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Abstract

We consider high-dimensional multiclass classification by sparse multinomial logistic re-
gression. Unlike binary classification, in the multiclass setup one can think about an entire
spectrum of possible notions of sparsity associated with different structural assumptions on
the regression coefficients matrix. We propose a computationally feasible feature selection
procedure based on penalized maximum likelihood with convex penalties capturing a spe-
cific type of sparsity at hand. In particular, we consider global row-wise sparsity, double
row-wise sparsity, and low-rank sparsity, and show that with the properly chosen tuning
parameters the derived plug-in classifiers attain the minimax generalization error bounds
(in terms of misclassification excess risk) within the corresponding classes of multiclass
sparse linear classifiers. The developed approach is general and can be adapted to other

types of sparsity as well.

Keywords: Feature selection, high-dimensionality, minimaxity, misclassification excess

risk, sparsity

1. Introduction

Classification is a core problem of statistical and machine learning. One of its main chal-
lenges nowadays is high-dimensionality of the data, where the number of features d is of the
same order or even larger than the available sample size n (“large d, small n” setup) that
causes a severe “curse of dimensionality” problem. Moreover, the number of classes L may
also be large (“large L, large d, small n” model). A key assumption to handle the “curse of

dimensionality” is sparsity. Dimension reduction of the feature domain by selecting a sparse
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subset of significant features becomes crucial. Bickel and Levina (2004) and Fan and Fan
(2008) showed that even binary classification in high-dimensional setup without a proper
feature selection procedure might be as bad as pure guessing. Feature selection and clas-
sification procedures should also be computationally feasible to deal with high-dimensional
data.

Although there exists a large amount of statistical and machine learning literature on
feature selection in classification, the rigorous theory on the accuracy of resulting classifiers
has been mostly developed for the simplest binary case. See Vapnik (2000), Shalev-Shwartz
and Ben-David (2014), Mohri et al. (2018).

One common strategy for multiclass classification is its reduction to a series of binary
classifications. The two most well-known methods are One-vs-All (OvA), where each class is
compared against all others, and One-vs-One (OvO), where all pairs of classes are compared
to each other. A more direct and appealing strategy is extending binary classification
methods to a multiclass setup. One approach is based on empirical risk minimization
(ERM) (e.g., Koltchinskii and Panchenko, 2002; Daniely et al., 2012). A general crucial
drawback of ERM is in minimization of the non-convex 0-1 loss and a common remedy is
to replace it by some convex surrogate. Zhang (2004), Chen and Sun (2006), Daniely et al.
(2015), Maximov and Reshetova (2016), Lei et al. (2019) and Reeve and Kaban (2020) (see
also references therein) investigated the error bounds for various surrogate losses in terms of
Rademacher complexity, covering numbers, or Natarajan/graph dimensions. Daniely et al.
(2015) compared these results with those for OvA and OvO. However, all the above works
do not consider feature selection and to the best of our knowledge, there are no theoretical
results for the ERM-based approach in high-dimensional sparse multiclass setups.

An alternative approach to ERM is plug-in classifiers, where one assumes some model for
the underlying unknown probabilities of outcome classes, estimates them from the data and
plugs-in estimated probabilities to derive a classification rule. It may be especially useful
when one is interested not only in prediction but also in interpretability and inference.
In particular, in this paper we consider multinomial logistic (linear) classifiers — one of
the mostly used classification tools. We investigate feature selection in high-dimensional
multinomial logistic regression model and the accuracy of the resulting plug-in classifiers
under various sparsity scenarios.

For binary classification the notion of sparsity is naturally associated with the number
of significant features. For linear classifiers it is the number of non-zero entries of a vector of
coefficients 8. For multiclass case, in contrast, there is a matrix of coefficients B that allows

one to consider the entire spectrum of various types of sparsity associated with different
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structural assumptions on B. Abramovich et al. (2021) studied the most straightforward
extension of multiclass sparsity measured by the number of non-zero rows of B. Such global
row-wise sparsity corresponds to the assumption that most of features do not affect any
class predictions at all. In this paper we present other possible extensions. In particular,
we consider double row-wise sparsity, where it is still assumed that B has a sparse subset
of non-zero rows (global sparsity) but, in addition, its non-zero rows are also sparse (local
row-wise sparsity), and the low-rank sparsity, where B is assumed to be of a low rank. The
latter assumption is associated with the existence of a smaller number of latent variables

defining the outcome classes.

For each considered type of sparsity we propose penalized maximum likelihood feature
selection procedures with the corresponding convex penalties and establish the bounds for
generalization errors in terms of misclassification excess risk of the resulting multinomial
logistic regression classifiers. The penalties are variations of a celebrated Lasso and its
recently developed more general and flexible version Slope (Bogdan et al., 2015). We show
that for the proper choice of tuning parameters the derived classifiers attain the optimal (in
the minimax sense) generalization errors within the corresponding classes of sparse linear

classifiers. The errors can be improved under the additional low-noise condition.

The proposed approach is general and can be adapted to other types of sparsity. The
machinery for a general form of a sparse multinomial logistic regression classifier is developed

in Appendix A.1.

The paper is organized as follows. Section 2 presents sparse multinomial logistic regres-
sion model and some preliminaries. Section 3 contains the main theoretical results, where
we introduce feature selection procedures for various types of sparsity and derive the error
bounds for the resulting misclassification excess risks. In Section 4 we illustrate the perfor-
mance of the developed procedures on a real-data example and compare them with other
existing classifiers. Some concluding remarks are given in Section 5. All the proofs are left

to the Appendix.

2. Sparse multinomial logistic regression

Consider a d-dimensional L-class classification model:

L
Y|(X =) ~ Mult(pi(),...,po(®), Y pi(@) =1, (1)
j=1
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where X € R? is a vector of linearly independent features with a marginal probability
distribution Px on a bounded support X C R% Let V = E(X XT) be the second moment
matrix of X.

We consider a multinomial logistic regression model, where it is assumed that

T
exp(B; x
n) = 220 g <R =1L @
> k-1 exp(B )
Let B € R™L be the corresponding matrix of regression coefficients with columns 3, ..., 3.

The model (2) is not identifiable without an extra constraint on B since shifting each 3;
by the same vector ¢ does not affect the probabilities p;(x). In this paper we adopt a
symmetric zero mean rows constraint ZZL:1 B; = 0 or, equivalently, B1 = 04. Hence, 3,
represents the effects of @ in the [-th class w.r.t. the mean response over all classes on the

log-scale:
pi(x)
\ H£:1 pr(z)

One can evidently choose any other constraint (e.g., 3; = 0, where the L-class is used as

Bfz=1In =Inp(x) — Inp(x).

the reference one) — the models will be equivalent but the vectors of coefficients 3; will have
different interpretation. In particular, the symmetric constraint implies that the model is
invariant to permutations of the classes.

For the considered multinomial logistic regression model (1)-(2) the Bayes classifier that
minimizes generalized misclassification error (risk) R(n) = P(Y # n(X)) is a linear classifier
n*(x) = argmaxj<;<z, pi(x) = argmaxi<<r, ﬁlTac with the (oracle) misclassification risk
R(n*) =1— Ex maxi<i<p, pi(x).

Given a random sample (X1,Y7),...,(X,,Y,), we estimate the unknown matrix B
from the data and consider the resulting plug-in classifier 7)z(x) = arg max;<<r, BlTx Its
conditional misclassification error is R(7jz) = P (Y # nz(X)|(X1,Y1),..., (X, Yy)) and

its goodness w.r.t. n* is measured by the misclassification excess risk
E(mg,n") = ER(1g) — R(n").

