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Abstract

Based on the Riemannian manifold model, we study the asymptotic behavior of a widely applied
unsupervised learning algorithm, locally linear embedding (LLE), when the point cloud is sampled
from a compact, smooth manifold with boundary. We show several peculiar behaviors of LLE near
the boundary that are different from those diffusion-based algorithms. In particular, we show that
LLE pointwisely converges to a mixed-type differential operator with degeneracy and we calculate
the convergence rate. The impact of the hyperbolic part of the operator is discussed and we propose
a clipped LLE algorithm which is a potential approach to recover the Dirichlet Laplace-Beltrami
operator.

Keywords: Locally linear embedding; manifold learning; manifold with boundary; mixed-type
differential operator; Dirichlet Laplace-Beltrami operator.

1. Introduction

Arguably, unsupervised learning is the holy grail of artificial intelligence. While a lot of challenges
are on different fronts, many attempts have been explored, including ISOMAP (Tenenbaum et al.,
2000), locally linear embedding (LLE) (Roweis and Saul, 2000), Hessian LLE (Donoho and Grimes,
2003), eigenmap (Belkin and Niyogi, 2003), diffusion map (DM) (Coifman and Lafon, 2006), vector
diffusion map (VDM) (Singer and Wu, 2012), t-distributed stochastic neighboring embedding (van
der Maaten and Hinton, 2008), maximal variation unfolding (Weinberger and Saul, 2006), to name
but a few. In this paper, based on the Riemannian manifold model, we study the asymptotic behavior
of LLE when the point cloud is sampled from a compact, smooth manifold with boundary.

LLE is an algorithm based on a rudimentary idea — by well parametrizing the dataset locally,
we can patch all local information to recover the global one. It has been widely applied in different
fields and has been cited more than 15,800 times according to Google Scholar. However, its theo-
retical justification for data points sampled on compact manifolds without boundary was only made
available at the end of 2017 (Wu and Wu, 2018; Malik et al., 2019). Essentially, the established the-
ory says that under the manifold without boundary setup, LLE has several peculiar behaviors that
are different from those of diffusion-based algorithms, including eigenmap and DM. First, unlike
DM, LLE may not behave like a diffusion process since the associated kernel function is not always
positive. Second, it is sensitive to the regularization, and different regularizations lead to different
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differential operators. If the regularization is chosen properly, LLE asymptotically converges to the
Laplace-Beltrami operator without extra probability density function (p.d.f.) estimation, even if the
p.d.f. is not uniform. However, when the regularization is not chosen properly, LLE converges to
a fourth order differential operator in the cases like the spheres. Third, when the regularization is
chosen properly, the convergence of LLE to the Laplace-Beltrami operator is comparable to that of
DM with a proper normalization (Coifman and Lafon, 2006; Singer and Wu, 2017; Cheng and Wu,
2022). Fourth, the kernel associated with LLE is in general not symmetric, and this asymmetric
kernel depends on the curvature and p.d.f. information. Fifth, the kernel depends on the local co-
variance matrix analysis and the Mahalanobis distance, since it is the mix-up of the ordinary kernel
and a special kernel depending on the Mahalanobis distance (Malik et al., 2019).

While several theoretical properties have been discussed in Wu and Wu (2018) and (Malik
et al., 2019), there are more open problems about LLE left. In this paper, we are interested in
exploring the asymptotic behavior of LLE when the manifold has a boundary. First, we show that
asymptotically LLE pointwisely converges to a mixed-type differential operator with degeneracy
and we calculate the convergence rate. Second, after showing that the asymptotic operator near the
boundary involves singular coefficients, we study the 1-dim manifold case and relate the eigenvalue
problem of LLE to a Sturm-Liouville equation. Third, through a series of numerical simulations,
we explore the impact of the hyperbolic part of the operator. In those simulations, we modify the
LLE by clipping certain points that are close to the boundary, which asymptotically is equivalent
to eliminating the hyperbolic part of the operator, then we obtain an algorithm that is potential to
recover the Laplace-Beltrami operator with the Dirichlet boundary condition. This enlightens a new
approach to recovering the Dirichlet Laplace-Beltrami operator. Fourth, we compare LLE with DM
to explain the differences between their behaviors on the boundary.

The paper is organized in the following way. In Section 2, we review the LLE algorithm and
provide some spectral properties of LLE on the linear algebra level. In Section 3, we provide the
manifold model when the boundary is not empty, and develop the asymptotic theory for the LLE
matrix, particularly the associated kernel behavior and its relationship with the geometrical structure
of the manifold. In Section 7, we discuss the clipped LLE which potentially leads to the Laplace-
Beltrami operator with the Dirichlet boundary condition. Numerical simulations of the clipped LLE
are provided. The paper is closed with the discussion in Section 8. Technical proofs are postponed
to the Appendices. For reproducibility purposes, the Matlab code to reproduce figures in this paper
can be downloaded from http://hautiengwu.wordpress.com/code/.

2. Review locally linear embedding

We start with some matrix notations. For p,r € N so that r < p, let I, € R™" be the identity matrix.

I . .. . . .
Denote J,, , = [Or} € RP*" j.e. the (i,i)-thentry of J, »is 1 fori = 1,...,r, and the other entries are

zero. Denote J,, , = [0] € RP*" je. the (p—r+i,i) entry of J,, . is 1 fori = 1,...,r, and the other

I,
L. 0
0 0
Finally, for d < r < p, define 3, :=Jp p—atp—a,—a € R,

We quickly recall necessary information about LLE and refer readers with interest in more dis-
cussion to (Roweis and Saul, 2000; Wu and Wu, 2018). The key ingredient of LLE is the barycentric

0 0

: — T
entries are zero. Denote I, , := Jp J, . = [ 01

] e RP*P and I, , := J_pvrf;, = [ ] € RPXP,


http://hautiengwu.wordpress.com/code/

WHEN LOCALLY LINEAR EMBEDDING HITS BOUNDARY

coordinate, which is a quantity shown in Wu and Wu (2018) to be parallel to the kernel chosen in
the graph Laplacian. Suppose we have the point cloud 2" = {z;}?_; C R”. There are two nearest
neighbor search schemes to proceed. The first one is the &-radius ball scheme. Fix € > 0. For
7z € 2, assume there are N, data points, excluding zz, in the £-radius ball centered at z;. The sec-
ond one is the K-nearest neighbor (KNN) scheme used in the original LLE algorithm (Roweis and
Saul, 2000); that is, for a fixed K € N, find the K neighboring points.

Fix one nearest neighbor search scheme, and denote the nearest neighbors of z; € 2 as A =
{zkj}f.\ﬁ |- Then the barycentric coordinate of z; associated with .4z, denoted as wy, is defined as the
solution of the following optimization problem:

Ni )
Wy = argmin HZk - Z W(j)ZIqu = argmin WTGIan,kW e RM, (2.1)
weRNe, w1y =1 j=1 weRYe, w1y, =1

where 1y, is a vector in RM with all entries 1 and

Gnk = k1~ 2% - ZkN — Tk S RPXN" (22)

is called the local data matrix. In general, GIan_,k might be singular, and it is suggested in Roweis
and Saul (2000) to stabilize the algorithm by regularizing the equation and solve

Yk
yl—cr lNk ’

(G;,an,k +elvxn )y =1y, wi = (2.3)

where ¢ > 0 is the regularizer chosen by the user. As is shown in Wu and Wu (2018), the regularizer
plays a critical role in LLE. With the barycentric coordinate of x; for k = 1,...,n, the LLE matrix,
which is a n X n matrix denoted as W, is defined as

2.4)

Wi — wi(j) ifzi=zj € M
ki 0 otherwise.

The barycentric coordinates are invariant under rotation and translation, because the matrix G,  is
invariant under translation, and GIan,k is invariant under rotation. As discussed in Wu and Wu
(2018), the barycentric coordinates can be understood as the projection of 1y, onto the null space

T
of Gn.an.,k .

Suppose r, = rank(GIan‘k). Note that r, = rank(G,x) = rank(GIan,k) = rank(Gn,kGIk) <
min(Ng, p) < p and G,,,kG;k is positive (semi-)definite. Denote the eigen-decomposition of the ma-
trix Gu kG, as Uy AU, , where A, = diag(An1, A2, Anp)s Ant = A > > Ay > D1 =
-+ =M, =0, and U, € O(p). Denote

jC(GnkG;lrk) = Unlp:rn (An +C1p><p)7lU}’;r’ (25)
and

T := Ie(GuxG 1) Grily, - (2.6)
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Then, it is shown in (Wu and Wu, 2018, Section 2) that the solution to (2.3) is

yi =c 'y, —c'T, Guy, 2.7)
and hence
T T
. e 2.8)

Ny — T;,kan,klNk '

Note that N — T,kaGn,kl N, in the denominator of (2.8) is the sum of entries of l;,k — T,kaGn’k in
the numerator, so we could view y/ as the “kernel function” associated with LLE, and w] as the
normalized kernel.

To reduce the dimension of 2, it is suggested in Roweis and Saul (2000) to embed 2~ into a

low dimension Euclidean space via
2= Y= [vi(k), - ve(k)] T €R' (2.9)

for each z; € 27, where £ € N is the dimension of the embedded points chosen by the user and
Vi, v € R" are eigenvectors of (I — W) (I — W) corresponding to the ¢ smallest eigenvalues.

2.1 Spectral properties of the LLE matrix

We provide some spectral properties of the LLE matrix. Unlike the graph Laplacian (GL), in gen-
eral, W is not a symmetric matrix or a Markov transition matrix, according to the analysis shown
in Wu and Wu (2018). For A € R"*", let 6(A) C C be the spectrum of A and define p(A) to be the
spectral radius of A.

Proposition 1 The LLE matrix W € R"*" satisfies p(W) > 1.

The proof of the proposition is straightforward. Since W1 = 1, where 1 is an n-dim vector with
all entries 1, 1 € o(W). Thus we have that p(W) > 1. In Appendix A, we construct an example to
show that it is possible for p(W) > 1.

Since in general, the LLE matrix W may not be symmetric, the eigenvalues might be complex
and can be complicated. For example, in the null case that 400 points are sampled independently
and identically from a 200-dim Gaussian random vector with 0 mean and identity covariance, the
eigenvalue distribution of W spreads on the complex plane. See Figure 1 for the distribution of such
a dataset.

However, in some special cases, we can well control the imaginary part of the distribution. Con-
sider the symmetric and anti-symmetric parts of W, W= = (W+W')/2and W~ = (W -W")/2, so
that W = W+ +W~. By applying the Bauer-Fike theorem with the L? norm and Holder’s inequal-
ity, for any eigenvalue A of W, there is a real eigenvalue i of W+ such that [A — u| < [[W™ |2 <
VIIW=1||W~||«. Below we show that the imaginary part of eigenvalues of the LLE matrix W is
well controlled under some conditions.

Proposition 2 Denote N = maxy Ny, where Ny = | Ag|. If max; ; |W;; — W;;| < SE for some C > 0,
the imaginary part of eigenvalues of the LLE matrix W is of order &.
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Figure 1: The distribution of eigenvalues of the LLE matrix, where W is constructed with 50 nearest
neighbors. In this example, the top eigenvalue is 1.

Proof Note that W;; = 0 if ||z; —z;[]> > € and W;; might be nonzero if [|z; — z;[|> < €. Since

VW[ [[W|le < Nmax; j|W;; — Wj;|, based on the assumption, the imaginary part of eigenval-
ues of W is bounded by O(¢). [

Note that max; ; |W;; — Wﬁ\ measures the similarity of different e-neighborhood .4;. Thus, the
assumption that max; ; |W;; — Wj;| < % for some C > 0 means that the affinity graph is “not too
imbalanced”. This assumption holds asymptotically under the manifold setup.

Since the KNN scheme and the e-radius ball scheme are directly related under a suitable ma-
nipulation as is shown in Wu and Wu (2018, Section 5), from now on we fix to the e-radius ball
scheme in the rest of the paper for the sake of theoretical analysis.

3. Preliminaries for LLE under the manifold with boundary setup
3.1 Main assumptions

In this subsection, we summarize the major assumptions that we need in this paper. First, we have
the following assumption about the manifold M.

Assumption 3.1 Let (M, g) be a d-dimensional compact, smooth Riemannian manifold with bound-
ary isometrically embedded in RP via 1 : M — RP. We assume the boundary of M is smooth.

Next, we make the following assumption about the sample points on the manifold M.

Assumption 3.2 Suppose (Q, ., P) is a probability space, where Pis a probability measure defined
on the Borel sigma algebra % on Q. Let X be a random variable on (Q,.% , P) with the range on
(M,g). We assume P := X,.P is absolutely continuous with respect to the volume measure on M
associated with g so that dP = PdV by the Radon-Nikodym theorem, where dV is the volume form
of M and P is a non-negative function defined on M. We call P the probability density function
(p.df.) associated with X. We further assume P € C*(M) and 0 < P,, < P(x) < Py for all x € M.
We assume {x; --- ,x,} C M are i.i.d. sampled from P.
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Remark 3 Under the regularity assumption of the boundary and the density function in this model,
in general, the chance to sample a point on the boundary is zero, unless we further assume the
knowledge of the boundary and sample on the boundary. Without the knowledge of the boundary,
an estimate of the boundary is therefore needed. Such estimate has wide applications including the
distance to the boundary estimation and kernel density estimation on a manifold with boundary. We
refer the readers to Berry and Sauer (2017) for a discussion.

Remark 4 We refer the readers to Lee (2012) for a discussion of the differentiability of a function
on the boundary of the manifold. Compared with the P € C°(M) requirement imposed in Wu and
Wu (2018), in this work we only assume P € CZ(M). In Wu and Wu (2018), we need P € s (M)
to explore the regularization effect on the whole algorithm. In this work, since we will fix the
regularization and focus on the boundary, P € C*(M) is sufficient.

We adopt the notations in Section 2. Let 2" = {z; =1(x;)}}"_,. Fix € > 0, we propose the choice
of the parameter for regularization:
c=ne ™.

Then, we construct the LLE matrix W by using .2" and ¢ = ne?*3 as shown in (2.3) and (2.4).

3.2 Manifold with boundary setup

The manifold setup is nowadays standard and has been considered to study several algorithms,
including Eigenmap (Belkin and Niyogi, 2007), DM (Coifman and Lafon, 2006; Trillos et al., 2020),
VDM (Singer and Wu, 2012, 2017), LLE (Wu and Wu, 2018) and several others, like the gradient
estimation (Mukherjee et al., 2010), diffusion on the fiber structure (Lin et al., 2018; Gao, 2021),
Bayesian regression (Yang and Dunson, 2016), extrinsic local regression (Lin et al., 2017), image
processing model (Osher et al., 2017), sensor fusion algorithm (Shnitzer et al., 2018), to name but a
few. Although the manifold model is standard, when the boundary is non-empty, it is less discussed
in the literature. We introduce the following setup for manifold with boundary. See Vaughn et al.
(2019) for a different treatment.
Denote d, (-, -) to be the geodesic distance associated with g. For € > 0, define the £-neighborhood

of dM as

M = {x € M|d,(x,0M) < €}. 3.1

For the tangent space T,M on x € M, denote 1.7,M to be the embedded tangent space in R”
and (1,T,M)~ be the normal space at 1(x). Let II, be the second fundamental form of 1 (M) at 1 (x).
Denote S?~! to be the (d — 1)-dim unit sphere embedded in R”, and |S?~!| be its volume. Denote
{e;}?_, to be the canonical basis of R”, where e; is a unit vector with 1 in the i-th entry. Since the
barycentric coordinate is rotational and translational invariant, without loss of generality, when we
analyze local behaviors around x € M in this paper, we implicitly assume that the manifold has been
properly translated and rotated so that 1, 7,.M is spanned by e, ..., eq.

We consider the following extension of M and t1(M) (Wong, 2008). By the Whitney extension
Theorem (Whitney, 1992), there is a compact manifold with boundary M and & > 0 satisfying the
following properties:

1. M is an isometric extension of M.

2. dy(dM, M) > §, where dj; is the geodesic distance measured in M.
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3. M is isometrically embedded in R” via 7 such that 7|y, = t. Thus, 1(M) C 1(M).

Due to the above extension, we abuse the notation and use exp, to denote the exponential map of
M at x € M and the exponential map of M at x € M. Note that when x € Mg, the exponential map
of M at x may not be well defined on t=!(BX’ (1(x)) N1(M)). For example, consider an annulus in
the plane and 1(x) is a point on the inner circle. However, when € < 5 and ¢ is small enough, we
can make sure that BX (1(x)) N (M) is contained in the interior of (M) and exp, is well defined
over 11 (B¥ (1(x))N1(M)). Since BX (1(x)) Nt(M) C BX" (1(x)) N1(M), exp, is well defined over
i~ 1(BX (1(x)) N1(M)). Hence, we conclude that exp, is well defined over i~ (BX" (1(x)) N1 (M))
for any x in both M, and M \ M,.
Now, we can handle the €-ball near the boundary. For x € M,, define

De(x) = (Toexp,) ™ (B (1x))N1(M)) C T:M
where T,.M is identified with R?. Denote x, := argmin,¢ gy, d(y,x) and

& = min d(y,x). 3.2

o= min (v,x) (3.2)
Due to the smoothness assumption of the boundary, if € is sufficiently small, such x; is unique.
Clearly, we have 0 < & < &€ when x € M. Choose the normal coordinates {81}?21 around x so that
x9 = 1oexp,(&dy). Denote ¥ () to be the unique geodesic with 1,(0) = x5 and % (&) = x. We
further rotate 1(M) so that

eg=1 i |2
d = Lo gy el

Hence, when x = x5 € dM, e, is the inward normal direction of 1(dM) at 1(x).

Since M is an isometric extension of M and 1 is an extension of t, for x € M, we use I, to denote
both the second fundamental form of 1(M) at 1(x) and the second fundamental form of 7(M) at
i(x). Recall that the second fundamental form at x is a symmetric bilinear map from 7,M x T,M to
(1.T:M)*. We define Il;;(x) = (d;,9;) for i, j =1, ,d.

When x is close to the boundary, (7 oexp,)~!(BY (1(x)) N1(dM)) is not empty and can be
regarded as the graph of a function. Denote a;;(xy), i, j=1,...,d — 1, to be the second fundamental
form of the embedding of dM into M at x;. Then there is a domain K C R“~! and a smooth function
g defined on K, such that

(Toexp,) ™' (B (1(x) N1(oM))

d
:{Zul(?[ € Y}M) ', ™Y e K, ul = q(u',-- ,udﬁl)},
=1

where g(u',--- ,u?~") can be approximated by
d—1 o
&+ Z aij(xy)u'n’
ij=1
up to an error depending on a cubic function of u!,...,u?~". For the sake of self containedness, we

provide a proof of this fact in Lemma 24.
Note that in general the region D¢ (x) may not be symmetric with respect to x. We define the
symmetrized region associated with D¢ (x).
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Definition 5 For x € Mg and € > 0 sufficiently small, the symmetrized region associated with D (x)
is defined as

d d—1
Dg(x) = {(I/H,"'”d) € ]}M Zu,z < 82 and uy < &+ Z aij(x,;)uiuj} .
i=1 ij=1
When x € Mg, D¢(x) is symmetric across dy,...,04_1 since if (uy,---,uj,---ug) € De(x), then
(uy,--,—uj,+ uq) € De(x) for i = 1,--- ,d — 1 by definition. Clearly, the volume of D¢ (x) is

an approximation of that of D¢ (x) up to the third order error term. See Corollary 25 for details. For
x & Mg and € sufficiently small, define the symmetric region associated with D¢(x) as

De(x) = {(ul,---ud) cT.M

d
Yu<el T, (3.3)
i=1

3.3 The augmented vectors and the kernels associated with LLE

Before we define the augmented vectors and the kernels associated with LLE, we recall the defini-
tion of the local covariance matrix. For x € M, we call

Cy:=E[(1(X)—1(x))(1(X) — l(x))TXB§”(1(x))(l(X))] € RPZP G4

the local covariance matrix at t(x) € 1(M), which is the covariance matrix considered for the local
principal component analysis (PCA) (Singer and Wu, 2012; Cheng and Wu, 2013). In this paper, we
use the following symbols for the local covariance matrix. For x € M, suppose rank(Cy) = r < p.
Clearly, r depends on x, but we ignore x for simplicity. Denote the eigen-decomposition of C, as
C,= UxAxeT , where U, € O(p) is composed of eigenvectors and A, is a diagonal matrix with the
associated eigenvalues A; > A, > --- > A, > A, | =--- = A, = 0. The theoretical property of local
PCA on the manifold without boundary has been studied in a sequence of works, like Nadler (2008);
Singer and Wu (2012); Tyagi et al. (2013); Cheng and Wu (2013); Kaslovsky and Meyer (2014);
Little et al. (2017); Wu and Wu (2018); Dunson and Wu (2021), and the companion property near
the boundary will be discussed in Section D.

