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Abstract

We propose and analyze several stochastic gradient algorithms for finding stationary points or local
minimum in nonconvex, possibly with nonsmooth regularizer, finite-sum and online optimization
problems. First, we propose a simple proximal stochastic gradient algorithm based on variance
reduction called ProxSVRG+. We provide a clean and tight analysis of ProxSVRG+, which shows
that it outperforms the deterministic proximal gradient descent (ProxGD) for a wide range of mini-
batch sizes, hence solves an open problem proposed in Reddi et al. (2016b). Also, ProxSVRG+
uses much less proximal oracle calls than ProxSVRG (Reddi et al., 2016b) and extends to the on-
line setting by avoiding full gradient computations. Then, we further propose an optimal algorithm,
called SSRGD, based on SARAH (Nguyen et al., 2017) and show that SSRGD further improves
the gradient complexity of ProxSVRG+ and achieves the the optimal upper bound, matching the
known lower bound of (Fang et al., 2018; Li et al., 2021). Moreover, we show that both ProxSVRG+
and SSRGD enjoy automatic adaptation with local structure of the objective function such as the
Polyak-L.ojasiewicz (PL) condition for nonconvex functions in the finite-sum case, i.e., we prove
that both of them can automatically switch to faster global linear convergence without any restart
performed in prior work ProxSVRG (Reddi et al., 2016b). Finally, we focus on the more challeng-
ing problem of finding an (¢, d)-local minimum instead of just finding an e-approximate (first-order)
stationary point (which may be some bad unstable saddle points). We show that SSRGD can find
an (€, §)-local minimum by simply adding some random perturbations. Our algorithm is almost as
simple as its counterpart for finding stationary points, and achieves similar optimal rates.

Keywords: nonconvex optimization, optimal algorithm, proximal gradient descent, variance re-
duction, local minimum
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1. Introduction

Nonconvex optimization is ubiquitous in machine learning problems, especially in training deep
neural networks. In this paper, we consider the nonsmooth (composite) nonconvex optimization
problems of the form

min {®(z) := f(z) + h(z)}, ()
zeR4
where f : R? — R is a differentiable and possibly nonconvex function, while  : R¢ — R is
nonsmooth but convex (e.g., 1 norm ||z||; or indicator function I (x) for some convex set C). In
particular, we are interested in functions of f having the finite-sum form

Fa) == 3" fiw) @
=1

where functions f;s are also possibly nonconvex. The finite-sum form captures the standard em-
pirical risk minimization problems and thus is fundamental to many machine learning problems,
ranging from convex optimization (f;s are convex functions) such as logistic regression, SVM to
highly nonconvex problem such as optimizing deep neural networks. Moreover, if the number of
data samples n is very large or even infinite, e.g., in the online/streaming case, then function f
usually is modeled via the online form

f(z) := E¢p[F (2, ()] 3)

For notational convenience, we adopt the notation of the finite-sum form (2) in the descriptions and
algorithms in the rest of this paper. However, our results apply to the online form (3) as well by
letting f;(x) := F(x,(;) and treating n as a very large number or even infinite.

There is a large body of literature for solving the standard problem (1) with finite-sum form
(2) or online form (3). The convex setting (i.e., f;s are convex) are well-understood (see e.g., Xiao
and Zhang, 2014; Lin et al., 2015; Lan and Zhou, 2015; Woodworth and Srebro, 2016; Lan and
Zhou, 2018; Allen-Zhu, 2017; Lan et al., 2019; Li, 2021). Due to the increasing popularity of deep
learning, the nonconvex case has attracted significant attention in recent years. In search of the
optimal algorithms, a large family of variance-reduced methods plays an important role. In par-
ticular, SVRG (Johnson and Zhang, 2013), SAGA (Schmidt et al., 2013; Defazio et al., 2014) and
SARAH (Nguyen et al., 2017) are representative variance-reduced methods which were originally
designed to solve convex optimization problems. They were extended to solve nonconvex problems
in subsequent works, such as SCSG (Lei and Jordan, 2017; Lei et al., 2017), SVRG+ (Li and Li,
2018), L-SVRG (Kovalev et al., 2019), SNVRG (Zhou et al., 2018b), SPIDER (Fang et al., 2018),
SpiderBoost (Wang et al., 2019), SSRGD (Li, 2019), PAGE (Li et al., 2021). Particularly, Li and
Richtarik (2020) provided a unified analysis for a large family of stochastic gradient methods in
nonconvex optimization such as SGD, SGD with arbitrary sampling, SGD with compressed gradi-
ent, variance-reduced methods such as SVRG and SAGA, and their distributed variants. There are
also many advanced variants in the distributed/federated settings such as (Karimireddy et al., 2020;
Li et al., 2020; Zhao et al., 2021b; Li and Richtarik, 2021a; Gorbunov et al., 2021; Richtarik et al.,
2021; Fatkhullin et al., 2021; Li and Richtarik, 2021b; Zhao et al., 2021a; Richtarik et al., 2022; Li
et al., 2022a; Zhao et al., 2022; Li et al., 2022b).

While much prior work focused on the smooth convex/nonconvex case (i.e., h(z) = 0 in (1)),
relatively less work studied the more general nonsmooth nonconvex case. Here we briefly survey
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previous work that are directly related to our work. Ghadimi et al. (2016) analyzed the determin-
istic proximal gradient method (i.e., computing the full-gradient in every iteration) for this nons-
mooth nonconvex setting. Here we denote it as ProxGD. Ghadimi et al. (2016) also considered the
stochastic variant (here we denote it as ProxSGD). However, ProxSGD requires the minibatch size
being a very large number (i.e., b = O(c?/e?)) for showing the convergence. Later, Reddi et al.
(2016b) provided two algorithms called ProxSVRG and ProxSAGA, which are based on SVRG
(Johnson and Zhang, 2013) and SAGA (Defazio et al., 2014). However, their convergence results
(using constant or moderate size minibatches) are still worse than the deterministic ProxGD in
terms of proximal oracle complexity (see Definition 2 for the formal definition). Note that their al-
gorithms (i.e., ProxSVRG/SAGA) outperform the ProxGD only if they use a quite large minibatch
size b = O(nQ/ 3), where n is the number of training samples. Note that from the perspectives of
both computational efficiency and statistical generalization, always computing full-gradient (GD or
ProxGD) may not be desirable for large-scale machine learning problems. A reasonable minibatch
size is desirable in practice, since the computation of minibatch stochastic gradients can be much
cheaper and also implemented in parallel. In fact, practitioners typically use moderate minibatch
sizes, often ranging from something like 16 or 32 to a few hundreds (sometimes to a few thousands).
Hence, it is important to study the convergence in moderate and constant minibatch size regime. In
light of this consideration, Reddi et al. (2016b) presented an important open problem of developing
stochastic methods with provably better performance than ProxGD with constant minibatch size. In
this paper, we provide algorithms for solving this open problem and also achieving optimal results.
See Table 1 and 2 for more related works and their detailed convergence results.

Besides, we show that better convergence can be achieved if the objective/loss function satisfies
the Polyak-Lojasiewicz (PL) condition (Assumption 4). Note that under the PL condition, one
can obtain a faster linear convergence O(- log %) rather than the sublinear convergence O(E%) In
many cases, although the objective function is globally nonconvex, some local regions (e.g., large
gradient regions) may satisfy the PL condition. Thus, we also prove that our algorithms can achieve
faster linear convergence rates under the PL condition. In particular, the parameter settings of our
algorithm remain the same for the finite-sum case, i.e., our algorithms can automatically switch to
the faster linear convergence rate in these regions where the PL condition is satisfied.

For nonconvex problems, the point with zero gradient V f(z) = 0 can be a local minimum, a
local maximum or a saddle point. To avoid stucking in bad saddle points (or local maxima), we want
to further find a local minimum, i.e., V f(x) = 0 and V2 f(x) > 0 (this is a sufficient condition for
being a local minimum). We note that although finding the global minimum for nonconvex problems
is NP-hard in general, it is known that for some special nonconvex problems all local minima are
also global minima, such as matrix sensing (Bhojanapalli et al., 2016), matrix completion (Ge et al.,
2016), and some special neural networks (Ge et al., 2017). In our paper, we also consider the goal of
finding an approximate (e, §)-local minimum (i.e., ||V f(z)|| < € and Ayin (V2 f(x)) > —0) instead
of just finding the e-approximate first-order solution (i.e., ||V f(x)|| < €). For this purpose, Xu et al.
(2018) and Allen-Zhu and Li (2018) independently proposed generic reductions Neon/Neon2, that
can be combined with algorithms that finds e-approximate (first-order) solutions in order to find an
(€, 0)-local minimum. However, algorithms obtained via such reduction are quite complicated and
rarely used in practice. In particular, the reduction needs to extract negative curvature directions
from the Hessian to escape saddle points by using a negative curvature search subroutine: given a
point z, find an approximate eigenvector corresponding to the smallest eigenvalue of V2 f(z). This
also makes the analysis more complicated. In practice, standard stochastic gradient algorithms can
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often work well in nonconvex setting (they can escape bad saddle points) without a negative cur-
vature search subroutine. Intuitively, the saddle points are not very stable, and some stochasticity
can escape such saddle points. This raises the following natural theoretical question “Is there any
simple modification to the standard first-order gradient method, that can achieve second-order op-
timality guarantee (local minimum)?”. For gradient descent (GD), Jin et al. (2017) showed that a
simple perturbation step (by injecting Gaussian noises) is enough to escape saddle points for finding
an (e, d)-local minimum, and this is necessary (Du et al., 2017). Jin et al. (2018) showed that an
accelerated GD version can achieve faster convergence rate. Note that both (Jin et al., 2017, 2018)
require computing the full gradients. Ge et al. (2015), Daneshmand et al. (2018), Jin et al. (2019),
and Fang et al. (2019) analyzed stochastic gradients can also find approximate local minimum if
some Gaussian noises are injected.! Recently, Ge et al. (2019) showed that a simple perturbation
step is also enough to find an (e, §)-local minimum for SVRG algorithm (Johnson and Zhang, 2013;
Li and Li, 2018). Moreover, Ge et al. (2019) also developed a stabilized trick to further improve
the dependency of Hessian Lipschitz parameter. See also Table 5 for the convergence rates of the
aforementioned works.

In the next section, we present our contributions and provide more discussions and details of
related work.

2. Our Contributions

In this section, we review previous related work and present our contributions. Concretely, in Sec-
tion 2.1, we compare the convergence results of our ProxSVRG+ and SSRGD with previous work,
and show that SSRGD further improves on ProxSVRG+ and achieves the optimal convergence re-
sults. In Section 2.2, we present the convergence results of ProxSVRG+ and SSRGD under the
PL condition. In this PL setting, SSRGD achieves new state-of-the-art results. Note that both
ProxSVRG+ and SSRGD can automatically switch to the faster global linear convergence in the
finite-sum case under the PL condition. In Section 2.3, we further present the convergence results
of SSRGD for finding an approximate local minimum which is a more challenging guarantee com-
pared with just finding an approximate first-order stationary point.

2.1 Nonsmooth nonconvex optimization

We list the convergence results of ProxGD, ProxSGD, ProxSVRG/SAGA, ProxSVRG+ and SSRGD
in Table 1. Our goal in this section is to find an e-approximate solution of (1) (see Definition 1). The
convergence results are stated in terms of the number of stochastic first-order oracle (SFO) calls and
proximal oracle (PO) calls (see Definition 2). Although the algorithm of ProxSVRG+ is the same
as in the conference version (Li and Li, 2018), our convergence analysis is notably different. In this
paper, we further simplify our original proofs of ProxSVRG+ provided in Li and Li (2018), which
allows for using larger step size and also leads to better constant in the convergence results.

The original version of SSRGD (Simple Stochastic Recursive Gradient Descent) in Li (2019)
was designed to solve the smooth nonconvex problems (i.e., h(x) = 0 in (1)). In this paper, we
extend it to solve the nonsmooth nonconvex problems (1). Compared with the SFO complexity of

ProxSVRG+, SSRGD improves the factor v/ to b, e.g., 0(62% + 6%) to O(z; + E%) in the finite-

1. Daneshmand et al. (2018) and Fang et al. (2019) also show that the plain SGD can find approximate local minimum
under certain assumptions.
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Figure 1: SFO complexity w.r.t. minibatch b. 2

Figure 2: PO complexity w.r.t. minibatch b.

Table 1: SFO and PO complexity for finding an e-approximate solution of problem (1)

Aloorithms Stochastic first-order | Proximal oracle Assumptions
& oracle (SFO) (PO) P
ProxGD " 1 Asp 1
(Ghadimi et al., 2016) 0(&) 0(z) (finite-sum)
ProxSGD b o2 1 Asp2,3
(Ghadimi et al., 2016) O(z), where b > & 0(z) (finite-sum or online 3)
ProxSVRG/SAGA O(3%; +n), O0(isis) Asp 2
(Reddi et al., 2016b) where b < n2/3 b3/2¢2 (finite-sum)
SCSG (Lei et al., 2017) y1/8 g2/8 . s Asp2,3
(smooth case h(x) = 01in (1)) O( et B) NA (finite-sum or online 3)
ProxSVRG+ n b 1 Asp 2
(this paper, Theorem 5) 0(52\/5 tat n) 0(z) (finite-sum)
ProxSVRG+ B b 4 1 Asp 2,3
(this paper, Theorem 5) O(EZ\/E tat B) O(?> (finite-sum or online 3)
SSRGD " b 1 Asp 2
(this paper, Theorem 6) O(ﬁ teat n) O(?) (ﬁnite—sym)
SSRGD B b 4 1 Asp 2,3
(this paper, Theorem 6) O(a + & + B) 0(z) (finite-sum or online 3)

sum case, where b is the minibatch size (See Table 1). Although SSRGD yields better convergence
results than ProxSVRG+, in our opinion, the analysis of ProxSVRG+ is quite simple and clean,

and useful for understanding the analysis of SSRGD. Hence, we choose to present the details of

ProxSVRG+ as well.

2. In this figure, we assume that o2 /¢*> < n,i.e., B := min{n, 0?/e*} = /€. Otherwise there is no difference from

the finite-sum case if B = n. We also omit o for simplicity of presentation.

3. Note that we refer to the finite-sum problem (2) with large or infinite n as the online problem (3), as discussed in

Section 1. In the online problem, computing the full gradient may be very expensive or simply impossible (e.g., if n
is infinite), so the bounded variance assumption of stochastic gradient (Assumption 3) is needed.

4. B := min{n, 0% /e*}.

5. SCSG (Lei et al., 2017) only considered the smooth case, i.e., h(x) = 0 in problem (1). The proximal oracle is
required only for the nonsmooth setting.
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Table 2: SFO and PO complexity of recent algorithms for solving problem (1) ¢

Algorithm Stochastic first-order | Proximal oracle Assumption
- £0 S ) oracle (SFO) (PO) ssumptions
SNVRG (Zhouetal. 20180) | O(n+ %)’ NA (it
SPIDER (Fang et al., 2018) O(n + g) 7 NA (ﬁn/?tsel_)sim)
SpiderBoost (Wang etal., 2019) | O(n+ %)’ O(%) (ﬁn?tir-)sim)
 ProxSARAIL 7 Vn O(¥=), Asp 2
M (Fham et al., 2019) O(n+ ) where b < y/n | (finite-sum)
PAGE (Li et al., 2021) O(n + \/Ejb) NA (ﬁn?tir_)sim)
| SSRGD (i : vn 1 Asp 2
SSRGD (this paper, Theorem 6) O(n + 4% o(L) a2
9(4F), Asp 2
Lower bound (Fang et al., 2018) where n = O(2) NA 2
i Vn Asp 2
Lower bound (Li et al., 2021) Qn+ %) NA P

We highlight the following results yielded by ProxSVRG+ and SSRGD:

1) Reddi et al. (2016b) proposed the following open question: developing stochastic methods with
provably better performance than ProxGD with constant minibatch size b. Note that #PO of
ProxSVRG (Reddi et al., 2016b) is n/b*/3 times larger than ProxGD. Our ProxSVRG+ is v/b
(resp. \/En/ B in the online case) times faster than ProxGD in terms of #SFO when b < n?2/3
(resp. b < B2/3), and n /b times faster than ProxGD when b > n2/3 (resp. b > B2/3), where
B := min{n, Z—j} SSRGD is b (resp. bn/B in the online case) times faster than ProxGD in
terms of #SFO when b < nt/? (resp. b < BY/ 2), and n/b times faster than ProxGD when
b > n'/? (resp. b > B1/2). Note that the number of proximal oracle (PO) calls for ProxGD,
ProxSVRG+ and SSRGD are the same, i.e., #P0 = O(1/€?). Hence, both results answers the
open question posed by Reddi et al. (2016b). Also see Figure 1 and 2 for an overview.

2) For the online case (which needs an extra bounded variance Assumption 3 since the full gradient
may not be available), ProxSVRG+ and SSRGD generalize and improve the result achieved by
SCSG (Lei et al., 2017) for the smooth nonconvex case (h(x) = 0 in form (1)) to this nonsmooth
setting. We note that ProxSVRG+ is also more straightforward than SCSG and the proof is
also simpler. Also note that SCSG (Lei et al., 2017) achieves its best convergence result with
minibatch size b = 1 (see Figure 1), while ProxSVRG+ and SSRGD achieves their best results
with moderate minibatch sizes and thus can also enjoy speed up with parallelism/vectorization.

6. Similar results hold for these recent algorithms and our SSRGD by replacing n with B := min{n, Z—;} in finite-
sum or online setting (under Asp 2 and 3) similar to Table 1. Note that SSRGD also matches the lower bound
Q(B + g) (Li et al., 2021) in the online setting (i.e., it achieves optimal results in both finite-sum and online
settings).

