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Abstract

In this paper, we establish the global optimality and convergence rate of an off-policy actor
critic algorithm in the tabular setting without using density ratio to correct the discrepancy
between the state distribution of the behavior policy and that of the target policy. Our work
goes beyond existing works on the optimality of policy gradient methods in that existing
works use the exact policy gradient for updating the policy parameters while we use an
approximate and stochastic update step. Our update step is not a gradient update because
we do not use a density ratio to correct the state distribution, which aligns well with what
practitioners do. Our update is approximate because we use a learned critic instead of the
true value function. Our update is stochastic because at each step the update is done for
only the current state action pair. Moreover, we remove several restrictive assumptions
from existing works in our analysis. Central to our work is the finite sample analysis of a
generic stochastic approximation algorithm with time-inhomogeneous update operators on
time-inhomogeneous Markov chains, based on its uniform contraction properties.

Keywords: off-policy learning, actor-critic, policy gradient, density ratio, distribution
mismatch

1. Introduction

Policy gradient methods (Williams, 1992), as well as their actor-critic extensions (Sutton
et al., 1999; Konda and Tsitsiklis, 1999), are an important class of Reinforcement Learning
(RL, Sutton and Barto 2018) algorithms and have enjoyed great empirical success (Silver
et al., 2016; Mnih et al., 2016; Vinyals et al., 2019), which motivates the importance of the
theoretical analysis of policy gradient methods. Policy gradient and actor-critic methods
are essentially stochastic gradient ascent algorithms and, therefore, expected to converge to
stationary points under mild conditions in on-policy settings, where an agent selects actions
according to its current policy (Sutton et al., 1999; Konda and Tsitsiklis, 1999; Kumar et al.,
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2019; Zhang et al., 2020a; Wu et al., 2020; Xu et al., 2020; Qiu et al., 2021). Off-policy
learning is a paradigm where an agent learns a policy of interest, referred to as the target
policy, but selects actions according to a different policy, referred to as the behavior policy.
Compared with on-policy learning, off-policy learning exhibits improved sample efficiency
(Lin, 1992; Sutton et al., 2011) and safety (Dulac-Arnold et al., 2019). In off-policy settings,
the density ratio, i.e. the ratio between the state distribution of the target policy and that
of the behavior policy (Hallak and Mannor, 2017; Gelada and Bellemare, 2019; Liu et al.,
2018; Nachum et al., 2019; Zhang et al., 2020b), can be used to correct the state distribution
mismatch between the behavior policy and the target policy. Consequently, convergence to
stationary points of actor-critic methods in off-policy settings with density ratio has also
been established (Liu et al., 2019; Zhang et al., 2020c; Huang and Jiang, 2021; Xu et al.,
2021).

The seminal work of Agarwal et al. (2020) goes beyond stationary points by establishing
the global optimality of policy gradient methods in the tabular setting. Mei et al. (2020)
further provide some missing convergence rates. Both, however, use the exact policy gradi-
ent instead of an approximate and stochastic gradient, i.e., they assume the value function
and the state distribution of the current policy are known and query the value function for
all states at every iteration. Despite the aforementioned limitation, Agarwal et al. (2020)
still lay the first step towards understanding the global optimality of policy gradient meth-
ods. Their success has also been extended to the off-policy setting by Laroche and Tachet
(2021), who, importantly, consider off-policy actor critic methods without correcting the
state distribution mismatch. Consequently, the update step they perform is not a gradient.
This aligns better with RL practices: to achieve good performance, practitioners usually
do not correct the state distribution mismatch with density ratios for large scale RL exper-
iments (Wang et al., 2017; Espeholt et al., 2018; Vinyals et al., 2019; Schmitt et al., 2020;
Zahavy et al., 2020). Still, Laroche and Tachet (2021) use exact and expected update steps,
instead of approximate and stochastic update steps.

In this work, we go beyond Agarwal et al. (2020); Laroche and Tachet (2021) by es-
tablishing the global optimality and convergence rate of an off-policy actor critic algorithm
with approximate and stochastic update steps. Similarly, we study the off-policy actor critic
algorithm in the tabular setting with softmax parameterization of the policy. Like Laroche
and Tachet (2021), we do not use the density ratio to correct the state distribution mis-
match. We, however, use a learned value function (i.e., approximate updates) and perform
stochastic updates for both the actor and the critic. Further, we use the KL divergence
between a uniformly random policy and the current policy as a regularization with a de-
caying weight for the actor update. Our off-policy actor critic algorithm, therefore, runs in
three timescales: the critic is updated in the fastest timescale; the actor runs in the middle
timescale; the weight of regularization decays in the slowest timescale. Besides the advances
of using approximate and stochastic update steps,we also remove two restrictive assump-
tions. The first assumption requires that the initial distribution of the Markov Decision
Process (MDP) covers the whole state space, which is crucial to get the desired optimality
in Agarwal et al. (2020). The second assumption requires that the optimal policy of the
MDP is unique, which is crucial to get the nonasymptotic convergence rate of Laroche and
Tachet (2021) for the softmax parameterization. Thanks to the off-policy learning and the
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decaying KL divergence regularization, we are able to remove those two assumptions in our
analysis.

One important ingredient of our convergence results is the finite sample analysis of a
generic stochastic approximation algorithm with time-inhomogeneous update operators on
time-inhomogeneous Markov chains (Section 3). Similar to Chen et al. (2021), we rely on the
use of the generalized Moreau envelope to form a Lyapunov function. Our results, however,
extend those of Chen et al. (2021) from time-homogeneous to time-inhomogeneous Markov
chains and from time-homogeneous to time-inhomogeneous update operators. Those exten-
sions make our results immediately applicable to the off-policy actor-critic settings (Sec-
tion 4) and are made possible by establishing a form of uniform contraction of the time-
inhomogeneous update operators. Moreover, we demonstrate that our analysis can also be
used for analyzing the soft actor-critic (a.k.a. maximum entropy RL, Nachum et al. 2017;
Haarnoja et al. 2018) under state distribution mismatch (Section 5).