In this work, the regularizer in (2.3) we have interest in is ¢ = nedt3. For the sake of self-
containedness, we provide an intuitive explanation for the choice of the regularizer when M has no
boundary based on the results in Wu and Wu (2018). Under Assumptions 3.1 and 3.2, let 2™ =
{zi = 1(x;)}?_,. Let G, be the local data matrix constructed from 2" as defined in (2.2). Then, as
n — oo, We expect

1 T
~GuiGoi— Gy,

where C,, is the local covariance matrix at t(x;). In Wu and Wu (2018), the authors show that the
first d eigenvalues of C,, are of order €4%2, while the rest p —d eigenvalues are bounded by ?+4
when ¢ is sufficiently small. Those p — d eigenvalues include the extrinsic geometric information,
e.g. the second fundamental form of 1(M). Hence, if € is chosen properly based on n, we expect that
the first d eigenvalues of Gnva,I . are of order ned*2, while the rest p — d eigenvalues containing
the extrinsic geometric information are bounded by ne¢**. Suppose we choose ¢ = ne?*3 in (2.5).
Then last p — d diagonal terms of A, + cl,«, are dominated by ¢ but less than the first d diagonal
terms. Hence, we can eliminate the impact of the extrinsic geometry of 1(M) in (2.5). Since the
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Laplace Beltrami operator only depends on the intrinsic geometry of M, we choose ¢ = ne?*3 to
construct the LLE matrix in (2.4) and (2.8) in order to recover the operator. When the boundary is
non-empty, since our focus is the boundary effect, we fix this regularizer so that points away from
the boundary have a good control.

Definition 6 Define the augmented vector at x € M as
T(x)" =E[(1(X) - l(x))XB§p(1(x))(l(X))]TUxIPJ(Ax +e/0,,,)7'U; €R?, (3.5)

which is a RP-valued vector field on M.

The nomination of T(x) comes from analyzing the kernel associated with LLE. It has been shown
in Wu and Wu (2018, Corollary 3.1) that the kernel associated with LLE is not symmetric and is
defined as

Re(.3) = 29 3y (1)) = [(10) =100 2 3y 1 0))] T (36)

We call T(x) the augmented vector since it augments the symmetric 0 — 1 kernel K (x,y) = ¥gzr ;) (1(y))
by the inner product of T(x) and [(t(y) — t(x)) gz (,(x)) (1(¥))]. Notice that the vector T, y, defined
in (2.6) is a discretization of T(x) and the theoretical justification is provided in Appendix G.

3.4 Empirical estimation of the regularizer

In Wu and Wu (2018), the authors propose to choose the regularizer in LLE as ¢ = ne¢*> based on
the asymptotic analysis. However, in practice, the dimension of the manifold d is unknown. While
it is possible to estimate the dimension, it is usually a challenging mission. We thus need a practical
way to determine the regularizer without estimating the dimension. In this subsection, we provide
empirical estimators of ¢ without estimating the dimension of the underlying manifold given a finite
sample 2" = {z; = 1(x;) }/_, satisfying Assumptions 3.1 and 3.2, and the estimator is asymptotically

equal to ne?*3 up to a constant. Suppose z,7 € RP. Define .#¢(z,7) = exp(—@), where €

is the same bandwidth in the € radius ball scheme of LLE. We suggest considering the following
empirical regularizer

¢ = e’median (i %(Z,’,Zj)) ) (3.7

Jj=1

where the median is evaluated over all z; € 2. The construction of the above estimator is motivated
by the kernel density estimation. Suppose z = t(x) for x € M. It is shown in Berry and Sauer (2017)
that if ne? — oo and € — 0 as n — oo, then &(z) — C(x)P(x)ne?*3, where C(x) depends on d and
dq(x,0M) if x is sufficient close to the boundary, and C(x) only depends on d if x is away from the
boundary. This estimator is easy to implement and does not require an estimation of d. We shall
mention that although we choose the squared exponential kernel for the density estimation, more
general kernels can be applied to construct the estimator. We refer the readers to Wu and Wu (2022)
for a discussion.
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4. Asymptotic analysis of LLE under the manifold with boundary setup

In this section, we provide the asymptotic analysis of LLE under the manifold with boundary setup.
With the e-radius ball scheme, the asymptotic analysis is achieved in the following 4 steps. We also
summarize the main results of each step as follows.

Step 1: In subsection 4.1, we study the augmented vector T(x) for x € M. We show that the
vectors T(x) form a smooth vector field on 1(M). The geometry of the vector field can be intuitively
described as follows. The vector T(x) almost points toward the normal direction of 1(M) in the
interior region x € M \ M. However, in Mg, T(x) leans towards the tangent direction of 1(M)
gradually. It is worth noting that the restriction of the tangent components of T(x) on 1(dM) forms
an inward normal vector field of 1(dM).

Step 2: Since T(x) is the major ingredient in the definition of the kernel function K¢ (x,y),
where x,y € M, in subsection 4.2, we explore the properties of K¢ (x,y) by using the properties of
T(x) that we derive in the previous subsection. Obviously, based on the definition, K¢ (x,y) =0
when 1(y) & BY (1(x)). We show that K¢ (x,y) is approximately equal to 1 when x € M \ M, and
1(y) € B¥"(1(x)). However, when x € Me, K¢(x,) is not symmetric and may be negative.

Step 3: In subsection 4.3, we provide the variance analysis. First, we use K¢(x,y) to define an
integral operator Q¢ on C(M). For f € C>(M), let f be the discretization of f over {xi,---,x,} C

—.

M. Let W be the LLE matrix. Then, we show that [(W —I)f](k) converges to Q. f(xx) at the

1 . o S
rate 0(@%) regardless the x; in M \ M, or M. Hence, the result implies that the pointwise
convergence rate of LLE is the same for manifolds with or without boundary.

Step 4: In subsection 4.4, we provide the bias analysis. We define a second order mixed-type
differential operator Z,. We show that for f € C3(M), Q¢ f(x)/€* can be approximated by Z f(x)
for all x € M. The final result connecting [(W —I)f](k) and Ze f(x;) is achieved by combining the
variance and the bias analysis.

4.1 Properties of the augmented vector on manifold with boundary

The main challenge to analyze LLE is dealing with the augmented vector. It involves three main
players in the data structure, the p.d.f., the curvature, and the boundary if the boundary is not empty.
Clearly, when x is close to the boundary, the term E[(1(X) — 1(x)) xger o (HX ))] in T(x) includes
the geometry of the boundary, and the integration will depend on the p.d.f.. On the other hand,
while a manifold can be locally well approximated by an affine space, the curvature appears in the
eigenvalues of the local covariance matrix. Hence, the term (A, +€9731,5,) ! in T(x) involves the
curvature. Dealing with these terms requires a careful asymptotic analysis. To alleviate the heavy
notation toward this goal, we consider the following functions, and their role will become clear
along the theory development.

10
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Definition 7 Suppose € is sufficiently small. We define the following functions on [0,c°), where
d—2
% is defined to be 1 whend = 1.

T A T = i<
oo (1) ;:{ 27t fo (1—x")72dx for0<t<eg @

d—1
L fort > ¢

d—2 ‘
C14(1) = _5271‘(1_(@2)% for0<t<e
7 ' 0 otherwise

51— % dx foro<t<e

s
or(r) = { T T
% otherwise

d—1 d-2| 1 _
L ‘fos(l—xz)%xzdx for0<t<e

(W] (l‘) = '
otherwise

N R A VA Y=
o3(t) := )(1 (£))) 7 for0<t<e
0 otherwise

472 t t %
03.4(t) ::{ ~wa QA+ DE)I (9T for0<r<e

0 otherwise

Note that these functions are of order 1 when # < €. These seemingly complicated formulas
share a simple geometric picture. If Z is the region between the unit sphere and the hyperspace
xq = L in R? with coordinates {xi,---,xs}, where 0 <1 < g, then 6y(), 01,4(), 02(t), G24(t),
03(t) and 03 4(t) are expansions of the integrals of 1, x4, x%, xfl, x%xd and xfl over Z respectively.
All the above functions are differentiable of all orders except when t = €. The regularity of the
functions at t = € depends on d. For example op(t) is at least C* at # = € and the other functions are
atleast C' att = €.

With these notations, the behavior of T(x), particularly when x is near the boundary, can be fully
described.

Proposition 8 Decompose T(x) = T'"(x) + TP (x), where T'""(x) is the tangential component of
T(x) and TP¢" (x) is the normal component of T (x); that is, T'“"(x) € 1, T;M and TP (x) € (1, T.M)>.
If x € Mg, then

()= S e+ 0()
x g, o4zl
+ (sz(éx) - Gz’jggcr&d(ex))md(x) é+0( ).
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If x € M\ Mg, then

T (x) = 4 VPIES)‘) +0(e)
X d—1 d
1rer() = ) Mj_lnj,-(x) o).

The proof is postponed to Appendix E. The above proposition says that when x € M, both
the tangent and normal components of T(x) are of order %, and the normal component depends on
the extrinsic curvature of the manifold at 1(x). An interesting observation is that a construction of
the inward normal vector field on 1(dM) is naturally encoded in the LLE algorithm. In particular,
T'“"(x) on 1(dM) forms an inward normal vector field on 1(dM) with an order O(1) perturbation.
Moreover, the magnitude of T'" (x) on M, only depends on the distance from x to the boundary and
it is independent of the p.d.f.. On the other hand, when x € M \ M¢, T(x) is of order 1 in the normal
direction of M \ M, with an order O(1) perturbation in the tangential direction. With the theorem
developed in Wu and Wu (2018) for the augmented vector field away from the boundary, we have
the full knowledge of the augmented vector field.

At last, in Figure 2, we provide a visualization of the augmented vector field in a 2-dim manifold
parametrized by (x,y,x> —y?), where x> +y? < 1. We sample the manifold in the following way.
First, uniformly sample 20,000 points independently on [—1,1] x [—1,1], and keep points with
norm less and equal to 1. The i-th point is then constructed by the parametrization. Clearly, the
sampling is not uniform. The LLE matrix is constructed with the €-radius ball nearest neighbor
search scheme with € =0.2.

Figure 2: The T vector field. The sampled point cloud is plotted in gray. Left: the black points
indicates points satisfies 0.98 < x?> +y? < 1, and the T on those points are marked in red.
Right: the T on points with x> 4+ y* < 0.98 are marked in red.

Remark 9 Another work that constructs a normal vector field on the boundary of a manifold is
Berry and Sauer (2017). Inspired by the kernel density estimation, the authors propose an inward
normal vector field by using F(1(x)) = E[(1(X) — 1(x)) K (L& ) € R, where K : [0,00) —

12
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[0,00) has an exponential decay and h is the bandwidth. Since the construction originates from the
kernel density estimation, when x € dM, the magnitude of the vector field depends on the p.d.f..

4.2 Properties of the kernel on manifold with boundary

With the above knowledge of the augmented vector field near the boundary, the behavior of the
kernel near the boundary can be well quantified.

Proposition 10 Let K¢ (x,y) be the kernel function defined in (3.6). Fix x € M, we summarized the
properties of K¢ (x,y) as follows.

1. Suppose x € M. When 1(y) € BX (1(x)), Ke(x,y) = 1 —O(&). Otherwise K¢(x,y) = 0. Hence,
Ke(x,y) > 0, when & is sufficiently small. The implied constant in O(€) depends on the mini-
mum and C' norm of P and the maximum of second fundamental form of the manifold.

2. Ifx € Mg and 1(y) € BX" (1(x)), when ¢ is sufficiently small,

01.4(&)ug

Ke(x,y)=1-— ~
8( y) GZ,d(Sx)g

+0(¢), 4.2)
where the coordinate ug of y is defined in Definition 5. The implied constant in O(€) depends
on the minimum and C' norm of P and the maximum of second fundamental form of the
manifold. Otherwise K¢(x,y) = 0. Hence, we have

d=21 2d(d+2
iang(x,y)zl—‘S | (d+2) +0(e) <0

xy d—1 (d+ 1) 1]

when € is sufficiently small, where |f;:f‘ is defined to be 1 when d = 1.

3. Forany x € M, we have
EKe(x,X) = C(x)e? + 0(e?™), (4.3)

where C(x) > C > 0, and C is a constant depending only on d and P. Hence, EK¢(x,X) >0
for all x € M when ¢ is sufficiently small. The implied constant in O(€%+") depends on the C'
norm of P and the maximum of second fundamental form of the manifold.

This proposition provides several facts about LLE. First, the assumption of Proposition 2 is satis-
fied when the manifold is boundary free, since the higher order error terms depend on various curva-
tures of M and M is smooth and compact. So, the eigenvalues of the LLE matrix in the boundary-free
manifold setup have well controlled imaginary parts. However, when the boundary is not empty, we
may lose this control. Second, the kernel function behaves differently when x is near the boundary
and away from the boundary. When x is away from the boundary, the kernel is non-negative. How-
ever, when x is close to the boundary, then it is possible that K¢ (x,y) is negative. In particular, when
x € IM, 1(y) € B¥ (1(x)), the geodesic distance between x and y is € + O(&?) and the minimizing

geodesic between x and y is perpendicular to dM, then K¢ (x,y) =1 — %% +0(¢) <0.
Although it is possible that K¢ (x,y) is negative, EK¢(x,X) is always positive if € is small enough.
See Figure 3 for an illustration of the kernel associated with LLE, where the manifold, the sampling

scheme, and the LLE matrix are the same as that in Figure 2, expect € = 0.1.

13
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Figure 3: The kernel function associated with LLE. The sampled point cloud is plotted in gray.
Left: the kernel function K, where € = 0.1, on two points, one is close to the boundary
(indicated by the red circle, with the zoomed in enhanced visualization), and one is away
from the boundary. It is clear that the kernel close to the boundary changes sign, while
the kernel away from the boundary is positive. Right: the EK¢(x,X). It is clear that the
expectations of the kernel at all points are positive.

4.3 Variance analysis of LLE on manifold with boundary
Define the integral operator from C(M) to C(M):

E[Ke (x, X) f(X)]

Qe f(x) := EKe(x,X)

—f(x), (4.4)

where f € C(M). We now show that when the boundary is not empty, the LLE matrix W converges
to the integral operator Q, when n — co. The proof of the theorem is postponed to Appendix G.

Theorem 11 (Variance analysis) Suppose f € C*(M). Suppose € = &(n) so that nl/;;)% — 0 and

€ — 0 as n — oo. We have with probability greater than 1 —n™> that forallk=1,...,n,

]EKS Xk ) log(n)
Zyk gd+3 +0(,11/28[1/%3) .3)

u 1
LW ol 37) = 0cf(x) +0( Vo2, (4.6)

where . is defined in (2.3). The implied constants in the error terms depend on C* norm of f, C!
norm of P and the L norm of max; j—i___q||1;;(x)].

Note that the order of the variance does not depend on the location of x;. By combining (4.5)
and (4.3) in Proposition 10, we know that if n is sufficiently large, the sum of all components of yj
is positive. This result restates the fact that wy defined in (2.8) does not blow up.

14
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4.4 Bias analysis of LLE on manifold with boundary and the main result

In this subsection, we study the integral operator Q. by relating it to the following differential
operator.

Definition 12 Fix € > 0. Define a differential operator on C*(M) as

d—1
Def(x) = 01(&) Y. 7 f(xX) + 92(8+)9gu f (x) +V (x)uf (x) (4.7)
i=1

where ¢ and ¢, are functions defined on [0,0) by

_le,d(f)Gz(f) —03(t)01,4(1)

N OO “o
1034(t) = 034(t)014(1)
20 =2 G o) — o7, 0) @
and 'V is a function on M defined by
Gl,d(éx)
= : . 4.10
V) P(x) (02.4(8)00(8)) — 07, (1)) (4.10)

Next, we take a closer look at coefficients of Z,.

Proposition 13 Fix € > 0. We have the following properties of coefficients of the differential oper-
ator Y.
1. ¢1(t) >0. Whent > g,
1
t) = .
0 =352
Moreover, ¢,(t) is differentiable of all orders at all t > 0 except at t = €, where it is at least
first order differentiable.

@.11)

2. 3(0)<O0. Ift > €, then

1
P (1) = a2 (4.12)

Moreover, ¢, (t) is differentiable of all orders at all t > 0 except at t = €, where it is at least
first order differentiable. Hence, there is a set ¥ C Mg diffeomorphic to OM and ¢,(&;)
vanishes on .. Denote the geodesic distance from x € .7 to M as t*(x). t*(x) depends only
on € and d. In fact, 81 < t*(x) < &€, where

2 d—1 1
g @IS 2\
51:<1_ _ 2d(d+2)]572] ) , (4.13)
1y
_ 2\ 4
(d*—1)|s7!| 1 )&\’
— (1= 1 4.14
% ( 3d(d+2))s72] T d+3 < (4.14)

and 6, — 0 as d — oo.
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3. V(x) < 0. Moreover, V(x) = O(&?) is differentiable of all orders at all x except when & = €,
where it is at least differentiable of the first order. If x € M satisfies & > €, in other words,

X € M\Mg, then V(x) = 0. In particular, if P(x) is constant, then V(x) is an increasing
function of &,.

Denote M,, to be the interior subset of the region between . and dM on M. Denote M, to be
the interior subset of M\M,, on M. Clearly, M,, is a strict subset of M,. According to Proposition
13, Z; is of hyperbolic type over M,,, of elliptic type over M,, and degenerate over .&’. We thus
call M,, the wave region, M, the elliptic region, and . the degenerate region. We conclude that the
operator Z is a mixed-type differential operator with degeneracy.

Remark 14 In fact, t* is the solution of the following nonlinear equation of t:

d—1 d—2 L i
<2c|lfd+|2)+ |5—1| , (=) xzdx)z
- e (-7

wheret >0

We have the following theorem describing how Qg is related to &, when ¢ is sufficiently small.
The proof is postponed to Appendix F.

Theorem 15 (Bias analysis) Suppose f € C3(M) and P € C*(M). We have
Qcf(x) = Zef(x)€* + O(€?). (4.16)
By combining the bias and variance analyses, we have the following pointwise convergence result.
log(n)

Theorem 16 Suppose f € C3(M) and P € C>*(M). Suppose € = &(n) so that et — 0 and
€ — 0 as n — oo. We have with probability greater than 1 —n~> that forallk =1,...,n,

Y I
Z W Lixn k]f XJ) .@sf(X)82+0(83) +O(nl/2Z§/(2n)l) s (417)

where the implied constants in the error terms depend on the C* norm of f, the C' norm of P, and
the L™ norm of max; j—i_._q||1;;(x)].

Note that when M is a manifold without boundary, then Z, = e +2)A Hence, the above the-
orem is consistent with the result in Wu and Wu (2018) when M has no boundary. However, the
regularizer in Wu and Wu (2018) is chosen as ¢ = ne¢*P, where p may be different than 3. The
main result there is presented in different cases capturing the interaction between p and different
local covariance matrix structures. In contrast, the above theorem is much simpler as we only focus
on the case when p = 3.
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4.5 Relationship between W — I and (W —1)" (W —1)

In this paper and Wu and Wu (2018), we focus on studying the asymptotic behavior of W —I.
However, in the original LLE algorithm, it is the eigenvector of the matrix (W —1)" (W —1I) that
is used to reduce the dimension of 2". We shall clarify the relationship between W — I and (W —
I)T (W —1I) from two aspects — spectral geometry and linear algebra.

