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Abstract

Risk modeling with electronic health records (EHR) data is challenging due to no direct
observations of the disease outcome and the high-dimensional predictors. In this paper, we
develop a surrogate assisted semi-supervised learning approach, leveraging small labeled
data with annotated outcomes and extensive unlabeled data of outcome surrogates and
high-dimensional predictors. We propose to impute the unobserved outcomes by construct-
ing a sparse imputation model with outcome surrogates and high-dimensional predictors.
We further conduct a one-step bias correction to enable interval estimation for the risk
prediction. Our inference procedure is valid even if both the imputation and risk pre-
diction models are misspecified. Our novel way of ultilizing unlabelled data enables the
high-dimensional statistical inference for the challenging setting with a dense risk predic-
tion model. We present an extensive simulation study to demonstrate the superiority of
our approach compared to existing supervised methods. We apply the method to genetic
risk prediction of type-2 diabetes mellitus using an EHR biobank cohort.

Keywords: generalized linear models, high dimensional inference, model mis-specification,
risk prediction, semi-supervised learning.

1. Introduction

Precise risk prediction is vitally important for successful clinical care. High risk patients
can be assigned to more intensive monitoring or intervention to improve outcome. Tra-
ditionally, risk prediction models are developed based on cohort studies or registry data.
Population-based disease registries, while remain a critical source for epidemiological stud-
ies, collect information on a relatively small set of pre-specified variables and hence may limit
researchers’ ability to develop comprehensive risk prediction models (Warren and Yabroff,
2015). Most clinical care is delivered in healthcare systems (Thompson et al., 2015), and
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electronic health records (EHR) embedded in healthcare systems accrue rich clinical data
in broad patient populations. EHR systems centralize the data collected during routine
patient care including structured elements such as codes for International Classification of
Diseases, medication prescriptions, and medical procedures, as well as free-text narrative
documents such as physician notes and pathology reports that can be processed through
natural language processing for analysis. EHR data is also often linked with biobanks
which provide additional rich molecular information to assist in developing comprehensive
risk prediction models for a broad patient population.

Risk modeling with EHR data, however, is challenging due to several reasons. First,
precise information on clinical outcome of interest, Y, is often embedded in free-text notes
and requires manual efforts to extract accurately. Readily available outcome surrogates S,
such as the diagnostic codes or mentions of the outcome, may be predictive of the true
outcome Y, can deviate from the true label Y . Here we consider the general situation
that a vector of surrogates, S, that are noisy error prone proxies of Y and may include
non-informative surrogates. For example, using EHR data from Mass General Brigham,
we found that the positive predictive value was only 0.48 and 0.19 for having at least 1
diagnosis code of Type II Diabetes Mellitus (T2DM) and for having at least 1 mention
of T2DM in medical notes, respectively. Directly using these EHR proxies as true disease
status to derive risk models may lead to substantial biases. On the other hand, extracting
precise disease status requires manual chart review which is not feasible at a large scale. It
is thus of great interest to develop risk prediction models under a semi-supervised learning
(SSL) framework using both a large unlabeled dataset of size N containing information on
predictors X along with surrogates S and a small labeled dataset of size n with additional
observations on Y curated via chart review. Throughout the paper, we impose no stringent
model assumptions on the triplet (Y, X,S) while using generalized linear working models
to define and estimate the risk prediction model (see Section 2).

Additional challenges arise from the high dimensionality of the predictor vector X, and
the potential model mis-specifications. Although much progress has been made in high
dimensional regression in recent years, there is a paucity of literature on high dimensional
inference under the SSL setting. Precise estimation of the high dimensional risk model
is even more challenging if the risk model is not sparse. Allowing the risk model to be
dense is particularly important when X includes genomic markers since a large number of
genetic markers appear to contribute to the risk of complex traits (Frazer et al., 2009).
For example, Vujkovic et al. (2020) recently identified 558 genetic variants as significantly
associated with T2DM risk. An additional challenge arises when the fitted risk model is
mis-specified, which occurs frequently in practice especially in the high dimensional setting.
Model mis-specifications can also lead to the fitted model of Y | X to be dense. There are
limited methods currently available to make inference about high dimensional risk prediction
models in the SSL setting especially under a possibly mis-specified dense model. In this
paper, we fill in the gap by proposing an efficient surrogate assisted SSL (SAS) prediction
procedure that leverages the fully observed surrogates S to make inference about a high
dimensional risk model under such settings.

Our proposed estimation and inference procedures are as follows. For estimation, we
first use the labelled data to fit a regularized imputation model with surrogates and high-
dimensional covariates; then we impute the missing outcomes for the unlabeled data and fit
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the risk model using the imputed outcome and high-dimensional predictors. For inference,
we devise a novel bias correction method, which corrects the bias due to the regularization
for both imputation and estimation. Compared to existing literature, the key advantages
of our proposed SAS procedure are

1. Applicable to dense risk model Y | X: we allow the working risk model Y | X to be
dense as long as the working imputation model Y | S, X is sparse;

2. Robustness to model mis-specification: the working models on both risk prediction
Y | X and imputation Y | S, X can be mis-specified;

3. Requires no assumptions on the measurement error in S as proxies of Y and allows S
itself to be of high dimension;

4. Our analysis on Lasso with estimated inputs in loss (see (6) and (20)) facilitates the
consistency analysis for a dense model independent of the convergence rate of the
consistently estimated inputs. The technique is an independent contribution to the
high-dimensional statistics literatures.

The sparsity assumption on the imputation model is less stringent since we anticipate
that most information on Y can be well captured by the low dimensional S while the
fitted model of Y | X might be dense under possible model mis-specifications. Our theory
uncovers that suitable use of unlabeled data may greatly relax the sparsity of Y | X. As
most literatures in SSL emphasized in the efficiency gain, our work opens a new direction
of estimiability expansion through SSL.

1.1 Related Literatures

Under the supervised setting where both Y and X are fully observed, much progress has been
made in recent years in the area of high dimensional inference. High dimensional regression
methods have been developed for commonly used generalized linear models under sparsity
assumptions on the regression parameters (van de Geer and Bithlmann, 2009; Negahban
et al., 2010; Huang and Zhang, 2012). Recently, Zhu and Bradic (2018b) studied the
inference of linear combination of coefficients under dense linear model and sparse precision
matrix. Inference procedures have also been developed for both sparse (Zhang and Zhang,
2014; Javanmard and Montanari, 2014; van de Geer et al., 2014) and dense combinations
of the regression parameters (Cai et al., 2019; Zhu and Bradic, 2018a). High-dimensional
inference under the logistic regression model has also been studied recently (van de Geer
et al., 2014; Ma et al., 2020; Guo et al., 2020).

Under the SSL setting with n < N, however, there is a paucity of literature on high
dimensional inference. Although the SSL can be viewed as a missing data problem, it
differs from the standard missing data setting in a critical way. Under the SSL setting,
the missing probability tends to 1, which would violate a key assumption required in the
missing data literature (Bang and Robins, 2005; Smucler et al., 2019; Chakrabortty et al.,
2019, e.g.). Existing work on SSL with high-dimensional covariates largely focuses on the
post-estimation inference on the global parameters under sparse linear models with examples
including SSL estimation of population mean (Zhang et al., 2019; Zhang and Bradic, 2021),
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the explained variance (Cai and Guo, 2020), and the average treatment effect (Cheng et al.,
2018; Kallus and Mao, 2020). Our SAS procedure is among the first attempts to conduct the
semi-supervised inference of the high-dimensional coefficient and the individual prediction in
the high-dimensional dense and possibly mis-specified risk prediction model. In a concurrent
work, Deng et al. (2020) studied the efficient SSL estimation of high-dimensional linear
models. Our work differs from them in at least three ways: 1) we consider the more
flexible generalized linear models; 2) our setting involves the surrogates S, characterizing
the imprecise data in EHR; 3) we study dense coefficients whose number of nonzero elements
exceeds the number of labels. In high-dimensional regression with missing data, another
line of work studied the estimation of linear models with missing or noisy covariates X (Loh
and Wainwright, 2011; Belloni et al., 2017; Chandrasekher et al., 2020).

The surrogates S can be viewed conceptually as “mis-measured” proxies of the true
outcome Y. Semi-supervised methods have been developed under the assumption that S
depends on X only through Y, which essentially assumes an independent measurement
error in S. For example, Gronsbell et al. (2019) studied the generalized linear risk predic-
tion model using mis-measured S. With a single S, Zhang et al. (2022) considered high-
dimensional generalized linear model for the prediction model allowing the independence
assumption to be slightly violated. Our SAS approach differs from the measurement error
approach in two fundamental aspects: 1) typical measurement error approaches require S
to be the single proxy outcome of the same type as Y while our SAS approach allow a vector
S of arbitrary types as long as some of them are predictive for Y; 2) measurement error
approaches impose stringent independence and model assumptions on the triplet (S, X,Y)
while our SAS approach has neither. Violation of the two requirements may obstruct the
deployment of measurement error methods or compromise its performance.

1.2 Organization of the Paper

The remainder of the paper is organized as follows. We introduce our population param-
eters and model assumptions in Section 2. In Section 3, we propose the SAS estimation
method along with its associated inference procedures. In Section 4, we state the theo-
retical guarantees of the SAS procedures, whose proofs are provided in the Supplementary
Materials. We also remark on the sparsity relaxation and the efficiency gain of the SSL.
In Section 5, we present simulation results highlighting finite sample performance of the
SAS estimators and comparisons to existing methods. In Section 6, we apply the proposed
method to derive individual risk prediction for T2DM using EHR data from Mass General
Brigham.

2. Settings and Notations

For the ¢-th observation, Y; € R denotes the outcome variable, S; € R? denotes the surro-
gates for Y; and X; € RP*! denotes the high-dimensional covariates with the first element
being the intercept. Under the SSL setting, we observe n independent and identically dis-
tributed (i.i.d.) labeled observations, . = {(V;,X],S])",i = 1,...,n} and (N —n) iid
unlabeled observations, % = {W; = (X],S/)",i = n+1,...,N}. We assume that the
labeled subjects are randomly sampled by design and the proportion of labelled sample is
n/N = p € (0,1) with p — 0 as n — oo. We focus on the high-dimensional setting where
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dimensions p and ¢ grow with n and allow p + ¢ to be larger than n. Motivated by our
application, our main focus is on the setting N much larger than p, but our approach can
be extended to NV < p under specific conditions.

To predict Y; with X;, we consider a possibly mis-specified working regression model
with a known monotone and smooth link function g,

Yi ~ g(B7X;). (1)

We identify the target parameter as the most predictive working model measured by the
pseudo log-likelihood #(y, x)

o = argmin ~B{((¥i, B7X)}, U(y,2) = vz = G(z), &'(#) = g(a), (2)

Here we do not assume any model for the true conditional expectation E(Y; | X;). Our goal
is to accurately estimate the high-dimensional parameter 3, alternatively characterized by
the first order condition for (2),

EX{Y; —g(B8;X;)}] = 0. (3)

Our procedure generally allows for a wide range of link functions and detailed requirements
on g(-) and its anti-derivative G are given in Section 4. In our motivating example, Y is a
binary indicator of T2DM status and g(x) = 1/(14+ e~ %) with G(z) = log(1 + €*). We shall
further construct confidence intervals for g(BfX,e,) with any x,., € RP*!. The predicted
outcome ¢(B;X,.w) can be interpreted as the maximum pseudo log-likelihood prediction
under working model g(3"X,..,). We make no assumption on the sparsity of 3, relative to
number of labels n, and hence it is not feasible to perform valid supervised learning for 3,
when sz = || B, llo > 7.
We shall derive an efficient SSL estimate for 3, by leveraging % . To this end, we fit a
working imputation model
Y~ g(’YTWi)a (4)

whose limiting parameter is likewise defined as the most predictive working model

Yo = argj/nin —E{(Y;,v"Wi)} = E[Wi{Y; — g(v, Wi)}] = 0. (5)

The definition of v guarantees
E[Xi{Y; — g(vo Wi)}] = 0. (6)

and hence if we impute Y; as Y; = g(vIW;), we have E[X;{Y; — g(8:X;)}] = 0 regardless
the adequacy of the imputation model (4) for the conditional mean E(Y; | W;). It is thus
feasible to carry out an SSL procedure by first deriving an estimate for Y; using the labelled
data . and then regressing the estimated Y; against X; using the whole data .2 U %.
Although we do not require 3, to be sparse or any of the fitted models to hold, we do
assume that =, defined in (5) to be sparse. When the surrogates S are strongly predictive
for the outcome, the sparsity assumption on -, is reasonable since the majority of the

information in Y can be captured in S.
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Figure 1: A dense prediction model (graph with dashed lines) can be compress to a sparse
imputation model (through graph with solid lines) when the effect of most baseline
covariates are reflected in a few variables in the EHR monitoring the development
of the event of interest.

Notations. We focus on the setting where min{n,p + ¢, N} — oo. For convenience, we
shall use n — oo in the asymptotic analysis. For two sequences of random variables A,, and
By, we use A, = Op(By) and A, = 0p(By,) to denote lim, o limy, oo P(|A| > ¢|B|) = 0
and lim._0 lim,,_,o P(|]A| > ¢|B]|) = 0, respectively. For two positive sequences a,, and by,
a, = O(b,) or b, 2 a, means that 3C > 0 such that a, < Cb, for all n; a, < b, if
an = O(b,) and b, = O(a,), and a,, < b, or a, = o(by,) if limsup,,_, . an/b, = 0. We use
Zn LN (0,1) to denote the sequence of random variables Z,, converges in distribution to a
standard normal random variable.

3. Methodology

3.1 SAS Estimation of 3,

The SAS estimation procedure for 3, consists of two key steps: (i) fitting the imputation
model to .Z to obtain estimate 4 for v, defined in (5); and (ii) estimating 3, in (3) by fitting
imputed outcome lA/Z = g(7"W;) against X; to % . In both steps, we devise the Lasso type
estimator to deal with the high-dimensionality of X. In principle, other types of variable
selection methods, e.g. SCAD (Fan and Li, 2001) or square-root Lasso (Belloni et al., 2011),
may also be used. We use the Lasso as the example for its simplicity. A further discussion
on the choice of regularized estimators is given in Remark 6.

In Step (i), we estimate 7, by the L; regularized pseudo log-likelihood estimator 4,
defined as

v = argmin lin,(7) + Ay fli with A, =< V/log(p + q)/n, (7)

76RP+¢1+1
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where a_1 denotes the sub-vector of all the coefficients except for the intercept and
Lo ( Z€ Y, v"W;) with /{(y,z) defined in (2). (8)

The imputation loss (8) corresponds to the negative log-likelihood when Y is binary and
the imputation model holds with g being anti-logit. With 4, we impute the unobserved
outcomes for subjects in % as Y; :Ag('Aini), forn+1<i<N.

In Step (ii), we estimate 3, by 8 = B(7), defined as,

B(A) = argmin 1(8;9) + Agl|B_1 1 with A < /log(p)/N, (9)
BeRpt+1

where £f(3;7) is the imputed pseudo log-likelihood:

M(B:9) NZ@ Y;, B7X,) Ze Y;, B7X;) with £(y,z) defined in (2).  (10)

i>n

We denote the complete data pseudo log-likelihood of the full data as

N
((8) = YL BTX), ()
i=1
and define the gradients of the various losses (8)-(11) as
(1) = Vo), () = Vi (8), £ (Bi) = 561 (65). (12)

3.2 SAS Inference for Individual Prediction

Since g(-) is specified, the inference on g(x!_ 3) immediately follows from the inference on
x! 3. We shall consider the inference on standardized linear prediction x,,3 with the

new

standardized covariates

Xstd — Xnew/||Xnew||2

and then scale the confidence interval back. This way, the scaling with ||X,..||2 is made
explicit in the expression of the confidence interval.

