific DPs, say P; ~ DP(0/J; Jvp, .)forj=1,...,J, such that P; governs
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the distribution of the sole X;’s hashed in By, ;. For any | =0,1,...,¢c,, Cai et al. (2018)
thus set

0
Pl = U Cot ) = 0l =1, (B 7). ©

This is an heuristic assignment, namely the left-hand side of (7) is not obtained through a
rigorous computation of the (regular) conditional distribution of fx, ., given Cy, 5 (x,...)-
We refer to such a derivation as the “constructive” proof of the posterior distribution of
IXpyr gven Cpp (X001

For the collection of hash functions h1, ..., hy, the posterior distribution of fx, ., ,, given
{Crhn(Xsr) Inelns follows from Equation (7) by means of the assumption that the hy’s
are i.i.d. according to the strong universal family H. In particular, by a direct application
of Bayes theorem, Cai et al. (2018, Section 3), showed that for { =0, 1,...,min{ecy,...,cn}
it holds that

Hne[N]pfx (Z;C"’%)
Pr me =1[{C, n(Xm n = Cnsn - m
X1 = HACh b (X y1) InelN] = {€ntnen]] (psx, ., (lm, 0))N =1

(8)

CMS-DP estimates of the point query fx,, ,,, with respect to a suitable choice of a loss
function, are obtained as functionals of the posterior distribution (8), e.g. posterior mode,
mean and median. We refer to Cai et al. (2018) for a detailed discussion on BNP estimators
of fx,,., and their interplay with the CMS. For a concrete application of (8), it remains to
estimate the unknown prior’s parameter 6 > 0, and this follows from A2). In particular, C,
is distributed as a Dirichlet-Multinomial distribution with parameter (6/J,...,0/J), and
the distribution of {Cy,},¢n] follows by the assumption that the h,’s are i.i.d. from H,
that is

J

(%)(Cn,j) ) (9)

(9)(771) J=1 Cn,j!

Equation (9) provides the (marginal) likelihood function of {c, },e[n]. The explicit form of
such a function allows for an easy implementation of a Bayesian estimation of the prior’s
parameter ¢. Cai et al. (2018) adopted an empirical Bayes approach, which consists in
estimating 6 by maximizing, with respect to 6, the likelihood function (9). A fully Bayes,
or hierarchical Bayes, approach can be also applied by setting a suitable prior distribution
on 6.

2.2 A “Bayesian” proof of the CMS-DP

In Cai et al. (2018), the interplay between the predictive distribution and the restriction
property of the DP is the cornerstone for the derivation of the posterior distribution (7).
In particular, the “constructive” proof of the CMS-DP imposes two strong constraints with
respect to the choice of the prior distribution: C1) the predictive distribution induced by
the prior must have a simple analytical expression, i.e. the marginalization with respect to
the sampling information X;.,,, must be doable explicitly, and it must satisfy a “sufficient-
ness” postulate analogous to that of the DP prior; C2) the prior distribution must have
a restriction property analogous to that of the DP prior, which allows us to make use of
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the distribution of fx,,,, to assign the posterior distribution of fx, ., given Cp 4, (x,.,1)-
Nonparametric priors obtained by normalizing (homogeneous) completely random measures
(James, 2002; Priinster, 2002; Pitman, 2003; Regazzini et al., 2003; James at al., 2009) form
a broad class of priors that generalize the DP prior and satisfy C2); this follows from the
Poisson process representation of completely random measures, for which the Poisson color-
ing theorem holds true (Kingman, 1993, Chapter 5). However, the DP is the sole normalized
(homogeneous) completely random measure that satisfies C1) (Regazzini, 1978). Beyond
normalized completely random measures, the PYP prior is a popular generalization of the
DP prior that satisfies C1). However, the PYP does not satisfy C2); this is because the
PYP is not a normalized completely random measure. To the best of our knowledge, the
DP prior is the sole (discrete) nonparametric prior that satisfies both C1) and C2), and
hence it is the sole prior for which the “constructive” proof of Cai et al. (2018) works. The
“constructive” proof thus provides a limitation for the BNP approach of Cai et al. (2018),
as it implies a lack of flexibility in the choice of the prior distribution for BNP modeling of
T1m-

Here, we present a rigorous derivation of the posterior distribution of fx, ., given
Crhn(Xy1)> Which is referred to as the “Bayesian” proof of the CMS-DP. For any n € [N],
we consider the problem of computing the (regular) conditional distribution of fx,  , given

Cn:hn(Xm+l) ’ le

Pr [me+1 = l7 Z;nll ]l{hn(Xi)}(hn(Xm—i-l)) = Cn]
Pr [ Loy (ho(Xms1)) = ¢a]

forl =0,1,...,¢,. In the next theorem, we show that the (regular) conditional distribution
(10) coincides with the posterior distribution (7) obtained by means of the “constructive”
proof. That is, the “Bayesian” proof and the “constructive” proof lead to the same posterior
distribution. As a critical feature, our “Bayesian” proof stands out for not relying on the
peculiar restriction property of the DP; instead, by exploiting the strong universality of
‘H, the “Bayesian” proof relies on evaluating the numerator and the denominator of (10)
through standard combinatorial arguments and well-known distributional properties of a
random sample Xi., from the DP (Pitman, 2003, 2006; Sangalli, 2006), i.e. marginal
properties. It emerges that the “Bayesian” proof has two main advantages with respect to
the “constructive” proof: i) it provides a rigorous proof of the CMS-DP, which avoids any
heuristic assignment of the posterior distribution, thus strengthening the BNP approach of
Cai et al. (2018); ii) it avoids the use of the peculiar restriction property of the DP, thus
paving the way to the use of more general classes of prior distributions than the sole DP
prior.

Pr[me+1 =1 ’ C(hn(Xm.H) = Cn] = (10)

Theorem 1 For m > 1, let x1., be a stream of tokens that are modeled as a random
sample X1.y from P ~ DP(0;v), and let X,,+1 be an additional random sample from P.
Moreover, let h, be a random hash function distributed as the strong universal family H,
and let h,, be independent of X1., for any m > 1, that is h, is independent of P. Then,
forl=0,1,...,¢c,

(Cn —1 + 1)([)
(% +cn — Dt

0
Pr{fx,.. = Cph(Xmi1) = Cnl = i (11)
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Proof The proof consists of three steps: i) evaluate the numerator of (10); ii) evaluate
the denominator of (10); iii) evaluate (10) with respect to what obtained in step i) and
step ii). First, we observe that the independence between h,, and Xj.,, allows us to invoke
the “freezing lemma” (Baldi, 2017, Lemma 4.1), according to which we can treat h, as it
was fixed, i.e. non-random. To simplify the notation, we remove the subscript n from h,
and ¢,. We start with the denominator of (10). Uniformity of A implies that A induces a
(fixed) J-partition {Bj,..., By} of V such that B; = {v € V: h(v) = j} and v(B;) = J !
for j = 1,...,J. Then, the finite-dimensional projective property of the DP implies that
P(By) is distributed as a Beta distribution with parameter (6/J,60(1—-1/J)) forj=1,...,J.
Hence, we write

Pr (12)

Z ]l{h(Xi)}(h(Xerl)) =C
i=1

N m e+l ym—c¢
_J< >E[<p<3j>> (1 - P(B;))™]

_ m 1 c+1q m,ci PR
_J(c>/0p (1-p) F(%)F(g_%p (1-p) dp
_ <m) r@) TG +c+ IO -4 +m—c)

T \eJT)re-4) L0+ m+1)

This completes the study of the denominator of (10). Now, we consider the numerator
of (10). Let us define the event B(m,l) = {X; = -+ = X; = Xpt1, { X131, .-, X} N
{Xm+1} = @} Then,

Pr [fxmﬂ = l’iﬂ{h(Xi)}(h(Xerl)) = C] (13)
o
o

That is, the distribution of (fx,,,,,C}) is completely determined by the distribution of the
random variables (X1,..., Xm41). Let II(s, k) denote the set of all possible partitions of

B(m,1), > Linixoy (M(Xmi1)) = C]
=1

B(m,1), Y Tinxo(M(Xmi1)) = ¢ — z] :
i=l+1

the set {1,..., s} into k disjoints subsets 71, ..., 7 such that n; is the cardinality of ;. In
particular, from Sangalli (2006, Equation 3.5), for any measurable Aj,..., A;,+1 we have
that

m+1 9k’ k

= - 1) )
Pr[Xl € Al; s 7Xm+1 € Am-i—l] Z (‘9)(m+1) Z H(nz 1)'V(mr6mAr)
k=1 (Wl,...,ﬂk)GH(m—l-l,k) i=1

for m > 1. Let ¥ be the Borel o-algebra of V. Let vy, ., be a probability measure on
(ymtl ymtly defined as

V7T17---771'k(A1 XX Amy1) = H v(Mrem Ar),
1<i<k
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and attaching to B(m,[) a value that is either 0 or 1. In particular, vy, (B(m,l)) = 1if
and only if one of the ;s is equal to the set {1,...,l,m+1}. Hence, based on the measure
Vry,....m,y W€ Write

Pr B(m,l), Z ﬂ{h(XZ)}(h(Xm+1)) :C—l]
i=l+1
Z m+1)
X Z ! H —DWry ( Z ]l{h(Xi)}(h(XmH)) —c— Z)

(T1yeeeym—1)EMN(M—1,k—1) =1 i=l+1
(0) (m—1) I

=0
(6)(m+1)

r

m—I o
S X T (5 e 60 —e1)

-1 (1., ) EN(M—1,r) =1

Now,
m—l1

Z H *1 'Vﬂ'h T ()

r=1 (m—1) (m1,...,mr) EN(Mm—1,r) i=1
is the distribution of a random sample (Xi,...,X,,—;) under P ~ DP(6;v). Again, the
distribution of (X1, ..., X,,—;) is given in Sangalli (2006, Equation 3.5). Using the fact that
P(Bj) is distributed as a Beta distribution with parameter (8/J,0(1—1/J)), for j =1,...,J,
we write

Pr | B(m, 1), Y Ly ((Xme1)) =c—l]
i=l+1

(9)(771 l) m—l)

(9) m+1

m—1 r r m—lI

X (9)9 Z H(ni L2 (Z Lincxy (M X)) = ¢ — l)

r=1 (m=0) (71 yeeeymr) EN(M—1,7) =1 i=1
o (‘9)(m—l) m—1 e e
— gt (Yl - P

O m—i) ,, (m—1\ [* B . T 0 9-2 1
“ogent () [ gy
QIR '(m—l) ) TE+e—DLO-2+m—c)

@) mr1y \ec—=1)TE)reO-79) T +m—1) ’

where the second identity follows from an application of Sangalli (2006, Proposition 3.1)
under the DP prior; see also the formule displayed at page 469 of Sangalli (2006). From

10
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(13) we write

Pr [meH =0Y L)y (M(Xmr)) = c] (14)
=1
(m\, (D), (m—1 rY TG+c-0r@-4+m-c
B (l)9(9)(m+1>“<c—l)r(?,)r(e_3) L0 +m—1)
.y m! r@) TE+c-Dr@—94%+m-c)
C(e=Dim—=o)!T(9T0 - Y) L0 +m+1) ‘

This completes the study of the numerator of (10). Then, by combining (14) and (12), for
[=0,1,....m

Prifx e = HCn(x,40) = ¢ (15)
g —m! @)  T(&+c—Dr@—2%+m—c)
(e m=o) r(4)r(9-5 T(@+m+1)
= (™) r@  T(G+c+DI(0-4+m—c)
¢/ T(Ere-9) (@ +Fm+1)

B g (C*lJrl)(l)
J(% +c— l)(l—i—l)’

which follows directly from the (regular) conditional distribution (10), whose denominator
and numerator are replaced by Equation (12) and Equation (14), respectively. The proof
is completed. [ |

The next proposition is an interesting complement to Theorem 1: i) it provides a novel
(constructive) representation of the posterior distribution (11) in terms of a mixture of
Binomial distributions; ii) it characterizes the large ¢, asymptotic behaviour of the posterior
distribution (11). Hereafter, we denote by — the convergence in distribution or weak
convergence.

Proposition 2 Let B, be a Beta random variable, and denote by fp, , its density function.
Under the setting of Theorem 1, if Fx, ., is a random variable distributed as (11), then as
Cp — +00

+1

FXm+1 w B
Cn

1,8 (16)

Moreover, if Binomial (n,p) denotes the Binomial distribution with parameter (n,p), then
forl=0,1,...,¢c,

1
Pr{fx,.. =1 Crhn (Xms1) = cn) = / Binomial (; cn,p)fB1 (p)dp. (17)
0

e

See Appendix A for the proof of Proposition 2. Let Fx, _, be a random variable whose
distribution coincides with the posterior distribution (11). Then, Equation (17) shows
that the distribution of F,  , is a mixture of Binomial distributions, with the mixing

11
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distribution on the success probability being a Beta distribution with parameter (1,60/.J).
That is, the posterior distribution (11) admits a straightforward representation in terms
of a Beta-Binomial distribution with parameter (¢, 1,60/J) (Johnson et al., 2005, Chapter
6). Moreover, Equation (16) shows that the mixing distribution is precisely the limiting
distribution of the proportion c,'Fy,, , as ¢, — +oo. Then, according to Proposition
2, we write Fx,, ., = > << e, Zi, where, by means of de Finetti’s representation theorem,
(Z;)i>1 is an exchangeable sequence of Bernoulli random variables with de Finetti’s measure
being the Beta distribution with parameter (1,6/J). Concerning large m behavior, Berry-
Esseen estimates for the vicinity of the (rescaled) law of Fx, , to the aforesaid de Finetti’s
measure are contained in Dolera and Favaro (2020b), while other similar estimates can
be found in Dolera (2013). Then, for a collection of hash functions hi,...,hy, one may
combine Proposition 2 with Equation (8) to obtain an alternative representation, in terms
of product of Beta-Binomial distributions, of the posterior distribution of fx, ,,, given
{Cn,hn(Xm +1)}n6[N]' Despite Proposition 2 has not a direct impact with respect to the
implementation of the CMS-DP, in the sense of improving its computation, we believe it
is of interest in shedding light on distributional properties of the posterior distribution of

me+1 ’ glven Chn(Xm+1) °

3. A learning-augmented CMS under power-law streams

Our “Bayesian” proof relies on less prior’s assumptions than the “constructive” proof of Cai
et al. (2018), and it paves the way to extend the BNP approach of Cai et al. (2018) to the
PYP prior. The PYP prior is arguably the most popular generalization of the DP prior,
with a flexible tail behaviour that ranges from from geometric tails to heavy power-law tails
(Pitman, 2006, Chapter 3). In this section, we apply the PYP prior to develop a novel
learning-augmented CMS under power-law streams of tokens. In particular, we assume
the stream x1.,, to be modeled as a random sample from an unknown discrete distribution
P, which is endowed with a PYP prior Q. Within the class of (discrete) nonparametric
priors with power-law tail behaviour, the PYP prior stands out for both its mathematical
tractability, flexibility and interpretability, and therefore it is the natural candidate for
applications (De Blasi et al., 2015; Bacallado et al., 2017). We recall that the PYP has
neither a restriction property nor a “sufficientness” postulate analogous to those featured
by the DP, and therefore the “constructive” proof of Cai et al. (2018) cannot be applied to
obtain the posterior distribution of a point query. Moreover, we recall that the PYP does not
feature a finite-dimensional projective property analogous to that of the DP, and therefore
prior’s parameters cannot be estimated through an empirical Bayes procedure, as discussed
in Cai et al. (2018), or through a hierarchical (fully) Bayes procedure. In this section, we
adapt the “Bayesian” proof of Section 2 in order to compute the posterior distribution of
the point query fx, .., given {Cy, . (x,,.1) fne[n], under a PYP prior. Then, we exploit the
predictive distribution of the PYP prior to implement a likelihood-free approach to estimate
the PYP prior’s parameters. Our work leads to a generalization of the CMS-DP, which is
referred to as the CMS-PYP, providing a novel learning-augmented CMS under power-law
streams.

