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Abstract

We consider decentralized stochastic optimization problems, where a network of n nodes
cooperates to find a minimizer of the globally-averaged cost. A widely studied decentralized
algorithm for this problem is the decentralized SGD (D-SGD), in which each node averages
only with its neighbors. D-SGD is efficient in single-iteration communication, but it is
very sensitive to the network topology. For smooth objective functions, the transient stage
(which measures the number of iterations the algorithm has to experience before achieving
the linear speedup stage) of D-SGD is on the order of O(n/(1 — 3)?) and O(n®/(1 — 3)%)
for strongly and generally convex cost functions, respectively, where 1 — 8 € (0,1) is a
topology-dependent quantity that approaches 0 for a large and sparse network. Hence,
D-SGD suffers from slow convergence for large and sparse networks.

In this work, we revisit the convergence property of the D? /Exact-Diffusion algorithm.
By eliminating the influence of data heterogeneity between nodes, D?/Exact-diffusion is
shown to have an enhanced transient stage that is on the order of O(n/(1 — f3)) and
O(n?/(1 — B)?) for strongly and generally convex cost functions (where O(-) hides all loga-
rithm factors), respectively. Moreover, when D? /Exact-Diffusion is implemented with both
gradient accumulation and multi-round gossip communications, its transient stage can be
further improved to O(1/(1—$3)2) and O(n/(1— j3)) for strongly and generally convex cost
functions, respectively. To our knowledge, these established results for D? /Exact-Diffusion
have the best (i.e., weakest) dependence on network topology compared to existing decen-
tralized algorithms. Numerical simulations are conducted to validate our theories.
Keywords: Decentralized optimization, stochastic optimization, transient stage

1. Introduction
Large-scale optimization and learning has become an essential tool in many practical ap-

plications. State-of-the-art performances has been reported in various fields, such as signal
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processing, control, reinforcement learning, and deep learning. The amount of data needed
to achieve satisfactory results in these tasks is typically very large. Moreover, increasing the
size of training data can significantly improve the ultimate performance in these tasks. For
this reason, the scale of optimization and learning nowadays calls for efficient distributed
solutions across multiple computing nodes (e.g, machines).

This work considers a network of n collaborative nodes connected through a given topol-
ogy. Each node owns a private and local cost function f; : R* — R and the goal of the
network is to find a solution, denoted by x*, of the stochastic optimization problem

n
min, flx) = %Zfi(x)a where  fi(z) = E¢,~p, F(2; &) (1)
i=1

In this problem, &; is a random variable that represents the local data available at node ¢, and
follows a local distribution D;. Each node ¢ has access to the stochastic gradient V F'(z;;&;)
of its private cost, but has to communicate to exchange information with other nodes. In
practice, the local data distribution D; differs among nodes, and thus, fj(x) # f;(z) holds
for any node ¢ and j. For convexr costs, the data heterogeneity across the network can
be characterized by b* = 13" ||V f;(2*)||%. If all local data samples follow the same
distribution D, we have fi(z) = f;(z) for any i, and hence b* = 0.

One of the leading algorithms for solving problem (1) is parallel SGD (P-SGD) (Zinke-
vich et al., 2010). In P-SGD, each node computes its local stochastic gradient and then
synchronizes across the entire network to find the globally averaged stochastic gradient
used to update the model parameters (i.e., solution estimates). The global synchronization
step needed to compute the globally averaged stochastic gradient can be implemented via
a Parameter Server (Smola and Narayanamurthy, 2010; Li et al., 2014) or Ring-Allreduce
(Gibiansky, 2017), which suffers from either significant bandwidth cost or high latency, see
(Ying et al., 2021c, Table I) for detailed discussion. Decentralized SGD (D-SGD) (Lopes
and Sayed, 2008; Nedic and Ozdaglar, 2009; Chen and Sayed, 2012) is a promising alterna-
tive to P-SGD due to its ability to reduce the communication overhead (Lian et al., 2017;
Assran et al., 2019; Lian et al., 2018; Yuan et al., 2021). D-SGD is based on local averaging
(also known as gossip averaging) in which each node computes the locally averaged model
parameters with its direct neighbors as opposed to the global average. Moreover, no global
synchronization step is required in D-SGD. In a delicately-designed sparse topology such as
one-peer exponential graph (Assran et al., 2019; Ying et al., 2021a), each node only needs
to communicate with one neighbor per iteration in D-SGD. This results in significantly re-
duced communication costs compared to P-SGD, see the discussion in (Assran et al., 2019;
Ying et al., 2021b; Chen et al., 2021) and (Ying et al., 2021c, Table I).

Apart from its efficient single-iteration communication, D-SGD can asymptotically achieve
the same linear speedup as P-SGD (Lian et al., 2017, 2018; Assran et al., 2019; Koloskova
et al., 2020). Linear speedup refers to a property in distributed algorithms where the num-
ber of iterations needed to reach an e-accurate solution reduces linearly with the number of
nodes. The transient stage (Pu et al., 2021), which refers to those iterations before an algo-
rithm reaches its linear speedup stage, is an important metric to measure the convergence
performance of decentralized algorithms. The convergence rate and transient stage
of D-SGD are very sensitive to the network topology. For example, the transient
stage of D-SGD for generally convex or non-convex objective functions is on the order of
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O(n3/(1—B)*) (Koloskova et al., 2020), where 1— /3 measures the network topology connec-
tivity. For a large and sparse network in which 1 — 8 approaches 0, D-SGD will suffer from
an extremely long transient stage, and it may not be able to reach the linear speedup stage
given limited training time and computing resource budget. For this reason, D-SGD may
end up with a low-quality solution that is significantly worse than that obtained by P-SGD.
As a result, improving the network topology dependence (i.e., making the convergence rate
less sensitive to network topology) in D-SGD is crucial to enhance its convergence rate and
solution accuracy.

The data heterogeneity across each node is the main factor contributing to D-SGD strong
dependence on the network topology as shown in (Koloskova et al., 2020; Yuan et al., 2020;
Pu et al., 2021). This naturally motivates us to examine whether removing the influence
of data heterogeneity (i.e., b?) can improve the dependence on the topology (i.e., 1 — 3) of
D-SGD.

1.1 Main Results

In this work, we revisit the D? algorithm (Tang et al., 2018), also known as Exact-Diffusion
(Yuan et al., 2018a,b, 2020) (or NIDS (Li et al., 2019b)). D?/Exact-Diffusion is a decen-
tralized optimization algorithm that can remove the influence of data heterogeneity (Yuan
et al., 2018b; Li et al., 2019b), but it remains unclear whether D? /Exact-Diffusion has an
improved network topology dependence compared to D-SGD in the transient stage. In
this work, we establish non-asymptotic convergence rates for D?/Exact-Diffusion under
both the generally-convex and strongly-convex settings. The established bounds show that
D? /Exact-Diffusion has the best known network topology dependence compared with ex-
isting results. In particular, we establish that D?/Exact-Diffusion at iteration T’ converges
with the following rate:

1 T 7(]9) * g 0'2/3 1
712 BFET) S )):O(W+(1—5)1/3T2/3+(1—6)T)
2 2

T
50 4 > @1~ 16) = O(7+ e+ (-1 AT} )

(G-C) (2)

k=0

where z(k) = %2?21 xz(k), xf;k) is the estimate of node i at iteration k, and o2 denotes the
variance of the stochastic gradient VF'(z;&;). The weights hy > 0 are given in Lemma 17
and Hp = Z;‘C:O hj. The notation O(-) hides all logarithm factors. Moreover, (G-C) stands
for the generally convex scenario while (S-C) stands for strongly convex one. Below, we

compare this result with D-SGD.

Transient stage and linear speedup. When T becomes sufficiently large, the first term
0?/(nT) in (3) (or o/v/nT in (2)) will dominate the rate. In this scenario, D?/Exact-
Diffusion requires T = O(1/ne) in (3) (or T = O(1/ne?) in (2)) iterations to reach a
desired e-accurate solution for strongly convex (or generally convex) problems, which is
inversely proportional to the network size n. An algorithm is said to have reached the
linear-speedup stage if for some T, the term involving nT is dominating the rate. Rates (2)
and (3) corroborate that D? /Exact-Diffusion, similar to P-SGD, achieves linear speedup for
sufficiently large T. We note that D?/Exact-Diffusion can also achieves linear speedup in



YUAN, ALGHUNAIM, HUANG

Scenario D2 /Exact-Diffusion D-SGD
Generally-convex (2) (2)+ 0O ((1_;;%)
Strongly-convex (3) 3)+ 0 (%)

Table 1: Convergence rate comparison with D-SGD from (Koloskova et al., 2020).

the non-convex setting (Tang et al., 2018; Alghunaim and Yuan, 2022). The transient stage
is the number of iterations needed to reach the linear-speedup stage, which is an important
metric to measure the scalability of distributed algorithms (Pu et al., 2021). Consider, for
instance, the D?/Exact-Diffusion in the strongly convex scenario as given by (3). For it to
achieve linear speedup, T must satisfy the condition (1—3)T? < nT, that is, T > n/(1—f3).
Therefore, the transient stage in D?/Exact-Diffusion for strongly-convex scenario requires
O(n/(1 — B)) iterations.

Comparison with D-SGD. Table 1 lists the convergence rates for both D-SGD and
D? /Exact-Diffusion in the generally and strongly convex scenarios. Compared to D-SGD,
it is observed in (2) and (3) that D?/Exact-Diffusion has eliminated the data heterogeneity
b? term. Note that the term related to data heterogeneity b? has the strongest topology
dependence on 1— 3 for D-SGD. In Table 2 we list the transient stage of D?/Exact-Diffusion
and other existing algorithms. It is observed that D? /Exact-Diffusion has an improved (i.e.,
shorter) transient stage in terms of 1 — 5 compared to D-SGD by removing the influence
of data heterogeneity. Gradient tracking methods (Xu et al., 2015; Lorenzo and Scutari,
2016; Nedich et al., 2017; Qu and Li, 2018; Xin et al., 2021) can also remove the data
heterogeneity, but their transient stage established in existing prior works still suffers from
worse network topology dependence than D?/Exact-Diffusion and even D-SGD. In essence,
D? /Exact-Diffusion enjoys the state-of-the-art topology dependence in the generally and
strongly convex scenarios.

Further improvement with multi-round gossip communication. Another orthogo-
nal approach to improve network topology dependence is to run multiple gossip steps per
D? /Exact-Diffusion update. By leveraging multiple gossip communications and gradient
accumulation, the transient stage of D?/Exact-Diffusion can be significantly improved in
both generally- and strongly-convex scenarios, as seen in the last row in Table 2.

1.2 Contributions

This work makes the following contributions:

e We revisit the D?/Exact-Diffusion algorithm (Tang et al., 2018; Yuan et al., 2018a,b;
Li et al., 2019b; Yuan et al., 2020) and establish its non-asymptotic convergence rate
under generally-conver settings. By removing the influence of data heterogeneity,
D2 /Exact-Diffusion is shown to improve the transient stage of D-SGD from O(n3/(1—
B)4) to O(n?/(1 — 3)?), which is less sensitive to the network topology.

e We also establish the non-asymptotic convergence rate of D?/Exact-Diffusion under
strongly-convex settings. We demonstrate that D? /Exact-Diffusion improves the tran-
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Scenario Generally-convex Strongly-convex

D-SGD (Puet al, 2021) O (255) 0 (7)

Gradient Tracking (Pu and Nedi¢, 2020) N.A. O (ﬁ)
D? /Exact-Diffusion (Ours) @) (%) O (&)

D2/ED-MG (Ours) 0 () 0 <(1_15)%)

Table 2: Transient stage comparison between D-SGD, gradient tracking, D?/Exact-Diffusion, and
D? /Exact-Diffusion with multi-round gossip communication (D?/ED-MG for short) in the strongly
convex and generally convex settings. Note that 1 — 8 € (0,1). Notation O() hides all logarithm
factors. The smaller the transient stage is, the faster the algorithm will achieve linear speedup.

sient stage of D-SGD from O(n/(1—3)2) to O(n/(1—)). Furthermore, we prove that
the transient stage of D-SGD is lower bounded by Q(n/(1 — §)) with homogeneous
data (i.e., b = 0) in the strongly-convex scenario. This implies that the dependence
of D-SGD on the network topology can only match that of D?/Exact-Diffusion if the
data is homogeneous®, which is typically an impractical assumption.

e We further improve the dependence on network topology by integrating multiple gossip
and gradient accumulation to D? /Exact-Diffusion. With these two useful techniques,
the transient stage of D?/Exact-Diffusion improves from O(n?/(1 — 3)2) to O(n/(1 —
B)) in the generally-convex scenario, and O(n/(1 — f)) to O(1/(1 — B)*/?) in the
strongly-convex scenario. D?/Exact-Diffusion with multiple gossip communications
has a significantly better dependence on topology and network size than existing
algorithms (Koloskova et al., 2020; Pu et al., 2021; Pu and Nedié¢, 2020; Huang and
Pu, 2021; Koloskova et al., 2021).

