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Abstract

Contrastive learning has achieved state-of-the-art performance in various self-supervised
learning tasks and even outperforms its supervised counterpart. Despite its empirical suc-
cess, theoretical understanding of the superiority of contrastive learning is still limited.
In this paper, under linear representation settings, (i) we provably show that contrastive
learning outperforms the standard autoencoders and generative adversarial networks, two
classical generative unsupervised learning methods, for both feature recovery and in-domain
downstream tasks; (ii) we also illustrate the impact of labeled data in supervised contrastive
learning. This provides theoretical support for recent findings that contrastive learning with
labels improves the performance of learned representations in the in-domain downstream
task, but it can harm the performance in transfer learning. We verify our theory with
numerical experiments.
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1. Introduction

Deep supervised learning has achieved great success in various applications, including com-
puter vision (Krizhevsky et al., 2012), natural language processing (Vaswani et al., 2017),
and scientific computing (Han et al., 2018). However, its dependence on manually as-
signed labels, which is usually difficult and costly, has motivated research into alternative
approaches to exploit unlabeled data. Self-supervised learning is a promising approach
that leverages the unlabeled data itself as supervision and learns representations that are
beneficial to potential in-domain downstream tasks.

At a high level, there are two common approaches for feature extraction in self-supervised
learning: generative and contrastive (Liu et al., 2021; Jaiswal et al., 2021).

Both approaches aim to learn latent representations of the original data, while the
difference is that the generative approach focused on minimizing the reconstruction error
from latent representations, and the contrastive approach targets to decrease the similarity
between the representations of contrastive pairs constructed by data augmentation. Recent
works have shown the benefits of contrastive learning in practice (Chen et al., 2020a; He
et al., 2020; Chen et al., 2020b,c). However, these works did not explain the popularity of
contrastive learning — what is the advantage of contrastive learning and where does it come
from?

Additionally, recent works aim to further improve contrastive learning by introducing
label information. Specifically, Khosla et al. (2020) proposed the supervised contrastive
learning, where the contrasting procedures are performed across different classes rather than
different instances. With the help of label information, their proposed method outperforms
self-supervised contrastive learning and classical cross-entropy-based supervised learning.
However, despite this improvement in in-domain downstream tasks, Islam et al. (2021)
found that such improvement in transfer learning is limited and even negative for such
supervised contrastive learning. This phenomenon motivates us to rethink the impact of
labeled data in the contrastive learning framework.

In this paper, we first establish a theoretical framework to study contrastive learning
under the linear representation setting. Under this framework, we provide a theoretical
analysis of the feature learning performance of the contrastive learning on the spiked co-
variance model (Bai and Yao, 2012; Yao et al., 2015; Zhang et al., 2018) and theoretically
justify why contrastive learning outperforms standard autoencoders and generative adver-
sarial networks (GANs) (Goodfellow et al., 2014) —contrastive learning is able to remove
more noise by constructing contrastive samples via augmentations. Moreover, we investi-
gate the impact of label information in the contrastive learning framework and provide a
theoretical justification of why labeled data help to gain accuracy in in-domain regression
and classification while can hurt multi-task transfer learning.

1.1 Related Works

The idea of contrastive learning was firstly proposed in Hadsell et al. (2006) as an effective
method to perform dimensional reduction. Following this line of research, Dosovitskiy et al.
(2014) proposed to perform instance discrimination by creating surrogate classes for each
instance and Wu et al. (2018) further proposed to preserve a memory bank as a dictionary
of negative samples. Other extensions based on this memory bank approach include He
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et al. (2020); Misra and Maaten (2020); Tian et al. (2020); Chen et al. (2020c). Rather
than keeping a costly memory bank, another line of work exploits the benefit of mini-batch
training where different samples are treated as negative to each other (Ye et al., 2019; Chen
et al., 2020a). Moreover, Khosla et al. (2020) explores the supervised version of contrastive
learning where pairs are generated based on label information.

Despite its success in practice, the theoretical understanding of contrastive learning is
still limited. Previous works provide provable guarantees for contrastive learning under
conditional independence assumption (or its variants) (Arora et al., 2019; Lee et al., 2021;
Tosh et al., 2021; Tsai et al., 2020). Specifically, they assume the two contrastive views
are independent conditioned on the label and show that contrastive learning can provably
learn representations beneficial for in-domain downstream tasks. In addition to this line of
research, there exist several alternative perspectives for studying the theoretical properties
of contrastive learning. To name a few, Wang and Isola (2020); Graf et al. (2021) explored
the representation geometry, HaoChen et al. (2021) analyzed the augmentation graph, Tian
(2022) proposed a two-player game theory framework, Zimmermann et al. (2021) demon-
strated the connection between contrastive learning and nonlinear Independent Component
Analysis (Hyvarinen et al., 2009), Saunshi et al. (2022) showed that the importance of
inductive bias in contrastive learning, and Jing et al. (2021) investigated the dimensional
collapse phenomenon. Furthermore, Tian et al. (2021); Wang et al. (2021) have also ex-
plored the ability of self-supervised learning to learn features even without contrastive pairs,
specifically in the context of linear representation settings.

More relevant to this paper, Wen and Li (2021) considered representation learning under
the sparse coding model and studied the optimization properties in shallow ReLU neural
networks. However, the assumptions that features are extremely sparse and signals follow
Gaussian distribution seem strong for real data. Garg and Liang (2020) studied the combi-
nation of supervised learning and self-supervised learning. They derived sample complexity
bounds in a PAC-learning style for various settings. Specifically, the authors assume that
there is a ground-truth representation such that it can keep both self-supervised loss and su-
pervised loss at a very low threshold. However, as the authors admit, it is hard to determine
such a threshold in practical settings. For example, since the unlabeled data and labeled
data come from different domains, such as Image-Net and CIFAR-10, domain-specific fea-
tures may have a much lower loss compared with domain-transferable features.

While the aforementioned previous works aim to demonstrate that contrastive learning
is capable of learning meaningful representations, it was left untouched why contrastive
learning outperforms other representation learning methods. We also shed light on the
impact of labeled data in a contrastive learning framework, which is underexplored in prior
works. A detailed comparison with existing literature is deferred to Appendix A.1.

1.2 Outline

This paper is organized as follows. Section 2 provides the setup for the data-generating
process and the loss function. In Section 3, we review the connection between PCA and
autoencoders/GANs. We also establish a theoretical framework to study contrastive learn-
ing in the linear representation setting. Under this framework, we evaluate the feature
recovery performance and in-domain downstream task performance of contrastive learning
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and autoencoders. In Section 4, we analyze the supervised contrastive learning. In Section
5, we verify our theoretical results given in Sections 3 and 4. Finally, we summarize our
analysis and provide future directions in Section 6.

1.3 Notations

In this paper, we use O, 2,0 to hide universal constants and we write a; < by for two
sequences of positive numbers {a;} and {b;} if and only if there exists a universal constant
C > 0 such that ar < Cbg for any k. We write a; < by when ax < b and ap = by holds
simultaneously. We use || - ||, || - ||2, || - ||# to represent the 2 norm of vectors, the spectral
norm of matrices, and Frobenius norm of matrices respectively. Let Oy, be a set of d x r
orthogonal matrices. Namely, Oy, £ {U € R™>" : UTU = I,}. We write n > d when
there exists a sufficiently small constant ¢ depending on the constant and independent of
n, d and r such that d/n < ¢ holds. d > r is defined similarly. We use |A| to denote the
cardinality of a set A. For any n € Nt let [n] = {1,2,--- ,n}. We use || sin®(Uy, Us)||F to
refer to the sine distance between two orthogonal matrices Uy, Uz € Qg -, which is defined
by: ||sin© (Uy, Us) | £ HU{D_UQHF, where Uy € Qg4_,, is any orthogonal complement of
Ui. More properties of sine distance can be found in Section A.3. We use {e;}¢, to denote
the canonical basis in d-dimensional Euclidean space R?, that is, e; is the vector whose i-th
coordinate is 1 and all the other coordinates are 0. Let I{A} be an indicator function that
takes 1 when A is true, otherwise takes 0. We write a Vb and a A b to denote max(a,b) and
min(a, b), respectively.

2. Setup

Here we introduce loss and data-generative models that will be used for the theoretical
analysis later.

2.1 Linear Representation Settings for Contrastive Learning

Given an input = € RY, contrastive learning aims to learn a low-dimensional representation
h = f(x;68) € R" by contrasting different samples, that is, maximizing the agreement
between positive pairs, and minimizing the agreement between negative pairs. Suppose we
have n data points X = [z1,22, -+ ,2,] € R¥™ from the population distribution D. The
contrastive learning task can be formulated to the following optimization problem:

. o l = . RPos pNeg, ¢/,
i £(6) = mjn £ 3 o 57, B3 1(:6) + ARIO), (1)

where £(-) is a contrastive loss and AR(6) is a regularization term; B3, vaeg are the sets of

positive samples and negative samples corresponding to x;, the details of which are described
below.

Linear Representation and Regularization Term We consider the linear represen-
tation function f(z;W) = Wz, where the parameter 6 is a matrix W € R"9, This linear
representation setting has been widely adopted in other theory papers to understand self-
supervised contrastive learning (Jing et al., 2021; Wang et al., 2021; Tian et al., 2021) and



THE POWER OF CONTRAST FOR FEATURE LEARNING: A THEORETICAL ANALYSIS

shed light upon other complex machine learning phenomena such as in Tripuraneni et al.
(2021). Moreover, since regularization techniques have been widely adopted in contrastive
learning practice (Chen et al., 2020a; He et al., 2020; Grill et al., 2020), we further consider
penalizing the representation by a regularization term R(W) = |[WW |2 /2 to encour-
age the orthogonality of W and therefore promote the diversity of w; to learn different
representations. The reason we use such quadratic regularization instead of a standard
£y regularization is to encourage a diverse representation in the linear representation set-
ting by penalizing on the similarity (w;, wj>2, we defer a formal discussion and numerical
experiments about this regularization in the Appendix A.2.

Linear Contrastive Loss The contrastive loss is set to be the average similarity (mea-
sured by the inner product) between positive pairs minus that between negative pairs:

(o B BV oy = - Y H@OS@E0) g (f(@0), [@T.0))

|BE o] 1BY9|

)

xPoseros xNegEBiVeg

(2)
where BY Os,BiV 9 are sets of positive samples and negative samples corresponding to z.
This loss function has been commonly used in contrastive learning (Hadsell et al., 2006) and
metric learning (Schroff et al., 2015; He et al., 2018). In Khosla et al. (2020), the authors
show that the inner-product based linear loss (2) is an approximation of the NT-Xent
contrastive loss when one positive and one negative are used, which has been highlighted in
recent contrastive learning practice (Sohn, 2016; Wu et al., 2018; Oord et al., 2018; Chen
et al., 2020a). In Li et al. (2021), the authors proposed the SSL-HSIC contrastive loss,
which can be reduced to this linear loss when the kernel k(-, -) is chosen to be a simple inner
product. Following Li et al. (2021), we provide the results in Table 1, which shows that
linear contrastive loss can also work well with some additional training techniques.

Testing Accuracy H InfoNCE Linear contrastive loss
CIFAR10 65.11 £ 0.51 66.07 £ 0.46
STL10 71.02 £0.47 70.30 £ 0.31

Table 1: InfoNCE loss v.s. Linear contrastive loss. We train a ResNet-18 encoder on
CIFAR-10 and STL-10 datasets with different contrastive loss functions. To train the linear
contrastive loss, we follow the HSIC regularization techniques used in Li et al. (2021), which
helps linear contrastive loss yield comparable performance to standard InfoNCE. We repeat
each experiment for ten runs and report the mean and standard deviation of accuracy.
Detailed experimental settings can be found in Section 5.2.

2.2 Generation of Positive and Negative Pairs

There are two common approaches to generating positive and negative pairs, depending on
whether or not label information is available. When the label information is not available,
the typical strategy is to generate different views of the original data via augmentation
(Hadsell et al., 2006; Chen et al., 2020a). Two views of the same data point serve as the
positive pair for each other, while those of different data serve as negative pairs.
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Definition 1 (Augmented Pairs Generation in the Self-supervised Setting) Given
two augmentation functions g1, go : R — R and n training samples B = {%i}iepn), the aug-
mented views are given by: {(g1(7:), 92(xi))}iepn). Then for each view g,(xi), v = 1,2, the
corresponding positive samples and negative samples are defined by: BPOS = {gs(z;) : s €

20\ {v}} and B = {gs(x;) : s € 21,5 € [n] \ {i}}.

The loss function of the self-supervised contrastive learning problem can then be written
as:

n 2
1 W )W ZZ (Way(z:), Wgs(z A WW
ESelfCon = - § E |: gv zz 9[2]\{1) :172 (272 _9 ( ])> +5H T”%‘

2n =1 v=1 j#1 s=1
(3)

In particular, we adopt the following augmentation in our analysis.

Definition 2 (Random Masking Augmentation) The two views of the original data

are generated by randomly dividing its dimensions into two sets, that is, g1(x;) = Azx;, and ga(z;) =

(I — A)x;, where A = diag(ay,--- ,aq) € R*? is the diagonal masking matriz with {a;}¢_,
being i.i.d. random variables sampled from a Bernoulli distribution with mean 1/2.

Remark 3 In this paper, we focus on random masking augmentation, which has also been
used in other works on the theoretical understanding of contrastive learning, eg. Wen and
Li (2021). However, our primary interest lies in comparing the performance of contrastive
learning with autoencoders and analyzing the impact of labeled data, while their work focuses
on understanding the training process of neural networks in contrastive learning. Random
masking augmentation is an analog of the random cropping augmentation used in practice.
As shown in Chen et al. (2020a), cropping augmentation achieves overwhelming perfor-
mance on linear evaluation (ImageNet top-1 accuracy) compared with other augmentation
methods, please see Figure 5 in Chen et al. (2020a) for details.

When the label information is available, Khosla et al. (2020) proposed the following
approach to generate positive and negative pairs.

Definition 4 (Pairs Generation in the Supervised Setting) In a K-class classifica-
tion problem, given ny samples for each class k € [K): {x¥ : i € [ng]}, and let n =
ZkK 1 Nk, the corr’espondmg positive samples and megative samples for xf’ are defined by

BPos = {x € [nk] \ i} and BNeg = {2 : s € [K]\ k,j € [ns]}. That is, the positive
samples are the remaining ones in the same class with xf and the negative samples are the
samples from different classes.

Correspondingly, the loss function of the supervised contrastive learning problem can be
written as:

K n
s () = 13350 ) 5h s B WO STz

JFi J=1 s#k
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2.3 Data Generating Process

In real-world scenarios, data often comprises both signal (relevant information) and noise (ir-
relevant distractions). For instance, in image classification, the signal might be the primary
subject of interest, while the noise could represent background elements. Self-supervised
learning methods, without predefined tasks, aim to extract generalized patterns from data,
ideally capturing as much of the signal as possible. It is commonly understood that signals
tend to exhibit specific low-complexity structures, often being low-rank and showing higher
correlations across coordinates. In contrast, background noise might lack a distinct struc-
ture, potentially being dense (or full rank) with lower coordinate correlations. To delve into
this structural difference more rigorously, we consider an additive data-generating model.
Here, the observed data emerges as a combination of a low-rank signal and dense noise.

r=U"2+¢€, Cov(z) =121, Cov(f) =2, (5)

where z € R” and ¢ € R? are both zero mean sub-Gaussian independent random variables,
and v € R is a constant represents the signal strength. In particular, U* € Oy, and
Y = diag(o?,---,0%). The first term U*z represents the signal of interest residing in a
low-dimensional subspace spanned by the columns of U*. The second term & is the dense
noise with heteroskedastic noise. Given that, the ideal low-dimensional representation is to
compress the observed x into a low-dimensional representation spanned by the columns of
U*. This model is known as the spiked covariance model (Johnstone, 2001; Bai and Yao,
2012; Yao et al., 2015; Zhang et al., 2018). It was proposed from the empirical observation
that the eigenvalues of the sample covariance matrix of phoneme data have few ”spikes”,
which corresponds to the low-dimensional structure of data generation. The model has been
used in the literature of PCA (Johnstone, 2001; Deshpande and Montanari, 2014; Zhang
et al., 2018) and Contrastive Learning (Wen and Li, 2021).

In this paper, we aim to learn a good projection W € R™*? onto a lower-dimensional
subspace from the observation x. Since the information of W is invariant with the trans-
formation W < OW for any O € Oy, the essential information of W is contained in the
right eigenvector of W. Thus, we quantify the goodness of the representation W using the
sine distance ||sin © (U, U*)||r, where U is the top-r right eigenspace of W. It is notable
that we only assume that noise and signal follow a sub-Gaussian distribution. This includes
bounded noise/signals such as images, sound data, or text data.

3. Comparison of Self-Supervised Contrastive Learning and
Autoencoders/GANs

Generative and contrastive learning are two popular approaches of self-supervised learning.
Recent experiments have highlighted the improved performance of contrastive learning com-
pared with the generative approach. For example, in Figure 1 of Chen et al. (2020a) and Fig-
ure 7 of Liu et al. (2021), it is observed that state-of-the-art contrastive self-supervised learn-
ing has more than 10 percent improvement over state-of-the-art generative self-supervised
learning, with the same number of parameters. In this section, we rigorously demonstrate
the advantage of contrastive learning over autoencoders/GANs, the representative methods
in generative self-supervised learning, by investigating the linear representation settings
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under the spiked covariance model (5). The investigation is conducted for both feature
recovery and in-domain downstream tasks.

Hereafter, we focus on the linear representation settings. This section is organized as
follows: in Section 3.1 we first review the connection between principal component analysis
(PCA) and autoencoders/GANs, which are two representative methods in generative ap-
proaches in self-supervised learning, under linear representation settings. Then we establish
the connection between contrastive learning and PCA in Section 3.2. Based on these con-
nections, we make the comparison between contrastive learning and autoencoder on feature
recovery ability (Section 3.3) and in-domain downstream performance (Section 3.4).

3.1 Autoencoders, GANs and PCA

Autoencoders are popular unsupervised learning methods to perform dimensional reduction.
Autoencoders learn two functions: encoder f : R — R™ and decoder g : R” — R%. While
the encoder f compresses the original data into low-dimensional features, and the decoder
g recovers the original data from those features. It can be formulated to be the following
optimization problem for samples {z;}" ; (Ballard, 1987; Fan et al., 2019):

minE, £(z, 9(f(z))). (6
By minimizing this loss, autoencoders try to preserve the essential features to recover the
original data in the low-dimensional representation. In our setting, we consider the class
of linear functions for f and g. The loss function is set as the mean squared error. Write
f(z) = Wagz and g(x) = Wpgz. Namely, we consider the following problem.

.1
min  —|| X — WppWarX|%.
Wag,WpE N

Let X = (x1,...,2,) € R™*" By Theorem 2.4.8 in Golub and Loan (1996), the optimal
solution is given by the eigenspace of X X T, which exactly corresponds to the result of PCA.
Thus, in linear representation settings, autoencoders are equivalent to PCA, which is also
often known as undercomplete linear autoencoders (Bourlard and Kamp, 1988; Plaut, 2018;
Fan et al., 2019). We write the obtained low-rank representation by autoencoders as

Wag = (UseXaAEVaR) |, (7)

where Uag is the top-r eigenvectors of matrix XX T, ¥ ag is a diagonal matrix of spectral
values and Vag = [v1,- -+ ,v,] € R™*" can be any orthonormal matrix.

We also note that GANs (Goodfellow et al., 2014) is related to PCA. Namely, Feizi et al.
(2020) showed that the global solution for GANs recovers the empirical PCA solution as
the generative model.