2. Background

In this paper, calligraphic letters denote sets and we use vectors and functions interchange-
ably when it does not confuse, e.g., let f : & — R be a function; we also use f to denote
the vector in RIS whose s-th element is f(s). All vectors are column. We use ||-|| to denote
the standard ¢ norm and (z,y) = x'y for the inner product in Euclidean spaces. |[|-|| p I8
the standard £, norm. For any norm ||-||,., ||-||;, denotes its dual norm.

We consider an infinite horizon MDP with a finite state space S, a finite action space
A, a reward function 7 : S X A = [~ maz, F'maz) for some positive scalar 7,4, a transition
kernel p : S x § x A — [0,1], a discount factor v € [0,1), and an initial distribution
po: S — [0,1]. At time step 0, an initial state Sy is sampled according to pp. At time step
t, an agent in state S; takes an action A; ~ 7(+|Sy) according to a policy 7 : A x S — [0, 1],
gets a reward Ryy1 = (S, 4¢), and proceeds to a successor state Siy1 ~ p(+|St, A¢). The
return at time step ¢ is the random variable

o
Gy = Z Y Ritiv1,
=0

which allows us to define state- and action-value functions v, and ¢, as

’Uﬂ—(S) = E[Gt|5t = S,Tﬂp],
gr(s,a) = E[G¢|S; = s, Ay = a, 7, p).

The performance of the policy m is measured by the expected discounted sum of rewards
J(mp0) = po(s)v(s).
S

Prediction and control are two fundamental tasks of RL.
The goal of prediction is to estimate the values v; or g,. Take estimating g, as an
example. Let ¢ € RIS*Al be our estimate for ¢, at time ¢. SARSA (Rummery and
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Niranjan, 1994) updates {¢:} iteratively as

0t = Rep1 + 74 (Sit1, Asr1) — @e(St, Ay),

Gig1(s,a) = {qf(s’a) + by, (s,a) = (Si, Ay)

a0 (s, a), (s,a) # (S, Ay) (1)

where 0; is called the temporal difference error (Sutton, 1988) and {o;} is a sequence of
learning rates. It is proved by Bertsekas and Tsitsiklis (1996) that, under mild conditions,
{q:} converges to g, almost surely. So far we have considered on-policy learning, where
the policy of interest is the same as the policy used in action selection. In the off-policy
learning setting, the goal is still to estimate ¢,. Action selection is, however, done using a
different policy u (i.e., Ay ~ pu(:]St)). We refer to m and p as the target and behavior policy
respectively. Off-policy expected SARSA (Asis et al., 2018) updates {q;} iteratively as

o =Riy1 +7 Z W(G/\StJrl)Qt(StJrh a') — qi(St, Ar),

qi(s,a) + by, (s,a) = (St, Ay)

q+1(s,a) = {qt(s,a), (5.0) £ (S1, Ay)

where the target policy m, instead of the behavior policy u, is used to compute the temporal
difference error.
The goal of control is to find a policy 7, such that Vr, s

vr(s) < vr, (s). (2)

One common approach for control is policy gradient. In this paper, we consider a softmax
parameterization for the policy 7. Letting 6 € RIS*Al be the parameters of the policy, We
represent it as

exp(fs,q)

Za’ exp (057‘1/ ) ’

where 6 , is the (s, a)-indexed element of #. Policy gradient methods then update 6 itera-
tively as

m(als) =

041 = 6, + B Vo J (10,35 10)- (3)

Here {5} is a sequence of learning rates and my emphasizes the dependence of the policy
m on its parameter 6. In the rest of the paper, we omit the 8 in Vy for simplicity. Agarwal
et al. (2020); Mei et al. (2020) prove that when pg(s) > 0 holds for all s and {5;} is set
properly, the iterates {6;} generated by (3) satisfy

Jim J (655 po) = J (w43 po),

confirming the optimality of policy gradient methods in the tabular setting with exact gra-
dients. Mei et al. (2020) also establish a convergence rate for the softmax parameterization.
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In practice, we, however, usually do not have access to V.J(my,;po). Fortunately, the
policy gradient theorem (Sutton et al., 1999) asserts that

o1
VJ(7;p0) :ﬁ Z drg .0 (s) Z Ay (s,a)Vmo(als),
S a
where
drypo = (1 =7) Z’Yt Pr(S; = s|po, )
t=0

is the normalized discounted state occupancy measure. Hence instead of using the gradient
update (3), practitioners usually consider the following approximate and stochastic gradient
update for the on-policy setting:

011 = 01 + Biy'q(St, Ar)V log g, (A St), (4)

where ¢; is updated according to (1). We refer to (4) and (1) as on-policy actor critic, where
the actor refers to mp and the critic refers to q. Usually oy is much larger than 3, i.e., the
critic is updated much faster than the actor and the actor is, therefore, quasi-stationary
from the perspective of the critic. Consequently, in the limit, we can expect ¢; to converge to
Grg, > after which v'q,(S;, A;)V log m, (A¢|S;) becomes an unbiased estimator of V.J(mg,; po)
and the actor update becomes the standard stochastic gradient ascent.

In the off-policy setting, at time step ¢, the action selection is done according to some
behavior policy pp,. Here pp does not need to have the same parameterization as 7y, e.g.,
g can be a softmax policy with a different temperature, a mixture of a uniformly random
policy and a softmax policy, or a constant policy u. To account for the difference between
g and pg, one must reweight the actor update (4) as

0141 = 01 + Brotpeqi(St, Ar)V log g, (A¢]St), (5)
where

oy = 7o, (At|St)
110, (At| St)

is the importance sampling ratio to correct the discrepancy in action selection and

- dﬂ-@t Y sPO (8)

ot = dt(s)

is the density ratio to correct the discrepancy in state distribution. Thanks to p; and o4, in
the limit, (5) is still a stochastic gradient ascent algorithm following the gradient V.J (g, ; po)
if g1 converges to ¢r, . Theoretical analysis of variants of (5) includes Liu et al. (2019); Zhang
et al. (2020c); Huang and Jiang (2021); Xu et al. (2021). Practitioners, however, usually
use only p; but completely ignore o;, yielding variants of

with di(s) = Pr(S; = s|ue,, - - -, 1o,)

0141 = 0y + Bipeqi (S, Ay)V 1og ma, (Ar] St). (6)
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Clearly, (6) can no longer be regarded as a stochastic gradient ascent algorithm even if
g+ converges to ¢r, because of the missing term g; used to correct the state distribution.
Still, variants of (6) enjoy great empirical success (Wang et al., 2017; Espeholt et al., 2018;
Vinyals et al., 2019; Schmitt et al., 2020; Zahavy et al., 2020). To understand the behavior
of (6), Laroche and Tachet (2021) study the following update rule:

Orir = 0r+ B> di() D qny, (s,0) Vg, (als). (7)

Different from (6), where the update step is approximate and stochastic, the update in (7)
is exact and expected. Laroche and Tachet (2021) prove that under mild conditions, the
iterates {0, } generated by (7) satisfy

tlg& J(mg,;p0) = J (7 o).

