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Abstract

Generalized correlation analysis (GCA) is concerned with uncovering linear relationships
across multiple data sets. It generalizes canonical correlation analysis that is designed
for two data sets. We study sparse GCA when there are potentially multiple leading
generalized correlation tuples in data that are of interest and the loading matrix has a small
number of nonzero rows. It includes sparse CCA and sparse PCA of correlation matrices as
special cases. We first formulate sparse GCA as a generalized eigenvalue problem at both
population and sample levels via a careful choice of normalization constraints. Based on a
Lagrangian form of the sample optimization problem, we propose a thresholded gradient
descent algorithm for estimating GCA loading vectors and matrices in high dimensions.
We derive tight estimation error bounds for estimators generated by the algorithm with
proper initialization. We also demonstrate the prowess of the algorithm on a number of
synthetic data sets.

Keywords: sparse GCA, sparse CCA, thresholded gradient descent, non-convex opti-
mization, generalized eigenvalue problem

1. Introduction

With the advent of big data acquisition technology, it has become increasingly important
to integrate information across multiple data sets collected on a common set of subjects.
Canonical correlation analysis (CCA), first proposed by Hotelling (1992), is a widely used
statistical tool to integrate information from two data sets: It seeks linear combinations of
variables within each data set such that their correlation is maximized.

However, recent advances in fields such as multi-omics and multimodal brain imaging
have presented us with new challenges, since scientists are often able to collect more than
two data sets on the same set of subjects nowadays. To tackle these challenges, we turn to
a useful generalization of CCA called generalized correlation analysis (GCA) (Kettenring,
1971) which aims to explore linear relationships across multiple data sources. Kettenring
(1971) proposed five different variants for generalized correlation analysis of multiple data
sets, where different methods correspond to maximization of different objective functions of
covariances and correlations, subject to certain normalization constraints. Tenenhaus and
Tenenhaus (2011) extended these approaches to regularized versions by adding /o penalties
to the objective functions and proposed partial least squares algorithms for solving them.
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In addition to unsupervised settings, it has been shown that GCA can be incorporated into
supervised learning settings to improve efficiency and accuracy (Shen et al., 2014).

Suppose that the k data sets are i.i.d. realizations of k random vectors X1y € RP!, X9y €
RP2, ..., X(x) € RP*. Here and after, we use subscript {j} to denote the jth set of features
and/or the jth data set. At the population level, we propose to seek vectors Af1y, Qf2}ys ey AfR}
(called the first k-tuple of generalized loading vectors) that solve

k k

maximize Z Z COV(lgEri}X{i}a lE—j}X{j})
Layeoliry =1 j=1 (1)

k
subject to Zvar(lE;}X{i}) =1.
i=1

An important difference between the foregoing formulation and those in Kettenring (1971)
is the normalization constraint. We propose to normalize the sum of the variances of the
linear combinations while Kettenring (1971) requires the individual variance of each linear
combination to be one. When k = 2, the two normalizations essentially lead to the same
solution. One can show that the optimal solution to (1) necessarily has Var(a{Ti}X (@) = %
for i = 1 and 2, and hence the optimal ay;’s are proportional to those from normalizing
individual variances. However, when k£ > 3, the solutions are usually different and we argue
that formulation (1) is more appropriate for two reasons. First, the normalization in (1)
conforms with the “null principle” (Donnell et al., 1994) in that if all linear combinations
of the X;’s are uncorrelated then the objective function reduces to the lefthand side of the
normalization constraint. In addition, it is more resilient to spurious solutions as illustrated
by the following example.

Example 1 Suppose k = 3 and p1 = p2 = p3 = m. Let X(1y = Yvupy + 21y, Xqoy =
Yuvoy + Zioy and X3y = Zgzy where vgyy and vigy are two deterministic unit vectors in
R™, Y ~ N(0,1), Ziy i N (0, Iy,), and they are mutually independent. Simple linear
algebra shows that the optimal solution to (1) is agy = %’U{l}, agoy = %/U{2} and agzy = 0. In
contrast, with the individual normalization constraint var(l{Tl.}X {i}) =1, the optimal solution

%v{l}, agoy = %U{Q} and ayggy is any vector in B! where B!

would change to agy =
is the unit ball in R™. Comparing the solutions to two different normalizations, formulation

(1) is advantageous in that it provides a meaningful and unique optimal agsy-

The solution to (1) gives the first k-tuple of leading GCA loading vectors. More generally,

we want to extract successive k-tuples of leading loading vectors subject to certain additional
(m) (m)

constraints. In view of (1), suppose we have found (a{l} Yo ,a{k}), form=1,...,r—1, as
the first (r—1) k-tuples of leading loading vectors. We define the rth k-tuple (agq)}, . ,agz)})

as the solution to (1) with the following additional constraints:

k
ZCOV((ZF{Z))TX{Z}’ZB}X{l}) :(), m = 1,...,7’—1.
=1
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To be more concise, let the columns of L;; € RP¥*" be the successive leading loading vectors
for Xy for i =1,..., k. The foregoing proposal for finding the first r leading k-tuples then
reduces to the following optimization problem

maximize TY(LTZ' SunLon)

L1y Liny ZZJ: {ay={ii} {5}
b (2)

subject to ZLE}E{ii}L{i} =1,

i=1

Here Y, denotes the covariance matrix of Xy and Yy = cov(Xygy, Xyjy) for i # j.
To write (2) more concisely, we define L = [L{Tl}, e ,L{Tk}]T € RP*" where p = Elepi,
Yo = diag(Xqi1y, -+ - Sqrry) € RP¥P, and ¥ € RP*P where its (7, j)th block is ¥y;;, and ith
diagonal block is Yy;;3. Then we can rewrite (2) as

maximize Tr(L'XL)
L (3)

subject to L'SoL = I,.

In what follows, A = [A{Tl}, . ,A{T/,C}]T denotes the solution to (3) where each Ay; € RPXT

and the mth column of Ay is af{g) fori=1,....,kand m=1,...,r.

Informed readers might have already realized that (3) is closely connected to a general-
ized eigenvalue problem |3 — A¥y| = 0, where |M| stands for the determinant of a square
matrix M. In addition, when ¥ is diagonal (i.e., when k = p), the problem is equivalent
to principal component analysis (PCA) of the correlation matrix: For any non-singular ¥,
the columns of E(l)/ %A are the leading eigenvectors of the correlation matrix X, v/ 2228 12,
When k = 2, the solution to (3) is equivalent to CCA up to scaling. Thus, program (3)
provides a unified formulation for extracting leading linear covariation within one or across
multiple data sets.

In practice, one does not have direct knowledge of the joint sample covariance matrix
> or even its block diagonal part ¥y. The natural choice is to replace them with their
sample counterparts. In potential modern applications of GCA, the data set dimensions
(i.e., the p;’s) can be much larger than the sample size n. Hence, one suffers from the curse
of dimensionality if no further structural assumption is made (Donoho, 2000; Johnstone,
2001; Bickel and Levina, 2008a,b). Due to its interpretability and practicality, a structural
assumption that has been widely adopted in both theory and practice is sparsity: Most
energy of the solution to (1)—(3) concentrates on a small number of entries (Hastie et al.,
2015; Wainwright, 2019). Let A denote the solution to (3). In this manuscript, we adopt
the assumption that at most s rows of A contain nonzero entries. In other words, the target
of estimation is also the solution to the following sparse generalized correlation analysis
(Sparse GCA, or SGCA) problem:

maximize Tr(L' L)
. (4)

subject to L'SgL =1, ||L|j20 < s.
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Here and after, for any matrix L, ||L||2,0 counts the number of nonzero rows in L. In view of
the discussion following (3), when & = p and k = 2, (4) reduces to sparse PCA of correlation
matrix and sparse CCA, respectively.

1.1 Main contributions

The main contributions of the present manuscript are the following.

First, we clarify the target of estimation in generalized correlation analysis (i.e., the
solution A to (3)) by considering a natural latent variable model in which an r-dimensional
latent variable drives the covariation of k£ random vectors. Under mild conditions, we show
that the linear subspace spanned by the leading r generalized eigenvectors in our GCA
formulation (i.e., the columns of A) coincides with the subspace spanned by a concrete
functional of parameters in the latent variable model. In addition, we characterize the
behavior of generalized eigenvalues under the latent variable model.

Next, for sample sparse GCA, we propose a thresholded gradient descent algorithm for
solving a Lagrangian version of the sample counterpart of (4). The algorithm is intuitive
and easy to implement. In view of the discussion following (3), such an algorithm provides a
unified approach to a number of different sparse unsupervised learning problems, including
sparse PCA of correlation matrices and sparse CCA.

Furthermore, we provide a theoretical analysis of the thresholded gradient descent al-
gorithm. We show that with high probability, when initialized properly, estimation errors
of the intermediate results after each iteration converge at a geometric rate until they ar-
rive in a tight neighborhood of the population solution to (4). Statistically, we establish
tight estimation error bounds for the output of our algorithm as an estimator. Numerically,
this implies geometric convergence of our algorithm to such an estimator. Finally, these
theoretical findings are corroborated by numerical studies on simulated data sets.

1.2 Related works

In view of the discussion following (3), the present paper is closely connected to the sparse
PCA and sparse CCA literature. To date, there is a large literature devoted to various
aspects of the sparse PCA problem, including algorithms (Zou et al., 2006; Johnstone and
Lu, 2009; Amini and Wainwright, 2009; Witten et al., 2009; Ma, 2013; Yuan and Zhang,
2013; Vu et al., 2013; Wang et al., 2014), information-theoretic limits (Birnbaum et al.,
2013; Cai et al., 2013; Vu and Lei, 2012) and computational theoretic limits (Berthet and
Rigollet, 2013; Gao et al., 2017). However, this literature has mostly focused on sparse
PCA of covariance matrices. Thus, the special case of k = p in our setting complements
the existing literature by providing both theory and method for sparse PCA of correlation
matrices.

In the case of k = 2, the theory and method in this paper specialize to the sparse CCA
setting (Chen et al., 2013; Gao et al., 2015a, 2017). In this case, we provide a new iterative
algorithm for sparse CCA that achieves optimal estimation rates derived in Gao et al.
(2015a). Therefore, for this special case, the present manuscript provides a competitive
alternative to existing sparse CCA methods.

When r = 1, (4) reduces to the population version of the sparse generalized eigenvalue
problem considered in Tan et al. (2018). Tan et al. (2018) proposed a truncated Rayleigh
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flow method for estimating the population solution in this special case, and established
its rates of convergence. It is not clear how their method can be generalized to estimate
successive generalized eigenvectors or eigenspaces. In contrast, our estimator is based on a
different algorithm (thresholded gradient descent of a Lagrangian objective function). It not
only achieves fast converging estimation rates for estimating the first generalized eigenvector
but also works for estimating leading generalized eigenspaces of fixed dimensions that are
greater than one.

1.3 Organization of the paper

The rest of this paper is organized as follows. In section 2 we examine the generalized
eigenvalue problem underpinning sparse GCA under a latent variable model. Section 3
proposes a thresholded gradient descent algorithm and its initialization via generalized
Fantope projection. Section 4 establishes the convergence rate of our algorithm under
reasonable initialization. Numerical results are presented in Section 5. Technical proofs are
deferred to appendices.

1.4 Notation

For any set S, let |S| denote its size and S¢ denote its complement. For any event F, 1g is
its indicator function. For a vector u, |[ul = (32;u2)/?, |ullo = 32; Luizo, llulli = 3, [uil,
|u]|oc = max; |u;|. For any matrix A = (a;j), the ith row of A is denoted by A;, and the
jth column by A,;. We let Col(A) denote the span of columns of A. For a positive integer
m, [m] denotes the index set 1,2,...,m. For two subsets I and J of indices, we write Ay
for the |I| x |J| submatrices formed by a;; with (¢,5) € I x J. When I or J is the whole
set, we abbreviate it with an %, and so if A € RP** then Ay, = Ay and Ayy = Ap,) ;. For
any square matrix A = (a;j), denote its trace by Tr(A) = . a;;. Moreover, we denote the
collection of all p x r matrices with orthonormal columns by O(p, r), and abbreviate O(r,r)
by O(r). The set of p X p symmetric matrices is denoted by SP. Furthermore, o;(A) stands
for the ith largest singular value of A and omax(A) = 01(A), omin(A) = Omingpry(A4). The
Frobenius norm and the operator norm of A are | Aljr = (Z” afj)l/2 and ||Allop = 01(4),
respectively. The infinity norm of A is defined as ||Al|cc = max; ;|ai;|. The l; norm and
the nuclear norm of a matrix A are [[Allx = >, ; |a;;| and [[A[l. = >_, 0i(A), respectively.
Similarly, s;(A) stands for the ith largest eigenvalue of A € RP*P_ while spax(A) = s1(A)
and smin(A) = sp(A). The support of A is defined as supp(A) = {i € [n] : |4 > 0}.
For two symmetric matrices A and B, we write A < B if B — A is positive semidefinite.
For any positive semi-definite matrix A, A'/2 denotes its principal square root that is
positive semi-definite and satisfies AY/2A4%/2 = A. The trace inner product of two matrices
A,B € RP*¥ is (A, B) = Tr(A" B). For any real numbers a and b, let a A b = min(a, b)
and a V b = max(a,b). For any two sequences of positive numbers {a,} and {b,}, we write
an = O(by,) if limsup,,_,.. an/by is finite. Given a random element X, £(X) denotes its
probability distribution. The symbol C' and its variants Cy,C’, etc. are generic positive
constants and may vary from occurrence to occurrence, unless otherwise specified. The
symbols P and E stand for generic probability and expectation when the distribution is
clear from the context.
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2. A Latent Variable Model

In this part, we aim to identify the solutions to (3) as functionals of parameters in the joint
distribution of (X{Tl}, .. .,X{Tk})T. To this end, we introduce an intuitive latent variable
model.

The fundamental assumption underlying generalized correlation analysis is that there
exists a shared low-dimensional latent variable which orchestrates the (linear) covariation
of observed features across all data sets. Let z be an r-dimensional latent variable. The
following latent variable model describes an idealized data generating process:

X{i}:U{i}Z—I-E{i}, i=1,...,k,

zZ ~ NT(O,IT), e{l} ~ Npi (0, \If{u})

Here the deterministic matrix Uy, € RPXT for ¢ = 1,...,k, Wiy is positive definite, and
the latent variable z and the idiosyncratic noises {e{i}}le are mutually independent. Under
the foregoing latent variable model, the joint covariance matrix of (X{Tl}, e ,)('{T/LC})T € RP
is given by ¥ with the ¢th diagonal block

T .
E{“} = U{Z}U{Z} + \I/{“}, fori=1,... k, (6)

and the (7, j)th block
Sty = UpgUgyy,  for 1<i# j<k. (7)
We denote by W the block diagonal matrix with blocks Wy;;y, 4 =1,..., k, on the diagonal.

We also let U = [U{Tl}, U{TQ}7 - U{Tk}]T € RP*", In the rest of this section, we assume that
the observed data sets are generated by model (5). In addition, we let

A=A > >0, >0 (8)

denote the population generalized eigenvalues of 3 with respect to X9 = diag(E{H}, N M kk;})-
The following key lemma identifies the connection between parameters in model (5) and
the solution to (3).

Lemma 1 Suppose that ¥ and X¢ are specified by model (5)—(7). Let A = [AII}, e ,AE—k}]T
be the solution to (3). If the rth generalized eigenvalue of 3 w.r.t. Yo is larger than 1, i.e.,
Ar > 1, then Col(Ayy) C COI(Z{_;}U“}) for alli € [k]. For any i, if further rank(Ag;) =r
 then Col(Agy) = Col(Z(3Uyy).

The next lemma describes the behavior of population generalized eigenvalues under
latent variable model (5). It also identifies a sufficient condition for A, > 1. To this end,
we start with an assumption motivated by Fan et al. (2019).

Assumption 2 [In latent variable model (5)—(7), we assume the following:

e The matriz U has full column rank, that is, rank(U) = r;

e Yo and U satisfy ar(EalﬂU) > 1.
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Lemma 3 In model (5)—(7), under Assumption 2, we have
r=max{j: \; > 1,7 € [p]}. (9)

In other words, there are exactly r generalized eigenvalues greater than 1. Moreover, define

Y = [Ugl}, UgZ}, ce ng}]T € RP*" where Ugi} is the Moore-Penrose inverse of Ug;y. Then
the multiplicity of 1 as a generalized eigenvalue is
k
#{j: N =1} =p—> rank(Ugy) +r — rank(U — UY 'U). (10)
i=1

The foregoing lemma guarantees an eigengap between the rth and the (r + 1)th gener-
alized eigenvalues, and so the leading rank r generalized eigenspace is well-defined at the
population level.

