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Abstract

Differential replication through copying refers to the process of replicating the decision
behavior of a machine learning model using another model that possesses enhanced features
and attributes. This process is relevant when external constraints limit the performance of
an industrial predictive system. Under such circumstances, copying enables the retention
of original prediction capabilities while adapting to new demands. Previous research has
focused on the single-pass implementation for copying. This paper introduces a novel se-
quential approach that significantly reduces the amount of computational resources needed
to train or maintain a copy, leading to reduced maintenance costs for companies using
machine learning models in production. The effectiveness of the sequential approach is
demonstrated through experiments with synthetic and real-world datasets, showing signif-
icant reductions in time and resources, while maintaining or improving accuracy.

Keywords: Sustainable AI, transfer learning, environmental adaptation, optimization,
and model enhancement.

1. Introduction

Machine learning has become widespread in many industries. Supervised algorithms have
been shown to automate tasks with a higher precision and lower costs when compared to
previous methods (Gómez et al., 2018; Gharibshah and Zhu, 2021; Shehab et al., 2022;
Feizabadi, 2022).
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However, maintaining the performance of industrial machine learning models requires
constant monitoring. The environment where these models are deployed is subject to con-
tinuous change due to factors that are both internal and external to the companies imple-
menting them. These factors may include new production needs, technological updates,
novel market trends, or regulatory amendments. Neglecting these changes can result in
model degradation and decreased performance. In the worst-case scenario, failure to adapt
to these changes can render a model obsolete. To prevent this, regular model monitoring
is essential in any industrial machine learning application. Once deployed in production,
models are frequently checked for signs of performance deviation, which can occur as early
as a few months after deployment. When such signs appear, models are either fully or
partially retrained and substituted (Wu et al., 2020). Unfortunately, this process is both
time-consuming and costly. The nature of modern model architectures is complex. Hence,
the task of managing and updating an existing model demands significant computational re-
sources (Chen, 2019). Handling multiple models simultaneously poses a significant challenge
for companies. Thus, ensuring long-term sustainability remains one of the main obstacles
faced by industrial machine learning practitioners today (Paleyes et al., 2022).

To address this, differential replication through copying (Unceta et al., 2020a) has been
proposed as an efficient and effective solution for adapting trained machine learning models.
This approach builds upon earlier concepts on knowledge distillation (Hinton et al., 2015b;
Buciluă et al., 2006b), and enables reuse of a model’s acquired knowledge to train a new one
tailored to the specific environmental requirements (Unceta et al., 2020b). It can, therefore,
bring numerous benefits in terms of cost-effectiveness and resource optimization.

Differential replication allows for environmental adaptation by projecting an existing
decision function onto a new hypothesis space that is compatible with the new requirements.
Typically, this process involves using the class probabilities produced by the given decision
function as soft targets to train a new model in the new hypothesis space (Liu et al., 2018;
Wang et al., 2020). In the case of differential replication through copying, information
about the original model’s behavior is acquired via a hard-membership query interface, and
training is done using synthetic samples labeled by the original model.

Theoretically, the copying problem can be viewed as a dual optimization problem where
both the copy model parameters and the synthetic samples are optimized simultaneously.
Previous practical implementations of this problem have simplified it, generating and label-
ing a large set of synthetic data points in a single step, and then using them to optimize
the copy model parameters. This approach has been successful in validating copying on
several datasets. However, it is memory-intensive, computationally expensive and requires
pre-setting several hyperparameters.

This article introduces a novel iterative approach to differential replication through copy-
ing. The goal of copying is to find the simplest model in the copy model hypothesis space
that attains the maximum fidelity to the target model being copied. In situations where
the original training data are unavailable, this requires finding the best synthetic set that
accurately represents the original decision boundary and the simplest model that guaran-
tees perfect fidelity within the capacity constraints of the copy model space. The proposed
iterative scheme achieves this by performing two steps at each iteration: (1) generating and
selecting synthetic data for copying based on a compression measure of uncertainty, and
(2) learning the target copy model using the optimized synthetic dataset while controlling
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its complexity to achieve close-to-optimal results. This process allows for control over the
amount of data/memory needed and the convergence speed to reach a steady performance.
Results show that the proposed model requires 85 − 93% less data samples/memory and
has an average 80% improvement in convergence speed when compared to the previous
single-pass approach, with no significant degradation in performance.

The main contributions of this article are: (1) to the best of our knowledge, this is the
first algorithm to specifically address the problem of copying as described in (Unceta et al.,
2020a); (2) the proposed formulation and algorithms allow for explicit control of memory
requirements and convergence speed while maintaining accuracy; and (3) the resulting al-
gorithm is accurate, fast, and memory-efficient, as validated by successful results. This
article presents an algorithm that includes two hyperparameters. It also proposes a version
of this algorithm that automatically sets one of them and dynamically adapts it during the
learning process, ensuring fast convergence to an accurate solution. The final algorithm
overcomes some of the limitations of current copying methods and opens up opportunities
for its use in various real-life applications.

The rest of this paper is organized as follows: Section 2 introduces differential replication
through copying, providing an overview of relevant methods, and describes the single-pass
approach as its simplest implementation. Section 3 presents the sequential approach. It
starts by demonstrating the convergence of this approach to the optimal solution. It then
introduces a sample removal policy based on an uncertainty measure. It ends by proposing
a regularization term to prevent model forgetting. Section 4 empirically demonstrates the
validity of the sequential approach through experiments on a large set of 58 UCI problems.
The performance of the sequential copying framework is measured in terms of accuracy,
convergence speed, and efficiency. The section ends with a discussion of the results. Finally,
Section 5 summarizes our findings and outlines future research directions.

2. Background on copying

The problem of environmental adaptation introduced by (Unceta et al., 2020b) describes
scenarios where a machine learning model that was designed under a set of constraints
must fulfill new requirements imposed by changes in its environment. Specifically, it refers
to situations where a model needs to adapt from a source scenario, s, where it was trained,
to a target scenario, t, where it is being deployed.

2.1 The problem of environmental adaptation

Formally speaking, environmental adaptation is defined as follows: consider a task T and a
domain D. A trained model h ∈ Hs is designed to solve T in D under a set of constraints
Cs and a compatible hypothesis space Hs. The problem of environmental adaptation arises
when the original set of constraints Cs evolves to a new set Ct. Under these circumstances,
a potentially different hypothesis space Ht has to be defined in the same domain D and
for the same task T , such that it is compatible with the new constraints set Ct 1. Unless
the considered model h is compatible with the new set of constraints, it will no longer be

1. In some cases the source and target hypothesis spaces Hs and Ht may be the same. However, in the
most general case, where the new set of constraints defines a new set of feasible solutions, they are not.
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Source Scenario
for T in D

maximize
for h∈Hs

P(y|x;h)

subject to Cs

→

Target Scenario
for T in D

maximize
for h∈Ht

P(y|x;h)

subject to Ct

Table 1: The problem of environmental adaptation looks for the solution in the same domain
and task when the feasibility constraints change.

a feasible solution. Hence, environmental adaptation refers to the need to adapt h to the
constraints introduced by Ct, as shown in Table 1.

This problem is different from domain adaptation and transfer learning (Chen and
Bühlmann, 2021; Chen et al., 2022; Raffel et al., 2020). Domain adaptation refers to adapt-
ing a model from one source domain Ds to a related target domain Dt due to a change
in the data distributions. Environmental adaptation preserves the domain, changing the
constraints instead. Transfer learning requires reusing knowledge from one task Ts to solve
a related task Tt (Pan and Yang, 2010). Environmental adaptation preserves the task.

Environmental adaptation can be addressed through various methods, including re-
training the existing model with a new set of constraints (Barque et al., 2018), using wrap-
pers (Mena et al., 2019, 2020), teacher-student networks and distillation mechanisms (Bu-
ciluă et al., 2006a; Hinton et al., 2015a; Szegedy et al., 2016; Yang et al., 2019), label
regularization (Müller et al., 2019; Yuan et al., 2020), label refinement (Bagherinezhad
et al., 2018), or edited, augmented (Song et al., 2008; Chen et al., 2020; Duan et al., 2018),
or synthetic data subsets (Buciluă et al., 2006a; Zeng and Martinez, 2000). A comprehen-
sive overview of all these methods is available in (Unceta et al., 2020b). Here, we focus in
differential replication, a general solution to the environmental adaptation problem.

