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Abstract

The empirical practice of using factor models to adjust for shared, unobserved confounders, Z,
in observational settings with multiple treatments, A, is widespread in fields including genetics,
networks, medicine, and politics. Wang and Blei (2019, WB) generalize these procedures to
develop the “deconfounder,” a causal inference method using factor models of A to estimate
“substitute confounders,” Z, then estimating treatment effects—regressing the outcome, Y, on
part of A while adjusting for Z. WB claim the deconfounder is unbiased when (among other
assumptions) there are no single-cause confounders and Zis “pinpointed.” We clarify pinpointing
requires each confounder to affect infinitely many treatments. We prove that when the conditions
hold for the deconfounder to be asymptotically unbiased, a naive semiparametric regression of
Y on A which ignores confounding is also asymptotically unbiased. We provide bias formulas
for finite numbers of treatments and show that different deconfounders exhibit different kinds of
bias. We replicate every deconfounder analysis with available data and find that neither the naive
regression nor the deconfounder consistently outperform the other. In practice, the deconfounder
produces implausible estimates in WB’s case study to movie earnings: estimates suggest comic
author Stan Lee’s cameo appearances causally contributed $15.5 billion, most of Marvel movie
revenue. We conclude neither approach is a viable substitute for careful research design in real-
world applications.
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1. Introduction

Machine learning methods are increasingly applied across statistics, social science, and industry to
improve causal inference by flexibly adjusting for background confounders. In a recent important
instance, Wang and Blei (WB, 2019) introduce the deconfounder, an approach for causal inference
on multiple treatments, A, that affect an outcome, Y, in observational settings where shared,
unobserved confounders, Z, affect both A and Y. The deconfounder fits a factor model to the
treatments to estimate a substitute confounder, Z = f(A), a function of the observed treatments; it
then estimates treatment effects with a regression of ¥ on Z and some (or all) treatments in A. This
procedure generalizes a popular genetics estimator (Price et al., 2006) and is closely related to other
work that provides conditions for credible estimation even when some confounders are unmeasured
(Cevid et al., 2020).

This paper makes three primary contributions, demonstrating the limits of methods like the
deconfounder to adjust for unmeasured confounding. First, we clarify how the assumptions that
justify the deconfounder relate to empirical practice. Building on D’Amour (2019b), we show that
the conditions justifying the deconfounder require an infinite number of treatments, all of which
are affected by a small set of confounders. Second, we show that if the conditions hold for the
deconfounder to be unbiased, then a suitably flexible naive regression that ignores the confounding
will be unbiased too. If the deconfounder’s conditions fail to hold, we show the analyst would
need strong, context-specific information about treatment effects and confounding to determine
which approach has less bias. Third, we show that the quality of evidence used to support the
deconfounder has been overstated. We reexamine existing simulations and real-world evidence, and
we construct our own simulations. We find that neither the deconfounder nor naive regression
consistently outperforms the other; indeed, we find that neither consistently performs well at all.

Our results may be surprising in light of recent work claiming that the deconfounder is a viable
tool for many causal inference problems. WB argue that adjusting for the substitute confounder will
provide unbiased estimates of causal effects under certain conditions: “the theory finds confounders
that are effectively observed, even if not explicitly so, and embedded in the multiplicity of the causes”
(p.- 7). This is the basic intuition underlying the use of factor models for causal inference: if the
following assumptions are satisfied, multi-cause confounding has observable implications for the joint
distribution of the treatments, which the analyst can capture with dimension reduction of A and
then adjust for. The assumptions are: (A.1) there are no confounders that affect only one treatment;
(A.2) there is a multi-cause confounder Z satisfying weak unconfoundedness; (A.3) the substitute
confounder Z = f(A) pinpoints the confounder Z as defined in Section 2.1; and (A.4) A follow a
probabilistic factor model and are conditionally independent given Z.!

We show that these assumptions lead to a taxing set of conditions that empirical researchers
must satisfy in order to use the deconfounder. While it is true that multiple treatments can provide
information about unobserved confounding, the deconfounder requires strong conditions that are
unlikely to hold even approximately in many settings. For example, we clarify that pinpointing
(A.3) requires strong infinite confounding—every confounder must asymptotically affect an infinite
number of treatments, and each confounder’s effects on those treatments must not go to zero too
quickly (D’Amour, 2019b). Thus, beyond the “no single-cause confounding” assumption (A.1l),
consistent causal inference further requires no finite-cause confounding. Theoretically, we show
that in the absence of infinite causes, deconfounder methods cannot consistently estimate causal
effects—even as the number of observations goes to infinity.?

1. Wang and Blei (2020) condenses these into two assumptions. (1) There is a Z which is a smallest o-algebra such
that P(A|Z) = 1—[}]:1 P(A;|Z) and P(A;|Z) is not a point mass for any value of j. Conditioning on Z must
yield ALY (a)|Z. (2) Z is pinpointed by A s.t. P(Z|A) = §y(4). These are stronger than ours due to the
minimal o-algebra condition. Ogburn et al. (2019) gives alternatives.

2. In principle, consistent estimation can also be achieved with only a finite set of treatments, but only when
confounders are so strong that they dominate all noise and perfectly determine the value of the treatments. We
view this as a highly unrealistic setting.
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Under the conditions where the deconfounder is consistent, other estimators that ignore con-
founding will also be consistent. Our main theoretical result, Theorem 1, demonstrates that what
WB term naive regressions—the class of (possibly semiparametric) regressions that directly estimate
E[Y|A] and ignore confounding—asymptotically approach consistency as the number of treatments,
m, grows large. In other words, everything but the multiplicity of treatments is unnecessary: the
deconfounder’s added factor-model machinery is not needed to achieve theoretical identification of
causal effects.

While the same conditions that ensure consistency of the deconfounder also imply consistency of
naive regression, the two approaches suffer from different kinds of biases when these conditions are
violated. To help build intuition, we derive analytic bias expressions for a specific family of data-
generating processes in which confounders, treatments, and outcome follow normal linear models. We
show that the bias of the naive regression comes from omitted variable bias due to the unmeasured
confounder, which goes to zero under strong infinite confounding. We further show that different
types of deconfounders suffer from different kinds of biases. The subset deconfounder—a variant
popular in genetics (Price et al., 2006), which regresses Y on only Z and a subset of A—purges
bias from the confounder, at the expense of inducing a different kind of omitted variable bias due to
the excluded treatments. We show that the bias of the subset deconfounder goes to zero if (i) the
causal effects of the excluded treatments go to zero and (ii) the confounding satisfies strong infinite
confounding or a related condition. The penalized full deconfounder, which regresses the outcome
on all treatments and the substitute confounder using a penalized regression, has biases that go to
zero under strong infinite confounding, balancing the biases from the naive regression and the subset
deconfounder.

Simply put, the strong conditions for either the naive or deconfounder estimators to be consis-
tent are unlikely to hold in practice for many domains. We reach this conclusion after investigating
the finite-sample performance of both estimators using all six simulation designs used across decon-
founder papers and several simulations of our own design. In line with our theoretical results, we
find that neither the naive nor deconfounder estimators consistently outperform each other. Practi-
cally speaking, our analysis also reveals that the factor model machinery introduces new estimation
complexity that is avoidable using the naive regressions.

We find no evidence that either the naive regression or the deconfounder is a viable general
method for observational causal inference. We revisit WB’s main case study, the effects of actor
appearances on movie revenue. We show both the deconfounder and naive regression produce results
that are implausible. For example, both WB’s model and naive regression estimate that Stan Lee—
the legendary comic writer who appears for 200 seconds in Marvel superhero films—caused over an
eight-fold increase in movie revenue with his cameos, more than any of the 900 other actors analyzed,
and contributed $15.5 billion of revenue. We show simply adjusting for film budget yields far more
reasonable results, even though budget is a quintessential example of the multi-cause confounding
that factor modeling is intended to address.

While machine learning methods do allow for more flexible specifications, they do not alter the
basic assumptions needed for unbiased causal inference. In contrast, our results show thoughtful
research designs do weaken the assumptions needed—such as when researchers use proxy variables
associated with confounders, but conditionally independent of treatments and outcome (e.g. Miao
et al., 2018, 2022). While multiple treatments can reveal the imprint of an underlying confounder,
we show this requires numerous conditions: strong infinite confounding; a large number of associated
but not causally ordered treatments; and some guarantee, such as the existence of a factor model
(A.4), that the confounders’ imprint is recoverable. Given the implausibility of these conditions
jointly holding in applied settings, deconfounder-type algorithms are no substitute for explicitly
measuring confounders and then adjusting. Machine learning methods are useful, but the founda-
tional challenges of causal inference remain.

We provide background for the deconfounder in Section 2. Section 3 characterizes the asymptotic
behavior of the deconfounder and the naive regression, followed by a discussion of finite-sample im-
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plications and performance in Section 4. We discuss implications for real-world studies in Section 5,
then conclude. Supplements include a notation guide (Supplement A), proofs (Supplement B), and
additional empirical details including replications of every deconfounder simulation and case study
with available data (Supplements C-G). All replication code and data are available on Code Ocean.?

2. The Deconfounder and Multiple Causal Inference

In this section, we offer background on the deconfounder and preview our results. Throughout, we
use A to denote the set of m treatments for which we have n observations, Z is the true shared
unobserved confounder, and Z is the estimated substitute confounder.

2.1 The Deconfounder and Related Work

WB attempt to formalize and provide statistical theory for a procedure that has been used exten-
sively in genetics, social science, operations research, network science, medicine, and industry (e.g.
Price et al., 2006)—estimating a factor model of treatments with the goal of adjusting for shared
confounding among those treatments. WB seek to “develop the deconfounder algorithm, prove that
it is unbiased, and show that it requires weaker assumptions than traditional causal inference” (p.
1574). The main algorithm of theirs we consider fits a factor model to the treatments, checks its
fit, and then runs a regression of the outcome on all treatments and low-dimensional representa-
tions of each unit extracted from the factor model. WB use two new assumptions for developing
the statistical theory of the deconfounder: “no single cause confounders” and “consistency of the
substitute confounder” (called “pinpointing” in subsequent papers; Wang and Blei, 2020). The lat-
ter assumption requires that the substitute confounder, Z—which is a deterministic function of the
observed treatments—is a bijective transformation of Z. While the pinpointing assumption is stated
as an exact equality, any method to consistently estimate Z requires asymptotics in n and m. In
Definition 2 of Supplement B.1.2, we offer a redefinition of pinpointing as an asymptotic property.
We analyze the deconfounder in the most favorable asymptotic regime, where m — oo and for each
treatment, n — oo.

Prior to the final publication of WB, D’Amour (2019b) showed that general non-parametric
identification for the deconfounder is impossible. The core problem is that the factor model and
the “no single cause confounders” assumptions only partially constrain the observed data distribu-
tion. To address this WB offer three special cases (their Theorems 6-8) which leverage parametric
assumptions (Theorem 6) and limitations on what can be estimated (Theorems 7-8) to achieve
identification, but none of these special cases resolve the theoretical errors in the original paper.?
Commentaries, published alongside WB, clarified the implications of the assumptions powering these
theorems. Imai and Jiang (2019) note that VA converges to a function of the observed treatments
rather than the true Z, a random variable (Imai and Jiang, 2019, 1607). This is problematic be-
cause the adjustment criteria implicitly assumes the support of p(Zi|Ai = a) is the same as that of

3. Each simulation and application has its own replicable capsule at the following links: Medical Deconfounder
Simulation 1: https://codeocean.com/capsule/6317432/tree,Medical Deconfounder Simulation 2: https://
codeocean. com/capsule/1786302/tree, Smoking Simulation: https://codeocean.com/capsule/7721162/tree,
Smoking Simulation Best ELBO: https://codeocean.com/capsule/4729471/tree, GWAS: https://codeocean.
com/capsule/9121886/tree, Logistic Tutorial: https://codeocean.com/capsule/6053879/tree, Quadratic Tu-
torial: https://codeocean.com/capsule/9195430/tree, Posterior Predictive Check Simulation: https://
codeocean.com/capsule/9344175/tree, Subset Deconfounder Simulation: https://codeocean.com/capsule/
7026471/tree, Actor Case Study: https://codeocean.com/capsule/0482695/tree, and Breast Cancer Case
Study https://codeocean.com/capsule/8916869/tree.

4. Theorem 6 provides identification of average treatment effects by making parametric assumptions, including that
the substitute confounder is piecewise constant and there can be no confounder/cause interactions. Theorem 7
identifies the average treatment effects of a subset of the treatments. Finally, Theorem 8 restricts estimation to
only those treatments which map to the same value of the substitute confounder.
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p(Z;)—which cannot be true because pinpointing implies that p(Z;|A; = a) is degenerate. Ogburn
et al. (2019) and D’Amour (2019b) emphasize that pinpointing generally requires m going to infinity.

WRB’s version of the deconfounder is one instance of a broader strategy for addressing unmea-
sured confounding. A related line of papers considers spectral deconfounding for the linear model
under a dense confounding assumption that is related to the “no single cause confounders” assump-
tion (Cevid et al., 2020; Biithlmann and Cevid, 2020; Guo et al., 2022). Spectral deconfounding is
closely connected to the penalized deconfounder that we explore below. Broadly speaking, these
papers discuss scenarios where confounding disappears asymptotically (Chernozhukov et al., 2017).
Throughout this paper, we focus on WB’s formulation for the sake of simplicity.

Finally, we note that other papers have studied the multiple-treatment setting using partial
identification (Zheng et al., 2021) or proxies for nonparametric identification (Miao et al., 2022).

2.2 Takeaways and Contributions

Because the substitute confounder is a function of the observed treatments, Z = f(A), the de-
confounder estimates E[Y|A, Z] = E[Y|A, f(A)], which reduces to E[Y|A]. In other words, the
deconfounder is only a method to learn a transformation of the treatments. There are several impor-
tant restrictions implicit in the deconfounder assumptions including, notably, that the treatments,
A, cannot causally depend on each other. We maintain these assumptions and return to them in
Section 5.2.

Our contribution is twofold. First, we present Propositions 1-6 and Theorem 1, showing that in a
simplified linear model and under the deconfounder assumptions, naive regression is asymptotically
(in both n and m) unbiased and that every variant deconfounder estimator only also achieves asymp-
totic unbiasedness if it uses the same information as a naive regression. When the deconfounder uses
only a subset of the treatments, additional untestable and strong assumptions must be made about
the treatment effects. Second, we show through extensive empirical evaluation that the theoretical
concerns raised here and in prior papers make the deconfounder and naive regression unsuitable for
current real-world applications.

3. Asymptotic Theory Justifies the Naive Regression Whenever the
Deconfounder Can Be Used

The most basic DGP for multi-cause confounding is a linear factor model and a linear outcome
model—a case we call the linear-linear model. This is defined in WB in Equations 8, 9 and 20 and
implied in other applications of the deconfounder (Price et al., 2006). We first develop asymptotic
theory for this simple setting before generalizing to nonlinear factor and outcome models. In Sec-
tions 3-4 we assume a simplified best-case setting for the deconfounder where we know the true
DGP including the number of confounders, treatment effects are constant, and there is separable
confounding. We return to these assumptions and accompanying real-world concerns in Section 5.

3.1 The Linear-Linear Model and Strong Infinite Confounding

Consider n observations drawn i.i.d. from the following DGP:

k unobserved confounders: Z; ~N(0,I);
m > k observed treatments: A, ~N(Z]0,5%1);
scalar outcome: Y; ~ N(A! B+ Z~,w?).
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We assume elements of @ and ~ are finite and o2 is nonzero. Our goal is to estimate 3 =
[B1,...,Bm] ", the causal effects of increasing the corresponding [A; 1,..., A;m] by one unit; fol-
lowing WB, effects are assumed constant. Results are collected in Z, A, and Y.?

The variable Z is unobserved and therefore confounds our inferences about the causal effect of
A when both « and @ are nonzero. However, if the analyst could observe Z and adjust for it, they
would have the oracle estimator,

foracleT  soracleT }T = ([A, Z)" (A, Z])_l A4,2]"Y.

It follows directly from the properties of ordinary least squares that the oracle is an unbiased and
consistent estimator of treatment effects for any m.

No other estimator that we will consider is consistent for finite m. Both here and in the general
nonlinear case, we will therefore consider asymptotics for sequences of DGPs in which the distribution
of the confounder Z, its dimensionality k£, and the outcome-model confounding parameters v are
held fixed. We begin with a one-dimensional (m = 1) treatment A, generated by factor-model
parameters @ = 61, and an outcome model with treatment-effect parameters 3 = ;. We then
consider an m = 2 DGP with 8 = [01,02] and 3 = [81, 2], then an m = 3 DGP with 8 = [0y, 03, 03]
and B = [B1, B2, B3], and so on. We will then consider asymptotics as m goes to infinity. In other
words, we will consider sequences of DGPs in which new treatments are iteratively added, holding
fixed all of the following: the distribution and effects of latent confounders, the relationship between
old treatments and confounders, and the effects of old treatments.% (For compactness, we will omit
the sequence index; all results refer to the behavior of estimators as applied to the m-th DGP.) We
will show that within this broad set of DGP sequences, for the subset satisfying what we refer to as
“strong infinite confounding,” the naive regression will approach consistency.”

Definition 1. (Strong infinite confounding under the linear-linear model.) A sequence of linear-
linear data-generating processes with a fixed number of confounders, k, and growing number of
causes, m, is said to be strongly infinitely confounded if as m — oo, all diagonal elements
of 007 tend to infinity.

The j-th diagonal element of 80T contains the sum of the squared coefficients relating confounder
j to each of the m treatments.® Intuitively, strong infinite confounding says that as m grows large,
the finite k& confounders continue to strongly affect a growing number of treatments. We discuss the
practical implication of this condition for finite samples in Section 4. In Supplement B.1.3, we build
on an example from D’Amour (2019a) to show an example of “weak” infinite confounding, where
the number of treatments grows but the diagonal elements of 807 do not tend towards infinity.

3.2 The Naive Regression in the Linear-Linear Setting

As a baseline for the deconfounder, WB present the naive estimator, which simply ignores Z. In
Proposition 1, we characterize the asymptotic properties of naive regression with finite m and,
perhaps surprisingly, establish it is asymptotically unbiased for the linear-linear model as both n
and m go to infinity under strong infinite confounding.

ot

. We occasionally denote simultaneous sampling of all n observations with Z ~ N (0, I) or similar.

6. This formulation generalizes straightforwardly to additively separable settings in which the m-th DGP obeys
outcome model E[Y;|A;, Z;] = 3°7, f;(As ;) + gy (Z;), allowing for nonlinear effects. Note that the requirement
that prior effects remain unchanged when adding a new treatment will generally preclude interactive effects.

7. Guo et al. (2022), defines a related “dense confounding” condition.

8. Lemma 1 of Supplement B proves strong infinite confounding is necessary for pinpointing, and Lemma 5 connects

this to the conditions for unbiased estimation of a naive regression.
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Proposition 1. (Asymptotic Bias of the Naive Regression in the Linear-Linear Model.)
Under the linear-linear model, the asymptotic bias of the naive estimator,

Braive = (A—'—A)f1 ATY | follows p-lim, ,._ B — 3 = (070 + ¢2I)"107~, indicating

that the naive estimator is inconsistent. However, when applied to a sequence of data-generating

processes with growing m which satisfy strong infinite confounding,

limy, oo p-lim,, _, o Bna’f"e -8 = 0.

Intuitively, the naive regression is unbiased as the number of treatments grow, because linear
regression adjusts along the eigenvectors of the covariance matrix of the treatments, and in this
setting the most consequential eigenvectors are the confounders. This connects to the core (but
incomplete) intuition of the deconfounder and a prior literature in genetics—under deconfounder
assumptions, shared confounding leaves an imprint on the observed data distribution (Price et al.,
2006; Wang and Blei, 2019, 2020)—and, as it turns out, this imprint is useful for the naive regression.

The asymptotic regime we use implies that as the number of treatments increases, the relative size
of v (the outcome coefficients on the confounder) necessarily decreases. As a result, the amount of
confounding, relative to the effect of the treatments, decreases—that is, confounding vanishes. If we
scaled  to increase with the number of treatments, then Proposition 1 would not necessarily hold,
because the additional explanatory information from the adding treatments could no longer reduce
the bias more than the increase in the confounding from the new treatments. We also emphasize
that the asymptotic results focus on the element-wise convergence of the treatment effects, or the
components of the 3. Importantly, this does not imply that the entire vector converges to the true
value of B simultaneously. This is because if we expand our focus to more than a finite subset of
coefficients, those coefficients can be combined to create errors that fail to disappear as m gets larger.
This is a direct consequence of our asymptotic regime, which grows the number of treatments and
therefore the size of 3. These concerns arise in the linear-linear model as a consequence of the more
general overlap problem (see D’Amour, 2019b).

3.3 Deconfounder Under the Linear-Linear Model

In place of the naive estimator, WB recommend the full deconfounder, which under the linear-linear
model proceeds in three steps: (1) take the singular value decomposition A = UDV T, (2) extract
the first k components, Z = /nUj.x, and (3) adjust using

[BfullT’ 4l ]T _ ([A, ZA}T {AZAD_I {A,Z}TY. (1)

But there is a problem: adding these new terms to the naive regression renders Equation (1) in-
estimable. The substitute confounder is merely a linear transformation of the original treatments,

N 1T N
Z = \/EAVL;CD;,i7 meaning that [A, Z} [A, Z} is always rank-deficient. This perfect collinear-

ity is a consequence of that fact that the inclusion of Z brings no new information beyond that
contained in the original treatments, A.

The deconfounder papers and tutorials deploy variants of the linear-linear model throughout
their simulations and empirical examples. To render the model estimable, these examples use two
modifications to the full deconfounder to break the perfect collinearity between the treatments
and the substitute confounder: (1) the penalized full deconfounder, which uses penalized outcome
models to estimate treatment effects and adjust for the substitute confounder, and (2) the posterior
full deconfounder, which adds variation to the substitute confounder VA by sampling it from an
approximate posterior. The genetics literature uses an approach called the subset deconfounder
which adjusts for only a subset of treatments in the outcome regression. All three of these methods
are ways of approaching the fundamental challenge of perfect collinearity. We analyze the specific
type of bias that results from each approach.
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3.3.1 AsymMPTOTIC THEORY FOR FULL DECONFOUNDER VARIANTS

We analyze the penalized full confounder, an estimator used in Wang and Blei (2019) and Zhang
et al. (2019) through their use of normal priors on regression coefficients. We analyze the frequentist
version of this estimator, which uses a ridge penalty. In Supplement B.3, we prove Proposition 2,
which gives the asymptotic bias of the penalized full confounder.