The goal is to find B that yields the minimal & (75, 7").

Consider the log-likelihood function for the multinomial logistic regression model (1)-(2):

n L
(B) =Y {XiTBﬁi - lnzexp(ﬁzTXi)} ) (3)

i=1 =1
where &, € R” is the indicator vector corresponding to Y; with &; = I{Y; = [}. One can find
the maximal likelihood estimator (MLE) for B by maximizing ¢(B) under the identifiability
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symmetric constraint B1 = 0g4. Although the solution is not available in closed form, it
can be nevertheless obtained numerically by the fast iteratively reweighted least squares
algorithm (McCullagh and Nelder, 1989).

As we have mentioned in the introduction, feature selection is essential for high-dimensional
classification. To perform feature selection we consider a penalized maximum likelihood es-

timator of the form:

B=arg _min {—{(B)+ Pen(B)}

B:B1=04
n L _ ~ (4)
=arg min Z In exp(8] X;) — XI'BE, | + Pen(B)
B:B1=04 | ;— =1

with a penalty Pen(-) capturing specific sparsity assumptions on B.

3. Main results

For binary classification, where a matrix B reduces to a single vector 3 € R, the sparsity is
naturally characterized by the Iy (quasi)-norm ||3||p — the number of non-zero entries of 3
(see, e.g., Abramovich and Grinshtein, 2019; Chen and Lee, 2021). For the multiclass case
there is a wide spectrum of possible ways to extend the notion of sparsity associated with
different assumptions on the regression coefficients matrix B. In this section we consider
several of them and derive misclassification excess risk bounds for the resulting multiclass
sparse linear classifiers.

The straightforward approach in (4) is to use complexity-type penalties that mimic
sparsity directly. However, despite strong theoretical ground (see, e.g., Abramovich et al.,
2021), it is computationally infeasible for high-dimensional data since solving (4) requires
in this case a combinatorial search over all possible models. The goal then is to find convex

surrogates for complexity penalties while preserving their theoretical properties.

3.1 Global row-wise sparsity

The most straightforward extension of notion of sparsity for multiclass classification is global
sparsity, where it is assumed that part of features do not affect any class predictions at all.
In terms of the matrix B global sparsity corresponds to the assumption that B has a “small”
number of non-zero rows (global row-wise sparsity). Such type of sparsity was studied in
Abramovich et al. (2021) and in this subsection we review their main results (generalizing

for a anisotropic X) in order to extend them afterwards to other, finer types of sparsity.
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Let rp be the number of non-zero rows of B. To capture the global sparsity Abramovich
et al. (2021) proposed to use a complexity penalty on the number of non-zero rows of B in
(4).

Let M = {B € R¥”L : Bl = 0} be the set of regression matrices satisfying the
symmetric constraint, M(dy) = {B € M : rg < dp} be its subset of dy-globally row-wise
sparse matrices and Cr(do) = {n(x) = argmax;<;<;, B/ x : B € M(dp)} be the set of

do-sparse linear L-class classifiers. Define the penalized maximum likelihood estimator B

B =arg min {_e(’é) + Pen(r g)} (5)

with the complexity penalty of the form

Pen(rg) =C4 TE(L - 1)+ Cy rs In (fg) (6)

for some positive constants C7 and Cs.

Abramovich et al. (2021) showed that for the bounded X',

. do(L — 1)+ doln (%)
sup  E(z,n) <C
n*€Cr(do) n

(7)

for some C' > 0 simultaneously for all 1 < dy < min(d,n/(L — 1)), and that the bound in
(7), up to a probably different constant, is also the minimax for Cr,(dp).

Misclassification excess risk bounds (7) show that there is a phase transition between
small and large number of classes. For L < 2 + In(d/dp), the multiclass effect is not yet

manifested and the minimax misclassification excess risk over the set of dg-sparse linear

classifiers is of the order %0 In (g—s) regardless of L. Note that dgln (3—5) ~ In ( d‘i) which
is the log of the number of all possible models of size dy. For larger L, the risk is of the
order 4/ w, where dog(L — 1) is the overall number of estimated parameters in the given
model of size dy, and does not depend on d. For L > n/dy the number of parameters in the
(true) model becomes larger than the sample size and consistent classification is evidently
impossible.

Classification is mostly challenging at points, where it is difficult to distinguish the most
likely class from others, that is, at those & € X, where the largest probability p(l)(a:) is
close to the second largest p(9)(). The misclassification error bounds (7) may be then im-
proved under the additional multiclass extension of the low-noise (aka Tsybakov) condition
(Tsybakov, 2004):
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Assumption A Consider the multinomial logistic regression model (1)-(2) and assume
that there exist C > 0, > 0 and h* > 0 such that for all 0 < h < h*,

P (pa)(X) — p2y(X) < h) < Ch™.

Assumption A implies that with high probability (depending on the parameter «) the most
likely class is sufficiently distinguished from others. The two extreme cases are a = 0 and
a = oo. The former does not impose any assumption on the noise, while the latter assumes
the existence of a hard margin of size h* separating p()(x) and p(y)(x).

Abramovich et al. (2021) proved that under the additional low-noise Assumption A the

misclassification excess risk bound (7) of 75 can be indeed improved:
atl
do(L — 1) + doIn (%) ot

sup  E(Tg,n") < | C
n*€Cr(do) n

(8)

for all 1 < do < min(d,n/(L — 1)) and all @ > 0. Note that the proposed classifier 75 is
inherently adaptive to both sparsity dy and noise level a.

As we have mentioned above, solving for B in (5) requires a combinatorial search over
all possible 2¢ models that makes it computationally infeasible for large d. One should
apply convex relaxation techniques to replace the original complexity penalty (6) by some
convex surrogate.

The well-known examples of convex surrogates are celebrated Lasso, where the [g-norm
in the complexity penalty is replaced by the /;-norm norm, and its recently developed more
general variation Slope that uses a sorted l1-type norm (Bogdan et al., 2015). Lasso and
Slope estimators have been intensively studied in the last decade in various regression setups
(see e.g., van de Geer, 2008; Bickel et al., 2009; Su and Candes, 2016; Bellec et al., 2018;
Abramovich and Grinshtein, 2019; Alquier et al., 2019). Abramovich and Grinshtein (2019)
and Abramovich et al. (2021) applied logistic Lasso and Slope classifiers for classification.

To capture a global row-wise sparsity for multinomial logistic regression, Abramovich

et al. (2021) considered a group version of multinomial logistic Slope defined as follows. Let

n L

d
B = arg min 1z(m (zexp@?m)—Xféei>+zxj|é|m —
7=1

n

where |§ \(1) > ... > ]E \(d) are the descendingly ordered ls-norms of rows of B and A1 >
AT
... > Ag > 0 are tuning parameters, and define 7)ys(x) = arg maxi <<, B,g;z. Multinomial

logistic group Lasso classifier 7y, is a particular case of 745 corresponding to equal A;’s in

(9).
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The identifiability symmetric constraint B € M is, in fact, unnecessary in (9) since
unlike the complexity penalty in (5), the solution of (9) is identifiable without any additional
constraint. Moreover, since the unconstrained log-likelihood (3) satisfies E(Bl, ceey é L) =
6([‘31 —c,... ,E}L — ¢) for any vector ¢ € R?, it can be always improved by taking ¢j =
arg ming; Zlel(Ejl — ¢j)?, that is, for ¢; = B;.. Hence, the unconstrained solution of (9)
will inherently have zero mean rows.