Differential replication is the process whereby the decision boundary of an existing model
is projected to a new hypothesis space that is compatible with the target scenario. In cases
where there is no access to the original training dataset or the trained model internals,
differential replication through copying can be used to solve the environmental adaptation
problem Unceta et al. (2020a). In classification settings, copying involves obtaining a new
classifier that displays the same performance and decision behavior as the original, without
necessarily belonging to the same model family.

In the following sections, we introduce the problem of differential replication through
copying and explore potential approaches for its practical implementation.

2.2 Differential replication through copying

Consider a classifier fO ∈ Hs trained on an unknown dataset with input space dimension-
ality d and output space cardinality nc. Thus, fO : Rd → {0, 1}nc . In the most restrictive
case, fO is a hard decision classifier that outputs one-hot encoded label predictions, mean-
ing that for any data point, it returns an nc-output vector with all elements as zeros except
for the target label position i, which has a value of 1.
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The goal of copying is to obtain a new classifier fC ∈ Ht parameterized by θ ∈ Θ that
mimics fO across the sample space. In the empirical risk minimization framework, we can
consider an empirical risk function that measures the discrepancy between two classifiers.
We can then formulate the copying problem as a dual optimization of θ and a set of synthetic
data points S over which the empirical risk is evaluated, since we do not have access to any
training data. This problem can be written as follows:

minimize
θ,S

Ω(θ) (1)

subject to ‖RFemp(fC(θ), fO)−RFemp(fC(θ†), fO)‖ < ε,

for a defined tolerance ε and a complexity measure Ω(θ) (e.g., the `p-norm of the parame-
ters). The empirical risk function RFemp measures the difference between the original model

fO and the optimized copy model fC and is referred to as the empirical fidelity error. θ† is
the solution to the following unconstrained optimization problem:

θ† = argmin
θ,S

RFemp(fC(θ), fO). (2)

The solution to Equation 1 is a combination of synthetic data and copy model parameters
that minimize capacity and empirical risk. If fO ∈ Ht, the solution of the unconstrained
problem (Equation 2) will always result in RFemp(fC(θ

†), fO) = 0, as the labeling problem
for any set of data points using the original hard-label classifier is separable in Ht.

2.3 The single-pass approach

The single-pass approach (Unceta et al., 2020b) aims to find a sub-optimal solution to the
copying problem by dividing it into two separate steps. Firstly, a synthetic set S∗ is found
and then, the copy parameters θ∗ are optimized using this set. The process is as follows:

• Step 1: Synthetic sample generation. An exhaustive synthetic set S∗ is created
by randomly sampling from a probability density function PS that covers the opera-
tional space of the copy. The operational space is the region of the input space where
the copy is expected to mimic the behavior of the original model. The synthetic set
can be expressed as:

S∗ = {zj |zj ∼ PS , j = 1, . . . ,N}. (3)

The simplest choice for PS is a uniform distribution, or a normal or Gaussian distribu-
tion if the original data is normalized. (See (Unceta et al., 2020c) for more information
on different options for PS .)

• Step 2: Building the copy. The optimal parameter set for the copy is obtained by
minimizing the empirical risk of the copied model over the synthetic set S∗ obtained
in Step 1:

θ∗ = argmin
θ

RFemp(fC(θ), fO)

∣∣∣∣∣
S=S∗

. (4)
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The single-pass approach is a simplified solution for the problem modeled in Equation 1.
Step 1 generates data without any optimization, but it requires a large dataset. Step 2 fo-
cuses on solving the unconstrained version of the copying problem defined in Equation 2.
This approach can be used when the classifier complexity can be directly modeled. However,
in the general case, it requires setting many critical parameters and selecting an appropriate
model to ensure that the unconstrained problem is a good approximation of the general set-
ting described in Equation 1. To guarantee good performance, a sufficiently large synthetic
dataset must be generated.

The implementation of the single-pass approach has limitations. Firstly, learning using
a one-shot approach with a single model may be limited by the available memory if unable
to handle the full dataset. Secondly, keeping a large number of data samples in memory dur-
ing training is resource-intensive and doesn’t guarantee performance. In addition, blindly
learning the entire synthetic dataset using a single model can result in inefficiencies. On
the other hand, using an online learning strategy can reduce memory usage, but leads to
slow convergence to the optimal solution, making the process time-consuming.

To overcome these limitations, a new approach, using an alternating optimization scheme,
is introduced. This approach provides a fast and memory-efficient solution to the copying
problem, solving Equations 1 and 2.

3. The sequential approach

In this section, we introduce two theorems to show that the sequential approach converges
to the single-pass approach when conditions are optimal in terms of both parameters and
behavior. Next, we provide a practical implementation of the sequential approach and
various optimizations to achieve low memory usage and fast convergence. Specifically, we
propose that a perfect copy should be able to compress the synthetic data points in its
parameters and suggest epistemic uncertainty as a reliable metric for data compression.
Based on this, we develop a data selection strategy that filters samples based on their level
of compression by the copy model. This leads to a reduced number of data points needed
for each learning step. Finally, we introduce an automatic hyper-parameter tuning policy
to ensure optimal implementation of the sequential approach in practice. We refer to the
resulting algorithm as the sequential approach to copying.

3.1 An alternating optimization algorithm for copying

We start by introducing a preliminary alternating optimization algorithm for solving Equa-
tion 1. This algorithm alternates between two optimization steps at each iteration t:

• Step 1: Sample Optimization. The optimal synthetic set at iteration t is selected
by maximizing the empirical fidelity error for the previous model solution θ∗t−1. That
is,

S∗t = arg max
S

RF ,S
emp(fC(θ), fO)

∣∣∣∣∣
θ=θ∗t−1

(5)
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• Step 2: Copy Parameter Optimization. The optimal copy parameters θ∗t at
iteration t over samples S∗t are obtained by:

minimize
θ

Ω(θ) (6)

subject to ‖RF ,S
emp(fC(θ), fO)−RF ,S

emp(fC(θ
†), fO)‖

∣∣∣∣∣
S=S∗t

< ε.

The algorithm starts each iteration t by selecting a set of synthetic data points that
maximize the empirical risk. These are the points that the copy model from the previous
iteration t − 1 did not model correctly. By reducing the empirical risk to zero, we can
minimize the loss function. In Step 2, we minimize the empirical loss over St while keeping
the copy model complexity as low as possible. The rest of this section focuses on solving
Equations 5 and 6 under various assumptions.

3.2 Step 1: Sample optimization

We start by introducing a formal sequential sample generation scheme and examining its
convergence properties. This will serve as the basis for constructing the final algorithm
that solves Equation 5. To achieve this, we prove two theorems showing that the sequential
copying process converges in both parameters and behavior to the single-pass approach
under optimal conditions.

3.2.1 The sequential framework

Consider a sequence of finite sets St such that

St ⊆ St+1 ⊆ · · · ⊆ S (7)

for t ∈ N, where |S| = ℵ0, which approaches the set S as t increases towards infinity. The
sequential framework is based on the notion that, if St converges to S, then the optimal copy
parameters θ∗t obtained by optimizing over St will converge to θ∗, the optimal parameters
over S. This approximation can be iteratively obtained by drawing samples from a given
probability density function.

To prove this, we cast the unconstrained copying problem in terms of the loss function
and express it as the solution to the following empirical problem:

θ∗ = arg min
θ

RF ,S
emp(fC(θ), fO) = arg min

θ

F (θ):=︷ ︸︸ ︷
1∣∣S∣∣ ∑

z∈S
`(fO(z), fC(z; θ)), (8)

where S = {z|z ∼ PS} is a synthetic dataset of size |S| = ℵ0 and `(·) is a non-negative and
bounded loss function.