By the foregoing lemma, under model (5) we can decompose ¥ as

Y =NoKAK 'Sy = S0AAATS) 4+ 2gBABTS,. (11)

Here A, A, and A are all diagonal where A, = diag(\1, A2, ..., \;-) collects the first  general-
ized eigenvalues, A collects the remaining p—r generalized eigenvalues, and A = diag(A,, A).
In addition, B collects the eigenvectors associated with the bottom p — r generalized eigen-
values. On the other hand, the decomposition (11) hold as long as the rth and (r 4 1)th
generalized eigenvalues are distinct and hence is more general than model (5).

Remark 4 In the case when k = 2, The covariance matrices between X and Y can be
reparameterized as Xg,, = EIV@TWTZZJ with VL,V = WTEyW = I, Gao et al. (2015a,
2017). Here ©, = diag(f1,0,...,0,) collects the leading r canonical coefficients for CCA
and ©, + I, = A,. Hence we have A\, = 0, + 1. The solution A = [A:{l},AIQ}]T to (3)
satisfies that Agy = %V, Ay = %W Such a relationship does not hold in general for
k> 3.

Remark 5 When k = p, Xy becomes a diagonal matriz where the diagonal entries are vari-
ances of the variables. The problem (3) is then equivalent to finding the leading eigenspace
of correlation matrix of the data, defined as R = 281/22261/2. Let Er € RP*" be the
matriz containing the eigenvectors that span the leading r dimensional eigenspace. If A is
the solution to (3), then 2(1)/2A coincides with Er (up to an v X r rotation matriz when
there is any generalized eigenvalue with multiplicity larger than one). Thus, we essentially
estimate the leading eigenspace of the correlation matriz.

3. Gradient Descent with Hard Thresholding

In this section, we present a thresholded gradient descent algorithm for simultaneously
finding multiple leading sparse generalized eigenvectors.
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3.1 Motivation

The sample counterpart of (4) can be recast as the following minimization problem:
miniLmize —(S,LLT)
subject to L' SL = I, IL]|2,0 < s.

Here ¥ is the joint sample covariance matrix of all k£ sets of features. We propose to solve
its Lagrangian version:

minimize f(L) subject to ||L||2,0 < s, (12)
LeRpxr

where the objective function f(L) is
. N
F(L) = =(3,LL") + S L S0 L — L. (13)

Effectively, minimizing the first term in (13) maximizes the original objective function
whereas minimizing the second term controls the deviation from the normalization con-
straint in (3). Here A is a tuning parameter. Intuitively, the larger it is, the more penalty
we put on deviating from the normalization constraint and the closer LTf]oL is to I,.

To deal with the constraint in (12), we shall perform the following hard thresholding.

Definition 6 Given a matriz U and a natural number k, we define the output of hard
thresholding function HT'(U, k) to be the matriz obtained by keeping the k rows with the
largest lo norms and replacing all other rows with zeros, that is

Uiv, ifi € Cy

HT(U, k)i =
( ) {0, otherwise

where Cy, is the index set of k rows of U with largest Iy norms. When there is a tie, we
always pick the smaller/smallest index.

3.2 Algorithm

Let XM, X@ X he iid. observations generated frgm the latent variable model with
covariance matrix ¥ and its block diagonal part 3. Let 3 and g be the sample covariance
matrix and its block diagonal part computed on {X™1), X x ()1,

Algorithm 1 describes the proposed thresholded gradient descent procedure. Given a
proper initial estimator which we shall specify later, each iteration first performs a step of
gradient descent on f defined in (12), then it keeps the s’ rows with the largest lo norms
and thresholds the remaining rows to zero. By iteratively performing these two steps, the
algorithm can be viewed as heuristics for solving the non-convex optimization problem (4).
Here s’ is a user-specified tuning parameter and is not necessarily equal to the true sparsity
level s. Step 2 in Algorithm 1 is a re-normalization step. This is due to the fact that
the stationary point of the objective function f(L) is not the same as the solution to the
original optimization problem (4). Thus, we first transform it for iterations and eventually
transform back in Step 7 to define the final estimator.
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Algorithm 1: Thresholded gradient descent for sparse GCA

Input: Covariance matrix estimator S and its block diagonal part f]o;
Initialization Ay.
Tuning Parameters: Step size 1; Penalty \; Sparsity level s’; Number of
iterations T
1: 121/0 — A\()(ggiole\o)il/z
2: Vl — Avo(f + %Zgigo)lﬂ
3: fort=1,2,3,...,T do
4: E'H — Vt — UVf(Vt) = Vt — 277(—in + )\igvt(vz—iovt — L«))
5 Vig1 + HT(V;H_l, S,)
6: end for
7: Output: A\T = VT(V;E\J()VT)_I/Q

In Algorithm 1, each iteration is computationally efficient: line 4 is essentially matrix
multiplication and addition, and line 5 requires calculating and sorting row /3 norms. Since
S = L5 (XO-X)(XO-X)T where X = L 5™ | X@ an efficient way to calculate SV,
would be to calculate Yt(i) = (X — X)TV, first, followed by multiplying (X — X)Y;(i),
resulting in O(npr) flops. Line 5 requires O(rp + plogp) flops for selecting top s’ rows.
Hence a single iteration of thresholded gradient descent will require O(npr + plogp) flops
in total.

3.3 Initialization via generalized Fantope projection

Success of Algorithm 1 depends crucially on the quality of the initial estimator go- Thus,

we need to find an initial estimator that is relatively close to the true generalized eigenspace

in some distance so that later iterations could further improve on estimation accuracy. We

now introduce such an initial estimator based on Fantope projection (Vu et al., 2013).
Note that

k
Z Tr(A{TZ.}E{U}A{j}) = (2, 4AT).
i,j=1

The idea is to “lift” AAT into SP, the space of p x p symmetric matrices, and hence to treat
it as a single quantity. Since we assume that A is row sparse, F' = AAT have at most s
nonzero entries which is much smaller than its number of elements. To ensure sparsity of
its solution, we impose an entrywise [; penalty to define the following objective function for
initialization: R

minimize — (3, F) + p||Fl.

On the other hand, the normalization constraint on A implies that
(£0)'/*F(E0)"* € Pp,r),
where P(p,r) is defined to be the set of rank r projection matrices

P(p,r) = {PP",P e O(p,r)}.
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However, this direct generalization leads to a nonconvex feasible set since P(p,r) is non-
convex. To obtain a bona fide convex program, in the light of Vu et al. (2013), we use the
Fantope set introduced by Dattorro (2003):

Fr={X:0X=<I and Tr(X)=r}.

The motivation is the observation from Overton and Womersley (1991) that F, = conv(P(p,r)),
where conv(A) denotes the convex hull of A. To summarize, our initial estimator is the so-
lution to the following program:

mi}rrlielé%)ize — <§],F> + ol F |1, (14)
. S \1/2 (S \1/2
subject to (X9)"/“F(X9)"/* € F;.

_ Upon obtaining F as the solution to (14), we collect the leading r eigenvectors of F as
U, € RP*" and the corresponding leading r eigenvalues as entries of the diagonal matrix

lNDT € R"™ ", Then let Ag = ﬁrﬁi/Q and

Ay = HT(A,s). (15)

This finishes initialization for Algorithm 1. The initialization procedure has O(p?®) com-
putation complexity due to the ADMM step involved in solving the generalized Fantope
projection. See Gao et al. (2017) for details of the ADMM algorithm.

As we shall show in next section, F suffers a relatively large estimation error rate for
estimating AAT and hence 21\0 for A. However, for Algorithm 1 to work, such an estimator
serves well as an initial estimator under mild conditions. In addition to PCA and the current
setting, an analogous initialization via convex relaxation idea has appeared in Gao et al.
(2017) for performing sparse CCA which is asymmetric.

4. Theoretical Results

We provide theoretical justifications for our algorithms in this section. We first state our
main result on how each iteration of Algorithm 1 improves estimation accuracy, followed by
a corollary on error bounds achieved by the final estimator. Analysis of generalized Fantope
initialization follows our investigation of the main algorithm. In addition, we include a lower
bound for the finite k£ setting at the end of this section.

Parameter space Under covariance structure (11), we define F({s;}¥, {p;}¥,r, {NHiv)
as the collection of all covariance matrices X satisfying (11) and the following conditions:

(i) Sparsity: Agy € RPFT with [|Agy|le0 < 54

< Smin(EO) < Smax(ZO) <v; (16)

R

1

(ii) Bounded spectrum : — < sp,in(X) < Smax(X) < v,
v

(iii) Eigengap : A, — A\pg1 > 0.

Here \;’s are generalized eigenvalues as defined in (8). By Section 2, under model (5) the
eigengap condition is satisfied if Assumption 2 holds. The parameter space is then defined

10
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as
Pa({sid Apidh,r (0} 0) = {£(X O, X @, x ) - X0 ¥ N (0, ),

e F({s ]f? {pi If?rv {)‘j}ﬁ V)}
In what follows, S denotes the true row support of A. While the parameter space requires

normality, our theoretical analysis generalizes directly to sub-Gaussian distributions. We
omit the generalization in this work as it is mostly formality.

(17)

Matrix distance To measure estimation accuracy, we define the distance between two
matrices U and V € RP*" as

dist(U, V) = Pgl(:l)I(lr) |UP —V||p. (18)

Here O(r) is the collection of r X r orthogonal matrices. The matrix distance has been used
previously in Ge et al. (2017), Tu et al. (2015) and Golub and Van Loan (2012), among
others.

4.1 Main results

The following theorem characterizes numerical convergence of Algorithm 1 when starting
at a reasonable initializer.
Theorem 7 In Algorithm 1, set
< c A= (19)
= 122\v(1 + ¢)?’ Coc

for some constant ¢, and
, 25651/
s >

o ()‘r - )\r+1)2772

For initial estimator ;{0, suppose that it has row sparsity s', and that for

Vs. (20)

1
VZAO+imy, (21)

A\Q is so constructed that after the first two lines of Algorithm 1, we have

C()\T —)\7«4_1) \/l—l—c} '

: 22
V2 \12(42 4 25¢)° 2 (22)

— 1
dlSt(V, Vl) S ﬁ min {

If (16) holds and

V1AL 1+ A 1

[rslog p_ (23)
()\ - )\r—i-l

for some sufficiently small constant cg > 0, then for some constants C,C" > 0, uniformly

over Py, = Po({si}}, {pi}5, v, {\j}];v), with probability at least 1 — exp(—C’(s' log(ep/s'))),

forallt>1,

3/2\/14-)\21/14-)\ 1
dist(V, Vig1) < C(> \/” BP | etdist(V, gaisv. v (24)
r r+1

A

Optzmzzatwn Error
Statistical Error
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2 2
_1_"1 (>\7'_)\7‘+1)
where £ =1 I .

The foregoing theorem leads to the following corollary on high probability error bounds
for estimating A.

Corollary 8 Suppose the conditions of Theorem 7 hold. For eacht > 1, let f/l\t = Vt(VtTiovt)_l/Q.
Then for some constants C,C1,C" > 0, uniformly over P, with probability at least 1 —
exp(—C'(s'log(ep/s'))), for all t > Ty, where

log (C ( )3/2 \/H)\’\Q\){:rl)‘rﬂ \/7‘5 lzgp>

O —Ari1)? ’
log(1 — ™ ( 64V2+1) )

Ty =

we have

3/2 \/T+ A2, /1+ A2,
dist(4, A) < ¢4 ( > \/’”Slogp

)\ - )\7‘+1
In particular, when T > Ty, the last display holds for the output AT of Algorithm 1.

We give some brief remarks on Theorem 7 and Corollary 8. The error bound for each
step, given by the right side of (24), is composed of two parts: a statistical error term inde-
pendent of the iteration counter ¢, and an optimization error that decreases geometrically
as t increases. When t > Tj, the optimization error is dominated by the statistical error
and we can achieve the estimation rate in Corollary 8. Thus, Ty can be interpreted as the
minimum number of iterations needed for achieving the estimation error rate in Corollary 8.
When the eigengap A\, — A,11 is lower bounded by a positive constant, it is straightforward
to verify that Tp = O(log(p+n)). In other words, thresholded gradient descent drives down
the statistical error of the estimator to the desired rate after O(log(p + n)) iterates. It is
worth noting that the contraction rate £ does not depend on ambient dimension p, which
can be much larger than r and s.

Condition (22) on initial estimator is related to the notion of “basin of attraction”. It has
previously appeared in the literature of machining learning with nonconvex optimization
in other contexts, e.g., Chen and Candes (2015); Chi et al. (2019); Wang et al. (2014).
The global landscape of (12) could be hard to handle due to non-convexity and sparsity
constraints. However, within the basin of attraction, the objective function f(-) is locally
smooth and strongly convex, which allows projected gradient descent to find a statistically
sound solution at geometric convergence rate.

Outline of proof To prove Theorem 7, we track the estimator trajectory {V; : t > 0}
over iteration. To this end, we first characterize a global high probability event under which
the entire trajectory would lie inside the basin of attraction within which the objective
function is smooth and strongly convex. On the event, we analyze in sequel the effects
of the gradient step and the hard thresholding step in each iteration. In particular, we
show that each gradient step drives down the distance between the target of estimation and
the current estimator while the hard thresholding step projects the current estimator onto
the feasible set. For details, see Propositions 18 and 19, respectively. Combining the two
propositions, we obtain a recursive inequality that characterizes the estimator trajectory

12
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as in (24). This completes the major steps in the proof. Finally, Corollary 8 is a direct
consequence of normalization on the same event that we performed the foregoing analysis
of iteration. For proof details, see Appendix B.

4.2 Analysis of initialization

The following theorem characterizes the estimation accuracy of the proposed initial estima-
tor via generalized Fantope projection.

Theorem 9 Suppose
s?logp
— <€ 26
O — A (26)
for some sufficiently small € > 0. Let F be the solution to (14) where p = 'y\/lo% for

v € [m,72] for some positive constants v1 < v2. There exist constants C,C" > 0 such that
uniformly over Py, with probability at least 1 — exp(—C'(s + log(ep/s))),

k 2 k 2
~ > i1 5i) log(D i pi) s~ logp
T2< ( 1_15) 1=1 =0 —7—]. 2
[F = AA [l <C O — Arg1)? n(Ar = Arg1)? 0

The following corollary further bounds the estimation accuracy of Xo through the lens
of V1 defined in line 2 of Algorithm 1.

Corollary 10 Suppose that the conditions of Theorem 9 hold. Under the choice of s’ and
condition (23) in Theorem 7, there exist constants C,C" > 0 such that uniformly over Py,
with probability at least 1 — exp(—C’(s + log(ep/s))),

1
dist(V, V1) < 1 Ci : ng,
o V

Combining Theorems 7 and 9 and Corollaries 8 and 10, we obtain the following corollary
on the whole procedure: Algorithm 1 with initialization via generalized Fantope projection.

where V is defined in (21).

Corollary 11 Suppose that

(L+ADA+N)
(Ar = Argr)?

2]
n > Cj max{ rslogp, Sogp} (28)

()\7" - /\r+1)2

for some sufficiently large positive constant Cy, that T > Ty with Ty in (25), and that all
the other conditions in Theorems 7 and 9 are satisfied. There exist constants C,C’" > 0
such that uniformly over P, with probability at least 1 — exp(—C’(s +log(ep/s))), the final
output satisfies

3/2 T+ X2\ /1422,
dist(A, A7) < Oy < ) \/mlogp

)‘ - )‘7“+1
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4.3 A lower bound for finite k

Corollary 8 provides upper bounds for the proposed procedure in Algorithm 1. For finite
k, we have the following information-theoretic lower bound result.