The estimation error of @ can be decomposed into two components corresponding to
the respective errors associated with (7) and (9). Specifically, we write

B - B, = {B(ﬁ) - ﬁo} + {B - B(%)]’? (13)

where 3(7) is defined as the minimizer of the expected imputed loss conditionally on the
labeled data, that is,
B() = argminE[('(8;7) | £]. (14)
ﬁeRP+l
The term B3(¥) — B, denotes the error from the imputation model in (7) while the term
B — B(4) denotes the error from the prediction model in (9) given the imputation model
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parameter 4. As {1 penalization is involved in both steps, we shall correct the regularization
bias from the two sources. Following from the typical one-step debiasing LASSO (Zhang
and Zhang, 2014), the bias B — B(7) is estimated by C:)ET(B, ~) where © is an estimator of
[E{g'(B1X;)X;XT}]!, the inverse Hessian of ¢T(;7) at B = S,.

The bias correction for B() — 3, requires some innovation since we need to conduct the
bias correction for a nonlinear functional 3(-) of LASSO estimator 5, which has not been
studied in the literature. We identify B(5) and 3, by the first order moment conditions,

BA) : Eisn[Xi{g(B) ' X:) —g(A"Wi)} | Z] =0,
By s E[Xi{g(8;Xs) — Yi}] = E[Xi{g(B;Xs) — g(vo Wi)}] = 0. (15)

Here E;~, |- | -Z] denotes the conditional expectation of a single copy of the unlabeled data
given the labelled data. By equating the two estimating equations in (15), we apply the
first order approximation and approximate the difference 3(%) — 3, by

BA) — By ~ — [E{¢g (B; Xi) XiX] } " Einn [Xi{g(vs Wi) — 9(7" W)} | £] (16)
Together with the bias correction for B(5) — 3,, this motivates the debiasing procedure

—~ 1—p
B_

n
230X {g(3W.) ~ Yi} - O (B:7).
i=1
The 1—p factor, which tends to one when n much smaller than IV, comes from the proportion
of unlabeled data whose missing outcome are imputed.

For theoretical considerations, we devise a cross-fitting scheme in our debiasing process.
We split the labelled and unlabeled data into K folds of approximately equal size, respec-
tively. The number of folds does not grow with dimension (e.g. K = 10). We denote the
indices sets for each fold of the labelled data . as 7;,...,Zk, and those of the unlabeled
data % as J1,...,Jx. We denote the respective sizes of each fold in the labelled data and
full data as ny = |Zx| and Np = ny + |Jx|, where |Z| denotes the carnality of Z. Define
;= {1,...,n} \Zy and JS = {n+1,...,N} \ Ji. For each labelled fold k, we fit the
imputation model with out-of-fold labelled samples:

~ . 1
4™ = argmin
~ERPFa+1 TV — N

D AYAW) + Ayl (17)

i€Tg
Using 4%, we fit the prediction model with the out-of-fold data 1pUJg:

=) . 1
B~ = argmin
BeRp+1 - Nk

Y UgFYTW, BTX) + Y (Yi, BTX0) |+ AsllBoallr (18)

i€JE i€y

To estimate the projection
u, = E{g' (B, X)) Xi X[}~ xuua, (19)

we propose an Li-penalized estimator

~(k . 1 1 a ’ ' _—
™ = argmin E E —q (B(M )TXi) (XTu)? — u"x.a| + AJluli,  (20)
werr N — N A 2
k' #k i€l VT
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where B(k'k ) is trained with samples out of folds k and &/,

2 (kK ) ) . .
B(k’k/) = argmin 2ie(Fugie (g (Fy - TW@) ’BTXZ) + Lie@uz) (Y B'Xi)

+ AsllB_1l1,
BERP+1 N_Nk _Nk" ,5”16 1”1

(21)

/ >iczenze, {(Yi, vTWi)
with 4%*) = argmin e Tl ¥

+ M1l
arguin == -l

The estimators in (21) take similar forms as those in (17) and (18) except that their training
samples exclude two folds of data Z U J and Zyy U Jir. In the summand of (20), the data

(Y;,X;,S;) in fold ¥ Ty U Ji is independent of 3" trained without folds k and &',
The estimation of u requires an estimator of 8 and both estimators are subsequently used
for the debiasing step. Using the same set of data multiple times for ,@, u, debiasing and
variance estimation may induce over-fitting bias, so we implemented the cross-fitting scheme
to reduce the over-fitting bias. As a remark, cross-fitting might not be necessary for theory
with additional assumptions and/or empirical process techniques.

We obtain the cross-fitted debiased estimator for x[,,3 as x! 43, defined as

K K
1 ~ (k) 1 - ~ (k)T ~
Ve > xL.B - N D) AW X{g(B Xi) — gAP W)}

k=1 k=1iE€T (22)

K
1 - - ~ (k)T
——>. > uX; {@=p)-93Wi) +p- 9B X)) - i}
k=1i€Ty

The second term is used to correct the bias B(7) — By and the third term is used to correct
the bias B — B(¥). The corresponding variance estimator is

K
s 1 ~ ~ Z0T 2
Vos == > D (@"7X;)? {@=p) 93 Wi) +p-g(BYX0) - Vi
k=1i€l}

2 K (k)T
F S S @) (08X — o FTW) ) (23)

k=1i€J}

Through the link g and the scaling factor ||X,c.||2, we estimate g(x]_.By) by ¢ (HXHC\NHQ@)
and construct the (1 — a) x 100% confidence interval for g(x[ . 3¢) as

[g {nxmng (x/\ﬁ ~ Za/ V/n}> g {||xnew||2 (x/\ﬂ 2o/ ?/n> }] R

where Z, 5 is the 1 — « /2 quantile of the standard normal distribution.

4. Theory

We introduce assumptions required for both estimation and inference in Section 4.1. We
state our theories for estimation and inference, respectively in Sections 4.2 and 4.3.
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4.1 Assumptions

We assume the complete data consist of i.i.d. copies of (Y;,X;,S;), for i = 1,...,N. For
our focused SSL settings, only the first n outcome labels Y, ...,Y, are observed. Under
the i.i.d assumption, our SSL setting is equivalent to the missing completely at random
(MCAR) assumption. The sparsities of v,, B, and u, are denoted as

sy = [1Vollo, s8 = [1Bsllo; 5u = [[wollo-

We focus on the setting with n,p+¢q, N — oo with n being allowed to be smaller than p+gq.
We allow that s.,sz and s, grow with n,p + ¢, N and satisfy s, < n and sz + s, < N.
While our method and theory adaptively applies to both SSL (N > n) and missing data
(N =< n) settings without prior knowledge on the limit of n/N, we emphasize on the SSL
(N > n) setting that matches our motivating EHR studies and is also less studied in
the literature. To achieve the sharper dimension conditions, we consider the sub-Gaussian
design as in Portnoy (1984, 1985); Negahban et al. (2010). We denote the sub-Gaussian
norm for random variables and random vectors both as || - ||y,. The detailed definition is
given in Appendix D.

Assumption 1 For constants vy, vo and M independent of n,p and N,

a) the residuals Y; — g(vdW;) and Y; — g(B4X;) are sub-Gaussian random variables with
sub-Gaussian norm bounded by ||Y; — g(vg Wi)lly, < v1 and ||Y; — g(BXi)ll,, < v2;

AV

b) The link function g satisfies the monotonicity and smoothness conditions: inf,cgr ¢'(x)
0, sup,er ¢’ () < M and sup,cp ¢"(z) < M.

Under our motivating example with a binary Y; and g(x) = €*/(1 + e*), 1la and 1b are
satisfied. The condition is also satisfied for the probit link function and the identity link
function. Condition la is universal for high-dimensional regression. Admittedly, Lipschitz
requirement in 1b rules out some generalized linear model links with unbounded derivatives

like the exponential link, but we may substitute the condition by assuming a bounded

Assumption 2 For constants 02, and o>

max min

independent of n,p, N,
a) W; is a sub-Gaussian vector with sub-Gaussian norm [|[Wi|ly, < Oma/V2;
b) The weak overlapping condition at the population parameter B, and ~,,

(i) infy),=1 VIE([9' (B3 Xi) A 1]XiXT)v > o

(i) infjyj,=1 VIE[{g (vg W) A TIW,W]]v > o2, ;

min?

¢) The non-degeneracy of average residual variance:

inf E[{Y; — (1-p)-g(vWi) = p- g(B1X0)}*(X]v)’] = o7,

[vil2=1

10
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Assumption 2a is typical for high-dimensional regression (Negahban et al., 2010), which

also implies the bounded maximal eigenvalue of the second moment
sup V'E[W,W]]v < o2 .

[vil2=1

Notably, we do not require two common conditions under high-dimensional generalized lin-
ear models (Huang and Zhang, 2012; van de Geer et al., 2014): 1) the upper bound on
sup;—1__. v IXilloo; 2) the lower bound on infi—; . v ¢'(B;X;), often known as the overlap-
ping condition for logistic regression model. Compared to the overlapping condition under
logistic regression that g(3;X;) and g(v{ W;) are bounded away from zero, our Assumptions
2b and 2c are weaker because they are implied by the typical minimal eigenvalue condition
inf vE(W,W])v > o>

min
[vll2=1

plus the overlapping condition.

4.2 Consistency of the SAS Estimation
We now state the Lo and L; convergence rates of our proposed SAS estimator.

Theorem 1 (Consistency of SAS estimation) Under Assumptions 1, 2 and with
sy = o(n/log(p +q)), sp = o(N/log(p)), As Z V/log(p)/N, (25)

we have

1B = Bollz = 0y (V5ara + (1= p) /s, log(p + )/ )
1B=Bulli = 0y (sars + (1= p)s, log(p + 9)/ (nAy)) .

Remark 2 The dimension requirement for our SAS estimator achieving Lo consistency
significantly weakens the existing dimension requirement in the supervised setting (Negahban
et al., 2010; Huang and Zhang, 2012; Biihlmann and Van De Geer, 2011; Bickel et al., 2009)
With A\g =< \/log(p)/N, Theorem 1 implies the Lo consistency of B under the dimension

condition,

(1= p)?sylog(p+aq)/n + sglog(p) /N = o(1). (26)
When N > n, our requirement on the sparsity of B, sz = o(N/log(p)) is significantly
weaker than sz = o(n/log(p)), which is known as the fundamental sparsity limit to identify
the high-dimensional regression vector in the supervised setting. Theorem 1 indicates that
with assistance from observed S € %, the SAS procedure allows sz > n provided that N
is sufficiently large and the imputation model is sparse. This distinguishes our result from
most estimation results in high-dimensional supervised settings. Among SSL literatures, the
utility of unlabeled data in relaxation of sparsity condition has never been conceived before.

Remark 3 In the context of Theorem 1, a sparse imputation, often induced by a small
number of highly predictive surrogates, is essential for an optimal estimation rate. When
Sg > 8., the Ly rate in Theorem 1 has two components, \/szlog(p)/N regarding the minimax
rate to learn 3 from all data and /s, log(p + q)/n regarding the minimax rate to learn ~y
in the labeled data (Raskutti et al., 2011). Thus, the rate cannot be further improved if the
sparser imputation model is used to identify the denser 3 without additional conditions.

11
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Remark 4 If the L1 consistency is of interest, the penalty levels are chosen as

Ap X max {\/IOg(p)/Na \/87/86)‘7} ) (27)

which produces the L1 estimation rate from Theorem 1

1B = Bulls = Op (551108 (p)/N + /5,55 108(p) /)

Compared to the condition for Ly consistency under supervised learning, s = o < n/ log(p)),

the condition from SAS estimation sz = o((n/s, + N)/log(p)) allows a denser B, in the
setting with a very sparse v, and a large unlabeled data. On the other hand, the Lo estima-
tion rate in Theorem 1 remains the same if

g (p) /N S As S max { /I0g(p)/N, /5,75, }
Our theory on the SAS inference procedure uses the Lo instead of the Ly consistency.

Theorem 1 implies the following prediction consistency result.

Corollary 5 (Consistency of individual prediction) Suppose X, is sub-Gaussian ran-
dom vector satisfying sup||y|,—1 VTE[XpewX!. ]V < 02, . Under the conditions of Theorem 1,
we have

9 (B"%uew ) = 9 (B7%00) = Oy (1B = Bullz) = 0,(1).

The concentration result of Corollary 5 is established with respect to the joint distribution
of the data and the new observation x,.,. This is in a sharp contrast to the individual
prediction conditioning on any new observation X.... If the goal is to conduct inference
for any given x,.,, the theoretical justification is provided in the following Theorem 7 and
Corollary 8.

Remark 6 Other types of penalties shown to provide consistent estimation in Lo for the
working imputation model can substitute the Lasso penalty in (7), since the Lo rate || —=,]2
is the only property invoked for 5 in the proof of Theorem 1. For example, we may choose
the square-root Lasso (Belloni et al., 2011) with pivotal recovery under linear models with
identity link g(x) = x. Changing the Lasso penalty in (9), however, might require a different
proof to produce the stated estimation rate adaptive to arbitrary sz/N and s,/n, covering
both sg/N < s,/n and sg/N 2 s,/n settings (Case 1 and 2, respectively, in the Proof of
Theorem 1). If the sg/N < s, /n setting guaranteed by a very large N alone is of interest,
other penalties for ,@ can work equally well (by adapting Case 1 in the Proof of Theorem 1).

4.3 /n-inference with Debiased SAS Estimator

We state the validity of our SSL inference in Theorem 7. We use to A % B to denote that
random variable A converges in distribution to a distribution B.

12
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Theorem 7 (SAS Inference) Let x,., be the random vector representing the covariate
of a new individual. Under Assumptions 1, 2 and the dimension condition

(1 p)t s2 log(p + ¢)* . p(s3 + sps,) log(p)? (1) s+, log(p + ¢) log(p)

=o0(1), (28
we draw inference on X! B, conditionally on X,., according to
—_— T
ViVas ! (x;dﬂ - M) | Xeew 5 N(0,1),
XHCW 2
where ‘7_:3\5 defined in (23) is the estimator of the asymptotic variance
Vars =E[(ugX0){Y = (1= p) - g(vg Wi) — p- g(B5X0)}]
+p(1 = p)E[(ugX:){g(vs Wi) — 9(B;X:)}’],
. XDeW —_ XDeW
with 1, = O, = E{g'(B1X)X; X7} ! : (29)
[[Xnew |2 [[Xnew |2

By the Young’s inequality, the condition (28) is implied by

(1- ) sylog(p+9)* | /p(sp + 5,)log(p) _ o(1), (30)
n VN

When p is much smaller than the full sample size N, our condition (30) allows the sparsity
levels of B, and u, to be as large as p. Even if p is larger than IV, our SAS inference proce-
dure is valid if s + s, < v/N/log(p). In the literature on confidence interval construction
in high-dimensional supervised setting, the valid inference procedure for a single regression
coefficient in the linear regression requires sz < v/n/log(p) (Zhang and Zhang, 2014; Javan-
mard and Montanari, 2014; van de Geer et al., 2014). Such a sparsity condition has been
shown to be necessary to construct a confidence interval of a parametric rate (Cai and Guo,
2017). We have leveraged the unlabeled data to significantly relax the fundamental limit of
statistical inference from sz < v/n/log(p) to sg < N/{log(p)y/n}. The amount of labelled
data validates the statistical inference for a dense model in high dimensions.

The sparsity of u, is determined by x,.,, and the precision matrix @,. In the supervised
learning setting, for confidence interval construction for a single regression coefficient, van de
Geer et al. (2014) requires s, < n/log(p) is required. According to (30), our SAS inference
requires s, < N/{log(p)y/n}, which can be weaker than s, < n/log(p) if the amount of
unlabeled data is larger than n?. Theorem 7 implies that our proposed CI in (24) is valid
in terms of coverage, which is summarized in the following corollary.