Next, we present Theorem 1, which shows that the solution to Equation 8 for S can be
approximated using the sequence of iterative values St.
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Algorithm 1 Preliminary version of the sequential approach

1: Input: int T , int n, Classifier fO
2: Output: Optimal copy parameters
3: S0 ← {(zj , fO(zj)) | zj ∼ PS , j = 1 . . . n}
4: θ∗0 ← arg minθ

1∣∣S0

∣∣ ∑
z∈S0

`(fO(z), fC(z; θ))

5: for t = 1 to T do
6: St ← St−1

⋃
{(zj , fO(zj)) | zj ∼ PS , j = 1 . . . n}

7: θ∗t ← arg minθ
1∣∣St

∣∣ ∑
z∈St

`(fO(z), fC(z; θ))
∣∣∣
θ0=θ∗t−1

8: end for
9: return θ∗t

Theorem 1 Let Si ⊆ Si+1 ⊆ · · · ⊆ S be a sequence of subsets converging to S with
∣∣Si∣∣ = i·

M , M ∈ N. Then, the sequence of functions
{
Fi
}
i

defined as Fi(θ) = 1∣∣Si

∣∣ ∑z∈Si
`(fC(z, θ), fO(z)),

converges uniformly to F (θ) = 1∣∣S∣∣ ∑z∈S `(fC(z, θ), fO(z)), where `(·) is a non-negative and

bounded loss function, |`(·)| ≤ K.

Theorem 2 proves the convergence of parameters in Theorem 1.

Theorem 2 Under the conditions of Theorem 1, the sequence of parameters
{
θ∗t
}
t

defined
as θ∗t = arg minθ∈Θ Fi(θ), converges to θ∗ = arg minθ∈Θ F (θ), where Θ is the complete set
of parameters.

The full mathematical proof of convergence of the copy parameter sequence can be found
in Appendix A.

Definition: The sequential approach learning algorithm is an iterative process that
optimizes the copy parameters θt incrementally over sets of synthetic data points St, t =
1 . . . T .

The preliminary version of the sequential approach is outlined in Algorithm 1. We
begin by generating an initial synthetic set S0 of size n and optimizing the copy parameters
accordingly. As stated in line 6, at each iteration t the new synthetic set St adds n samples

to the previous set St−1. The cardinality of St is therefore given by
∣∣∣St∣∣∣ = t · n and grows

linearly with t. This linear growth policy was chosen as the simplest strategy2 to build the
subsets in Equation 7. Other strategies can also be used. Line 7 describes the optimization
of the algorithm considering the solution of the previous step.

For demonstration, we test the sequential approach on a toy binary classification dataset,
the spirals problem. We first train a Gaussian kernel SVM on this dataset, achieving perfect
accuracy. Then, we copy the learned boundary using a fully-connected neural network with
three hidden ReLu layers of 64, 32, and 10 neurons, and a SoftMax output. We train it
for 1000 epochs with a batch size of 32 samples. Figure 1a) shows the original decision
boundary and data points.

2. check Theorem 1’s proof and comments to see other growth policies that still ensure convergence.
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Figure 1: a) Decision boundary learned by a Gaussian kernel SVM trained on the spirals
dataset. b) Copy accuracy averaged over 30 independent runs for the sequential
approach (orange) and the online single-pass approach (blue) with n = 100.
The grey dashed lines depict the accuracy obtained using a one-shot single-pass
approach for various values of n. The shaded areas indicate a standard deviation
from the mean.

We compare the results of Algorithm 1 with those of the single-pass approach in both its
unique-step and online implementations. Figure 1b) shows the average accuracy computed
at different iterations for copies trained using different methods. The online and sequential
approaches are trained by generating n = 100 new samples at each iteration. The grey
dashed lines represent the accuracy achieved by single-pass copies trained in a one-shot for
different values of n. The reported values represent accuracy measured over the original
test data points.
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The plot highlights differences in convergence speeds among the three approaches. The
one-shot single-pass approach with n = 500 has an accuracy of 0.85, while the purely online
single-pass model reaches an accuracy of around 0.85 after 30 iterations and 3000 samples.
In comparison, the sequential approach has an accuracy of 0.94 at t = 5 with 500 samples,
indicating faster convergence. However, both the single-pass and sequential approaches
reach an accuracy of ≈ 1 after being exposed to 1000 samples.

One-shot single-pass Online single-pass Sequential

Memory
Fixed large value

Needs to be estimated
Fixed small value Increases monotonically

Accuracy High but N -dependent
Increase with iteration

Upper bound is N -dependent
Increase with iteration

Time T ∝ O(t ·N) T ∝ O(t ·N) T ∝ O(t2 ·N)

Table 2: Comparison table that summarizes the principal differences between both three
learning approaches: one-shot single-pass, online single-pass and sequential.

Table 2 compares the three approaches in terms of memory, accuracy, and computa-
tional time. The one-shot single-pass approach requires a large amount of data to achieve
high accuracy and estimating the number of training data points can lead to under or
over-training. The online single-pass approach alleviates memory allocation issues but has
limited accuracy and is dependent on the value of n. While it is guaranteed to converge to
the optimal solution, this is an asymptotic guarantee. The sequential approach combines
the benefits of both: it increases the number of points over time, so there’s no need to
estimate this parameter upfront, and stops copying once a desired accuracy is reached, as
proven by Theorem 1’s monotonic accuracy increase with iterations. The main drawback
of this method is its computational cost. The sequential approach grows quadratically with
the number of data points, unlike the linear growth of both the single-pass and pure online
approaches. This makes the sequential approach highly time-consuming in its current im-
plementation. This comes as no surprise given the construction of the sequence of the set
{St}. We discuss potential improvements to address this issue in what follows.

3.2.2 A model compression measure

The purpose of a parametric machine learning model is to compress the data patterns
relevant to a specific task. In the copying framework, the original model is considered the
ground truth, and the goal is to imitate its decision behavior. Because this model produces
hard classification labels, its decision boundary creates a partition of the feature space that
results in a separable problem. Hence, any uncertainty measured during the copying process
should only come from the model, not the data: a perfect copy should have no aleatoric
uncertainty while compressing all the data patterns.

10
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Assumption: Any uncertainty measured during the copying process is epistemic3.

It follows from this assumption that when the epistemic uncertainty over a given data
point is minimum, then the data point is perfectly compressed by the model. This is, we
can assume that a data point is perfectly learned by the copy when its uncertainty is zero.

Estimating uncertainty in practice requires that we measure the difference between the
predictive distribution and the target label distribution. This can be done using various
ratios or predictive entropy. We refer the reader to (DeVries and Taylor, 2018; Senge et al.,
2014; Nguyen et al., 2018) for full coverage of this topic. For the sake of simplicity, here
we consider the simplest approach to measuring uncertainty. We relax the hard-output
constraint for the copy. Instead, we impose that, for any given data point, the copy returns
a nc-output vector of class probability predictions, such that

fC : Rd ×Θ −→
[
0, 1
]nc .

For the sake of simplicity, we model the uncertainty, ρ, of the copy for a given data
point z as the normalized euclidean norm of the distance between the nc-vectors output by
the original model and the copy, such that

ρ(z, θ) =
‖fC(z, θ)− fO(z)‖2√

nc
∈ [0, 1]. (9)

A small ρ value indicates that the copy has low uncertainty (or strong confidence) in the
class prediction output for z and that z is properly classified. Conversely, a large ρ value
indicates that, despite the copy model having strong confidence in the class predicted for
z, this prediction is incorrect. Or alternatively, despite the prediction being correct, there
is a large dispersion among the output class probabilities.