If we further assume the optimal policy 7, is unique and inf; d;(s) > 0, a nonasymptotic
convergence rate of (7) is available.

3. Stochastic Approximation with Time-Inhomogeneous Operators on
Time-Inhomogeneous Markov Chains

In this section, we provide finite sample analysis of a generic stochastic approximation algo-
rithm with time-inhomogeneous update operators on time-inhomogeneous Markov chains.
The results presented in this section are used in the analysis of critics in the rest of this
work and may be of independent interest.

To motivate this part, consider using off-policy expected SARSA to update the critic in
off-policy actor critic. We have

o =R + ’YZ 70,(a'[St11)at(Se41, ) — @ (Sk, Ar),

a/

Qi1 (s, a) = {%(8,@) + aydy, (s,a) = (St,At) |
+ ’ Qt(S,a), (s,a) 7& (St,At)

Equivalently, we can rewrite the above update in a more compact form as
@1 = gt + o (Fo, (gt Sty Aty St1) — @) (8)
where
Fo(q, 50, a0, 51)[8, a] =I5y a0)=(s,a)%6(q; S0, a0, 51) + q(s,a),
00(q, S0, ao, s1) =r(s0, ao) + 7y Z mo(a1|s1)q(s1,a1) — q(so, ap).

al

Here, Istatement() is the indicator function whose value is 1 if the statement is true, and
0 otherwise. The update (8) motivates us to study a generic stochastic approximation
algorithm in the form of

W41 = Wt + Oét(th (wt, }/t) — W¢ + Et). (9)



SOFTMAX OFF-PoLicY AcTOR CRITIC UNDER STATE DISTRIBUTION MISMATCH

Here {wt € RK } are the iterates generated by the stochastic approximation algorithm, {Y;}
is a sequence of random variables evolving in a finite space ), {9,5 € RL } is another sequence
of random variables controlling the transition of {Y;}, Fp is a function from R¥ x Y to RE
parameterized by 6, and {et e RE } is a sequence of random noise. The analysis of critics
in this paper only requires ¢, = 0. Nevertheless, we consider a generic noise process {¢;} for
generality.

The results in this section extend Theorem 2.1 of Chen et al. (2021) in two aspects.
First, the operator Fy changes every time step due to the change of 8, while Chen et al.
(2021) consider a fixed operator F. Second, the random process {Y;} evolves according
to time-varying dynamics controlled by {6;}, while Chen et al. (2021) assume {Y;} is a
Markov chain with fixed dynamics. The introduction of {6;} makes our results immediately
applicable to the analysis of actor-critic algorithms. We now state our assumptions. It
is worth reiterating that all the {0;} below refers to the random sequence used in the
update (9).

Assumption 3.1 (Time-inhomogeneous Markov chain) There exists a family of parame-
terized transition matrices Ap = {Py € RV*YIg e RY} such that

Pr(Y}.H = y) = P9t+1 (}/;57 y)

Assumption 3.2 (Uniform ergodicity) Let Ap be the closure of Ap. For any P € Ap, the
chain induced by P is ergodic. We use dy to denote the invariant distribution of the chain
induced by Py.

Assumption 3.1 prescribes that the random process {Y;} is a time-inhomogeneous Markov
chain. It is worth mentioning that Assumption 3.1 does not prescribe how the transition
matrices depend on {6;}. It does not restrict {6;} to be deterministic either. An exem-
plary parameterization we use in the context of off-policy actor critic will be shown later
in (13). Assumption 3.2 prescribes the ergodicity of the Markov chains we consider and
was also previously used in the analysis of RL algorithms both in the on-policy (Marbach
and Tsitsiklis, 2001) and off-policy settings (Zhang et al., 2021). We will show later that
Assumption 3.2 is easy to fulfill in our off-policy actor critic setting. Assumption 3.2 im-
plicitly claims that all the matrices in Ap are stochastic matrices. This is indeed trivial to
prove. Pick any P, € Ap. Since Ap is the closure of Ap, there must exist a sequence {P,}
such that P, € Ap and lim,,_, P, = Px. It is then easy to see that P (y,y’) € [0, 1] and

D Puly.y) =) lim Pu(y,y) = lim » Paly.y) =1.

y' Yy’ y'
In other words, P is a stochastic matrix. One important consequence of Assumption 3.2
is uniform mixing.

Lemma 1 (Uniform ergodicity implies uniform mizing) Let Assumption 3.2 hold. Then,
there exist constants Cy > 0 and T € (0, 1), independent of 0, such that for any n >0,

sup > [Py (y: ) = da(y)] < Cor™. (10)
Yooy

/
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The proof of Lemma 1 is provided in Section A.1. The result in Lemma 1 is referred to
as uniform mixing since it demonstrates that for any #, the chain induced by Py mixes
geometrically fast, with a common rate 7. For a specific 6, the existence of a #-dependent
mixing rate 7y is a well-known result when the chain is ergodic, see, e.g., Theorem 4.9 of
Levin and Peres (2017). In Lemma 1, we further conclude to the existence of a #-independent
rate. The ergodicity on the closure Ap is key to our proof. If we make ergodicity assumption
only on Ap, it might be possible to find a sequence {6;} such that the corresponding rates
{79,} converges to 1. We remark that (10) usually appears as a technical assumption
directly in many existing works concerning time-inhomogeneous Markov chains, see, e.g.,
Zou et al. (2019); Wu et al. (2020). In this paper, we prove that (10) is a consequence of
Assumption 3.2, with the help of the extreme value theorem exploiting the compactness of
Ap. We will show in the next section that Assumption 3.2 can easily be fulfilled.