As usual for convex relaxation, one needs some (mild) extra conditions on the design.
Assume that all X; are scaled, i.e. EX]2 =1, j=1,...,d. For a given matrix A € M let
I14,(A) be its do-sparse projection, i.e. the matrix with at most dp nonzero rows closest to

A in the Frobenius norm.

Assumption By Assume that

1
V2 A|l%

— >,
AEM:A#0 %1, Hl_[do(‘A)H%7

vgs(do) =

In fact, one immediately realizes that Il (A) keeps dp rows of A with the largest lo-norms
and zeroes other rows. Hence, ||I14,(A4)|% = 2?0:1 |A]%j).

Such or similar types of conditions are common for convex relaxation methods (see
Bellec et al., 2018, Section 8 for discussion).

Let ||Allgs = Z?Zl Aj|Al(j) be the group Slope norm of a matrix A. The following theo-
rem provides an upper bound for misclassification excess risk of the group Slope classifier ex-
tending the results of Abramovich et al. (2021) to anisotropic design. In addition, it provides
also the upper bounds for the integrated prediction error Zlel E||(Bgs’l - ,Bl)T:n||2L2(PX) =
E||V%(§gg — B)||% and the estimation error of the regression coefficients matrix B w.r.t.

the group Slope norm E||§g5 — Bllgs :

Theorem 1 Consider a do-globally row-sparse multinomial logistic regression (1)-(2), where
do < min(d,n/(L—1)) and X ;’s are scaled to have Eij =1, j=1,...,d. Apply the multi-

nomial logistic sparse group Slope classifier (12) with \;’s satisfying

—VLHn(d/]) < Cov/n, (10)

J

max
1<j<d

where the constant Cy is derived from Abramovich et al. (2021). Then, under Assumptions
A-Byj,

2(a41)
a+2

c &y
sup  E(7ys,n") < —L
n*€Cr(do) ’ VQS(dO) ; \/5
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In addition,

1~ & Aj
sup E[|VZ(Bgs — B)||% < —
BeM(do) I "= vys(do) Vi
and

do A 2

. Cy .

sup E[|Bys — Bllgs < 2

BeM(do)  © 7 vgs(do) \ = Vi

In particular, setting

v L LG/
I C() n ’

the misclassification excess risk of the multinomial logistic group Slope classifier 7,s is of

the minimax order (8):

Corollary 2 Apply Theorem 1 with

)\'_i /L + In(d/j)
Ty n '
a+1

- o do(L—1)+doln (%) "7
sup  E(7gs,n") < .
peCndo) vgs(do) n

Then, under Assumptions A-Bjy,

(11)

Furthermore,

de
. C do(L—1)+d01H -
sup EHV%(BQS—B)H%S ! (do)
BeM(do) Vgs(do) n

and

de
N C do(L—1)+d01n i
sup E||Bys — Bllys < —=2 (£)
BeM(do) Vgs(do) n

Note that 7),g is inherently adaptive to dp and o.

Similarly, the multinomial logistic group Lasso classifier 7,7, with a (constant) A =
C%)‘ / w is sub-optimal (up to the log-factor):

< C do(L - 1)+d01nd>31§

sup g(ﬁgLa’r/*) < v S(dO) n
g

n*€Cr(do)

We consider now other possible types of sparsity for multiclass case and derive the

corresponding generalization error bounds.
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3.2 Double row-wise sparsity

We show that the misclassification excess risks bounds for a global row-wise sparsity can
be improved under a finer row-wise sparsity structure. Namely, assume that even each
significant feature is involved in only part of probabilities p;’s. In terms of the matrix B it
implies the additional sparsity assumption on its non-zero rows in the usual [p-norm sense,

i.e., local row-wise sparsity.

For a given matrix B, let J(B) = {ji,..., jrp} be the set of indices of its non-zero rows.
Consider a set of double (global and local) row-wise sparse matrices M(dp,m) = {B € M :
|T(B)| < do; ||Bj.llo < mj, j € J(B)} and the corresponding set of (dy, m)-sparse linear
L-class classifiers C,(dp, m) = {n(zx) = argmax,<;<1, 31 « : B € M(dy,m)}.

To capture a double row-wise sparsity one should impose penalties on both the number
of non-zero rows of B and on the numbers of their non-zero entries. A natural convex
surrogate in this case is a multinomial logistic sparse group Slope estimator of B defined as

follows:

n L

- 1 ~ ~

Bggs = arg min ¢ — Z In Zexp(,@lTXi) — XTBe,
Bem (Mo =1

d L

d
‘+§£:Aﬂzﬂu)%—j{:j{:mﬂzﬂja) )
j=1

j=11=1

where ]é\(l) > > \E](d) are the descendingly ordered lo-norms of the rows of B, |§\j(1) >
R |§ lj(z) are the descendingly ordered absolute values of entries of its j-th row, and
Al > ...>2 X >0and k1 > ... > Kk > 0 are tuning parameters. The additional last
term in the penalty in (12) yields sparsity of non-zero rows. Sparse group Slope essentially
combines group Slope on the row’s norms with usual Slope within each row.

The multinomial logistic sparse group Slope classifier is 7sg5() = argmax;<j<r, ,BSTQ ST
Multinomial logistic sparse group Lasso classifier 7547, (see Friedman et al., 2010; Vincent
and Hansen, 2014) is its particular case with identical A;’s and &;’s in (12).

Let ||Al|sgs = Z;l:l Al Al gy + 27:1 Zlel k1|A|jq) be the sparse group Slope norm of
a matrix A € R¥L. The following theorem provides an upper bound for misclassification

excess risk of 7)s45:

Theorem 3 Consider a (dy, m)-sparse multinomial logistic regression (1)-(2) with dy <

min(d,n/(L — 1)) and scaled X;’s. Apply the multinomial logistic sparse group classifier

10
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(12) with A;’s and K;’s satisfying kg > C%/ﬁ and

V2RI () e g (%)
max < —n, (13)

1<j<d Aj ~ Co

where C' = \/gﬁ and Cy is derived in the proof. Then, under Assumptions A-Bj,

2(a+1)
a+2

sup  E(Tsgs; ") < Z Z<Z >

n*€Cr,(do,m) VgS

In addition,

C do s do /™y i 2
sup  E|[V2(Byys — B)|[3 < — A L
BeM(do,m) I F=vs(do) | &= V7 . Vi

j=1 j=1 \i=1
and
2
do do /My 2
~ CQ AJ Kl
sup K[| Bsgs — Bllsgs < Nl 7
BeM(dog,m) * * Vgs(do) j=1 \[7 j; lz:; ﬂ

The proof is given in the Appendix A.