This uncertainty measure can be used to evaluate how well individual data points are
compressed by the copy model in the sequential framework. In the limit, this measure can
also be used to assess how well the copy model replicates the original decision behavior.
Therefore, we can introduce a new (non-negative and bounded) loss function such that for
a given set of data points St, we define the empirical risk of the copy as

RF ,S
emp(fC(θj), fO) =

1∣∣St∣∣ ∑z∈St

ρ2(z, θ). (10)

The results of using the loss function are displayed in Figure 2. The plot illustrates
the average value of ρt per iteration over all data points and runs for the different copying
approaches introduced in Figure 1b). The value of ρt is significantly low for the sequential
learning approach at iteration t = 15. Conversely, the single-pass and online learning
methods exhibit higher uncertainty levels throughout the process. This difference can be
attributed to the fact that the sequential approach continuously exposes the model to the
same data points, reducing uncertainty iteration by iteration. The other two methods,
however, only expose the model once to the same data, causing higher uncertainty levels.

3. Epistemic uncertainty corresponds to the uncertainty coming from the distribution of the model param-
eters. It can be reduced as the number of training samples increases. This allows us to single out the
optimal model parameters. Thus, any measurement of uncertainty comes from the mismatch between the
model parameters and the desired parameters, i.e. a perfect copy will have zero epistemic uncertainty.
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The one-shot single-pass approach exposes the model to the whole dataset at once, while
the sequential approach never exposes the model to the same data points more than once.
As a result, the sequential approach has higher redundancy and reduces uncertainty faster
when compared also to the online method, where the learner is never exposed to the same
data points more than once.

1 6 11 16 21 26 31
Iterations

0.00
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0.35
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n=200

n=300

n=400
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n=3000

Sequential Online single-pass One-shot single-pass

Figure 2: Average uncertainty across the entire dataset for both the sequential (orange) and
online single-pass (blue) copying approaches, averaged over 30 independent runs.
The uncertainty achieved by the one-shot single-pass approach, with different
values of n, is represented by dashed lines. The shaded area indicates a one
standard deviation deviation from the mean.

3.2.3 A sample selection policy for copying

Including an uncertainty measure in the training algorithm enables us to assess the degree
of compression for each data point. The higher the compression, the better the copy model
is at capturing the pattern encoded by each data point for the given task. This estimation
can be used for selecting those points that contribute the most to the learning process. By
filtering out the rest of the samples, we can reduce the number of resources consumed when
copying. Hence, we enforce a policy that uses uncertainty as a criterion for sample selection.

At each iteration, data points with an uncertainty lower than a threshold δ are removed
from the learning process (refer to Algorithm 2). The procedure starts with building a new
sequential set by randomly sampling n points and adding them to St−1 in line 3. Then, in
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line 4, the uncertainty measure is used to select points with ρj ≥ δ, forming the filtered set
St that is used to optimize the copy parameters.

Figure 3 presents the results for the sequential training with n = 100 and different values
of the sample selection parameter δ in the spirals dataset. For comparison, results for the
online single-pass approach and the pure sequential approach are also shown. Figure 3a)
displays the average accuracy at each iteration. The results demonstrate that sequential
training with sample selection performs better than online training, but falls short of the
pure sequential setting.

Figures 3b) and c) show the change in ρ and number of synthetic data points used for
training over increasing iterations, respectively. The online single-pass approach shows a
constant uncertainty, while the pure sequential approach approaches 0. Contrary to what
one might expect, the sample selection policy leads to an overall increase in uncertainty,
while also reducing the number of data points used for training. Eventually, the number of
samples Nn converges to a fixed value after a few iterations.

Algorithm 2 Sample selection policy

1: Input: Sample Set St−1, int n, float δ, Distribution PZ , Measurement ρ(),
Classifier fO, Classifier fC(θ

∗
t−1)

2: Output: Filtered set
3: Ξ← St−1

⋃
{(zj , fO(zj)) | zj ∼ PZ , j = 1 . . . n}

4: St ← {z|z ∈ Ξ, ρ(z, θ∗t−1) ≥ δ} . Filter according to uncertainty
5: return St

We consider all three plots in Figure 3 at once. During the first iterations, when copies
are still not sufficiently tuned to the data, there is no filtering effect. The number of points
Nn grows almost equally for all the settings for a few iterations, as shown in Figure 3c).
During this time, accuracy increases gradually, as shown in Figure 3a), and ρ decreases,
as displayed in Figure 3b), as expected for a model that is compressing information. The
differences arise after a few iterations when the filtering effect begins and the number of data
points decreases in settings where the sample selection policy is enforced. At this stage, the
copy models have a confidence level close to δ, which allows the removal of samples. As a
result, accuracy stops growing and becomes flat, while average uncertainty starts to rise.
With regard to the number of points, the curves quickly stabilize by t = 18. The model
with the lowest threshold, δ = 10−10, accumulates the larger number of points (≈ 250).
This is less than 10% of the number of points required by the pure sequential method, but
still reaches a reasonable accuracy. On the other hand, models trained with δ = 10−8 and
δ = 10−6 have lower accuracy compared to the online single-pass setting.

This algorithm addresses the problem in Equation 5 but with limitations. The un-
certainty metric ρ is linked to the empirical fidelity error RFemp. The points with high
uncertainty also have the highest empirical fidelity error. However, removing points from
set St violates the assumptions in Theorems 1 and 2. When the copy model has high con-
fidence in the synthetic data, sample removal changes its behavior from sequential (adding
points incrementally) to online (fixed number of points per iteration). For parametric mod-
els, this shift results in catastrophic forgetting, as shown in Figure 3 where sequential models
start to act like online models. The removal of samples increases uncertainty in the copy
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Figure 3: a) Accuracy and b) uncertainty per iteration for the sequential approach with
different uncertainty thresholds, averaged over 30 independent runs. Results for
the online setting are also shown in blue for comparative purposes at every itera-
tion. c) Number of data points used at each iteration. The y-axis is restricted to
400 in order to make curves observable. The number of points of the sequential
learning (orange line) grows linearly until 30 · 100 = 3000.

models, causing them to forget prior information. To address this, we introduce several
improvements in the implementation of Step 2 in the alternating optimization algorithm.

3.3 Step 2: Optimizing copy model parameters

Let us briefly turn our attention to Equation 6. This equation models the challenge of
controlling the capacity of the copy model while minimizing the loss function. To tackle
this issue, we introduce a capacity-enhancement strategy. For this purpose, it’s worth
noting that if we assume that the copy model has enough capacity, then Equation 6 can be
simplified for a given iteration t as follows
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Algorithm 3 Empirical risk minimization implementation

1: Input: Sample Set S, float ε,Classifier fO
2: Ouptut: Copy parameters at step k
3: k ← 0, εk ← C, C >> ε . C takes an arbitrarily large value.
4: while RF ,Sk

emp (fC(θk), fO; Ω) ≥ ε do

5: θ∗k ← arg min
θ

RF ,Sk
emp (fC(θ), fO; Ω) subject to RF ,Sk

emp (fC(θ), fO; Ω) ≥ εk

∣∣∣∣∣
θ0
k=θ∗k−1

6: k ← k + 1
7: εk ← min(εk−1/2, ε) . Reduce the value of epsilon.
8: Increase Ω
9: end while

10: return θ∗k

minimize
θ

Ω(θ) (11)

subject to ‖RF ,S
emp(fC(θ), fO)‖

∣∣∣∣∣
S=S∗t

< ε.

Having the above simplification in mind, our proposed scheme, outlined in Algorithm
3, aims to control the copy model’s capacity while minimizing the loss function. It itera-
tively solves the parameter optimization problem in stages, ensuring that the empirical risk
decreases at each step. At iteration t, the copy model starts with a small capacity Ω and
solves the optimization problem for increasing upper bounds εk of the target value ε. For
increasing values of k, we increase the capacity and reduce the upper bound. The larger
the capacity, the more the empirical risk decreases and the smaller the complexity of the
approximation to the target value.

In practice, we train copies using the loss function in Equation 10. Using stochastic
subgradient optimization models (neural networks with “Stochastic Gradient Descent”), we
control model complexity with an early stopping criterion. Thus, delaying early stopping
increases model complexity. To improve convergence, hyperparameters are updated at each
iteration.