Theorem 12 Assume that 1 <r < %, and that

en:
n(Ar — Ar1)? = Co (r + maxlog p) (29)
7 Sj
for some sufficiently large positive constant Cy. Then there exist positive constants ¢ and
co such that the minimax risk for estimating A satisfies

k
. . i~ & Epi
inf sup Exdist?(4,A) > co N —————— | rs + s;log — | . 30
iser (4,4) 2 e n(/\r—/\r+1)2( ; 08 3i> (30)

The proof of Theorem 12 is given in Appendix C. Comparing Theorem 12 and Corollary
8, we see that when r is finite and A; < C for some large positive constant C, as long as there
exists i € {1,...,k} such that s; and p; are of the same order as s and p simultaneously, the
lower and upper bounds match. Otherwise, they differ by at most a multiplicative factor
of logp.

5. Numerical Results

This section reports numerical results on synthetic data sets. Except for the settings in
Section 5.4 and Section 5.6, r, the latent dimension in model (5) is assumed to be known.
Choices of tuning parameters are specified in each setting. In practice, they can also be
selected using cross-validation on grids. The rest of this section is organized as follows. We
first study numerical errors for estimating generalized eigenspaces of different dimensions.
For the special case of r = 1, we also compare our method with the Rifle method in Tan
et al. (2018). Next, we assess the performance of Algorithm 1 in the context of sparse CCA
by comparing it to the CoLaR method in Gao et al. (2017). Furthermore, we consider the
potential model mis-specification scenario where the input latent dimension of the algorithm
is different from the true value. We then apply Algorithm 1 to perform sparse PCA of
correlation matrices. Finally, we investigate the performance of Algorithm 1 under a general
covariance structure.

5.1 Sparse GCA with different latent dimensions

We first consider sparse GCA of three high dimensional data sets. In particular, we set
n = 500, k = 3, ps = p3 = 200, p1 = 500, and s; = so = s3 = 5. To generate covariance
matrices X and X, we use the latent variable model specified in Section 2. Specifically, X
is a block matrix with

T . .
Z{z]} = T{z}U{z}U{J}T{]}7 E{”} = T{z}a for 1 7& RS {1, 2, 3},
T T T
UnyTiyUpy = Uiy Ty Uggy = Uy Ty Upsy = 1

14
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Here each Yy = T; is a Toeplitz matrix, defined by setting (Tyy)ij = ok,; where oy, =

a'klfj‘ for all i, j € [py] with a1 = 0.5,a2 = 0.7,a3 = 0.9. To generate Uy;, € RP\*", we first
randomly select a support of size 5. For each row in the support, we generate its entries
as 1.1.d. standard normal random variables. Then all Uy;’s are normalized with respect to
T(;y. With the foregoing construction, it is straightforward to verify that A, — Apy1 = 2
and that Col(Ay;y) = Col(Uy;y). Finally, Yo = diag(X11}, 222}, X¢33)) contains the block
diagonal elements of X.

We vary r in {1,2,3,4,5} and report squared matrix distances defined as dist?(A, A\) =
minpeo(r) |AO — Al|% for both initial and final estimators based on 50 repetitions in each
setting. For tuning parameters in Algorithm 1, we set s/ = 20, n = 0.001, A = 0.01,
and T" = 15000. The tuning parameter for generalized Fantope initialization is set to be

p=13 logp. The truncation parameter for initialization is also set to be s’ = 20.

Table 1 reports the results of the aforementioned simulation study. For all latent dimen-
sions, we observe a significant decrease in estimation error after Algorithm 1 is applied. This
corroborates the theory in Section 4. To better understand how each iteration of Algorithm
1 improves estimation, we plot dist(V,V;) and dist(4, A\t) in logarithmic scale against the
iteration counter t for r = 1,2, 3,4,5 and n = 500. For any ¢, we set A\t = Vt(VtTEOVt)_lﬂ
which agrees with the definition of ET in the last line of Algorithm 1. From Figure 1, we
observe an approximate linear decay trend at the beginning in all cases, which corresponds
to exponential decay in the original scale. Moreover, after sufficiently many iterations, all
error curves plateau, which suggests that the performance of the resulting estimators have
stabilized. Both phenomena agree well with the theoretical findings in Theorem 7.

Error r=1 r=2 r=3 r=4 r=>5

Initial | 0.1319(0.0737) 0.2308(0.0591) 0.2746(0.0652) 0.2354(0.0483) 0.1969(0.0237)
Final | 0.0015(0.0030) 0.0072(0.0209) 0.0098(0.0301) 0.0121(0.0071) 0.0171(0.0061)

Table 1: Median errors of initial (generalized Fantope) and final (Algorithm 1) estimators
in squared matrix distance out of 50 repetitions. Median absolute deviations of
errors are reported in parentheses.

Tan et al. (2018) proposed a truncated Rayleigh flow method, called Rifle, to solve the
sparse generalized eigenvalue problem when r = 1. Here we compare our method and Rifle
under the same experiment setting as above, with n = 500 and 1000. For TGD we set the
tuning parameters to be s’ = 20,7 = 0.01, A = 0.01 and 7' = 15000. For Rifle we also use
s’ = 20 for truncation, the step size 7 is set to be the default value 0.01 and we run it for
sufficiently many iterations until estimator errors no longer improve. We vary the sample
size n in {500, 1000} and each experiment setting is repeated 50 times. We report median
estimation errors of both initial and final estimators of both methods measured in squared
matrix distances in Table 2. Both Rifle and our method produce highly accurate final
estimators, which significantly decrease errors of respective initializers. Final estimators by
our algorithm are slightly more accurate in both settings.
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0 5000 10000 15000 0 5000 10000 15000
Number of lterations Number of Iterations

Figure 1: Plots of dist(V, V) (left) and dist(A, /Tt) (right) (both in logarithmic scale) vs. it-
eration counter ¢.

Rifle TGD
Initial Error Final Error Initial Error Final Error
n =500 | 0.1225 (0.0562) 0.0006 (0.0005) | 0.1458 (0.0713) 0.0003 (0.0011)
n = 1000 | 0.0805 (0.0449) 0.0003 (0.0012) | 0.0920 (0.0504) 0.0002 (0.0003)

Table 2: Median errors of initial and final estimators of both Rifle and Algorithm 1 in
squared matrix distance out of 50 repetitions. Median absolute deviations of errors
are reported in parentheses.

5.2 Choices of tuning parameters

In this section, we study the selection of tuning parameters. For the sparsity level s’
in the hard thresholding step of Algorithm 1, we show that a five-fold cross validation
approach works reasonably well. For the Lagrangian multiplier parameter A, we show that
the estimation procedure is robust with respect to it and we recommend fixing it at some
small positive constant.

For simulations below, we fix n = 500 and p = 900. In addition, we fix other tuning
logp

n

parameters throughout the experiments as follows: p = % for Fantope initialization

and n = 0.001, T' = 15000 for Algorithm 1.

Choice of sparsity level s’. The procedure for the selection of s’ is as follows. We first
randomly split the data X into five folds of equal sizes. For [ = 1,...,5, we use one fold

as the test set X(tle)st and the other four folds combined as the training set X (tlr)ain. For each

value of s’ in a pre-specified grid G’, we apply Algorithm 1 on X (tlr)ain to obtain an estimator

A\E;)ain. Then we compute the test GCA score defined as

~, -~

rain | $ites rain
OV () = T (Al S Af)
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Here izf)st is the sample covariance matrix of the test data X (tle)St. Finally, we compute the

cross-validation score for s, defined as CV(s') = %215:1 CV(;(s’). Upon obtaining the
cross-validation scores for all s’ € G', we select the sparsity level that maximizes CV(s').

In the experiments here, we set the grid G’ as {5i : i = 1,...,20}. We fix r = 3, A = 0.01
and consider three cases: s; = so = s3 = 5 (Case 1), 51 = so = s3 = 15 (Case II) and
s1 = s3 = s3 = 20 (Case III). The true sparsity levels in three cases are then s = 15,45, and
60, respectively. The results from the 5-fold cross validation procedure for the three cases
are plotted in Figure 2. Here, we plot CV(s’) against s’ € G’ and use error-bars to indicate
the range of + one standard deviation of cross-validation scores.

?:oss-Validmion Score on Test Dataforr=3,s=15 ?:oss-Validmion Score on Test Dataforr=3,s=45 %oss-Validmion Score on Test Data for r = 3, s = 60

=)
=)

Cross-Validation Score (with std)
©
Cross-Validation Score (with std)

w S o o ~ (-] ©
Cross-Validation Score (with std)

o

0 20 40 60 80 100 20 40 60 80 100 0 20 40 60 80 100
Sparsity Levels Sparsity Levels Sparsity Levels

Figure 2: Plots of cross-validation score CV(s’) against s’ € G’ for case I (s = 15, left), case
IT (s = 45, middle), and case III (s = 60, right). Curves indicate average over
five folds and error bars indicate one standard deviations.

Figure 2 shows that in all three cases, the cross-validation scores increase with s’ until
reaching a plateau level and fluctuate around some constant when s’ is set to larger values.
The sparsity levels selected by this procedure are slightly larger than the true sparsity levels
in all three settings. Specifically, the selected sparsity levels for the three cases are 25,60,
and 75, respectively. This suggests that our previous choice of s’ = 20 for s = 15 in Section
5.1 is reasonable.

Choice of penalty A\. We now study the impact of different choices of A on our estimator.
To this end, we vary A on a log scale and consider all values in the set {0.0001, 0.001,0.01,0.1,1}
and compare the final estimation errors across these choices. We fix s’ = 20 and test using
the same simulation setting as in Section 5.1 with » = 3 and 4. We set all other tuning
parameters in the same way and only change A. Table 3 reports squared distances from
estimators to true parameter values based on 50 repetitions in each (7, \) value combination.
From Table 3, we notice that for both r = 3 and r = 4, the final estimation error is robust
with respect to the choice of A.

5.3 Sparse CCA

To further compare the performance of our algorithm with a benchmark, we compare its
performance in sparse CCA problems with the CoLaR method proposed by Gao et al.
(2017). Instead of using gradient descent and hard thresholding, Gao et al. (2017) refined
the initial estimate by a linear regression with group Lasso penalty. In addition, their
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A 0.0001 0.001 0.01 0.1 1

r =3 0.0121(0.0364) 0.0136(0.0252) 0.0098(0.0301) 0.0093(0.0140) 0.0099(0.0108)
r =4 ] 0.0145(0.0068) 0.0152(0.0102) 0.0121(0.0071) 0.0101(0.0055) 0.0119(0.0093)

Table 3: Median errors of the final (Algorithm 1) estimators in squared matrix distance out
of 50 repetitions for r = 3, 4 and different choices of \. Median absolute deviations
of errors are reported in parentheses.

estimator was shown to achieve the optimal estimation rate for canonical loading matrix
under a prediction loss that is different from (18).

For fair comparison, we use the same simulation settings as in Gao et al. (2017). Using
the notation in Remark 4, we set

prL=p2, Xy=%Xy,=M, r=2, 6,=009, 6;=038.

The covariance matrix between X and Y is generated from the canonical pair model ., =
EIVGQWTEy Recall that from the relationship between ©9 and A, we obtain that A\; =
01+1=1.9and Ay = 02+1 = 1.8. Hence the leading two generalized eigenvalues are 1.9 and
1.8. Moreover, the row supports for both V' and W are set to be {1,6,11,16,21}. The values
at the nonzero coordinates are obtained by normalizing (with respect to M = ¥, = ¥,)
random numbers drawn from the uniform distribution on the finite set {—2,—1,0,1,2}. We
consider three different choices of M as follows: (i) Identity: M = I; (ii) Toeplitz: M = (0;;)

where o;; = 0.31°77! for all 4, j; (iii) Sparselnv: M = O’?J 0?209] where Y0 = (0’%) =0t

for ) = w;; with
wij = 1,—; +0.5 % 1\i—j|:1 + 0.4 x 1\i—j|:2 1,] € [pl].

We consider the same four configurations of (n,p1,p2) as in Gao et al. (2017). For CoLaR
and its initialization, we set all tuning parameters to those values used in Gao et al. (2017).

For tuning parameters in Algorithm 1 and its initialization, we set p = 14/ logp s’ = 20,

2
A =0.01, » = 0.001, and T = 10000. Upon obtaining the final estimate A= (1 {2}]T

[ |
from Algorithm 1 we calculate estimators for V and W as V = A\{l}(ﬁj{r o A\{ 1) 1/2 and
We summarize simulation results of the foregoing settings in Tables 4-6, each cor-
responding to a different choice of M. Following Gao et al. (2017) we measure esti-
mation error by prediction loss defined as L(V,V) = infoco(r ||E (170 V)||3 and

L(W, W) infoeo(r HEl 2(T/VO W)||%. Each reported number is the median error out of
50 independent repetltlons

In Tables 4-6, the first four columns collect results of CoLaR. Columns “V-GFP”
and “W-GFP” collect errors of initial estimators by generalized Fantope projection, while
columns “V-TGD” and “W-TGD” report errors of final estimators by Algorithm 1. In
all settings, both CoLaR and Algorithm 1 yield good final estimators, which significantly
improve over their respective initializers. In addition, Algorithm 1 outperforms CoLaR in
most settings.
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(n,p1,p2) V-init W-init | V-CoLaR W-CoLaR | V-GFP W-GFP | V-TGD W-TGD
(300,300,200) | 0.2885 0.1706 0.0511 0.0601 0.1391  0.2636 0.0118 0.0118
(600,600,200) | 0.3236 0.2004 0.0638 0.0764 0.3420  0.1655 0.0237 0.0485
(300,300,500) | 0.1202 0.0664 0.0135 0.0166 0.2646  0.3078 0.0100 0.0076
(600,600,500) | 0.1408 0.0811 0.0176 0.0209 0.2459  0.1876 0.0213 0.0157

Table 4: Comparison of CoLaR and Algorithm 1: median errors out of 50 repetitions with

Toeplitz covariance structure.

(n,p1,p2) V-init W-init | V-CoLaR W-CoLaR | V-GFP W-GFP | V-TGD W-TGD
(300,300,200) | 0.2653 0.1712 0.0498 0.0646 0.3413 0.5688 0.0454 0.0211
(600,600,200) | 0.3167 0.2087 0.0671 0.0776 0.5016 0.7134 0.0231 0.0559
(300,300,500) | 0.1207 0.0665 0.0135 0.0159 0.3580 0.1713 0.0124 0.0117
(600,600,500) | 0.1448 0.0817 0.0166 0.0203 0.3906 0.4095 0.0082 0.0129

Table 5: Comparison of CoLaR and Algorithm 1: median errors out of 50 repetitions with

Identity covariance structure.

(n,p1,p2) V-init W-init | V-CoLaR W-CoLaR | V-GFP W-GFP | V-TGD W-TGD
(300,300,200) | 0.5552 0.5718 0.1568 0.1194 0.2021 0.4924 0.0719 0.0421
(600,600,200) | 0.5596 0.6133 0.2123 0.1572 0.4653 0.2222 0.1555 0.0686
(300,300,500) | 0.2695 0.1917 0.0242 0.0219 0.1592 0.3058 0.0042 0.0056
(600,600,500) | 0.3068 0.2368 0.0338 0.0271 0.1853 0.1404 0.0454 0.0491

Table 6: Comparison of CoLaR and Algorithm 1: median errors out of 50 repetitions with
Sparselnv covariance structure.

In summary, both CoLaR and Algorithm 1 consistently estimate the leading r canonical
loading vectors, while Algorithm 1 has a slight advantage. Moreover, Algorithm 1 is more
desirable due to its generality beyond the sparse CCA setting.

5.4 Model mis-specification

To investigate the robustness of our method, we consider one possible mis-specification of
the model in the case of two data sets: There are 3 pairs of nontrivial canonical correlations
present but we only set » = 2. As we are in the CCA setting, we consider three types
of covariance matrices specified in the previous subsection. For all three cases, the first
two canonical loading vectors and generalized eigenvalues are generated in the same way
as the previous subsection. In addition, we also set the support of the third vector to be
{1,6,11,16,21}. We fix 03 = 0.3 (i.e., A3 = 1.3) and focus on the configuration (n, p1,p2) =
(300, 300, 500). All tuning parameters are set in the same way as in last subsection.
Simulation results under these settings can be found in Table 7, and we continue to use
prediction loss as in the previous subsection. Similar to CoLaR, Algorithm 1 continues to
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Covariance structure | V-CoLaR W-CoLaR | V-TGD W-TGD
Toeplitz 0.0197 0.0197 0.0291 0.0157
Identity 0.0190 0.0195 0.0113 0.0155

Sparselnv 0.0348 0.0263 0.0112 0.0488

Table 7: Comparison of CoLaR and Algorithm 1: median errors of estimating first two
generalized eigenvectors out of 100 repetitions in mis-specified models.

produce accurate estimates when the input latent dimension rj, is smaller than the true
value r and there is an eigengap between 0, and 0, 1, and thus between A, and A, 1.