12
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3.1 The CMS-PYP
3.1.1 THE PYP PRIOR

A simple and intuitive definition of the PYP follows from its stick-breaking construction
(Perman et al., 1992; Pitman, 1995; Pitman and Yor, 1997). For a € [0,1) and 0 > —« let:
i) (Bj)i>1 be independent random variables such that B; is distributed as a Beta distribution
with parameter (1—a, §+ic); ii) (V;);>1 random variables, independent of (B;);>1, and i.i.d.
from a non-atomic distribution  on V. Then, define P = By and P; = B; [[;;<; (1—B;)
for j > 2, in such a way that ) .., P; = 1 almost surely. The (discrete) random probability
measure P = .-, P;dy; is a PYP on V with (base) distribution v, discount parameter
a and mass parameter f. For short, we write P ~ PYP(a,0;v). We refer to Perman et
al. (1992) and Pitman and Yor (1997) for an alternative definition of the PYP through a
suitable transformation of the a-stable completely random measure Kingman (1993). See
also Pitman (2006, Chapter 4) and references therein. The DP arises as a special case of
the PYP by setting a = 0. For the purposes of the present paper, it is useful to recall the
power-law tail behaviour featured by the PYP prior. In particular, let P ~ PYP(«,0;v)
with a € (0,1), and let (F;));>1 be the decreasing ordered random probabilities P;’s of P
(Pitman, 2006, Chapter 3). Then, as j — +oo the I;)’s follow a power-law distribution of
exponent ¢ = a~! (Pitman and Yor, 1997). That is, o € (0,1) controls the power-law tail
behaviour of the PYP through small probabilities P;)’s: the larger a the heavier the tail
of P. See also Gnedin et al. (2007, Section 10) for a detailed account on the tail behaviour
of the PYP prior.

As for the DP, the discreteness of P ~ PYP(a,0;v) implies that a random sam-
ple X1, = (X1,...,Xy) from P induces a random partition of the set {1,...,m} into
1 < K,,, < m partition subsets, labelled by distinct types v = {v1,...,vk,, }, with corre-
sponding frequencies (N1 m, ..., Nk, m) such that 1 < N;,, <m and } ;e Nim = m.
For 1 <1 < m let M;,, be the number of distinct types with frequency 1, i.e. M, =
ZlgigKm ]l{Ni,m}(l) such that Zlglgm M, = Ky, and Zlglgm IMj m = m. The distribu-
tion of M, is

(2) " fa(l— )™ 1
Py =l = O [ (TR 09
such that
- @ .
Pr[K,, = k] o), )‘f(m,k:,a) (19)

for k = 1,...,m, where €(m,k;a) = (K1) Y gk (’:)(—l)i(—ia)(m) denotes the gen-
eralized factorial coefficient (Charalambides, 2005), with the proviso that €(0,0;a) = 1
and € (m,0;«) = 0. See Pitman (2006, Chapter 3) for details on (18) and (19). Now, let
v ={v; € v: Nj,, =1}, i.e. the labels of types with frequency [ and let vo = V—v, i.e. the
labels of types not belonging to v. The predictive distribution induced by P ~ PYP(«, 0; 1)
is

fika —if1=0
+m
Pr[Xm+1 S ‘Xl;m] = Pr[Xm+1 S ‘ M,, = m] = (20)
millzo) gy >
+m =

13
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for m > 1. In particular, the PYP prior is characterized as the sole (discrete) nonparametric
prior for which: i) the conditional probability that X,,+; belongs to vg, given Xj.,, depends
on Xj.,,, only through m and K,,; ii) the conditional probability that X,,,; belongs to v,
given Xi.p,, depends on Xj.,, only through m and M; ,,, (Bacallado et al., 2017, Proposition
1).

At the sampling level, the power-law tail behaviour of P ~ PYP(«, 0;v) emerges from
the analysis of the large m asymptotic behaviour of K, and M, ,,/K,, (Pitman, 2006,
Chapter 3). Let Xi., be a random sample from P. Pitman (2006, Theorem 3.8) shows
that, as m — +oo,

m a5, @)
where S, ¢ is a polynomially tilted a-stable random variable, that is the distribution of
Sap has density function fs, ,(7) o 7% (2)1g+ (2) for g, being the positive a-stable
density function. According to (21), it holds K,, =~ m“SO;z‘ for large m, or equivalently
Ko = [(0 +m)* — 0°]S_§ for large m (Favaro et al., 2009). It follows from (21) that, as
m — +00,

Ml,m ga(l_a)(lfl)
K, I

. (22)

Equation (21) shows that the number K, of distinct types in Xi.,,, for large m, grows as
m®. This is precisely the growth of the number of distinct types in m > 1 random samples
from a power-law distribution of exponent ¢ = a~'. Moreover, Equation (22) shows that
Pa, = (1l —a)q_1)/l! is the large m asymptotic proportion of the number of distinct types
with frequency [ in Xj.,,,. Then, it holds p,; ~ cal™% 1 for large 1, for a constant c,. This is
precisely the distribution of the number of distinct types with frequency [ in m > 1 random
samples from a power-law distribution of exponent ¢ = a~!. See Figure 1 for an illustration
of the large m behaviour of K,, and M;, under the PYP prior, for some choices of the
parameter (o, 6).

3.1.2 THe CMS-PYP

To introduce the CMS-PYP, we assume that the stream x1.,, is modeled as random samples
X1.m from an unknown discrete distribution P, which is endowed with a PYP prior. That
is,

Xim | PR P (23)

P ~ PYP(«a,6;v)

for m > 1. Let hq,...,hx be a collection of random hash functions that are i.i.d. from
the strong universal family H, and assume that h1,..., Ay are independent of Xj.,, for any
m > 1; in particular, by de Finetti’s representation theorem, hi,...,hy are independent
of P ~ PYP(a,0;v). Under the CMS-PYP the X;’s are hashed through hi, ..., hy, thus
creating {(Cy.1,- -, Cn, 1) }ne[n), and estimates of the point query fx,,.,, with X;, 11 being
of an arbitrary type v € V, are obtained as functionals of the posterior distribution of

14



LEARNING-AUGMENTED COUNT-MIN SKETCHES VIA BAYESIAN NONPARAMETRICS
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Figure 1: Behaviours in m > 1 of the statistics K,,, and M, ,,/K,,, for 1 < m < 10* under

P ~PYP(a,0;v): =0 (blue -), o = .25 (red -.), o = .5 (yellow —) and a = .75 (purple
).

IXmir given {Cp . (X,041) fnen)- As for the derivation of the CMS-DP in Section 2, the
assumption of independence between the h,’s and X;.,, plays a critical role to obtain the
posterior distribution of fx, ., given {C, , (x,. +1)}ne[N]; that is, it allows us to treat the
hy’s as they were fixed, i.e. non-random hash functions. For a single hash function h,, in
the next theorem we provide a rigorous derivation of the posterior distribution of fx

given Cn,hn(Xm+1)-

m—+417

Theorem 3 For m > 1, let x1., be a stream of tokens that are modeled as a random
sample Xi.ym from P ~ PYP(«,0;v), and let X,,11 be an additional random sample from
P. Moreover, let hy, be a random hash function distributed as the strong universal family
H, and let h,, be independent of X1.,, for any m > 1, that is h, is independent of P. Then,
forl=0,1,...,¢cn

Pix, s (l;m, cn, , 0) (24)
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= PT[meH =1] Cnh (Xmy1) = € n]
()0 -y ZE B (O 03 vt ettt e
T\ 1 ey (%) i) (% 1-1ye cn+1,z,a)‘€(m—6mj;a> |

See Appendix B for the proof of Theorem 3. Theorem 3 provides an extension of
Theorem 1 to the more general BNP model (23); in particular, Theorem 1 can be recovered
from Theorem 3 by setting & = 0. See Appendix C for details. The proof of Theorem 3
relies on two properties of the distribution (18) for the random partition M,, induced by
P ~ PYP(«,6;v): P1) the distribution of M,, is of Gibbs-type (Pitman, 2003; Gnedin and
Pitman, 2006), i.e

(=)™ 1
i=1 ) v

where (Vi k)m>1, k<m forms a collection of nonnegative (deterministic) weights that satisfy
the triangular recursion Vi, i = Vip1 6(m — ak) + V11 k41 with the proviso Vi1 := 1; P2)
for any constant ¢ > —a, the V}, ;’s are such that for any m > 1 and any & < m it holds

that v f
mAlhtl c—+ Oz. (26)
Vin k c+m

In particular, within the proof of Theorem 3, P2) is critical to exploit the quasi-conjugacy
property of the PYP prior (Lijoi et al., 2008). While P1) holds true for a broad class of
nonparametric priors, which are referred to as Gibbs-type priors (Pitman, 2003; Gnedin and
Pitman, 2006; Pitman, 2006; De Blasi et al., 2015; Bacallado et al., 2017), P2) holds true
only for the PYP prior. That is, the PYP prior is characterized as the sole Gibbs-type prior
for which P2) holds true (Zabell, 1997; Bacallado et al., 2017). Therefore, we expect that
an extension of Theorem 3 to Gibbs-type priors may require a non trivial effort to overcome
the lack of P2), though the general strategy underlying the “Bayesian” proof remains valid.

For a € [0,1), an alternative expression for (24) may be given in terms of the distribution
(19) of the number K, of distinct types in a random sample from the PYP. If ¢, > 0, then
fori=0,1,...,¢c,

Pix, i (l;m, cn, , 0) (27)

(0)(cn Z)E [(

( 0+«

(6)(1{ 7

(5) : m—c
<0><cn+1>E[< epgese ()1 (1 g) e

g)(K

cn—l)

)k i+ Kep - Koo
(K¢, z+Km:) 1) nl(l_%) n

6 A
o )(Kcn+l) @ (Kmfcn)

with the proviso that Ko = 0, where K., _; and K,,_., in the numerator of (27) are indepen-
dent random variables for any | = 0,1,...,¢,—1, and K., 41 and K,,_., in the denominator
of (27) are independent random variables. See Appendix D for the proof of Equation (27).
Equation (27) gives a probabilistic representation of the posterior distribution (24), whose
critical terms are the expected value of a suitable functional of (K., _;, Kpm—¢, ), i.e. the
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numerator of (27), and the expected value of a suitable functional of (K, 41, Kim—c,), 1.
the denominator of (27). See Appendix E for a further alternative expression of (24), which
is in terms of exponentially tilted a-stable random variables (Zolotarev, 1986). Figure 2
shows the shape behaviour of the posterior distribution (27) for different values of («,6),
keeping m, J and ¢, fixed. For a = 0, i.e. under the DP prior, Cai et al. (2018) showed
that the posterior distribution of fx,,.,, given Cy 3, (x,.,,) is monotonically decreasing or
increasing. Under the PYP, the additional parameter a € (0,1) allows for a more flexible
shape behaviour.

Remark 4 Equation (27) is useful for the numerical evaluation of the posterior distribu-
tion (24), since it avoids numerical issues that arise in evaluating the generalized factorial
coefficients. In particular, (27) allows for a Monte Carlo (MC) evaluation of (24), which
requires to sample from the random variable K,,, for suitable choices of m. Sampling K,
1s straightforward, and it exploits the predictive probabilities of the PYP. In particular, from
(20), Bernoulli(p) is the Bernoulli distribution with parameter p, for p € (0,1), then sam-
pling K, reduces to sample (m —1) Bernoulli random variables. See Algorithm 1 in Section

4.

Under the PYP prior, Theorem 3 shows that the posterior distribution of fx, ., given
Crhp(Xpmsr) depends on the sampling information through ¢, and m. This is a critical
difference with respect to the DP prior, where Theorem 3 shows that the posterior distri-
bution of fx, ., given Cy, 1, (x,..,), depends on the sampling information only through m.
Therefore, under the PYP prior, one may consider different large m asymptotic behaviours
for the posterior distribution (24). Here, we start by considering a local limit theorem of
(24) for m — 400, while ¢, is fixed. Under the setting of Theorem 3, for any [ = 0,1,...,¢,
it holds

. Cn (0 + 2a) (¢, 1)
plienosd) = i pre, (e = (7) 0= P e
and
1
p(l;en, a,0) = / Binomial(l; ¢n, P) fB;_a 9400 (P)dD, (29)
0

where fp_, is the density function of the distribution of a Beta random variable By . See
Appendix F for the proof of Equation (28) and Equation (29). The next proposition is
an interesting complement to Theorem 3, providing the large m asymptotic behaviour of
the posterior distribution (24). In particular, we consider m — 400 and ¢, — 400 with
the assumption that ¢, = Am for some choice of A € (0,1). Such a large m asymptotic
behaviour is in line with the large ¢,, asymptotic behaviour presented in Proposition 2 under
the DP prior.