Assumption 3.3 (Uniform contraction) For any 0 € RY, define Fp : RK — RE qs

Fy(w) =) do(y) Fo(w, y).

yeY
Then, there ezists a constant k € (0,1) and a norm ||-||. such that for all 6, w,w’,
1Eo(w) = Fo(w)]|, < wl|w —w']],.
We use wy to denote the unique fized point of Fy.

The existence and uniqueness of wy follows from the Banach fixed point theorem. Assump-
tion 3.3 is another major development beyond Chen et al. (2021). The fact that both |[|-||..
and k are independent of 8 makes it possible to design a Lyapunov function for our time-
inhomogeneous Markov chain. We will show later that our critic updates indeed satisfy this
uniform contraction assumption.

Assumption 3.4 (Continuity and boundedness) There exist positive constants
Lp, Ly, LY, Up,Up, Ul Ly, Uy, Lp such that for any w,w',y,y’ and any time step t,k,
almost surely,

(i). |Fy, (w,y) — Fy,(w',y)|l, < Lrllw —w'],
(i1). ||Fo,(w,y) — Fy, (w,y)|l. < Lpllb: — Okll, (Jwll, + Uf)
(iii). ||Fp,(0,9)||, < Ur

(). |[Fp, (w) = Fp, (w)|, < LE[16r = Okll (]l + UF)

(). |ws, = w|| < Lollo—ull

(vi). sup, Hwé‘tHc < Uy

(’UZ'L) |P9t(y7y,) - ng (yvy/)’ < LPHHt - ek”c
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Assumption 3.5 (Noise) Let F; be the o-algebra generated by
{(wi7 }/;'7 €, ai)}OSiSt—l @] {wt7 at}, we have

(7,) E[Et ‘ ft] == O,Vt
(ii). There exist positive constants Ue, Ul such that Vt, ||e:||, < Ueljwi||, + U!

Assumptions 3.4 and 3.5 are natural extensions of the counterparts in Chen et al. (2021)
from time-homogeneous to time-inhomogeneous Markov chains and from time-homogeneous
to time-inhomogeneous operators.

Assumption 3.6 (Two timescales) The learning rate {ay} has the form

(07

Qy = 4(15 i to)eo‘ )

where €, € (0.5,1),a > 0,t9 > 0 are constants to be tuned. Define another sequence {5}
such that

B

ﬂtim7

where €g € (€q,1], 5 € (0,a) are constants to be tuned. Then there exists a constant Ly > 0
such that Vt, almost surely,

1041 — 0|, < BeLyg. (11)

Assumption 3.6 ensures that the iterates {w;} evolve sufficiently faster than the change in
the dynamics of the chain (i.e., the change of {6;}). In the off-policy actor critic setting we
consider in next section, {oy} and {3} are the learning rates for the critic and the actor
respectively. Though Assumption 3.6 explicitly prescribes the form of the sequences {oy}
and {3;:}, those are indeed only one of many possible forms (one could e.g., use different
to for {on} and {f:}), we consider these particular forms to ease presentation. We remark
that condition in (11) is also used in Konda (2002), which gives the asymptotic convergence
analysis of the canonical on-policy actor critic with linear function approximation. We are
now ready to state our main results.

Theorem 2 Let Assumptions 3.1 - 3.6 hold. For any
€w € (0,min {2(eg — €4), €a}),

if to is sufficiently large, then Vt,

E [Hwt - wthﬂ =0 <(t+1to)€“f> '

See Section A.2 for the proof of Theorem 2 and the constants hidden by O(:). In partic-
ular, we clearly document ty’s dependencies. One could alternatively set tg to 0, then the
convergence rate in Theorem 2 applies only for sufficiently large ¢. When both the Markov
chain and the update operator are time-homogeneous, Chen et al. (2021) demonstrate a
convergence rate O ( tsla ) When 2(eg — €4) > €, holds, our convergence rate of O ( telw) can

be arbitrarily close to O ( L

tea )
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4. Off-Policy Actor Critic with Decaying KL Regularization

We analyze the optimality of an off-policy actor critic algorithm without correction of
the state distribution mismatch (Algorithm 1). Our analysis provides, to some extent, a
theoretical justification for the practice of ignoring this correction.

Algorithm 1: Off-Policy Actor-Critic with Decaying KL. Regularization
So ~ po(-)
t«+0
while True do

Sample Ay ~ pg, (| St)

Execute Ay, get Ryi1, Sev1

Ot = Riy1 +9 20 79, (a'|St11)qe(Ser1,0") — qe(St, Ar)

0 = (S, A

qey1(s,a) ¢(s,a) +udy, (s,a) ( 1 At)
(s, a), otherwise

mo, (Ae|St)

Pt Lo, (ALTSH)

0111 < 01 + B (pe Vo log g, (Ae] Se)TL(qe (S, Ar)) — M VoKL (Unl|m, (-|S1)))
t+—t+1

end

In Algorithm 1, the target policy 7y is a softmax policy. At each time step ¢, we sample
an action A; according to the behavior policy pp,. Importantly, though the behavior policy
is also solely determined by 6, the parameterization of ug can be arbitrarily different from
. After obtaining the reward Ry11 and the successor state Sy 1, we update the critic with
off-policy expected SARSA, where 7, is used as the target policy for bootstrapping. We
then update the actor similarly to (6) without correcting the state distribution mismatch.
The update to 6; in Algorithm 1 is different from (6) in two aspects. First, we use a
projection II : R — R in case the critic becomes too large:

(x) = {3:, 2] < Cn

. )
Cn-%, otherwise
||

where Cpp = 7"1”%7* Second, we use the KL divergence between a uniformly randomly
distribution U4 and the current policy my,(-|S:) as regularization, with a decaying weight
A¢t. The KL divergence is introduced to ensure that the target policy mg is sufficiently
explorative such that there are no bad stationary points (c.f. Theorem 5.2 of Agarwal et al.
(2020)). In practice, the entropy of the policy is often used to regularize the policy update
(Williams and Peng, 1991; Mnih et al., 2016). Here we use the KL divergence instead of the
entropy mainly for technical consideration. We refer the reader to Remark 5.2 of Agarwal
et al. (2020) for more discussion about this choice. The decaying weight ) is introduced
to ensure that, in the limit, the target policy 7y can still converge to a deterministic policy,
which is a necessary condition for optimality.