5.5 Sparse PCA of correlation matrices

We now apply Algorithm 1 to performing sparse PCA of correlation matrices. See Re-
mark 5 for a detailed account on how sparse PCA of correlation matrices can be cast as
a special case of sparse GCA. By Remark 5, let i‘,o be the diagonal matrix with p sample
variances on the diagonal, we could use i(l)/ >4 as our estimator of the r leading eigen-

vectors of correlation matrix R = 3, L 2225 L 2, where A is the estimator produced by
Algorithm 1. We report the squared matrix distance for estimating the leading eigenspace
L(ERg, A\) = minpeo () ||§](1)/2ﬁ0 — Eg||% for initialization and final error, where Ep is the
leading eigenspace of R.

Given ambient dimension p, sparsity s, latent dimension r and generalized eigenvalues
A1 > -+ > A > 1, we generate a p X p correlation matrix R with leading eigenvalues
AL > -+ > A > Ay1 = 1 and s-sparse leading eigenvectors according to the procedure
described in Section D. To further construct the covariance matrix ¥, we generate g as a
diagonal matrix with i.i.d. uniform random numbers in [0.1, 1] as diagonal elements. Finally,

we set X = 2(1]/2RZ(1)/2.

In our simulation study, we set p = 500, s = 20, » = 3, and let sample size n be either 500

1 /logp

or 2000. The tuning parameter for initialization is set as p = 54/ —>*. Tuning parameters

of Algorithm 1 are set to be s/ = 40, T = 20000, A = 0.01, and n = 0.001. The leading
generalized eigenvalues are set as {5,5,5} (case I) or {7,5,3} (case II). For both cases, our
construction of ¥ ensures that Ay = 1.

n Case Initial Error Final Error
" — 500 I 0.4603 (0.1404) | 0.0851 (0.0306)
IT | 0.6379 (0.0567) | 0.1001 (0.0098)
n — 2000 I 0.0882 (0.0177) | 0.0184 (0.0025)
I | 0.1060 (0.0697) | 0.0258 (0.0025)

Table 8: Sparse PCA of correlation matrices by Algorithm 1: median errors of initial and
final estimators out of 50 repetitions. MADs are reported in parentheses.
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We report results from 50 repetitions for each case and each sample size in Table 8.
From Table 8, it can be seen that in all settings, Algorithm 1 yields accurate estimators of
leading eigenspaces of correlation matrices. Due to a larger eigengap in the first case, it has
slightly better estimation accuracy which corroborates our theory.

5.6 Sparse GCA with general covariance structure

In this section, we investigate the performance of our algorithm under a general covariance
structure and demonstrate empirically that our algorithm works beyond latent variable
models as long as the eigengap condition holds.

We consider sparse GCA of three high-dimensional data sets with p; = 500, ps = p3 =
200 and let the rank of all off-diagonal blocks of ¥ be pnin = min; p; = 200. To generate
covariance matrices ¥ and X, we first define a diagonal matrix © with ©; = 2/i for
1=1,2,...,Pmin- We then define ¥ as a block matrix with

T . .
E{U} = T{z}U{z}GU{J}T{j}> Z{“} = QT{Z}, fori#j € {1, 2, 3},

T T T
Uiy TinUpy = Uy TiyUgey = Uy Ty Ugsy = 1

Here, each X, = 2Ty; and each TY;, is a Toeplitz matrix, defined by setting (T} )i = o,
where oy, = a!,j*j‘ for all 7,57 € [px] with a1 = 0.5,a2 = 0.7,a3 = 0.9. The first five
columns of each Uy, have row sparsity level s; = 5. As a result, the support sizes of
the first three GCA loading vectors are at most s = 15. For each Uy € RPi*Pmin, we
define U{z} = [U{l}(l),U{l}(Q)] where U{Z}(l) € RPi*si and U{Z}(2) e RPi*(Pmin=si)  The
submatrices Uy (1), Ug;3(2) are generated as follows. To generate each Uy (1), we first
randomly select a support of size s;. For each row in the support of U{i}(l), we generate
its entries as i.i.d. standard normal random variables and fill the remaining entries with
zeros. Then, we normalize all U;y(1)’s with respect to Ty;y. To generate Ug;y(2), we first
perform SVD on (U{i}(l))TT{IZ/}2 = P{i}D{i}QE} to obtain Q; € O(p;). We then take
@{i} = Qqiyg for J = {si +1,...,pmin} Which is the submatrix of Q; consisting of the
(si +1)th to the pyinth columns of Q. By construction, we have (U{i}(l))T T{li/fé{i} =0
and CNQ{i} € RPi*(Pmin—si) - Finally, we define Uiy (2) = T{;;/Qé{i}. By construction, we have

(U{i}(2))TT{Z~}U{Z~}(2) =1 and (U{i}(2))TT{,~}U{i}(1) = 0. Thus, the leading five columns
of each Uy;, are sparse and we have U{TZ.}T{i}U{Z-} = I. With the foregoing construction, it
is straightforward to verify that the ith generalized eigenvalue is given by \; = 1 + 2i~!
for i = 1,2,...,pmin and the non-trivial GCA loadings are given by [U{E},UE;},U{TB}]T
Therefore, there are eigengaps between any consecutive generalized eigenvalues above one
and only the first five GCA loading vectors are sparse.

Under the foregoing setup, we aim at estimating the leading GCA loading vector (Case
I), the matrix with leading two GCA loading vectors (Case II), and the matrix with leading
three GCA loading vectors (Case IIT). For tuning parameters, we set s’ = 20 for sparsity

level, n = 0.001, A = 0.01, and T = 15000 in Algorithm 1, and p = \/1%62 in (14). We
consider two different sample sizes: n = 500 and n = 2000.
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Table 9 reports the squared matrix distances for the initial and the final estimators
from true value defined as dist?(A, A\) = minpeo(r) A0 — Al|% for all three cases and two
different sample sizes. Numbers in each cell are the median and the MAD of results over
50 repetitions. Population parameters are also generated independently in each repetition.
To gauge the scale of errors, we also report squared Frobenius norm ||A||% of the estimand
in the last column of Table 9.

n Case | Initial Error Final Error | A%

T | 0.0500 (0.0358) | 0.0005 (0.0007) | 0.5669

n = 500 II 0.1586 (0.0420) | 0.0605 (0.0313) | 1.2433
IIT | 0.3097 (0.1484) | 0.1831 (0.1107) | 1.8378

I 0.0174 (0.0064) | 0.0001 (0.0002) | 0.5669

n = 2000 II 0.0390 (0.0268) | 0.0136 (0.0063) | 1.2433
IIT | 0.0741 (0.0719) | 0.0369 (0.0178) | 1.8378

Table 9: Sparse GCA with general covariance structure: median errors of initial and final
estimators out of 50 repetitions with MADs reported in parentheses. Medians of
squared Frobenius norms of estimands are listed in the last column.

From Table 9, it can be seen that in all settings, Algorithm 1 consistently yields improved
estimates of leading GCA loading vectors whenever there is an eigengap.

Appendix A. Proof of Lemmas in Section 2
A.1 Proof of Lemma 1
Proof For A, = diag(Ay,...,\). Since A solves (3), we have
Yo 10A = AA,. (31)
By model (5)—(7), we have ¥ = U + UU " and £y = diag(Xq11}, - -5 Sqkky)> and so

-1
. Ip, - {11}U{1}U{2} Z:{111}U{1}U{k}
' = EW}U{Q}U{H . o Ul
L ) :
{kk}U{k}U{l} E{k:k}U{k}U{Q} e I,
Thus, (31) leads to
-1 T
Ay + 300U 254 Uy Ay Ay
Y, YA = : = : = AA,.

-1 T
Ay + 2 Uy s Up Ayl [AmAr
Collecting terms, we obtain

Sy U Z]#l UhAn]  [AgyA, — 1)
= s — A(A, — 1),
-1
> ey Ut Zja«ék Ui At Ay (Ar — I)
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Since both A and A, — I, are of rank r under the assumption of the lemma, we complete
the proof. |

A.2 Proof of Lemma 3
Before the proof of the lemma, we recall Weyl’s inequality (Weyl, 1912) stated as follows.

Lemma 13 (Weyl’s inequality) Let A, B be two p X p Hermitian matrices and s;(A) be the
ith eigenvalue of A. Then for 1 <1,j < p, we have

si(A+ B) <sj(A) +sk(B), forl>j+k—1,
sj(A) + s1(B) < sjp-p(A+ B), forj+1=p.
Proof The proof is adapted from Fan et al. (2019). It is composed of three parts. First we

show that if : > r+ 1, A\; < 1. Then we will prove that A, > 1. Finally we prove the result
on multiplicity of 1. Recall that the generalized eigenvalues are identical to the eigenvalues

of R = 281/22281/2. From now on we study the eigenvalues of R directly.
Step (1): Note that we can write R as
R=x,"ss;"? =5, 20U + 0)5, " = 01Q] + Q:Q]

where

Q=30 Qy=x,"70'2,

We first show that [|Q2Q9 |lop < 1. To this end, note that [|Q2Q9 [lop = [|Q3 Qallop =
|Ww1/25 w1 /2|, Note that W1/25,1W1/2 is a block diagonal matrix with the ith block

given by \IJL/ZQ} (Ugisy + U{i}U{i}) 1\11{1/12} Thus, it suffices to show that
1/2 .
103 (W iy + Uy Uy 0B flop <1, for i € [k].
To this end, by Woodbury matrix identity,
1/2 T \—1.7,1/2
‘P{ii}(q/{ii} + U@ Upy) Yy
1/2 1 1/2
—\I’{“} [\I’{“} { }U{ }( + U{z}ql{zz}U{ }) U{ }lII{zz}] {ii}
_ —1/2 1/2
=l = Vi Uy (I + Uy i Ugy) ™ Uy W

Therefore, 0 < \IJ{Z/Z}(\IJ{%} + U{i}U{i}) IW}{l} < I, and 50 [|Q2Q3 [lop < 1.
By Lemma 13, we have, for i > j + k —

i = si(R) < sj(QlQI) +51(Q2Q3).
Now we set j =r + 1,k = 1 and this gives
Ai= 8i(R) < $,41(Q1Q] ) + 51(Q2Q3 ) = 51(Q2Qq ) for i >r+1.
The last equality holds since we have rank(Q1Q{ ) = r and so s,11(Q1Q{ ) = 0. As a result,

Ai= 5i(R) < 51(Q2Q3 ) = [|Q2Q3 [|op < 1.
This finishes the proof of the first step.
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Step (2): By Lemma 13 and Assumption 2, we have
Ap= ST(R) = ST‘(QIQI + QQQ;) > ST‘(QlQlT) + Sp(QQQ;)
> 5:(QQT) = 02(5, PU) > 1.

Here, the strict inequality holds since QQQQT is of full rank. This finishes the proof for the
rth eigenvalue.

Step (3): Now we calculate the multiplicity of 1. To this end, we resort to Theorem 2.2
in Tian (2004), which gives

rank(U" —UTYU") = rank(U — UY TU) = rank(U U—-Ul,Upy == UL, Upy)

= rank(U) + rank(U Z rank(Ug;y ).

Here
0 2{12} 2{13} E{lk}
2{21} 0 2{23} E{Qk}
U - 2{31} 2{32} 0 2{3]6}
E{kl} E{kQ} Z{k?)} 0

Note that we have
Yy = U{i}U{Tj}, rank(U) = r,

by the latent variable model. Moreover, it is easy to verify that multiplicity of 1 as an
eigenvalue of R is the same as multiplicity of 0 as an eigenvalue of U, which in turn equals
p —rank(U). Thus, multiplicity of 1 is

Ed

p—rank(U) =p —rank(U' —U'YU") 4 rank(U Zrank Ugiy)

=1

k
=p-— Zrank Ugy) + 1 —rank(U — Uy 'u).
i=1

This finishes the proof of the lemma. |

Appendix B. Proof of Main Results

We first provide a lemma about the distance defined in (18) which is adapted from Lemmas
5.3 and 5.4 from Tu et al. (2015).

Lemma 14 For any U,V € RP*" we have

1
2VZ— 1) (V)

dist?(U, V) < \ouT —vv T,
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If further that dist(U, V) < Y||V||op, we have

V0T = VYTl < 210 opdist(U, V).

Before diving into the proof, we present a list of nice events on the intersection of which
all desired results hold deterministically. Recall that S is the true row support of A with
cardinality s. Let Z C {1,2,3,..p} be an index set. We use A(Z) € RP*" to denote the
leading r generalized eigenvectors that solve

max (S,LL') such that L'SoL =1, supp(L)CT. (32)

We also denote the diagonal matrix formed by the first r restricted sample generalized
eigenvalues by A, (7).
For some sufficiently large constant C' > 0, define

VIHML 1T+ X2,
B = {dlst(A AD) < Ovr— w'ﬂlogp
r 7“+1

for all Z O S such that |Z| < 25" + s}.

(33)

Note that the event includes all index sets containing true support S and the sizes of which
are at most 2s’ + s .
We define event By as

5 3 2s' +s)lo
b= {HEII = 21zllop V [Xozz — Yo zzllop < C (n)gp,

(34)
for all Z C [p] with |Z] < 25’ + s}.
Further we define Bs as
= {Hi = Yl + [[S0AAATSg — S0AAAT S0 |0
(35)
S T S 44T log p
+)\r+1||20_EO“oo+>\r+1|’EOAA Yo — YpAA ZOHoo <C n .
Let B R B R R
A=AATSA)V2 A, = (ATS0A)2A, (AT S0 A)Y2, (36)

The event B, is defined as

A 33 ~x r(s + log(ep/s
By= {HAT—Ar!F+Ar+1HATzoA—uF+”2(1)/2(A_A)HFSC\/ ( S( p/ ))}

(37)
for some sufficiently large constant C' > 0.

The following lemmas guarantee that all these events occur with high probabilities,
uniformly over P,,. In addition, since s’ > s, Lemma 12 in Gao et al. (2015a) implies that
By happens with probability at least 1 — exp(—C’s'log(ep/s’)) for some positive constant
C’, uniformly over P,,.
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Lemma 15 Suppose condition (23) holds, there exist constants C,C" > 0 such that uni-
formly over P, By happens with probability at least 1 — exp(—C's"log(ep/s’)).

Lemma 16 Suppose rv/logp/n < ¢ for some sufficiently small constant ¢ € (0,1). Then
there exist positive constants C, C" such that uniformly over P,,, B3 happens with probability
at least 1 — p*C/.

Lemma 17 Suppose 4/ ‘mognw <  for some sufficiently small constant ¢ € (0,1). Then
there exist constants C,C’" > 0 such that uniformly over P,,, By happens with probability at
least 1 — exp(—C"(s + log(ep/s))).

In the rest of this section, we will show that Theorem 7 and Corollary 8 hold on event
B1N By. Theorem 9 holds on event Bs N By, and Corollary 10 holds on event By N B N By.
As a result, the entire algorithm with generalized Fantope initialization yields an estimator
satisfying the upper bound in Corollary 11 on B1NB2N B3N By, which holds with probability
at least 1 — exp(—C'(s + log(ep/s))) for some constant C’ > 0 uniformly over P,, by the
foregoing lemmas and the union bound. This argument proves Corollary 11 about the whole
procedure.

Before proving the main Theorem, we first specifically study effect of the gradient descent
step and the hard thresholding step.

The following proposition characterizes the progress in the gradient step.

Proposition 18 Let S; = supp(V¢) Usupp(Vir1) Jsupp(A) be a super set of the row sup-

port of V. Define
~ 1/2
~ ~ A(S
V(Sy) = A(Sy) <I—i— g\”) .

Set

¢ and A= ﬁ, (38)

< -
= 12)\v(c+ 2)? c

for some constant ¢ < 1. On event By, suppose V; satisfies

(A — Arg1) 1+ c}
V2M12(42 4 25¢)7 2 ’

O I
dist(V, V(Sy)) < 4\ﬁmm{

then after the gradient step, we have

n(Ar — Apg1)

st (V2,7 (1) < (1= 22

) dist>(V;, V(Sy)),
here we use V&, € RP*" to denote a matriz that has the same entries as those in Vi1 on
Sy X [r] and zeros elsewhere.