Proposition 5 For a € (0,1) and ¢ > 0 let Soc be a polynomially tilted co-stable random
variable, i.e. the distribution of Sa,. has density function fs, .(z) o< 27°ga(x)1g+(x) for ga
being the positive a-stable density function; moreover, set Zy g1q = (J — 1)1/O‘Sa,0/Sa,9+a
and Wo g = (J — 1)1/6“5@70/5&79, with Sa,0 being independent of Sy e+ and of Sug, and
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respectively. Under the setting of Theorem §, let Fx
bution (24). As m — +oo and under the large m asymptotic regime c, = Am, for some
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Figure 2: Posterior distribution of fx, ., given Cy 5, (x,,.,) = ¢n under P ~ PYP(a,0;v): m =
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where Bﬁ)aﬂJra is a random variable whose distribution has density function of the following
form
it fZeoe ()
+o)l(1—a «f+a -z 1—a—1 f+a—1
= 1-— 1 .
fB§>;)a,9+a ("'U) fWa’e ()\,1 o 1) 1 — Z ( x) (0,1) (x)

See Appendix G for the proof of Proposition 5. As in the context of the DP prior
discussed in Section 2, Proposition 5 shows that the posterior distribution of fx, ., given
Chn(Xpy1) @dmits a representation in terms of a mixture of Binomial distributions. In
particular, Proposition 5 may be viewed as the natural counterpart of Proposition 2, though
the resulting mixing distribution is not as simple as the Beta distribution of Proposition 2.
For the collection of hash functions hi,...,hy, the posterior distribution of fx, ., given
{Cr b (Xmsr) Ine(n]; follows from Theorem 3 by means of the assumption that the h,’s are
i.i.d. according to the strong universal family #. In particular, by a direct application of
Bayes theorem, straightforward calculations show that for [ = 0,1,...,min{cy,...,cny} it
holds that

HnE[N} prm+1 (l7 m, Cp, ., 0)

P =1 {C ={cntn = , 31
r[me+1 | { n,hn(Xm+1)}n€[N] {C } G[N]] (prm+l (l7 m,a, 9))]\/‘_1 ( )
where 6 )
. o (™ T ) m-)
Pfxpis (im, a,0) = Prfx,,, =1 = <l >( - a)(l)m
for! =0,1,...,m, where fp,__,, . denotes the density function of the distribution of a Beta

random variable with parameter (1 — a, 0 + «). See Appendix H for the proof of Equation
(31). CMS-PYP estimates of the point query fx,,,,, with respect to a suitable choice of a
loss function, are obtained as functionals of the posterior distribution (31), e.g. posterior
mode, mean and median. In general, the numerical evaluation of the posterior distribution
(31), as well as the evaluation of its alternative expression in terms of (27), requires care in
order to achieve numerical stability and efficiency, as it is discussed in the last part of this
section.

To apply (31), it remains to estimate the prior’s parameter (a, #). For ease of exposition,
we denote by C the N x J matrix with entries Cy, ; for n € [N] and j € [J]. Assuming that
the matrix C has been computed from m tokens, the sum of the entries of each row of C is
equal to the sample size m. Since the PYP does not have a restriction property analogous
to that of the DP, under the BNP model (23) the distribution of C is not available in
closed-form. Hence, the prior’s parameter («, ) cannot be estimated following the empir-
ical Bayes approach adopted by Cai et al. (2018) in the context of the DP prior. Instead,
here we estimate (a, #) by relying on the minimum Wasserstein distance method (Bernton
et al., 2019). This method estimates (a, ) by selecting the value of («,#) that minimizes
the expected Wasserstein distance between a summary statistic of the data and the corre-
sponding summary statistic of synthetic data generated under the BNP model (23). In our
context, a natural choice for the summary statistic is the matrix C. By construction, the
rows of C are i.i.d.; moreover, since H is assumed to be a perfectly random hash family,
each column of C is exchangeable. Then, we can define the reference summary statistic C
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as a vector of length NJ containing the (unordered) entries of the matrix C. For any fixed
m’ > 1 and a any fixed prior’s parameter («,0), let )~(1:m/ = ()?1, ... ,)~(m/) be a random
sample from P ~ PYP(a,0;v), i.e. X1 is modeled as (23). For a moderate sample size
m/, generating random variates from )Nflzm/ is straightforward by means of the predictive
distribution (20) of the PYP. These random variates, by a direct transformation through

the hash functions hq, ..., hy drawn at random from H, lead to random variates from the
hashed frequencies and to random variates from reference summary statistic, denoted by
C(a,0,m).

In practice, m is such that m > m’ and the computational cost of sampling from (20)
scales super-linearly in m’. To account for this mis-match we scale the entries of C(a,8,m’)
by m/m’, so that each row of C(a, 8, m')m/s sum to m. Now, we are interested in finding
(&,0) such that

. .~ m
(&,0) = arg min E [m (c, Cla, G,m')—,ﬂ , (32)
(a,0) m
where W, is the Wasserstein distance of order 1, and the expectation is taken with respect
to C. To fully specify the optimization problem we choose p(z,y) = |z — y| as distance
underlying Wi (Bernton et al., 2019). We use an MC approximation of the expectation in
(32), i.e.,

R
=3 W, (€. Gyl 0,m) ™) (3)
r=1

for R > 1, where (Cy(a,0,m’),...,Cg(a,0,m')) are i.i.d. according to C(a,,m’). We
refer to Bernton et al. (2019) for a theoretical and empirical analysis of the minimum
distance Wasserstein method. To improve the MC approximation displayed in (33), which
might be detrimental for the minimization problem in (32), we fix the same random numbers
underlying the routines used for generating random variates from the predictive distribution
(20) of the PYP over all values of («, #). Moreover the optimization is carried out via noise-
robust Gaussian optimization (Letham at al., 2019). We report experimental results in
Section 4.

3.2 Computational aspects of the CMS-PYP

For the CMS-PYP estimator of f;, ., we consider the posterior mean f®YP) that is the
expected value of the posterior distribution (31). The evaluation of f*¥") follows from two
steps:

i) the estimation of the prior’s parameter («, ) by means of the minimum Wasserstein
distance method;

ii) the evaluation, with respect to the estimated prior’s parameter, of the posterior dis-
tribution (31).

Step i) has been described above. Step ii) can be implemented either via the exact represen-
tation in (27) or via its limiting behaviour in (28), which is accurate provided that the total
number of observed tokens m is large relative to the considered c¢,. This is often the case,
especially for real world large datasets where applying CMS in any of its variants is most
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warranted. In our numerical experiments we consider datasets whose total observed tokens
range from 2 millions to almost 1 billion. The evaluation (27) requires the computation of
multiple expectations, one for each [ = 0, ..., ¢,, which we approximate via MC integration.
For each MC estimator to be valid it is necessary to sample each K., _; independently from
K., in each expectation term. However the MC estimators themselves, one for each
1=0,...,cy, can be correlated. One sample for all MC estimators can be thus obtained as
follows: i) Algorithm 1 is used to sample the vector [K., —; |l =0,...,¢,] in one pass with
O(cn) cost i) K-, is sampled from the distribution of [(6 + (m — c,))* — 6°]S_§ where
S;’z‘ is a polynomially tilted a-stable random variable. Sampling from S’;g‘ can be achieved
efficiently by using rejection sampling as described in Devroye (2009). The convergence of
K¢, to its limiting distribution is fast in m — ¢, as illustrated in Figure 3. To ensure
numerical stability with both (27) and (28) we work in log-space, i.e. compute the (natural)
logarithm of each multiplicative term of (31), and exponentiate back only as final compu-
tation. Similarly, to avoid underflow/overflow issues, we apply the “log-sum-exp” trick to
sums arising from the MC estimators. The denominator of (27) does not need to be eval-
uated, as it suffices to compute Prxpis (I;¢n, @, 0) up to a constant of proportionality and
then normalize the masses to sum up to 1. In doing this, the MC variance is additionally
reduced.

a=0.5 6=10, m=64 a=0.5 6=10, m=256 a=0.5 6=10, m=1024
Y
{ \\ / \
= \ = = \
2 / \ 2 2 \
[} [) [4)
a | \ o a
) \
/ \
| \ / \
\ / \ \
N / \L
10 20 30 40 50 60 40 60 80 100 120 140 50 100 150 200 250 300 350
Km Km Km

Figure 3: Exact sampling of K, via Algorithm 1 and (asymptotic) approximate sampling of K,
via K, ~ [(0 +m)® — 0%]S_p for different values of m, a = 0.5, = 10; densities
estimated by kernel density estimation.

4. Experiments

We present numerical experiments for the CMS-PYP. We apply the CMS-PYP to synthetic
and real textual data, and we compare its performance with respect to some Bayesian and
non-Bayesian approaches. With regards to the Bayesian approaches, we consider the CMS-
DP of Cai et al. (2018), here denoted by f®"), and the CMS-NIGP of Dolera et al. (2021),
here denoted by f™SP). In particular, f®® is the mean of the posterior distribution of
IXmyrs given {Cy p (x,.41) tne[n], under the DP prior, whereas fMIGP) i the mean of the
posterior distribution of fx, .., given {Cy . (x,..1)}ne/n], under the NIGP prior. With
regards to non-Bayesian approaches, we consider the CMS of Cormode and Muthukrishnan
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Algorithm 1 Sampling K._; for [ =0,...,c

K[0] + 0;

K[1] « 1,

14 1;

while i < ¢ do
Ber < random sample from Bernoulli (
K[i| + K|[i — 1] + Ber;
141+ 1;

end while

return K[c|, K[c—1],..., K[1]

9

O+aK[i—1]
0+

(2005), the CMM of Goyal et al. (2012) and the BDCM of Ting (2018). The CMS, here
denoted by f©M) has beed specified in (1). Both the CMM, here denoted by f(C¥™)
and the BDCM, here denoted by f®P°™ rely on the same summary statistics used in the
CMS, i.e. the hashed frequencies {Cy},cn]. This facilitates the implementation of a fair
comparison among estimators, since the storage requirement and sketch update complexity
are unchanged. The CMM estimator subtracts the value of the estimated noise from each
of the N counters, and returns minimum between the median of the N residues and the
CMS estimator. For a token x the noise corresponding to each counter is given by (m —
Chhn(z))/(J — 1). Similarly to the CMM, the BDCM estimator aims at de-biasing the
CMS estimator. Specifically, we consider the Algorithm 1 of Ting (2018). An (almost)
unbiased estimator is obtained by removing the mean of the CMS estimators computed
over the vector counters {Cn,j}ne[N} for j=1,...,J. The BDCM estimator is obtained by
restricting this unbiased estimator to be non-negative. In all the experiments random hash
functions h,,(z) as
hn(z) = ((apz + by) mod LP) mod J,

where z is the non-negative integer index corresponding to the token of interest, L P denotes
a large prime number (here chosen to be 232 — 1), and a,, and b, are two random integer
numbers that are i.i.d. as a Uniform distribution on [1, LP]. The required hash functions
are generated once for each numerical experiment and kept fixed while comparing different
estimators.

4.1 Estimation of the prior’s parameter («a,6)

We present an empirical study of the likelihood-free estimation approach detailed in Section
3. We start with a scenario where the data generating process (PYP-DGP) is (23). In
particular, we generate 10 synthetic datasets of m = 300000 tokens each, for different
prior’s parameter (a,f). See Table 1. For each dataset, the estimation of the prior’s
parameter (a, ) is performed by means of (32) and (33) with m’ = 100000 for R = 25.
The optimization procedure is based on Letham at al. (2019), as implemented by the AX
library. See https://ax.dev/ for details. The stochastic objective function (33) is evaluated
a total of 50 times for each dataset. Results from Table 1 support our inferential procedure
for (a, ). It is also apparent that, for the datasets under consideration, a is more easily
identified than #. We also consider synthetic datasets generated from Zipf’s distributions

22


https://ax.dev/

LEARNING-AUGMENTED COUNT-MIN SKETCHES VIA BAYESIAN NONPARAMETRICS

with (exponent) parameter ¢ > 1, i.e. a Zipf’s data generating process with parameter c
(Z:-DGP). In particular, we recall that the parameter ¢ controls the tail behaviour of the
Zipf’s distribution: the smaller ¢ the heavier is the tail of the distribution, i.e., the smaller ¢
the larger the fraction of types with low-frequency tokens. We generate 7 synthetic datasets
of m = 500000 tokens each, for different parameter c. See Table 2. For each dataset, the
estimation of the prior’s parameter («,6) is performed by means of (32) and (33) with
m/ = 100000 for R = 25. The optimization procedure is still based on the work of Letham
at al. (2019). The stochastic objective function (33) is evaluated a total of 50 times for each
dataset. The results from Table 2 shows that the PYP prior is able to adapt to different
power-law tails behaviours. In particular, we observe that the larger ¢ the smaller &, which
is in agreement with the interpretation of a as the parameter controlling the tail behaviour
of the PYP prior.

PYP-DGP Estimates

« 0 & 0
0.00 25.00 0.02 36.31
0.10 25.00 0.11 21.86
0.20 25.00 0.18 16.78
0.30 25.00 0.26 22.83
0.40 25.00 0.41 17.32
0.50 25.00 0.56 10.69
0.60 25.00 0.56 13.42
0.70 25.00 0.63 24.89
0.80 25.00 0.77 10.21
0.90 25.00 0.88 11.26

Table 1: Prior’s parameter (a,6) estimates, under PYP-DGP.

Z.-DGP Estimates

c & 0
1.05 0.92 25.37
1.18 0.80 5.56
1.33 0.71 1.53
1.54 0.67 0.61
1.82 0.38 0.49
2.22 0.17 0.11
2.86 0.01 0.23

Table 2: Prior’s parameter (a, 6) estimates, under Z.-DGP.
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4.2 Applications to synthetic and real data

With regards to synthetic data, we consider datasets generated from Zipf’s distributions
with exponent ¢ = 1.3, 1.6, 1.9, 2.2. Each dataset consists of m = 500000 tokens. We make
use of a 2-universal hash family, and then assume the following pairs of hashing parameters:
i) J =320 and N = 2; ii) J = 160 and N = 4. Bayesian and non-Bayesian approaches
are compared in terms of the MAE (mean absolute error) between true frequencies and
their estimates. Table 3 and Table 5 report the MAE for the Bayesian approaches, with
respect to the case J = 320 and N = 2 and the case J = 160 and N = 4, respectively.
From Table 3 and Table 5, it is clear that f (PYP) has a remarkable better performance than
f®P) in the estimation of low-frequency tokens. In particular, for both Table 3 and Table
5, if we consider the bin of low-frequencies (0, 256] the MAE of f®¥®) is alway smaller than
the MAE of f®™) ie. f®YP outperforms f®. This behaviour becomes more and more
evident as the parameter ¢ decreases, that is the heavier is the tail of the distribution the
more the estimator f®¥®) outperforms the estimator f®®®). For any fixed exponent ¢, the
gap between the MAEs of f®YP) and f®® reduces as v increases, and this reduction is much
more evident as ¢ becomes large. For any exponent ¢ we expect a frequency threshold, say
v*(c), such that f®¥P) underestimates f,, 4, for v > v*(¢). From Table 3 and Table 5,
for any two exponents ¢; and ¢ such that ¢; < ¢g it will be v*(¢1) > v*(c2). From Table
3, i.e. J =320 and N = 2, it emerges that f®¥®) has a remarkable better performance
than f™CP) for data with heavier power-law tails (¢ = 1.3, 1.6), whereas from Table 5, i.e.
J =160 and N = 4, f®¥®) is competitive with f™SP) for data with heavier power-law tails
(¢ = 1.3, 1.6). In general, the better performance of f®¥®) with respect to f™CP) is not
surprising, as f™SP) has the critical limitation that it can not be tuned to the power-law
degree of the data.

Table 4 and Table 6 report the MAE for the non-Bayesian approaches for the case
J =320 and N = 2 and the case J = 160 and N = 4, respectively. From Table 4 and
Table 6, it is clear that f®¥® outperforms the f(°M) in the estimation of low-frequency
tokens for both the choices of hashing parameters, i.e. the case J = 320 and N = 2 and
the case J = 160 and N = 4. Moreover, f®¥?) outperforms both f(CMM and fEPCM jp
the estimation of low-frequency token. The better performance of f<PYP) with respect to
feMM) s a remarkable results, as the CMM is known to stand out in the estimation of
low-frequency tokens Goyal et al. (2012, Figure 1). In general, a good performance in the
estimation of low-frequency tokens is a desirable feature in natural language or textual data,
where it is common the power-law behaviour of the data stream of tokens. In such a data,
highest frequency events are often of low interest: frequent words are often grammatical,
highly polysemous or without any interesting semantics, while low-frequency words are more
relevant.