Algorithm 1 runs in three timescales. The critic runs in the fastest timescale such that
it can provide accurate signal for the actor update, which runs in the middle timescale. It

10
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is then expected that the actor would converge to stationary points whose suboptimality
is controlled by \;, which decays in the slowest timescale. Finally, as A; diminishes, the
suboptimality of the actor decays to 0. To achieve this three timescale setting, we make the
following assumptions.

Assumption 4.1 (Three timescales) The learning rates {o},{B:} and the weights of KL
reqularization {\;} have the forms

. a 5, = p . A
ot = —_— = —_— = —_—
Tt to)e T (b)) T (E 4 to)
where 0.5 < €4 < €eg < 1,ex >0,a>B>0,\> 0,19 > 0 are constants to be tuned.

Assumption 4.2 (Learning rates) 2(1 — eg) < min {2(eg — €4),€a},0 < €y < 1_2%

We remark that Assumptions 4.1 and 4.2 are only one of many possible forms of learning
rates and we choose this particular form to ease presentation. To ensure each update to 6;
does not change the dynamics of the induced Markov chain too fast, we impose the following
assumption on the parameterization of .

Assumption 4.3 (Lipschitz continuity) There exists L, > 0 such that V0,6, a, s,
l1ao(als) — por(als) | < LJjo — ]|

We remark that given the softmax parameterization of my, it is well-known (see, e.g.,
Lemma 1 of Wang and Zou 2020) that my is also Lipschitz continuous, i.e., there exists
L, > 0 such that V0,0, a, s

Imolals) — m(als)]| < Lo |0 - €] (12)

To ensure sufficient exploration, we impose the following assumption on the behavior policy.

Assumption 4.4 (Uniform ergodicity) Let A, be the closure of {pg |0 € R'SX“‘”}. For
any p € Ay, the chain induced by p is ergodic and p(als) > 0.

Assumption 4.4 is easy to fulfill in practice. Assuming the chain induced by a uniformly
random policy is ergodic, which we believe is a necessary condition for any assumption
regarding ergodicity, one possible choice for jy is to mix an arbitrary behavior policy uy
satisfying the Lipschitz continuous requirement with the uniformly random policy, i.e.,

po(-ls) = (1 — U+ ep(-|s) (13)

with any € € (0,1). From now on, we use d,, € RIS to denote the invariant state distribution
of the chain induced by a policy p and also overload d,, € RIS*Al to denote the invariant
state action distribution under policy p. With all assumptions stated, we are ready to
present our convergence results.

11
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4.1 Convergence of the Critic

In this section, we study the convergence of the critic by invoking Theorem 2 with the
update to ¢; in Algorithm 1 expressed as (8). Assumption 3.3 requires us to study the
expected operator

Fylq) = Y dyy(s)na(als)p(s']s, ) Fy(g, s, a, s").

s,a,s’

Simple algebraic manipulation yields

Fyp(q) = Dyy(r +vPryq — q) +q (14)
= (I_ DMG(I_’YPWG))q+Du9T7

where D, € RIS*AXISxAlig 5 diagonal matrix with D, ((s,a), (s,a)) = d,,(s)ue(als) and
P, € RIS*AXISXAl ig the state-action pair transition matrix under policy g, i.e.,

Pry((s,a), (s, a")) = p(s'|s,a)mg(a’|s").
We now verify Assumption 3.3 with Lemma 3.

Lemma 3 (Uniform contraction) Let Assumption 4.4 hold. Then, there exists an {, norm
and a constant k € (0,1) such that for any 0, q,q' € RIS*A

1Fa(a) = Fo(d)l, < lla =],
Further, qr, is the unique fized point of Fy.

The proof of Lemma 3 is provided in Section B.1. Next, we are able to prove the convergence
of the critic.

Proposition 4 (Convergence of the critic) Let Assumptions 4.1, 4.8, and 4.4 hold. For
any

€g € (0,min{2(eg — €q),€a})s

if to is sufficiently large, the iterates {q;} generated by Algorithm 1 satisfy

J o)

The proof of Proposition 4 is provided in Section B.2. Proposition 4 confirms that the
critic is able to track the true value function in the limit, where the dependence between
the convergence rate and the mixing parameter of the Markov chains are hidden in O (+).
Similar trackability has also been established in Konda (2002); Zhang et al. (2020c); Wu
et al. (2020). Those, however, rely on the uniform negative-definiteness of the limiting
update matrix. Konda (2002) proves that the uniform negative-definiteness holds in the
on-policy actor critic with linear function approximation (Lemma 4.18 of Konda 2002) and
establishes this trackability asymptotically. Wu et al. (2020) assume the uniform negative-
definiteness holds (the second half of Assumption 4.1 of Wu et al. 2020) in the on-policy actor

E |:Hqt - qﬂ'gt
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critic with linear function approximation and establish this trackability nonasymptotically.
Zhang et al. (2020c) achieve this uniform negative-definiteness via introducing extra ridge
regularization and using full gradients (c.f. Gradient TD, Sutton et al. 2009) instead of
semi-gradients (c.f. TD, Sutton 1988) for the critic update in the off-policy actor critic with
function approximation and achieve this trackability asymptotically. In our off-policy actor
critic setting, the limiting update matrix of the critic can be computed as

D#G(VPWG —1).

To achieve the desired uniform negative-definiteness, we would need to prove that there
exists a constant ¢ > 0 such that for all x, 0,

2" Dyyy(YPr, — D < €.