The following proposition characterizes the effect of hard thresholding.

Proposition 19 Define V' as in (21). Then if we perform hard thresholding by selecting
the top s’ elements of Viy1, we have

dist?(V, V1) < <1 + 2\/7, (1 + \/§>> dist*(V, Vig1). (40)
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B.1 Proof of Theorem 7

We first prove the theorem assuming that Propositions 18 and 19 hold. Proofs of the two
propositions will be given later in Sections B.3 and B.4. It is worth noting that the results
of both propositions hold deterministically on event Bs.

The first step is to define the effective support in each step. We first define F; =
supp(V¢), recall that S is the true row support of A, then we define the effective restricted
set to be

St =FKU Ft+1 us.

The gradient descent step restricted to .S; can be viewed as

_— ~ — ~ R 7T ~ —
Vit1,50 = Vs — 20(=25,5, V.55 + A20,5,5,Vt,54(Vi 5,4 20,5:5. Vi,50¢ — Ir))-

Note that applying hard thresholding on V% ; (as defined in Proposition 18) is equivalent to
applying hard thresholding on the original V;;1. This allows us to replace the intermediate
update by V;% ; and still obtain the same output sequence Viy1. Thus, we will prove instead
for the update using Eo,stst, thst.
Proof Throughout the proof, we assume the event B; N Bs happens, which occurs with
probability at least 1 —exp(—C"s'log(ep/s’)) for some constant C’ > 0, uniformly over P,,.
As we have mentioned, the conclusions of Propositions 18 and 19 hold on this event, and
the remaining arguments in this proof proceed in a deterministic fashion.

We argue by induction on the iteration counter ¢t. Specifically, for ¢ = 1,2, ..., we will
prove that V; satisfies condition (39) and that

o o \/1+)\2,/1+)\ 1
dist(Vy, V) < €1 dist(V, V) + ,/TS 98D (41)
r 'r+1

A

for some positive constant Cf.
Base Case: By (23), (22), and definition of B; in (33), condition (39) is satisfied when
t = 1. Moreover, when t = 1 equation (41) holds trivially.

Induction Step: Suppose that V; satisfies the radius condition (39) and that the in-
duction hypothesis (41) is satisfied at step t. We are to show that (39) and (41) hold for
Vigr. R

In the gradient step, Proposition 18 shows that under radius condition (39) on dist(Vy, V(Sy)),
if we choose the step-size to be n < &,

dist(VE2,, V(S)) < /1 — andist(Vy, V(S))) < (1 - 7) dist(V, V(Sy)),

where )
o= Q=) g oy, (24 )
4y A

Recall that

V=A (I + iA) Y V(Sy) = A(Sy) <I - i&(@)

1
2
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By (33), on event By N Bag, since A = A1 /¢, we have

VIHA 1T+ A2, 1
dist(V, V(S,)) < Cov/r Y 'St‘ 98D

)\ - )\r+1

for some positive constant Cy. Triangle inequality then leads to

TR,
dist (V.4 1,V < dist Vt; +2CO\/> \/7 ‘ t’ ng
t+

)\ - )\T—f—l

Turn to the thresholding step. By Proposition 19, we have

dist(Vepn, V) < \/1 +2,/2 <1 + /;)dist(Vt‘il,V)
S S . o

Combining the last two displays, we obtain that

dist(Vyp1, V) < <1 + \/7 <1 + \/E)) [(1 - 7) dist(V, V)
O 5

() D

Note that we can always ensure £ < 1 by enlarging s’ appropriately. Specifically, the choice
in the theorem, s’ > nQS ensures that

2

(5P PE-P -

Since |Sy| < 2s’ + s and s’ > s, we further obtain that

- o \/14—)\21/14-)\ ]
dist(Vis1, V) < €dist(Ve, V) + C; ,/” 8P

)\r - )\r+1
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for some constant C; > 0. Note that in the above equation C; does not depend on ¢t. We
now show that it is identical with the constant C; in (41). To this end, note that

v — VIFAZ /140 3
dist(Vi41, V) < &dist(Ve, V) + Cy ﬁ\/m
1” - r+1
— \/1—%;)\2 1+ A 1
S é‘ é-t—l diSt(Vla V) \/7\/@

)\ - )\r+1

\/1+>\2 1-1—)\ 1
L C 14/ [rs’logp
7"_ 7"+1
_ \/1+A2,/1+A 1
< et dist(V, V) + ,/rs oy

11— )\ - )\r+1
Here the second inequality is due to the 1nduct10n hypothesis at the tth iteration. Moreover,
it can be ensured that V;,1 also satisfies (39) since ¢ < 1 and the extra term is bounded
by a sufficiently small constant due to (23). As a result, we have shown that both (39) and
(41) are satisfied for all ¢ > 1.
In summary, on By N By, for any ¢ > 1,

o . \/14—)\21/14-)\ ]
dist(Visr, V) < €8 dist(V1, V) + ,/” 98D

1- )\ - )\r+1

o 4 V1427 Hl—l—)\ 3
< ¢l dise(V, V) 4 -1 - rsoep

7]2 )\ — )\T-i-l

3/2 /14 ATy /1+ A2, /71
< e dist(V,V (Z) TS ng
7" - r+1

Here, the second inequality holds since Lﬁ < 24772 and the last inequality is due to

s’ > - 23 This completes the proof. [ |

B.2 Proof of Corollary 8

Proof We prove the desired result on By N By, which happens with probability at least
1 — exp(—C'(s'log(ep/s’))) for some constant C’ > 0, uniformly over P,. For notational
convenience, denote the statistical error rate in (24) by €,, that is

3/2 \/1+ ATy /1+ A2,
o — ( > /rslogp

)\ - )\r+1

Under condition (25), the statistical error dominates optimization error in (24). Hence
by Theorem 7 dist(V, V') is bounded by a constant multiple of €,, that is,

- A 1/2
dist (Vt, A (1 + A) ) < Coen
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for some constant Cy > 0. Let P be the orthogonal matrix that minimizes the distance,
then we can write

o AN 12
Vi—a(r+ %) P (44)

where [|Q||r < Coén.

Since V; is s’ row sparse and A is s row sparse, Q) is s + s’ row sparse. The remaining
proof is composed of two steps: (1) bounding H(V:iovt)—lﬂ —PT(I+ %)_1/2PHF and (2)
bounding Wt(VtTi()Vt)*W — AP||p. The bound in step (2) then gives the desired bound
in the statement of the corollary. In the rest of the proof, let A = (V:iovt)_l/z —~PT(I+
A /NP

Step (1): By definition we have

T — AN 2 R AN\ Y2
V:EOVt:<A<I+)\> P+Q> EO<A<I+)\> P+Q

AN /2 R AN /2 R AN /2
:PT<I+)\T> AT20A<I+)\T> P+QTZOA(I+/\T> P

T

T A2 TS TS
+PT(I+5) ATE00Q +Q 5.

Since ATYgA = I, we have

1/2 1/2
pT <I+/;’"> ATy A <I+/§\T> P=p" <I+1§"> P.

Then we can bound the Frobenius norm for V: SV — PT(I+ %)P as

1S T A, A, S A,
VIS0 = PT(I+ APl <177 (14 201247 (80 - 20) A+ 30)2Pe

Term 1

- A, -
+2|Q S0 A + 1)l + | ZoQ|lr -
—_——

Term 11 Term IIT

We bound the three terms on the right side of the last display separately. Since A is s
sparse, we have that on event Bs,

A, “ A, A, -
IPT(T + 55247 (S = So) AT + =2)Y2Pllop < 1T+ llopll 4. (So.s5 — Zo.55) s lop

<o /slogp.
n

Since A is of rank r, we can then bound the Frobenius norm of Term I as

A, ~ A, rslo
|PTI +55) AT (S0 - So) AU + 55)*Pll < Cy ngp < Cien.
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For Term II, since Q is s + s’ sparse, we notice that on event By and under condition (23),
we can bound it as

~ A,
1QT oA + T)I/QHF < Go||Qlr

for some constant Cy > 0. Term III is also dominated by the same upper bound. On Bs,
the operator norms of V: S0V, and (VtT iovt)_l are both upper bounded by a positive
constant. In addition, by (19), the operator norms of I + A,./X and (I + A,/\)~! are also
upper bounded by a positive constant. So we conclude that

A

=Ta w5 \— =Ta = r A
1Al < (Ve SV 2 lopll (Ve SoV)' /2 = PT(T + T)I/QPIIFIIPT(IJr

) 2Py

Ay
21 Pllr < Cuen.

< G|V, SV — PT(I + 3

where the second to last inequality is due to Lemma 2 in Supplement of Gao et al. (2017).

Step (2): Now we bound ||A; — AP|p as follows. Recall we have defined that A =
(V, SVi) "2 — PT(I + 82)=1/2P.

~ = TS -
[A: — AP|[p = [[V(V, Eth) V2 — AP

= (AU + 55)2P + Q)PT (1 4+ 57) /2P + A) — APl

A
= ||[AP+QP"(I + AA) 1/2P+A(I+§)1/2PA+QA AP||p

A, A,
)P + AT+ )Y P Al + QA

Ar
3 )2 PllopllAlle + 1QUEIAlop

<||QP™(I +

A,
< [IQUelPT (T +=5)" Y2Pllop + 1A +
< Csep
for some constant C5 > 0, due to the bounds on ||Q||r and ||Al|r that we have established

in step (1).
Combining the results above we deduce that

dist(A;, A) < ||A; — AP||p < Csén

with probability at least 1 —exp(—C’(s"log(ep/s’))) for some positive constants Cs and C”,
uniformly over P,. This finishes our proof. |

B.3 Proof of Proposition 18

Proof Throughout the whole proof, we work on event By defined in (34) which happens
with probability at least 1 — exp(—C’slog(ep/s’)) for some constant C’ > 0, uniformly
over P. As mentioned before, the gradient step is equivalent to replacing all covariance
matrices by Est S Zo 5,5, respectively due to sparsity of V4, Vi1 (since the output sequence
V' remains unaltered after this substitution). Effectively, at ¢ th step of gradient descent
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the relavant support is St since outside this set_ the output matrix has row equal to 0. We
denote principal submatrices thgt, Eo 5.5, by Et € RIStxI5¢ 20 + € RISt*ISt for simplicity
in the proof and define the restricted Lagrangian function f; to be

~ A ~
fil)=—(S, LLT) + §HLT20¢L — L[|,
where L € RIStX" Ag a result,
1 ~ ~ ~
5v fi(L) = =34 L+ XS0, L(L S04 L — I,,). (45)

Throughout the proof of Proposition 18, we will work on the restricted function and its
gradient. We denote L1 = Ly—nV fi(L;). Then we notice that Ly = V¢ g4, Li41 = Vit1 5,
by our submatrix notation respectively. Our proof will work on distance involving Ly, L4
which transfers to the desired bound as stated in this proposition.

Before the proof we revisit a lemma characterizing the effect of gradient descent. The
following lemma is adapted from Lemma 4 in Chi et al. (2019) and it is an extension of the
gradient descent condition from vectors to rank r matrices. For notational convenience, we
define L} to be a global minimizer of function f;(L) (which will be calculated later) and

Hyx = argmingcoq) | XH — Li||F.
We define a function f(L) to be § smooth at L if for all Z, we have
vee(Z) V2 f(L)vec(Z) < B| Z|}.

Lemma 20 Suppose that f; is 8 smooth within a ball B(Lf) = {L : ||L — L}||r < R} and
that V fy(L)P = V f(LP) for any orthonormal matriz P. Assume that for any L € B(L})
and any Z, we have

vec(ZHz — L}) "V fy(L)vec(ZHz — L}) > o||ZHz — Li||3.

In addition, if , then using gradient descent with dist(L., L) < R, we have

m\»—‘

dist?(Lyy1, L) < (1 — an) dist?(Ly, L}).
Moreover, with dist(Lo, L}) < R, we have
dist?(L¢, LF) < (1 — an)' dist?(Lo, L]).

In Lemma 4 of Chi et al. (2019) the condition on gradient descent is L; € B(L;). Here we
generalize it to dist(L;, LY) < R and the proof follows without change of the original proof.
By (45), it is straightforward to verify the condition V f;(L)P = V f;(LP). The remaining
proof is composed of three steps: (1) deriving the expression for vec(Z)' V2 f,(L)vec(Z),
(2) verifying the smoothness condition, and (3) verifying the condition on strong convexity.
We check the radius condition at the end of the proof.
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Step (1) Recall (45). As a result,

1 . . . .
ivecht(L) = —(I, ® B¢)vec(L) + AI, @ S LL" S ¢)vec(L) — A(I, @ So¢)vec(L).

The main calculation is to deal with

vee(So,LL S0,L) = (I @ S0, LL" S0 )vec(L).

We now directly compute this expression as follows: since L € RI%*" we have vec(L) =
[1],15,...,17]" where I; is the i th column of the matrix. Following this notation, we can

write

vee(SoLL So,4L) = (I ® So,LL" S )vee(L)

S0 LLT S0, 0 0 ;1
0 SouLL S0, ... 0 L
B 0 0 0 s
0 0 o B LL S04 ] |}
,
As a result,
_go,tLLTgO,tll_ _20,7& Yoy lz‘lg—go,tll-
R R §0,tLLT§0,t12 Yot Yoy liliT?o,tlz
Vec<20,tLLTEO,tL) = ZO,tLLTE()’tlg = Zo,t 22:1 lil;rzo,tl;g
_io,tLLTio,tlr_ _io,t doica lil;ril),tlr_
Now we can calculate the derivative %&()L)’ note that we can do this block by block:
the jk block entry of the Hessian is just M#]:(L)j. Since

1 ~ ~ ~ ~
VeV fiL) = =(Ir ® Zy)vec(L) + A(I» @ Yo+LL %0 1 )vec(L) — A1 ® o ¢)vec(L),
the only term we have to deal with is the middle one. By previous calculations, we have

0%0,4 iy bl Soly  O%0,4kl) So
fﬂk alk

= l;rio,tlkio,t + io,tljlzji‘o,t,

when j # k and

050, S0 Ll So.4l;
ol

= Z So bl S0 + QEO,tljl;ri(],t + leio,tljio,t
i#j
= E(LtLLTEO’t + Eoytljlj—-rzoyt + l;l—zo’tlj207t.
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As a result, we can combine the above results to obtain the Hessian

it .. 0 igt . 0
1 1 0vecV fi(L) b it
SV (L) = RS “A
2 filL) 2 Ovec(L) 0 > 0 0 >o: 0
0 .. 5 0 .. Sou
iO,tLLTi\]O,t + io,tllllTio,t + lfio,tllio,t l;—io,tlrio,t + io,tllljio,t
N e e e ~
So,tlrl{ Zo, o BosLL B0y + o bl Doy
+1, So.4l1 0,4 +1, S04l ot

Now we proceed to calculate vec(Z) V2 f;(L)vec(Z). We have

vec(Z) V2 fy(L)vec(Z) = Y 2 V2 fi(L)ijz

7:7‘7‘

where z; is the ¢ th column of Z. Substituting the expression on the Hessian, we have

1 r N r N N N
§vec(Z)TV2 fe(L)vec(Z) == 2 Syzi — A (Z z) zo,tzl-> + A <Z I S04z S04z

i=1 i=1 i#£]

r
+ Z Z;E(),tljljxo,tzj' + Z(Z;ZQJZZ‘)Q

iF£] =1
+ Z Z;g(),tLLTi(LtZZ‘ + Z(l;§07tli)(zjio7tli)> .
i=1 i=1

Now we claim the following simplification:

1vec(Z)TV2ft(L)VeC(Z) =9:(L, Z)

2
= — (8,227 = NS0, ZZTY + MZZ T, S04 LL S0,)
ML L, 2780, 2) + MZ S0, L, LT $0,4.2).