1.3 Related Works

Decentralized optimization. Distributed optimization algorithms can at least be traced
back to the work (Tsitsiklis et al., 1986). Decentralized gradient descent (DGD) (Nedic and
Ozdaglar, 2009; Lopes and Sayed, 2008; Chen and Sayed, 2012) and dual averaging (Duchi
et al., 2011) are among the earliest decentralized optimization algorithms. DGD can have
several forms depending on the combination/communication step order such as consensus
or diffusion (Sayed, 2014) (diffusion is also called adapt-then-combine DGD or just DGD
in many recent works). Both DGD and dual averaging suffer from a bias caused by data
heterogeneity even under deterministic settings (i.e., no gradient noise exists) (Nedic and
Ozdaglar, 2009; Chen and Sayed, 2013; Yuan et al., 2016) — see more explanation in Sec. 2.4.
Numerous algorithms have been proposed to address this issue, such as alternating direction
method of multipliers (ADMM) methods (Wei and Ozdaglar, 2012; Shi et al., 2014), explicit

1. The transient stage of D-SGD is lower bounded by Q(n/(1 — £)?) in the heterogeneous case (Koloskova
et al., 2020; Pu et al., 2021)
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bias-correction methods (such as EXTRA (Shi et al., 2015), Exact-Diffusion (Yuan et al.,
2018a,b), NIDS (Li et al., 2019b), and gradient tracking (Xu et al., 2015; Lorenzo and
Scutari, 2016; Nedich et al., 2017; Qu and Li, 2018) — see (Alghunaim et al., 2021)), and
dual acceleration (Scaman et al., 2017, 2018; Uribe et al., 2020). These algorithms, in the
deterministic setting, can converge to the exact solution without any bias. On the other
hand, decentralized stochastic methods (in which the gradient is noisy) have also gained a lot
of attention recently. Decentralized SGD (D-SGD) has the same asymptotic linear speedup
as P-SGD (Chen and Sayed, 2012; Sayed, 2014; Lian et al., 2017; Koloskova et al., 2020;
Pu et al., 2021; Yuan et al., 2021) but with a more efficient single-iteration communication,
it has been extensively studied in the context of large-scale machine learning (such as deep
learning).

Data heterogeneity and network dependence. It is well-known that D-SGD is largely
affected by gradient noise, but it was unclear how the data heterogeneity influences the
performance of D-SGD. The work (Yuan et al., 2020) clarified that the error caused by the
data heterogeneity can be greatly amplified when the network topology is sparse, which can
even exceed the error caused by gradient noise. The works (Pu et al., 2021) and (Koloskova
et al., 2020) also showed that the error term caused by data heterogeneity exhibits the poor-
est dependence on the network topology in D-SGD. It is thus conjectured that removing the
influence of data heterogeneity might improve the topology dependence of D-SGD. Both
the D? /Exact-Diffusion algorithm and gradient tracking methods have been studied under
stochastic settings in (Tang et al., 2018) and (Pu and Nedi¢, 2020; Xin et al., 2021; Lu et al.,
2019; Zhang and You, 2019; Xin et al., 2022), respectively. However, the analysis in these
works does not reveal whether the removal of data heterogeneity can improve the depen-
dence on network topology. The work (Yuan et al., 2020) studied D? /Exact-Diffusion in the
steady-state (asymptotic) regime and for strongly-convex costs. Under this setting, (Yuan
et al., 2020) showed that D?/Exact-Diffusion has an improved network topology depen-
dence by removing data heterogeneity, but it is unclear whether the improved steady-state
performance in (Yuan et al., 2020) carries over to D-SGD’s non-asymptotic performance
(convergence rate). This paper clarifies the improvement in the non-asymptotic convergence
rate in D?/Exact-Diffusion for both generally and strongly convex scenarios. These results
demonstrate that removing influence of data heterogeneity improves the dependence on
network topology for D-SGD. In addition, the established dependence on network topology
for D2 /Exact-Diffusion in the strongly-convex scenario aligns with lower bound of D-SGD
with homogeneous dataset.

Transient stage. As to the transient stage of D-SGD, the work (Pu et al., 2021) shows
that it is O(n/(1 — B8)?) for strongly-convex settings, and the results from (Koloskova et al.,
2020) imply that it is O(n®/(1 — 8)*) for generally-convex settings. In comparison, we
establish that D?/Exact-Diffusion has an improved O(n/(1 — 3)) and O(n®/(1 — 3)?) tran-
sient stage for strongly and generally convex scenarios, respectively. This work does not
study the transient stage of D?/Exact-Diffusion for the non-convex scenario as the current
analysis cannot be directly extended to such settings. Note that (Tang et al., 2018) and
(Xin et al., 2021) provide an O(n3/(1 — 3)°) transient stage for D?/Exact-Diffusion and
stochastic gradient tracking under the non-convex setting, respectively. These transient
analysis results, however, are worse than D-SGD in terms of network topology dependence.
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There are some recent works (Yuan et al., 2021; Yu et al., 2019; Lin et al., 2021) that aim to
alleviate the influence of data heterogeneity on decentralized stochastic momentum SGD,
but they do not show an improved dependence on network topology.

Multi-round gossip communication. Multi-round gossip communication has been uti-
lized in recent works to boost the performance of decentralized algorithms. For example,
(Berahas et al., 2018) employs multi-round gossip to balance communication and computa-
tion burdens, (Scaman et al., 2017) develops an optimal decentralized algorithm based upon
multi-round gossip for smooth and strongly convex problems in the deterministic scenario,
and (Li et al., 2020) achieves near-optimal communication complexity with multi-round
gossip and increasing penalty parameters. In decentralized and stochastic optimization,
recent works (Lu and De Sa, 2021; Yuan et al., 2022; Huang and Yuan, 2022) employ multi-
round gossip communication and gradient accumulation on stochastic gradient tracking to
significantly improve the convergence rate in non-convex settings. However, these works do
not demonstrate how multi-round gossip communication can improve the network topology
dependence in the strongly and generally convex scenarios.

Parallel works. Simultaneously and independently?, a parallel work (Huang and Pu,
2021) has established a result under strongly-convex scenarios that is partially similar to
this work. However, it does not study the generally-convex scenario. Another parallel work
(Koloskova et al., 2021) demonstrates that gradient tracking has an improved network topol-
ogy dependence that nearly-matches D? /Exact-Diffusion (up to a log(1 — 3) term)3. This
implies D? /Exact-Diffusion has a slightly better theoretical dependence on network topol-
ogy. Moreover, D? /Exact-Diffusion is more communication-efficient than gradient tracking
since it only requires one communication round per iteration. A detailed comparison with
(Koloskova et al., 2021) is listed in Table 3. We note that, unlike (Huang and Pu, 2021)
and (Koloskova et al., 2021), additional results on lower bound of homogeneous D-SGD
and transient stage on D?/Exact-Diffusion with multi-round gossip communication are also
established in our work. Moreover, our analysis techniques are also different from (Huang
and Pu, 2021) and (Koloskova et al., 2021).

1.4 Notations
(k)

Throughout the paper we let z;" € R? denote the local solution estimate for node i at
iteration k. Furthermore, we define the matrices

xF) = [xgk), )T e R

VEx®; )= [VFEP W) vEE®; )T e rrxd,

n

ViE®) = Vi), .. Vi P)T e R,

which collect all local variables/gradients across the network. Note that Vf(x(*) =
E[VF(x®;¢®)]. We use col{ai,...,a,} and diag{ai,...,a,} to denote a column vec-
tor and a diagonal matrix formed from ay,...,a,. We let 1,, = col{1,...,1} € R™ and
I, € R™™ denote the identity matrix. For a symmetric matrix A € R™*" we let \;(A) to

2. (Huang and Pu, 2021) appeared online on May 11, 2021 and the first version of our work appeared online
on May 17, 2021.
3. (Koloskova et al., 2021) appeared online around November 15, 2021.
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be the ith largest eigenvalue and p(A) = max; |A;(A4)| denote the spectral radius of matrix
A. In addition, we let [n] = {1,...,n} for any positive integer n. Suppose that A € R™"*"
is a positive semidefinite matrix with eigen-decomposition A = UAUT where U € R™*"
is an orth(l)gonal matrix and A € R™ " is a non-negative diagonal rnatrilx. Then, we let
Az = UA2UT € R™ ™ be the square root of the matrix A. Note that A2 is also positive
semidefinite and A2 x A2 = A. For a vector a, we let ||a|| denote its ¢3 norm. For a matrix
A, we let ||A| denote its ¢5 norm and ||A||r denote its Frobenius norm. We use < and 2
to indicate inequalities that hold by omitting absolute constants. We define N as the set of
non-negative integers.

2. Preliminaries and Assumptions

2.1 Weight Matrix

To model the decentralized communication, we let w;; > 0 be the weight used by node 4
to scale information flowing from node j to node i. We use N; to denote the neighbors of
node i, including node i itself. We let w;; = 0 if node j ¢ N;. We define the weight matrix
W = [w;;] € R™" and assume the following condition.

Assumption 1 (WEIGHT MATRIX) The network is strongly connected and the weight ma-
triz W is doubly stochastic and symmetric, i.e., W = W7T and W1, = 1,. ([l

Remark 1 (SPECTRAL GAP) Under Assumption 1, it holds that 1 = \i(W) > A(W) >
s> (W) > =1 Ifwelet B = p(W—21117T), it follows that B = max{|A2(W)|, [An(W)|} €
(0,1). The network quantity 1 — 3 is called the spectral gap of W, which reflects the con-
nectivity of the network topology. The scenario 1 — 5 — 1 implies a well-connected topology
(e.g., for fully connected topology, we can choose W = %]I]IT and hence = 0). In contrast,
the scenario 1 — 8 — 0 implies a badly-connected topology. O

Assumption 2 (MINIMUM EIGENVALUE) It is assumed that the minimum eigenvalue of
W is bounded away from —1, i.e., there exists a constant € > 0 such that \,(W) + 1 > e.
Moreover, we assume € is independent of network size n and the spectral gap 1 — (3. ]

Remark 2 [t is easy to construct a weight matriz W satisfying Assumption 2. Given any
weight matriz W' that satisfies Assumption 1, if we construct W = (1 — §)W' + 51 for any
desired € > 0, then it holds that A\,(W) 4+ 1 > €. O

We introduce W = (I + W)/2 in the D?/Exact-Diffusion algorithm below. Under
Assumption 2, it is easy to verify that the minimum eigenvalue of W is bounded away

from 0, i.e., there exists a constant € > 0 such that \,(W) > e. Moreover, constant € is
independent of n and 1 — .

2.2 D?/Exact-Diffusion Algorithm

Recursions. Using the notation x*) and VF(x(k);E(k)) introduced in Sec. 1.4, the D?
algorithm (Tang et al., 2018), also known as Exact-Diffusion in (Yuan et al., 2018a,b, 2020)
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Algorithm 1: D?/Exact-Diffusion
Require: Let W = (I + W)/2 and initialize :L‘Z(O) = 0; let wzgo) = x@(o)_
for £ =0,1,2,..., every node i do
Sample §§k) and calculate g(k) = VF(JJ,Ek); §i(k));

i

Update ¢§k+1) = a:gk) — ’ygﬁk); > local gradient descent step

Update ¢§k+1) = ¢£k+1) + :ng) — Qﬁi(k); > solution correction step
(k+1) _ = g (kL) ot

Update xz,; = ZjEM Wi (;5]- 3 > communication step

or NIDS in (Li et al., 2019a), can be expressed as
x(F+1) = W(2x(k)—x(k*1)—fy(VF(x(k);é’(k))—VF(x(k*l);5(]“*1)))), Vk=12...(5

where W := (W + I)/2 and 7 is the learning rate (stepsize) parameter. The algorithm is
initialized with x(1) = W(X(O) — ’Y(VF(X(O); S(O))) for any x(9. Unlike the vanilla decen-
tralized SGD (D-SGD), D?/Exact-Diffusion exploits the last two consecutive iterates and
stochastic gradients to update the current variable. This algorithm construction has been
proven to remove the influence of data heterogeneity., see (Tang et al., 2018; Yuan et al.,
2018b, 2020; Li et al., 2019b). Recursion (5) can be conducted in a decentralized manner as

listed in Algorithm 1 (see (Yuan et al., 2018a, 2020) for details). A fundamental difference
(k)

from D-SGD lies in the solution correction step. If x;"" — wl(k) is removed, then Algorithm
1 reduces to D-SGD.

Primal-dual form. For analysis purposes, we rewrite recursion (5) into the following
primal-dual equivalent form (Yuan et al., 2018b; Li et al., 2019b):

where y = [y1,...,y,|T € R gy, € R and V = (I — W)/2 € R™™" is a positive
semi-definite matrix. For initialization, we let y(®) = 0. The equivalence between (5) and
(6) can be easily verified, see (Yuan et al., 2018a, 2020).