We conclude by presenting an application of the CMS-PYP to some textual datasets,
for which the distribution of words is typically a power-law distribution (Clauset et al.,
2009). In particular, we consider 4 textual datasets of increasing corpora size: the 20
Newsgroups dataset!, the Enron dataset?, the WikiText-103 dataset® and the 1 Billion Word

1. http://qwone.com/~jason/20Newsgroups/
2. https://archive.ics.uci.edu/ml/machine-learning-databases/bag-of-words/
3. https://blog.salesforceairesearch.com/the-wikitext-long-term-dependency-language-modeling-dataset/
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Language Model Benchmark (IBWLMB) dataset?. The 20 Newsgroups dataset consists of
m = 2765300 tokens with 53975 distinct tokens, whereas the Enron dataset consists of
m = 6412175 tokens with 28102 distinct tokens. Following the experiments in Cai et al.
(2018), we make use of a 2-universal hash family, with the following hashing parameters:
i) J = 12000 and N = 2; ii) J = 8000 and N = 4. By means the goodness of fit test
proposed in Clauset et al. (2009), we found that the 20 Newsgroups and Enron datasets fit
with a power-law distribution with exponent v = 2.3 and v = 2.1, respectively. The CMS-
PYP estimators f (PYP) for the 20 Newsgroups and Enron datasets are obtained through the
implementation of (27). Table 8 and Table 9 report the MAEs of f(CMS) | f(CMM) 4 fBDCM)
whereas Table 7 reports the MAEs of the estimators f®F) and f®¥®). Results of Table 8
and Table 9 and Table 7 confirm the behaviour observed in Zipf’ synthetic data. That is,
f®YP) outperforms f®F) for low-frequency tokens. Moreover, a comparison with respect to
feMD) peveals that fPYP) is competitive with f€M™ in the context of the estimation of
low-frequency tokens.

Finally, we consider the WikiText-103 and 1BWLMB datasets. The former consists
of m = 82810656 tokens with 606753 distinct tokens, whereas the latter consists of m =
658195953 tokens with 1256524 distinct tokens. The fit test of Clauset et al. (2009) results
in power-law distributions with exponent v = 2.15 and v = 1.5 respectively. Taking into
account the increased corpora sizes we consider the following hashing parameters: i) J =
50000 and N = 2; ii) J = 35000 and N = 4 for WikiText-103; i) J = 140000 and N = 2;
ii) J = 100000 and N = 4 for IBWLMB. The CMS-PYP estimators f®¥®) are obtained
through the implementation of (28). Table 10 reports the MAEs of the estimators ") and
f®YP) applied to the WikiText-103 dataset and to the IBWLMB dataset. The CMS-PYP
estimator offers a competitive performance with respect to both the DP and the CMM
estimators. The use of (28) reduces the computational significantly, in which case the
time required to compute the CMS-PYP estimators is similar to the time required for DP
estimators.

Z13 Zi6 Z19 222
Bins of Zp11 jf-(DP) ]E(Nlcp) f’(FYP) f(DP) f(NIGP) f‘(PYP) JZ-(DP) f‘(NlCP) f(PYl”) f(DP) jf(x{cp) f(PYP)
0,1] 1,057.61 231.31 1.12 626.85 134.75 3.36 306.70 65.71 115.15 51.38 12.91 3.80
(1,2] 1,194.67 287.43 2.08 512.43 119.22 2.29 153.57 37.03 31.16 288.27 61.87  93.99
(2,4] 1,105.16  262.18 3.63 472.59 95.78 1.85 2,406.00 353.73 1,237.41 133.31 26.90 17.57
(48] 1,272.02  302.89 7.40 783.88 175.10 8.89 457.57  83.30 136.16 117.76  21.58 8.26
(8,16] 1,231.63  257.08 11.83 716.52 136.66 10.00 377.99 66.44 90.41 411.21 77.39 127.69
(16,32 1,252.18 248.41 22.58 829.17 190.05 14.81 286.98 41.99 65.47 501.00 90.29 178.07
(32,64] 1,309.14  284.12  39.23 780.70 139.52  36.47 41395  67.30 181.84 216.84  48.00  92.07
(64,128] 1,716.76  312.59 104.03 946.20 125.07  79.94 1,869.23 353.10 1,678.82 63.05 6591  85.70
(128,256] 1,102.96 97.9 168.34 1,720.49 273.50 342.18 199.87 110.32 98.20  45.98 130.94 136.25

Table 3: Synthetic data: MAE for f®P) fONIGP) and fPYP) case J = 320, N = 2.

5. Discussion

At the core of the CMS-DP of Cai et al. (2018) lies the computation of the posterior
distribution of a point query, given the hashed data, and then estimates of the point query
are obtained as mean functionals of such a posterior distribution. While the CMS-DP has

4. https://www.statmt.org/lm-benchmark/
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Z13 Z16 Z19 Za2
Bins of Tl f'(CMS) f(cmm) f(uucm) /E(CMS) ')E((:J\m) f(uucm) f‘(CMS) f(CMM) f(uucm) f(cm:;) f(cmm) f(uncn)
(0,1] 1,061.3 161.72 99.02 629.40 62.19 57.08 308.11 81.10 7737  51.65 1.04 27.80
(1,2] 1,197.9 169.74 35.67 514.31 102.42 45.38 154.20 2.00 55.14  289.50 2.04 21.16
(2,4] 1,108.3 116.37 62.74 474.82 52.10 26.18 2,419.51 2,215.85 1156.54 134.05 3.40 24.63
(4,8] 1,275.9 378.04  145.04 786.73 214.46 40.30 460.13 258.90 68.67 118.40 6.44 62.20
(8,16] 1,236.1 230.32 90.54 719.84 232.24 66.08 380.05 139.50 39.40 413.13 129.03 51.54
(16,32] 1,256.8 221.98 172.14 831.70 79.73 62.98 288.59 23.90 263.34 503.60 364.30 32.60
(32,64] 1,312.8 235.87  197.59 783.90 184.99 73.98 415.58 54.82 116.04 217.81 82.92 28.73
(64,128] 1,721.7 766.29  119.64 950.31 304.36 56.60 1,875.50 1,762.20 1,120.00  64.01 64.01 25.79
(128,256) 1,107.7 334.57 121.17 1,727.19 1,488.38  109.26 202.09 163.61 239.54  46.80 46.80 25.39
Table 4: Synthetic data: MAE for f(CMS) f(CMM) apd fBDCM) “case J = 320, N = 2.
Z13 Z16 Z19 222
Bins of Tmil f‘(DP) f‘(N[GP) f(pvp) f(DP) f"(N[(;P) f(pvp) f'(DP) f(NIGP) f'(P\’P) f‘(DP) f’(NIGP) f‘(PYP)
(0,1] 2,206.09 0.9 0.77  1,254.85 0.25 1.07  420.76 0.18 0.98 153.20 0.32  28.78
(1,2] 2,333.06 0.5 1.07 1,326.71 0.70 2.13  549.12 0.82 1.93 180.71 1.24  21.60
(2,4] 2,266.35 1.3 1.70 1,267.97 247 3.53  482.45 2.53 3.55 182.18 2.66 14.92
(4,8] 2,229.22 4.6 4.54 1,371.27 4.67 6.11 538.91 5.28 6.28  250.32 5.96  40.18
(8,16] 2,207.42 10.5 7.06 1,159.29 10.68  11.68 487.69 10.86  10.64 245.09 10.28  95.33
(16,32] 2,279.80 20.7  11.60 1,211.41 19.21  23.88 529.77 22.08 19.04 293.68 21.57  56.37
(32,64] 2,301.99 42.6  28.56 1,280.17  43.14  43.61 632.45 42.64  40.84 118.26  44.49 29.04
(64,128] 2,241.57 92.2  71.58 1,112.41 94.43  93.50 419.42 95.19 81.83 177.61 95.10  58.47
(128,256] 2,235.40 170.0 114.75 1,133.85 173.87 148.71 522.21 185.83 226.96 128.09 180.41 77.92
Table 5: Synthetic data: MAE for f(PP), fMNIGP) and fPYP) case J = 160, N = 4.
Z13 Z16 Z19 Z22
Bins of @41 f‘((?MS) f‘(CMM) f‘(BDCM) f(()MS) f(m\m) f(BDCM) f(cms) f(CM]\[) f‘(BDCM) jﬁ(cms) f‘(CMM) f‘(BDCM)
(0,1] 2,212.1 590.48 126.11 1,262.0 146.11 36.60 424.80 130.90 53.37 154.70  47.10 17.66
(1,2] 2,339.8 359.57 158.41 1,332.7 63.21 72.87 552.00  65.00 189.88 182.70 2.01 18.76
(2,4] 2,270.9  69.42 54.81 1,277.8 301.89 176.24 487.30 163.55 42.74 18470  97.15 25.86
(4,8] 2,234.6  339.95 92.71 1,375.7 579.94 98.10 545.20 243.08 26.14  252.50  62.70 21.57
(8,16] 2,213.3 313.37 62.11 1,165.7 152.53 59.33  493.20 196.20 102.04 24730  29.70 22.56
(16,32] 2,283.0 2330 11141 1,217.2 2294 84.80 535.50 154.30 31.80 295.90 190.92 23.36
(32,64] 2,305.7 133.09 172.81 1,284.6 209.13 63.20 637.80 150.05 37.70 120.60  71.86 24.01
(64,128] 2,244.5 102.43 57.11 1,120.2 118.42 73.93 425.10 198.60 36.43 180.30 113.75 22.57
(128,256] 2,237.4  294.43 118.11 1,141.3 573.12 48.07 525.90 267.15 41.26 129.70 129.70 22.73

Table 6: Synthetic data: MAE for f(CMS) f(OMM) anq fBDOM) cage J = 160, N = 4.

proved to improve on some aspects of CMS, it has the major drawback that the posterior
distribution of a point query is obtained through a “constructive” proof that builds upon
arguments that are tailored to the DP prior, namely arguments that are not usable for other
nonparametric priors. In this paper, we presented a “Bayesian” proof of the CMS-DP, that
is we computed the (regular) conditional distribution of fx, ., given C,}, (x,..,), and we
showed that such a distribution coincides with the posterior distribution obtained in Cai et
al. (2018) through the “constructive” proof. Besides strengthening the BNP approach of
Cai et al. (2018) through rigorous arguments, our proof improve its flexibility by avoiding
the use of properties that are peculiar to the DP, thus paving the way to go beyond the
use of the DP prior. This first result led to develop a novel learning-augmented CMS under
power-law data streams, referred to as CMS-PYP, which relies on BNP modeling of the
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J =12000 and N =2 J =8000 and N =4

20 Newsgroups Enron 20 Newsgroups Enron

Bins of 2y fOP) fEYP) for  fEve) o foP)  fEYP) for o feve

(0,1] 46.39 1.22 1220 0.90 53.39 0.99  70.98 1.18
(1,2] 16.60 1.85 13.80 1.86 30.49 2.10  47.38 2.05
(2,4] 38.40 3.24  61.49 3.60 32.49 3.66  52.49 4.14
(4,8] 59.39 5.04 88.39 7.68 38.69 6.59  53.08 6.13
(8,16] 54.29 10.90 2340 12.85 25.29 13.17  56.98  11.55
(16,32] 17.80 20.89  55.09 23.97 24.99 22.69 89.98  19.29
(32,64] 40.79 43.93 12848  48.94 39.69 46.42 108.37  47.61
(64,128] 25.99 7772 131.08 78.51 22.09 91.15 55.67 70.81
(128,256] 13.59 170.82  50.68 165.28 25.79 191.35 80.76 172.07

Table 7: 20 Newsgroups and Enron real data: MAE for f(°YP) and f®P),

20 Newsgroups Enron

~ ~ ~ ~ ~ A~

Bins of Ty f(CMS) f(CMM) f(BDCM) f(CMS) f(CMM) f(BDCM)

(0,1] 464 541 1804 122 090  29.20
(1,2] 16.6 216 5600 138 200  28.30
(2,4] 384 791 2314 615  9.90  26.00
(4,8] 594 3570 3142 884 17.32 2430
(8,16] 54.3 4540  22.72 234 952 118.70
(16,32] 178 2099 2772 551 21.00  21.60
(32,64] 40.8 5886 4824 1285 13447  24.40
(64,128 26.0 91.59 2320 131.1 11027  27.60
(128,256] 13.6 186.92  28.05  50.7 140.43  110.40

Table 8: Real data: MAE for f(CMS) f(CMM) andq fBDCM) cage J = 12000 and N = 2.

20 Newsgroups Enron

Bins of Tt 1 ]E(CMS) ]E(CMM) f‘(BDCM) f‘(CMS) f‘(CMM) f(BDCM)

(0,1] 534 450  25.90 710 51.00  31.56
(1,2] 305 2,00 2030 474 2720  21.26
(2,4] 325 4.80  19.00 525  3.90 @ 2242
(4,8] 38.7 623 2240 531 1050  34.88
(8,16] 25.3 1350 2450  57.0 2220  14.74
(16,32] 25.0 21.60 2220  90.0 20.60  27.94
(32,64] 39.7 3922 24.00 1084 61.38  49.38
(64,128] 22.1 8632 1950 557 66.50  21.12
(128,256] 25.8 18396  26.30  80.8 90.20  34.10

Table 9: Real data: MAE for f(CMS) f(CMM) apq f(BDCM) cage J = 8000 and N = 4.
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WikiText-103 1BWLMB

J =50000 and N =2 J=35000 and N =4 J=140000 and N =2 J = 100000 and N =4
Bins of zppq  f©P feve o fop fove o for fover o for) fovm)
(0,1] 97.30 43.15 119.59 40.40 702.70 41.16 156.50 34.99
(1,2] 61.30 34.07 145.39 31.30 104.10 35.18 138.10 35.89
(2,4] 157.70 34.29 91.79 31.50  50.10 37.55  65.00 35.50
(4,8] 192.59 35.45 12049 34.00 552.59 33.92 49.40 37.50
(8,16] 191.59 41.38 111.09 32.20 176.40 34.75  43.70 32.70
(16,32 195.19 33.10 127.09 46.50 143.40 38.09 97.40 35.09
(32,64] 248.29 34.29 102.09 44.30  600.30 37.31 168.90 40.39
(64,128] 632.19 37.71 208.29 42.40 143.40 44.31 89.90 41.50
(128,256] 107.69 42.09 140.29 59.90 485.29 48.99  58.60 55.49

Table 10: WikiText-103 and IBWLMB real data: MAE for f®Y?) and f(®P).

data stream of tokens via a PYP prior. Under this more general framework, we applied the
arguments of the “Bayesian” proof of the CMS-DP, suitably adapted to the PYP prior, to
compute the posterior distribution of a point query, given the hashed data. Both the CMS-
DP and the CMS-PYP have been also investigated with respect to large sample asymptotic
behaviours of their corresponding posterior distributions. Applications to synthetic data
and real textual data revealed that the CMS-PYP outperforms the CMS and the CMS-DP
in estimating low-frequency tokens, and it is competitive with respect to the CMM and the
BDCM.