Proposition 2. (Asymptotic Bias of the Penalized Full Deconfounder.)
The penalized deconfounder estimator, as implemented in WB, is

. T AT . -1 AT
ﬂpcnaltyT’ ﬁpcnaltyT :| = <|:A, Z:| |:147 Z:| + )\(’fl)I) |:A, Z:| Y,
where Z is obtained by taking the singular value decomposition A = UDV'T and extracting

the first k components, Z= VnUji.k, and A(n) is a ridge penalty assumed to be sublinear in n.
Under the linear-linear model, the asymptotic bias of this estimator is given by

Regularization of treatment effect estimation

. Apena 3 1
Q;hgﬂp Ity _ B= —Qx dlagj (02-1-/\3H) Q1Tk,6
_ A _
+Q1. diag; ((MJH) Q1,07 (667) 1,
J

Regularization of confounder adjustment

where Q and A = [Aq,..., Ay, 0,...] are respectively eigenvectors and eigenvalues obtained from
decomposition of @7 0. Under strong infinite confounding,

lim p-lim BP"Y — 3 = 0.

m—00 n—o0

Proposition 2 shows that the finite-m bias in Bpe“alty comes from two sources: regularization of
coefficients and omitted-variable bias from excluding the true confounders, Z. Under strong infinite
confounding, as m and n grow large, both regularization bias and omitted-variable bias go to zero;
the latter is true because (80 7)~! goes to 0. Therefore, like a naive regression, the Bpe“alty estimator
is asymptotically consistent in m, but only because it effectively nests the naive regression.

Briefly, the proof proceeds by examining the singular value decomposition of the augmented data

matrix, [A, ZA} = U*D*V*" | and using the facts that (1) the first m components of U* remain

unchanged from U, since Z are merely rescaled versions of the original left-singular vectors; (2) the
first k diagonal elements of D*? are equal to D? + nI due to the additional variance of Z; and (3)
the last k£ diagonal elements of D* are zero.

The second strategy employed by the deconfounder papers to address perfect collinearity in
the linear-linear case is to integrate over an approximate posterior. This renders the deconfounder
estimable, since the resulting samples are no longer perfectly collinear with A. Proposition 3 gives
the asymptotic bias (proof in Supplement B.6) and shows that sampling the substitute confounder
from a posterior is inconsistent with a finite m but converges to a naive regression as m grows large.”

Proposition 3. (Asymptotic Bias of the Posterior-Mean Deconfounder.)

9. In Supplement B.5 we also offer a proof of Proposition B.5, that estimators adding a fixed amount of white noise
remain asymptotically inconsistent as m grows, even under strong infinite confounding.
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The posterior-mean deconfounder estimator is
. T -1
g | = [ (14T (A1) A)Y fGa1A)d.

where f(z|A) is a posterior obtained from Bayesian principal component analysis.* Under the
linear-linear model, the asymptotic bias of this estimator is given by

p-lim B3P — 3= (0704 0%1)"10"~,

n—roo

and under strong infinite confounding,

lim p-limBP™ —B=0

m—00 n—oo

a. While the regression cannot be estimated when z = E[Z|A], it is almost surely estimable for samples
z* ~ f(z]A) due to posterior uncertainty, which eliminates perfect collinearity with A. The posterior-mean
implementation of WB evaluates the integral by Monte Carlo methods and thus is able to compute the
regression coefficients for each sample.

3.3.2 ASYMPTOTIC THEORY FOR THE SUBSET DECONFOUNDER

The genetics literature (Price et al., 2006) uses an alternate version of the deconfounder—the subset
deconfounder—which estimates the effect of some treatments, ignores others, and adjusts for the
substitute confounder (this formulation is captured by Theorem 7 of WB). After extracting a sub-
stitute confounder, Z , this estimator designates a finite number, mp, of the m treatments as “focal”
(we denote this column subset as Ap) and sets aside the remaining my “non-focal” treatments
(An). It then regresses the outcome, Y, on only Ar and Z. The subset confounder avoids the
collinearity issue if mp + k < m. In the genetics literature this is used to estimate the effect of one
treatment at a time.

In Proposition 4, we show that the asymptotic bias of the subset deconfounder remains non-zero
even under strong infinite confounding. To approach consistency, the subset deconfounder requires
additional strong conditions on the effects of the non-focal treatments.

Proposition 4. (Asymptotic Bias of the Subset Deconfounder.)
The subset deconfounder estimator, based on Theorem 7 from WB, is

) T T L\ Tt T
[ BT, et | = ({AF’Z} {ARZ]) (ar2]' v,
where the column subsets Ap and Ay respectively partition A into a finite number of focal
causes of interest and non-focal causes. The substitute confounder, Z, is obtained by taking the
singular value decomposition A = UDV' T and extracting the first k components, Z= VU k.
Under the linear-linear model, the asymptotic bias of this estimator is given by

. Asubse — -1 —
p-lim B — Bp = — (I - 0;(00")"'0r)  61:(607)'0n0,

n—oo
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with Op and Oy indicating the column subsets of @ corresponding to Ar and Ay, respectively.
The subset deconfounder is unbiased for Br (i) if Op = 0, (ii) if limy, 0o OBy = 0 and
lim,, 00 [I — 0;(00T)_10F]_1 is convergent, or (i) if both strong infinite confounding holds
and (007)"10xBN goes to 0 as m — oco. If one of these additional conditions hold,

lim p-lim B?}Jbset —Br=0.

m—r oo n—oo

A proof is given in Supplement B.7; we interpret conditions (i-iii) below. Intuitively, the subset
deconfounder is a biased estimator of the effect of Ar because of mismodeling of the dependence
structure among the causes. Though Ar and Ay would be conditionally independent if the true
Z could be observed and adjusted for, Lemma 4 shows that they are not conditionally independent
given Z. This mismodeled dependence leads to omitted variable bias when excluding Ay. But,
unlike naive regression, strong infinite confounding does not resolve this omitted variable bias for
the subset deconfounder. In Supplement B.8 we provide further intuition for this result, leveraging
properties of PCA regression to show the subset confounder is effectively a regularized regression
that only adjusts along the first k eigenvectors (Hastie et al., 2013).

The subset deconfounder and similar estimators in genetics (e.g. Price et al., 2006) rely on more
than the intuition that there is shared confounding.!’ Proposition 4 provides three conditions, of
which at least one is required for the subset deconfounder to approach unbiasedness. Condition (i),
Or = 0, states that the focal treatment is unconfounded, and therefore no adjustment is needed.
Condition (ii) is lim,;, 0o OnBn = 0 and lim,, [I — 0;(00T)*10F]71 is convergent. This will
hold if, for example, each element of By, the treatment-outcome effects, and each column of @y,
the confounder-treatment relationships, are drawn from zero-expectation distributions with finite
variance and zero covariance between By and Oy. Condition (iii) says that the subset deconfounder

1
OnvBy = 0. This could be

satisfied, if, for example, the infinite sum Z;":l On,k.jBn,; is convergent for all latent confounders
kK e {1,...,k}. A necessary (but not sufficient) condition for this to hold is if (On s ; ﬁN,j);n:l
converges to zero for each k' as m — oo. For example, analysts might assume that treatment
effects in the non-focal set, (3 NJ);"‘:l, go to zero fast enough to ensure the infinite series converge.
The strength of these assumptions will depend on the domain in which they are applied, but usually
require more than merely assuming strong infinite confounding because they either require assuming
characteristics about the treatment effects (when the very reason for estimation is that they are
unknown) or assuming there is no confounding at all.

will hold if strong infinite confounding holds and limyn_se (09’)

3.3.3 TAKEAWAYS

In the linear-linear setting, the default full deconfounder is rank deficient because the substitute
confounder is a linear projection of the treatments. There are three ways of addressing this issue:
penalizing the outcome regression, sampling the substitute confounder from its posterior distribution
and analyzing a subset of the causes. The penalized and posterior full deconfounders converge
asymptotically in n and m under strong infinite confounding to the correct solution only by virtue
of the fact that they contain the naive regression. By contrast, the subset deconfounder requires
strong and unverifiable assumptions about the values of the treatment effects or the nonexistence of
confounding.

10. In Supplement B.8 we provide an example where strong infinite confounding holds, but the subset deconfounder
has bias that cannot be eliminated by adding more treatments.

10
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3.4 Extensions to Separable Nonlinear Settings

In this section, we extend our linear-linear results to settings with nonlinear factor and outcome re-
gression models under separable confounding and strong infinite confounding. The perfect collinear-
ity of the linear-linear case manifests as a general problem of a lack of overlap implied by the
pinpointing assumptions (Imai and Jiang, 2019; D’Amour, 2019b). We set this point aside until
Section 5.2 and focus on constant treatment effect setting.

Under constant treatment effects, we connect the deconfounder with a partially linear regression
(Robinson, 1988) to demonstrate that a semi-parametric naive regression approaches asymptotic
unbiasedness for the same reason that the deconfounder does. Following Wang and Blei (2019,
2020) and Zhang et al. (2019), we study constant-effects outcome models of the form E[Y;|A;, Z;] =
A] B+gy(Z;). Theorem 1 shows any consistent deconfounder converges to a flexible naive regression,
which is also consistent.

Theorem 1. (Deconfounder-Naive Convergence under Strong Infinite Confounding.)

Consider all data-generating processes in which (i) treatments and confounders are drawn
from a factor model with continuous density f(z,a); (ii) Z is pinpointed, i.e. the conditional
entropy H(Z;|A;) = 0; and (iii) the outcome model is of the form EY;|A;, Z;] = A] B+gv (Z;),
i.e. contains constant treatment effects and additively separable confounding. Any consistent
deconfounder converges to a naive estimator for any finite subset of treatment effects as n grows
large.

The proof, given in Supplement B.10, is constructive: we provide a concrete naive estimator, based
on partially linear models and treatment-set partitioning, that is asymptotically equivalent to any
consistent deconfounder. It proceeds by noting that these conditions imply that there are an infinite
number of treatments and that the stochastic one-to-many function mapping Z; to A;, ga(:), is
asymptotically recoverable and invertible. This means that the deconfounder proceeds in three
steps: (i) it estimates the factor model ga(-), then uses this to obtain an estimate of the confounder
Zi = 42" (Ay); and (ii) it estimates and adjusts for a nonlinear function of Z;, g4 (.), while

ﬂAdeconf.

also estimating a m-dimensional vector of constant treatment effects, In other words, the

nonlinear deconfounder involves the following partially linear regression:

(Iédeconf,ggi/econf) = arg min Z (1/1 _ A;I'I@* _ g; (gz (Al)))z (2)

,8*79; i=1

In general, if the factor-model function g,'(-) is unknown and must also be estimated from data,
then the problem would become unidentifiable. This is because an arbitrarily flexible g3-(g% ~'(A;))
could not be distinguished from the constant treatment effects. That is, any part of A 3* could
be shifted into this function while still achieving the same squared error. However, because the
functional form of a nonlinear gil() is specified in advance, then (2) is consistent for 3 (Robinson,
1988). Intuitively, this shows that what the deconfounder buys is the inner part of the function
mapping the treatments to the outcome, gy (§;1(~)), leaving only the outer gy (-) to be estimated
from data.

We will now show that instead of the deconfounder procedure described above, in which Z is
estimated with a factor model and then incorporated into Equation (2), we can instead directly fit a
different partially linear regression that subsumes the entire g3 (g;ll (A;)) term in Equation (2). As
in Section B.2, we partition the m causes, A;, into finite mp focal causes of interest, A; r, and my
nonfocal causes, A; . We will show that for any choice of focal treatments, the estimates of Bp
produced by this naive procedure will be asymptotically equal to the corresponding deconfounder
estimates, B%econf. Then the conditional expectation function of the outcome can be rewritten
E[Yi|A, Z] = A/ xBr + Al BN + 9y (Zi).

11
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The semiparametric naive regression proceeds in three steps: (i) it residualizes the focal treat-
ments, A; p, by removing any part that can be explained with the nonfocal treatments, A; n; (ii) it
similarly removes any part of the outcome Y; that can be explained with the nonfocal treatments;

and (iii) it conducts a regression of the residualized outcome, Y, on the residualized focal treatments,
Ap. Formally, it computes

7 naive i - Y 2
g = mgmin Y [ 4, b, (Ao @)
ha. =1
fpusive _ g miny (¥; — hi(Ain)?, (4)
Y i=1

and uses these to obtain A%V = A; p — B‘E;VQ(AZ-,N) and Ynaive =y, — iLg‘,a""’e(Ai’N). Finally,
treatment-effect estimates are obtained by

—1
Anaive __ AnaiveT Anaive A naiveT y-naive
Buaive — (AF A ) AnpiveT ynaive (5)

This procedure, like other “naive” approaches, estimates E[Y | A] directly, rather than first estimating
Z and then attempting to utilize it.

These two approaches asymptotically converge to one another. In short, the key problem is
estimating the composite function gy (g;,l (). This can be done directly by a flexible naive regression
without the added complication or factor-model functional form assumptions of the deconfounder.
If an analyst knows the precise functional form of the factor model, then the incorporation of this
information into the deconfounding procedure is likely to improve efficiency; conversely, misspecified
factor models are likely to distort inferences in unpredictable ways. It is important to note that when
this information is available, it can also be used to improve the efficiency of the naive estimator, as
we show in Section 4.2.

4. Deconfounder Does Not Consistently Outperform Naive Regression in
Finite Samples

Having established that the deconfounder offers no gains over naive regression in asymptotic bias,
we now reconsider the simulation evidence for finite sample performance. Results demonstrate the
deconfounder cannot in general improve over naive regression. We note that these findings conflict
with the positive simulation evidence presented in the deconfounder papers. The divergence in
our findings largely stems from (i) improvements that we make in estimation, including substantial
gains in stability, and (ii) our extension of simulations to more thoroughly probe changes in key
parameters. Supplement C.1 provides a thorough discussion of these and other deviations. This
section concludes with a brief overview of additional simulation evidence in the supplement.

4.1 Linear-Linear Deconfounders Only Help When Biases Cancel

In the linear-linear setting, the substitute confounder is a linear function of the treatments—
information already captured by including the treatments in the linear outcome model. We show
that in the linear-linear setting, deconfounder can sometimes outperform the naive regression in
subsets of the parameter space where differing naive and deconfounder biases align in the right way.
However, these situations always rely on parameters that would be unknown to the analyst. We
also show that given estimation instability in near-collinear estimators, the full deconfounder with
a linear factor model is never appropriate.

12
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Bias Std. Dev. RMSE

Model | f Bo B1 Bo B1 Ba
Nalve | 0.120 0.160 | 0.033 0.033 | 0.125 0.164

Orig. simulation Oracle | 0.000 0.000 | 0.032 0.033 | 0.032 0.033
(81 =0, B2 =0.3) Deconfounder | 0.145 0.189 | 0.675 0.877 | 0.690 0.897

PCA+CV-Ridge | 0.028 -0.146 | 0.014 0.029 | 0.031 0.149
Our simulation Deconfounder | 0.150 0.197 | 0.685 0.893 | 0.701 0.914

(81 =—-0.3, B2 =0.3) PCA+CV-Ridge | 0.188 -0.099 | 0.028 0.037 | 0.191 0.106

Table 1: Simulation study 1 of the medical deconfounder. The main “Deconfounder” estimation
procedure is from Zhang et al. (2019) and uses probabilistic PCA and Bayesian linear
regression. “PCA + CV-Ridge” is an improved deconfounder estimator we developed.
“Naive”and “Oracle” estimators are as described in the main text.

4.1.1 THE MEDICAL DECONFOUNDER

Zhang et al. (2019) present an application of the deconfounder to the analysis of electronic health
records. The first simulation study presented in the paper considers a situation where there are
two treatments, of which only one has a true non-zero coefficient. The true data generating process
draws n = 1,000 patients from a linear-linear model.!! They estimate a one-dimensional substitute
confounder using probabilistic principal component analysis.!? We introduce a faster and more
accurate variant deconfounder which performs PCA, extracts the top component, and then runs
ridge regression with a penalty chosen by cross-validation. Zhang et al. (2019) report a single
sample. We repeat this process 1,000 times, assessing bias, variance, and root mean squared error
(RMSE) in Table 1.

The original deconfounder performs poorly, with higher bias and variance than the naive esti-
mator due to near collinearity driving estimation instability. Our PCA+CV-Ridge deconfounder
appears to perform better than naive, but this does not hold across the parameter space. Under the
original data generating process, the effect of Ay is zero and therefore, the ridge penalty drives the
coeflicient of A; towards the truth. This results in apparent good performance for the simplified
deconfounder variant. In the last two rows of Table 1, we repeat the same simulation switching the
true effect of A; to —0.3: the simplified deconfounder now performs slightly worse than the naive
regression.

4.1.2 THE SUBSET DECONFOUNDER

Proposition 4 shows strong infinite confounding is insufficient for the subset deconfounder to provide
unbiased estimates of treatment effects, even when naive regression can achieve oracle-like perfor-
mance. Only under strong assumptions about treatment effects will the subset deconfounder be
unbiased. We design a simulation to demonstrate this fact for different sequences of treatment ef-
fects, [, even when strong infinite confounding is satisfied (; = 10 V j). The full simulation is
included in Supplement C.4.

Table 2 provides the average RMSE for treatment effect estimates. When treatment effects
are constant (8; = 10 or 5; = 100) the subset deconfounder’s performance fails to improve as
more treatments are added. This is true even though naive regression’s average RMSE converges
on the oracle’s performance. Similarly, we see that when ; ~ N (1,2), the subset deconfounder
converges on an average bias of 1-—the mean of 3; (see Case ii from Proposition 4). In Table 2 the

11. This process is Z; ~ N(0,1), A;1 ~N(0.3Z;,1), A; 2 ~ N (4Z;,1), Y; ~N(0.5Z; + 0.34;,2,1).

12. Zhang et al. (2019) use black-box variational inference (Ranganath et al., 2014), then estimate the outcome model
with automatic differentiation variational inference (Kucukelbir et al., 2017). We use Stan code for probabilistic
PCA and the outcome model. Further details are in Supplement C.1.5.

13
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Method m=3 m=10 m=50 m=100 m=200
Oracle 0.010 0.010 0.010 0.010 0.010
B; =10 Naive 0.333 0.100 0.022 0.014 0.011
Deconfounder | 10.000 10.000 10.000 10.000 10.000
Oracle 0.010 0.010 0.010 0.010 0.010
B; =100 Naive 0.333 0.100 0.022 0.014 0.011
Deconfounder | 100.000 100.000 100.000 100.000 100.000
Oracle 0.010 0.010 0.010 0.010 0.010
B ~N(1,2) Naive 0.333 0.101 0.022 0.014 0.011
Deconfounder | 1.465 1.283 1.362 1.195 1.026
Oracle 0.011 0.010 0.010 0.010 0.010
B; = i Naive 0.333 0.101 0.022 0.014 0.011
Deconfounder | 0.611 0.293 0.091 0.054 0.033

Table 2: The subset deconfounder is unbiased only under strong assumptions about treatment ef-
fects. As the number of treatments grow (columns moving from left to right), both the
naive regression converges on the oracle’s average RMSE (entries in table average over
RMSE of each treatment effect), while the subset deconfounder’s performance depends on
the treatment’s effects. The subset deconfounder is unbiased only when the sequence of
treatments converges to zero. Even when the treatments are random draws from a normal
distribution, the bias of the subset deconfounder converges on the average treatment effect.

subset deconfounder is unbiased only when the sequence of treatment effects converge to 0 as more
treatments are added (e.g., if 3; = jl)

4.1.3 TAKEAWAYS

In finite-sample linear-linear settings, the deconfounder cannot improve performance over naive
regression. Due to estimation instability, variants of the linear factor full deconfounder are never
preferable to naive regressions. Subset deconfounders only outperform naive regressions under strong
assumptions about treatment effects.

4.2 Nonlinear Deconfounder and Naive Approaches Can Sometimes Exploit
Parametric Information

The best-case scenario for the deconfounder exploits known parametric information about a nonlinear
data generating process. We examine one such case, drawing on a simulation posted on the blei-lab
GitHub page (Wang, 2019). Even in this ideal setting, the deconfounder is outperformed by a
correctly specified nonlinear naive regression.

We simulate n = 10,000 draws from the following data-generating process,

Ai,l 0 1 p P
Aig | ~N 0, p 1 p
Z; 0 p p 1
Y ~N(0.4+ 0247, + 147, 40927, 1) (6)

for p = 0.4. As before, these are collected in Z, A, and Y. A substitute confounder is obtained by
taking the singular value decomposition A = UDV " and extracting the first component, Z = AV},
so for Z; = %’?(VHA“ + V21 4A;2). Following Wang (2019), we then estimate a linear regression of Y’

on three predictors: A2, A2, and Z2.
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Figure 1: Under strong infinite confounding, a parametric naive model outperforms the decon-
founder over the parameter space (left); naive regression converges to the same perfor-
mance as the number of treatments increases (right). The left plot shows average RMSE
for varying p, the off-diagonal covariances in Equation (6). The right plot shows as m
increases, deconfounder and naive RMSEs converge.

The deconfounder captures the interaction of the treatments, as can be seen by expanding the
. 2
polynomial 22 = (ﬂ(VnAﬂ + ‘/QlAZQ)) = 7L (V121A =+ V221A + V11V21A2'1Ai2) The expan-

sion is not a linear combination of A21 and A 5 due to the inclusion of the interaction A;;A4; 2.
However, the deconfounder only incorporates partlal information about the true functional form of
the outcome model, Equation (6). By using the same information more carefully, a better para-
metric naive estimator can be derived. By properties of the multivariate normal distribution,
p%E[Zi\Ai]Z = A?’l + A?}Q + 24,14, 2. Therefore, the causal effects can also be estimated by a
regression of Y on A? A2 and (A% + A3 +2A; o0 A,), where o denotes the elementwise product.
We refer to this approach as the “parametric” alternative; it is also a naive regression, as it does not
seek to estimate Z. As Figure 1 (left panel) shows, this substantially improves over the deconfounder
for negative p, in terms of average root mean squared error, while capturing the same information
for positive p. Moreover, when the latent confounder satisfies strong infinite confounding, the naive
regression will approach the deconfounder’s performance as the number of treatments grows. The
right panel demonstrates this point for the original setting of p = 0.4.

While the quadratic example shows it may be theoretically possible to design a simulation where
nonlinear information helps the deconfounder improve over an incorrectly specified naive regression,
it is difficult. In this tutorial simulation, the factor model performs poorly for negative correlations
while the parametric model does well. In more complex simulations involving factor model non-
linearity, reported gains are often modest. Wang and Blei (2019) present a simulation based on
Genome Wide Association Study (GWAS) data which show a maximum RMSE reduction of merely
3% for the deconfounder over the naive. In our replication in Supplement C.3, we show that in fact,
the deconfounder actually performs worse than naive regression for the non-zero coefficients—an
unfortunate pattern for applied genetics, where the primary interest is detecting nonzero coefficients
and assessing their size. Similarly, a second simulation study in Zhang et al. (2019) report decon-
founder RMSE that is only slightly better than naive RMSE (our simulations point to the opposite
conclusion, that the deconfounder does slightly worse; see Supplement C.1.6).
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4.2.1 TAKEAWAYS

If the deconfounder learns the correct nonlinearity, it is possible to improve over incorrectly specified
nailve regression in finite samples. However, in practice, making use of this fact is impossible without
extensive knowledge of the data generating process. Moreover, even the deconfounder papers show,
at best, marginal improvements. When such extensive knowledge is available, a well-specified naive
regression making use of that knowledge will also perform well. We conjecture that if the high-
dimensional treatments lie on a low-dimensional manifold and the correct factor model specification
is known, it might be more efficient to model the relationship between ZandY semiparametrically
(as in the deconfounder) rather than directly modeling high-dimensional A and Y semiparametri-
cally (as in naive regressions). However, this has yet to be demonstrated in any simulation.