3.3.1 Forcing the model to remember

With the previous scheme in mind, we revisit the argument in Section 3.2.3. As noted,
the sample removal policy conflicts with some of the assumptions made in the theorems
introduced in Section 3.2, leading to a forgetting effect in Step 2. To restore the convergence
properties, we first point out that, as shown by Theorem 2, parameters converge to their
optimal value in the sequential approach. This implies that the difference between two
consecutive terms in the sequence also converges to zero, such that∣∣∣∣θ∗t+1 − θ∗t

∣∣∣∣ −→ 0. (12)
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Algorithm 4 Memory aware empirical risk minimization implementation

1: Input: Sample Set S, float ε,Classifier fO, Parameters θ∗t−1

2: Output: Copy parameters at step k
3: k ← 0, εk ← C, C >> ε . C takes an arbitrarily large value.
4: while RF ,Sk

emp (fC(θk), fO; Ω) ≥ ε do
5:

θ∗k ← arg min
θ

RF ,Sk
emp (fC(θ), fO; Ω) + λ · ‖θ − θ∗t−1‖

subject to RF ,Sk
emp (fC(θ), fO; Ω) ≥ εk

∣∣∣∣∣
θ0
k=θ∗k−1

6: k ← k + 1
7: εk ← min(εk−1/2, ε) . Reduce the value of epsilon
8: Increase Ω
9: end while

10: return θ∗k

The asymptotic invariant in Equation 12 can be forced to preserve the compressed
model obtained from previous iterations even after filtering the data points. We add a
regularization term to the loss function at iteration t, which minimizes the left term

Lt = RF ,St
emp (fC(θt), fO; Ω) + λ · ‖θt − θ∗t−1‖ (13)

This regularization term originates from the derived theorems and can also be found
in the literature under the name of Elastic Weight Consolidation (EWC), though derived
heuristically from a different set of assumptions (Kirkpatrick et al., 2017). Algorithm 4
outlines the implementation of this strategy.

Continuing with the spirals example, the experimental results for the sequential copying
process with four different λ values and a threshold δ = 10−8 are shown in Figure 4 (see
also Figure 3 for comparison). As before, Figure 4a) reports the change in accuracy for
increasing iterations, while Figures 4b) and c) present the results for the uncertainty ρ
and the number of data points used nN . Again, we can combine the information from all
three panels to better understand the behavior displayed by the copy model when forced to
remember. Initially, the model has not been trained, so the number of points increases while
the uncertainty decreases. Once the removal threshold δ is reached, the regularization term
becomes relevant. For low λ values, the ρ-term of Equation 12 dominates the cost function,
and the optimization process learns the new data points. As a result, the copy parameters
adapt to new data points and the model exhibits forgetting. Conversely, for large λ values,
the regularization term will dominate the optimization. The model is therefore forced to
retain more data points to ensure the ρ term can compete with the regularization term.
In this setting, the number of data points still grows, but in a sub-linear way. The most
desirable behavior is a constant number of points during the training process. For this
particular example, we observe this behavior for λ = 0.05 and λ = 0.1.
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Figure 4: a) Copy accuracy averaged over 30 independent runs for four different lambda
values: λ = 0.005, 0.05, 0.1, 0.25 with the same drooping threshold δ = 10−8. b)
Average uncertainty at each iteration. c) Number of data points used at each
iteration. Shaded region shows ±σ

3.3.2 Automatic Lambda

In the previous section, we observed an increment in the number of data points when
using large lambda values, to compensate for the memorization effect introduced by the
regularization term. This is to consolidate the previous knowledge acquired by the model.
In contrast, small lambda values promote short-lived data compression. This is desirable
at the beginning of the learning process or when the data distribution suffers a shift. To
retain the best of both regimes, we propose a heuristic to dynamically adapt the λ value to
the needs of the learning process. Our underlying intuition is that, whenever the amount
of data required increases, the memory term prevents the copy from adapting to new data.
This observation signals that the value of λ must decrease. Equivalently, when we observe a
decrement in the number of data points after data filtering, this suggests that the model can
classify most of them correctly. This indicates that we must stabilize it to avoid unnecessary
model drift due to future disturbances in the data. Hence, we must increase the λ parameter.
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Algorithm 5 Sequential approach with alternating optimization

1: Input: int T , int n, float ε, Classifier fO
2: Output: Optimal copy parameters
3: S0 ← {(zj , fO(zj)) | zj ∼ PZ , j = 1 . . . n}
4: θ∗0 ← arg min

θ

1∣∣S0

∣∣ ∑
z∈S0

ρ2(z, θ)

5: for t = 1 to T do
6: S∗t ← Step1(S∗t−1, n, δ, PZ , ρ(), fO, fC(θ

∗
t−1)) . Algorithm 2

7: λ←
{
λ/2 if |St| ≥ |St−1|,
1.5 · λ otherwise.

. Adaptive lambda

8: θ∗t ←Step2(St, ε,fO, θ∗t−1) . Algorithm 4
9: end for

10: return θ∗t

Thus, considering the set of data at iteration t, St, we force the described behavior by
automatically updating the value of λ parameter as follows

λ =

{
λ/2 if |St| ≥ |St−1|,
1.5 · λ otherwise.

The updated optimization process, including the modifications discussed, is presented in
Algorithm 5, the final algorithm proposed in this article. Our implementation models data
trends by computing the difference between the number of points in the previous iteration
and the number of points after data filtering. The filtering process occurs at the beginning
of each iteration after generating a new set of n samples.

As before, we demonstrate this improvement for the spirals example. We repeat the
experiments using Algorithm 5 with n = 100 and three different dropping thresholds: δ =
10−6, 10−8 and 10−10 as we did in Subsection 3.2.3 where the dropping procedure was first
introduced. Recall that, as discussed in Figure 3 only the setting corresponding to the
smallest δ value managed to perform better than the online approach, yet still performed
worse than the pure sequential case, where the model keeps all data points. The remaining
thresholds lost too many data points, and their performance was worse than the online
approach for a similar number of data points. The results obtained for the full Algorithm 5
are depicted in Figure 5. The accuracy obtained using the automatic regularization term
is comparable with the desired optimal pure sequential case, where the model keeps all
data points. Even for the most conservative approach, where we use a very small dropping
threshold, the number of points used after 30 iterations is 1/3 smaller than those required
for the pure sequential setting. Moreover, even when deliberately forcing a very volatile
setup by using a large value of delta, δ = 10−6, we obtain an accuracy larger than 0.95 for
an almost constant number of data points equal to 200.

4. Experiments

We present the results of our experimental study on the sequential copy approach applied
to a set of heterogeneous problems. Our results are analyzed using various performance
metrics and compared to the single-pass approach in both one-shot and online settings.
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Figure 5: a) Copy accuracy averaged over 30 independent runs for three different drooping
thresholds: 10−6, 10−8, and 10−10. b) Average uncertainty at each iteration. c)
Number of data points used at each iteration. The shaded region shows ±σ.

Before presenting the results, we provide a clear and reproducible description of the data
and experimental setup.

4.1 Experimental set-up

Data. We use 58 datasets from the UCI Machine Learning Repository database (Dheeru
and Karra Taniskidou, 2017) and follow the experimental methodology outlined in (Unceta
et al., 2020a). For a more detailed explanation of the problem selection and data prepara-
tion process, we refer the reader to the mentioned article.

Pre-processing. We convert all nominal attributes to numerical and rescale variables to
have zero mean and unit variance. We split the pre-processed data into stratified 80/20
training and test sets. We sort the datasets in alphabetical order and group them in sets
of 10, and assign each group one of the following classifiers: AdaBoost (adaboost), artificial
neural network (ann), random forest (rfc), linear SVM (linear svm), radial basis kernel
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SVM (rbf svm) and gradient-boosted tree (xgboost). We train all models using a 3-fold
cross-validation over a fixed parameter grid. A full description of the 58 datasets, including
general data attributes, and their assigned classifier, can be found in Table 3.

Models. We copy the resulting original classifiers using a fully-connected neural network
with three hidden layers, each consisting of 64, 32, and 10 ReLu neurons and a SoftMax
output layer. We use no pre-training or drop-out and initialize the weights randomly. We
implement the sequential copy process as described in Algorithm 5 above.