Our “Bayesian” proof of the CMS-DP can be extended to deal with more general queries.
Of notable interest is the problem of estimating the overall frequency of s > 1 tokens in the
stream, also referred to as s-range query, which generalizes the point query (Cormode and
Yi, 2020, Chapter 3). For m > 1 let x1.,,, be a stream of V-valued tokens, and for positive
integers J and N let hy, ..., hy, with h, : V — [J], be random hash functions that are i.i.d.
from a pairwise independent hash family H. Then, assuming z1.,, to be available through

the hashed data {(Cy1,...,Ch 1) }nen), the goal is to estimate, or recover, the vector of
frequencies (fz,i1s-- - fomys) Of s new tokens (Tp11,..., Tmgs) in 21, with f . being
defined as

fl'm+r = Z H{.Z’l}(xm‘i‘?’)
=1

for = 1,...,s, and hence the s-range query fs = Y 1<r<s Jrmir- The arguments of the
“constructive” proof of Cai et al. (2018) exploit the unidimensional nature of point queries,
and therefore they cannot be used for the vector (fz,.,1,-- -, fzn..) nor for fs. In Appendix
I we show how to adapt our “Bayesian” proof to the problem of computing the posterior
distribution of (fz,...,---; fzm.,)s given hashed data, and, as an illustrative example, we
present the posterior distribution of (fz,.,, fems) We focus on the DP prior, thought
the same arguments apply to the PYP prior. Unfortunately, the posterior distribution of
(fomy1s fzmio) has a rather complicated form, and for a large m the computational burden
for its evaluation becomes overwhelming. We defer to future work the study of a large sample
behaviour of the posterior distribution, with the aim of obtaining a simple approximated
version of it.

Our work paves the way to some fruitful directions for future research in the context
of the BNP approach to obtain learning-augmented CMSs. Investigating large sample
asymptotic properties of the CMS-DP and CMS-PYP would be of interest, especially with
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the aim of obtaining simple approximated versions of the posterior distributions (8) and
(31). For a single hash function, i.e. N = 1, Proposition 2 and Proposition 5, as well as
Equation (28), provide results in this direction. However, it would be of greater interest
to consider corresponding results for an arbitrary N, that is for the posterior distributions
(8) and (31). Our conjecture is that, under suitable assumptions, the large m limiting
posterior distribution of a rescaled point query reduces to a distribution that involves only
the minimum of the hashed frequencies, i.e. min{cy,...,cn}, thus making a link with
the CMS. In this respect, it would be interesting to obtain some form of central limit
theorem for the posterior distributions (8) and (31). For a = 0, Cai et al. (2018) showed
that the posterior mode may recover the CMS estimate of Cormode and Muthukrishnan
(2005), while other CMS-DP estimates may be viewed as CMS estimates with shrinkage;
it is natural to ask whether there exists a similar interplay between the CMS-PYP and
variations of the CMS for power-law data streams, e.g. the CMM. Other directions of
interest consist in using the CMS-DP and CMS-PYP for large-scale streaming algorithms,
e.g., for large text or streaming graphs applications (Cormode et al., 2012), as well as to
accommodate nonlinear update operations, such as the conservative update (Cormode and
Yi, 2020, Chapter 3).

It remains open the problem of extending Theorem 3 to other nonparametric priors than
the PYP prior, such as Gibbs-type priors and, in general, nonparametric priors arising from
the normalization of completely random measures (James, 2002; Priinster, 2002; Pitman,
2003; Regazzini et al., 2003). We expect that an extension to Gibbs-type priors may require
a non trivial effort to overcome the lack of the critical property (26), while still exploiting
the general strategy underlying the “Bayesian” proof. Instead, an extension to more general
priors than Gibbs-type priors might require a different strategy of proof. An extension of
Theorem 3 to general classes of nonparametric priors, which include the PYP prior as a
special case, may be useful to discover novel peculiar properties of the PYP prior within
such classes, as well as “sufficientness” postulates with respect to the hashed data. A further
interesting problem consists in extending Theorem 3 with respect to the use of the sampling
information. Theorem 3 provides the posterior distribution of fx, ., given Cy 1 (x,..1);
thus making use of sole sampling information contained in the bucket C,, 1, (x,,,,) i-e. the
bucket where X, 11 is hashed. While this approach is in line with the CMS of Cormode
and Muthukrishnan (2005), from a statistical perspective it would be more reasonable to
make use of the sampling information contained in all the buckets (Cy1,...,Cp ). In
particular, one may consider the computation of the posterior distribution of fx, ., given
(Cniy...,Cpy) and h(Xp41). We conjecture that the DP prior is the sole Gibbs-type
prior for which the posterior distribution of fx, ., given (Cy1,...,Cy ;) and h(Xp41)
coincides with the posterior distribution of fx,, ., given Cy, 1, (x,.,,)- This would provide
a “sufficientness” postulate for the DP prior with respect to hashed data. Work on this is
ongoing.

Appendix A. Proof of Proposition 2

The proof of Equation (17) is straightforward, and it follows from Equation (11) by means
of the definition of Beta-Binomial distribution (Johnson et al., 2005, Chapter 6). With
regards to the proof of Equation (16), for t € R* and u € No, let (), = [To<jcy1(t — )
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denote the falling factorial of ¢ of order u, with the proviso that (t)jq) := 1. In particular,
(t)wy = (=1)*(=t)[y- Recall that the (u,v)-th Stirling number of the second type, here
denoted by S(u,v), is defined as the v-th coefficient in the expansion of ¢* into falling
factorials, i.e. t" =3 . -, S(u,v)(t),); moreover, it is assumed: S(0,0) =1, S(u,0) =0
for u > 0 and S(u,v) =0 for v > u. Then, for r > 1

E [(Fxmﬂ >T] _ i” 8 (en—1+1)
n 0 0
n 7ten (3 -Da

Cn r 9 (Cn -1+ 1)(!)
=" S(r, ’f)(l)m) 5
;(;O Jten (F+en—1)
r cn 2 (en—1+ 1)(1)
=" 50k 7L ()
k=0 = 7t (7 ten—1)
r 0 Cn 0
_ § Tt en =L (G +1)
=c," Y S(r k)52 ke ( ) 1
LSt 5 U ) Tae
r 0 g
—r T I'(c, +1 Fl+7+cn
=cC, ZS(Tvk)g / F(G )k'r‘ (]_ ?C 0)
= bt e, T (9 +cn) (cn+1—k) (J)(k+1)
pod T(cn+1—k) (% (k+1)

By a direct application of Stirling formula for the ratio of Gamma functions, as ¢, — +o0

it holds
Fx " L OC I'k+1)
B (P | S sty
Cn J k=0 (7)(k+1)

for any » > 1. This completes the proof of (16), and hence the proof of Proposition 2 is
completed.

Appendix B. Proof of Theorem 3

The proof is along lines similar to the “Bayesian” proof of Section 2. To simplify the
notation, we remove the subscript n from h,, and ¢,. Then, we are interest in computing
the posterior distribution

Prifx,. .1 = Chx,pin) = €l (34)
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=Pr|fx,., =1 Z Lin(x)y (M( X)) =

Pr(fx,.. =1, Zi:l Tinxny (M(Xomy1)) = €]
Pr 370 Ty (M Xmg1)) = ¢

forl =0,1,...,m. The independence between h,, and X1.,, allows us to invoke the “freezing
lemma” (Baldi, 2017, Lemma 4.1), according to which we can treat h,, as it was fixed, i.e.
non-random. We start with the denominator of (34). Uniformity of the hash function
h implies that h induces a (fixed) J-partition {Bi,...,Bs} of V such that B; = {v €
V: h(v) =j}and v(B;) = J ! for j =1,...,J. Accordingly, we can write the denominator
of (34) as

(35)

Pr [Z Linxy (h(Ximy1)) = ¢
=1

- J<TZ>E[(P(B]'))C“(1 — P(B;))"™]

J(m>E[(P(Bj))C“P(Bj)mCJ

c
c+1 m—c 1 i 1 j
( >ZZ ol () ( > <1—) C(c+1,5;a)€(m —c,j;a),
=0 j= (m+1 J

where the last equality follows from Sangalli (2006, Equation 3.3). This completes the study
of the denominator of (34). Now, we consider the numerator of (34). Let us define the
event B(m,l) = {X; = = X; = Xpot1, { X141, -, X} N {Xsns1} = 0}. In particular,
we write

Pr !fxm+1 = l’f;ﬂ{h(Xi)}(h(Xm—i-l)) = C] (36)
(G
o

That is, the distribution of (fx,, ,,C}) is completely determined by the knowledge of the
distribution of (X7i,..., X,,41). Let II(s, k) denote the set of all possible partitions of the

B(m, 1), Y L,y (M X)) = C]
=1

B(m, 1), Y Tinxop(M(Xmi1)) = ¢ — l]-
i=1+1

set {1,...,s} into k disjoints subsets m1,..., 7 such that n; is the cardinality of m;. In
particular, from Sangalli (2006, Equation 3.5), for any measurable Aj, ..., A;,+1 we have
that
m+1
0 + to
PriX; € Ay, ..., Xing1 € Apga] = Z iy (0 + i)
(m+1
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k

X Z H(l = &) -1V (Nrer, Ar)
JEIl(

(7150w, g ) EIT(MA4-1,k) =1

for m > 1. Let ¥ be the Borel o-algebra of V. Let vr, . r, be a probability measure on
(ymtl ymtl) defined as

Vrp oo (A1 X oo X A1) = H v(Mrer; Ar),

1<i<k

and attaching to B(m,[) a value that is either 0 or 1. In particular, vy, ., (B(m,l)) = 1if
and only if one of the 7;’s is equal to the set {1,...,l,m+1}. Hence, based on the measure
Vry,...,m, s We Write

Pr|BOm, 1), 3 1 (h(Xmi1)) = ¢ - z]

i=l+1
mz’:* "I (0 + i)
m+1)
k—1 m

X > (1—a)g [J( = ) m—ry¥mr,..m, ( D Tnixy (M X)) = ¢ — l)

(7150 m—1)€I(M—1,k—1) =1 i=l+1

(0 + ) (m—1)

A ) YT
(0)(m+1) ®

H 0+a+za) . y
% Z 9 + ) (1) ) | (T2 ; Linx)y (B(Xmg1)) =c— 1| .

(71 ,eymp) EN(m—1,r) i=1

Now,

Z H Hf(;i-oz—i-za) Z H(l_a)(ni—l)yﬂl,m,ﬂ'r 0

) (71-17'-"777‘)61_[(777471,1”) =1

is the distribution of a random sample (X1,..., X,,—;) from P ~ PYP(«, 0 + «;v). This a
consequence of the quasi-conjugacy property of the PYP prior (Lijoi et al., 2008). Again,
the distribution of (X1,..., X,,—;) is given in Sangalli (2006, Equation 3.5). In particular,
we write

Pr|B(m,1), > L,y (m(Xm1)) = ¢ — l]
i=1+1

(0 + @) (m-1
g T Ymt g,
Oomey 0

XZH ef;aﬂa) > Hl_o‘ mem 1)V (Zﬂ{h m+1))=c_l>

) (7"l,-~~7Tl’r)€H(m lT‘)’L 1

= M — m_l el _ \ym—c
=0 G (1 )(l)<cl>E[(P(Bﬂ)) (1— P(B;))™ ]
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0+ a)ip— m — _ = e
~ 0 by —ay (7 el e
_ M — LS 9+0‘ (Zﬂ) lz ! ’ c—1,1;0)€(m —c,j;a
—0 Do (1 )(Z<C_Z>Z:0§) 9+a p— (J) <1 J> C(c—1,i;0)6( J3 ),

where the second identity and the last identity follow from an application of Sangalli (2006,
Proposition 3.1) and Sangalli (2006, Equation 3.3), respectively, under the PYP prior; see
also the formule displayed at page 469 of Sangalli (2006)). Accordingly, from (36) we can
write that

Pr [me+1 =1, Z ﬂ{h(XZ)}(h(Xm—&—l)) = C] (37)
i=1

(D)o (1)

m—c 9+a

c—l ) i j
e 1y (L i e
X Z 0+ )y <J) (1 J> C(c—1li;a)€(m—c,j;a).

=0 j=

This completes the study of the numerator of (34). By combining (34) with (35) and (37)
we obtain

Pr [fxm+1 =1 ey (M X)) = C] (38)
=1
. 0 /c (0+a)(m—l)
-5() Oy 0

0+«

c— m—c (T) it+j i j . .
S S e (1) (- 1)1 (e L isa)é(m —c.ji )

S st (5) (13 et L) —c.jia)

0 (c > j=0 (GTTO{)(H-]‘) ( ) (1- 7) C(c—1,i;0)¢(m - ¢, j; )

-7 (l) (o) —3 0 1 1 : L)
iz Z (a)(i+j) (7) (1 J) C(c+Liza)€(m—c jia)

for [ =0,1,...,c. By an application of Charalambides (2005, Equation 2.56 and Equation
2.60) it is easy to show that (38) is a proper distribution on {0,1,...,¢}. The proof is
completed.

X

)’

Appendix C. Theorem 1 from Theorem 3 with a =0

We show how Theorem 3 reduces to Theorem 1 by setting o = 0. First, we recall two
identities involving the generalized factorial coefficient €' (m, k; a) and the signless Stirling
number of the first type. See Charalambides (2005, Chapter 2) for details. In particular, it
holds

> d¥ls(m, k)| = (a)m) (39)
k=0
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for a > 0, and
€ (m, k; a)

lim -

a—0 [0}
Hereafter, we apply the identities (39) and (40) in order to show that Theorem 3 reduces
to Theorem 1 by setting o = 0. In this respect, we rewrite the posterior distribution (24)

as follows

= [s(m, k)|. (40)

Pr[me+1 = l ‘ Cn,hn(Xm+1) = ]

en lgm— oo (g2 LY (1 -2 ¢, - Ji;0)6(m —cp, jr o
9<cn>(1_ o) > %o Z ( )(H_j)SJ) 1(1 J]) %( l )% ( ji )

T T By 0 (= 3 Flen s hadm i)

Olzgr%] Pr[fX'rrL+l = l | Cn,hn(Xm+1) = Cn]

)Z ( J)J € cn—lza ) € (m—cn,j;o)

chil Zm . (i)(iJr] a't J ad
)’(1

cn+1 m— Cn Y )
Z Z (a)(z+]) alt (
[by the identity (40)]

HA

7€ cn—i—l i) € (m—cp,j;0)
) a]

<~ \

L 2t (§) Isten — LI 7 (61
) [s(en +1, DIPIYEn o (01—

— ) Is(m — cn. )]
%

> it (9)'] )))ils(m = cn, 5))
[by the identity (39)]
0 <cn>“ (Z])(cn—l) (01— i]))(m—cn)
! (7)(@,—[) (0 (1 o j))(m—cn)

7
0 T(co+1)(ch—1+%)
T JT(en =+ )% +en + 1)
_ % (en =1+ 1)
Gt (Gre—Do
which is the expression for the posterior distribution stated in Theorem 1. The proof is
completed.