We, however, do not expect the above inequality to hold without making strong assump-
tions. Instead, we resort to uniform contraction. As demonstrated by Lemma 3 and Propo-
sition 4, uniform contraction is indeed an effective alternative tool for establishing such
trackability. Moreover, Khodadadian et al. (2022) establish this trackability for a natural
actor critic (Kakade, 2001) with a Lyapunov method in a quasi-off-policy setting. The set-
ting Khodadadian et al. (2022) consider is a quasi-off-policy setting in that they prescribe
a special form of the behavior policy such that the difference between the behavior policy
and the target policy diminishes as time progresses. By contrast, we work on a general
off-policy setting in that at any time step the behavior policy can always be arbitrarily
different from the target policy. A weaker trackability of the critic can be obtained with
the results from Chen et al. (2021) directly without using our extension (i.e., Theorem 2),
as done by Chen et al. (2022); Khodadadian et al. (2021) in their analysis of a natural
actor critic. However, since Chen et al. (2021) require both the dynamics of the Markov
chain and the update operator to be fixed, Chen et al. (2022); Khodadadian et al. (2021)
have to keep both the behavior policy and the target policy (actor) fixed when updating
the critic. That being said, Chen et al. (2022); Khodadadian et al. (2021) have an inner
loop for updating the critic and an outer loop for updating the actor. For the critic to be
sufficiently accurate, the inner loop has to take sufficiently many steps. Chen et al. (2022);
Khodadadian et al. (2021), therefore, have a flavor of bi-level optimization. Further, as
long as the steps of the inner loop is finite, the bias from using a learned critic instead of
the true value function will not diminish in the limit. This bias eventually translates into a
suboptimality of the policy that will not vanish in the limit. By contrast, Theorem 2 allows
us to consider multi-timescales directly without incurring nested loops, which ensures that
the bias from the critic diminishes in the limit.

4.2 Convergence of the Actor

With the critic able to track the true value function, we are now ready to present the
optimality of the actor.

Theorem 5 (Optimality of the actor) Let Assumptions 4.1 - 4.4 hold. Fix

€ € (2(1 —€g), min {2(eg — €a), ea}).

13
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Let to be sufficiently large. For the iterates {0} generated by Algorithm 1 and any t > 0, if
k is uniformly randomly selected from the set {[£],[4]+1,...,t} where [] is the ceiling
function, then

J(m,;p0) = J(me;p0) — O (Ak) (15)

holds with probability at least

1 log?t 1
1-0 (tl—EB—QE)\ + t€5—2€)\ + teq_26)\) ) (16)

where . can be any optimal policy.

The proof of Theorem 5 is provided in Section B.3. We remark that the % in (%} is purely

ad-hoc. We can use any positive constant smaller than 1 and the new rate will be different
from the current one in only the constants hidden by O(-). We now optimize the selection
of €, and eg. Let €y by any positive scalar sufficiently close to 0 and set

3 1 1
65214-60,6@:54-60,6,1:5—60. (17)

Then the high probability in (16) becomes
10 (i-tio-)
and the suboptimality in (15) remains

J (76, 00) > J(m;po) — O (7).

It now becomes clear that the selection of

1

(Y c (O,g

) (18)
trades off suboptimality and high probability. When €, is large, the suboptimality dimin-
ishes quickly but the high probability approaches one slowly and vice versa. To our best
knowledge, Theorem 5 is the first to establish the global optimality and convergence rate of
a naive off-policy actor critic algorithm without density ratio correction even in the tabular
setting. We leave the improvement of the convergence rate for future work.

Importantly, Theorem 5 does not make any assumption on the initial distribution pg.
By contrast, to obtain the asymptotic optimality in Agarwal et al. (2020) or to obtain the
convergence rate in Mei et al. (2020), po(s) > 0 is assumed to hold for all states. Both
Agarwal et al. (2020) and Mei et al. (2020) leave it an open problem whether py(s) > 0
is a necessary condition for optimality. Our results show that at least in the off-policy
setting, this is not necessary. The intuition is simple. Let p{, be another initial distribution
such that p{(s) > 0 holds for all states. Then we could optimize J(mp;p{) instead of
J(mp; po) since the optimal policy w.r.t. J(mp;p) must also be optimal w.r.t. J(mg;po).
To optimize J(mp;p(), we would need samples starting from pj, which is impractical in
the on-policy setting since the initial distribution of the MDP is py. In the off-policy
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setting, we can, however, use samples starting from p{, and make corrections with the
density ratio. Since our results show that density ratio correction actually does not matter
in the tabular setting we consider, we can then simply ignore the density ratio, yielding
Algorithm 1. Agarwal et al. (2020); Mei et al. (2020) refer to the assumption py(s) > 0 as
the sufficient exploration assumption. Unfortunately, the initial distribution pg is usually
considered as part of the problem and thus is not controlled by the user. In our off-policy
setting, we instead achieve sufficient exploration by making assumptions on the behavior
policy (Assumption 4.4), which demonstrates the flexibility of off-policy learning in terms
of exploration. Moreover, to obtain the nonasymptotic convergence rate of the off-policy
actor critic with exact update, Laroche and Tachet (2021) require the optimal policy 7, to
be unique. By contrast, Theorem 5 does not assume any such uniqueness.

5. Soft Actor Critic

In this section, we study the convergence of soft actor critic in the framework of maximum
entropy RL, which penalizes deterministic policies via adding the entropy of the policy into
the reward (Williams and Peng, 1991; Mnih et al., 2016; Nachum et al., 2017; Haarnoja
et al., 2018). The soft state value function of a policy 7 is defined as

V(s [Z’Y ( (Sttis Atgi) + nH (7 (- \St+i))> | St = 377T]

:'Uﬂ'(s) + UE

ZViH (W(|St+z)) ‘ St = Svﬂ] )

i=0
where
H (n([s)) = =Y w(als)logm(als)

is the entropy and n > 0 is the parameter controlling the strength of entropy regularization.
Correspondingly, the soft action value function of a policy 7 is defined as

Gr(s,a) = 7(s,a) +7 ) p(s']s,0)Tr(s), (19)

8/

which satisfies the recursive equation
Grn(s,0) = 7(s,a) +7 Y _ p(s'|s,a)m(d'|s") (Grn(s, ) — nlogm(a'|s)) .
s',a’
The entropy regularized discounted total rewards is then
n
(p0) = X p0()Pn(s) = T p0) & 172 D draam(H (1)) (20)
S

We still consider the softmax parameterization for the policy 7. Similar to the canonical
policy gradient theorem, it can be computed (Levine, 2018) that

1

vjn(ﬂ't‘);.po) = 1—~ Ay ry,p0 (S) Z (Grg (s, a) —nlogmg(als)) Vmg(als).

S a
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To get unbiased estimates of an(ﬂg; Po), one would need to sample states from dr, ~ po,
which is, however, impractical in off-policy settings. Practitioners, instead, directly use
states obtained by following the behavior policy (see, e.g., Algorithm 2), yielding a distri-
bution mismatch.