To see this, let Wy be the second-order Wasserstein distance. Also let G be the set of
linear generator functions from R” — R?. Consider the following Wy GAN optimization
problem:

in W2(P,,,P 8
rgnelgWQ( ’ g(Z))a ( )
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where P,, denotes the empirical distribution of i.i.d. data z1,...,z, € R¢ and Pyz) is
the generated distribution with generator g and Z ~ N(0,1,). Note that the optimization
problem Equation (8) can be written as minp, , mingeg E[| X — g(Z)||?], where the first
minimization is over probability distributions which have marginals P,, and Pz. By Theorem
2 in Feizi et al. (2020), the optimizer of problem Equation (8) is obtained as § : Z +— GZ,
where G satisfies GGT = UAEE?;E UZIE. This implies WIE : R" — R%is also a solution to the
optimization problem Equation (8). Hence GANSs learn the PCA solution as a generator.

From this equivalence among ordinary PCA, autoencoders, and GANs, we only focus
on autoencoders hereafter for brevity.

3.2 Contrastive Learning and Diagonal-Deletion PCA

Here we bridge PCA and contrastive learning with certain augmentations under the linear
representation setting. Recall that the optimization problem for self-supervised contrastive
learning is formulated as:

1 ¢ (W, (i), Was(,)) ], A
. o ) A v\+Li), s\Lj T2
Wlé’lﬂégxd[/SelfCon(W)-_ o E E |:<ng('7;1);”/9[2]\{1)}($1)> j%éi ;:1 Y 4§|\WW [
9)

1=1v=1

To compare contrastive learning with autoencoders, we now derive the solution of the
optimization problem (9). We start with the general result for self-supervised contrastive
learning with augmented pairs generation in Definition 1, and then turn to the special case
of random masking augmentation (Definition 2).

Proposition 5 For two fized augmentation functions gi,gs : R — R?, denote the aug-
mented data matrices as X1 = [g1(21), -+, g1(zn)] € R and Xo = [g2(z1), -+, g2(z)] €
RI*™  when the augmented pairs are generated as in Definition 1, all the optimal solutions
of contrastive learning problem (9) are given by:

r T
WC’L = C (Z umw?) y
=1

where C' > 0 is a positive constant, o; is the i-th largest eigenvalue of the following matriz:

X1 X, + XX — (X1 4 Xo)(1,1,) — L)(X1 + Xo) T, (10)

1
2(n—1)
u; s the corresponding eigenvector and V. = [vy,--- ,v,] € R"™" can be any orthonormal
matrizx.

The proof is given in Appendix B.1.

Proposition 5 is a general result for augmented pairs generation with fixed and deter-
ministic augmentation functions. The result itself only depends on the augmented data
matrices, thus it is straightforward to generalize to the case where different augmentation
functions are applied to different samples, we omit it here for the simplicity of notations.
Moreover, when the augmentation is sampled from a stochastic distribution, we can also
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characterize the optimal solution of the expected loss in the same way. Specifically, if we
apply the random masking augmentation (2), we can further obtain a result to characterize
the optimal solution. For any square matrix A € R%*? we denote D(A) to be A with all
off-diagonal entries set to be zero and A(A) = A — D(A) to be A with all diagonal entries
set to be zero. Then we have the following corollary for random masking augmentation.

Corollary 6 Under the same conditions as in Proposition 5, if we use random masking
(Definition 2) as our augmentation function, then the minimizer of the expected loss function
of contrastive learning problem (9) over the distribution of random augmentations (i.e.,

Eg, g2 Lsetfcon(W)) is given by:

. T
WC’L = C (Z umw?) y
=1

where C' > 0 is a positive constant, o; is the i-th largest eigenvalue of the following matriz:

1
AXXT) - 71X(1n1;[ — L)X, (11)

n —
u; s the corresponding eigenvector and V. = [v1,--- ,v,] € R™" can be any orthonormal
matriz.

The proof is given in Appendix B.2.

With Proposition 5 and Corollary 6 established, we can find that the self-supervised
contrastive learning equipped with augmented pairs generation and random masking aug-
mentation can eliminate the effect of random noise on the diagonal entries of the observed
covariance matrix. Since Cov({) = ¥ is a diagonal matrix, when the diagonal entries
Cov(U*z) = v2U*U*" only take a small proportion of the total Frobenius norm, the con-
trasting augmented pairs will preserve the core features while eliminating most of the ran-
dom noise and give a more accurate estimation of core features.

3.3 Feature Recovery from Noisy Data

After bridging both autoencoder and contrastive learning with PCA, now we can perform
the analysis of feature recovery ability to understand the benefit of contrastive learning
over autoencoders. As mentioned above, our target is to recover the subspace spanned
by the columns of U*, which can further help us obtain information on the unobserved
z that is important for in-domain downstream tasks. However, the observed data has a
covariance matrix of v2U*U* " + ¥ rather than the desired v2U*U*T, which brings difficulty
to representation learning. We demonstrate that contrastive learning can better exploit the
structure of core features and obtain better estimation than autoencoders in this setting.

We start with autoencoders. In the noiseless case, the covariance matrix is v2U*U* " and
autoencoders can perfectly recover the core features. However, in noisy cases, the random
noises sometimes perturb the core features, which makes autoencoders fail to learn the core
features. Such noisy cases are widespread in real applications such as measurement errors
and backgrounds in images such as grasses and sky. Interestingly, we will later show that
contrastive learning can better recover U* despite the presence of large noise.

10
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To provide rigorous analysis, we first introduce the incoherent constant (Candes and
Recht, 2009).

Definition 7 (Incoherent Constant) We define the incoherence constant of U € Qg
as
2
I(U):maXHe:UH . (12)
i€(d]

Intuitively, the incoherent constant measures the degree of the incoherence of the dis-
tribution of entries among different coordinates, or loosely speaking, the similarity between
U and canonical basis {e;}%_,. For uncorrelated random noise, the covariance matrix is di-
agonal and its eigenspace is exactly spanned by the canonical basis {e; ;-1:1 (if the diagonal
entries in ¥ are all different), which attains the maximum value of the incoherent constant.
On the contrary, the core features usually exhibit certain correlation structures and the
corresponding eigenspace of the covariance matrix is expected to have a lower incoherent
constant.

We then introduce a few assumptions which our theoretical results are built on. Recall
that in the spiked covariance model (5), = U*z + &, Cov(z) = 121, and Cov(§) =

diag(0%7 e 702)‘

Assumption 8 (Regular Covariance Condition) The condition number of covariance
matriz ¥ = diag(o?,- -+ ,02) satisfies k = 0(21)/0(2d) < C, where 0‘(2].) represents the j-th

largest number among cr%, e ,chl and C' > 0 is a universal constant.

Assumption 9 (Signal to noise ratio condition) Define the signal-to-noise ratio p :=
1//0(1), we assume p = O(1), implying that the covariance of noise is of the same order as
that of the core features.

Assumption 10 (Incoherent Condition) The incoherent constant of the core feature
matriz U* € Qg satisfies I(U*) = O(rlogd/d).

The incoherent constant often appears in the literature of matrix completion (Candes and
Recht, 2009) and PCA (Zhang et al., 2018). The order of I(U*) can be arbitrary as long
as it decreases to 0 as d — oo. One can directly adapt the later results to this setting. If
U is distributed uniformly on Qg ,, then the expectation of incoherent constant is of order
rlogd/d.

Lemma 11 (Expectation of incoherent constant over a uniform distribution)

r

EUNUnifOI'm(@d,T)I(U) - O(d

log d). (13)

Thus, we set I(U*) to the order rlogd/d for simplicity. The proof is given in Appendix
B.6.

Here we provide a remark on the implication of our assumptions, and we defer a further
discussion on how to generalize our main results under weaker assumptions in Remark 15.
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Remark 12 The three assumptions above can be explained as follows: Assumption § im-
plies that the variances of all dimensions are of the same order. For Assumption 9, we focus
on a large noise regime where the noise may hurt the estimation significantly. Here we as-
sume the ratio lies in a constant range, but our theory can easily adapt to the case where
p has a decreasing order. Specifically, for Theorems 13, 14, 17 and 18 presented below, we
derive an explicit dependence on p of each result in the appendiz. One can check Equations
(46), (57), (59), (60), (61) and (62) for details. Assumption 10 implies a stronger corre-
lation among the coordinates of core features, which is the essential property to distinguish
them from random noise.

Now we are ready to present our first result, showing that the autoencoders are unable to
recover the core features in the large-noise regime. Due to the equivalence among PCA,
autoencoders, and GANs we presented in Section 3.1, for brevity, we only focus on autoen-
coders hereafter.

Theorem 13 (Recovery Ability of Autoencoders, Lower Bound) Consider the spiked
covariance model (5), under Assumptions 8-10 and n > d > r, let Wag be the learned
representation of autoencoders with singular value decomposition Wag = (UAEEAEVJE)T
(as in Equation (7)). If we further assume {02}%_, are different from each other and
0(21)/(0(2T) - 0'(2T+1)) < Cy for some universal constant C,. Then there exist two universal
constants C, > 0, c € (0,1), such that when p < C,, we have

E|sin® (U*,Uap)| r > cVr. (14)

The proof is given in Appendix B.7. The condition d > r means that there exists a
sufficiently small constant ¢ > 0 independent of d and r such that r/d < ¢ holds. The
additional assumptions {02} ; are different from each other and 021) / (O'(ZT) - O'(QT Jrl)) < Cy
for some universal constant C, are made to ensure the identifiability of top-r eigenspace.
We need these conditions to guarantee the uniqueness of Upg. As an extreme example, the
top-r eigenspace of the identity matrix can be any r-dimensional subspace and thus not
unique. To avoid discussing such arbitrariness of the output, we make these assumptions
to guarantee the separability of the eigenspace.

Then we investigate the feature recovery ability of the self-supervised contrastive learn-
ing approach.

Theorem 14 (Recovery Ability of Contrastive Learning, Upper Bound) Under the
spiked covariance model (5), random masking augmentation in Definition 2, Assumptions
8-10 and n > d > r, let Wy, be any solution that minimizes Equation (3), and denote its
stngular value decomposition as Wer, = (UCLECLVCTL)T, then we have

r3/2 dr
EHSin@(U*;UCL)HFNTlogd+ p (15)

The proof is given in Appendix B.9. The two terms in equation (15) can be explained as
follows: the first term is due to the shift between the distributions of the augmented data
and the original data. Specifically, the random masking augmentation generates two views
with disjoint nonzero coordinates and thus can mitigate the influence of random noise on
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the diagonal entries in the covariance matrix. However, such augmentation slightly hurts
the estimation of core features. This bias, appearing as the first term in Equation (15), is
measured by the incoherent constant defined in Equation (12). The second term corresponds
to the estimation error of the population covariance matrix.

Theorems 13 and 14 characterize the difference in feature recovery ability between au-
toencoders and contrastive learning. The autoencoders fail to recover most of the core
features in the large-noise regime since || sin ©(U, U*)||r has a trivial upper bound /r. In
contrast, with the help of data augmentation, the contrastive learning approach mitigates
the corruption of random noise while preserving core features. As n and d increase, it
yields a consistent estimator of core features and further leads to better performance in the
in-domain downstream tasks, as shown in the next section.

Remark 15 Here we discuss the potential generalization of our results to the setting with
weaker assumptions. Intuitively speaking, the random masking augmentation exploits the
prior knowledge that the core features in the original signal are more structural across dif-
ferent coordinates compared with the random noise. Thus the essential requirements are

1. Noise is less correlated between different coordinates compared with core features.

2. Core features and noise are very different, i.e., || sin @(U*,Us)||F is large.

Those two requirements correspond to the diagonal assumption on X and incoherent as-
sumption on U* (Assumption 10). In particular, the latter is to give a lower bound for
| sin®(U*, Us)||r when X is diagonal and heteroskedasticity. For more general ¥ and U*,
it suffices to assume M(V% = o(1), and ||sin®(U*,Us)|r = Q/r), and we can still
draw a similar comparison under these assumptions. Notice that by Lemma 11, when U*
is randomly chosen we will immediately have E|| sin©®(U*,Us)||r = (1 — o(1))/r. Similar

arguments also apply to all of the later results in this paper and we omit them for simplicity.

Remark 16 Similar random masking augmentation (as in Definition 2) can also apply to
autoencoders. Although directly applying this augmentation would not work as well since it
will not affect the optimal solution (see discussion in Appendiz C), an alternative strategy
is to reconstruct the whole data from the masked one. This method was originally proposed
as denoising autoencoders (DAEs) for general augmentation Vincent et al. (2008), and
was proven to be powerful with masking augmentation in a recently proposed representation
learning method, masked autoencoders (MAEs) (He et al., 2021). DAEs are a variant of au-
toencoders that are trained to reconstruct the original image from randomly masked patches.
It has been found that DAEs (especially MAEs) outperform other self-supervised methods
like MoCo v3, DINO, and BEiT after fine-tuning (He et al., 2021). More specifically, under
the same setup described in Section 2, let A be the random masking augmentation defined
in Definition 2. We adopt the symmetric linear encoders and decoders. Given samples

X =[x1,...,2,] € R>" we formally define the loss minimization problem' of DAEs as
1
min "B |[WTWAX - X|F]. 16
WeRrxd:WWT=2I, N all I (16)

1. In (He et al., 2021), the loss function is computed on masked coordinates only, but as the authors noted,
“This choice is purely result-driven: computing the loss on all pixels leads to a slight decrease in accuracy
(e.g., 0.5%).” Hence we will analyze the loss with respect to all coordinates for simplicity.
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Notice that the DAEs may not preserve the norm of the input since Ea[|| Az;||?] = (1/2)| )%
As a result, we optimize the loss under the scaled constraint WW T = 2I,.

Then, we claim that under the same conditions as in Theorem 14, DA FEs behave similarly
to contrastive learning: Let Wpag be any solution that minimizes equation (16), and denote
its singular value decomposition as Wpag = (UDAEEDAEVJAE)T, then we have (the proof
is given in Appendiz C.)

3/2 d
E|sin © (U*, Upag)|lp < %logd~|— ,/%. (17)

From Theorem 13, we know that under high dimensional settings with large sample sizes,
DAEs (or masked autoencoders) significantly outperform classic autoencoders. Moreover,
compared to Theorem 14, the upper bounds of DAFEs are the same as contrastive learning
with random masking augmentations. We also provide experimental results on synthetic
datasets to verify this result in Appendixz C. Although they have similar performance in our
linear representation framework because both of them exploit the masking views to eliminate
noise, the difference could arise from other aspects such as network architecture and training
algorithms, for example, He et al. (2021) used a vision Transformer (Dosovitskiy et al.,
2020) while Chen et al. (2020a) used a ResNet (He et al., 2016).

3.4 Performance on In-Domain Downstream Tasks

In the previous section, we have seen that contrastive learning can recover the core feature
effectively. In practice, we are interested in using the learned features on in-domain down-
stream tasks. He et al. (2020) experimentally showed the overwhelming performance of
linear classifiers trained on representations learned with contrastive learning against several
supervised learning methods in those in-domain downstream tasks.

Following the recent success, here we evaluate the in-domain downstream performance
of simple predictors, which take a linear transformation of the representation as an input.
Let Wqr, and Wag be the learned representations based on train data X € R™%d We
observe a new signal & = U*% + ¢ independent of X following the spiked covariance model
(5). For simplicity, assume % follows N(0,221I,) and is independent of £. We consider two
major types of in-domain downstream tasks: classification and regression. For the binary
classification task, we observe a new supervised sample ¢ following the binary response
model:

glz ~ Ber(F({z,w") /v)), (18)

where F': R — [0, 1] is a known monotone increasing function satisfying 1 — F'(u) = F(—u)
for any u € R |, and w* € R" is a unit vector of coefficients. Notice that our model (18)
includes a logistic model (when F'(u) = 1/(14e™")) and probit models (when F(u) = ®(u),
where ® is the cumulative distribution function of the standard normal distribution.) We
can also interpret model (18) as a shallow neural network model with width r for binary
classification. For the regression task, we observe a new supervised sample ¢ following the
linear regression model:

g = (Z,w") /v +¢, (19)
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where ¢ ~ (0,02) is independent of Z, , and w* € R" is a unit vector of coefficients as before.
We can interpret this model as a principal component regression model (PCR) (Jolliffe,
1982) under standard error-in-variables settings?, where we assume that the coefficients lie
in a low-dimensional subspace spanned by column vectors of U*. We either estimate or
predict the signal based on the observed samples contaminated by the measurement error
€. For details of PCR in error-in-variables settings, see, for example, Cevid et al. (2020);
Agarwal et al. (2020); Bing et al. (2021).

In classification setting, we specify 0-1 loss, that is, £.(6) = I{y # (&)} for some
predictor § taking values in {0,1}. For regression task, we employ the squared error loss
£-(0) = (y — 6(%))%. Based on some learned representation W, we consider a class of linear
predictors. Namely, Sy, (%) £ I{F(w'W#) > 1/2} for classification task and Sy, (%) £
w'! Wz for regression task, where w € R” is a weight vector w € R”. Note that the
learned representation depends only on unsupervised samples X. Let Ep[-] and Eg[-] the
expectations with respect to (X, Z) and (g, &, Z), respectively.

Our goal as stated above is to bound the prediction risk of predictors {dw,, : w €
R"} constructed upon the learned representations Wer, and Wag, that is, the quantity
inferr E[0(0wey, w)] and inf,err Eg[0(0w,pw)]-

Now we state our results on the performance of the in-domain downstream prediction
task.

Theorem 17 (Excess Risk for In-Domain Downstream Task: Upper Bound) Suppose
the conditions in Theorem 14 hold. Then, for the regression task, we have

. . r3/2 dr
ED[wlgﬂgr Eellr(dwepw)l — wlgﬂgr Eellr (07 )] S a4 logd + o

and for the classification task,

3/2
ED[J&% Ee[le(dweyw)] — wigﬂgr Ee[le(dysT )] = O <7’d log d + \/Cfl7> Al
The proofs are given in Appendix B.11.

This result shows that the price of estimating U* by contrastive learning on an in-domain
downstream prediction task can be made small in the case where the core feature lies in a
relatively low-dimensional subspace, and the number of samples is relatively large compared
to the ostensible dimension of data.

However, the in-domain downstream performance of autoencoders is not as good as
contrastive learning. We obtain the following lower bound for the in-domain downstream
prediction risk with the autoencoders.

Theorem 18 (Excess Risk for In-Domain Downstream Task: Lower Bound)) Suppose
the conditions in Theorem 13 hold. Assume r < r. holds for some constant r. > 0. Addi-
tionally assume that p = O(1) is sufficiently small and n > d > r. Then, For the regression

2. In error-in-variables settings, the bias term of the measurement error appears in prediction and estimation
risk. Since our focus lies in proving a better performance of contrastive learning against autoencoders,
we ignore the unavoidable bias term here by considering the excess risk.
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task,

Ep[ inf Eelt(0v,pw)] = Inf Eell:(0v+w)] = ¢,

and for classification task, if F is differentiable at 0 and F'(0) > 0, then

Ep [wlélﬂgr Eg[le(0upw)] — wlélﬂgr Ee[le(6uxw)] = s

where ¢, > 0 and ¢, > 0 are constants independent of n and d.

The proof is given in Appendix B.11. The condition n > d > r means that there exists a
sufficiently small constant ¢ > 0 independent of n, d and r such that d/n Vv r/d < ¢ holds.
The constant ¢’ appearing in Theorem 18 is a constant term independent of d and n.
Thus, when d is sufficiently large compared to r and d/n is small, the upper bound of
in-domain downstream task performance via contrastive learning in Theorem 17 is smaller
than the lower bound of in-domain downstream task performance via autoencoders. The
assumption of r < r, in Theorem 18 is assumed for clarity of presentation. Using the
same techniques in the proof of Theorem 18, one can obtain a constant lower bound for
autoencoders with slightly stronger assumptions, for example, p> = O(1/log d) with n > dr,
without assuming r < r.. Our theory can be adapted to both of these assumptions.