34



SPARSE GCA AND THRESHOLDED GRADIENT DESCENT

Now we begin to prove this claim. We expand the above expression as follows:
9L, 2) == (81,227 = XN(S804, 22" = (227, S04 LL" S0 4)
—(L"S04L, 2504 2) — (Z"S04L, LT £0,2))

r r
TH TH TH TH TH TH
= — E Z; 2% — A E Z; EOJZZ' + A E Z; EO,tljlj Egytzi + A E Z; ZO,tljli 207152’]'
=1 =1 ij i

+)\Zl EOtlZ EQtZ]-F)\Zl ZOtl )(Z E()tzz)

z;éj i=1
T
= Z % Sz =AYz Sz + A 1 Sosliz Doz + > 7 Sodlilf oz
i=1 i=1 i#j i#j
T N R ' . T N T R
+ Z(l;zo’tli)(,‘z;zo’t%) + Z 2;207,5 Z ljleEO,tzi + Z(Z;E()thi)Q)
=1 i=1 j=1 i=1
T N T N N N N N
== 2 Sz = A # Sowz) + A 1 Souliz Sz + > 7 Soalilf Soz
i=1 i=1 i#j i#j
T N T N N T N N
+ 3 (5 Boali)? + Y 2 So LL S0z + Y (1 So4li) (2] So4li))
= =1 =1

:%vec(Z)TV2 Fi(L)vece(2).

This completes the first step.

Step (2) In view of the lemma, our next task would be to bound the smoothness pa-
rameter in a neighborhood of Ly. The neighborhood will be defined by the distance
HEl/ 2L* ié{?LHF < 6, (we define in this unusual way due to the normalization con-
straint and sf)eciﬁc d given by the condition will be explained later), which by triangle
inequality gives

126 Lillop = 6 < 16 Lllop < 157 L llop + 6.

We first find this global minimizer L} up to a rotation matrix. Setting the gradient equal
to 0, we have any critical point must satisfy the following equation

SL = Ao, L(L S0 L — 1,).

From the above equation, we deduce that the column space of global minimizer should
coincide with some generalized eigenvectors (not necessarily leading ones). Hence without
loss of generality we assume the global minimizer of function is achieved at when L = = L,D,
for Dy being an invertible matrix and Lt being the generalized eigenvectors with elgenvalues
Az for T C [p], |Z| = r for sample covariance matrices. Then we have

it-/[/\t-Dt = Ai&titDt(D? - IT)

and this gives A L
Y0.LiAzDy = NS0, Ly Dy(DF — I,.).
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Here we abuse the notatlon a blt to denote diagonal matrices with entries )\I to be AI We
deduce that Dy = (I, + AI) . This is true for any critical point and now we will show
that the global mimmlzer is achieved at Z being {1,2,...,7}. To see this, note that

o T e
fi(L}) = f(LyDy) = —(S4, LD D L) + §HDtTLtT20LtDt — L}

~ A ~ 1 ~ 1 -~
= —Te(D{ AzDy) + §HDtTDt — L|[f = = Tr(Az) - X Tr(AZ) + BN Tr(A2).

We notice that the above quantity is minimized only when ZA\I = KT(St), that is, when we
are selecting the leading 7 generalized eigenvectors of 3; with respect to 3o ;. As a result,

1
2

1
1~ 2 ~ 1~ 2 —~
Dt = <IT- + )\Ar(St)) s Lz( — A(St)st* <I7- + )\Ar(St)) = V(St)st*,

where K (St) is the diagonal matrix with entries being first r generalized eigenvalues for
sample covariance matrices as specified before. According to our definition, A(St)gt* and
V(S)s,» are of size |S;| x . In the rest of the proof, we denote V(St)gt* by V for simplicity.
Similarly, we slightly abuse notation and abbreviate A, (S;), A(St)St*, (St)s,« as Ar, A, B

in the rest of this proof. Then we have |3 /QL*HOp = HEI/QVHOP =4/1+ % <144

event Bs and assumption in the theorem. Here with slight abuse of notation, we use //\\Z to
denote the ith restricted sample generalized eigenvalue.

Now we can bound the smoothness parameter from above by controlling each term
in Hessian matrix. Since we are working on event Bp, we have that v < ||S;[lop < 2v

and v < Hio tllop < 2v. Similar bound holds for minimum restricted sample generalized
eigenvalue. When ||21/2L* 1/2L||F < §, we have

(L, 2) = —(50, ZZ ") = NS00, ZZ ) + MZZ ", S04 LL S04) + ML S04L, Z 50, Z)
+MZ S04L, L7504 2)
<O+0+MZ|EIL S04, + ML S0 LZ ||| S04 2|8 + M| Z T S04 Ll|p||LT S0 2
< P otllop + AL ToLZ ' |[pl X0 ZllF + A Z " o Llr|IL' X0 Z||F
al/255 al/25
< D6+ IS5V lop) 2N Z11E + 278 + 126 Vllop) 201 2113

< (65 + HEI/QVHop) NZIIE = 5511211%-

Then we can upper bound the Hessian eigenvalue by

8 =12\ <5+1+§1)

Step (3) To derive the strong convexity parameter «, we start from the function evaluated
at the global minimizer L = V. Define Z = ZH, — V we now lower bound gt(V Z ) by a
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constant multiple of %HZ |2. To do this, we substitute the expression into g; and obtain
9 (V,2) =~ (S + X804, ZZ7) + MV T 80,V, 250, Z) + MZ " S0,V, 250, V)
+MZT80,V, V' 50,2)
S ST Al I~ =18 5 7T S O0TR
=— (8 + A0, ZZ )+ NI + XAT, Z Yo Z) +NZZ X0 VV Eoy)
+ )\<ZT§0¢‘7, VT§07tZ>
~(E4,ZZ")V + (M, 2S04 Z) + NZZ T, S0, VV  S04) + MZ 80,V ,V E0,4Z) .

Term I Term II

We deal with Term I and Term II separately. To simplify Term I, we recall that

\g}

0t iSgt = AMAT + BABT,
where we have defined the remaining generalized eigenvectors by B and the rest of eigenval-

ues by diagonal entries of A, both on the restrict set S;. Here we also omit the dependence
on t. By the definition of restricted sample generalized eigenvectors, we have

Term I = (A, Z S04 2) +(ZZ T, XS0, VV S0y — 50)
= (ZMZ7,B0,) +(ZZ 7, S0 (VAL + A /N AT — S 185050,
>\, <ZZT Sos) - (ZZ7, Sos(AAI + A JNAT — (AR, AT + BABT)S0,)
— (ZZT, SO + SR ANDATSY? - SYRBABSY SR
(ZZT S0 O (S PAATEY? + SYPBBTEY?) + ASy P AATE)
— Sy BABTSY S
(ZZT 21/2( I/QA()\—l—)\ )IAT 1/2 1/2 ()\ —A)BTE(IJ/I?) 1/2>

> (22T = Ae)]) = o (e M) Z]
The first inequality is due to the fact we only select the first r generalized eigenvalues, the
second inequality follows from the fact that the second term can be bounded using the

eigengap since A is a diagonal matrix containing the last |S;| — r generalized eigenvalues.
As a result, Term I can be bounded in terms of eigengap at sample level. Note that the
above inequality holds for any Z.

Now we bound Term II. Here we use the fact that Hyz is the solution to min PeO(r) y |1 ZP—

V|g. By definition of Z, we hope to bound A((ZHz — V)TEOtV VT EOt(ZHZ —V)). We
will prove now that this can be lower bounded by 0, as is the case in Example 1 (46) in Chi
et al. (2019). Note that we have

(ZTS0,V,VTS0,2)

=Te(V S0 (ZHy — V)V S0 (ZHy — V)

= Tr(S04(ZHy — VIV S0 (ZH; —V)VT)

= Te(S0, ZHzV S0, ZHzV) = 2Te(S0,VV S0, ZHZV ) + Tr(S0,VV S0, VV ).
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By Lemma 2 in Ten Berge (1977), we know that ZH VT = 0 and it is also symmetric. If

we denote ZHZ‘A/T = LOLJ and write 71 = flé{fLo, oy = 1/2V we have

(ZTS0,V VT S0:2) = |21 2] |} + 12223 |} — 2(Z1 2], Z227) > 0

by Cauchy Schwarz Inequality. This proves that Term II is non-negative. Finally we
conclude that we have

~ ~ 1 ~ ~
(V ) ?(Ar _/\r—‘rl)HZH%'

Now we argue for general L. First we show that for any L in the neighborhood of 1%
9L Z) = (V. Z)| = INZZT S y(LLT = VVT)S0.) + ML S0, L —~ VT80,V, 2750, 2)
+ )‘(<ZT§0,1€L7 LT§07t2> - <ZT§0¢‘71 VTEO,ISZ))’
<allL -Vl ZllE,
for some positive constant ¢; depending on A and v. Specifically, this bound can be obtained
by bounding each term. The first term can be bounded by
A(ZZT, o (LLT = VV TS0 < MZJFIS0o(LLT = VVT) S04 lop
< 2Auuzé/3LLTE”2 ~ S VYT w1 21

a1/2 S1/2 S1/255
< A IZ0 LlloplIZ6/°L — S92V v |1 212

)\ ~ ~
< imuw (1 T 5) 1L - Vel 212,

under the assumption that dist(X 1/2L ZI/ZV) < 4HEl/QVHOp = h/1 + . The first in-

equality is the property of matrix norm, the second inequality is due to the bound on
sample covariance matrix. The third inequality follows from Lemma 14 and the last in-
equality follows from the neighborhood assumption. The second term can be bounded in a
similar fashion as

ML S0l —VTS0,V, 2 50, 2)]
<ML S0 L =V S0, Z T ||p)|Z04Z||r
<ML S0 L — VTS0,V ]opll Z13
= 2|V T So (L — V) + (L= V) S0,V + (L = V) Eo4(L — V)|lopll ZII2
<2021V llop | Z2 (L = Vllop + 811072 (L = V) lop) 123

Xl «1/2 > i
=2 5+2\E MWISHEL = V)lopl Z1

A —~ ~
<23 <5+2 (1 . ;)) ML~ Vlp| 22
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The first line is standard matrix inequality and the rest follows from the neighborhood
assumption as well as the assumption on the operator norm of sample covariance matrices
on event Bs. Finally we bound the last term as

N{(ZTS04L, LTS0,Z) — (Z7 50,V ,V  50,2))]
= N Te((ZTS04L)? — (Z7S0,4V)?)|
= N Te(Z So (L +V)Z S (L~ V)|
< NIZ S0 (L + V)6l Z Sos(L = V)e
<2V ZIRIL — Vel S0 (L + V) lop

A . -
< 2v2a0%/2 (2 <1 + ;) - 5) L — VI|§|Z|3.

In this way, we see that we can choose the constant to be

Cl:4\/§<(5+2<1+);\1)>)\V3/2+2\/§/\1/3/2 (1—&—):\ ) NOVEL: (25 (1+ ):\1> 17(5)_

Thus for any L within a § neighborhood of V= L} as defined above, we have, by triangle
inequality,

(L, Z) > g(V,Z) — |g(L, Z) — gu(V, Z))|
1 ~

2 3,00 =Rl Z1f el P11 218
1
EZO\ ~ X)) 23 ()\ ] VAl
Ar /\r+1

as long as ||L — VHF <
the event Bs. N
Recall that g;(L, Z) = ivec(Z 7Z)TV2f,(L)vec(Z). This motivates us to pick

()\7‘ - )\7‘+1)
4

Toer , which is guaranteed by the assumption in the theorem and

o=

under appropriate radius conditions.

To finally find the radius of attraction region such that dist(Ly, L}) = dist(Vy, V(S;)) <
R, we notice that throughout the proof for smoothness and strongly convexity to hold, we
require 3 conditions on the distance

Ar— A 1 A
L Life < Ao s e <o ISYRL - SYEL e < 1+ 2
4dvey 4 A
Hence to ensure all of the above three conditions to hold, we can just set
M= Apn) TVIFR 6
R = min L , (46)
8vey 8 v V2
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Here recall that % is the lower bound of minimum eigenvalue of ¥g.
In summary, we conclude that there is a constant « such that for any L in the neigh-
borhood of L} and for any Z,

vec(ZHy — L}) "V fy(L)vec(ZHy — L) > o||ZHy — Li||3.

Combine with the upper bound and resort to Lemma 20, we conclude that if we choose the
step-size to be nn < L, under the radius conditions,

dist?(Lys1, V) < (1 — an) dist?(Ly, V).
Moreover, we have

2
QZM, B =12\ 54_1_‘_& )
4v A

This finishes our analysis for the gradient descent step. We comment here that Proposi-
tion 18 is then proved by simply taking § = 1 and calculate the radius in (46) and «, 3
accordingly. We keep d in the proof for the sake of generality.

Specifically, under the choice that A = 2L, we have

c
«_ ¢ _1
T=Tonv(c+22 B

and we have, by lifting the matrix of size |S¢| x r to p x r by filling in Os,

n(Ar — Arg1)

dist*(V;%4, V(Sy)) < (1 — ™

) dist>(Vy, V(S})).

B.4 Proof of Proposition 19
Proof Recall that we have defined

supp(V) =S, supp(Viq1) = Fipr.

Now we define sets F} = S\Fy41, F» = SN Fy1 and F3 = F;11\S, the sizes of which are
denoted by k1, ko and k3 respectively. We also define

€Ty = ||VF1*||F7 T2 = ”VFQ*HF’

y1 = [[Vigerrsllrs v2 = Vi, mellr,  y3 = || Vg1, | P

Finally, we define
wi+ay=|VIE=X% i+ +yi < |Vinlf =Y~

Let A = Tr(|[V T V;41|) be the quantity we are interested in. Here we let Tr(|M|) denote the
trace norm Tr(]M|) = Tr(vV M T M) which is simply the sum of singular values (a.k.a. nuclear
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1
norm). This is a special case of Schatten p norm, defined as ||T'||, = Tr(|7'|P)» which is
essentially vector p norm of a vector composed of singular values.

We first prove the following claim about the effect of truncation step:

144/
Te(|V Vit ) =Te(|V Vg |) < \/»m1n< X2Y2 — A2 +XY (X%v? - A2)>. (47)

Proof Since in the hard thresholding step we greedily pick the rows with largest l2 norms,
we have

y1 ys

Ty = ks
In addition, since k1 + ko = s < 8’ = ko + k3, we also have k; < k3. By applying Holder’s
inequality on Schatten norm and the definition of support set, we have

A? < (VR lplVesrpalle + IVElEl Vs, moll)? = (2191 + 2292)°

ks
<+ ) X2 < (V2 —y5)X? < XY — ijQ
1

and this gives

k1 + ko
X2y? - A% <
( )_k‘3+k‘2

(V2 = A%/X?) = S(Y? - A%/X7),

where the second inequality holds since k1 < k3. Now we split the arguments into two cases.
Case I: A < XY . In this case, we obtain that

A< [2VXV2 A
S

This implies (47) immediately.

Case II: We can now assume that A > XY Then we have

s+’

By definition we have

1y + \/Y2 *y%\/XQ — 22 > ;Y1 + 2y > A

Solving this inequality as a quadratic inequality in x; yields

_ Ay + JOVE ANV - )
< - |

By definition of X? = 22 + 23 we have 11 < X. Also we have A < XY by Holder inequality
on Schatten norm.
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Combining the above inequalities together, we have

X VX2Y?2 - A2
551§Ir1i11<X7 Y1t v )

Note that y; < \/Sii,iv)p};_A2 by previous calculation. Substituting it into the above
equation, we have

) \/E,\/XQYQ—AQ—F\/XQYQ—AQ
21 <min [ X, X2 v .

Finally, we can compute that
z1y1 < 1 X?2Y2 — A min | X 1 X2Y2 — A2(1 + f)
“VsX 'Y g
S 2v72 2 1+ s’ 2 2
= /5 min [ VX2Y2 - A2, (X2Y% - A% ).
s

XY

This is the error induced by the truncation step, finally we have

Tr(|[V Vi ]) = Te(|V I Vi) S Te(V T (Vigr = Vi)

<ziy1 <4/ mln( X2Y?2 — AZ +\FX2Y2 A2)>

XY

This finishes the proof for the claim. |

We now switch to work with the distance metric dist(U, V') = minpco) [[UP — V|p. We
first expand the expression

lUP =V =UP|&+ VI — 20UP, V)
= [UlIE + IVIE - 2Te(PTUTV).