Algorithm 2: Expected Soft Actor-Critic

So ~ po(-)

t+0

while True do

Sample A ~ g, (+|St)

Execute Ay, get Ryi1, St11

Ot < Rey1 + 7 2o o, (@'[St41) (@t(Se41,0") — Aelog mg, (a'[Se+1)) — a1 (S, Ar)

qi+1(s,a) {qt(s’a> + b, (s,a) = (S, Ar)

q(s,a), otherwise
Orr1 < O0p+ B>, mo,(a]St) Vg log my, (a]St) (H(qt(St, a)) — A\¢log ’/Tat(a‘st>>
t—t+1
end

In Algorithm 2, we still consider the learning rates specified in Assumption 4.1 and use
a projection II in the actor update with

Tmaz + Alog |A]

Cr =
II 1_,7

)

which is the maximum possible soft action value given our selection of ); since the entropy is
always bounded by log | A|. We still consider Assumptions 4.3 and 4.4 for the behavior policy.
Importantly, in Algorithm 2, we consider expected actor updates (Ciosek and Whiteson,
2020) that update the policy for all actions instead of just the executed action A;. This
is mainly for technical consideration. If we use stochastic update akin to Algorithm 1, the
update to 6; in Algorithm 2 will have the term log 7y, (A:]S;). As {\:} decreases over time, we
would expect that mg, becomes more and more deterministic. Consequently, |log mg, (A¢|St)|
tends to go to infinity, imposing additional challenges in verifying (11) unless we ensure
{A\¢} decays sufficiently fast (e.g., using ey > 1 — €g) such that |\;log my, (A¢|St)| remains
bounded. By using expected updates instead, we are able to verify (11) without imposing
any additional condition on {\;}. We remark that Algorithm 2 makes expected updates
across only actions. At each time step, Algorithm 2 still update the policy only for the
current state. Algorithm 2 shares the same spirit of the canonical soft actor critic algorithm
(Algorithm 1 in Haarnoja et al. 2018). Haarnoja et al. (2018) derive the canonical soft actor
critic algorithm from a soft policy iteration perspective, where the policy evaluation of the
soft value function and the policy improvement of the actor are performed alternatively.
Importantly, during the soft policy iteration, both the policy evaluation and the policy
improvement steps are assumed to be fully executed. By contrast, the soft actor critic
algorithm conduct only several gradient steps for both the policy evaluation and the policy
improvement. As a consequence, the results concerning the optimality of the soft policy
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iteration in Haarnoja et al. (2018) do not apply to soft actor critic. The convergence of soft
actor critic with a fixed regularization weight (1) remains an open problem, and convergence
with a decaying regularization, to optimality even more so. In this work, we instead derive
the soft actor critic algorithm from the policy gradient perspective directly, akin to the
canonical actor critic, and establish its convergence.!

We first study the convergence of {¢;} in Algorithm 2. Different from Algorithm 1, the
iterates {¢;} now depend on not only #; but also A;. In light of this, we consider their

concatenation and define
KN At - M
Ct_ |:0t:|’ C_ |:9:|

Here ( is the placeholder for {; used for defining functions. The update of {¢;} in Algorithm 2
can then be expressed in a compact way as

Q1 = qt + s (Fe, (qt, St; Aty Sev1) — ar),
where

Fe(q, 80,00, 81)[8, a] = 6¢(q; 80, a0, 81)L(59,a0)=(s,0) T (8, a),
d¢(g; s0, a0, 51) = 7(s0, a0) + VZﬂe(aﬂsl) (q(s1,a1) — nlogm(ai|s1)) — a(so, ao)-

a1
We can then establish the convergence of {¢;} similarly to Proposition 4.

Proposition 6 (Convergence of the critic) Let Assumptions 4.1, 4.5, and 4.4 hold. Then
there exists an £, norm such that for any

€g € (0, min {2(€5 — €4), €a}),

if to is sufficiently large, the iterates {q;} generated by Algorithm 1 satisfy

o)

The proof of Proposition 6 is provided in Section C.1 and is more convoluted than that of
Proposition 4 since we now need to verify the assumptions of Theorem 2 for the concatenated
vector (; instead of just 8;. With the help of Proposition 6, we now establish the convergence
of {6;}, akin to Theorem 5.

]E |:Hqt - qﬂ'gt,)\t

Theorem 7 (Convergence of the actor) Let Assumptions 4.1, 4.3, and 4.4 hold. Fix any

€ € (0, min {2(eg — €q), ea}>.

'Following existing works, e.g., Konda (2002); Zhang et al. (2020c); Wu et al. (2020); Xu et al. (2021),
by convergence of the actor, we mean that the gradients converge to 0.
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Let ty be sufficiently large. Fixz any ¢g > 0 and any state distribution pj. For the iterates
{0} generated by Algorithm 2 and any t > 0, if k is uniformly randomly selected from the
set {[51,[51+1,...,t}, then

HVjAk(Wak;PB)W < %

holds with at least probability

1 log?t 1
1-0 <t16560 + tes—¢o + t6q60> '

The proof of Theorem 7 is provided in Section C.2. Theorem 7 confirms the convergence
of the actor to stationary points, where the additional ¢y trades off the rate at which the
gradient vanishes and the rate at which the probability goes to one. This ¢ is just to
present the results and is not a hyperparameter of Algorithm 2. To our best knowledge,
Theorem 7 is the first to establish the convergence of soft actor critic with a decaying
entropy regularization weight.

Based on Theorem 7, the following corollary gives a partial result concerning the opti-
mality of Algorithm 2.

Corollary 8 (Optimality of the actor) Let Assumptions 4.1, 4.3, and 4.4 hold. Fix any

€ € (0, min {2(es — €q), ea}>.

Let ty be sufficiently large. Let {6:} be any positive decreasing sequence converging to 0.
For the iterates {0;} generated by Algorithm 2 and any t > 0, if k is uniformly randomly
selected from the set {[£],[L]+1,...,t}, then

. Tt - - 6k
J(ﬂ-ﬁk’po) > J( *,po) o ()\k) ° <)\k (mins,a 7T9k(CL|S))2>

holds with at least probability

O (t=(=<8) + 10 logt + )

1—
0t ’

where m, can be any optimal policy in (2).