4. The Impact of Labeled Data in Supervised Contrastive Learning

Recent works have explored adding label information to improve contrastive learning (Khosla,
et al., 2020). Empirical results show that label information can significantly improve the
accuracy of the in-domain downstream tasks. However, when domain shift is considered,
the label information hardly improves and even hurts transferability (Islam et al., 2021).
For example, in Table 2 of Khosla et al. (2020) and the first column in Table 4 of Islam et al.
(2021), supervised contrastive learning shows significant improvement with 7%-8% accuracy
increase on in-domain downstream classification on ImageNet and Mini-ImageNet. On the
contrary, in Table 4 of Khosla et al. (2020) and Table 4 of Islam et al. (2021), supervised
contrastive learning hardly increases the predictive accuracy compared to the self-supervised
contrastive learning (the difference of mean accuracy is less than 1%) and can harm signif-
icantly on some datasets (e.g. 5.5% lower for SUN 397 in Table 4 of Khosla et al. (2020)).
These results indicate that some mechanisms in supervised contrastive learning hurt model
transferability while the improvement in source tasks is significant. Moreover, in Table 4
of Islam et al. (2021), it is observed that combining supervised learning and self-supervised
contrastive learning together achieves the best transfer learning performance compared to
each of them individually. Motivated by those empirical observations, in this section, we aim
to investigate the impact of labeled data in contrastive learning and provide a theoretical
foundation for these phenomena.

4.1 Feature Mining in Multi-Class Classification

We first demonstrate the impact of labels in contrastive learning under the standard single-
sourced (i.e. no transfer learning) setting. Suppose our samples are drawn from r + 1
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different classes with probability py for class k € [r + 1], and 271::1 pr, = 1. For each class,

samples are generated from a class-specific Gaussian distribution:
b =k ek A N(0,2F), VE=1,2,---,r+1. (20)

We assume the norms of ¥, Vk € [r+1] are in the same order, that is, denote v = ||u!||/+/T,
we have |[u*|| = O(\/rv),Vk € [r +1]. We further assume ¥ = diag(o?,, -+ ,03,),
denote 0(21) = maxi<;<d,1<;j<r+1 JZ j and assume 271;11 pk,u,k = 0, where the last assumption
is added to ensure identifiability since the classification problem (20) is invariant under
translation. Denote A = 22211 e’ we assume rank(A) = r and Cyv? < Ay (A) <
A(l)(A) < Cyv? for two universal constants C; and Cy. We remark that this model is a
labeled version of the spiked covariance model (5) since the core features and random noise
are both sub-Gaussian. We use r 4 1 classes to ensure that p*’s span an r-dimensional
space, and denote its orthonormal basis as U*. Recall that our target is to recover U™*.

Remark 19 Here we focus on exrplaining the impact of label information in the SupCon
algorithm(Khosla et al., 2020). SupCon is designed for multi-class classification tasks and
it requires using the class label to find positive samples. In that case, labels from a linear
function of the latent features can not be used as class labels in a multi-class classification
setting. Hence we proposed to use the Gaussian Mixture Model (20) to generate class labels
while keeping the most consistency with models used earlier(i.e., the spiked covariance model

(5)).

As introduced in Definition 4, the supervised contrastive learning introduced by Khosla et al.
(2020) allows us to generate contrastive pairs using labeled information and discriminate
instances across classes. When we have both labeled data and unlabeled data, we can
perform contrastive learning based on pairs that are generated separately for the two types
of data.

Data Generating Process Formally, let us consider the case where we draw n samples
as unlabeled data X = [z1,---,2,] € R¥™ from the Gaussian mixture model (20) with
p1 = p2 = -+ = pp41. For the labeled data, we draw (r + 1)m samples; m samples
for each of the r 4+ 1 classes in the Gaussian mixture model, and denote them as X =
[Z1,- s Zrq1ym] € RAX(r+Dm - We discuss the above case for simplicity. More general
versions that allow different sample sizes for each class are considered in Theorem D.2 (in
the appendix). We study the following hybrid loss to illustrate how the label information
helps promote performance over self-supervised contrastive learning;:

in L(W):= min Lsaicon(W) + aLsupcon(W), 21
pin LW) = min | Lsagcon(W) + aLsupcon(W) (21)

where a > 0 is the ratio between supervised loss and self-supervised contrastive loss. Here
we consider this generalized hybrid loss to show the benefit of exploiting additional unlabeled
data. If we choose @ — oo it will correspond to the original SupCon loss.

We first provide a high-level explanation of why label information can help learn core
features. When the label information is unavailable, no matter how much (unlabeled) data
we have, we can only take them (and their augmented views) as positive samples. In such
a scenario, performing augmentation leads to an unavoidable trade-off between estimation
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bias and accuracy. However, if we have additional class information, we can contrast between
data in the same class to extract more beneficial features that help distinguish a particular
class from others and therefore reduce the bias.

Theorem 20 Suppose the labeled and unlabeled samples are generated as the process men-
tioned above. If Assumptions §-10 hold, n > d > r and let Wer be any solution that
minimizes the supervised contrastive learning problem in Equation (21), and denote its sin-
gular value decomposition as Wer, = (UCLECLVCTL)T, then we have

L \/ﬂ a \/%
. * <_ - | — o
EHSIH@(UCLyU)|’FN1+a< d logd + n +1+a m’

The proof is given in Appendix D.2

Corollary 21 From Theorem 20, it directly follows that when we have m labeled data for
each class and no unlabeled data (o — 00),

. dr
Ellsin®Uct, U)llr S 4/ —

The first bound in Theorem 20 demonstrates how the effect of labeled data changes with
the ratio « in the hybrid loss in Equation (21). In addition, compared with Theorem 14,
when we only have labeled data (o — 00), the second bound in Theorem 20 indicates that
with labeled data being available, the supervised contrastive learning can yield consistent
estimation as m — oo while the self-supervised contrastive learning consists of an irre-
ducible bias term O('r3/ 2logd/d). At a high level, label information can help gain accuracy
by creating more positive samples for a single anchor and therefore extract more decisive
features. One should notice a caveat that when labeled data is extremely rare compared to
unlabeled data, the estimation of supervised contrastive learning suffers from high variance.
In comparison, self-supervised contrastive learning, which can exploit a much larger number
of samples, may outperform it.

4.2 Information Filtering in Multi-Task Transfer Learning

In this section, we show that the theoretical tools developed in this paper can be used
to illustrate the role of label information when using contrastive learning in the transfer
learning setting. Label information can tell us the beneficial information for the in-domain
downstream task, and learning with labeled data will filter out useless information and pre-
serve the decisive parts of core features. However, in transfer learning, the label information
is sometimes rather found to hurt the performance of contrastive learning. For example, in
Table 4 of Islam et al. (2021), while supervised contrastive learning gains 8% improvement
in source tasks by incorporating label information, it improves only 1% on generalizing to
new datasets on average and can even hurt on some datasets. Such observation implies that
label information in contrastive learning has very different roles for generalization on source
tasks and new tasks. In this section, we consider two regimes of transfer learning — tasks
are insufficient /abundant. In both regimes, we provide theories to support the empirical
observations and further demonstrate how to wisely combine supervised and self-supervised
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contrastive learning to avoid those harms and achieve better performance. Specifically, we
consider a transfer learning problem with regression setting and binary classification
setting. Suppose we have T" source tasks which share a common data generative model (5).
For the t-th task, the labels are generated by y' = (wy, 2)/v in a regression setting while
yt = sign((wy, 2)) in a binary classification setting, where w; € R” is a unit vector varying
across tasks. These two settings share the same distribution for x only differ in the way to
generate the labels y.

To incorporate label information, we maximize the Hilbert-Schmidt Independence Cri-
teria (HSIC) (Gretton et al., 2005; Barshan et al., 2011), which has been widely used in
literature (Song et al., 2007a,b,c; Barshan et al., 2011).

4.2.1 HILBERT-SCHMIDT INDEPENDENT CRITERIA

Gretton et al. (2005) proposed the Hilbert Schmidt Independent Criteria (HSIC) to measure
the dependence between two random variables. It computes the Hilbert-Schmidt norm of the
cross-covariance operator associated with their Reproducing Kernel Hilbert Space (RKHS).
Such measurement has been widely used as a supervised loss function in feature selection
(Song et al., 2007c), feature extraction (Song et al., 2007a), clustering (Song et al., 2007b)
and supervised PCA (Barshan et al., 2011).

The basic idea behind HSIC is that two random variables are independent if and only
if any bounded continuous functions of the two random variables are uncorrelated. Let
F be a separable RKHS containing all continuous bounded real-valued functions mapping
from X to R and G be that for maps from ) to R. For each point x € X, there exists a
corresponding element ¢ € F such that (¢(z), ¢ (2')) r = k (z,2'), where k : X x X — R is
a unique positive definite kernel. Likewise, define the kernel [(-,-) and feature map ¢ for G.
The empirical HSIC is defined as follows.

Definition 22 (Empirical HSIC (Gretton et al., 2005)) Let Z := {(z1,y1),-- -, (Tm:Ym)}
C X x ) be a series of m independent and identically distributed observations. An estimator

of HSIC, written as HSIC(Z,F,G), is given by
HSIC(Z, F,G) := (m — 1) tr(KHLH),
where H, K, L € R™™ K;; :=k (v;,2;), Lij == L (yi,y;) and H := I, — (1/m)1,,1,},.

In our setting, we aim to maximize the dependency between learned features WX € R"™*"™
and label y € R™ via HSIC. Substituting K < X' W TWX and L < yy', we obtain our
supervised loss for the representation matrix W:

1
HSIC(X, y; W) = YA (XTWTWXHnyH). (22)

A more commonly used supervised loss in the regression task is the mean squared
error. Here we explain the equivalence of maximizing HSIC with penalty |[WW |2 and
minimizing the mean squared error in the regression task.

Recall that in the contrastive learning framework, we first learn the representation via a
linear transformation and then perform linear regression to learn a predictor with the learned
representation. Consider the mean squared error £(8) = (1/n) > ", (8(z;) — y;)?, where
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d(x;) is a predictor of y;. Also consider a linear class of predictors oy, () = w! Wz,; with
parameter w € R”. Assume that both X and y are centered. For any fixed representation
W, the minimum mean squared error is given by

1

in L0waw) =—||(WX)Tw* -y
J}Ié}élr(w,) nH( ) wr =yl

where w* = (WXXTWT)"'WXy. Ignoring the constant term y 'y, it can be seen that
the only essential difference between the minimization problem min,err £(dy,,,) and max-
imizing HSIC in Equation (22) is the normalization term (WXXTW T)=%/2 for W. Thus,
minimizing the mean squared error is equivalent to maximizing HSIC with regularization
term ||[WW T ||2. Since Lgeltcon contains the regularization term [|[WW T ||%, we can jointly
use Lgefcon and HSIC as a surrogate for the standard regression error to avoid the singu-
larity of learned representation W.

4.2.2 MAIN RESULTS

First, we consider the regression setting. Before stating our results, we prepare some nota-
tions. Suppose we have n unlabeled data X = [z1,--- ,2z,] € R¥™ and m labeled data for
each source task X' = [2¢,--- 2L ], 4" = [y}, - 9L, Vt =1,...,T where z; and a%; are in-
dependently drawn from the spiked covariance model (5), we learn the linear representation
via the joint optimization:

T
Wren]]glxd ﬁ(W) = Wren]]g“lxd £SelfCon(VV) —o ; HSIC(Xta yt; W)7 (23)
where a > 0 is a pre-specified ratio between the self-supervised contrastive loss and HSIC.
A more general setting, where the ratio o and the number of labeled data for each source
task are allowed to depend on ¢, is considered in the appendix, see Section D.2 for details.
We now present a theorem showing the recoverability of W by minimizing the hybrid loss
function (23).

Theorem 23 In the regression setting where y' = (wy,2)/v , suppose Assumptions §-10
hold for the spiked covariance model (5) and n > d > r, if we further assume that o > C' for
some constant C, T < r and w;’s are orthogonal to each other, and let Wy, be any solution
that optimizes the problem in Equation (23), and denote its singular value decomposition
as Werp, = (UCLZCLVJL)T, then we have:

logd d d logd 1 /d d
ros +\/7+04T\//\1 +VT 2 +\/7+T\/ :
d n m ad aVn m

(24)

The proof is given in Appendix D.6.
Similar to Section 3.4, we can obtain an in-domain downstream task risk in a supervised
contrastive learning setting. Consider a new test task where a label is generated by y =

E”Sin@(Uc’L,U*)”F ,S TT(
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(w*, %) /v with & = U*2 4+ £&. Recall that the loss in the in-domain downstream task is
measured by the squared error: £,(8) := (§ — 6(%))%. We obtain the following result.

Theorem 24 Suppose the conditions in Theorem 28 hold. Then,

Ep| inf Eellr(Owe,w)] = inf Ee[lr(0y )]

log d d d logd 1 [d d (25)
S\/T—T(r(;g —i—\/;—i-aT\/m/\l)—i-\/T(T;)i +a\/;+T‘/m>'

The proof is given in Appendix D.7.

In Theorem 23 and Theorem 24, as « goes to infinity (corresponding to the case where
we only use the supervised loss), the upper bounds in Equations (24) and (25) are reduced to
V1 =T 4 T?%72,/d/m, which is worse than the r3/21log d/d rate obtained by self-supervised
contrastive learning (Theorem 14). This implies that when the model focuses mainly on
the supervised loss, the algorithm will extract the information only beneficial for the source
tasks and fail to estimate other parts of core features. As a result, when the target task
has a very different distribution, labeled data will bring extra bias and therefore hurt the
transferability. Additionally, one can minimize the right-hand side of Equation (24) to
obtain a sharper rate. Specifically, we can choose an appropriate o such that the upper
bound becomes /72(r — T') logd/d (when n,m — o), obtaining a smaller rate than that
of the self-supervised contrastive learning. These facts provide theoretical foundations for
the recent empirical observations that smartly combining supervised and self-supervised
contrastive learning achieves significant improvement in transferability compared with per-
forming each of them individually (Islam et al., 2021).

Remark 25 A heuristic intuition of this surprising fact is that when tasks are not diverse
enough, supervised training will only focus on the features that are helpful to predict the
labels of source tasks and ignore other features. For example, we have unlabeled images
which contain cats or dogs and the background can be sandland or forest. If the source task
focuses on classifying the background, supervised learning will not learn features associated
with cats and dogs, while self-supervised learning can learn these features since they are
helpful to discriminate different images. As a result, although supervised learning can help
to classify sandland and forest, it can hurt performance on the classification of dogs and
cats and we should incorporate self-supervised contrastive learning to learn these features.

When the tasks are abundant enough then estimation via labeled data can recover core
features completely. Similar to Theorem 23 and Theorem 24, we have the following results.

Theorem 26 In the regression setting where y' = (wy,2)/v, suppose Assumptions §-10
hold for the spiked covariance model (5) and n > d > r, if we further assume that T > r
and )\(r)(ZiT:1 w;w;") > ¢ for some constant ¢ > 0, suppose Wy, is the optimal solution of

optimization problem Equation (23), and denote its singular value decomposition as W, =
(UCLZCLVCTL)T, then we have:

. Vror \/E [dr
* < V' L o “or
E||lsin®(Ucr, U*)||F Sarl dlogd—i— o +T et (26)
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The proof is given in Appendix D.8.

Theorem 27 Suppose the conditions in Theorem 26 hold. Then,

. . \/’Ij T \/E dT
— . < Y| = = - 7
E'D[wlélfr Ee[lr(dwepw)] 1é1fT Ee [ty (0 T’w)] N 1 log d + o +T - (27)

The proof is given in Appendix D.9.

Theorem 26 and Theorem 27 show that in the case where tasks are abundant, as a goes
to infinity (corresponding to the case where we use the supervised loss only), the upper
bounds in Equations (26) and (27) are reduced to T'y/rd/m. This rate can be worse than
the vr3logd/d + \/rd/n rate obtained by self-supervised contrastive learning when m is
small. Recall that when the number of tasks is small, labeled data introduce extra bias term
v — T (Theorem 23 and Theorem 24). We note that when the tasks are abundant enough,
the harm of labeled data is mainly due to the variance brought by the labeled data. When
m is sufficiently large, supervised learning on source tasks can yield a consistent estimation
of core features, whereas self-supervised contrastive learning can not.

In extending our results from regression to the binary classification setting, the only
difference is in the label generation process, and we can obtain similar results with some
modification of the proofs. The corresponding feature recovery bounds of Theorem 23
(where the tasks are insufficient) and Theorem 26 (where the tasks are abundant) are
stated as follows:

Theorem 28 In the classification setting where y' = sign((wy, z) /v), suppose the conditions
in Theorem 23 hold and z in the spiked covariance model (5) follows a Gaussian distribution,
then we have:

E||sin©®(Ucr, U*)||p <Vr— T “Ogd+\/g+a:m/dm +VT ”Ogd+1\/g+:m/d .
d n m ad aVn m
(28)

Theorem 29 In the classification setting where y' = sign((wy, z)/v) , suppose the con-
ditions in Theorem 26 hold and z in the spiked covariance model (5) follows a Gaussian
distribution, then we have:

' N \/E W
E|'s Nr S| Slogd+y/— | +Ty/—. ?
||bln®(UCLaU )HF Na+1 d 08 T n + m ( 9)

As the feature recovery bounds remain to be the same, the counterpart of the in-domain
downstream tasks results, Theorem 24 and Theorem 27, in this classification setting follows
immediately. For the sake of space, we defer the generalized version and proofs in Theorem
D.10 and Theorem D.11 in the appendix.

5. Numerical Experiments

5.1 Linear Model with Synthetic Data

To verify our theory, we conducted numerical experiments on the spiked covariance model
(5) under a linear representation setting and contrastive loss functions defined in (3) and
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log, () [ -5 -4 -3 -2 -1 0 1 2 3 4 5
T=8r=10 [ 00242 0.0231 0.0199 0.0141 0.0122 0.0125 0.0184 0.0345 0.0499 0.0535 0.0587
T =20, =10 || 0.0223 0.0163 0.0156 0.0096 0.0079 0.0055 0.0064 0.0064 0.0067 0.0070 0.0079

Table 2: In-domain downstream performance in transfer learning against the penalty pa-
rameter «. T is the number of source tasks.

log, () [ -5 -4 -3 -2 -1 0 1 2 3 4 5
T=8r=10 [ 20373 2.0371 2.0228 1.9908 2.0021 2.0055 2.0010 2.0362 2.0699 2.0705 2.0813
T=20,r=10 || 2.0352 2.0292 2.0030 1.9871 1.9740 1.9690 1.9766 1.9702 1.9790 1.9714 1.9672

Table 3: Feature recovery performance in transfer learning against the penalty parameter
«. T is the number of source tasks.

(23). As we have explicitly formulated the loss function and derived its equivalent form
in the main body and appendix, we simply minimize the corresponding loss by gradient
descent to find the optimal linear representation W. For self-supervised contrastive learning
with random masking augmentation, we independently draw the augmentation function by
Definition 2 and apply them to all samples in each iteration. To ensure convergence, we set
the maximum number of iterations for it (typically 10000 or 50000 depending on dimension
d).

We report two criteria to evaluate the quality of the representation, in-domain down-
stream error, and sine distance. To obtain the sine distance for a learned representation
W, we perform singular value decomposition to get W = (UEVT)T and then compute
| sin©(U,U*)||r. To obtain the in-domain downstream task performance, in the compari-
son between autoencoders and contrastive learning, we first draw n labeled data from spiked
covariance model (5) with labels generated as in Section 3.4, then we train the model by
using the data without labels to obtain the linear representation W, and learn a linear
predictor w using the data with labels and compute the regression error. In the transfer
learning setting, we draw some labeled data from the source tasks and additional unlabeled
data. The number of labeled data is set to be m = 1000 and the number of unlabeled
data is set to be n = 1000. Then train with them to obtain the linear representation W,
and draw labeled data from a new source task to learn a linear predictor w to compute
the regression error. In particular, we subtract the optimal regression error obtained by
the best representation U*" for each regression error and report the difference, or more
precisely, the excess risk as in-domain downstream performance.