Parameter setting. We train these models sequentially for 30 iterations. At each it-
eration t, we generate n = 100 new data points by randomly sampling a standard nor-
mal distribution N (0, 1). We use Algorithm 5, discarding any data points for which
the instantaneous copy model has an uncertainty ρ below a defined threshold δ. We
adjust the weights at each iteration using the Adam optimizer with a learning rate of
5 · 10−4. For each value of t, we use 1000 epochs with balanced batches of 32 data
points. We use the previously defined normalized uncertainty average as the loss func-
tion and evaluate the impact of the δ parameter by running independent trials for δ ∈
{5 · 10−4, 10−4, 5 · 10−5, 10−5, 5 · 10−6, 10−6, 5 · 10−7, 10−7, 5 · 10−8, 10−8, 10−9, 10−10}. Addi-
tionally, we allow the λ parameter to be updated automatically, starting from a value of 0.5.

Hardware. We perform all experiments on a server with 28 dual-core AMD EPYC 7453
at 2.75 GHz, and equipped with 768 Gb RDIMM/3200 of RAM. The server runs on Linux
5.4.0. We implement all experiment in Python 3.10.4 and train copies using TensorFlow
2.8. For validation purposes, we repeat each experiment 30 times and present the average
results of all repetitions.

4.2 Metrics and performance plots

We evaluate the copy performance using three metrics, including copy accuracy (AC). The
copy accuracy is calculated as the accuracy of the copy on the original test set4. Given a
model f , we define the copy accuracy as the fraction of correct predictions made by this
model on a data set of labelled pairs, D = (xj , yj), as:

AfC =
1

N

∑
j = 1N I[f(xj) == yj ], (14)

where N is the number of samples and I[cond] is the indicator function that returns 1 if the
condition is true, i.e., when the model predicts the right outcome. We use the definition
above to compare the results obtained when using the sequential approach, Aseq

C , with those

obtained when training copies based on the single-pass approach, Asingle
C .

Another performance metric is the area under the normalized convergence accuracy
curve (conv). This metric measures the convergence speed of the sequential approach and is
defined as the area under the curve of the copy accuracy increment per iteration, normalized
by the maximum copy accuracy. The conv value is in the range of 0 to 1 and represents

4. Computing this value requires the original test data to be known and accessible. We consider this
assumption to be reasonable, as it provides a lower bound for all the other metrics.
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Dataset Classes Samples Features Original AO

abalone 3 4177 8 adaboost 0.545
acute-inflammation 2 120 6 adaboost 1.0
acute-nephritis 2 120 6 adaboost 1.0
bank 2 4521 16 adaboost 0.872
breast-cancer-wisc-diag 2 569 30 adaboost 0.921
breast-cancer-wisc-prog 2 198 33 adaboost 0.7
breast-cancer-wisc 2 699 9 adaboost 0.914
breast-cancer 2 286 9 adaboost 0.69
breast-tissue 6 106 9 adaboost 0.545
chess-krvkp 2 3196 36 ann 0.995
congressional-voting 2 435 16 ann 0.609
conn-bench-sonar-mines-rocks 2 208 60 ann 0.833
connect-4 2 67557 42 ann 0.875
contrac 3 1473 9 ann 0.573
credit-approval 2 690 15 ann 0.79
cylinder-bands 2 512 35 ann 0.777
echocardiogram 2 131 10 ann 0.815
energy-y1 3 768 8 ann 0.974
energy-y2 3 768 8 ann 0.922
fertility 2 100 9 random forest 0.9
haberman-survival 2 306 3 random forest 0.613
heart-hungarian 2 294 12 random forest 0.763
hepatitis 2 155 19 random forest 0.742
ilpd-indian-liver 2 583 9 random forest 0.615
ionosphere 2 351 33 random forest 0.944
iris 3 150 4 random forest 0.933
magic 2 19020 10 linear svm 0.801
mammographic 2 961 5 random forest 0.803
miniboone 2 130064 50 random forest 0.936
molec-biol-splice 3 3190 60 random forest 0.944
mushroom 2 8124 21 linear svm 0.979
musk-1 2 476 166 linear svm 0.812
musk-2 2 6598 166 linear svm 0.958
oocytes merluccius nucleus 4d 2 1022 41 linear svm 0.771
oocytes trisopterus nucleus 2f 2 912 25 linear svm 0.803
parkinsons 2 195 22 linear svm 0.923
pima 2 768 8 linear svm 0.721
pittsburg-bridges-MATERIAL 3 106 7 linear svm 0.909
pittsburg-bridges-REL-L 3 103 7 linear svm 0.667
pittsburg-bridges-T-OR-D 2 102 7 rbf svm 0.857
planning 2 182 12 rbf svm 0.703
ringnorm 2 7400 18 rbf svm 0.983
seeds 3 210 7 rbf svm 0.881
spambase 2 4601 57 rbf svm 0.926
statlog-australian-credit 2 690 14 rbf svm 0.681
statlog-german-credit 2 1000 24 rbf svm 0.765
statlog-heart 2 270 13 rbf svm 0.852
statlog-image 7 2310 18 rbf svm 0.952
statlog-vehicle 4 846 18 xgboost 0.765
synthetic-control 6 600 60 rbf svm 1.0
teaching 3 151 5 xgboost 0.548
tic-tac-toe 2 958 9 xgboost 0.974
titanic 2 2201 3 xgboost 0.778
twonorm 2 7400 20 xgboost 0.976
vertebral-column-2clases 2 310 6 xgboost 0.839
vertebral-column-3clases 3 310 6 xgboost 0.806
waveform-noise 3 5000 40 xgboost 0.843
waveform 3 5000 21 xgboost 0.843
wine 3 178 11 xgboost 0.944

Table 3: Description of datasets.

the fraction of time required for the system to reach a steady convergence state. For T
iterations, the value of conv is defined as follows

conv =
1

T

∫ T
0 A

seq
C (t) dt

max
t∈[0,T ]

Aseq
C (t)

, (15)

where Aseq
C (t) corresponds to the copy accuracy increment iteration by iteration.

Intuitively, conv metric measures the time required for the system to reach a steady
convergence state. Given T iterations of the sequential approach, a convergence speed of
conv means that the algorithm reaches the steady state at step 2(1− conv)T . A conv value
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of 90% tells us that we can reach convergence as fast as 0.2T . This is, the system requires
only 20% of the allocated time to converge.

Finally, we also introduce the efficiency metric, eff . This metric evaluates the computa-
tional cost of the copying process in terms of the number of synthetic data points used for
training. We compute it by comparing the actual number of points used in the sequential
approach with the theoretical number of points that would be used if no sample removal
policy was applied. We define eff as:

eff = 1−
∫ T

0 η(t) dt∫ T
0 n · t dt

, (16)

where η(t) is the number of points used in the sequential approach at each iteration t, as
shown in Figure 5(c).

The eff metric models the expected number of samples required for copying. This value
can be roughly approximated by (1− eff )/2. A eff value of 90% indicates that on average,
only 5% of the available data points are used in the process. Note that both the pure
sequential approach, where no sample removal policy is used, and the single-pass approach
have 0 efficiency because they both use all the available data points for training.

We evaluate the performance of the sequential approach by combining various metrics
into a single representation. We consider models with copy accuracy within 5% of the single-
pass result (Aseq

C /Asingle
C |nT > 0.95). Out of these configurations, we select the ones with the

highest copy accuracy (Aseq
C ), best efficiency (eff ), and fastest convergence (conv), referred

to as the Best accuracy, Best efficiency, and Best convergence, respectively. To visualize the
results, we present four plots: (1) a comparison of the copy accuracy between the single-pass
approach and the Best accuracy model, (2) a comparison of the copy accuracy and efficiency
between the Best accuracy and Best efficiency results, (3) a comparison of the copy accuracy
and convergence rate between the Best accuracy and Best convergence configurations, and
(4) a demonstration of the relationship between convergence and efficiency.