Intuition to reduce transient stage. This paper proves that D?/Exact-Diffusion has a
shorter transient stage by removing the influence of data heterogeneity. To illustrate the
intuition, we recall the convergence rate of D-SGD for generally-convex scenarios as

1
T+1

T (k) N o o?/3 b2/3 1
| (Ef(:z: )—f(x )) = O(\/ﬁ—'_ (1—6)1/3T2/3 + (1—ﬂ)2/3T2/3 + (1_6)T)

where v = 15" |V fi(z*)||* indicates the data heterogeneity. It is evident that the
existence of b? will result in a slower convergence and hence a longer transient stage. If
the influence of b? can be removed from the convergence rate, which can be achieved by
D? /Exact-Diffusion due to their robustness to data heterogeneity (Yuan et al., 2018a; Li

et al., 2019b), then the convergence rate should be improved and the transient stage should
reduce. Indeed, we will prove this argument rigorously in the sections below.
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2.3 Optimality Condition
The primal-dual recursion (6) facilitates the following optimality condition of problem (1).
Lemma 3 (OPTIMALITY CONDITION) Assume each cost function f;(x) in problem (1) is

convex. Then, there exists some primal-dual pair (x*,y*), in which y* lies in the range
space of V, that satisfies

YWV f(x*) +Vy* =0, (7a)
Vx* =0, (7b)
and it holds that ] = --- = x}, = x* where x* is a global solution to problem (1). |

The proof of the above lemma is simple and can be referred to (Shi et al., 2015, Lemma 3.1).
It is worth noting that when there is no gradient noise, i.e., VF(x®); £®)) = v f(x*)), the
fixed point (x°,y?) of the primal-dual recursion (6) satisfies the optimality condition (7a)—
(7b). This implies the iterates x*) generated by the D? /Exact-Diffusion algorithm will
converge to a global solution x* of problem (1) in expectation. Such conclusion holds
without any assumption whether the data distribution is homogeneous or not.

2.4 D-SGD and Data-Heterogeneity Bias

The (adapt-then-combine) D-SGD algorithm (also known as diffusion in (Lopes and Sayed,
2008; Chen and Sayed, 2012; Sayed, 2014)) (Nedic and Ozdaglar, 2009; Lopes and Sayed,
2008; Chen and Sayed, 2012; Lian et al., 2017) has the update form:

x(FH1) = W(x(k) —AVE(x®); E(k))). (8)

Without any auxiliary variable to help correct the gradient direction like D? /Exact-Diffusion
recursion (6), D-SGD suffers from a solution deviation caused by data heterogeneity even if
there is no gradient noise. Given that data heterogeneity exists, we have b = L 3% | ||V f;(2*)[|* >
0, which implies there exists at least one node i such that Vf;(x*) # 0. Suppose there
is no gradient noise and x(%) is initialized as a consensual solution, represented by x* =
[z*,...,2*]T where x* is a solution to problem (1), which satisfies 11V f(x*) = 0. Following

recursion (8), we have

XEHT = W (¢ AV [ () = x* AWV () # )
in which the last inequality holds because WV f(x*) # 0 in general. Relation (9) implies
that even if D-SGD starts from the optimal consensual solution, it can still jump away to

a biased solution due to the data heterogeneity effect.

2.5 Assumptions

We now introduce some standard assumptions that will be used throughout the paper.
Assumption 3 (CONVEXITY) Each cost function f;(x) is convex.

10
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Assumption 4 (SMOOTHNESS) Fach local cost function fi(z) is differentiable, and there
exists a constant L such that for each x,y € RY

IVfi(x) =V iyl < Llz —yll, Vieln]. (10)

Assumption 5 (GRADIENT NOISE) Define the filtration ]—"(’“):{{fi(k) n, {xl(k)}?zl, e
{fgo) 21 {a:z(»o) ?:1}. Then, it is assumed that for any k and i that
EVF(;eM) - v i) A = o,
E[|VF(?; M) - 9 fi(a)|21 7] < 02,

for some 0% > 0. Moreover, we assume §£k) are independent of each other for any k and 1.

3. Fundamental Transformation

In this section we transform the primal-dual update of the D?/Exact-Diffusion algorithm
(6) into another equivalent recursion. This transformation, inspired by (Yuan et al., 2018b,
2020), is fundamental to establish the refined convergence results for D?/Exact-Diffusion.

Let (x*,y*) be one pair of variables that satisfies the optimality conditions in Lemma
3. Subtracting (7a) and (7b) from the primal-dual recursion (6), we have

xFH) _ x* = V_V(X(k) —x* —y(VF(x®; W) - Vi) - V(iy® -y, (12a)
yEHD oy = 0 xR ey, (12b)

To simplify the notation, we define s := VF(x®); ¢®)) — v f(x*)) as the gradient noise
at iteration k. By substituting (12a) into (12b), and recalling that I — V2 = W, we obtain

xD) —xx1 (W —V][x® —x W(VF(x®) — Vf(x*) +sk)
[y(’““) - .V*] - {VW V_V} [y(’“) - Y*] - [VV_V(W (x®) = Vf(x*) +s%)
—_———

B

(13)

The main difficulty analyzing the convergence of the above recursion (as well as (12a)-
(12b)) is that terms x*) — x* and y*) — y* are entangled together to update x*+1) — x*
or y*+t1) — y* For example, the update of x(**t1) — x* relies on both W(X(k) — x*) and
—V(y®) — y*). In the following, we identify a change of basis and transform (13) into
another equivalent form so that the involved iterated variables can be “decoupled”. To
this end, we need to introduce a fundamental decomposition lemma. This lemma was first
established in (Yuan et al., 2018b). We have improved this lemma by establishing an upper
bound of an important term (see (17)) that is critical for our later analysis.

Lemma 4 (FUNDAMENTAL DECOMPOSITION) Under Assumption 1, the matriz B € R?"*2n
in (13) can be diagonalized as

10 0 o

B=[rirocXgl| 0 1 0 o (14)
Y L0 0 D Xp/c
D X1

11
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for any constant ¢ > 0 where D € R*™*?" js a diagonal matriz. Moreover, we have

[5) e [2] e [i] es[2) o

n

and Xp € R2Z2(n—1) X, e R2n=1x20  Also the matriz Dy is a diagonal matriz with
diagonal entries strictly less than 1 in magnitude and

- 14+ Xo(W)

ID1]| = A2, where Ay = ; (16)

Furthermore, it holds that
XLl XR] < A2 (17)
where A, = (1 + X\, (W))/2. (Proof is in Appendiz B.1). [

Left-multiplying X! to both sides of (13) and using Lemma 4, we can get the trans-
formed recursion given in Lemma 5. Note that Lemma 5 is also an improved version of
(Yuan et al., 2020, Lemma 3), which will facilitate our sharper convergence analysis of the
D?/Exact-Diffusion algorithm.

Lemma 5 (TRANSFORMED RECURSION) Under Assumptions 1, the D?/Ezact-Diffusion
error recursion (13) can be transformed into

2 )T 20 - 207(V f(x) — T f(x")) s «
= Dy — 26 | 1w | (18)

where §%) 8% and §*) are defined as

gh 2 (XLQr+ X1,Qr(I — ]\R)%)]\RQ%VJC(X(M) — Vf(x")) (19a)

sm A Lyr k) (19b)
n

sW 2 (X10Qr + X1,Qr( — AR)?)ArQhs™®. (19¢)

Here, the matrices Xr, ¢, X1, € R2=Dx1 gre the left and right part of the matriz Xi =
(Xre Xip,), respectively, Ap = diag{ha(W),...,\,(W)} € RO-DX(=D " gnd Qp €
R (1) s defined in (59). The relation between the original and the transformed error
vectors are

5 (k) /T (k) _ x* (k) _ x* 3 (k)
z 1 b X X X z
[z(k)] [XL/C] [yw) _y*] an [yw)_y*] [rie R][zw)} (20)
Note that 2F) € R4 and z(F) ¢ R2"=D*d (Proof is in Appendiz B.2). |

Remark 6 (RECURSION INTERPRETATION) Using the left relation in (20) and the defini-
tion of {1 in (15), it holds that

EWT = LT () _ sy = 30 _ o
n

12
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Therefore, 2%) gauges the distance between the averaged variable Z*) and the solution x*.
On the other hand, using the right relation in (20) and the definition of r1 in (15), it holds
that x®) —x* = 1,,z%) + cXRvuZ(k) =xk) —x* 4 CXRMZ(]C), where Xp 4 € R™*2(n=1) 45 the
upper part of matric Xr = [Xpru; Xral. This implies

CXR’UZ(k) = xF) — k), (21)

Hence, z¥) measures the consensus error, i.e., the distance between x*) and x*). [l

The following proposition establishes the magnitude of ||z(?)||2, which will be used in
later derivations.

Proposition 7 (THE MAGNITUDE OF [2(0)|2) If we initialize x©) = 0, y©) = 0 and set
. . 25\2 YV f(x* 2 .

= || X.|, it holds that |22 < % If we further assume ||V f(x*)||% =

S LIV E(@@))? = On), it follows that |22 = O(m 25 ) (Proof is in Appendiz B.5). R

4. Convergence Results: Generally-Convex Scenario

With Assumption 5, it is easy to verify that

0_2

E[Is®|PIFE N < =, k=12,... (22)
n

We first establish a descent lemma for the D?/Exact-Diffusion algorithm in the generally-
convex setting, which describes how E[z2(*)||? evolves with iteration.

Lemma 8 (DESCENT LEMMA) Under Assumptions 5-5 and learning rate y < ﬁ, it holds
fork=0,1,... that

20.2

3L
LR[OI+ k=0,1,..(23)

E|z0HD |2 < Bl2W 12— (B %) - (%) +

where Ay = Ay (W) = (1 + X\ (W))/2. (Proof is in Appendiz C.1) [
With inequality (23), we have for 7" > 0 that
T

: : EEOP 3L & L a0
T+1 Ef(z®)~f(=")) < - Elz0 12+ Y9 oy
T+1k:0( F@E®)—f(a ))_7(T+1)+2n>\n(T+1)kz_: 1252 + (24)

We next bound the ergodic consensus term on the right-hand-side.

NL/2
Lemma 9 (CONSENSUS LEMMA) Under Assumptions 1-5 and learning rate v < %,
it holds for any k =0,1,--- that

1t 1 < (252 Bl + 9T R 6 0) — ) + 4N, (25)

where 1 = 5\;/2, Ao = (14+X2(W))/2, and A, = (1+ X (W))/2 (Proof is in Appendiz C.2).
|

13
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Lemma 10 (Ercobpic CONSENSUS LEMMA) Under the same assumptions as Lemma 9, it
holds that (Proof is in Appendiz C.5)

1 T
= > EllzV
T+1 Pt
T X .
32ny2A\3L Z Ef 0 — f(a 9) + 8ny?\2o? 3E|z0))|2 (26)
T A=-/2(T+) & 1—p (1=B)(T+1)
|

With inequalities (24) and (26), and the fact that 82 = Ay = (1+X2(W))/2 < (1+8)/2
where = p(W — %]I]IT) is defined in Remark 1, we can show the following convergence
result for D2 /Exact-Diffusion in the generally convex scenario.

Theorem 11 (CONVERGENCE PROPERTY) Under Assumptions 1-5 and learning rate

1 -N [ %<r0é o) ®
=m0y ’QMT+1Q ’TAT+U)’(w>

where 1o, T1, ro and ro are constants defined in (83), then it holds that

LN (a0 )y — o O Lioh L3 L
12 (B~ 160) = O gt e 0 A

k=0
(Proof is in Appendiz C.4) |

Remark 12 If we pay attentions to how o, n, T, and [ influence the convergence rate, the
result in Theorem 11 can be simplified as

T 2
3

By _ piar)) — o o 1 '
(B0~ 10) =07 o T ) @)

1
T+14

Corollary 13 (TRANSIENT STAGE) Under the same assumptz’ons as Theorem 11, the tran-
sient stage for D? /Ezact-Diffusion is on the order of O ( T—5)2 )

Proof Transient stage is defined as the minimum number of iterations that an algorithm
has to experience to achieve the linear speedup stage. With this definition and the derived
convergence rate in (27), the transient stage for D? /Exact-Diffusion is given by

2
3

1
Ttrangmin{ TeN ‘ g < 2 and

o
< < . (28
(1—5)%T§ vnT (1-8)T "~ /nT } (28)
The inequalities in (28) exist to guarantee that the linear speedup term dominates conver-

gence rate (27). With (28), we have Tian < max{(l_%?)’%% — } O( T 6)2) [ |

14
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Algorithm Convergence rate Transient stage
71/352/3 - n3

G-T O O (25 1og* (15 (1 +10g(25))) )
52/3 n3

E-D (Ours) O (F-i- G=p) /31273 T (1= ,B)T) 0 (W)

Table 3: Convergence rate and transient stage comparison in the generally-convex scenario between
our results (D?/Exact-Diffusion, D?/E-D for short) and a parallel work on gradient tracking (G-T
for short) (Koloskova et al., 2021) In the table, 7 = 2 log( 5(1 +log(15 5))) +1is in (Koloskova
et al., 2021, Lemma 20).

Remark 14 The result from (Koloskova et al., 2020) indicates that the transient stage
of D-SGD for the generally conver scemario is on the order of O(ﬁ) By removing
the mﬂuence of the data heterogeneity, D?/Exact-Diffusion improves the transient stage to
O((l B2 ), which has a better network topology dependence on 1 — f3. O

Remark 15 An independent and parallel work in (Koloskova et al., 2021) shows that gra-
dient tracking can also improve the transient stage of D-SGD. The convergence rate and
transient stage in the generally-convexr scenario established in (Koloskova et al., 2021) are
listed in Table 5. It is observed that the transient stage of D?/Exact-Diffusion is better
than gradient tracking by a factor log? (1 5( + log(ﬁ))). Moreover, D? /Exact-Diffusion
is more communication-efficient than gradient tracking since it only requires one commumni-
cation round per iteration.