The results are reported in Fig. 1 and 2 and Table 2 and 3. As predicted by Theorems
13 and 14, the feature recovery error and in-domain downstream task risk of contrastive
learning decrease as d increases (Fig. 1: Left) and as n increases (Fig. 1: Center) while
that of autoencoders is insensible to the changes in d and n. Consistent with our theory, in
Fig. 1: Right, it is observed that when tasks are not abundant, the transfer performance
exhibit a U-shaped curve, and the best result is achieved by choosing an appropriate a.
When tasks are abundant and labeled data are sufficient, the error remains small when we
take large a.
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Figure 1: The vertical axes indicate the downstream regression error. We subtract the
regression error of the ground truth features to measure the excess error. Left: Comparison
of in-domain downstream task performance between contrastive learning and autoencoders
the dimension d. The sample size n is set as n = 20000. Center: Comparison of in-domain
downstream task performance between contrastive learning and autoencoders the dimension
n. The dimension d is set as d = 40. Right: In-domain downstream task performance in
transfer learning against penalty parameter « in log scale. T is the number of source tasks
and r is the dimension of the representation function. We set the number of labeled data
and unlabeled data as m = 1000 and n = 1000 respectively.
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Figure 2: Left: Comparison of learned feature between contrastive learning and autoen-
coders against the dimension d. The sample size n is set as n = 20000. Center: Comparison
of feature recovery performance between contrastive learning and autoencoders against the
dimension n. The dimension d is set as d = 40. Right: Feature recovery performance
in transfer learning against penalty parameter « in log scale. T' is the number of source
tasks. We set the number of labeled data and unlabeled data as m = 1000 and n = 1000
respectively.

24



THE POWER OF CONTRAST FOR FEATURE LEARNING: A THEORETICAL ANALYSIS

5.2 Neural Nets with Real-World Dataset

In this section, we provide experimental results in real-world datasets to support our theo-
retical results. Although our model settings and assumptions might be violated under this
scenario, as we shall see, our findings still remain valid in practice.

We conduct the experiments using the datasets STL-10 (Coates et al., 2011) and CIFAR-
10 (Krizhevsky, 2009) with the neural nets architecture ResNet-18 (He et al., 2016). Our
experiments are carried out based on linear evaluation following SimCLR (Chen et al.,
2020a), where we first train a ResNet-18 encoder and a two-layer MLP projector with
unlabeled augmented data. We then freeze the encoder, train a logistic regression on top of
it with labeled data, and lastly evaluate the performance on the test data. Following Chen
et al. (2020a), we apply augmentations including resized cropping, horizontal flipping, color
distortion, and Gaussian blurring to generate the augmented data, and use the InfoNCE
loss function to train the network. All training is carried out with the Adam optimizer
(Kingma and Ba, 2015), batch size 256, learning rate 3 x 10™%, weight decay 104, and
a cosine annealing learning rate scheduler for 100 epochs. Our codes are implemented in
Pytorch and run on an NVIDIA V100 GPU.

Contrastive learning v.s. standard autoencoders: Here we provide real-world evi-
dence for our theoretical findings in Section 3.3 by comparing the performance of contrastive
learning versus a standard autoencoder. The architecture of encoders is the same for these
two methods, and we use an inversed ResNet-18 as the decoder. During the training time,
we use the encoder-decoder architecture and mean squared error loss to reconstruct the
input, and then we train a linear classifier on the features learned by the encoder. The
results are listed in Table 4, we can find that contrastive learning demonstrates superior
performance over the standard autoencoder.

Testing Accuracy H Contrastive Learning Standard Autoencoder

CIFAR10 65.11 £ 0.51 44.76 £ 0.16
STL10 71.02 £0.47 39.00 £ 0.58

Table 4: Comparison of linear evaluation performance of contrastive learning and autoen-
coders.

The impact of labeled data in transfer learning Now we we provide real-world
evidence for our theoretical findings in Section 4.2. Following the joint optimization for-
mulation in equation 23, we combine the InfoNCE loss function for unlabeled data and
cross-entropy loss for labeled data with a ratio a. For both STL-10 and CIFAR-10 datasets,
we divide the test data into two sets, one consists of the first five classes and the other one
consists of the remaining five classes. During training, we use the training data as unlabeled
data and the first set of test data as the labeled data to train the model jointly, and then
train a linear classifier with the second set of test data on features learned by the encoder.
As predicted by Theorem 23, when « is small, introducing labeled data from the first five
classes would be beneficial to learn better representations and improve the performance on
the last five classes; when « is large, labeled data from the first five classes will make the
model only focus on features that are useful to discriminate the first five classes and ignore
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other features, thus introducing labeled data could be harmful to the performance on the
last five classes. Testing accuracy on the last five classes with different « are listed in table
5, it is observed that the accuracy first increases and then decreases as a grows, which is
consistent with our theoretical results.

Testing Accuracy || «a =0.0 a=01 a=02 a=03 a=04 a=05 a=06 a=07 a=08 a=09 a=10
CIFAR10 74.27 75.52 74.86 75.31 75.21 74.86 74.46 73.85 72.20 69.17 51.31
STL10 82.56 83.54 83.27 83.24 83.21 83.03 82.34 82.11 80.94 76.88 52.37

Table 5: Transfer learning performance with different a. For each experiment, we
report the average accuracy for three independent runs.

6. Conclusion

In this work, we establish a theoretical framework to study contrastive learning under the
linear representation setting. We theoretically prove that contrastive learning, compared
with autoencoders and GANs, can obtain a better low-rank representation under the spiked
covariance model, which further leads to better performance in in-domain downstream tasks.
We also highlight the impact of labeled data in supervised contrastive learning and multi-
task transfer learning: labeled data can reduce the domain shift bias in contrastive learning,
but it harms the learned representation in transfer learning. To our knowledge, our result
is the first theoretical result to guarantee the success of contrastive learning by comparing
it with existing representation learning methods. However, to get a tractable analysis, like
many other theoretical works in representation learning (Du et al., 2020; Lee et al., 2021;
Tripuraneni et al., 2021), our work starts with linear representations, which still provides
important insights. Recently, Wen and Li (2021) and Refinetti and Goldt (2022) studied the
training dynamics of autoencoders and contrastive learning with nonlinear shallow neural
networks. Extending our results to these more complex models is an interesting direction
for future work.
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Appendix A. Background and omitted discussion

A.1 Comparison with other works

Here we compare the results in this paper with some closely related works.

To rigorously analyze contrastive learning, we consider the random masking augmen-
tation strategy which is also analyzed in Wen and Li (2021). In Wen and Li (2021), the
authors aim to understand the training dynamics of contrastive learning in a shallow non-
linear neural network and focus more on dealing with nonlinearity. In comparison, our work
focus on the comparison between contrastive learning and autoencoders and the role of la-
bel information in contrastive learning. To make the problem mathematically tractable, we
adopt a linear model, which is simple but enough to shed light on many mysterious phenom-
ena in practice. Moreover, while they assume a sparse coding model, where the features are
extremely sparse, and Gaussianity of signals and noise, our analysis only requires that the
features are sub-Gaussian (5). Furthermore, our technique allows the signal-to-noise ratio
to have different orders, as long as it decreases slowly, while their analysis is restricted to
a particular signal-to-noise ratio. Tian (2022) studied the relationship between contrastive
learning and PCA from a game-theoretic point of view. Specifically, the authors decompose
the gradient descent on the contrastive loss into two dynamics, namely the max-player and
min-player. It is proven that in deep linear networks, the max-player is equivalent to PCA
and the landscape has no spurious minimum. While the results on max-player can be ap-
plied to a family of contrastive loss, it is still difficult to analyze the min-player in a general
setting. In our paper, we use a linear contrastive loss (2) to explicitly obtain the features
learned by contrastive learning. Moreover, our results can be directly extended to a deep
linear network setting by the equivalence of a single linear transformation and a deep linear
network. The major difference is the non-convexity of the loss landscape.

Garg and Liang (2020) studied the combination of supervised learning and self-supervised
learning. They viewed training with unlabeled data as functional regularization on learn-
ing the representation function, and obtained sample complexity bounds in a PAC-learning
style for various settings. In particular, they found that such functional regularization can
help to reduce the amount of labeled data needed, and showed autoencoders and masked
self-supervision as two concrete examples. Apart from Garg and Liang (2020), this paper
focuses on a regime in combining self-supervised learning and supervised learning, where a
trade-off between labeled data and unlabeled data exists.

Specifically, Theorem 3 in Garg and Liang (2020) assumes that a ground truth repre-
sentation exists such that it can keep both self-supervised loss and supervised loss at a very
low threshold. However, as the authors admit, it is hard to determine such a threshold
in practical settings. For example, since the unlabeled data and labeled data come from
different domains, such as Image-Net and CIFAR-10, domain-specific features may have a
much lower loss compared with domain-transferable features. In our paper, we first study
the regime where tasks are not diverse enough in Theorem 23 (which corresponds to the
case where ground truth does not exist) and show the trade-off between supervised loss and
self-supervised loss. Then in Theorem 26 we show that when tasks are abundant (which
corresponds to the case where ground truth exists), labeled data helps to achieve better er-
ror bounds, which is similar to the result of Garg and Liang (2020). Our result of Theorem
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23 provides novel insight into the regime where tasks are not diverse, which has been left
untouched in the literature.

In Li et al. (2021), the authors proposed a novel self-supervised loss function based on
HSIC and discussed the relationship between InfoNCE and the proposed SSL-HSIC loss.
The SSL-HSIC loss measures the dependence between the output features and one-hot
encoded labels(which serve as the indicators of positive samples) and minimizing the SSL-
HSIC loss encourages the network to discriminate augmented views from different samples.
In comparison to this self-supervised loss, we use HSIC in Section 4.2 as a supervised loss
to measure the dependence between output features and the true labels, which is a common
usage of HSIC in previous works (Barshan et al., 2011; Song et al., 2007c). Moreover, we
want to point out that the proposed estimator of SSL-HSIC (see Equation (11) in Li et al.
(2021)) can be reduced to the linear loss we use in this paper when the kernel k(-,-) is
chosen to be a simple inner product. The authors argued that the standard InfoNCE loss
may yield meaningless features in some cases thus the proposed HSIC-based loss could be a
better alternative, and provided empirical results illustrating the comparable performance
of SSL-HSIC. It remains to be further explored the benefits of such an HSIC-based method.

Lee et al. (2021) studied self-supervised learning under a conditional independence as-
sumption, and showed that with the optimal representation learned in pretext tasks, the
in-domain downstream risk is guaranteed to be small. In the contrastive learning context,
for example, an image classification downstream task, such an assumption implies that
the augmented views generated from the same picture are roughly independent conditional
on its ground-truth class, which could be too strong since two views are usually strongly
correlated. Such an assumption would be closer to supervised contrastive learning as we
have discussed in Section 4.1 where we contrast two independent samples from the same
class, such sample pairs are independent conditional on the true label, but it requires label
information and thus not applied to self-supervised contrastive learning. Compared with
this work, we studied a specific data-generating model where the two views are obtained
by practical augmentation and thus could be more close to a real-world setting. It is also
remarkable that inLee et al. (2021), their analysis can be adapted to the nonlinear repre-
sentation setting in the sense that they directly assumed that the optimal representation
is obtained. However, the representation learning in the contrastive learning context, even
under a linear representation setting, could be non-convex. Thus our analysis starts from
a simple setting to obtain a deep understanding of what could be learned in the pretext
tasks.

Saunshi et al. (2022) proposed a novel perspective that theoretical analysis of contrastive
learning must take the inductive bias into account. It is shown that without considering the
function class, it is possible that the learned features totally fail in downstream classification
tasks. Furthermore, it is shown that within the linear representation class, contrastive self-
supervised learning is guaranteed to learn meaningful features under certain conditions.
In our paper, we have restricted ourselves to a similar linear representation setting and
avoided the collapse raised by complicated models. Compared with their analysis in a
linear representation setting, our bounds provide an exact order while their results still need
to quantify the expressivity and inconsistency measure, which is very difficult without very
strong assumptions. Moreover, their analysis requires a finite input space and augmentation
set, which is much stronger than our data-generating model.
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Later than our paper, Fu et al. (2022) considered a similar issue of transfer learning
performance of the supervised contrastive method. The authors argue that directly mini-
mizing the supervised contrastive method will lead to feature collapse, which implies that
within each class, all data points will have the same embedding and thus the supervised
contrastive method loses information that could be useful for transfer learning. This intu-
ition is similar to our setting in Section 4.2, and based on it the authors proposed a new
loss function that combines the supervised contrastive loss and within-class self-supervised
loss together. At a high level, this new loss function is quite similar to equation 23 since
they are both linear interpolations of self-supervised contrastive loss and supervised loss,
and the common motivation is to encourage the model to learn more background features.
And our analysis in Section 4.2 can provide a theoretical foundation for when could such
interpolation work and how to choose the ratio «.

A.2 Disucssion about the regularization term

In this paper we use a quadratic regularization term Ry(W) = |[WW |4 instead of a
standard £ regularization term Ro(W) = ||W||%. Denote W1 = [wy,--- ,w,], then we can
write these two terms as:

Ry (W) =" Jlwil* + > (wi,wy)?, Ra(W) = [|wi?
7 2,7 7

The main difference between these two terms is that except for penalizing the norm of
representation wy, it also penalizes the similarity between different representations. In par-
ticular, in the linear representation setting, where we will deal with optimization problems
like
min tr(WAWT) + 2RW)
WeRrxd 2

where A is a symmetric matrix determined by data and augmentation, we can easily find
that the ¢ regularization would fail. To see this, we can rewrite the loss function as

A . A . A
t(WAWT) + SIWIE = (] Aws + Slwil?) = > w] (A+ S 1w,
i=1 i=1

it is easy to find that the optimal solution of each w; would be at infinity. Moreover, even if
we add constraints like ||w;|| < C,Vi € [r], the optimal solution of each w; would all be the
eigenvector corresponding to the smallest eigenvalue of A thus the model would only learn a
single representation from the data. In contrast, the quadratic regularization term encour-
ages the diversity of representation by penalizing the similarity between representations,
i.e., (w;,w;)?. In this situation, we have:

A A 1 1
t A T) n T2:7WTW *A2—7A2
r(WAWT) + ZIWW TR = SIWTW + Al - 1Al
and it is easy to find that the optimal solution of w; would be finite and each w; corresponds

to different eigenvectors of A and is orthogonal to each other, which implies that they would
learn totally different representations. As a result, the quadratic regularization term would
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Testing Accuracy H weight decay=0.0001 quadratic regularization=0.0001

CIFARI10 65.11 £0.51 65.54 + 0.26
STL10 71.02 £0.47 71.39 £0.39

Table 6: Quadratic regularization v.s. weight decay. We compare the top-1 accuracy
of linear classifiers trained on features learned by SimCLR with the ResNet-18 encoder and
different regularization methods. We repeat each experiment for 5 runs and report the mean
and standard deviation. More details are provided in Section 5.2

be more helpful to self-supervised learning with linear representation. In real-world prac-
tice, £5 regularization can still work well with the help of non-linearity and normalization
techniques, but we also provide an empirical observation that applying quadratic regular-
ization would be helpful to improve the performance compared with using standard weight
decay. We would also like to point out that in the linear regime, the choice of A € R
would only affect the norm of w; and makes no difference to the direction of w; and the
quality of representation, thus we do not specify this value in our analysis. Similar regu-
larization techniques are also used in Liu et al. (2021) for theoretical analysis in the linear
representation setting.

We verify this conjecture in neural networks, and the results are provided in Table 6.
The first column corresponds to training with standard weight decay, and in the setting of
the second column, we do not apply weight decay for each weight matrix of fully connected
layers in the encoder, and add an additional regularization term A|[WZW|% on the loss
function instead. Note that the quadratic regularization does not apply to convolution
layers and bias terms, thus we keep the weight decay on these parameters. We search the
regularization parameter in each settings from A = 0.1, 0.01,0.001, 0.0001, 0.00001, 0.000001
and find that A = 0.0001 yields the best performance in each settings and datasets.

It is observed that quadratic regularization slightly improves the performance of con-
trastive learning, which is consistent with our intuition.

A.3 Background on distance between subspaces

In this section, we will provide some basic properties of sine distance between subspaces.
Recall the definition:

[sin © (Uy, U2)||p &

UL = |[odo 30
1z 20U, (30)
where Uy, Uz € Qg are two orthogonal matrices. Similarly, we can also define:

Jsin © (U1, U2)||, =

2 2
‘Nfﬁ . . ] 16.. E]. 1.

Proposition A.1
2
Isin® (U1, Ua)|I} = v = ||U s |
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Proof Write U = [U1,U; 1] € Og4. We have

2 2
r=Uel} = 10Tl = 0T e+ o
then by definition of sine distance, we can obtain the desired equation. |

Proposition A.2
. 1
[sin® (U1, V)l = S I — 02Uy |7
Proof Expand the right hand and use Proposition A.1 we have:
1 1
SIUT = 02U [ =S (000 3+ 0205 [} = 240 (0107 U204 )

1
—5(r+7 - 2tr(U1TU2U2TU1))

T . 2
=r — ||U; U2||%p = [|sin© (U1, Ua) |/ -
|
With Propositions A.1 and A.2, it is easy to verify its properties to be a distance function.

Obviously, we have 0 < |sin® (U1, Ua)||p < /7 and ||sin © (Uy, Us)||p = ||sin © (U2, U1)|| g
by definition. Moreover, we have the following results:

Lemma A.3 (Lemma 1 in Cai and Zhang (2018)) For any U,V € Qgy,,

Isin®(U, V)2 < Jinf [[UO = Vs < V2||sin O(T, V)]l2, (31)
S T
and
[sin®(U,V)llr < inf U0 =Vl|r < V2| sin®U, V|- (32)
c T

Proposition A.4 (Identity of indiscernibles)
[|sin© (U1, U2)||p =0« 30 € O"*", s.t. U10 = Uy
Proof It is a straightforward corollary by definition:
Isin® (U, U2) | = 0 = || U7, U
<30 € 0™, s.t. U10 = Us.

‘ =0<Uy; LU,
F

Proposition A.5 (Triangular inequality)
Isin © (U1, Us) || p < [[sin© (U1, Us)l|p + [|sin © (U, Us) || p
Proof By the triangular inequality for Frobenius norm we have:
10U, — UUy || p < OO = UsUS ||p + |U2U] — UsUs ||,

then apply Proposition A.2 to replace the Frobenius norm with sine distance we can finish
the proof. |
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Appendix B. Omitted proofs for Section 3
B.1 Proofs for Section 3.1 and Section 3.2

In this section, we will provide the proof of Proposition 5 and Corollary 6, the restatement
of them and the detailed proof can be found in Proposition B.1 and Corollary B.2.

Proposition B.1 (Restatement of Proposition 5) For two fized augmentation func-
tions g1, 92 : RY — Rd, denote the augmented data matrices as X1 = [g1(x1),- -, g1(zn)] €
R>™ gnd Xo = [ga(w1),- -+ , g2(xn)] € R¥X™, when the augmented pairs are generated as in
Definition 1, the optimal solution of contrastive learning problem (9) is given by:

. T
Wer =C <Z umw?) ,
=1

where C' > 0 s a positive constant, o; is the i-th largest eigenvalue of the following matriz:

XX + XX — (X1 + X)L, 1 —L)(X1 + Xo) T, (33)

2(n—1)
u; s the corresponding eigenvector and V. = [v1,--- ,v,] € R™" can be any orthonormal
matriz.