/ln(dnE/j)’ ] =1,.. (Le/l) | = 1,. L

In particular, take A\; = ¢; .,d and K] = ¢

1440Co /7
7

with ¢ = and ¢y = w. By a straightforward calculus one can Verlfy that

these A;’s and ;s satisfy the condition (13), and Theorem 3 then implies:

Corollary 4 Apply Theorem 3 with

)\]:CM/ln(dne/j) and ﬁl:CQ\/m(Lne/l), (14)

where ¢; = 40210 '727TCO, Ccy = w and Cy is given in Lemma 15. Then, under Assumptions
A-By,
atl
a+2
£ ) C doln( )+Z]€j(3 m]1n< ) -
sup Nsgs, M) < 5
n*€Cr,(do,m) > VgS(dO) n

In addition,

1~
sup  E||V2Z(Bys — B)|% <
BeM(do,m) > = vys(do) n



LEVY AND ABRAMOVICH

and

R 0y o () + e pimmin (&)
Be/\S/ll(lg)O,m) EHBsgS - BHsgS = VgS(dO) n

Corollary 4 shows that with a proper choice of tuning parameters, the bounds for misclas-
sification excess risk for the global row-wise sparsity (8) are improved under the stronger
double row-wise sparsity assumption. The multinomial logistic sparse group Slope classifier
Nsgs is adaptive to dp, m and o

Similar to global sparsity, there is a phase transition between small and large number of
classes. The numerator in the upper bounds contains two terms. The first term dg In(de/dy)
corresponds again to the error of selecting a subset of dy nonzero rows out of d, while the
second term ) . 7)™y In(Le/m;) appears due to simultaneous estimation of do m;-sparse
vectors from RY. Since dgIn(Le) < > jeg(s ™jn(Le/m;) < doL, the first term is always
dominating for small number of classes with L < In(de/dy), while the second term is the
main one for large number of classes with L > d/dy.

It also follows from Theorem 3 that, similar to the group Lasso, the multinomial logistic
sparse group Lasso classifier with constant A = cl\/% and kK = 02@ in (12) is sub-
optimal up to the differences in the log-terms:

a+1

C dolnd+lnLZ]€j(B)mj at2
vgs(do) n '

sup g(ﬁsgLa 77*) <
n*eCr, (do,m)

Note that unlike global row-wise sparsity, interpretation of local (and, therefore, the
double) row-wise sparsity assumption depends on the chosen constraint on B. Thus, a
non-zero row of B may be sparse (in terms of lp-norm) under the symmetric constraint
Zlel B; = 0 but not necessarily sparse under another possible constraint, e.g., 8y = 0 and

vice versa.

3.3 Low-rank sparsity

So far we considered various types of row-wise sparsity of the regression coefficients matrix
B. A more general approach is to assume the existence of some underlying hidden low-
dimensional structure, where there is a smaller number of latent variables that define the
outcome classes. The row-wise sparsity is a particular case of such a general case. The
natural measure of such type of sparsity (sometimes called also spectral sparsity) is rank(B).

Direct penalization of rank(B) implies a non-convex optimization since rank(B) is
not a convex function although She (2013) proposed a computationally fast procedure for

its solution for GLM. To convexify rank penalization note that rank(B) = ||v||o, where

12
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Y15+ -+ Ymin(L—1,d) are the singular values of B. Similar to Lasso, we replace |[v|[o by ||v[|1
aka a nuclear norm ||B||, or, Schatten Si-norm. Nuclear penalties have been intensively
studied in statistical and machine learning for multivariate regression and matrix completion
(e.g., Bach, 2008; Candes and Plan, 2010; Bunea et al., 2011; Koltchinskii et al., 2011;
Alquier et al., 2019). Powers et al. (2018) considered nuclear penalization in multinomial
logistic classification. They developed numerical algorithms for its solution but did not
investigate theoretical properties of the resulting classifier.

We start from establishing a minimax lower bound for misclassification excess risk over
a set of L-class linear classifiers with law rank coefficients matrices. Let M*(rg) = {B €
M : rank(B) < ro} and Cj (ro) = {n(x) = argmax;<;<;, Bf ¢ : B € M*(ro)}.

Theorem 5 Consider an agnostic multinomial regression model (1)-(2) with rank(B) <

ro, where 1 < rg < min(L — 1,d) and ro(L 4+ d) < n. Then,

inf  sup  E(7,n") Z<?V/ﬁK(L__1)%_d) (16)

n H*GCZ(TQ), Px n

for some C > 0.

The proof is given in the Appendix C.

We now show that estimating B by penalized maximum likelihood estimator with a
nuclear penalty of the form A||B||. with a properly chosen tuning parameter \ leads to a
linear classifier that achieves the lower bound (16) up to a multiplicative term depending
on the marginal distribution Px of X.

Define

i=1 =1

n L
By = argénin {711 Z (ln <Z exp(ng:z:i>> — ,3;‘2:0@> + /\HBH*} , (17)

with A > 0, and the corresponding classifier 7, () = argmax; </, B:ulw Similar to group
Slope and group Lasso classifiers from Section 3.1, there is no need to impose an additional
symmetric constraint BeMin (17) since centering rows to zero means can only decrease
the nuclear norm of a matrix (Powers et al., 2018).

Let 7 (V) > ... > 74(V) be the ordered eigenvalues of the second moment matrix
V =Ex(XXx7T).

Assumption By Assume that 74(V) > 0.

13



LEVY AND ABRAMOVICH

Theorem 6 Consider a multinomial regression model (1)-(2) and the nuclear penalized

classifier My () with

NN VL‘\}{‘/&, (18)

where C' > 0 is specified in the proof.

Then, under Assumption By

., (V) ro((L —1) +d)
n*:élzlzm)&nm,n ) < \/C () - : (19)

Furthermore, under the additional low-noise Assumption A,

A1(V) ro((L—1)+d)) 2
(C 7a(V) n ) '

sup  EMnu,n") <
n* ECZ ('I’o)

In addition,

N % L-1)+d
sup  E|V3(Bnu - B2 < C n(V) ro((L—1) +d)
BeM*(ro) (V) n

and

The proof is given in the Appendix A.
Similar upper bounds for the misclassification excess risk with the extra In®?2(n3/2L)-
term can be derived from Corollary 10 of Lei et al. (2019) using (23) from Appendix A.
Summarizing, up to a multiplicative constant depending on the eigenvalues of the sec-
ond moment matrix of X, 7,,(x) attains the minimax misclassification excess risk and is

adaptive to the unknown low-rank sparsity of the regression coefficients matrix.

4. Example

To illustrate the performance of the derived sparse multinomial logistic regression classifiers
we applied them to the data set Cancer sites considered in Vincent and Hansen (2014). It
consists of bead-based expression data for n = 162 microRNAs with d = 372 features from
L = 18 classes of normal and cancer issue samples. The number of samples in each class
ranges from 5 to 26. Vincent and Hansen (2014) used sparse group Lasso classifier for this
data.

We compared the performance of sparse group Slope with \;’s and k/’s of the form

given in (14), sparse group Lasso (replicating Vincent and Hansen, 2014), random forest

14
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Classifier Average misclass. error | # features | # non-zero coefficients
sparse group Slope 0.159 (0.019) 60-67 186-271

sparse group Lasso 0.165 (0.018) 51-79 382-592
random forest 0.209 (0.009) - -

XGBoost 0.250 (0.026) - -

Table 1: Average misclassification errors with their standard errors (in brackets) and feature

selection for various classifiers.

and the well-known gradient boosting trees XGBoost classifiers on the above data set, where
we developed the proximal gradient algorithm for solving sparse group Slope in (12) — see
Appendix D.

To remove various technical variations, following Vincent and Hansen (2014), the data
was first normalized by centering and scaling the rows of the design matrix, and then
standardized by centering and scaling the columns. We split the data into training (75%)
and test (25%) sets. The tuning parameters of all classification procedures were chosen by
10-fold cross-validation on the training set, and the misclassification errors of the resulting
classifiers were measured on the test set. We repeated the process 10 times, randomly
partitioning the data into train and test sets.