4.3 Key Takeaways and Additional Empirical Results

We have replicated every simulation across the deconfounder papers for which data is available, and
we find no evidence that the deconfounder consistently outperforms the naive regression. Several
simulations—Ilike the medical deconfounder and quadratic examples highlighted above—perform
better at some parameter values but worse at others. Full details of all six replicated simulations
are in the supplement.

Separately, Wang and Blei (2019) use posterior predictive checks (PPCs) of the factor model,
arguing these will assess when the deconfounder can improve estimates. If this claim were true, it
would allow highly flexible density estimation to be used, even when the true parametric form of
the factor model was unknown—as is always the case in practice. However, it is not. Theoretically,
Proposition 4 proves that for subset deconfounders, this is impossible because the performance
depends on untestable assumptions about the treatment effects, not the factor model. And for the
full deconfounder, PPCs are ill-suited to evaluating conditional independence of A given Z , perhaps
the most relevant observable property of the factor model (Imai and Jiang, 2019). Empirically, we
further present a new simulation in Supplement F demonstrating that the PPC does not reliably
indicate whether a deconfounder will perform well, either in absolute terms or relative to naive
regression.

Our asymptotic results suggested that the deconfounder would not outperform the naive regres-
sion, and simulations have shown this to hold in finite samples. In nonlinear settings it is possible
to exploit parametric information in the factor model, but it is both difficult to do in practice and
can also be used to comparably perform the naive regression. It remains possible that a simulation
could establish a particular data generating process where the deconfounder performs better than
naive regression, but this has yet to be demonstrated.

5. Neither Naive Regression nor Deconfounder are Currently Suitable
For Real World Applications

After deriving the deconfounder’s properties, WB recommend it for empirical research in social
science, neuroscience, and medicine. Zhang et al. (2019) propose the deconfounder as a solution for
assessing drug treatment effects using observational health records, writing that the deconfounder
is “guaranteed to capture all multi-medication confounders, both observed and unobserved” (Zhang
et al., 2019, p. 2).

As we have shown, however, this is not a property of the deconfounder. In practice, both the
deconfounder and naive regression will fail to capture confounders unless many other strong and
unverifiable assumptions are satisfied. Therefore, we cannot recommend either current approach
for use in real-world applications. This is true even though we have shown that (i) under the
deconfounder’s assumptions, the naive estimator is asymptotically unbiased across many settings
given strong infinite confounding; and (ii) the full deconfounder inherits this property because it
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includes the same information as naive regression. We emphasize that the required assumptions are
exceedingly strong in most domains. To demonstrate the consequences of their violation, we now
investigate the real-world case study in WB—of actors’ effects on box office revenue—and show that
both produce implausible estimates. We then highlight some of the explicit and implicit assumptions
of the deconfounder (and naive regression) which lead us to be skeptical that credible applications
can be found.

5.1 Actor Case Study Reveals Limitations of the Deconfounder

WRB'’s case study investigates how the cast of a movie causally affects movie revenue. The decon-
founder is applied to the TMDB 5,000 data set, estimating how much each of the m = 901 actors
affected the revenue of n = 2828 movies. WB presents results from a full deconfounder in which
substitute confounders are estimated using the leading & = 50 dimensions of a Poisson matrix fac-
torization (PMF) of the binary matrix of movie-actor appearance indicators. A linear regression of
log revenue on actor appearance and substitute confounders is used to estimate what is described
as the causal effect of the cast.

We replicate this analysis in Table 3, using cached PMF output from WB to ensure that our
conclusions are unaffected by random seed. The five largest estimates from this model as well
as several alternatives are reported in Table 3 (expanded results, including appearance-weighted
log-scale coefficients,!? are in Supplement G).

According to WB’s results, the single most valuable actor is Stan Lee—whose appearances are
cameos in movies based primarily on his Marvel comic books,'* totaling 200 seconds of screen
time. These unreported estimates suggest that with his casting, Marvel Cinematic Universe (MCU)
producers causally increased their movies’ revenue by 831%—more than nine times the box-office
haul of their counterfactual Stan-less versions, a total of $15.5 billion in additional earnings. The
subset deconfounder’s estimates are similarly implausible, suggesting that Jess Harnell causally
increases a movie’s revenue by 1,128%. This is driven by his appearance as a voice actor in the high-
budget “Transformers” series, as his credits are otherwise in peripheral roles not included in this
data set, such as a supporting role in the animated series Doc McStuffins. WB’s subset deconfounder
suggests that his appearances collectively increased revenue by $2.5 billion.

The deconfounder produces implausible estimates because it fails to capture important multi-
cause confounders. This is clearest when we explicitly adjust for a movie’s budget—the quintessential
multi-cause confounder, enabling the casting of big-name stars and also reflecting the studio’s un-
derlying belief in the viability of the film.!®> This simple adjustment produces dramatically different
assessments of actor value that are far more reasonable in scale, though likely still overstated. The
deconfounder claims to capture all multi-cause confounding—not only from budget but also genre,
series, directors, writers, language, and release season. WB explicitly argue that including observed
covariates with the deconfounder is not necessary—yet this example shows that it is.

5.2 Strong Assumptions Rule Out Other Applications

The deconfounder’s exceedingly strong assumptions often make it unsuitable for many uses. Al-
though there are other embedded assumptions—see Ogburn et al. (2019) for more—we focus on four.
First, the deconfounder requires that treatments arise from a factor model with a low-dimensional
confounder. Practically speaking, analysts must know enough about the functional form of this fac-
tor model to feasibly estimate it. Second, the deconfounder requires treatments to be independently

13. WB rank actors by multiplying each actor’s log-scale coefficients by their number of movie appearances. This
transformation is difficult to interpret substantively but produces similar results.

14. And a 40 second appearance in “Mallrats.”

15. In Wang and Blei (2019) and replication code generously shared with us by Wang and Blei, actor analyses did
not condition on any observed covariates. After we shared our draft with Wang and Blei in July 2020, a reference
implementation conditioning on budget and runtime was posted.
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Estimating all actor effects simultaneously (full deconfounder)

Naive Standard Stan Lee (x9.31), John Ratzenberger (x9.26), Sacha Baron Cohen
(x7.09), Leonardo DiCaprio (x5.50), Josh Hutcherson (x5.19)

Deconfounder Cached PMF | Stan Lee (x9.29), John Ratzenberger (x8.29), Sacha Baron Cohen
(x8.12), Josh Hutcherson (x5.02), Corey Burton (x4.91)

Deconfounder Rerun PMF | Courteney Cox (x15.32), Tom Cruise (x14.74), John Ratzenberger
(x11.13), Vera Farmiga (x9.86), Sacha Baron Cohen (x9.83)

Controls Adjusting for | Sacha Baron Cohen (x6.93), Brian Doyle Murray (x4.08), Conrad

budget Vernon (x4.04), Julie Andrews (x3.84), Tomas Arana (x3.83)
Estimating effects one actor at a time (subset deconfounder)

Naive Univariate Jess Harnell (x12.28), Ava Acres (x10.16), Warwick Davis
(x10.09), Stan Lee (x9.85), Orlando Bloom (x9.50)

Deconfounder Cached PMF | Jess Harnell (x13.49), Ava Acres (x10.49), Chris Miller (x9.19),
Orlando Bloom (x9.02), Stan Lee (x8.77)

Deconfounder Rerun PMF | Lasco Atkins (x5.64), Sacha Baron Cohen (x4.24), John Ratzen-
berger (x4.01), Desmond Llewelyn (x3.91), Will Smith (x3.64)

Table 3: The deconfounder estimates implausible effects for actors.
each actor’s casting on movie revenue.

Estimated causal effect of
Following WB, estimates are computed by lin-

ear regression of log revenue on actor indicators and additional covariates. Each row
reports a different specification (for example, “deconfounder” rows each adjust for a 50-
dimensional substitute confounder, and the “controls” row adjusts for budget, a multi-cause
confounder). The top panel contains estimators that analyze all actors simultaneously, in-
cluding the full deconfounder; the bottom panel contains estimators that analyze each
actor j in isolation, including the subset deconfounder and the univariate naive estimator
Bj = Cov(A;,Y)/Var(A;). Two versions of each deconfounder estimator are used, one re-
lying on a cached Poisson matrix factorization (PMF) provided by WB and another using
a re-estimated PMF. For each estimator, the top five actors and associated estimates are
presented in the form “Actor (xe),” indicating an estimate that Actor causally modifies

revenue by a multiplicative factor of e%.
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drawn given Z, ruling out settings where treatments cause other treatments. This implies that
casting one actor cannot influence whether another actor is cast later. This alone excludes many
realistic settings—except perhaps genetics, where many of these ideas originated. Third, pinpoint-
ing confounders with a factor model requires strong infinite confounding. In practice, this means
analysts must record a very large number of treatments, which are contaminated by comparatively
few confounders. In the actor setting, this would be violated by producers who regularly work with
the same sets of actors. Furthermore, the mere fact that all movies have finite casts implies limits to
the information learned about confounding. Fourth, even when a pinpointable factor model of the
proper class exists, parametric assumptions such as separable confounding or constant treatment
effects are used in many proofs, both here and in WB. Often these conditions help to address fail-
ures of positivity by leveraging functional form assumptions. Yet, particularly in social and medical
problems, causal heterogeneity is the rule, not the exception.

It is unknown how sensitive the naive and deconfounder families of methods are to slight violations
of these assumptions. Until there is a way to relax these assumptions or otherwise evaluate the
severity of the consequences of violating them, we cannot recommend either the naive regression or
the deconfounder for real-world applications.

5.3 Takeaways

Assumptions used to prove deconfounder properties, like pinpointing, are extremely strong and
unlikely to hold in real applications. While analysts cannot know whether the deconfounder estimates
are accurate, results from the actor case study are highly implausible. Given the high-stakes nature of
many proposed applications, we think a great deal more evidence is warranted before these methods
are put into practice.

6. Discussion

A widespread practice across several fields of inqury examines the ability of the latent structure of
treatments to adjust for shared confounding. To assess these deconfounder methods, we have re-
examined the theory for every variant deconfounder estimator, as well as every empirical application
and simulation for which data are available. We prove new results showing that for any finite m, the
deconfounder is inconsistent. As m — oo, under strong infinite confounding, the naive regression
and full deconfounder both approach asymptotic unbiasedness, but the subset deconfounder requires
strong additional assumptions. We also examined finite-sample properties through simulation, find-
ing no evidence that the deconfounder systematically outperforms the naive regression—or that
analysts could possibly identify when it might. Finally, we show that the deconfounder’s estimates
in existing real-world case studies are not credible and highlight the strong assumptions embedded
in the deconfounder framework. In every simulation and empirical study in Wang and Blei (2019),
Zhang et al. (2019), and Wang (2019) for which data was available, our replications show—as pre-
dicted by our theory—that no deconfounder consistently improves over the naive regression across
the parameter space.

Every estimator considered in this paper without access to the latent confounders is inconsistent
for finite m. The deconfounder’s pinpointing assumption requires strong infinite confounding—an
asymptotic regime for m that is a very stringent assumption. For the subset deconfounder, strong
infinite confounding is insufficient and requires further strong assumptions about the treatment
effects and/or confounding. When the deconfounder does work (i.e. is estimable and satisfies
conditions for asymptotic unbiasedness), we prove that a suitably flexible naive regression converges
to the deconfounder asymptotically in m. Thus the deconfounder works in limited settings. When
the deconfounder works, the factor-model machinery of the deconfounder is unnecessary, because a
naive regression asymptotically produces the same result.
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We note that all theory in this paper is in an asymptotic regime where n — oo for each treatment.
This is helpful for clarifying the strong assumptions necessary for the deconfounder and naive regres-
sion to hold, but because n does not grow as a function of m, empirical practice in high-dimensional
settings likely requires even stronger assumptions.

Collectively, our findings suggest that if assumptions hold, there is no reason to prefer the decon-
founder to the naive regression. However, we ultimately think that the strength of the assumptions
is such that neither method should be used in practice.
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Appendix A. Notation

Indices:
n
k
m
mgp, MmN

number of observations

dimensionality of latent confounders

dimensionality of treatments

dimensionality of focal and non-focal treatments, respectively

Random variables:

Z  unobserved confounders
nxk
v random component of treatments
nxm
A observed treatment
nxm
Apr , Ay  observed subsets of focal and non-focal treatments
nXmep NXMyN
€ L random component of outcome
nx
Y  observed outcome
nx1
Parameters:
0 coefficients linearly mapping confounders to treatments
~ coefficients linearly mapping confounders to outcome
B coefficients linearly mapping treatments to outcome
Br,Bn subset of 3 corresponding to focal and non-focal treatments
02 conditional variance of treatments
w?  conditional variance of outcome
Estimators:
Z  substitute confounder estimated by factor modeling of treatments
0 implicitly learned mapping from substitute confounder to outcome
3°racle infeasible oracle regression estimator using unobserved latent confounder
B infeasible full deconfounder estimator using collinear substitute confounder
B5ubset  subset deconfounder estimator using substitute confounder and focal treatments
only
B¥ve  najve regression of outcome on treatments, ignoring confounding
Breralty  ridge deconfounder estimator using collinear substitute confounder and penalization

Anonlinear
B
Bwn
gem

S
M*

nonlinear ridge deconfounder estimator using orthogonal polynomials of substitute
confounder and penalization

white-noise deconfounder estimator using collinear substitute confounder with gen-
erated noise

posterior-mean deconfounder estimator using probabilistic principal components
generated noise (posterior noise) used in white-noise (posterior-mean) deconfounder
annihilator matrix corresponding to any regression estimator x

Derived variables:

UDV'
QA

output of singular-value decomposition of A
output of eigendecomposition 870 = QAQ "

Table 4: Notation reference. Notation for indices, parameters, random variables, and estimators
used throughout the manuscript.
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Appendix B. Derivations
B.1 Minor Asymptotic Results

In this section, we collect a number of minor results that will be useful in bias derivations. We begin
by reviewing properties of probabilistic principal component analysis, then present lemmas relating
to the asymptotic behavior of the deconfounder and naive estimators.

B.1.1 PROPERTIES OF PROBABILISTIC PRINCIPAL COMPONENT ANALYSIS

For convenience, we review properties of probabilistic principal component analysis used in the
remainder of this section. The generative model is

Z ~N(0,I)
A~N(Z6,5°I).

For compactness, we use Z ~ N (0,I) to denote independently sampling of Z; from a normal
distribution centered on the i-th row of the mean matrix and the given covariance matrix, then
collecting samples in Z. Tipping and Bishop (1999) show that this data-generating process implies

(Z]A) NN(AHT (067 +o21)"", o2 (607 +021)‘1). (7)

We now examine asymptotic relationships between the singular value decomposition A = UDV T
and the eigendecomposition 870 = QAQ ™ = lekAl:kQIk; note that the trailing m — k eigenvalues
are zero. Subscripts of the form X;.; generally indicate column subsets of matrix X from column
to column j, except when indexing diagonal matrices where they indicate the corresponding diagonal
element.

1 1
p_hm 7Dl:k = (Al:k + 0—2-[) 2
n

n—oo

. 1
p-lim 7nD(k+1):'m =ol

n—oo

p_hm ‘/i:k = Ql:k

n— oo

?Z;hor? V(k+1):mv(;+1):m = Q(k+1):mQ(Tk+1):m
where the last equality follows from p-lim, ,.  VV' =QQ"T = 1.

B.1.2 CONSISTENCY AND INCONSISTENCY RESULTS FOR THE DECONFOUNDER

In this section, we present minor results relating to the consistency of the deconfounder. Consider
n observations drawn from a data-generating process with k& unobserved confounders, Z ~ N(0, I)
and m > k observed treatments, A ~ N (Z0,02I).

Definition 2. (Pinpointedness of the substitute confounder.) A substitute confounder, Z is
said to be pinpointed if its posterior distribution, f(z|A), collapses to a Dirac delta, 6(g(Z)),
where g(Z) is a bijective transformation of Z.

Specifically, pinpointedness (Wang and Blei, 2019, previously referred to as “consistency of the
substitute confounder”) does not require convergence of Z to Z, as consistency; for example, con-
vergence to a rotation or rescaling will suffice. Equivalently, pinpointing requires that the conditional
entropy H(Z|A) = 0. Below, we show pinpointing requires an infinite number of stochastic causes
for smooth factor models.
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Lemma 1. In linear factor models, strong infinite confounding is necessary for Z to asymp-
totically pinpoint Z as the number of causes goes to infinity.

Proof of Lemma 1. Tipping and Bishop (1999) show that under the probabilistic principal compo-
nents analysis model (see Supplement B.1.1), the posterior of the confounder, f(z|A), follows (7).
The substitute confounder is a summary statistic, such as the mode, of this posterior. We examine
the best-case scenario in which 8 and o2 are known. In this setting, the posterior variance of the
k’-th confounder is Var (Zi7k/|Ai,0,02) = o2 (Bk./B,;r, + 02)71. Because we assume o2 > 0, if the
variance goes to zero, which pinpointing implies, then each 6,60y, the k’-th diagonal element of
067 must go to infinity. (We rule out the case of 02 = 0, by the assumption that the causes are a
nondeterministic function of the latent confounders.) Thus, pinpointing of Z; implies strong infinite
confounding. |

Lemma 2 states that the infinite-m requirement generalizes to all factor models with continuous
density, i.e. models with continuous f(z;) and continuous f(a;|z;) = H;"zl flai jlz).

Lemma 2. In continuous factor models, an infinite number of causes are necessary for Z to
pinpoint Z .

Proof of Lemma 2. Pinpointing of Z is equivalent to the statement that

H(Z|A) = // f(z,a)log fj(c?;;) dzda =0

Consider all a and z with f(z, a) > 0. Pinpointing requires f(alz)f(z) = [ f(a|z*)f(z*)dz*. In
other words, f(a|z*) =0 for all z* # z with f(z*) > 0, i.e., there cannot be a z and a z* that are
both consistent with an observed a. However, we will now show that for any candidate z that is
consistent with the observed a, there always exists a slight perturbation of z that is also consistent
with a. With finite m, continuity implies that for any 0 < € < f(a|z), there exists a § € R™
such that 0 < f(a|z) — e < f(a|z + §), so there are always multiple candidate confounder values
consistent with any observed treatment vector. |

Next, we present results relating to the inconsistency of various components of the deconfounder
in the linear-linear setting. To review, the deconfounder proceeds as follows. It takes the singular
value decomposition A = UDV'T, then extracts the first k& components to form Z = VU Tt
then computes E[A|Z] = Z0, where 6= fDl Vil

Lemma 3. (Inconsistency of é) The asymptotic behavior ofé s governed by

~ 1 _1
plim@ = (Arx +0?I)* AL 2RO,

n— oo

where R and A1.;, are given by the eigendecomposition 007 = RA1.,R".

Proof of Lemma 5. We begin with the eigendecomposition 870 = QAQ" = Q1.,A1.,Q],, where
the last step follows from the fact that the trailing m —k diagonal entries of A are zero. We now turn

to 6 = TDl . V,.. By the properties of probabilistic PCA, p-lim,,_, . fDl k= (A1 k+ J2I)

and p-lim,, . Vi.x = Q1. (Tipping and Bishop, 1999). The lemma then follows from the singular
1

value decomposition 6 = RA%QT = RAf:kQIk by solving for Q1. and substituting. |

It will be the case that the white-noised and subset deconfounder implicitly rely on 670 to adjust
for dependence between causes. In Lemma 4, we show that a consequence of Lemma 3 (inconsistency
of 6) is that Cov(A) = 678 is a poor estimator of the covariance of A; the dependence will be
incorrectly modeled even as n goes to infinity.
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Lemma 4. (Mismodeled dependence structure in A.) When 60\\1(A) = 070 is used as an
estimator for Cov(A), the unmodeled residual dependence among causes is asymptotically equal
toc?[I-07(667)710].

When the number of causes is finite, this residual covariance is nonspherical. In contrast, the true
conditional dependence is Cov(A|Z) = 1.
Proof of Lemma 4.

p-lim Cov(A) — Cov(A) = p-lim@7 6 + oc>I — 078
n—oo n— oo
=0'0+0T-0"R(Apx+0*I) A RO
=0’I - 0?0"RA,R"0
=0’ [I-07(067)70]. ]

Under the strong infinite confounding assumption,

lim p-lim Cov(A) — 60\\/(A) =o’I.

m—» 00 n—oo

B.1.3 AN EXAMPLE WHEN STRONG INFINITE CONFOUNDING FAILS

Here we consider an example where the number of treatments increases, but strong infinite con-
founding does not hold. This builds on an idea found in D’Amour (2019a). Suppose Z; ~ N (0, 0?).
We will suppose that A; ,, = - Z; + ¢;, where ¢; ~ N(0,0?). In this example, as lim,, . 00" =
Zf:;:l # = g—g. Therefore, strong infinite confounding fails. In general, in the one-dimensional
case, the infinite series must diverge for strong infinite confounding to hold.

We now provide a minor result that helps characterize the behavior of the naive estimator,
Equation (8), when applied to sequences of data-generating processes satisfying strong infinite con-
founding (Definition 1). In Supplement B.2 (proof of Proposition 1), we will show the conditions
for asymptotic unbiasedness of the naive estimator as n and m go to infinity. Lemma 5 states that
under the assumption of strong infinite confounding, this condition is asymptotically satisfied as m
grows.

B.1.4 BEHAVIOR OF THE NAIVE ESTIMATOR

Lemma 5. (Naive convergence under strong infinite confounding.) A sequence of strongly
infinitely confounded data-generating processes satisfies

lim 6(0760+0°I)" 0" =1I.

m— o0

Proof of Lemma 5. By the Woodbury matrix identity,
-1
1 1
<60T4I + 21) =0l —o"10(c'I +5%1676)7'07
o o
1 -1
<90T2I + I) 02 =0T —0%*0(c*T+076)7'0"
o

1 —1
(00T021 + I> =I1-0(c*1+070)7'0"7
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for any m. Because both the entries and number of columns of @ are finite, the strong infinite
confounding condition requires that the diagonal elements of 80T also tend to infinity as m grows
large. Therefore lim,, o0 (%607 +1)"" =0, and lim,, ., 8 (70 +02I) " 67 = 1. u

Supplement B.7 (proof of Proposition 4) shows that unbiasedness of the subset deconfounder es-

timator requires lim,,, o (OOT)f1 = 0, which is trivially satisfied for strongly infinitely confounded
sequences of data-generating processes.

B.2 Bias of the Naive Estimator

For convenience, we reiterate the data-generating process, naive estimation procedure. We will
suppose, without loss of generality, that the m causes, A, are divided into mg focal causes of interest,
the column subset Ar, and my nonfocal causes, Ay. As before, we consider n observations drawn
i.i.d. as follows,

Z ~N(0,I)
nxk
vrp ~ N(0,0°I)
nxXmpg
vy ~N(0,0°T)
nxXmpn
Ar =Z0r+vp
nxXmpg
Ay =Z0N +vy
nxXmpy
e ~N(0,w?)
nxl1

nl;’l = ApBr + ANBN + Z~ + €.

