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Abstract

Divide and conquer algorithm is a common strategy applied in big data. Model averaging
has the natural divide-and-conquer feature, but its theory has not been developed in big
data scenarios. The goal of this paper is to fill this gap. We propose two divide-and-
conquer-type model averaging estimators for linear models with distributed data. Under
some regularity conditions, we show that the weights from Mallows model averaging crite-
rion converge in Lo to the theoretically optimal weights minimizing the risk of the model
averaging estimator. We also give the bounds of the in-sample and out-of-sample mean
squared errors and prove the asymptotic optimality for the proposed model averaging es-
timators. Our conclusions hold even when the dimensions and the number of candidate
models are divergent. Simulation results and a real airline data analysis illustrate that the
proposed model averaging methods perform better than the commonly used model selec-
tion and model averaging methods in distributed data cases. Our approaches contribute to
model averaging theory in distributed data and parallel computations, and can be applied
in big data analysis to save time and reduce the computational burden.

Keywords: consistency, distributed data, divide and conquer algorithm, Mallows’ crite-
rion, model averaging, optimality.

1. Introduction

Modern science and technology make data collection easier and easier, and thus more and
more big data have been obtained and stored. Usually, such data are with complicated,
structured, varied, and various characteristics in economy, finance, biology, medicine, in-
dustry, agriculture, transportation, and other fields. See, for example, Misra et al. (2019),
who provided plenty of real data examples that reflect the overall outlook of big data era.
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In this world of explosively large data, estimation faces big computational and statistical
challenges, especially in scalability and storage bottlenecks of hardware and software issues,
and invalidated exogeneous assumptions brought by incidental endogeneity in big data, see-
ing Fan et al. (2014) for a review. In big data applications, one often prefers to suggest a
specific methodology for the problems he/she faces but without theoretical analysis. For
example, Sienkiewicz et al. (2017) solved the computational problems on a single, multi-
core server to describe spiking activity in non-linear dynamic systems with the software
MapReduce and Hoodop, but no theoretical property is discussed. Hence the effective dis-
tributed estimation procedures with theoretical supports are urgently needed to deal with
the computational challenges arisen from large sample size and large number of parameters
in massive data analysis. In this regard, some distributed statistical computing methods
have been proposed. See, for example, Varian (2014) and Wang et al. (2016).

The large-scale datasets may not fit the memory of a single computer and thus are
distributedly stored in multiple machines or servers. So statistical methods should be ad-
justed and modified to accommodate distributed data. The divide and conquer trick is a
practicable and common approach to handle the massive data computation with memory
constraints. It divides data into several groups and then aggregates all group estimators by
a simple average to lessen the computational burden (Zhang et al., 2013b; Chen and Xie,
2014; Zhang et al., 2015; Xu et al., 2019). A number of problems have been studied for the
divide and conquer method, including variable selection (Chen and Xie, 2014), statistical
optimization (Zhang et al., 2013b), logistic regression (Xi et al., 2009), estimation equation
(Lin and Xi, 2011), kernel ridge regression (Zhang et al., 2015; Xu et al., 2019), quantile
regression (Chen et al., 2019, 2020), linear support vector machine (Wang et al., 2019), and
distributed principal component analysis (PCA) (Balcan et al., 2012; Garber et al., 2017).
Some distributed statistical methods based on likelihood framework are also proposed, and
the theoretical upper bound of the information loss for the distributed algorithm is obtained
(c.f., Battey et al., 2018). For data distributed over the nodes, Safarinejadian et al. (2010)
proposed a distributed expectation maximization (DEM) algorithm with two important
advantages of scalability and fault tolerance for density estimation and clustering in sensor
networks, which can also be seen as a divide and conquer method. The DEM algorithm is
scalable and robust under the Gaussian mixture model assumption, where the addition of
more nodes does not affect the performance of the DEM algorithm and it can still produce
the right results even if failures of some nodes occur. The diffusion speed and convergence
of the DEM algorithm have also been studied in Safarinejadian et al. (2010).

However, numerous papers on the divide and conquer algorithm are not involved with
model selection uncertainty. Model averaging is a feasible method to avoid such an un-
certainty. There are four main reasons prompting us to choose model averaging instead
of model selection. First, choosing a single model may not take full information provided
by the training data, especially when it is hard to get a best model. For example, there
may be more than one candidate model with similar quantitative scores under some model
selection criteria. On the other hand, different candidate models capture different data
characteristics. In this dilemma, combining all of those models will not lose the information
from each candidate model and thus may be a better choice. Simple averaging of different
machine learning models to get a more accurate prediction has been a popular method in
some big data applications. Model averaging can result in a smaller risk and get a more
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accurate prediction generally. In fact, model averaging often performs at least as well as
the best algorithm in the candidate models. As commented by Schomaker and Heumann
(2020), model averaging can improve the predictions and should be regarded as attractive
complements for the machine learning and forecasting. Second, model averaging can be
more stable. Based on different statistic analysis goals, model averaging can stabilize esti-
mation and forecast by assigning different weights to candidate models, and is regarded as
a smoothed extension of model selection. Third, model averaging can avoid selecting the
worst candidate model. Last but not the least, model selection criteria based on likelihood,
such as AIC (Akaike, 1974; Matsuda et al., 2021), BIC (Schwarz, 1978), and minimum
description length (MDL, Maggioni and Murphy, 2019), can be invalid for some singular
candidate models including artificial neural networks, normal mixtures, binomial mixtures,
reduced rank regressions, Bayesian networks, and hidden Markov models, as the likelihood
functions of these singular statistical models and learning machines cannot be approxi-
mated by any normal distribution (Watanabe, 2010, 2013). For so many singular models,
model averaging, a valid solution, can be used to get more robust estimates and generalized
machine learning methods. For all these reasons, compared with model selection, model
averaging estimators often get higher prediction precision and better robustness, and thus
have received extensive attention in recent years.

In the frequentist viewpoint, a key problem with the model averaging is the choice of
weights assigned to different models. A variety of model averaging criteria have been sug-
gested. See, for example, smoothed information criteria including smoothed AIC, smoothed
BIC (Buckland et al., 1997), and smoothed FIC (Hjort and Claeskens, 2003; Claeskens and
Carroll, 2007; Zhang and Liang, 2011; Zhang et al., 2012; Xu et al., 2014); adaptive method
(Yang, 2001; Yuan and Yang, 2005); and asymptotically optimal methods, such as Mallows
model averaging (MMA) method (Hansen, 2007; Wan et al., 2010), OPT method (Liang
et al., 2011), jackknife model averaging (JMA) method (Hansen and Racine, 2012; Zhang
et al., 2013a; Zhang and Zou, 2020), and leave-subject-out cross-validation method for time
series data (Gao et al., 2016; Liao et al., 2019).

In this paper, we will focus on Hansen’s MMA , which is the first model averaging method
with optimality. Hansen (2007) proved that the Mallows criterion is asymptotically optimal
in the sense of achieving the lowest possible squared error for the nested candidate models
and discrete weight set. Further, Wan et al. (2010) provided an alternative proof for the
non-nested candidate models and continuous model weights. Liu and Okui (2013) proposed
a modified Mallows model averaging for heteroscedasticity data. Gao et al. (2019) suggested
an adjusted MMA criterion for threshold auto-regressive model. Zhu et al. (2019) developed
a Mallows-type model averaging estimator for the varying-coefficient partially linear model.
A corrected Mallows model averaging method for small sample sizes can be found in Liao
and Zou (2020).

In recent years, the property of model weight has attracted much attention. For model
averaging, there are few articles on the uniqueness of the optimal weight choice except
Hansen (2014) in which a unique empirical weight vector is obtained if the candidate mod-
els are appropriately restricted. Hansen (2014) investigated the asymptotic risks of nested
least-squares averaging estimators with minimum mean squared error criterion in a local
asymptotic framework and gave an explicit form of optimal weights based on asymptotic
risk in some common situations. Hansen (2014) also suggested a practical rule that model
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averaging estimators should be based on models where the regressors have been grouped.
This rule will lead to a better implementation of averaging. Charkhi et al. (2016) noticed
the uniqueness of weights of model averaging based on likelihood frameworks and recom-
mended a suitable class of models which are so-called singleton models where each model
includes only one candidate variable. This singleton model trick can result in a drastic
reduction in the computational cost of model averaging and can be applied in big data
area. Another interesting problem with the model averaging is the consistency of weights.
There are a few articles on this topic (c.f., Chen et al., 2018; Liao et al., 2019; Liao and Zou,
2020). Chen et al. (2018) proposed a semi-parametric penalized model averaging method
for marginal regressions of time series and derived the consistency and oracle property with
the assumption that the weights are sparse and some other regularity conditions. Each
candidate model in Chen et al. (2018) can be regarded as a projection from response vari-
able to marginal regressions, and the weights assigned to different models are without any
constraints, as in Li et al. (2015), who proposed a forecasting method by combining all
marginal regressions in applications. Liao et al. (2019) derived the convergence rate of
the weights based on leave-subject-out cross-validation model averaging method for VAR
model. Liao and Zou (2020) proved the consistency of MMA weights. Some articles also
focus on the other statistical limiting properties of Mallows model averaging. For example,
Liu (2015) derived the limiting distributions of the weights based on Mallows criterion and
nested least squares averaging estimators under the local misspecification framework.

For distributed and massive data, except simple averaging and Fang’s et al (2018) ap-
proximating calculations, no model averaging theory is developed. The purpose of this
paper is to fill this gap. We will propose efficient computational strategies and theory for
model averaging on distributed data and divergent dimensional regressions. The contribu-
tions of this article are threefold. First, we prove that the weight vector selected by Mallows
model averaging criterion for least squares estimators in linear regression models is Lo con-
vergent to the theoretical optimal weight. Our results of convergence type are different
from those in Hansen (2014), Liu (2015), Chen et al. (2018), Liao et al. (2019), and Zhang
et al. (2020). Second, we propose two types of model averaging estimators for distributed
or parallel data. From our theoretical analysis, we find that the two tricks of grouping
regressors and singleton models can be used to reduce the computation cost. Before model
averaging, using model selection can throw away some clearly unreasonable models and will
relieve of the computational burden. Based on some suitable candidate models, we may be
able to get a better model averaging estimator. The grouping regressors models and single-
ton models can be used as some alternative tricks to build the candidate model set. Such
tricks have been used by, say, Hansen (2014) and Charkhi et al. (2016) in the literature on
model averaging. In fact, the idea of grouping regressors has been investigated previously
in statistical literature, including Efron and Morris (1973), Berger and Dey (1983), Dey
and Berger (1983), George (1986a), George (1986b), and Mougeot et al. (2013). Grouping
strategies have been shown to improve the prediction performance and interpretability of
the candidate models (Lounici et al., 2011). In model averaging, each learner based on
grouping some similar regressors will be more useful and all these learners can comprise
a candidate model set which will lead to a drastic reduction in the computational cost.
Both singleton models and averaging across singletons are also two popular methods in
data analysis. For example, Hjort and Claeskens (2003) observed that the averaging across
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singletons method does quite well in achieving the smallest risk and leads to low standard
deviation and short confidence intervals. In summary, both group strategies and singleton
models can reduce the computational burden, make the optimal weights be identical and
unique, and lead to a parsimonious model averaging estimator, and thus are useful tools
in big data area. Third, it is inspired that we can use the weight calculated from a simple
random sample without replacement with large size drawn from the extremely massive data
as the weight estimation for the whole collected data.

The remainder of this paper is organized as follows. In Section 2, we build a general
Mallows model averaging framework for distributed data. Then, we investigate the theoret-
ical properties of the proposed weights and model averaging estimators in Section 3. Section
4 covers simulations. In Section 5, we apply our model averaging methods for distributed
data to the real airline data. Theoretical proofs are included in Appendices.