7. They only analyzed a fixed choice of minibatch size b.
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Table 3: SFO and PO complexity of algorithms under PL condition for solving problem (1)

Algorithms Stochastic first-order Proximal oracle Assumptions
oracle (SFO) (PO) }
7(Karinljir 2?51?2016) O("? log ) 1 Olrlog ) (ﬁiist[f):-lsllil)
nRK

psmosies | ORI | ot | i
(smS()COtShC}c;];: ih?;)ﬂ"zz(? i )( 1y | OB klog )t NA® (ﬁnitﬁsssrrzl ’o:j,r,jnline)

(this gﬁ:f \”liﬁe((};em 7) O log ¢ + b log ¢) O(rlog ¢) (ﬁﬁisti;;)
(this ::;ff \lcﬁg):em 7 O(Jlog z +brlog ) * | Olrlog ) (ﬁnit:sssri éfnline)

(this paSeSrT{"lg}hIZ()rem 8) O(% log % +brlog %) O(rlog %) (ﬁ?listlz-?s’u?n)
(this paSeSf"ﬁEorem 8) O(% log % +brlog %) ' O(rlog %) (ﬁniteésssn? ,o3r,cfn1ine)

3) By choosing the best minibatch size b = \/n (b = /B in online case), SSRGD achieves the
optimal results in both finite-sum and online settings, which match the lower bounds given in
(Fang etal., 2018; Lietal., 2021). Note that the optimal SFO complexity O(n+ g) have already
been achieved by several recent works such as SNVRG (Zhou et al., 2018a), SPIDER (Fang
et al., 2018), SpiderBoost (Wang et al., 2019), ProxSARAH (Pham et al., 2019) and PAGE (Li
etal., 2021). We highlight some differences between SSRGD and previous results. For SNVRG,
SPIDER and PAGE, they only considered the smooth case (h(z) = 0 in form (1)). SpiderBoost
only analyzed a fixed choice of minibtach size b and ProxSARAH requires much more #PO calls
if minibatch size b is small. SSRGD provides the results for all minibatch size b € [1,n] and the
number of #PO calls is always the same as ProxGD. We also note that ProxSARAH with v, = 1
(Algorithm 1 in (Pham et al., 2019)) is the same as SSRGD. However, the convergence analysis
in Pham et al. (2019) (Theorem 6 in their paper) requires 7 = v = ﬁ (where w = %),
hence does not cover the case that 74 = 1. Our main technical contribution is a simple and clean
analysis (arguably simpler than that in the previous optimal algorithms) that is inspired by our
analysis of ProxSVRG+. See Table 2 for these recent results. Note that these results were not

stated in terms of minibatch size b, so we use a separate table for them.

2.2 PL setting

Note that under the PL condition (Assumption 4), one can obtain the faster linear convergence rates
O(-log 1) (see Theorem 7 and 8) rather than the sublinear convergence rates O(- 6%) (see Theorem 5
and 6).

Now we summarize the convergence results of prior work, ProxSVRG+ and SSRGD under PL
condition (Assumption 4) in Table 3. The convergence result of these algorithms are very similar

8. B := min{n, Z—i}
9. SCSG (Lei et al., 2017) also only considered the smooth case (i.e., A(z) = 0 in problem (1)) in the PL setting. The
proximal oracle is only required for the nonsmooth setting.
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Table 4: SFO and PO complexity of recent algorithms under PL condition for solving problem (1)

. Stochastic first-order Proximal oracle .
Algorithms oracle (SFO) (PO) Assumptions
SNVRG 3 1 0 Asp 2,4
JZhou etal., 2018b) O(((n +/nk)log n) log f) NA (finite-sum)
SNVRG 3 01 10 Asp2,3,4
JZhou et al.,72018b) 0 ( ((B + \/EK) log B) log E) NA (finite-sum or online)
Prox-SpiderBoost-PL 9 1 1 Asp 2,4
JWang et al.L2019) O((n +r7)log €) O(rlog 5) (ﬁnite—sym)
PAGE 1 10 Asp 2,4
(Lietal., 2021) O((n +V/nk) log 6) NA (finite-sum)
PAGE N1 10 Asp2,3,4
(Liet al.,72021) O((B + \/EK) log E) NA (finite-sum or online)
SSRGD 1 1 Asp 2,4
(this paper, Theorem 8) O((n ++/nr) log ) Olxlog 2) (finite-sum)
SSRGD 1\ 11 1 Asp2,3,4
(this paper, Theorem 8) O((B + \/EH) log 5) O(rlog 6) (finite-sum or online)

to Table 1 by replacing 6% with k log % Similarly, under PL condition, ProxSVRG+ also improves
ProxSVRG by using less PO calls and extends the choice of minibatch size to all b € [1,n]. SSRGD

further improves ProxSVRG+ by a factor of v/, e.g., from O(% log 2 4+ brlog L) to O(%E log L +

bk log %) in the finite-sum case (See Table 3). In particular, the best result for SSRGD is 5(\/ﬁn)
while the best results for ProxSVRG and ProxSVRG+ are O (n2/ 3k). For the online case, the best
result for SSRGD is O(v/Brx) while the best results for SCSG and ProxSVRG+ are O(B%/3k),
where B := min{n, Z—i} See Table 3 for more details.

By choosing the best minibatch size, SSRGD achieves new state-of-the-art results in the PL
setting. See Table 4 for convergence results of SSRGD (with best minibatch b) and some prior
results. Note that we are mainly interested in the case where the condition number x > +/n.
Hence, one can see that SSRGD is better than Prox-SpiderBoost-PL (Wang et al., 2019) in term
of the number of SFO calls. If the condition number x < /n, the SFO complexity of both Prox-
SpiderBoost-PL and SSRGD can be bounded by O(nlog 2).

Note that we do not combine Table 3 and 4 since all prior results in Table 4 were not stated in
terms of the minibatch size b. Hence, we use a separate table to list the best results they achieved.
We emphasize that our analysis of SSRGD in this PL setting is new and its convergence result also
improves over all prior results (see Table 3 and 4).

2.3 Finding local minimum

Now, we consider the problem of finding the approximate (¢, ¢)-local minimum (i.e., ||V f(Z)|| < €
and Amin(V2£(Z)) > —9) in nonconvex optimization problems. We compare our solution with
several other recent theoretical results on finding approximate local minimum. This includes those
that adopt Neon/Neon2 (Xu et al., 2018; Allen-Zhu and Li, 2018) (which involve some negative

10. ‘NA’ in the PO column means that these algorithms only considered the smooth case (i.e., h(x) = 0 in problem (1))
in the PL setting. The proximal oracle is only required for the nonsmooth setting.

11. B := min{n ﬁ}

) pe
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Table 5: Gradient complexity of algorithms for nonconvex finite-sum problem (2) under Asp 5

Stochastic gradient

Algorithms Guarantee NC 2
complexity
PGD (Jin et al., 2017) O(% + ) (¢,6)-localmin | No
PAGD (Jin et al., 2018) 5(61”—7) + 535) (€, 0)-local min No
Neon2+FastCubic/CDHS - vi

O(F% + &5 + %55 + 35) | (€,0)-local min | Needed
(Agarwal et al., 2016; Carmon et al., 2016) i )

2/3 3/4

Neon2+SVRG (Allen-Zhu and Li, 2018) 5(”62 + %5 + 53) (e,8)-local min | Needed
Neon2+SNVRG (Zhou et al., 2018a) 5(”;{ . % + 55) (e,8)-local min | Needed
Neon2+SPIDER (Fang et al., 2018) 5(";/ 4+ ";;/22 + =5+ 35) | (€,6)-local min | Needed

Stabilized SVRG (Ge et al., 2019) O 42 4y (¢,6)-local min | No
. B =~ nl/2 nl/2 n .
SSRGD (this paper, Theorem 9) O+ + % + 33) (e, 8)-local min No

curvature searching procedure), such as (Agarwal et al., 2016; Carmon et al., 2016; Allen-Zhu
and Li, 2018; Zhou et al., 2018a; Fang et al., 2018) and those by adding simple pertubations to
fairly standard gradient methods, such as PGD (Jin et al., 2017), PAGD (Jin et al., 2018), CNC-
SGD (Daneshmand et al., 2018) and Stabilized SVRG (Ge et al., 2019).

We show that our SSRGD can find an (¢, §)-local minimum and further improve the convergence
result of Stabilized SVRG (Ge et al., 2019) from n?/3 /e? to n'/2 /€2 (see Table 5). Similar to Ge
et al. (2019), SSRGD for finding a local minimum is as simple as its counterpart for finding a first-
order stationary point. This is done by just adding a random perturbation in each superepoch, and it
does not require a negative curvature (NC) search subroutine (such as Neon/Neon2) or computing
Hessian-vector products (such as FastCubic/CDHS). Thus SSRGD (only uses stochastic gradients
and random perturbations) can be easily applied in practice. We note that the convergence rate
of SSRGD can be better than Neon2+SPIDER (Fang et al., 2018) if § is very small (i.e., higher
accuracy for second-order guarantee Apmin(V2f(Z)) > —d). Also Neon2+SPIDER (Fang et al.,
2018) requires a negative curvature (NC) search subroutine (such as Neon/Neon2) and thus is more
complicated than SSRGD. Our convergence analysis is also arguably simpler. The previous results
and our new results are summarized in Table 5 (finite-sum case) and 6 (online case). Also note that
the first term of the convergence result of SSRGD (i.e., g or 6%) matches the corresponding result
for finding the first-order optimal solution (See previous Table 1 or Figure 1) and hence is optimal.

Finally, if we further assume that f has Ls-Lipschitz continuous third-order derivative (i.e.,
Assumption 7), we show that better convergence rate can be achieved, by replacing the super epoch
part of SSRGD (Algorithm 3) by a negative-curvature search step (e.g., Neon2 (Allen-Zhu and Li,
2018))). Currently, the best known result under this setting is achieved in Zhou et al. (2018a), which
also uses a negative-curvature search procedure. Our approach is similar to theirs and we obtain the
same convergence rate (see Table 7).

12. Negative Curvature search subroutine.
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Table 6: Gradient complexity of algorithms for nonconvex online problem (3) under Asp 5 and 6
Algorithms Stochastic gradient Guarantee NC 2
complexity
Noisy SGD (Ge et al.:2015) poly(d, 1, %) (€, 0)-local min No
CNC-SGD (Daneshmand et al., 2018) O(& + %) (€¢,6)-local min | No
Perturbed SGD (Jin et al., 2019) O(x+ %) (¢,6)-local min | No
SGD with averaging (Fang et al., 2019) 6(6345 + ) (e, 9)-local min No
Neon2+SCSG (Allen-Zhu and Li; 2018) 5(€1§/3 + =55 + 35) | (€,0)-local min | Needed
Neon2+Natasha2 (Allen-Zhu, 2018) 6(53,125 + =5 + 55) | (€,6)-local min | Needed
Neon2+SNVRG (Zhou et al., 2018a) 5(}3 + =55 4+ 35) | (6,6)-local min | Needed
Neon2+SPIDER (Fang et al., 2018) O(& + 25> + &) | (¢,0)-local min | Needed
SSRGD (this paper, Theorem 9) 5(}3 + =% 4+ 1) | (€, 6)-local min No

Table 7: Gradient complexity for nonconvex online problem (3) under Asp 5, 6 and 7

. Stochastic gradient .
Algorithms Guarantee NC

complexity

FLASH (Yu et al., 2017) O(=ts + 252 + &) | (e,6)-local min | Needed
SNVRG (Zhou et al., 2018a) 6(6% + =53 + 31) | (6,6)-local min | Needed
SSRGD (this paper, Theorem 10) | O(% + =5 + &) | (¢,0)-local min | Needed

2.4 Comparison with the preliminary conference papers

The present paper significantly extends the preliminary two conference papers (Li and Li, 2018; Li,
2019). The major differences between the present paper and the conference papers are summarized
as follows. (1) We further simplify the proof of ProxSVRG+ in (Li and Li, 2018). See the proof of
Theorem 5 in Appendix A. (2) We extend the original SSRGD in (Li, 2019), which can only handle
smooth functions, to a proximal version that can handle nonsmooth functions as well. See Algo-
rithm 2 and Theorem 6. (3) We show SSRGD can achieve linear convergence rate if PL condition
is satisfied. Moreover, SSRGD obtains new state-of-the-art results in this classical PL setting. This
part is not published elsewhere. See Theorem 8. (4) We provide more details and intuitions in the
analysis of SSRGD for escaping saddle point. See the proof of Theorem 9 in Appendix D. (5) We
briefly note that SSRGD, when combined with Neon2, can achieve better convergence rate under
an additional third order smoothness assumption (Assumption 7). See Theorem 10. This result is
not published elsewhere.

2.5 Organization

The remaining paper is organized as follows. Section 3 introduces the notations, standard assump-
tions and definitions in nonconvex optimization. Section 4 presents the ProxSVRG+ algorithm and
its convergence results. Section 5 present the SSRGD algorithm and its convergence results. Then,

10
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Section 6 present the results of ProxSVRG+ and SSRGD in the PL setting, where faster linear con-
vergence can be obtained. Finally, we show how to find an approximate local minimum instead of
first-order stationary point via SSRGD and present the corresponding convergence results in Sec-
tion 7. All proofs are deferred to the appendix.

3. Preliminaries

Let [n] denote the set {1,2,--- ,n} and || - || the Euclidean norm for a vector or the spectral norm
for a matrix. Let (u,v) denote the inner product of two vectors u and v. Let Apin(A) denote the
smallest eigenvalue of a symmetric matrix A. Let B, (r) denote a Euclidean ball with center = and
radius 7. We use O(-) and €2(-) to hide the absolute constant, and O(-) to hide the logarithmic factor.

We assume that the nonsmooth function h(x) in problem (1) is well structured such that the
following proximal operator on i can be computed efficiently:

pros, (¢) 1= axg min, (h(y) + 5oy — o1?). @)
For convex problems, one typically uses the optimality gap ®(x) — ®(z*) as the convergence crite-
rion for problem (1) (see e.g., (Nesterov, 2004)). But for general nonconvex problems, one typically
uses the gradient norm as the convergence criterion. E.g., for smooth nonconvex problems (i.e.,
h(z) = 0), Ghadimi and Lan (2013), Reddi et al. (2016a) and Lei et al. (2017) used ||V f(x)]| to
measure the convergence. In order to analyze the convergence results for nonsmooth nonconvex
problems, following with Ghadimi et al. (2016); Reddi et al. (2016b), we use the gradient mapping:

Gn(x) == 717(3: — prox,, (z — an(x))) (5)

Note that if h(z) is a constant function (in particular, zero), this gradient mapping reduces to the
ordinary gradient: G,(z) = V®(z) = Vf(z). Thus we use the norm of the gradient mapping
gn(az) as the convergence criterion for problem (1) in the same way as in Ghadimi et al. (2016);
Reddi et al. (2016b).

Definition 1 2 is called an e-approximate solution for problem (1) if E[||G,(Z)||] < €. In particular,
if h(xz) = 0in (1), this is equivalent to E[|V f(Z)|] < e.

Note that G, (x) has been already normalized by the step-size 7, i.e., it is independent of different
algorithms. Let 2 := prox,, (z —nVf(z)). Then one can see that G, (z) := %(:z —zt) =
Vf(z) + Oh(xz). Moreover, if G, (z*) = 0, then z* indeed is a first-order stationary point for
problem (1), i.e., 0®(z*) = 0.

To measure the efficiency of a stochastic algorithm for solving problem (1), we use the following

SFO and PO oracle complexities.

Definition 2 1. Stochastic first-order oracle (SFO): given a point x, SFO outputs a stochastic
gradient V f;(x) (i.e., gradient of one component/data in (2)) such that E;[V f;(z)] = V f (x).

2. Proximal oracle (PO): given a point x, PO outputs the result of the proximal projection
prox,,(z) (see (4)).

11
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Moreover, in order to prove convergence results, we usually need the following standard smooth-
ness assumptions. Besides, for stochastic/online problems (3), we also usually need the extra
bounded variance assumption. These assumptions are very standard in the optimization literature
(see e.g., Nesterov, 2004; Ghadimi et al., 2016; Lei et al., 2017; Li and Li, 2018; Allen-Zhu, 2018;
Zhou et al., 2018b; Fang et al., 2018; Pham et al., 2019; Li and Richtarik, 2020).

Assumption 1 (L-smoothness) A function f : R* — R is L-smooth if

3L > 0, such that ||Vf(z) — Vf(y)| < Llz —yl, Vz,yecR (6)
Assumption 2 (Average L-smoothness) A function f(x) := % >oiy fi(x) is average L-smooth if
AL > 0, such that E;[|Vf;(z) — Vfi(y)|?] < LP||lz — y||®, Vz,y € R™ 7

It is not hard to see that Assumption 2 implies Assumption 1.

Assumption 3 (Bounded variance) The stochastic gradient has bounded variance if

Jo > 0, such that E;[||Vfi(z) — Vf(2)|}] <02, VzeRL (8)

PL setting: We also prove faster linear convergence rates for nonconvex functions under the Polyak-
Lojasiewicz (PL) condition (Polyak, 1963), i.e., ||V f(z)||? > 2u(f(z) — f*). Similar to Definition
1, due to the nonsmooth term h(x) in problem (1), we use the gradient mapping G, (z) (see (5)) to
define a more general form of PL condition as follows:

Assumption 4 (PL condition) A function ® : R — R satisfies PL condition '3 if

3u > 0, such that |G, (2)||> > 2u(®(z) — &%), Vo € RY )

(IVF(@)I* = 2p(f(z) — ) if A(z) = 0 in (1)),
When Assumption 4 holds, we say that it is the PL setting. In the PL setting, we can show linear
convergence to the global minimum. Here, we directly use the optimality gap ®(x) — ®* as the

convergence criterion (see e.g., Reddi et al., 2016b; Lei et al., 2017; Li and Li, 2018; Zhou et al.,
2018b), i.e., we use the following Definition 3 in place of Definition 1 for the PL setting.

Definition 3 T is called an e-approximate solution for problem (1) under PL condition (Assumption

4)ifE[®(F) — & < e.

Local minima: Finally, we define the approximate local minimum. Note that in this setting, we do
not consider the nonsmooth term, i.e., h(xz) = 0 in (1). Otherwise the second-order guarantee in
Definition 4 is not well-defined for the nonsmooth term.

Definition 4 7 is called an (¢, 0)-local minimum for a twice-differentiable function f if

IVF(Z)| <e and A\pin(V2F(Z)) > —6. (10

13. It is worth noting that the PL condition does not imply convexity of the function. For example, f(z) = 2 + 3sin® z
is a nonconvex function but f satisfies PL condition with y = 1/32.

12
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For finding an approximate local minimum instead of finding an approximate first-order stationary
point, we usually need the extra smoothness assumption for the Hessians of f;s.