5. Convergence results: Strongly-Convex Scenario

5.1 Convergence Analysis of D?/Exact-Diffusion

In this subsection we establish the convergence rate of D?/Exact-Diffusion in the strongly
convex scenario and examine its transient stage.

Assumption 6 (STRONGLY CONVEX) Fach f;(z) is strongly convez, i.e., there exists a
constant 11 > 0 such that for any =,y € R we have:

fi) = fil@) + (Vi@)y —2) + Elly —al’, Vil
O

Lemma 16 (DESCENT LEMMA) When Assumptions 4-6 hold and learning rate v < ﬁ, it
holds for k=0,1,... that

oLy . . v2o?
LElE® )+ T (29)

Bz D)2 < (1- ) EIzW|P - (Ef@®) - f(a"))
(Proof is in Appendiz D.1) |

15
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With inequality (29), we have

Ellz%)|2 E|lz(k+1) )2 5T
gl g 2n\,

Ef(e®)-fa*) < (1- )

If we take the uniform average for both sides over k = 0,...,T, the term (1 — % )w

from the kth iteration cannot cancel the term — E”zv I* from the (k+1)th iteration. Inspired
by (Stich, 2019a), we instead take the weighted average over k = 0,...,T so that

T
1
— S e (BfE®) - f(a*
iz 2o B 1(0")
T _ _
1 (1= E[zW]2  Ezt+Y)? 02
<—N"n 2 - hiE[ 20|
_HTZ k( ~y ~y ) 2nH nz +E|l2
k=0 k=0
where h; > 0 is some weight to be determined, and Hyr = EZ:O hi. If we let hy =
(1 = ) hyqy for k=0,1,..., the above inequality becomes
LN (e ®) ey < MBIEOI R LA
HTkZ:O k( f(@"W)—f(x ))_ Hyry 2nH "kzo REl|z" ]| % . (30)

We next bound the ergodic consensus term in the right-hand-side.

Lemma 17 (ERGODIC CONSENSUS LEMMA) Under Assumptions 1, 4, 5, and 6 and if learn-

ayl/2
ing rate satisfies v < %, then it holds that

T -
! ACh Sm? X0’ | 128 ° N1
_ 5(k) (12, « 0 Y A50 y .
HTkZOth\z |7 < HT(l—B1)+ = 1_51 b Zh E7 (%) — (= )a1)

where C = E||20||2, the positive weights {hy}32, satisfy

1-5
4

hkghg<1+ > forany k>0 and 0 <L <k, (32)

and Hp = ZZ:O hi. (Proof is in Appendiz D.2) |

With inequalities (30) and (31), and the fact that 32 = Xy = (1 + X2(W))/2 < (1 + B)/2
with g = p(W — %]l]lT), we can establish the convergence property of D?/Exact-Diffusion
as follows.

Theorem 18 (CONVERGENCE PROPERTY) Under Assumptions 1, 2, 4, 5, and 6, if

11 61<X3/2) 2 In(2nE|29 2T2/[0*(1 — B))
7= 4L° 261 \ x, T ’
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then it holds that

2

1 d S sy Al O Lo? Lexp{—t0-A1}
HTI;)hk(Ef(x ) — flx ))0( + + B) ) (33)

ynT " 2(1— B)T? (1-

where hy and Hy are defined in Lemma 17. Notation O(-) hides logarithm terms. (Proof is
in Appendiz D.3) [ |

Remark 19 If we pay attentions to how o, n, T, and B influence the convergence rate,
expression (33) can be simplified as

2 2

1 (k) ~ (o o 1
%ghk(Ef(x )— f(z )) 0] <nT 1= + 1_Bexp{—(1—ﬁ)T}>. (34)

Corollary 20 (TRANSIENT STAGE) Under assumptions in Theorem 18, the transient stage
for D? /Exact-Diffusion in the strongly convex scenario is on the order of O(ﬁ)

Proof The third term (34) decays exponentially fast and hence can be ignored compared
to the first two terms. As a result, the transient stage for D? /Exact-Diffusion for strongly-
convex problems is given by

o2 - o2
Tiran < mi TeN ‘ —_— — .

tran < mln{ € I—BT2 ~ uT } (35)

With (35), we have Tiran S 175 and Tiran = O(—B) We use O(-) rather than O(-) because

some logarithm factors are hidden inside. |

Remark 21 [t is established in (Koloskova et al., 2020; Pu et al., 2021) that the transient
stage of D-SGD for the strongly-convex scenario is on the order of O(ﬁ) By removing

the influence of the data heterogeneity, D?/Exact-Diffusion improves the transient stage
to O(ﬁ) which has an improved dependence on 1 — 3. This improved transient stage is
consistent with those established in parallel works (Huang and Pu, 2021; Koloskova et al.,
2021). O

5.2 Transient Stage Lower Bound of the Homogeneous D-SGD

In Sec. 5.1, we showed that D? /Exact-Diffusion, by removing the inﬂuence of data hetero-
geneity, can enhace the transient stage of D-SGD improving it from O(+"xz = 5) 5) to O(1%5 5)-
In this section, we question what is the optimal transient stage of D-SGD when data dlS—
tributions are homogeneous (i.e., there is no influence of data heterogeneity)? Can D-SGD
have a better network topology dependence than D?/Exact-Diffusion in certain scenarios?
The answer reveals that D-SGD dependence on the network topology can match D? /Exact-
Diffusion only under the homogeneous setting and is always worse in heterogeneous setting.
In any case, D-SGD cannot be more robust to network topology than D? /Exact-Diffusion.

17
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To this end, we let F,; = {f : f is p-strongly convex, L-smooth with V f(z*) = 0}
with some fixed global z*, O,2 be all possible gradient oracles with o?-bounded noise,
Ws = {W : W satisfies Assumption 1 and p(W — 21,17) < 8}, and A consists of D-SGD
algorithms with all possible hyper-parameter choices (such as learning rate 7) but with
homogeneous dataset, then we consider the following minimax lower bound for D-SGD:

Tdsgd

trans = Min max max max {Transient time of (A)}.

AcAWEW; 0,2 fi€F, 1

This definition implies that D-SGD cannot have a shorter transient stage than Tt(izgni without

further assumptions. Note that this lower bound only applies to vanilla D-SGD with single-
round gossip communication. There might be algorithms (e.g., D-SGD with multi-round
gossip communications per update) that enjoy provably shorter transient stage.

Theorem 22 (Lower Bound) The transient time for D-SGD in the homogeneous sce-
nario, i.e., b> = 0, is lower bounded by

Tdsgd _ Q n )
trans <1 _ ﬁ
(Proof is in Appendiz E) |

From Corollary 20 and Theorem 22, we observe that the transient stage of D?/Exact-
Diffusion in the strongly-convex scenario coincides with the lower bound of homogeneous
D-SGD in terms of the dependence on network topology (i.e., the influence of ) and net-
work size n. This implies that D-SGD has the same transient stage as D?/Exact-Diffusion
under the impractical homogeneous case and worse dependence in the heterogeneous case
(Koloskova et al., 2020; Pu et al., 2021). Hence, the dependence of D?/Exact-Diffusion on
network topology is no worse than D-SGD and always better under the practical heteroge-
neous case.

6. D?/Exact-Diffusion with Multi-Round Gossip

In this section, we will demonstrate how the use of multi-round gossip communication in
D? /Exact-Diffusion can further enhance its dependence on network topology. Motivated by
(Lu and De Sa, 2021), we propose the multi-step D?/Exact-Diffusion described in Algorithm
2. There are two fundamental differences between Algorithm 2 and the (vanilla) D? /Exact-
Diffusion listed in Algorithm 1: gradient accumulation and fast gossip averaging. The details
in the fast gossip averaging, inspired by (Liu and Morse, 2011), are listed in Algorithm 3.
Note that Algorithm 3 includes a damping (or interpolation) step in its output. This
step is crucial for ensuring the convergence of D? /Exact-Diffusion with multi-round gossip
communication.

6.1 Fast Gossip Averaging

Using z(") = [zy), .. ,sz)]T € R™ 4 the fast gossip average update (Algorithm 3) can be
described by

20D = (14 W2 - gz, forr=0,1,...,R-1 (36a)
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Algorithm 2: D2/ Exact—Diffusion with multiple gossip steps
)

Require: Initialize x =0, 1/)
damping ratio T € (0 1)

, the rounds of gossip steps R, and

for k=0,1,2,..., every node ¢ do

R
Sample {f( ) R | independently and let 91 =}%Z ( : (k r)); > grad.accu.
Update wgk_H (k) ’ygz(k); > local gradient descent step
Update ¢Ek+1) = w£k+1) + :L‘E ) wi(k); B> solution correction step
(k+1)

Update z, = FastGossipAverage({¢; k+1)}l 1, W, R, T); > multiple gossips

Algorithm 3: z; = FastGossipAverage({¢;}I" 1, W, R, T)

Require: {¢;}!' ¢, W, R, 7 € (0,1); let zi(o) = zi(_l) =¢; and n = 177 V;gz

for r =0,1,2,..., R — 1, every node ¢ do

Update Zi(H—l) =(1+4n) Z]GN wijzi(r) — nzgr_l); D> fast gossip averaging
Output: z; = (1 — 1)z, (R) 4 7‘z(0)7 > damping step
x=(1- T)Z(R) + 7200, (36b)

Since z(=1) = 2z it holds from (36a)-(36b) that z(" = M™z0) where M) e R™*™ is
defined by:

MED =0 1
M) = 1+ WM™ — MY forr=0,1,...,R—1. (37)

Since W is symmetric and doubly stochastic (Assumption 1), the matrix M) is also sym-
metric and doubly stochastic for each r = 0, ..., R. Furthermore, the following result holds.

Proposition 23 Under Assumption 1, it holds that
MO = (MO, MOL=1, and p(M® ~ 117) < V2(1-T-5)
n

where B = max{|Ao(W)|,|\n(W)|}. Therefore, the non-unit eigenvalues of M) vanish to
zero as r — oo. (Proof is in Appendixz F.1). [ |

When the rounds of gossip steps R are sufficiently large, we can achieve the following
important proposition:

Proposition 24 We let M = (1 —7)M%) +71. If Assumption 1 holds and R = [ln(?’):gl]
and T = %, then it holds for any 2 < k <n that

M) € |7 = (1= )p(M = 1117), 74 (1 = )p(M - 111@)} [4171 43n} (33)
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In other words, for 2 <k <mn, Ae(M) can vanish with respect to n while keeping a constant

)\2(M)) < 3 (Proof is in Appendizx F.2). o

ratio o (3

6.2 Reformulating D?/Exact-Diffusion with Multiple Gossip steps

Primal recursion. With the above discussion, it holds that x**1 = M¢*+D) after the
fast gossip averaging step in Algorithm 2. Substituting this relation into Algorithm 2, we
achieve the primal recursion for D?/Exact-Diffusion with multiple gossip steps:

x(k+1) — M(2X<k> ~ XDy (g®) gw—l))), VE=12,... (39)
where g(k) = [ggk)_, e ggk)]T e R"*? and gi(k) is achieved by the gradient accumulation step
in Algorithm 2, M = (1 —7)M" 47T and M) is achieved by recursions (36a) and (36b).
The spectral properties of M is given in (38).
Primal-dual recursion. The primal recursion in (39) is equivalent to the following primal-
dual updates

k1) — M (x*®) — 4gB)) — Py (k)

yED = y(k) 4 PxtHD v g =0,1,2,...

where V = (I — M )% Recursions (39) and (40) have two differences from the vanilla
D2 /Exact-Diffusion recursions (5) and (6). First, the weight matrix W is replaced by M.
Second, the gradient g(®) is achieved via gradient accumulation. This implies that the
convergence analysis of D?/Exact-Diffusion with multi-round gossip communication can
follow that of vanilla D? /Exact-Diffusion. We only need to pay attentions to the influence
of M obtained by multi-round gossip steps and the g(*) achieved by gradient accumulation.

6.3 Convergence Rate and Transient Stage

The following theorem establishes the convergence property of Algorithm 2 under general
convexity.

Theorem 25 (CONVERGENCE UNDER GENERAL CONVEXITY) With Assumptions 1-5, R =
In(n)+4
[ V1-B

], and learning rate

~1 1
y—mind L =B ( T >5 ( o )é <%>3
4L’ 1OL5\2 ’ ’Fl(K-l- 1) ’ fQ(K—l- 1) ’ fg ’

where 7o, 71, To and 73 are constants defined in (117), B, 5\n and 5\2 are constants defined
in (115), and K is the number of outer loop, Algorithm 2 converges at

1 K

K+1k=0

o o3 1n(n)s In(n) ) (41)

B = 16M) = O+ it T o pyhr

where T'= KR is the total number of sampled data (or gossip communications) (Proof is
in Appendiz F.3).
|
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Corollary 26 (TRANSIENT STAGE UNDER GENERAL CONVEXITY) Under the same assump-
tions as in Theorem 25, the transient stage for multi-step D? /Ezact-Diffusion is on the order

of O (ﬁ)

Proof With convergence rate derived in (41), the transient stage for D?/Exact-Diffusion
with multi-round gossip is given by

2 1
. 03 1n(n)s o In(n )
Tiran < min TeN ’ and < 42
t { I pTE ~ VaT pir S ver [
With (42), we have Tipan S 02 1" ) We use O( ) to hide some logarithm factors.
|

The following theorem establishes the convergence performance of Algorithm 2 with strong
convexity.