2. Model Averaging Based on Distributed Data

2.1 Model averaging for subject
Let {(y;,z;) :i=1,2,..., N} beanii.d. sample from the following data-generating process,

o0
yz:/’tz—i_ez:zgjxl]—i_eu i:1727"'7N7
j=1

where y; € R, z; = (241, T2, . . .)T is countably infinite, and e; is an error term. We assume
that {e; };>1 are mutually independent with E (e;|x;) = 0 and E (eﬂxl) =02, and Eu? < oo.
The model set-up follows Hansen (2007). We assume a sequence of linear approximating
models, where the sth model uses the first p, regressors of x;, s = 1,...,.5. That is, the sth

candidate model is ,

yizzgjl‘ij-f-ei, 1=1,2,...,N.
j=1
The approximating error of the sth candidate model is b;) = Z(]?.;ps‘f'l O0jxij. Let By =
(01,09,...,0,)", s=1,...,S.

Since N is extremely large, we apply the divide and conquer trick to treat the col-
lected data. Without loss of generality, we let N = Kn, where both K and n are pos-
itive integers. Then we divide the collected data set {(y;,z;),i =1,..., N} evenly and
uniformly at random among a total of K subjects. At each subject, denote the resul-
tant data as {Yk,X(k)} Jk =1,2,..., K, where Y}, = (ykjl,y]@g,--- ,yk’n)T and X(k) =
(1, Th2, ,a:;w)T with (yxj,2k,;), j = 1,2,---,n, being a random sample from the
{yi,xi),i=1,...,N}. Denote pp = (Nk,la#k,2»"' muk,n)T
kth subject as ek) = (€k1s€k2, " ,ek,n)T accordingly. At subject k, we consider model
averaging procedure.

The estimator of ;) in the sth candidate model under the kth subject is given by

and the error term for the

Brys = (XL Xps) ' XE Ve,

where X, ¢ is an n x ps matrix with full column rank, including the first p, columns of X (k)
related to the sth candidate model, s = 1,...,S. For simplicity, we denote X = X} g.
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Then the model averaging estimator for pj has the form
S A
(W) = Z Wi, s Xk, Bk, s
s=1

with Wi = (wg1,...,wrs)T € Q and

S
Q = {w:(wb“qw@T:EZws:st>Qs:1ﬂwn,5}.

s=1

A key problem with the estimator fix (W) is the choice of weights. To choose a proper
Wi, we minimize the following Mallows criterion

1 . . 2
(%mﬂﬂﬂZgO%—MkWWDT@%—MMW%D+E?%WHJW@} (1)
in @ to get
Wi = (g1, Wpo, - ,Wp,s)" = argmin C ,(w), (2)
wer
where
s X s
Pe(Wi) 23 wp o Xps (X X0s) ™ X 20 wpoPas,
s=1 s=1

and tr [P, (Wy)] = Zle wg, sps- When o2 is unknown, (1) needs to be computed with a
sample estimate. There are several ways to estimate o2. We use the following estimator

. \T .
S (Yk - Xk:,S/Bk;,S) (Yk - Xk,Sﬁk;,S)
g, = 5
F n—pg

which is based on the largest candidate model (Hansen, 2007; Wan et al., 2010) for the kth
subject. The resultant Mallows model averaging estimator for py is given by

S
(W) = Z Wi, Xk, Bk, s-
s=1

2.2 Model averaging for distributed data
Let Iy be a selection matrix for the sth candidate model, so that X, = X1 and
117 = ps» Where I, is an identity matrix of order ps. The model averaging estimator of
B(s) at subject k is
S
Be(Wi) = >ty oI B s
s=1

for k=1,..., K. In the following, we construct two types of model averaging estimators.
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(1) SIMPLE AGGREGATION OF MODEL AVERAGING ESTIMATORS

We aggregate the K local estimators together by simple averaging to obtain the simple
aggregated model averaging estimator of fg), that is,

K
_ 1 ..
B=—> B(W). (3)
Accordingly, the simple aggregated model averaging estimator of py is given by
iy, = XiB.

(2°) DOUBLY SIMPLE AGGREGATION OF MODEL AVERAGING ESTIMATORS

The other aggregated model averaging procedure is as follows. First, we aggregate the least
squares estimators [,  and the weights wy, ¢ respectively, that is,

o1 K.
5S:K;6k757 8:17"'757

and

=

1 K
We=— 3 s, s=1,...,5 (4)
k=1

Second, we aggregate Bs and w, of each candidate model to obtain the doubly simple
aggregated model averaging estimator of fg), that is

— S ~
6= wnls,. (5)
s=1

The doubly simple aggregated model averaging estimator of py is

fy, = Xi.6.

3. Theoretical Results

We first introduce some notations. We use ¢2 to denote the usual Euclidean norm |[|6]| =
\/2?21 0]2 with 0 = (61,6, -- ,Qd)T. The ¢s-operator norm of a matrix A € R%1*4% is jts
maximum singular value, defined by

[Alz = sup [|Av].

veER?, [[v[<1

Let A1, Ag, ---, and Ay be the real eigenvalues of a matrix A € R, In particular, we
denote its minimum and maximum eigenvalues by Apin (4) and Apax (A), respectively. Then
its spectral radius p,(A) is defined as

A) = il
pr(A) fg?gd‘ il
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A convex function F' is A-strongly convex on a set U C R? if for arbitrary u € U and v € U,
we have

F(u) > F(o) + (VF(),u—0) + 5 Ju— vl

where VF' is the derivative of the function F'. In addition, if F' is not differentiable, we may
replace VF by any subgradient of F'.
Consider the quadratic loss function

1
Ly(w) = lla(w) - pll?
1 XK
_ ~ 2
= i Do st =l
where w = (w17w27 T 7wS)T € @, and ﬂ(w) - (ﬂ{ ('LU) 711%—‘ (’U}) T 7/1% (w))T and p =
(ulT, ug, e ,p,?()T are two N x 1 vectors. The population risk Ry is given by

Ry(w) = ELy(w)
= Bl () -

where the second equality is by the assumption that the data are independent and identically
distributed. For the weight w € @, we can rewrite Ry (w) as

2

S—1 S—1
1 a N
Ry (w1, wa, -+ ,wg—1) = ;E Z ws X101, + (1 - Z ws> X1,5B1,5 — m1 (6)
s=1 s=1
with the constraint of (wq,ws, - - ,wg_l)T € Qo and

Qo = {(w17w27"' ws_1)"

S—1
w8207‘9:1727”' )S_]-)OSZU)SS]-}
s=1

Denote wy = (wy, wa, - - ,ws,l)T. For the model averaging framework, we need to deter-
mine the weights assigned to candidate models. So, our goal is to estimate the parameter
vector minimizing the risk Ry (wp), namely the quantity

* A .
wp = argmin Ry (wo) ,
wo€Qo

which is equivalent to estimating

w* £ argmin Ry (w).
wEQR
By first calculating the weight W} at the kth subject by (2), and then averaging the
weights by (4) to get the averaged weight W, where W = (wy, Wy, . .., wWs)" , we can show the
consistency of the weight wy = (w1, wa, . . . ,ﬁg,l)T to w;. We will establish the theoretical

properties of wp in Subsection 3.1 and the proposed estimators (3) and (5) in Subsection
3.2.
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3.1 Convergence of the weight estimator

In the following, we assume the candidate models s = 1,2,...,S5 are nested, and then
0 <p1 <p2 <--- < ps. Without loss of generality, we assume that Exy;; = 0, and the
covariance of xy; ; and xy; j, is 0, with j # ji. Denote X5 = {0}, }1<jji<p, and let the
pseudo-true value of f(,) be

. 1
Bes = arg min *E\\Xk,sﬁk,s—uk\\z
Bi.sERPs M

k,s

= {(BE(X[.X00)} B (X )

) 00 00
= (91,92,...,9pS)T—|—ES_1 Z 9j0‘17j, Z 9j0‘27j,..., Z HjO'psjj

Jj=ps+1 J=ps+1 Jj=ps+1

T

= ﬁ(s) + 23_175-
Further, define

K
" 1
Riv(w) = ~ Y0 B IXif () — el
k=1

where
S
B* (w) £ Z wsﬂzﬁ*,s-
s=1
Accordingly,
| X 5—1 S—1 2
Ri(wo) = - > B Xy {Z welL B s + (1 -3 ws> Hgﬁ*,s} —
k=1 s=1 s=1

We now define the error of the pseudo-true model as

5k,s = Mk — Xk,sﬁ*,s
(e — XisBs)) — Xis D3 s
bk,s - Xk,szs_l'YSa

[I>

and

ools —

/ 1
Eoo|s = E (516,56%:5‘)(16,5) ) b £ EE(ék,ségsék,55£s|Xk,s)'

To derive the consistency of our weight estimator, we need the following regularity
conditions.

Condition 1 wy; € intQo.

Condition 2 1r£1§<xSE <\xa)HZB(S)]"+2 + ]x%;)ﬂgﬂ*vs\’”z) < Cp, < oo for some 1 > 2, where

TG = (xm,:cm,...,a:i,ps)T,andEe,‘ii <w<oofork=1,2,...,Kandi=1,2,...,n.
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Condition 3 There is a constant 0721 bounded away from zero such that Apax (Zoo| s) +

’

Amax (zw‘s) <olfors=1,...,8.

Condition 4 % = o(1), where Ag = Amin [V2R§ (w§)].
S

Remark 1 Condition 1 is common in optimization theory to ensure the solution can be

calculated by some gradient descent algorithms or iterative algorithms. Since Ry (wp) is

twice differentiable with respect to wy, and Condition 1 requires that Ry (wo) have a local

minimum at the interior point wg of Qo, which means that Ry (w) has a local minimum at

the interior point w* of the simplex QQ, we have

A 2 Amin[V2Ro (wf)] > 0.

Condition 1 may hold when all the candidate models are useful or competitive. This condi-
tion is a valuable alternative to Definition 2 of Watanabe (2010), by which Bayesian learning
theory can be investigated directly.

Condition 2 places some bounds on the moments of error term ey ;, candidate models
and pseudo-true candidate models. When xy;; are independent and Gaussian, with the
assumption E ],ui|"+2 < oo, Condition 2 is easily satisfied even for S tending to co.

Condition 3 gives an upper bound for the mazimum eigenvalues of Y5 and E;o\s that
depends on n (here we omit a set with zero probability). Noting that

2<>o|s = {E [(Mk,z’ - xa,i,s)ﬁ*ﬁ) : (Nk,j - .I%—I;,j,s)/@*’S)

where xy,; ) is the transpose of the ith row of the matriz Xy s, it is not difficult to show
that

T (ki,s); »”C(k,j,sﬂ }

1<ij<n’

Amax (Zoo)s) < max {E l:(ﬂk,j - xz;c,j,s)ﬁ*75>2 x(k,j,s)}
+ Z ’E [(/Mm — xa,i,s)ﬁ*,g . (uk,j — x%,;jﬁ)ﬂ*,s) (ki s)» x(k,j,s)} ‘

i#]

Let us consider a special scenario where py, ; — 3!:7;C ; 3)6*75 are mutually independent random
variables conditionally given Xy, 5. Then it follows that

E (Mlm - $a7i,s)ﬂ*,s> : (Mk,j - wa,j,s)ﬁ*,s) x(k,i,s)7x(k,j,s)]

= E (,ukz - xa,i,s)ﬁ*,s> ‘ ﬂf(k,i,s)] E [(Nk,j — xa’j’s)ﬂ*75>

I(k,j,s>] :

Clearly, asn — oo, E [,uk,i - 55%1;72-75)5*,5

$(k,z’,s)} plays a decisive role in the size of Apax (EOO|5).