Assumption 5 (Gradient and Hessian Lipschitz) A function f; : R? — R has an L-Lipschitz
continuous gradient if

3L > 0, such that ||V fi(z) — Vfi(y)|| < Lz —yl|, Vaz,y € RY, (11)
and has a p-Lipschitz continuous Hessian if
3p > 0, such that |V2fi(z) — V2fi(y)|| < pllz —y|, Vz,y € RL (12)

Definition 4 and Assumption 5 are also standard in the literature for finding local minima (see e.g.,
Ge et al., 2015; Jin et al., 2017; Xu et al., 2018; Allen-Zhu and Li, 2018; Zhou et al., 2018a; Fang
et al., 2018; Ge et al., 2019; Li, 2019).

For achieving a high probability result of finding the (¢, d)-local minimum in the online case
(i.e., Case 2 in Theorem 9), we need a slightly stronger version of bounded variance Assumption 6
in place of Assumption 3.

Assumption 6 (Bounded Variance) 3o > 0, such that |V f;(z) — Vf(z)||* < 02 Vi, .

We want to point out that Assumption 6 can be relaxed such that |V f;(z) — V f(x)|| has sub-
Gaussian tail. Then it is sufficient for us to get a high probability bound by using Hoeffding bound
on these sub-Gaussian variables. Again, Assumption 6 (or the relaxed sub-Gaussian version) is also
standard in the online case for finding approximate local minima (see e.g., Allen-Zhu and Li, 2018;
Zhou et al., 2018a; Fang et al., 2018; Jin et al., 2019; Fang et al., 2019; Li, 2019).

If we further assume that f has L3-Lipschitz continuous third-order derivative, it is possible to
achieve even better convergence rate.

Assumption 7 (Third-order Derivative Lipschitz) A function f : R — R has an Ls-Lipschitz
continuous third-order derivative if

3L3 > 0, such that ||V3f(z) — V3f(y)llr < L3|lz —y||, Vz,y € R< (13)

We note such smoothness assumption has already been used in other previous works such as
(Anandkumar and Ge, 2016; Carmon et al., 2017; Yu et al., 2017) for escaping higher order saddle
points or for achieving better results.

4. ProxSVRG+

In this section, we propose a proximal stochastic gradient algorithm called ProxSVRG+ (Li and Li,
2018). The details of ProxSVRG+ are described in Algorithm 1. We call B the batch size and b the
minibatch size.

We note that our algorithm is similar to nonconvex ProxSVRG (Reddi et al., 2016b) and convex
Prox-SVRG (Xiao and Zhang, 2014). Prox-SVRG (Xiao and Zhang, 2014) only focused on convex
problems, while nonconvex ProxSVRG (Reddi et al., 2016b) analyzed nonconvex problems. The
major difference of our ProxSVRG+ from Prox-SVRG and nonconvex ProxSVRG is that we avoid
the computation of the full gradient at the beginning of each epoch, i.e., B may not equal to n
(see Line 4 of Algorithm 1) while Prox-SVRG and nonconvex ProxSVRG used B = n. Our

13
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Algorithm 1: ProxSVRG+

1 Input: initial point xq, batch size B, minibatch size b, epoch length m, step size n

2 f0:$0

3fors=0,1,2,...do

4| =13 2 jery V(@) a

5 fork=1,2,...,mdo

6 t=sm+k

7 vie1 = 5 Yieq, (Vilwio1) = V(T)) + ¢°
8 zt = proxX,, (Tt—1 — Nvt-1)

9 end

10 st = L(s+1)m

11 end

contribution mainly lies in the analysis, which is tighter. Note that even if we choose B = n, our
analysis is stronger than ProxSVRG (Reddi et al., 2016b) (see Table 1). Also, our ProxSVRG+
shows that the “stochastically controlled” trick of SCSG (Lei et al., 2017) (i.e., the epoch length
is a geometrically distributed random variable) is not really necessary for achieving the desired
convergence bound.’> As a result, our ProxSVRG+ generalizes the result of SCSG to the more
general nonsmooth nonconvex setting and yields simpler analysis.

4.1 Convergence results of ProxSVRG+

Now, we present the main convergence results for ProxSVRG+.

Theorem 5 Let the step size n < m, where b denotes the minibatch size (Line 7 of Al-

gorithm 1) and m denotes the epoch length (Line 5 of Algorithm 1). Then Algorithm 1 can find an
e-approximate solution for problem (1), i.e., E[||G,(Z)||] < € (see Definition 1). We distinguish the
following two cases:

1. (Finite-sum) Suppose Assumption 2 holds. Let batch size B = n and m = \/b. Then the
number of SFO calls is at most

w( B b n_ b
B+12L(‘I>(x0)—<l>)(62\/B+:2>:n+0(62\/6+:2>_16

14. If B = n, ProxSVRG+ is almost the same as ProxSVRG (Reddi et al., 2016b) (i.e., g° = % Z’;:l Vi@ =
V f(Z*1)) except some detailed parameter settings (e.g., step size, epoch length).

15. A similar observation was also made in Natashal.5 (Allen-Zhu, 2018). However, Natashal.5 divides each epoch
into multiple sub-epochs and randomly chooses the iteration point at the end of each sub-epoch. In our ProxSVRG+
(Algorithm 1), the epoch length is deterministic and it directly uses the point in the last iteration at the end of each
epoch.

16. In case the number of SFO calls is less than B (i.e., if the total number of epochs S < 1), we may add an explicit
term B to the number of SFO calls since the algorithm uses B SFO calls at the beginning of the first epoch s = 0 at
Line 4 of Algorithm 1. In this situation, ProxSVRG+ (Algorithm 1) terminates within the first epoch s = 0, and the
first term B is dominating.

14
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2. (Finite-sum or online) Suppose Assumptions 2 and 3 hold. Let batch size B = min{n, 26%2}
and m = \@ Then the number of SFO calls is at most

B+ 12L(® () — (I)*)(ef/é + 6%) — min {n 2:22} +O(min {”:22}621/5 + 6%)

In both cases, the number of PO calls equals to the total number of iterations T = Sm, which is at

most 120(®(z0) —®7) _ ( 1 ) .

€2 €2

Remark: For simplicity of presentation and better comparison with previous bounds, the bounds in
Theorem 5 are stated under condition m = /b. In fact, our convergence analysis allows for more
general values of m and b, and the bounds would depend on both m and b. Please see the proof of
Theorem 5 for the details.

The proof for Theorem 5 is notably different from that of ProxSVRG (Reddi et al., 2016b).
Reddi et al. (2016b) used a Lyapunov function Rf = ®(x;) + c||z; — 7°||* and showed that it
decreases by the accumulated gradient mapping Y51 ||G, (x)||? in epoch s (i.e., R;

t=sm
s (s+1)ym—1
Rsm - t=sm

s+1)m <
G, (24)|1). In our proof, we directly show that ®(x;) decreases by the accu-
mulated gradient mapping (i.e., ®(7(s41)m) < P(Tsm) — E‘:;}gmfl |G,y (24)]|?) using a different
analysis. This is made possible by tightening the inequalities using Young’s inequality and the re-
lation between the variance of stochastic gradient estimator and the inner product of the gradient
difference and point difference. Also, our convergence result holds for any minibatch size b € [1, n]
unlike ProxSVRG which requires b < n2/3. Moreover, our ProxSVRG+ uses much less proximal
oracle calls than ProxSVRG (see Table 1).

For the online/stochastic Case 2, we avoid the computation of the full gradient at the beginning
of each epoch, i.e., B may be less than n. Then, we use the similar idea in SCSG (Lei et al., 2017)
to bound the variance term, but we do not need the “stochastically controlled” trick of SCSG (as we
discussed before) to achieve the desired convergence bound which yields a much simpler analysis
for our ProxSVRG+.

We defer the proof of Theorem 5 to Appendix A. We want to mention that the proof in this
paper simplifies our previous proof provided in (Li and Li, 2018) and allows for a larger step size
and leads to a better constant in the convergence result (i.e., 12 vs. 36).

5. SSRGD

Now, we present our new SSRGD algorithm to solve the nonsmooth nonconvex problems (1). The
orginal version of SSRGD in (Li, 2019) was designed to solve the smooth nonconvex problems
(i.e., h(x) = 01in (1)) and to find the approximate local minima by escaping saddle points. The new
SSRGD algorithm in this paper can be seen as a proximal version of the original SSRGD algorithm.

In this section, we first focus on finding an e-approximate solution. Hence, we ignore the super
epoch part (Line 3-5 and Line 11 of Algorithm 2) which is used for escaping saddle points, and
add the proximal operator (Line 9 of Algorithm 2) for dealing with this nonsmooth setting. Line
3-5 and Line 11 will be useful in the next Section 7 when we aim to find an (e, §)-local minimum
(see Definition 4). Here, we show that SSRGD (Algorithm 2) achieves the optimal convergence
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Algorithm 2: SSRGD

1 Input: initial point xq, batch size B, minibatch size b, epoch length m, step size n
2 fors=0,1,2,...do

3 if |V f(2sm)|| < € and not currently in a super epoch then
4 Tsm  Tsm + &, where € uniformly ~ Bg(r), start a super epoch
/I ' we use super epoch to avoid adding the perturbation steps too often near a saddle point

5 end

6 Vsm < % ZjGIB Vf](ﬂfsm)

7 fork=1,2,...,mdo

8 t<— sm+k

9 Ty < proxX,, (Ti—1 — nvi-1)

10 G %Zielb (Vfi(ze) = Vfi(zi-1)) + via

1 if meet stop condition then stop super epoch

12 end

13 end

results for finding the e-approximate (first-order) solution for the nonsmooth nonconvex problems
(1). The main update step (Line 10) adopts the recursive formula which was originally proposed
in (Nguyen et al., 2017), and also used in several previous papers on nonconvex problems such as
SPIDER (Fang et al., 2018), SpiderBoost (Wang et al., 2019), ProxSARAH (Pham et al., 2019).
Our main contribution in this section is a simple and clean analysis that is inspired by our analysis
of ProxSVRG+.

5.1 Convergence results of SSRGD

Now, we present the main theorem for SSRGD which can lead to the optimal convergence results.
I S
(14++4/(m—1)/b)L
Algorithm 2) and m denotes the epoch length (Line 7 of Algorithm 2). Then Algorithm 2 can find
an e-approximate solution for problem (1), i.e., E[||G,(Z)||] < € (see Definition 1). We distinguish
the following two cases:

Theorem 6 Let the step size n < , where b denotes the minibatch size (Line 10 of

1. (Finite-sum) Suppose Assumption 2 holds. We let batch size B = n and m = b. Then the
number of SFO calls is at most
B b n b
2. (Finite-sum or online) Suppose Assumptions 2 and 3 hold. We let batch size B = min{n, 26%2}
and m = b. Then the number of SFO calls is at most
2

B+ SL(® (o) — @*)(% + 6%) = min {nQEU;} +O(min {n%}% + 6%)

In both cases, the number of PO calls equals to the total number of iterations T = Sm, which is at

most BL(®(xg) —@%) _ ( 1 > .

€2 €2
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Remark: Similar to Theorem 5, our analysis allows for more general value of m and b. Compared
with the convergence results of ProxSVRG+ (Theorem 5), SSRGD improves the factor Vb to b, ie.,

ol ;\3/5 + e%) in Theorem 5 to O(% + 6%) in Theorem 6. In particular, in the finite-sum Case 1, the

best result for ProxSVRG+ is %2/3 where minibatch b = n?/ 3_ while the best result for SSRGD is

g where minibatch b = y/n. Moreover, SSRGD can achieve the optimal upper bounds, matching

lower bounds Q(n + g) for the finite-sum case and Q(B + g) for the online case, shown in
(Fang et al., 2018; Li et al., 2021). We defer the proof of Theorem 6 to Appendix B.

6. Faster Linear Convergence under PL Condition

In this section, we show that better convergence can be achieved if the objective function ®(x)
satisfies the PL condition (Assumption 4).

Ju > 0, such that |G, (x)||* > 2u(®(z) — ®*), Vo € R%

Karimi et al. (2016) showed that PL condition is weaker than many conditions (e.g., strong convexity
(S8C), restricted strong convexity (RSC) and weak strong convexity (WSC) (Necoara et al., 2015)).
Also, if ® is convex, PL condition is equivalent to the error bounds (EB) and quadratic growth (QG)
condition (Luo and Tseng, 1993; Anitescu, 2000).

Note that under the PL condition, one can obtain a faster linear convergence O(-log %) (see
Theorem 7 and 8) rather than the sublinear convergence O(E%) (see Theorem 5 and 6). See Tables
3-4 for an overview of convergence results in this PL setting. In many cases, although the objective
function is globally nonconvex, some local regions (e.g., large gradient regions) may satisfy the
PL condition. We prove that ProxSVRG+ (Algorithm 1) and SSRGD (Algorithm 2) with same
parameter settings for the finite-sum case can automatically switch to the faster linear convergence
rate in these regions where PL condition is satisfied. Also note that under the PL condition, we
can use the optimality gap ®(z) — ®* as the convergence criterion (see Definition 3) instead of
|Gn(2)|| (see Definition 1). Besides, we can directly use the final iteration zg,, as the output point
in this PL setting instead of the randomly chosen one z. Similar to (Reddi et al., 2016b; Li and
Li, 2018), we mainly consider the case where the condition number x > /n in the following
subsections. Note that if x < /n, the SFO complexity of both ProxSVRG+ and SSRGD can be
bounded by O(n log %), i.e., independent with k. The detailed proofs of Theorem 7-8 are deferred
to Appendix C.

6.1 ProxSVRG+ under PL Condition

Similar to Theorem 5, we provide the convergence result of ProxSVRG+ (Algorithm 1) under PL
condition in the following theorem.

Theorem 7 Let the step size n < T where b denotes the minibatch size (Line 7 of Algo-

1
(14+2m/V/b)

rithm 1) and m denotes the epoch length (Line 5 of Algorithm 1). Then the final iteration point T g,
in Algorithm 1 satisfies E[®(xg,,) — ®*] < € under PL condition. We distinguish the following two

cases.:
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1. (Finite-sum) Suppose Assumptions 2 and 4 hold. We let batch size B = n and m = \/b. Then
the number of SFO calls can be bounded by

(55+b)?j10gw = O((:/%jtb)/ﬁlogi).

2. (Finite-sum or online) Suppose Assumptions 2, 3 and 4 hold. We let batch size B = min{n ‘7—2}

) e
m = \/b. Then the number of SFO calls can be bounded by
. o2
B 3L 2(® — O minym, o= 1
( )10g<<fm>>zo(({m}+b)mg>,
I € €

N V5

In both cases, the number of PO calls equals to the total number of iterations T = Sm which is

bounded by
3L 2(®(z0) — %) 1
_ = O(F& log E)’

—log
I

where k := %

Remark: From the above theorem, we can see that under the PL condition, ProxSVRG+ (Algo-
rithm 1) can achieve a faster linear convergence O(- log %) rather than the sublinear convergence
O(- E%) (see Theorem 5). We would like to mention that Theorem 7 uses exactly the same parameter
setting as in Theorem 5 for the finite-sum case. Hence, ProxSVRG+ can automatically switch to this
faster linear convergence rate instead of the previous sublinear convergence as long as the objective
function ®(z) satisfies the PL condition in these regions.

6.2 SSRGD under PL Condition

Similar to Theorem 6, we provide the convergence result of SSRGD (Algorithm 2) under PL con-
dition in the following theorem.

1
(14++/(m—1)/b)L
Algorithm 2) and m denotes the epoch length (Line 7 of Algorithm 2). Then the final iteration point
XTsm in Algorithm 2 satisfies E[®(xg,,) — P*] < € under PL condition. We distinguish the following
two cases:

Theorem 8 Let the step size n < , where b denotes the minibatch size (Line 10 of

1. (Finite-sum) Suppose Assumptions 2 and 4 hold. We let batch size B = n and m = b. Then
the number of SFO calls can be bounded by

(% + b>2ML log 2<¢)(x0€) — ) = O<(% + b)filog %)

2. (Finite-sum or online) Suppose Assumptions 2, 3 and 4 hold. We let batch size B = min{n, Z—i}
and m = b. Then the number of SFO calls can be bounded by

<§ _,_b)%logw = O((min{z,‘/ﬁ} —i—b)mlog %)
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In both cases, the number of PO calls equals to the total number of iterations T = Sm which is
bounded by
2L 2(® — o 1
(@ (o) — @) :0(mog 7>’
€

where Kk := %

Remark: Similarly, under the PL condition, SSRGD (Algorithm 2) also achieves a faster linear
convergence O(- log 1) rather than the previous sublinear convergence O(E%) (see previous Theo-
rem 6). Theorem 8 also uses the same parameter setting as in Theorem 6 for the finite-sum case and
hence SSRGD can also switch to this faster linear convergence rate when PL condition is satisfied
as ProxSVRG+. Compared with the convergence results of ProxSVRG+ (Theorem 7), SSRGD im-

proves the factor Vb to b, i.e., O((% + b)klog 1) in Theorem 7 to O((% +b)rlog 1) in Theorem

8. In particular, the best result for ProxSVRG+ is O(n?/3k log %) where minibatch b = n?/3, while
the best result for SSRGD is O(y/nx log 1) where minibatch b = /n.

7. Finding Approximate Local Minima

In this section, we show that our SSRGD algorithm (Li, 2019) can further find the approximate
local minima. SSRGD (Algorithm 2) in Section 5 is just to finding an e-approximate (first-order)
solution (see Definition 1) not the (e, d)-local minimum (see Definition 4), we ignored the super
epoch part. In this section, we present the details of the algorithm which can be found in Algo-
rithm 3. In particular, our algorithm is either in a normal epoch (super_epoch = 0) or in a super
epoch (super_epoch = 1). We call each inner loop (m iterations) a normal epoch (Line 10-19 of
Algorithm 3), i.e., iterations from { = sm + 1 to ¢ = sm + m consist of the epoch s. A super
epoch may contains multiple normal epochs. We enter a super epoch if we are currently in a normal
epoch and v, has a small norm (i.e., near a saddle point) (Line 4 of Algorithm 3). When we enter
a super epoch, we add a random perturbation to the current point z (Line 7 of Algorithm 3). We exit
a super epoch if the function value decrease significantly (f(Z) — f(x¢) > finres) O the number of
iterations exceeds a threshold (¢ — tini¢ > tinres). We exit a normal epoch (not in a super epoch) by
stopping at a uniformly randomly chosen iteration out of m iterations (Line 17 of Algorithm 3).