Theorem 27 (CONVERGENCE UNDER STRONG CONVEXITY) With Assumptions 1, 4, 5, 6

and R = [%1, if the learning rate satisfies

~mind L 1—3(%/2) 2 In(2npE||2")|*K2/[5*(1 — B)))
e PV T T WK )

where &, B, An and \o are constants defined in (115), Algorithm 2 converges at

2 2

1 & _ N ~ [ o o 1
I_IKkZ:Ohk(Ef(x(k))_f(x )):O<nT‘|‘(1_mT+eXP{ ( ,B)QT}> (43)

where hy, and Hy are defined in Lemma 17. (Proof is in Appendiz F.4). |

Corollary 28 (TRANSIENT STAGE) Under the same assumptions as Theorem 18, the tran-
sient stage for multi-step D? /Ezact-Diffusion in the strongly convex scenario is on the order

of O((1—B)"2).

Proof The third term (43) decays exponentially fast and hence can be ignored compared
to the first two terms as long as (1 — B)%T =0(1),ie., T =0((1- ﬁ)_%), otherwise the
exponential term remains a constant. As a result, the transient stage for D? /Exact-Diffusion
with multi-round gossip for strongly-convex problems is given by

0'2 0'2
Tyan <min{ T €N ) <2 b (44)
n(l — B)2T2 nT

With (44), we have Tiran = O((l - 5)_%). We use O(-) rather than O(-) because some
logarithm factors are hidden inside. |
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Remark 29 In Corollary 26, the transient stage of D?/Exact-Diffusion with multi-round
gossip communication has a significantly better (i.e., weaker) dependence on network topol-
ogy connectivity 1 — B and network size n compared to existing works (Koloskova et al.,
2020; Pu et al., 2021; Pu and Nedié¢, 2020; Huang and Pu, 2021; Koloskova et al., 2021),
see Table 2. O

Remark 30 While the transient stage derived in Corollary 28 seems to be independent of
network size n, it essentially grows with n logarithmically. We omit the logarithm terms in
the O(-) expression. O

7. Numerical Simulation

In this section, we validate the established theoretical results with numerical simulations.

7.1 Strongly-Convex Scenario

Problem. We consider the following decentralized least-square problem

n
min oo 3 A — b (45)
=1

where A; € RM*4 is the coefficient matrix, and b; € RM is the measurement. Quantities A;
and b; are associated with node i, and M is the size of local dataset.

Simulation settings. In our simulations, we set d = 10 and M = 1000. To control the data
heterogeneity across the nodes, we first let each node i be associated with a local solution
x}, and such z} is generated by z} = z* + v; where z* ~ N (0, I;) is a randomly generated
vector while v; ~ N(0,021;) controls the similarity between each local solution. Generally
speaking, a large o7 results in local solutions {x}} that are vastly different from each other.
With 2z} at hand, we can generate local data that follows distinct distributions. At node
i, we generate each element in A; following standard normal distribution. Measurement b;
is generated by b; = A;x} + s; where s; ~ N (0, o2I) is some white noise. Clearly, solution
x controls the distribution of the measurements b. In this way, we can easily control data
heterogeneity by adjusting O'}QL. At each iteration k, each node will randomly sample a row
in A; and the corresponding element in b; and use them to evaluate the stochastic gradient.
The metric for all simulations in this subsection is £ Y7, ||x§k) —2*||? where z* is the global
simulation to problem (45) and it has a closed-form o* = (31| ATA)7Y(>0 | AT Aby).
Performance with heterogeneous data. We now compare the convergence performance
of Parallel SGD (P-SGD), Decentralized SGD (D-SGD), D? /Exact-Diffusion (D2/ED), and
D2 /Exact-Diffusion with multi-round gossip communication (MG-D2/ED) when data het-
erogeneity exists. The target is to examine their robustness to the influence of network
topology. To this end, we let 0,21 = 0.2 and organize n = 32 nodes into a cycle. The left plot
in Fig. 1 lists the performances of all algorithms. Each algorithm utilizes the same learning
rate which decays by half for every 2,000 gossip communications. In this plot, it is observed
that all decentralized algorithms, after certain amounts of transient iterations, can match
with P-SGD asymptotically. In addition, we find D-SGD is least robust while MG-D2/ED
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Cycle with n = 32, Heterogeneous Cycle with n = 32, Homogeneous
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Figure 1: Performance of different stochastic algorithms to solve problem (45). The left plot is with
heterogeneous data while the right is with homogeneous data.
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Figure 2: Performance of different stochastic algorithms to solve problem (46).

is most robust to network topology, which aligns with the theoretically established bounds
for transient stage in Table 2.

Performance with homogeneous data. We next compare there algorithms with homo-
geneous data. To this end, we let o,21 = 0 and organize n = 32 nodes into a cycle. The other
settings are the same as in the heterogeneous scenario discussed in the above. The right
plot in Fig. 1 lists the performances of all algorithms. For MG-D2/ED, the x-axis indicates
K x R which facilitates the fair comparison with other algorithms where K is the number
of outer loop and R is the inner gossip communication rounds. It is observed that D-SGD
and D2/ED have almost the same convergence behaviours, which validates the conclusion
in Theorem 22 that D-SGD can match with D2/ED in the homogeneous data scenario. In
addition, we find MG-D2/ED requires less transient iterations than D-SGD and D2/ED to
match with P-SGD, indicating that it is more robust to network topology even if in the
homogeneous data scenario.

7.2 Generally-Convex Scenario

Problem. We consider the following decentralized logistic regression problem

n M
1 1
in —Y f wh (2) = — > In (14 exp(—yimh, 46
min n 2 fi(z) ere  fi(z) i :111( exXp(—Yimhim®)) (46)
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Figure 3: Performance of different stochastic algorithms to solve problem (47) with different real
datasets and topologies. The left plot is with MNIST dataset, and the right is with COVTYPE
dataset.

where {h; m, yim}%:l is the training dateset held by node i in which h; ,, € R? is a feature
vector while y; ., € {—1,+1} is the corresponding label.

Simulation settings. Similar to the strongly-convex scenario, each node ¢ is associated
with a local solution x}. To generate local dataset {hi,m,y@m}%[zl, we first generate each
feature vector hj , ~ N(0,1;). We label y; ,,, = 1 with probability 1/(1 —I—exp(—yi,ghzmxf));
otherwise y; ,, = —1. We can control data heterogeneity by adjusting 0,21.

Robustness to network topology. Fig. 2 lists the performances of all stochastic algo-
rithms with different network sizes. When size of the cycle graph increases from 32 to 64
(the quantity 1/(1 — /) increases from 78.07 to 311.51), it is observed that the performance
of D-SGD is significantly deteriorated. In contrast, such change of the network topology
just influences D2/ED slightly. Furthermore, it is observed that MG-D2/ED is always very
close to P-SGD no matter the topology is well-connected or not. These phenomenons are

consistent with the established transient stage for the generally-convex scenario in Table 2.

7.3 Simulation with Real Datasets

This subsection examines the performances of P-SGD, D-SGD, D2/ED, and MG-D2/ED
with real datasets. We run experiments for the regularized logistic regression problem with

M
filw) = 52 32 0 (14 exp(—gimhla)) + £ (47)

m=1

where p > 0 is a positive constant. We consider two real datasets: MNIST (Deng, 2012)
and COVTYPE.binary (Rossi and Ahmed, 2015). The MNIST recognition task has been
transformed into a binary classification problem by considering data with labels 2 and 4. In
COVTYPE.binary, we use 50, 000 samples as training data and each data has dimension
54. In MNIST we use 10, 000 samples as training data and each data has dimension 784.
The regularization coefficient p = 0.001 for all simulations. To promote data heterogeneity,
we control the ratio of the sizes of positive and negative samples for each node. More
specifically, in COVTYPE.binary, half of the nodes maintain 54% positive samples while the
other half maintain 54% negative samples. Likewise, the ratio is fixed as 70% for MNIST
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dataset, which is a bit larger since the heterogeneity between all grey-scale handwritten
digits of 2 and 4 is relatively weak. Except for the fixed ratio of the positive samples to
negative ones, all training data are distributed uniformly to each local node. The left plot in
Fig. 3 illustrates the performance of various algorithms with MNIST dataset over the cycle
graph while the right is with COVTYPE dataset over the grid graph. In all simulations,
we find the transient stage as well as the robustness to network topology coincides those
established in Table 2 well. D2/ED always converges better than D-SGD, and MG-D2/ED
is least sensitive to network topology compared to D-SGD and D2/ED.

8. Conclusion and Discussion

In this work, we revisited the D? /Exact-Diffusion algorithm (Tang et al., 2018; Yuan et al.,
2018a,b; Li et al., 2019b; Yuan et al., 2020) and studied its non-asymptotic convergence rate
under both the generally-convex and strongly-convex settings.By removing the influence of
data heterogeneity, D? /Exact-Diffusion is shown to improve the transient stage of D-SGD.
For the generally-convex setting, the improvement is from O(n3/(1—3)*) to O(n®/(1—3)?).
For the strongly-convex setting, the rate is improved from O(n/(1 — 8)2) to O(n/(1 — B)).
This result indicates that D?/Exact-Diffusion (Tang et al., 2018; Yuan et al., 2018a,b; Li
et al., 2019b; Yuan et al., 2020) is less sensitive to network topology. For the strongly-
convex scenario, we also proved that our transient stage bound coincides with the lower
bound of homogeneous D-SGD in terms of network topology dependence, which implies that
D? /Exact-Diffusion cannot have worse network dependence than D-SGD and has a better
dependence in the heterogeneous setting. Moreover, when D?/Exact-Diffusion is equipped
with gradient accumulation and multi-round gossip communications, its transient stage can
be further improved to O(1/(1 — 8)2) and O(n/(1 — B)) for strongly and generally convex
cost functions, respectively.

There are still several open questions to answer for the family of data-heterogeneity-
corrected methods such as EXTRA, D?/Exact-Diffusion, and gradient-tracking. First, it
remain uncertain whether these methods can still have improved dependence on network
topology over time-varying topologies. Second, while data-heterogeneity-corrected methods
are endowed with superior convergence properties in terms of robustness to heterogeneous
data or network topology dependence, D-SGD can still empirically outperform them in deep
learning applications, as seen in (Lin et al., 2021; Yuan et al., 2021). Significant efforts may
still be required to bridge the gap between theory and practical implementation.
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Appendix

Appendix A. Notations and Preliminaries

We first review some notations and facts.

W = [wyj] € R"*™ is a symmetric and doubly stochastic combination matrix
W= (I+W)/2eR™n
V=(-W)Y2=(LF¥)Y2 and hence I — W = V2

))/2 is the

X\i(W) is the ith largest eigenvalue of matrix W, and \;(W) = (1 —1: i (W
d X\ (W) € (0,1) for

ith largest eigenvalue of matrix W. Note that \;(W) € (—1,1) an
1=2,...,n

Let A = diag{\(W),..., \,(W)} € R™ ™. Tt holds that W = QAQ” where Q =
[91,G2, - -, qn] € R™™ is an orthogonal matrix and ¢; = ﬁ]ln.

W = QAQT where A = (I + A)/2.
V=Q(-MN)"Q"

If a matrix A € R™ ™ is normal, i.e., AAT = AT A, it holds that A = UDU* where D
is a diagonal matrix and U is a unitary matrix.

If a matrix IT € R™ ™ is a permutation matrix, it holds that II™1 = II7".

Smoothness. Since each f;(z) is assumed to be L-smooth in Assumption 4, it holds that
flx) = %Z?:l fi(x) is also L-smooth. As a result, the following inequality holds for any
z,y € R%:

filw) = fily )—*Hﬂc—yH2 (Vii(y),z —y)

Smoothness and convexity. If each f;(x) is further assumed to be convex (see Assump-
tion 3), it holds that f(z) = % Yoy fi(x) is also convex. For this scenario, it holds for any
z,y € R? that:

IVF(@) = VF@)I* < 2L(f(2) - f(2")
fi(z) = fily) < (Vfi(z),2 ~ y)

Submultiplicativity of the Frobenius norm. Given matrices W € R"*" and y € R"*¢,
it holds that

Wylle < IWl2llyllz-

To verify it, by letting y; be the jth column of y, we have |[Wy|% = Z?Zl Wy, <
d
> i1 W IBly;115 = W [13]ly[I3-
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Appendix B. The Fundamental Decomposition
B.1 Proof of Lemma 4
We now analyze the eigen-decomposition of matrix B:
W -V
b= [ VI W ] '
Proof. Using W = QAQT, it holds that

o[ 8] [t T &
(I —A)

Note that A(I — A)'/2 = (I — A)Y/2A because both A and I — A are diagonal matrices. We
next introduce

- i —(1— )2 2x2
By = [ M(1 = a) 12 N eR (48)

E = BlockDiag{E(), -+ , E;} € R*"

where \; = \;(W), and F is a block diagonal matrix with each ith bloack diagonal matrix
as E;). It is easy to verify that there exists some permutation matrix II such that

B:[%%]HEHT[%T QOT] (49)

Next we focus on the matrix E(;) defined in (48). Note that Eqy = I. For i > 2, it holds
that

10 i S Y e B I
Ew:[ W] [ Du(1 = A2 A 0 32 (50)
~—————
Cay G (=D

Since G ;) is normal, it holds that (see Appendix A)
G(z) = U(Z)D(Z)U(*Z), where Di = diag{al(G(i)),ag(G(i))}, (51)

In the above expression, o1(G(;)) and o2(G(;)) are complex eigenvalues of G ;). Moreover,

it holds that |o1(G )| = [02(G(;))| = 5\3/2 < 1. The quantity Uy € R?*? is a unitary
matrix. Next we define C' = BlockDiag{C(y),...,C(,}, U = BlockDiag{U),...,Up},
and D = BlockDiag{D(y), ..., D)}. By substituting (50) and (51) into (49), we have

T
B:d[cg g}HCUDU*C*HT[% QOT]d_l (52)

where d is any positive constant. Next we define

Q0 0 meir | Q0 ]
X_d[OQ]HCU’ X "=U"C H[O QT]d.