Corollary 8 Under Assumptions 1 and 2, as well as (28), the CI defined in (24) satisfies,

P {g (nxmnz (x/\ﬂ _ z/m)) < g (x5
<g (<”Xnew”2>@ + Za/Z\/m)) } =1—-a+o(1).

2gl(ﬁgxnew)‘|xnew||2za/2 V ‘/SAS/n fs ‘|Xnew||2/\/ﬁv

where Vsas is the the asymptotic variance defined in (29).

13
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Confidence interval construction for g (x]..3,) in high-dimensional supervised setting
has been recently studied in Guo et al. (2020). Guo et al. (2020) assumes the prediction
model to be correctly specified as a high-dimensional sparse logistic regression and the
inference procedure is valid if sg5 < y/n/logp. In contrast, we leverage the unlabeled data
to allow for mis-specified prediction model and a dense regression vector, as long as the
dimension requirement in (28) is satisfied.

4.4 Efficiency comparison of SAS Inference

Efficiency in high-dimensional setting or SSL setting in which the proportion of labelled
data decays to zero is yet to be formalized. Here we use the efficiency bound in the classical
low-dimensional with a fixed p as the benchmark. Apart from the relaxation of various
sparsity conditions, we illustrate next that our SAS inference achieves a decent efficiency
with properly specified imputation model compared to the supervised learning and the
benchmark.

Similar to the phenomenon discovered by Chakrabortty and Cai (2018), if the imputation
model is correct, we can guarantee the efficiency gain by SAS inference in comparison to
the asymptotic variance of the supervised learning,

Vo = E[(uy X;)*{Y; — g(B3 X)) }7]. (31)

Proposition 9 IfE(Y; | Si, X;) = g(vd W), we have Vo > Vsus.

Moreover, we can show that our SAS inference attains the benchmark efficiency derived
from classical fixed p setting (Tsiatis, 2007). To simplify the derivation, we describe the
missing-completely-at-random mechanism through the binary observation indicator R;, ¢ =
1,..., N, independent of Y;, X; and S;. We still denote the proportion of labelled data as
p =E(R;). The unsorted data take the form

2 ={D; = (X],SI,R;,RY;)",i=1,...,N}.

We consider the following class of complete data semi-parametric models
Meomp = {fX,Y,S,R(Xa?Ja s,7) = fx(x)p (1= p)' " fys x (yls, x) fsx (sx) :

fyis,x; fx, fsjx are arbitrary density}, (32)

and establish the efficiency bounds for RAL estimators under M.,,, by deriving the as-
sociated efficient influence function in the following proposition. We denote the nuisance
parameters for fy|gx, fx and fgx as . We use 7, to denote the true underlying nuisance
parameter that generates the data. The parameter of interest 3 is not part of the model
M omp but defined by the implicit function through the moment condition (3).

Proposition 10 The efficient influence function for 0 = x[,,3 under M, is

R;
G (D3 05, my) = ?u;)rXi{Y; —E(Y; [ 84, X))} —ug X {E(Y; | S, X;) — 9(8 Xs) }-
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Under the Assumptions of Theorem 7 and additionally E(Y; | S;, X;) = g(v4 W;), our SAS
debiased estimator admits the same influence function

}C;Eewl8 0

/T\B
X —_
" e 2

N
1 _
=N Z Geir(Di; 0o, M,) + 0p ((PN) 1/2>
i=1
according to Appendix B3 Step 2 (A.31).

5. Simulation

We have conducted extensive simulation studies to evaluate the finite sample performance
of the SAS estimation and inference procedures under various scenarios. Throughout, we
let p = 500, ¢ = 100, N = 20000 and consider n = 500. The signals in 3 are varied to
be approximately sparse or fully dense with a mixture of strong and weak signals. The
surrogates S are either moderately and strongly predictive of Y as specified below. For
each configuration, we summarize the results based on 500 simulated datasets. We compare
our SAS procedure with the supervised LASSO (SLASSO) that (1) estimates the 3, by
regressing Y to X over the labeled data with Lasso; (2) draw inference on x!_ 3, with the
one-step debiased Lasso van de Geer et al. (2014).
To mimic the zero-inflated discrete distribution of EHR features, we first generate
Ts e L8 21 2, . 27, independently from N(0,25). Then we construct X; from

7,p’ 1)

{22 = (Z¢y, ..., Zf1)"} via the transformation ¢(z) = |log{1 + exp(z)}]:

Xig = {< (Z?:z 2X;/vVp—1+ Z;ﬁ/ﬂ) - ux} /ox,
Xij = [g(sz L—p=t+Z¢/\/p) — uxl/ox, § =2,...,p.

We standardize X; ; to roughly mean zero and unit variance with ux = 1.80 and ox = 2.74.
The shared term Z;' induces correlation among the covariates.

For S and Y, we consider two scenarios under which the imputation model is either
correctly or incorrectly specified. We present the “Scenario I: neither the risk prediction
model nor the imputation model is correctly specified” in the main text and the “Scenario
II: The imputation model is correctly specified and exactly sparse” in Section A of the
Supplementary materials.

Scenario I: neither the risk prediction model nor the imputation model is cor-
rectly specified. In this scenario, we first generate Y; from the probit model

P(Y; = 1|Z¥) = ®(aZ¥) with ®(z) = / (2m) V277" 2y,

—0o0

and then generate S from
Sizl = {§(221/2—|—9E) _MS}O-S_I_‘_ETXM and SZ,J = {C(Z’ij) _/LX}U)Zl’ J :2,---,]7-

We chose us and os depending on a such that S;; is roughly mean 0 and variance 1.
Under this setting, a logistic imputation model would be misspecified but nevertheless
approximately sparse with appropriately chosen £. The coefficients e control the optimal
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prediction accuracy of X for Y while 8 controls the optimal prediction accuracy of S for Y.
We consider two a of different sparsity patterns, which also determine the rest of parameters

Sparse (s =3): @ =(0.45,0.318,0.318,049751)", us = 1.82, o5 = 2.01,
Dense (s, = 500) : a = (0.316,0.05939,.1,0.007}70.1)", us = 2.71, o5 = 2.68,

where agx1 = (a,...,a)}, ., for any a. The sparsity of a affects the approximate sparsity of
(3 subsequently (Table 1), which we measured by the squared ratio between ¢; norm and ¢,
norm

S(B) = 1BI3/18113, min |8;] <S(B)/IBllo < 1. (33)
J:B;#0

We consider two 6: (a) § = 0.6 for S to be moderately predictive of Y; and (b) 6 = 1 for
strong surrogates. The parameter & depends on both the choices of a and 8:

Sa=3,0=06: &= (0.407,0.330,0.330,0.005%,, )7,
Sa=3,0=1: ¢ = (0.199,0.163,0.163,0.002},-..,)",
o =500, 0 =0.6: &=(0.350,0.064%,,,0.011% )7,
S.=500,0=1: &=(0.169,0.032},,,,0.005 . ).

Due to the complexity of the data generating process and the noncollapsibility of the
logistic regression models, we cannot analytically express the true 8, in both scenarios.
Instead, we numerically evaluate 3, with a large simulated data using the oracle knowledge
of the ex-changeability among covariates according to the model

Sa

p
logit{P(Y; = 1[S;1)} ~ o + mXi1 + 2 ZXi,j + 3 Z Xij-
=2 J=5at1

We derive the true 3, as

ﬁo = (7707 m, (772);“7 (n3){p75a)><1)T'

We report the simulation settings under Scenario I in Table 1, where we present the
predictive power of the oracle estimation and the lasso estimation. We also report the
average area-under-curve (AUC) of the receiver operating characteristic (ROC) curve for
oracle B,, SLASSO and the proposed SAS estimation. Our SAS estimation achieves a better
AUC compared to supervised LASSO across all scenarios, and is comparable to the AUC
with the true coefficient 3,. Besides, we observe that the AUC of supervised LASSO is
sensitive to the approximate sparsity S(3,), while the AUC of SAS estimation does not
seem to be affected by S(3,).

To evaluate the SAS inference for the individualized prediction, we consider six different
choices of X,.,. We first select {x} . ,xM ,x" 1} from a random sample of x,., generated
from the distribution of X; such that their predicted risks are around 0.2, 0.5, and 0.7,
corresponding to low, moderate and high risk. We additionally consider three sets of X,
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Table 1: AUC Table for simulations with 500 labels under Scenario I. The AUCs are eval-
uated on an independent testing set of size 100. We approximately measure the
sparsity by S(v) = ||[v][#/[Iv]}3-

Scenario Prediction Accuracy (AUC)
Surrogate  S(B,) S(v,) | Oracle SLASSO SAS
Strong 174 1.32 0.724 0.660 0.711
Moderate 174 1.26 0.724 0.660 0.713
Strong 28.3 1.33 0.719 0.694 0.713
Moderate  28.3 1.24 0.719 0.694 0.711

Table 2: Comparison of SAS Estimation to the supervised LASSO (SLASSO) with Bias,
Empirical standard error (ESE) and root mean-squared error (rMSE) of the linear
predictions x| 3, under Scenario I 500 labels, moderate or large S(3,) and strong

or moderate surrogates.

SLASSO SAS: Moderate SAS: Strong

Type | Bias ESE rMSE | Bias ESE rMSE | Bias ESE rMSE
Moderate S(8,)
t 0.605 0.387  0.719 0.165 0.249  0.298 0.118 0.196  0.229
-0.083 0.337 0.347 | -0.008 0.246 0.246 -0.016  0.195 0.196
-0.718 0.521 0.887 | -0.234 0.294 0.376 -0.176  0.225  0.286
-0.072 0.144 0.161 -0.080 0.094 0.123 -0.018 0.078 0.080
-0.460 0.096 0.470 -0.110  0.093 0.143 -0.055 0.071  0.090
-0.413 0.091 0.423 -0.110 0.089 0.141 -0.114  0.069 0.133

Large S(B,)

xt.. ] 0.389 0.275 0477 | 0.161 0.215 0.269 | 0.133 0.264 0.296
xM . | -0.017 0.280 0.280 | -0.014 0.213 0.213 | -0.017 0.268 0.268
x". . | -0.600 0.481 0.769 | -0.251 0.271 0.370 | -0.164 0.296 0.339
x2.. | -0.202 0.140 0.246 | -0.074 0.097 0.122 | -0.009 0.078 0.079
X ow | -0.178 0.098 0.203 | -0.075 0.086 0.115 | -0.071 0.075 0.103
x2 -0.185 0.090 0.206 | -0.109 0.084 0.138 | -0.113 0.073 0.135

with different levels of sparsity:

Sparse: X5 = (1,1,0]9951) "
Intermediate:  x! . = (1,0.1833,1,0470x1)";
Dense: Xpo, = (1,0.0455,0,1)".

In Table 2, we compare our SAS estimator of x!_ 3, with the corresponding SLASSO across
all settings under Scenario I. The root mean-squared-error (rMSE) of the SAS estimation
decays proportionally with the sample size, while the rMSE of the supervised LASSO pro-
vides evidence of inconsistency for moderate and dense deterministic X,.,. The bias of
the supervised LASSO is also significantly larger than that of the SAS estimation. The
performance of the SAS estimation is insensitive to sparsity of 3,, while that of supervised
LASSO severely deteriorate with dense 3,. The improvement from the supervised LASSO
to the SAS estimation is regulated by the surrogate strength.

In Table 3, we compare our SAS inference with supervised debiased LASSO across

the settings under Scenario I. Our SAS inference procedure attains approximately honest
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Table 3: Bias, Empirical standard error (ESE), average of the estimated standard error
(ASE) along with empirical coverage of the 95% confidence intervals (CP) for
the debiased supervised LASSO (SLASSO) and debiased SAS estimator of linear
predictions x!_ 3, under Scenario I with 500 labels, moderate or large S(3,) and
strong or moderate surrogates.

Debiased SAS
Debiased SLASSO Moderate Surrogates Strong Surrogates
Type | Bias ESE ASE CpP Bias ESE ASE CP [ Bias ESE ASE CpP
Risk prediction model approximatedly sparse
xh., | -0.200 1.901 1.896 0.948 | 0.021 1.873 1.864 0.949 | 0.018 1.531 1.531 0.950
xM | -0.091 1.994 1.981 0.947 | -0.007 1.961 1.954 0.950 | -0.015 1.560 1.570 0.953
xH .| 0.348 2.106 2.074 0.942 | -0.050 2.036 2.039 0.950 | -0.011 1.632 1.623 0.950
XS.w | 0.171 0.157 0.128 0.694 | -0.019 0.149 0.150 0.950 | -0.001 0.132 0.125 0.924
x) . | -0.001 0.129 0.125 0.938 | -0.013 0.123 0.116 0.932 | 0.010 0.101  0.094 0.920
xP | 0.141 0.137 0.138 0.812 | -0.011 0.123 0.118 0.944 | -0.001 0.096 0.095 0.940
Large 5(By)

xh., | -0.134 1918 1.914 0.951 | 0.018 1.875 1.878 0.951 | 0.018 1.529 1.524 0.948
xM | -0.056 1.970 1.962 0.948 | -0.020 1.911 1.927 0.952 | 0.005 1.603 1.597 0.950
xH .| 0.109 2.0561 2.029 0.945 | -0.022 1.997 1.991 0.950 | -0.040 1.671 1.668 0.951
xS.w | 0.029 0.155 0.127 0.892 | -0.008 0.153 0.147 0.946 | -0.013 0.133 0.131 0.938
X! ow | 0.002 0.131 0.125 0.930 | 0.001 0.122 0.114 0.936 | 0.002 0.101  0.098 0.936
xP | 0.113 0.135 0.139 0.874 | -0.007 0.119 0.116 0.938 | -0.003 0.099 0.097 0.960

coverage of 95 % confidence intervals for all types of x,..,, under all scenarios. Unsurprisingly,
the debiased SLASSO has under coverage for the deterministic x,., as the consequence of
violation to the sparsity assumption for 3, and precision matrix. Under our design, the first
covariate X7 has the strongest dependence upon the other covariates, whose associated row
in the precision matrix is thus densest. Consequently, the inference for 3'x°_ = By + 51
The debiased SLASSO also has an acceptable coverage for random x%,_, xM | x! sampled
from the covariate distribution despite the presence of substantial bias, which we attribute
to the even larger variance that dominates the bias. In contrast, our SAS inference has

small bias across all scenarios and improved variance from the strong surrogate.

According to Tables Al, A2 and A3 in the Appendix A, the results under Scenario II
are consistent with our findings under Scenario I. We also compares SAS to an unsupervised
learning approach using proxy outcome derived from surrogates in the Appendix A. Under
the Scenario III very similar to Scenario I, SAS performs well as in Scenario I while the
unsupervised learning approach fails completely. This is expected since the unsupervised
approach requires that the deviation of the surrogates from the true outcome S — Y is
uncorrelated with the risk factors X. Otherwise, spurious association between outcome Y
and risk factors X can be induced, creating bias in estimation of risk prediction model.

6. Application of SAS to EHR Study

We applied the proposed SAS method to the risk prediction of Type II Diabetes Mellitus
(T2DM) using EHR and genomic data of participants of the Mass General Brigham Biobank
study. Number of genetic risk factors among single nucleotide polymorphism for T2DM has
grown exponentially following the expansion of genome-wide association studies. As an
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incomplete summary, Voight et al. (2010),Morris et al. (2012) and Scott et al. (2017) each
discovered around a dozen new risk SNPs for T2DM, and the recent studies by Mahajan
et al. (2018) and Vujkovic et al. (2020) discovered 135 and 558 new risk SNPs, respectively.
Some new risk SNPs in Mahajan et al. (2018) even had large coefficients in the poly genetic
risk score. The ever growing number of risk SNPs suggest that the genetic risk prediction
model for T2DM may be dense. Compared to the large biobank data that generated the
genome-wide association studies, EHR captures the temporal information of T2DM onset
and other phenotypes predictive for T2DM and thus may provide a more accurate forecast-
ing for T2DM. As we mentioned in the introduction, direct extraction of disease onset from
EHR by diagnosis code or mention in medical notes may contain substantial false positives.
From an expert annotation of the medical histories for 271 patients, we found 38 patients
with T2DM diagnosis code and 161 patients with mention of T2DM in medical notes who
actually had never developed T2DM. The annotation process requires intensive labor of
highly skilled medical experts, leading to the limited number of labels.