Similarly, let q; = |E {(,u;“ — xa,i,s)ﬁ*ﬁ)l‘ x(k’w)} ,1=1,2,3,4, then

1
Amax( fx,|5) S o max | gjg + > ai2qjz + Y (gi3gjn + Gjaain) + Y anaingpn
== i i htisg

10
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As n? —n of the n? terms on the right-hand side of the above inequality contain q;1, 1 =
1,...,1m, Amax (Ef)o\s> s also influenced by E [,uk,i — (,”S 5*5 ,“s)], i=1,...,n. Ob-

serving that B [,u;“] x(kﬂ-’s)] is the optimal estimator of uy; in Lo sense, E [,uk,l- — atz;c i S),B*,S

:c(;m"s)} represents the gap between the optimal Lo estimator and the linear minimum vari-
ance estimator based on the sth candidate model. Specially, when xy; ; is jointly Gaussian,

it follows that E [,uk,i — (k ; S)B* s| T (ki S)] =0 and
o0
Yiools = Z 05,0,05:.52 — '7523_178 In = UgOIsIm
j17j2:ps+1
hence EOO‘S = ”22 §o|sl Thus, 02 = IQ%XS( sols T 304 ool ) satisfies Condition 3.

Condition 4 allows \g to tend to zero at a rate slower than +/S2pso2n=! with the
dimension of regressor vector and/or the number of candidate models being divergent when
n tends to co. Further, with the assumption that the data are independent and identically
distributed, after some calculations, it can be seen that,

V2R (wy) = 2E [{ (5, Besy = W5Bus)” 0ol (00, By — EBLs) |
= 2 { (Hzﬂlﬂhsl - Hgﬂ*,S)T Yg (Hz;/B*,SQ — HEB*,S)}

1<31,32<51:|

1<s1,52<S5—1"

which is similar to Condition A6 of Chen et al. (2018). Like Chen et al. (2018), if we do
not take account of the constraint 25:1 ws = 1, then

* * T
ViR (w7) = 28 [{(Hgﬁ*’sl) x(i)xa) (HSTQB*’SQ)}1<51,52<S} '

In this case, Condition 4 only requires that

S\/Pson
V1 Amin [V Ry (w *)]

which is weaker than Condition A6 of Chen et al. (2018) when S*ps = o(n).

= o(1),

Now, denoting Wk,o = (Wp,1, W2, ,uﬁk’s,l)T and then wy = % Zle Wk,Oa we have
the following theoretical results.

Theorem 1 Under Conditions 1-4, we have
_ . Sps(S + o2 S3p2(S + o
EHwO_wo”ZZO pS( — ) +O ( — ) 7
Kn)\s ’I’ZZAS
and so

2 2 S4 2 S 2
EH@—w*HQ:O SpS(SiJgo-n) +0 pS( +Un) )
Kn)\s

11
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Proof See Appendix B. |

Corollary 1 Under Conditions 1,2 and 4, if the covariates xy; ; are jointly Gaussian, and
S and ps,s =1,2,--- .S are fized, then

_ * 1 1
mm—wnhﬂj@m>+o<m>.

3.2 Mean squared errors of model averaging estimators for regression
coefficients

In this subsection, we first show some limiting results about min,cq Ry (w) and the pro-
posed two model averaging estimators of 5(g), and then provide the upper bounds of the
mean squared errors of Mallows model averaging estimators.

ST _ o(1), where & n = inf,eq Ry (w).

Condition 5
ng*,N

Remark 2 Condition 5 requires that the rate of n&, N tending to oo should be faster than

that of pso?, which is similar to Condition (C4) of Zhang et al. (2020). If zy; ; is jointly

Gaussian, then o2 = 121a<xs(ac2>0|8 +30§O|S), and in this case, this condition is easily satisfied.
_s_

Theorem 2 Under Conditions 1-5, we have

Ry (w) '
sup |—; — 1| =o0(1), 7
s oy 1 =0 g
and
B@““):1+4n. (8)
*, N
Proof See Appendix B. |

Remark 3 From Theorem 2, {, n can be seen as the limit of Ry (w*), the optimal risk of
Mallows model averaging estimator. Condition 5 and (8) show that the rate of NRy (w*)
tending to oo should be faster than that of Kpso?2. This property is also consistent with
the requirement that the true model should not be in the candidate model set, which is a
condition commonly arisen in optimal model averaging. When the true model is an infinite
dimensional model, NRy (w*) /Kpso? — oo is an alternative to Assumption 2 of Zhang
(2021).

In the following, we derive the differences between (3), (5) and S, (w*), respectively.
Define

s = o [ 2 5.}

1<s<S

12
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Condition 6 tr (E |:<XIZ—,‘SXk75>_1:| 28> =0 (%S), 1<s<8.

Remark 4 This condition places restriction on the upper bound of tr(E[(XlﬁT’SXk,s)*l]Es).
The upper bound nearly matches the risk for Gaussian design. The sufficient conditions for
Condition 6 are given in Theorem 3 of Mourtada (2022). From Mourtada (2022), it can be
seen that our Condition 6 is mild. When x, ; o) is Gaussian with the covariance matriz is
Y, it is easy to verify that

_1 _
E [(XIZ:SX]C,S) } ZS = (TL —DPs — 1) llpsv
and so

Ds

tr (E [(X,stk,s)‘l} 28) =T
S

Theorem 3 Under Conditions 1-4 and 6, we have

3 2 5,42 2
EHEW{’B 8, (w }H _O(ps: >+0<S ps(ngn)>+O<5 ps@j%)))

Kn)\s nz)\s
and
S%ps (S + a7 S°p%(S + o7
B[54 (5 ) 0 () + 0 (S | o (SRS o))
Kn)\s n2)\5
Proof See Appendix B. |

Remark 5 When xy, ;; is jointly Gaussian, the ordinary least squares estimator B;w s an
unbiased estimator of pseudo-true parameter B, s, i.e., mg = 0. So Theorem 3 means that
when \g has a uniform lower bound away from zero, if K = O(1), then (3) and (5) have
the same convergence rates to f (w*); if K tends to oo, then (5) has a faster convergence
rate to By (w*) than (3).

3.3 Mean squared errors of model averaging estimators for conditional mean
We now consider the mean squared errors of model averaging estimators for estimating
conditional mean.

(1%) OUT-OF-SAMPLE MEAN SQUARED ERRORS

Let (yy, ) be an independent copy of (y;, z;), where x, = (21, Zy2, - - -) is countably infinite,
Tys = (a:vl,xyg,...,xvps)T, ey = Z;; 0jz,j. The simple aggregated model averaging
estimator of p, is

ﬁv = xg,Sﬁ

The doubly simple aggregated model averaging estimator for i, is

ﬁ’l} = xZ,SB
Define the out-of-sample mean squared errors for fi, and fi, as E (jz, — uv)Q and E (ﬁv — uy) 2,
respectively, for which we give bounds in the following theorem.

13
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Theorem 4 Under Conditions 1-6, we obtain

E(@—m)’ _, ., ( \/psa,% L Sps(S+ad) 55p§<s+ag>)

5*,N ng*,N Knng*vN TLQXéf*,N
and
- 2
E — 2 3 2 S502.(S + o2
(:u’v K ) —14+0 mg + S p5<752 + Jn) + pS£4 + O-n) )
§,N &N KnAg& N n2Ag&s N
Proof See Appendix B. [ ]

Remark 6 Theorems 4 suggests the following points:

1. Noting that by Lemma 6 in Appendiz A

N 2 2
o= s B =} -0 (22),

1<s<8S

the doubly simple aggregation may be a better choice than simple aggregation since it
has a smaller out-of-sample mean squared errors bound. Specifically, when the least
squares is close to the unbiased estimator of the pseudo-true value (for example, when
T is jointly Gaussian, all m?2 = 0), the advantages of doubly simple aggregation
will be more prominent.

2. The results can be used to determine the optimal number of subjects for the fized
total number of observations N = nK. To obtain a simple solution, we treat the

3 2
%S;U”) as fized, and then let the remaining two terms be equal to this term,
NASS,N

respectively, to reach the minimum upper bounds of MSEs. Thus, we suggest that the
optimal choice of the number of subjects K with the two methods satisfy

U%XQS S2ps - . l b
- G+o)sE T N , for simple aggregation,
<(5sz7;i\g§ps + 4/ 5;55) , for doubly simple aggregation.
" s

In fact, as long as o2 is monotonically increasing and o2 /n is monotonically decreas-

ing with respect to n (by Remark 1, this condition is easily satisfied), the above K*
minimizes the upper bounds of MSFEs for the fivred N with S and p1,po,...,ps de-
pending only on N. Here we use symbol a, < by, which means both a, = O(by)
and b, = O(ay,). The optimality of K implies that choosing any K = O(K™) cannot
reduce the upper bound of out-of-sample mean squared errors (instead, n will increase
and so more storage space and computational resources are needed at each subject),
while choosing any K with K/K* tending to oo will increase the upper bound of out-
of-sample mean squared errors. If xy; ; 1s jointly Gaussian, it follows that the optimal

term

14
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o\ 1/2
choice of K with the doubly simple aggregation method satisfies K* = (%@) . In

such a setting, the boundedness of o2 can be obtained, so that the optimal K* with the
simple aggregation method satisfies

4 —92\ 1/2
K* < min ‘?—2, Nz)\s ,
S S%pg

as n — Q.

3. In practical prediction, it is difficult to determine the value of As. To facilitate the

selection of K, we can assume that A\g =< 1 holds and Ty 15 jointly Gaussian. In this
1/2 1/2

case, the optimal K* =< min {54, (%) } and K* =< (S2Lps> for the proposed

methods, respectively. Assumption g =< 1 is not restricted, and it is consistent with

Condition A6 of Chen et al. (2018). Essentially, Ag < 1 represents the eigenvalues of

a positive definite information matriz based on S pseudo-true models to be away from

0.

(2°) IN-SAMPLE MEAN SQUARED ERRORS

The in-sample mean squared errors for simple aggregated model averaging estimator and
doubly simple aggregated model averaging estimator are defined as

K
1 o 9
MSE = NZEHI%—IJ»I@H )

k=1
and
VZE - L3 B, -
N k:1 k )
respectively.

Theorem 5 Under Conditions 1-6, we obtain

[N

n
MSE 1 | Sps(5 40t | ST (S%s (S +02)\ "7
5*,N n)‘S n)‘S
and
S @ (G a?) G (g4 g2\ T 3
MSE _1 + + n
140 |z {mi s (28 ( - on) , S5 (74 o3) 0)
f*,N ’ KTL)\S n2)\S
where

_ T [ 5 _
mis = max B [ax0] { B B} |

15
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Proof See Appendix B. |

Remark 7 Theorems 5 suggests the following points:

1. By Lemma 5 in Appendiz A, we see that m? = O (pga%/n), so by some simple calcu-
lations and Condition 4, for any K with

SV
m /K = o(1), (11)

the doubly simple aggregation is a more appropriate choice when we focus on the in-
sample mean squared errors. When n is large, (11) is easy to satisfy.

2. Similar to Remark 6, for the total number of observations N = nkK, the optimal
selection of K 1is given by

2
NX% n+a . .
K* m N fO?" Slmple aggregatwn,

. —2
Ny Nigig"

n+2
min { Fps’ /5115 102)ps } ,  for doubly simple aggregation.

When xy; ; is jointly Gaussian, g = 0, and n can be sufficiently large. So it follows
that the optimal values of K* for simple aggregation and doubly simple aggregation

satis
1y NXQ 2/(n+4) NXZ 1/2
K* = . d K*x= -

respectively. This shows that for simple aggregation, as N tends to infinity, the optimal
K is always smaller than that for doubly simple aggregation.