Table 1 presents the average (over 10 random splits) misclassification errors for the test
sets, the numbers of selected features (non-zero rows of the regression coefficients matrix B)
and the overall numbers of non-zero coefficients in B. It shows that both sparse multinomial
logistic regression classifiers outperform their nonparametric counterparts for this data.
Sparse group Slope yielded smaller misclassification errors than sparse group Lasso and, in

addition, resulted in much sparser models.

5. Concluding remarks

In this paper we discussed high-dimensional multiclass classification by sparse multinomial
logistic regression. Multiclass setup allows one to consider various types of sparsity as-
sociated with different assumptions on a matrix of regression coefficients. We proposed
penalized MLE feature selection procedures with convex penalties capturing a specific type
of sparsity at hand and showed that the resulting classifiers are optimal in the minimax
sense. We presented the results for global row-wise, double row-wise and low-rank sparsity
scenarios but one can consider also other related types of sparsity, e.g., group-sparsity, when

features may have a group structure, or class-dependent sparsity, where each class has its

15
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own sparse subset of predictive features that implies column-wise sparsity, combinations of
row-wise and low-rank sparsities, etc. The developed approach is general (see Appendix
A.1 and Theorem 7 there) although a specific type of a penalty should be properly chosen

w.r.t. a particular type of sparsity at hand.

In this paper we assume that Px has a bounded support. Using a slightly different
techniques, the main results remain valid also for Gaussian design (see Bellec et al., 2018;

Alquier et al., 2019, for binary classification).

Even when the considered multinomial logistic regression model is misspecified and the

Bayes classifier n* is not linear, the misclassification excess risk can still be decomposed as

R(ig) — R(n") = (R(Ag) — R(np)) + (R(np) — R(7")) , (21)

where 77 = arg minyec, R(n) is the best possible (oracle) linear classifier. The results of the
paper can then be applied to the first term in the RHS of (21) representing the estimation
error, whereas the approximation error in the second term measures the ability of linear
classifiers to perform as good as n*. Enriching the class of linear classifiers may improve
the approximation error but will increase the resulting estimation error in (21). In a way,

it is similar to the variance/bias tradeoff in regression.
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Appendix A. Proofs of the upper bounds (Theorems 1, 3 and 6)

Throughout the proofs we use various generic positive constants, not necessarily the same

each time they are used even within a single equation.

Throughout the proofs let |als be the Euclidean norm of a vector a, ||Al|]2 and ||A||r
respectively the operator /spectral and Frobenius norms of a matrix A. The Frobenius inner
product of two matrices A; and Ay is (A7, As) = tr(AT As). Denote ||g(x)||L, for the Lo-
norm of a function g and ||g(x)||L,py) = ([ 9() )2dPx (x))'/? for the Lo-norm of g w.r.t.
the measure Px. Recall that V = E[X XT].
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A.1 Upper bounds for misclassification excess risk for a general penalized

MLE plug-in linear classifier

Consider first a generic setup. Let M = {B € R™’ : B1 = 0} be the set of regression
matrices satisfying the symmetric constraint and My C M be its subset of sparse matrices,
where the notion of sparsity depends on the particular problem at hand. Let B € Mg and

consider a penalized MLE estimator B of the form

B = arg min {~U(B) + B} (22)
BeM
where the regularized matrix norm || - || induces the given type of sparsity, and the corre-

sponding plug-in linear classifier
p(@) B
s(x) =a a x.
ng rg 11% gXL !

The Kullback-Leibler divergence between two multinomial distributions with proba-
bilities vectors p; and pe is KL(p1,p2) = ElL:lpll In (%). Let fp(x,y) be the joint
distribution of (X,Y), i.e., dfg(®,y) = [, pi(x)8dPx (z), where p;(z) are given in (2).
For two given regression coefficients matrices B; and By the Kullback-Leibler divergence
between the distributions fp, and fp, is then dir.(fB,, [B,) = [ KL(p1(x), p2(x))dPx (x).
We exploit the well-known result (e.g., Pires and Szepesvari, 2016; Abramovich et al.,
2021) that relates the misclassification excess risk £(7,n*) and the Kullback-Leibler risk

Edrr(fB, fg) under the low-noise Assumption A:
at1
Engpn*) < C (Bdgr(fp, f5)* . (23)
We now extend the results of Alquier et al. (2019) for univariate response to multi-
variate (multinomial) Y to bound the Kullback-Leibler risk Ed%; (fz, f5). Define 6;(x) =
Blx, 1 =1,..., L, where due to the symmetric constraint, Zlel O;(x) = 0. It is easy to
verify that in terms of ;’s, the multinomial log-likelihood is Lipschitz w.r.t. the ls-norm.
Furthermore, for Py with a bounded support, |37 x| < C and dgz(-,-) is strongly con-
vex (Abramovich et al., 2021): for any two matrices B; and Bj satisfying the symmetric
constraint, dir.(fB,, fB,) > CZIL:1 |61 (x) — 021(:1:)|]%2(PX) (the multivariate analogue of
Bernstein condition in terminology of (Alquier et al., 2019). These two conditions allow us
to adopt the general approach of Alquier et al. (2019) to bound Ed%; (fz, fg)
Define the following quantities along the lines of Alquier et al. (2019). Let By = {B €
M :||B]| < 1} be the unit ball of matrices satisfying the symmetric constraint w.r.t. || - ||-

norm in (22). Let ﬁc;l(BH,H) be the empirical (multivariate) Rademacher complexity of
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BHH’ namely,

n L
Rad(BH”) = Eg { sup E (TZ'IBIZTX

:acl,...,Xn:mn
nBGBz 1i=1

1
:Eg{athZB?YB},
N BeB

RnXL

where the elements o;;’s of X € are i.i.d. Rademacher random variables with P(o; =

1) = P(oyg = —1) =1/2, and
RmﬂB”m==EX{RaﬂBMO}

be the Rademacher complexity of 5.

Define a complexity function

CoRad(BHH)p
2R%\/n
where the exact value of Cy > 0 is specified in Alquier et al. (2019).
Let T(p) = {B' € M : ||B'|| = p, ||V%B’H% < r%(2p)}. For a given matrix B € M
define T'g(p) = UB’:|\B’—BH<% O|| - [|(B'), where the subdifferential d|| - |[|(B') = {G € M :
||B"+ B"|| - ||B'|| > (B",G), YB" € M}. The sparsity parameter is

r(p) = p >0,

A(p) = inf sup (B',G).
(e) B’GT(P)GGFB(p)< /

Finally, let p* be any solution of the sparsity inequality

A(p*) z zp° (24)

S

The quantity p* depends on a particular norm in (22) and the second moment matrix
V, and plays a key role in establishing the upper bound for Edgr(fB,, [B,)-

We have the following generic theorem:

Theorem 7 Let B be the solution of (22). Assume that there exists p* such that A(p*) >
2p* and Rad(Bjj) < =5v/n. Then,

Edkr(fB, fz) < Cp, (25)

for some C > 0.
In addition,
E|V:(B - B)|} < C1p*

18
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and

E|B - B| < Cap"

for some C1,Co > 0.