Recall that when a manifold is compact without boundary, based on the spectral embedding
results (Bérard et al., 1994; Bates, 2014; Portegies, 2016), the eigenfunctions of —A can be applied
to construct an embedding of the manifold in a Euclidean space, and the embedding is almost
isometric if both eigenfunctions and eigenvalues are properly used. Therefore, if we could obtain
eigenpairs of A from the database 2~ sampled from a manifold, we could recover the manifold
via this spectral embedding. However, it is not clear what the eigenvectors of (W —1)" (W —1) or
W — I mean directly from the algorithm. An immediate approach to answering this question is via
the pointwise convergence. In Wu and Wu (2018), if M is a compact manifold without boundary,
W — I pointswisely converges to the operator z(jiiz)A. In Theorem 16 of the current work, we
show that the same result holds over the region M \ My when dM # 0, and near the boundary the
asymptotic behavior is complicated with degeneracy. Hence, one may guess that (W —1I)T (W —1)

will pointwisely converge to ( £ A% over the data points in the region M \ M. However, it is in

d+2
general not true, particularly wh:,n) the sampling is nonuniform. It is because the nonsymmetry of
W —1I plays an important role in eliminating the impact of nonuniform distribution of the point cloud
on M (Wu and Wu, 2018), and we lose such property if we consider (W —I)T (W —1I). Consider the
following analysis of (W —1)" (W —1) in a simple manifold for an illustration. In contrast to the

operator Q, we define a new integral operator from C(M) to C(M):

E[Ke (X, 2)f(X)]
EK,(X,x)

Qe f(x) = —f(x), (4.18)

where f € C(M). By the law of large number, we would have
n
Z W In><n k]f xj) — st(xk)
]:

and

["J=

iw Toealiif (57) = (0e(Qef))(x0)

:1

as n — co. Now, suppose 1(M) = [—1,1] C R and let 2" = {1(x;)}/_,, where {x1,x2,---,x,} are
ii.d. sampled following a p.d.f. P € C?>(M). Then, for any &€ small enough, suppose 1(x;) €
[~1+¢,1—¢g], forany f € C°(M), we have

)+0(e), (4.19)
where f = [f(x1),...,f(x,)]". The detailed calculation of (4.19) is postponed to Appendix H. In
this result, although the manifold is flat and there is no extrinsic geometric information involved,
asymptotically (W —1I)T (W —1I) involves not only the desired A? but also the sampling distribution.
This says that even if we do not consider the boundary, the asymptotic differential operator is more

17



WU AND WU

complicated than the bi-Laplacian A%. A similar result can be derived when M is a general manifold
without boundary, but we omit details here.

Based on the above discussion, we could reasonably conjecture that the eigenvectors of W — [
approximate the eigenfunctions of A when dM = 0 and the eigenfunctions of more complicated
second order differential operator with degeneracy when dM # 0, and the eigenvectors of (W —
I)T (W —I) approximate the eigenfunctions of more complicated fourth order differential operator.
To prove these conjectures, we need to establish the spectral convergence results, which is out of the
scope of this paper. Note that previous work on spectral convergence of graph Laplacian (Dunson
et al., 2021; Calder et al., 2022; Wormell and Reich, 2021) mainly focuses on symmetric kernel
matrices, except the work discussing the kNN kernel construction Calder et al. (2022). However,
these kernels are a priori assigned, so their approaches cannot be directly applied to study W — I.
Specifically, the LLE matrix is not only nonsymmetric but also determined by the dataset. We need
different analysis tools to establish the spectral convergence. On the other hand, a complete under-
standing of the original LLE is certainly via understanding (W —1I) " (W —I). We shall mention that
even for bi-Laplacian to which (W —I)T (W —I) pointwisely converges under special conditions, it
is still challenging to derive the spectral convergence. Note that it is still an active research field to
study bi-Laplacian and its spectral behavior (Chang et al., 1999; Cuccu and Porru, 2009). To sum
up, with the help of pointwise convergence results, we could conjecture the spectral behavior of
W —Iand (W —I)T (W —1I), and their behaviors are different in general.

From the linear algebra perspective, there are several interesting relationships between (W —
I)" (W —1I) and W —I. First, W — I is a sparse matrix and in general sparser than (W —1I)" (W —1).
Since (W —1I)T (W — 1) is symmetric, its eigendecomposition always exists, while W — I is not
always diagonalizable. Second, eigenvalues of (W —1I) (W —1I) are the square of the singular values
of W — I and the eigenvectors of (W —I)" (W —I) are the same as the right singular vectors of the
W —1. While W — 1 is in general not diagonalizable, based on Proposition 10 under the manifold
setup, the conditions in Proposition 2 are satisfied, which says that when the sample size of the data
is large enough, W — [ is close to the symmetric matrix W+TWT — I and the imaginary parts of the
eigenvalues of W — I are small. Note that even if W — I is diagonalizable, the right singular vectors
of W — [ are different from the right eigenvectors of W —I. It echos what we discuss above —
under the boundary-free manifold setup, we conjecture that the eigenvectors of W — I approximate
the eigenfunctions of A, while the eigenvectors of (W —1I)T (W —I), and hence the singular vectors
of W — I, approximate the eigenfunctions of a fourth order differential operator that involves the
nonuniform sampling information. Third, we shall mention that numerically we consistently found
that under the manifold setup, when 7 is sufficiently large, the leading eigenvectors of W — I recover
the corresponding eigenfunctions of A. Note that a theoretical justification of this numerical finding
is part of the spectral convergence conjecture listed above. Therefore, if we consider W — I for
the dimension reduction purpose, we propose to use the real parts of the top eigenvectors of W — [
corresponding to the leading eigenvalues listed in the decreasing order of their real parts to define the
embedding. We provide a numerical comparison of the embedding by W —I and (W —1) " (W —1I)
in Figure 4, where we nonuniformly sample 3513 points from the unit disk on R? (shown on the top
left subfigure superimposed with the radius as the color), construct W with the € = 0.04 radius ball
and the regularizer ne>, and embed the data using the top 2 non-trivial eigenvectors of W — I (shown
on the top middle subfigure) and (W —1I)" (W —I) (shown on the top right subfigure). Note that in
the top middle and right subfigures, the original radius of each point is superimposed as the color,
which indicates how the embedding behaves. The top three nontrivial eigenvectors of W —1I are
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shown in the middle panel, and the top three nontrivial eigenvectors of (W —1I) " (W —1I) are shown
in the bottom panel. In this example, we see that the embeddings by W — I and (W —1)" (W —1)
are different. Based on the analysis in the current work, it is not surprising that the embedding
by W —I is impacted by the boundary, but it is interesting to see that (W —I)T (W —1) is less
impacted by the boundary. The nonuniform sampling also plays a role here. While we do not
show it here, we found that when the sampling from the unit disk is uniform, the embeddings by
W —1Iand (W —1I)" (W —I) are similar, which suggests the interaction between the sampling and
boundary. The above interesting findings warrant further study of the behavior of (W —1I)T (W —1)

from various aspects to fully understand how LLE functions.
2
' 0.8
13 |os
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Figure 4: Top left subfigure: the original dataset uniformly sampled from the unit disk superim-
posed with the radius as the color. Top middle (right respectively) subfigure: the em-
bedding by the top two nontrivial eigenvectors of W — I (W —1I) " (W —I) respectively),
where the radius of the original radius of each point is superimposed as the color. The top
three nontrivial eigenvectors of W — I are shown in the middle panel, and the top three
nontrivial eigenvectors of (W —1I) T (W —I) are shown in the bottom panel.
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5. Exploration of LLE on 1-dim manifold with boundary

In this section, we further explore the LLE matrix W. In Theorem 16, we show that the matrix
W — I converges pointwisely to the differential operator Z,. Then, we illustrate how the differential
operator Z, looks like in the 1 dimensional case.

Corollary 17 Let M be a regular smooth curve in RP. Let y(t) : [0,a] — R? be the arclength
parametrization. Let P(t) be the probability density function. Then, we have, for f € C*(M),

— (=40 + (DD (0) + oS 1 (0) if1 € [0.¢);
Tef(t) =4 1) if1 € [e.a—e];

— (= 4(5) + (S () — S5 (1) ifrefa—e,dl.

Specifically, Z¢ f (t) degenerates to %f’(t) att=(2—+3)eandt =a—(2—+/3)e.

This corollary comes from a direct expansion of the formula in Definition 12. Note that e; is
in the outward normal direction by definition. Therefore, d,f(t) = —f'(¢), when 7 € [0,€]. And
daf(t) = f'(t), when 1 € [a— €,a]. To study the spectral property of Z, it is natural to consider
converting %, into the Sturm-Liouville (SL) form by the integrating factor. However, due to the
degeneracy of ag, several technical details need to be taken care of. Here we provide a summary of
known facts about the SL theory (Naimark, 1967, Chapter V).

Fix a > 0. The SL problem on (0,a) is finding a complex function f(x) defined on (0,a) that

solves

—(PE)f()) +q(x)f (x) = Aw(x) f (x), (5.1)
where p(x), ¢(x) and w(x) are measurable real functions on (a,b) and A is a complex number. The
SL problem is called regular if 1/p, q, and w are all functions in L!(a,b); otherwise, it is called
singular. A complex function f(x) is a solution of the SL problem (5.1), if f1%(x) and f1"(x) exist,
where f0(x) := f(x) (respectively f1!(x) := p(x)f’(x)) is the zero (respectively first) order quasi-
derivative of f, and are absolutely continuous on any compact subinterval of (a,b). It is worth
noting that in general f’(x) may not be absolutely continuous.

It is stated in (Naimark, 1967, Chapter V) that for xo € (0,a) and complex numbers ¢y and ¢,
there exists a unique solution to the regular SL problem with f%(xy) = ¢o and fl!(xg) = ¢;. As
an eigenvalue problem, by (Atkinson, 1964), given boundary conditions A; f%(0) + A, f[11(0) = 0
and B; % (a) + B, fI(a) = 0 with A2 +A3 > 0 and B? + B3 > 0, if the SL problem is regular and
p>0and w> 0 on (0,a), then the eigenvalues are discrete and bounded from below; that is,
we have eigenvalues —o < Ay < A} < A < ... so that A, — o0 as n — o. Moreover, if f, is the
corresponding eigenvalues of 4, then f, has exactly n zeros in (0,a).

Now we come back to the challenge. Suppose P(t) = 1/a; that is, the sampling is uniform. By
Corollary 17, when € is sufficiently small, the second order ordinary differential equation

Def (1) = Ac(t)f" (1) + Be(t)f'(¢) (5.2)
dominates. Note that A¢(¢) > 0 on the elliptic region ((2 —v/3)&,a — (2 —+/3)€), and A¢(r) < 0 on
the wave region [0, (2 —v/3)€) U (a — (2 — v/3)€, a], while B¢(t) > 0 on [0,a].

To convert Z; into the SL form, we define two more functions over 7 € [0, €]. First,

12ae3 | 12a¢2 ]

g(0) == |t — (2= v/3)e| FIE| — (24 VE)e Yy e lict T
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overt € [0, €]. Clearly, g(t) > 0. Moreover, g is continuous and is smooth except at = (2 —v/3)e.
Second,

3 2
12a¢ + 12a¢

h(t) := ‘ti(zi\@)g‘(4+2\/§)as 1’ (2+fe]4 2/3)ae— 1<t+8)8a8 [er? H,},

over ¢ € [0,€]. By a direct check, we know that A(t) > 0 on [0, (2 —v/3)e) U ((2 — v/3)¢, €] and
h(t) — oo when t — (2 —v/3)e since (4 +2v/3)ae — 1 < 0. With g and h, define

—g(t) ift €[0,(2—+/3)¢];
8(1) if 1 € [(2—+3)e,€];
p(t):=1< g(e) ift €e,a—¢]; (5.3)
gla—t) iftcla—ea—(2—3)e;
—gla—1) ifre€la—(2-3)e.q

on [0,a] and

h(t) ift €[0,¢l;
w(t) ;=< h(e) ifrele,a—el; (5.4)
h(a—t) ift€a—¢g,a.

on [0,a]. We have the following proposition summarizing the behavior of p and w.

Proposition 18 Suppose € is sufficiently small. The defined function p satisfies the following prop-
erties.

1. p(t) > 0 on the elliptic region ((2—+/3)e,a— (2—+/3)¢), p(t) < 0 on the wave region
[0,(2—+/3)e)U(a— (2—+/3)¢e,al, and p(t) =0 whent = (2—+/3)e ort =a— (2—+/3)e.

2. p(t) is C' on [0,a] except att = (2 —+/3)€ and t = a— (2 —/3)&. In particular, p'(t) — oo
ast — (2—+/3)e from right or t — a— (2 —/3)¢ from left; p'(t) — —coast — (2—+/3)e
from left ort — a— (2 —+/3)€ from right.

3. p(t) is absolutely continuous.
4. 1/peL! on|0,a].
The defined function w satisfies the following properties.
1. w(t) is C' on [0,a] exceptatt = (2—+/3)e andt =a— (2—+/3)e.
2. w(t) »oast— (2—+3)eort —a—(2—+/3)e.
3. welLlon|0,d.
The defined functions p and w are related to A¢ and B and satisfy the following properties.
1. % = A¢(t) and % = Be(t), whent # (2 —+/3)e andt # a— (2—/3)e.

2. @%Ag()andp(()) — Be(t) whent — (2—+/3)e ort — a— (2—+/3)e.
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With this proposition, we conclude that except at t = (2 —v/3)e and t = a — (2 — v/3)g, the
following relationship holds:

Ae()f"(t)+Be(t) f' (1) = =5 1" (0) + — = f' (1) = ~—=~——. (5.5)

Also, the corresponding eigenvalue problem

—(p()f (1)) = 2w(t) (1), (5.6)

is regular when € is small enough. If f is a solution to the above problem, then f is absolutely
continuous, and hence it is differentiable almost everywhere. Moreover, p(t)f’(z) is absolutely
continuous and p(z) is differentiable and nonzero except at r = (2 —+/3)e and t = a — (2 — V/3)e.
By the quotient rule f is twice differentiable almost everywhere.

With p(r) defined in (5.3), define

H, = {fY(t) and fI!)() are absolutely continuous on [0,a]}.

With the above discussion, we have the following corollary based on Atkinson (1964) that are
related to understanding the spectrum of the LLE matrix.

Corollary 19 Suppose we impose the Dirichlet boundary condition for the eigenvalue problem,
D f(t) = A f(t), over the elliptic region [(2 —~/3)e,a— (2 —/3)&]; that is,

f(2=V3)e) = fla—(2—V/3)e) =0.

Then the eigenvalues are discrete and bounded from above, that is, the eigenvalues are o > Ay >
M > Ay > ... s0 that o, — —eoas n — oo, If f, € H), is the corresponding eigenfunctions of A,, then
fo has exactly n zeros in ((2—+/3)e,a— (2—+/3)¢).

We mention that this corollary is only for theoretical interest but not for practical interest since we
need extra steps to “clip” the wave region and impose the Dirichlet boundary condition when we
only have a point cloud. Also, the above conclusion may not hold when P(¢) is not uniform. In fact,
it is not hard to show that if P(z) behaves like ¢ 4 € in [0, €], then the corresponding SL problem is
singular.

6. A comparison of LLE and DM

We provide a comparison of LLE and DM (Coifman and Lafon, 2006) on a manifold with smooth
boundary. Recall that, unlike LLE, when we run DM, the affinity matrix is defined by composing a
fixed kernel function chosen by the user with the distance between pairs of sampled points. Below
we summarize the bias analysis result of DM using our notations for a further comparison when the
manifold has a non-empty boundary. A full calculation can be found in Coifman and Lafon (2006);
Singer and Wu (2017). To simplify the comparison, we consider the Gaussian kernel H (1) = e .
More general kernels can be considered, and we refer the reader with interest to, e.g., (Coifman
and Lafon, 2006; Singer and Wu, 2017). Also, see (Vaughn, 2020) for more relevant results. For
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x,y € M, we define He (x,y) = exp(—”l(x)gizl(””z), where € > 0 is the bandwidth. For 0 < o < 1, we

define the ot-normalized kernel as

H; (x,y)

He o(X,y) ‘= o>
ear(x,y) pE(x)p(y)

where pe(x) := E[He(x,X)]. With the a-normalized kernel H o, for f € C*(M), the diffusion
operator associated with the a-normalized DM is

E[He,a(x7x)f(x)]
E[He o(x,X)] '

Heaf (x) 1= 6.1

The behavior of the operator J#; o is summarized below.

Theorem 20 (Bias analysis of Diffusion map) Let (M,g) be a d-dimensional compact, smooth
Riemannian manifold isometrically embedded in R?, with a non-empty smooth boundary. Suppose
feC}(M)and P e C*(M). If « = 1, we have

d—1

Ao f(x) = ‘Eod( (;)) 2uf (e + [w () ; G2 (x) + ¥ 293/ ()| € 6.2)
+U(&)9af (x)€”+O(),

where Wi,y and U are scalar value functions defined on [0,0) so that

. 1 Gz(l‘)
T 200(1)

o 1627[1(1‘)
B 2 Go(l‘) ’

vi(r) w(t) :

U(t)=0ift > ¢ U(&) depends on the second fundamental form of dM in M at x, and U (&) is
independent of P. In fact,

ng(x) uqdu B Gl,d(éx)

U(&) = Jpo i oo(:)

(6.3)

Jpe () tadu
st(x) 1du
mension 1 submanifold embedded in M at x by Definition 5.

where is a function depending on & and the second fundamental form of dM as a codi-

Compared with the differential operator 7, associated with LLE, the differential operator asso-
ciated with DM has a very different behavior. First, in DM, when € > 0 is finite, asymptotically the
first order differential operator exists in the € order (Coifman and Lafon, 2006), which suggests that
the boundary condition is Neumann. In Vaughn (2020), it is shown that the graph Laplacian con-
verges in the weak sense to the Laplace-Beltrami operator with the Neumann boundary condition.
With this boundary condition, the spectral convergence of DM when the boundary is non-empty
without a convergence rate was provided in Singer and Wu (2017) as a special case when the con-
sidered group action is SO(1). Another spectral convergence result when the boundary exists can
be found in Peoples and Harlim (2021). Note that when the boundary is empty, more spectral con-
vergence results with a convergence rate can be found in Von Luxburg et al. (2008); Trillos et al.
(2020); Dunson et al. (2021), while none provide the rate is optimal to our knowledge. Second,
the coefficients of the second order differential operator, y; and >, do not change sign and do not
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degenerate over the whole manifold. Third, in DM, there is an extra first order differential operator
in the €2 order. As a result, in addition to what has been explored in Wu and Wu (2018), we see
more differences between LLE and DM.

While LLE and DM are different, they are intimately related. Here we provide a brief explo-
ration for this relationship from the kernel perspective. Observe that we can rewrite the kernel as

EK(x,X) (X)) Bl ) (X)) — ((X) -
EK(x.X)  Eltger X)) - (1(X) l(x> TT(x )%BW (l(X))]
E[5 252 (1) (1X)) = 5 (1(X) = 1(x)) "T(0) gz ) (LX) F(X)
E[3 252 (1) (LX) = 3 (LX) = 1(x)) ") gz () LX)

which means that the kernel function is an “average” of two functions,

Ky (x,y) := 2pzr (1) (1))

and
K2 (x,y) = — (1) — 1) T g gy (109)-

We can thus consider the following kernel generalizing the LLE kernel:
K\ (x,y) = aKi (x,y) + (1 - a)Ka(x,y),

where o € [0,1]. Note that K| can be viewed as a 0 — 1 kernel that is commonly used in DM, so
when o = 1, we recover the DM. When o = 1/2, it is clear that K(!/?) is the LLE kernel. When
a = 0, we get a different kernel with different behavior. Recall Definition 6. We have

Ka(x,y) = ~E[(1(X) — 1(0)) 25z o0y (LD T (Co el Dy (1(3) = 1))

- B2 (1(x) (1(z) = 1(0) Ty (Cutclpp) " I (1(y) — 1(x))dz. (6.4)

As discussed in Malik et al. (2019), since I,,vr(Cx +clpx p)*llpyr can be viewed as the “regularized
precision matrix”, we can view (1(z) — 1(x)) "1, ,(Cx + clpx ) "', (1(y) — 1(x)) as the local Ma-
halanobis distance between z and y, or the distance between the latent variables related to z and
y. Thus, when o = 0, the kernel comes from averaging out the pairwise local Mahalanobis dis-
tance, and hence depends on the local geometric structure. The relationship between the second
fundamental form of M at x and the latent space will be explored in the future work.