3.4 Asymptotic optimality

This subsection focuses on the optimality of the proposed methods in the asymptotic sense.
In the distributed data framework, the definition of asymptotic optimality of model aver-
aging estimator differs a little from the traditional definition. Since the least squares Bk,s
at each subject uses only n observations, the average loss

2
1

S
Z w;kX175131,S — M1
s=1

cannot represent the risk of the optimal model averaging estimator using the full N ob-
servations. To address this issue, we note that as long as n — oo, the least squares es-
timator based on either n observations or N observations converges to the pseudo-true
value, so R}y (w*) defined in Subsection 3.1 can be used to represent the minimum risk
of model averaging estimator in the distributed data case. Thus, we define that a model

16
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averaging estimator has asymptotic optimality if its mean squared error (MSFE) satisfies
MSE/Ry(w*) — 1.

Theorem 6 below reveals that under the framework of distributed data, our proposed
model averaging methods are asymptotically optimal for both out-of-sample and in-sample
estimations.

Theorem 6 Under Conditions 1-6, and % =0(1), we have
*, NAgN

(i) for out-of-sample mean squared errors,

= 2
E (i, — MU)Q E (Nv - ,uv)
e =140(1) and —F5———— =1+0(1);
Ry () Ry (") )
(ii) for in-sample mean squared errors,
MSE MSE
———— =1+4+0(1) and ———~=1+0(1). 12
o = 1ol and 5l = 1) (12)

Specifically, when N — oo and K =1, (12) degenerates to a typical form

Ry (w)
— =1 1). 13
infy,eq Ry (w) +oll) (13)
Proof This theorem is a direct corollary of Theorems 2, 4 and 5. |

Remark 8 Theorem 6 shows that our simple aggregated model averaging estimators and
doubly simple aggregated model averaging estimators achieve the optimality in out-of-sample
and in-sample mean squared errors.

Unlike the existing literature on the asymptotic optimality based on the loss function,
(13) indicates that the Mallows’ model averaging method has an asymptotic optimality in
the sense of minimizing risk. This is an interesting finding, which also shows that Ry (W) <
Cinfyeq Ry (w), where C is a constant that depends only on 0;,5 =1,2,..., 0.

3.5 Minimaxity of model averaging estimators

In this subsection, we turn to deriving the minimax optimal convergence rate of proposed
estimators. For simple and doubly simple aggregation model averaging estimators, denote

K
1
Mse(Wl,Wg,...,WK):NZE

Mse(Wi, Wa, ..., Wk)

I
==
M=
=
s
Mo:
—
x| =
|Mw
&
N
c,:':l
|
M=
|
kS
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and then MSE = m(Wl,Wg, e WK) and MSE — ]\%(Wl, W, .. ., Wk). We assume
that the candidate models are fixed, i.e., p1,...,ps and S are fixed integers.

Now, for any ¢ > 4, we consider the true parameter § = (0y,6s,...)"
space

in the Banach

lg=230:) 10| < o0
j=1

with the norm

00 q
16 = { 16,19
j=1
We construct
© = O(eg, €1,€2,€3) = S1MNS2N S3 (14)

with

Si = {9 €l w €leg,l —er],s=1,...,8 =1, (wi*, ..., wi )T = argminR?V(w)} ,
wEQo

Sy = {9 € Ly : Amin [VQRS (wa)] > €9, 1][6122 Ry (w) > 62} ,
and
Sz ={0 €y 0] <es},

where €g, €1 € (0,1) with g < 1 — €1, and €2, €3 > 0 are constants.

Theorem 7 Assume Conditions 3 and 6 hold, and o7 = o(n). If sup;s; E|zp ¢ < oo,
andEeiﬂ- <w<oo fork=1,2,...,K andi=1,2,...,n, then we have
sup MSE = {1+O (Cf%+1 <U721>qqz>} inf sup Ry (w) (15)
9co n  K\n weR geo N
and
sup]\m—{l—FO(U%—i-((ﬁ"—i—U%)%z)} inf sup Ry (w) (16)
6€6 n N n? weQpco
where © is defined by (14). Moreover,
WleQ,Wzienqg,...,WKngggm(Wl’WQ’ L Wk) = {1 +0 <Un721> } ul;Ielgg glelg Ry (w) (17)
and
WleQ,WQiencg,...,WKeQ 3161;@) Mse (Wi, Wa, ..., Wg) = {1 +0 <2’2‘) } Uirelg 21618 Ry (w). (18)
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Proof See Appendix B. |

Remark 9 (15) and (16) of Theorem 7 imply that the simple and doubly simple aggregation
model averaging estimators proposed in this paper are both asymptotically minimazx for the
parameter set ©. Further, (17) and (18) illustrate that in the large sample sense, the
mazimum Tisks of our proposed model averaging estimators cannot be improved.

4. Simulation

In this section, we conduct simulation experiments to compare the finite sample performance
of our distributed model averaging methods and some commonly used model selection and
model averaging methods. In detail, we compare three simple aggregated model selection
estimators: (i) AIC model selection (AIC), (ii) BIC model selection (BIC), (iii) Mallows’
model selection (Mallows C}); three simple aggregated model averaging estimators: (iv)
simple aggregated smoothed AIC estimator (SAIC), (v) simple aggregated smoothed BIC
estimator (SBIC), (vi) simple aggregated Mallows’ model averaging estimator (MMA); and
three doubly simple aggregated model averaging estimators: (vii) doubly simple aggregated
smoothed AIC estimator (dSAIC), (viii) doubly simple aggregated smoothed BIC estima-
tor (dSBIC), (ix) doubly simple aggregated Mallows’ model averaging estimator (AMMA).
Thus, we compare totally nine estimators.

4.1 Simulation setup

We report the simulation studies of the infinite order regression first. The data generating
process is exactly the same as that in Hansen (2007):

o
yi= ) 0jzii+ei,
=

where z1; = 1, and z;;(j = 1,2,...) and error e; are independent and identically distributed
as N(0,1). We set 6; = c\/ﬁjf"‘*lﬂ, and consider the parameter « varied at 0.5,1.0 and
1.5. As in Hansen (2007), the parameter c is selected such that R? = ¢2/(1 + ¢?) changes
from 0.1 to 0.9.

4.2 Results on in-sample risk

In this subsection, we compare the in-sample risks of the above nine distributed estimators.
For the distributed data, we set the sample size for each subject to be varied at n =
50, 150, 400, 1000, 5000 and 10000. The number of subjects is set as K = 1,2, 3,5 and 10. Let
ps equal to [4n1/2] N ( [] means round to get an integer, and so ps = 28,49, 80, 126, 283 and

400 for the above six sample sizes), and the number of candidate models S be [n'/3]41([-]
means round up to get an integer, and so S = 5,7,9,11,19 and 22 for the six sample
sizes). All the candidate models are nested and the dimension for the sth candidate model
isl+dx(s—1),whered=[(ps—1)/(S—1)] and s =1,2,...,5— 1, while the dimension
for the Sth candidate model is pg.
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To evaluate different estimators, similar to Hansen (2007), we normalize the risk based
on average across 5000 simulation draws by dividing by the risk of the best-fitting simple
aggregated estimator s (i.e., (2.2)). For the simulated in-sample risk, we define it as

2

9

)

N (r
Fr ) = Mk

where r means the rth simulation replication, D = 5000, and 7 means the jth method
considered in our simulation.
L N (D)
For j =i, ii, and iii, By
methods, respectively, i.e.,

i) is determined by AIC, BIC, and Mallows’ model selection

K
~ (7 1 A
H;(g,zj) = Xk {K Z,Bk(Wk)} ;
k=1
where Wy, = (wp1, W2, .- wrs) € {0,1}° with 22wy, = 1. The AIC for the sth
model at the kth subject is given by
(s) _ 52
AIC;” = nylog Tie(s) ) +2ps

with

.2
Or(s) = HYk — Xio,sBr,s|| /1
and the model selected by AIC is

. (s)

1 AIC . s
= arg min wy, JAIC,.

F WkG{O,l}S sz_; B k

255:1 Wk, s =1

Similarly, the BIC for the sth model at the kth subject is

BICY = g log (6;3,(3)) + log(n2)ps,

and the model selected by BIC is

S
,flc = arg min Z wk,sBIC,(:).
Wie{0,1}®
255:1 W, s =1

Furthermore, the Mallows” C), of the sth model at the kth subject is

N 2
MALLOWSI(:) = HYk — XpsBrs| +25%ps,

where
9 —1 512
" = (n—ps) HYk*Xk,SBIaSH .

20



LEAST SQUARES MODEL AVERAGING FOR DISTRIBUTED DATA

The model selected by Mallows’ C), is

Wé\/[allows = arg min Z ’U)kysMALLOWSECS) .
Wiee{0,1}°
2521 W,s =1

~ ()

For j =iv, v, and vi, uk is determined by three simple aggregated model averaging
estimators SAIC, SBIC, and MMA, respectively, i.e.,

1 o
ﬂ,(;:zj)ZXk{K ﬁk(Wk)}a

where Wy, € @ is calculated by

( exp(— AIC /2) . exp(—AIC,E:S)/Z) )
T el AL 3T ep(AID /2

exp(~BIC;/2) exp(~BIC{” /2)
S5 exp(-BICP/2) S5 exp(-BICY 2)

and (2) with o2 being replaced by 52 , respectively.

As for j =vii, viii, and ix, ;1,]({: )j is generated by three doubly simple aggregated model

averaging estimators dSAIC, dSBIC, and dMMA, respectively, i.e.,

S
~(r) T3
R () = X {Z_}wsﬂs 53} :

where w; is calculated by
1 & exp(—AIC,(CS)/Q)

K55 exp(—AICY /2)°

72 exp( BIC,(:)/Z)
— 39 exp(—BIC /2)°

and (4), respectively.

The simulation results for K = 1,2 and 3 are similar. When K = 1, the three dou-
bly simple aggregated model averaging estimators are equal to the three simple aggregated
model averaging estimators respectively, and all the model selection and averaging estima-
tors perform closely to those in Hansen (2007) where all data are at the same subject. The
performance of K = 10 is similar to that of K = 5. So to save space, we present only the
results on K = 2 and 5, which are summarized in Figures 1-6. The risks of estimators under
other settings are available from the authors upon request.

We reveal some interesting commonalities from Figures 1-6 as follows:
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1) Model averaging methods are frequently better than their model selection counter-
parts, e.g., dAMMA and MMA get smaller risks than Mallows, and dSAIC (dSBIC)
and SAIC (SBIC) behave better than AIC (BIC), especially when n = 50 and 150. In
model selection methods, Mallows performs the best in most of cases. The difference
between AIC and Mallows gets small when n increases for all of figures. It is also
observed that the difference of all methods becomes small as « varies from 0.5 to 1.5.

2) For model averaging methods, doubly simple aggregated model averaging estimators
achieve lower risks than their corresponding simple aggregated model averaging esti-
mators in most of cases. MMA often performs the best among the simple aggregated
model averaging estimators. The difference between SAIC and MMA decreases with
n tending to 10000.

3) It can be seen that our AMMA gets the smallest risks in most of cases, especially in the
case of n = 50, followed by MMA and dSAIC. An exception is when o = 0.5, K =5
and n = 50. In this situation, dSAIC is better than MMA and dMMA. MMA and
dMMA always perform the best when the sample sizes are 5000 and 10000. With n
tending to 10000, the difference between dAMMA and MMA gets smaller and smaller,
which is consistent with Theorem 5 that shows dAMMA and MMA may not have big
difference in the sense of in-sample risk. In addition, the behavior of dMMA and
dSAIC becomes similar as n increases to 10000.

4) Observing the effect of n, we can see that when n is small (n = 50 and 150), MMA
and dAMMA perform the best in most of cases. When n becomes large (n = 400, 1000
and 5000), Mallows type methods and AIC type methods behave similarly. When
n = 10000, the risks of all approaches are close.