Theorem 7 is an extension of Theorem 2.2 (or more general Theorem 9.2) of Alquier
et al. (2019) for multivariate response and anisotropic design. Its proof repeats the proof
of Lemma 1 in Abramovich et al. (2021) with the particular group Slope norm considered

there replaced by a general norm || - ||.

Remark 8 In fact, from the definition of the sparsity parameter A(p) and p* it follows
that Theorem 7 holds even if the true regression matrix B is only “approximately sparse”
in the sense that there exists a sparse matrix B’ € My such that ||B — B’|| < p*/20 (see
also Alquier et al., 2019).

We will now apply the general upper bound (25) for the group Slope, sparse group
Slope and nuclear norms to complete the proofs of Theorems 1, 3 and 6 by finding the

corresponding Rad(B.) and p*.

A.2 Proof of Theorem 1

The proof of Theorem 1 is somewhat different from that of Theorem 4 of Abramovich et al.
(2021) for isotropic X.

For given A\; > ... > A4 consider the group Slope norm ||B][y = Z;l:l Aj|Bl(jy. Let
B € M(dp) with a set of zero rows J(B) and B’ € R¥™! such that |B’ — B||y = p* and

HV%(B’ —B)|I% < %ﬁgﬁ*)”*, where p* will be defined later .

Let G be a set all of matrices of the form }_.c 7(p )\,T(j)ej‘g—?"z + 2 jeTeB) Aﬁ(j)ejvf,
B
where 7 = (7(1),...,7(d)) is a permutation of {1,...,d} and v;,’s are unit vectors in R%,

and note that || B[y = maxgeg(B,G).

In particular, 9|| - [[x(B) 2 argmaxgeg(B,G). Hence, we can find a permutation of
{)\j};ﬁ:dOJrl such that the corresponding G € argmaxgeg(B, G) C 9||||A(B) and 3 ;¢ 7¢(p) G?;(B’—
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d
B)j. > Zj:dOJrl )\j|B/ - B‘(]) Then,

(G,B'=By= > GI(B'-B),+ > GLB -B);

JjEJT(B) jeJC( )
= Z G'T Z)‘|B/ Bl =
JjeET(B)
d do
> NIB' =Bl —2)_ NIB - Bl
j=1 j=1
do
=p"—2) NIB' - Bl
j=1
By Assumption By,
1
IV3(B' — B)|} > |4y (B — B)||% = Z!B/ B[ -

vgs(do)

For any 1 < j < dy we also have

do J

/ 2 / 2 . / 2
> IB'=Bltyy = > |B' = Bl > jIB' - Bl
=/ '/71

and, therefore, |B' — Bl < /S0, [B' = B, /7.

Taking

do -\ 2

. 100C,C Rad(B)) (23:1 Aj/\ﬁ)
a vgs(do) Vn
(27) implies
do
/ )\] 1 /
ZA [B' = Blg) L IVEB - B)llk

.1 DN\ [CoRad(By)p*
o VgS(dO) - \[ R2\/>

7j=1
1 *
S 10/7 .
Thus, combining with (26)
4
G,B'—B) > —p*
< ) >— 5p

for every B’ — B € T (p*) and, therefore,

(26)
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Furthermore, by Lemma 2 of Abramovich et al. (2021),

L +1In(d/j
1<j<d Aj

for some C' > 0. Hence, for A; satisfying (10), Rad(B») < 720 n and we can apply Theorem
7 to complete the proof.

A.3 Proof of Theorem 3

For given Ay > ... > Ay > 0 and k1 > ... > k1 > 0, consider the sparse group Slope
d d L

norm HBH,@’)\ = Zj:l /\]‘B’(]) + Zj:l Zl:l Hl’B‘j(l); where ‘B’(l) > ... > ’B|(d) are the

descendingly ordered ly-norms of the rows of B and |B|;1) > ... > Bjr) are descendingly

ordered absolute values of entries of its rows. Let B, be the unit ball of matrices w.r.t.

this norm.

Lemma 9 Let B € M(dy,m). Under Assumption B;, define

2
Rad(B, ) \/ PO ij y;
. 100C,C DR AR llf)
Vgs(do) vn .
Then, p* satisfies the sparsity inequality (24), i.e., A(p*) > %p*.

(28)

To apply Theorem 7 to complete the proof, we need also to show that Rad(B ) <

7 .
=55V T

Lemma 10 Let k1, > 28780 \/15 Then,
VPEE () e 1 210g (%)
Rad(B, —
ad(Bra) < 1440\F+ 2 f??i‘d Y !

where C = \/7 s50 and Cp > 0 is given in the proof.
In particular, for A;’s and ;’s satisfying (13), Rad(By ) < =55/n.

A.4 Proof of Theorem 6

Let ||B||x = A||B||« and By the corresponding unit ball. Define
CoToRad(B)\)
2R274(V)y/n

Extending Lemma 4.4 of Lecué and Mendelson (2018) for the anisotropic case by using

p* = 100\

| Bll« < ﬁ”véBH*, we have A(p*) > %p*,
To apply Theorem 7 we need to show that for A in (18), Rad(By) < 720
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Lemma 11

Rad(By) < Cor/m(vy YL 1 HVd +‘f

for some Cy > 0.

VL=1+Vd)

NG implies Rad(B)) <

Thus, taking C' = %, the choice of A = /71 (V) (VI-1+Vd) 720

Appendix B. Proofs of lemmas

B.1 Proof of Lemma 9

We use the arguments similar to those in the proof of Theorem 1.

Let J be the set of indices of non-zero rows of B and £; be the set of indices of non-zero
entries of the j-th row for j € J. Obviously, |J| = dp and |£;| = m;. Consider a matrix
B’ such that |B' — Bl|,.» = p* and |[V2(B' — B)||% < r2(2p*) = CORai\/d?EB)Cp*.

We can decompose || B|,,» into two additive components: || B0 = 2?21 Zle k1| Blja
and || Blloy = Y7, A Bl ().

Define two matrices G, H € R?*! as follows. For every j € J let ﬂj(l), ..., mj(m;) be the
indices of descendingly ordered nonzero entries | B|;(;)’s and set G 1) = k1) sign(Bjr, 1))-

Similarly, let 7(1),...,7(do) be the indices of descendingly ordered Euclidean norms |B|;

of dyp nonzero rows of B and set Hj; = Az | B”((J))ﬁ The entries of G and H corresponding
to zero entries of B will be defined later.
By construction, tr(GT B) = (H'B) = while for any B', tr(GT B') <

| B || .0 and tr(HTB’) < ||B'|lo,x- Thus, G and H are in 9| - ||x,0(B) and 9| - [|o.A(B) re-

spectively.
We have
d d mj
> GulBy—Bul <> Y w|B' - B,
j=1leL; j=11=1
and
L do
Hj (By —By)| <) Aj|B' =B,
jeJ =1 j=1
Hence,

(G (= B) =3 Y G (By— By) + 3" 3 Gy (B By)

7j=1 leﬁj 7j=1 ZELJC
d d mj (29)
ZZ G (Bj — B ZZ“Z}B B‘](l
jzlleljjc j=11=1
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and

(7 (8 B)) = 305 M (B B) + 3 (3
jeg I= jege 1=1 (30)