It is natural to ask if we can “alleviate” the impact of the wave region by choosing different c.
To answer this question, we briefly discuss the behavior of E[K%*(x,X) f(X)] with different choices
of a, particularly when o < 1. Let us take a more careful look at the case when o = 1/2; that
is, the kernel for LLE; particularly, we look into the reason why LLE does not have the Neurman
boundary condition, and why LLE is independent of the nonuniform density function from the
kernel perspective. We have

E[K /2 (%) £(X)] = SEI(FX) ~ £0) gz 1) 1 X)) (65)
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Recall the behavior of the two terms on the right hand side. By a direct calculation, we know
E[(f(X) = f(x)) Xgzr (1 () (1(X))] becomes P(x)01.4(&,)04f(x)e9T! + O(e?+?), when x € Mg, and
[SP(x)Af(x) + Vf(x) - VP(x)]e?" + O(e9+3) when x ¢ M. Note that this is the behavior of
the kernel K1), On the other hand, E[(1(X) — 1(x))(f(X) —f(x))xg§:)(l(x))(l(X))]TT(x) becomes
P(x)01,4(8,)dsf (x)eT! + O(€92) when x € Mg, and V£ (x) - VP(x)e " 4+ O(e9"3) when x & M.
Note that this is the behavior of the kernel K(¥). As a result, when x € M., since the common term
P(x)01.4(8,)d4f(x)e?T! cancels, there is no such Neumann boundary behavior when o = 1/2 as
that in DM. When x ¢ M, then the common term V f(x) - VP(x)€?*2 cancels. Hence, the behavior
of LLE in the interior of the manifold is independent of the density function.

However, it is worth noting that one cannot remove the wave region M,, through adjusting o
after the above analysis — since both E[(f(X) — f(x)) Xgz7 () (1(X))] and E[(1(X) —1(x))(f(X) —

J(x)) 2z (1) (1(X))] T T(x) are dominated by P(x)01 4(&:)daf(x)€?*! when x is near the boundary,
if @ # 1/2, the first order term remains.

7. Clipped LLE matrix

Based on the above theoretical results, we provide an immediate application. The Laplace-Beltrami
operator with the Dirichlet boundary condition is widely used in various fields, like in the analysis
of stochastic dynamics. For example, in Georgiou et al. (2017) the eigenfunctions of the Laplace-
Beltrami operators with the Neumann and Dirichlet boundary conditions are used together to recon-
struct the conformational space of a stochastic gradient system. According to the developed theory
in Theorem 16, the asymptotic operator in general behaves well away from the boundary. We thus
consider the following modification of LLE that echos the theoretical development in Section 3 and
this algorithm is a potential candidate to recover the Laplace-Beltrami operator with the Dirichlet
boundary condition on manifold with boundary.

For a given sampling set 2~ = {x;}!_,, due to the &-radius nearest neighbor scheme, assume we

can divide the LLE matrix W € R™*" into blocks according to four portions, the interior, transition,
wave-boundary and non-wave-boundary portions. The interior portion 27 :={x; € £ : d(x;,dM) >
2¢} that includes points far away from the boundary, the wave-boundary portion .2, := {x; € 2" :
x; € M\, UdM} that includes points in the wave region, 23 := {x; € 2" : x; € M\(M,, UdM)}
and the transition portion 27 :={x; € 2" : € <d(x;,dM) < 2¢} that includes the remaining points
touching the other three portions. The W matrix is thus divided into

Www WWB WwT 0

Wg, Wpg Wpr 0

Wrw Wrg Wrr Wpp|’
0 0 Wir Wy

W =

where W,,,,, € RIZwlx| 2] represents the wave-boundary portion of the LLE matrix, Wpp € R EZIE]
represents the non-wave-boundary portion of the LLE matrix, Wrr € RI#r[x| 27| represents the
transition portion of the LLE matrix, Wj; € RIZ11>121] represents the interior portion of the LLE
matrix, and the other submatrices represent the interaction of the four portions of the LLE matrix.
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. ’ /
Construct a new matrix W, € R" *" where n’ = n—|2,,

, by restricting W to ¢/; that is,

Wpg Wpr O
W,= \Wrg Wrr Wr;
0 Wr Wy

We call W, the clipped LLE matrix for simplicity. Note that in general the matrix W, is not symmet-
ric, not a transition matrix, and the rows may not sum to 1. We shall emphasize that this algorithm
depends on the knowledge of the wave region. In general, we need an algorithm to detect the wave
region from a point cloud.

Below we see some numerical results. We uniformly and independently sample points from
M, :=[0,1] C R!. The LLE matrix is constructed with the e-radius scheme, where € = 0.01. The
first 5 eigenfunctions are shown in the top panel of Figure 5. Note that the first eigenfunction is
constant, and the second eigenfunction is linear, and both are with eigenvalue 1; that is, these two
eigenfunctions form the null space of I — W. The other eigenfunctions “look like” the eigenfunctions
of the Laplace-Beltrami operator with the Dirichlet boundary condition, but higher eigenfunctions
become “irregular” when getting closer to the boundary. Next, consider another 1-dim curve M,
embedded in R? that is parametrized by ¢t — (¢,10g(0.5 +¢),cos(nt))" € R3, where t € [0,1]. We
uniformly and independently sample 8,000 points from [0, 1] and mapped them to M,. Denote
the sampled points 2" := {xl-}?flo  © R3. Note that the sample is not uniform. The LLE matrix
W e R8:000x8.000 i constructed with the e-radius scheme, where £ = 0.01, and hence the clipped
LLE matrix W,. The first 10 eigenfunctions of W, constructed from M; and M, are shown in the
middle and bottom panels in Figure 5. According to Corollary 17 and the discussion in Subsection
5, the asymptotic operator is well behaved in [(2 — v/3)e, 1 — (2 —+/3)€]. This theoretical finding
fits the numerical results — the eigenfunctions are all 0 at the “boundary points” (2 — v/3)e and
1-(2—+3)e.

Second, we uniformly sample points from a unit disk, M3 C R?, by keeping points with norm
less than or equal to 1 from 20,000 points sampled uniformly and independently from [—1,1] x
[—1,1]. The LLE matrix is constructed with the e-radius ball nearest neighbor search scheme, where
€ =0.1. The first 20 eigenfunctions are shown in Figure 6. The first eigenfunction is constant,
and the second and third eigenfunctions are linear, and these three eigenfunctions are associated
with eigenvalue 1. These three eigenfunctions form the null space of / —W. We can see three
types of eigenfunctions — those of the first type “look like” the eigenfunctions of the Laplace-
Beltrami operator with the Dirichlet boundary condition, those of the second type “look like” the
eigenfunctions of the Laplace-Beltrami operator restricted to the “rim” near the boundary, which is
topologically a closed manifold S', and those of the third type “look like” the mix-up of the first two
types. Next, we explore the clipped LLE matrix on the unit disk M3 C R? with the same uniform
sampling scheme. For M3, we remove rows and columns associated with points with norm greater
than 1 — (2 —+/3)¢, where € = 0.1. The first 20 eigenfunctions are shown in Figure 7. It is clear
that compared with those shown in Figure 6, all eigenfunctions are O at the “boundary”.

Next, the first 20 eigenfunctions of the LLE matrix and the clipped LLE matrix of the surface
shown in Figures 2 and 3 with the same sampling scheme are shown in Figures 8 and 9. It is clear
that while the first 3 eigenfunctions of the LLE matrix behave like constant or linear functions,
the other eigenfunctions are not easy to describe. However, all eigenfunctions of the clipped LLE
matrix are zero on the “boundary”, which behaves like the eigenfunctions of the Laplace-Beltrami
operator with the Dirichlet boundary condition.
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The above examples are all manifolds without interesting topological structure since they can
all be parametrized by one chart. In the final example we show a two dimensional manifold with
non-trivial topology. Consider a torus embedded in R?, which is parametrized by

®:(6,0)— ((3+1.2cos(0))cos(¢), (34 1.2cos(8))sin(¢),1.2sin(¢)) " € R,
where 6,¢ € [0,27). The manifold My is defined as
My ={D(6,¢): 0,0 €[0,2m) and (3+ 1.2cos(6))cos(¢) > —3.4};

that is, My is a truncated torus with the boundary diffeomorphic to S'. We sample uniformly 25,000
points on [0,27] x [0,27], and remove points associated with (34 1.2cos(60))cos(¢) > —3.4. Note
that this is a nonuniform sampling scheme from M. Then, establish the LLE matrix and the clipped
LLE matrix with € = 0.3. The results are shown in Figures 10 and 11. Again, it is clear that the
eigenfunctions of the clipped LLE matrix are zero on the “boundary”.

With these numerical results, we conjecture that if we clip the wave region, the operator Z;
over M\ (M,, U dM) asymptotically converges to the Laplace-Beltrami operator with the Dirichlet
boundary condition over M\ (M,, UdM) in the spectral sense when & — 0.! We will explore this
problem in our future work.

8. Discussion and Conclusion

In this paper, we provide an exploration of LLE when the manifold has boundary. We mention
several interesting problems that we will explore in our future work.

First, the distribution of the LLE matrix eigenvalues under the null case has an interesting distri-
bution behavior, which rings the bell of the interaction between kernel random matrix and random
matrix theory. Recently, the spectral behavior of graph Laplacian has been studied from the random
matrix perspective in Ding and Wu (2022). However, due to the non-symmetric nature of the LLE
matrix, such an approach cannot be directly applied. Understanding the behavior of LLE will pave
the road toward statistical inference of unsupervised manifold learning.

Second, the potential Dirichlet boundary condition associated with the clipped LLE matrix and
its relationship with the Neuman boundary condition associated with the GL suggest exploring
the Dirichlet-to-Neumann map and Schur’s complement as a future direction. Moreover, from the
practical perspective, when we do not know where is the wave region, we shall design an effective
algorithm to determine all points from the wave region, so that we can clip the LLE matrix.

Third, as is shown in Theorem 16, LLE converges pointwisely to a mixed-type differential
operator with degeneracy, which is an SL equation with a peculiar structure in the one-dimensional
case. In other words, we have a degenerate mixed-type differential equation and the boundary
condition is not known a priori. Understanding the spectral behavior of this operator is of interest
on its own from the theoretical perspective and it might be necessary in order to explore the spectral
behavior of LLE when there is a boundary.

Fourth, the spectral convergence of LLE is so far an open problem to our knowledge. To attack
this problem, we shall again compare the original proposed (W —1)" (W —1I) and W — I considered

1. In the 1-dim case, this is related to a different differential equation, the Kimura equation Epstein and Mazzeo (2013),
that shares the same degeneracy on the boundary. In the Kimura equation, the boundary condition is adaptively
encoded in the functional space that we search for the eigenfunctions.
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in this paper and (Wu and Wu, 2018). Assume first that JM = 0. We may learn from what has been
done in the literature. To study the spectral convergence of DM (Trillos et al., 2020; Dunson et al.,
2021), we need at least two pieces of information. The first one is the knowledge of the spectral
behavior of the asymptotic differential operator, and the second one is the pointwise convergence
result. The pointwise convergence result of W — I has been studied in Wu and Wu (2018) when
dM = 0, which is generalized to the case dM # ( in this paper. It might be intuitive to conclude that
since the spectral behavior of the Laplace-Beltrami operator has been well known, when oM = 0,
we may easily obtain the spectral convergence of W — I. However, since the matrix W — [ is not
symmetric, the associated integral operator of LLE is not self-adjoint. Thus, we cannot directly
apply the same method in Trillos et al. (2020); Dunson et al. (2021) to prove the spectral convergence
of W —1, and new tools are needed. Moreover, since the fourth order differential operator is involved
in (W —1)"(W —1) via a pointwise convergence analysis, and its spectral behavior is less well
known, it is more challenging to study the spectral convergence of (W —1I) " (W —1I). The situation is
certainly more complicated when d M # 0 since the associated kernel, the integral operator behavior,
and the asymptotic differential operator are all different. Even for W — I, it is still an open problem
as mentioned above as the third point, not to mention (W —I) " (W —1I) and if the nearest neighbor
scheme is taken into consideration. A further systematic pointwise and spectral convergence study
of (W —1I)T (W —1I) is thus needed to advance the field.
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Figure 5:

Top: The first 5 eigenfunctions of the LLE matrix for a point cloud sampled from the
[0, 1] interval are plotted with different colors. The dashed vertical gray lines indicate €
and 1 — &. It is clear that the third, fourth, and fifth eigenfunctions “look like” the eigen-
functions of the Laplace-Beltrami operator with the Dirichlet boundary condition, but
higher eigenfunctions become “irregular’” when getting closer to the boundary. Middle:
the first 10 eigenfunctions of the clipped LLE matrix W, for a point cloud sampled from
M, = [0,1] are plotted with different colors. The dashed vertical gray lines indicate €
and 1 — €. Bottom: the first 10 eigenfunctions of the clipped LLE matrix W, for a point
cloud sampled from the curve M3 C R3 are plotted with different colors. The dashed
vertical gray lines indicate € and 1 — €. Compared with those eigenfunctions of M, the
amplitude of higher eigenfunctions of M3 becomes less constant, which is expected due
to the nonuniform sampling effect. It is clear that these eigenfunctions “look like” the
eigenfunctions of the Laplace-Beltrami operator with the Dirichlet boundary condition
without the “irregularity” behavior close to the boundary observed in the top panel.
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Figure 6: The first 20 eigenfunctions of the LLE matrix for a point cloud sampled from the unit
disk are plotted from top left to bottom right. It is clear that some eigenfunctions (indi-
cated by red arrows) “look like” the eigenfunctions of the Laplace-Beltrami operator with
the Dirichlet boundary condition combined with the eigenfunctions of Laplace-Beltrami
operator of the “rim” near the boundary. Note that the “rim” near the boundary is close
to S! in the Gromov-Hausdorff sense.
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Figure 7: The first 20 eigenfunctions of the clipped LLE matrix for a point cloud sampled from the
unit disk are plotted from top left to bottom right. It is clear that all eigenfunctions “look
like” the eigenfunctions of the Laplace-Beltrami operator with the Dirichlet boundary
condition.
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Figure 8: The first 9 eigenfunctions of the LLE matrix for a point cloud sampled from the surface
in Figures 2 and 3 are plotted from top left to bottom right. To enhance the visualization,
the boundary of the surface is colored by red. It is clear that the first three eigenfunctions
are either constant or linear, while the behavior of other eigenfunctions is not easy to
describe, while compared with those shown in Figure 6.
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Figure 9: The first 9 eigenfunctions of the clipped LLE matrix for a point cloud sampled from the
surface in Figures 2 and 3 are plotted from top left to bottom right. To enhance the visu-
alization, the boundary of the surface is colored by red. It is clear that all eigenfunctions
are zero on the boundary, and the behavior “looks like” the eigenfunctions of the Laplace-
Beltrami operator with the Dirichlet boundary condition.
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Figure 10: The first 9 eigenfunctions of the LLE matrix for a point cloud sampled from the truncated
torus My are plotted from top left to bottom right. To enhance the visualization, the
boundary of the truncated torus is colored by red.
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Figure 11: The first 9 eigenfunctions of the clipped LLE matrix for a point cloud sampled from the
truncated torus My are plotted from top left to bottom right. To enhance the visualization,
the boundary of the truncated torus is colored by red. It is clear that all eigenfunctions
are zero on the “boundary”.
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Appendix A. Examples for Proposition 1

To show that it is possible p (W) = 1, consider the following example. Let n = 2m, where m > 2 is an
integer. Suppose 2" ={z1,22," " ,2,} is auniform grid of S' C R? so that z; = (cos(@)7 sin(%_l))),

wherei=1,---,n. We choose € so that .#; only contains two data points (cos(@), sin(@))
and (cos(2%),sin(#%)). Fix z, and z;; and z, are the two data points in .#;. Without loss of gen-

erality, we assume that z; = (0,0), zx,; = (a,b) and zx» = (—a,b). Hence, G, at zx is
a —a
Gui = [b ] ) (A.1)

and the solution ykT = [Vk.1,Yk2] to the regularized equation (2.3) with the regularizer ¢ > 0 satisfies

a?+bv*+c —d>+b* ] [0 1
[ —a* + b? a2+b2+c} [yj - [1} : (A.2)

Therefore, we have yx 1 = ye2, w{ =[1/2,1/2], and

Wki:{ 1/2 ifzi=zkj € M

0 otherwise. (A.3)

Suppose Ag < A < --- < A, are the eigenvalues of W. Then Ao = —1, 4,1 =l and Ay;_1 = Ay, =
cos(@) fori=1,---,m—1.

We provide another example to show that in general it is possible that p(W) > 1. Consider a
point cloud with ten points in R?, (—0.56, —0.34,1.03),
(—0.51,0.32,-0.02), (—0.53,—1.47,—-0.57), (1.34,0.47,—0.15), (1.01,—1.56,1.22),
(—0.55,—1,-0.07), (0.09,—1.04,—0.2), (—1.27,2.07,—0.9), (1.26,—0.71,—1.2), and
(1.46,0,0.61). The LLE matrix of this point cloud with 5 nearest neighbors and the regularizer
¢ = 1073 has an eigenvalue —2.4233.

Appendix B. Technical lemmas for some geometric quantities

In this section we collect several technical lemmas for some geometric quantities we will encounter
in the proof. They might be also useful for other works when the manifold with boundary setup is
considered.

For the manifold with boundary, denoted as M, with the isometric embedding 1 into R”, we
consider the extensions M and 7 introduced in Section 3.2. Let exp, be the exponential map of M
at x € M. Recall that exp, is well defined over 1~ (BX’ (1(x)) N1(M)) for any x € M. For x € M,
we use I, to denote both the second fundamental form of 1(M) at t1(x) and the second fundamental
form of 7(M) at 7(x). The first three lemmas are basic facts about exp,, the normal coordinate, and
the volume form. The proof of these three lemmas can be found in Singer and Wu (2012).

Lemma 21 Fixx € M. Consider the extension M. If we use the Cartesian coordinate to parametrize
T M, the volume form has the following expansion

d
dv = (1 —é ) Ricx(i,j)uiuj+0(u3)>du, (B.1)

ij=1

where u = ):,,6'1:1 uie; € TM, Ricy(i, j) = Rice(ei,e;).
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Lemma 22 Fix x € M. Consider the extensions M and 1. For u € T,M with ||u|| sufficiently small,
we have the following Taylor expansion:

. - - 1
Toexp, (u) ~ 1(x) =Lt 5 )+ O( ). (B.2)
In the next Lemma, we compare the geodesic distance and the Euclidean distance.
Lemma 23 Fix x € M. Consider the extensions M and 1. If we use the polar coordinate (t,0) €

[0,00) x 84~ to parametrize T,M, when t > 0 is sufficiently small and T = ||Toexp (0t) — 1(x)||re,
then

5 1
P=r— 2 |1(6,0)|" +0(r*) (B.3)
I | . -
t =7+ —|[I(6,0)| % + 0,
24
where 8 € S¢~1 C T.M.

The following lemma describes a parametrization of the boundary set. This parametrization is
needed when we analyze the LLE matrix near the boundary.

Lemma 24 Fix x € M. Consider the extensions M and 1.

(Toexp,) ' (By (1(x))N1(aM)) (B.4)

-

M=~

u'o, e 7}]\7[) (ul,m ,ud_l) €k, ud:q(ul,--- ,ud_l)},

=1

where

d—1
gl u ) =&+ Y aij(xo)u'n +O(|Jull), (B.5)
ij=1
and a;j(xy) is the second fundamental form of the embedding of M in M at x;.

Proof Note that (Toexp,) ™' (BX"(1(x))N1(dM)) is a hypersurface with boundary in T,M. Since
dM is smooth, by the implicit function theorem, if € is small enough,

(Toexp,) (B (1(x)) N1(9M)) (B.6)

d
:{ZulaZGTXM

=1

1 d—1 d 1 d—1
(w - u " )eKu" =qu, - ,u )}
for a smooth function g of u',--- ,u?~!. By Taylor’s expansion, we have

d—1
q(u',-- ,udﬁl) =& + Z a;j(x)u'u’ +0(||ulP), B.7)

ij=1
where the first order disappears since the tangent space of (7 oexp,) ™! (BX" (1(x)) N 1(dM)) in T.M
at expy ! (xy) is perpendicular to u, direction by Gauss’s lemma, and a;;(x) is the coefficient of the
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second order expansion. Due to the smoothness of the manifold, g;;(x) is smooth along the mini-
mizing geodesic from x; to x. Also, when x = x;, a;j(x;) is the second fundamental form of the
embedding of dM in M at x,. Therefore, by another Taylor’s expansion, a;;(x) = a;j(xy) + O(ug),
the conclusion follows. |

Next Lemma describes the discrepancy between [p, () f(#)du and [5 ) f(u)du. Note that the
order of the discrepancy does not dependent on the location of x.