Appendix D. Proof of Equation (27)

Let Xj.,, be a random sample from P ~ PYP(«,0;v), with a € [0,1) and 6 > —«, and let
K., be the number of distinct types in Xi.,,. We recall from (19) that for k =1,...,m it

holds ;
(&) )

Pr[K,, = k] = € (m, k; ).
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Now, assuming ¢, > 0 and m — ¢, > 0, we rewrite the posterior distribution of Theorem 3
in terms of the distribution of K,

m- In particular, for any I = 0,1,...,¢, — 1 we can write
that

Prfx, o = U Cphp(Ximin) = Cn]

J (1 _ l)j Cg(cn — l,z’;a)‘f(m - Cn;.jQO‘)
(1= LY C(en + 1,5:0)€ (m — cn, j; )

Ly (8 o, _
23(()1(9)3) © )(c”(jl)(ﬁ(cn —Li0) 0)(m— c)n)(g( m— cn, j; @)
)'(1-1) ()
)

3 @ (&) o
(i)(g)(” (0)(cn+1) %(Cn - 17 G Oé) (0)(m—cn) (g(m Cn, J5 a)

] ch lzm Cn (Gaa)(iJrj) Egg;)l(zi)] Pr[Kcn—l = Z]Pr[Km cn —]]
Shentl S (£) (i49) WPr[K%H = i|Pr[Kyy—c, = j]
(0)(cnfl)E [

0+ (
(% )(KCn,lJer_cn)(

(9)(cn+1)E

(©) ()i 1) e
& (KC7L+1+Km_C”) (%)( Cn+1)(6)(K'm Cn)
(0+o¢ +Kcnfl+Km—Cn)

_ 50 -a) {F(”Kcn_z)r(iwmcn) (7)1~ })Km_m]

(9 “+cp — l)(l—f—l) (5+Kcn+1+Km7cn) 1\ Kepn+1 1\ EKm—cp,
B S, i@y ) (1= 3)

)

where K., _; and K,,—., in the numerator are independent random variables for any [ =
0,1,..

Forl =¢,

.5 Cn

—1,and K., 11 and K,,_., in the denominator are independent random variables.

Pr(fx,.. = cnl Crhn(Xms1) = Cnl

“ha, S (552) (1= ) €0n - cuuiia)
TSR T Dy () (1 ) et L) om =i
0 (‘9)(me )

=—=(1-a)e, =
7 ) (0) (en41) (0) e
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e (oe) O o g e, jia)

« (]) (9)() (9)(777, cn)
QR 0y Oy GF
Cn m— cn i . al(j .
S8 X35 () (), () P @ e T L) e L5 € m = e, i)
0 1
= 21— a)e)
7Yy,

ZC”HZm cn (7) ‘ (é 1—9%
@/ (i+7) (E)(z)(a)(j)

—
D‘
SN—
=
i
0
3
N
~—
Q|
S—]

(15)}‘%%]

Km—cp)

(0)(cn+1)E

" e
o) (Kep1+Km—cp) (g)(KCnH)(a)(Km,c”)

(o) T

[F(%) (- 1)ch"]

Y

_ 0= )
F(é’/a)(&)(cnﬂ) E [ D(E4Kep 14+ Km—cy) (1)Kcn+1 (1 1)Kan}

Ty (e R ‘7

where K., 41 and K,,_., are independent random variables. This completes the proof of
Equation (27).

Appendix E. An alternative expression for Equation (24)

For any a € (0,1), an alternative expression for (24) may be given in terms of the distri-
bution of exponentially tilted a-stable random variables (Zolotarev, 1986). In particular, if
Jo denotes the density function of a positive a-stable distribution, then for any ¢ > 0 an
exponentially tilted a-stable random variable is defined as the random variable T, . whose
distribution has density function fs, () o exp{—c'/?z}gq(z)1g+(z). If ¢;, > 0, then for
[=0,1,...,¢cp

Pr[me+1 =1 ‘ Cn,hn(Xm_H) = ]

Cn>(1—a) s lzm Cn( o )(i+j) (%)’( j) C(cn — ;)6 (m — cp, J; Q)
) (-3

F(gﬂia) 0+Ooa:9za lg== (ch lzm cn (%) (z (1 %))j C(cn —1,i;0)€ (m — cn,j;a)) dz

F(I%) O+OO T (ZC"JFl Zm " (%)1 (‘T (1 - %))] C(cn + 1,1;0)€ (m — cn, J a)) dz

By means of Favaro et al. (2015, Equation 13) we can write the numerator and the denom-
inator of the previous expression in terms of the distribution of 715, ., for suitable choices of
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c. That is,
0 (c,
J< / >(1 —a)y
@ O+°O i (EC"_I Zm n (%)Z (x (1 — %))] C(cn—1i;0)€(m — cp, J; a)) dz

oy o e (S S (5) (o (1 3) € e+ L) m — i) do

ity e e () B 1] - ) e e, | ae
ey do et e () BT ] (e - 9 [y | ) s

N\Ta (11 a +oo Otatm=l_q _ cn—l m——Cn

e G A T
X (1)6"7“(1 1)M Ot mtl

1\ "a -1y +oo Otmtl ¢ n+1 m—cn

7 F(%)J 0z e e (]E [TC” }]E[Tax(l_)})df
0 (c,

D (45 B [15 ) B [T | Forsagns (010

(%)T (%)(m—‘,—l) O+OOIE [chyng_l} E |:T$x('31n ):| fG9+m+1 (:U)d$

5T 1

where fg, , is the density function of a Gamma distribution with parameter (a,b). Equa-
tion (41) allows for an MC evaluation of (24), which requires to sample from a Gamma
distribution and to sample T, ., for suitable choices of c¢. See Devroye (2009) and references
therein.

Appendix F. Proof Equation (28) and Equation (29)

Under the setting of Theorem 3, we consider m — —+oo, while ¢, is fixed. For any [ =
0,1,...,¢c

=N

Pr[me+1 = l ‘ Cn7hn(Xm+1) = Cn]

( ;)]‘K(m Cn,\J; oz)

o S (), () e i
< >(1 —a)q

1y m—=cp,J;0
S T (8) gy (3 Clen + L5 0) m(inJ) T
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en > ‘ ; m—cp a — 1Y G (m—cn.jiox
Z¢=01(9+ )(z) (%) ‘f(cn—l,zsa)Zj:o (Gi—i—z) (1) 5i)

«a Somoen %’m Cn,jio
<?>(1—akn Ny e ; (11;%() - jio)
n 9 1)\ . m—cn (0 —J m—Cn,Jix
> il (a)(i) (J) Clen +1,4;) ZJ=O (a +Z) (4) S (1-4) € (m—cn.jsa)
(42)

Now, consider the numerator of the last member in (42). From Dolera and Favaro (2020a,
Lemma 2), as m — +o0

- " 0+ ; ( —%)j%(m—cn,j;a)
i 2 ( ! >(ﬁ > 2y’ ' )

_1y\i-d
= <9+a +i> e (1-7) (1 . J) I
§>1 @ () (=1
-y (B
(l)nga—l-H—l
J

Now, consider the denominator of the last member in (42). Again, from Dolera and Favaro
(2020a, Lemma 2), as m — +00

m—Cn 1-— 1yJ € - Cny J;
lim (9 +i) m(—c J) 1 (;n s a)' (44)
m——+oo =0 (6% (]) Zj:o m (1 — j) %(m —Cny Js a)

RN (S Ea
— i) (=i —Ta)
=1 <a " >(j) (j—1!

Then, by combining (42) with (43) and (44), for any [ = 0,1,...,¢,, as m — +00 we can
write

lim Pr[fx,., =] Crhn (Xmgr) = cn)

m——+00
0 /e Zf”gl (020‘)@) (%)Z C(cn —1,1; oz)e_(l_%)
= (")1-«
(7)o S (L) g () Flen + 1,5 )e (D _EHL
(%)

_bta_ ol " |
<cn)(1 g )T B F ey 220 G, ¢ o B
— Q)@ o3 7 .
%) a ( )(Cn+1) Zflé_l ((9;6)(2)1(5(6”+1’27a)
o (%),
€\ _ (%)77* (0+a)(cn—l) >0 m%( n— i)
(I—a)y )

-2 0 .
G Ve gon o, 41,40)
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[by Pitman (2006, Equation 3.13)]

_6+a_ f+a (0+20) c,,_y) f+a
-5 <Cn> (1—ayy @) Ot Doy & F Ao e
— g\ D721 (6 0, 0+ eusny g
(7) ( )(C"+1) a T a0+, +1-1) @
(9+20¢)(Cn_l)

0 Cn 1 - (0 + a)(cn—l) (0+a+1)(cn—l—1)
= (I-a)o |7

J l J (9)(0 +1) (6+a)(6n+1)

" O+ (cp+1-1)

Cn (9 + 2a)(c —1)
= 1— —_—
< >( a)(l) (9+C¥+ 1)(Cn)

This completes the proof of Equation (28). Equation (29) follows by a direct calculation
from (28).

Appendix G. Proof of Proposition 5

Let B, be a Beta random variable with parameter (a,b), and denote by fp,, the density
function of the distribution of B, ;. We start by some considerations on the distribution of
By p:

i)

PO +a+m—-HI(1—a+l) /1 -+atm—1—1 -
— [ gfretml=l _p)laqy
ii)

ro+a+m-Dr(l—a+1i) IO+ a)l(l-a«)

— m—l _ nl
I‘(Q +m + 1) - F(9 i 1) E[BHJra,lfa(l BG—i—a,l—a)]'

Moreover, we observe that we can rewrite the numerator and the denominator of (27) as

follows
+00 +00 ; (%(J _ 1)é>m—c
/ / ga(h)ga(x)x™"2 - s dzdh
o Jo (L7 -1 +1)

(2-p3)" "
(g(J B 1)5 n 1) 0+m—Il+a

_T@t8ja) [ am
a m /0 [(x + 1)9+m—l+a] [Za 910 () d

_ T(2+6/a)

400  ptoo
T T(1460+a) /0 0 SSa0(P) fS0 010 () dxdh

and

+oo +oo 0 )m—c
/ / ga(h)ga('r)xi 1 0+m+1 dzdh
0 0 <%(J —1)a + 1)



DOLERA, FAVARO AND PELUCHETTI

RO 0fa) [ (2 -1z
ot L s fsw()(u_l) "

e A e

)> — dxdh

respectively. First, we prove that the distribution Pr[fx, ., € -|Cyp,(x,.,1) = Cn) admits
a representation in terms of a suitable mixture of Binomial distribution. In particular, we
write
Pr[me+1 = l ‘ Cn,hn( m+1) = ]
() gy TS 8000 8 03 Bl bl
7 o 1 - i . .
J\! ZC ; Zm . (%) (i+7) (%)Z (1 - % g C(en+ 1,1;0)€(m — ¢y, j; @)

-5 (cln) b1~ )

J (0)(m+1)
m—cn (M—cC m—cn—1 m— l ) (eza)(k) 1 .
Zz‘:o ( i )( ) " Z (0+F0) (m—1—4) chf( ’L,k';O[)
X
—cn (m—c m—i (2) .
S (M) (=) 3R Hﬁ}k(g( m—i+1,ka)
b-pa)" "
f(o +00)2 ga(h)ga(m)x_e_a (T( 1 ) )9+mfl+a dzdh
e \TO+a+m—1) ’ (%(J—1)5+1>
=a (I—a)y =
{ F(9+m+1) (%(J—l)é m—cp
f(O +00)2 ga(h)goz($)$79 srmrrdedh

+OO Q?m cn
Lo 0 [(xﬂ;%} fWa,g(m)dx

tx m=cn
z+1

1 1 +oo [ cn (
= D(m, cn;a,H, J) /0 /O _< I )(1 _t (m-i— 1> (.%'—i— 1)9+o¢ fBe+a,1_a(t)fZa,e+a(x)dtdx

r tx m=en
1 1 p4o0 Cn cn—l] x—i—l)
= 1— AT
D(m, cp;,0,J) /o /o ( ! >( 2 ( (x + 1)0+a TBos01-0 (D1 Ze g () did

L+ (m—I+0+a)(I+1-a)

+1
_ T+t (nt011) /+°° (> 2+ 1) cn( )
0 l (x +

D(m, cp; 0,6, J) 1)0+a fZa,0+a (z)dz
F(@J(rl)l_'(m(flJrO)Jra)F(l«Hfa) . oo
L0+l (A —a)l(m+6+1) n m—c l—-m—0—a
D(m7 Cn§0479; J) < l ) /0 r (x + ) fZa,0+a (m)dxv ( 5)

where
xm —Cn

+o0o
D(m,cp; 0,0, J) :/0 [MMH} fweo(@)dm.
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It is easy to show that (45) is mixture of Binomial distributions. In particular, from (45)
we write

Pr[me+1 =1 ‘ Cn,hn(Xm+1) = Cn] (46)
_ 1
~ D(m,cp;a,0,J)

—Cn

+o0 1_¢ l t cn—l (erlf:Et)Cn (tfw)m
Cp, — T+1 z+1 z+1
/ / < > < z+1—xt > ( z+1l—xt ) (.’IJ + 1)9+a fBeJra,l—a (t)chx,9+a (l')dtdilj‘,

z+1 z+1

Now, FY,,,, be a random variable with distribution (46) and compute the moment of order
r of Fx, ... From the representation of the distribution of Flx, ,, as a mixture of Binomial
distribution,

m—+1

E[(Fx1)"]

= E[meH ‘ Crhn (Xms1) = Cn]
B 1
~ D(m,cp;a,0,.J)

SLTE e ()

Now, in the previous expression, we consider the summation within brackets. Recall that
the (u,v)-th Stirling number of the second type, here denoted by S(u,v), is defined as the
v-th coefficient in the expansion of t* into falling factorials, i.e. t* =3, <, S(u,v)(#));
moreover, it is assumed: S(0,0) =1, S(u,0) = 0 for v > 0 and S(u,v) = 0 for v > u. Then,

we write
lﬁ; (?)lr(l _y <$i1>cnl
_Z<Zsrkkl< >><l> (Hl)cn_l
:ZSrk kz<c )1-@ (gCL)l
- ZS k)¢ k) (1 _t)kc;: <an_k)(1_t)j (xil)cﬂ,_k_j

cn—k
g Srk k‘) (1 O (1 —t+ 1)

m—cp
tx
(m—i-l)

WfBQJra,l—a (t) [ 24 910 (x)dtda.