5) BIC type methods (e.g., BIC, SBIC, and dSBIC) always fluctuate a lot as R? goes
from 0.1 to 0.9, and often behave well when n = 50 and R? = 0.1. The risks of
AIC type methods (e.g., AIC, SAIC, and dSAIC) and Mallows type methods (e.g.,
Mallows, MMA, and dMMA) regularly decrease slowly as R? increases, and Mallows
type methods frequently have the smallest risks. These indicate that the Mallows
type methods are the most favored methods in most of cases.

6) As for the number of subjects K, comparing figures with K = 2 and K = 5, for small
n, like n = 50, the improvements of AMMA over MMA when K = 2 are larger than
those when K = 5; for big n, like n > 50, the improvements of dMMA over MMA
become smaller and smaller as K increases from 2 to 5. This means that in the cases
of smaller n and smaller K, dAMMA has greater advantages. For bigger n and bigger
K, MMA is more applicable since MMA requires less computation and has similar
performance to dMMA. This phenomenon is consistent with the results by Theorem
5 in the case of mg = 0 and n = oco.

In summary, for in-sample estimation, our simulation results show that doubly simple
aggregated model averaging methods are better than their simple aggregated counterparts
and model selection methods. Further, dMMA performs the best in most of cases, followed
by MMA or dSAIC.
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4.3 Results on out-of-sample risk

For the simulated out-of-sample risk, we define it as

Dzz( i)’

r=1 i=1

where the definitions of D, r, and j are the same as before. We compare the normalized
out-of-sample risks of the above nine distributed estimators. The sample size for every
subject is set as n = 50,150,400 and 1000. The number of subjects is set as K =1,2,3,5
and 10. We let pg equal to [9n'/?] ,»and Sbe [(p—1)/5]+1. All the candidate models are
nested and the dimension for the sth candidate model is 5 x (s —1)+1, s =1,2,..., M —1,
while the dimension for the Sth candidate model is pg.

To save space, we still present only the results on K = 2 and 5, which are summarized
in Figures 7-12. Other results are available from the authors. Some common phenomena,
which are a frequent occurrence in Figures 7-12, are listed below:

1) Tt is clear that model averaging methods are better than their model selection coun-
terparts in the sense of minimizing the out-of-sample risks. For example, SAIC is
better than AIC, SBIC is better than BIC, and MMA is better than Mallows’ C,,
especially for the cases where n = 50 and 150.

2) Comparing all model averaging methods, doubly simple aggregated model averaging
estimators outdo their corresponding simple aggregated model averaging estimators
in the most of scenarios, particularly when n = 50 and 150. For example, dSAIC is
superior to SAIC, and dMMA is superior to MMA. BIC type methods are still not
robust for different R?. With K = 5, AIC and Mallows C, type methods behave
closely to each other when n increases from 150 to 400 and then 1000.

3) It is observed that AMMA often behaves the best in getting the smallest risks, followed
by MMA and dSAIC. In particular, dAMMA surpasses MMA more clearly when K =5
than when K = 2 for n = 50. This phenomenon accords closely with Theorem 4. In
addition, the difference between dMMA and MMA becomes small when n varies from
50 to 150,400, and 1000. This is expected because from Theorem 4, the difference
between dMMA and MMA becomes smaller and smaller with n increasing.

4) Varying R from 0.1 to 0.9 causes significant variations for BIC type methods in a
large number of simulation settings, except for the case of n = 50 and K = 2, where
BIC type methods often behave well. BIC type methods are quite poor relative to
the other methods when n increases from 150 to 400 and 1000, as shown in Figures
7-12. These indicate that the BIC type methods are not robust. AIC type methods
and Mallows type methods gradually reduce the out-of sample risks as R tends to
0.9. Mallows type methods are the most stable methods in our simulations. Thus,
dMMA and MMA are also efficient and stable in achieving minimum out-of-sample
risks. On the other hand, dSAIC is frequently superior to dMMA in getting minimum
risks when K =5 and n = 150.
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5) Comparing risks with the same n when K = 2 and K = 5, the difference between
dMMA and dSAIC when K = 2 is smaller than that when K = 5, particularly for the
case where n = 50. As for the effect of the number of subjects K, small K is perferred
for dAMMA and MMA with n = 150,400 and 1000, but when n = 50, dMMA and
MMA with big K have significant advantages over other methods.

In summary, for out-of-sample estimation, our methods dMMA and MMA perform the
best in most of cases. Furthermore, Mallows and AIC type methods often perform equally
well.

5. Real Data Analysis

In this section, we use our proposed distributed model averaging methods to analyze the
airline on-time performance data from the 2009 ASA Data Expo (http://stat-computing.
org/dataexpo/2009/the-data.html). The data set is publicly available and has been used
for demonstration with big data in many papers. For instance, it was used as a case study
to demonstrate a logistic model fitting with a massive dataset that exceeds the RAM of
a single computer by Wang et al. (2016). This data set is collected from October 1987 to
April 2008 for all commercial flights within the USA. It consists of 12 million flights with 29
variables. The big memory project (http://www.jstatsoft.org/index.php/jss/article /down-
loadSuppFile/v055i14/Airline.tar.bz2) presents a compressed version of the pre-processed
data set, which is approximately 1.7 GB, and will take 12 GB when uncompressed.

The response variable of the regression is late time (in hours). We consider linear mod-
els, and the covariates include three continuous variables: departure delay time (DepDelay,
in hours), scheduled elapsed time (CRSElapsedTime, in hours), and distance from origin
to destination (Distance, in 1000 miles); and five dummy variables: Weekend, departure
hour (Dephour), origin (Origin), and destination (Dest). Since we consider a series of linear
candidate models, we first rank the continuous variables by absolute marginal correlation
coefficients to the response variable. The top three variables are DepDelay, CRSElapsed-
Time, and Distance. We then consider two sets of models: (i) three models that range from
the model with intercept and DepDelay to the model that includes all top three continuous
variables, and (ii) three nested models that incorporate dummy variables such as Weekend,
Dephour, and Oringe and Dest. Weekend and Dephour capture the impact of official and
business activities, and Dephour also captures the effects of weather on flight delays, while
Oringe and Dest capture the impact of different routes. Additionally, the regressor sets for
the six nested candidate models are presented in Table 1.

Due to computer memory limitation, we sort the data by the date of boarding time on
schedule and divide the whole data with the sample size of 123,534,969 into 124 subjects,
where the first 123 subjects each contain N = 1,000,000 records covering a week’s flight
data, and the last one contains 534,969 records. We use the ith subject data as training
data to predict the late time at the (¢ 4+ 1)th subject data, i = 1,2,...,123. For the ith
subject, we apply simple random sampling scheme without replacement to the data and
get K random samples, then we use our proposed distributed model averaging methods
for data analysis. K is set to be 1,2,5,10,100,200,500 and 1000. We compare the mean
squared prediction errors (MSPEs) of the nine methods given in Section 4 for the (i + 1)
subject data. We conduct 123 rounds. Since when K = 1, SAIC, SBIC, and MMA are the
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Table 1: Regressor sets for the six models used in Airline Data.

Model Regressor Set

1 Intercept + DepDelay

Intercept + DepDelay + CRSElapsedTime

Intercept + DepDelay + CRSElapsedTime + Distance

Intercept + DepDelay + CRSElapsedTime + Distance+ Weekend

Intercept + DepDelay + CRSElapsedTime + Distance+ Weekend + DepHour
Intercept + DepDelay + CRSElapsedTime + Distance+ Weekend + DepHour
+ Oringe + Dest

S T W N

same as dSAIC, dSBIC and dMMA, respectively, we omit the results for the doubly simple
aggregated model averaging methods in the case. To save space, we present only the results
on the mean, median and optimal rate of 123 rounds MSPEs for each method in Table 2,
and Diebold and Mariano test (Diebold and Mariano, 2002) results for the differences of
MSPEs in Tables 3 and 4. The results on the other estimators such as those of weights and
coefficients of candidate models are available from the authors upon request.

From Table 2, we observe that MMA and dMMA always achieve the lowest MSPEs,
followed by AIC or SAIC. dMMA has a significant advantage when K = 200, 500 and 1000.
Basically, the MSPEs of all methods decrease as K increases from 1 to 100 and increase as
K increases from 100 to 1000. When K = 100, MMA obtains the smallest MSPEs, followed
by dMMA. In optimal rate, dMMA is superior to the rest methods in obtaining the highest
optimal rates

From Diebold and Mariano test results in Tables 3 and 4, MMA and dMMA are statisti-
cally significantly superior to other methods, and the difference between MMA and dMMA
is not significant.

In conclusion, MMA and dMMA are effective methods to reduce risks in prediction for
big data analysis.

6. Concluding Remarks

In this paper, we proposed two aggregated model averaging estimators for distributed data
and proved that the weights based on Mallows model averaging criterion are Ly convergent
to the theoretically optimal weights. The bounds of mean squared errors and the asymptotic
optimality for the proposed model averaging estimators are also established. These are the
first theoretical results of applying model averaging method to big data analysis with divide
and conquer trick. Simulations and real data analysis show that simple aggregation and
doubly simple aggregation methods for model averaging estimators are better than their
model selection counterparts in situations where there are massive distributed or parallel
data, and especially when K is large, dMMA has more advantages in getting the smallest
mean squared errors. In practice, how to balance K and n is an unavoidable problem for
big data computing. In our opinion, dMMA is more preferred in the cases of smaller n and
bigger K where dMMA has more reduction in variances of both the coefficient estimators in
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Table 2: MSPEs of different methods for Airline Data.

K AIC BIC Mallows SAIC SBIC MMA dSAIC dSBIC dMMA

Mean (x1072)  6.181 6.181 6.181 6.181 6.181 6.174
1 Median (x1072) 5.833 5.833 5.833 5.833 5.833 5.811
Optimal rate 0.051 0.047 0.051 0.088 0.088 0.674

Mean (x1072)  6.179 6.179 6.179 6.179 6.179 6.173 6.179 6.179 6.173
9 Median (x1072) 5.833 5.833 5.833 5.833 5.833 5.811 5.833 5.833 5.811
Optimal rate 0.054 0.050 0.054 0.053 0.045 0.285 0.046 0.046 0.366

Mean (x1072)  6.177 6.177 6.177 6.177 6.177 6.172 6.177 6.177 6.172
5 Median (x1072) 5.835 5.835 5.835 5.835 5.835 5.803 5.835 5.835 5.803
Optimal rate 0.052 0.056 0.052 0.062 0.067 0.252 0.040 0.038 0.382

Mean (x1072)  6.174 6.174 6.174 6.174 6.174 6.170 6.175 6.175 6.170
10 Median (x1072) 5.839 5.839 5.839 5.839 5.839 5.807 5.839 5.839 5.806
Optimal rate 0.061 0.061 0.061 0.047 0.069 0.260 0.026 0.050 0.366

Mean (x1072)  6.162 6.164 6.162 6.162 6.164 6.159 6.162 6.163 6.160
100 Median (x1072) 5.843 5.843 5.843 5.843 5.843 5.840 5.843 5.843 5.839
Optimal rate 0.088 0.027 0.080 0.033 0.057 0.244 0.073 0.073 0.325

Mean (x1072)  6.172 6.176 6.172 6.172 6.175 6.169 6.169 6.174 6.166
200 Median (x1072) 5.843 5.843 5.843 5.843 5.842 5.838 5.843 5.841 5.838
Optimal rate 0.130 0.033 0.057 0.024 0.024 0.203 0.089 0.081 0.358

Mean (x1072)  6.214 6.221 6.214 6.215 6.221 6.209 6.211 6.223 6.206
500 Median (x1072) 5.760 5.774 5.760 5.761 5.774 5.762 5.763 5.779 5.764
Optimal rate  0.228 0.008 0.024 0.016 0.008 0.138 0.073 0.081 0.423

Mean (x1072)  6.263 6.273 6.263 6.263 6.272 6.255 6.262 6.275 6.253
1000 Median (x1072) 5.785 5.799 5.779 5.783 5.798 5.777 5.780 5.800 5.778
Optimal rate ~ 0.260 0.008 0.024 0.024 0.016 0.195 0.016 0.073 0.382
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Table 3: Diebold—Mariano test results for the differences between MMA and other methods.