Corollary 25 Fix x € M. When € > 0 is sufficiently small, we have

/ du —/~ du
Ds(x) DE(X)

Proof Based on Lemma 23 and the definition of D¢ (x), the distance between the boundary of Dg (x)
and the boundary of D¢ (x) is of order £3. The volume of the boundary De (x) is of order €~!. Hence
the volume difference between D (x) and De(x) is of order £/~! - &3 = £9+2. The conclusion fol-
lows. |

=0(e??). (B.8)

Appendix C. Technical lemmas for the kernel analysis

To have a closer look at the kernel, we need the following quantities. First, we introduce some
notations. For v € R”, denote

v=[vi,n] eR?, (C.1)

where v; € R? forms the first d coordinates of v and vy € R?~4 forms the last p — d coordinates of
v. Thus, for v = [[vi, »o]] € T,y R?, vi = J; 4V s the coordinate of the tangential component of v on
1. 1.M and v, = f; p—dV is the coordinate of the normal component of v associated with a chosen
basis of the normal bundle. Define
o §T
‘)Tl-j(x) = Jp pdeij(x).

Note that ‘ﬁ,-j (x) = ‘ﬁji(x).

Definition 26 (Moments) For x € M, consider the following moments that capture the geometric
asymmetry:

d
Wy (x, €) = /~ w'du,
De(x) 11:1

where v = [v1,...,v4]" describes the moment order.

In next lemma, we quantitatively describe all the moments up to the third order. This Lemma
tells us that when x ¢ M, (when x is far away from the boundary), all odd order moments disappear
due to the symmetry of the integration domain. However, when x € Mg, it no longer holds — the
integration domain becomes asymmetric, and the odd moments no longer disappear. Therefore, we
can show that o (x, €), He, (x,€), Uoe, (x,€) and o4, (X, €) are all the non-trivial moments needed
in analyzing LLE. The proof follows from the symmetry argument and a straightforward integration,
so we omit it here.
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Lemma 27 [Symmetry] Suppose € is sufficiently small. Then, the moments up to order three can
be quantitatively described as follows. In fact, Uo(x,€), Ue,(X,€), Ue; and Uoe,4e,(X,€) for all
i=1,---,d are the only non-trivial moments. And they are continuous functions of x on M. Define
‘ffj‘ =1 whend =1, we have

1. Zero order moment, [l
If x € Mg, Wy is an increasing function of & and

! st 1| f s 2|
Lo (x, €) = +/ 2125 dh 4 o(e ),
If x & My, then
( 8) _ ‘Sd71|8d
Ho(x, - d .
In general, the following bound holds for Ly(x,€):
Sd 1 Sd—l
‘ - |8d+0( d+1) SHO(X,S) < us
2. First order moment, [,
If x € Mg, U, is an increasing function of &, and
Sd—Z o dn1
U, (x,€) = —LZ — 1’ (€2 -8 +0(e).
If x & My, then
He, (x,€) =0.

In general, U, (x,€) is of order €4t For the rest of the moments, l,, =0, fori=1,--- ,d— 1.

3. Second order moment, |,
If x € Mg, Ua, is an increasing function of & fori=1,--- ,d. We have
1]

Hoe; (x,€) = 2d(d+2)

arn | (5187 2 gd+3
e +/0 (&) dhr o),

fori=1,---.d—1, and

‘u2 (x g) — W8d+2+/sx ’Sd 2‘( h2) thh+0( d+3)
arT 2d(d+2) 0o d—1
If x & My, then
1L (X 8): ‘Sd?l, £d+2
v d(d+2)

In general, the following bounds hold for Uy, (x,€), wherei=1,--- ,d:

s
2d(d+2)

d—1
d+2 d+3 ’S ‘ d+2
& +O0(¢e < (x.e) < ———¢
( ) — Hzel('x? ) — d(d 2) )

For the rest of the moments, U, +.; =0, whenever i # j.
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4. Third order moment, |, ¢, .,
If x € Mg, Uoe,+e, is an increasing function of & and

512
Haeted 08 =G 13)

fori=1,---d—1, and

59721

Hae, (X, €) = _m(82 — )T (262 + (d+ 1)E2) + 0(e7 ™).

If x & M, then
H3e, (X,S) =0.

In general, e, ye,(x,€) is of order e4t3, And He;+e;+e, = 0, for the rest of the cases.

Below, we relate those non-trivial moments described in the previous lemma to those ¢ func-
tions in Definition 7. The proof follows from a straightforward change of variable, so we omit the
details.

Corollary 28 The relationship between the non-trivial moments in Lemma 27 and the functions ¢
defined in Definition 7 satisfies:

fori=1,---d—1, and

Moreover,

Hoeire,(x,€) = 03(8:)e!T + 0(e™),
fori=1,---d—1, and

Wae, (x,€) = 03 4(8,) €73+ 0(e7™).

Next, we prove the following lemma about the ratio between the volumes of d — 1 sphere and
d — 2 sphere. We need it to study the relation between different ¢ functions later.

Lemma 29 Ford € N, we have

(d+1)*(d+3) |$4=22 (d+1)?

8d%(d +2)? (d— 12112 = 4d2(d +2)’ (C.2)

where ‘Zdjl is defined as 1 when d = 1.
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Proof The inequality can be verified by a straightforward calculation for d < 6.
d—212 2_1)2 d—2|2 dy2
Next, we show that }id,l}Z < 4(52(;22) for d > 6. Note that E"*‘IZ = ml:((dzz; 7 Hence, it suffices

I(
d

4y n(d*—1)?
—1

to prove r(Ly < IEdR2)" In Kershaw (1983), it is proved that for allx >0 and 0 < s < 1,
T
S\1—s F(x+1) (1—s)p(x+159)
= < < C3
(et 3 < Ty <€ ’ €3
/(s d\2
where y(y) = E((y))) Choose x =4 — 1 and s = 1, then Flgﬁ)z < e¥(5=4), Hence, it suffice to show
2
that w(%Jr%) B 7'C(d2 _ 1)2 €4
e —_ .
4d?(d +2)
Actually, we have e¥") < y for any postive y. The conclusion follows by verifying % + % < %
for d > 6.
d2—1)? d-2|2 L. . 2_1)2 r(d)?
At last, we show that ( 3 dll(zxf-{;r;) < E‘HIZ’ which is equivalent to ”(‘; 7 (ld) +(2d)42'3) < F(f,;)z. By
dy2
(C.3), with x = % —1land s = %, we have % — % < rfﬁ)z- The conclusion follows by verifying
2
%&%?3) < % —% for d large.

We calculate some major ingredients that we are going to use in the proof of the main theorem.
Specifically, we calculate the first two order terms in E [y ger () (1(X))], E[(f(X) = f(x)) X527 1)) (LX),
and the first two order terms in the tangent component of E[(1(X) — 1(x)) gz () (1(X))] and
E[(1(X) = t(x))(f(X) = £ (%)) Xpzr (1 (x) (1(X))]. This long Lemma is the generalization of (Wu and
Wu, 2018, Lemma B.5) to the boundary. In particularly, when x ¢ Mg, we recover (Wu and Wu,
2018, Lemma B.5).

Lemma 30 Fix x € M and f € C*(M). When € > 0 is sufficiently small, the following expansions
hold.

1. Elger (0 (1(X))] satisfies
Elper (1) (L0))] = P00, €) + 0aP (0 e, (x,) + O(e772).
2. EI(F(X) ~ £ ey (X)) satises
E{(F(X) — £ ()52 1) (LX) = PL)AF (0, . 8)

d
# 3 (R0 0) + A 0020) e (5.)+ O™,

3. The vector B[(1(X) — 1(x)) Xgzr (1 () (1(X))] satisfies
E[(1(X) ~ 106)) gz oy (O] = [v1,va]
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where

d
1 = P(3) ey (5,)7 g+ Y (P (3 bz (5,8)) ] gei + O(e*)
i=1
P
v =" Y oty () (1) + 0[5,

-

I
—_

4. The vector E[(1(X) — 1(x)) (f(X) = £ (x)) Xgzr (1 () (1(X))] satisfies
B{(1(X) — () (F(X) — F(0) s 1) (1 0O)] = [,

where

d
Z X) Mo, (x 8)).];‘16,'

i=1
1
[9 F()0aP(x) + 0af (x) OP(x) + P(x) 0. f (x)] taeie, (x,€) T gei

([8f( 1iP(0) + P08 0] ey ) ) g + 015,

d

+

M=~ T

—

Z o, f mld .u2e,+ed (x S)

d
( ) adf Z mll .u261+ed (x 8) + 0( d+4)-

Proof We use the extensions M and { introduced in Section 3.2. For any x € M, let exp, be the
exponential map of M. First, we calculate EXgzr (1 () (1(X))]-

B2z (1 () (1(X))] (C5)
d

d
:/D o (PO + L AP+ 06 (1= 1 éRicx(i7j)ui”j+0(”3))du

i=1 ij=1

d
=Pl [t [ L oP (0" ?)
=P(x) o (x, €) + AgP(x) e, (x, €) + O(e7?),

where the second equality holds by applying Corollary 25 that the error of changing domain from
D (x) to De(x) is of order €972, We use Lemma 27 in the last step. Note that P(x) is bounded away
from 0.

Second, we calculate E[(f(X) — f(x)) Xz (1)) (LX ))]. Note that when € is sufficiently small,
we have

d
foexp,(u)— f(x) =Y. of u,—|— Z (X)uiu; + O(u?), (C.6)

i=1 1]1
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which is of order € for u € D¢(x). By a direct expansion, we have

E[(f(X) —f(x))XBR”( (x))(l(X))] (€7
d d

[ Bt Y B+ 06 (PG + Y AP+ 06R))

De(x) =1 2= i=1

d
1
x (1— Z gRicx(i,j)uiuj—i—O(Lﬁ))du,
ij=1

which by Corollary 25 and Lemma 27 becomes

U

d
/Dg ; +*Z I (x Wﬁ;af Z (x)uj+O(u) | du

i,j=1

— P(x)af (x /D o du+Z X) + A f(X)AP(x ))/D (x)u%du+0(gd+3)

= P(x)9uf (x) e, (x, €) + X‘I(;aﬁf@) +0if (X)P(x)) ae, (x,€) +O(e77?).

Note that the leading term in the integral is of order &, so the error of changing the domain from
D¢ (x) to Dg(x) is of order £473.
Third, by a direct expansion, we have

E[(1(X) — 1)) 22 1) (LX) €8)
:/l)g(x>(i*u+;ll(uu)+0 +Zap Yui +O(u?))

d
1
x (1— Z gRicx(i,j)uiuj—i—O(f))du,
=i

whichis a vector in R”. We then find the tangential part and the normal part of E[(1(X) —1(x)) xgzr (1) (1(X))]
respectively. The tangential part is

d
/D ( )(i*u +0(u?))(P(x) + Z O:P(x)u; + O(u?)) (C9)
e(x i=1

d
x (1— .Z_’l éRicx(i,j)u,-uj +0(u®))du
d
_ /D o T O (PL) + 195 +0(u))
x (1— Xd: éRicx(i,j)u,-uj—FO(u )du+0(g?3),
ij=1
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where the equality holds by Corollary 25. Similarly, by Corollary 25, the normal part is
1 d
oy Gl + 0 (PLO) + Y AP (s +00) (C.10)
eX i=1

d
1
x(1-Y gRicx(i,j)u,-uj+0(u3))du
i,j=1

d
= [ (G100 (P + Y. AP+ 0(u)

i=1

d
1
(1= ) eRicx(i juu;+ O(u’))du+0(e"*)
i?j:1

since the leading term P(x)II,(u,u) is of order €2 on D¢ (x). As a result, by putting the tangent part
and normal part together, E[(1(X) — l(x))nggp(l(x))(l(X))] = [[v1,v2]], where

d
v :J;d [P(x) /f)s(x) imdu—i—/ . 'i*uZBiP(x)uidu+0(8d+3)} (C.11)

= (P(x) /~ uddu) d€d~+ Z (8 P (x / u%du) J;dei +0(g?+3)
Dg(x) De(x) '

=P(x)Ue, (x, s)J;ded + Z OiP(x) tae, (x, S)J;de,- +0(e?"?)
i=1

and

P(x) - P(x) &
V) :(X)J;pdﬁ I, (u,u)du+ O(g%3) iZm,, X) Ha, (%, €) +O(e713).
2 ' De (X) 2 =1
Finally, we evaluate E[(1(X) —1(x))(f(X) — f(x)) Xpzr ;1) (1(X))] and then find the tangential part
and the normal part. By a direct expansion,

B(1(X) —1(0) (F(X) — f(x))xgw(l( (X)) C12)
_ z
_/Ds(x)(l*u+2ﬂ (u,u) +O(u IZ;Q,f Jui+ = JZ:I (X)uij+ O(u))
d

x (P(x) + ; OP(x)u;+0(u?)) (1 - __Z_l gRicx(i, Juiuj+0@?))du.

The tangential part is

d
/ (T +O(u Z X)ui+ = Z 05 f (X)uiuj+ O(u?)) (C.13)
De(x) i=1 2; i,j=1
d d
X (P(x)—i—Zc?,-P(x)ui—i-O(uz)) (1 — Z éRicx(i,j)uiuj—i-O(f))du.
i=1 ij=1
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The leading term P(x)T,uY? | 0;f(x)u; is of order €2 on Dg(x), therefore the error of changing
domain from D (x) to De(x) is of order €?**. The normal part is

M&.

f (X)ui+ 5 Zal]f X)uiuj+O0(u)) (C.14)

1 lj]

1

X) + Zap X)ui+0(u?)) (1 - .Zl gRicx(i7j)”i”j +0(u))du.
1, ]=

The leading term P(x)IL, (1, u) Y, 9, f(x)u; is of order €3 on D¢ (x). Therefore, the error of changing
domain from D¢ (x) to De¢(x) is of order €?+>. Putting the above together, E[(1(X) — 1(x))(f(X) —
f(x) XBE" (1(x)) (1(X))] = [[v1,v2], where by the symmetry of D¢(x) we have

X

d d
VI :J;d[P(x)/D( i*uz&-f(x)uidu—i—/[)()T*uz%f Z (xX)ujdu (C.15)
e (x) i— e\ X i=1

Plx (2 / Z 2 f uujdu+0(8d+4)}
x) i,j=1
d
=P(x) ; (8,~f(x) /Ds(x) u?du) J[Ide,-
d—l

[a f(x)34P(x) + dyf (x) diP(x) -I-P(x)al%lf(x)] /f)g(x) u?udduJ;dei

( e + 330 [

De¢(x)

ulzuddu> J;ded + 0(gd+4)

+
™=

—_

[
~
=

-

Il
—_

aif(x):u%i (xa 8) J;,dei

“r

(91 (x)0aP(x) + uf (x) OP(x) + P(x) I f (x)] Moy e, (x,€) T gei

27 @AP)+ P02 1) ey (5.8 e+ 0.

I’
—_

+
™=

Il
-

and

v _@fT ia-f( II du+ 094
2= p,pfd. i x) Be(s) x(u,u)ul u-+ (8 )

d
z 03I () L34 (0) Y b ey (5, 8) + O,

i=1
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Appendix D. Structure of the local covariance matrix under the manifold setup

In this section we provide detailed analysis for the local covariance matrix C, = E[(1(X) —1(x))(1(X) —
t(x))" Xgz? (1(x) (1(X))]. This Lemma could be viewed as the generalization of (Wu and Wu, 2018,
Proposition 3.2) in the sense that when x ¢ M, the result is reduced to that of (Wu and Wu, 2018,
Proposition 3.2). To handle the boundary effect, we only need to calculate the first two order terms
in eigenvalues and orthonormal eigenvectors of C.

Lemma 31 Fix x € M. Suppose that rank(Cy) = r, there is a choice of eq1,- - - ,e, so that we have
e/ (ej e;)=0foralli=r+1,---,pand j=1,---d. We have

MO (x,e) 0 0 MU (x,e) M1 (x,e) 0
C, =P(x) 0 0 0|+ |MCPY(x,e) 0 0 (D.1)
0 0 0 0 0 0
N 0(8‘”4) 0(8d+4)
0(e?%) MO (x,e)+0(g4 )|

where M) isad x d diagonal matrix with the m-th diagonal entry Uy, (X, €). MM s g symmetric

. M (x,e) M2 (x,e) 0
d x d matrix. M%) € R>*U=4) pCO) = M2 [y particular, when x & Mg, (21)(x,8) 0 0 =
0 0 0

0. MB)(x,€) is diagonal (p —d) x (p — d) matrix and is of order €94, The first d eigenvalues of Cy
are
A = P()ae, (x,€) + A (x,8) + O(e74), (D2)

wherei=1,...,d. And li(1>(x,£) = 0(e?3). If x & M, li(l)(x,e) = 0. The last p —d eigenvalues
of Cy are A; = O(e%+*), wherei=d +1,...,p.
The corresponding orthonormal eigenvector matrix is

X(x,€) = X(x,0) + X (x,0)S(x,&) + O(&?), (D.3)
where
Xi(x) 0 0 Si(x,€) Sia(x,€) Siz(x,€)
X(x, 0) = 0 Xz(x) 0 s S(X,E) = |Sy ()C,E) Szz(x,ff) 523()6,8) s D.4)
0 0 X3(x) 531()6,8) 532()6,8) 533()6,8)

X, € 0(d), X, € O(r—d) and X3 € O(p —r). The matrix S(x, €) is divided into blocks the same as
X (x,0). Moreover, S(x,€) is an antisymmetric matrix with O on the diagonal entries. In particular,

ifx & Mg, S(x,€) =0.
The proof is essentially the same as that of (Wu and Wu, 2018, Proposition 3.2), except that

when x is close to the boundary, the integral domain is no longer symmetric.
Proof By definition, the (m,n)-th entry of C, is

emCrey = /D (x)(l(y)—l(x))Tem(l(y)—l(X))TenP(y)dV(y)- (D.5)
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By the expression
1
Toexp,(u) —1(x) =T+ STy, u) + O(us), (D.6)

we have

(1) —1(x) Ten(1(y) —1(x)) Ten

- . 1 - 1 5
= (enLon) ey Tat)+ 5 (e L) e W1t,0) + 5 (e i) e Tt + O,
Thus, (D.5) is reduced to

1 1
e;Cxen = / . ((enTli*u)(eZi*u) + E(enti*u)(ezllx(u,u)) + E(e;Hx(u,u))(eIi*u)
D¢ (x

£ 2l e Wfu, )] + () (D7)

d
1
X (P(x) +V,P(x)+ 0(u2)) (1 - Z gRicx(i,j)u,-uj + 0(u3))du.
ij=1
For 1 <m,n <d, (e, T.u)(e, T.ut) = tpu,. Moreover, e I, (u,u) and e, I, (u,u) are zero, so
e, Cren (D.8)

=/ (x)(umun +0(u)) (P(x) + VuP(x) + 0(142))

d
x (1- Z éRicx(i,j)u,-uj—FO(f))du

i,j=1

d
:P(x)/~ umundu—i—/~ U Uy, Z uk8kP(x)du+0(8d+4).
De () Dy (x) k=1

where we use Lemma 25 to handle the error of changing domain from D¢ (x) to D¢(x), which is
O(g%+*). By the symmetry of domain D, (x),if 1 <m=n<d,

M) = / Updit = i3, (x,€) (D.9)
De¢(x)
and M,(,E ) is 0 otherwise.
Next,
d
MY = / it Y U OP(x)du (D.10)
De(x k=1

So, by the symmetry of domain D¢ (x), we have

8dP(x)‘LL2em+gd (x7 8) 1 S m=n S d?
(1) _ anp(x)u2€n+€d (xug) m= da 1<n< da
Mt =0 9Ptz ey (r€) n=d. 1<m<d, (D10
0 otherwise.
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Ford+1<m<pandd+1<n<p, wehave

1
enCeen= [ (lealllun)e] Tuni) + 0G)) (L) +0(0) (1 +0W)du  (D.12)
e (x
P
:ix) / e 1L (1, 0)e, T (10, )it + O(£4H).
De(x)
Hence, we have
P(x
leldﬂ_d(x,e) = Et)/[) o ep L (u,u)e,) I, (u,u)du. (D.13)
Since M,Efl J.m—q X, €) is symmetric, we can choose €41, - ,e,, so that it is diagonal. Then M,S’l dm—a(%: €)=
0 implies
[ (e I (u,u))?du=0. (D.14)
D¢ (x)

Note that since e, Il (u,u) is a quadratic form of u, we have e, Il (u,u) = 0. Since C, has rank r,
M,(jzd,mfd(x,s) =0form=r+1,---,p,and e, I(e;,e;) =0form=r+1,--- ,pandi,j=1,--- ,d.
Forl<m<dandn>d,

ey Ceen = /Dg(x) (%(e;i*u)(enTIIx(u,u)) +0(u*)) (P(x) + V,P(x) + 0(142)) (D.15)

d
1
x (1- .Zl 6Ricx(i,j)u,-uj+0(u3))du
i,j=
P(x)

= 7/ (e} I (u,u))du+ O(e4™).
2 Jpe()

We use Lemma 25 to handle the error of changing domain from D¢ (x) to De(x), which is O(g473).
Hence, for ] <m<dandd+1<n<vr,
P(x)

MO () g = 2o /D ( )um(e;nx(u,u))du. (D.16)

By symmetry of Cy, we have M(2!) = M2 "
Forl<m<dandr+1<n<p,

el Cren— P(Zx) /D e )+ O(EH) = 0(e™). (D.17)
e (x
Forl <n<dandr+1<m<p,elCie, = 0(e?**) by symmetry.
MO (x,e) 0 0 MU (xe) M2 (x,e) 0
Based on Lemma 27, 0 0 0] is of order €2 and | MY (x,¢) 0 0
0 00 0 0 0
MU (x,e) MU (x,e) 0
is of order €/*3. Note that the entries of | M) (x, ¢) 0 0| are integrals of odd-order
0 0 0
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polynomials over De(x). Hence, the matrix is 0 when x & M,. By applying the perturbation theory
(see, for example, (Wu and Wu, 2018, Appendix A)), the first d eigenvalues of Cy are

i = P(x) thae, (x, €) + AV (x,€) + O(e7H4), (D.18)

fori=1,...,d and any x € M, where {li(l) (x,€)} are of order £?*3. The calculation of {)Li(l) (x,€)}
depends on MV (x, ) and whether py,, (x,€) are the same. Moreover, A; = O(g4*) for i = d +
I,...,p.