To define the study cohort, we extracted from the EHR of each patient their date of
first EHR encounter (t;,;), follow up period (C), the counts and dates for the diagnosis
codes and note mentions of clinical concepts related to T2DM as well as its risk factors.
We only included patients who do not have any diagnosis code or note mention of T2DM
up to baseline, where the baseline time is defined as 1990 if t;,; is prior to 1990 and as
their first year if ¢;,; > 1990. Although neither the diagnosis code nor note mention of
T2DM is sufficiently specific, they are highly sensitive and can be used to accurately remove
patients who have already developed T2DM at baseline. This exclusion criterion resulted
in N = 20216 patients who are free of T2DM at baseline and have both EHR and genomics
features for risk modeling. Among those, we have a total of n = 271 patients whose T2DM
status during follow up, Y, has been obtained via manual chart review. The prevalence of
T2DM was about 14% based on labeled data.

We aim to develop a risk prediction model for Y by fitting a working model P(Y =
1] X) = g(ByX), where the baseline covariate vector X includes age, gender, indicator
for occurrence of diagnosis code and note counts for obesity, hypertension, coronary artery
disease (CAD), hyperlipidemia during the first year window, as well as a total of 49 single
nucleotide polymorphism previously reported as associated with T2DM in Mahajan et al.
(2018) with odds ratio greater than 1.1. We additionally adjust for follow up by including
log(C') and allow for non-linear effects by including two-way interactions between the SNPs
and other baseline covariates. All variables with less than 10 nonzero values within the
labelled set are removed, resulting the final covariates to be of dimension p = 260. We
standardize the covariates to have mean 0 and variance 1. To impute the outcome, we used
the predicted probability of T2DM derived from the unsupervised phenotyping method
MAP (Liao et al., 2019), which achieves an AUC of 0.98, indicating a strong surrogate.
In addition to the proposed SAS procedure, we derive risk prediction models based on the
supervised LASSO with both the same set of covariates. We let K = 5 in cross-fitting
and use 5-fold cross-validation for tuning parameter selection. To compare the performance
of different risk prediction models, we use 10-fold cross-validation to estimate the out-of-
sample AUC. We repeated the process 10 times and took average of predicted probabilities
across the repeats for each labelled sample and method in comparison.
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Figure 2: Point and 95% confidence interval estimates for the coefficients with nominal p-
value < 0.05 from SAS inference. The horizontal bars indicate the estimated
95% confidence intervals. The solid points indicate the (initial) estimates, and
the triangles indicate debiased estimates. Colors red and green indicate different
methods, SAS and SLASSO, respectively.

Table 4: The cross-validated (CV) AUC the estimated risk prediction models with high di-
mensional EHR and genetic features based on SAS and supervised LASSO. Shown
also are the AUC of the imputation model derived for the SAS procedure.

Method Imputation SAS  SLASSO
CV AUC 0.928 0.763 0.488

In Figure 2, we present the estimated 3 coefficients for the covariates that received p-
value less than 0.05 from the SAS inference. The confidence intervals are generally narrower
from the SAS inference. For the coefficients of baseline age and follow-up time, the SAS
inference produced much narrower confidence interval than debiased SLASSO, which are
expected to have a positive effect on the T2DM onset status during the observation. In
addition, the SAS inference identified one global genetic risk factor and 6 other subgroup
genetic risk factors while SLASSO identified none of these.

In Table 4, we present the AUCs of the estimated risk prediction models using the high
dimensional X . It is important to note that AUC is a measurement of prediction accuracy,
so debiasing might lead to worse AUC by accepting larger variability for reduced bias. The
AUC from SLASSO is very poor, probably due to the over-fitting bias with the small sample
sizes of the labeled set. With the information from a large unlabeled data, SAS produced
the significantly higher AUC than the SLASSO.
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Figure 3: Point and 95% confidence interval estimates for the predicted risks of 30 randomly
selected patients. The vertical bars indicate the estimated 95% confidence inter-
vals. The circle and the triangle shapes correspond to (initial) estimation and
debiased estimation, correspondingly. Solid points indicate the observed T2DM
cases. Colors red and green indicate different methods, SAS and SLASSO.

For illustration, we present in Figure 3 the individual risk predictions with 95% confi-
dence intervals for three sets of 10 patients with each set randomly selected from low (< 5%),
medium (5% ~ 15%) or high risk (> 15%) subgroups. These risk groups are constructed
for illustration purposes and a patient with x,., classified to low, medium and high risk if
expit(,@Txnew) belongs to the low, medium and high tertiles of {expit(ETXi),i =1,..,N}.
We observe that the confidence intervals for patients with predicted The debiased SLASSO
inference is not very informative with most error bars stretching from zero to one. The
contrast between SAS CIs and SLASSO CIs demonstrates the improved efficiency as the
result of leveraging information from the unlabeled data through predictive surrogates.

7. Discussion

We proposed the SAS estimation and inference method for high-dimensional risk prediction
model with diminishing proportion of observed outcomes. With a sparse imputation model
based on predictive surrogates, the SAS can recover a dense risk prediction model impossible
to learn from supervised method, as well as achieve better efficiency than supervised method
when the latter is applicable. We show that the theoretical advantages lead to better
prediction accuracy and shorter confidence intervals in simulations and real data example.

While the SAS procedure is a powerful tool with minimal requirements, caution should
be given to the inclusion of highly informative surrogates so that the imputation model is
sparse (or approximately sparse). If all surrogates poorly predicts Y with a dense imputation
model, the SAS procedure can lead to a compromised convergence rate in estimation. While
the current study is motivated by the existence of easy-to-learn imputation model with
highly predictive surrogates, the SAS framework can be extended to settings where the
imputation model is not easier to learn than the model for Y | X. When the imputation
model is estimable but more dense than the risk prediction model (i.e. sz < s,), we can
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following similar strategies as in our SAS inference procedure to reduce the bias incurred
during the imputation step from 5. Specifically, we may consider a debiased estimator for

B

K

~ _ 1 - 1 ~
Bacvias = argmlnz N Z Ug(F™"W,), B7X;) + - Z B X {g(F™TWi) = Yi} [+ A8 -
BERPT 111 i€y i€T;

This debiased SAS estimation will attain the optimal rate \/szlog(p)/n and we also expect
an efficiency gain in the resulting variance compared to the supervised estimator, in analog
to the efficiency gain observed in SAS inference. Adaptive approaches to infer whether a
given dataset falls into the setting with sz > s, or sz < s, is straightforward in simpler
settings when sz and s, can be estimated but warrants future research in general. In the
extremely dense imputation model setting when s, > n, information theoretical bound
has indicated that the imputation model will be inestimable, invalidating any subsequent
steps involving 4. A possible solution is to redefine the imputation model as the sparser
model between the risk prediction model and the original imputation model. A potential
approach to identifying such a sparser imputation model is through the under-identified
Dantzig Selector

:)\/ada = a‘rgmin ”7” 1
7@Rp+q

S Xi{Yi g W)}
i=1

Subject to <A

o0

Both 7, and (87, 0;)" should fall in the feasible region with suitable A, and the minimization
over L; norm may pick the sparsest element from the feasible class. Using 7, in SAS
estimation may attain uniform optimal rate for any sz and s,. Theoretical studies of the
above proposals warrant future research.
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Supplementary Material

We present the simulation Scenario II in which the imputation model is correctly specified
and exactly sparse in Appendix A. We also compared the SAS estimation and inference
with unsupervised regression that uses only S to derive a proxy outcome in the simulation
Scenario III very similar to Scenario I. The proofs of Theorems 1, 7, Corollary 5 and
Propositions 9 and 10 are given in Appendix B. The technical details are put in Appendix
C. Definitions and existing results are stated in Appendix D.

Appendix A. Additional Simulation

Scenario II: The imputation model is correctly specified and exactly sparse. In
the second scenario, we first generate S; from

Sip = |{vZi1 + " (Zi\/1 —p~t + Z}'/\/p)} — 1s| /0s.
and S; ; = {s(Z;;) — px}/ox for j =2,...,p, and then generate Y; from a sparse model
P(Y; = 11X;) = expit(0.5;,1).

We chose pis ~ 0.66 and os ~ 1 such that S;; is roughly mean 0 and variance 1. Under
this setting, the imputation model holds with s, = 1. The factor v and the coefficients o
control the predictiveness of X for S; and Y while 6 controls the predictiveness of W for
Y. We consider two « of different sparsity patterns,

Sparse (s =3): a=(0.3,0.212,0.212,0}97,)"
Dense (s, = 500) : a = (0.211,0.03959,.;,0.004-,;)",

where agx1 = (a,...,a)},, for any a. Similar to Scenario I, the sparsity of o regulates the
approximate sparsity of 3 measured by (33) (See Table 1). We consider two sets of (v, )
to allow W to be either moderately or strongly predictive of Y:

Moderate: v = 0.4, 6 = 2; and Strong: v = 0.6, § = 3.7.

The layouts of Tables A2 and A3 are different from those of 2 and Table 3 because of
the different data generating mechanism. The distribution of Y; | X; is not affected by the
distribution of S; in Scenario I, while the property does not hold in Scenario II.

Table Al: AUC Table for simulations with 500 labels under Scenario II. The AUCs are
evaluated on an independent testing set of size 100. We approximately measure
the sparsity by S(v) = ||v[|7/[|[v]3-

Scenario Prediction Accuracy (AUC)
Surrogate  S(B,) S(v,) | Oracle SLASSO SAS
Strong 159 1.10 0.715 0.660 0.702
Moderate 128 1.06 0.715 0.665 0.704
Strong 26.4 1.09 0.710 0.691 0.708
Moderate  18.4 1.03 0.709 0.693 0.707
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Table A2: Comparison of SAS Estimation to the supervised LASSO (SLASSO) with Bias,
Empirical standard error (ESE) and root mean-squared error (rMSE) of the
linear predictions x| 3, under Scenario II with 500 labels, moderate or large
S(8,) and strong or moderate surrogates.

Moderate Surrogates Strong Surrogates
SLASSO SAS SLASSO SAS
Type | Bias ESE rMSE [ Bias ESE rMSE | Bias ESE rMSE [ Bias ESE rMSE
Risk prediction model approximatedly sparse
xt o 0.505 0.378  0.631 0.163 0.283  0.327 | 0.349 0.278 0.446 | 0.085 0.222  0.238
xM -0.140 0.331 0.359 | -0.047 0.272 0.276 | -0.113 0.282 0.304 | -0.058 0.217 0.225
x" . | -0.713 0.512 0.878 | -0.262 0.313 0.408 | -0.678 0.469 0.825 | -0.210 0.241 0.320
x5, | -0.111 0.143 0.181 -0.058 0.081 0.100 | -0.190 0.142 0.237 | -0.037 0.063 0.072
X ow -0.437 0.098 0.448 | -0.119 0.076 0.141 -0.155 0.098 0.183 | -0.065 0.061 0.089
xP . | -0.349  0.093 0.361 -0.138  0.078 0.158 | -0.150 0.093 0.176 | -0.112 0.063 0.129
Large S(8,)
xt oo 0.366 0.266  0.453 0.142 0.224  0.265 0.482 0.398 0.625 0.117 0.300 0.322
xM -0.060 0.275 0.282 | -0.035 0.213 0.216 | -0.199 0.337 0.391 -0.082 0.299 0.310
x" . | -0.656 0.475 0.810 | -0.272 0.257 0.374 | -0.749 0.503 0.903 | -0.214 0.325 0.389
x>, | -0.236 0.139 0.274 | -0.087 0.079 0.117 | -0.054 0.138 0.148 | 0.003 0.063  0.063
X ow -0.173 0.096 0.197 | -0.078 0.077 0.109 | -0.409 0.097 0.420 | -0.094 0.057 0.110
xP | -0.144 0.092 0.171 -0.101  0.080 0.129 | -0.359 0.093 0.371 -0.154  0.060 0.166

Scenario III: Similar to Scenario I. In the third scenario, we repeat the data genera-
tion process of Scenario I except for difference values for &:

Sa=3,0=06: &= (—0.593,0.330,0.330,0.005},,,)"
Sa=3,0=1: £ = (—0.801,0.163,0.163,0.002]-, )",
Se=500,0=0.6: &=(—0.650,0.064%,,,0.011%,. )",
$.=500,0=1: &=(—0.831,0.032],,,0.005,. )"

We focus on the comparison between SAS estimation and inference and an unsupervised
learning (UL) approach. For the UL approach, a proxy outcome Y is derived directly from
the dichotomized informative surrogate Sy

17 = I[(Sl Z S*),

where the threshold s, is chose in order to match the prevalence E(?) ~ E(Y). Then, the
UL estimation of 3 is obtained by regression Y to X under the logistic regression model over
all IV observations. Classical inference is used for construction of UL confidence intervals.
The layouts of Tables A5 and A6 are different from those of 2 and Table 3 because of
the different benchmark method. The supervised learning methods SLASSO and Debiased
SLASSO are not affected by the distribution of S; in Scenario I, while UL considered in
Scenario III uses S; to construct its proxy outcome. UL obviously failed with ineffective
classification (AUC < 0.50 in Table A4), large bias in Table A5 and severe under-covering
confidence intervals in Table A6. The performance of SAS is solid as in Scenario 1.
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Table A3: Bias, Empirical standard error (ESE) along with empirical coverage of the 95%
confidence intervals (CP) for the debiased supervised LASSO (SLASSO) and
debiased SAS estimator of linear predictions x] .3, under Scenario II with 500
labels, moderate or large S(3,) and strong or moderate surrogates.

Debiased SLASSO Debiased SAS
Type | Bias ESE ASE CP Bias ESE ASE CP
Risk prediction model approximatedly sparse, moderate surrogates
xt., | -0.236 1.936 1.915 0.947 | 0.014 1.786 1.771  0.950
xM .| -0.044 2.031 1.997 0.944 | -0.028 1.873 1.853  0.947
x" 0.364 2.110 2.084 0.944 | -0.045 1.943 1.924 0.947
xS 0.133 0.156  0.127 0.784 | -0.028 0.133 0.130 0.944
X! ow 0.004 0.124 0.126 0.942 | -0.014 0.102 0.100 0.936
xP 0.149 0.121 0.139 0.848 | -0.014 0.104 0.105 0.948
Risk prediction model approximatedly sparse, strong surrogates
xt.. | -0.070 1.953 1.935 0.947 | 0.021 1.371 1.366 0.949
xM | -0.031 2.019 1.986 0.946 | -0.026 1.408 1.401 0.949
x" 0.148 2.073 2.055 0.948 | -0.010 1.458 1.444 0.949
x5 0.029 0.153 0.127 0.894 | -0.016 0.103 0.096 0.928
X! ow 0.018 0.134 0.126 0.938 | -0.004 0.081 0.079 0.944
x0 0.134 0.128 0.141 0.842 | -0.007 0.081 0.083 0.956
Large S(8,), moderate surrogates
xt ., | -0.092 1.942 1.925 0.950 | 0.004 1.796 1.792 0.951
xM . | -0.034 1.995 1.969 0.947 | -0.018 1.852 1.835 0.951
x" 0.082 2.061 2.036 0.946 | -0.027 1.912 1.890 0.948
x5, | -0.009 0.155 0.125 0.876 | -0.027 0.131 0.125 0.922
X! ow 0.000 0.126  0.125 0.952 | -0.009 0.104 0.103 0.950
xP 0.119 0.126 0.139 0.894 | -0.012 0.108 0.108 0.940
Large S(3,), strong surrogates

xt . [ -0.221  1.929 1.926 0.949 | 0.022 1.353  1.349 0.951
xM 0.032 2.047  2.017 0.947 | -0.003 1.427 1.414 0.950
x" 0.442 2.137 2.104 0.940 | -0.039 1.479 1.469 0.951
xS 0.176 0.150 0.128 0.698 | -0.018 0.094 0.099 0.946
X! ow 0.030 0.128 0.129 0.936 | -0.002 0.079 0.077 0.952
x0 0.167 0.125 0.142 0.804 | -0.008 0.082 0.080 0.954

Table A4: AUC Table for simulations with 500 labels under Scenario III. The AUCs are
evaluated on an independent testing set of size 100. We approximately measure
the sparsity by S(v) = |[v][1/|IV]z.