Proof [Proof of Proposition 5| When augmented pairs generation in Definition 1 is applied,
the contrastive loss can be written as:

n

ESelfCon(W) :%”WWTH% - %ZKng (xl), WgQ(gjl»
- ﬁ D (War (i) + Waalw:), War () + Waa(:))]
i

:%HWWTH% - %Z(ng(a:i% Wgs(x:))

i=1

1
+ In(n—1) ZZ War(zi) + Waa(z:), Wagi(x;) + Waa(z:))
i=1 j#i
1
:—||WWTHF tr(X, WIWXs + Xy WIWXy)
1
- yrE— tr((1n11 — L)(X1 + Xo) "TWTW(X; + Xo))
A
=S
1 1
-~ ((XQX + X1 X, — m(Xl + Xo)(1n1, — L) (X1 + XQ)T)WTW)
2
HAWTW - (X2X1T +X1X, — 2= 1) (X1 4 Xo)(1n1,) — I)(X1 + X2)T)
F
1 2
— == XX + X1 X, — (X1 + X2)(1,1) — L) (X, + XQ)T)
Hzm( ! 2 2(n—1) »
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Note that the last term only depends on X, and the first term implies that when Wy, is

the optimal solution, )\WCLWgL is the best rank-r approximation of ﬁX HX'T, where
H :=1,1] —I,. Applying Lemma E.4 to the first term, we can conclude that Wy, satisfies

the desired conditions. [ |

Corollary B.2 (Restatement of Corollary 6) Under the same conditions as in Propo-
sition 5, if we use random masking (Definition 2) as our augmentation function, then in
expectation over the data augmentation, the optimal solution of contrastive learning problem
(9) is given by:

. T
Wer=C (Z uz‘Uz‘UiT> ;
=1

where C' > 0 s a positive constant, o; is the i-th largest eigenvalue of the following matriz:

1

n —

AXXT) -

1X(lnq — L)X, (34)

u; is the corresponding eigenvector and V. = [vy, -+ ,v,] € R"™" can be any orthonormal
matriz.

Proof [Proof of Corollary 6| Following the proof of Proposition 5, now we only need to
compute the expectation over the augmentation distribution defined in Definition 2:

A 1 @
Lseltcon (W) =§HWWT||2F = E(g1,90) [ﬁ ZKWQl(CUi)a Wga(w;))
=1
1

- m Z<Wg1($z) + Waa(zs), War(z;) + Waa(z;))]]
J#i

A 1
:§||VVVVT||%J - E(ghfp)[%tr((Xng— + XX,
1
_ m(X1 X)) (1,1 — L) (X + X)W Tw). (35)

Note that by the definition of random masking augmentation, we have X; = AX, Xs =
(I — A)X, which implies X; + X9 = X. On the other hand, X; and X2 have no common
nonzero entries, hence the matrix X; X, + XX, only consists of off-diagonal entries and
each of the off-diagonal entry denoted as x;; appears if and only if a; + a; = 1. Moreover,
if it appears, we must have z;; equals to the (i, j)-th element of XX T. With this result, we
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can then compute the expectation in Equation (35):
A T 1
ESelfCon(W) :§||WW HF - 91 92) ((X2X1 + X1X2
1
- m()ﬁ + X2)(1n12 —In) (X1 + Xz)T)WTW)}

A 1 1 1
=ZWwWw Tz - —tr [ ZAXXT) - ——X(1,,1.) — L)X \W'w
I - o e (GAGXT) - Xl - 1)
2
MWW — —([AXXT) -
H 4n)\<( ) n—

By a similar argument as in the proof of Proposition 5, we can conclude that Wy, satisfies
the desired conditions. |

1
—1)((1”1; — In)XT>

F

1 2

AXXT X1, — )X T
[ (a0exm - xal - nxT)

F

Remark B.3 Note that the two views generated by random masking augmentation have
disjoint non-zero dimensions, hence contrasting such positive pairs yields a correlation be-
tween different dimensions only. That is why the first term in equation (34) appears to be
A(XXT) where the diagonal entries are eliminated.

B.2 Proofs for Section 3.3

In this section, we will prove Lemma 11, Theorems 13 and 14 in Section 3.3. The restatement
and proof of them can be found in Lemma B.6, Theorem B.7, and Theorem B.9.
Before starting the proof, we give two technical lemmas to help the proof.

Lemma B.4 (Uniform distribution on the unit sphere (Marsaglia, 1972)) Ifzq,zo,---

ii.d. ~ N(0,1), then (z1/¢/> 22, an/y\/Doieq @2) is uniformly distributed on the
unit sphere S* = {(x1,--- ,x,) € R : Z?:l z? = 1}.
Lemma B.5 If z1,29,  + , 2y i.i.d. ~N(0,1), then:

E <2l
o < 2log(n)

Proof Denote Y = maxi<;<, 77, then we have:
n
exp(tEY) < Eexp(tY) <E Z exp (t:z:lz) = nEexp (t:z:zz)
1=1

Note that the moment-generating function of chi-square distribution with v degrees of free-
dom is:

Mx(t) = (1 —2t)7"/2.
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Then combine this fact with Equation (B.2) we have:
exp(tEY) < n(l — 2t)_%,

which implies:

log(n) 1—2t 1
- Vit < -
t 2t < 2

EY <

In particular, take ¢t — % yields:
EY < 2log(n)

as desired. n

Lemma B.6 (Restatement of Lemma 11)
N r
IEUNUniform((O)Ulm)I(Uv ) =0 <g log d) . (36)

Proof [Proof of Lemma 11| Denote the columns of U as U = [uy, -+ ,u,] € Qg,, we have:

EUwUniform((Dd,r)I(U) _EUNUIllfOI‘m (Og,r Hé?j]( Z |6 Uj ’2

T 2
SEUNUniform(@dyr) Z Izlé%i}}( |ei uj’
j_

— 2
_T]EuNUniform(Sd) m?;l)]{ ‘6 'LL|

By Lemma B.4 we can transform this expectation on the uniform sphere distribution into
normalized multivariate Gaussian variables:

maxie[d] $12
]EUNUniform(@d’r)I(U) = T]Ecm,--- S Td d72 (37)
2 =1
where x1,%9, - ,xq are i.i.d. standard normal random variables. Apply Chebyshev’s in-

equality we know that:
d
1 9 2
=1
In particular, take ¢ = 1 we have:
d
d 8
P 2o <=,
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Then take it back into Equation (37) and apply Lemma B.5 we obtain:

2 d
max;e(q) L; d
Byt (04, [(U) =7y, eSS < )
2=1% o

2 d
max;e(d] T; 9 d
+T]E11f"vxdd7]l{§ x> 5}
Zj:l IE? i=1 2

d
d 2r
<rP E 2= “E, . 2

8r 4drlogd
<—+

—d d

as desired. n

Now we start proving our main results. Note that Uag is the top-r left eigenspace of
the observed covariance matrix and U* is that of the core feature covariance matrix, and
by Assumption 9 the observed covariance matrix is dominated by the covariance of random
noise. The Davis-Kahan theorem provides a technique to estimate the eigenspace distance
via estimating the difference between target matrices. We will adopt this technique to prove
the lower bound of the feature recovery ability of autoencoders in Theorem 13.

Theorem B.7 (Restatement of Theorem 13) Consider the spiked covariance model Eq.(5),
under Assumptions 810 and n > d > r, let Wag be the learned representation of autoen-
coder with singular value decomposition Wag = (UAEEAEVJE)T (as in Eq.(7)). If we
further assume {02}, are different from each other and 0(21)/((7(2T) —U(QTH)) < Cy for some
universal constant Cy. Then there exist two universal constants C, > 0,c € (0,1), such
that when p < C,, we have

E|sin® (U*,Uag)| z > cVT. (38)

Proof [Proof of Theorem 13| Denote M = v2U*U*T to be the target matrix, z; = U*z; +
&, ©=1,2,---n to be the samples generated from model 5 and let X = [z1, - ,z,] €
R Z = [z, ,20] € R™E = [€1,---,&)] € R¥™ to be the corresponding matrices.
In addition, we write the column mean matrix X € R™*? of a matrix X € R"*? to be
X = %X lnll , that is, each column of X is the column mean of X. We denote the sum

of variance o7 as 02, = Z?Zl o2. As shown in Equation (7), autoencoders find the top-r

eigenspace of the following matrix:

1

- 1 1 _ _
M= X(Ly =~ 1LAD)XT = (U Z+E)UZ+E) - (" Z+E)U'Z+E)".

1
n

The rest of the proof is divided into three steps for the sake of presentation.
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Step 1. Bound the difference between M; and ¥ In this step, we aim to show
that the data recovery of autoencoders is dominated by the random noise term. Note that
Y = Cov(£) = E£€T, we just need to bound the norm of the following matrix:

- 1 1 1 1, - = o

M -%==-U22"U""+—(UZE"+EZ'"U"" ) +(=EE" -%) - —(U*Z+E)(U*Z+E)",
n n n n

(39)

and we will deal with these four terms separately.

1. For the first term, note that Ezz' = 21, the first term can then be divided into two
terms

1 1
—UZZ'UT =M+ UN(=ZZ" —Ezz")U*T. (40)
n n

Then apply the concentration inequality of Wishart-type matrices (Lemma E.3) we
have:

1
E||-ZZ7 —Ezz' ||y < (\/?+ Ty,
n n n

Plug it back into (40) we obtain the bound for the first term:

1 1 ror
2022702 < 0 + 01al 227~ BaaT Ul < (142 + D)o )

2. For the second term, since Z and E are independent, we must have EU*ZET = 0, so
apply Lemma E.2 twice we have:

1 1
~E|EZ Ul =—Ez[Ex[| EZ" U*||2|Z]

S*EZ[”Z”Q(Usum + T1/4\ /Osum0 (1) + \/;U(l))]

S—Ez[| Z]2]Vdoq, (42)

—3

3. For the third term, apply Lemma E.3 again yields:

1 d d
E|-EET — 3|5 < \f o2, 4
Hn ||2_< n+n>0(1) (43)

4. For the last term, note that each column of Z and E are the same, so we can rewrite
it as:

%(U*Z +EVUZ+E) =Uz2+(Uz+6)T,
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where z = %Z?:l z and € = %Z?:l &. Since z and & are independent zero mean
sub-Gaussian random variables and Cov(z) = v?1,., Cov(£) = X, we can conclude that:

1 _ _ _ _ _ __
E|-(U"Z+E)U"Z + E)'|lz < Ellzz"|l2 + 2E| 2" |2 + EIIEE" |2

2 Vd da(l)
S TRt

(44)

To sum up, combine equations (41)(42)(43)(44) together we obtain the upper bound for the
2 norm expectation of matrix M — X:

. d d d
E|M; — 2o < V2 (1 + \/?—i— T) + 0(21) (\/>+ ) + \/>a(1)y. (45)
non non n

Step 2. Bound the sine distance between eigenspaces As we have shown in step
1, the target matrix of autoencoders is close to the covariance matrix of random noise, that
is, ¥. Note that X is assumed to be a diagonal matrix with different elements, hence its
eigenspace only consists of canonical basis e;. Denote Uy to be the top-r eigenspace of X
and {e;};cc to be its corresponding basis vectors, apply the Davis-Kahan Theorem E.1 we
can conclude that:

2\fEHM1 2

2
f’(r) ~ 9+

<f(p +[+p[)

Step 3. Obtain the final result by triangular inequality By Assumption 10 we
know that the distance between canonical basis and the eigenspace of core features can be
large:

EH sin @(UAE, UE)HF <

[sin®U*, Un) |l = U U3 = Y llef UIP = 1U*1E =D llef U
i€ld)\C ieC

2
>r—rI(U”) :T—O(dlogd)

Then apply the triangular inequality of sine distance (Proposition A.5) we can obtain the
lower bound of autoencoders.

EHS]H@(UAE,U*)HF >EHSlIl@(U* Uz;)HF—EHSIIl@(UAE,UE HF
Z\f—0<rd\/logd> < <p —i—\/»—i-p\/»))
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By Assumption 9, it implies that when n and d are sufficiently large and p is sufficiently
small (smaller than a given constant C, > 0), there exists a universal constant ¢ € (0,1)
such that:

E||sin O(Uag, U")||r > cV/r.

To start the proof, we introduce a technical lemma first.

Lemma B.8 (Lemma 4 in Zhang et al. (2018)) If M € RP*P is any square matrix
and A(M) is the matriz M with diagonal entries set to 0 , then

[AM)|2 < 2[[ Mo

Here, factor 7 2 7 in the statement above cannot be improved.

Theorem B.9 (Restatement of Theorem 14) Under the spiked covariance model Eq.(5),
random masking augmentation in Definition 2, Assumptions 8-10 and n > d > r, let
Wer be any solution that minimizes Eq.(3), and denote its singular value decomposition as
Wer = (UCLECLVJL)T, then we have

. r3/2 dr
EHSID@(U*,UCL)HFN TIOgd‘i‘ ; (47)

Proof [Proof of Theorem 14] The proof strategy is quite similar to that of Theorem 13
and we follow the notation defined in the first paragraph of that proof. As we have shown
in Corollary 6, under our linear representation setting, the contrastive learning algorithm
finds the top-r eigenspace of the following matrix:

v _l Ty 1 T T
My _n<A(XX )= = X(Inly — L)X >
1 1 _ o
=—A(U*Z + B)(U*Z + E)") - — (U Z+ E)U*Z + E)T

1 * *
taon A BB

To prove the theorem, first we need to bound the difference between My and M. We
aim to show that the contrastive learning algorithm is dominated by the core feature term.
Note that ¥ = EUzz"U", we just need to bound the norm of the following matrix:

- 1 1 1
My — M :(EA(U*ZZTU*T) - M)+ gA(U*ZET +EZTUT) + ﬁA(EET)

1 L _ 1 (48)
(U Z+E)UZ+E)" + (U*Z+E)U*Z+E)".

n—1 n(n —1)

and we will also deal with these five terms separately.
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. For the first term, we can divide it into two parts:
1 1
AU ZZ2'U =M =A=U*22"U*T — M)+ A(M) — M.
n n

Then apply Lemma B.8 and Lemma E.3 we have:

r

1 1
Il«j,HA(ﬁU*ZZTU*T — M2 < QEHEU*ZZTU*T — M|y < 2(\/:+ —)2.

n

Using the incoherent condition I(U) = O(%logd), we know that:

1M = Az < v mae ] U3 = w2 1(U7) § logav
1€

(49)

Combine the two equations above together we obtain the bound for the first term:

]' * * 1 * *
E|-A@U*2ZTU*T) - Mlz S EJACUZZTUT = M)z + M = A2

< VQ(glogd—i— % + \/Z).

. For the second term, apply equation (42) yields:

1 * T TrrxT 4 TrrxT \/&
EEHA(U ZE' +EZ U" |2 < EEHEZ U2 < %0(1)1/.
. For the third term, apply equation (43) yields:
1 1 1 d d
E|-A(EED) |y =E|A(=EET —%)|s < 2|-EET - % <\/> —)o?,.
1= AEE )2 =E[A( M2 =< 2]~ l2 S (o + oy

. For the fourth term, apply equation (44) yields:
1 > EN(IT7 4 T 1,
El|-——(U*Z+ E)UZ+E)'||]2 SE|-(UZ + E)UZ + E)" 2

2 do?
VAL

n  n n

. For the last term, by equations (41)(42)(43) we know:

1
IE||E(U*Z +E)UZ+E)"|;

d d d
S X2 + (1—1— \/7—&- T)uz + \/70(1)1/—1— ( -+ >a(21).
non n n o n

Thus we can conclude that:

E| U Z+E)UZ+E) |2 S oty + -2

n(n—1) n
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To sum up, combine equations (50)(52)(53)(54)(55) together we obtain the upper bound
for the 2 norm expectation of matrix Mo — M:

. r ror d d d
E||M2 — M||2 S I/2 <d logd—l— \/;‘F n> +0'(21) <\/;+ n) +O’(1)7/\/;. (56)

With the upper bound for ”MQ — M||2, simply apply Lemma E.1 we can obtain the desired
bound for sine distance:

2VTE|| My — M
El[sin©(Ucw, U")||r < E| V22 I

S\/?j% <l/2<r 10gd+ \/?‘i‘ T) +U(21) (\/E‘i‘ d) +0’(1)I/\/E>
v d n o on n o n n

d d d 57
—ﬁ<(rlogd+ \/?—i- T) +p_2<\/7+ ) +p! )
d n o n n o n n
3/2
<" logd+ Y
d n
Moreover, there exists an orthogonal matrix O eQrxr depending on Ugy, such that:
. 5 2V/TE|| My — M 8/2 d
E[UTUcwO — Ll = B|UciO - Uflp < 2P =Ml 20 JO0
which finishes the proof. |

B.3 Proofs for Section 3.4

In this section, we will provide the proof of Theorems 17 and 18 with both regression and
classification settings. The corresponding statement and proof can be found in Theorems
B.10 and B.11.

For notation simplicity, define the prediction risk of predictor § for classification and
regression tasks as R.(0) := Ep[l.(d)] and R,(9) := Ep[l,(9)], respectively. Define ¥, :=
v2UU*T + 8. We write 7, for oy 4 With a slight abuse of notation.

For two matrices A and B of the same order, we define A > B when A — B is positive
semi-definite.

Theorem B.10 (Restatement of Theorem 17) Suppose the conditions in Theorem 14
hold. Then, for the classification task, we have

r3/2 dr
Ep[ inf ES[€C(5WCL,w)] — inf Eg[gc((sU*T’w)] =0 PR logd + o A1,

weR” weR”

and for regression tasks,

. . r3/2 dr
Epl inf Eelbr(Oweyw)] — inf Eelbr(dyer )] S —logd + 4/ .
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Theorem B.11 (Restatement of Theorem 18) Suppose the conditions in Theorem 13
hold. Assume r < r. holds for some constant r. > 0. Additionally assume that p = O(1) is
sufficiently small and n > d > r. Then, For the regression task,

ED[ inf E(‘:[ET((SUAE,’U))] — inf Eg[fr((sU*,w)] > CI

weRT weRT e

and for classification task, if F' is differentiable at 0 and F'(0) > 0, then

Ep[ inf Belle(dv,pw)] — inf Belle(du-w)] = ¢,

where ¢, > 0 and ¢, > 0 are constants independent of n and d.
The proofs of Theorem B.10 and B.11 relies on Lemma B.15, B.16, B.17, B.18 and B.20

which are proved later in this section.
Proof [Proof of Theorem B.10: Classification Task Part] Lemma B.17 gives for any U €

@d,rv
Eplinf Re(dur) — inf Relds )] (58)
< (14 p*)? + 5> (1 + p%)? + (kp” V1) Ep[|| sin ©(U, U*)]|2]- (59)

Substituting U <— Uag combined with Assumption 9 and x = O(1) concludes the proof. B
Proof [Proof of Theorem B.10: Regression Part] Note that under Assumption 9 and xk =
O(1), 1+p72)/(1+r"1p72)%2 = O(1). Lemma B.20 gives for any U € O,

Ep[ inf Ry (dvw) = inf Ry(0u-)] = O((L+ p~2)Ep(| sin O, U 2] [u”|).  (60)

Theorem 14 with substitution U < Ug gives the desired result. [ |

Proof [Proof of Theorem B.11: Classification Part] Lemma B.16 gives that for ¢; :=
1 —1/(2kr.) € (0,1), we can take n > d > r and sufficiently small p > 0 so that
Ep[||sin ©(Uag, U*)||%] > c17 holds. By Lemma B.18,

Ep[ inf Re(0vapw) = mf Re(0u+w)]

1+ o 1 | 2
> _ _ *
~ (1+np2)3/2p 1+ p2 k(r — [[sin©Uag, U”)|x)
1 4 p2)3/2 1
_<(1+F\72)3/22 1 2-&(1—61)7’
) +p
14 2)3/2 1 1
> ( +p2)32P2< 2_>’ (61)
(14 kp?)3/ 1+p* 2

where the last inequality follows since r < r.. If we further take p = ©(1) < 1/2, the right
hand becomes a positive constant. This concludes the proof. |
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Proof [Proof of Theorem B.11: Regression Part] From proposition B.19, we have

S RrO0asw) = g, RO
_ ’LU*T((I + (1/1/2)U*TEU*)—1
— U U (UAgU U " Upp + (1 /v U p2UsE) UL 5U ) w*.