1
L do
> > > Hu(Bj—Bn) - N|B -B|,
VISVA =

=1

To bound the first terms of the RHSs in (29) and (30) from below for a given B’ complete

the entries of G and H corresponding to zero entries of B in such a way that

d d L
> > Gy (B~ By) ZZ > w|B =B,

J=1iecs j=ll=m;+1
and
L d
YD Hy(By—By)= Y N|B' -B|,.
jege =1 j=do+1
Thus,
d L d mj
tr (G (B ZZ’”\B'_BE(:)_ZZZ“Z\B'—B‘M
j=11=1 =1 1=1
d mj
=B = Blleo—2>_> w|B - Bl
j=11=1
and

d do
tr(H" (B'=B)) 2> XN|B =B, 2> A\ |B =B,
j=1 j=1

do
_ g 1B
=||B'~ Bloxr—2)_X;|B Bl
j=1
Consider Z = G + H. Evidently, Z € || - ||x,x(B) and

do d my

tr (2" (B'=B)) 2 |IB' = Bllua —2) X |B'=B|;, =2 > w|B' — Bl
j=1 j=11=1
do d mj
=p* _z;Aj |B'— B, —2212?% |B'~ Bl
Jj= Jj=11=

By Assumption By,

1
IV3(B' = B)|} > |11, (B' - B)|I} —ZIB’ Bl > ZZ!B' Bl -

VgS( ) JjeJ =1
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Since |B/ - B|(]) < \/2?9:1 |B/ — B|%]/)/\/57

do
Z/\j‘B’—B’(j) <- VY2(B' - B)||p.
j=1
On the other hand, by the Cauchy-Schwartz inequality,
d mj m; e
Z KZ}B,_B‘j(z)SZ‘(B/_B)‘]‘Z*
2.2 , i
Jj=11=1 JjET =1
d [mj i 2 1 do
2
< Z(Zﬂ) > 1B =Bl
j=1 \I=1 j'=1
d /mj
1/2 _B
< 2 (2 AN

Thus, for any B — B’ € T (p*), we found Z € 9| - ||x,A(B) such that

d mj 2
5 0) 2 =2 |3 (S5 e - e
j=1 \i=1

I/gs
Hence,
A(p*) = inf sup  tr (ZTB"
B"ET(P") 2€d)|-||x,7(B) ( )
do d m; 2
A Ry C()Rad([)’)\ H)C’
> 2 —] —+ - VAR T %
S e Vi JZ; (; w) \/ vys(do)v/m "
and, therefore, for p* from (28), A(p*) > %p*.

B.2 Proof of Lemma 10

To prove Lemma 10 we first bound the empirical Rademacher complexity @(B,{,A). As
a first step, we bound the empirical Rademacher complexity by the empirical Gaussian

complexity

~ 1
G(Biy) =Eg{ —= sup Gzlﬁ =z,...,. X, =z, p =Eg{ — sup tr(BTZ),

n BeB,,

where Gy are i.i.d. N(0,1) and Z = X7G. We have @(BKA) < \/ga([)’,{,,\) (see, e.g.,
Wainwright, 2019, Section 5.2).
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Define

L

2
2 7 ,
0j = Z(‘Zj(l)‘_\/;Mﬂijm) , j=1,....d.
! +

To bound @(B& ») we need the following two lemmas:
Lemma 12

~ 2 (5(j)

< X.; E —
GBrx) <\ T yggp 120, 1K l2 + Ee max
Lemma 13 Let k1, > f%go. Then, conditionally on X,

—C?2 2
L SR e oo ()

J0
E ) < X
G max, 5, < Comax g elXl % !

where C' = \/gﬁ and Cy =2 (1 + /7).

Lemmas 12 and 13 together imply

VRS () e o (%)

— = J

Rad(B < — X,
wd(B:2) < | v+ \E e, N s, Xl
Hence,

Rad(B, ) = Ex {@(B’H,A)}

_ 2
oSl ) e 2o (%)
—f—{— 0\/g max .

— 1440 1<j<d Aj

PrROOF OF LEMMA 12

Define two unit balls w.r.t. || ||x0 and || - |jor: Bx = {B : Z;l:1 Zlel Kl ‘Bj(l)‘ < 1} and
By = {B : Z;‘l:1 A By < 1} and note that B,y C B, N B.

For any matrix A € R we have

Eq sup (Z,B) <Eqg sup (Z,B) = Eq sup {(A,B)+(Z—- A, B)}
BEB,» BEB.NBy BEB,.NBy

< Eg sup (A,B)+ sup (Z—-A,B)
BeB.NBy BeB,.NBy

< Eg{ sup (A, B) + sup <Z—A,B>} .
BeB, BeB,)y,
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Similar to the results for the group Slope of Abramovich et al. (2021), supgcp, (A4, B) <

!al

Z— Al
maxj and suppgep, (Z — A, B) < max; % Thus,

A 7 _ Al
E sup (Z,B)<E maxﬂ+maxﬂ _
BeBi gl K] P \j

In particular, consider a matrix A such that A;) = sign ( ) min {!Z } f1440 | X ]2/11}
We then have

(\/ZZLI (12iw] - /2 sl X ﬁl)i)

2 7 (4)
E 7. B) < X.; E
BSG%EJ B) < 7 1440 1<]<d‘ jl2 + 112?<Xd Aj

Proor or LEMMA 13

Denoting C' = ﬁﬁ, we have

2 2
Eq 1}]7(1)‘ _ QC\/ﬁ/ﬂ = / 2sP M — 20\/’ﬁlﬂ > s2 | ds
=l Xl + 0 JalXile +

§/ 2sP M > s+ 2Cv/nk; | ds (31)
0 771Xl

!
& L Z;
S/ 25< )P 1|7]l|>8+20\/ﬁm ds.
0 ! 71Xl

is an (0, 1) Gaussian random variable and, there-

Note that conditionally on X,
fore, (31) yields

2
7 oo L I(s+2Cv/nk 2
Eq M —2C/nk; < / 2l+15< )e_ = 2 3 ds
W‘X'jb . 0 l
o0 1 L I(s+2Cv/nk 2
< / 2l+1l<l>l (s+20\/ﬁm) e L 2 2 ds (32)
0

l
_ 2z+1} <L> 6_202nlnl2 < 2l+1} (L€> 6—202nlnl2.

IXI

I\ AN

For k; > (32) implies

C\f’

1 (Le\ 1
{(‘Z 0] = 201X jlam1) }<2l < le) e~ nin E\Xﬂ%
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Hence, by Jensen inequality,

L
E\ > (1Z0)| — 201X lam)? <

<,|E
=1 +\

(12;0)| - 20|X—j2f<l)2+]

IN
—
N
—]
/N
B

l
1
—C?2nlk? .
z > e Xl

Jj=1
Let
L l
1 /L
Mj = QZ 7 <le> e_Cinsz.
j=1
One can verify that the function f;(z \/Zl 1 (2

- 201X, ]2/@) R — R s
a 1-Lipschitz function. Recall that Z; ~ N (0, \/ﬁ|X. |2) and therefore, by the Tsirelson-

Ibragimov-Sudakov inequality (Boucheron et al., 2013, Theorem 5.6), for any s,u > 1

1 1 1
P (fJ(Z) > S\/E‘X’j’2\/2Mj2+2u) <P <fj<Z> > T’X ‘2M+ \/>’X ’28[)
<r (12)> B42)