7.1 Convergence results of SSRGD for finding approximate local minima

Now, we present the main theorem for SSRGD (Algorithm 3) for finding approximate local minima
which corresponds to the convergence results listed in Table 5 and 6. We would like to point out
that in this local minima setting, we consider the smooth nonconvex case ®(x) = f(x) in problem
(1), i.e., the nonsmooth term h(z) = 0. Otherwise the second-order guarantee in the definition
of (e, §)-local minimum (Definition 4) is not well-defined for the nonsmooth term. Also note that
our SSRGD for finding an (e, §)-local minimum is as simple as its counterpart for finding an e-
approximate first-order solution (||V f(x)|| < €) just by adding a random perturbation sometimes,
without requiring a negative curvature search subroutine (such as Neon/Neon2) which is typically
required by other algorithms. Thus our SSRGD can be simply applied in practice for finding ap-
proximate local minimum, and also it leads to simpler convergence analysis.
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Algorithm 3: SSRGD (full version for finding approximate local minima)

1 Input: initial point x, batch size B, minibatch size b, epoch length m, step size 7,
perturbation radius r, threshold function value fipes, super epoch length ¢4y
2 super_epoch + 0
3 fors=0,1,2,...do
4 if super_epoch = 0 and ||vg,|| < € then
5 super_epoch + 1
6 T T sm, Linit < SN
7 Zsm < T + &, where & uniformly ~ By (r)
/I ' we use super epoch to avoid adding the perturbation steps too often near a saddle point
end
Vsm < % ZjEIB ij(xsm)
10 fork=1,2,...,mdo

e o

11 t<sm+k
12 Tt < Tp—1 — NVt—1
13 Vg 4 %Zz‘elb (Vfi(@e) = Vi(zi-1)) + v
14 if super_epoch = 1 and (f(Z) — f(x¢) > fihres OT t — tinit > tthres) then
15 ‘ super_epoch < 0; break
16 else if super_epoch = 0 then
17 break with probability m%k—‘,-l
// we stop this epoch by randomly choosing a point as the starting point of the next epoch
18 end

19 end
20 T(s+1)m < Tt
21 end

Theorem 9 Suppose f satisfies Assumption 5, i.e., f has an L-Lipshitz gradient and a p-Lipschitz
Hessian. Let step size n = O(%), epoch length m = b = V/B, where B , b denote the batch and

53 53/2 .
e p\—ﬁ)), threshold function value

fihres = 6(2—3) and super epoch length tiyes = 5(%) Denote Ay := f(xg) — f*, where x is the
initial point and f* is the optimal value of f. Then Algorithm 3 reaches to an (¢, d)-local minimum
at least once with high probability 1 — (. We distinguish the following two cases:

minibatch size. Moreover, let perturbation radius r = O( min(

1. (Finite-sum) Let batch size B = n. Then the number of stochastic gradient computations is
at most

~ LAQ\/ﬁ Lp2A0\/ﬁ p2A0n
O(F=+ T+ ),

-~ 2

2. (Online) We further assume Assumptions 6 holds. Let batch size B = O(% ). Then the
number of stochastic gradient computations is at most

~ LA()O’ Lp2A00' p2A00'2
O( €3 + b4 + €243 )
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Remark: Note that we can also write Case 2 of Theorem 9 as

5(LA0\/ min{n, %22} N LP2A0\/ min{n, %22} N p?Ag min{n, %22})
€2 54

53

by letting B = min{n, 5(‘2—22)} in a similar way to Case 2 of Theorem 5 and Theorem 6. Due to the
second-order guarantee, the proofs of the finite-sum case and the online case have more difference
than previous first-order guarantee methods, so we split the proof of Theorem 9 into two parts, one
for case B = n and one for B # n (see Appendix D for more details). Also note that if we ignore §
(second-order guarantee Ayin (V2 f(Z)) > —9), e.g., § = oo, then the convergence result provided
in Theorem 9 (i.e., g or 6%) matches its corresponding result with first-order guarantee in Theorem
6 (which is optimal for finding the e-approximate first-order solution ||V f(Z)|| < e).

Finally, we show that better convergence rate can be achieved if we further assume that f has L3-
Lipschitz continuous third-order derivative (i.e., Assumption 7). This can be achieved by replacing
the super epoch part of Algorithm 3 by a negative-curvature search step (e.g., Neon2 (Allen-Zhu
and Li, 2018)). Our convergence result matches the best known result by Zhou et al. (2018a), which
also uses a negative-curvature search procedure. In particular, we obtain the following theorem.

Theorem 10 (Online case under third-order Lipschitz) Suppose that Assumptions 5, 6 and 7 hold.
Let step size n = O(1) and batch size B = O(‘Z—j), epoch length m = b = /B, where B, b denote
the batch and minibatch size. Denote Ay := f(xg) — f*, where xq is the initial point and f* is
the optimal value of f. If we replace the super epoch part of Algorithm 3 by a negative-curvature
search step (e.g., Neon2 (Allen-Zhu and Li, 2018)), then it reaches to an (¢, 9)-local minimum at
least once with high probability 1 — (. The number of stochastic gradient computations is at most

~ LA()O' L3A00’2 L3L2A0
O( €3 €262 54 )
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Appendix A. Missing Proofs for Section 4 ProxSVRG+

In this section, we provide the analysis for ProxSVRG+. Our new proof simplifies our original proof
in Li and Li (2018). Before proving Theorem 5, we need a useful lemma for the proximal operator.
Here we use the following lemma in Lan et al. (2019), instead of the previous Lemma 1 in Li and
Li (2018).

Lemma 11 (Lan et al., 2019) Let x™ := prox,,(z — nv). We have

1
—|lz—aT|? VzeR (14)

1 1
h(z®) < h(z) + v,z —a") + ol e A 2
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Proof of Theorem 5. Let z; := proxnh(:):t_l —nui—q1) and Ty := Prox,, (xt_l — an(xt_l)). By
letting 2+ = 24,2 = 24_1,v = v;_1 and z = Z; in (14), we have

1 1 1
h(zy) < h(zy) + (v—1, Ty — x) + %Hft — x>~ 27}”% —xq]]? - 277\\@ — |2 (15)

Besides, by letting x* = Zy, 2 = 2y_1,v = V f(x;_1) and 2 = = x;_1 in (14), we have
- _ L 9 1 — 2
h(l't) < h(l'tfl) + <Vf($t71),$t71 - $t> - %H%‘, - ﬂ0t71|| - %H%A - $t|| . (16)

Moreover, in view of L-smoothness of f, we have

Fle) < Flaia) 4 {9 fwr)sa— o) + 2 o — | a7

We add (15)—(17) to obtain (recall that () := f(z) + h(z))

1 1 L
D(zy) < (w4-1) — %Hftﬂ — 7| - (% - §)||$t — x|

1
+ (i1 = Vf(@-1), T — 24) — %Hft — xy|?

1 1 L

< O(mp—1) — %lem — &* - (% - g)llxt — x|+ gllvm — Vi) (18)
n 1 L n

=®(@-1) — 5\\%(%—1)\\2 - (% - §)th — e |?+ §Hvt—1 — Vx|’ 19

where (18) uses Young’s inequality, and (19) uses the definition of gradient mapping G, (z¢—1) (see
(5)) and recall &; := prox,, (z;-1 — NV f(2-1)).
Now, we bound the variance term in (19) as follows, where the expectations are over I, and Ip:

E[[lver = Vf(a-)?]

= E_ %Z <vfi($t71) — Vfl(53)> _ (Vf(%q) _ gs)

i€l

]

=&[|; 3 (Vi) - V@) - (Vi) - 5 3 v56)| ]

i€l J€lp
= [ i; ((Vfilwn) = VAE)) = (VS (mr) = VIE)) ) + ll?gf; (i - vr@)[ ]
=E| zl)zl (Vo) - V4E) — (V) - 5@ )| ]
b 5 (ese-wre)f]
j€lB

- b%E[Z H ((Vfi(fﬂt—l) - Vfi@s)) - (Vf(mt—l) o vf@s))> H2}

i€l
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1 ~s ~s 2
5|z 2 (v -vr@)| ] ey
B
~s\|2 1 ~s ~s 2
< SB[ Y IVhiten) - V@] +E]| 5 X (vhE) - vi@) | ] (22)
i€y j€lp
L? . I{B < n}o?
< Zgfla 3o+ BT @3
where (20) holds due to the independence of I, and Ig, (21) holds since Ef||z; + 22 + -+ +
zi]|?] = Zle E[|z;]|?] if 21, z2, . . . , 7} are independent and of mean zero, (22) uses the fact that

E[||z — Ex||?] < E[||«||?], for any random variable z, and the last inequality (23) holds due to the

average L-smoothness Assumption 2 and bounded variance Assumption 3. Note that the second
2

term % in (23) can be deleted (i.e., Assumption 3 is not needed) if we choose B = n.

Now, we plug (23) into (19) to obtain

E[®(x¢)]

n 2 1 L o nL? —oy2 , H{B < n}no?
<E[<I> -1 O = (2~ E e — 2 sz H{B <njno?
<E[(o1-1) = L0 a0l = (5 = Pllee = arcall + B fovs =21 + T2

77 2 1 L ]- ~5 2 ]. L 1 ~5112
<E[<I> =1 Y A S S T 1_L1 _

L2 - I{B < n}no?
F I oy -2 BT, @Y

where (24) uses Young’s inequality [|z; — Z°(|? < (1+ ay) ||z — a2+ (14 ) lze1 — Z°|%,
—at1+1 llz: — 7°)|% + O%th_l — 7%||%. Also let step size n < 1/L (so that

ie., —Hl‘t — Tt— 1||2 <
5520
Addlng (24) for all iteration in epoch s, i.e.,t = sm + 1 to t = sm + m, we get

E[(I)(x(s-i-l)m)]

sm—+m n ) sm+m 1 L 1 )
< E[@ - n DI - -z 7
SE[@wa) = > i@l = X (5 - gyl -
t=sm+1 t=sm+1
sm—+m 2 sm—+m 2
1 L 1 1L ~—s12 I{B < n}no }
+ 2 <(2n ot 2b)”xt‘1 P+ 2B
t=sm+1 t=sm+1
sm+m n sm+m—1 1 I 1
2 s112
SE[®an) — D Gl — Y (- 5oyl
t=sm-+1 t=sm+1
sm—+m 2 sm—+m 2
1 L.1 L S, I{B <n}no }
— = TV ey — at Al 25
+ 3 ((277 3o+ e —FIP Y - (25)
t=sm+2 t=sm+1
sm+m sm~+m 2
n I{B <n}no
—E[0@m)— Y G-+ > S
t=sm-+1 t=sm-+1
+ 1
A O (Cpec SR I [ 8
N 2a+l 2 20 2D
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sm+m sm+m I{B 2
<E[b(am) — Y. LGP+ Y, HESIT o

2B
t=sm+1 t=sm+1

where (25) holds since || - ||? is always non-negative and Z° = x,,, and (26) holds by choosing

atandnsuchthat(——é)ﬁ_(ﬁ_%)ﬁ— L; >0forsm+1<t<sm+m-—1

Concretely, if we choose oy = 2(t%m) — 1 and n < L thenforany sm +1 <t <sm+m—1,
we have that

(1 L) 1 1 L 1 nL2>1—nL( 1 1 ) 77L2>0
2n 2y +1 2n 27y 20 T 2n 2(m—1) 2m-—1 26 —
Note that the last inequality is quadratic in . We can verify that choosing n < m suffices

to make the inequality hold.
Now, we sum up (26) for all epochs 0 < s < .S — 1 as follows:

S—1 sm+m S—1 sm+m

I{B
Blb(ns,) — 0] <E[o() 0" =3 3 LG,y Y A
s=0 t=sm+1 s=0 t=sm+1
oy 2(0w0) @) (B < n)o?
Bllgy@)7) < 22— HES @)
2 2
<4l (28)

22
Note that E[|G,(Z)[]] < \/E[]|G,(Z)||?] < e. The first inequality in (28) holds by randomly choose
T from {Z;—1}4c[sm), and the second in (28) holds by choosing Sm > %z;@*) and B >
min{n, 26%2}
Now, we can see that the total number of iterations is
4(®(zo) — D*)
€2n ’

we can see that the number of PO calls equals to

T=8Sm=

: _ 1
Choosing n = (r2m/VOL’

T Sm— 4(<I>(:c02) — @) A(®(0) — @*)g1 +2m/v/b)L
€°n €

The number of SFO calls equals to

SB+ Smb =

AL(®(x0) — <I>*)(1+2m/\[)(

p +0).

€

If we choose m = /b (then n < = %), the total number of PO calls equals

e
toT = Sm = ZHEQI2) " The number of SFO calls is 12L(®(z0) — ®*)(527 + &) if
B = n (In this case the second term in (27) is 0 and thus Assumption 3 is not needed), and
12L(®(z0) — @*) (2 a5+ L) if B> min{n, 23},

In case the number of SFO calls is less than B (i.e., if the total number of epochs S < 1), we
may add an explicit term B to the SFO result since the algorithm at least uses B SFO calls in the
first epoch s = 0 at Line 4 of Algorithm 1. In this situation, ProxSVRG+ (Algorithm 1) terminates
within the first epoch s = 0. g
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Appendix B. Missing Proofs for Section 5 SSRGD

Now, we provide the detailed proofs for Theorem 6.
Proof of Theorem 6. First, according to the update step z; := proxnh(:ct_l —nui—1), we recall the
key inequality (19):

D) < Bae1) — Dol )~ (- — 5

3~ e =zl + Fllo = V)P 29

Now, we bound the variance term in (29) as follows:

Ef|lvi-1 = Vf(z-1)|’]

B[ X (Vhilwn) ~ Vi) + vz~ V)]
U ED
=&[||; 3= (Vi) — Vo)) — (Vi) = V(i) +ves = Vi)
icl
=[5 32 ((Vhtwen) = Vhitw) = (Vi) = V@) )|
icly
+E[lvi2 = Vf(zi2)|] (30)
= B[ (VA1) - Vaw2) — (V) - V)]
i€y
+ Elllors = Vf(zi-2)[1] (31)
< BB[Y [P ) - Vi) | ] + Bllus - V) @
icly
L2 2 2
< T Elloi-1 — 21-2l’) + Eloi-2 — VS (@i-2)|), (33)

where (30) and (31) use the law of total expectation and E[||y1 +y2 + - - +y?] = Zle E[||y: %]
if 1,92, - . ., yx are independent and of mean zero, (32) uses the fact E[||z — Ez||?] < E[||z]|?], and
(33) holds due to the average L-smoothness Assumption 2.

Note that for E[||v;_2 — V f(x;_2)]||?] in (33), we can reuse the same computation above. Thus
we can sum up (33) from the beginning of this epoch sm to the point £ — 1,

L2 t—1
Ell[vi—1 = Vf(z-1)]|*] < 5 > Ellzy = zi-1 )] + Elljvsm — VI (@sm)|] (34)
j=sm+1
o I{B < n}o?
<= Y Ellgy - aal?+ 2T (39)
Jj=sm+1

Now, we take expectations for (29) and then sum it up from the beginning of this epoch s, i.e.,
iterations from sm + 1 to ¢, by plugging the variance (35) into them to get:

Bl0(e)] < B8]~ § Y EllG (o0l - (- = 5) 3 Ellay —ayal)
j=sm+1 j=sm-+1
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t

2 -1 2
Py S Elle - a5+ 1oy HBene

k=sm+1 j=sm+1 j=sm—+1
1 < U T ,
< E[®(zom)] - 5 > E[llGy(z-0)]%] - (5-—3) > Elllzj — 2]
j=sm+1 N j=sm+1
t t
nL?(t — 1 — sm) n I{B < n}o?
IO S By a4 Ly HEEM
j=sm+1 j=sm+1
t t
7 7 I{B < n}o?
<E@(rm)] - 1 Y B0+ 2 Y HESMT
j=sm+1 j=sm-+1
1 L, nL*m-1) ! 9
- ((% -3)- T) j;ﬂE[ll% —zj] (36)
t t 2
n n I{B < n}o
<E@@an)] =5 Do EllG(x)Pl+5 Y ——F5— (37)
j=sm+1 j=sm-+1

1
(144/(m—1)/b)L"
Now, we sum up (37) for all epochs 0 < s < .5 — 1 to finish the proof as follows:

where (36) holds due to here ¢ < sm+m in epoch s, (37) holds if the step size n <

. o S 1 sm+m 2 77S 1 sm+m I{B<n}a
E[@(@sn) = @] SE[@@o) =" =23 > G- +3> Y
5=0 t=sm+1 5=0 t=sm+1
. 2(®(zg) — ®*) I{B < n}o?

SACTER LR S RLAL 69)

e e,

< —4 — =€
sgtg=¢ (39)

Note that E[||G,(Z)||] < v/E[||G,(2)]|?] < €. The inequality (38) holds by randomly choose Z from
Z—1  retsms and (39) holds by choosing Sm > 22@)=%") 414 B > min{n, 23°1.
€[Sm] y g e2n €

. _ 1 . . .
By choosing n = DL’ the total number of iterations is
4(P — P 4(P —®*)(1+ —1)/b)L
1= = U0 =) A@a0) ~ @)1+ = DDL
€°n €

which is also the number of PO calls. The number of SFO calls is
SB + Smb=4L(®P(xzg) — D*)(1 + /( 1)/b) B + b
mb = To) — m — — = .
0 e2m €2

If we choose m = b (then n < ﬁ), the total number of PO calls is T =

1
(14+4/(m-1)/b)L
w The number of SFO calls equals to Sn + Smb = 8L(®(xg) — ®*)(H; 62) if
B = n (i.e., the second term in (38) 1s 0 and thus Assumzptlon 3 is not needed), or equals to
SB + Smb = 8L(®(zo) — <I>*)( )1fB>m1n{n 2971
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In case the number of SFO calls is less than B (i.e., if the total number of epochs S < 1), we
may add an explicit term B to the SFO result since the algorithm at least uses B SFO calls in the
first epoch s = 0 at Line 6 of Algorithm 2. In this situation, SSRGD (Algorithm 2) terminates
within the first epoch s = 0. O

Appendix C. Missing Proofs for Section 6 PL. Condition

Now we provide the proofs for ProxSVRG+ (Theorem 7) and SSRGD (Theorem 8) under PL con-
dition.

C.1 Proof for ProxSVRG+ under PL condition

Proof of Theorem 7. First, we recall a key inequality (24) from the proof of Theorem 3, i.e.,

[ —

SH2
o 27+ 1

E[®(ay)] < E[@(2i1) — 1|y (we-1)

1 L .1 nL?
U%‘?@*%*

||£L’t — .Af

I{B < n}naQ] .