Scenario Prediction Accuracy (AUC)
Surrogate S(3,) S(v,) | Oracle UL  SAS
Strong 174.08 2.31 0.72 0.43 0.69
Moderate 174.08 2.25 | 0.72 0.46 0.69
Strong 28.27  2.32 0.72 0.45 0.69
Moderate 28.27  2.24 0.72 0.47 0.69
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Table A5: Bias, Empirical standard error (ESE) and mean-squared error (MSE) for the

unsupervised learning (UL) and SAS estimator of linear predictions x

T
new

B, with

under Scenario III 500 labels, approximately sparse or dense 3, and strong or
moderate surrogates.

UL SAS
Type | Bias ESE MSE | Bias ESE MSE
Moderate S(3,), moderate surrogates
xL__ [ 042 0092 101 | 002 042 042
xM | 020 231 232 | -003 051 051
x| 339 390 516 | 009 059 0.60
xS, | 373 007 373 | 009 014 017
X! ow -0.42 0.14 044 -0.19 0.10 0.22
x0_ | -0.03 015 016 | -0.18 0.09 0.20
Large S(3,),moderate surrogates
xL__[061 070 093 | 004 037 037
xM | 004 254 254 | 003 049 0.49
xH_ | 253 466 530 | 007 059 059
xS, | 356 0.1 356 | 014 014 0.19
xl .. | -070 014 072 | -0.11 009 0.15
x0_ | -0.30 013 033 |-0.12 009 0.5
Moderate S(f3,), strong surrogates
xL [ 089 067 111 |-005 038 038
xM | 015 251 251 | 004 054 0.54
x| -328 457 562 | 022 060 0.64
x5, | -383 007 383 | -009 013 015
x| -099 012 1.00 | -008 008 0.11
x0 | -057 012 058 | -0.10 008 0.13
Large S(3,), strong surrogates
xL_ [076 082 112 | -009 045 046
xM 1009 235 235 | 003 057 058
xh_ | -410 397 571 | 023 063 067
xS | 399 009 399 | 005 013 0.14
xl .. | -0.82 012 083 | -012 008 0.15
xP -0.37 0.14 0.40 -0.13 0.08 0.15

new
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Table A6: Bias, Empirical standard error (ESE), average of the estimated standard error
(ASE) along with empirical coverage of the 95% confidence intervals (CP) for
the unsupervised learning (UL) and debiased SAS estimator of linear predictions
x!..B, under Scenario III with 500 labels, approximately sparse or dense 3, and

new

strong or moderate surrogates.

UL SAS
Type | Bias ESE ASE CP Bias ESE ASE CP
Moderate S(3,), moderate surrogates
xL_ (042 092 040 053] 027 195 1.02 004
xM 1020 231 042 026 | -0.04 209 203 0.94
xH | -339 390 045 012|043 218 214 094
XS o -3.73 0.07 0.06 0.00 | -0.04 0.16 0.15 0.93
x|, | -042 014 003 000 |-003 013 012 092
xP -0.03 0.15 0.03 0.28 | -0.02 0.12 0.12 0.95
Large S(8,), moderate surrogates
X5 0.61 0.70 041 0.56 | -0.22 198 196 0.95
xM -0.04 254 043 029 | -0.05 206 2.02 0.95
xH -2.53 4.66 0.45 0.11 | 0.47 2.16  2.10 0.94
x5 -3.56 0.11 0.06 0.00 | -0.03 0.16 0.15 0.92
xl . [ -070 014 003 000 |-002 013 012 091
xP -0.30 0.13 0.03 0.02 | -0.02 0.13 0.12 0.93
Moderate S(3,), strong surrogates
X5 0.89 0.67 041 0.37 | -0.22 1.69 1.67 0.95
xM -0.15 251 042 027 | -0.04 178 1.71 0.94
xH | -3.28 457 044 010 | 048 1.86 1.79  0.93
XS -3.83 0.07 0.07 0.00 | -0.02 0.14 0.13 0.93
xl . | -099 012 003 000 |-000 011 010 0.92
xP -0.57 0.12 0.03 0.00 | -0.01 0.11 0.10 0.93
Large S(3,), strong surrogates
x5 0.76 082 040 041 | -0.27 1.67 1.65 0.95
xM 0.09 235 042 0.26 | -0.03 1.81 1.73 094
xH | -410 397 045 010 | 045 1.88 1.83 0.94
XS -3.99 0.09 007 000 |-0.03 0.14 0.14 0.93
xl . |-0.82 012 003 000 |-001 011 010 0.93
xP -0.37 0.14 0.03 0.01 | -0.01 0.11 0.11 0.97
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Appendix B. Proofs of Main Results

We first summarize below notations used Section 3 for the conditional expectations given
different part of the data.

Definition 11 The conditional expectation for samples with index in set S conditionally
on subset of the data Z is denoted as

Eies{f(Yi,Xi,8:) | 7}, SCH{l,....n+ N}, 9 C LUU.

We denote the conditional expectation of unlabeled data given labelled data by Ei~n,{f(W;) |
Z} and the conditional probability of new copy of data given current data by P,..{f(W;) |
D}. With £ and % partitioned into K folds indexed respectively by {Zr,k = 1,..., K} and
{T,k=1,..., K}, we denote the conditional expectation of fold-k labelled data and unlabeled
data given the out-of-fold data respectively by

Eier, {f(Yi, Xi,8:) | Z5}  and  Eieg {f(Wsi) | 25},
where Dy ={S;, X;,1 € TS U{Y:, Si, X,i € I}

B1 Proof of Theorem 1

Our proof shares the general steps with the the restricted strong convexity framework laid
down in Negahban et al. (2010) while we have a delicate analysis of the symmetrized Breg-
man divergence to establish the improved rate of estimation under semi-supervised learning

setting. To bound B through the symmetrized Bregman divergence (,B - ,BO)TZT(,BO;:)\/),
instead of directly applying the Holder’s bound, we first split it into two parts,

(B - Bo)'E (857) = (B—B0)" [£'(857) — EAL (8:9) | £} + B2 (B7,) | £}
variance from unlabeled data
~ T -I— ~ -I—
+(B-B)E{2(B;7) (870 | 2} (A1)

bias from 5

and discuss which part dominates the estimation error. When the first variance term in
(A.1) is dominant, the bias from 4 becomes eligible. Then, we should recover the usual
error bound for LASSO as if 7, is used. When the second bias term in (A.1) is dominant,
the error bound of B can be controlled by the error bound of 4. Combining the error bounds
in the two cases, we obtain the oracle inequalities.

Lemma 12 On event
Q= {ZPL(BO +A) — Lo (By) — ATl (B,)
> K || All2{]|All2 = Keeav/1og(p) /N A1}, V]| All2 < 1}7

setting Ag 2 \/log(p)/N such that

log(p)
N b)

No 23285 3) ~ (' (B ) | £} + B{E (Byivo) | L} + Focaices

28



SAS INFERENCE HIGH-D GLM

we have the oracle inequalities for estimation error of 3,

18 = Boll2 < max {14\/55)s/Kser, (1 = p)TMop, |17o = 2/ Keser } »
”/6 - ﬁo”l < max {8486)‘B/Krsc,17 (1 - p)22]‘M2o-iaxH70 - %”%/(“rsc,l)‘ﬁ)} .

The constants K1, ke Gre the restrictive strong convexity parameters specified in Lemma
19.

We next prove the oracle inequalities. First, we note that by the definition of B,
F(B:3) + X181 < €1(B3; ) + sl Boll1- (A.2)

Denote the standardized estimation error as § = (B —By)/ll B - B,||2- Due to convexity of
the loss function, we have for t = |8 — B,ll2 A 1

1By + t8;7) + s By + 18|11 < €1(B0; F) + AsllBoll1- (A.3)
By the triangle inequality ||B,|l1 — [|3, + td]|1 < t||d]]1, we have from (A.3)
(B, +8;79) = £1(By; ) < tAs]16]1 (A.4)

To apply the restricted strong convexity of the complete data loss (11) established in Lemma
19, we show that the second order approximation error of the imputed loss is equivalent to
that of the complete data loss,

(B, +16:7) — (1(B4:7) — 167 (By:F) = low (B, +18) — Lor(By) — 16 bor(By).

Then by applying the restricted strong convexity event {2, we obtain

ET(IQO + té; :7\/) - ET(ﬁo; ﬁ) - taT’éT(ﬁo; ﬁ) Z t2’£rsc,1 - t’%rsc,l"irsc,Q V log(p)/N”(sHl (A5)

Applying (A.5) to (A.4), we have with large probability

187 (B3 ) + thines — thinetine /108 () /N[8]]1 < tAs]8]s

where ||d]|2 = 1 from definition. Thus, we have reach

tinen < Aall8ll1 = 872 (B3 F) + e stine/108(p) N3] (A.6)

Next, we analyze 5T2T (B,;7) by the decomposition

67 (ByA)| =67 [£'(8,7) — B (B5) | £} + E{E (Byivo) | £}
+0"E{2'(8:%) ~ € (Byv,) | £}
<1811 ||£'(8,:%) ~ B(Z' (B9 | £} + B2 (Biva) | 2} _
+ (1= ) [[EisnlXilg(B]Xs) — oW} | 1], (A7)
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To establish the rate for Ly-norm of E{ET(BO; ) | £}, we note that

Eisn[Xi{g(BX:) — g™ Wi)} | Z] = Einp [Xi {Yi— g (3"Wi) } | £]. (A.8)
By the characterization of 7, as in (6), we may rewrite (A.8) as

Eisn [Xi {Yi—g (A"Wi) } | Z] =Eisn [¢ (v W) XiW] | Z] (7, — 7). (A.9)

where v, = uy + (1 — u)~y, for some u € [0,1]. Under Assumptions 1b and 2a, as well as
the fact that X; is a sub-vector of W;, we have

|BE (857) | 2}, < [Bicu [0 (aWOWE | 2], Il = Fle
<M [|E (W), 7o — Fll2 < Mo, v, — A, (A.10)

max

where for any vector x, x¥2 = xx7. By the bound for (A.10) and the definition of \s, we
have the bound from (A.6)

thiea < 22[10]|1 + (1 — p) Moz, [lvo — Fll2- (A.11)

max

Hence, we can reach an immediate bound for estimation error from (A.11) without con-
sidering the sparsity of 3,. We shall proceed to derive a sharper bound that involves the
sparsity of 3,. We separately analyze two cases.

Case 1: (1 —p)Moy,[lv, —Fll2 = 8]17/3.

max

In this case, the estimation error is dominated by 4 — «,. We simply have from (A.11)

tK/rsc,l S 7(]- - ,O)MU2 ”70 - %HQ?

max

thisea[|011Aa/3 < T(L = p)? M0, |7, — A13.

max

Thus, we have

18 = Boll2 < (1 — p)TM02, |17y — All2/ K,
18 — Bolli < (1 — p)?21M%52 |7, — A3/ (Fuears)- (A.12)

If case 1 does not hold, then instead

Case 2:  (1-p)Moy, |17, — A2 < [18]12/3. (A.13)

max

In this case, the estimation error is comparable to that when we have the true ~, for the
imputation. Thus, the sparsity of 3, may affect the estimation error.

Following the typical approach to establish the cone condition for d, we analyze the
symmetrized Bregman’s divergence,

(BB {¢'(B:7) — £ (B} = 1B~ Bollod™ (£ BA) - (B} (A19)
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Due to the convexity of the loss ZT(~; 7) under Assumption 1b, the symmetrized Bregman’s
divergence (A.14) is nonnegative through a mean-value theorem,

2 DI ™ T
B- 87 {£B:7) -8} > ﬁégHNZgﬁ {(B - B} 2 0.

Denote the indices set of nonzero coefficient in 8, as Og = {j : By; # 0}. We denote
the do, and 6@2ﬂ as the sub-vectors for § at positions in O and at positions not in O,

respectively. The solution B satisfies the KKT condition

.-i- -~ __ . -~ . ~ . -~
1€ (B: )l < Aa, £1(B:7); = —Agsign(By), j : B # 0.
From the KKT condition and the definitions of § and Op, we have

NP ] NN —B-)\sing‘ . .
501 (B;7); < 10j|Nss § € Og; 8;67(B3;7); = Hjﬁﬁﬂgn(]) =—Xgldjl, j € 0. (A.15)
— 8,2

Applying the (A.15) to (A.14), we have the upper bound,

T {E (B ~ LB} = 2 0 BA) + Y 0 (BiA) + 678 (B:A)

jEOﬁ ]GOC
4 .
<As Z 6] — As Z |65 + 072 (By;7)
jEOﬁ jEOEi

<Asll00,llt = Aslldog [l1 +

.t .
57 (B,7)|
Then, we apply (A.10), the definition of Az and (A.13),
2
0 <Aslldoglls = Aslldog I + 5Asll0]ls - and  Aglldog 1 < 5As]|00,]l1-

Therefore, we can bound the L1 norm of & by the cone property,

10111 < 6As]l00411 < 61/56][6]|2 = 6/55- (A.16)
We then apply the cone condition (A.16) and the case condition (A.13) to the bound (A.11),

thier < 144/5505,  and  th..||0])1 < 84s5Ms

Thus, we obtain the rate for estimation error

HB - 60”2 S 14\/5)\[3/’%6@1) and ”B - BOHl S 84SﬁAB/’%f5C71' (A17)

Since Case 1 and Case 2 are the complement of each other, one of them must occur.
Thus, the bound of estimation error is controlled by the larger bound in the two cases,

||18 - /BOHQ < max {14\/ SBAB/’%rSC,h (1 - )7M0-raax||70 - :)\’HQ/Krsc,l} ;
H,B - 160H1 < max {843ﬁ)‘ﬁ/"€rsc,17 (1 - ) 21M2 iax”’)/o - ’?Hg/(ﬁrsc,l)‘ﬁ)} ’

which is our oracle inequality in Lemma 12.
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Consistency We next show that the oracle inequality leads to the consistency under
dimension condition (26). To show

il ~ il ~ il
|87 — B (B57) | 2} +E{E By | 23|
- f N .t N - f
#'(8:4) — B (8,:%) | 2|+ |[ELE Biv) | 2} _ = Oy (VIosw)/N)
we express the term of interest as the sum of the following empirical processes

?(8,7) B (8;9) | £} = 3 (Xelo(ByX0) — ¥i+ Yi — o3TW0))

>n

— Eisn [Xi{9(B;Xi) = Yi+Y; — g(3"W))} | Z] );

<

B (Byv) | 2} = 1 D Xilo(BiXs) ~ Vi),
=1

Under Assumption la and 1a, X; and g(3,X;) — Y; are sub-Gaussian. According to Lemma
21, the event || — ~,|l2 < 1 occurs with large probability, on which we have a bound for
the sub-Gaussian norm of Y; — (3" W) by Lemma 14.