As an example, Figure 6 shows these plots for three toy datasets: spirals, moons, and
yin-yang. In Figure 6a), we can compare the performance degradation or improvement
of the sequential and single-pass approaches. In Figure 6b), a comparison between the
gain in efficiency (square marker) and the the best-performing configuration can be seen
for each dataset. The most efficient configuration typically displays a significant efficiency
gain. Figure 6c) compares the Best accuracy and best convergence operational points. We
observe that both configurations are nearly indistinguishable in terms of both accuracy and
convergence, i.e. the most accurate model is also the one which converges faster. Finally, in
Figure 6d) we observe that the Best efficiency configurations yield a significant improvement
in efficiency, while the loss in convergence is not too big.

The biggest gains are therefore obtained in terms of efficiency. This is a relevant result,
because it shows that the sequential approach to copying can provide significant advantages
for memory usage and computational resource allocation.

4.3 Results

We report the metrics for each UCI dataset as introduced above. Table 4 lists the values of
efficiency (eff ), convergence rate (conv), and accuracy Aseq

C for the three operational points:
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Figure 6: a) Comparison of accuracy between single-pass and sequential approaches on the
spirals, yinyang, and moons datasets. The dashed line marks equal accuracy be-
tween the two methods. Points above (below) the line indicate better accuracy
for the sequential (single-pass) approach. b), c), and d) Comparison of Best accu-
racy (circles), Best efficiency (squares) and Best convergence (stars) operational
points for each dataset. The gray dashed lines connect the points of the same
dataset and display the linear fit of intermediate solutions.

Best accuracy, Best efficiency, and Best convergence. These results are compared with the
original accuracy (AO) and the one-shot single-pass copy accuracy (Asingle

C ).

We observe that not all copies can perfectly reproduce the original accuracy. This ef-
fect is observed in 19 datasets for both single-pass and sequential models. Possible reasons
include a mismatch between the copy’s capacity and the boundary complexity, or a mis-
alignment between the sampling region and the original data distribution. This observation
is in line with results in the literature but outside of the scope of this article. Conversely,
in 8 datasets, copies outperform the original classifier performance, specifically in 4 cases.
This unexpected result may be due to statistical noise and requires further investigation.
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The relevant results for our proposal show that the sequential copy process at the Best
accuracy operational point matches the single-pass approach in 53 of 58 problems, performs
worse in 4 datasets and better in 1. On average, the copy process converges in 11.5% of
the allotted time with a convergence metric of conv = 0.942 and efficiency of eff = 0.716.
This requires an average of 14% of the samples used by the single-pass. A graphic display
of the results comparing both approaches is shown in Figure 7. The most notable results
have been highlighted in darker colors to ease interpretation. Values plotted in the diagonal
correspond to cases where both approaches yield comparable results. Most of the sequential
copies recover most of the single-pass accuracy, even when training on smaller synthetic
datasets. In some datasets, however, copies based on the sequential approach fall below the
diagonal. This effect is observed when the amount of memory (n) is not enough to describe
the decision boundary entirely. Finally, we observe some cases where points lie above the
diagonal, signaling that sequential copies improve over the single-pass results.
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Figure 7: Comparison of accuracy between the one-shot single-pass and sequential ap-
proaches. Points over the dashed line exhibit the same accuracy using both
methods whereas points above (below) the line are those where the sequential
(single-pass) method gives better performance. Color gets darker with the dis-
tance to the dashed line.

The results of the Best efficiency and Best convergence operational points have an aver-
age accuracy degradation of 5%, which is not statistically significant. For the Best efficiency
operational point, 51 datasets have a degradation in performance, but there’s a statistically
significant improvement in efficiency in 47 datasets (eff=0.882) using only 6% of the data
points. The convergence speed increases by 17.4% in the allotted time, meaning 3% more
time compared to the Best accuracy configuration.

For the Best convergence operational point, 20 out of 58 datasets show a performance
degradation, which is not statistically significant. There’s a statistical efficiency loss in 10
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Figure 8: Comparison of Best accuracy (circles), Best efficiency (squares) and Best con-
vergence (stars) operational points for each dataset in terms of a) accuracy and
efficiency, b) accuracy and convergence and c) convergence and efficiency. The
inverted triangles identify those cases where the considered operational points
are the same. The gray dashed lines connect the points of the same dataset and
display the linear fit of intermediate solutions.

datasets, and it requires an average of 15% of the allotted time. This operational point
barely improves the convergence speed compared to Best accuracy. It differs from it in
average in 20 datasets, with a required time to reach the steady state of 11.2% of the
allotted time. This small time difference is due to the automatic lambda setting. Large λ
values and small δ values ensure fast convergence speeds. The automatic lambda algorithm
starts with a large lambda value for fast convergence at the initial steps, then reduces it
in subsequent iterations to improve accuracy. This results in similar metrics for both Best
accuracy and Best convergence configurations.
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The operational points discussed are graphically represented in Figure 8. Figures 8a), b)
and c) mark the Best accuracy operational point with a circle, the Best efficiency operational
point with a square and the Best convergence operational point with a star. Each dataset is
linked by a line connecting the two points, which is a linear fit of the intermediate solutions.
Triangles mark the datasets where there is no statistically significant difference between
the considered operational points. Figure 8a) displays that, in most cases, the method’s
efficiency can be largely increased with only a small degradation in accuracy, as indicated
by the relatively flat slopes. Figure 8b) confirms the results, with the Best accuracy and
Best convergence operational points tending to be very similar, as evidenced by the high
number of triangles. The method thus showcases fast convergence speed and high accuracy
simultaneously. Finally, Figure 8c) displays convergence against efficiency, with the Best
convergence operational point marked with a circle. A dashed line links this point to the
Best efficiency operational point in the same dataset. We observe that there is a larger
slope in the lines, which indicates a trade-off between the number of data points used and
the speed of convergence. This is to be expected, because the largest the number of points
used in the training, the smaller the amount of iterations the system will probably require.
However, the method still shows fast convergence, ranging between 85% and 98%. This
indicates that the method is not only fast but it also requires very small amount of points.

5. Conclusions

In this paper, we proposed a sequential approach for replicating the decision behavior of
a machine learning model through copying. Our approach offers a unique solution to the
problem of balancing memory requirements and convergence speed and is the first to tackle
the problem modeled in Equation 1 in the context of copying. To this end, we moved
the copying problem to a probabilistic setting and introduced two theorems to demonstrate
that the sequential approach converges to the single-pass approach as the number of samples
used for copying increases.

We also studied the duality of compression and memorization in the copy model and
showed that a perfect copy can compress all the data in the model parameters. To assess
this effect, we employed epistemic uncertainty as a reliable measure of data compression
for copying. This measure is only valid for copies and can not be extrapolated to standard
learning procedures. This is because, contrary to the standard learning case, there is no
aleatoric uncertainty when copying. Therefore, all measured uncertainty corresponds to
that coming from the model itself. As such, we can devise copy models that effectively
compress all the data with guarantees. With this in mind, we identified the phenomenon
of catastrophic forgetting in copies, a well-known effect that appears in online learning
processes. To mitigate this effect, we introduced a regularization term derived from an
invariant in one of the theorems that enable the process to become more stable.

To reduce the computational time and memory used, we introduced a sample selection
policy. This policy controls the compression level that each data sample undertakes. If
new data points are already well compressed and represented by the copy at the considered
iteration, it is unnecessary to feed them back to this model. As a result of this process, very
few data are required during the learning process. Moreover, we observed that the number
of samples required to converge to an optimal solution stabilizes at a certain amount.
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Additionally, we introduced a regularization term for the copy-loss function to prevent
noise during the learning process. This term prevents copies from diverging from one
iteration to another. To control the hyperparameter governing this regularization term, we
devised an automatic adjustment policy. This policy resorts to a simple but stable meta-
learning algorithm that allows us to weigh the dynamic adjustment of the regularization
term. As a result, there is no need for hyperparameter tuning.