K AIC BIC Mallows SAIC SBIC  dSAIC dSBIC dMMA
MMA  MMA MMA MMA MMA MMA  MMA MMA

DM 5.073 5.078 5.073 5.073 5.078 5.073 5.078
P-value 0.000 0.000 0.000 0.000 0.000 0.000 0.000

DM 4.306 4.321 4.306 4.306 4.318 4.461 4.473 1.263

9
P-value 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.103
. DM 3030 385 3030 3038 3888 4179 4122 1074
P-value 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.024
DM 3783 3.835 3.783 3.773 3.798 4.165 4.192 2.343
10 p_value 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.010
DM 3948 6.028 3.959 4.101 5.932 1.864 3.348 0.543
100 p_value 0.000 0.000 0.000 0.000 0.000 0.031 0.000 0.294
DM 6438 11.997 6.667 7.054 11.695 8.530 11.685 -2.187
200 p_yalue 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.986
DM 5024 8579 5058 5252 8543 0.095 5735 -1.762
500 b value 0.000 0.000 0.000 0.000 0.000 0.462 0.000 0.961
DM 6.023 10.681 6.132 6.401 10.552 2.828 10.630 -3.277
1000

P-value 0.000 0.000 0.000 0.000 0.000 0.002 0.000 0.999
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Table 4: Diebold—Mariano test results for the differences between dMMA and other meth-

ods.
K AIC BIC  Mallows SAIC SBIC dSAIC dSBIC MMA
dMMA dMMA dMMA dMMA dMMA dMMA dMMA dMMA
DM 4.134 4.149 4.134 4.134 4.146 4.294 4.306 -1.263

2

P-value 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.897

DM 3.562 3.508 3.562 3.561 3.512 3.813 3.759 -1.974
> Povalue 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.976

DM 2,992 3.085 2992 3.001 3.052 3.466 3.517 -2.343
10" p_value 0.001 0.001 0.001 0.001 0.001 0.000 0.000 0.990

DM 1.069 2.243 1.073 1.119 2.215 2.387 3.157 -0.543
P-value 0.143 0.012 0.142 0.132 0.013 0.008 0.001 0.706

DM 4.835 10.356 4.958 5.152 9.975 5.979 10.969 2.187
P-value 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.014

DM 3216 4.933 3.229 3.278 4.926 3.829 5.699 1.762
500 p_yalue 0.001 0.000 0.001 0.001 0.000 0.000 0.000 0.039

DM 5011 8798 5066 5171 8.634 5622 9.441 3.277
1000 p_yalue 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.001

100

200

28



LEAST SQUARES MODEL AVERAGING FOR DISTRIBUTED DATA

candidate models and weight estimators in model averaging, and MMA is more applicable
to the cases of bigger n and smaller K where MMA requires less computation and has
similar performance to dMMA.

Our results hold in both the fixed and divergent dimensional models. For high-dimensional
linear models, we can group the regressors in order and then build the nested group can-
didate models or single group candidate models to reduce the effect of dimension. For
example, Ando and Li (2014) proposed cross-validation model averaging framework which
groups variables by correlation first to reduce the dimension, and then combines the candi-
date models by model averaging.

Our theoretical results need a homoscedastic assumption on the error term. If the data
at the subject are heteroscedastic or dependent, how to choose weights to aggregate each
subject estimator is an important problem. In this regard, the Jackknife model averaging
method in Hansen and Racine (2012), heteroscedasticity-robust C), model averaging method
in Liu and Okui (2013), and leave-subject-out cross-validation model averaging method in
Gao et al. (2016) are useful and warrant our further research. Some other interesting
researches can also be done in the next step. One is to extend the proposed aggregated
model averaging methods to the case of big data streams (Xi et al., 2009; Wang et al., 2018).
Investigating model averaging based on generalized linear model and other complex models
for distributed data is another important topic.
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Appendices

To prove Theorems 1-5 and 7 in current paper, we first give some lemmas and their proofs

in Appendix A, then provide the proofs of the theorems in Appendix B.

Appendix A. Lemmas and Proofs

For wg = (wy,...,ws_1)T € R5~!, denote

S—1
Cr(wo) = Crn (col {wo, 1— Zws}> )

s=1

Choosing any small radius 6, < p, p € (0,1), we define the events
&1 2 {[|[V2Chlwi) — 7 Ro(wi)|l, < pAn}
and

E 2 {”ka (wy)|| < (1_/)))‘"50}'

Lemma 1 Under the events & and &, for k € {1,2,..., K}, we have

: «|| _ 21VCx (wp)]|
_ < ZH TR ATO/0
M=
and
Amin [VQCk(wO)] 2 (1 - p) An,
where

wo € U(sp = {wo S RS_I‘ |lwo — w§|| < 5/)} C Qo.

Proof We first prove (20), which means that the function C} (wy) is (1 — p) Ap,-strongly
convex over the feasible set Us, under the conditions given in the lemma. In fact, for fixed

7 € Us,, we have

HVZC'k (1) — V2R (wf})“2 = HV2C’k(w6‘) - V2R0(w§)H2 < pAn.

According to the properties of the spectral radius, it follows that

‘)\min [VQCk(T) — VQRO(U)S)] ‘

VARVAY

PAn.
Hence

Amin [V2Cr (w0)]

AV,

_p)\n + )\n = (1 - p) )\nv

30

Amin [V2Cr(7) = V2 Ro (w§)] + Amin [V? Ro (wf)]

pr [V2Ch(r) = V*Ro(wp)] < [|9°Ci(7) — v° Ro(wp)]



LEAST SQUARES MODEL AVERAGING FOR DISTRIBUTED DATA

which implies that C(wo) is (1 — p) A\p-strongly convex on Us,.

We now prove (19). Here we follow Zhang et al. (2013b) to provide a general proof
strategy that can be easily generalized to other non-linear model averaging methods, such
as cross-validation model averaging for quantile regression (Lu and Su, 2015) and generalized
functional linear model (Zhang and Zou, 2020), although Cj (wp) is a quadratic function
of wo. Using the fact that Cy (wo) is strongly convex on the set Us,, for any wé) € Q, we
obtain

Ci (wo) = Cr(wg) + (VC, (W) ,wh — wp) + Wmin{“wé — wp||” 753} :
Rewriting this inequality, it can be seen that
win {2
< g [ () = ) = (90 (wi) )]
< G_QW [Cr(wh) = Cy (wd) + IV (wi)I| |y — w3 ] (21)

Without loss of generality, let w)y = kWi + (1 — &)w} for & € (0,1], then |w) — wg|| > 0

. 2
and ||w) — w||* = &2 HWk,g — wéH . Dividing both sides of (21) by ||w(, — wg|| leads to

52

min < K kaofwg , .
K ||Wgo — wg
_ 2 (o + (1= m ) G| | 2 vey il
B RHWkQ—wSH(l—p))\n L= A

By Jensen’s inequality, we see that
Ci (mm,o +(1- ﬁ)wg) < O (wp),

which gives the following inequality

min { K

)
K

i 2||VCy (wp) |l
£ WL <6, 22
(1_10) )\n - ( )

I *
Wk70 - 'LUO

W0 — wyg

where the last inequality follows from the definition of £ and the conditions in Lemma 1.
Since (22) holds for any « € (0,1], if HWk’O — wé” > 0,, we can set kK = ||VV§7P
k,

o-wg )’
which yields a contradiction that min {6,,d,} < d,. Thus, we have

Wk’() — wSH < 5p.
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Therefore, from (21) and w) = kW0 + (1 — k)w; with x = 1, we obtain

T * 2 2 T * * T *
[0 —wi < =5 [ (Wk,o) — Ci () + |V Cl ()| [ Who — wi|
2(|vCy (wf)
—_ w;
(1—p) A :
which implies the inequality (19) immediately. |

Lemma 2 Assume Conditions 1-8 hold, then

2g
B(vCy (wf)|? = O (‘”’5) , (23)

n

and

E || v2Cy, (w§) — 2 Ro (wg) |3 = 0<S ps) (24)

n

Proof By the definition of wj and Condition 1, we see that VRy(wg) = 0, which together
with (6) gives

0 — 9Ro(wo)
a'wo wO:wS
5 YkT (Pk,l — Pk,S) {P(w*)Yy, — pi}
S ) :
n
| YT (Prso1 — Prs) {P(w*) Yy — i}
9 N;;F (P — Pros){P(w*) — I} g
= ZE :
n . : .
| 1y, (Prs—1 — Prs) {P (w*) — I} py,
2 €y (Pt = Pr.s) P(w*)eq
e : : (25)
el (Pr,s—1 — Prs) P(w*)e)
Moreover,
VCi(wp)
2 Y (Pix = Prs) {P(w")Ye — pui} 9 V' (Prey — Prs) eqry

. n .
VI (Prs—1 — Pis) {P(w*) Yy — pi} Y (Pis—1 — Pr,s) e

202 tT(PkJ ‘— Pkﬁ)
+ ;

n
tr(Pr,s—1 — Pr,s)
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0 wi (Pey — Prs) {P(w*) = I} py ) el (Pra — Prs) P(w*)eq
= = z + 2 z
wi, (Pes—1 — Pres) {P (w*) — I} pa, el (Pr,s—1 — Pis) P(w*)e)
e(ry (Pi,t = Pros) {P(w*) — I} ) el (Pia — Prs) ek
2 ; -2 z
n T * n T
ey (Pis—1 — Prs) {P (w*) — I} p ey (Pre,s—1 — Pr,s) eq)
tr(Pp1 — P
002 ( s %,S)
+— :
n
tr(Py,s—1 — Prs)

(A+Cy+2B; — D9), (26)

(1>

2
n
where
#h (Pey — Pys) {P(w*) — I} py
A= : :
wi (Pes—1 — Pres) {P (w*) — I} p,
el (Pi1 — Prs) {P(w*) — I} p
By = : ;
el (Prs—1 = Pis) {P (w*) — I} py
e(ry (Pi,i — Prs) P(w*)e)
1= : )
el (Pr,s—1 = Pi,s) P(w*)eq)
and
ea) (Pra — Pr,s) e tr(Pe1 — Pr.s)
Dy = : —o? :
6@) (Pr,s—1 — Pr.s) €(k) tr(Py,s—1 — Pr.s)
Plugging (25) into (26) and by C,-inequality, we have

2

2
E|vC (w)|* = E ~(A-=EA+2B1 +C1 -~ EC| - Dy)

16

< -
= n2

{E|lA-EA|? +4E|Bi|]* + E|ICy - EC1|* + E|D,|*}.