_ =512
Ve =12 + 2252

Then we plug the PL inequality (9), i.e., |G, (z)||> > 2u(®(x) — ®*) into it to obtain

Bl (a) 87 < 5[0 @) -9~ (- D)L,
B < o

2B

((i _ E)i nL?

= A~
o 2V " 2b>”xt*1 ZI"+

Now, we reorder it as follows:

.. 1 L 1 )
Bt~ + (0 - D1yl
1 L. .1 nL? 2
1— un)(®(z4—q) — O* — )= ey — 7
(1= pm) (@) = @) + (5 = 5) o+ oy e = P

1 _ Ly1 , nL?
o = 3o ey, ) o HE < ndne?]

I{B < n}naQ]

<E
- 2B

<E|(1— ) ((@(i-1) — %) +

1—pun 2B
r 1 L 1 - I{B < n}no?
<E|(1- P(x;_1) — O* - _= 752 4

where (40) holds by choosing a;s and 7 to satisfy (ﬁ - %)O%t + % < (% - %)ﬁ Similar
1

to the proof of Theorem 5, we can choose oy = 2(t%m) — 1 and n < Tz VL

Telescoping (40) for all iterations sm + 1 < ¢ < sm -+ m in epoch s, we have

E[(I)(w(s-i-l)m) - (I)*}

1 L 1
<E|® Y el N 2
<E[Saim) ¥ + (5~ ) g —lasm — 1]
<E[(1— )™ (@(am) — 8+ (5~ 2) [ — [?)
— sm 2?7 2 a8m+1 sm
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-1

n O'2m ;
+ I{BEB}H ;(1 ~ )]

I{B <n}no* (1 — (1 — pum)™)

=E|(1 - (P — O 41
(L —pm)™(P(zsm) )+ 5B o : (41)
where the last equation (41) holds due to ° = x4, (see Line 10 of Algorithm 1).
Similarly, we telescope (41) for all epochs 0 < s < .S — 1 to finish the proof:
E[®(xgm) — D]
I{B <n}no®(1—(1— 1—(1—pn)S™
<E (1 _ Mn)Sm(q)(wo) _ pF ) { }77 ( /”7) ) ( ( ,Uﬂ?) — )
2B pmn 1—(1—pun)
I{B < n}o*
< (1 — pn)S™(® o)+ —— I 42
< (1= pn)”"™(@(z0) )+ D (42)
€ €
< —4 - = 4
<5t5=¢6 (43)

where (43) holds by choosing Sm > % log w and B > min{n, Z—i}
In the following, for simple presentation, we choose m = /b (then < m = 3%).
Note that there is no constraint for m and b in our convergence proof. The total number of iterations
is
1 2(d — ®* 3L 2(d — ®*
L, A0) @) Ly 2(®(a) — @)
2 € H €

2(<1>(960) @)

N~
Il
N
3

The number of PO calls equals to " = Sm = . The proof is finished since

3L
3L Jog
o
the number of SFO calls equals to Sn + Smb = ( + b) 3L log % if B = n (ie.,
the second term in (42) is 0 and thus Assumption 3 is not needed) or equals to SB + Smb =
(£+b)%10gwif3>min{n "—2} O
Vb H € = > ped”
C.2 Proof for SSRGD under PL condition

Proof of Theorem 8. Similar to the proof of Theorem 7, we first recall a key inequality from the
proof of Theorem 6 which combines (29) and (35), i.e.,

n 1 L
E[®(z;)] <E|®(z¢-1) — *||gn(l‘t—1)||2 - (% = )t = e
nL? ,  I{B < n}no?
oy 2 el T

Then we plug the PL inequality (9), i.e., ||G,(z)|* > 2u(®(z) — ®*) into it to obtain

1 L
El@(r) ~ ©°] < E[(1— un)(@(re1) = 8) = (5 = 5)llae =
nL? =2 I{B < n}no?
Hop 3 el T e
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We sum it up ((44) X T=pm® ) for iteration ¢ = sm + k) for all iterations in epoch s, i.e.,t = sm+k
where k from 1 to m

(I)(x(erl)m)_(I)* 1 L. - 1 2
E <E[®(2gm) — 0 — (= — ) || Zomak — Tomih
G| S E[2(m) (p ~ 2) 20 [T el — ol
m k—1
nL? 1 o 2
) ((1 e 2 Ieom s =l )
I{B < n}no? Z 1 ] 45)
2B = (1— )+l
Then we deduce it as follows:
E[®((a1)m) — ']
m oL LS (L= )™ 2
< _ _ Y G —
SE[(1 = )" (@(rom) = ) = (5 3) 2 (T e o = P
m k—1
nL? (1 — pn)™ >
+ k Z |Zsmts — Tom+j—1l
2b — < (1 —pun) = )
I{B < n}no* <~ (1 — pn)™
+
2B ; (1 — un)k }
_ m oL Lo (L= )™ 2
= E[(1— )" (@) — ) - <2n =) 2 = e Weome ol
Z ( Z ] )Hxsm—l—k xsm+k—1”2
k=1 k+1
H{B < n}na (1 —pm)™
+
2B ; (1 — un)k }
m o L LS (L= )™ 2
< _ _ (= _ =
SB[ = )" (@ () @) = (5, 3) 2 T gy It~ o
nL*(m — 1) ¢ B o H{B <n}no® <~ (1—pp)™
m o o B <n}77<f2 (1= pp)™
<E[(1— )" (@) — ) + > T ) )
= (1—pn
m o I{B<n}ne®(1—(1—pun)™
CE[(1 )" () - 0%+ 1 23}’7 ( (M ), (48)

where (46) uses the fact Zﬁf(l pn)t < ST 1 =m —1 (here un < 1 dueto u < L and
n < %), and (47) holds by choosing appropriate 7 to cancel the point distance terms ||z, +x —

ZTsmk—1||°- Similar to the proof of Theorem 6, we can choose 7 < T DL
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Now, we telescope (48) for all epochs 0 < s < S — 1 to finish the proof:

E[®(zsm) — O]
< E[(1 — )5 (D (ag) — %) 4 LB <o (L= (L= pm)™) (1= (1 - pn)>™)
2B pn L= (1= pm)™
< (1= ((eo) - 07) + HE S )
< % + g =, (50)
where (50) holds by choosing Sm > ﬁ log w and B > min{n, ‘;—i}
In the following, for simple presentation, we choose m = b (then n < T DL Fiil)/b)L = i).

Note that there is no constraint for /m and b in our convergence proof. The total number of iterations
is

T s — L 1op 2AB(0) = #) _ 2L 2(B(r) ~ @)
Iy € 7

The number of PO calls equals to 7' = Sm =

% log w. The proof is finished since

the number of SFO calls equals to Sn + Smb = (% + b)% log w if B = n (ie., the

second term in (49) is 0 and thus Assumption 3 is not needed), or equals to SB 4+ Smb = (% +

b) 2L log 222 if B > min{n, < }. O

Appendix D. Missing Proofs for Section 7 Local Minima

Now, we provide the detailed proofs for Theorem 9. Note that due to the second-order guarantee,
the proofs of the finite-sum case and the online case have more difference than previous first-order
guarantee methods (e.g., proof of Theorem 5 and 6). One of the reason is that for the perturbation
condition ||vgy|| < € in Line 4 of Algorithm 3, vy, = V f(xsy,) for finite-sum case (B = n)
while vg,, = % > jerg V [j(xsm) for the online case. So we need an extra high probability bound
IV f(zsm)|| < €in the online case. In the following, we divide the proof of Theorem 9 into two
parts, i.e., finite-sum (Section D.2) and online (Section D.3). Before the proof, we recall some
standard concentration bounds in Section D.1.

D.1 Tools

Here, we recall some classical concentration bounds for matrices and vectors.

Proposition 12 (Bernstein Inequality (Tropp, 2012)) Consider a finite sequence {Zy} of inde-
pendent, random matrices with dimension d; X ds. Assume that each random matrix satisfies

E[Zk] =0 and ||Zg|| < R almost surely.
Define

o? i=max {|| Y Bz, | Y EIZL 7] }-
k k

30



NONSMOOTH NONCONVEX OPTIMIZATION AND ESCAPING SADDLE POINTS

Then, for all t > 0,
—2/2
RIS 24l 1) <+ s (L2 ).
sz: bl 2 5 < (di+ dy)exp o2+ Rt/3
In our proof, we only need its special case vector version as follows, where z, = v — E[uvg].

Proposition 13 (Bernstein Inequality (Tropp, 2012)) Consider a finite sequence {vy} of indepen-
dent, random vectors with dimension d. Assume that each random matrix satisfies

|lve — E[vi]|| < R almost surely.

Define
0% = Ellvg — Efvg]||*.
k

Then, for all t > 0,

_ 2/2
IP’{H zk:(vk —E[w))| > t} < (d+ 1) exp (02th/3>

Moreover, we also need the following martingale concentration bounds, i.e., Azuma-Hoeffding
inequality. Now, we only state the vector version (the more general matrix version is not needed).

Proposition 14 (Azuma-Hoeffding Inequality (Hoeffding, 1963; Tropp, 2011)) Consider a mar-
tingale vector sequence {yx} with dimension d, and let {zy} denote the associated martingale dif-
ference sequence with respect to a filtration { F}}, i.e., zi = yr — Elyr| Fr-1] = yx — yx—1 and
E[zx|-Zk—1] = 0. Suppose that { zy.} satisfies

2kl = llykx — ye—1]] < cx almost surely. (51)

Then, for allt > 0,

Pl =l = 1} < @ e (55

However, the assumption that ||z;|| < ¢ in (51) with probability 1 is too strict and it may fail
sometimes. Fortunately, the Azuma-Hoeffding inequality also holds with a slackness if ||z|| < cx
with high probability.

Proposition 15 (Azuma-Hoeffding Inequality with High Probability (Chung and Lu, 2006;
Tao and Vu, 2015)) Consider a martingale vector sequence {yx} with dimension d, and let {zy}
denote the associated martingale difference sequence with respect to a filtration { F}, i.e., z :=
Yk — Elyk|-Zr—1] = yx — yx—1 and E[zi|.Fi_1] = 0. Suppose that {z;;} satisfies

12kl = llyk — ws1]l < & with high probability 1 — ¢.
Then, for allt > 0,

. k
il 21} = e ((52) + 6

1=
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D.2 Proof of Theorem 9 (finite-sum)

For proving the second-order guarantee, we divide the proof into two situations. The first situation
(large gradients) is almost the same as the above arguments for first-order guarantee, where the
function value decreases significantly since the gradients are large (see (37)). For the second situ-
ation (around saddle points), we show that the function value can also decrease a lot by adding a
random perturbation. The reason is that saddle points are usually unstable and the stuck region is
relatively small in a random perturbation ball.

Large Gradients: First, we need a high probability bound for the variance term instead of the ex-
pectation one (35) (note that here B = n in the finite-sum case). Then we use it to get a high prob-
ability bound of (37) for the decrease of the function value. Recall that v, = 3 >, I, (Vfi(zr) —
Vfi(:rk,l)) +vg—1 (see Line 13 of Algorithm 3). We let yi, := vy — V f(xx) and zx, := yr, —yg—1. It
is not hard to verify that {y } is a martingale sequence and {z; } is the associated martingale differ-
ence sequence. In order to apply the Azuma-Hoeffding inequalities to get a high probability bound,
we first need to bound the martingale difference sequence {zj}. We use the Bernstein inequality to
bound the differences as follows.

Zk =Yk — Yk—1 = vk — Vf(zr) — (vg—1 — Vf(x_1))
— & 2 (Vhilon) = Vhilorn)) + s = V@) = (o1 - V(i)

i€l

— %Z (Vfi(xk;) = Vfilzr—1) = (Vf(zr) - Vf($k—1)))

i€l

_ % S u, (52)

where we define u; := V f;(zx) — V fi(zk—1) — (Vf(zr) — Vf(2r_1)) in (52). Then we have
luill = IV fi(er) = V fi(zr—1) = (VI (@r) = V(@) < 2L{Jxx — zpall,  (53)

where the last inequality holds due to the gradient Lipschitz Assumption 5. Then, consider the
variance term

E[ > luill?] = BV fiwn) = ¥ filwr) = (T () = VS (@)
i€l
S VE[[|V fi(w) = V filwr—1) )
< bL2 |y — w1, (54)
where the first inequality uses the fact E[||z — Ez||?] < E[||=|%], and the last inequality uses the

gradient Lipschitz Assumption 5. According to (53) and (54), we can bound the difference zj, by
Bernstein inequality (Proposition 13) as

—t2/2 )
ED ier, lwill?] + Rt/3
—t2)2 )

bL2||xy, — wp—1||* + 2L[| 2 — wx—1|t/3

IP’{szH > %} < (d+ 1)exp<

:(d+1)exp<
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= Ck,

where the last equality holds by letting t = C'L\/b||zy — 25_1]|, where C' = O(log C%) Now, we
have a high probability bound for the difference sequence {z}, i.e.,

CL
2kl < —=

7 @) — T

Now, we are ready to get a high probability bound for our original variance term (35) by using
the martingale Azuma-Hoeffding inequality. Consider in a specific epoch s, i.e, iterations ¢ from
sm + 1 to current sm + k, where k is less than m (note that we only need to consider the current
epoch since each epoch we start with y = 0). We use a union bound for the difference sequence
{z¢} by letting (3 = ¢’/m such that

with probability 1 — (. (55)

CL
|2ell < et = —= ||zt — 1| forallt € [sm + 1,sm + k] with probability 1 —¢'.  (56)

Vb

sm+k

Define 8 := \/8 me;;ﬁ_l c; log & 7=
O(log C%’ /logg = O(log 4m N /log C’) = O(l). According to Azuma-Hoeffding inequality
(Proposition 15) and noting that ( = ¢’/m, we have that

— x4-1]|%, where C' = O(C{/log %) =

B{ s — o) > B} < (@4 1) exp (me) -

Recall that yy, := vy — V f(z) and at the beginning point of this epoch ys,, = 0 due to vy, =
V f(xsm) since B = n in this finite-sum case (see Line 9 of Algorithm 3). Thus, for any ¢ €
[sm + 1, sm + m], we have that

t—1

C'L
[ve-1 = V(@) =yl < 8= 7 > e —aial?, (57)

j=sm+1

holds with probability 1 — 2¢’, where C' = O(log dgi,”‘, /log %) = 0(1).

Now, we use this high probability version (57) instead of the expectation one (35) to obtain the
high probability bound for the decrease of the function value (see (37)). We sum up (29) from the
beginning of this epoch s, i.e., iterations from sm + 1 to ¢, by plugging (57) into them to get:

t t

f@) < fleam) =5 3 nwuﬂw—(;]—ﬁ) ST g —aya)?

Jj=sm-+1 j=sm+1
t—1 272 N\k 2
C=L™ Y g g — 1]
77 j=sm~+1 I*] J
5 Z 2 (58)
=sm
. t 11 t
< f(wsm) — 3 Z IV f(zj—1)|* = (? - 5) Z 2 — 2511
j=sm-+1 N j=sm+1

33



L1 AND LI

t—1

nC/2L2
Z Z lzj — i1
k=sm+1 j=sm+1
t t

L
<) =3 3 V@R (5 -5) X ey el

Jj=sm+1 J=sm+1

t
nCL2(t — 1 — sm)
+ 5 > =zl

j=sm+1

: 1 L pC”L2,
< Sam) =5 D IVFaP = (5 =5 =) X lm =l 69

j=sm+1 j=smtl

t

< flaan) =3 D IVF@-DI (60)

j=sm-+1

where (59) holds if the minibatch size b > m (note that here ¢ < (s + 1)m), and (60) holds if
the step size n < m, where ¢’ = O(log dc—’?, /log g) Note that (58) uses (57) which holds
with probability 1 — 2¢’. Thus by a union bound, we know that (60) holds with probability at least
1—2mc’.

Note that (60) only guarantees that the function value decreases significantly only when the
summation of gradients in this epoch is large. However, in order to connect the guarantees between
first situation (large gradients) and second situation (around saddle points), we need to show guar-
antees that are related to the gradient of the starting point of each epoch (see Line 4 of Algorithm 3).
Similar to Ge et al. (2019), we achieve this by stopping the epoch at a uniformly random point (see
Line 17 of Algorithm 3).

Now we prove Lemma 16 to distinguish these two situations (large gradients and around saddle
points):

Lemma 16 (Two Situations) For any epoch s, let x4 be a point uniformly sampled from this epoch

{ J}§S—§n+1 We choose the step size n < m (where C" = O(log %ﬁ\/@) - 6(1)) and

the minibatch size b > m. Then for any € > 0, either of the following two cases happens:

1. (Small gradient, possibly around a saddle point) If at least half of points in this epoch have
gradient norm no larger than e, then ||V f(z)|| < € holds with probability at least 1/2;

2. (Large gradient) Otherwise, we know f(Zgm) — f(xy) > % holds with probability at least
1/5.

Moreover, f(xi) < f(2sm) holds with high probability 1 — 2m(’ no matter which case happens.
Proof of Lemma 16. There are two cases in this epoch:
1. If at least half of points in this epoch {z; } j=am +1 have gradient norm no larger than e, then

it is easy to see that a uniformly sampled point x; has gradient norm ||V f(x;)|| < € with
probability at least 1/2.
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2. Otherwise, at least half of points have gradient norm larger than e. Then, as long as the sam-

pled point x; falls into the last quarter of {x; }5“:2111, we know Z;Zm IV f(zim)|? =

m4€2 . This holds with probability at least 1/4 since x; is uniformly sampled. Then combining

with (60), i.e., f(zsm) — f(xr) > 535 iy IV f(2j-1)|
2

value decreases f(xsm) — f(x¢) > T5=. Note that (60) holds with high probability 1 — 2m(’

if we choose the minibatch size b > m and the step size 7 < By a union bound, the

, we can see that the function

1
(a+CHL

function value decrease f(xsy,) — f(xr) > mgg with probability at least 1/5 (e.g., choose
¢’ < 1/40m).
Again according to (60), f(z:) < f(2sm) holds with high probability 1 — 2m(’. O

Note that if Case 2 happens, the function value would decrease significantly in this epoch
s (corresponding to the first situation large gradients). Otherwise if Case 1 happens, we know
the starting point of the next epoch (441, = ¢ (i.e., Line 20 of Algorithm 3), and we know
IVf(@r1ym)ll = IV f(z¢)]| < e In this case, we start a super epoch (corresponding to the sec-
ond situation around saddle points). Note that if Ay, (V2 f (T(s+1)m)) > —9, the point T(y 1y, is
already an (e, §)-local minimum.