The naive estimator estimates the treatment effects by conducting a regression of the outcome
on both focal and nonfocal causes, producing estimates for both focal and nonfocal effects, then
discarding the latter. The full regression coefficients are

[ gzz } = (14r, An]T [4F, Ax)) A ANTY. ®)

We will prove Proposition 5, a generalization of Proposition 1 that distinguishes between focal
and non-focal treatment cases. The proof of Proposition 1 is by reduction to the special case in
which all causes are of interest, so that Ar = A and Ay is empty.

Proposition 5. (Asymptotic Bias of the Naive Regression under Strong Infinite Confounding.)

Suppose that the m causes, A, are divided into focal causes of interest, the column subset
Ap, and nonfocal causes, An, without loss of generality. The bias of the naive estimator,
Equation (8), for the corresponding focal effects, Br, is given by

p-lim B — B = (016, + 02T — 01.00x] " [0 — 0L 4,

n—o0

where @ = Oy (OI,ON + c72I)71 9; and Or and Oy are the corresponding column subsets of 0.
Under the assumptions of the linear-linear model,

lim p-lim B%aive — Br=0.

m—» 00 n—oo
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Proof of Proposition 5. By the Frisch-Waugh-Lovell theorem, Br can be re-expressed in terms of
the portion of Ar not explained by Ax. Without loss of generality we suppose that the set of focal
treatments, Ay are fixed at the outset and are finite. We denote the residualized focal treatments
as A‘F‘"’e =Ap — A%aive, where

Awive — B[Ap|An] = AN,
¢=(AyAN)"AN AR, and
plimé =¢ = (040n +0°I) 04,65

n—roo

The nalve estimator is then rewritten as follows:
1 1
Bnaive _ 7Ana'1'veTAna'1‘ve 7Ana‘1‘veY
N F nF .

We now characterize the asymptotic bias of this estimator by examining the behavior of %A}aTVQTA%aY"e
and %A%ﬂi"eY in turn. Beginning with the residual variance of the focal causes,

% AnpiveT fnaive _ % ( Ap— A%a'f\/e>—r ( Ao A%ai've)
= L (AT Ap + AT Ay - AT A - AT AL)
- %(ZQF +vp) (Z0F + vr)
+ %éT(ZON +vn) (205 +vn)C
B %(ZBF +vr) (Z6n +vn)C

1 -
— ECT(ZON + I/N)T(ZHF + I/F)

p-lim ARVl Avaive — o i @1 0p + 02T + T (04,0n + 021)¢ — 0505 — (T 040k

n— 00 n—oo
=050 +0°T — 0.0y (040 +0°T) " 64,0, and (9)
lim p-lim ARVl A%ve — 527 under the infinite confounding assumption. (10)

Mm—00 n—oo
Turning to the residual covariance between the focal causes and the outcome,

1

1 -~ ..
- Ali_‘alve'l' Y =
n n

~ T

(Ar— AnC) (ArBr+ AxBy + Z7 + )

1 1 1 1
= ﬁA;AFﬁF + gA;ANﬁN + EA;Z’Y + gAge

1. 1. 1. 1.
~—CTAJApBr — ~(TAJANBY — —CTANZy — (T Afe

1 1

= —(0rZ" +vp)(Z0r +vp)Br+ (052" +vi)(Z0N +vn)Bx

1

1 1.
+(0p 2" +vp)Zy+ —Ape— —(T(O8ZT +v3)(Z20r +vr)Br

S|—=3|

. 1. 1.
CHONZT +w0)(Z0n +vn)By — —CT (82T +vy)Zy — —CT Aje.
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Taking limits,

1o -
p-lim — AnaiveTy — [9;0F +0%— 010y (050 +02T) " 0;04 Br

n—oo T

+ [9; — 050N (040N +021) eﬂ ~, and (11)

1 - .
lim p-lim —AM*TY = ¢%8; under the infinite confounding assumption. (12)
mMm—00 n—oo

Combining Equations (9) and (11) and applying Lemma 3 to 0,

A _ -1
p-lim Bve = B + [egep + 02T — 010y (050N +021) " ofvep]
n— o0

[6F — 670n (6%6x +0°1) " 0% ] .

and under the infinite confounding assumption, Equations (10) and (12) yield

lim p-lim 83" = BF.
m—00 noo

When all effects are of interest, the above reduces to
Bnaive = (ATA)fl ATY

1
p-lim—ATA =076+ 0T

n—oo T
1 1
p-lim—A'Y =plim—(0"Z" +v")(Z0B+vB+ Zv +¢€)
n—oo N n—oo N
=0'08+0"y+%Ip
p_liménai've —_ ﬂ 4 (0T0 4 02[)—107—7
n—oo
lim p-lim @"2ve = 3. [

m—00 pn—oo

B.3 Bias of the Penalized Deconfounder Estimator

For convenience, we reiterate the data-generating process and penalized deconfounder estimation
procedure here, along with identities that will be useful in the proof of Proposition 2. As before, we
consider n observations drawn i.i.d. as follows,

Z ~N(0,I)
nxk

v ~N(0,0%1)
nxm

A =Z0+v
nxm

e ~N(0,0?%)
nx1

Y =AB+Zvy+e
nx1

The penalized deconfounder estimator (1) takes the singular value decomposition A = UDV T
(2) extracts the first k& components, Z = /nUj.x; and (3) estimates the focal effects by computing

[ penalty } ([A, Z}T [A, Z] +)\(n)I)

2 penalty
Y

-1

[A, Z}TY
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and discarding 4P°"#!%, The A\(n) term indicates the strength of the ridge penalty; we allow this term
to scale with n for full generality. Note that identification is purely from this term ridge penalty—
because Z is merely a linear transformation of A, the above is non-estimable when A(n) = 0.

We now restate Proposition 2 for convenience.

Proposition 2. (Asymptotic Bias of the Penalized Full Deconfounder.)

Consider the linear-linear data-generating process, in which n observations are sampled i.i.d.
by drawing k unobserved confounders, Z ~ N(0,I); these generate m > k observed treatments,
A ~ N(Z6,0%1); and a scalar outcome is drawn from'Y ~ N(AB + Z~,w?). The penalized
deconfounder estimator, as implemented in WB, is

. T AT . -1 AT
@renalty T - ypenalty T } = <[A, Z] [A, Z} + )\(n)I) [A, Z] Y,
where Z is obtained by taking the singular value decomposition A = UDV'T and extracting the

first k components, Z = \/nUy.;, and A\(n) is a ridge penalty that is assumed to be sublinear in
n. The asymptotic bias of this estimator is given by

Regularization of treatment effect estimation

. 1
: enalt; _ : T
;Z;hg,ep V—B= —Qu diag; (UZJFAJH) Q.8

#Quediog; (X
J

) Q107 (007) .

Regularization of confounder adjustment

where Q and A = [Aq,...,Ag,0,...] are respectively eigenvectors and eigenvalues obtained from
decomposition of @70. Under strong infinite confounding,

lim p-lim B — 3 = 0.

m—00 n—oo

In what follows, we prove Proposition 2 by relating the asymptotic behavior of the penalized
deconfounder to the eigendecomposition 8780 = QAQT = Ql:kAlszIk. We will rely on the
singular value decompositions of A and [A, Z] To distinguish these, for this section only, we denote
the former as A = UADAVII and the latter as [A, Z] = UAZDAZVXZ. Lemma 6 characterizes the
relationship between these.

Lemma 6. For any n, the singular value decomposition [A, Z] = UAZDAZVJZ obeys

Uiz = [Ua, *|
r 1
(D%,lzk + nI) ’ ) 07 0
Daz = 0, DA,(k+1):ma 0
0, 0, 0

Nl

(D3471:k + TLI) DAvlika;r,l:k7 \/ﬁ <D124,1:k + nI)

T
VA,(k+1):7rL’ 0
* *

T _
VAZ_

where x indicates irrelevant normalizing columns in Uaz and Vaz.
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Proof of Lemma 6. The first equality follows from the fact that the newly appended Z columns are
merely linear transformations of A, so that the leading m left singular vectors remain unchanged.
Of the unchanged left singular vectors, each of the first k is directly proportional to the corre-
sponding column of Z. Because Z is standardized by construction, the variance explained by each
of the first k left singular vector increases by one; the (k + 1)-th through m-th left singular vectors
are orthogonal to the newly appended Z and so their singular values remain unchanged. This yields
the second equality.
The third equality can verified by UnzDaz V), = [UaDAV), , VU4 1) = [A, Z] and
V,IZJ;mVAZ,l:m =1. u
We now examine the asymptotic behavior of the penalized deconfounder estimator.
Proof of Proposition 2.

Qpenalty “ . -1 R
{gpcnalty } — (14, 2114, 2]+ A1) (A, 2]T Y (13)
= Vaz (D2, + An)I) " DA UL,Y. (14)
By Lemma 6,

[ VaDy, *1 [ (D% + A(n)I +n-diag;,1{j <k}) "', 0 Us, oY
= A,

vnl, * 0,

where asterisks denote irrelevant blocks, eliminated below,

= \‘;‘%?A } (D% + A(n)I + n - diag;1{j < k})_1 Ui (AB+Zv+e).

We now subset to @P™¥%  then substitute A = UsDAV), U] = D,'VJAT and Z = (A -
v)0T(007)1,

p-lim P — p_lim VoD 4 (D% + A(n)I + n - diag;1{j < k}) ™ DAV, 3 (15)

n— oo n— o0
+VuD 4 (D% + A(n)I +n-diag;1{j < k}) " DaV]0T(607) '~

— Va (D4 + M) +n-diag;1{j < k}) "V, ATv0T (667) 1y
o? + 1{j < k}A; T
2 . VA ﬁ
o2+ A(n)/n+1{j <k}(A; + 1)
o2 +1{j < kA,
diag - =)
+ Va diag, <02 +A(n)/n+1{j < k}A; +1)

o2

— Vi, diag; <02 +A(n)/n+1{j < k}(A; +1)

= p-lim Vy diag;

n—oo

vioran

) V)0 (607) 1.
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By properties of PPCA (Tipping and Bishop, 1999),
( A(n)/n+ 1{j <k}
o2+ An)/n+1{j <k}A; +1)
: H{j < kA,
V4 diag,
VA dingy (a? M)/ 1 < KA+ 1)

B ) A(n)/n+1
=B — Qu diag; <02 () A+ 1) Q1.8
B < A(n)/n

a2+ A(n)/n

= p-lim B — V} diag;

n—oo

)VATB

) V0T (007) 1y

) Q(k-&-l):mQ&-‘,—l):mﬁ

A; T pT(ppT\—1
a2+/\(n)/n+Aj+1)Q1:’“0 (06°)" .

+ Ql:k dlag] (

When A(n) is sublinear,

. apena; : 1
p-lim BPIY = B — Q. diag; (M> Q.5
j

n—oo

Q. ding, ( ) QLL0T(007) .

J
O’2 + Aj + 1
Under strong infinite confounding, it can be seen that lim,,_, o p-lim,,_, ﬁpe"alty = (. This follows
from lim,, 00 AJ,; = 0 and lim,, 0 07 (007) "1y = 0. [ ]
B.4 Bias of the Penalized Deconfounder Estimator under Nonlinear Confounding

In this section, we evaluate the behavior of the deconfounder in a more general setting. We consider
n observations drawn i.i.d. from the below data-generating process.

Z ~N(0,I)

v ~ N(0,5°I)
A =7Z0+v
nxm

e ~N(0,w7).
nx1

However, we relax the outcome model to allow for arbitrary additively separable confounding,

The linear-linear model defined in Section 3 is a special case of the linear-separable model. Note that
in empirical settings, the specific functional form of gy (-) is rarely known except when analyzing
simple physical systems. However, any gy (-) can be approximated to arbitrary degree d as follows.

First, denote the polynomial basis expansion of Z; as h(Z;) = [HZ/=1 ZZ;,;',} ey e and collect
k/=1"k'=
these in rows of h(Z) = [h(Z;)]. Then, (16) can be rewritten by Taylor expansion as
Y =AB+h(Z)E+ € (17)

with approximation error that grows arbitrarily small as d grows large. We will choose d sufficiently
to fully capture gy (). Let W be the orthogonal higher-order polynomials of Z. Then, (16) can be
rewritten yet again as

Y = AB+~+Z + W +e. (18)
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As before, the effects 3 are the causal quantities of interest. Note that the confounding, gy (Z), is a
nuisance term, so there is no need to reconstruct it from its expansion. We will assume that gy (Z)
is zero-mean for convenience; this assumption is trivial to relax using an added intercept.

We will derive the asymptotic behavior of the flexible penalized deconfounder, which generalizes
the penalized full deconfounder of Supplement B.3 for all additively separable forms of confounding.
The flexible penalized deconfounder estimator consists of the following procedure: (1) take the
singular value decomposition A = UDVT; and (2) extract the first k components, Z = /nUy.s.
To allow for nonlinear confounding, (3) compute h(Z) and take its QR decomposition, h(Z) =

Q;R; = [ﬁZA, ﬁVAV} R7.'% Finally, (4) estimate 3 by a ridge regression of the form
A . . o . A A ~ o -1 N ~
[ﬂnonhnearT) ,AynonllnearT, (SnonhnearT]T — ([147 Z, W]T[A, Z7 W] + )\(n)I) [A, Z7 W]TY

As in Supplement B.3, the A(n) term indicates the strength of the ridge penalty and is allowed to
scale sublinearly in n. Again, identification is purely from this ridge penalty, because Z is merely a
linear transformation of A and thus the matrix is non-invertible without regularization.

Proposition 6. (Asymptotic Bias of the Flexible Penalized Deconfounder under Additively
Separable Confounding.)

For all data-generating processes containing a linear factor model and additively separable
confounding, the asymptotic bias of the flexible ridge deconfounder is given by

A ) 1
i nonlinear = — g diag; | ————
P im 3 B Q1. diag, (0’2+A_j+1

+ Q1 diag; (

) Q.5

M) QIkGT(QOT)ﬂ%
J

where Q and A = [Aq,..., Ay, 0,...] are respectively eigenvectors and eigenvalues obtained from
decomposition of @70. Under strong infinite confounding,

lim »-lim gnonlinear __ )

We briefly offer intuition for the form of this bias before proceeding to the proof. The bias
expressions in Proposition 6 are identical to those of Proposition 2, though the interpretation diverges
slightly due to the flexible nature of the confounding function, gy (Z). The term 4 represents the
portion of the confounding due to the linear trend in gy (Z), which induces bias as described above.
In contrast, d represents the nonlinear portion of the confounding that remains after eliminating the
main linear trend. Because this part of gy (Z) is by construction orthogonal to Z (and therefore to
A, due to the linear nature of the factor model) it cannot induce bias in (3ronlinear
Proof of Proposition 6. In what follows, we will relate the asymptotic behavior of the flexible
penalized deconfounder to the eigendecomposition 870 = QAQT = Ql:kAlszL« To do so,
we will rely on the singular value decompositions of A, [A, Z], and [A, Z, W]. For this section
only, we respectively denote these as A = UsDAV,, [A, Z] =UazDazV,,, and [A,Z,W] =
UazwDazw VAT 2w - Lemma 6 characterizes the relationship between the first two; we now describe
the latter.

16. The invariance of Z follows from its orthonormality.
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For any n, the singular value decomposition [A, Z ,W] = UAZWDAZWVATZW can be seen to
obey

1 - 1 .
Uazw = |—=2Z, Ua (k11):m>, *, —=W
r 3
(Di,l:k + TLI) ’ 07 Oa 0
Dyzw = 07 DA,(k+1):7m 0; 0
0, o, 0, 0
L 0, 0, 0, vnl

_1 _1
(Di,lzk +TLI> DAvlikVI;r,l:k7 \/E(Di,l:k +nI) ) 0

T
VI;FZW = VA,(k+1):m’ 0, 0 ,
*7 *7 *
0, 0, I

where * indicates irrelevant normalizing columns in U gszw and Vazw . The above is due to Lemma 6
for the first k + m columns. The behavior of the trailing columns follows from the fact that W
is normalized and orthogonal to Z (and therefore to A) by construction, and therefore remains
invariant in the decomposition.

We now substitute the singular value decomposition of [A, Z , W] into the ridge estimator,

I@nonlinear

' o o —1 .
;ynonllnear _ ([147 Z7 W]T[A’ Z, W]—FA(?’L)I) [A7 Z, W]TY

Snonlincar
= Vazw (D 2w + A0)I) ™ DazwUl Y.

Eliminating dimensions with zero singular values and subsetting to Bronlinear e obtain
= VaDa (D% +A)I +n-diag;1{j < k}) " UJY

and go to Equation (15) in the proof of Proposition 2. ]

B.5 Bias of the White-noised Deconfounder Estimator

In one of the tutorial simulations in Wang (2019), Gaussian noise is added to the substitute con-
founder to render it estimable. This simulation and our reanalysis is discussed in Supplement C.2.1.
Here we prove properties of this general strategy.

For convenience, we reiterate the data-generating process and white-noised deconfounder esti-
mation procedure here. As before, we consider n observations drawn i.i.d. as follows

Z NN(O,I)

nxk

v ~N(0,0°1)
nxm

A =7Z0+vp
nxm

e ~N(0,w?)
nx1

leAﬂ—i—Z'y—i—e.
nx

The white-noised deconfounder estimator (1) takes the singular value decomposition A = UDV T;
(2) extracts the first k components, Z = /nU;.;, and accompanying 6 = %DlszlTk; adds noise
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S ~ N(0,92I) to Z to break perfect collinearity with A; and (4) estimates effects by computing
5
,.YWII

Proposition B.5. (Asymptotic Bias of the White-noised Deconfounder.)

Consider n observations drawn from a data-generating process with k unobserved confounders,
Z ~ N(0,I); m > k observed treatments, A ~ N(Z0,0%I); and outcome Y ~ N(AB +
Z~,w?). The white-noised deconfounder estimator is

ﬂAWIl
kS
where Z is obtained by taking the singular value decomposition A = UDV" and extracting

the first k components, Z = \/nUy.i; the addition of white noise, S ~ N(0,v2I), makes this
regression estimable. The asymptotic bias of this estimator is given by

([A,Z+S}T[A,Z”+SD1 [A,Z#S}TY. (19)

([A,Z#S}T [A,ZAJFSD_1 [A,Z+S] Y,

o2

-1
p-lim B — 3 = {0T [I - ;(0031} 0+ i (1+ 1/;2)1} 0",

n—roo

and under strong infinite confounding,

~ 2 _1
lim p-limB"™ — 8 = {OTO + 21+ 1&2)4 0.

m—00 n—oo wQ

Proof of Proposition B.5.
After subsetting (19) to the treatment effects, the estimator can be rewritten as
B = (ATM"™A)"'AT MY,  where
M™=I-(Z+8) [(Z +8)7(Z + S)] T Zes)T
Note that

p-lim B = p-lim(AT MY A)"* AT MY
n—oo n—oo
= p-lim(AT MY A)TAT MY (AB + Z~ + €)
n—roo
=B+ plim(AT MY A)TAT MY Z.

n— oo
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We will proceed by first examining p-lim,,_, ., L ATM"" A and then p-lim,_, ., 2ATM"™Z.
N ~ ~ -1
polim SATMY™ A = plim - AT {I —(Z+8)[(Z+9)(Z+8)] (Z+ S)T} A
n—oo N n—oo N
R 1 . .
_g;hoI?nA [I n(1+1/)2)(Z+S)(Z+S) ]A
= p-lim Tata_ 1 a2V (1274
n—oo 1 1+ '(/12 n n
1 1 s
=plim—ATA - 076
e n 1+ ¢
— Y T2~ —T 9T (967) "0 by Lemma 4
1+ 92 1+y?
VT o’ Ty—1 2
= 1-Z I
ot 007 0 +o
1 1 5 5 5 -1
p-lim —ATM™™ Z = plim -~ AT {I —(Z+8) [(z +8)T(Z + S)} (Z + S)T} z
n—oo N n—oo M

1 1 ;, 14
N 1 T _ AT T
it - (3472) (777

1 N A1
— plim6T — 0T(607)10|-AT(A-v)|07(007)!
pimd” = e 0970 LT (A ] oTeoT)
1 ~ A ~
= plim@" — 07(607)"'00 00" (007)".
i
By Lemma 3,
1 -1 3 (60
. T T p 2 Ty—1
= plim67 — 0 RALE (Avi+0°1)* (60)
. ééT (Alzk + 021)7% Alé:kRT
_ Y T
L+ 92
p—liméwn -B= p-]im(ATMwnA)ilATMwnZ’Y
n—o00 n—oo
T 0% haT\—1 o’ 2 - T
=10 [1-5(007) 71| 0+ S(1+yNI 67Ty and
~ 0'2 -
lim p-lim ™" — B = [0T9+ 2<1+w2>1} 0. u
m—90 noo q/)
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B.6 Bias of the Posterior-mean Deconfounder Estimator

For convenience, we reiterate the data-generating process and posterior-mean deconfounder estima-
tion procedure here. As before, we consider n observations drawn i.i.d. as follows,

Z ~N(0,I)

nxk

v ~ N(0,0%1)
A :Z0+VF
nxm

e ~N(0,w?)
nx1

YI:A,6+Z7+6.
nx

The posterior-mean deconfounder estimator is an approximate Bayesian procedure, in the sense
that it obtains an estimate for the effects 3 by integrating over an approximation to the full joint
posterior, f(8,7,z|Y,A), as follows.

First, the full posterior is factorized as f(8,~|Y,A,z)f(z|Y,A). Then, f(z]A) is obtained
by a Bayesian principal components analysis of A alone—i.e., ignoring information from Y —and
used as an approximation to f(z|Y,A). A Bayesian linear regression of Y on A and z is used to
obtain the conditional posterior f(3,v|Y, A, z), and finally z is integrated out. The posterior-mean
deconfounder estimator is thus,

{Bmevﬁme}T = /f(z\A) E{[BT,’YT}T| Y,A,z}dz.

We leave priors for all parameters unspecified; by the Bernstein-von Mises theorem, our results are
invariant to the choice of any prior with positive density on the true parameters.
We now restate Proposition 3 before proceeding to the proof.

Proposition 3. (Asymptotic Bias of the Posterior-Mean Deconfounder.)

Consider n observations drawn from a data-generating process with k unobserved confounders,
Z ~ N(0,I); m > k observed treatments, A ~ N(Z8,0%I); and outcome Y ~ N(AB +
Z~,w?), following WB. The posterior-mean deconfounder estimator is

[ 5;): ] = / <[A’Z]T[sz})_l[A,z]Y f(z|A)dz,

where f(z|A) is a posterior obtained from Bayesian principal component analysis.® The asymp-
totic bias of this estimator is given by

p-limBP™ — 3= (070 +0%1)"'0"~,

n—oo

and under strong infinite confounding,

lim p-lim Bpm -B8=0

m—o0 n—oo

a. While the regression cannot be estimated when z = E[Z|A], it is almost surely estimable for samples
z* ~ f(z]A) due to posterior uncertainty, which eliminates perfect collinearity with A. The posterior-mean
implementation of WB evaluates the integral by Monte Carlo methods and thus is able to compute the
regression coefficients for each sample.