Thus from Lemma B.15,

inf R, (0v,pw) fu}gﬂgrRr((SU*,w)

weR”

1 ) . .
- <1+p—2 +p?(|lsin©Uap, U )H%—r))l!w 1% (62)

Using Lemma B.16 and by the same argument in the proof of Theorem 18: Classification
Part, we conclude the proof. |

Lemma B.12 For any U € Oy,

12

)\min(VQU*TU(UTEIU)_IUTU*) > -
v2 4+ oy

(1= [ sin0U,U")[I3).

Proof Since Apin(AC) > Amin (A)Amin(C) for symmetric positive semi-definite matrices A
and C,

Amin(PUTUU TS, U) U TU)
> Anin (U T U U T U Amin (V2 (U T 2,U) 7Y

V2

T * T
2 Auin(l = (I =0 U U 3 e 0+ U7 50)

2

> ————(1—||sin®U,U"|3)
2 2 ( ) 2/
v —l—a(l)

where we used Weyl’s inequality Amin(A+ C) > Anin(A) — ||C]|2 in the second inequality. W

Lemma B.13 For any U € Oy,

12

v2(1 — ||sin©(U, U*)|2) + O'(Zd)

Amax(PPUTUU TS, 0) U TUY) <
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Proof Since || AC||2 < ||A]l2]|C |2,

Amax(PUTUU TS, U0) U TUY) < Anax (P2 (U T2,U) 71

12

<
= Amin(V2UTUAUATU + UTSU)

V2

<
= Amin(V2I —v2(I - UTU*U*TU) + UTEU)

VQ

<
~ V21— ||sin©O(U, U*)|l2) + U(Qd)’

where we used Weyl’s inequality Amin(A + C) > Amin(A4) — [|C]|2 and Apin (V2 + U TSU) >
V2 + U(2d)' |

Lemma B.14 For any U € Oy,

”VZ(U*TZxU*)il o VZU*TU(UTEwU)ilUTU*HQ
_0 1 1+p2
1—|Isin®U,UN|3 + K 1p 214 r"1p2

Jsin©@. )2 ).

Proof Observe that

”(U*TE;EU*)fl _ U*TU(UTZIU)ilUTU*HQ
<N UTE,UN) T = (UTS,U) o+ ((UTE,U) = UTUU TS, U) U U
= (T1) + (1T2).

For the term (71),

(T1) = (U2, U) "YU TS, U)U T8, U5~ — (U8, U)W U TS, UNU* T2, U)o
< NUTEU) U TEU = U TS U2 (UHTEU) 2.

Note

|UTS,U — U TS, U* o = VU TUUXTU = 2T+ UTSU — U*TSU*|;
< V2| sin®(U, UY)|2 + |[UTS(U = U*) + (U = U*)TSU* ||,
<V sin O U, U")|I3 + 207, |U = U*|Ja.

Also we have Apin (U T 2,U) > v2(1— | sin (U, U¥)|3) —|—0(2 from the proof of Lemma B.13

d)
and A (U* ' 2,U%) > 12 + 0(2 ) Therefore

1

(2 1 0Z) (21— [sinO(U, U)[B) + 0

(T1) <

(|| sin ©(U, U)|13 + 203, IU — U*[|2).
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For the term (7'2),

(T2) = |(U'S,U) L = U (U* + (U = UN)WU 'S, U)" YU+ (U -U))TU*|
= |- U -UvHUSU) T - U TS U) YU -UNTU
— (U = UNU TS, U)" YU = U)TU ||,
1

< 21U — U™ U—U*|2).
= V2(1 _ ||sin@(U7 U*)H%) +U(2d ( ” ||2 + || ||2)

)

From Lemma A.3, || sin ©(U, U*)||2 < ||[U—~U*||2. Finally from these results and ||[U—U*||3 <
2|U = U|l2,

HVQ(U*TE;EU*)_l _ VQU*TU(UTExU)_lUTU*HQ

Y V2 +0'(21)HU_U*H
-\ - [[sin®U, U*)|3) + oy v2 + o, )

Since LHS does not depend on the orthogonal transformation U <— UO where O € O, ,, we
obtain

||V2(U*TZxU*)71 _ V2U*TU(UTZIU)71UTU*||2

O 12 y2+0(21) i lUO — U*
~ O\ = [sinO (U, UM[B) + 07y 12 + 07 o U0 =U7l2 .
Combined again with Lemma A.3, we obtain the desired result. u

Lemma B.15 For any U € Oy,

Amin(VA(UT2,UN T AU TU U T, U) U TUY)

v? v?

> — ——(r— ||sin©(U,U*)| ).
v? —i—a(zl) O'(Qd)

Proof Observe
Amin( AU T2, U = 20T U(WU T2, U) U TUY)
> Amin (I + (1/HUTSU ™Y — U TUWTUU*TU + (102U TSU) U TU* o
Since UTU*U*TU = 0, it follows that (UTU*U*TU 4 (1/v2)UTxU)~! < v2(UT2U)~L.
Thus
|\ TUWwTUUTTU 4+ 1)U TS0 U T U |,
<V Amax (U ZU) HUTU|3
V2 * T 2
< U Ul%

I(d)

12

= 2 (r = |[sinO(U, U")}),
(d@)
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where we used Apax(UT3U)™) < 1/ Anin(UTXU) < l/a(Qd) and Hsim@(Ul,Uz)Hfp =7r—

HU{FUQH§7 from Proposition A.1. Combined with Lemma B.13, we obtain
Amin(VA(UT2,UN T =AU TU U TS, U) U TUY)
v

— ——(r —||sinOU, U)| 7).

Lemma B.16 Suppose the conditions in Theorem 13 hold. Fiz c1 € (0,1). There ezists a
constant ca > 0 such that if \/rlogd/dV p* Vv d/n < co, then,

EDH sin @(UAE, U*)H% >,
where ¢1 € (0,1) is a universal constant.

Proof By Cauchy-Schwartz inequality,

Ep|sin®Uap, UY)||F — 7
> (Epl|sin©(Uag, U*)||F)? —r
= (Ep| sin©®(Uag, U)||r — V7)(Ep| sin ©®(Uag, U*)||r + V7).

From Theorem 13, there exists a constant cg3 > 0 such that we have

. r d d
Ep ||sin® (U*, Uag)||p > VT — @,ﬁvlogd— 63\/77<p2 + \/;—i—p\/;).

['herefore combined with a trivial bound || sin @(U AE, U*)HF < \/77,
E ||sin®(U E U*)H2 —r > —rc ﬂ\/loid-i- 2+\/>+ \/>
b AE F 3 \[d & P n P n
> — 277”1/2 Viegd Vv 6p? 6\/7
re lo) V \V .
= 3 \[l g p n

where we used py/d/n < p?Vd/n < p?V +/d/n since d < n. Thus we can take cy =
6(1 — ¢1)/c3. This concludes the proof. [ |

Lemma B.17 For any U € QOg,.,
Ep [wlg]lgr 7?'c((()‘U,w) - wlél]lgr Rc(éU*,w)]
< (kL4 p?))3 + k2 (14 p2)2 + (kp? V 1) HEp]|| sin ©(U, U*)||2].
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Proof Recall that we are considering the class of linear classifiers {0y, : w € R"}, where
Suw(®) = I{F(#"Uw) > 1/2}. For notational simplicity, write 3 := Uw and * := U*w*.
Rel0vw) = Pe(Ouuw(®) # §) =Pe(y =0, F(2' #) > 1/2) + Pe(y = 1, F(z' #) <1/2).

Since F'(0) = 1/2 and F is monotone increasing, the false positive probability becomes
Pe(j=0,F(z'B) > 1/2) =Pg(y=0,2' 8 > 0)

= Eg¢[Ee[I{y = 0}, 2]1{z 5 > 0}]

=Ee[(1 - F(r'2"U T g")Ha' 8 > 0}].
Write w := #' 8 and w* := v~ 12TU*T 8*. From assumption, (w*,w) jointly follows a normal
distribution with mean 0. Write v*? := Var(w*) = w* ' w*, v? := Var(w) = 81 %,8, where
Y, = 2UrU*T + 3. Let 7 := Cor(w*,w) = vw* ' U*' §/(v*v). By a formula for conditional
normal distribution, we have w|w* ~ N(Tvw*/v*,v3(1 — 72)). This gives

Pe(y=0,F(z'8) > 1/2)
el(1 = F(w){w > 0}]
e[(1 — F(w"))Ee[[{w > 0}|w"]]
e[(1 = F(w"))Pe(w > Ofw™)]
w — TUw* /v* TOW* Jv*
)P > — w*

5{ 5<v<1—72>1/2 ol =212 [" )]
(1 = F(w")®(aw™/v")]
(1 = F(w)®(aw™/v"){w" > 0}] + Eg[(1 — F(w"))®(aw” /v*){w” < 0},
where ® is cumulative distribution function of N(0,1) and a := 7/(1—72)'/2. We define ¥
as Up(s?) = 2B, n(,s2)[F(u)[{u > 0}]. When F(u) = 1/(1+e7"), U (s?) is called the

logistic-normal integral, whose analytical form is not known (Pirjol, 2013). Since a random
variable w* is symmetric about mean 0 and F(u) =1 — F(—u),

Ee[(1 = F(w")®(aw" /v"){w" < 0}] = Ee[(1 — F(=w"))(1 = ®(aw”/v"))[{w" > 0}]
=E¢[F(w)(1 — ®(aw™/v")){w* > 0}].

Neadl
I

E
E
E
E
Ee
Ee

(1
(1

Hence
Pe(j=0,F(3'B) > 1/2)
= E¢[(P(aw™ /v*) + F(w*) — 2F (w*)®(aw™ /v*))I[{w* > 0}]
= Ly (") — B 2P (W) — 1)®(aw* /o) T{w* > 0)].

Note that the true negative probability is exactly the same as the false positive probability
under our settings:

Pe(y=1,F(&'8) < 1/2) = Ee[F (27 8){a' B < 0}]
[F(=&" ")z 5 > 0}]
[(1—F(@"p") "B > 0}]
=Pe(j=0,F(z'B)>1/2).
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Therefore
Re(Br) = Wr(0*?) — 2B [(2F (") — 1)@(a? /") {w* > 0}].
Let
Tmax,U 1= su]g v U T Uw/ (w* T w*w U TS, Uw)'/?,
wER™
e, = Suﬂg vt Tw ) (w* T wtw TUT S, U w) 2,
weER™

From Cauchy-Schwartz inequality,

) V2w*TU*TU(UTZxU)—1UTU*w*
Tmax,U = w* T w* )
) VQM*T(U*TExU*)—l

Tmax,U* = wr T w*

Define amax, i 1= Tmax’U/(l — Tma U)l/2 and max U+ = Tmax,u*/(1 — Téax,U*)l/Q. Then,

since on the event where w* > 0, a — ®(aw*/v*) is monotone increasing and 2F (w*) — 1
is non-negative, we have

Jnf Re(0yw) = U (v*?) — 2B [(2F (w*) — 1)@ (oumax,ow™ /v*)[{w* > 0}]
inf Ro(drr+ ) = U p(v*?) = 2B [(2F (w*) — 1)@ (umax.v+w™/v*)T{w* > 0}].
weR”
This yields
ok, RelO) = o, Rl
= 2E¢[(2F (w*) — 1)(P(atmax, v+ w™ /v*) — @(max,pw™/v™)){w* > 0}].
Note that for any a,b > 0,
|@(b) — (a)| < ¢(aAb)b—al,
where ¢ is a density function of standard normal distribution. Observe
i, Relire) = Jof, Rl
< 2E[(2F (w*) — 1)|®(tmax,r+w™/v™) — ®(max,yw™/v™)|I{w* > 0}]
2 oo
*/ (ZF(W*) - 1)|O‘max,U* -
v Jo

- 00
g lmstr Q] [0 0) 1) (e A ) 0)
0

S * ((amax,U*Aamax,U) */U) ( */U)

_ ’amax,U* - amaX,U’ duw*

* ) - 1) TP CUmans A ) *0))?)
Omax,U* N\ Omax, U Jo \/QTF((OémaX7U* A amaX,U)—Qv”)

_ ’amax,U* - O5max,U| (\I’F(((

o A o N _21}*2 ~1/2
Qmax,U* A Omax,U max,U* max,U ) )) / )7
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where we used sup,,-ou@(u) < oo. Since (a —b) = (a® — b?)/(a+b) < (a® — b?)/(a A b) for
a,b>0,and Up <1, we obtain

2 2
inf R (5 )_ inf R (5 )< |amax,U* — Qnax,U
welr W) T ey O S T A2

max,U* max,U

When Tiax.v* = Tmax,U, since 7 +— 72/(1 — 72) is increasing in 7 > 0,

. . O, ~ Va7
J&gr Re(6vw) — J&% Re(bv+w) S ’a?n v ’
L @
From Lemma B.12 and B.13, we have
oy 1~ 1OV € s < s oy
ﬂfaa) <72 < 1/2';20(2@ (64)

Then, Equation (63) becomes

inf Re(Svw) — inf Re(00 )

weR” weR”

2 2 2 2

vt %) e (2 a2
Ty A= [sm O, T 3) et e

V2 + 07 V2 + ot
(@ o) |2 (U2, U0%) 7 =2 UTUUT S, U) T U
oty V(L= [lsinOU,U)]3)
(kP +1)(p~2 + 1)° - x
S Wraip 31 [sme(w, oryge O Ul
_ w1
(1~ [[sin©(U, U*)[j3)2

| sin ®(U, U™)||2.

where the last inequality follows from Lemma B.14.

On the event where ||sin (U, U*)[3 < 1/2,
inf Re(0vw) = if Re(0+w) < 5p°(1+p2)? | sin O, U*)]
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When Tipax,v+ < Tmax,u, o0 the event where ||sin©(U,U*)||2 < k™ 1p72/2,
inf 4] — inf O+
bk, eelOuw) = ol Relurw)
- v+ 0(21) V31— ||sin©(U,U*)|3) + O'(Qd)

(Tr%ax,U - Triax,U*)

~w? —12|sin O(U, U*)H%—I—O'(Qd)
(v? —1—0(21))2 1
<
- v? —v2||sin ©(U, U*)||3 +0(2d)
x |2 U TS, U = 20T U TS, U) U T U |,
- (L+p2)°

(560, 0B + - Tp- 2 5 O U0l
S (k(1+ )% sin©(U, U*)| 2,

where we used Lemma B.14 again.
In summary, on the event where || sin ©(U,U*)||2 < k 1p72/2 A 1/2,

inf Re(0uw) — inf Re(6p+ )
weR™ weER™
S ((R(L+p1))? + wp* (1L + p72)%) | sin O, U)o

On the other hand, on the event where || sin ©(U, U*)||2 > k~1p™2/2A1/2, we have a trivial
inequality inf,crr Re(0uw) — infyerr Re(0u+,w) < 1. This gives

ED[wlgﬂgr Rc(dU,w) - wlél]lg?" 7:\J/c((SU*ﬂu)]
S ((R(1+p%))* + kp*(1+ p~)*)Ep||| sin O(U, U*)||2]
+ Pp(||sin©(U, U*)|l2 > 6~ p72/2 A 1/2)
S ((R(1+p1))° + kp*(L+ p72)% + (rp” V 1))Epl|| sin ©(U, U*)| 2],

where the last inequality follows from Markov’s inequality. |

Lemma B.18 Suppose U € Qg satisfies 1/(1 + p?) — k(r — || sin®(U, U*)||%) > 0. Then,
g Relbue) = ot Reliva)

(]‘ +p2)3/2 2 1 . 2
> _ _ *
~ 1+ np2)3/2p 1+ p2 r(r = ||sin©U, U")||F) |-

Proof We firstly bound the term 72, . — 72

max,v- From Lemma B.15,
7-rzlax,U* - Tr%laX,U > /\min(V2(U*TExU*)_1 - V2U*TU(UTEIU)_1UTU*)
V2 VQ : *\ (12
Z gz gz (s UNR). (65)
(1) (d)
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From assumption, RHS of Equation (65) is non-negative. Then using the inequality a —b =
(a® —b%)/(a+b) > (a® — b?)/(2a) for a > b > 0,

> 1
Qmax,U* — Omax,U <, (amax,U* amax,U*)
Qmax,U*
2 1/2 2
(1 7—maX,U*) 7—max,U* 7_max,U
2
Tmax,U* (1 - Tmax,U*)(l - 7—InaLX,U)

From Equation (64) and Equation (65),
Qmax,U* — Omax,U
V2 4 o2 1/2 V2 4 o2 3/2 9 9
d 1 v v . .
Z( y2<>> ( > ()) <V2+02 -5 (r_usm@(U,U)H%))
1) 1) (d)

. - 7/2 V2 . *
— (s 2>1/2<1+p2>3/2<yg+02 - <r—||sme<U,U>||%>>. (66)
(1) (d)

From the proof of Lemma B.17,

inf Re(Opw) — inf Re(0u )
weR” weR”
= 2E¢[(2F (w*) — 1)(P(amax,uxw*/v*) — P(max,pw™/v™))[{w* > 0}].
Note that for any b > a > 0, ®(b) — ®(a) > ¢(b)(b— a). Since we assume RHS of Equation

(65) is positive, max,u* > Omax,y. Thus on the event where w* > 0, qpax,yrw*/v* >
Omax,yw*/v*. Observe

oy eel00) = B, Relbu)
> 2E¢[(2F (w*) — 1)@ (tmax, i+ w™ /™) (Omax, i+ w™ /0" — max,yw™ /v ) [{w* > 0}]

2 o * w* U* * * *
— E(amaX’U* — amax’U)/ (2F(w*) — 1)w*L v*/ )¢(amaX7U*w Jv*) dw
0

. o
~ Cmax.U - Olmas,U / (2F(w") = Dw* exp(—(1/2)(1 + adp )™ /0*? ) do*
0

~ Omax,U* — Ymax,l / (2F((1+ a? )_1/2v*w*) — 1w* exp(—(1/2)w*2) dw™,
0

1+ a?nax U~* maxUr
where in the last equality we transformed w* — (1 + a2, .)"?w*/v*. Since F(u) is

differentiable at 0 and F'(0) = 1/2,
F(u) —1/2 = F'(0)u + o(u).
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Thus there exists a constant € > 0 only depending on F' such that 2(F(u) —1/2) > F'(0)u
for all u € [0, €] since F'(0) > 0. This gives

it Rel0w) = Il Re(Ov: )

* — X
2 Omax,U . max,UF/(O)(l + ai’la&U*)—l/Qv*
1+ amax,U*

e(l—o—afnaX’U*)l/Qv*
X / w*? exp (—(1/2)w*2> dw*
0

. €v
Z Omax,U amax,U(l + a2 )1/21)*/ w*2 exp(—(l/Q)w*2> dw*
0

1+ a?nax e max,U*
Omax,U* — Omax,U _
Z max _ max (1 + a?nax,U*) 1/2'
1+ amaX,U*
The last inequality follows since v* = ||w*|| = 1 by assumption. It is noted that a?naX’U* <

v? /0(2 4 from Equation (64). Therefore with Equation (66),

Jaf, Relt) = Jof R

R R S e N TGS

>_ -
~ (1 _|_K:p2)3/2 1 +p—2

> — —
~ (1 + Hp2)3/2p 1+ ,02 K(T H Sln@(U7 U )HF) :

Proposition B.19 For any U € Oy,

inf Ry (0pw) = V2w (I = AUTUAUT U UTU + UTSU) T U T U wt + o2,
weR"

Proof [Proof of Proposition B.19] Generate random variables (i, 2, £, ¢) following the model
(19). We calculate the prediction risk of dy7,, as:

Ry (0vw) == Be(y — &' Uw)?
= Varg(v 12Tw* + €)% — 2Cove (v 12Tw* + €, U*z2 + €)Uw
+w' U Varg(U*2 + ) Uw
= |lw* | + 02 — 20w* U T Uw 4w (V2UTU U U+ UTSU)w
= (w—A"")TA(w— A7) —bT AT + ||w*||? + o2,
where A := v 2UTU*U*"U + U"SU and b := vU "U*w*. From this, we obtain

inf Ry (3us) =" (I U TuwTrUtTU + (1/u2)UTZU)_1UTU*> w* + o2,
weR"
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Lemma B.20 For any U € Oy,

inf Re(Bu) — inf Re(dus ) = O((1+ p~)Ep[| sin O, U7) o))

Proof [Proof of Lemma B.20| From proposition B.19, we have
inf T w) inf T *w
oL, Reloew) = fol, R )
= w* T ((I (1A TSUN) T - U T U U TU + (1/y2)UT2U)—1UTU*) w.
Note that inf,,cgrr Rr(éU,w) —infcrr Rr~(5U*,w) = inf,crr Rr(éUO,w)_infweRT' R, (6U*,w) for
any orthogonal matrix O € Q. Take O € Oy, such that |[UO — U~z < V2| sin©(U, 0)|2
without loss of generality, since we can always take a sequence (Oy,)m>1 such that [|[UO,, —

U*[l2 < V2||sin©(U, O)||2 + 1/m from Lemma A.3.