1 52
+ \/ﬁX.j|25\/a> <e 27

Thus, for s > 2, we have

fi)(2) | \/2Mj-2+2log(de/j)
g (d>P £(2) L]X " \/QM]-2+210g(de/j)
j Aj vn Aj

N

1 e
< (d> —j% log(de/5) (d> S <d6> !
J J

J
and applying the union bound

(7 2M? + 2log (de/7)
P maxf(j;\( )>smax—\X ]2\/ ’
J J

2
de\ 7T L2
i P L (4 o

j=1

2

e 4

IN

5 <27
1—e ¢

(33)
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Finally, (33) implies

()

Max|<;<d -y
) / e (2)
Z 1 z - nlnl +2log( %
max{_; —=| X2 = AJ
00 f3)(2) \/2M2+210g(de/j)
:/ P | max ——— >smax—|X |2
0 i i/n Aj

<2(1++/7).
B.3 Proof of Lemma 11

Let U € REX(L=1) he a matrix with orthonormal columns such that UUT = I — %11T. One

can easily verify that B = BUU”. Recall that

Rad(By) = ExEs | — sup tr(SUUTBTXT)| = ExEyx

\F BEB,

where K = XTSU € R&>(E=1) | By duality of Schatten norms,

1 T pT
— sup tr(U"B" K
V1 BeB, ( )

1 - 11 - 11
— sup tr(U"B"K)=—-—— sup tr(U B" K
VU BeB), ( ) AV B|L<1 ( )= Avn

Denote v(X) =

| XTSU ||,

HfXHg and w(X) = HfXHF < v(X)Vd. By Theorem 3.2 of
Rudelson and Vershynin (2013), conditionally on X, for any s,¢ > 1

P (1\XTEUH2 >C (sw( )+ tVL —1v(X ) ‘X) < 2exp ( @32 —(L— 1)t2> ,
Vi W2(X)
(34)
where C' > 0 is given in their theorem.
Assume first that v(X)v/L — 1> w(X). Take s = Z((i(()) (34) to get

P (\/1>HXT2]2 > 20t/L— 1 v(X)) < 2exp (-263(L —1)).
n
Setting u = 2Ctv/ L — 1 v(X) yields

1 T u?
el < -
P(\/HHX Slly > u ’X) _2exp< 20%(){)2),

for any u > 2Cv/L — 1v(X) and, therefore, the empirical Rademacher complexity

o

Rad(By) < ~ (20\/ “To(X) + / TG du> < C’%\/L “Tu(X).

20VI—Tv(X)
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Similarly, for v(X)vL — 1 < w(X), take t = 1;()?)(7\)/(%5 > 1in (34) and u = 2Csw(X)

1 T u
_ < s
P(\/ﬁHX EH2>U‘X> _26Xp< 20211()()2)’

for any u > 2Cw(X) and, therefore,

to get

— 1 1
Rad(By) < CLw(X) < CXU(X)\/&.
Combining both cases we have
Rad(By) < C%v(X)(\/L — 1+ V). (35)

To complete the proof of the lemma apply the results of Vershynin (2012, Section 5.4.1) for

sub-Gaussian matrices with independent rows to get

EXv(X) S \/EXvQ(X) S C\/Tl(V). (36)

Appendix C. Proof of Theorem 5

Consider the class C .(ro) of ro-globally sparse linear L-class classifiers from Section 3.1 but
with the known subset of rq significant features. Evidently, Cr,(ro) C C% (o). Apply now
the results of Abramovich et al. (2021, Theorem 2) on the lower bounds for global row-wise

sparse classification to get

L—-1
inf  sup  E(7,n*) =inf  sup  E(7,n*) =C o= h),
M n*eCji(ro), Px T nreCr(ro), Px "

(37)

On the other hand, consider ry-class classification, where all d features are significant
(do = d). It is obvious that Cy,(d) C C;; (r0) and that ro-class classification cannot be harder
than the L-class one. Thus, exploiting again Theorem 2 of Abramovich et al. (2021) we

have
. e e - rod
inf sup E(n,n™) > inf sup E(M,n™) > inf sup E(n,n*) > Cy/ —.
T n*eCi(ro), Px T nreCy, (ro), Px " nr€Cry(d), Px n
(38)

Combining (37) and (38) completes the proof of the theorem.

Appendix D. Sparse group Slope algorithm

The penalized MLE minimization problem in (12) involves a sum of a convex smooth log-
likelihood and a convex but non-smooth penalty consisting of two terms. A common ap-

proach to solve such optimization problems is by the proximal gradient method (e.g., Beck,
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2017). A general proximal operator of a given convex function f is defined as

prox(a) = argmbin {;Ha —b|)® + f(b)} )

For the setup at hand consider the proximal operator
.1 9
prox|. ., (A) = argmin ¢ S[|A = Bl + [IBllsa ¢ (39)

where recall that || B« = 3725 AjlBlg) + X521 iy wil Bliwy = IBlx + 251 1B lls-

There exist the efficient proximal gradient descent algorithms for computing proximal
operators prox|., and prox., for ||| and ||-|[x separately (see respectively Bogdan et al.,
2015; Brzyski et al., 2019). We now show that applying prox|.|,. and proxj, consecutively
results in PIOX|.| .\ as depicted by Algorithm 1:

Algorithm 1: prox) _, (4)

for j - 1...ddo
Uj. = prox, (4;.)
end

B+ pI'OX”,”)\(U)

The proof relies on the second prox theorem (Beck, 2017, Theorem 6.39) and the fol-

lowing general lemma:

Lemma 14 Assume that for all a, dg(prox;(a)) 2 dg(a), then for all b, prox;, (b) =
prox s (prox,(b)).

Proof For a given b, let a = prox,(b) and z = prox;(a). By the second prox theorem,

b—a € dg(a) and a — z € If(z). By the condition, dg(z) 2 dg(a), and therefore,
b—z=b—a+a—z€df(z)+d9(z) =0(f + 9)(2)
which implies by the second prox theorem that z = prox 4 4(b). [ |
Applying Lemma 14 for g(A) = Z;lzl |A;.||x and f(A) = ||A]|x relies on the following
lemma:

Lemma 15 For Z, A € R>E such that Z € 9| - ||x(A) and for any j € {1,...,d}, there
exists c¢; > 0 such that Z;. = c; A;..
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Proof Let Z € 0| - ||A(A4). Thus,

d
Z € argmaxtr(ZT A) = argmaxz ZjT,Aj. ,

IZlI3<1 12151 5=

where || - ||3 is the dual norm. Since the norm || - |[) is invariant to rotation of the rows,

so does its dual norm || - ||} because we can always rotate the rows of the norming matrix.

Thus, the maximum above is when Z;. = ¢;A;. for some ¢; > 0. |

Let Z = prox|.|, (A4). By the second prox theorem we have A — Z € 9| - [|x(Z), and by

Lemma 15, A; — Z; = ¢;Z; for some ¢; > 0. Thus, Z; = ﬁAj.
J

Let V € (X0 [lel - [[x)(A), that is, Vj. € 9] - |[x(A;.). By the definition of the
subgradient, for any u € R,

14l + Vit (0 = Az.) < [lull,

Let v’ € RY. Then,

1
T T
121l + Vi (u' - Zj.) = HHA]HH + HV} 1+ cj)u’ —4;)
1
< ﬁch(l + e[l = ]|«

and, therefore, VJT(u’ —Z;.) < |||k — || Z}.||x implying V}. € 0| - ||x(Z;.). Hence, V €
8(2?21 He? -|l)(Z) and the condition for Lemma 14 holds, i.e.

|| - [l (prox;., (A)) 2 9] - [|(A)-
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