1Y — gF"Wi) ||y, < max{2v1, MV20,,},i>n (A.18)

Thus, we obtain from (A.18) that Y; — g(3"W;) is sub-Gaussian with large probability.
Thus by the properties of sub-Gaussian random variables in Lemma 17-d and 17-f, we have

established that the elements in the summands of £' (B,y; ) are all sub-exponential random
variables conditionally on the labelled data. We apply the Bernstein’s inequality (Lemma
17-h) conditionally on the labelled data to obtain

| 8:4) —E{E B3 |2} _ =0, (VT =) 1os()/N).
|EE Biv0) 12| =05 (Vologw)/N) -
This establishes the order for Ag,

Ag 2 V(1= p)log(p)/N + +/plog(p)/N = /log(p)/N. (A.19)

By Lemma 19 from Negahban et al. (2010), we have that the probability of restricted
strong convexity event converges to one,

P(Q) >1- ff,sc’_o,e”’“v“N — 1.

Setting A\g < /log(p)/N for optimal Lo estimation, we achieve the stated conclusion

1B = Byll2 = Oy ( sglog(p)/N + (1 — P)\/W) :
VI )/N|B = B, = O, <35 log(p) /N + (1 — p)zsvlog<p+q>> |

n

by applying the rates from Lemma 21 and (A.19). For optimal L; estimation, we set a
larger penalty A < 1/log(p)/N V /s, log(p + q)/(sgn) 2 Ag to achieve

18 = Byllr = O, (Sﬁ log(p)/N + (1 — p)Z\/Svsﬂl‘)gw) '

n

32



SAS INFERENCE HIGH-D GLM

B2 Proof of Corollary 5

Under Assumption 1b, we have

1908 Xoew) = 9(BT%0en)| < M|(B = By) Ku|- (A.20)

Since X, satisfies Assumption 2a, we have

1B = Bo) Xaewllys < 1B = Boll20mse/ V2.

The tail distribution is regulated by the sub-Gaussian norm by Lemma 17-a,

P (0B = B) x| 2 1] 7) < 2exp (—1v2/ {18 = Bolla0ms}) - (A.21)
Combining (A.20) and (A.21), we obtain
P (1908"%0es) = 9(B3 )| 2 tM||B = Bylla0man/V2 | 2) < 207"

Thus,
~T
9(B ) = 9(B7x000)| =

0, (18 - Blz) -

B3 Proof of Theorem 7

Our proof is organized in five parts. In Part 1, we establish the consistency of the cross-
fitting estimator for precision matrix, namely |[[u®*) — ug||2 = 0,(1) with u® and u, defined
n (20) and (19), respectively. In Part 2, we show that the debiased estimator can be
approximated by the empirical process

Vit (xB - x;dﬁo) = — (1= PVt by (70) = VT (B ¥o) + 0p(1)
é[Zuox{l— 9o Wi) +p - g(Bs Xs) — Yi}

+p Z Xi{g(BsXi) — g(vo Wi)}

>n

+ 0p(1)

As long as the asymptotic variance Vsas defined in (29) is bounded and bounded away from
zero, we have the asymptotic normality of the leading term from the Central Limit Theorem

—n 3V ZuJX{l— ~g(gWi) + p - 9(BeXs) — Vi)

+PZX2'{9(50TX¢) - g(’YoTWi)}] ~ N(0,1).
i>n

In Part 3, we deal with the asymptotic variance Vsas and the consistency of the variance
estimator Vs,s defined in (23). In Part 4, we reach the conclusion of the theorem based on,

= PIF" = oll2 + 0D — w2
(k) ~
+ \/ﬁllﬁ Bl (18" = Bulla + 18 — wll2) = 0,(1), (A22)
for all 1 < k < K. Following Part 4, we show in Part 5 that (28) implies (A.22).
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PART 1: CONSISTENCY OF ESTIMATED PRECISION MATRIX

The definitions of u, and u® are given in (19) and (20). In this part, we show

16 = wallz =0, (Vs + ) log(p)/(N = Ni) + (1= p)/5 Log(p + @)/ (n — 1))
=0y (V(su + 56) 108(p)/N + (1= p)/5, log(p + a)/n) .

Since we set the number of folds K < 10 to be finite, the estimation rate applies for u®
forallk=1,..., K.

We denote the components in the quadratic loss function of (20) and their derivatives
as

, 1 1
m O B) = 5= > 56 (BX)(X]w)? — ulx,
1€, U

/ a / / 8 !
k) (11- ) — (k) (11 o (kE) (3) — UK (1
0 (3 8) = ) (w3 8), 0 (8) = £ xa ) (u; B) (A.23)

for ¥ € {1,..., K} \ {k}. We may express (20) as

u® = argmin
ucRp

/ ~(k,k")
Non (wB") + Al
e

Similar to the proof of Theorem 1, we establish the estimation rate for u through an oracle
inequality,

Lemma 13 Under Assumptions 1, 2, we establish On event

~(k,k") * *
a® = () {ama® (B“) A = s Al {1AlL - kv 10gE) /Ne A 1Vl < 1},

K £k

setting A\, < \/log(p)/N such that

o3 e () - () () 1)

Kk

+K’;kscl rsc2 log( )/Nk,}7

we have the oracle inequality for estimation error of ,@,

(k,k")

~
max 18

Hu(k) — U H2 < max {14\/7A /Hrsc 1 7MJ

)z/n;l},
W }

K~ , are the restrictive strong convexity parameters specified in Lemma

rsc,17 " “rsc,

(kk)

J6% — ugfly < max {843 A/ 21M 08, s 3 sup |18, — B
k' £k

The constants k*
20).
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The proof of Lemma 13 repeats the proof of the oracle inequality for Theorem 1, so we put
the detail to Section C.

To use Lemma 13 for the estimation rate of U, we only need to verify two conditions.
First, the event Q® occurs with probability tending to one. Second, the oracle choice of A,
is of order (/log(p)/N.

Repeating Theorem 1 for each B(k’k ), we have under (28)

= op(1).

HA(kk)

_BO
2

Then by Lemma 20, the sets whose intersection forms Q®* each occurs with probability
tending to one. Since we set the number of fold finite K < 10, we can take union bound to
obtain that Q® occurs with probability tending to one.

We may write

. - (k,k) . <k k')
i+ (uo;,@ ) —E{m(k) ( uy; B ) | @k'}

1 ~(kENT
k 1€L U

~(k, k)

X)X X | gk,}. (A.24)

Each element in (A.24) is an empirical process. Under Assumptions 1b and 2a, we can show
that each summand is a sub-exponential random variable by Lemma 17-e, 17-f,

|

Hence, we can apply the Bernstein’s inequality to show that
Hm(k K (uo;a(hk )) _E {m(k,k’) (um A(k K’ )) | -@k’}H =0, ( log(p)/Nk/> .

Using the fact that Ny =< IV, we obtain that the oracle ), is of order O, ( log(p)/N).
Therefore, we can apply Lemma 13 to obtain
~ (k) ~ (kK"
[0 = uoll2 =0p | V/sulog(p)/N + sup |8 — B,
k' #k 2

=0, (/{55 + 5.) 108 (B)/N + (1= p)\/s, log(p + ) /n) .

(kDT

(8 < M Xl | X6l gy, < Moy, Jluo]2/2.

max

Xi)Xi,jX-Z!—uo
1

PART 2: ASYMPTOTIC APPROXIMATION

Under Assumption 2b-i, we also have the tightness of ||[u® |y from the bound of |jug||2

lasll2 < 157 l2l%all2 < o

min ?

2 Bl < ol + B — wll2 = Op(1). (A.25)

Define the scores of in-fold data as

VB = 3 | X Xlo(8X0) ~ 9( "W} + Y Xifa(8X0) - Vi)

€Tk 1€Ly
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bs() Z Xi{g(y"Wi) — Yi}. (A.26)
zel’k

Since x[ 3 is the average over K (at most 10) cross-fitted estimators, it suffices to study
one of the cross-fitted estimators,

— (k) (k) ST (k) SR~ (F) /~
X;rtdﬂ = X;rtdﬁ - 'e (ﬁ 77(k>) - (1 - p)'eimp( (k) 7 stdﬂ - sztdlg (A27)

We denote the expected Hessian matrices of losses in (A.26) as

H(B) = E {¢'(B"X:)X:X] } , o = H(8,),
Hio(7) = E{g' (VW) X; W]}, iy = Hino (7). (A.28)

Our analysis of the approximation error is based on the first order Mean Value Theorem
identity,

E{f‘[‘(k) <5<k) A(k)) | 26+ (1 — )E{f(k)(A(k)) | Dy}

imp

—E{"" (By; 7o)} +H(B){B" = By} — (1 — p) () F® — 7o}
=0
+ (1= p) E{ (7o)} +(1 = p)Hy DAY — 7o}
=0
~H(B){B" - By} (A.29)

for some B on the path from B(7) to B, and some ¥ on the path from 7 to 7,. The
conditional expectation notation is declared at Definition 11. Based on (A.29), we analyze

— (k)
the approximation error for /n (xsTtdB - X, dﬁo) through the following decomposition,

Vit (xiaB" = VixaB,) + Vil (Byv,) + V(1 = p)ui(v,)
=vnxl, (8" — By) — vra® " (B 5%) — V(1 - p)a® e (7))
+ Va8 (Biv,) + (1= p)ul e (y,) + Ve E(E (B 5%) | 75)
+ V(L = paPTE{L (3) | 25} — Vaa P TH(B){B" - 8.}
= Vi {30~ H(B)uo} (B = 8y) + v (wo — a®) H(B)(B" - B,)

T T2
+ v (B (B39 | 7y - {80 B A0) - 8 (8 }]
T3
V(L = AT [E{en (3) | 75} = {Em(3®) ~ (o)}
Ty
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v/ (= 6) {2 (B v) + (1= )i (1) } (A.30)

T5

Here we state the rates for T1-T5,

1 = 0, (VallB" = Byl3) . 1 = 0, (Valla® — wll2llB” = Byl )
Ty = 0y (pIB" = Byllz + Vo1 = p)IF = ll2)
Ti = 0y (1= 9)IF® = Yollz) » T = Op (IlE® — wl2)
With the assumed estimation rate in (A.22), we have
Ty +To+ T3+ Ty + Ts = 0,(1).

Thus, we have shown
— 1 K - =
vn <XsTtd:8 - XsTtd160> K Z v (XST““B B XLdBO)
k=1

K
1 ot ,
= > v (B v,) — VAL = p)uldn(v) + op(1)
k=1

— — Vnul€ (8o vo) — V(1 — p)ullus(v) + 0p(1).

Using the indicator R; = I(i < n), we can alternatively write

N

— 1 R; _

xLaB—x}aBy = N > ?ugxi{y;_g<7oTWi)}_ngi{g(7gWi)_g(ﬁgxi)}—i_op <(Pn) 1/2) :
=1

(A.31)
We provide the details of T7-T5 in Section C2.

PART 3: VARIANCE ESTIMATION

Finally, we show that asymptotic variance Vsas defined in (29) is bounded from infinity and
zero with the consistent estimator Vs defined in (23).
By the Cauchy-Schwartz inequality, we have a bound for the variance

Vaas =E [(ugXi){(1 = p) - g(vg Wi) + p - 9(B Xi) — Yi}?]
+p(1 = p)E[(ug X)) {g(ve Wi) — 9(B1Xi)}]
<VEIWIX)YE[{(1 - p) - 9(rTW:) + - 9(B1Xs) — i}

+p(1 = p/E (X)) E [{g(vIWi) — 9(BIX)}

Under Assumptions la, 2a, we have the sub-Gaussian and sub-exponential variables

105 Xl < 0o ll20mae/ V2 < 072 e/ V2,
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(1= p) - g(ve Wi) + p- 9(BsXi) — Yilly, < 2(v1 V1),
19(7o W) — g(By Xi) [l < 2{[19(7g Wi) = Yilly, V [|9(Bs Xi) = Yilly, } < 2(11 V 12).

By the bound for the moments of sub-Gaussian and sub-exponential random variables stated
in Lemma 17-b, we have
Veas < 8\/>0'_4 2 (1/1 \Y V2)2.

min max

Under Assumptions 1b, 2a, 2b-i and 2c, we have a lower bound for Vsas,

Vens >/ E [X'XT{(I —p) - 9(eW,) + p- 9(BiX;) — Y} ]u,
>HuoH

mln

>M Umax m|ny3||XStd||27

which is bounded away from zero.
We analyze the estimation error of variance Vgas — Vias through the decomposition,

Vers = Vs
K
n 1 . - A~ (k)T
=3B @X)H - ) 9(FYTW) + - g(BY X)) - Y2
=1 "\ ez, -
1
. A ~Ch c
— ez, |(@7X0){(1 - p) - 9FTW,) + p-g(B"X,) - Vi | %] )
K
(R @PTX)2{(1 — SITW. 3% —va2 | ge
+ D Bier, |(@TX)H(1 - ) g(3WTWi) +p-9(BT Xi) — Vil | 7
k=1 iy

—E [(0gX0)*{(1 = p) - g(vg Wi) + p- 9(B; X;) — Yi}?] )

KON — K R - (5T
+P(1—P)Z ]@—Zk (Nk—nk Z(u““)TXi) {g (ﬂ()X) W)} ]

k=1 €Tk

~ Eier, [@97X,)g(8"Xy) — g3TW)F | %] )
K

203 k_nk( e, |@YTX)2 (B X)) - g3 TWI N | 7]

k=1

R [(lX)* {9(81X) — g(vIW)} })

Here we state the rates for T7-T},

T =0, (n72), T3 = Oy (& — woll2 + (1 = )7 = Vall2 + pIB = Bull2)
15 = 0y (p(1 = p)NT2), i = 0y (p(1 = p) {6 = wollz + |5 = vollz + 1B = Byll2} ) .
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With the assumed estimation rate in (A.22), we have
TN+ Ty +T5+ Ty = 0,(1).
We provide the details of T7-T} in Section C2.

PART 4: CONCLUSION WITH ESTIMATION RATES

From the approximation in Part 2 and the boundedness and non-degeneracy of Vsas in Part
3, we have shown the asymptotic normality of the cross-fitted debiased estimator

\/ﬁ‘/SAS/ (XsTtdﬁ - X:—tdIBO) ~ N(0,1).
Together with the consistency of YA/SAS in Part 3, we have
\/E‘/SAS/ (XsTtdﬁ - X:tdIBO) ~ N(0,1).

PART 5: SUFFICIENT DIMENSION CONDITION

We have established the rate of estimation for 4, 8 and d from Lemma 21, Theorem 1 and
Part 4 of this proof above. Since we only keep one fold of the data away for the cross-fitted
estimators, they follow the same rates of estimation,

15 = ollz = 0, (V51 Togp +a)/n) .
1B = Byl2 = Oy (V55108 (0)/N + (1= p) /s, log(p + a) /)
16 — wollo = O, (/{5 + ) 1og(P)/N + (1= p) /s, log(p + ) /n)

Applying the rates of estimation, we show dimension assumption (28) is sufficient for (A.22).