Around Saddle Points ||V f(7)|| < e and Apin(V2£(Z)) < —6: In this situation, we show that
the function value decreases significantly in a super epoch with high probability. Recall that we add
a random perturbation at the initial point . To simplify the presentation, we use xg := = + £ to
denote the starting point of the super epoch after the perturbation, where & uniformly ~ By (r) and
the perturbation radius is 7 (see Line 7 of Algorithm 3). We follow the two-point analysis developed
in Jin et al. (2017). The high level idea is as follows: one can divide the perturbation ball By(r) into
two disjoint regions: (1) an escaping region which consists of all the points whose function value
decreases by at least finres after tinres steps; (2) the rest which we call the stuck region. The key
insight in Jin et al. (2017) is that the stuck region occupies a very small proportion of the volume of
perturbation ball. In particular, they show that the stuck region looks like “thin pancake” (see Figure
1 and 2 in Jin et al. (2017)). Let e; be the smallest eigenvector direction of Hessian H := V2 f(%)
For any two points along e; direction that are not very close, one can show at least one of them
must not be in the stuck regoin. This implies that the intersection of the line along e; direction and
the stuck region can be at most an interval of a small length, which indicates that the pancake is
thin in the e; direction, which can be turned into an upper bound on the volume of the stuck region
by standard calculus. Since we use a more involved update rule, our analysis is somewhat more
technical.

In particular, we consider two coupled points xo and z{, with wy := x¢ — x(, = roe1, where r
is a scalar and e; denotes the smallest eigenvector direction of Hessian H := V2 f(Z). Then we get
two coupled sequences {z;} and {z}} by running SSRGD update steps (Line 9-13 of Algorithm 3)
with the same choice of minibatches (i.e., I;’s in Line 13 of Algorithm 3) for a super epoch. We
show that the function value decreases significantly for at least one of these two coupled sequences
(escape the saddle point), i.e.,

3t < tynres, such that max{f(xg) — f(z¢), f(z() — f(21)} > 2fihres- (61)

Now, we prove (61) by contradiction. Assume the contrary, f(z9) — f(z:) < 2finres and
f(zh) — f(z}) < 2finres- First, we show that if function value does not decrease a lot, then all
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iteration points are not far from the starting point with high probability. Then we show at least one
of z; and x} should go far away from their starting point x( and z{, with high probability, rendering
a contradiction. We need the following two technical lemmas and their proofs are deferred to the
end of this section.

Lemma 17 (Localization) Let {x;} denote the sequence by running SSRGD update steps (Line 9-
13 of Algorithm 3) from xg. Moreover, let the step size n <

With probability 1 — 2t(’, we have

Vit > 0’ ||$t - xﬂ” < \/4t(f($0) B f(xt))’ (62)

C'L
where C' = O(log CIC—’}”‘, /log %) = O(1).

Lemma 18 (Small Stuck Region) If the initial point 7 satisfies —y := Amin(V2f(Z)) < —6, then
let {x:} and {x}} be two coupled sequences by running SSRGD update steps (Line 9-13 of Al-
gorzthm 3) with the same choice of minibatches (i.e., Ij’s in Line 13 of Algorlthm 3) from xq

m and minibatch size b > m.

and x(, with wy = xg — x, = roe1, where g € Bz(r), z; € Bz(r), ro = % and ey de-

notes the smallest eigenvector direction of Hessian V2 f(Z). Moreover, let the super epoch length
10%(8(1{) . 1 .. .

tihres = n”(sg = O(—) the step size 1 < 5 Tog i) O = O(f) minibatch size b > m

and the perturbation radius r < . With probability 1 — 2T'(’, ! we have

1)
Jr S tthresa maX{HI'T - xOHa ||':U/T - .',13'6”} 2 077 (63)
1P

where C' = O(log 42t /log &) = O(1) and C1 > 1+ 48C" log(340) = O(1).

pr¢’

Based on these two lemmas, we are ready to show that (61) holds with high probability. Without
loss of generality, we assume ||z — || > C%p in (63) (note that (62) holds for both {x;} and {z}}).
Then plugging it into (62), we obtain

V/471f($0)—‘f(x70) 5 9
C'L — Cip

C'Lé?
— > 7
f(@o) = fzr) = AC2 2T
C'Lns®
2 85+/d
~ 4C3p?log (8L e dy
53
T Clp?
dﬁf 2fthre37

lo 86\/: 4021 86\//2

s ‘”C ), (64) holds by lettlng C| = %{7’“) =
W = O( ) Thus, we have al-
ready proved that at least one of sequences {z;} and {x}} escapes the saddle point with probability

(64)

where the last inequality is due to 7' < tpres =

5(1), and the last equality is due to the definition of Sihres 1=
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1 — 4T’ (by union bound of (62) and (63)), i.e.,

Ir S 75thres’ max{f(xo) - f(xT)a f(xé)) - f(x/T)} Z 2fthres; (65)

if their starting points xo and x{, satisfying wg := z9 — x{, = roe;. Now, using the same argument
as in Jin et al. (2017), we know that in the random perturbation ball, the stuck points can only be a
short interval in each line along the e; direction, i.e., at least one of two points in the e; direction
would escape the saddle point if their distance is larger than rog = %. Thus, we know that the
probability of the starting point o = Z + £ (where £ uniformly ~ B(r)) located in the stuck region
is less than

roVai(r) _ rol'(§ +1) < "o (Cj 1)< roVd
Vd(T') ﬁrr(% + %) - ﬁT‘ 2 -oor
where V;(r) denotes the volume of a Euclidean ball with radius = in d dimension, and the first

inequality holds due to Gautschi’s inequality. By a union bound for (64) and (66) (zg is not in a
stuck region), we know that

=, (66)

53

f(‘ro) - f(xT) > 2fthres = 0,7[)2 67)
1

holds with probability 1 — (47 + 1)¢’. Note that the initial point of this super epoch is Z before the
perturbation (see Line 7 of Algorithm 3), thus we need to show that the perturbation step zg = £ +¢&
(where & uniformly ~ By (r)) does not increase the function value a lot, i.e.,

Flao) < F&) + (VI (@), 20— 3) + 5 a0 — P
< @) + IV @l 2o — ] + & lleo — 312

§f(%)+e~r+§r2
53

20702

= f(Z) + fihres, (68)

< f(@+

where the last inequality holds by letting the perturbation radius 7 < min{ 0‘5226 /3 C‘EZQ 7}
1 1

Now we combine with (67) and (68) to obtain that

3

f(%) - f(l‘T) = f(%) - f(l'O) + f(l“o) - f(xT) > — fthres T 2 fthres = W (69)

holds with probability at least 1 — (47 + 1)’ > 1 — Btipres(’, where C7 = O(1).
Thus we have finished the proof for the second situation (around saddle points), i.e., we show
. 53 .
that the function value decreases a lot (fihres = W) in a super epoch (recall that T' < tipres =
1
log (524

pr¢’
nd )-

Combing these two situations (large gradients and around saddle points) to prove Theorem 9:
Now, we prove the theorem by distinguishing the epochs into three types as follows:
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1. Type-1 useful epoch: If at least half of points in this epoch have gradient norm larger than ¢
(Case 2 of Lemma 16);

2. Wasted epoch: If at least half of points in this epoch have gradient norm no larger than ¢ and
the starting point of the next epoch has gradient norm larger than € (it means that in this epoch
one can not guarantee a significant decrease of the function value as in the large gradients
situation, and it does not lead to a super epoch (the second situation) since the starting point
of the next epoch has gradient norm larger than €);

3. Type-2 useful super epoch: If at least half of points in this epoch have gradient norm no larger
than € and the starting point of the next epoch (here we denote this point as ) has gradient
norm no larger than € (ie., ||V f(Z)|| < €) (Case 1 of Lemma 16), according to Line 4 of
Algorithm 3, we start a super epoch. So here we denote this epoch along with its following
super epoch as a type-2 useful super epoch.

First, it is easy to see that the probability of a wasted epoch happened is less than 1/2 due to the
random stop (see Case 1 of Lemma 16). Note for different wasted epochs, returned points are
independently sampled. Thus, with high probability 1 — (’, there are at most log % = 5(1) wasted
epochs happened before a type-1 useful epoch or type-2 useful super epoch. Now, we use /N and
N to denote the number of type-1 useful epochs and type-2 useful super epochs that the algorithm is
needed. Also recall that the function value always does not increase with high probability 1 — 2m(’
for any epoch (see Lemma 16).

For type-1 useful epoch, according to Case 2 of Lemma 16, we know that the function value

decreases at least 12¢

with probability at least 1/5. Using a union bound, we know that with

probability 1 — 4N;/5, Nj type-1 useful epochs will decrease the function value at least %.
Note that the function value can decrease at most A := f(xg) — f* and also recall that the function
value always does not increase with high probability 1 — 2m(’ for any epoch (see Lemma 16). So
let % < Ay, we get N1 < 4OA0 with probability at least 1 — (NlmC’ ) by a union bound.
We can let ¢ < O(1/Nym).

For type-2 useful super epoch, first we know that the starting point of the super epoch x has gra-
dient norm ||V f(Z)|| < e. Now if Apin(V2f(Z)) > —6, then 7 is already a (e, §)-local minimum.
Vf(@)] < eand Apnin(V2f(Z)) < —4, this is exactly our second situation (around
saddle points). According to (69), we know that the the function value decrease (f(z) — f(xr)) is
at least fipres = % with probability at least 1 — 5tippesC’ > 1/2 (let ¢ < 1/10tp,e5), Where
C) = 5(1) Similar to type-1 useful epoch, we know Ny < 40{(§A0 with probability at least

— 5(N2tthreSC’) by a union bound. We can let ¢/ < 5(1/N2tthres).

Now, we are ready to bound the number of SFO calls in Theorem 9 (finite-sum) as follows:

N{(O(1)n + n +mb) + Ny (6(1)n + [ ““ﬂ n+ tthresb>

m

5( Agn pQAo( \/ﬁ))

< v=
—  \nme2 03 nt no
LAOf LpQAof 2A0n
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By a union bound of these types and set { = 5(]\7 1m + Natinres)C (note that ¢’ only appears in the
log term log(%), so it can be chosen as small as we want), we know that the SFO calls of SSRGD
can be bounded by (70) with probability 1 — ¢. This finishes the proof of Theorem 9. Now, it
remains to prove Lemma 17 and 18.

Proof of Lemma 17. First, we know the variance bound (57) holds with probability 1 — 2¢’. Then
by a union bound, it holds with probability 1 — 2¢¢’ for all 0 < j < ¢t — 1. Then, according to (59),
we know for any 7 < ¢ in some epoch s

T

n 1 L nC”L? a
fen) < fam) =5 D0 Vi@l = (5, -5 -—5) > la—al?
j=sm+1 J=sm+l

1 L C”L? T
Sf(l'sm)*( S ) Z ij*xj*lH2

2n 2 2 el
C'L < 5
< fleam) == D0 llwg =2l (D
Jj=sm+1

where (71) holds by setting the step size n < m Recall that ' = O(log ‘2—7,”, /log %) =

5(1) Now, we sum up (71) for all epochs before iteration ¢,

,
Fla) < flao) = T2 Ny = 2yl
j=1

Then, the proof is finished as

t

t
4 _
ot —aol < 3 ke =gyl €| 03 by = 2y < |l lae) — fa))

j=1
O
Proof of Lemma 18. We prove this lemma by contradiction. Assume the contrary,
Vi < T, |loe — x| < 0 and ||z} — xp|| < 0 (72)
>~ 1L, t ol > Clp t oll > Clp’
1 86\//3 1 85\//3 _
where T := Og(n”;g ) < tihres 1= Og(n’g'g ) (note that y > § due to —y := A\pnin (V2 £(Z)) < —9).

We show that the distance between these two coupled sequences w; := x; — x} grows exponentially
if they are not very close in the e; direction at the beginning, i.e., wy := x¢ — z{, = roe;. Recall
that rp = % and e denotes the smallest eigenvector direction of Hessian H := V2 f(Z). However,
lwell = llze — 2| < llwe — @oll + llwo — &) + ot — agll + llzh — T < 2r + 247 according
to (72) and the perturbation radius r. It is not hard to see that if ||w;|| increases exponentially, this
inequality cannot be true for reasonably large ¢, rendering a contradiction.

In the following, we prove that ||w;|| increases exponentially by induction on ¢. First, we need
the expression of w;. Define A, := fol(v2f(a:'7 +60(zr —al)) —H)d0 and y, :== v, — Vf(z;) —

T
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vl + Vf(x!). Recall that x; = 241 — nui—1 (see Line 12 of Algorithm 3). Hence one can easily
see that

wy = wi—1 — N(ve-1 —Ut 1)
:wt—l—U(Vf Ty1) Vf(x% 1) Fve1 — V(o 1)‘”1/: 1+Vf<513;:—1))

thl—TI(/ V2 f (@)1 + 0(wi—1 — 2}_1))dO(x—1 — x]_1) + e 1)

=Wt—1 — 77((7'[ + Ap1)wig + yt—l)

= (I —nH)we—1 — N(A—1wi—1 + yi—1) (73)
-1

= (I =nH)'wo —n Y (I —nH)"" 7 (Arwr +yr). (74)
7=0

First, one can see that the first term of (74) is in the e; direction and it increases exponentially with
respect to ¢, i.e., (1 + n7y)froe1, where —y := Amin(H) = Anin(V2f(Z)) < —6. Hence, to prove
that ||w;|| increases exponentially, it suffices to show that the norm of the first term of (74) dominate
that of the second term. For this purpose, we need the following bounds for ||w;|| and ||y, stated
in the following lemma.

!
Lemma 19 Suppose wg := xo—x(, = roe; where ry = 472 and ey is the eigenvector corresponding

to the smallest eigenvalue of Hessian H := V2 f(Z). If (72) holds, then with probability 1 — 2T(,
the following bounds hold for allt < T':

131+ my)tro < JJwel| < 3(1+ ny)tro;
2. lyell < 585 (A + 7)o

85\/3)

where Co = log( o )-

Proof of Lemma 19. We prove this lemma inductively. First, check the base case t = 0, ||wg| =
Iroesl = ro and [lgoll = Ilvo — Vf(xo) — v + VA ()| = IV (o) — Vf(z0) — VF(ah) +
Vf(z()|l = 0. Now, assuming they hold for all 7 < ¢ — 1, we now prove they hold for ¢. For the
bounds of ||w||, it suffices to show that the second term of (74) is dominated by half of the first
term. Now, we first consider the first part of the second term:

t—1 i—1
InY (T =nH)" T (Avw) | <0 (14 07) T Al
7=0 7=0
<3ha+ 1A, | 75
<3 m)* TOZ (75)
<3 (1+ Ly, Z D? (76)
<3 m) e ) p
< §77(1—i—n’Y)tilT‘ot,o(—5 —i—?") 77
-2 Cip
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< Cinét(l ) (78)
3lo 8‘5‘(
< BloaCord?) )(1 +17) g (79)
Ch
4( + n7)'ro, (80)

where (75) uses the induction hypothesis for w, with 7 <t — 1, (76) uses Assumption 5 and the
definition D? := max{|z, —Z||, ||z} — Z||}, (77) follows from ||z; — Z|| < ||t — xo|| + ||zo — || =
% + r due to (72) and the perturbation radius r, (78) holds by letting the perturbation radius
r < &, (79) holds since t < T' < typpes i= 77715 log(sjr‘éa), and (80) holds due to the definition of
Cy > 1210g(85‘[).

pr¢’
Now, the second part can be bounded as follows:

t—1 t—1

In> (@ = M) Tyl <0 D> @+ 0y) T Tyl
=0 7=0

t—1

<ny (L4t
7=0
m

= — (1 -1
10y (14 7)o

log (%044
< T(l + 7)o (82)

1
= 7(1+m)"ro, (83)

5
1Cy — (L +ny)r (81)

2log( 8:T\</,a)

where (81) uses the induction for y, with 7 < ¢ — 1, (82) holds since t < T :=

holds due to the definition of C; = log(22¥1).
Combining (80) and (83), we can see that the norm of the second term of (74) is at most one half
of that of the first term. Note that the norm of the first term of (74) is || (I —nH ) wo|| = (1+n7)ro.

Thus, we have

, and (83)

1 3
2(1 + 7)o < |Jw|| < (1 +nv)'ro (84)

Now, the remaining thing is to prove the second bound [|y:|| < 72 (1 + 1ny)tro, which is some-
what technical. First, we write the concrete expression of y;:

ye = v — Vf(x) — v + V f(xy)
= 33" (Vilw) ~ Vi) + v — V()

i€l

1
=3 2 (Viilal) = Vfilei 1) vl + V() (85)

i€l
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- % Z (Vfi(ze) = Vfi(zi-1)) + Vf(@e-1) — V()

i€l
- % Z (Vfilah) = Vfilai1)) = VF(@i1) + V() + ye
i€l
- % Z (Vfilxe) = V filay) = V filwe1) + Vfi(x)_4))
i€l

— (Vf(@e) = Vf(xy) = V(1) + V(@ 1) + ye-1,

where (85) is due to the definition of the estimator v; (see Line 13 of Algorithm 3). We further define
the difference z; := y; — y;—1. It is not hard to verify that {y,} is a martingale sequence and {z;}
is the associated martingale difference sequence. We can apply the Azuma-Hoeffding inequality to
get an upper bound for [|y|| and then we prove [[y:|| < 37 (1 + 1)t based on that upper bound.
In order to apply the Azuma-Hoeffding inequality for martingale sequence ||y;||, we first need to
bound the difference sequence {z;}.