32



REMOVING DATA HETEROGENEITY INFLUENCE ENHANCES DECENTRALIZED SGD

By letting d = y/n and considering the structure of @, II, C, and U, it is easy to verify that

X ={[r1 ro Xr] where r; = [ ]lon ] , T2 = [ 10 } (53)
-1 T 11, 0
X' =10 6 X[ where fy=| 0" | b= 1 (54)

With (52)—(54), it holds that
B=XDX!

where X and X! take the form of (53) and (54), and
1 0 0

D=]101 0

0 0 Dy

and D; is a diagonal matrix with complex entries. The magnitudes of the diagonal entries
in Dy are all strictly less than 1. Next we evaluate the quantity || X|||| X~

T
—1 < Q 0 * —1 T Q 0
XX < H[ 0 0 ILHCTITTITEHE = T QT
(a) -
= lchie
< max{j\i_l/z} =\, 12 (55)
where (a) holds because @ is orthogonal, U is unitary, and II"TI = I. Note that
Xp=XS, and X;=5Tx"!
where S = [es, ..., ea] € R2n*2(n—1) and e; is the jth column of the identity matrix Io,. It
then holds that
T -1 _1y B2 y—1/2
[Xe[[ Xl < XSS X = 1XTIX < Ay
|

B.2 Proof of Lemma 5
Proof By left-multiplying X! to both sides of (13) and utilizing the decomposition in

(14), we have

gT
g% |:X(k+1)_x*
2 (k+1) _ o+
XL/C Y y-
10 0 - 2 (k) o 1 (k)
=l01 0 || & [X(k)_x}_y i [W(Vf(X(k;—Vf(XHs(k; (56)
00 Dy |[Xp/e|¥ 7Y X1 /e VIW(V f(x") = V f(x*) 4 s))



YUAN, ALGHUNAIM, HUANG

With the definition of 2(¥) in (20), the structure of ¢; in (15), and W1 = 1, the first line in
(56) becomes

SO0 _ 5 (k) _ %HT(vf(X(k)) _Vi(x) = 7sP. (57)

where §(%) is defined in (19b). With the structure of £ in (15) and V1 = 0, the second line
n (56) becomes
(k+1) _ x* X(k) - x* 1 1
/T X /T 21T (B _oxy = 2T (k) _ o>
2 [y(k:-i-l) _ y*] 2 [y(k) _ y*} = Ly y) = _1(y y") (58)
Since y* lies in the range space of V' (see Lemma 3) and y ) also lies in the range space of
V when y(© = 0 (see the update of y in (6)), it holds that %IIT(y(k) —y*) = 0. As a result,
the recursion (58) can be ignored since %]IT(y(k) —y*) = 0 holds for all iterations.
Finally we examine the third line in (56). To this end, we eigen-decompose W as

T 1 1 0 —-=17 1 -
W = [ ﬁﬂ Qr } |: 0 Ag :| QE = ﬁ]l]l + QrARQR (59)
——

=Q

where Qp € R™ (=1 satisfies Q5Qr = I and Ag = diag{Xo(W),...,\,(W)}. Since V
shares the same eigen-space as W, it holds that

1 qT .
] [ vno ] = Qr(I — AR)ZARQF  (60)
Qr

Next we rewrite X7 = [X1 X1 ,] with Xp, € R2E"=DX" and X, € RA"=1D*" With the
structure of X and X! in (14) and the equality X !X = I, it holds that

Xp =0 Xp,1=0. (61)
With (59), (60), and (61), we have

W(Vf(x®) =V f(x*) +s®))
Llvw(vrx®) — v ) +sk)
= Xp W (V) = Vi) +s®) + X, VIV (VF(x®) - Vi) +s®)

D X, QrARQL(VF(x®) — Vf(x*) +s0)

)
+ X1,Qr(I — AR)ZARQE(VF(xM) — V f(x*) +s®)
= g(k) + 5k

0 0

VW = [ vl QR} [o (I — Rp)*Ag

where (a) holds because of (59) — (61), and g*) and %) in the last equality are defined in
(19a) and (19c), respectively. With the above equality and the definition of z®) in (20), the
third line in (56) becomes

#0+D) = pya®) _ D) _ gk, (62)
C C

Combining (57) and (62), we achieve the result in (18). [ |
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B.3 Proof of Proposition 7

Proof We first evaluate the magnitude of |y*[|%. Recall that V = (I — W)% and W =
(I + W)/2 is a symmetric and doubly-stochastic matrix. If we let A\, = A(W), it holds
that 1 = A; > Ag > -+ > X\, > 0. We eigen-decompose V = UAUT with A = diag{\.(V)}
and A,(V) = (1= A\)2. We next introduce VT = UATUT with AT = diag{\,(V1)} in which
AL(VT) =0 and Ap(VT) = A71 (V) = (1 — Ag) 72 for 2 < k < n. Recall optimality condition
(7a) that

YWVF(x)+Vy =0 <<= Vy = -WVf(x). (63)

Since y* lies in the range space of V, it holds that VIVy* = y*. This fact together with
(63) leads to

y* = —AVIWVf(x*)
7N
1— Xy

232
* T * * ny A
— Iyl < PIVIWIITOE < R IVAeIE =0 (5] (o)

where we regard |V f(x*)[|% = Y, [|[Vfi(z*)]> = O(n) in the last inequality.
Next we evaluate the magnitude of E||z(?)||Z. Recall from (20) that

70)

& & & &

where we utilized x(© = 0 and y(® = 0 in the last equality, and X = (X1, X, With
(61) and the fact that x* = 2*1, it holds that X, ;x* = 0 and

5 1 (@) 1 ) (64) ny2 A3
1201 < X0, By I < SIXeBly Iz 2 1y 2 o (152

where (a) holds because || X1 || < || XL| (see the detail derivation in (74)) and (b) holds by
setting ¢ = || X|]).
|

Appendix C. Convergence Analysis for Generally-Convex Scenario
C.1 Proof of Lemma 8

Proof From (20) we have [zW]T = [117(x®) — x*)]T = z¥) — 2* € RY, where 2% =
%]ITX(’“) and x* is the global solution to problem (1). With this relation, the first line of
(18) becomes

kD) _gx = g0 _gx %nT(v Fx®) = VF(x*)) — 45W,

The above equality implies that

(22) 2452
B[z ®) — o |2 FO] < a® — ot — 21TV ®) - V) P+ (65)
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Note that the first term can be expanded as follows.

2% —a* = LYV AE) - V)P

=1
= * 27 - = * * ]‘ .
= [lg® —2*? = T3 @® —a*, Vi) - Vi) +21- DV ilef) - Vi) P
i=1 i=1
(4) (B)
(66)
We now bound the term (A):
2Y ) oy .
n;w 2, Vi) = Vi)
_ 2N ) g (k)
- n ;(l’ T 7Vf1($z )>
= DS o A+ LS e o, V)
i=1 i=1
@ 29 (o mtey oy Lym g2y L 2 G-
> Y (@W) - @) - Sl 1)+ =537 (filal?) = fita)
=1 i=1
by (5G®) ~ @) - L =® - xO)2
n 1 n F
. oy YL
=27(f(@W) = f@@") = Ix® = x O 7 (67)

where (a) holds because of each f;(z) is convex and L-smooth. We next bound term (B):

n

LSRG - Vi) 1P

=1
1 ¢ _ , x
= 7= YA = VAED) + V5ED) - Vi) P
=1
(10) 2712
< DL x® 302 4 977V @) - V)P
272
< D) - x4 4Ly (FED) — ). (68)

where the last inequality holds because f(x) is L-smooth. Substituting (68) and (67) into
(66), we have

|29 o = L3V i)
1=1

_ x _ L 29202\ _
< ) —a*2 = 29(1 = 2L9) (F@W) = £ah) + (L2 + =) =B - x O
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= * = * 3L =
< 78 a2 =y (£@0) = ) + 2P - x B (69)

where the last inequality holds when v < . Substituting (69) into (65) and taking
expectation on the filtration F*), we achieve

(k1) 2 (k) 2 (k) oy L 3 ) o2 YO
Elz — 2|2 <E[z" — a*|* =y (Ef (") - f(27)) + 5 Elx™ x|+ -——(70)

Substituting x*) — x*¥) = cX ,z*) (see (21)) and [T = 2(*¥) — 2* into (70), we achieve

BV <20 2~y (B )~ 1) + 22 X P+
<B| 0| = (B (0%)— £(") + 20 | xa 2E 0 [+ L
where the last inequality holds because
| Xral = I[ T 0] Xell <[ Lo 0 ]1-IX&l = | Xal. (71)

By setting ¢ = || X,||2 and recalling that | X, ||| Xzl < An'/* from Lemma 4, we achieve
(23).
|

C.2 Proof of Lemma 9
Proof From the second line in (18), it holds that

(k1) Dli(k) _ lg(k) _ lg(k)
C C

We next introduce 1 = || D1|. With (16), we know that 51 = 5\;/2. By taking mean-square
for both sides of the above recursion, we achieve

E[|jz*+ D717V

Da® Y sy YRt
~ 112 - g + L)

(@) 1 5 72 ~2
< 5 (K)||2 sF)2 L L (k)2

< FIDP IO + 181+ ISV

) . ’72 - ’72 .

< BEY I+ g I8 I+ ISVl (72

where inequality (a) holds because of the Jensen’s inequality for any ¢ € (0, 1), and inequality
(b) holds by letting t = 81 = ||D1]|. Next we bound ||g®)|% and ||5*)||%. Recall the
definition of g(*) in (19a), we have
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= ||(XLQr + XL, Qr( — Ag)2)ARQE(VF(xM) — Vf(x*))|1%
< 2| X1 QrARQE(V F(xH) — V()|
+2|| X1, Qr(I — Ar) 2 ARQE(VF(xM) - V(x*) %
< 2| X1 lP1QrARQRIPIVFxW) — V£ (x) |7
+ 20 X1, 2 1Qr(T — Ar)2 ArQEIPIVF(x®) — V1 (x*) % (73)

First, it is easy to verify that || Xz || < || Xz|| and | X ,|| < || X¢||. For example, it holds
that

I
e = 1% | | 1< 1

I, -
I (74)
Second, quantity ||QrArRQE|? can be bounded as

1QRARQE|? = Amax(QrAZQE)
= Anax(0- - 117 + QrARQR)
= )‘maX(QA/QT) = 5‘%

where Q := [ﬁ]l Qr|] € R™™" is defined in (59) and is an orthonormal matrix, and A’ =

Eiiag{O,A%%}. Apparently, the largest eigenvalue of QA’QT is A3(W), which is denoted as
A3. Similarly, we can derive

QR — Ar)3ARQE]? = Amax{(1 — M)AZ} < (1 — A)A2 <

>

: (75)

because \; := \;(W) and Ay > --- > X, > 0. Finally, quantity |V f(x*)) — Vf(x*)||% can
be bounded as

IVF(x®) = V)5 = [V®) - viER) + VR - v
<2|Vf(x®) - ViE®) 5 + 2|V ED) - Vi E)E

(a)

< 227x® - xM |2 + dnL(f(@P) - f(a*))

(21)

< 2 L2| Xg|2|F + 4nL(f(@M) - f(2*)) (76)

where (a) holds because f(z) is convex and L-smooth. Substituting (74)—(76) into (73), we
achieve

Ig™IF < 8 L2A | XLl X Rl |20 |13 + 16nLAIX L2 (f(2*) = f(a*).  (77)
Next we bound ||5(*)||%.. Recalling the definition of §*) in (19¢), we have
_ _ 1 —
B®1E < 2 X2 *1QrARQEIPIS™[F + 2 XL I71Qr( — Ar)2 ArQE|P[Is™ |F

(a) .
< 41X IPAlIs ™I
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< 4n|| X |*\30? (78)

where inequality (a) holds because of (74)—(75). Substituting (77) and (78) into (72), and
taking expectation over the filtration F*), we achieve

B+
< (o R e
16ncf;(vl2A% %LHQ (E1(aW) - o)) + XL
(@) (81 + 8L*\3 v(iHi(Lb)'l')HXRHQ)EHZ(’“)H% 161anyﬁ/\2 EFGE) — F(2*) + 4033202
< (2w + B m00) - ) + sy

where (a) holds by setting ¢ = || X%, and (b) holds by setting v sufficiently small such
that
8A3y2L?
2L I XL XR|? <
1+ 2 X P Xl <