B4 Efficiency of SAS Inference
RELATIVE EFFICIENCY TO SUPERVISED LEARNING

Proof [Proof of Proposition 9] We prove the Proposition by direct calculation

‘/SL - ‘/SAS
=E[(u; Xi)*{Y — g(B3X:)}?] — E[(ug X;)*{Y — (1 — p) - E(Y S, Xi)p - (85 Xi) }?)
=E[(u;X;)*{(1 — p*)9(B1X:)* — 2(1 = p)g(B; X)E(Y[Si, Xi) + (1 — p*)E(Y[Si, Xi)*}]
=(1 - p)’E[(us X)) {E(Y ]S, X;) — 9(B,X:)}’]
+2p(1 = p)E[(ug X,)*{E(Y[S;, Xi)? + g(B5 Xi)*}].
The last expression is the sum of expectations of complete squares, so it must be non-
negative. Thus, we have shown that the SAS asymptotic variance is no greater than the

supervised learning variance. The equality holds only if 1) p = 1 all samples are labelled;
2) or p =0 and u] X {E(Y]S;, X;) — 9(8;Xi)} = 0 almost surely. [ |
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EFFICIENCY BOUND AMONG SEMI-PARAMETRIC RAL ESTIMATORS

Proof [Proof of Proposition 10] The proof follows the flow of Section D.2 in Kallus and
Mao (2020). The semi-parametric model for the observed data is

Maps = {fX,Y,S,R(Xa y,s,7) = fx(x)fsx(s|x) {pfyis x(yls,x)} (1 —p)'~":
fx, fsix; fyjs x are arbitrary pdf/pmf, } (A.32)
We consider the parametric sub-model
M, = {fX,Y,S,R(Xa y,s,7:€) = fx(x:¢) fopx (sx: ¢) {nfyis x (Wls, x: )}
x(1—p)t7: ¢e Rd}. (A.33)

The score vector of the parametric sub-model is

¥(X,Y,S,R)
_ Olog{fxyvs.r(X,)Y,S, R; ()}
o6 ¢=Co
81Og{fx (X;¢) }‘ 810g{fs|x(S]X; C)}‘ R dlog{ fyisx(Y | S,X;¢)}
¢=¢o ¢ ¢=¢o o6 ¢=Co
— Wy (X) + \ps(s, X) + Ry (Y, S, X). (A.34)

Next, we decompose the the Hilbert space of mean zero finite variance random variables
measurable to 0{X,S, R, Y R}, denoted as H. The model tangent space spanned by the
score (A.34) is a linear sub-space of H,

A=Ax ®As @ Ay,
Ax = | span{®x(X)} = {1(X) € H : E[1(X)] = 0},

Moar
As = | span{®s(8,X)} = {h(S,X) € H : E[n(S,X) | X] = 0},
Mpar
Ay = | span{R¥y (Y, 8,X)} = {RA(Y,S,X) € H : E[1(Y,S,X) | 8,X] = 0}. (A.35)

Mpar
The orthogonal space of model tangent space A is
L = {h(R,8,X) € #:E[R(R,S,X)|S,X] =0}, H=ADAL. (A.36)

Now, we verify that the supervised learning influence function
Ps.(0:8) = EUTX{Y 9(B'X)}
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is indeed an influence function for x[ ;8 by showing

E{de (00 By)¥(X.Y, S, R)} = xu2B(0)| .
A6 e=cy

Since B(¢) is an implicit function of ¢ through the moment condition

E¢[X{g(B({)'X) =Y} =0,

we solve for its derivative by differentiating the moment condition

;’CEC[X{gw(c)TX) - Y}]]“ =0
d T T9'(By ! -
R R o
—Ou, [X{9(37X) — Y HEx(X) + ¥s(S,X) + ¥y (Y, 8, X)}] = ddcﬁ © 'c—c |

Then, we verify that the supervised learning influence function is valid

dx;dmo'

R
- — - B, | X {(B1X) - V) R(X,Y,S.7)

C:Co
:E{¢SL(90; /BO)lII(X> Y7 Sv R)}

Finally, we derive the efficient influence function by subtract from ¢s, its projection onto
A+ = Ap. Let II[h(D) | A] be the projection of h(D) € H to the space A. We can easily
calculate the projection of ¢ onto Apg,

H[¢SL(90§BO) | AR] :E{¢SL(90§BO) | R, SaX} - E{¢SL(903ﬂ0) | SaX}

I X{E(Y |8.X) - g(87X)} ~ wX{E(Y |8,X) ~ g(8"X)).

The efficient influence function is thus obtained

bet (005 Bo) =0s.(00; By) — s (00; By) | Ar]
=fu§X{Y gAY} - fug X{E(Y | 8. X) - g(67X)}
L WX{E(Y | S,X) — g(87X))

—fng{Y CB(Y |8, X)) + wWX{E(Y | S,X) — g(87X)}.
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Appendix C. Auxiliary Results
C1 General

Lemma 14 Under Assumptions 1la, 1b, 2a, the residuals of the imputed loss are sub-
Gaussian random variables ,

19(B™X:) — (Y W)l < 4max{vy,va, M|B = Byll20ma/ V2, MY — voll20ms/ V2}
Similarly,
1Y; = g(Y"Wi)[ly, < 2max{ur, M|y — v,ll20m/V2},
lg(Y W) = g(va Wi)lly, < My = Yoll20ms/ V2,
l9(87X:) = (B3 X)lys < MIB = Boll20mar/ V2,
lp-9(B"Xi) + (1 —p) - g(Y'Wi) = Yy, < 4dmax{(1 — p)v1, pra,
PM B = Boll20ms/ V2, (1 = p)M |1y = Yoll20ma/V2},
19(B™X:) — g(BsXi) — g(Y"Wi) + g(vg Wi) [l < V2M o max{[|B — Bolla, 17 — ¥oll2}-

Proof [Proof of Lemma 14| To establish the sub-exponential tail, we consider the following
decomposition

9(B™Xi) — g(v"' W) ={9(B, Xi) — Yi} — {g(vo Wi) — Yi}
+{9(B"Xi) = 9(BsXi)} = {g(v"Wi) — g(vo Wi)}-
According to Assumption 1la, the first two terms on the right-hand side of (A.37) are sub-
Gaussian,

(A.37)

19(85%s) = Yillys < v1, l9(vg Wi) = Yilly, < 1o
According to Assumption 1b, the latter two terms on the right-hand side of (A.37) are
bounded by

19(B"X:) — g(BsXs)| < M[(B — Bo) Xl [9(v"Wi) — g(vs Wi)| < M|(v —,)"Wil.
Under Assumption 2a, (8 — 8,)"X; and (v — v,)"W,; are sub-Gaussian random variables,
18 = Bo) Xilly < 18 — Boll20ma/ V2
10y = 70) Wil < lI7 = oll20mae/ V2.
By Lemma 17-e,
lg(87X:) — 9(B5Xi)llvs < MIB = Bo) Xillyy < MIIB = Boll20mar/ V2
lg(Y"Wi) = g(va Willus < 107 = ¥0) Wil < My = oll20ma/ V2.
Finally, we apply Lemma 17-d
l9(B7X:) = g(v"Wi)lly, <4max {{lg(B;Xs) = Yillu,, [lg(vs Wi) — Yilly,,
19(8"X:) — 9(B3 %) Iy 9(Y " Wi) = g(vg Wi)lly
<4 max {1/1, V2, MHIB - :80||20ma></\/§a MH7 - 7o‘|20maX/\/§} :

Therefore, we have reached the conclusion.
We may obtain the rest of bounds following the same derivation. |
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C2 Inference
ANALYSIS OF ESTIMATED PRECISION MATRIX

Proof [Proof of Lemma 13|
The definition of the cross-fitted loss functions m®**") and their derivatives can be found
t (A.23). By the definition of u®); we have

Nk, PN ) ~ Nis 3k
> o (@B ) Al < 30 ) (w8 Al
k/#k k/#k

Denote the standardized estimation error as § = (U™ — u,)/|[u®) — w,|2. Due to convexity
of the loss function, we have for ¢t = ||[u®) — ug|j2 A 1

Ny (k) ( ~(k,k")
———m® td; ) A tél|; <
k%:kN_Nkm w58 )+ Auet ||1_k%;k

(kK
m® (g B ) ol

(A.38)

N — N,

By the triangle inequality ||[uol[1 — ||ue + t6]|1 < t||d]]1, we have from (A.38)

3 foka {m (g +18: ) = m® (w B°7) } <enfisl (A39)
k' £k

Because the loss functions m® are quadratic functions of u, we can apply the restricted
strong convexity event Q*) to obtain

8 (418 5%) = ) (g B — 7 (B
25Ty (B (I@Uak’)) s
t2 :ksc 1 t/i;ksc,l/i:;cj V ]‘Og(p)/Nk, ||6H1 (A4O)

Applying (A.40) to (A.39), we have with large probability

Ny ~(k,k")
S o i) (B P, — o SRV ) < A8
k'#k

where ||d]|2 = 1 from definition. Thus, we have reach

. Ny Y (k) .
s S M8 = 3 5 10T (0 B) — nioni V108() /N1 }

k' £k
(A.41)

The target parameter u, can be identify by E {r'n(’“’"') ( 0} (k ¥ )) \ _@C,} = 0. We use

. ’ ~ (k,k
the fact to do a careful analysis of § 'm®*:*) (uo; ,6'( )

. ~ (kK" . (k&) . ~ (kK"
0 o) 8 [ () ) 0 ]

Y [JE {r'n““”“/) (uo 3 )> | %} - {rh"“”“” (10; By) | %H

) by the decomposition
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~ / ~ /
<)l [[ra " (u; 8) — B {in (e B | 25}
o

(k)T

+||Eiezoua, XiXTuodg(87X:) — 98" "X0)} | 7

|- (A42)

We establish the rate for Lo-norm of the population score at u, through analyzing

~(k,k)T
sup Eiez,ug, [V XiXju{9(B;X:) —9(B " Xa)} | Zil,

[vl2=1

whose bound can be derived from Assumptions 1b, 2a, 2a, the Cauchy-Schwartz inequality
and Lemma 17-b,

~(k,kHT

Eicr, oz, VX XTu,{g(81X:) — (B "X} | 28]

~(k.k")

.
<MEiez, 0, [V XX (8, - 8""") X} | 25

{(Bo _ B(k,k’))TXi}Q | @g/]

<M [E{(vX)E((vX) "] | | Bier i,

~(k,k)

<M, |[vllz [l | B, — B

-

~(k,k")

BO_IB

max

~ (kKT
Eiez,u7, [XinTuo {g(ﬁoTXz’) -9 (5 Xz)} | 91?/}

|, < M2 Jlull2|

Hence, we have shown
(A.43)

By the bound for (A.42) through (A.43) and the definition of A, we have the bound
from (A.41)

~(k,k")
tH* Bo - 18

rsc,1

’2 . (A.44)

max

< 20,8111 + M2, Jlugll2 sup |
k' £k

Hence, we can reach an immediate bound for estimation error from (A.44) without con-
sidering the sparsity of u,. We shall proceed to derive a sharper bound that involves the
sparsity of u,. We separately analyze two cases.

Case 1:

~(k,k")

50_16

Mo?, [uslls sup |

R LIPYE

geeey

/\(k

In this case, the estimation error is dominated by 3, — 8 ) We simply have from (A.44)

tk* < TMo? |uoll2  sup ),BO—B(IC’M
k=1,...K

rsc,1 — max

.

goooy

k|2
e 8lA/3 < TMoS, Jluollf sup ||8, - B .
k=1,...K 2
Thus, we have
~ (kK"
5 = ol < 73107, ol sup |8, — B /s
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(kk)

e (A.45)

max

0% — ol < 21M 08, ||ul|3 sup Hﬁo
k' £k

Case 2:

(k,k")

M2 w2 sup |8, — B
k' #£k

|, <1613 (A.46)

In this case, the estimation error is comparable to the situation that we have the true 3,
for the Hessian. Thus, the sparsity of u, may affect the estimation error.

Following the typical approach to establish the cone condition for §, we analyze the
symmetrized Bregman’s divergence,

Ny , ~ (kK" ; (k&)
5k (kKD [ 33(k). ’ (kKD . ’
@9 =)’ 32 e {0 (@058 -t (wsp )

K £k

~ Ny ~ (kK . / (kK
:Hu(k) _ u0”2 Z N k’N 57 { (k,k") (u(k);ﬂ(k k )) — ) (uo;ﬂ<k k >>} . (A.47)
k' £k

Due to the convexity of the quadratic loss m®**" (-;B(k’k )>, the symmetrized Bregman’s

divergence (A.47) is nonnegative through a mean-value theorem,

. N, ) iy 0K ) (k")
0 3 P e () e )

k' #k

Ny Sk EDT ~
= Z N_N,. Z 9'(B8 X){(@" - up) "X}

k' £k ke 0T

Denote the indices set of nonzero coefficient in u, as O, = {j : up; # 0}. We denote the dp,
and do¢ as the sub vectors for § at positions in O, and at positions not in O, respectively.
The solution u® satisfies the KKT condition

Nk’ ’ ~(k,k")
A (k,E) [ 23(k). ’
ZN—Nkm (u B ) S A

o

Ny ik Ky (). 3% k') : G AN ()
k%:kN_Nk ( ) )j:—)\us1gn(uj ),].uj # 0.

From the KKT condition and the definitions of § and O,, we have

Ny =~ '
53 o (80:8) <lin. g€ o
k' £k ’

—u( DY sign(u; )

Ny o (kKD
5; (kk)( ®.3 ) —
k,%:k N — Ny j Hu““) - uo||2

— Al jeon  (A8)

Applying the (A.48) to (A.47), we have the upper bound,

Ny / ~(k, k) / ~(k k")
T i (kED) [ 23(k). ’ _ i (kED) . ’
o ZN—Nk {m (“ B ) m (UO’B )}

K £k
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N R k&) Ny g (kKD
_Z(Sk’;c]v Ny (kk)<(k>’6 ) Z52]\7 Ny, (kk)<<k)'6 )j

JEO, jeOs k'#£k
a0k (1 3E)
+ZN o (u:8"")
k'#£k
-t N
<A 18] = A D 165+ 678 (B )
jeo, jEeOs

Nk’/ T (k,k/) . ~(k,k)
<Al80, [ = Aldog 1 + %Ma i (u; 8.

Then, we apply (A.42), the definition of A, and (A.46),

2
0 < Afldollr = Alldoglls + 3Alldlly,  and - Adfldoglly < 5190, 1

Therefore, we can bound the Ly norm of & by the cone property,

18]l1 < 6A[[00, [l < 6v/5.][0]l2 = 61/5.. (A.49)

Now, we apply the cone condition (A.49) and the case condition (A.46) to the bound
(A.44),
thp, < 14y/s,A,, thy,[|0]1 < 84s,A,

rsc,1

Thus, we obtain the rate for estimation error

0% — gl < 14y/s, A /Ky, ([0 —uo|ly < 84,4, /K (A.50)

rsc,1°

Conclusion:
Since Case 1 and Case 2 are the complement of each other, one of them must occur.
Thus, the bound of estimation error is controlled by the larger bound in the two cases,

—~ ’
6%~ w2 < max {14\m [l M3, -5, //-e:;c,l} ,
||u(k) — W Hl <max{84$ A /HYSC1721M0—EIBXHHOH% Sup HIBO (kk) ’ / rscl }7
k' #k
which is our oracle inequality. |

ANALYSIS FOR TERMS Ti-T5 IN PART 1

To show

Ty = Vi {x — BB} (3" - 8,) = 0, (vl B - B3) .

we rewrite the term as a conditional expectation
> (k)
=iy { - H(@)} (B - 8,)
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SE)T

—Viicq, [ X8 - B)Xilg'(B'X:) ~ B X0} | 7]

Under Assumptions 1b, 2a, we derive the bound for the expectation using the Cauchy-
Schwartz inequality and Lemma 17-b,

(k)

1| SMVnEics, |wXA(B" — 87X} | 7]

<My e, {(u7X)2 | 7} Bieg, [{(B" - 87X} | %]

(k)
<My/n8|lug X[, 118 — Bo)Xilly,

~ (k) 2 3
<M ||z [B* = 8, o (A.51)

max*

Since ||ug||2 is bounded according to (A.25), we have established in

1| = 0, (vallB" - B3)

as declared.
To show

-~ 2\ Ak =) ~
T = Vi (u — @) BB - 8,) = 0 (VallB” ~ Byl 8% — woz)
we rewrite the term as a conditional expectation
~ (k)
Ty = ViBieg, | (w - 0%) X(B" - 8, Xig(B'X) | 7] .