2t =Yt — Yt—1 = %Z (VSfilee) = Vilat) = Vfilzi1) + Vilai 1))

i€l
— (Vf(z) = Vf(x}) — Vf(zio1) + V(i)
_ % Z . (86)

iely

where we define u; := (Vfi(xt) — sz(as;)) — (Vfi(xt_l) — Vfi(xff,l)) — (Vf(a:t) — Vf(:cg)) +
(Vf(z4—1) — Vf(2}_,)) in the last equality (86). Then we have

1 1
ol < | [ 92t + 06— ot —ap) = |V uats -+ 0oms =) bGocs o)

1 1
= [ Vel 0~ aidbGar )+ [T+ O — )8 — ol
0 0

= H?—Liwt + Aiwt — (Hiwt_l + Ai—lwt—l) — (Hwt + Atwt) + (Hwt—l + At—lwt—l)H
<N(Hi = H) (we — we1) || + [[(A] = Ad)ws — (A — Ap—1)wi]|
< 2L||lwy — wi—1|| + 20D [|wel| + 2p D4 ||we—1]], (87)

where the equality holds since we define A; = fol(V2 f(xh +0(xy — x})) — H)d and Al =
fol(V2 filz; + 0(zy — x})) — H;)dO, and the last inequality holds due to the gradient and Hessian
Lipschitz Assumption 5 (recall DY := max{||xz; — Z||, ||z} — Z||}). Then, consider the variance
term:

B[ lull?] < BE{I(Vfilwr) = Vfilah) = (Vhilwir) = Vil 1) IP)

icl,
= DE;[|| Howr + Ajwy — (Hiwi—1 + A)_jwi—1)|)?]
< b(L||lwe — we—r || + pDY [Jwe]| + pDf_y [[wi—1]])?, (88)
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where the first inequality uses the fact E[||z — Ez|?] < E|||z||%], and the last inequality uses the
gradient and Hessian Lipschitz Assumption 5. According to (87) and (88), we can bound the differ-
ence z; by Bernstein inequality (Proposition 13) as (where R = 2L||w; — wi—1|| + 2pD¥ ||we]| +
20D} |wi—1|| and 0® = b(L|wy — wi1|| + pDF [Jwel| + pDF_y |we-1])?)

P{lla) 2 3} < @+ Dexp (ﬁj{j/g) =G,

where the last equality holds by letting o« = CVb(L|w; — wi_1|| + pDf ||we| + pDF_; ||lwe—1]])s
where C' = O(log Cik)
Now, we have a high probability bound for the difference sequence {zx}, i.e.,

C . .
[zl < cx = %(Lllwt — wi|[ + pDf wel| + pD{y[wi—1[[) with probability 1 — .
Next, we provide an upper bound for ||y;|| by using the martingale Azuma-Hoeffding inequality.
Note that we only need to consider the current epoch that contains the iteration ¢ since each epoch
we start with y = 0. Let s denote the current epoch, i.e, iterations from sm + 1 to current ¢, where
t is no larger than (s + 1)m. Define

t t
d '
Bi= )8 D dlosg =7\ D (Llhww—weill+pDfwil+ Dy el
k=sm+1 k=sm+1

where C' = O(C', /log %) = O(log Cik’ /log %) = O(1). According to Azuma-Hoeffding inequal-
ity (Proposition 15) and letting (;, = ¢’/m, we have

itk 2)+§’:2§’.

t
8 Zk:strl Ck

Recall that yj, := v, — V f(x) — v, + V f(2},) and at the beginning point of this epoch ys,, = 0
due t0 vg, = Vf(2sm) and v, = Vf(2,,) (note that batch size B = n in this finite-sum case).
Thus. for any ¢ € [sm + 1, (s + 1)m], we have

P{Hyt — Yom|| = B} < (d+ 1)eXp(

c’ i
IIytllzllyt—ysmHSﬁ:% > (Lllwe = wea|l + pDF will + pDF 4 [Jwe1]))? (89)

k=sm—+1

holds with high probability 1 — 2¢’. Furthermore, by a union bound, we know that (89) holds with
probability at least 1 — 27°¢’ forall t < T'.

Now, we show how to bound the right-hand-side of (89). First, we show that the last two terms
in the right-hand-side of (89) can be bounded as

0 3
1 t (1 t—1
(L m)ro+ p(g )5 (1 +m) o
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_ 66
<5 —(1+ny)'ro, (90)
1

where the first inequality follows from the induction hypothesis of [|w;—1|| < 2(1 4 nv)"'rg and
the bound |Jw; || < 2(1 + 17y)'ro in (84) which we have already proved, and the last inequality holds
by letting the perturbation radius r < %

Now, we bound the first term of right-hand-side of (89). According to (73), we have

Lilwy — w1 | = LlnHwi—1 — n(Ar—rwi—1 + ye—1) ||
< Ly|[Hwe— || 4+ Lnl|Ar-1wi—1 + ye—1 ||
< Ln|[Projg_ Hw—1|| + Ln|[Projg, Hwe—1|| + Ln||Ar—rwe—1 + 1| OD
< Ly[lwe—r || + Ln|[Projg, Hwi—1[| + Lnl|A¢—1 || |wi—1 || + Lnl[ye—1|]

2 .
< (14 o) bmweal| + Lnl[Projs, Hua]| + Lnllye-a| ©2)
<G4 2 ) Dy(1 4+ ) o + Lnl|Projg, Huy | (93)
=9 T T, my my) ro NFr0) g, MWi—1{,

where (91) holds by splitting the space into two subspace: 1) subspace S_ spanned by the eigenvec-
tors of H with eigenvalues within [—, 0]; 2) subspace S, spanned by the eigenvectors of H with
eigenvalues within (0, L], (92) holds from the following (94), and the last inequality (93) follows

from the induction hypothesis of [[w;—1|| < 3(1 +n7y)"~'rg and [Jye—1 | < 15 (1 + ny) .

+ )<275<27

. o
Ve<T, ||l < pDf < p G <o

2 94
Cip (94)

which holds by letting the perturbation radius r < C%p, and noting that v > § (recall —v :=
)\min(H) - )\m1n(v2f( )) < 5)

Now, we bound the second term of (93) as follows:

Ln|[Projg, Huwt—1 ||

t—2
= Ln|| — Projg, H(I — nH)" wo — Y _ Projg, nH(I — nH)" > 7 (Aywr +y-)||  (95)
=0
t—2
= Ly|| =Y Projg, nH(I — nH)"* T (Arw, + y, )| (96)
7=0
t—2
< Ln Z llPrOjS+77H(I - n%)t_Q_TH |Arw: + yr ||
=0
< Ln Z ”ATU)T + yrll o7
< Ln logt Jnax HAkwk + vl
< Ln logt( 3 S+ ny) e + —(1 + nv)t_2r0> (98)
C12 4C,
3
=1 L ogt) Ly
= (G lost+ 4 lowt) Ly (1 +11)' 99)
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where the first equality (95) follows from (74), (96) holds since wy = rpe; is in the e direction,
< 3(1+m)ro and [ly]| < (1 + )"0,
for all k < ¢ — 1. The inequality (97) follows from the fact max,cjo 1) (1l —z)t < 7 +1 Note
that S denotes the subspace spanned by the eigenvectors of H with eigenvalues within (0, L], thus
||Projs, nH(I — nH)'=277|| < maxye(o,p) AL — nA) 2~
ton < 1 and A € (0, L].

By plugging (99) into (93), we have

3 3(1+logt 1+ logt
LHwt_wt—IHS(§+ ( C’lg)+ 402g

YL+ my) . (100)

Now we can bound ||y;|| by plugging (90) and (100) into (89) and noting that t — sm < m < b:

60 3 3(1+logt) 1+logt _
<C'| =1 t = Ly (1 o
lyell < C (C (1+nv) "”0+(2+ c + 10, ) ny(1+nv)"" "o

6C” 3 3(1+logt) 1+logt
<01+(*+ C, + 40}

1 1
<(— 4 — ¢
(5 * s+

)C’Ln)v(l +17)'r

- t
= 4027(1 +n7)'ro, (101)

where the second inequality holds due to § < v (recall —y := Apin(H) = Amin(V2f(Z)) < —6),
and the last inequality holds by letting C; > 48C'Cy (recall that Cy := log(gjr‘?) defined in
Lemma 19), and n < m. Recall that (89) holds with probability at least 1 — 27°¢’ for all
t < T'. This finishes the proof of Lemma 19. OJ

From the Lemma 19, one can see that |[w| > (1 +ny)'rg = 2(1+n)° f[ On the other

hand, ||w;|| == |lzi—2}|| < ||lzi—zol|+||xo—Z ||+ 2} — 20| +||2o—Z|| < 2r+2 5 <& accordmg

85\f
pr¢’
contradiction to (72), i.e., [lw|| > (1 + nfy)Tf/f > 4‘5 > 045 where C > 1 +48C" 10g(85‘[) >
1 defined in Lemma 18. Also note that T' = log( o ) < tinres = 75 log(gfr*{,) dueto § < .
This contradiction finishes the proof of Lemma 18.

to (72) and the perturbation radius r < Cilp. Hence, forany t > T = log( ) we get a

0

D.3 Proof of Theorem 9 (online)

The proof for the online case follows almost the same framework as in the finite-sum case in Sec-
tion D.2. Although the only difference in the algorithm is that here we compute a large batch of
stochastic gradient (vs,, # V f(2sn) in Line 4 and 9 of Algorithm 3), instead of a full gradient, it
leads to many changes in the analysis. Hence, we present the full proof for the online case as well.
Again, we distinguish two situations, the large gradients case, in which the function value decreases
significantly, and the around saddle points case, in which we add a random perturbation.

Large Gradients: First, we provide a high probability bound for the variance term, and then
use it to get a high probability bound for the decrease of the function. Note that in this online
case, Vgy = % ZjeIB V fij(zsm) at the beginning of each epoch instead of ve,, = Vf(zem)
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(where B = n) in the previous finite-sum case. Thus we first need a high probability bound for
|vsm — V f(zsm)]|. According to Assumption 6, we have

IV fi(z) — V)] <o,
> V@) - Vi@)|? < Bo.

JE€lB

By applying Bernstein inequality (Proposition 13), we get the high probability bound for ||vs,, —
V f(xsm)|| as follows:

P{Hvsm — Vf(xsm)H 2 %} < (d+1)exp (Ba;i/:t/S) —

where the last equality holds by letting ¢t = C3v/Bo, where C3 = O(log g) = O(1). Now, we
have a high probability bound for ||vsm, — V f(Zsm)|, i-e.,

G0

VB

Now we obtain a high probability bound for the variance term of other points beyond the starting
points. Recall that v, = % Zielb (Vfi(xk) — Vfi(:z:k_l)) +vk_1 (see Line 13 of Algorithm 3), and
the martingale sequence yy := v — V f(xk), 21 = yr — Yr—1, Which is the associated martingale
difference sequence, and u; := V f;(zx) — V fi(xp—1) — (Vf(zr) — Vf(xk—-1)). By (52), we know
that

Vsm — Vf (2sm)|| < with probability 1 — ¢’. (102)
I I

==y = 0 (VAR — Vo) = (Vi) - Vi) = 3 S u. (103)

i€l i€y

Using the same argument as in Section D.2 (See (53),(54),(55)), one can see that ||u;|| < 2Lz, —
zp—1] and E[3> ;) llui||?] < bL?|xx — xx_1||%, and then one can apply Bernstein inequality
(Proposition 13) to see that

CL
2k < e = %H%k —xp_1|| with probability 1 — (g, (104)

where C' = O(log C%) = 0(1).
Now, we are ready to get a high probability bound for the variance term using the martingale
Azuma-Hoeffding inequality. Consider in a specific epoch s, i.e, iterations ¢ from sm + 1 to current

sm+k, where k is less than m. Let 3 := \/8 Zf;n;;f“ c?log g = c\% \/Zf;”;;fﬂ lze — ze—1]|%,

where C' = O(C', /log g) = O(log Cik’ /log %) = O(1). According to Azuma-Hoeffding inequal-
ity (Proposition 15) and letting (;, = ¢’/m, we have

2
P{Hysm—l-k - ysmH > B} < (d+ 1)6Xp (8377151602) + C/ = 24/
t=sm+1 -t
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Recall that y := v, — Vf(z) and at the beginning point of this epoch [[ysm| = [[vsm —
V f(xsm)|| < C30/+v/B with probability 1 — ¢’, where C' = O(log C,) = O(1) (see (102)). Com-
bining with (102) and using a union bound, for any ¢ € [sm + 1, (s + 1)m], we have that

C'Ly [y — 512 L O
Vb VB

Jvi-1 = V@)l = [yl < B+ llysmll < (105)

holds with probability 1 — 3¢’

Now, we use it to obtain a high probability bound for the decrease of the function value. We
sum up (29) from the beginning of this epoch s, i.e., iterations from sm + 1 to ¢, by plugging (105)
into them to get:

t t

Fe) < f(@am) — g Z ”vf(ﬂjj—l)H2 - (2177 - g) Z ||z — Ij—1”2

J=sm+l j=sm+1
t—1 12712 2 t
20”212 Y) |2j — 251
N j=sm41 175 — Tj n
o 2 7 ty Dl (106)
k=sm+1 j=sm41
7 < 1 L, ¢
<fm) =5 D VAP~ (g =3) > le—aml?
j—sm+1 " j=sm+1
770/2L2 Sm)nC
S ey onal (= ominCio”
k=sm+41 j=sm+1
RS 1 L, <
<fom) =3 S Ol Gy -5 3 hay-aal
J=sm+l1 " j=sm+1
t
nCL2(t — 1 — sm) (t — sm)nC2o?
b Z lz; — xjfl”Q + #3
j=sm+1
7 < 1L t
< f@m) =5 Y IVF @) = (5 =5 —0CPL) Y ey —ajl
j=sm+1 n Jj=sm+1
t— 2 2
(Sm;?CU 107,
t
t — sm)nC2o0?
< flaen) =1 V)| + EIGT (108)
j=sm+1

where (107) holds if the minibatch size b > m (note that here t < (s + 1)m), and (108) holds if the

step size n < m, where C" = O(log dc—’% /log %) Note that (106) uses (105) which holds
with probability 1 — 3¢’. Thus by a union bound, we know that (108) holds with probability at least
1—3mc(.

Next, we show an analogue of Lemma 16 which connects the guarantees between first situation
(large gradients) and second situation (around saddle points) by relating to the gradient of the start-
ing point of each epoch (see Line 4 of Algorithm 3). This proof requires several modifications since

we use stochastic gradients for vg,.
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Lemma 20 (Two Situations) For any epoch s, let xy be a point uniformly sampled from this epoch
Dm =
{ ]}jst,mﬂ and choose the step size 1 < m (where C' = O(log dCLF’ /log%) = 0(1))

2560202
€2

and the minibatch size b > m. Then for any € > 0, by letting batch size B > (where

C3 = O(log %) = O(1)), we have two cases:

1 Ifat least half of points in this epoch have gradient normno larger than §, then |V f(x (44 1)m) || <
5 and ||v(s41)m || < € hold with probability at least 1/3;

2. Otherwise, we know f(xsp) — f(x) > 77;2262 holds with probability at least 1/5.

—_ 2 2
Moreover, f(xy) < f(xsm) + %
case happens.

holds with high probability 1 — 3m(’ no matter which

Proof of Lemma 20. There are two cases in this epoch:
1. If at least half of points in this epoch {x; }§St1n 1 have gradient norm no larger than §, then
it is easy to see that a uniformly sampled point z; has gradient norm ||V f(z;)|| < § with
probability at least 1/2. Moreover, note that the starting point of the next epoch T(s41)m = Tt

(i.e., Line 20 of Algorithm 3), thus we have ||V f(z(s11)m)[| < § with probability 1/2.

According to (102), we have [[v(sp1)m — V(@ (sp1ym)ll < C%F" with probability 1 — ¢/,

where C' = O(log ?) — O(1). By a union bound, with probability at least 1 /3 (e.g., choose
¢’ <1/6), we have
Cso € €
HU(S-l-l)mH = \/E + 5 = 16 < €.

2. Otherwise, at least half of points have gradient norm larger than §. Then, as long as the sam-
pled point x; falls into the last quarter of {z; }]Stinﬂ, we know Z;:Smﬂ IV f(xj-1)]* >
1—6. This holds with probability at least 1/4 since z; is uniformly sampled. Then by com-
bining with (108), we obtain that the function value decreases

t

n o (t—sm)nCic* _ nme* nme*  Tnme?
— > VF(zi )2— > _ -
flran) =025 3 195D ST, e TR T
where the last inequality is due to B > 25660#. Note that (108) holds with high probability

1 — 3m(’ if we choose the minibatch size b > m and the step size n < . By a union

1
11200L
2
bound, the function value decrease f(x ) — f(2¢) > g~ with probability at least 1/5 (e.g.,
choose ¢’ < 1/60m).

. . (t—sm)nC2o? . . -1 /
Again according to (108), f(z;) < f(2sm) + ~——p5——holds with high probability 1 — 3m(’. [J

Note that if Case 2 happens, the function value would decrease significantly in this epoch s
(corresponding to the first situation large gradients). Otherwise if Case 1 happens, we know the
starting point of the next epoch x (s, 1), = ¢ (i.e., Line 20 of Algorithm 3), then we know

IVf(@rym)ll < § and ||vg1ym|l < €. In this case, we start a super epoch (corresponding
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to the second situation around saddle points). Note that if Ay, (V2 f (Z(s+1)m)) > —9, the point
T(s41)m is already an (e, §)-local minimum.

Around Saddle Points [|v(;_ 1), || < € and Apin (V£ (2 (511)m)) < —0: In this situation, we show
that the function value decreases significantly in a super epoch with high probability by adding a
random perturbation at the initial point & = (y41),,- We denote xo := T + £ to denote the starting
point of the super epoch after the perturbation, where £ uniformly ~ By(r) and the perturbation
radius is r (see Line 7 of Algorithm 3). Again, we follow the two-point analysis developed in Jin
et al. (2017). In particular, consider two coupled points xy and m6 with wg 1= xg — xg = ropeq,
where 7 is a scalar and e; denotes the smallest eigenvector direction of Hessian H := V2 f (). We
show that at least for one of these two coupled sequences {x;} and {x}}, the function value decrease
a lot (escape the saddle point), i.e.,

3t < tinres, such that max{f(zo) — f(z¢), f(x) — F(@1)} > 2 finres- (109)

The proof outline of (109) is the same as that in Section D.2. We assume by contradiction that
f(zo) — f(z) < 2finres and f(z() — f(2}) < 2 fihres- Similar to Lemma 17 and Lemma 18, we
need the following two technical lemmas in the online setting. Their proofs are deferred to the end
of this section.

Lemma 21 (Localization) Ler {x;} denote the sequence by running SSRGD update steps (Line 9-
13 of Algorithm 3) from xo. Moreover, let the step size n < m and minibatch size b > m.

With probability 1 — 3t(’, we have

At(f(xo) — f(20)) | 421C302
Vt >0, ||z — 20| < \/ T + C,L% , (110)

where C' = O(log (1?77/11 /log %) = O(1) and C3 = O(log %) =0(1).