We first estimate E ||A — EA||?. For s € {1,2,..., S}, since the transpose of each row
4 n+2
<E ’xa)ﬂzﬂ(s) +1<Cp+1,

in X is independent of each other, and E ‘xa)HSTB(S)
we obtain

4
and
Var [B?;)X,Zstvsﬁ(s)} —n - Var (ﬂa)ﬂsx(i)xz)ﬂzﬁ(s)) = O(n). (27)
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Notice that for any random vectors z and y with E (acTy) =0,
2
E [|lz+y| - Ellz + y)’
2 2
= E[la]* + (gl + 227)* + 4%y + 22 91?] - (Bllz]> + E|ly]?)
< 3Elje|* + Var ly|? + 227y] + 4E|z]?|ly|* (28)

Hence, by E[6] P Xk sZ;1vs) = 0, and letting @ = Py 40 s and y = Py s Xp 535 175 in
(28), it is seen that

Var [b] Py brs] < 3B [6F,Pysdhs)° + Var [(Qbk,s — XX l)" Xk,sZ;lfys]
+4E |:5]Z—:5Pk,s(5k,s (X;msE;l’ys)TPk,st,sEéjl%} . (29)

Since (2by s — Xk’szglfys)TXk,sEs_lfys is a sum of n i.i.d. random variables, and Condition
2 implies

2 1 1 4
T Ty — T T
E |z, S0y < 5 T 5E ’x(z’)ﬂs (Bis) = Brss)
1 1 4 17
< 5 +4E <‘x5)r{§5(8) - ‘:cg)nfﬁ*,s ) < 5 +4G,

it follows that

_ T _
Var | (2bes — XioB7 )" XioS7 )

IN

n
2
S E )(217,,3,@,5 — T ) Tl IS
=1

IN

4
402nE [ﬂz;lnsx(i)x{;)nfzgws} +2nE ‘zg)r{fzgl%
< O(o2n) +O(n), (30)

which holds uniformly for 1 < s < 5. Moreover, Conditions 2 and 3 lead to

E [5£5Pk,35k,s(Xk,szgl')/s)TPk,st,szgl'Ys]
= E [0} P07l 25 XL X 655 ]
TapsE g T X X525 ]
O(anpsn), (31)

IN

which is uniformly true for all 1 < s < S, and

E [6], Prsrs]
< psE [)\max (E (5k785]€35k75513;,5‘ Xk,S))]
< agnps. (32)

Combining (29)—(32), we obtain

E [b] Py sbrs — E{b] Prsbis}]” = O (npso?) + O (n). (33)
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Further, from Condition 2, we have

Var [bg,st’,sﬁ(s)]

= En: Var [bk,i,sma,i,s)ﬂzﬁ(s)}

i=1

IN

2nE [(bk,i,s - ma,i,s)2§1%> xa,z’,s)H%(S)} 2

2
+2nE [(l'a%s)zs_l’)/s) xa,i,s)ﬁ(s)}
O(nog) +0(n). (39

IN

Combining (27), (33) and (34), one has

Var [ngk,suk]
—1 -1
= B (80X Xes (XL X)X XisBio) — B BT XT X (XE i)™ XL X80}
1 -1
+b£st7S (XIZZSX]%S) X]Z:sbk,s —E {bz,stys (Xg:sXhS) XIZij’ﬁS}

-1 -1 2
4267 Xy (XT Xis) ™ XT X0 sB(e) — 2B X s (XL, X0 s) X,CT,SXk,Sﬁ(S)]}

IA

2
3 <E |80 X X8 — B (Bl XEXnsBs)) |
+Var {b{sxk,s (XF Xps) " XT sbk,s} + 4Var [bist,sﬁ(s)D
= O (npso2) +0O(n), (35)

which also holds uniformly for 1 < s < § and 1 < k < K. On the other hand, it is clear
that P s is an idempotent matrix. According to the assumption that all candidate models
are nested, we see that Py ; Py ; = Py jPr; = Pk:,mini,j holds. Thus,

(Pr,s — Pr,s) { P (0") — In}

s s
= (Pros—Prs) 3 D _wiPej— | > wj | I
=1 j=1

S
= Z w; (Ps — Prs) (Prj — In)
=1
S—1 s S—1
= Z UJ; Pk;,S - Zw; Pk;,s - Z w;'(Pk,ja (36)
= =1 j=s+1
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which together with (35) implies

E|A—EA|?
S—1 S—1 S—1
= B> 3| Do wp | ml Pesm— | D w) | B (uf Pese)
s=1 j=1 j=1

S
- Z wj {szk,sl‘k —-E (NZPk,sﬂk)}
j=
P

-1
= > wi {pi Prjie — E (uf Pejm) }

J=s+1
2
S—1 S—1 )
< Eq3Y (Do wi| {wiPesps —E (i Pesm)}
s—1 | \j=1

=1
5-1 2
+ Z wy {uf Pejr — E (1 Prjie) }
Jj=s+1

S-1
< 3 Z (Var [k Pespur] + Var [ P opur] + e Var [M{ﬁ,;’ﬂk})

s=1 T
= 0 (nSpgcr,%) + 0 (nS). (37)

Next, we will bound E || B;||2. With (35) and (36), it is clear that

S—1
2
EIBIP = B> {ef (Pus— Pos) P (') )
s=1
2
< 8 o B[y Peot]

_ T 2 2
= S 1213§SE[NkPk,sﬂk] o

= O (nSps). (38)
For E ||C; — EC,||?, with Theorem 2 of Whittle (1960), we have

Var [ea) (Pk,s — Pk75') P (w*) e(k)‘ X(k)}

= O ([I(Pys = Prs)P ()]} Eet,;)
= O (ps),
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and then
S—1
E|Ci—EG|* = ) Var {ea) (Pk,s — Pr,s) P (w") e(k)}
s=1
= O(Sps).
Similar to (39), we see that
E | Dyf|* = O (Sp5)
Combining (37)-(40), we get (23).
To prove (24), we calculate
2 x 2 5 5 \F 5 5
V0O, (wg) = — (Xk,slﬁk,sl —Xk,sﬁk,s) (Xk,SQ/J’k,SQ - Xk,sﬁk,s)
n 1<51,52<5—1

_ 2 T T
= W Pon ~Pis) (Powy —Bs)Vif

2 T
~n {(“k +ew) (Pr,s = Prmax{ss)) (Bk+ew) }1§81,82§571 '

With the help of Theorem 2 of Whittle (1960), it can be claimed that

Var {eﬁ,) (Phsy — Pis)" (Phsy — Pis) e(k)}
= E (Var [ea) (Prss — Pr,s)" (Prysy — Pas) e(k)’ X(’C)])
+Var (E [l (Prs, = Pes)” (Prss = Prs) | X))
= O (tr [(Posy = Pus)’ (Prs, = Prs)’| ) + Var {0 (Pos = Pimas(on, )}

= O (tT {(Pk,a — Pi5)? (Piys, — Pk,s)2D + Var {0? (ps — Pmax{s1.50}) }
= O (ps)

and

T - T _ 2
E ety (Prsi — Pr,s)” (Pryss — Pr,s) b

2
= E [E { ‘ea) (Prmax{s1,s} — Pr.s) Nk‘ X(k)H = O (nps) -
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Thus,
Var [(lJ’k + e(k))T (Pk,S - Pk,max{sl,SQ}) (/J'lc + €k ):|
= E [Mg (Pk,S — P max{sl,SQ}) pr — E {“{ (P — P maX{Sl,SQ}) “k}
+€:(Z;f) (Pk,S' Pk: maX{517SQ} {ec(ll;) Pk S — Pk,max{ShSQ}) e(k)}
+2M£ (Pk,S Plc max{sl,sz}) ( )]
< 3 (Var [Ng (Pk,S - Pk,max{sl,SQ}) uk] + Var [6%;) (Pk,S - Pk,maX{Sl,SQ}) e(k)}
+4E {Hg (Pk,S - Pk,max{sl,sg}) e(k)}2>
= O (nps).
Hence,
E HVQC'k (wg) — V2E {Cy (wS)}Hz <E HVQC'k (wg) — V2E {Cy (wS)}H?
S—1 5-1
= SO Y Var (1 9) " (Peos = Prmastonsat) (15 + ) | = 0 (n7"5%ps)
s1=1s9=1
which completes the proof of (24). [ |

Lemma 3 Under Conditions 1-4, we have

L2 _0 (Sps(s-i-ag)) ,

w,
0 A2n

and then

EHWk—w

L2 _0 S2p5(5+0}%)
B A2n )

Proof Recalling the events £ and &, we define the event & £ £, N&,. In view of Lemma
1, we get
]

+2P (£9). (41)

A 2
E HWk’O - wSH =E [1(5)

A 2 A
, —U)SH :| +E |:1(gc) ’kao—wfj

4B L) V0 (wp)I] oy < AE[[VC, (wp)|?
< 2 P(£) < 2
(1=p)" A% (1=p)" A%
From Lemma 2 and some direct calculations, we obtain
P(&%) = P(EfUE) <P(&]) +P(&)
B [[V2Ci(wg) — V2Ro (i), , 4B VG ()
B PN (1- ) X333
= 0 (SpSAfn*l(S + afl)) ,
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which together with (41) leads to
e | -2, —1 2
E|Wio—wy|| =0 (Spg)\n n (S + on)) )

This completes the proof of Lemma 3.

Lemma 4 Under Condition 2, for any random variable a with ||a|® < 2, we have

n/(n+2)
B[ max (+75..) ] = 0 (527 (e af?)" ™).

Proof Define the event

%= {élfg‘s («076.) < (Bl /s) (””)} ,

then

E[lglaX( ) \aﬂ

2 2
< E [1(53) max, (x%;)l'[zﬁ*,s) ||a||2} L 9SE {1(%) (a;g)nfﬁ*,s) ]
2/(n+2) n/(n+2)
< (BlaP/s) " Elal®+25 (Eal? /)

= o0 (pla2)""),

which leads to Lemma 4.

Lemma 5 Under Condition 3, for s =1,2,...,5, we have
. T T T (5
E [{ s = s} WXT X { By = Bus | = O (pe0?).
and

wax B {60} LT (B 5.} = O (psod).

1<s<S
Proof Since
~ —1 _
B — Bs = (X Xns) XL (brs — XisZi s +ew) s
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we obtain
M. T T T (A
E {Bk,s - 6*,5} Hst XkHs {Bk,s - 5*,5}
r _ T -1 _
= B[ (br — X T et) Koo (XL X)X, (Brs = Ko ™51 + )|
r _ T _
= E (bk,s - Xk,szs 178) Pk,s (bk,s - ch,szs I’Ys)} +E [ea)Pk:,se(k)}

< psE |:Amax (E ((bk,s - Xk,sE;17s) (bk,s - Xk,szs_l'YS)T |Xk,s))i| + Uzps
= O(pson) = O (psoy)

which is uniformly true for all 1 < s < S. Then Lemma 5 follows. |

Lemma 6 Under Conditions 8 and 6, for s=1,2,...,5, we have

B[ {8 5.} mmanl {8 - 5.} =0 (222)),
and

max [{Bk,s B} s By - /3*,5}] -0 <7’Sn“2> .

1<s<S

Proof Denote Py s = Xk,s(Xlstk,s)_lES(X;ZSXk,s)_lXIZSa then it follows that tr[Py s =
tr((XF Xk,s)"'Es], and hence

B|{f. - ..} mzs? {fu - 6., ]
E | (B = Xis T3 s+ i) Prs (brs = Xio D77 + e |

= B :(bk,s — Xp379) " Prs (brs — Xk,sxgl%)} +E [ea)ﬁk7se(,€)}
E{ir [(X,Z”st,s)f1 zs] Amas (Ssols) } +0%E {tr [(X,CT,SX;W)% zs} }

2 2
- 0 (psan) —0 <p50”> ,
n n

which uniformly holds for 1 < s < S. [ |

Appendix B. Proofs of Theorems
Proof of Theorem 1
To obtain the bound of E |[wy — w||?, we first show that the function Cy(wp) behaves

similarly to the risk function Ry (wp) in the neighborhood of the point wg under the two
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events & and &. Intuitively, Ry (wp) is locally strongly convex, so the minimizer Wk@ of
C (wo) will be close to w(. Hence our idea is to show that the events £ and & hold with
high probability, which will guarantee the closeness of Wkp and wy.