Similar to (A.51), we derive the bound for the expectation under Assumptions 1b, 2a
through the Cauchy-Schwartz inequality and Lemma 17-b, 17-f,

~ (k)
ITo] <MyiBicg, [| (o —a%) X" - Byl | %]
~ (k)
<2M /| (w —0®) Xi(B — Bo) Xilly,
~ (k)
<AM Vi (o = 6)" Xillyu (B~ B) il

<MVa[[E® = w|2|B" - Byllo02,.

This bound immediately implies

= 0y (VllB = Byll2ll8 — w2
To show

Ty =y (B (B3 | g5 - {8V BYA0) - 1By, |
=0y (pIB" = Byllz+ Vo= )l =2
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we rewrite the term as two empirical processes with diminishing summands

~ Vi Z( OTX{g(B"X) — g(B1X:) — g(FYTWL) + g(vI W)}
16;7k

(k)T

~Eicg, [0 X {g(B" X)) — 9(81X0) — g(3 W) + g(vi W)} | %] >

—\fN > (AWTX{ (B X:) - g(B1X:)}
1€Ly,

(k)T

—Eies [u(’“”X (9(B

X) - 98X} | %] ).

We have used the identity ]E{f“k)(ﬂo;'yo) | 27} = 0 above. Using Lemmas 14, 17-h and
Assumptions (2a) and (2a), we show that each summand is sub-exponential

(k> %
G Xi{g(B Xi) — 9(BsXi) — 9V TWi) + g(vg Wi) Hly,
~E)T

<89l 98" Xi) — 9(B5Xi) — 97 TW) + g(vg Wil
<M, @2 (18" = Ballo + 15 = oll2) -

SE)T (k)
[67X{g(B"X:) = (87X Hluy < Mo, 828" = B,ll2/2

Applying the Bernstein’s inequality, we obtain

=0y (151> { valIB" = Byllo + VoL = PIF™ = %oll2})

We achieve the stated rate with the tightness of |[u®™||s from (A.25).
To show

Ty =vn(1 - p)a®" [E{en(3") | 75} — {4nF) - L) ]
Op (1= P)IFY = 7oll2)

we rewrite the term as the empirical process with diminishing summands

= Vi 3 (WX W W)

n
k 1€Ty

- Eicg, [0 XA0(GW) - goT W)} 7] )

We have used the identity E{Zlm p(’y0 | ¢} = 0 above. Similar to the analysis of T3, we
show that each summand is sub-exponential

[ROTXi{g(FTWi) = g(vg Wilblly, < Mog, 8 |25 —~,l2/2.
Applying the Bernstein’s inequality, we obtain

Ty = Op (1= p) 8727 = 7oll2) -
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We achieve the stated rate with the tightness of [[u® ||y from (A.25).
To show

Ts = v/ (o — 6%) " {8 By 7,) + (1= 0 (70) } = Oy (T — woll) .

we rewrite the term as the empirical process with diminishing summands

f Z (A" — 1o)X {g(BrXs) — g(vs W)}

zEJk

—f Z Y — ) Xi{p- 9(B;Xi) + (1= p) - g(vg Wi) — Yi}.

ZEZk
The summands have zero mean because
Eicg, [(@% — w)"Xi{g(B;Xi) — g(vo Wi)} | Zf]

=" — uo)"E [Xi{9(BX:) — g(v, Wi)}]
—0,

Eiez, [(" —wo) Xi{p- 9(B;X:) + (1 = p) - g(ve Wi) = Yi} | Z]
=" — )" (PE [Xi{g(BsXi) — Yi}] + (1 = p)E [Xi{g(v, Wi) — Y3}])
=0.

Similar to the analysis of T3, we show that each summand is sub-exponential

1@ = 10) Xi{g(BrXi) — (v Wi} [, < V20m(1 V 22)[8Y — ws]
(@Y —uo) Xi{p - 9(BiXi) + (1 = p) - (g W) = Yi} [, < V20, (1 V 12) 0¥ — o]l

Applying the Bernstein’s inequality, we obtain

75 = 0, (8% = woll2 { V(T = p) +1}) = Op (IIF" — wl2)

ANALYSIS FOR TERMS T7-T IN PART 2

Conditionally on the out-of-fold data, the term 77 is the empirical average of i.i.d. mean
zero random variables,

K
n 1 =~ ~ ~(B)T
T =Y " ST @A ) 9FYTW) + - 9B X - i)

~ Biex, [(@7X)H{(1 - p) - 93"Wi) +p- 9(B" X)) - Y} | %] ) |

We bound the variance of each summand by the Cauchy-Schwartz inequality and Lemmas
17-b, 17-d, 17-e,

Var |(@7X,)2{(1 - p) - g(7 W) + p- g(B"X0) — Yi}? | 7|
1€l
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~ ~ SE)T c
<Eicr, |(@7X)M(1 - p) - g(7TWi) + p- g(B" X)) — Vi) | 7]

4 Eier, {(@97X0)* | £} Biex, [{(1-p) - g(7TW3) +p- 9(B""X0) — Vi) | 7]

)T ~ 8
\/48!\11 97X 15,48 (pllg(B"Xi) = Yillus V (1 = p)llg(7TX0) — Vil ) (A.52)

Under Assumption la, 1b, 2a, we have
[P X[l < (uoll2 + 8% = Woll2)Tmar/ V2 = Op (1 + [[8% — wo]|2) -
We apply Lemma 14 to obtain
~E)T ~ (k)
lgB"""Xs) = Yilly = O (1+ 18" = Byll2) .
lgFTWi) = Yillyy = Op (14 17" = 7ol2) -

We have shown that the variance in (A.52) is of order

~ k) ~
Op (14 18 — woll§ + p1B" ~ Bylld + (1~ p)'I5% — 7).

Thus by the Tchebychev’s inequality, we obtain
~ (k)
1] = 0, ({1418 = wlls + plIB" = Byllz + (1 = 9)IF = ¥oll2} /v/7)
Applying the consistency of ¥, ,@W and u® from (A.22)

T =0, <n_1/2) = o0p(1).

To analyze T, we consider the decomposition in which the estimators are replaced by
the estimands one by one,

Ty

3

K
~ - (k)T .
=3 (B, [@TX1 - ) o(3TW) + 9B - ¥ | 7

k=

—_

CE X)L p) - g(IW) + - 9(BTX0) — VY] )

K
N _ ST .
=> ;k i€T, [ {(@% —u)" XM X{(1 = p) - gAYTW) +p-g(B T Xy) — Vi | @k}
k=1

+ Z %Eielk [{(ﬁ(k) — o) " X i X {(1 - p) - gAYTW) + p - g(B(k)TXZ-) — Y2 9;5]
7 ST
3 P, [ X1 - p) - 9(3TW) + - 9(B X)) — Vi)

k=1
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% [(1= ){gFW2) — g(vi W)} + plo(B" X0) - 9(B1X))] | %]

K
+ Z %Eien [(UJX¢)2{(1 —p) - g(YITW,) + p- g(BIX;) — Y;}
k=1

X 1(1= p){gFVTWi) = (W)} + p{g(B"X0) - g(B1X)} | 7).

Following the same calculation as in (A.52), we can bound the expectations
~ ~ (k) ~
T3 = 0, (6 = wolla + oI B = Bylla + (1 = )™ = ol )

Applying the consistency of 7, ,@ and U from Lemma 21, Theorem 1 and Part 1 in the proof
of Theorem 7, we have established
T3 = op(1).

Repeating the analyses for 7] and T3, we can show
~ (k) ~
7§ = 0, (/L= p)/N {1+ 8% = wolla + 18" = Bulla + 17 = ¥all2 }) = 0p(1),

~ ~ (k) ~
T; = 0y (p(1 = p) {IE = wolls + 18" = Bylla + 15 = voll2}) = 0p(1)

Appendix D. Additional Technical Details
D1 Definitions
We adopt the following definition of sub-Gaussian and sub-exponential random variables.

Definition 15 (Sub-Gaussian and Sub-Exponential Random Variables) The sub-
Gaussian parameter for a random variable V is defined as

V], = inf {a >0: E(eVQ/"Q) < 2} .

The random variable V' is sub-Gaussian if |V ||y, is finite. The sub-Gaussian parameter for
a random vector U is defined as

HUHsz: sup ||VTU”1/J2'

[vl2=1

The sub-Gaussian parameter for a random variable V is defined as
[V, = inf {I/ > 0:E(eVI/7) < 2} _

The random variable V' is sub-exponential if |V ||, is finite. The more general Orlicz norm
for a € (0,1) is defined as

IVl = inf {1/ >0:E [er/V)“} < 2}.

Mimicking the (minimal) Restricted Eigenvalue condition on the minimal eigenvalue of
matrix over a cone (Bickel et al., 2009), we define the maximal Restricted Eigenvalue in
Definition 16.
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Definition 16 (Maximal Restricted Eigenvalue) For a cone-set of the indices set O C

{1,...,p}
C,(£,0) == {v e RPT : Jluoe |y < Ellvoll1 }, (A.53)

we define the mazximal Restricted Eigenvalue of a matriz ¥ as

VoS
RE,.(£,0;%) =  sup el

VU U (A.54)
vee, (e, 00Ny |Ivl2

D2 Statements of Existing Results

The properties in Lemmas 17 and 18 are covered in Vershynin (2018) Chapter 2 and 4.

Lemma 17 (Properties of sub-Gaussian and sub-exponential random variables)

a) Tail-probability:

P([V] > z) < 2e*/IVllv

P(V] > ) < 2~ 1V,
b) Moments: E(|V[") < min{r, 1|V [}, 5421V, with k.1 =112 and k,, = T(r/2)r,
and E(|V]) < /7[[V ]|, ;
c) Hierarchy: |[V|ly, <|[[Vlly,;
d) Arbitrary addition: |32 Vill,,, < mmaxi—1,.m ||Villy, and [|320% Vil < mmaxi—y, . [[Villy, s

e) Multiplication with bounded random wariable: ||ViVa|y, < [[VillwK, [[ViVally, <
Vil IS for |Va| < K almost surely;

f) Multiplication between sub-Gaussian random variables: ||ViVally, < [[Villye ||Vl in
particular, H‘/luwl S ||Vv1||1l)2/ 10g(2),

g) Hoeffding’s inequality: Vi,...,V,, are independent mean zero sub-Gaussian random
variables. For t > 0,

m 2
t
P Vil>t| <dexp| — , Kys =38.
(; Z ) < Fos S0 ||v;|@2> v

h) Bernstein’s inequality: Vi, ..., Vy, are independent mean zero sub-exponential random
variables. Fort >0, k,, =16 and k,5 =4

g

-1

m —1
> t) < 2exp | —min t2 (@,AZ ”VzHi1> T (’%,5 Z.:Hllaxm ||ViH¢1)
Z‘Zl EARAS]

Vi
i=1
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Lemma 18 Let V4,...,V,, be i.i.d sub-Gaussian vectors in RP such that
[o"V I3, < K*E{(v"V)?}

for some 1 < K < oco. Then,

1 m
=Y ViV —E(VVT)
m i=1

=0, (p/m+ \/p/m) .
2
From Negahban et al. (2010) and Huang and Zhang (2012) among other literatures, we

have the following results concerning the LASSO under the generalized linear models.

Lemma 19 Under Assumptions 1b, 2a and 20,
P<&47V+A)—&WCMM—AV%$%)
> il Aa{1 Alls = e/ 08 /A VAl 1) 2 1= e
1P><ePL(ﬁO +A) — 1o (B,) — AT (B,)
> sl AT (A~ e DBV IA I VATl 1) 2 1 e

The negative log-likelihoods are defined in (8) and (10), and their gradients defined in (12).
See Definition 11 for the definition of conditional expectation notation. The constants are

all absolute.

The two inequalities in Lemma 19 are direct application of Negahban et al. (2010) Propo-
sition 2 page 22. We can construct an auxiliary loss function to prove the following lemma.

Lemma 20 Under Assumptions 1b, 2a and 2b,

(L 5 0GRy

1€L, U

> 26, | A3 = Kreabrie .V 1og(p) /N [ All2| Al VI A2 < 1)

2
Omi —kk W N
) = 2an;”m> — Fires€ A

max

>P <HB(“ - B,

The constants are all absolute.

(k)T

Proof [Proof of Lemma 20| First, we show 4/¢’ ([3 Xi>Xi is a sub-Gaussian random

vector whose second moment has all eigenvalues bounded away from infinity and zero.
Under Assumptions 1b and 2a, we may apply Lemma 17-e,

v o (B"TX)Xi| < VMIVTXG gy € VMo VI]2/V2.
2

P
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Thus, /¢ (B(M )TXZ)Xi is a sub-Gaussian random vector. Under Assumptions 1b and 2a,

we can bound the maximal eigenvalue of its second moment,

(k)T
VEiez, vz, {9 (B Xi) XX | 7 | v < ME{(v'X,)*} < M|v[3o

max

We derive the lower bound for the minimal eigenvalue of its second moment from Assump-
tions 1b, 2a, 2a, 2b-i, the Cauchy-Schwartz inequality and Lemma 17-b,

~(k,EDT
V' Eicz,,07, {g' (5 Xz) XX | 9}5/} v
>v'Eier, ug, {9 (B3 X)) XiX] | D v
(k K )T
~ Eier, iz, [(vX0 {9(87%:) — g (B )} | 75

(vTX;)? {(50 - B(k Y H ‘ @k’]
NN\ T 2
>||vI3o2, — M, |E{(v'X;)}Eiez, g, [{ (8,-8"") XZ} | @C,]

)

>[v|20%, — MEicz 0, [

(k")
>[[v|3 (o2, — Mo, ||B

max

_/60

Whenever B(k) — ,80

, we have
ma

~(k,k)T
VEier, Uz, {g' (B %) XiXT | 75 | v = Vo2, /2.

Second, we construct an auxiliary least square loss to apply Negahban et al. (2010). Let
€; be independent standard normal random variables. Construct the loss function

2
LW = Y {Eiﬂw—v)T g (3“”“”&-)&}'

1€L, U

By the design, we have

, , , 1 N4
LEH) (vo + A) = L6 (vg) — AT L0 (v, 4 A) = > g (BYX) (aTX)2
ov Ny (€L, U,
(2 k:/ k/

We apply Proposition 2 in Negahban et al. (2010) for £**)(v) conditionally on out-of-fold
~ 2
data Z;, and the event {H (k ¥ B, ) < o min } to finish the proof.

203

max

Lemma 21 For a constant Ken(n,p,q,er) < /S, log(p + q)/n, the event

Qcone - {H‘elmp ")’0 HOO - H ZW {g }

S ’%cone(/nﬂp? Q7 g'f‘)}

[e.o]
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occur with probability greater than 1 — e, under Assumptions 1a and 2a. Setting \, = 2, we
have on event Qe that

5 = € (3, 5upp(7,)) = {v € R4+ Jloog |1 < B[lvo, I }

where O, = {j : v; # 0} is the indices set for nonzero coefficient in ~y,. Moreover, we have

15 = ollz = 0y (V55 108+ @)/n)

The concentration on the event ), is established by the union bound of element wise
concentration, which is in turn obtained by the Bernstein inequality for sub-exponential
random variables (Lemma 17-h). The rest of Lemma 21 follows Huang and Zhang (2012)
Lemma 1 page 5 (page 1843 of the issue) and Negahban et al. (2010) Corollary 5 page 23.
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