Lemma B.14 gives

inf T w) inf T *w
J2f, RG] = ol R )

_0 1 1+p2
T [smOU. UG+ tp 2l a1p2

|sin©(U. U*)Hzl!w*\l2>-
On the event where || sin ©(U, U*)|3 < 1/2,

1+ p2 .
i 2||sm@(U,U*)Hzllw*IF)-

e RerOuw) = Jof Rr(Our) = O < Tt wipope

On the event where || sin ©(U, U*)|3 > 1/2, we utilize the trivial upper bound

nf Re(B) — inf Re(f ) < (14072077507 7 o lu? < ﬂi(zd)uw*u?
Combining these results, we have
Ep inf R (0vw) — inf Rr(dv+w)]
S Tt sn O, U)o
+ Tl PR sin O U > 1/v2)
S Tl ol sn O, Ul
where the last inequality follows by Markov’s inequality. |

53



Ji, DENG, NAKADA, ZOU, AND ZHANG

Appendix C. Discussion about Autoencoders and random masking
augmentation

In the following, we show that our results do not change if we applied the same augmen-
tation (2) for autoencoders. As discussed in Section 3.1, we can ignore the bias term in
autoencoders for simplicity, which only serves as centralization of the data matrix. In that
case, we applied random augmentation g;(x) = Az and go(x) = (I — A)x to the original
data {z;}7_;, and the optimization problem can be formulated as follows:

, 1
min  —E4[|AX — WppWapAX||% + (I — A)X — WpsWar(l — A)X|%].  (67)

WagWpE 20

Then, similar to Theorem 5 for contrastive learning, we can also obtain an explicit solution
for this optimization problem.

Theorem C.1 The optimal solution of autoencoders with random masking augmentation
(67) is given by:

-
T
Wap=Wphp=C <Z UWWJ) )
i=1
where C' > 0 s a positive constant, o; is the i-th largest eigenvalue of the following matriz:

%A(XXT) +D(XXT), (68)

u; is the corresponding eigenvector and V- = [vy, -+ ,v,] € R"™" can be any orthonormal
matriz.

Proof We first derive the equivalent form for this objective function:
%EA[HAX — WpeWapAX |7 + (I — A)X — WpeWag(I — A)X|7]

Z%EA[H (XTATAX) + tr(XTATWppWapAX ) + tr(XTATW W5 WppWapAX)
Ftr (XT(I AT - A)X) Ftr (XT(I — A) T WppWap(I — A)X)
Ftr (XT(I AW W WoEWag( — A)X)]

:%E ne: (XTAX) n tr<AXXTATWDEWAE) Ftr (AXXTATWXEWg EWDEWAE>
+tr (XT(I - A)X) + tr(([ XX - A)TWDEWAE>
+ tr((I ~A)XXT(I - A)TW}EWIIEWDEWAEN

1 N R
:%EA [tr (XTX) + tr (MWDEWAE) + tr (MWIEWEEWDEWAE)],

(69)
where M := AXXTAT + (I — A)XX (I — A)T. Note that by Definition 2 we have A =
diag(ay,- - ,aq) and a; follows the Bernoulli distribution, so we have:

v T T
EaM = 5A(XX )+ D(XX") (70)
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Again, by Theorem 2.4.8 in Golub and Loan (1996), the optimal solution of Eq.(67) is given
by the eigenvalue decomposition of EaM = 3A(XX ") + D(XXT), up to an orthogonal
transformation, which finishes the proof. |

With Theorem C.1 established, we can now derive the space distance for autoencoders with
random masking augmentation.

Theorem C.2 Consider the spiked covariance model Eq.(5), under Assumptions 8-10 and
n>d>r, let Wag be the learned representation of augmented autoencoder with singular
value decomposition Wag = (UAEEAEVATE)T (i.e., the optimal solution of optimization
problem 67). If we further assume {o2}L_ | are different from each other and 0(21)/(0(%) —
0'(2r+1)) < Cy for some universal constant C,. Then there exist two universal constants
C,>0,ce (0,1), such that when p < C,, we have

E [sin© (U*, Uag)|p = ev/r. (71)

Proof Stepl, similar to the proof of Theorem B.7, we first bound the difference between
M:=AXX")+2D(XXT") and ¥ := Cov(£€T). Note that:

V-5l = XX TS AKXl < |XXT St AKX T2t 5 |AS) 2 (72)
Since ¥ is a diagonal matrix, then by Lemma B.8 we have:
INT— 5, < 2 XX T — 5 (73)
Now, directly apply equation (41)(42)(43) we can obtain that:

. d d d
E|[M — 3|3 < y2<1 + \/?+ T) +o2, <\f+ ) 1/ S0y (74)
n n n mn n

Step 2, bound the sin © distance between eigenspaces. As we have shown in step 1, the
target matrix of the autoencoder is close to the covariance matrix of random noise, i.e., .
Note that ¥ is assumed to be a diagonal matrix with different elements, hence its eigenspace
only consists of canonical basis ;. Denote Uy, to be the top-r eigenspace of ¥ and {e; }iec
to be its corresponding basis vectors, apply the Davis-Kahan Theorem E.1 we can conclude

that:

' 2rE|M - ¥
Ellsin©®(Uag, Us)||r < \/; H 2 I

Iy = 9(r+1)

1 d  d d
SVr—— V2(1+\/?+T>+0(21) \/>+ +\/>0(1)y
0'(1) n n n n n

d d
5\/7“(p2+\/>+p\/>>-
n n

Step 3, obtain the final result by triangular inequality. By Assumption 10 we know that
the distance between canonical basis and the eigenspace of core features can be large:
. 2 T 2 Trr*2 2 Trrx2
Isin®U*, Us)|7 = IUS U F = Y llef UAP = [U*]F =D llef U]
i€[d]/C ieC

Z7"_7“I(U*)=7“—O<7“Ol2logd>. (75)
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Then apply the triangular inequality of sin © distance (Proposition A.5) we can obtain the
lower bound of the autoencoder.

|| sin ©(Uap, U*)||r > E| sinO(U*, Us)| 5 — E| sin ©Uap, Us)| r

z\f—()(;g@) ( (p +\f+p\f>>

By Assumption 9, it implies that when n and d are sufficiently large and p is sufficiently
small (smaller than a given constant C, > 0), there exists a universal constant ¢ € (0,1)
such that:

E|sin®(Uag, U")||r > c\/r.

Compared with Theorem 13, we can find that random masking augmentation makes no
difference to autoencoders, which justifies the fairness of our comparison between contrastive
learning and autoencoders.

However, contrary to the autoencoders with random-masking augmentation, we show
that the representations obtained by DAEs behave as the representations obtained by con-
trastive learning.

Proof [Proof of Remark 16| Let £ := (1/n)||X —W W AX||% be the loss function of DAEs.
Then,

1

EsL = %tr (WWV(QD(XXT) + iA(XXT)> wTw — WTWXXT> + (const.). (76)

We minimize the loss over W such that WW T = 2I,.. Then, the loss becomes
1 1
argmin E4L = argmin — tr <W (D(XXT) + A(XXT)> w'— WXXTWT>
WWT=2I, WwT=21. T 2

1
= argmax tr <WA(XXT)WT> .
WWT=2I, n

Thus, the solution to the (expected) loss minimization problem is the top-r eigenvectors of
An7IXXT) e, WT = 20P.(A(n"'XXT)), where O is any orthogonal matrix from
O,,». We use the same argument as in the proof of Theorem B.9. First note that

%A(XXT) = %A(U*ZZTU*T) + %A(U*ZE +EZTU*T) + %A(EET).

By Lemmas B.8, E.3 and the incoherent condition I(U) = O(} logd), we have:

1
EHA(U*ZZTU*T> —2UrurT
n

2

|
<oF|~UrzZTUT — Ut +EHA(V2U*U*T> - VQU*U*T)H2
n 2
T T T
< T Ty o T 2
<2 - + n)y + dlogdu . (77)
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For the second term, applying equation (42) yields:
1
“E|AU*ZET + EZTU*T)||, < EHEZT
n

For the third term, applying equation (43) yields:

1 1 d d
BILAEET) L - BlaCEE —m <2 ierT sl g T+ Doty (o

n

Combining equations (77)(78)(79) gives
r ror d d d
5”2(d1°gd+ﬁ+n) +U<21>< n+n> oy
2

From Lemma E.1, we obtain the desired bound:
3/2 d
< T logd + 4/ a
9 d n

EHA(lxxT - VZU*U*T>
n

E” sin @(UDAE, U*)HF < —

<1XXT _ VQU*U*T>
n

Here we provide some experimental results about DAEs on synthetic datasets as analog
to Figure 1 and 2, the settings are the same as described in Section 5.1. The results are
summarized in Figure 3, as we can observe, the performance of DAEs is comparable with
contrastive learning, which aligns with our theoretical results above.

Appendix D. Omitted proofs for Section 4
D.1 Proofs for Section 4.1

In this section, we will provide the proof of a generalized version of Theorem 20 to cover
the imbalanced setting, the statement and the detailed proof can be found in Theorem D.2.

In the main body, we assume the unlabeled data and labeled data are both balanced
for the sake of clarity and simplicity. Now we allow them to be imbalanced and provide a
more general analysis. Suppose we have n unlabeled data X = [x1,--- ,z,] € R¥™™ and ny
labeled data X = [m,lc, - ,mzk] € R¥™™ for class k, the contrastive learning task can be
formulated as:

ngﬂé?xdﬁ(w) = Wrenln Lseitcon(W) + Lsupcon (W5 ). (80)

In addition, we write a generalized version of the supervised contrastive loss function to
cover the imbalanced cases:

r+1 ng
PWal) 3 Y (Wat, Was)
A 1 s#k i
ﬁSupCon(W a 1 Z Z Z 1 = z ] HWWTHFa
T+ i=1 j#i Zs#k Ms
(81)

where ay, > 0 is the weight for supervised loss of class k. Again we first provide a theorem
to give the optimal solution to the contrastive learning problem.
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Figure 3: Comparison of denoising autoencoders, autoencoders, and contrastive learning on
synthetic datasets. Left Column: The vertical axes indicate the downstream regression
error. We subtract the regression error of the ground truth features to measure the excess
error. Top Row: Comparison of in-domain downstream task performance of autoencoders,
contrastive learning, and denoising autoencoders the dimension d. The sample size n is set
as n = 20000. Bottom Row: Comparison of in-domain downstream task performance
of autoencoders, contrastive learning, and denoising autoencoders the dimension n. The
dimension d is set as d = 40.
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Theorem D.1 The optimal solution of the supervised contrastive learning problem (80) is

given by :
r T
m:c(Zuian) ,
i=1

where C' > 0 is a positive constant, o; is the i-th largest eigenvalue of the following matriz:

1 1
—(AXXT) - ——X (1,1} — L)X T
(AT - Lol - )
P io"“ L X (1] — I )XT — = X117 X7
r+1 ng | np — 1 k\tng tng ng k Zt;&knt kikls Ag |
k=1
u; s the corresponding eigenvector and V. = [v1,--+ ,v,] € R™" can be any orthonormal

matriz.

Proof Under this setting, combined with the result obtained in Corollary 6, the contrastive
loss can be rewritten as:

A 1 1 1
LOV)=2|WWT % - —tr| | cAKXXT) = ———X(1,1) — L)X |W'W
W) =2wwTIE - - ((2 (XXT) = ot X (L] - 1)
r+1
— k
S 3 et ) - LS St v
]7&@ 7 s;ékj 1
Then we deal with the last term independently, note that:
N 1
Wa:f,W:c Wak , W)
Z 12! zt# DX
=1 Ve s;ék] 1
(W Wak (Wai, Wz
=1 ZlZ x}, W ZZZ z}, W
1=1 j#i i=1 s#k j=1
1
= ¢ (X Wl — 1, XTWTW) - ¢ (X 1 1TXTWTW>.
e —1 T k( knk k) k Zt;ﬁknts#kr ktkts s

Thus we have:

A 1 1
LOWV)=2|WW %2 - —tr| (AXXT) - —X(1,1) — L)X W'W
2 4n n—1
1 r+1 g 1 . -
T el tr (X 1, = L)XW W)
tr XklleXWTW ].
Zt;ﬁk‘ ¢ #Zk ( )

Then by a similar argument as in the proof of Proposition 5, we can conclude that the
optimal solution Wy, must satisfy the desired conditions. |

With the optimal solution obtained in Theorem D.1, we can provide a generalized version
of Theorem 20 to cover the imbalance cases.
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Theorem D.2 (Generalized version of Theorem 20) If Assumptions 8-10 hold, n >
d>r and let Wer, be any solution that minimizes the supervised contrastive learning prob-
lem in Equation (80), and denote its singular value decomposition as Wer, = (UcrScrVar) ',
then we have

V2 /2 dr
. < o /7
EH Sln@(UOL,U)HF N)\r(T) ( d logd +

r+1

M Zakzm k+\/ dr

r—f—lk f s;ész%knt n

+1 +1
where T £ 3 Y30y pap T+ g My aw (Wt = o s s (T 4 ot T)).

Proof [Proof of Theorem D.2| For labeled data X = [z1,---,x,], we write it to be
X = M+ E, where M = [u1,--+ ,up] and E = [£1,---,&,] are two matrices consisting
of class mean and random noise. To be more specific, if x; subject to the k-th cluster, then
wi = p¥ and & ~ N(0,%%). Since the data is randomly drawn from each class, p; follows
the multinomial distribution over u!,--- , 4" with probability py, - - ; pTH. Thus p; follows

a subgaussian distribution with covariance matrix N = Z’,;Hl PR kT

As shown in Theorem D.1, the optimal solution of contrastive learning is equivalent to
PCA of the following matrix:

R 1 1
T2 (AXXT) - —
4n( ( ) n—1

1 T+1% 1

[

r+1k:1nk ne — 1

1 1
S o Z §(Xk1k15TXsT + X 10X
t#£k sk

X(1,1) —1)XT")

Xp(1n, 1, — L) X4

Nk ~ny,

Again we will deal with these terms separately,

1. For the first term, as we have discussed, X can be divided into two matrices M and
E, each of them consisting of sub-gaussian columns. Again we can obtain the result
as in (56) (the proof is totally the same):

1 T 1 T T < 2" r 9 \/E

2. For the second term, notice that:

n
Xp(Ln Ly, = In )X =) > (WP + ) (F + )T
i=1 j£i

=ng(ng 1)MkukT+ (nk — 1w Zgz + (ne — 1)( Zg’ﬁ ’ukT—FZZ& ’

1=1 j#i
(83)
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and that:
1
S ST - LSS S g
t#k M s# t#k L s#k i=1 7j=1
1 ng N
By > lnapFuT + nkuk(z &7 +n, Z ST+ >
t#k Ty sk j=1 =1 j=1

Since 55 ~ N(0,%F), we can conclude that:

1 &, d
E|l— k12 = | —
an ;1 &1l O
Moreover, we have

i=1 j#i

1 &
El|—) &Fll2 <
an;z”

Ellf’ff’“ l2

d 2
S 00

Take equation (85) and (86) back into (83) we can conclude:

1 k Kk d d 2

On the other hand, by equation (85) we know:

By T3 < Y Bl S el 5 Y s [

s;ék j=1 s;ék s#k

Notice that:

I sT <E ks |
Z#knt LS e S, ||Zzt#k €€ Iz

s;ékz 1 j=1 s;ék

: Z EHgkﬁS 252 Zt;ék n \/W 7l

s;ék s#k

Thus take equations (88) and (89) back into equation (84) we have:

Sy DI =3 T

n Zt;ﬁk s£k sk Zt;ﬁk nt

nsd —J yFoa Wry).
Sik Zt;ﬁknt Tk

El|—
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Then combine equations (82)(87)(90) together, we can obtain the following result:

r+1

k kT k sT s kT
Zak DR s et (VA TR S T TARB )] |
sk Zt;ﬁk ng 2

BT~ (N -
7'—1—1

r r d
57/2<d10gd+ \/2) +O'(21)\/;
r+1 d d d
o —02 +NropWw | +4/—o Ty + —02
ty +1 k:zl ' ;I:c Zt;ék n (V ny, vrow ny VT ng

Since we have assumed that rank( k_ pkukukT) = r we can find that the top-r eigenspace

of matrix:

r+1 r—+1

k kT k sT
p g + kT
§ i T E kT gﬁk Z#k o H 1% )

is spanned by U™, then apply Lemma E.1 again we have:

2/rE||N — N |2

E|lsin©(Uscr, U)||r <

Ar(N)
< VT

of T T 9 d
“loed - et
() |7 <d °8 +\/;>+0<1>\/;
r+1
d , d d o
o —O0y FANTroV | 4 —Vroqw + —o
s L G (e o e wH

v? r3/2 dr 1A dr
< " logd \[—
~“M(TY\ d g+ n 7“+1Zak Zzt;éknt ng +\[ ng

k=1 s#k

Now we use this result to derive Theorem 20. Since ||p*|| = O(y/rv) and ZZHM%M =0,
Although we can not obtain the closed-form

. 1/2 ~
approximately we have W) X mie, [1 Torl
eigenvalue in general, in a special case, where a = a1 = - - =1, m=n; =ng = --- =

Npy1 and =5 = p1 = p2 =+ = Pr41, it is easy to find that:

1
DT Ty = T

sk
which further implies that:
Ras! s 1 1 1
Zpkﬂk T ;aa + T D) = [+ a(l+ W),

and we can obtain the result in Theorem 20.
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D.2 Proofs for Section 4.2

In this section, we will provide the proof of the generalized version of Theorems 23 and 26
to cover the imbalanced setting, the statement and detailed proof can be found in Theorems
D.6 and D.8. With the two generalized theorems proven, Theorems 23, 24, 26, 27 holds
immediately.

First, we prove a useful lemma to illustrate that the supervised loss function only yields
estimation along a 1-dimensional space. Consider a single source task, where the data
x = U*z + £ is generated by the spiked covariance model and the label is generated by

y = (w*,2)/v
suppose we have collect n labeled data from this task, denote the data as X = [x1,z9, -+ ,x,] €
R4™ and the label y = [y1, 42, - ,yn] € R™, then we have the following result.