Suppose that rank(C,) = r, based on the perturbation theory (see, for example, (Wu and Wu,
2018, Appendix A)), the orthonormal eigenvector matrix of Cy is in the form

X](x) 0 0 X](x) 0 0
Xx,e)=| 0 X&) 0 |+| 0 X(x) 0 |S(xe)+0(), (D.19)
0 0 X3(x) 0 0 X3(x)

X 8) S]Q(X,g) 513(x,8)
S(X,S)Z Szl(x,g) 522()(,8) 523()(,8)
X 8) 532()(,8) 533()(,8)

S(x,€) is an antisymmetric matrix with O on the diagonal entries. It is of order € and depends on
those terms of C, of order £?*2, order €?*3 and higher orders. In particular,

X1 (x)S12(x,8) = —[P)M O (x,£)] ' MU?) (x,£)X>.
And a straightforward calculation shows that

.Ll26,+ed ('x 8)

el JpaX1(x)S12(x,€) = o (x.) Nty () r—aXa (%), (D.20)
fori=1,---,d—1, and
T d 26]+ed X, €) T
ey Jp.aX1(x)S12(x, €) 5; b (.2) — LN () p—a r—aXa (%), (D.21)
If x € Mg, S(x,€) = 0. Moreover, if among first Uy, ,---, U, there are 1 < k < d distinct ones,

then there is a choice of the basis in the tangent space of M so that

(D.22)

where each X l(i) (x) is an orthogonal matrix corresponding to the same of U,,. The conclusion fol-
lows. |
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Appendix E. Analysis on the augmented vector T(x)

We now calculate T(x). For our purpose, we need an asymptotic expansion up to the first two
orders for the tangent component of T(x) and to the first order for the normal component when & is
sufficiently small.

Lemma 32 T(x) = [+ +v{% +v% +v{% 00 V] +[0(e), 001)], where

(=1) :M

Vi

P(X) ’
) d+3,u-€d (_X 8) Tded
2 Px )(HZed(x g)) et
d
0 X) He, (X, €) Mot ey (X, €) 1
v = J
R e

(E.1)

dCis

d—1 X eites\ X, ei+eq\ X,
© P(x) y [(ued( (€)Mt (X E) uzej(xjg))wmg‘(x)]‘ﬂid(x)JTdei

4 2edt & & e, (X, €) Hae, (x,€) P
P(x) &G ey (%,€) e ey (X, €) Woeive, (X:€) o7 T
T — Upe.(x, € d N (x) [N (x)], geq,
4ed+3 1:21]:21 [( “Zed(x78) %) j( )) .uZed(x78> j]( )] ( ) p,d€d
and
d
(=1 _ P(x) _ Hey (x78).u26j+ed(x7£) N
V2 =5t ]:Zl(#ze,(x,e) e E) )N, (E.2)

Note that by Lemma 27, vgfl) is of order £~! when x € M, and 0 when x ¢ M,; Vgo% is of order
1 since pe, (x,€) is of order £4*+! 7
x & Mg, we have L, (x,€) =0 and U, 1., (x, €) = 0. Hence, v(1 ; 0 v% 3)) =0and vg i = 0. Similarly,
vgfl) is of order e~
Proof Recall that

and W, (x,€) is of order €92 for i = 1,...,d. Moreover, when

r E[(1(X) —1(x ))XBRP(( (1(X))] BIBT (E.3)

d+3
=~ Ai+e

To show the proof, we evaluate the terms in T(x) one by one.
Based on Lemma 31, the first d eigenvalues are A; = P(x) U, (x,€) +7Li(1)(x,£) +0(e?*%),

where i = 1,...,d, and the corresponding eigenvectors are
B — [X] (x)J;dei] n X, (x)Sn(x,e)J;de,- + 0(82)] ’ (E.4)
O(p—a)x1 O(e)

where X (x) € O(d). Fori=d+1,...,r, 4; = 0(e?**), and the corresponding eigenvectors are

Oax1 1 [X1(0)S12(x,€)3,,,_gei +O(€?)
hi= [ Jp—d.r—aXa(x )d;,,dei_ + [ 0(2) ) (E.5)
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where X»(x) € O(r —d).
By Lemma 30, we have

E[(100) = 1) g () (L X)) = [v1.v2]. (E6)

where

v = P(x) e, (x, €) pded+Z8P Ve, (x,€)J ) ge;+ O(e77?), (E.7)
i=1

P(x)

> mii(x)ﬂ2ei(x78)+0(8d+3)-

o

V) =
1

1

Next, we calculate E[(1(X) — t(x)) xper ;) (1(X))]"Bi, fori=1,...,d. Note that the normal com-
ponent of f; is of order & and the normal component of E[(1(X) — 1(x))gz7 ;) (1(X))] is of order
€12 5o they will only contribute in the 0(£d+3) term. Therefore, fori=1,...,d, the first two order

terms of E[(1(X) — l(x))xB]g{p(l(x))(l(X))]Tﬁ,- are
E[(1(X) — 1) gz 0y (1 X)) B
=(P ( Ve, (x,€)) (eg TpaX1(x)T) gei) + (P(x) e, (x,€)) (€4 Ip.a X1 (x)S11 (x, )T 4e;)
+ Z 8P ‘ugej X 8)) (ejTdeXl (X)J;dei) +0(€d+3).

By putting the above expressions together, a direct calculation shows that the normal component

E[(1(X)=1(x) 25z () (X)) BiB
of Y4, T ) is of order 1 and the tangent component of

A_'_ d+3
g Bla)—ix ))%B]RP(I(j< X)) "B _q
Y e is of order €7 ':
( )u i ed Jp Xm( )J;dei)Xl (x)J;dei (E 8)
eq ~ A; + gd+3 )
_1(9Pj(x) e, (x,€)) (ej Jp.aXi (x)JlIdei)Xl (x)J;dei
+ Z ll' +8d+3
d (el J,qX1(x)S11(x,e)J | e)Xi(x)J] e
( )‘ue ( )Z €4 Jp,dA1 11\Ay p,d€i)Al p.d€i
¢ = A +gdt3
d (e)J,aX1(x)J ] je)Xi(x)S11(x,€)J] sei
PR (5,8) Y, Ca Gl

I
—_

where the first term is of order !, the second to the fourth terms are of order 1 since i, ,(x,€) is of
order ¥*!, 1y, (x,€) is of order €472 fori = 1,...,d, S11(x,€) is of order € and A; is of order £?+2
fori=1,...,d. Note that above formula involves A; and Sy (x,€). We are going to express those

terms by Uy, and Uy.+e,. In the following paragraph, we prepare some necessary ingredients to

E[((X) =100 ) ()] T BBy
simplify the formula of tangent component of Y%, fim . Recall that from
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(D.22),
xYx) 0 0
@
0 X7 (x 0
X] (x) — 1 ( ) ’
0 0 0
0 0 X (x)

1 <k <d. Here different X l(i) corresponds to different p,,,. Each X l(i) is an orthogonal matrix. By re-
ordering the basis {e, - , e, } of the tangent space T,M, we suppose that among ., (x,€),- -, tae, , (X, €),
the first # terms of them are different from . Define

xYx) o 0
0 x?x) 0
Xi1(x) := 0 0 . (E.9)
0 0 x5V ()

Hence, we have

Xi(x) = [Xl’(l)(x) le(z)(x)]

where X; 1 (x) € O(t), X1, € O(d —t), and 0 < t < d — 1. Divide MV (x, &) in (D.1) and Sy; (x,€)

. . X1 1()6) 0
n (D.4) corresponding to i :
1n ( ) P ng l: 0 Xl,z(x)

11)

(11) (
(11) _ My (x,e) My (x.e) _ [Sna(ne) Sua(ve)
M) [M§11>(x,s) MM (x )| S1{xE) Si13(x,€) Sialx,e)]’

Recall that

4P (X) Uz te,(x,€) 1<m=n<d,
OnP(X)Uae,+e,(x,€) m=d,1 <n<d,
OnP(X) e, te,(x,€) n=d,1 <m<d,
0 otherwise.

1)

M = (E.10)

By the perturbation theory (see, e.g., (Wu and Wu, 2018, Appendix A)), lﬁr)l (x,€),--- ,lcgl)(x,s)

are the eigenvalues of M, 4(;“) (x,€) and Xj (x) is the orthonormal eigenvector matrix of MA(‘“) (x,€).
We have

S112(x,8) = X{'y () [P(x) e, (5, €)lis — Al "M (x, €)X 2(x), (E.11)
where
P(x) e (x,€) - 0
0 o P(x)Uae, (x, €)
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Next, we simplify the terms in equation (E.8) one by one. We start from the first one. Recall that

based on the structure of X;, we have e;deXl (x)JIIdei =0fori=1,---,t. Hence,

(ed Jp,Xm (x)J;de,')X1 (X)J;dei
i (e JpaXi(x )J;de,-)Xl(x)J;dei

el IP( )uQed(x £)+A( )( )+8d+3+0(8d+4)
5 Yix,e)+e o)

d
P(x) e, (x,€) )

= P(x) e, (x,€)

L PO re) (Pt (.8
X (e TpaXi (D] e X (T ger

'ued(x78) d T T T
=3 e;JpaX1(x)J, gei)X1(x)J, 4e;i
Hzed(x,e)l.;l( aJp.aX1(x)J), g€i) X1 (x)J), gei

Ue, (x,€)
‘(W@xglgf (3,8)(ea Tpa¥s () a€0)Xs ()
d+3ﬂed( €)

_<Mm¢,»t§FWW&WQMWNWfﬁma

Note that we use (D.2) in the first step. Moreover, we have

,ued(x,s) d T T T Au“ed('x7 ) T
— e ; 0, X1(x)J, ) X1 (x)J, ei = ——"J e
0] A o PRt = ey naca
and
ed+3 d gd+3
,ued( ) T T T .ued( ) T
e;Jy,aX1(x)J, ei)X1(x)J, e;i = J, eq.
Pl e S L, X a0 (01 ey = e e

By using the eigen-decomposition of Mil b (x,€), we have

ek pd Z )y x 8 ed deI( )JTdei)Xl(x)J;dei
i=t+1

= Z )b (x,€) (e TpaXi (X)]) gei) (&) Tp.aXi (X)) 4ei)
i=t+1

= Z A (x,) (e Ty aXa (1)) gei) (e TpaX [ (1)) 4e)
i=t+1

= akP(x)ulek-i-ed (x’ 8)
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fort +1 < k < d and this quantity is 0 if 1 < k < d. Thus, if we sum up the above terms, we have
4, (e dpaXi (0], gei) X1 (X)), yei
P(x X, € : L
( )ued( ); ll+£d+3

d+3ﬂed(x 8) JT ey
P( ) (t2e, (x,€))2 774

'u’ed X 9).“2ej+ed(x 8) T
_/;rl P(x) (e, (x,€))? paei+O(E).

(E.16)
— Ue, (x7 8) T

[ ——— e J—
e, (x, e) pd=d

Next, we simplify the second term in (E.8). Recall the description of X; (e.g. (D.22)). We have
i (e] TpaXi(x)J) gei) X1 (x)]) sei 1

- Jpaej E.17
i=1 .qu,el-(x,e) ,u’Zej(x7£) p7de] ( )

Hence,

Z?:l (apj(x).l'LZej (x78)) (e;!—JpvXm( )J

X ;dei)Xl (x)J;dei

A+ gd+3

(8P( )mej(x,s))( TJ Xm(x)JlIdei)Xl( )J 4€i
P(x )uze,(x 8)+

(E.18)

)(x £) + €443 4 O(gd+4)

OB (56) e e e

—j; P(x) ; Hae, (%, €) o
_ VP(x)

= P00 +0(¢).

At last, we simplify the third and the last terms in (E.8) together, because we need to use the
antisymmetric property of Sy (x, €)

d (¢l X(x)S X, JTeiX
P(x)ued(xjg)z( 1 Ip.aX1(x)S11(x,€)J) sei)Xi(x)

.
5 W et (E.19)
d (e dpaX1(x)]) 4e0)X1(x)S11(x, €)J) 4ei
X) e, (x, € ; p
. i (eg JpaX1(x)S11 (x,€)J )] 4ei)X1(x)] ) yei
1 Litae, (x,€) + 41 (x,€)/P(x) + €473 + O(4+4)
(g TpaX1 ()], 4e) X1 (X)S 11 (x,€)], e
1o, (x,€) + A (x,€) /P(x) + 93 + O(£4+4)
=v+0(¢),
where we denote
T T
Pt (1,2) é (e JpaXi(x )Slilz’(i)’ipjdei)XI( M, qei (E.20)

n (ed Jp7dX1 (x)J;de,-)Xl (X)Sll (x, S)J;de,‘

Hae; (x7 8)
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We now simplify v. Note that, for 1 <k <d,

e,;r]p dv
d d B-Jp7d51](x,8)JTd€i
= He, (X, €) Z Zed Tp.aXi(x Pdel L2, (x = )ekTJp,dXI(x)JlIdei
i=1 :1 26,‘ )
S el aSti(x,e)] je;
17 T jJIp,d211\A, p.dbi
+ ey (x,€) Y eqIpaXi(x)J, 4ei ep J,aX1(x)J] e
‘uez ,211 P pd i Z k P ( ) p,d€J HZEi(x’S) )
T T
e JpaSu(x,€)J, sei
= ey (x,€) Ze;JnXm (X)J;dej(zeijfp,Xm () qgei~ )
J=1 i=1 H2e, (X, €)
d el J,aS1(x,€)J] se;
p,d 11 9 pd J
+ X, € e dXI e; eT Xm ei— ’
He, Z aJp, My ; Jp, > d€i 2o, () )

d
—.ued X, 8 Z PXm pdej

1 1
X[ eTJ X XJT ei( — >eTJ S x’s _]T e‘:|.
i:ZI i Ip.aXi(x)J, 4 toe (1.8) o (me) )7 11(x,€)J, ¢

In the last step, we use the fact that Syj(x, €) is antisymmetric. Based on the structure of X (x),
e}deXI( x)J) gej=0for j=1,--- .1, e[ J,aX(x)J, se;i =0, for k=1, ,rand i=1+1,--- ,d
and e J,, 4 X1 (x )JTdei =0fork=t+1,---,dandi=1,--- . We can further simplify v as

d

er JpaV = Ue,(x,€) Z egJyaXi (x)JlIdej (E.21)
j=t+1

1 1
e X ( e,( — )eTJ‘S x,€)J] eil,
[Z e IpaXi(x)pa Mae, (X, €) Mo, (x,€) /" pad(x €M paes
fork=1,---,t, and

e,;er,d\?
d
= e, (x,8) Y egTpaXi(x)], 4e; (E.22)
j=t+1
d

1 1
X[ e JpaXi(x)Jp, e-( - )e.TJ‘ Sii(x,€)J, e;
i;rl knd 1( ) A ;u’2€d('x78) .ulei(x78) i pd 11( ) pd=J

=0,

fork=1t+1,---,d, where we use the fact that Ly, (x,€) = -+ = U, (x,€).
Next, we focus on the case when 1 <k <r. By (E.11),for1 <i<tandr+1 < j <d, we have

'
eiTJp,dS1 1 (x, S)J;dej = Z el'T']ILXmT (X)J;del
=1

d (e JpaM"™ (x,€)]) sem)(endpaXi (X)) 4e7)

< )

m=t-+1 P(x).ukd(xag) _P(x).uZKI (X,E)

(E23)
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Note by Lemma 31, if 1 </ <z, andt+1<m <d, then ¢/ J, 4M"" (x,€)J ] ;,, = 0. And

e) JpaM" (x,€)J ] seq = I P(xX) hae, e, (X, €). (E.24)
Hence,

e; J dS11(x 8).] de]—e J dX1 ( )JTded

a P e e, 9
X Ze,TJ aX{ ()] e P () Hae e, (X €) (E.25)

=1 T P(x) te, (X, €) — P(x) e, (x,€)
We substitute above equation into (E.21),

T -
e Jpav
d

t
= e, (x,8) Y. (eqTpaXi(x)] ) ge) (€] TpaX (x)]) 4eq) [Zez TpaXi ()], gei
j=t+1 i=1

1 1 T T 81P(x).u281+€d (x7 8)
. (uzed<x,e> Hoe, (%, e>> Ze TpaXi' (& M B e (. €) —P(x)uze,oc,eJ

! 1 1
—u, T X (0T e _
H d(L 8) |::Z]’ “ ‘]de I(X)JPVde (“26(1 (x, 8) Hoe; (x7 8))

d O1P(X) U2, e, (X, €)
x Y el 1, X, (x)J] e ! rhea
lg{ Pt ( ) pd ZP(X)'LLZEJ(X?E)_P(x).u%l(x,‘g)

1 1
¢ Xi ( i X' (x)J,, —
bl )| Z el a6 X 1500 (5 )

=110
alP( )u26/+€d(x’8) :|
P(x)te, (x, €) _P(X)NZW( €)
1 t t
=M, (x,€) |:(.u2ed(x7£) e 1:211:21 ex JpaX1(x)J, gei)(e] JpaX| (x)J ) 4er)
alp(x).uzeﬂred (x,S) :|
P(x)Upe, (x, €) = P(x) H2e, (%, €)

where we use the fact that

d

Y (e dpaXi(x)], gei)(e] TpaX) (x)], geq) =1 (E.26)
j=t+1

in the second step and the fact that

(e TpaX1(x)J ) gei) (e TpaX) ()], ge1) # 0 (E.27)

only if e/ J, aX1(x)J ) 4e; and e/ J, 4X|" (x)J) 4e; are entries in the block Xl(m)

to Uy, in the fourth step. Note that

in (E.9) corresponding

t

Y (el JpaX1(x)J, gei)(e] TpaX( (x)] ) ge1) = 1, (E.28)
=1
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if 1 <k =1<rtandis O otherwise.
Hence, we have

akP(x);u’ed (X, e)uzek-‘red (X, 8)
E.29
P(x).u%k(x?e)ukd (x,S) ( )

T —
epJpav=—

for 1 <k <t,and e/;ervd\? =0, fort+1 <k <d. If we sum up equations (E.16) (E.18) and (E.29),

E[((X)=1(x) 2z () LX) BB
the tangent component of ) ;" i fi(jg) becomes

d+3
Pey(x,€) 1 VP(x) £ e, (X,€) 7 (E.30)

2, ,€) T PG POt (v, )2 7

d OiP(X) e, (X, €) Maei+e, (X, S)JT e
B p,d®i

L PO (e, (x,€))?

t

Z OiP(X) e, (X, €) Moeite, (X, €)
S P(x) e, (x,€) o, (x, €)

J[Idei + 0(8)

m oy VPO e (ve) -
oy (o874 BT Py )
d

Z 9P (x) Ue, (X, €) Uoe;te, (X, €)

I e;+0(¢),
i=1 Px.uZe ()C g)uzed(_x 8) pd ( )

where we use Ly, (x,€) = --- = U, (x, €) in the last step.
E[(1(X)—1(x))x ) LN BB
We now finish calculating the tangent component of Zf: 1 fid - . Next,
E[(1(X)—1(x))x ) EONT BB
we need to calculate both the tangent and the normal component of };_ ;. fi;’ =
Note that fori=d+1,...,r,
E[(1(X) = ()2 () (1 (X))] " B (E.31)
=P(x) U, (x,€) (€] JpaX1 (x)S12(x, s)ﬁlr,de,-)
P(x) -
+— ZIMe,-(x,E)mT( X)p-dr-aXa(X)J),_gei+0(e"),
J:

where both terms are of order €?*2. Since A; = O(g?**), €?*3 dominates the eigenvalues. For
i=d+1,...,r, we have

E[(1(X) = 1 () e () OB BI((X) = 1(0) g (o (L)) By
A+ gd+3 - ed+3 1 0(8d+4)

M, (X, E ~
*P(x) ;(S-i—} )(e;;]pydxl (x)Slz(x,S)‘j;,,dei)

P d au € X,E
(2x) Z zgjd(+3 )mT( ) p—d,r— dXZ( ) ;r_deiﬂ-O(l).