Proof of Proposition 3.
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Under the Bayesian principal components generative model,

Z; I, 6
Al G ])

and by properties of the multivariate normal,
f(2i|Ai,0,0%) = ¢ (z;; 0070 +0°1) ' A;, I-0(0760+0°1)7'0").

We will decompose the conditional posterior over confounders as f(z|A) =
f(z|0,0% A)f(0,02|A). Asample z; can be drawn from the Bayesian principal component posterior
by first sampling 8* and o*2 from (6, 02| A), deterministically constructing Z* = E[Z;]0*,0*2, A;] =
0*(6*70* + 0*?I)"' A;, sampling s} from f(s;]0%,0*?) = ¢ (s;; 0, I —60*(6*70* +0*2I)716"T),
and deterministically taking z} = ZA;‘ + s}

We can then rewrite

~ T T
[ﬂPmT,,?me} _ /f(9*70*2,8*|A) E{[ﬁT,’}’T] | Y,A,B*,O')Q,S*}de* dO'*Q dS*,
where

]E{[ﬁ*T,,y*T]T | Y,A,O*,a*z,s*}
_ <[A, (z“*+s*)}T [A, (z”f+s*)}>_1 [A, (Z*+s*)f¥. (20)

Note that the posterior f(6,02|A) concentrates on true o2 and 6 (up to a rotation). Thus,
candidate 8* and o*2 values that fail to satisfy 8*T0* = 870 and ¢*? = ¢ grow vanishingly unlikely
as n grows large. We examine the asymptotic behavior of the conditional estimator, Equation (20),
in this region and show that the bias is constant. Thus, the estimator remains asymptotically biased
after integrating over all possible rotations of 8*.

After subsetting (20) to the treatment effects, the conditional estimator can be rewritten as
B*=E [B*| Y,A,0%,0%% s*| = (AT MP™* A)~ AT MP™Y, where MP™* denotes the conditional

A A A -1
annihilator, I — (Z* + s*) [(Z* +8)7(Z* +5*)| (Z*+s*)". Note that

p-lim B* = p-lim(AT MP™* A)~ AT MP™Y
n— oo n—oo
= p-lim(ATMP™ A)"LAT MP(AB + Zy + €)

n—oo

=B+ p-lim(ATMP™* A) "L AT MP™* Zy

n— oo
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L AT pprx 7z,

n—oo n

for any 8* and 0*2. We will proceed by first examining p-lim L AT MP™ A and then p-lim

n—oo n

1 1 . N . -1
p-lim —ATMP™A = plim—A" {I —(Z* + 5%) [(z* +s)(Z" + s*)]

n—oo T n—oo 1

(Z* + s*)T} A

1 1, N
=plim—AT [I ——(Z"+s8")(Z"+ s*)T} A
n

n—oo T

= p-lim lata_ <1ATZ*> <1Z*TA>
n n

n—oo T

= p-lim Tama- (076 +0*1)(0° 70" +021)" 10" 0"

n—oo N
(0*70* +0™I)"1 (070 + o°1)
=0"0+51—-0""0"
=o°I.

~ o ~ -1
plim L AT MP™Z — plim L AT {I —(Z" + ) [(z* +s) (2 + s*)} (Z* + s*)T} z

n—oo T n—oo T

n—oo T

1 1.
=plim—(0"Z" +v")Z - (070 +°1)(0" 0" + o**1) 10" <Z*Tz)
n

= p-lim@" —@*" (io*(e”e* + 0*21)1ATZ>

n—oo
=o%(070+51)7107.
Note that both expressions depend only on 8*"8*, not 8* alone. Thus, the bias is constant over the

entire asymptotic posterior (i.e., all rotations) of 8*.

p-limBP™ — B = p-lim | f(6%,0"%, s*|A) E[B* — 0| Y, A,0,02 5] d6" do*? ds*
n— o0 n—oo
=070 +0T)7'0"y

and under strong infinite confounding,

lim p-lim B°™ — 8 = 0. |

M—30 n—co

B.7 Bias of the Subset Deconfounder

For convenience, we reiterate the data-generating process and subset deconfounder estimation pro-
cedure here. We will suppose, without loss of generality, that the m causes, A, are divided into mpg
focal causes of interest, the column subset and my nonfocal causes, Ay. As before, we consider n
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observations drawn i.i.d. as follows,

Z ~N(0,1)
nxk
Vg NN(O,0'2I)
nxXmpg
UN NN(O,O'QI)
nxXmn
Ar =Z0p +vp
nxXmpg
Ay =Z0y +vy
nxXmn
e ~N(0,w?)
nxl1

};1 = ApBr + ANBN + Z7 + €.

The subset deconfounder estimator (1) takes the singular value decomposition A = UDV'T; (2)
extracts the first k¥ components, Z = /nUj.; and accompanying 6 = ﬁDlszJk; and (3) estimates
the focal effects by computing

Bsubset AT 1\ L T
i | = ([an2] [ar2]) [ar2] 'y

subset

and discarding
We now restate Proposition 4 before proceeding to the proof.

Proposition 4. (Asymptotic Bias of the Subset Deconfounder.)
The subset deconfounder estimator, based on Theorem 7 from WB; is

[ féil;ei ] = ([AF,ZA}T [AF7ZA:|)_1 |:AF,ZA:|TY. (21)

where the column subsets Apr and Ay respectively partition A into a finite number of focal
causes of interest and non-focal causes. The substitute confounder, Z , is obtained by taking the
singular value decomposition A = UDV T and extracting the first k& components, Z= VnUy.g.
Under the linear-linear model, the asymptotic bias of this estimator is given by

p-lim Bt — By = — (I —605(007)"'0F) " 6:(007) 0y B,
n—oo
with @ and @y indicating the column subsets of 8 corresponding to Ar and A, respectively.
The subset deconfounder is unbiased for Br (i) if Op = 0, (ii) if lim,, . OBy = 0 and
limy, o0 [I — 64(6007)7165] s convergent or (iii) if both strong infinite confounding holds
and (807)"10x BN goes to 0, as m — oco. If one of these additional conditions hold,
lim p-lim B%bset —Br=0

m—90 n—oo

Proof of Proposition 4. By the Frisch-Waugh-Lovell theorem, ,é;llbset can be re-expressed in terms
of the portion of A not explained by Z. We denote the residualized focal treatments as A5iPset =
AF - A?‘JbSCt = A?'leCt — Z0fp = U(k+1):mD(k+1):mV

(g +1):m,F Lhe subset deconfounder estimator
is then rewritten as follows:

—1
~ 1 - ~ 1 -~
subset __ subset T Agsubset subset
By = (nAF A% EAF Y
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We now characterize the asymptotic bias of this estimator by examining the behavior of 1 AjubsetT gsubset
and %A%‘bsetY in turn. Beginning with the residual variance of the focal causes,

1o o 1
EA:}EbbetTA?lbset _ E (A; o A}ElbsetT) <AF o A;}vlbbet)
= ﬁ (A;AF + A;lebetTAillbbet _ A;Aigbset _ A;lebetTAF)
1 1 ar ar aa
= (072" +v}) (Z0r +vr) + 672 Z6r
L (Vi r DU, + W D U’ UinDin VT
n 1k, F DUy + (k+1):m, FH(k4+1):mY (k4+1):m Lk 1:k Vg F
~ MV r DU (U DV e + U D v
n 1:k,F1:kY 1k 1:k1:k 1:k,F+ (k+1):m D k+1):m Ykt 1)m, F

A A 2
(0FZ" +vr) (Z0r +vp) +070F — ~Vig pDiy Vi (22)

S|

Taking limits,
p-lim — AGPT AR = 0405 + 0°T — 010r
n—o0

=021 —020L(007)"'0r by Lemma 4, and (23)

1 - _
lim p-lim — ASuPsetT Asubset — 27 ynder strong infinite confounding. (24)
m—00 n—oo

Turning to the residual covariance between the focal causes and the outcome,

%A?bseny = %A?bse” (ArBr + ANBN + Z7 +€)
— % [(A; _ A?lbset'l') ApBr + AE0tT Ay By 4+ AbsetT Zzy | Asl;‘lbsetTe}
= %(A; — APt ApBr + %‘/(k+1):m,FD(k+1):mUJ,C_;,_l);mUDVA—,rﬂN
+ %Wk+1)¢m:FD(k+1):mUJg+1);mUlzk’7 + %A%bscﬂz,y 4 %A?}bsot‘rﬁ
= %(A; — Aty AR Bp + %‘/(k+1):m,FD(2k+1);m‘/(—kr+1);m,N,BN
+ %(HIIZT +vh—0,Z")Zy + %A%b“”e,
We will proceed by reducing (A} — Aﬁ}lbsetT)A F as above, substituting
Z'Z=1[00")"10AT][(A-v)0T(607) "]

and invoking Lemmas 3 and 4.
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1 -~
plim —AFPTY = 0% [T - 61(007)'0r] Br — 00(607)'0n BN

n—oo 1
+ 0Ly — p-lim %é;(ééT)*léAT(A — )07 (007) 1y
=0’ [I-0,(007)'0r| Br —0?0(00") 'OnBN
+ 05y —05(007)710 (070 + 0T —-01)07(007) 'y
=0’ [I-0,(007)'0r| Br —0?0(00") 'OnBN
+65y—605(007)7160"
=0 [I-05(007)'0p] Br —0°0,(007) '0NBN
+ 0%~y — OF(607)71007 (A +021) * A}, R~
o [I—65(00")'0r] Br — 0%60,(607) '0n BN

+ 057 = 0pR (Avy +01)* A (A +0°I) 2 AL Ry
=0 [I-05(007)7'0p] Br — 0°0,(007) 0NN (25)

and under strong infinite confounding,

1 -
lim p-lim — A5 TY = 6285 (26)

m—0 pn oo N
Combining Equations (23) and (25),

p-lim B3> = B — [T - 0L(007) 0] 6].(007) 10 By

n— o0
Consider the additional conditions. (i) If 87 = 0 then convergence is immediate. (ii) If lim,, . On BN
and limy, o0 [I — 01[1(049T)*19F]_1 is convergent then lim,, ,.,(007)"10xBx = 0 so the product
of the limits is 0. (iii) If lim, o0 (GOT)_l Oy Bn = 0 and strong infinite confounding holds then

lim,, 00 [I -6 (GOT)*IHF} ~! — I so the bias term also goes to zero. Therefore, combining Equa-
tions (24) and (26) if one of these conditions holds yields

lim p-lim ﬁ?}lbset = OF. [ |
Mm—00 n—co
Proposition 5 demonstrates that the naive regression estimator is an unbiased estimator for focal
treatments; it is a generalization of Proposition 1. The proof is given in Section B.2.

B.8 Subset Deconfounder Requires Assumptions about Treatment Effects

To see why strong infinite confounding is insufficient, consider a simple example. Using the linear-
linear data-generating process, consider the case of k = 1. For the sake of this example, we will
suppose that for each treatment j that 6; = 6 and that Bj = B. This clearly satisfies strong infinite
confounding, PCA will be a consistent estimator of the substitute confounder, and naive regression
will be a consistent estimator of the treatment effects. But this is not the case for the subset
deconfounder. Using Proposition 4, the bias for arbitrary focal treatment j as m — oo is given by:

L o
lim E[3;] — 8; = lim <1— i > (m — 1)&%5

m—oo m—o0 mgz mh?

= 8.
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So long as 3 # 0 then the bias is non-zero, regardless of how many treatments are present. The
intuition is that as we add more treatments we are having two countervailing effects on our estimator.
Additional treatments are giving us a better estimate of the substitute confounder, which is reducing
the correlation between the focal and non-focal treatments, which on its own would reduce bias. But
at the same time, we're adding additional omitted variable bias. That additional omitted variable
bias causes the subset deconfounder’s bias to not decrease as the treatments are added.

B.9 Subset Deconfounder as Regularization

Connections between the subset deconfounder and naive regression can be seen through the following
straightforward argument. Consider first naive regression. By the Frisch-Waugh-Lovell theorem, for
any treatment Aj;, its estimated effect is related to the residualized treatment, A}*¥¢ = A; —
— Cnaive [ AT

Apaive, where Apive = (ATA,;)

1
A\TjAj is the part of A; that can be predicted from the other

Cov(Y A1)
Var(Azeive)

\J

treatments, A, ;. Specifically, B;la‘l’ve = . Denoting the SVD of A\; as U\ ;D\ V\—J'—, then

A?a'f"e = U\jU\TjAj. As m,n — oo then under linear-linear confounding this approaches UUTAJ-.
Now consider the subset deconfounder. Also by Frisch-Waugh-Lovell, for any single treatment

. . LA Cov(Y ,Asubset) < N .
subset __ finind} subset __ subset __ subset
Aj, its estimated effect is [3; = Naraze and Aj Aj Aj . Denoting the

SVD of A as A=UDV, it can be seen that AS">** = Uy, U/, A;.

This makes clear that the naive regression is adjusting along the same eigenvectors as the subset
deconfounder. Further, it shows that the subset deconfounder is performing the same regression
as the naive regression but with a particular form of regularization. Specifically, the deconfounder
imposes no penalty on the first k eigenvectors, but then regularizes by suppressing the influence of
dimensions k£ + 1 to m.

YR

B.10 Convergence of Deconfounder and Naive Estimators

In this section, we extend our previous results on asymptotic equivalence between the deconfounder
and naive analyses to a broad class of nonlinear-nonlinear data-generating processes. We consider
factor models in which the distributions of Z; and A;|Z; have continuous density. Following the
deconfounder papers, we analyze the case in which pinpointedness holds and this requires strong
infinite confounding and infinite m.

We also follow the deconfounder papers in restricting attention to outcome models with constant
treatment effects and finite variance. That is, we study outcome models satisfying E[Y;|A, Z] =
A] B+gy (Z;), allowing for arbitrarily complex nonlinear confounding. This family is more restrictive
than the outcome models considered in Section B.11 but nevertheless nests all data-generating
processes studied in prior deconfounder papers and our paper.

For convenience, we restate Theorem 1 here.

Theorem 1. (Deconfounder-Naive Convergence under Strong Infinite Confounding.)

Consider all data-generating processes in which (i) treatments and confounders are drawn
from a factor model with continuous density f(z,a); (ii) Z is pinpointed, i.e. the conditional
entropy H(Z;|A;) = 0; and (iii) the outcome model is of the form E|Y;|A;, Z;] = A] B+gv(Z;),
i.e. contains constant treatment effects and additively separable confounding. Any consistent
deconfounder converges to a naive estimator for any finite subset of treatment effects as n grows
large.

Proof of Theorem 1. We begin with some preliminaries. As in Section B.2, we partition the m causes,
A;, into finite mp focal causes of interest, A; r, and my nonfocal causes, A; y. Then the conditional
expectation function of the outcome can be rewritten E[Y;|A, Z] = AZFBF + AZNﬁN +gy(Z;). In
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what follows, we will also use the conditional expectation function ga(z) = E[A;|Z; = z], as well as
its partitioned counterparts, ga,(z) = E[A; r|Z; = 2] and ga,(2) = E[A; v|Z; = z].

Pinpointedness implies that ga(z) must be invertible and consistently estimable; it also requires
that both n and m go to infinity. When these conditions hold, p-lim,, . g;l(Ai) = g;ll (A;)=Z;
up to symmetries such as rotation invariance. The deconfounder estimator then reduces to the
partially linear regression,

n
2 2 ~ . * * * [ A— 2
(/B%econfwg?\?conf?ggi/econf) — ;r%?le Z (le _ AIF/BF _ A;l,—NﬁN _ gy(gAl (Az))) ,
PNy =1

which is consistent for Bz (Robinson, 1988).
Now consider the following alternative estimator, the partially linear naive regression,

7 naive . - * 2
i :argmanHAi,F—hAF(Ai,N)HF (27)
hTAF i=1
Ry = argmin Y (V; — by (Ain))” (28)
hy i
N ~ . L. -1 . . ~ .
ﬁ%alve — (A%alveTA%alve> ‘14-12;‘3-1Ve—|—'1/’]18.1Ve7 (29)

where A%Ve collects A; g — ﬁﬁ"‘;ve(AL ~) and Y@V collects V; — hi#ve(A; n). Like its linear-
linear analogue, (8), this generalized naive estimator models the outcome in terms of the treatments
only, ignoring the existence of confounding. It can be seen that (3) and (4) flexibly estimate the
conditional means of A; r and Y;, respectively, given A; y.

We now note that because pinpointedness only holds with infinite m, it must also hold with
m — mp treatments. That is, if g;ll(Ai) = Z;, then also gZ}V (A; N) = Z;. Next, because ga,(-) by
definition minimizes the conditional variance in the focal treatments, g, (g;}v (A; n)) is asymptot-
ically the minimizer of (3). Similarly, it is easy to see that AINEN +9y (g;ﬁV (A; n)) asymptotically
solves (4). As a result (5) identifies using A; p — E[A; r|Z;], the component of the focal treatments
which is uncontaminated by confounding. Thus, 33" and 3%V hoth converge in probability to
Br, and hence to each other. |

B.11 Inconsistency of the Deconfounder in Nonlinear Settings

We now generalize our previous results to a broad class of nonlinear-nonlinear data-generating pro-

cesses. We consider all factor models in which the distributions of Z; and A;|Z; have continuous

density. We restrict our attention to the class of outcome models with additively separable con-

founding, a family that nests all data-generating processes studied in our paper and in applications

of the deconfounder. That is, we study outcome models satisfying E[Y;|A, Z] = f(A;) + gv(Z;),

allowing for arbitrarily complex confounding and arbitrarily complex, interactive treatment effects.
We offer Theorem 2.

Theorem 2. (Inconsistency of the Deconfounder in Nonlinear Settings.)

Consider all data-generating processes in which finite treatments are drawn from a factor
model with continuous density. The deconfounder is inconsistent for any outcome model with
additively separable confounding.

This result follows from a relatively simple premise, building on Lemma 2. There is always
noise in A;, which means the analyst can never recover the exact value of the Z; when there are
a finite number of treatments drawn from a continuous factor model. This is because there are
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many candidate values of the latent confounder that are consistent with the observed treatments.
Let Z; = g7 (A;) be the output of the deconfounder factor-model stage, a pseudo-inverse function
that attempts to recover Z; from A;. The error, Z~¢ = Z; — ZZ = Z; — g7(A;), depends on
A;. Moreover, the outcome Y; is in part dependent on Z; (put differently Y; is dependent on Z;,
which is additively composed of both Z; and Z~2) Therefore, an outcome analysis that neglects the
unobserved mismeasurement, Z;, will necessarily be affected by omitted variable bias

Proof of Theorem 2. By Lemma 2, VA generically fails to pinpoint Z for finite m. The deconfounder
thus attempts to learn E[Y;|A;, Z;] = f(A;) + gy (Z;) using only Y;, A;, and Z;. That is, it
estimates f(A;) + gy (Z;). In general, unbiased estimation of f(A;) requires the ignorability of
omitted variables. However, the omitted variable in this deconfounder outcome-regression stage,
Zi=2Z;—Z;=Z; — dT(A;), is not only associated with the treatments—it is actually a function
of them. Because Z; — g (A;) 4 A;, failures of pinpointing thus result in biased inference on f(A;).
|

Appendix C. Simulation Details

Our simulation code is based on replication materials for Wang and Blei (2019) that were pro-
vided to us by Wang and Blei in December of 2019 and two simulations that were publicly posted
tutorials on the blei-lab GitHub page from September 20, 2018 (Wang, 2019) until its removal
on March 22nd, 2020, after we downloaded and analyzed them. After reading our working paper
and discussing our analyses with them, Wang, Zhang and Blei posted reference implementations on
July 2nd, 2020 at https://github.com/blei-lab/deconfounder_public and https://github.
com/zhangly811/Medical_deconfounder_simulation. Because the reference implementation was
produced in response to our analyses, all references are with respect to the December 2019 code and
the details provided in the published papers.

This appendix provides additional details on the simulations and attempts to explain why our
results deviate from the previously published results. In this introduction to the appendix, we define
a few terms that we will use repeatedly. We then detail common deviations between our simulations
and the original designs and provide discussion of why our results differ. We then run through each
simulation in turn.

Common Terms:

e Naive Regression: When not otherwise specified the naive regression is an OLS regression of
the outcome on all the treatments. When creating confidence intervals they are always 95%
intervals calculated using the classical covariance matrix estimated under homoskedasticity.

e Oracle Regression:

This follows the same setup as the naive regression but also controls for the unmeasured
confounder.

e PCA: When we compute a principal components analysis we always center and scale the
treatments. We take the top k principal components where k is set to the true number of
unobserved components. This is obviously not feasible in real world settings, but is as generous
as possible to the deconfounder.

e PPCA: To compute probabilistic principal components analysis we follow the rstan code
provided to us by Wang and Blei for replicating the smoking example in Wang and Blei
(2019). We remove the computation of heldout samples for reasons that will be explained
below. We estimate the model using automatic differentiation variational inference using their
convergence settings. When unspecified we use the posterior mean as our estimate of Z;.

e Deconfounder: When not otherwise specified we are using the substitute confounder version of
the deconfounder not the reconstructed causes.
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C.1 Common Deviations in Simulation Setups

We have tried to remain as faithful as possible to the original simulation setups, but we have
made changes where necessary to assess the deconfounder’s performance. In each simulation and
application, we detail all deviations in procedures—here we summarize the most common such
deviations.

C.1.1 STABILIZING ESTIMATION

There are two areas where estimation issues become a concern in the deconfounder: the estimation
of the factor model and the estimation of the outcome model.

Instability in the factor model arises for a number of reasons. In at least two of the simulations
(Medical Deconfounder 2 and Smoking), the original design calls for simulating factor models which
have more latent dimensions than observed data dimensions (m). In these settings the extra factors
are just noise as n factors would be sufficient to exactly reconstruct the data under a frequentist
model. In these settings, we report results for the models with £ > m but caution against overin-
terpreting the results. See the smoking simulation for an examination of factor model instability in
this setting. In other settings (GWAS, Actors and Breast Cancer), the code uses a procedure that
analyzes a subset of the data when fitting factor models and updates in batches. In Breast Cancer
and Actors we replace their procedure with code that analyzes the entire data set at once. In many
of the applications we replace their PPCA with standard PCA where possible to avoid the noise
from the posterior approximation.

Many of the original simulations estimate the naive and oracle regressions with Bayesian linear
regression with normal priors fit with black-box varitional estimation in Stan. We always use the
computationally cheaper and more stable OLS which explains why in several simulations (e.g. Medi-
cal Deconfounder) the original papers report oracle coverage rates that are below the nominal levels.
Instability in the deconfounder outcome model is particularly high because of near-perfect collinear-
ity between the treatments and the substitute confounder. This problem is in turn exacerbated by
the black box variational estimation in Stan. This drives our development of the PCA+CV-Ridge
deconfounder variant we deploy in the Medical Deconfounder 1 simulation.