Our empirical validation on 58 UCI datasets and six different machine learning archi-
tectures showed that the sequential approach can create a copy with the same accuracy as
the single-pass approach, while offering faster convergence and more efficient use of com-
putational resources. The sequential approach provides a flexible solution for companies
to reduce the maintenance costs of machine learning models in production by choosing the
most suitable copying setting based on available computational resources for memory and
execution time.
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machine learning models. In Hal Daumé III and Aarti Singh, editors, Proceedings
of the 37th International Conference on Machine Learning, volume 119 of Proceed-
ings of Machine Learning Research, pages 10355–10366. PMLR, 13–18 Jul 2020. URL
https://proceedings.mlr.press/v119/wu20b.html.

Chenglin Yang, Lingxi Xie, Siyuan Qiao, and Alan L. Yuille. Training deep neural networks
in generations: A more tolerant teacher educates better students. Proceedings of the AAAI
Conference on Artificial Intelligence, 33(01):5628–5635, Jul. 2019. doi: 10.1609/aaai.
v33i01.33015628. URL https://ojs.aaai.org/index.php/AAAI/article/view/4506.

Li Yuan, Francis E.H. Tay, Guilin Li, Tao Wang, and Jiashi Feng. Revisiting knowledge
distillation via label smoothing regularization. In 2020 IEEE/CVF Conference on Com-
puter Vision and Pattern Recognition Workshops. IEEE Computer Society, Washington,
DC, USA, 2020.

Xinchuan Zeng and Tony R. Martinez. Using a Neural Network to Approximate an Ensemble
of Classifiers. Neural Procesing Letters, 12:225–237, 2000.

31

10.1109/CVPR.2016.308
10.1109/CVPR.2016.308
10.1109/ACCESS.2020.3020638
10.3390/e22101122
10.1007/978-3-030-57524-3_16
https://proceedings.mlr.press/v119/wu20b.html
https://ojs.aaai.org/index.php/AAAI/article/view/4506


Statuto, Unceta, Nin, and Pujol

Appendix A. Proof of convergence

We establish the equivalence between solving the optimization problem in Equation 8 and
its counterpart as i approaches infinity. To do this, we demonstrate the convergence of the
function sequence Fi to F (θ) for increasing values of i, i.e., limi→∞ Fi(θ) = F (θ). Subse-
quently, we prove that this convergence implies that the sequence θ∗i converges to θ∗ as i
approaches infinity. We do so under several assumptions.

For the sake of completeness, let us introduce the following proposition on the uniform
convergence of functions.

Proposition 1: Cauchy convergence criterion A sequence of functions fn : X ⊆ Rn →
R is uniformly convergent if and only if, for every ε > 0, there exists an N such that for all
m,n ≥ N , |fn(x)− fm(x)| < ε for all x ∈ X.

Now, let us prove Theorem 1 from the main text:

Theorem 1 Let Si ⊆ Si+1 ⊆ · · · ⊆ S be a sequence of subsets converging to S with
∣∣Si∣∣ = i·

M , M ∈ N. Then, the sequence of functions
{
Fi
}
i
defined as Fi(θ) = 1∣∣Si

∣∣ ∑z∈Si
`(fC(z, θ), fO(z)),

converges uniformly to F (θ) = 1∣∣S∣∣ ∑z∈S `(fC(z, θ), fO(z)), where `(·) is a non-negative and

bounded loss function, |`(·)| ≤ K.

Proof Let us consider the difference between two consecutive steps∣∣∣Fi(θ)− Fi−1(θ)
∣∣∣ =

∣∣∣∣∣ 1∣∣Si∣∣ ∑z∈Si

`(fC(z, θ), fO(z))− 1∣∣Si−1

∣∣ ∑
z∈Si−1

`(fC(z, θ), fO(z))

∣∣∣∣∣
=

∣∣∣∣∣ 1∣∣Si∣∣ ∑z∈Si

`(fC(z, θ), fO(z))− 1∣∣Si−1

∣∣ ∑
z∈Si−1

`(fC(z, θ), fO(z))

+
1∣∣Si∣∣ ∑z∈Si−1

`(fC(z, θ), fO(z))− 1∣∣Si∣∣ ∑z∈Si−1

`(fC(z, θ), fO(z))

∣∣∣∣∣
=

∣∣∣∣∣ 1∣∣Si∣∣ ∑
z∈Si\Si−1

`(fC(z, θ), fO(z)) +
( 1∣∣Si∣∣ − 1∣∣Si−1

∣∣) ∑
z∈Si−1

`(fC(z, θ), fO(z))

∣∣∣∣∣
then, as

∣∣Si∣∣ ≥ ∣∣Si−1

∣∣,∣∣∣Fi(θ)− Fi−1(θ)
∣∣∣ ≤ ∣∣∣∣∣ 1∣∣Si∣∣ ∑

z∈Si\Si−1

`(fC(z, θ), fO(z))

∣∣∣∣∣
≤ 1∣∣Si∣∣ ∑

z∈Si\Si−1

∣∣∣`(fC(z, θ), fO(z))
∣∣∣

≤
∣∣Si \ Si−1

∣∣ · K∣∣Si∣∣ .
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Now, given an ε > 0, we need to show that

∃N such that if i > N then

∣∣Si \ Si−1

∣∣ · K∣∣Si∣∣ < ε,

however, this last step will strongly depend on the growth policy when generating new
samples. In order to fulfil the above requirement, the order of

∣∣Si \ Si−1

∣∣ should be smaller
than

∣∣Si∣∣. In this work, we limit ourselves to study the growth policy stated in the theorem∣∣Si∣∣ = i ·M , M ∈ N.

Then, we can rewrite ∣∣Si \ Si−1

∣∣∣∣Si∣∣ =
iM − (i− 1)M

iM

=
1

i
<

ε

K

with N ∈ N such that N > K
ε + 1, and choosing i > N , then the uniform convergence of

Fi(θ) is proved by the Cauchy convergence criterion.

This growth policy is a sufficient condition for proving the theorem but it is not the only
one that may be used. It can be easily proved that any policy of the form

∣∣Si∣∣ = ik ·M with
M ∈ N also works, whereas recursive policies of the form

∣∣Si∣∣ = i ·
∣∣Si−1

∣∣ will not. Addi-
tionally, any loss function may easily fulfill the requirements of the theorem. For example,
using a sigmoid function of the loss.

As a consequence of this uniform convergence, two properties of the function F naturally
arise. Firstly, Fi(θ) converges point-wise to F (θ). Secondly, F (θ) is a continuous function
on the complete set of parameters, Θ.

Parameter convergence

Theorem 2 Under the conditions of Theorem 1, the sequence of parameters
{
θ∗i
}
i

defined
as θ∗i = arg minθ∈Θ Fi(θ), converges to θ∗ = arg minθ∈Θ F (θ), where Θ is the complete set
of parameters.

Proof As previously introduced, we can define the optimal copy parameters for a given
value of i, and its corresponding function Fi, according to the following equation

θ∗i = arg min
θ∈Θ

Fi(θ) (17)

for Θ the complete parameter set. We assume that this set is only well defined if Fi and F
have a unique global minimum. This is a commonly made assumption in the literature. In
addition, we also assume that Θ is compact.

From the definition of θ∗i above it follows that

Fi(θ
∗
i ) ≤ Fi(θ), ∀θ ∈ Θ, ∀i ∈ N
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and using the point-wise convergence of Fi we obtain

F (θ̂∗) ≤ F (θ), ∀θ ∈ Θ (18)

where θ̂∗ is the limit of the sequence
(
θ∗i
)
i
. As a consequence of the compactness of Θ and

the continuity of F , we can conclude that θ̂∗ must exist. Moreover, given our assumption
that Θ is well defined, we can conclude that

θ̂∗ = θ∗ = arg min
θ
F (θ). (19)

The proof above shows that we can approximate the true optimal parameters by se-
quentially estimating their value using a sequence of subsets Si that uniformly converge to
S. In other words, it demonstrates the theoretical feasibility of the sequential approach.
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