Lemma 22 (Small Stuck Region) If the initial point T satisfies —v := Amin(V2f(T)) < —6,
then let {x;} and {x}} be two coupled sequences by running SSRGD update steps (Line 9-13
of Algorithm 3) with the same choice of batches and minibatches (i.e., Ig’s in Line 9 of Algo-
rithm 3 and I,’s in Line 13 of Algorithm 3) from o and x|, with wy := xo — x, = roe1, where
xo € Bz(r), xy € Bz(r), ro = % and ey denotes the smallest eigenvector direction of Hes-
log(22)
pr¢
30(1+10g%thres)C’L = O(%), minibatch size b > m, batch size B = O(%)

radius r < %p. Then with probability 1 — 3T, we have

sian V2 f(Z). Moreover, let the super epoch length tines =
n <

N

5( 5): the step size
an

d the perturbation

1)
T < ties, max{|lor — o, o — 7o)} = 57—, (111)
1P

where where C' = O(log \/log C’) =O(1) and Cy > 1+ 96C" log(SﬁT‘{) =0(1).

Based on these two lemmas, we are ready to show that (109) holds with high probability. With-
out loss of generality, we assume ||z — xg|| > %p in (111) (note that (110) holds for both {x;}
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and {z}}). Then plugging it into (110), we obtain

\/4T( f(x0) = flwr))  4T*nC3a? _ &

112
C'L C'LB — Cip (112)
Hence, we can see that
C'L§* TnC3o?
_ > _ 3
C'Lnd® C3o log(S04) (113)
AC?p? log(B241) Bo
53
> 114
def
= 2fthresa
where the last equality is due to the definition of fip,es 1= % = 6(2—3), (113)isdue to T' <
1
1 86\/,2 8021 85\//3 " -
tihres (= Og(npd“ ), and (114) holds by letting C] = 16,#;“) = O(1). Recall that B = O(‘Z—;)

and € < 02/p. Thus, we have already proved that at least one of sequences {x;} and {x}} escapes
the saddle point with probability 1 — 67°¢’ (by union bound of (110) and (111)), i.e.,

ar < tthres» maX{f(SUO) - f(xT)v f(xé) - f(x,T)} > 2fthr987 (115)

if their starting points z and z{, satisfying wo := zo — z{, = roei.
Next, using exactly the same volume argument as in Section D.2, we obtain that

3

f(‘%) - f(:ET) = f(i:) - f($0) + f(l‘o) - f(xT) > _fthres + 2fthres = W (116)

holds with probability 1 — (67 + 1)¢’ > 1 — Ttures(’s where €} = O(1). Here we use the fact
f(zo) < f(Z) + finres which follows from (68). Hence, we have finished the proof for the second
situation (around saddle points).

Combing these two situations (large gradients and around saddle points) to prove Theorem 9:
We distinguishing the epochs into three types, Type-1 useful epoch, Wasted epoch and Type-2 useful
super epoch in exactly the same way as in Section D.2. Recall in a Type-1 useful epoch, at least
half of points in this epoch have gradient norm larger than €¢/2 (Case 2 of Lemma 20). If at least
half of points in this epoch have gradient norm no larger than €/2 and the starting point of the next
epoch has estimated gradient norm larger than ¢, we say it is a wasted epoch. In a Type-2 useful
super epoch, at least half of points in this epoch have gradient norm no larger than € and the starting
point of the next epoch has estimated gradient norm no larger than ¢ (Case 1 of Lemma 20). The
argument is very similar to the one in Section D.2 as well, except some quantitative details.

First, we can see that the probability of a wasted epoch happened is less than 2/3 due to the
random stop (see Case 1 of Lemma 20). Note for different wasted epochs, returned points are
independently sampled. Thus, with high probability 1 — ¢’, at most O(log %) = O(1) wasted
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epochs would happen before a type-1 useful epoch or type-2 useful super epoch. We use N; and
N to denote the number of type-1 useful epochs and type-2 useful super epochs.
For type-1 useful epoch, according to Case 2 of Lemma 20, we know that the function value

2
decreases at least 7’%?5 with probability at least 1/5. Using a union bound, we know that with

probability 1 — 4Ny /5, Ny type-1 useful epochs will decrease the function value at least ~H5g5
Note that the function value can decrease at most Ay := f(xzg) — f* and also recall that the function

value can only increase at most 1 % with high probability 1 — 3m(’ for any (wasted) epoch,

where C3 = O(log ?) = O(1) (see Lemma 20). By choosing B = O( >) and small enough ¢,

Ny type-1 useful epochs will decrease the function value at least anEOON L with probability at least

— O(Nym(') by a union bound. We can let ¢’ < O(1/Nym). So let 777’;6020]\[1 < Ay, we get
N, < 20039
— nme

For type-2 useful super epoch, first we know that the starting point of the super epoch = :=
T(s41)m has gradient norm ||V f(z)|| < €/2 and estimated gradient norm ||v(s; 1) || < €. Now if
Amin(V2f(Z)) > —6, then T is already a (e, §)-
Amin(V2f(Z)) < —6, this is exactly our second situation (around saddle points). According to
(116), we know that the the function value decrease (f(z) — f(xr)) is at least fipres = % with

probability at least 1 — 7tthrescl > 1 / 2 (let ¢’ < 1/14t4pyres), where C = O( ). Similar to type-1
useful epoch, we know No < —1£.=0 with probability at least 1 — O(NgtthreSC ) by a union bound.

We can let ¢’ < O(l/Ngtthres).
Now, we are ready to bound the number of SFO calls in Theorem 9 (online) as follows:

- - tenr
N (O(1)B + B 4 mb) + No(O(1)B + [ t;es
Aoo  p?Ag 0 o
i R s)
LAgo n > Ao Lp2A00>

€3 €263 ed4 ’

-‘ B + tthresb)

<0(

(117)

<O(

By a union bound of these types and set { = 5(]\7 1m + Natinres)C' (note that ¢’ only appears in the
log term log(%), so it can be chosen as small as we want), we know that the SFO calls of SSRGD
can be bounded by (117) with probability 1 — (. This finishes the proof of Theorem 9 (the online
case). Now, the only remaining thing is to prove Lemma 21 and 22.

Proof of Lemma 21. First, we know that the variance bound (105) holds with probability 1 — 3¢’.
Then by a union bound, it holds with probability 1 — 3¢(’ for all 0 < j < ¢ — 1. Then, according to
(107), we know for any 7 < ¢ in some epoch s

T T

n 1 L
Fler) < Fan) =1 S IV F )P~ (o~ 2 —n0PL2) Yy -
Pt N j=sm+1
(1 — sm)nC3o?
+ B

1 L a (1 — sm)nC?c?

< flaom) = (5 =5 — nCPL%) > lay — @il + B
N j=sm+1
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C'L <& T — sm)nC2o?
< Flom) = SE DD Ny a4 TS g
Jj=sm+1

where the last inequality holds since the step size n < m Recall that " = O(log ‘JI’C—T, /log g) =
O(1) and C3 = O(log g) — O(1). Now, we sum up (118) for all epochs before iteration ¢,

C'L < tnC?o?
Fae) < fGao) = SIS g —aal? + T
j=1

Then, the proof is finished as

t t
4(f (wo) — flxr)) | 4t*nC302
e = xoll <Y llwy —ajal < (¢ lag —zia]f? < \/ + .
=1

, C'L C'LB
7j=1
O
Proof of Lemma 22. We prove this lemma by contradiction. Assume the contrary,
Vi < T, |loe — x| < 0 and ||z} — xp|| < 0 (119)
>~ 4, t ol > Clp t oll = Clp’
1 85\//5 1 85\/,3
where T := 0o < fthres = Og(n’gc ) (note that v > & due to —y = Amin(V2f(Z)) <
—0). We will show that the distance between these two coupled sequences wy; := x; — x} grows
exponentially since they have a gap in the e; direction at the beginning, i.e., wy := xy — x =

roe1, where rg = % and e; denotes the smallest eigenvector direction of Hessian ‘H := A& f(@).

However, ||w;|| = ||or— || < ||zt —zoll +||zo —Z||+ ||} — 26|+ ||xg — 2] < 27“—1—20%/) according
to (119) and the perturbation radius r. It is not hard to see that if ||w;|| increases exponentially, this
inequality cannot be true for reasonably large ¢, rendering a contradiction.

In the following, we prove the exponential increase of ||w;|| by induction. First, recall the
expression of w; in (73) and (74):

wy = (I —nH)wi—1 — n(A—1we—1 + Y1) (120)
t—1

= (I =nH)'wo —n Y (I —nH)" 7 (Arwr +yr), (121)
7=0

where A, = fol(VZf(:c’T +0(x; —al)) —H)dO and y, := v, — V f(z;) — v, + Vf(zl).

Again, to show the exponential increase of ||w;||, it is sufficient to show that the first term of
(121) dominates the second term. To this end, we show the following bound, which is almost the
same as Lemma 19, except that the succeed probability changes to 1 — 37°¢’.

!
Lemma 23 Suppose wy := xo—x( = roe; where ro = % and ey is the eigenvector corresponding

to the smallest eigenvalue of Hessian H := V2 f(). If (119) holds, then with probability 1 — 3T¢’,
the following bounds hold for allt < T':
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Lo 31+ ny)tro < Jlwell < 3(1+ny)'ro;
2. lyell < 585 (1 +m7) o

85\/3)

where Cy := log( et )-

Proof of Lemma 23. First, check the base case t = 0, ||wg|| = ||roei|| = ro holds for Bound
1. However, the base case of Bound 2 requires more work. Here, we use Bernstein inequality
(Proposition 13) to show that ||yo|| = ||[vo — V f(x0) — v + V f(x()|| < nyLre. According to Line
9 of Algorithm 3, we know that vy = % > jery Vii(xo) and vy = % > jery V1i(xp) (recall that
these two coupled sequence {z;} and {x}} use the same choice of batches and minibatches (i.e.,
same Ig’s and I’s). Now, we have

Yo =vo — V f(xo) — vy + V f(0)
— 5 3 Vhilao) - Vileo) - 5 3 Vijab) + Vfah)

J€lB jelp
= 2 (Vi) ~ V(e — (V) ~ V1)) 122
J€lB

We first bound the norm of each individual term of (122):
IV fi(z0) = V fi(x0) — (Vf(0) = Vf(p))|| < 2L|lzo — x|l = 2L|Jwoll = 2Lrg,  (123)

where the inequality holds due to the gradient Lipschitz Assumption 5. Then, consider the corre-
sponding variance:

E| Y IVSi(w0) = Vfi(ah) = (Vf(wo) = V(ah)?

JElIB
< BE;[|IV fj(z0) — V f(z0)[I”] < BL?|lwo — x> = BL?||wol|* = BL?rg, (124)

where the first inequality uses the fact E[||z — Ez|?] < E[||z||%], and the last inequality uses the
gradient Lipschitz Assumption 5. According to (123) and (124), we can bound ||yo|| by Bernstein
inequality (Proposition 13) as

Pl > 3} < @+ e (7220

—a?/2
—(d+1
(d+1)exp (BL%% T 2Lroa/3>
=,

where the last equality holds by letting o« = C3L\/Br, where C3 = O(log %) By further choosing

B = 5(‘:—22), we can see that the base case

CsLrg « 2,
\/E — 802 07

loll < (125)
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holds with probability 1 — '

Now, we proceed to the induction step: Assuming Bound 1 and Bound 2 hold forall 7 <t — 1,
we now prove they hold for ¢. For Bound 1, same arguments as in Lemma 19 can show that the
second term of (121) is dominated by half of the first term. We do not repeat the proof which are
exactly the same. Note that the first term of (121) is ||(I — nH ) wo| = (1 + 77)!ro. Thus, we have
the first bound:

1 3
S+ ny)tro < |lw| < S+ my)'ro (126)

Now, we proceed to the second bound [|y;|| < 372=(1 + 77)"ro. Define

t

d c’
Bi=,18 Y dGlog= == > (Llw—wi 1|+ pDfllwe] +pDfyllwel)?,
k=sm+1

where C' = O(C log%) = O(log %, /log%) = O(1) and ¢, = ¢’/m. The same proof as in
Lemma 19 show that
32
P{}Iyt — Yom|| = 6} < (d+1)exp (—52) + ¢ =2 (127)
8 k=sm+1 k

Recall that yj, := vk - Vf(zk) — vy + V f(},) and at the beginning point of this epoch ys,, =
[Vsm =V f(@sm) = Vem + V f (2,) ]| < g0 With probability 1 — ¢’ (see (125)). Combining with
(127) and using a union bound, for any ¢ € [sm + 1, (s + 1)m], we have that

/ t
Y
yell < B+ [lysmll < 7 Z (Lljwe — we—1|| + pDF||we|| + pDF_4 ||we-1]))? + 5"
k=sm+1
(128)

holds with probability 1 — 3¢’. Furthermore, by a union bound, we know that (128) holds with
probability at least 1 — 37°'¢’ forall t < T.

Now, we bound the right-hand-side of (128) to finish the proof. The proof will be the same as
in Lemma 19. The last two terms inside the square root can be bounded as in (90):

60
pD? |lwe|| + pDf_y ||we—1]| < a“ +n7)'ro, (129)

The first term in the square root can also be bounded in the same way as in (91)—(100):

3 3(l+logt) 1+logt 1
Llw, — w1 < (7 )L 1 . 1
lwe = we-all < (5 + c Lo ny(L+mny)" "o (130)
By plugging (129) and (130) into (128), we have
60 3  3(l+logt) 1+logt vy
<c'(2a t (f )L 1 S
]| < <Cl( +iy)ro+ (5 + c LT ny(L+ny) + 355"
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6C" 3 3(1+logt) 1+]logt
<(F+G+ (1+logh) | 1log )C'Ln)y(1+ 7)o + <7

Ch Cy 4Cy 8C,
<( R )7(1+777) ro+ =70
— \16Cy 16C5 8Cy
= 1G, (1 + ny)'ro, (131)

where the second inequality holds due to § < v (recall —y := Apin(H) = Amin(V2f(2)) < —6),
and the last inequality holds by letting C7; > 1 + 96C’C5 (recall that Cy := log(gp‘sT‘C/,E) defined in
Lemma 23) and n < W Recall that (128) holds with probability at least 1 — 37°C’ for
all £ < 7'. This finishes the proof of Lemma 23. U

From the Lemma 23, one can see that [|w|| > (1 + n7)'rg = 3(1+ny)! C—d On the other
hand, [[w| := ||z =2l < [lze—zoll+[lwo— ||+l —zp | +[lxo—]| < 2T+2i

to (119) and the perturbation radius r < CL Hence, forany t > T =

< —C‘S according
1 (8 f
ny pr¢’

contradiction to (119), i.e., [lw,|| > $(1 + rm)Tf/f > 45 > éép where C7 > 1+96C" log(sp‘;r‘é,a) >

1 defined in Lemma 22. Also note that T' = 0 log(sﬁr‘{,) < tihres 1= 75 log(gfr‘?) dueto § < .
This contradiction finishes the proof of Lemma 22. U

Cip
lo

9), we get a

D.4 Proof of Theorem 10 (Under third-order Lipschitzness assumption)

Proof of Theorem 10. The proof is similar to the proof for the online case of Theorem 9 provided
in Section D.3. Again, we distinguish two situations, the large gradients case, in which the function
value decreases significantly, and the around saddle points case. The proof for the first case (large
gradients) is exactly same as in the first case in Section D.3 (i.e., Lemma 20).

The difference is in the second case (around saddle points). In previous Section D.3, we add a
random perturbation at the starting point of the super epoch. Concretely, we show that the function
value decreases a lot in this super epoch with high probability (see (116)), i.e.,

53

o (132)

AT < tinres, f(*%) - f(xT) > fohres =

holds with probability at least 1 — 7¢pe5¢’, Where Cf = 9] (1). Recall that the super epoch length

tihres = % log(gfr‘é,a) = 5(%) (see Lemma 22) and 7 is the starting point of this super epoch.
However, for Theorem 10 which further assumes the Ls-Lipschitz of third-order derivative (i.e.,
Assumption 7), one can show that the function value decreases by a larger amount (improving a
factor of §), i.e., % in (133) instead of % in (132). Finally we can see that the result of
Theorem 10 indeed improves the previous online case of Theorem 9 by a factor of §. Now we
formalize the proof of Theorem 10 in this second case (around saddle points). Here we directly
reuse the function value decrease lemma provided in Yu et al. (2017). Note that here we can remove

the expectation in Lemma 4.6 of Yu et al. (2017) by choosing y = arg mingcg, .1 f(y)-

Lemma 24 (Lemma 4.6 in (Yu et al., 2017)) Suppose that Assumptions 5, 6 and 7 hold. If the
start point T satisfies Ain (V2 f(Z)) < —8. Then one can apply a negative curvature search step
for finding a direction to decrease the function value. In particular, Neon2°""¢ (Allen-Zhu and Li,
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2018) can return a point y such that

362
>

f@)— fly) > SL, (133)

holds wit@ probability 1 —2( " and the total number of stochastic gradient computations is at most
T = O(§—2 log? %) = O(g—g).

Now, we are ready to combine these two situations (large gradients and around saddle points)
to prove Theorem 10. The arguments are similar to that in Section D.3. The only difference is that
here we replace super epoch step by the negative curvature search step (i.e., replace (132) by (133))
in the around saddle points situation. Concretely, i) for large gradients situation, N; type-1 useful

epochs will decrease the function value at least 777%20]\[ L with probability at least 1 — O(Nym(’)

by a union bound. We can let ¢/ < 5(1/N1m). So let 77”;%20]\71 < Ay, we get N7 < %. i)
for around saddle points situation, according to (133), we know that the the function value decrease

(f(@)—f(y))is % with probability at least 1 —¢’. Similar to the large gradients situation, we know
Ny < % with probability at least 1 — O(Nx(') by a union bound. We can let ¢’ < O(1/Ny).
Now, we bound the number of SFO calls in Theorem 10 (online case under third-order Lipschitz)
as follows:

(134)

LA()O' i L3A00'2 L3L2A0)

Ni{(O(1)B + B +mb) + No(O(1)B +T) < 5( 3 252 54

By a union bound of these types and set { = 9] (N1m + N3)¢’' (note that ¢’ only appears in the log
term log(%), so it can be chosen as small as we want), we know that the SFO calls can be bounded
by (134) with probability 1 — (. O
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