To satisfy the above inequality, it is enough to set (recall (17))

1+ 5
5

7S 4)\2L ‘

C.3 Proof of Lemma 10

Proof Keep iterating (25) we achieve for k = 1,2, ... that

3 N k—1
. L+ By ko - 8ny2\30?  16n~2\3L 1481 kit . )
Ellz % < (—5—) "ElzO|F+ a1 > () T T EO) - £ @)
=0

We let C = IEHZ(O)H%7 be a positive constant. By taking average over k = 1,2,...,T, we
achieve

T T N
1 5 C 14 Bk 8ny2A\30?
— k)12, « = 2
T;EHZ ”FgTZ( 2 ) T
16772020 o~ on (14 Bi\h-1-t .
M ZZ( )T e - )
k=1 /(=
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C & 1+ B1\k  8ny2\202
STZ( 2 )+ 1—521

k=1
n 25\2 T-1 T _—
POBE S Ly (M) e - 6
=0 k=041

25\%0.2

2C 32ny2\3L — N pok 8ny
ST(l —B1) - (1=5/)*T kZO (Ef@™) - 1) + 1-0

2C 32ny2 AL d (K 8ny2A\30?
< + Ef(z®)) — f(z*)) + —2—
T(1—p) (1—51)2Tk20( f@) = 16") 1—p
Since 727 S ho EI20)|% = (4o, E[2W )3 +E||20)%) /(T +1) and 1 < 5, we achieve
the result (26).
|
C.4 Proof of Theorem 11
Proof From (23), we have
Ellz®))2 — |l z(k+1)(2 L 2
Bf(") -~ far) < DECIEZBIETTR | S gypep 4 17
0% 2n Ay,
By taking average over £k =0,1,...,T, we have
;I
- Ef(z5)) — (2>
3 (B @) - 1)
k=0
E|z !!2 o
< E|z®]% + —
~(T + 1) 2n)\ T+1 Z 121
(26) ARL22 )2 T 120420202 o2
< E j k) :L‘* + 772 4+ =
S Trna s, 2 EIEN )+ TEE
BZO | ommjaope 50
YT +1)  2n(T + 1)(1 — 1)\
If ~v is sufficiently small such that
4 L2 232 1
877)‘2 <=, (81)
(1—=051)2%N, — 2
inequality (80) becomes
T
Z Ef(z* —f(z))

kO
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24L7y?X30%  2v0? | 2E[z0))? 9LE||z(0) 2
T (1-B)A n YT +1)  n(T+1)(1=B1)As
@) ULYNo? | 2y0? | 2E[2O) 8Ly X3V f (x*) |17 (2)

L=Br  n AT +1) T+ 11— B - A,

where (a) holds because E||z(9]]? < % (see Proposition 7) and Ay < (1 + 8)/2.
To satisfy (81), it is enough to let
ayl/2
10L Mo
The way to choose step-size 7 is adapted from (Koloskova et al., 2020, Lemma 15). For
simplicity, we let B®) = Ef(z®)— f(2*) and
20 24L)\30? 18LA3 )13
ro = 2E||Z(O)||2, r o= L’ o = )‘20; Ty = 8 ZHVf(X )”E (83)
n (1 =81\ n(l—p1)(1 =B\,

and inequality (82) becomes

T

1 To
—_— B(k)<7—|—7'f)/—|—r 2—|-
T+1kz0 _(T—i—l)’y ! 27

T3’72
T+1

(84)
Now we let
1 (1—61)5\1/2 70 % 0 % 0 %
_ g b )An 0"y 85
7 =min {7, 10LXs ’<r1(T+1)> ’(rz(T+1)> ’<T3> j (%)

1 1
o If L is the smallest, we let v = . With v < (rl(;°+1)>27 v < (=#4%5)?, and

1
v < (72)%, (84) becomes

T 1 2 12
1 4Lrg Tor1 \ 2 Lo org \3 rird
B < ( ) 3< ) 370
T+1kZ_O =71 \711) *l\r ) 7

y1/2 $1/2 1
o If UZBUAT io e smallest, we let v = U=BVAn” - With v < ("70)>2, v <

10LX2 10L A2 = T
1 1
(ﬁ)dv and v < (%)5, (84) becomes
h 12
1 XT:B(/C) < 10LAorg n ( roT1 )é N §< To >§ N rérg (36)
- . |
TH1&" S pyT+)a?2 \T+1) "2\T+1) T T+1
1 L ,
o If <T1(§9+1)> is the smallest, we let v = (r1(5“0+1))2 With v < (TQ(;0+1))3 and
1
7= (%)g, (84) becomes
T 1 ) 12
1 ToT 5 1 7 £ ,r.3,r.3
- (k) ( 071 )2 3< 0 >3 3 o7
T+1kZ:0 =A\711) " \r1) T (87)
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W=
Nl

o If (TQ(;OH));’ is the smallest, we let v = (TQ(Z_}OH)) . With v < (rl(;°+l)> and
v < (:—3)%, (84) becomes
1ZT:B<’€)<27~§< o )§+(T0”)§+T§T§ (88)
T+1& - T2\T+1 T+1 T+1

1=
wl=

)

1 ro\3 : r T
o If (:—g) 3 is the smallest, we let v = (%) 3. With v < (WOH)> * and v < (TQ(TOH))
(84) becomes

T 1 2

1 2373 Tor1 % 1 To %
Bk < 27370 ( > 3< ) .
T+1kz0 71t \rr) Te\ra

Combining (88), (87) and (86), we have

Y 1 2
1N - AL n 10LAa7g (rom )é +2ré( r0 )§ orird
T+lgz “ T+ a-gyT+na” T+1 2\r+1) TTyu

Substituting constants 7, 71, ro and 73 into the above inequality and regarding E||z(?)||? =
O(1) and ||[V£(x)||% = O(n), we achieve

_2 _
1 ZT:BW _ O<4UH:EO — 16L303 7\ ||g — 2|3 | 20L3s 70 — |
T+1k:0 vnT (1_ﬁ1)§

21 1
T3\ (1—=B1)TA
12 n 1, 4
n 6L3AS (230 |V fi(a)|?)3 |20 — 2|3 N 8L||zo — a;*H?)
1
(1—B1)3(1— B)STA} r

Since ||Zg — 2*|| = O(1) and £ 37 | |V fi(z*)||> = O(1), we ignore them to achieve the
following clean convergence rate

T 1 2-2 — 1-2
Y ) (A 2 +7)
T+1 nT 1m253 13 1 1ot T
k=0 (I=p1)3T3A; (1=01)TX2 (1—-p61)3(1—06)sTA;
(89)
With 82 = Ay < (14 3)/2, we have
1—p? 1- 1-
1- 5 G b 1-5 (90)

T1+8 T 20+8) - 4

Substituting (90) to (85) and (89) and regarding Ay and ), as constants (note that A, is
bounded away from 0 under Assumption 2. For example, if W = (31 + W)/4, we have
A2 > A\, > 1/2), we have the following result
T 12 1
1 B(k):O( s . Lsaf 2 L n L32 +L)
T+1k::0 vnT (1_[3)§T§ (1—ﬂ)T (1_5)57’ T
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_ ( o . L%ag n L% N L )
VnT = (1-8)sTs (1-p)sT (=BT
which is the result in Theorem 11. [ |

Appendix D. Convergence Analysis for Strongly-Convex Scenario
D.1 Proof of Lemma 16
Proof Since each f;(x) is strongly convex, it holds that

filz) = fily) + *Hﬂﬂ—yH2 (Vfi(z),x —y), Va,yeR?

(k)

Let z = x;” and y = x*, we have

fi@?) = fia*) + Sl — 1P < (Vfilal), 2 - 27).

Following arguments from (66) to (68), and replacing the bound in (67) with

272 ) — o, Vi) = Vi)

2

_ ’YZ (k) k) sz k Z —l'*,sz(x(k)»

@ 2y ()= Lzt _g02) £ 2 (k) Hy () a2
> Z fila) -2 e qu e )+ 5 e — |
- 2”2( ) = L2 < W 4 L e

N n F n F

= * L+ - - *
> 7 (f@E0) — fa) - B e® @ Wyah) e,

n

we achieve a slightly different bound from (69):

120 — % = TN g2
n

< (1- 222 x*||2—2v<1—2m>(f<x<’f>>—f<x*>>+(”(““)+2”2L2)ux<k>—x<’“>u%
< (1= )0 | — (1) = 1) + T2 x| o1)

where the last inequality holds when v < ﬁ. With (91), we can follow arguments (70)-(71)
to achieve the result in (29). [ |
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D.2 Proof of Lemma 17
Proof Recall from (79) that

1+ﬁ1 k < (0)(12 87’1/)/25\30'2
() B+ T

161n72N\2L e AN () *
g %( )T (EE9) - 1)

E[z®|% <

By taking the weighted sum over k = 1,2,...,T, we achieve

S WEIEYE < B2 0>||F2h (Lrhyty e Zh
k=1

k—1

16n’y2)\2 ZT:
P

e () @) - 1) o2)

(]!

=0

Since hy, satisfies condition (32), it holds (we define B(Y) = Ef(z()) — f(2*)) that

??‘

-1

a 1+ B\ k-1-¢ 1- 61\ — 1—B1y, 1+ B k14
;hk (—57) BY=(+ )|+ ()] BY

T
o
i}
I,

| A

Substituting the above inequality into (92), we achieve

- d 2)\ 2327,
> sl < 03 (L52) S Sy B0 0
k=1 k=1 =0

1-5 (1-p1)

where C' = E||z(?)||2.. Adding hoC' to both sides of (93), we achieve

T T
S mEEOE < 03 a ()" B zhk 128”72A2LZMB
k=0 k=0

Furthermore, with condition (32), we have hy < ho(1 + %)k for any £ = 0,1,.... This
implies

T T
th(1+51) Z 1_/81 1+/31 Z +ﬂ1 4hg (95)

k=0 k=0 k=0

44



REMOVING DATA HETEROGENEITY INFLUENCE ENHANCES DECENTRALIZED SGD

Substituting (95) into (94) and dividing both sides by Hyr = Z;}F:o hg, we achieve the final
result in (31). |

D.3 Proof of Theorem 18

The following proof is inspired by (Stich, 2019b).
Proof With descent inequality (29), we have

= (k)2 2 (k+1)))2

Ef (@)~ f(o") : s

IA

Taking the weighted average over k, it holds that (we let B®) = Ef(z(®)) — f(z*))

1 T
k
—TE hy, B*)

- PEIz®)>  E|zk)? 5L
hi, ( 2 - ) hiEl20)2 + 2
< o (B S
If we let hy, = (1 — % )hyqq for k=0,1,.. ., the above inequality becomes
L g, 50 < WO S a2 + 17 (96)
Hyp &7 = " Hyy Ty il '

Since hy, = (1 — %*)hj41, we have

1
hk:he(l_ﬂ)k * forany k>0 and 0 < £ < k.

2

If ~ is sufficiently small such that

1 1-05
1_%§1+ 1

1*,31)

(it is enough to set v < o

then {hy}72, satisfy condition (32). As a result, we can substitute inequality (31) into (96)
to achieve

HT’y n nHT(l *ﬁl)j\n

)E Z [0 1()L )
Hl

20L72\30%  32072X3L% 1 ZT: Bk
k .

M(1=B1) (1= B2\, Hr &

If ~v is sufficiently small such that

32072)\2L2 1
(1=pB1)2A, — 2

1/2

(it is enough to set v < 126’% ( " ) (97)

45



YUAN, ALGHUNAIM, HUANG

it holds that

T ~(0) (12 2 2722
- thB(k) < 2hoE) 20| N 20LChy 2vo N 40Ly N30 .
Hy £~ Hry nHp(1 = Bi)An n An(1 = B1)

Since Hy > hp = ho(l — ’W)*T

% , we have

1 T
— N h.B®
Hr kzo F

2F||z(9)]2 20LC 2vo2  40LA2N\202
< ||Z || (1 _ M)T _ (1 _ E)T + o VA0
0% 2 n(l—p1)\, 2 n

j\n(l_ﬁl)
2F||z(9))|2 20L T. 2vo2  40L~2\202
<( 1207 20LC ) exp(~ 21Ty 4 210 4 0Ly Az0
y n(l — B1)An 2 n An(1—B1)

_(ZEZO)? | 40Ly? A3V F ()|

2 T 9 2 40L 25\2 2
Iy xp(= 2Ty 2097 0Ly " Ajo (98)
0 n(l—p1)(1—=B8)\ 2 n An (1= B1)
where the last inequality holds because C' = E[z(9||2, < w = O(%?f) (see
Proposition 7) and Ay < (1 4+ 3)/2, and 7 needs to satisfy condition (97). Now we let
L1 1= A2 2In2nE 2O PTY[0%(1 - B))
v=min{ o oer ( X ) uT ) (99)
o If 2ln(Q"”]EHE(O)H;T2/[02(1_6)]) is smallest, we set
o )
2In(2nuE |2 |PT?/[0*(1 - B)]) T o*(1 - B)
= that — =
7 uT sothat - exp(=—5) = o EZO|T2
Substituting the above v into (98) and regarding E||2(9||> = O(1), we achieve
=S XT: mB® =0 (2 Lo (100)
Hr (= T T T 2= BTN, )

o If 12_6’% (5‘111/2) is smallest, we set v = =5 (5‘111/2) Since v < 2In@nuB|| 2O |*T?/[o*(1-A)))
A2 ’ ' -

26L Ao wl
and vy < ﬁ, (98) becomes
1 XT:h B® — 5 L) exp] p(l — Br) (5\7% )T} o? n Lo )3
—_— IC = _— Xp _—— | =/ =
Hr = (1= B)A2 L N7 T 2(1 - BT,
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$1/2
o If ﬁ is smallest, we set v = ﬁ. Since v < g%% ()‘/1\‘2 ) and v < ﬁ and v <

2In(2npE [z E;TQ/[UQO—B)]), (98) becomes

2 L 25\2
? 7 22 ) (101)

Z B (L eXp{_i} T g2 (1= BT,

Combining (100) — (101), substituting relation (90) to bound 1 — ;, we achieve

1
_ N _ N2
Lo2X2 LAgexp{—4U-2) (32)T}

~ NwB® o 7 4+ _ 2
Hr kZ:O . pnT 2 (1= B)T2A, (1- B)X%

T
+ Lexp{—%}

Ignoring constants Ay and ), (these quantities can be regarded as constants when A is
bounded away from zero. For example, if W = (31 +W)/4, we have Ay > A, > 1/2. ), and
recalling the relation in (90), we achieve

2 Lo? Lexp{—@T} uT
Zh’“B (/mT ) A (i A

A 0? Lo? Lexp{—t=81
=0 (unT+u2(1—6)T2 " (1—5) >

which is the result in Theorem 18.