So, to minimize the distance metric we defined is to maximize Tr(PTU V). To this end,
let ADBT denote the singular value decomposition of U 'V, then we have

Te(P'U'V)=Te(P"ADB") = Te(B' P" AD) = Tx(ZD)

for Z being an orthogonal matrix. Since D is a diagonal matrix, we have Tr(ZD) =
> ; ZiiDyi and to maximize this value we would like to have Z; = 1 for all i since D;; are
non-negative. As a result, we have the optimal P being ABT and the optimal value is given
by

min [UP = Vi = |U[§ + [IVI[E - 2T(D) = |UE + VI - 2Te(jU V).
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Now we consider the subspace distance we have defined. Recall that A = Tr(|V " V41]).
Then the subspace distance can be written as
dist?(Viy1, V)
= IVIF + Vil = 2Te [V Vi

_|_
SIVIE + Vel = 2T |V Ve +24 /5 mlﬂ(\/X2Y2 A2, \FXQYQ A2)>

XY

+
IV + Vil 2TV Ve + 20/ 525 VE (v )

- 1+
= dist?(Viy1, V) + 2 S, X{ X2y? — A%,

where the first equality follows from the previous expansion of distance, the first inequality
follows from Claim (47) and we use the fact that truncation reduces the Frobenius norm
in the second inequality. In the last equality, we use again the relationship between trace
norm and distance. To deal with the extra error term, we use the following bound
X%2Y? - A= (XY + A)(XY - A) <2XYV(XY - A) < XY(X?2 +Y? - 2A)
— XY (VIR + [Visal2 = 2Te(V Vi) = XYdlist2(Viga, V),

Combining the inequalities, we have

— 1+
dist?(Vyy1, V) < dist?(Vig1, V) + 2 vy (X2Y? - A?)
s’ XY
. 1+
< dist?(Viy1, V) +2 S, X}‘[XYdlsﬁ(vm, V)
< +2,/2 (1 +4/= 7 >> dist?(Vig1, V).
This finishes our analysis for the hard thresholding step. |

B.5 Proof of Theorem 9

Proof We present the proof of initialization using generalized Fantope in this section.
Some proof arguments originate from Gao et al. (2017).
Recall that we have defined

A=AATS)A) Y2 A, = (ATS0A) 2N, (ATS0A) 2, and F = AAT. (48)

Throughout the proof, we work on the event B3N By, which by Lemmas 16 and 17 happens

with probability at least 1 — exp(—C’(s + log(ep/s))) for some constant C’ > 0, uniformly
over Pp.

We shall need the following lemma, which is a simplified version of Lemma 6.3 in Gao
et al. (2017). The proof is essentially the same and so we omit it.
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Lemma 21 (Curvature of Fantope) Let P € O(p,r) and D = diag(dy, da, ..., d,) with d; >
do>..>d.>0. If F € F,., then

d
(PDPT,PP" —F) > ETHPPT — F|3.
Recall that
Y = SKAK S = S9AA AT S0 + ZgBAB ' %,.
For notational simplicity, for any positive semi-definite matrix B, we define

u' Bu

T
u' Bu

|| ”Hié;;x £0 UTU ) ¢§11n(k) = max

U||oSR,U

luflo<kuzo ulu -

P (k) =

In the rest of this proof, let A = F — F with F defined in (48). As in Gao et al.
(2017), the main proof consists of two steps. The first step is to derive upper bound of

Hi(l)/QAié/QHF and the second step is to lower bound Hi(l)/QAi(l)/QHF by ||Alr.

Step (1) First note that by Lemma 17, A is well defined on event By, so F = AAT is
also well defined on event By. In addition, on event By, we have

IZY2(F — AAT)SY?||p < oy TET108P) (49)

n
We first show that F is a feasible solution, that is, i(l]/?gZTi(l)/Z € F.. By (48),
F=AA"T = A(ATS,4) AT,
Let M = S/ FSy? = S A(ATS0A)"1ATSY?. Then
Tr(M) = Te(Sy/ 2 A(ATSgA) TATSY?) = 1.,
Next we check that 0 < M < I. It is obvious that 0 < M. Moreover,
1Mo < 125 Allopl o Alop < 1

by the construction of A. Hence, F e Fr.
Recall that F' is the solution to (14). The basic inequality implies

—(E,F) 4 pl| Flls < (5, F) + pl| Fl1.
Rearranging terms, we have
0 < p(|Fll = [[F + Alh) + (£, 4). (50)

We deal with each term on the right side separately. For the first term on the right, we

have » » » »
[ = [[F+ Ally = [[Fssllh — [[Fss + Asslli — [Agss)ell

(51)
< | Assll = [[Ass)e -
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Here the first equality holds since Fis supported on S x S. For the second term, we have

(S,A) = (S =2, A) + (SgAN AT S0, A) + (SoBAB ' 0, A) . (52)

Term 1 Term II

We now bound Term I and Term II separately.

Bound for Term I: For Term I, we decompose it in the following way:
(S0ANATS0, A) = (SgANATS) — SoANAT S0, A) + (SgANAT S, A).

Now we bound the second term on the right as follows

(S0ANATS), A) = (512 ANATSY? SVA(F - F)SY?)
= (SYPARATSY? SVAF — FYSY?)
= (512 AN, AT21/2 SVAE - PSP+ SPAR, - A)ATSY? STEASY?
< (S ANATE? S F - FYSY?) + A = Arllel S 2 Sl

As a result, Term I can be bounded in the following way
Term I < (S0 AN AT S9-S0 AN AT So, A)+(SL2ANATSY? SV E-F)SY) 46,150 2 ASY Ik,

for &, = | A, — Al
Bound for Term II': To bound Term II, we first notice that by definition, BT $¢A is zero
matrix since A, B are normalized with respect to ¥y. As a result, we have
(S0BAB'$, A) = (SoBAB' %, F)
< A\rs1(SoBB 5, F)
= Ar41(Z0BB %o, F — AAT)
= A1 (ST = 2P AATSY RN P - AAT)
= Arg1(S0 — SgAA 5o, F — AAT).
Here, the second last equality holds since E(l)/ 2AATE(I)/ 24 E(l)/ QBBTE(l)/ 2 = I. We further
decompose the rightmost side as
Ari1{Z0 — SoAA Sg, F — AAT)
= Ar+1(Z0 — 2o, A) = A1 (ZoAATEg — SgAATEg, A)
F A1 (B0, F — AATY — Ay (502 AATSY? SUPF — AAT)SY?)

Term A Term B

We now deal with Term A and Term B separately. By definition we have 21/ °F El/ 2 e Fr,
hence

(S0, F = AAT) = Tr(S* %) — Te(ATSod) = 7 —r = 0.
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For Term B, we have
M1 (SPAATS? SVRF - AATH)S?
_ —)\T+1<A1/2AVAVT§(1)/2 1/2(F AAT) 1/2>
A1 (SPAATS0A — DATSY? SUAF - AATSY?)
< Ay (S PAATSY?, SHE - AATSY®) + Al ATS0A — 1|6 |55 P AS 2 .
Therefore, Term II has the following bound
(SoBAB' S0, A) <Arp1(S0 — S0, A) — Aps1 (S AAT S — SeAAT S0, A)
— N (SPAATSE SV E - AAN)SYA) + 6,5 PAS g,
for 82 = Apy1]|ATS0A — I||p. Now we combine the results for Term I and Term II to obtain
(ZoAANATYo, A) + (SgBAB' %0, A)
<(SoAMA S — SeAA AT S, A)
+ (5P ANATS? S (P - F)SY®) + 61152 A8 e
+ Ar1(Z0 — S0, A) — A1 (SoAATS) — SeAAT Sy, A)
— A (S PAATSY? 5P - AAT)S)) + 6152 A5
=(S0AN AT S — SoANAT S0, A) + A1 (S0 — So, A)
— Ap1 (D0AATS) — S0AATS G, A) + 5|52 ASY |k
+ (SPAN, = A DATSY2 SV2(F - PSP,
where § = §; + d2. Plugging back to (50), together (51) with (52), we have
0 < p(IFll = [F + All) + (5, 4)
< p(|Asslli = | Asyelln) + (£ - T, A)
+ (SoAA AT S — SoANAT S0, A) + A1 (S0 — S0, A)
— Ar1(S0AATS) — SAAT S0, A)
+ 811552 ASY e + (S0P AA — A DATSY?, SYHE - P)S).
By Holder’s inequality, we have
(5= %,A) + (SANATS) — SgAA,ATS,, A)
+ Arg1(Zo — S0, A) = My 1 (T0AATS) — SAA TS, A) 54
<~ Slloo | All1 + [T AN AT Sy — SgAA AT S0 Al
+ Ar11[%0 = Zolloo ALl + Arr1]|SoAAT 8o — SgAAT So|lool| Al

On event Bs3, we can pick p =7y 10% for some large constant v > 0 such that

15 = Sloo + [|[S0AA AT S — SeAA AT So][o

n z (55)
+ X111 Z0 — Zolloo + Ars1[|Z0AAT S — BoAAT o P

<77
-2
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thus the lefthand side of (54) is bounded by gHAHl Furthermore, by Lemma 21, we have

(SYPAN, = A\t DATSY? SUEF — FYSY?)
= — (8P AA, = At DATSY?, S (AAT - F)S)

< AT A SR AT - PSR,

Together with (53) and (54), the last display implies that when (55) holds,

A= Mgl (@172, 75T a1/ a1/2 A a1/2
SO S AAT - BYS IR +6]S5 A8 .

p
0 < p([[Assllt = 1Ass)ell) + S IAIL = ——

Rearranging terms and multiplying both side by 2, we obtain

Ql/2 A &1/2 Ql/2 A &1/2
A = A )ISY 2 A2 12 < 3pllAssl — plAssyells + 200155 A5 |lp
< 3pl|Assll + 26| S 2ASY2 .

This can be view as a quadratic equation, which, by Lemma 2 in Cai et al. (2013), yields

2
RISl 6p

Combining the last two displays, we have

52
0< 3ol Assll — pllAs)elh + 57— + (O = M) 1S5 A% I
A — Art1
< 9p||Ass|1 — pllA I +i
= IPIASS|L — PlIIA(sS)ell1 )\r_)\r—H.

This can be viewed as a version of generalized cone condition. Finally, using Cauchy—
Schwarz inequality, ||Ags|l1 < s||Ags||r, and so (56) leads to

2
IS2Asp < 6ps

A . 57

and this is the end of the first step.

Step (2) Recall that we have established the generalized cone condition

552

Assyell < 9[]A T o
18l = 9Asslh + F——3—~

(58)

In this step we lower bound \|El/2AZl/2H2 by a function of [|A||r on this cone.

Adapting the “peeling” argument in Bickel et al. (2009), we define the index set J; =
{Gir, 1) }i—; in (5 x S)¢ correspond to the entries with the ¢ largest absolute values in A,
and also define J = (S x S)UJ1. Next we partition J¢ into disjoint subsets Ja, ..., Jps of
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size t and possibly |Jy| < t such that each Jp, is the set of indices corresponding the entries
of the ¢ largest absolute values in A outside J U U J Then by triangle inequality

M
Ql/2 A &1/2 &l/2 &l/2 &l/2 {l/2
I185° A% e = 155875 e = 3 18580, 85 e

m=2

In addition, by our construction of the index sets,

M M \/{ M
S ALIE S VEY 1A llee < - S ALl <tV Ass)elh
m=2 m=2 m=2
562
<t~ '2(9)|A —
< 9l Assll + - Ar+1)
562

\[HAJHFJr

The second last inequality follows from the generalized cone condition (58). Hence combin-
ing the results above, we have

(Ar — )‘T-i—l)P\/%'

52
(Ar = A1) pVE

1552 A5 e > sl AlE — 5o (59)

where

K1 = ¢m1n( + t) - \7¢max( )

K2 = 5¢max( )

Taking t = 152 for c; sufficiently large, using the same argument as in Gao et al. (2017),
under condition (26) we can lower bound k1 by some constant C7 and upper bound ks by
some constant Cy. Combining (57) and (59), we obtain

sp 52 { 52 ]2
P Ak +C + :
Ar — )‘7“+1 H JHF ? (()‘7" - )\7"-1—1)2 p()\r - )\rJrl)\/%

Solving this equation gives

2 2 52 52 ?
A2 <C T+ + ( )
| JHF =3 (()\r — i) (= Ng)? p(Ar — Ap1)VE

for some positive constant Cs that is sufficiently large. Also we have

1A5E < Cy

M
185 0e < S 1Al <

m=2

1A+ —2
\f O = AV
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2

Combining the last two displays and using t = ¢1s°, we obtain that

sp+46 52 )
Allp < C + .
H HF ! <)‘7" — eyl SP()‘T - )‘H—l)
Recall that on event B3 we pick p =~ 10%_ Then on event By, we have
5 < CopV/t.
Hence
S sy/lo
IA[lp < Cs - = Ciy—mr 8P
)\r - )\r+1 \/H(Ar - >\r+1)

on event B3 N By.

Step (3) The last step follows from |[AAT — F|g < ||Allr + |F — AAT||p. We combine
the last display and (49) to obtain the desired bounds for each term on the right side. This
finishes our proof. |

B.6 Proof of Corollary 10
Proof Define
22 s?logp

"o = Ae1)?

We will bound dist(V1, V) by a constant multiple of 7, on event By N B3 N By.
Notice that since AOAOT is the best rank r approximation, and AAT also has rank r.
Thus, we obtain that |[AgA] — F||r < ||[AAT — F||p. Triangle inequality further leads to

140A] — AAT|p < | A0A] — Fllp + |AAT — Fllp < 2| AAT — F|p.

Together with Lemma 14, the last display implies dist(A, Ag) < Cp7, for some positive
constant Cj.

By definition Ay = HT (Ag,s'), V1 and Ag are both s sparse. Moreover, following the
lines of the proof of Proposition 19 and Corollary 8, we have

diSt(Avo, A) S ClTn

for some constant C; > 0. Let P be the orthogonal matrix such that | AP — Allp =
dist(A4p, A). Then we have

ViP = Ay(I 4+ AJSAg /NP = AgPPT (I + A] S Ag/N)'/2P
= AgP(I + PTAJSA P/ N2,
Since

dist(V1,V) < [VoP = Ve = | AP + PTATSAP/NY2 = AT+ A /N
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we turn to bound the rightmost side. To this end, triangle inequality gives
|AgP(I + PTAJSAgP/N)Y? — AT + A /N2 g
< |AoP(I + PTAFSAgP /N> = AgP(I + A /N[l + [[(AgP — A)(I + A /N .

Term 1 Term II

We now bound each term separately. For Term II, we have
I(AoP — AYT + Ar/N) 2l < 0P — Alle| (1 + A /N)Y2]op < Cora.

The last inequality holds since A = A1 /c. To deal with Term I, we define A = AgP — A and
notice that
|AgP(I + PTAJSAgP/N)Y? — AgP(I + A /N)Y?||p

< [ AoPllopll(I + PTATEAP /N2 — (I + A /N2l

By matrix root perturbation bound (e.g., Lemma 2 in Gao et al. (2017)), we have
(I + PTAJSAgP/NY? — (14 A/ N)Y?|p

< Cs||PTAJSAGP — A, ||p

< Csl|(A+A)TE(A+A) - ATSA|p

= C3(|AT(E ~ £)A|lr + 2| ATEA | + |ATEA|r)
for some positive constant C3. Since go is s’ sparse and A is s sparse, A = EOP — Ais

s+ sparse. By definition of P, ||Allp = dist(Ag, A) < C17,. By a similar argument to the
proof of Corollary 8, on event Bs, we have

o~ 1
0+ PTATSAP/NM? = (14 /N2 < O " 28P < 0,

Consequently, Term I is also dominated by a constant multiple of 7,,. Thus, we conclude
that on the intersection of By N B3 N By,

dist(Vl, V) < Csty

for some positive constant C5. By union bound, the intersection of the three events holds
with probability at least 1 — exp(—C’(s + log(ep/s))), uniformly over P,. This completes
the proof. |

B.7 Proof of Lemma 15

Proof In this proof, we work on event By defined in (34), which occurs with probability at
least 1—exp(—C"s'log(ep/s’)) for some constant C’ > 0, uniformly over P,,. The proof relies
on Theorem 3.1 of Sun (1983), a matrix perturbation bound for generalized eigenspaces.
Fix any Z such that S C Z and |Z| < 25’ + s. We shall apply the theorem on matrix pair
(371, X0,z7) and its perturbation (izz, 20711).
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To this end, for the fixed set Z, define

A=N ~ ~
6 = min for A € {\1,.. A\ and N € {\41,.. A7},
AN T+ N)(T+A?) Ak Wit A}

where \; denotes the ith generalized eigenvalue of matrix pair (X77,%077) and /)\\l denotes
the ith sample generalized eigenvalue of matrix pair (¥z7, X0zz7). Define event

)\r + )\r+1 }

By = {/)\\TH <2M 1 A 5

On event Bs, since generalized eigenvalues are in decreasing order, we have
)\r - >\r+1 > 1 >\7‘ - )\T—i-l

6= > .
Janaekz,)  HJaewei,)

Moreover, since Xz 1 < 4)\3 L1 0n Eg, we further obtain that

)\r - )\r+1

\/1+)‘%\/1+>‘r+1.