C.1.2 PROBING THE SIMULATIONS

We extend many of the simulations to more thoroughly probe the properties of the estimator. A
number of the original simulations (Quadratic, Logistic, Medical Deconfounder 1) only report results
from a single realization of the data generating process, while we repeat hundreds or thousands of
times. We also extend our search over reasonable parameter spaces of the original data generating
process by examining different numbers of treatments and levels of confounding (Quadratic), different
levels of noise added to the substitute confounder (Logistic) and different coefficients in the outcome
model (Medical Deconfounder 1). In other cases, we use the same simulation designs, but explore
the results in different ways (e.g. breaking out GWAS results by causal and non-causal coefficients).

C.1.3 REMOVING THE HOLDOUT PROCEDURE

Many of the original simulations describe holding out 20% of the data for predictive checks. We
generally assume the correct latent specification and are interested in comparing all models that are
presented in the original paper so we skip this step. See also our discussion in Supplement D for
an explanation of why the heldout procedure implemented in the smoking example yields different
results.
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C.1.4 MEDICAL DECONFOUNDER SIMULATIONS

The simulations are both taken from Section 3 of Zhang et al. (2019) on the medical deconfounder.
They are used in conjunction with two case studies to establish the performance of the medical
deconfounder. We recreate these simulations from details provided in the paper (reusing Stan code
provided to us by Wang and Blei provided for the smoking example).

C.1.5 SIMULATION STUDY 1: ONE REAL CAUSE

We replicate and extend a simulation design designed to support the medical deconfounder from
Zhang et al. (2019) which uses penalized regression to be estimable.

The true data generating process for each of 1000 patients indexed by i with true scalar con-
founder Z; is as follows,

0,1)

0.3Z;,1)

0.4Z;,1)

0.5Z; 4+ 0.3A5,,1).

Z; ~ Normal
A; ; ~ Normal
Az ; ~ Normal

Y; ~ Normal

P = = =y

In the actual paper, the notation writes the error term, ¢;, as shared across A1, As,Y, but we take
this to be a typo.

The original simulation fits a probabilistic PCA model with k£ = 1 using black box variational
inference (Ranganath et al., 2014) in Edward and fit the outcome model using ADVI (Kucukelbir
et al., 2017). To keep the entire workflow in R, we fit the probabilistic PCA model with £k = 1 in
rstan using ADVI based on the probabilistic PCA model provided to us for replicating the smoking
example. We modified the code to remove the heldout procedure designed for posterior predictive
checks but otherwise kept the model with same, with the same priors. We use the default settings
in rstanarm for the outcome regression. We increased the maximum number of iterations on both
the factor model and the outcome model by a factor of 10 to try to stabilize the estimates.

We introduce the PCA 4+ CV-Ridge estimator. We estimate PCA with £ = 1 and then estimate
a ridge regression using glmnet (Friedman et al., 2010) and choosing the penalty parameter by
cross-validation. In the paper, Zhang et al. (2019) present one realization of this data-generating
process and we repeat this process 1000 times to create a simulation. Table 2 of Zhang et al. (2019)
contains their results. The results are not directly comparable in that they are showing a single
realization of a set of estimators and are showing more systematic results.

Finally, we show an additional simulation where the true treatment effects are (—.3,.3) instead
of (0,.3) to demonstrate the results are sensitive to the settings of the true coefficients, consistent
with our results about the subset deconfounder.

Deviations

e We take more than one draw from the simulation and report aggregate quantities.
We correct a typo in the manuscript and do not share errors across treatments.
We use rstan instead of Edward for PPCA.
We increase the maximum iterations of the Bayesian procedures.
We add the PCA + CV-Ridge Estimator.
We assess in terms of bias, standard deviation and RMSE rather than with coverage or
p-values.

e We do not hold out 20% of the data or do predictive checks.

e We use OLS rather than Bayesian linear regression for our naive and oracle estimators.
Their Results: They argue based on one draw from their simulated process that the decon-
founder leads to the right conclusions and the naive leads to the wrong conclusions.
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Our Results: We demonstrate that even with the PCA 4+ CV-Ridge Estimator which provides
large improvements over the medical deconfounder, the performance of the deconfounder is in
practice no better than the naive regression.

C.1.6 SIMULATION STUDY 2: A MULTI-MEDICATION SIMULATION

We replicate and extend a simulation design created to support the medical deconfounder from
Zhang et al. (2019) which uses a nonlinear functional form to be estimable.

Zhang et al. (2019) simulate 50 total treatments of which only 10 have a non-zero effect on the
outcome. They use the data generating process,

Z;  ~ Normal(0, 1), k=1...10
10
A; j ~ Bernoulli <0 <Z )\k,jZi,k>> , J=1...50
k=1
10 10
Y; ~ Normal Z BjAi; + Z VieLiks 1
j=1 k=1

Mi,j ~ Normal(0, .5%)
Yk, Bj ~ Normal(0, .25%),

where o is the sigmoid function. Only the first 10 treatments have non-zero coefficients—these are
the medications that work.

Zhang et al. (2019) report results for the oracle, the naive estimator, a Poisson matrix factoriza-
tion (PMF) with K = 450 and a deep exponential family—the latter two implemented in Edward.
We estimate the Poisson matrix factorization using the R package poismf with Ly regularization
(12_reg=.01) and K = 450 run for 100 iterations. All outcome regressions are computed using
standard linear regression with homoskedastic standard errors. Coverage is computed with respect
to 95% confidence intervals.

We calculate RMSE by calculating all the squared errors (@ — B)? and taking the square root
of the mean over all coefficients in all simulations. We simulate the entire data generating process
each time and conduct 1000 simulations.

We note that original results in Zhang et al. (2019) do not show the oracle achieving 95%
coverage—in fact, they show only 50% coverage for the non-zero coefficients whereas we achieve the
nominal rate. The results of the deconfounder and the naive estimator are essentially indistinguish-
able in our setting, but we note that they are not particularly different as reported in the original
paper, either. Because the factor models are fit with & = 450 to a 50-dimensional the exact form

Coverage Proportion
RMSE | All  Non-Zero Zero
Oracle 0.03 0.95 0.95 0.95
Naive 0.13 0.42 0.41 0.42
Deconfounder 0.13 0.43 0.43 0.44

Table 5: Replication of simulation study 2 of Zhang et al. (2019). The deconfounder is estimated
using a 450-dimensional Poisson matrix factorization. Coverage rates for nominal 95%
intervals are reported separately for zero coefficients (no causal effect) and non-zero coef-
ficients.
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of the prior specification will have a huge impact on the values of the substitute confounder. In an
unpenalized setting, k = 50 should be sufficient to exactly reconstruct the observed data.

Deviations

e We report only the Poisson matrix factorization (not the deep exponential family) and

use poismf instead of Edward.

e We do not holdout 20% of the data or do predictive checks

e We use OLS rather than Bayesian linear regression for all outcome regressions
Their Results: They argue that the deconfounder produces better results than the naive.
Our Results: We cannot compare to the deep exponential family, but the Poisson matrix
factorization does not show the gains in improvement over naive that they claim. We show
better RMSE for all estimators as well as better coverage.

C.2 Tutorial Simulations

The simulations were IPython notebooks in a folder marked toy simulations. Each shows a
simulated data generating process and then walks through a single draw and compares the naive
regression (labeled “noncausal estimation”) with deconfounder estimates based on reconstructed
causes and the substitute confounder. We understand that public tutorials need to be fast to run
and thus may often be less nuanced than authors would prefer. That said, we think these tutorials
are important to replicate because they are they way many potential users would be exposed to the
deconfounder and would come to understand its properties.

C.2.1 THE LOGISTIC SIMULATION

This simulation adds noise to the substitute confounder to make the model estimable—we explore
how variations on the amount of noise affect simulation results.

The clearest application of the noised deconfounder is in the logistic tutorial simulation (Wang,
2019). The simulation uses the following data generating process to create 10,000 observations:

1 04 04
(X1,X5,7) ~ Multivariate Normal | (0,0,0), {04 1 0.4
04 04 1
B 1li ( 1 )
~ Bernoulli .
4 1+ exp (—(4 + 2X; + 1Xs + .92))

The substitute confounder is found by using PCA of (X7, X2) and then adding random noise, such
that

7 = Normal(m X1 + 172X2, .12).
—_————
PCA

The simulation then estimates a logistic regression with a linear predictor (X7, X3, Z). The random
noise is introduced to break the perfect collinearity between the treatments and the substitute con-
founder. For a single draw of the data generating process, the tutorial simulation claims that with
the naive regression “none of the confidence intervals include the truth”, but with the deconfounder
“both of the confidence intervals (for X1, X2) include the truth.” The implication is that the de-
confounder improves upon the naive regression estimates. We repeat the simulation 100,000 times
to summarize properties more generally and vary the standard deviation of the noise added to the
deconfounder from .1 to (1,.1,.01,.001).

We extend the tutorial to assess bias, standard deviation, coverage and RMSE all at different
values of the noise parameter with results shown in Table 6. At no point does the overall performance
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Treatment 1 Treatment 2

Noise S.D. | Deconfounder Nalve Deconfounder Naive
1073 0.200 0.116
. 102 0.202 0.118

Bias 10-1 0.210 0.210 0.127 0.126
100 0.210 0.126
10~3 16.566 16.567
10~2 1.659 1.659

Std. Dev. 10-1 0.167 0.026 0.168 0.030
100 0.031 0.035
1073 0.949 0.949
1072 0.948 0.949

Coverage 10-1 0.759 0.000 0.884 0.012
10° 0.000 0.042
103 16.568 16.567
1072 1.671 1.663

RMSE 10-1 0.269 0.211 0.211 0.130
100 0.212 0.131

Table 6: Logistic tutorial simulation. 100,000 simulations are summarized in terms of bias, standard
deviation of the sampling distribution, coverage of 95% confidence intervals, and root mean
squared-error for various levels of simulated noise. As the noise gets small, the standard
deviation and the RMSE of the deconfounder explode (the estimator approaches perfect
collinearity). As the noise increases, the deconfounder collapses on the performance of the
naive estimator.

of the deconfounder exceed that of the naive estimator. For large noise, the deconfounder approaches
the performance of the naive estimator; as the noise grows small and collinearity increases, estimator
variance and RMSE get large very quickly.

To help explain the discrepancy in our results, we note that the single draw shown in the workbook
is unusual in terms of its error. The argument made in the writeup is that the confidence intervals
of the deconfounder contain the truth while the naive estimator does not. This is a fairly common
occurrence—approximately 75% of the simulations because the naive estimator has coverage close
to zero. However, in only 42% of the simulations did the deconfounder produce answers closer to
the truth than the naive (along both dimensions). The deconfounder is unusually close to (and the
the naive estimator unusually far from) the truth in terms of mean absolute error across the two
coefficients. The deconfounder only performs as well as reported 8% of the time and nalve only
performs as poorly as reported 16% of the time. Thus the reported draw is not a representative
indicator of performance.

Deviations
e We repeat the process to create a simulation
e We examine only the substitute-confounder approach and not the reconstructed-causes
approach
e We explore different noise levels
Their Results: The simulation shows an example where the confidence interval for the decon-
founder covers the truth and the naive estimator does not.
Our Results: We show that the coverage result is relatively typical but the one draw shown
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is abnormally accurate for the deconfounder. By evaluating across levels of noise added to the
substitute confounder we demonstrate that the results are highly sensitive to the noise level and
are at no level better than naive on bias, variance or RMSE.

C.2.2 THE QUADRATIC SIMULATION

This simulation uses a transformation of PCA to make the model estimable—we explore how vari-
ations in simulation parameters affect results.
10,000 observations are simulated from the following data-generating process,

Ain 0 L pop
Aip | ~N O, 1p 1 p
Z; 0 p p 1

Y ~ N(0.4+0.247, + 147, +0.927, 1),

for p = .4. The substitute confounder, Z, is based on a PCA of (A;, As), 7 = mAi + n24s. The
outcome regression is Y = 79 + 11 A2 + 19 A3 + 722 + ¢,

We modify this simulation by adding noise to the outcome drawn from Normal(0,1). We also
evaluate the performance of the parametric specification Z(alt) = A? + A3 + 24, A, and show that
it has superior performance. We also demonstrate that the deconfounder breaks down for negative
values of the correlation coefficient.

In a footnote of the main text, we noted that the proposed inference procedure uses PCA on
A1, As but estimates treatment effects on their squares. This either presumes that we are interested
in the treatment effect of the squared treatment or that we have access to the square root of our
real treatments of interest. However, in that case, we lose the true sign of A;, As. To approximate
this scenario, we ran a version of the analysis where we estimate PCA on the absolute value of the
variables (] A1), | A2|) with results shown in Table 7. This leads to an approximately five-fold increase
in the RMSE for the deconfounder and roughly a doubling in RMSE for the parametric specification.
The relatively worse performance of the deconfounder is due to centering before performing PCA,
but the knowledge to not center can only be leveraged if we are sure that the underlying A was
centered which requires more knowledge that we cannot have.

Deviations
e We simulate the outcome with error.
e We repeat the process to create a simulation.
e We examine only substitute confounder and not reconstructed causes.

Treatment
Model 1 2
Naive | 0.1248 0.1252
Oracle | 0.0072 0.0074
Parametric | 0.0425 0.0431
Deconfounder | 0.1028 0.1033

Table 7: RMSE of quadratic simulation with original settings (p = .4 and m = 2) with PCA of
absolute value of A, As.
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Their Results: The original simulation shows for a single draw that the deconfounder is closer
to the truth than the naive and they claim that the confidence intervals contain the truth.
Our Results: We extend the simulation and while performance is in fact strong at the given
settings, changing the correlation between A’s to moderately negative causes the deconfounder
to perform much worse than the naive. As our theory predicts, when the number of treatments
is large, the difference between the deconfounder and the naive regression disappears.

C.3 The GWAS Simulation

Wang and Blei (2019) apply the deconfounder to study the effects of genes on traits. We use
replication provided to us by Wang and Blei to perform a simulation under similar conditions
and we find that the deconfounder and the naive regression perform almost identically. On closer
inspection this is expected. Figure 4 of Wang and Blei (2019) shows nearly identical performance
between the deconfounder and the naive regression.

C.3.1 OVERVIEW

As a motivating example of the deconfounder, Wang and Blei (2019) evoke the use of methods
similar to the deconfounder in the genetics literature to explain the effect of genes on the expression
of traits. The genetics database that was used to produce the simulations in the original paper
could not be shared with us because of restrictions in data access. Instead, Wang and Blei shared a
purely synthetic simulation procedure intended to replicate the characteristics of the simulations in
the original paper as well as code for several factor models applied to this data set. In this section
we describe our results using this synthetic example of the GWAS simulation. We find that the
deconfounder offers essentially identical performance to the naive regression. This is not surprising,
because Figure 4 of Wang and Blei (2019) shows that RMSE from the deconfounder and the naive
regression are nearly identical.

C.3.2 SIMULATION PROCEDURE

We follow the description of the data generating process in Wang and Blei (2019) for the high SNR
setting, using a synthetic genetic simulation provided to us to generate data under the Balding-
Nichols procedure. We generate data with 5000 individuals and 5000 genetic markers, with genetic
and environmental variation set to 0.4, and with 10% of the genes assumed to have a causal effect on
the outcome. Note, that because of this assumption, any method that shrinks coefficient estimates
towards zero will obtain better performance on the non-causal genes, so we divide our results into
causal and non-causal genes. We use the provided code to estimate substitute confounders for deep
exponential families (with a 100-dimensional substitute confounder), pca (10-dimensional), Pois-
son matrix factorization (10-dimensional), linear factor analysis (10-dimensional), and probabilistic
principal components (5-dimensional). We avoid the use of the holdout procedure described in the
code because it incorrectly sets all held out values to be zero. The posterior predictive checks, as
implemented in the code, suggest that the factor models have unrealistic model fits.

We then generate a single set of effects on the causal genes 3 ~ N(0, 1) and confounding variables
A using a slightly modified function from WB, where the modification enabled us to draw the
coefficients only once. Following the original simulation design, we set all non-causal coefficients to
zero. Using the draws of B and A we simulated the outcome vector, Y, 100 times.

As in the original simulation, we use a ridge regression and nonlinear functional form to render
the deconfounder estimable. In each simulation we estimate a ridge regression, cross validating to
obtain the penalty parameter. For the naive regression we condition on all 5,000 genes. For each

51



GRIMMER, KNOX AND STEWART

RMSE

Causal Non-Causal Overall
Naive 0.737 0.127 0.263
Oracle 0.742 0.125 0.263
Deconfounder (DEF) | 0.746 0.123 0.263
Deconfounder (PCA) | 0.745 0.123 0.263
Deconfounder (PMF) | 0.745 0.123 0.263
Deconfounder (LFA) 0.746 0.123 0.263
Bivariate Naive 1.576 1.607 1.604

Table 8: Using the synthetic genetic data set, the deconfounder offers no improvement over naive
regression

of the factor models we also include the corresponding estimated substitute confounders. We write
our own code to estimate the average root mean squared error, which we display in Table 8.

Table 8 shows that the naive regression outperforms the deconfounder on this simulation on the
genes that have a causal effect on the outcome. On the non-causal genes the other models perform
slightly better, but all models offer a nearly identical improvement over the naive regression of the
outcomme on one gene at a time.

Deviations
e We use a synthetic simulation created to approximate the simulation in the original paper.
e We draw the genes and A once.
e We evaluate bias and RMSE (see discussion in Supplement D.2.
e We use a ridge regression with a cross validation-selected penalty, using mean squard error
as a cross validation statistic.
e Following the genetics literature, we examine performance differences on causal and non-
causal genes.
Takeaways
e The deconfounder offers marginal improvements on the non-causal genes and performs
worse than the naive estimator on the causal genes.
e Wang and Blei (2019) uses this simulation as evidence that DEFs are useful. While DEFs
do provide a better estimate of the non-causal genes, they are worse on the causal genes
and offer—at best—marginal improvements in effect estimation.

C.4 Subset Deconfounder

We use a new simulation design to examine the finite sample properties of the subset deconfounder
under the linear-linear data generating process. We create a single-dimensional confounder, Z, and
allow this confounder to satisfy strong infinite confounding.

Our simulation is designed to demonstrate how the average RMSE of the subset deconfounder
depends on the underlying treatment effect sizes. In all of our settings we set each 6, = 10, ensuring
strong infinite confounding is satisfied. We suppose A4; ~ 0,,Z; + v, where v, ~ N(0,0.01). We
then generate outcome data using the linear outcome model using the following coefficient values:

1. B =10
2. By = 100
3. B ~ N(174)
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4. Bm = %

We suppose v = 10 for all simulations and that Y; = A;3 + Z;v + €; where ¢; ~ N (0,0.01).

The results from this simulation align exactly with the predictions from Proposition 4. Specif-
ically, from Proposition 4 we predict for £,, = 10 a bias of magnitude 10, 8,, = 100 a bias of
magnitude 100, 3,, ~ N (1,4) a bias of magnitude 1, and for 3, = % the bias at M treatments will
ZM

1
biasy, = === or the average value of 3,,.

Appendix D. The Smoking Simulation

We replicate the first empirical case study in Wang and Blei (2019), a semi-synthetic data set
about the causes of smoking. We argue that the simulation design is not informative about the
performance of the deconfounder because (1) the factor models often have k > m, and (2) the
controls used to compare with a strategy of measuring confounders are themselves uninformative
about the confounding. We first quickly review the details of the original design based on the paper
and replication code provided by Wang and Blei in December 2019. We then briefly detail our
argument along with some additional results.

D.1 Original Design in Wang and Blei (2019)

The smoking simulation is a semi-synthetic study that uses data from the 1987 National Medical
Expenditures Survey (NMES) to generate a real joint distribution of three variables which are
combined with a linear model to create a synthetic outcome.

D.1.1 DATA GENERATING PROCESS

The original simulation in Wang and Blei (2019) selects two observed treatments from the NMES:
the individual’s martial status, Apa.., and the exposure to smoking measured as the number of
cigarettes per day divided by 20 times number of years smoked,Acxp,. The last age at which the
person smoked, Auge, is designated as the unobserved confounder. All variables are centered and
scaled. In equations 23 of Wang and Blei (2019), the data generating process for the synthetic
outcome is laid out as,

Y—i = Normal (ﬂO + ﬁmarAmar,i + 5eprexp,i + /BageAage,iv 1) )

where the intercept By is included in the replication code provided to us but not the paper.
In Wang and Blei (2019) equation 24, the data generating process of the coefficients is described
as,

Bmar ~ Normal(0, 1)
Bexp ~ Normal(0, 1)
Bage ~ Normal(0, 1),

although in the provided replication code the coefficient for the last variable (which will be used as
the unobserved confounder) is multiplied by 2.5, leading to

Bage ~ Normal(0, 2.52).

One of the two treatments, A, is a factor variable with five levels. While the factor variable is
unlabeled, by examining earlier sources,'” we are confident that level 1 corresponds to “married” and

17. The data comes from Imai and Van Dyk (2004) which in turn gets it from Johnson et al. (2003) which obtains
the data from the original source.
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level 5 corresponds to “never married”. We believe levels 24 correspond to “widowed”, “divorced”,
and “separated” respectively. This treatment is treated as a numeric variable in R although factor
levels 2-4 (22% of the data) are not meaningfully ordered.

The original simulation treats the first two variables as observed and the final(Aage ;) as the un-
observed confounder. The paper reports the results for 12 configurations of models: naive regression,
oracle, linear factor with one dimension (substitute confounder and reconstructed cause), quadratic
factor with one, two and three dimensions (substitute confounder and reconstructed cause) and the
one dimensional quadratic factor model with additional covariates.

D.1.2 FACTOR MODEL INFERENCE IN WANG AND BLEI (2019)

For each simulation in Wang and Blei (2019), factor models are fit using automatic variational Bayes
as implemented in rstan. The model for the quadratic factor analysis (the linear is analogous) as
implemented in the provided replication code is,

a ~ Gamma(1,1)
0 ~ Normal(0,1/a)
9,(61) ~ Normal(0,1/a)
Z; 1, ~ Normal(0, 2%)

K K
A, ~ Normal <9(°> + 3007+ 0P 22, .12> :
k=1 k=1

The Normal variances are held fixed for Z and A and in the equations above we have set them to the
values given in the code. The model is fit with the default settings for ADVTI (fully factorized gaussian
approximation) except with a fixed step size of .25. Before beginning the variational approximation,
the initial values are set by optimizing the joint posterior with LBFGS for a maximum of 1000
iterations.

For the substitute confounder the Z variables are used directly. For the reconstructed causes,
the model outputs:

K K
Awg ~ Normal ((9(0) + 3002+ > 0022, .12> :
k=1 k=1
This differs from Wang and Blei (2019) on page 1582 which defines the reconstructed causes as the

posterior predictive mean.