From the definition of g, it is seen that

K 2
* 1 T *
E|w—wi|* = E ?ZWk,O—wo
k=1
1 K n 2 ~ A
= ﬁE Z Wk70—w8H +Z<Wk,0_wsij,0_w6>

k=1 k#j
K
1 A L2 1 R i} . .
= 5>E HWk,O = wOH + 5> (B (Wio —w;) B (Wyo — ui) )
k=1 k]
2 K(K -1 . NE
S0 e (0 —ui) |

1 ~ 2 ~ 2
< gBWo il + o (0 - i) [ ()

1 T *
= B[ us

where the third equality is from the fact that the weights W;%O and Wj’o are independent.
The upper bound in (42) illuminates the path for the remainder of our proof: We only need

A 2 « 2
to bound E HWLO - wé” and HE (Wl,O - wé) ’

. 2
Noting that Lemma 3 gives the bound on E HWLO — wSH , we derive the bound on

~ 2 ~
HE (Wl,o — wg) H below. With the fact that VC;(W; ) = 0, and the Taylor series expan-

sion of VC1(W1) at wg, we have
0=vC (VT/LO) = vC (wf) + V201 (w)) (Wl,o - wg) :
where w(, = kw§ + (1 — k) Wl,o for some k € [0, 1]. Clearly, this is equivalent to
0= vC (w)) + [v2C) (w]) — ¥Ry (w})] (Wm - wg) + V2R (wf) (WLO - wg;) . (43)

By Condition 1, we can set ¥ = V?Rg (wj) and ¥~ = [VZRy (wS)]_l. Multiplying both
sides of (43) by X!, we obtain

Wi —wh = —X71vCy (wg) + X7 [V2Ro (wy) — V2C1 (wg)] (Wi — wp).
Therefore, by Lemmas 2 and 3, it is seen that

o ()] = [ (2t -2 ) ()}

< E Hz—l (V2Ry (wg) — V2Cy (wf)) (WLO - “’3) H
< (E |7 (V2R (w) — V2Ch (wg)) H§>1/2 <E H (WLO - wS) H2)1/2

- 0 <s3/2(5 + ag)l/%SA;?n—l) . (44)
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By combining Lemma 5, Condition 4 and

<S

T
Y ~1/2 12 a T T A
o= Al <0 (807 wax B2 (B = B} XX (B 5} ).
it follows that A\, = Ag + 0(\g), which together with (44) leads to
— * (2 1 by * 2 by * 2
_ < _ _
Bl -t < Lot + B ()|
2 53 2 S 2
- 0 SpS(Sj_QUn) +0 pS( 72_0-71) )
KTLAS TLZ)\S

Theorem 1 is proved.

Proof of Theorem 2
Noting that

NLN (w)

K
- Z £ — XiBa (W) + X384 (w) — pai]?
k=1

{11 = X0B () + X084 (w) = el + 2 (e = X B (w), X B (w) = i)}

K

Ak = XiBe (W)II* + Livw (w) +2 D (frr, = XiBa (w) , XiBa (w) — ),
k=1

M T

i
I

we have

NRy (w)

K K
= NRy (w)+ > Ellin — Xp ()| +2> E (i — XpBs (w) , XpBy (w) — pai)
k=1 k=1

K K
<Jmmw+2Em;m@wﬂ+%N%mﬂSEm&@w%
k=1 k=1

and

&wm—Rxww<zﬁﬂwm—xwwmw+2¢zﬁﬂww—xw4mw
Ry () |© Ny (w) NEy (@)

So we need only to prove

K ~ 2
E E | fp — X5
sup k=1 H k kPx (w)H

sup NRy (w) = o)
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Since
2

E | fx — XiBe ()| =

X, I (Bks - ,8*,8>

2

Y

IN

max E HanT (Bes = Bes)

1<s<

it is sufficient to prove that

1 T /(5
o max B X (B - B)

"o (nt, i) (15)

wER

By the definitions of Bk s and B, s and Lemma 5, it can be seen that

~ 2
max B XuTIT (Bs = Bus )| < ps(o? +02).

1<s<S§

So with the help of Condition 5, (45) holds.
Now from (7), we have

Ry (W) = Ry (w*) + 0(Ry (w")) = &n + 06 n)-

This completes the proof of Theorem 2. |

Proof of Theorem 3

By applying Lemmas 3 and 6, (44) and Theorem 1, we obtain

B[sl? (35 0}
1/2{ Zﬁk(Wk (w* }
< gl { (i) s }H2 e HE[E”%( ) =@}

< 2EHE”2{ﬁ1< ) - ﬁ*(Wl)}HZ+ EHE“{MWO w}
o R B o () - ][
< 2 max B[[¥* (o — b} +<ZB*SH ESHT@S)EHWI

‘2

2K — 1) N
+(K (; @T’SHSESHST@,S) HE [Wl —w }

o Ps (02 +0?) +S3p5(5—|—02) Sop2 (S—i—a )
n KXZTL n2)\5 ’

43



ZHANG, L1U AND ZOU

and

2

< Eé/z{zsjwsnf(ﬁs—ﬁ*,s)} + 2B é/z{iws—w:m?ﬁ*,s}
s=1 s=1
< 2 (B (Ao - oo} [+ o [27 {Bes - 5] )

2

S
+2E 22/2 {Z (ws — w:)HZﬁ*,s}
s=1
3 2 2 | 2 5
= o@my)ro(SrsEia) pslont )y, (SrEtal))
Kn)\s Kn n2)\s

With Condition 2 and the fact that the eigenvalues of a matrix are not greater than its
maximum column sum, we have XZ < 482Cy, which leads to that

3 2 2, 2 3 2
o) Sps(s:gan)_kps(anjLU) -0 %;J") )
Kn)\s Kn Kn)\s

Thus, Theorem 3 is proved. |

Proof of Theorem 4

By Theorem 3 and Condition 5, we have

E(ﬂv_uv)2
= &+ 2B [{B - B ()} ws (5B (w") — )]
+E[{B - 8. ()} o528 {5 — i (w)}]

< b <1+2\/§;}VEHE}§/2{ﬁ—ﬁ*(w*)}lf+§;}VE“E%S/2{B B (w }H)

2
2 2 3 2 $5,2(S & o2
_ f*,N{l—i—O(\/pS(a"—i_a)+SpS(S+U")+ pSE —i—an))} 7

n&e N Kn)é{*vjv n? /\éf*,N
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and
E (i, — i)
o e e e e ety =R ()
. N{1+0<\/m5 L Ss(S+ad) SRS+ ))}2
" EN  KndaEan NZNGE, N '
Hence, Theorem 4 holds. |

Proof of Theorem 5

We first show (9). By Lemmas 4 and 5, Theorem 1, and noting that A\, = As + o(\g), it is
seen that

E || X5, {5~ 8 (w") }||*

2
K

63 {3 (1) - 5. 0)
(

1
ﬁE
=1

<.

B (1) - on
-} [+ 5 e { (1) sl
)}

2
s

245, (1))
2 (0] - ()« s o () )
g, () . ()

= *EHXk {5k

{7

= *E HXk: {5k <sz
(1
e

Wi
2

IN

P D s . (1) - o)}
< = wax B||Xuo (s - B} +E{Z||Xk Busll? (s —w >2}
e |

0y ({5 s, o)
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N 2
w

+ 5%pshg. (S + ag)> :

pg(a,%+02)
o (2 ) 28w [ ()

+0 (ps (o5 +0%)) + 0 ($°psA;* (S + 7))
= O<Sn+4/(n+2)nK— (5 psn_l)\g (SJFU%))??/(MZ)

where (3 1) = Xge with e = (1,0,...,0)7 being an n dimensional column vector. Therefore,
we obtain

1 K — 2
SB[ -
k=1

K
— Gt %Z B ({5 6 ()} XF (XeB (w") = )]
k=1

N

2 S B||X (B - B )]

k=1

BN o A B> BN
B Nf*,N N§*N
< &ni1+0 f*_zlv (S3ps (iJr 02) N Sn+2 <52PS (iJr 0%)>n+2)

TL)\S K TLAS

This completes the proof of (9). Similarly, to prove (10), we can derive

A
]

&=
-
>
e
——
M
&l
-
~—
&
=

*
N
——

= 2E

X, {Zsj (11( 5 wk) i’ (Il( S G- B*,s> }

s=1

A
DO
INB
&
"
&=
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1 A 2 1 N 2
< 2 ax ¢ g SB[ {11 (B = s ) |+ B {11 (B = 5}
- q#k
~ 2 44 _n_
+2 s [B [ {11! (B, .0} + 0 (550 (B 1w —wr1?) ™)
<

n
2 2 2 2 4,2 2 n+2
o (ps (JK+U”)> +O@mm2) +0 | s7n (5 ps(S+ou) | 505 (S+U”)>

K n)\g n? )\‘é

2., 2 2 2 4,2 2\\ 72
_ o[z PRI Lo (gu, (SrslSton) | S5 (S+on)
K Kn)\s 712)\5
2 2 4,2 2\\ iz
o mmd) 40 | st (Srs(Ston) | S5 (Sta)
KTL)\S nz)\s

Then, we have
1 & — 2
LSow]d
2 < F I [ *
=tk 3 LB {55 @) X (s ) )

k
+ism [{B— g} XEX B 6 (w*)}]

21 DR NS D vl -1 bR R S
Nén * Nén

N[

IA
o
=

_n_
1 SQ S 2 S4 2 S 2 n+2
140 | &5 [md+ 570 ps(ja”)Jr pS(ij”)

’ Kn)\s ’I’LQAS

IA

o
2
+
)

that is, (10) holds. Thus, we conclude the proof of Theorem 5. |

Proof of Theorem 7

We first consider (15). Without loss of generality, we assume that © is compact, then there
is a 8" € © such that

0* £ argmax M SE,
0cO

and the corresponding MSE, \g, and A, are denoted by MSEg-, As(6*), and \,(6%),
respectively. For the model with parameter 6%, by 02 = o(n) and the definition of ©, it is
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easy to check that Conditions 1 and 4 hold, and by C; inequality, sup;>, E|z; ;|7 < oo and
|0*]] < e3 can deduce that Condition 2 holds. Thus, Conditions 1 - 4 and 6 are all true for
the model with parameter 6*, and so by Theorem 5,

q—2

MSFEy- 0'2 1 o? > q
_MSBe 41 (o . 46
foco By(@) (m? K (mg(e*) (46)

Noting that A, (6%) = Ag(0*) + o(As(6*)), this together with (46) leads to (15). In a similar
manner, we can show (16).
Next, we focus on (17) and (18). By Lemma 6, it can be verified that

K K
- 1 1
sup sup | Mse (Wi, Wy, ... Wg) — — E||X,— Be(Wi) — pg
W1€Q,W2€Q,.. . WKeQ 0€O ( ) N z:: K ; *(
(%
n
and
— 1 & 1 & :
sup sup | Mse (Wi, Wa,... . Wk) — = > E|Xg— » Bu(Wk) — pg
W1E€QW2€Q,... Wk €Q 00 N ; K ; i
sk
Note that
1 & 1 & ’ 1 & 1 & ’
EOUE{ LS SRR IS 9155 91 €5 o) Fu v
k=1 k=1 k=1 s=1 k=1
1 & 1 & ’
= NZE XiB (KZWk> = Mk
k=1 k=1
Then

inf sup Mse (W1, W, ..., W
W1€QW2€Q7 ,WKEQgeg ( ! 2 K)

1 &E 1

K
inf sup Ellx.— W) —
W1eQ,W2€Q,...WkeQ 96@ N ; e ;5*( &) — Mk

K
1
= inf E|X — Wi | —
WieQ, W2€Q7 SWkeQ 669 N Z b (K Z k) al

o2
= inf supR +0 (-2
weR eeg w(w) ( n )

o2
< 1+0( 2 inf sup RA
B < <n>>weQ9€g w(w),
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where the last inequality is obtained from the definition of Sy, which confirms (17). Simi-
larly, we can imitate the above process to prove (18). This completes the proof of Theorem
7. |
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Figure 12: Out-of-sample risk results with o = 1.5 and K = 5 in Section 4.3.
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