On the other hand, Eg can be equivalently defined as

o>

NG

~ (- A — A
By = {)\r+1 — A1 S At A 2“} .

Since \; is also the ith eigenvalue of ¥ I/I EIIEO %/I and )\ the ith eigenvalue of 20 I/I EIIEO é/;,

Weyl’s inequality then implies that on event Bg,

Dot = Ae] S 1S322 225517 — Sody Srao s

nol2 _ §-1/2 ~1/2 ~1/2 a ~1/2
<= o,I/I - Eo,z/z )EIIZO,I/I llop + HEO,I/I (Xzz — ZZI)EO 77 llop

S-1/28 —1/2 S—1/2
180 2 S (S0 2 — S0 o

1/2
o

1/2 —1 2 —-1/2 &—1/2 -1/2
< HEO Z/I - OZI ||0p||EIIEO IT HOP + ||20 IT ||0p||ZIZ - 2ZIHO]DHEO IT ||0p
1/2 1/2 1/2
+ 115027 SzlloplBo 27 — So.27 low

e /1Z|log p
n

for some constant Cy depending on v. Here the last inequality is due to the matrix root
bound from Lemma 2 in Gao et al. (2015a). Under condition (23), by the choice of s in
(20), the last display implies |)\,,+1 —Ary1] < (’\ “Ar+ A Ar+1). Hence Bg holds on event By
under condition (23).

Furthermore, we have

. 1
v(¥zz,¥0.77) = ||H\l|m1 \/(OUTEZIZL‘)Q + (27 X0,22)% > "
xll=
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and

¥(E1z, o zz) = min \/(wazzl‘)Q + (2T S0 777)2 >

1
lell=1 2’

on event By. Now we apply Theorem 3.1 of Sun (1983) for perturbation on restricted
covariance matrices and obtain that

dist(A, A(T)) < \/HE_?[I + Eg,IZHop \/H(iII — X11)Az||E + H(E]QII — Yo.17)Az:|2
ist(A,

 Y(Zzz, o zz)Y (E1z, S0.17) 4
e e ]
< CQV )\ . )\ \/HAI*HF |EIZ - EII” + HEO,IZ - EO,IIH(Q)p)

«/1+)\2,/1+)\ /71
r_ 7“+1
<O \/1+)\21/1+)\ /|I|logp
4
)\r_ r—+1

for some positive constant C4 on event By. This finishes the proof of Lemma 15. |

B.8 Proofs of Lemma 16 and Lemma 17

Proof Note that A.11 < 1. Hence, it suffices to show that each of the four infinity norm
terms on the left side in the definition of event B3 in (35) is upper bounded by a constant
multiple of \/logp/n with probability at least 1 — p~¢" for some positive constant €, uni-
formly over P,. This can be achieved by following the lines of the proof of Lemma 6.4 in
Gao et al. (2017) and so we omit the details. [ |

Proof We first bound the operator norm of each term on the left side of (37) by a constant

multiple of \/ (s +log(ep/s)), and the result on Frobenius follows directly since each term
is of rank r.

As in the proof of Lemma 6.1 of Gao et al. (2017), we have

1/2, % 1/2 S a _
1556”2 (A = Allop < 115> Allopll (AT S0 4)72 = Ilop | (AT S0.4) /2,

1Ar = Arllop < II(ATS0A)Y2 — Ilopl Ar(ATS0A) 2 [lop + [[Arllopll (AT 0 A) 2 — I]]op.
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So it remains to bound [|(AT $A)Y/2 — I||lop- By Lemma 2 in Gao et al. (2015a), it suffices
to bound ||ATXA — I||op. Note that

IATE0A — Ilop = |AT (S0 — Zo) Allop
= || AL, Zo.55 — Z0.55) Asllop

= HstHlp (AS*U)T(EJO,SS — X0,55)(Asxv)
v||=1

1/2
< 120 s As 2 lIZ0 e So.55%0 e — Lllop

— 2
< 1S5 ¢ S0,5550 8 — Illop < ClIZ0.55 — So,s5lop-

By Lemma 3 of Gao et al. (2015a), we then have
a 1
JATS0A ~ Illop < C1y/ = (5 +10g L),
n s

with probability at least 1 — exp(—C’(s + log(ep/s)) for some constant C’ > 0, uniformly
over P,. This completes the proof. [ |

Appendix C. Proof of Lower Bound

We first present a lemma on Kullback-Leibler divergence between data distributions from
a special kind of covariance matrix. The Lemma can be viewed as a general case of Lemma
1 in Gao et al. (2015b).

Lemma 22 For t = 1,2, define ©®) to be a block matriz whose (i,4)th block is given by

AU‘E@%U{(”} for i # j, where U{(% € O(pi,r) and whose ith diagonal block is given by Ip,.

Further let P denote the distribution of a random i.i.d sample of size n from the Ny (0, Z(t))
distribution where p = Zlepi. Then

)\2n
W) p2)y _ ¢ (1) @27
D(P HP )_4(—(k—1>)\2 /\_|_1 ZHU{} {7} U U

Proof The first step is to find the eigenvalues of (). To this end, define

g® _ [g®©" goT o’
(t)*[U{l}’ @y Y] o

O _ [_g® _yoT o8 g®O" _poT (1)
K [ UL, =UG) o =U (k=00 U0 U{k}]

That is, KZ-(t) € RP*" is a block matrix with jth blocks being Uf)} for j # ¢ and the

ith block being (k — 1)U Eg It is straightforward to verify that ©(®) yields the following
decomposition

H (G ) A (t) 7 (D)
E()—I+TU()U() —EZ_:K K"
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We then deduce that the eigen-structure of £(*) is given by r eigenvalues equal to 1+ A(k—-1),

(k—1)r eigenvalues equal to 1 — X and p— kr eigenvalues equal to 1. Furthermore, we notice
that

»OUO = 1+ (k- 1)U,

hence the leading r dimensional eigenspace is given by the matrix U®. This in particular
implies that

det V) = det ©@,

Now the KL divergence is given by

k
F (@)Y - S, logdet ((£@)-1x®
(T ((2 )~1s ) ;p lgdt((Z )~1n ))
) p)

(1) ‘ ,p(2)

w\z w\z

(Tr ((E(m —12(1)> _

- (e (55

We now calculate the inverse of the block matrix $(2). To this end, we first guess the form of
the inverse and then determine the coefficients. Specifically, we try to solve for the inverse
with the following form

@) @7 @) @7 (2)77(2)
<U){1}<U> 4 bU{l}(U>{2}<2>T oy bU{<1§U{<k)}T
(2) 2" ( ) 2)"

bU{k}U{l} o T+aUUuR) |

with the (4, j)th block being bU{(f}) U{(j,f for i # j and ith diagonal block being I+aU{(2}) U{( }> .

To determine the values of (a, b), we solve for the equation (X(2))~1%(2) = [,. This requires
two conditions on the matrix product: the off-diagonal block to be 0 and the diagonal block
to be I. For the ¢th diagonal block, we require

I+ (k= AU

(O\T (@) @NT _
Upy) ' +aUi Ug)" =1,

and for the (7, j)th off-diagonal block, we require

Ab(k — 2)U( )T =o0.

(2T (2) 77\ T (@) (7@ T (2) 7r(2
U T U U T + AU (UEDT +aXU ) (U

)
{3 {32 {5}

Solving the above equations, we have

a=—(k—1)bx,
A

N (ISR s
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As a result, we can simplify the expression for KL divergence as follows

D(PY||p®) =" (Tr ((2(2))*1 (E(n _ 2<2>>>)

An @ 1) 77 ONT  77(2) 772N T
=5 | T ZZbU UGN (UG W) - U wEhT)

i=1 j#i

_ b @) (77 @NT (1) 7 (DN T
=5 | X m(-vgwi)TUGoEhT)

1,5:17#]
__bAn W@ NT Z @ @)yT 2
== 2 HU Ugy) = U (Ugy) HF

1,517
_ A @) 7727 T |2
Y ST Yy R )y e ;JHUz -,

This finishes our proof for the Lemma. Note that when k = 2, we recover Lemma 1 in Gao
et al. (2015b) as a special case.
|

C.1 Proof of Theorem 12

Proof The main body of the proof is adapted from Gao et al. (2015a). The main tool for
our proof is Fano’s Lemma. For the sake of completeness, we provide the following version
of Fano’s Lemma from Yu et al. (1997).

Lemma 23 Let (©,p) be a metric space and {Py : 0 € O} a collection of probability
measures. For any totally bounded T' € ©, denoted by M(T, p,€) the e-packing number of T
with respect to p, i.e., the maximal number of points in T whose pairwise maximum distance
in p is at least €. Define the Kullback-Leibler diameter T by

dxr(T) 2 sup D(Py||Dy).
0.0/ cT

Then,
62 (1 _ dKL(T) + log2>

inf sup Eg[p? 0(X ,0)] > sup sup —
9 gco P (6(X),9) Teo >0 4 log M(T', p,€)

The proof is compose of two steps corresponding to different terms in the lower bound.
Throughout the proof, we define A = A, — A,41 for simplicity.

Step I. We first establish the term involving 7"2?:1 s;. To this end, let Uy = [Ior} €

O(pi,r) for each i = 1,2,..., k. For some € € (0,+/7 A (s1 — )] to be specified later, let
B(eo) = {Up1y € O(p1,7) s supp(Upyy) C [s1], Uy — Upnyolle < €0}
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and
Ipl /\U{l}U{2}0 )‘U{l}U{z’)}o )‘U{l}U{Tk}o
>‘U{k}0 {1} AU{I@}O {2}0 s ka
T
with U = [U{l}, U{B}O, e U[:;}O] . Since our target of estimation is A instead of U, we first

establish the relationship between U and A under Ty. Note that under the construction of
>, we have X = I}, so the generalized eigenspace coincides with eigenspace. From Lemma
22, we deduce that the leading r dimensional eigenspace of ¥ is given by span(U). From
the normalization constraint such that AT A = I, we conclude that dist (A, ﬁU) = 0. From
here on, we first derive the minimax lower bound for the estimation of U and the lower
bound for estimating A under the matrix distance follows immediately by scaling.

The above analysis also implies that Ty C F, where F is our original parameter space.
By Lemma 22,

dxr(To) = sup D(PW || P
UL U €Beo)
Non W7 12527
= sup HU U U U
U0 U@ ep(eg) 4 (=DA% + (k= ”A+1§: Rtk F
X’n : M7 (22
s zulﬁnlﬁﬁo“Lﬁulﬁaw

4(—(k =12+ (k—2)\+
U U e Bleo) (=(k =X+ (k= 2)A+1)

V” ST T
= Sup HU
QV(k—U%

(k=1 +(E—2)A+1

Here, the second to last equality follows from the definition of B(ep).
We now establish a lower bound for the packing number of Ty. For some a € (0,1)
which shall be specified later, we define {U1y(1), Ug13(2), ..., Uy (N)} C O(p1,7) to be a

maximal set such that supp(ﬁ{l}(i)) C [s1] and for Vi # 7,

HU{1}( )U{1}( i) — U{1}0U{T1}o||F < €o, HU{l}( )U{1}( i) — U{1}( )U{1}( DI > V2ae.

Then by Lemma 1 in Cai et al. (2013), for some absolute constant C' > 1,

1 r(s1—r)
N > .
(ca)

For each [7{1}( ), we define Uy (i) to be the matrix such that
100 = Ty ()1 = dist? (T (). Uago)
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Then for any i, we deduce that U1y (i) € O(p1,7), supp(Uy3(i)) C [s1] and U{l}(i)U{l}(i)T =
ﬁ{l}(i)ﬁ{l}(i)T. In addition, Lemma 6.6 in Gao et al. (2017) implies that

. i 1~ o
1T 13.(6) — Uryolle = diist (U{l}(z), U{l}o) - EHU{l}(z)U{ﬂ}(z) — UyoUfollr < €0

hence U3 (i) € B(eg). On the other hand, note that from Lemma 6.6 in Gao et al. (2017),
T i T (s 1 = 7T oy 77 T
dist (U13(i), Up1y(4)) = EHU{l}(Z)U{l}(Z) —Upy(DU s G)lle
Lo~ ST N T ST
= ﬁrrU{l}u)U{E}(z) — Uy (DU ) IF > aeo.

Define the metric to be p(Z(V), () = dist <U{(H, U{(ﬂ) The above argument implies that
for € = aey,

1
log M(Tp, p,€) > r(s1 —r)log o

e:co[ r/\(51—r)A\/_(k_li?lit(l];)\_gzMJrlT(sl—7“)]

Setting

for sufficiently small constants cg, «, we obtain a lower bound of the order

—(k =DM+ (k—2)A+1

rA(s1—r)A ni— N2

r(sy —r)

by applying Lemma 23. By symmetry, we also have the lower bound with r(s; — ) replaced
by r(s; — r) for i = 2,3,...,k. Furthermore, recall that we have r < %mini s; hence
r < (s; — r), we obtain the lower bound of the order

k

r 21:1 Si

rA 5
nA

for the estimation of U with metric dist?(U, U ), when £ is finite.

Step II  We now turn to establish the lower bound term involving s; log %1 The step
follows from the rank-one argument from Chen et al. (2013). Without loss of generality, we
may assume that s; < £ for any ¢, we then consider the following subset of the parameter
space:

I, . ANyUby AUy - )\U{l}U{T,F}O
T, =<%= AUyoUqy Ip, AUt230U 30 Un _[17’0_1 1?] ,
MNipUly AU I,

for u, € SP*="! and |supp(u,)| < s1 — r + 1. Restricting on the set T}, the minimax risk
for estimating U is the same as the minimax risk for estimating u, under the squared error
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loss |lup — |3, Let Xy = [Xgiy1, Xgipo] for Xy € RO and Xy, € R Pimrtl),
By the same argument in Gao et al. (2015a), it is further equivalent to estimating w, under
the squared loss based on the observations from Xy;p since Xy;)o for i = 1,2... k is a
sufficient statistic for u,. Applying the argument in Chen et al. (2013), we obtain the lower
bound for dist?(U, U) with the following term

By symmetry the same lower bound holds if we replace s1,p; by s;,p; for i =2,3,...k.
Combining all the above steps and noticing the ﬁ scaling between the estimation of A

and U, we finally deduce that the lower bound for dist?(A, X) is given by (30). This finishes
our proof. ]

Appendix D. Simulation Details for Sparse PCA of Correlation Matrices

Here we describe the procedure of generating a p X p correlation matrix R with eigenvalues
A > 2> A >N =12>---2> ), >0 and s-sparse leading eigenvectors. Necessarily,
YA < s <p-—1ands >r. Without loss of generality, we assume that s = m X 2!
where m and [ are positive integers and 2! > r.

Since 2 > r, there is a 2! x r matrix T such that To,;; € {£1} and that the columns
of Ty are orthogonal. For example, we may take the first » columns of a 2! x 2! Hadamard
matrix. Fix such a Ty, we generate an s x r matrix T as

1
T,=— I} ... T,

Vs

By our construction, each row of T has the same l» norm and the columns are orthonormal.
Next, we define

]T

T,
Rs = Ts diag(&l, N ,QT)TST + <1 — zjz—l%) Is~
S
This decomposition ensures that the diagonal of R, is equal to 1. We then solve for 6; such
that the eigenvalues of R are given by A1,...,A.. Then we augment this s x s positive
definite matrix to a p x p correlation matrix R = diag(Rs, [p—s). It is straightforward
to verify that R has leading eigenvalues Ay > --- > A, > 1 and the columns of T =

[T, O&_S)XT]T are the corresponding eigenvectors.
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