Appendix E. Proof of Theorem 22

Proof We consider the minimization problem of the form (1) with f;(z) = ||z||? where
z € R and with W = BI, + 1(1 — 8)1,,1. Note that the eigenvalues of W are A;(W) =1
and \p,(W) = 3, V2 < k < n, Under such setting, it holds that fj(x) = f;j(z) for any
i,j € [n] and there is no heterogeneity, i.e., b> = 0 and p(W — 11,1%) = 8. The D-SGD
algorithm in this setting will iterate as follows:

xFHD = W (x®) — 4x®) — sk)y = (1 — )W x®) — A sk (102)
where x € R" is a vector, and s € R" is the gradient noise. With (102), we have
2+ = (1 — 4)z®) — 45) (103)
and

%40 = (1= ) LgnTx® oy Lyg 7,
n n
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Moreover, we assume each element of the noise follows standard Gaussian distribution, i.e.,
sgk) ~ N(0,0?%), and sz(-k) is independent of each other for any k£ and . We also assume the
gradient noise s(*) is independent of x( for any ¢ < k. With these assumptions, it holds
that E[s®)(s(*))T] = 52I € R"*". Subtracting the above recursion from (102), we have

x40 = = (1) — 117 - x¥) (") (104)

We next define matrix P = W — %]l]lT. Note that s*) is independent of x(¥). By taking
the mean-square-expectation over both sides of the above equality, we have

EHX<k+1) o )—((k+1) ”2

=E||(1 — 1) Px® — x®))2 + B[ Ps®) |2
(104) E|[(1 - )2P2(X(k‘—1) _ )—((k‘—l)) —~(1— ’V)PQS(k_l)||2 + 72E||Ps(k)“2
=E[|(1 — )2 P (x"~) —x*D) |12 4 42(1 — 4)2E|| P?s* D)2 4 4 2E|| Ps®) |2

=J[(1 = )RR O 02 wzﬂzn 7) PslE0) (105)

In the above derivations, we used the fact that s(*) is independent of x*) for any k. Without
loss of generality, we can assume 7 < % = 2, otherwise the iteration explodes. Since z* = 0,

by (103), we similarly have

k
BlJaHD — 22 = (1= )20 — %2 442 S EJ|(1 - ) 50
> (1= )2 70 — |2 (106)

Next we examine E||(1 — ~)¢PtH1sE=0]2:

E|(1—7) PHHsE0)2
_ (1 - ,y)%E{tr([S(k—é)]TPK-&-lPE-&-lS(k—Z))}
_ (1 . ,Y)QKE{tr(P2(€+1)S(ku) [S(kfé)]T)}
—(1- )2etr(P2(z+1)E{S(k—e) [S(k—e)]:r})

@ o?(1 — 'y)%tlr(P2 (+1) )
® o2(1 — 7) e (UAY 2(6+1) 7 o)
= 02(1 — )% (AN VYT
— 0_2(1 ’Y)MU‘( 2(¢+1) )
9 (n = 1)0*(1 - 7)*6? (107)
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where (a) holds because E[s®®)(s)T] = 52T € R™ ™ for any k, and (b) holds because
Ap=Ay_ 1990 =10,5,...,8}. With (107), we have

QZEH Pf+1 (k— @)”2 ( 2522 2@/825
(1 a2(k+1) g2(k+1)
—(n— 120252 (11 — )_ 7)2; (108)

Substituting (108) into (105), we achieve

21—(1—’7)2kﬁ2k 2 21_(1_,}/)2]€/82]€
(125 T2 — (1=

Since %IEHX(I“) —x*2 =E|z® — z*|? + %IEHX(’“) — x®)|12, with (106) and (109), we have

Elx® —xW|? > (n —1)7%0*5 vo?B

0.2,},252 1 — (1 _ 7)2]4:52]{:
2 10

1
~E[[x® — x| > (1 - 9)* 20 —2*|* + (109)

To guarantee D-SGD to achieve the linear speedup, we require that lEHx( x*)|? < S 772

holds for any sufficiently large & (note that P-SGD will achieve the linear speedup 2 for
the strongly-convex scenario). Thus, it is necessary to have that

2,202 2k 2k 2

N2k =(0) (2 o5 y* 71— (1 —)™"B <9

(1—-7) ||ff ||+ 9 1_(1_,7)252 = nk
I TV

II

(110)

up to some absolute constants. In other words, there exists transient time ktans Such that
for all k > kirans, the above inequality holds up to some absolute constants. We omit the
potential constant factors for simplicity since our analysis can be easily adapted to the case
with some absolute constants on the two sides of (110) and the rate remains the same.
Next we find v := (k) such that (110) holds and show that such ~ exists only when

Ktrans = Q (% .

o Ify>1 thenIl> < '8 which means (110) can only holds when k = O(1). Therefore,
to let (110) holds for all sufficiently large k, one must consider v < %

o If v < %, then by inequality exp(p%) <1+ x for z > —1, we have

2
> (1 =72 —a*|* = exp(=2ky/(1 = N)|Z® = 2*|? = 720 — 2|

=9

where the last inequality is due to the fact v < % Therefore, (110) implies

7(0) _ p*
s In(nk||z = /o) 5 (111)
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On the other hand, since (110) implies (1 — v)?* < Wﬁ_mw, we have
o? 2k o2

2 02 = 2 10

where we assume k sufficiently large such that e < 1. Therefore, (110) also

e
nk||z(0) —z

implies
2
o > 027282 L ~ S
nk = 21— (1-9)2p
02 2

Note that for v > 0, f(7) = (nk — |$<0) x*HQ + 2)y2 — 47 decreases first then keeps

increasing with respect to 7, so (111) and (112) are compatible only when

0.2

k—————— 42| (v")? -4y < = — 2. 113
(= o e +2) 00 )
Considering k large enough such that
02
<1 and In(nk|z® —2*|2/0?) > 1,

k|20 — x|2

then (113) holds only when

2 * *

@—QZ(nk—k)(’r )? — 4y
- (n—1) ln(nkH:?:(O) —a*||2/0?)? — 4ln(nkHa_c(0) —a*|?/0?)
- 16k
_ (n—=5)In(nk[|z® — 2*||?/0?)?

16k

which leads to k > Q (%) =Q (%) Therefore, we reach the conclusion that
ktrans = Q <n52)

Appendix F. Convergence of Algorithm 2

In this section we will establish the convergence of D?/Exact-Diffusion with multiple gossip
steps. As we have discussed in Sec. 6.2, there are two fundamental differences between the
vanilla D? /Exact-Diffusion and its variant with multiple gossip steps:
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e Gradient accumulation. For each outer loop k, each node i in D?/Exact-Diffusion
with multiple gossip steps will draw R independent data samples {§§k’r)}§:1 to com-
pute the stochastic gradient with gz( =5 Er L VF ( 4 ,§ (k, T)). This will result in a
reduced gradient noise:

2

k _ g
Elllgf" — Vfi(a)PIFE ) < %

e Fast gossip averaging. With fast gossip averaging (i.e., Algorithm 3), the weight

matrix utilized in D?/Exact-Diffusion with multiple gossip steps is M instead of W
(see recursions (39) and (40)). In addition, it is established in Proposition 24 that

(M) € [, 2] for2<k<nif R= [\}1%41.

We will utilize these facts to facilitate the analysis for D?/Exact-Diffusion with multiple
gossip steps.

F.1 Proof of Proposition 23

This proposition directly follows the results of (Liu and Morse, 2011). We provide the proof
for completeness. Note that (37) can be transformed into a first-order iteration as follows:

MDY T +p)W —pI| [ M)
MO | I 0 | |M0—D

Wa

By (Liu and Morse, 2011, Proposition 3), the projection of augmented matrix Wy on the
subspace orthogonal to 1,, is a contraction with spectral norm of ] Since

_ B8 _ B <
1+4/1-82" 14+4/1-82 —
1—+/1—p for any 0 < 8 <1, we have
M(r || T M0
|Ltoo] | = 0= vi=ay | 1]
for any z 1 1,,. We thus have, for any z L 1,,, that

1MOg) < V(1 —/T=5) ]l ie. (O - %11,1115) <va(1-vi-5).

F.2 Proof of Proposition 24
If we choose R = [113}%4 = L and denote M & M) and M 2 (1 — )M +7I. Tt

2n
follows from Proposition 23 that
R (a) 1
V2(1-yT=5) = v2exp(RIn(1 — /1= §)) < vV2exp(~Ry/T— ) < .,

where (a) holds because of the inequality In(1 — z) < —z for any = € (0,1). The above
inequality implies

=v2(1-v1=5) Il

1 1
mac{ Ao (M), MM} = p(M ~ T117) < L
Since M £ (1—7)M +7I and 7 = 5, we have \(M) = (1 — 5 )A\¢(M) + 5, the spectrum

estimates of M is given by (38).
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F.3 Proof of Theorem 25

The gradient accumulation and the fast gossip averaging do not affect the convergence
analysis of D?/Exact-Diffusion. By following the analysis of Theorem 11, if the learning
rate is set as

~1 1

1 a=-p)rz 7o 3 7o 3 (7“0)3
_ L )An (- NELARE 114
Ll WVARDTY SR <r1(K—|—1)> (TQ(KH)) 73 (114)

it holds from (89) that

K
1
- 2By _ f(p*
7 2 (BAEY) - fah)
k=0
2y A A
- L2751 , 1
Ot — 2 — 22| (1)
VRE (- BDKENE (1-B)KM (- )i (1-B)T KA
where K is the number of outer loops, and by the definition of M, we have
- _ 1 3 ~ _ 1 3
~2 2
= Ao = Ao (M T )\n:)\nM AL
=R Jo= ()€l ], (1) €[5 1)
- - 1 V3 - 3
=1/X2(M) € , , = max{|Ao(M)|, | Mo (M)|} < — 116
B =/ A2(M) [M% 2n%] B {2 An(M)]} < (116)
In addition, constants 7, 71, 72, and 73 in (114) are defined as follows
252 2412352 L3
7o = 2E|2OQ)2, 7 = 2, 7y = LN BT
(1_/81))\n (1_61)(1_/8))%

We let T be the total number of sampled data or gossip communications, it holds that
K = T/R. Substituting K = T/R and the facts in (116) into (115), and ignoring all
constants, we achieve

K 12
1 o R3o3 R R R
- 7B _ £(2)) = ke
R1 2 (B 1) =o( G+ ot o )
—O( 7. ln(n)%a% In(n) )
VAT =~ niTi(1-B)s  T(1-B):

where the last inequality holds by substituting R = [%] =0 ((1111(;))1> Note that the
— 2

third term is less than or equal to the last term, we achieve the result in (41).

F.4 Proof of Theorem 27
By following the analysis of Theorem 18, if the learning rate is set as (T'= KR)

7=mm{11@<EP)2m®wEﬁ®WKWﬁ%1®D}

AL 26L \ ), ukK
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it holds from (99) that

K

- Ry — f(z*

HKkZ_Ohk(Ef( ) — f(z¥))

0 5’2+7(53“%exp{—(l—é)(%’%)ff}%xp(—m - (118)
nK (1-B)K2 N (1 Bz A2

where K is the number of outer loop, and hy and Hg are defined in Lemma 17. Notation

O(+) hides all logarithm factors. Substituting K = T'/R, and the facts in (116) into (118),
we have

K

1 ~(0?> Ro? ! T T

_ (k)Y _ N O [ - L 2 -3 _n3_ _=

e kgohk(Ef(m ) — f(z*)) =0 <nT +om exp{—n R} + exp( R)>
52 2

=0 (W + m + exp{—(l — ﬂ)QT}> .
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