(E.32)

+

J=1

Similarly, we need to express the above formula in terms of Uy, (x,€) and Uae,+e,(x,€). The sim-
plification here mainly relies on the perturbation formula equations (D.20) and (D.21) which relates
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S12(x, €) with the second fundamental form of the manifold at x. First of all, a direct calculation
shows that

i E[((X) — () Xz (1) (LX) BBy

i=d+1 i+ el
o B0 1) g (L) BB
— i:;rl £d+3 1 O(ed+4)

. e\ X, € ~ ~
:[[ Y {P(X)u;(,i )(edTJp,dxl (X)SIZ(X78)J[—;rdei)]X1 (X)S12(x,€)3,,—qei

e, ~ ~
+y [ Y o g ol 09 a6 X0 (S50 ger+0(e),
1 =

+[P(x) He, (%, €)
ey

i3 (g JpaX1(x)S12(x, 8)3,%_,16:')} Jp—dr—aXo (x)ﬁlr_dei

Hoe; (X, €) ~ ~
) 5 ) o M-l a6l - Xa (03}, -aci+O(D)]

- [[ Zr: {222)?3 Zd: [(HZe_/(x,s) _ Ned(x,:z):aze)d(x,e)>mT( )} o—d.r—d X2 (X )3;,0,@}

)3
£ (04 [ Al

j=1 Hae, (x7 8) M

X Jp—d,r—aX2 (x)ﬁg—:,rdei}‘lp—dJ—dXZ ()3 —ati+ 0(1)]] ;

where we use (D.21) in the last step. To simplify the tangent and normal components of
E[(1(X)—1(x)x, (X)) BB .

Y ai i ;jﬁif}f;) , we need the following formula. Suppose v € R"4, G €

R =4) with ¢ J, 4G = w] fori=1,---,d. By Lemma 31, X»(x) € O(r —d). We can repre-

sent the inner product between v and w; in orthonormal basis formed by the column vectors of
X2 ()C)

r

Z [vTXz(x)Jpr del]ze p, 46 = Zv wiJ dei. (E.33)
i=d+1
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E[(1(X)—1(x))x, ) BB
By (D.20), the tangent component of };_ ;. f_é‘i‘;;ﬁ) is

y { 2 ii[(uij_e l%dbgeﬂhq+q(%8))gﬂ( - drdXQ()ﬁlpd@}

i=d+1 = Hae, (x,€)
X X (x)Slz(x,s)‘jp’,,de,-
. P(x) ol d .ued(x7£>“2€_/+€d (xﬂg) .u2€,'+ed(x78) T
267 X ,; It toe (v,e) 12 (x.e)) e, (%, €) el
X dp—dr-ad g r—aVia(x)], gei
P X) d Hed(x £)u261+€d (x 8) Hoeite, (X,S) T
+ — Moo, (X,€)) ————= . (x
4gd+3 ;J; [( Li2e, (x,€) H2 /< )) li2e, (x,€) /1( )]

ij—d,r d dr dm”( ) Pded

P(x) -l d Iied(xag)#ZejJred(xvg) Hoe; ed(x 8)
2gd+3 ; ]_; [( Lo, (x,€) —,LLzej(x,S)) W{RT( )}mid(x)-/;,d@i

P(x) &G Hey (%) e e, (X, ) Maeite, (X €) o7 T
+ ' — Upe, (X, 8)) ————MN (%) [N (%), seq,
;J; [( .uZed(x7£> J2%) /( )) “Zed(x78) jj( )] ( ) p,d€d

where in the first step we apply equations (D.20), (D.21) and (E.33). In the last step, e,, (e, ¢;) = 0
form=r+1,---,p,andi,j=1,--- ,d. Hence,

N (W p—dr—adp—gr—aMi(x) = D (x) N (x). (E.34)

By Lemma 31, we have X5(x) € O(r —d), and e, ll(ej,e;) =0 form =r+1,---,p, and j =
-,d. Hence, (E.33) implies that

Z N () p—dr—aXa ()3 a€ilp—ar—aXa(x)3 , ,—aei = Njj. (E.35)
i=d+1

E[((X)—1(x))x LB
We use it to simplify the normal component }_; | fim . We have

§ B0 10 agr i (OO BT

i=d+1 i+ !t
e A e e O L
F P [ ) )l oy
X Ni(x)J ] geq +O(e),
2oy 3 (b () = ), 0(1)].
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By summing up Y¢
have the conclusion.

Appendix F. Bias analysis on the kernel of LLE and the associated integral operator

F.1 Proof of Proposition 10

1. When x € M\ M, U,, = 0. By Lemma 32, T(x) = [0(1),0(¢"1)]. If 1(y) € B (1(x)),
1(y) — 1(x) = [0(¢),0(e*)]. So, (1(y) — 1(x)) 'T(x) = O(¢) and Ke(x,y) =1 - O() >0
when € is small enough.

2. When x € Me, T(x) = [124:5J] sea + 0(1),0(e )] and

d
1y) —1(x) Zuzez+0(llull ), 0(|ul*)] = [)_ uie; +O(€), O(e*)]. (ED)

i=1 i=1

Therefore, by Corollary 28,

_ O14(E&)ua

ora(E)E +0(¢). (F2)

Ke(x7y) =

By definition, — g;jge*g > 0 and it is a decreasing function of &, Therefore, to discuss the

infimum of K¢ (x,y), it is sufficient to consider the case when x € dM, i.e. when & = 0. If
£, =0, then

2d(d +2)|S972|
(d*>—1)|8% e
Hence, let u, = infu, where the infimum is taken over x € dM and 1(y) € B’ (1(x)), then if
€ is small enough,

Ke(,y) =1+ +0(1)]ua +0(e). (F3)

2d(d +2)|S972|

infKe (x,y) = 1 [
infKe(x,3) = 1+ | G2 1y 57 e

+0(1)} s+ O(e). (F4)
Obviously, u, = —& + O(€?). Therefore, inf, y K (x,y) = 1 — %M
2d(d+2)|597?|
(@=1)|s*1

+O(¢). It is worth

to note that > 1 by Lemma 29.

3. By Lemma 25 and part (1)

EKg(x X)
.Ue,, X, €)ity
= [ 0 ey 0N (P + 0w 1+ 0w
_/ By (x,€)ug +0(&))(P(x) + 0()) (14 O(u?))du+ 0(e*?)
He, (X, €)
= 014 (Ex)ud
_P(X)/D(x)l Wd +0( d+1)
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Gld(e)
62.4(&)

ey (X,€)uq
Jow 1= G ey du > C(d)e?

Since — > 0 and it is a decreasing function of &,, it suffice to show that if x € dM, then

2d(d+2)|S972 |uy

@ njst1e »and

If x € OM, then 1 — ZtBa _ q 4

,d(sx)g

/ 1 Gl,d(gx)”ddu

D(x) 02.4(&)€

|Sd_2|/0 2d(d 2)|Sd_2|”d 5 pid=l
> 1+ — T d
—d-1 [ (d?—1)|8% e I ua) * dua

|Sd 2| 2d d+2 )|S42|a -1
el / SEERLE )5 da

15972| 2d(d +2)|5972|
d—1 (d?—1)]s¢1]

Sd 2
:gd[\ |
d—1
_Sd[|sd—ly 2d(d+2)18?P
B 2d (d? —1)2|S-1]

(l—az)%da— a(l—az)d%lda]
0 0

. . |41 2d(d+2)]|8972)?
We have thus finished the proof since = — @125 ]

> 0 for any d following from
Lemma 29.

F.2 Proof of Proposition 13

When d = 1, the differentiability follows from the direct calculation. For d > 1, the differentiability
follows from the fundamental theorem of calculus. The rest of the statements follow directly from
the definition of o, except ¢;(&;) > 0 and ¢ (&,) < 0 when &, = 0.

We now prove ¢ (&) > 0. When &, =0,

’Sdfl‘z ’Sdfz‘z
4d2(d+2)2  (d>—1)2(d+3)’

02,4(0)02(0) — 03(0)01,4(0) = (E5)

d-212 212 . 5
which is positive since we have proved }gd 1}2 < 4(52 i djr)z) in Lemma 29. Note that 0, 4(&;)02(&;) —

03(&:)01 4(&) is increasing when 0 < &, < €. Hence, 03 4(&:)02 (&) — 03(&) 01 4(&:) > 0. Slml-
larly, we can show that 6 4(&,)00(&;) — 67 ;(&) > 0. Therefore, we conclude that ¢; (&) >

Next, we study ¢,. To prove ¢, (&) <0 when &, = 0, it suffices to show 022’ 4(0)—034 (O)GM(O) <
0 since we have shown 07 4(&;)0p (&) — 6127 4(&) > 0 above. When &, = 0, we have

|Sd71|2 2|Sd72|2
4d2(d+2)>  (d>—1)2(d+3)’

634(0) — 03.4(0)01 4(0) = (E.6)

9722 (d2=1)*(d+3)
which is negative due to ST > S2(d+2)

03,4(&:)01,4(&) > 0 when & = €. Since Gzzd(?:x) — 03,4(&)01,4(&) is an increasing continuous
function of &, there is a unique 7* = r*(x) € (0,&,) such that 63 ,(&,) — 03 4(&:)01 4(&) = 0, and

proved in Lemma 29. We now check that 63 (&) —
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hence ¢, (¢*) = 0. We thus have

S I Ll Y L PPN TP
2@ a1 (1-27) zdz] (E7)
| 5422 2 1241
)(2+(d+1)(2))<1_(5)> .

T (2= 1)2(d+3

Since t* does not depend on x, the set . is diffeomorphic to dM when & is sufficiently small. Since

0< % < 1, (F7) becomes

|Sd_1’ |Sd_2‘ % 5 d-1 2 2|Sd—2|2 * o\ d+1
1-2)% d] (1— L ) . (E8
2d@+2) a=i Jo 1T T > e (%) E3)

which is equivalent to
‘Sd71| ‘Sd2’( 1 oL dil 2 ’Sdfz‘ t* . %
1—(1- (& 2)> = (1——) F9
raary te -G a3\ () E3)
If we isolate ¢* in the above equation, we have the lower bound for ¢*:
2 d—1 1
1+ *1)\3(7\ 21\ 2
(1 - {”"(‘”z)'w] e<t. (F.10)
1+4/7%
(@-1js?=1] 4 2
2 1y|cd—1 saaaed=2 | 4!
Note that by Lemma 29, L DISTT] 2 s0l— [W“)S] > 0.
2d(d+2)[572] a+3 e
Next, we find the upper bound of ¢*. Since % < 1, by (E.7), we have,
I A PR APUE g
1-22)% d} Ell
sd@sy) Taz fy MoF) TR (1D
|22 ( 2 12\
< 24 (d+1)(= )(1— L ) ,
@ ra 3 2TErDE) :)
which is equivalent to
‘Sd_1| |Sd_2’ ( t* o\ dil +* )
—a-(& 2)(2411*) F.12
2d(d—|—2)+(d2—1)(d+3) ( (8) ) +( + )(8) ( )
|972] ( 112\ o\ 4
< B oy wen(y) (- ()
(d?>—1)v/d+3 ( )(8) (8)
If we isolate #* in the above equation, we have the lower bound,
@—njs-1 1 1#ET\?
— - +
< 1- €. F.13
< Lad+nqu+d+3] > E13)

By Lemma 29 and the upper bound, t* — 0 as d — oo.
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F.3 Proof of Theorem 15

In this proof, we caluclate the first two order terms in R.f(x). First, we are going to calcu-
late E[%B§”(l(x))(l(x))] —E[1(X) — l(x))xBngep(l(x))(l(X))]TT(x) and show that it is dominated by
the order £ terms. Then we are going to calculate E[(f(X) — JO) Xz (1) (1(X))] = E[(1(X) —
L)) (f(X) = () dper (4 () (L(X ))] " T(x) and show that it is dominated by the order £4*2 terms.

Hence their ratio is dominated by the order £ terms.
By Lemma 30 and Lemma 32, we have

B[z (1) (LX)
E[(1(X) = 10x)) X527 (1)) (1 (X))

and T(x) = i+ ++) +v5,§ +vi) vy Y]+ [0(e), O(1)]), where

(1) Me,(x,€) 7 (0 _ VP(x)
v 7J , Vv ,
U e () 0 T TR

and vg?%, vg(g, vg?i and vé_l) are defined in Lemma 32. Moreover, v(l0> vg g and vg i are of order 1

1) . _
and vg ) is of order €. Hence,

E gz (1 (o) (L O)] = BL((X) = 1(x)) gz 1) (1(X))] T T () (F.16)
=P(x) [Ho(x €)— Re/ % 8) (x’£>2] +0(g4
’ ”Zed(x78) ’
_ H (xvg)” ed(xag) — He, (x78)2
=P(x) { 0 2‘uzed (x.€) } +0(

where the leading term in above expression is of order £€? by Lemma 27. Based on Lemma 30, we
have

P(x)po(x,€) +0(e?™), (F.14)

|=
| = [P() ke, (x, €), gea+ O(e2),0(e )],

(F.15)

d+1)

£

9

E[(f(X) = £ () 2z (1)) (1(X))] (F.17)
d
=P(x)dyf (x) e, (x,€) + ; [P(;)&l%f(x) + 8,-f(x)8,-P(x)] Uoe, (x,€) + 0(£d+3),
and
E[(1(X) = () (F(X) = £ gzr o gy (L)) = [1,v2] (E18)
where

M&m

X) e, (x,€)) I gei

M'_k

(91 (x)0aP(x) + uf (x) OP(x) + P(x) I f (x)] Moy e (x,€) T gei

([8f( 1P(0)+ 2032 0] e, (1)) g+ 0L,

I
—_

+
™=~

Il
—

d
Z (9f u2@,+ed(x 8) + 7adf Zm .u2el+ed X 8) +0( d+4)'

i=1
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Therefore, we have

E[(1(X) — 1 (1)) (F(X) — £ () gz () (LX) TT) (F19)

d
8,f ‘LLze X 8) ( )TJT (4]
Z ( i p.d

i=1

+P(x) Y (9 () ey (x, €)) ) T e

M&

I
—_

i

M&

+P(x),

d—1

Z (9 ()P (x) + 8af (x) FP(x) + P(x)OZf (x)] taerrrey (x, )V TT sei

(0 (ttze, (x.8)) )+ v+ N T ] e

Il
—

M=~ T

_|_

27 @2PE) + 710ty ) g

i=1
d—1

P(x) Y 0if () taeres (x, )0y Mg (x)
i=1

P,

d
+ X)) taervey ()05 T (x) + O(93).
i=1

Note that by Lemma 27, the first term is of order %! and the second to seventh terms are of order
€9+2 Furthermore, we can simplify the first and the second term as:

d

P(x >; (01 (x) ze, (x,€)) WV I yei = P(x) 9 f (x) ey (. €) (F.20)
d

P) Y, (0f () tze, (5,€)) Vi gei = zaf (%) e, (x, ).

—_—

Next we caleulate E[(£(X) — £(5)) gz 1y (1(X))] — ELL(X) — 1)) (FCO) — £ ) ) (O] TT(x).
Clearly, the common terms, P(x)dyf (x) U, (x,€) and YL, 9, (x)3;P(x) tae, (x, €), are canceled, and
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hence only terms of order £/+2 are left in the difference; that is, we have

E{(£00) — () g oy (0]~ EL(10X) = 1) () — £ g (1 )] T()
=P S 3% Pt (.6~ PL)

M&
M&

(O .6) W % % e

i=1

(03 () aP(x) + uf (x) AP (x) + P(x)9%f ()] Haer e, (x.8) v I e

?..h..
—_ =

—_

27 WAPE) + 700ty ey e ) g

d—1
~P0) Y AfWzese, (€5 VT ()

P()

M&

i=1

8df Z[Jze +€d X 8) (- I)Tmii(x)+0(8d+3).

Next, we simplify the above expression. Note that vg_l)TJpTdei = 5; 4 (();i)) ifi=d, and itis 0
k) ed bl
otherwise. Hence,

Z (9 (X)0aP(x) + D f (x) FiP(x) + P(x) 9 f (¥)] Haersey (s )V T yei =0

i=1

and by definition of v§03) and vgfl), we have

0"
1

P(x) e, (x,€)V % J;de,- + 9iP(x) U2 1e, (X, €) vE_I)TJ;ded =0. (F21)

Fori=1,---,d — 1, by definition of v and v(_l), we have

1.4 2
P)tae, (0, €) V) ] i PO e ey (x5 Mg () = 0 (F22)
and
o7, L POy (T
P(x)ﬂzed (x,€) Vi, .,d T Z H2e; +ed X,E)V Nii(x) = 0. (F.23)
=1

e, (x,€)ed*3

)T ,T e .. .
Moreover, we have v; 7 J pdCi = ~ P (e, GO if i = d, and it is O otherwise. Therefore,

1,2

E[(F(X) — £(0)) Zag (127 (100)] — ELL(X) = 1)) (F(X) — () gz oy (LX) TT()

_ . e, (X, €) e, (x,€)e?+3
— T 1:21 a,%f( ) [AuZe, (X 8) .uZehLed (X, 8) m] + (9df()€) (W) .
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Therefore, the ratio

B[(f(X) = () X5z (1) (1X))] = E[(1(X) = 1(0) (f(X) = f () Xzr 1) (1(X)] " T ()
E2s57 (1) (LX) = E[(1(X) = 1(x)) g ) (1(X))] T T (x)

(F.24)
_ i aZf(x) |::u2€i (x? 8).“’26}1 (X, 8) — nu’2€i+€d (x7 8)au€d (x> 8) i|
i=1 ! 2#0(x>8)#2ed(x78) _2H€d(x>8)2
He, (xv 8)8d+3 3
+0uf +0(¢g%).
P(x) (1o (x, &) o, (x,€) — e, (x,€)?)
And the conclusion follows by substituting terms and in Corollary 28.
Appendix G. Variance analysis on LLE
For simplicity of notations, for each x;, denote
fo= (1), f(e2)s- - fxn)) T €RY.
By a direct expansion of equations (2.5), (2.6), (2.8) and ¢ = nedt3, we have
& 11—\;f_ llTlleUnIpJn (An+ne" ) ' U Guaf
Z W In><n kjf xj) T ~T : 443 7T _f(xk)a (G-l)
j=1 —1yG,  Unlp s, (An+ne ) 71U, Guady
which can be rewritten as g’” where
1 ¥ 1 ¥ A 3 O
8n,1 ::@jzl(ﬂx’(’j) - 7 ; Xie.j — Xk)] Ip,rn(ngnd + & Ipxp)
o1&
x U, [@ Y Goej—xi) (f (e ) — f ()]
j=1
N 1 ¥ A, RS
gn2i=—g -3 j;(xk,j =) Unlpr, (G + € Ipxp) U [?J;(Xk,j —xi)]-
The goal is to relate the finite sum quantity g:’; to Qe f (x¢) := g— where
1 1 ’
1 =E | gty OV~ F50) | B | 000~ 100t )] G2

-1
x (w,,,r (gAd n eSIPX,,) UT) E [;,(l(X) 1)) g oy () FX) — f<xk>>]

and

1 1 !
82 =E | oy )] B | 0 000 = 050 2t () G3)

x (UIW (5 +€0e) R UT) E | 000~ 1) 2agr ) )|

gd
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We now control the size of the fluctuation of the following four terms

1 N

ned ! (G4)
1 N

— 2 (Fj) = £ () (G.5)

=

1 N

el J; (XK, j — Xk) (G.6)
1 N

— 2 (o =) (F (e ) = f ) (G.7)

~
Il
—

as a function of # and € by the Bernstein type inequality. Here, we put £~ in front of each term to

normalize the kernel so that the computation is consistent with the existing literature, like (Cheng
and Wu, 2013; Singer and Wu, 2017).