D.1.3 A NoOTE oN THE HOLDOUT PROCEDURE

In order to calculate the posterior predictive checks, the code holds back approximately 5% of the
individual cells of the matrix A sampled at random. The holdout percentage is approximate because
the sampling procedure allows duplicates which are then removed. The heldout values are replaced
by zero (which due to centering is also the mean of the data). These values are not resampled in
the inference program and so they are effectively treated as mean single imputations of the missing
values. This presumably has both an effect on the fit of the factor model and the posterior predictive
checks themselves (which are now conducted exclusively on data that the model is trained believing
are exact zeroes). This procedure was corrected in the reference implementation released in July
2020.

D.1.4 ESTIMATORS IN WANG AND BLEI (2019)

After estimating the factor model, code from Wang and Blei (2019) fits one of the following adjust-
ment strategies:
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1. Substitute Confounder: control for Z.

2. Reconstructed Causes: replacing the treatment with A — A. This is the version described
in the paper.

3. Reconstructed Causes 2: the two-parameter version where they control for A.

4. Substitute Confounder with Controls: controlling for Z and five controls (see below).

5. Reconstructed Causes with Controls: replacing treatment with A — A and five controls.

6. Oracle: controlling for the true confounder.

7. Naive: regression of Y on all treatments only.

The controls include the following variables: age started smoking, binary sex indicator, 3-level
factor variable for race, 3-level factor variable for seatbelt use (rarely/sometimes/(always or almost
always), 4-level factor variable for education (college graduate/some college/high school/other).'®
Unlike the treatments and confounders, these control variables are not standardized or centered.
The factor variables are entered as scalars (rather than contrast coded factors). For some variables
like education that are ordered this produces a linear approximation to the factor model but for
the race value there is no guarantee it produces anything in particular. Each of these models is
estimated with one of two different outcome regressions: Bayesian linear regression estimated using
ADVI in rstanarm and OLS.

D.2 Outcome Regression: Bayesian Linear Regression

The ultimate goal for the simulations from Wang and Blei (2019) is to study properties of the joint
posterior distribution f(3,z|Y, A). Samples from this joint distribution are obtained by factorizing
as f(BlY,A,z)f(2]Y,A). Samples from f(z|A) are taken from the factor model’s posterior—
ignoring information from Y—and used as an approximation to f(z|Y, A). Then a Bayesian linear
regression of Y on A and z is used to sample from the conditional posterior f(8|Y, A, 2).

Let Bj,s, t,d be a draw from this approximate posterior distribution for treatment j in simulation
s where:

e j € 1...2 indexes the two observed treatments

e s € 1...5 indexes the simulation (i.e. one data set drawn from the semi-synthetic data

generating process)

e f € 1...F indexes samples from the factor model’s posterior distribution f(z|A)

e d € 1...D indexes the sample from the outcome regression’s posterior distribution f(3|Y, A, z)
and we use - to emphasize that it is a sample from a posterior distribution. In the replication code
f(z|A) (the factor model posterior) is approximated with five samples and so we will set F = 5.
The code then approximates f(3|Y, A, z) (outcome regression conditional posterior) with a single
sample and so we will set D = 1. Let 3; indicate the true treatment effect for treatment j in
simulation s.

The Wang and Blei (2019) code computes three quantities which effectively treat the sample from
the posterior as the estimator and compute properties of that estimator within a given simulation
(treating the posterior draws as independent realizations of that estimator) and then average over
simulations and treatments. We explore each below.

18. These definitions are pieced together from Johnson et al. (2003) and Imai and Van Dyk (2004), but without a
codebook it is difficult to be certain. Our interpretation is approximately consistent with summary statistics
reported in Johnson et al. (2003).
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D.2.1 Bias CALCULATION
The following quantity is computed as

2

1 2 1 S 1 5
.2 _ 4t + L 3 A
Biasypg = 9 z_: S Z 5 Z Bjs, .1 Bj,s
J=1 s=1 f=1 estimator truth

The quantity marked “estimator” is a draw from the posterior distribution and the expectation for
the bias is taken with respect to that posterior distribution. The metric can also be interpreted as
the mean-squared error of the posterior mean estimator approximated with five samples from the
posterior distribution.

D.2.2 VARIANCE CALCULATION

Let the function \E() be the sample variance of its arguments. The code defines

2

S
1 1 = x
Varwg = 5 Z g ; Var (5;‘,5,1,1 . -53‘,5,5,1)

j=1

posterior var

Thus, this reports the per-simulation average posterior variance summed over treatments.

D.2.3 MEAN SQUARED ERROR

Finally the code computes

12 (18 (15, )
MSEwp = 3 Z g Z:l 5 fz_:l <5j,s,f,1 - ﬁj,s)

Jj=1

This is the per-simulation, average squared posterior deviation summed over the treatments.

D.2.4 COMPARISON WITH THE NAIVE AND ORACLE REGRESSIONS

In both the oracle and naive regression there are, of course, no samples from the factor model. The
oracle simply averages over all 1000 samples from the outcome regression’s posterior and the naive
regression averages over 5 samples from the outcome regression’s posterior. This will make estimates
for the naive regression much noisier.

D.3 Original Priors

In the original replication code, the Bayesian outcome regression uses different priors depending on
the specification. The substitute confounder uses rstanarm’s default Normal(0,1) prior. The recon-
structed causes, oracle and naive regressions use the default hs_plus() prior which is hierarchical
shrinkage prior which is a Normal centered at 0 with a standard deviation that is the product of
two independent half Cauchy parameters. The latter has much more mass at 0 and correspondingly
fatter tails.

D.4 Original Outcome Regression: OLS

The original replication code employs a corresponding set of definitions when using ordinary least
squares. Denote ;s ¢ to be the coefficient for treatment j fit on simulation s conditional on draw
f from the factor model.

56



NAIVE REGRESSION REQUIRES WEAKER ASSUMPTIONS THAN FACTOR MODELS. . .

D.4.1 REPORTED B1as CALCULATION

The following quantity is computed:

2 S 5
1 1 1 N
.2
Biasypg = 5 Z g Z 5 Z Bis.f | = Biis
- — ~~
j=1 s=1 f=1 truth

estimator

This corresponds to the calculation in the Bayesian case but plugging in the coefficient estimates
for the sample from the posterior.
D.4.2 REPORTED VARIANCE CALCULATION

Let the function Var(-) be the same variance of its arguments and SE(-) be the estimated standard
error of its argument. The code defines

2 S 5
1 1 — /4 N 1 — s
VarWB = 5 Z g ZV&I‘ (ﬂj7511 e /Bj7575) + g Z SE(ﬁj“g’f)Q
1 s=1 f=1

j=
var of coefs

avg of vars

This uses the law of total variance to provide a more efficient estimator of the sum of the average
variance of (3, z|Y, A).

D.4.3 REPORTED MEAN SQUARED ERROR
The code computes

MSEwg = Biasyg + Varws.

D.5 Original Reported Results

Table 3 of Wang and Blei (2019) presents the findings. The discussion highlights the improved
performance of the one-dimensional and two-dimensional quadratic models over the naive regression
although no estimator is particularly close to the oracle. In the corresponding discussion (pp. 1585—
1586), the results are used to emphasize three points: (1) the value of the posterior predictive check
for signaling whether results are biased, (2) controlling for observed confounders increases variance
but does not decrease bias, and (3) the deconfounder outperforms naive regression.

D.6 New Results

In this section, we briefly present a conceptual argument about the design before providing some
broader results to contextualize the findings.

D.6.1 FACTOR MODELS WHERE k > m

In four of the eight original factor model specifications including two of the three highlighted in
Wang and Blei (2019) for performance, the dimensionality of the latent factors exceeds the dimen-
sionality of the data. In a frequentist setting, these models would exactly reconstruct the observed
treatments (they all nest 2-dimensional PCA as a special case). The models are fit with Bayesian
methods but using broad priors. As a result, it would appear that they only reason they fail to per-
fectly reconstruct the treatments is noise in the posterior approximation. This renders the models
estimable, but uninformative about performance of the deconfounder.
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D.6.2 DEVIATIONS IN OUR PROCEDURE

In re-implementing the simulation we tried to strike a balance between remaining comparable to
the original design and making changes that we felt were essential to being able to interpret the
simulation. In total, we estimate three baseline specifications: naive regression, the oracle model
and a regression controlling for WB’s controls as well as five sets of deconfounder models based
on specifications by WB (Linear Factor Model with 1 dimension, Quadratic Factor Model with 1-3
dimensions and Quadratic Factor Model with 1 dimension and controls). For each set of models we
report three variants: the substitute confounder (controlling for Z ), reconstructed causes as stated
in the paper (replacing the treatment with A — A) and reconstructed causes as implemented in their
code (controlling for A) This adds the specification of the controls alone and includes both versions
of the reconstructed causes. We outline the other changes we make here along with our rationale.

Deviation 1: OLS Outcome Regression. We use an OLS outcome regression and average results over
1000 draws of the factor model’s posterior distribution (rather than 5). This ensures the compu-
tation of the approximate joint posterior mean is not too noisy. The 1000 regressions can be done
computationally efficiently by noting that the design matrix stays fixed. Denoting the design matrix
X we precompute (X’X)~! X’ which means the full set of 1000 regressions can be computed with
a single additional matrix multiply.

Deviation 2: Fixed Simulation Coefficients It is difficult to evaluate properties like bias when the
coefficients are varying across runs. To see why this would be complicated, consider an estimator
that was biased towards zero, and imagine that the calculation applied was E[BAZ — B;] where 5;
was sampled from a normal distribution. The upward and downward biases would cancel each
other out over draws, leading to an estimate of approximately 0. We avoid this problem by fixing
the coefficients to arbitrarily chosen values (1,1,1) and then assessing the bias, variance and mean-
squared-error of the posterior mean. The results are driven primarily by bias so we report only the
root mean squared error.

Deviation 3: Removed Holdout Procedure We were concerned about the effects of the mean impu-
tation so we removed the holdout procedure entirely. Once this was done, the treatments do not
change across simulations.

Deviation 4: Change in the Reconstructed Causes. We replace the reconstructed causes with

K K
Ai=0015"60027,,,+5 00 22,
k=1 k=1

in each sample from the posterior. Due to the sampling of Z and 6, the reconstructed cause is
almost surely not collinear with A.

Deviation 5: Remove the intercept. We remove the intercept from the true model to be consistent
with the equations in Wang and Blei (2019).

Deviation 6: Treat categorical control variables as factors. We treat categorical control variables as
factors rather than numeric variables as done in the original simulation design.

D.6.3 CoNCERNS WE Do NOT ADDRESS

There were several issues in the simulation design that we did not address because we felt that to
do so would too fundamentally alter the simulation.
e For the treatments, we continue treating the factor variables as continuous variables because
otherwise the dimension of A changes
o Aexp is skewed (it is logged in Imai and Van Dyk 2004) which affects the normality assumptions
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e Often, models involve many more dimensions than the two in the observed data. It is unclear
why the model is not fitting the data perfectly in these settings or why analysts should use
latent variable modes with many more latent variables than observed dimensions.

D.6.4 NEw RESULTS: INSTABILITY IN FACTOR MODELS

We first demonstrate that a substantial amount of variation in the original results is due to instability
in factor model estimation. Table 9 shows results across four different factor model fits, labeled F1—
4. Because we removed the model checking using held-out data, the inputs across all four models
are identical, so only the seed changes across the four iterations. The differences in the learned
factor models induce substantial differences in the RMSE of the resulting estimates. For example,
the two-dimensional quadratic model with substitute confounder (one of the preferred specifications
in Wang and Blei 2019 and row 11 of our Table 9) ranges from 12% better to 30% worse than the
naive estimate for the effect of Treatment 1.

We note that different adjustment strategies (Sub., Rec., Rec. 2) used with the same factor
model can yield substantially different results. Because the PPC is specific to the factor model
and not the adjustment strategy, it cannot provide information about which would provide better
performance.

Treatment 1 Treatment 2

F1 F2 F3 F4 F1 F2 F3 F4

Naive 1.00 1.00

Baseline Oracle 0.043 0.026

Controls 0.900 1.094
Sub. 1.020 1.176 1.065 0.980 | 1.011 1.093 1.033 0.987
Lin. (1 dim.) Rec. 0.253 0.181 0.843 0.665 | 0.617 0.529 0.911 0.816
Rec. 2 1.020 1.176 1.065 0.980 | 1.011 1.093 1.033 0.987
Sub. 0.657 1.054 0.759 1.097 | 0.861 0.989 1.022 0.908
Quad. (1 dim.) Rec. 0.533 1.298 1.135 0.375 | 1.733 1.278 2.243 0.481
Rec. 2 1.299 1.503 1.026 0.136 | 2.186 1.503 1.702 0.545
Sub. 0.882 1.028 1.317 1.012 | 0.834 0.941 0.569 0.921
Quad. (2 dim.) Rec. 3.399 1.814 1.094 6.526 | 1.315 0.872 2.431 0.701
Rec. 2 0.640 0.711 0.498 0.538 | 1.848 1.117 0.915 1.329
Sub. 1.638 1.856 1.003 1.398 | 1.060 0.964 1.003 0.440
Quad. (3 dim.) Rec. 6.870 5.692 1.441 4.737 | 0.113 3.327 3.864 2.089
Rec. 2 0.502 1.777 0.850 0.445 | 1.859 1.420 1.124 1.116
Quad.(1 dim.) Sub. 0.586 0.945 0.665 0.990 | 0.966 1.085 1.116 1.009
w/ Controls Rec. 0.636 1.112 1.033 0.446 | 1.744 1.179 2.146 0.515
Rec. 2 1.221 1.334 0.876 0.173 | 2.179 1.528 1.653 0.659

Table 9: Smoking simulation results vary substantially by factor model run.This table shows the
ratio of root mean squared-error to the naive regression for 18 different specifications and
four different runs of each factor model. Values above 1 indicate that the model is perform-
ing worse than the naive regression and models below 1 indicate it is performing better.
The left column provides the factor model and the second column provides the adjustment
strategy. “Sub.” is the substitute confounder; “Rec.” is the reconstructed causes approach
stated in the paper; and “Rec. 2”7 is the two-parameter reconstructed causes approach
implemented in code. Deconfounder models do not consistently perform better than naive
regression.

59



GRIMMER, KNOX AND STEWART

As in Wang and Blei (2019) we do not observe substantial benefits from including covariates with
the deconfounder. However, line three of the table makes clear that this is because the covariates
alone are not sufficient to improve over the naive regression. In practice this is because they are
essentially uncorrelated with the variable chosen to be the unobserved confounder. Thus, we should
not draw conclusions from this study about the role of measured confounders.

We have only shown one set of simulated coefficients here. However, because the RMSE is driven
almost entirely by the bias term, the results here are extremely well predicted by the standard

omitted variable bias formula. Define X = (Amar, Aexp, Z) then,

bias(/@mara ﬁexp) = (XTX)ilXTZ/Bage

For a fixed factor model, and thus a fixed Z, we can calculate the bias for any setting of the true
coefficient Bage-

D.6.5 NEw REsuLTs: Max ELBO ofF THE FACTOR MODELS

The variational inference procedure comes with a natural mechanism for choosing among the factor
models. We run each model twenty times and choose the one that maximizes the evidence lower
bound. In rstan this has to be parsed from a log that collects the material printed to the screen as
it is not included in the returned output. The results are in Table 10.

In practice we observe that all the linear factor model fits are very similar, but the quadratic
factor models vary substantially. Those where k > m vary the most. Thus while we maximized the
ELBO over twenty different fits, we would expect that results would be unstable under replication.
We present these results simply to demonstrate that the ELBO does not provide a way to resolve
the problem demonstrated in the previous subsection.

D.7 Conclusions on Smoking

The smoking simulation in Wang and Blei (2019) seeks to use a semisynthetic design to justify
a number of conclusions about the deconfounder’s performance. Unfortunately, as we have shown,
these conclusions do not hold under reasonable adjustments and extensions to the simulation design.
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Treatment 1 | Treatment 2
Naive 1.000 1.000
Baseline Oracle 0.044 0.025
Controls 0.900 1.094
Sub. 1.062 1.033
Lin. (1 dim.) Rec. 1.325 1.151
Rec. 2 1.061 1.033
Sub. 0.648 0.844
Quad. (1 dim.) Rec. 1.027 1.865
Rec. 2 1.748 2.437
Sub. 2.648 0.308
Quad. (2 dim.) Rec. 4.073 1.214
Rec. 2 0.718 1.353
Sub. 2.192 0.840
Quad. (3 dim.) Rec. 3.290 1.362
Rec. 2 0.605 0.924
. Sub. 0.566 0.947
Q“ivd/' élojtlgli Rec. 1.166 1.889
Rec. 2 1.670 2.421

Table 10: Deconfounder does not outperform the naive regression in the smoking simulation. This
table shows the ratio of root mean squared-error to the naive regression for 18 differ-
ent specifications using the factor model which maximized the ELBO over twenty runs.
Values above 1 indicate that the model is performing worse than the naive regression
and models below 1 indicate it is performing better. The left column provides the factor
model and the second column provides the adjustment strategy. “Sub.” is the substitute
confounder; “Rec.” is the reconstructed causes approach stated in the paper; and “Rec.
2” is the two-parameter reconstructed causes approach implemented in code. Models do
not consistently perform better than naive. See cautionary note in main text, results are
very unstable.
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Appendix E. Breast Cancer Tutorial

The GitHub tutorial examines the effect of various tumor features on the diagnosis of breast cancer
tumors. The tutorial uses approximate inference to fit a probabilistic principal components model
to estimate the substitute confounder and then assert this provides valid causal estimates. This
assertion is based on a non-standard assessments of whether a model is causal or not. We show
that the full deconfounder is only estimable because the approximate inference leads to considerable
noise in the estimated substitute confounder. When a more standard estimation procedure for the
substitute confounder is deployed, the full deconfounder is only estimable with a penalized regression.
The coefficient estimate that we obtain is entirely dependent on the amount of penalization. This
demonstrates that the deconfounder is not particularly helpful for causal inference in this setting.

Using a breast cancer data set that is distributed with scikit-learn, the tutorial estimates a
substitute confounder using black-box variational inference. The tutorial argues that approximate
inference is completely acceptable and can be ignored. We show this is not the case—approximate
inference adds considerable noise to the estimated substitute confounder. Consider the left-hand
facet of Figure 2 which compares the first dimension of the estimated substitute confounder from
approximate inference (vertical axis) to the substitute confounder estimated using PCA. This shows
that the estimated substitute confounder is a noisy version of PCA (we have not rotated the loadings,
which explains the negative relationship). But the right-hand facet compares the estimate of the
substitute confounder estimated from PPCA using maximum likelihood estimation against PCA.
The estimated loadings using maximum likelihood to fit a PPCA model are effectively identical to
the loadings from PCA, just scaled differently. In short, the approximate inference procedure leads
to a poorly estimated model.

The result of this poorly estimated factor model is that including the substitute confounder has
little effect on the actual coefficient estimates, yielding estimates that are nearly identical to a nalve
regression. Column 1 of Table 11 provides the coefficient estimates of features on breast cancer
diagnosis using the original estimates of the substitute confounder in a logistic model. Rather than
make the non-standard step of subsetting to only 80% of the data, we fit the model to the entire data
set. We want to emphasize that this model is estimable solely because the approximate inference
procedure yields a poor estimate of the parameters of the PPCA model. As we might expect
give this fact, the second column shows that a naive logistic regression that simply ignores those
confounders yields nearly identical results. In the third column we obtain coefficient estimates,
but now we estimate the substitute confounder using standard PCA. Without the errors in the
estimated substitute confounder from approximate inference, the model is no longer estimable using
a standard logistic regression. Instead we rendered the model estimable with a ridge regression,
with the penalty selected using cross validation. This yields dramatically different results. Many of
the coefficients have effect sizes that are orders of magnitude smaller. The final column shows the
estimates from the one-at-a-time deconfounder, fit using a logistic regression. This reveals strikingly
different results from those reported in the online tutorial: the sign flips on half of the coefficients.

Deviations
e We fit the outcome regression on the entire data set, rather than using an 80% held out
data set.
e Given the severe errors in the approximate inference procedure, we use standard PCA
estimation routines.
Their Results: The tutorial claims this model provides robust causal effect estimates.
Our Results: We show that the model in WB’s tutorial is estimable solely because of errors
in the estimation of the PCA model. Once corrected, we obtain different coefficient results that
vary substantially depending on how we apply the deconfounder.
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Figure 2: The tutorial’s procedure for estimating the substitute confounder adds unnecessary noise.
The left-hand plots shows the relationship between the substitute confounder estimated
using approximate inference and the substitute confounder estimated using traditional
PCA. The approximate inference adds considerable noise. The right-hand plot shows that
if we use well known MLE routines for estimating PPCA there is no disagreement between
the loadings. Approximate inference, then, leads to considerable and unnecessary error.
Full Deconfounder Naive Full Deconfounder One-at-a-Time
WB PCA True PCA True PCA
Mean radius -3.10 -3.48 -0.81 -0.56
Mean texture -1.38 -1.64 -0.51 -0.07
Mean smoothness -0.87 -1.07 -0.38 -1.31
Mean compactness 1.28 0.88 -0.29 2.59
Mean concavity -0.77 -1.19 -0.50 1.37
Mean concave points -1.78 -2.27 -0.75 -0.97
Mean symmetry -0.24 -0.50 -0.24 -0.34
Mean fractal dimension 0.27 0.19 0.29 0.98
Table 11: Correctly estimating PCA leads to dramatically different results. The first column repli-

cates the exact procedure from the GitHub tutorial, but estimate the coefficients on the
entire sample. The second column merely drops the substitute confounder and yields very
similar results. The third column estimates the full deconfounder using the true PCA
estimates, using a penalized ridge regression to fit the model. This yields dramatically
different results, consistent with our theoretical results. The fourth column provides the
results from a one-at-a-time deconfounder. This shows even more deviations, with half
of the coefficients changing signs, and many coefficients exhibiting orders of magnitude
effect estimate changes.
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Appendix F. Posterior Predictive Model Checking Does Not Reliably
Identify When the Deconfounder Works

We have shown that it is impossible to know when the deconfounder improves over the naive re-
gression in practice. Throughout their papers, Wang and Blei (2019) and Zhang et al. (2019) use
a framework of posterior predictive checks (PPCs) to “greenlight” their use of the deconfounder in
practice and adjudicate between alternative estimators. Wang and Blei (2019) explain,

“We consider predictive scores with predictive scores larger than 0.1 to be satisfactory; we
do not have enough evidence to conclude significant mismatch of the assignment model.
Note that the threshold of 0.1 is a subjective design choice. We find such assignment
models that pass this threshold often yield satisfactory causal estimates in practice”
(Wang and Blei, 2019, p. 1581).

If PPCs could be used in this way, it would allow highly flexible density estimation models to be used,
even when the true parametric form was unknown—as is always the case in practice. The proof of
the subset deconfounder establishes that this is impossible in that setting because the performance
of the subset deconfounder depends on untestable assumptions about the treatment effects. For the
full deconfounder, the check in WB are not well-suited to evaluating the conditional independence
of A given Z which is perhaps the most relevant observable property (Imai and Jiang, 2019).