N

t

= (1=t"(1-= v " r—1
an ( t) ( t+ +1) +O0(c ),
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where O(c~!) in the last identity is intended as ¢, — +o0o. Accordingly, we can write the
following

2|5 4

SXin )
=" [(c+1 | Cnvhn(Xmﬂ) =Cn
1

D(m7 Cn; a? 9’ J)

X/lfmﬂ—t)’“ Lot - () Fooran (D)7, (@)dtd + 0
0o Jo z+1 (x4 1)0+a * Poret-a Zavora T/ CHEE en )

Now, the double integral on the right-hand side of (47) can be rewritten by means of the
following change of variable: y = (1+z)/((1+z)(1 —t) +t) € (1,1%). In particular, we
can write

1 +o0o Cn—T xti e
/0 /0 1ty <l—t+xi 1) Exi)lym Fovns o (D)7 (2)dtd (43)

:/Olu—t)’“

1

L . m—cn . . 0+ tha N T
y /1 i 7 en <y 1) (1 y(1 t)) 0+ (1 (1= t))dy Forn s (D),
1

y yt [1—y(1-1)?

We develop a large m asymptotic analysis of (48), as well as of D(m, c,;a, 0, J), under the
large m asymptotic regime ¢, = Am. We start from the term D(m,c,;«,0,J), which we
rewrite as

foor LB 1™
Domcosanto )= [ || et (49)
where § :=1— X and p(z) := fw,,(z )/(1 + )91, The function v : x — 27 /(x + 1) has
a unique maximum point T : iﬁ = 1= )\ . Moreover, straightforward computations show
that
Bzt — (1 —pB)a?
"4//(17) = ( 2 )
(1+x)
and

—B(1 = B)aP2 —2B(2 — Bz’ + (1 — B)(2 — B)a”
(14 )3

V(z) =

Then, ¢"(Z) = —2°71/(1 + Z)3 and the Laplace method leads to the following large m
behaviour

(50)

1
1" [on(1+ 1)
1+7 zh-1

Dom,cr50,6.) ~ (@) |
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We consider (48), i.e. the integral within brackets on the right-hand side of (48), which we
rewrite as

[y—l } <1—y(1—t)>6+atfza,9+a (1—?;(_11—15))(:1

Yy
yt [1—y( -1
0 LA
where
1— (z+1)(1 =)\ tfZapsa (i(ﬁﬁi)(kt))
pi(x) = 5 -
(x + 1)t [1— (x4 1)(1—1)]
To apply the Laplace method, we note that (0,1) > t — t/(1 —t) € (0,400) is a strictly
monotonically increasing function. Thus, 8 < t entails T : Lﬁ < % and, for such ¢, it
holds
% B m ( =\ =0 m+% —\3
- x 1+z)" [z 2n(1+7)
1 T— dz ~ _— 51
[T ey 2] aie ~ ) [Hx] ey

for large m. On the other hand, 8 > ¢ entails T := 55 > 7 and, for such ¢, there holds a
similar large m asymptotic expansion. Now, by exploiting the fact that ¢ : z +— 27 /(z +1)
is a strictly monotonically increasing function for x € (0,¢/(1 —t)), then we can write the
following

B
/ol_t(l +z)" [12596] p(x)dr ~ meim 1<1_t>t plt) = m@i—&x [#7(1 =) p(1)

for large m, where p is a suitable function independent of m. Accordingly, we can write
that

! ’ C 7B
W /0 (1 B t)r[tﬂ(l - t)liﬁ]mp(t)fBewy,l—a (t)dt ~ m1+(9B+)2a |:1i$

]m (52)

as m — +00. Then, starting from Equation (47) and then gathering (51) and (52) we can

write
2|5 59

B
~ D(m, cnl; a,0,J) {meim /o (1=0)" [P (1 = )" P p(t) fr(t)dt
(1+z)" [2n(1+7)3 [ 7° mty 1 o
+ vm FB-1 [1 —|—m] /ﬁ’(l_t) SOt(fU)fT(t)dt}.
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as m — +o00. According to (50) the first term in the right-hand side of (53) is negligible,

and hence
[(FX”“)) |

2 / a —t)rsat(f)fsw,a(t)dt

( > 77017 (Z) [Byyo1_o (1 = T)dT

as m — +o0o, which, because of the large m asymptotic regime ¢, = Am, completes the
proof.

Appendix H. Proof of Equation (31)

Because of the independence assumption of H, i.e. the hash functions h,’s are i.i.d. ac-
cording to the strong universal family H, and by an application of Bayes theorem, we can
write

Pr[me+1 =1 ‘ {Cn,hn(Xm.;_l)}ne[N} = {Cn}ne N]]

N
1
= = n - l
Prl{C h,(Xns1) InelN] = {Cntne[n] Prifx., I;I O (imsn) = | s =1
= 1 fX == ﬁ nh’"« Xm+1) Cns me+1 = l]
Pr[{Cn,hn(Xerl)}nE[N] = {Cn}nG[N]] m el Pr[me+1 = l]
1
= (Prlfxppn =Y
Pr{{Cy . (Xmi1) tne(N] = {Cntnen] i
N
X H Pr[Cn,hn(Xm+1) = Cn]PI“[fwa_l =1 ‘ thn(Xm_H) = Cn]
n=1
N
= (Pr[me-H = l])liN H Pr[me+1 =1 ‘ Cn,hn(Xm_H) = cn] (54)
n=1
for I = 0,1,...,min{cy,...,en}, where Prlfx, ., = [[Cpp,(X,.s1) = Cn] is precisely the

posterior distribution computed in Theorem 3 with respect to the hash function h,,, whereas

Prifx, ., == Y PrMy=mPr[Xn € vi|Xim]
mEMm,k

= Y Pr[My =mlPr[Xp 1 € vi| Xim),
mGMm,k

where Pr[M,,, = m] is in Equation (18) and Pr[X,,+1 € v;| X1.] is in Equation (20). That
is,

) e \™ 1 Giha ifl=0
Pr[me+1 = Z m' H ( ) oo} .
ol ml=a) s,

mEMm k

0+m
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Forl=0

Pr(fx, .., =0] = E: nﬂé%ﬁll(a( ;k U) 1 0+ ka

N
Vi paley m;!l 0 +m
0 «
— E[K,
0+m+0+m[ m]

:emefm( ((9+a>)m _Z>

where the last equality follows from Pitman (2006, Equation 3.13). Accordingly, we can
write that

(H—i-()é)(m)
P =0=————"
r[me+1 ] (9+1)(m)
Forl>1
k 1—a11 1 -«
Prlfx,n == 3 m‘ )H< | )> R
mEMmk v
l—«a
O +m [Mim]
l—a (1—a)g (0 + ) (m—
_ '( )(m)[l] (m=1)
0+m ! (9 + 1)(m71)

where the last equality follows from Favaro et al. (2013, Proposition 1). Accordingly, for
l=1,...,m,

(1—a)q

Pr[me+1 _ l] _ : (m (6 + O4)(m—l)

[ (9+1)(m) '

Equation (31) follows by combining the distribution (54) with (55). This completes the
proof.

(55)

Appendix I. CMS for range queries under DP priors

We assume that the stream x1.,,, is modeled as a random sample X7.,, from an unknown dis-
crete distribution P, which is endowed with a DP prior, i.e. P ~ DP(0;v). Let hq,...,hy
be a collection of random hash functions that are i.i.d. from the strong universal family
‘H, and assume that hq,...,hy are independent of Xi.,, for any m > 1; in particular, by
de Finetti’s representation theorem, hi,...,hy are independent of P ~ DP(6;v). Under
this BNP framework, a s-range query induces the posterior distribution of the frequencies
(fomgrs -+ frmes) given {(C,, n(v)s - <y O b (0s)) Ine[n), for arbitrary {zmi1,. .., Tmgs} €
V. This posterior distribution, in turn, induces the posterior distribution of the s-range
query fs given {(Cj, 1, )5+ s O () )}ne[N] CMS-DP estimates of f, are obtained as

functionals of the posterior distribution of fs given {(Cy, 4, (v1)s - - - » Cn b (vs)) fne[n]- To com-
pute the posterior distribution of (fz,, .-, fr,..,) given {( o (01)5 3 Onhn (05)) T ne[N]»
it is natural to consider s additional random samples (X,,+1, ..., Xm+ts). In particular, for
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any r =1,...,slet fx, ., be the frequency of Xy, in X1y, ie.,

me+7‘ = Z :H‘{Xl}(Xm‘i’T)
i=1

and let Cy, ,,,(x,,,) be the hashed frequency of all X;’s, fori = 1,...,m, such that h, (X;) =
hn(Xm+7")7 i.e.,

O (Xmgr) = D i (x0) (X))
i=1

Now, let X, = (Xpns1,--., Ximss) and for n € [N] let fx, = (fx,ir---» fXnys)- For

n € [N]let Cy, p,(x,) = (Crhn(Xms1)s -+ > Cnh(Xpnys)- FOT €ach hy, we are interested in the

posterior distribution

Prifx, = L, Cp p,(x,) = Cu
Pr[Cn,hn(Xs) = Cn] .

Pr(fx, = 1| Cyp,(x,) = Cn) = (56)
for 1, € {0,1,...,m}*. For the collection of hash functions hi,...,hy, the posterior dis-
tribution of fx_ given {C,, 1, (x,)}nen] follows from the posterior distribution (56) by the
assumption that the h,’s are i.i.d. according to the strong universal family H, and Bayes
theorem.

Hereafter we show that the “Bayesian” proof of Section 2 can be readily extended to
the computation of the posterior distribution (56). We outline this extension for any range
s > 1, and then we present an explicit example for s = 2. To simplify the notation, we
remove the subscript n from h,, and c,,. Then, we are interested in computing the posterior
distribution

Prifx. = 1;,Cpx.) = €

PI‘[Ch(XS) = C] <57)
For s = 1 the posterior distribution (57) reduces to (10). The independence between h,, and
X1.m allows us to invoke the “freezing lemma” (Baldi, 2017, Lemma 4.1), according to which
we can treat h, as it was fixed, i.e. non-random. We analyze the posterior distribution
(57) starting from its denominator. In particular, the denominator of (57) can be written
as follows

PriCyx,)=cl= Y  PrlCuyx,) =¢h(Xmi1) =1, h(Xmis) = il
(G1r-rjs)ELT]®
= Z Pr Z]lh(Xi)(jl) 201,---,Z]lh(xi)(js) = cs,
(J15--:35)E[J]® =1 i=1

MXm1) = J1, - hM(Xgs) = js] .

To evaluate

Pr Z Lyx,) (1) =c1,-- -, Z Lpix,)(Js) = css M(Xmy1) = J1,- - h(Xipgs) = js] , (58)
=1 i=1
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we split the sum over [J]® and we organize the summands as follows. First, we introduce a
variable k£ which counts how many distinct object there are in each vector (ji,...,Js), so
that k € {1,2,...,min{s, J}}. Second, we consider the vector (r1,...,7x) of frequencies of
the distinct £ objects. Third, we consider the vector (j7,...,j;) of distinct objects with
{1, 35 €{1,...,J}. Then, we evaluate the probability (58) in the distinguishing case
that

jl :"':jT‘l :ji‘
Jridl =0 = Jritre =1 J3
Jriedrp a4l = = ey, =1

such that the probability (58) of interest is different from zero if and only if the following
holds true

cL=--=¢y =
Cri+1 = " = Cry4ry = C;
Critotrg_1+1 = **° = Crifotry, =t Cp.
That is,
* +k
Pr Z Lpx,) (1) = ¢l - Z Lyx,) Uk) = i bH(Xmg1) = -+ = b(Xipgry) = 415 - -
=1
%
) h(Xm+T1+-~'+Tk_1+1) == h(Xm-l-Tl-I—-"-‘er) =Jk|-

Now, we set B := {z € V: h(z) = j'} for any » € {1,...,k} and we set B}, , =

(Ur_,B2)C. Thus, {B},...,B},,} is a finite partition of V. If k = J, then Bj,, = § and
in such case we intend that {Bj,..., B;} is replaced by {Bj,..., B;;}. Accordingly, we
can write the identity

m
Pr Z Lpx,) (1) = €T, Z Lyx) () = ¢ M(Xmg1) = -+ = M(Xomry) = J1, - -
=1
: 7h(Xm+7"1+"'+"'k—1+1) == h(Xm+T1+~-~+rk) = ]Z
k
m T Sk ex
= <* *>/ lecz T (1_p1__pk)m 21:167'#3{7 B Z-Fl(dpldpk)
Cl""’ck Ag Pa

where ppy . pr | is the distribution of (P(BY), ..., P(B;)) which, by the finite-dimensional

projective property of the DP, is a Dirichlet distribution with parameter (6/J,...,6/J) on
A Ifk<J

Pr ZﬂhX)]l = ZﬂhX)Jk =y M(Xim1) = -+ = M(Xomar) = J1, - -

=1

o (Xt 01) = 0 = M Xy otery) = Uik
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B ro) T, T + ¢ + 70| T = 1) +m - 5 )
CDEET((T —k)9) (0 +m+s) ’
and if k= J
Pr| > o) (i) =¢ie 0 > Loy (G) = i M(Ximga) = -+ = h(Xmir) = i, - -
=1 =1
.- 7h(Xm+T1+“'+Tk—1+1) == h(Xm+T1+“'+Tk) = jl:

rO) [T+ +m)
Ok TO+m+s)

Upon denoting by ]k(c;,l, ey Ch 3T, ..., 1) the right expression of the integral, we con-
clude that
PI‘[Ch(XS) = C] (59)
miIfJ} I
- AT
P (J —k)!

m
X E A(Trlv""ﬂ-k;cla"'acs)< * *>Ik(CT,...,C;;;|7T1|,...,’7Tk|),
¢ty C
(71 5eeeymg ) ETI(8,K)

where: 1) II(s, k) denotes the set of all possible partitions of the set {1,..., s} into k disjoint

subsets 71, ..., 7; |m;| stands for the cardinality of the subset 7;; ii) A(7y, ..., 7k €1,y ..., Cs)
is either 0 or 1 with the proviso that it equals 1 if and only if, for all z € {1,...,k} for
which |7,| > 2, all the integers ¢; with i € 7, are equal; for any i € {1,...,k}, ¢; represents

the common integer associated to ;. Formula (59) simplifies remarkably for small values
of s. For instance,

i) for s=1
m
PrC (i) =l = 7 () B 1)
ii) for s =2
Pr(Cp(Xm+1) = c1, Cp(Xm+2) = 2 (60)
m m
=J1l{c = 02}< )Il(cl; 2)+ J(J — 1)( >IQ(01, c2;1,1).
1 C1,C2
We conclude by studying the numerator in (57). This expression is determined by the
complete knowledge of the joint distribution of (Xi,..., X;n+s). As above, we can start by
writing

Prifx, =15, Cyx,) = |
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= A(’]Tl,...,ﬂ'k;ll,...,ls)<* " *>
.l
k=1 (m1,...,mx ) €Il(s,k)

x Pr |B(m;l],... . L;7, ... m) N {Z Lyxy (1) =ci1, .. ,Z Lpix,)Us) = cs}]
i=1 i=1

where the event B(m;[7,...,[;) is characterized by the relations among random variables
Xm+T,S
X1:--‘:Xl9{: mr for all r € m
Xl’erl =-...= Xl’erl; = Am+tr for all r € mo
Xl’l‘+-~-+l;;71+1 == Xl9{+...+l;; = XAm+tr for all r € m

Xontr, # Xar, forallry € mg,rpem foralla#b
(Xt 1, - X N { X1, Xims} =0

The numerator of (57) can be treated as the denominator of (57), namely by exploiting the
double partition structure induced by the above relations on the random variables X;’s and
h(X;)’s. We observe that the combination of this two partition structures proves particularly
cumbersome to be written for general s > 1. For this reason, further manipulations of the
posterior distribution (57) will be deferred to the proof the next theorem, where we assume
s =2.