Lemma D.3 Under the conditions similar to Theorem 14, we can find an event A such

that P(A®) = O(y/d/n) and:
d
F]I{A}:| S \/;U(l)y. (92)

The proof strategy is to estimate the difference between the two rank-1 matrices via bound-
ing the difference of the corresponding vector component. We first provide a simple lemma
to illustrate the technique:

1
E H‘ WXHnyHXT — U TUrT
o

Lemma D.4 Suppose a, 3 € R are two vectors, then we have:
laa™ = 88T [r < V2(llall2 + [1Bll2) o = Bll2.
Proof Denote = (a1, ,aq), 8 = (1, , B4), then we have:

d d d d
laa™ = BBTIE <D0 laiay = BiBi* <2 ) owey — ciBy|* + iy — Big
i=1 j=1

i=1 j=1

d d
<2 > lail’lay = Bi° + 18Plai = Bil* < 2(llall3 + 1513)la — 8113

i=1 j=1
<2(||er]lz + [I8]12)* | = B1[3-
Take square root on both sides we can finish the proof. |

Now we can prove the Lemma D.3.
Proof [Proof of Lemma D.3| Clearly, we have:

1
HWXHZ/Z/THXT _ Z/QU*U]*'IU*TU*THF
n_
n? 1 Tyl _ .2 T 2n+1 9 Ty
<—|=5XHyy  HX' = U ww* U |p + —— [P U ww* U | (93)
(n—1)2"n (n—1)
1
SH?XHnyHXT _ VzU*w*w*TU*THF + ZVZ,
n n
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thus we can replace the ﬁ with % in equation (92) and conclude the proof. Denote
N2 LXHyy"HXT, note that both of N and Uw*w* U are rank-1 matrices. We first

n?
bound the difference between %X Hy and Uw™*:
1 1
|=XHy — vU*w*|| =|—(U*Z + E)HZ "w* — vU*w*|
n nv

1
<N|—(U*Z+E)HZ" —vU*||;
nv
1 1 * T 277k 1 T 1 *r7 7 1 1 7T
< (I-U2Z° —v U2+ —|[EZ [l2 + —UZZ ]2 + —[|IEZ " |]2).
von n n n
(94)
We deal with the four terms in (94) separately:

1. For the first term, apply Lemma E.3 we have:
Lo, T 277 L, T 2 r "\ 2
E|-U*ZZ" —vU|a <E|-ZZ" —vL |2 < | —+4/— |V~ (95)
n n n n
2. For the second term, apply Lemma E.2 twice we have:
1 1
5JE\|EZT||2 :EIEZ[EE[HEZTMZ]]

1
S—Ez[1Z]|2(0sum + T1/4\/Usum0(1) + \/;0'(1))]

<

~

Ez[||Z|]2)Vdo ) (96)

A
[ —3~3

\/&0’(1)(7’1/21/ + (m")l/4u + nl/Qy)

N

S

O'(l)V.

~y

3. For the third term and fourth term, from equation (44) we know:
Lo 5T 1 =T __T —_T T 5 d
E—[|UZ2Z |2+ E—||EZ " [l2 <E[ 22" [l2 + E[[§Z " [l2 < —v" + 1/ —vo@).  (97)
n n n n
Combine these three equations (95)(96)(97) together we have:
1 . % d
E|-XHy —vUw*|| S/ —oq)- (98)
n n

With equation (98), we can now turn to the difference between N and Uw*w* UT. By
Lemma D.4 we know that:

. 1 1
IN =20 w T U ¢ S (|- X Hy|| + U w* )| =X Hy — U w*|].

Using Markov’s inequality, we can conclude from (98) that:

1 E|1 X Hy — vU*w* d
POy — v 5 ) < X Ol
n n

1%
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Then denote A = {w : |1 X Hy — 12U*w* || < v} we have:

\ *, ok, K * 1 *, * 1 *, *
E|N — U wrw U || pI{ A} SE(| - X Hyl| + [lpUw* || - X Hy — vUw™[[|[I{A}

1 - d
Sv(E|-XHy —vUw™|]) S \/;0(1)1/-

which finished the proof. |

In the main body, we assume the number of labeled data and the ratio of the loss function is
both balanced. Now we will provide a more general result to cover the imbalance occasions.
Formally, suppose we have n unlabeled data X = [z1,--- ,2,] € R¥" and n; labeled data
Si Xi = [z}, 2ty = [y}, -y, Vi = 1,--- T for source task , we learn the linear
representation via joint optimization:

T
in L(W):= min L (W) — S HSIC(X?, yt: W), 99
plin L(W) = min | Lseicon(W) ;a (X5 W) (99)

To investigate its feature recovery ability, we first give the following result.

Theorem D.5 For the optimization problem (99), if we apply augmented pairs generation
in Definition 1 with random masking augmentation 2 for unlabeled data, then the optimal
solution is given by:

. T
Wer =C <Z umw?) ,
=1

where C > 0 is a constant, o; is the i-th largest eigenvalue of the following matrix:

S <A(XXT) —

o
™ 1X(1n1; - In)XT> + Z —— s XiHy iy Ho, X[,

n— (n; — 1)

u; is the corresponding eigenvector, V- = [v1,--- ,v,] € R™*" can be any orthogonal matric

and Hy, = I, — n%-lni 1;, is the centering matriz.
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Proof Under this setting, combined with the result obtained in Corollary 6, the loss
function can be rewritten as:

L(W) :gHWWTH% - % tr<<;A(XXT) — 2(711_1))((%12 - In)XT) WTW>
d 1
I T e—— (XZT W W X; Hysy, H)
= (-1
T 1 T 1 T T

HWW — W(A(XX ) = —X(Ialy — )X )
T 2

Z SYCREEREER Y S Hy X

i=1 F

_2 1<A(XXT) — —X(l -1 )XT>

2 A n—

i T
+ZﬁXHnyzyz Hy, X,

i=1

F

Then by a similar argument as in the proof of Proposition 5, we can conclude that the
optimal solution Wy, must satisfy the desired conditions. |

Then we can give the proofs of Theorem 23 and Theorem 26 under our generalized setting,

one can easily obtain those under balanced setting by simply setting a« = a3 = -+ = ar
and m = nj = -+ = np, which is consistent with Theorem 23 and Theorem 26 in the main
body.

Theorem D.6 (Generalized version of Theorem 23) In the regression setting where
yt = (wy, 2) /v, suppose Assumptions 8-10 hold for spiked covariance model (5) and n >
d > r, if we further assume that T < 1 and w;’s are orthogonal to each other, and let W
be any solution that optimizes the problem in Equation (99), and denote its singular value
decomposition as Werp, = (UCLZCLVJL)T, then we have:

E| sin(©@(Uct, UY))||r S( . vr—T + — \/T} Oéz‘) <Zlogd+ \/5)

min;er{as, 1} miner

T . .

«a; + min; a;, 1 a; + min; oy d

+Z< — erd }+ % T milier) ) 4
=1

min;er){ai, 1} MiN;e (7] O ni

Proof [Proof of Theorem D.6| As shown in Theorem D.5, optimizing loss function (99) is
equivalent to find the top-r eigenspace of matrix

1
4n

T
1
(A(XXT) - ——X(1n 1 — ) + Z X Hy, iy Hy, X[

=1
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Again denote M, 2 liaxx™) - L Xx(1,1) - 1,)XT) and N; &
By equation (56) we know that:

. d d d
E|[Ms — My <2 Zlogd+ /= + 1) + 02 —+ = | +oqypy/—.
d n o n @ non (1) n

By Theorem D.3 we know that for each task S;, we can find an event A; such that P(4;) =
O(1/9):

n

( , ) s XiHyy HX,.

. d
E|N; — AU wjw, U || FI{As} < 1/50(1)1/.

)

The target matrix is N = v2U*U*T + ZZT:1 aiVQU*wiw;‘FU*T, and we can obtain the upper
bound for the difference between N and N:

T
A~ ]. ~ % * *
E||N — N|oI{n A} < LI — M2 + > aiE||N; — U wiw U7 || pI{A;}

T o J

(100)
r roor d d T
2 2
We divide the top-r eigenspace Ugr, of WCLWCTL into two parts: the top-T' eigenspace Uéllz

=1

and top-(T"+ 1) to top-r eigenspace Uég Similarly, we also divide the top-r eigenspace U™
of N into two parts: U*1) and U*®). Then applying Lemma E.1 we can bound the sine
distance for each part: on the one hand,

E||sin(O(UG, UM)) |1¢
—E| sin(©(UG, U"W) )| /N1 4} + Ellsin (0(US), UM) ) |l rH{UL, AL}

VTE|N — N|sI{nT_, A;}
< =1 VTPR(UE A
Ay (N) = A1) (V) !

VT 2T , [d d L Jd
Simimeg e a0 e ea +ﬁ§} "

i+ i
5ﬁ<rlogd+\[>+\f2a minery i [ d '
min;e(r a; \ d min;e (7] @; n;
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On the other hand,
Eljsin(0(U, U*®)) ¢
= E|sin(0UZ, U*D)) | pI{nL_, A;} + E||sin( ©UZ, U*®) || p1{UL_, AC
[ sin( ©(Ugy., ) ) [PI{Ni=1 Ai} + E[| sin CL {Uiz1 A7}

Vr —TE||N — N|2I{nL, A;} = TP, AC
~min{ Ay (N) = Ay (N), Ay (N)} +Vr —TP(UL_,AY)

vr =T <ylogd+al)\[+2az\/; )eri\/z

S it e, 1172

vr—T < 1gd+\[)+¢fz<w+1>\/g

~mine(p {az, 1}

Note that: )
| sin(©(Ucw, U")) |7

=r— UcLU”II%
—U&ET U~ U T
~UGETT O+ = 1) - UG U
<| sm@(Uég, U5+ [sin U, U O)]E
and the sine distance has trivial upper bounds:
|sinOUE, U W)E < T, |sinOUG, U @)|E <r-T
Thus we can conclude:

E|[sin(©(Ucw, U"))lr
< E|lsin(0U, U*D))lr + | sin (€U, U)) |

S('T T <1gd+\/g>+2ma minie(r) o, 1} d>Am
n £ ng

minery{, 1} min;e(r){ai, 1}

T o + min; «; d
+<.\f<rlogd+\/>>+2f €l M)/\ﬁ.
minge(r) o; \ d min;e (7] Q; n;

Theorem D.7 (Restatement of Theorem 24) Suppose the conditions in Theorem 23
hold. Then,

Ep| inf Eellr(dwey.u)]l = inf Beltr(Gyr ) (101)

d logd
§\/T—T<H(zlgd+\/g+aT\//\1>—|—\/T<T0g \/> Ty ) (102)
n m
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Proof [Proof of Theorem D.7] Theorem 24 follows directly from Lemma B.20 and Theorem
23. |

Theorem D.8 (Generalized version of Theorem 26) In the regression setting where
yt = (wy, 2) /v, suppose Assumptions §-10 hold for spzked covariance model (5) and n >
d > r, if we further assume that T > r and Zz 1Ozzwlw is full rank, suppose WL is
the optimal solution of optimization problem Equation (99), and denote its singular value
decomposition as Wor, = (UCLEOLVCTL)T, then we have:

. . N r \/E
E|lsin(©(Ucr, U —logd+ 4/ —
Jsin(O (U, U)lr S Ll g+

«; d
- - +1]4/—.
fz <1 =+ VQ)‘(T)(ZZ 1 azwsz) ) T

Proof [Proof of Theorem D.8| The proof strategy is similar to that of Theorem 23, here
the difference is that each direction can be accurately estimated by the labeled data and we
do not need to separate the eigenspace. Directly applying Lemma E.1 and equation (100)
we have:

E|lsin(©(Uc, U"))l
= E||sin(© (Ucw, U")) [l PI{NiZy A} + E| sin(©(Uct, U) || F{ULZ AT }

- T 4.
< VPEIN - NHOLAY | o7 g0y
)\(r) (N)

< VT 2l logd + o \/E+2T:ou/d v +\/FZT:,/d
r R o @
Rz VQ/\(T)(Ez 1 azwsz) d ° OVn " i W =1 VT

VT "o i d
ST (L ) (dl s f) " \[Z (1 (o aww]) 1) Vi

Theorem D.9 (Restatement of Theorem 27) Suppose the conditions in Theorem 26
hold. Then,

Ep[ inf Eelly(Swoy.0)] — inf Eelle(6yer )] < ﬁ(;logd—i— \/@ w1 103)

wERT weERT ’ ~a+1 m

Proof [Proof of Theorem 27| Theorem 27 follows directly from Lemma B.20 and Theorem
26. |
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Now we move to a binary classification setting, where labels y are generated by y =
sign((w*, z)) instead of y = (w*,z)/v in previous regression setting. We first give the
corresponding generalized version of Theorem 28 and Theorem 29 to cover the general
imbalanced settings.

Theorem D.10 (Generalized version of Theorem 28) In the classification setting where
yt = sign({wy, 2)) , suppose Assumptions 8-10 hold for spiked covariance model (5), = fol-
lows a Gaussian distribution, and n > d > r, if we further assume that T < r and w;’s
are orthogonal to each other, and let W be any solution that optimizes the problem in
Equation (99), and denote its singular value decomposition as Weor, = (Ucr,ScrVer) ', then
we have:

-T
Bl sin(@(Uer. Ul <[ L YT ) (T[4
mmie[T]{ai, 1} min,e(r) d n

T . .
«o; + min; a;, 1 a; + min; oy d
+ E <\/T—T e }+\/T S ) —.
=1

min, e {o, 1} min, e n;

Theorem D.11 (Generalized version of Theorem 29) In the classification setting where
yt = sign({wy, 2)) , suppose Assumptions 8-10 hold for spiked covariance model (5), z follows

a Gaussian distribution, and n > d > r, if we further assume that T > r and 25:1 aiwiw;r

is full rank, suppose WCL is the optimal solution of optimization problem Equation (99),
and denote its singular value decomposition as Weyp, = (UCLECLVJL)T, then we have:

. .
El sin(©(Uqyr, U* S a1tV
| sin(©@(Uct DlF ]_+V2)\(r)(ZzT:1 aiwiw;) d © "

T
+VrY

& 1),/
=1 \1+ ”2)‘(1”)(2?:1 ajwiw; ) ni’

The only difference between these two settings is the distribution of labels y. Thus to
prove Theorem D.10 and Theorem D.11, we only need to recover Lemma D.3 in this binary
classification setting. Since in the classification setting the labels are discrete and could be
harder to analyze, we make the Gaussian assumption on z to make problems mathematically
tractable in these two Theorems.

Lemma D.12 (Classification version of Lemma D.3) In the binary classification set-
ting, under the conditions similar to Theorem 14 and assume z in the spiked covariance
model (5) follows a Gaussian distribution, we can find an event A such that P(AY) =

O(\/d/n) and:
d

1 T T 2V2 *, ok, k] TR
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Proof Again, by (93) we have:

2 2
|| XHnyHXT _ %U*w*w*TU*THF

1
(n—1)
1 T T _ V2 * ok, Kk TR L)

XHyy HX' — —Uww* U ||p+ —v°,
i n

thus we can replace the W with 1 ~ in equation (104) and conclude the proof. Denote
N 2 #XHnyHXT, note that both of N and Uw*w* U are rank-1 matrices. We first

bound the difference between %X Hy and 27%2U w*:

B 202
||—XH \/ Y | = (U*Z + E)Hy — | = U*w*|
TL 7T

1 212 1 1 _ I
<|=U"Zy —\| —U"w'[| + —[|Ey| + — U Zy| + — [ EF]l
n ™ n n n
(105)
We deal with the four terms in (105) separately:

1. For the first term, note that:1Zy = L 3% | 2 sign(z, w*) and 2 ~ N(0,121,), thus
z;sign(z; w*) follows a folded Gaussmn distribution, which is a reflection of standard

Gaussian distribution along the normal plane of w*, thus

1
E[|-U"Zy - \/ 2w Il < EH* \/ *|| < \/EHZ - w*H2
n (106)

2. For the second term, note that y and E are independent and |y| = 1 almost surely

. d
B 607 S y/ Lo (107)
=1

1 1 - 1
;EHEyH = EEH Z&-H < -
=1

3. For the third term and fourth terms, we have:

0" Zol + BBl < B S sl B 5 o+ Vo oy

Combine these three equations (106)(107)(108) together we have:

2
B iy - 220w 5\ o, (109)

With equation (109), we can now turn to the difference between N and %Uw*w*TU T By
Lemma D.4 we know that:

- 22 92 ) 3
IV — —U*w* w U p S (H—XHy||+|| WU*w*”)”nXH?/—\/TU*w*H-
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Using Markov’s inequality, we can conclude from (109) that:

2
1 22 El| s XHy — /2= U w*| d
P(|-X Hy — | —U*w*|| > v) < —~ </ 2
n 1% n

™

Then denote A = {w: |1 X Hy — %U*w*Hg < v} we have:
\ 2V2***T*T 1 2V2** 1 21/2**
BN — 2 v TUT | A) SE( Xyl 4 2o )Xy - 2 vt )

1 202 d
rSVIEHﬁXHy —1/ %U*w*H S \/;O'(l)l/.

which finished the proof. |

With Lemma D.12 established, it is straightforward to obtain the same results as in Theo-
rem 23, Theorem 24, Theorem 26 and Theorem 27 for this binary classification setting.

Appendix E. Useful lemmas

In this section, we list some of the main techniques that have been used in the proof of the
main results.

Lemma E.1 (Theorem 2 in Yu et al. (2015)) Let 2,8 € RPXP be symmetric, with
eigenvalues \1 > ... > A\, and A1 > ... > X, respectively. Fiz 1 <r < s < p and assume

that min (A,—1 — A, As — Ag1) > 0 where Ao := 00 and A\py1 := —o0. Let d := s —r + 1,
and let V- = (vp, 041, ...,0s) € RP* and V = (0, Opy1, ..., 0s) € RPX? have orthonormal
columns satisfying Yv; = \jvj and X0; = X\jo; for j=r,r+1,...,s. Then

2 min (dl/QHfJ — 22, 15 - EIIF)
min (Ar—1 — Ay As — Ast1)

Isin®(V, V)|l <

Moreover, there exists an orthogonal matrizx O € R¥™% sych that

22 min (dV2 = S|y, |5 - S )
min (Ar—l - Ar; )\s - )\s—l-l)

VO —V|p <

Lemma E.2 (Lemma 2 in Zhang et al. (2018)) Assume that E € RP1*P2 has inde-

; ; ) — 42 2 _ . 2 2 _ . 2 2 _
pendent sub-Gaussian entries, Var (E;j) = 03,0 = max; > 0 Op = max; Zj i 01y =

max; ; afj. Assume that
. 1
1B /o5y, 3= e a2 {R (1B o)} <

Let V € Oy, be a fized orthogonal matriz. Then

4 2
P(|EV]2 > 2(0c +x)) < 2exp (5r—min{ x2 5 5 }) ,

/@40(1)00 HZO'(l)

EHEVHQ S, oc + K,’I”l/4 (0’(1)0'0)1/2 + IiT‘l/QO'(l).
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Lemma E.3 (Theorem 6 in Cai et al. (2020)) Suppose Z is a p1-by- pa random ma-
triz with independent mean-zero sub-Gaussian entries. If there exist oq,...,0, > 0 such
that ||Zij/aiH¢2 < Cg for constant Cg > 0, then

T T
EHZZ _EZZ Hzgza% /pzZa?-miaXUi.
1 (A

Lemma E.4 (The Eckart-Young-Mirsky Theorem (Eckart and Young, 1936)) Suppose
that A = UXVT is the singular value decomposition of A. Then the best rank- k approwi-
mation of the matriz A w.r.t the Frobenius norm, || - ||r, is given by

k
A = E aiuiviT.
=1

that is, for any matriz B of rank at most k

A = Agllr < ||A = Bl|F.
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