The size of the fluctuation of these terms are controlled in the following Lemmas. The term
(G.4) is the usual kernel density estimation, so we have the following lemma.

Lemma 33 Suppose € = €(n) so that ,1'/212% — 0 and € — 0 as n — oo. We have with probability

greater than 1 —n=? that for allk=1,....n,

1 ¥ 1 log(n)
— Y 1B (1(X))| = 0(7) .
j=1

ed nl/2gd)2

Denote Qg to be the event space that above Lemma is satisfied. The behavior of (G.5) is sum-
marized in the following Lemma.

Lemma 34 Suppose € = €(n) so that ,,1/212% — 0 and € — 0 as n — o. We have with probability

greater than 1 —n~? that forallk=1,...,n,

1 Y 1 1
e LU~ s0) ~E g () —f(xk>>xg§p(xk)<l<x>>‘ oY
Proof By denoting
1
Fij= () = 7)) Xger () (7)) (G.8)
we have
J 1 &
—a L () = fl)) =~ ), P (G.9)
J=1 j#k,j=1
Define a random variable
1
Fii= o (FX) = F0) g ) (X)), (G.10)
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Clearly, when j # k, Fy ; can be viewed as randomly sampled i.i.d. from Fj. Note that we have

1 n
n Z Fl’j:nn [”—

n . :
J#kj=1

Z F ]] : (G.11)

J#k,j=1

Since “=1 — 1 as n — oo, the error incurred by replacmg by 5 is of order -, which is negligible

asymptotlcally, we can simply focus on analyzing n71 D 1, ki Fl, j- We have by Lemma 27 and
Lemma 30,

E[R]=0(¢) ifxc M, (G.12)
E[Fi] =0(e*) ifx¢ M,
and
d
E[F?] =Y P(xi) (9if (k) ) Mae, (i, €)€ > + O(e~41), (G.13)
i=1
By Lemma 27, %8_‘”2 +0(e793) < Wae. (1, €)% < |(S +]‘)£_d+2, therefore, in any case,

[STHIPllee a2

12 :Var(Fl) d(d 2)

+0(e™ ). (G.14)

With the above bounds, we could apply the large deviation theory. First, note that the random
variable F is uniformly bounded by

c1 =2||f||l-e7¢, (G.15)

so we apply Bernstein’s inequality to provide a large deviation bound. Recall Bernstein’s inequality

n . nnl
Pr{ 11 y (Flﬁj—E[Fl])>m}§e 2of e Fam (G.16)

n— . .
J#k,j=1

where 11 > 0. Note that E[F}] = O(¢), if x; € M and E[F|] = O(&?), if x; ¢M£ Hence we assume
N1 = O(***), where s > 0. Then ¢11; = O(e~4+2+9). If ¢ is small enough, 267 + 301711 < Cgd+2
for some constant C which depends on f and P. We have,

i nnjet (G.17)
2612+ %CITI] o C
Suppose n is chosen large enough so that
2pd-2
’”’1C > 3log(n); (G.18)
that is, the deviation from the mean is set to
log(n)
m=0( e ) (G-19)
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Note that by the assumption that 17; = O(&**), we know that 17y /&2 = nl/;s% — 0. It implies that

the deviation greater than 1; happens with probability less than

2 20d—2
nnj < nnyé > 3
exp| ————— | <exp| ———— | =exp(—3log(n)) =1/n". (G.20)
p( 2612+§cm1> p c p(=3log(n)) =1/
As aresult, by a simple union bound, we have
1 n _ 2;17]212
Pri— ¥ (Flﬁj—IE[Fl])>n1’k:1,...,n <ne *Fam < 1/n?. (G.21)
T k=1
|

Denote Q; to be the event space that the deviation ﬁzﬁ;&k,/ﬂ (F1,;—E[FR]) <n foralli=
1,...,n, where 7 is chosen in (G.19) is satisfied.

Lemma 35 Suppose € = €(n) so that nl/ggif/(;?l — 0 and € — 0 as n — oo. We have with probability

greater than 1 —n=2 that for allk =1,...,n,

T (1N El ] B log(n) 9
el [t 2tk =00) — g (100) = 002 (1K) | = O(Naogis): (G2
wherei=1,...,d. And
S . gl ] _ log(n) 5
el |t L, 0020 = Egg (100~ sy (10| = 0(cas) . @29
wherei=d+1,...,p.
Proof Fix x;. By denoting
1 N 1 n P
— Y (j—x)== Y, Y Fuje. (G.24)
net =1 M jAej=1i=1
where |
Poji= _ged (6 =) Xpzr (v (%5), (G.25)
and we know that when j # k, F> ¢ ; is randomly sampled i.i.d. from
1
Popi= el (1(X) = 1(60) Xgzr (g (1(X)). (G.26)

Similarly, we can focus on analyzing % Z?:l, jiF2,0,j since "771 — 1 as n — co. By Lemma 30 we

1
have

d
(P(x) e, (x, S)S*d)ezed + Z (9:P(x) tae, (x, s)efd)e;ei +0(e?3) whent=1,....d
E[F] = =

P —d d
(x)e ezzmii(x),ugei—l—O(SdH) when{=d+1,...,p.
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In other words, by Lemma 27, for ¢ = 1,...,d we have E[F, ] = O(¢) if x; € Mg, and E[F /] =
O(€?) if x; & Me. Moreover, E[F, /] = O(g*) for {=d +1,...,p. By (D.8) we have, for (= 1,...,d

E[F}] < Cie™ 2+ 0(e™ "), (G.27)
and C; depends on ||P||z=. For £ =d +1,...,p,
E[F5] < g™+ 0(e™*), (G.28)

and Cy depends on ||P||z~ and second fundamental form of M.
Thus, we conclude that

03, <Ce 2+ 0(e ) whenl=1,....d (G.29)
03, <Cre M+ 0(e ) whenl=d+1,...,p.

Note that for f =d +1,..., p, the variance is of higher order than thatof { =1,...,d.

With the above bounds, we could apply the large deviation theory. For £ = 1,...,d, the random
variable F> ¢ is uniformly bounded by ¢ ; = 2+ Since E[F (] = O(e) if xx € Mg, and E[F, ¢] =
O(€?) if x; & Me, we assume 1My, = O(€*"*), where s > 0. Then ¢z M2 = O(e~4+3%). If € is
small enough, 26227 ot %CZ[T[Q_[ < Ce~4*2 for some constant C which depends on P and manifold
M. We have

’”722,( S ”7722/8‘172 (G.30)
2035, + Zeome -~ C
Suppose 7 is chosen large enough so that
an2 gd—2
MRS Slog(n): (G.31)
that is, the deviation from the mean is set to
log(n)
Moo > O<W> . (G.32)

Note that by the assumption that 17, ; = O(€>**), we know that 11, ; /€% = m /2125/(; 31 — 0. Thus, when

¢ is sufficiently smaller and » is sufficiently large, the exponent in Bernstein’s inequality

Prd ' Y (B~ ElFay]) > e b < ( i ) < ! (G.33)
r 20— ElF2y i <exp( ————F——) < —. )
n=lfs ' 203+ 5c2my’ 1

By a simple union bound, for = 1,...,d, we have

1 n

Pr{ —- Y By —ER > nz.z‘kz 1,---,n} <1/n*. (G.34)
et ) ) :
J#k, j=1

For / =d+1,...,p, the random variable F; ¢ is uniformly bounded by ¢, = 2e74*1 . Since

E[F] = O(€?) for £ =d +1,...,p, we assume 12, = O(e*™), where s > 0. Then ¢y M2 =
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0(£*d+4“). If € is small enough, 26% )+ %Cz,gnlg < Ce~4*4 for some constant C which depends
on M and P. We have,

2 2 nd—4
n nns €
- nj’f > M2 (G.35)
205+ 5¢2,0M ¢
Suppose 7 is chosen large enough so that
n%e d—4
———— =3log(n); (G.36)
C
that is, the deviation from the mean is set to
log(n)
Note that by the assumption that B; = O(£3"*), we know that np /€3 = ,,1/212% — 0.
By a similar argument, for { =d +1,..., p, we have
prd |~ Y Ry —ER|> nu‘k —1,...n%<1/n. (G.38)
M j#k =1
[ |

Denote Q, to be the event space that the deviation ‘%Z’}#k, =1 Fy —E[szg]’ < 1My for all

¢=1,...,pand k=1,... ,n, where 1, ¢ are chosen in (G.32) and (G.37). Next Lemma summarizes
behavior of (G.7) and can be proved similarly as Lemma 35.

Lemma 36 Suppose € = €(n) so that ,,1/212% — 0 and € — 0 as n — . We have with probability

greater than 1 —n~? that for allk=1,...,n,

e ii(x ) (F ) — F)) — B (1) — 1(00) () — £ (x0)) e ey (LX) :O(M)
i ngdj:1 k,j — Xk k,j k ed k k) ) XBE (x,) 1\ igdj23)"

wherei=1,...,d, and

B log(n)
ed _0(n]/2£d/2—3>’

,[ngdzxkj 50 (F(55) £ (50)) ~ By (10X) ~ 1)) (FOX) — £ (50)) 2 gy (1))

wherei=d+1,...,p.

Denote Q3 to be the event space that Lemma 36 is satisfied. In the next two lemmas, we
describe the behavior of ﬁGmszk. The proofs are the same as Lemma E.4 in Wu and Wu (2018)
with p =3.
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Lemma 37 Suppose € = €(n) so that Miv/zﬁjg/(z’?l — 0 and € — 0 as n — o. We have with probability

greater than 1 —n=2 that for allk =1,...,n,

1 G 1 log(n)
T T .
el (eaOniGna= i )es| = Oz 2): (G39)
wherei,j=1,...,d.
1 G 1 log(n)
T T B
¢ (W nkGu i — gdcxk)ej’ _O<W)’ (G.40)

wherei,j=14+1,...,p.

1 1 log(n)
T T _
€; (EGnank gdcxk)ej‘ —O<W>, (G4l)

otherwise.

Lemma 38 r, < rand r, is a non decreasing function of n. If n is large enough, r, = r. Suppose

€ = ¢&(n) so that nliv/zl;g/(z’?l — 0 and € — 0 as n — oo. We have with probability greater than 1 —n>

that forallk=1,...,n,

A = A -1 log(n
(5 e) (B en) ol e
fori=1,...,rand
log(n) log(n)
Uy =U0+ 2T ves+o( 250, (G.43)

where S € o(p), and ® € O(p). ® commutes with Im(s% + &35 )7L

Denote Q4 to be the event space that Lemma 38 is satisfied. In the proofs of Lemma 32 and
Theorem 15, we need the order €3 terms of the eigenvalues {4;} of C; for i =1,--- ,d and we
need the order € term of the eigenvectors {f3;} of C; fori=1,---, p. We also use the fact that {A;}
of Cy fori=d+1,---,p are of order €14, so that we can calculate the leading terms (order €%) of
Q¢ f(x) for all x € M. Since 1/2]075/(2’?1 — 0, the above two lemmas imply that the differences between
the first d eigenvalues of d " kGTk and dka are less than 0(83) The differences between the
rest of the eigenvalues of o Gn kG & and 72Cyx, are less than O(&*). In other words, we can make
sure that the rest of the eigenvalues of — ol Gn,kak are of order £*. Moreover U, and U® differ by

a matrix of order £3. Consequently, in the following proof, we can show that the deviation between
i1 (W —Lixnlkjf (xk,j) and Qg f(xy) is less than €2 for all xy.

Proof [Proof of Theorem 11.] Denote Q := N;—o . 4£2;. By a direct union bound, the probability

of the event space Q is great than 1 —n 2. Below, all arguments are conditional on Q. Based on

previous lemmas, we have, fork=1,...,n,

log(n)
ngd Z 1= d%BRP xA)( (X)) +O(W>’ (G.44)
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i ogin
nidjzl(f(xkj) f00)) Eé(f(x) FOu)) Xz )(l(X))JrO(nl/zlgf/(z )1> (G.45)
and
1 Y 1
el Z_: = xk) = B3 (LX) = 1(00)) g ) (LX) + 61, (G.46)

where & € R?, e/ & :0(nl/zlz§/(:}1) fori=1,...,d,and e/ & = O( log(n) ) fori=d+1,...,p

nl2gd2—2
Moreover, we have

N
7 L= s) = (s a7
=B (1)~ 1)) () — (58) g ) (X)) 4 65

where & € RP. e/ & = ( 1/2105/(2 )2) fori=1,...,d,and e; & = ( ]/2105/(2 )3> fori=d+1,...,p.
Therefore, we have

nl/2gd/2-2 ned—4

<U®+7V)U®S +0( g[l("4)>T—U1p,r<A+s Ipp) T

A -1 A !
Unlp,r,, (T{;{_’_EZSIPXP) UJ _U1p7r(87+£31p><p) UT
log(n) log(n) A s ! log(n)
= (vo+ Y22 ves+o( Yoo (G4 €0n)  +0(V5055) )
lo

1/2gd/2—2
IOg &3 h A 3 _
nl/2gd/2—2 2 ( ( Ipo) +1p,r(7+8 Ipxp) 1ST>®TUT
1
(J{;gjﬁ Ipxp+ [higher order terms].

Define a p X p matrix

log(n)
& T 1/2gd/2—2

log(n)
+0 (nl/ng/ZJrZ )IPXP )

A - A -
U@[Slp,,(g—d+e31px,,) +1p,,(g+e31px,,> sTleTuT (G.48)
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We have
I ¢ T An 3 Al -
[F Z(xk,j_xk)] Unlp.r, <n + &' Ipxp) Un Z X, — ) (f (o, ) — f ()]
j=1 j=1
= [Egid(l(X) = 1(x)) Xper () (LX) + &) [Ulp,r(% +€L,,) 'U" + & + higher order terms]
1
< [E g (1(X) = 1(u)) (f(X) = f ) Xgge ) (LX) + &3]

=B (106) — 1) o) (1)) [0 (o + €)' U]
X B (1) 100 () — F () R g (10X))
UL (55 €)™ UTE G (100) — 1)) (FX) — ) i g (X))

H%(L(X) - l(xk))xBnézP(xk)(l(X))Té%Eid( UX) = 1)) (F(X) = f (6)) gz () (LX)
1 A

+EQ(1(X)_l(xk))XBDSW(xk)(l(X))TUIpr(7+£3Ip><p) 1UT & + higher order terms.
Note that
1 T A5 1T
Eg(l(X) — l(xk))x3§p(xk)(l(x)) UIPJ’(Q + € Ipxp) U' & = Tl(xk)@@z . (G.49)
When x € M,

T lote 0161 [of YL ) of YRS )] _o( o800 )

When x &€ M,

T =lo(), 066 - [o( Yamis )0 (aeies) | = 0(amis)

Moreover, when x; € Mg or x; € M \ M by a similar calculation as in Lemma 32, UIpr(% +
¥ pxp) U TE 3 (1(X) = 1(00)) (f(X) = £ (xi)) gz (1) (1 (X)) = [0(1), O(1)]]. Hence,

U (S 4 €0, UTE L 000 1) (100 — £ (100) = O 8.

Next, we calculate EE% (1(X) =1 (k) Xz () (1 (X))Té%]EE% (1(X) =1 () (F (X) = f (x1c)) K (1) (LX)
By a straightforward calculation, we can show that it is dominated by

OB B (1) — ) o (1)) By (1 00) — (R CF0) — ) o (1))

o( .

Hence, when x;, € M¢,

B (0 00) 1) g (1 XD (1K) () ) — (50 g (1)) = O Y80,
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When x;, & M,
B (0100) 150y (OB (100) 1 (50) 00 — £ (00) g (1000) = O Yo

In conclusion for k =1, -- ,n, we have

B ixm S R I P s R ))

1

=E

(100) — 1) g o (L) [V (5 +€3) U]

X Eé(l(x) — 1)) (f(X) —f(xk))x3§p(Xk)(l(X))+0(’11/2IZ§/(2:1)1)'

A similar argument shows that fork=1,--- |n,

1 ¥ T An - 1 ¥
[?Z (v —x0)| IM< +e3 W) n[—dZ 1= )| (G.50)
1
ed

+o(

=E— (1(X) fl<xk>>xB§za(xk)<L<X>>T[Uzp,,(§+831w)“ (100 — 10 g () (LX)
log<n>)_

nl/2gd/2

UT} E—

By Theorem 15, g; has order O(€?) and g, has order 1. Hence, we have

Tog(n)

log(n)
g1+ O\ 5T
(W — Liscali f (%, ) = ( woet l) = Qcf () + 0(,11/2851/271 ) (G5D)

| 2+ O(YR)

-

J

Appendix H. Detailed calculation of (4.19)

We show that the operator Q¢ f(x) may not approximate the Laplace-Beltrami operator in the interior
of (M) =[—1,1] C R. Let x,y € M such that 1(x) € [-1+¢,1 —¢€]. Since M is 1-dimensional and
is embedded in R, the local covariance matrix C, has rank 1. Suppose P € C*(M) and € > 0 is
small enough. By (Wu and Wu, 2018, Lemma SI.6, Case 0) and the fact that K(x,y) = 0 when
[t(x) —1(y)| > €, we have

ko) = (1= 5100 10) + 06 ) (1)
Hence,
k00 = (1= 22169 -10)+ ) 23z H2)
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Without loss of generality, consider t(x) = 0. Let ¥(¢) : [ 1, 1] — M be the arclength parametrization
of M with ¥(0) = x. Suppose f € C3(M). Then, by a straightforward expansion in the parametriza-
tion y(z), we have

E[Ke (X, x)[f(X) = f(x)]
EK,(X,x)
S (14 880+ 0(e2)) ((For) (0) + LG 02+ 0(r)) (Poy) (r)ar

= - (H.3)
Jee (14 G+ 0(e2)) (Poy) (t)dr

st(x) =

The numerator of (H.3) can be expanded as

/Z (1+ ((fai?{fffﬂ 0(e2)) ((fo7) (0) + (foyz)“(mzz +0(%)) (Poy)(t)dr

=(ror©) [ oo+ (701 [ LV by tar

e (Poy)(t)
Y Oy) © /_ (Poy)(t)di +O(e")

=(fo)(0) / (Poy)(t)tdt+(foy)(0) [ Z(Pov)’(ﬁtzdt
LV OY)"( ) /

—&

(Poy)(t)t*dt + O(e*)

€ €

~(ron©) [ ((Pow( I+ (P (O +0) )t + (77 (0)

i <(Poy)’(0)t2+0(t3))dt
n (fo ?’)”( )

/_ ((Po }/)(O)tZO(t3)> dt +0(e*)
=§<foy>'<o><Poy> O + 2 (Fo 1) O)(Por) (0)E + 5 (o) (0)(Po ) (0)e + (&)
= (5o N O)Por)(0)+ 5(£or) (0)(Po)(0) )& +O(e").

The denominator of (H.3) can be expanded as

¢ (Poy)(t) B
/_8 (1+ ot 1+0(e%) ) (Poy) (1)dt = 2(Poy)(0)e +O(e).

Hence, we have

(H4)

(T L) o

(éf//(x) + if/(;)(i;(x)) € +0(83)
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Recall that Q¢ f(x) = L f”(x)e? + O(e*). However, since the kernel is not symmetric, Q¢ does not
approximate the Laplace-Beltrami operator A. Moreover, when f € C3(M), we conclude that

Qerf(x) _ % <3|_f////(x)+ f”’(;l))i’(x)) 84+0(85).
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