Theorem 6 Form > 1, let x1.,, be a stream of tokens that are modeled as a random sample
X1:m from P ~ DP(O;v), and let (Xp;mi1, Xmt2) be a pair of additional random samples
from P. Moreover, let h, be a random hash function distributed as the strong universal
family H, and let h,, be independent of X1.,, for any m > 1, that is h, is independent of
P. Then

Pr[me+1 - l17 me+2 - l2 | Cn,hn(Xm+l) = CTL717 Cnyhn(XnH»?) = Cn’Q]
~ Num(ly,l2,¢n1,cn,2)

1,10 >0
Den(cp 1, ¢n 2) bz =

with

<

(§)(cx2)(0 —
cl(m —

)(mfc)
)!

) (%)(CHJ—H)(%)(C%Q—H) (0 - %)(m—cnl—cn,z) .

cnalen2l(m —cp1 — cp2)! ’

Den(cp1,cn2) = J1{cp1 = cn2 = ¢}

)

+J(T—1

0L+ 1) () e-1y(0 = §) m—e)
(c—Dl(m —c)!

Num(lq,l2, e, cn2) = H{lh =lo =t l,cp,1 = cpo = ¢}
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02(5) (c—ts—12) (0 = §) (m—
1{cp 1 = Cpo = J/(c—=l1—1l2) J/(m—c)
T len = ez = b5 = S o)

(J - 1) 02(%) (eni—1) (5 (na—12) (0 = 22 (m—cn 1 —cn2)
J (Cn71 — ll).(cn,g — lg)( — Cn71 — Cmg)! ’

Proof Following the “Bayesian” proof for s > 1, we start by expressing the posterior distri-
bution of (fx,,,1, fX,42) given Gy p (x,.,1) and Cy . (x,...) @S a ratio of two probabilities,
and then we deal with the numerator and denominator. That is, we write the following
expression

Pr(fx,c1 =11, [xmer =21 Cnhn(Xmi1) = 01 Cnoh(Xomi2) = Cn2) (61)
Pr (X =1, [Xmes =122 oimy Ln(x0) (Ximt1) = nts 2oy Ly (x0) (Ximg2) = cn2)
Pr [Cnahn(Xm+1) = Cnvl’ Cnahn(Xm+2) = Cn72]

Observe that the denominator of the posterior distribution (61) reduces to (60). Then,
by using the finite-dimensional projective property of the DP, we can write the following
expressions

J1{cn1 = cn2 =c} <TZ> I(¢;2)
=J1l{cy1 =cn2=c} (T)

X/l c+2(17 )m—c F(G) Q/J—l(lf )0(1—1/])—1d
0’ P re/nrea—1/7)”" P P

— J1{ens = c }< ) ') re/J+c+2)f'0(1—-1/J)+m—c)
B ™1 T o2 O/ NLO(1—1/7)) T(0+m+2)
and
m
J(J —1) (Cm’ cn,2> Ir(cn2,cnp2;1,1)
m
B J(J - 1) (Cn 1,Cn 2)
« / pin 1+1pgn 2+1(1 —m _pZ)men,lfcnﬂ
Ag
1“(9) 9/J71 0/J-1 0(1—2/J)—1
1—p — dpid
=J - <cm,cn2 T0/7)) 2r (1 OV
L@O/J+cpg+10)IO/T+cno+1DI(O(L—2/T) +m —cp1 —cnpo)
'O +m+2) '
Then,
Pr [On»hn(Xm+1) = Cn,1; Cn,hn(Xerg) = Cn,Q] (62)
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B o (m I'(6)
= J1{cn1 = cp2 = c} (cn,1> r@/nHrea—-1/J))
LT/ + e+ )00 1/T) +m—c)

L0 +m+2)

m ')
w0, ") s
DO/ + can + VD(O/J + ez + DO(O(1 = 2/J) +m = ng = cuo)
L'@+m+2) ’

Now, we focus on the numerator of the posterior distribution (61), which is rewritten as
follows

Pr [fxm+1 =11, fXpio = l2, Z L, (x)) (Xm+1) = en 1, Z L, (x))(Xm+2) = Cn,2] (63)
i=1 i=1

=Pr

m m
X =05 [X e = L2, Z L, (x;)(Xm+41) = e, Z L, (x;)(Xm+2) = cn2, Xms1 = Xm—i—?]
i=1 i=1

+ Pr

m m
P =15 [ =125 > L (xe) (Xm1) = €n1s Y Ly (x) (Xmg2) = enas Ximy1 # Xm+2] :
i=1 i=1

First, we consider the first term on the right-hand side of the probability (63). In particular,
we write

m m
Pr [fxm+1 =11, fXxpys = l2, Z L, (x))(Xm+1) = cn1, Z L, (x))(Xm+2) = cn2, Xmy1 = Xm+2]
i=1 =1

=1{li =lb=:1l,chp1 =cp2 =c} (7)
x Pr [)(1 — X = Xt = Xty {X 01y ey Xond 0 { X gt} = 0, Emj Ty, () (Xmp1) = c]
=1
=1{li =l =:1l,chp1 =cp2=c} (7)
x Pr [X1 — X = Xt = X {X 1o Xond 0 { X gt} = 0, Zm: 1y, ox) (Xmi1) = ¢ — l]

i=l+1

which is determined by the distribution of (Xi,...,X,,12). In view of Sangalli (2006,
Equation 3.5)

m—+2 k k
0
Pr[Xy € C1,..., Xmy2 € Cpga] = Z @ e Z H(|7Tz‘| = D'(Nrer, Cr) -
k=1 \/(MF2) o VeT(mA2,k) i=1
We set D(m,l) = {Xl = ..., X =Xnp = Xm+2,{Xl+1, ce ,Xm} N {Xm+1} = @}, and

we define p(r, . ) as the probability measure on (Vm+2 ym+2) generated by the following
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identity
k

Vit (C1 X 200 X Cpga) = HV(OTEMCT) )
i=1
It is clear that such measures attach to D(m,1) a probability value that is either 0 or 1. In
particular, vy, ., (D(m,l)) =1 if and only if one of the 7’s (e.g. 7y, being these partitions
given up to the order) is exactly equal to the set {1,...,I,m + 1,m + 2}. Accordingly, we
write

D(m7l)7 Z ]lhn(Xi)(Xerl) =Cc— l]

i=l+1
m—I+1 k-1
> C+ DT mil = Dlmy,om, (Z L, (x:) (Ximt1) = c—l>
k=2 (O)m+2) (11 ooyt ) ELL(m—1,k—1) i=1 i=l+1
~000)m

S 0wl - i

(9)(m+2 = Oy (11 eoymr )€l (m—Lyr) i=1

J
X ZV({J} Vi psmr (Z L, (x;) —C_l>
j i=l+1
S I i

(71 vy ) €L (m—1,7) i=1

Hence,

m m
Pr [me+1 =11, fxpys = lo, Z Ly, (x:) (Xm+1) = en, Z L, (x) (Xmt2) = en2, X1 = X2
i1 i1
(64)

m! 6(l+1)
(c=Dlm —c)!T(0+m+2)

= ]]_{ll = lQ = l,Cn’l =Cp2 = C}
I'(0)
L6/)TO(1 —1/J))

Now, we consider the second term on the right-hand side of the probability (63). In partic-
ular, we write

T(0)J +c—DTO1 —1/J) +m — c).

m m
Pr [fxm+1 =11, [Xpio = l2, Z L, (x0)(Xm+1) = cn 1, Z L, (x))(Xm+2) = cn2, Xmy1 # X2

i=1 =1
= P
<ll, l2> !

.. 7Xl1 = Xm-‘rla Xll—‘rl = ey Xll—‘rlg = Xm+27Xm+1 7é Xm+27
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m m
{Xll+l2+17 s Xm} N {Xerl? Xm+2} = (B’ Z ]lhn(Xi)(Xerl) = Cn,ls Z th(Xi)(Xm+2) = n2
i=1 i=1
m
= (ll ZZ)PI' Xl = ... 7Xl1 = Xm+17Xll+1 = .. '7Xll+l2 = Xm+27Xm+1 % Xm+27
{Xll+lz+17 ) Xm} N {Xm—i-l, Xm+2} = @,
m
l2]lhn(Xl1+1)(Xm+1) + Z L, (x;)(Xm+1) = ena1 — b,
i=l1+l2+1
m
Wi, o) Xme2) + Y Ty (Xmi2) = cnz — I
i=l1+1l2+1
Setting
E(m,l,lp) := {X1 =, Xy =X, Xpr1 = - X, = X2, Xonpr # Xono,

{Xll+12+17 sy Xm} N {Xm+17Xm+2} = @}’

we have that vy, (E(m,li,lz)) = 1 if and only if two of the n’s (e.g. mr_; and 7y,
being these partitions given up to the order) are exactly equal to the sets {1,...,l;,m+ 1}

and {l; + 1,...,1l; + lo,m + 2}, respectively. Therefore, from above, we write the following
probability
m
Pr|E(m,l1,12), b2 1, x, 1) (Xmt1) + Z Ly, (x) (Xmt1) = eng — U,
i=l1+1la+1
m
D) (Xme2) + Y Inyx)(Xmt2) = oo — l2]
i=l1+1la+1

n—I1—Is+2

ok k—2
k=3 (Mm+2) (o) el (m—l1 —lo,k—2) =1

m

X Vry,...mk (lZ]lhn(le+1)(Xm+1) + Z :H-hn(Xl)(Xm—&-l) =Cp1 — l17
i=l1+1l2+1
m

Wi, o) (Xmi2) + Y llhn(x,.)(Xm+2)=cn,z—lz>
i=l1+l2+1

02 0 1 m—Il1—l2 or r
= Mlﬂlz! Z @7 Z H(|7Tl| —1)!

(‘9)(m+2) r=1 (m—l1—l2) (Wl,...,ﬂr)EH(m—ll—lz,T) i=1

X[ > v{a v}
(

J1,52)€[J]?
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m
X I/m,...,m( Z L, (x») (1) = cna — I — L21{j1 = ja},
i=l1+la+1
m

Z ]lhn(Xl)(]2) = CTL,2 - 12 - ll]l{]l = JZ})] .

i=l1+1l2+1

We observe that the expression within the brackets in the last term, as a sum over [J]?
can be split into the sum of two terms, according on whether j; = js or not. Therefore, we
write

m—Il1—Il2 or r

> @ > T -1

r=1 (m=ti=t2) () 7)) el (m—ty —l,r) i=1

X [ Z V({-jl})l/({j2})y7rl,...,’ﬂr ( Z th(Xi)<j1) =cp1— lh — o,
lejQE[J} i=l1+l2+1
Z I, (x)(J2) = cna —la — l1>]
i=l1+1l2+1
1 m — Iy — Iy r'(6)
=—-1 n.1 = Cp.2 =:
jiiens = caz C}<c— I — s ) T/ )T01 —1/J))
PO/ +e—h — )OO —1/T) +m—c)
F(9+m—l1 —12)

On the other hand, assuming J > 3

m—Il1—lo o r

r=1 (m—l1—12) (m1yeeymr)EL(m—ly — o) i=1
X [ Z V({jl})V({j2})V7r1,..A,7rr( Z Ly, (x)(J1) = cna — 11,
(j1.72)€[J]? i=l1 4241
J1#j2
Z I, (x;)(J2) = cn2 — lz)]
i=l1+1l2+1

_J—1< m—ll—ZQ ) F(Q)
J Cn,1 _ll,Cn,Q —l2 [F(Q/J)PF(QO —2/J))
y D0/ J + o1 —1)T(0)T 4 cno — )T(O —2/J) +m — cp1 — cn2)

F(9+m—ll—lg)

Then,

Pr [fxm+1 =10, FXge =125 > L) (Xma1) = ents D L) (Xima2) = Cn2, X1 # Xm+2]
=1 =1
(65)
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2
_ < m >9 (9)(m*l17l2)l1!l2!

l1,lo (0) (m+2)
1 . . m—1I1 — s F(Q) F(Q/J—}—C—ll—l2)F(0(1—1/J)+m—C)
% [J“C’“ - 2= C}<c Sy — > T(0/N)T(6(1 — 1/7)) TO+m—1, — )
J—1 m—ll—lg F(G)
T <cn,l .y ens — zz> [T/ 72T (0(1 = 2/7))

% P(H/J-i- Cn,1 — ll)F(Q/J + Cn2 — lg)l“(&(l — Q/J) +m — Cn,1 — Cn,g)
T +m—1 —Iy) '

Then, by combining the probability (64) and the probability (65) we write the following
expression

Pr [fxm+1 =11, fxpio = l2, Z L, (x,) (Xm+1) = ¢, Z L, (x))(Xm+2) = Cn,2]

=1 =1
m! (1 +1)
= I =l=1lcn1=cno= 0,
r(9+m+2){ h =lo =l ena = enp = e =5 A0, J)x

xT(O/J+c—0DTO(1—-1/J)+m—c)
02
J(c—1; —l2)!/(m —¢)!

J—1 62
+ H,J X
( J )<cn71—h)!(cn,z—zQ)!(m—cn,l—m)!m )

+ I{cn1 = cn2 =c}

,81(9, J)F(Q/J-i- C — l1 — lQ)F(@(l — 1/J) +m — C)

XT(0/ + ng = IO/ + ez = )DO(L = 2/J) +m = a1 — en2) | (66)
with . I o)
ful6,7) = T(6/)L6(1—1/J))
and

I'(9)
00/ )PT(O(1 —2/0))

The proof is completed by combing the posterior distribution (61) with probabilities (62)
and (66). [ |

B2(0,J) :=

Theorem 6 extends Theorem 1 to the more general problem of estimating 2-range queries.
In particular, for the collection of hash functions hi,...,hy, the posterior distribution
of (fxpi1s fXmiz) €VEN {(Chny(X0i1)s Crhin (Xmso)) Ine(n) follows from Theorem 6 by the
assumption that the h,’s are i.i.d. according to the strong universal family H, and Bayes
theorem. CMS-DP estimates of the 2-range query fo = f, 1 + fepio are then obtained
as functionals of the posterior distribution of fs, e.g. posterior mode, posterior mean and
posterior median. To conclude, it remains to estimate the prior’s parameter 8 > 0 based
on hashed frequencies; this is obtained following the empirical Bayes procedure described
in Section 2.
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