We evaluate the performance of PPCs on a quadratic-Poisson factor model with n = 10000
observations and m = 100 treatments,

Z; ~ N(0,0.2)
A;j ~ Poisson (exp (0,1Z; + 0;2Z7))
Y; ~ N(Azﬁ + Z;, 0'1) )

where 01,02 ~ N(0,1) and 3 is set equal to (0.8, —0.6,0.4, —1.2) repeated 25 times. We compare
the naive regression and the oracle to the two versions of the subset deconfounder: (i) using a Deep
Exponential Family (DEF) (Ranganath et al., 2015) with (5,3,1) layers to estimate the substitute
confounder, and (ii) using a two-dimensional PCA to estimate the substitute confounder.

The results in Figure 3 show the average RMSE for each adjustment strategy plotted at the
corresponding PPC for the DEF. The average RMSE for the DEF-deconfounder is approximately
equal, whether the model passes the PPC or not. Further, we see that there is considerable variation.
We see that there can be extremely large RMSEs from estimation when the deconfounder passes
the PPC and quite small when it fails the PPC. We also find that more complex models do not
outperform simple alternatives. The average RMSE of the deconfounder using DEF is over three-
times larger than the average RMSE when using PCA—even though the true underlying model that
generated the treatments is nonlinear in the substitute confounder. But both implementations of the
deconfounder perform considerably worse than the naive regression. The DEF deconfounder that
pass the PPC has an average RMSE 5.8 times the average RMSE of the naive regression, while the
PCA deconfounder has an average RMSE 1.8 times the average RMSE of the naive estimator. In
every simulation, the average RMSE from the naive regression is better than either implementation
of the deconfounder.

This suggests that PPCs cannot help us distinguish when the deconfounder will improve over
alternatives. There is considerable noise in the RMSE of models that pass or do not pass PPCs, so the
safest conclusion is that there is no difference between the RMSE of applications of the deconfounder
that do and do not pass the PPC. The simulation also demonstrates that if the functional form of
the factor model is unknown, a flexible factor model can perform considerably worse than simpler
models, even when the true data generating process is nonlinear and the flexible model passes model-
fit checks. Most importantly, the deconfounder’s estimates can be considerably worse than a naive
estimator which simply ignores confounding. In short, model checking and flexible nonlinear factor
models cannot solve the deconfounder’s problems.
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Figure 3: Posterior predictive checks do not reliably identify when the deconfounder outperforms the
naive estimator. The horizontal axis is the predictive score from the posterior predictive
check of the DEF and the vertical axis is the average RMSE for the treatment effect
estimates. The red points are the average RMSE from applications of the DEF that failed
the predictive score check, while the green points are the average RMSE from applications
of the DEF that passed the predictive score check.
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Appendix G. Additional Results from Actor Application

We offer several variants of the deconfounder results below. “WB Deconfounder” is the cached
results of the Poisson Matrix Factorization run in Wang and Blei (2019). The “Deconfounder,
Full” is our re-estimated model using the same code. In Wang and Blei (2019), the analyses did
not condition on any observed covariates. After we shared our draft with Wang and Blei in July
2020, they posted a reference implementation of the deconfounder that provided an illustration of
conditioning on budget and runtime.

G.1 Top Actors by Multiplicative Effect ebi

Naive, Full. Stan Lee (x9.31), John Ratzenberger (x9.26), Sacha Baron Cohen (x7.09), Leonardo
DiCaprio (x5.50), Josh Hutcherson (x5.19), Corey Burton (x4.80), Brian Doyle Murray (x4.79),
Tom Hanks (x4.76), Julie Andrews (x4.64), Desmond Llewelyn (x4.55), Will Smith (x4.36), Ava
Acres (x4.24), Crispin Glover (x4.12), Warwick Davis (x4.10), Andy Serkis (x4.02), Eddie Murphy
(x3.88), Shia LaBeouf (x3.81), Tomas Arana (x3.79), Judi Dench (x3.75), Penélope Cruz (x3.66),
Tom Cruise (x3.49), Blythe Danner (x3.46), Jay Baruchel (x3.46), Harrison Ford (x3.42), Michael
Douglas (x3.37)

WB Deconfounder, Full. Stan Lee (x9.29), John Ratzenberger (x8.29), Sacha Baron Cohen (x8.12),
Josh Hutcherson (x5.02), Corey Burton (x4.91), Leonardo DiCaprio (x4.87), Tom Hanks (x4.71),
Ava Acres (x4.55), Julie Andrews (x4.38), Will Smith (x4.37), Desmond Llewelyn (x4.19), Crispin
Glover (x4.19), Eddie Murphy (x4.18), Andy Serkis (x4.14), Judi Dench (x3.99), Shia LaBeouf
(x3.92), Brian Doyle Murray (x3.91), Tobin Bell (x3.63), Tomas Arana (x3.61), George Lopez
(x3.56), Warwick Davis (x3.55), Blythe Danner (x3.52), Mary Elizabeth Winstead (x3.52), Tom
Cruise (x3.46), Penélope Cruz (x3.45)

Deconfounder, Full. Courteney Cox (x15.32), Tom Cruise (x14.74), John Ratzenberger (x11.13),
Vera Farmiga (x9.86), Sacha Baron Cohen (x9.83), Kim Coates (x9.76), Charlize Theron (x8.74),
James Badge Dale (x8.65), Patrick Wilson (x8.58), Penélope Cruz (x8.41), Rafe Spall (x8.09), Tom
Hanks (x8.02), Jeffrey Tambor (x7.63), Albert Finney (x7.17), Crispin Glover (x6.94), Garrett
Hedlund (x6.86), Octavia Spencer (x6.78), Emile Hirsch (x6.75), Leonardo DiCaprio (x6.61), Tim
Robbins (x6.48), Chiwetel Ejiofor (x6.45), Ewen Bremner (x6.39), John Heard (x6.20), Johnny
Knoxville (x6.01), George Clooney (x6.00)

Budget Adjustment, Full. Sacha Baron Cohen (x6.93), Brian Doyle Murray (x4.08), Conrad Vernon
(x4.04), Julie Andrews (x3.84), Tomas Arana (x3.83), Crispin Glover (x3.73), John Ratzenberger
(x3.55), Tobin Bell (x3.46), Leonardo DiCaprio (x3.41), Keira Knightley (x3.29), Reese Wither-
spoon (x3.27), Josh Hutcherson (x3.10), Desmond Llewelyn (x3.09), Tom Hanks (x2.92), George
Lopez (x2.87), James Rebhorn (x2.85), Clea DuVall (x2.85), Jason Sudeikis (x2.83), Allen Covert
(x2.79), Alan Rickman (x2.76), Anna Kendrick (x2.75), Jodie Foster (x2.73), Andy Samberg
(x2.69), John Heard (x2.64), Michael Kelly (x2.64)

Naive, One at a Time. Jess Harnell (x12.28), Ava Acres (x10.16), Warwick Davis (x10.09), Stan
Lee (x9.85), Orlando Bloom (x9.50), Hugo Weaving (x8.42), Chris Miller (x8.35), Conrad Vernon
(x7.92), John Ratzenberger (x7.91), Mickie McGowan (x7.67), Julie Walters (x7.11), Christo-
pher Lee (x7.03), Danny Mann (x6.98), Lasco Atkins (x6.50), Ian McKellen (x6.44), Tom Felton
(x6.26), Daniel Radcliffe (x6.23), Andy Serkis (x6.19), Sacha Baron Cohen (x6.10), Timothy Spall
(x6.03), Frank Oz (x6.01), Emma Watson (x5.82), Pat Kiernan (x5.69), Bonnie Hunt (x5.68),
Denis Leary (x5.26)

WB Deconfounder, One at a Time. Jess Harnell (x13.49), Ava Acres (x10.49), Chris Miller (x9.19),
Orlando Bloom (x9.02), Stan Lee (x8.77), Conrad Vernon (x8.61), Hugo Weaving (x7.72), Warwick
Davis (x7.39), John Ratzenberger (x7.35), Mickie McGowan (x7.09), Christopher Lee (x6.86),
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Danny Mann (x6.50), Julie Walters (x6.27), Tan McKellen (x6.21), Lasco Atkins (x6.16), Denis
Leary (x5.68), Sacha Baron Cohen (x5.67), Tom Felton (x5.57), John DiMaggio (x5.56), Chris
Ellis (x5.43), Andy Serkis (x5.41), Julie Andrews (x5.37), Frank Oz (x5.22), Bonnie Hunt (x5.08),
Timothy Spall (x5.06)

Deconfounder, One at a Time. Lasco Atkins (x5.64), Sacha Baron Cohen (x4.24), John Ratzen-
berger (x4.01), Desmond Llewelyn (x3.91), Will Smith (x3.64), Tom Cruise (x3.63), Brad Gar-
rett (x3.56), Hugo Weaving (x3.46), Ving Rhames (x3.38), Ian McKellen (x3.30), Naomie Har-
ris (x3.27), Jeffrey Tambor (x3.13), Warwick Davis (x3.10), Ava Acres (x3.06), Orlando Bloom
(x3.06), Jet Li (x2.94), Julie Walters (x2.92), Brent Spiner (x2.91), Stan Lee (x2.91), Lois Maxwell
(x2.90), Corey Burton (x2.79), Christoph Waltz (x2.78), Jess Harnell (x2.77), Michelle Rodriguez
(%2.72), Judi Dench (x2.66)

G.2 Top Actors by Appearance-weighted Log-scale Coefficients nij

Naive, Full. Stan Lee (58.01), John Ratzenberger (48.98), Tom Hanks (46.81), Tom Cruise (41.21),
Harrison Ford (36.87), Arnold Schwarzenegger (36.84), Morgan Freeman (36.02), Will Smith (35.36),
Eddie Murphy (32.55), Leonardo DiCaprio (32.41), Brad Pitt (31.35), Bruce Willis (30.70), Judi
Dench (30.42), Robert De Niro (29.12), John Travolta (28.56), Denzel Washington (27.26), Jim Car-
rey (26.84), Jack Black (26.83), Robin Williams (26.06), Desmond Llewelyn (25.75), John Leguizamo
(23.72), Scarlett Johansson (22.62), Octavia Spencer (21.71), Leslie Mann (21.57), Matt Damon
(21.46)

WB Deconfounder, Full. Stan Lee (57.96), John Ratzenberger (46.53), Tom Hanks (46.48), Tom
Cruise (40.95), Harrison Ford (37.05), Arnold Schwarzenegger (36.59), Morgan Freeman (35.86), Will
Smith (35.39), Eddie Murphy (34.33), Brad Pitt (32.93), Judi Dench (31.80), Leonardo DiCaprio
(30.07), Bruce Willis (29.15), Robin Williams (28.20), Jack Black (28.01), Robert De Niro (27.60),
Jim Carrey (27.26), John Travolta (26.68), John Leguizamo (25.68), Liam Neeson (25.24), Denzel
Washington (24.91), Desmond Llewelyn (24.36), Matt Damon (24.22), Scarlett Johansson (24.21),
Octavia Spencer (24.11)

Deconfounder, Full. Tom Cruise (88.80), Tom Hanks (62.45), George Clooney (55.52), John Ratzen-
berger (53.01), Octavia Spencer (44.04), Charlize Theron (43.36), Mark Wahlberg (42.11), Bruce
Willis (40.40), Morgan Freeman (38.59), Ryan Reynolds (38.07), Harrison Ford (37.17), Leonardo Di-
Caprio (35.88), Will Smith (35.71), Jim Broadbent (34.99), Jason Statham (34.81), Stellan Skarsgard
(32.83), Jeffrey Tambor (32.52), Patrick Wilson (32.25), Jason Flemyng (31.98), Penélope Cruz
(31.94), Zoe Saldana (30.97), Laurence Fishburne (30.86), Sylvester Stallone (30.23), James Remar
(30.12), Mickey Rourke (29.07)

Budget Adjustment, Full. Tom Hanks (32.14), John Ratzenberger (27.85), Harrison Ford (27.61),
Morgan Freeman (23.66), Leonardo DiCaprio (23.30), Octavia Spencer (21.69), Reese Witherspoon
(21.35), Robert De Niro (21.35), Tom Cruise (21.23), Denzel Washington (20.95), Scarlett Johansson
(20.85), Eddie Murphy (20.59), Keira Knightley (20.27), Ralph Fiennes (20.20), Sacha Baron Cohen
(19.36), Alan Rickman (19.27), Desmond Llewelyn (19.17), John Leguizamo (19.00), Jim Carrey
(18.88), George Clooney (18.87), John Travolta (18.86), Robin Williams (18.82), Philip Seymour
Hoffman (18.16), Patricia Clarkson (18.02), Brad Pitt (17.34)

Naive, One at a Time. Stan Lee (59.49), John Ratzenberger (45.50), Tom Cruise (42.97), Morgan
Freeman (42.31), Hugo Weaving (40.47), Tom Hanks (37.46), Samuel L Jackson (36.98), Frank
Welker (36.69), Will Smith (35.78), Jess Harnell (35.11), Ian McKellen (33.52), Christopher Lee
(31.19), Bill Hader (30.36), Liam Neeson (29.64), Bruce Willis (29.30), Orlando Bloom (29.26),
Cameron Diaz (29.09), Brad Pitt (28.29), Judi Dench (27.80), Warwick Davis (27.74), Danny
Mann (27.20), Cate Blanchett (27.14), Stellan Skarsgard (27.05), Alan Tudyk (26.92), Harrison
Ford (26.72)
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WB Deconfounder, One at a Time. Stan Lee (56.45), John Ratzenberger (43.90), Tom Cruise (40.47),
Morgan Freeman (39.43), Hugo Weaving (38.83), Tom Hanks (38.07), Jess Harnell (36.42), Frank
Welker (35.07), Will Smith (34.04), Samuel L Jackson (32.97), Ian McKellen (32.86), Liam Neeson
(32.22), Bill Hader (31.23), Christopher Lee (30.82), Cameron Diaz (30.40), Judi Dench (29.17),
Bruce Willis (28.90), Cate Blanchett (28.68), Orlando Bloom (28.59), Brad Pitt (28.00), Jonah Hill
(27.59), Stellan Skarsgard (27.30), Alan Tudyk (27.15), Danny Mann (26.21), Harrison Ford (26.00)

Deconfounder, One at a Time. Tom Cruise (42.54), Will Smith (31.01), John Ratzenberger (30.58),
Morgan Freeman (29.26), Harrison Ford (27.97), Stan Lee (27.76), Tom Hanks (25.50), Arnold
Schwarzenegger (24.14), Frank Welker (23.91), Hugo Weaving (23.59), Desmond Llewelyn (23.18),
Liam Neeson (22.72), Jim Carrey (22.59), Judi Dench (22.51), Ving Rhames (21.90), Tan McKellen
(21.52), Bruce Willis (21.47), Robin Williams (19.48), Jeffrey Tambor (18.27), Patrick Stewart
(18.06), Mark Wahlberg (17.77), Alan Tudyk (17.41), Lasco Atkins (17.31), Hugh Jackman (16.05),
Lois Maxwell (15.98)

68



NAIVE REGRESSION REQUIRES WEAKER ASSUMPTIONS THAN FACTOR MODELS. . .

References

Peter Bithlmann and Domagoj Cevid. Deconfounding and causal regularisation for stability and
external validity. International Statistical Review, 88:5114-S134, 2020.

Domagoj Cevid, Peter Biihlmann, and Nicolai Meinshausen. Spectral deconfounding via perturbed
sparse linear models. The Journal of Machine Learning Research, 21(1):9442-9482, 2020.

Victor Chernozhukov, Christian Hansen, and Yuan Liao. A lava attack on the recovery of sums of
dense and sparse signals. The Annals of Statistics, 45(1):39-76, 2017.

Alexander D’Amour. Comment: Reflections on the deconfounder. Journal of the American Statistical
Association, 114(528):1597-1601, 2019a.

Alexander D’Amour. On multi-cause approaches to causal inference with unobserved counfounding;:
Two cautionary failure cases and a promising alternative. In The International Conference on
Artificial Intelligence and Statistics, pages 3478-3486, 2019b.

Jerome Friedman, Trevor Hastie, and Robert Tibshirani. Regularization paths for generalized linear
models via coordinate descent. Journal of Statistical Software, 33(1):1-22, 2010.

Zijian Guo, Domagoj Cevid, and Peter Biihlmann. Doubly debiased lasso: High-dimensional infer-
ence under hidden confounding. Annals of Statistics, 50(3):1320, 2022.

Trevor Hastie, Robert Tibshirani, and Jerome Friedman. The Elements of Statistical Learning.
Springer, 2013.

Kosuke Imai and Zhichao Jiang. Comment: The challenges of multiple causes. Journal of the
American Statistical Association, 114(528):1605-1610, 2019.

Kosuke Imai and David A Van Dyk. Causal inference with general treatment regimes: Generalizing
the propensity score. Journal of the American Statistical Association, 99(467):854-866, 2004.

Elizabeth Johnson, Francesca Dominici, Michael Griswold, and Scott L Zeger. Disease cases and their
medical costs attributable to smoking: an analysis of the national medical expenditure survey.
Journal of Econometrics, 112(1):135-151, 2003.

Alp Kucukelbir, Dustin Tran, Rajesh Ranganath, Andrew Gelman, and David M Blei. Automatic
differentiation variational inference. Journal of Machine Learning Research, 18(1):430-474, 2017.

Wang Miao, Zhi Geng, and Eric J Tchetgen Tchetgen. Identifying causal effects with proxy variables
of an unmeasured confounder. Biometrika, 105(4):987-993, 2018.

Wang Miao, Wenjie Hu, Elizabeth L Ogburn, and Xiao-Hua Zhou. Identifying effects of multi-
ple treatments in the presence of unmeasured confounding. Journal of the American Statistical
Association, pages 1-15, 2022.

Elizabeth L Ogburn, Ilya Shpitser, and Eric J Tchetgen Tchetgen. Comment on “blessings of
multiple causes”. Journal of the American Statistical Association, 114(528):1611-1615, 2019.

Alkes L Price, Nick J Patterson, Robert M Plenge, Michael E Weinblatt, Nancy A Shadick, and
David Reich. Principal components analysis corrects for stratification in genome-wide association
studies. Nature Genetics, 38(8):904-909, 2006.

Rajesh Ranganath, Sean Gerrish, and David M Blei. Black box variational inference. In International
Conference on Artificial Intelligence and Statistics, 2014.

69



GRIMMER, KNOX AND STEWART

Rajesh Ranganath, Linpeng Tang, Laurent Charlin, and David Blei. Deep exponential families. In
International Conference on Artificial Intelligence and Statistics, pages 762-771, 2015.

P. M. Robinson. Root-n-consistent semiparametric regression. FEconometrica, 56(4):931-954, 1988.

Michael E Tipping and Christopher M Bishop. Probabilistic principal component analysis. Journal
of the Royal Statistical Society: Series B (Statistical Methodology), 61(3):611-622, 1999.

Yixin Wang. The blessings of multiple causes: A tutorial. GitHub Repository, August 2019. Commit
7bab53b5d669bb90b3cdd7cf2bed2e686328dcel.

Yixin Wang and David M Blei. The blessings of multiple causes. Journal of the American Statistical
Association, 114(528):1574-1596, 2019.

Yixin Wang and David M Blei. Towards clarifying the theory of the deconfounder. arXiv preprint
arXiv:2003.04948, 2020.

Linying Zhang, Yixin Wang, Anna Ostropolets, Jami J. Mulgrave, David M. Blei, and George
Hripcsak. The medical deconfounder: Assessing treatment effects with electronic health records.
In Machine Learning for Healthcare Conference, volume 106, pages 490-512. PMLR, 09-10 Aug
2019.

Jiajing Zheng, Alexander D’Amour, and Alexander Franks. Copula-based sensitivity analysis for
multi-treatment causal inference with unobserved confounding. arXiv preprint arXiv:2102.09412,
2021.

70



	Introduction
	The Deconfounder and Multiple Causal Inference
	The Deconfounder and Related Work
	Takeaways and Contributions

	Asymptotic Theory Justifies the Naïve Regression Whenever the Deconfounder Can Be Used
	The Linear-Linear Model and Strong Infinite Confounding
	The Naïve Regression in the Linear-Linear Setting
	Deconfounder Under the Linear-Linear Model
	Asymptotic Theory for Full Deconfounder Variants
	Asymptotic Theory for the Subset Deconfounder
	Takeaways

	Extensions to Separable Nonlinear Settings

	Deconfounder Does Not Consistently Outperform Naïve Regression in Finite Samples
	Linear-Linear Deconfounders Only Help When Biases Cancel
	The Medical Deconfounder
	The Subset Deconfounder
	Takeaways

	Nonlinear Deconfounder and Naïve Approaches Can Sometimes Exploit Parametric Information
	Takeaways

	Key Takeaways and Additional Empirical Results

	Neither Naïve Regression nor Deconfounder are Currently Suitable For Real World Applications
	Actor Case Study Reveals Limitations of the Deconfounder
	Strong Assumptions Rule Out Other Applications
	Takeaways

	Discussion
	 Appendices
	Notation
	Derivations
	Minor Asymptotic Results
	Properties of Probabilistic Principal Component Analysis
	Consistency and Inconsistency Results for the Deconfounder
	An Example when Strong Infinite Confounding Fails
	Behavior of the Naïve Estimator

	Bias of the Naïve Estimator
	Bias of the Penalized Deconfounder Estimator
	Bias of the Penalized Deconfounder Estimator under Nonlinear Confounding
	Bias of the White-noised Deconfounder Estimator
	Bias of the Posterior-mean Deconfounder Estimator
	Bias of the Subset Deconfounder
	Subset Deconfounder Requires Assumptions about Treatment Effects
	Subset Deconfounder as Regularization
	Convergence of Deconfounder and Naïve Estimators
	Inconsistency of the Deconfounder in Nonlinear Settings

	Simulation Details
	Common Deviations in Simulation Setups
	Stabilizing Estimation
	Probing the Simulations
	Removing the Holdout Procedure
	Medical Deconfounder Simulations
	Simulation Study 1: One Real Cause
	Simulation Study 2: A Multi-Medication Simulation

	Tutorial Simulations
	The Logistic Simulation
	The Quadratic Simulation

	The GWAS Simulation
	Overview
	Simulation Procedure

	Subset Deconfounder

	The Smoking Simulation
	Original Design in WanBle19
	Data Generating Process
	Factor Model Inference in WanBle19
	A Note on the Holdout Procedure
	Estimators in WanBle19

	Outcome Regression: Bayesian Linear Regression
	Bias Calculation
	Variance Calculation
	Mean Squared Error
	Comparison with the Naïve and Oracle Regressions

	Original Priors
	Original Outcome Regression: OLS
	Reported Bias Calculation
	Reported Variance Calculation
	Reported Mean Squared Error

	Original Reported Results
	New Results
	Factor models where k m
	Deviations in Our Procedure
	Concerns We Do Not Address
	New Results: Instability in Factor Models
	New Results: Max ELBO of the Factor Models

	Conclusions on Smoking

	Breast Cancer Tutorial
	Posterior Predictive Model Checking Does Not Reliably Identify When the Deconfounder Works
	Additional Results from Actor Application
	Top Actors by Multiplicative Effect ej
	Top Actors by Appearance-weighted Log-scale Coefficients nj j