The proof of Corollary 8 is provided in Section C.3. The sequence {d;} in Corollary 8 trades
off the suboptimality and the high probability. For Corollary 8 to be nontrivial (i.e., the
suboptimality diminishes and the high probability approaches one), one sufficient condition
is that

t=(=e8) 4 ¢=slog?t 4t~

lim . =0 (21)
t—o0 A¢ (ming , g, (als))

This requires us to study the decay rate of ming , 7y, (a|s). We conjecture that when A de-
cays slower, ming , mg, (a|s) also decays slower. Consequently, we expect (21) to hold when
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At decays sufficiently slow and the form of the learning rates oy and S; are adjusted corre-
spondingly according to the form of ming , g, (a|s)’s decay rate. We leave the investigation
of this rate for future work.

We remark that though Corollary 8 is only a partial result, it still advances the state
of the art regarding the optimality of soft policy gradient (policy gradient in the maximum
entropy RL framework) methods in Mei et al. (2020). Theorem 8 of Mei et al. (2020) gives
a convergence rate of soft policy gradient methods, also with a dependence on the rate at
which min, 4 7, (a|s) diminishes. They too leave the investigation of the rate as an open
problem. Theorem 8 of Mei et al. (2020), however, only considers a bandit setting with the
exact soft policy gradient and leaves the general MDP setting for future work. By contrast,
Corollary 8 applies to general MDPs with approximate and stochastic update steps.

6. Related Work

Our Theorem 2 regarding the finite sample analysis of stochastic approximation algorithms
follows the line of research of Chen et al. (2020, 2021). In particular, Chen et al. (2020)
consider (9) with an expected operator (i.e., Fy, (wy, Y;) is replaced by F(w;)). Chen et al.
(2021) extend Chen et al. (2020) in that the expected operator is replaced by the stochastic
operator F'(wy,Y:), though {Y;} here is a Markov chain with fixed dynamics. We further
extend Chen et al. (2021) from time-homogeneous stochastic operator and dynamics to
time-inhomogeneous stochastic operator and dynamics. This line of research depends on
properties of contraction mappings. There are also ODE-based analysis for stochastic ap-
proximation algorithms (Benveniste et al., 1990; Kushner and Yin, 2003; Borkar, 2009) and
we refer the reader to Chen et al. (2020, 2021) for a more detailed review.

In this work, we focus on the optimality of naive actor critic algorithms that do not
use second order information. With the help of the Fisher information, the optimality
of natural actor critic (Kakade, 2001; Peters and Schaal, 2008; Bhatnagar et al., 2009) is
also established in both on-policy settings (Agarwal et al., 2020; Wang et al., 2019; Liu
et al., 2020; Khodadadian et al., 2022) and off-policy settings (Khodadadian et al., 2021;
Chen et al., 2022). In particular, Agarwal et al. (2020); Khodadadian et al. (2022, 2021)
establish the optimality of natural actor critic in the tabular setting. They, however, make
synchronous updates to the actor. In other words, they update the policy for all states at
each time step. Consequently, the state distribution is not important there. By contrast,
the naive actor critic this work considers makes asynchronous updates to the actor. In other
words, at each time step, we only update the policy for the current state. This asynchronous
update is more practical in large scale experiments. Moreover, Xu et al. (2021) establish the
convergence to stationary points of an off-policy actor critic with density ratio correction
and a fixed sampling distribution. To study the optimality of the stationary points, Xu
et al. (2021) also make some assumptions about the Fisher information. In this work, we
do not use any second order information. How this work achieves optimality (i.e., vanilla
actor critic with decaying KL regularization) is fundamentally different from natural actor
critic.

Liu et al. (2020) improve the results of Agarwal et al. (2020) regarding the optimality of
policy gradient methods from exact gradient to stochastic and approximate gradient. Liu
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et al. (2020), however, work on on-policy settings and require nested loops. By contrast,
we work on off-policy settings and consider three-timescale updates.

Degris et al. (2012) also study the convergence of an off-policy actor critic without
using density ratio to correct the state distribution mismatch. As noted in the Errata of
Degris et al. (2012), their results also exclusively apply to tabular settings. Additionally,
Degris et al. (2012) establish asymptotic convergence to only some locally asymptotically
stable points of an ODE without any convergence rate. And the optimality of those locally
asymptotically stable points remains unclear. Further, Degris et al. (2012) assume the
transitions are identically and independently sampled. By contrast, our transitions are
obtained by following a time-inhomogeneous behavior policy.

In this paper, we focus on the tabular setting as a starting point for this line of research.
When linear function approximation is used for the critic, compatible features (Sutton et al.,
1999; Konda, 2002; Zhang et al., 2020c) can be used to eliminate the bias resulting from the
limit of the representation capacity. With the help of compatible features, Liu et al. (2020)
show the optimality of their on-policy actor critic and Xu et al. (2021) show the optimality
of their off-policy actor critic. We leave the study of linear function approximation in our
settings with compatible features for future work.

7. Experiments

In this section, we provide some empirical results in complement to our theoretical analysis.
The implementation is made publicly available to facilitate future research.? In particular,
we are interested in the following three questions:

(i). Can the claimed convergence and optimality of Algorithm 1 in Theorem 5 be observed
in computational experiments?

(ii). Can the claimed convergence of Algorithm 2 in Theorem 7 and its conjectured opti-
mality from (21) and Corollary 8 be observed in computational experiments?

(iii). How is the KL-based regularization (c.f. Algorithm 1) qualitatively different from the
entropy-based regularization (c.f. Algorithm 2)?

ON

R | N
-~

. .

"4¢ ""_=().8><7N—1~~~~
@r:OV@ r=0" '® r=1'@

Figure 1: The chain domain from Laroche and Tachet (2021) with v = 0.99.

.

We use the chain domain from Laroche and Tachet (2021) as our testbed. As described
in Figure 1, there are N non-terminal states in the chain and the agent is always initialized

’https://github.com/ShangtongZhang/DeepRL
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Figure 3: Evaluation performance against training steps of Algorithm 2

at state s;. There are two actions available in each state. The solid action leads the
agent from s; to s;+1 and yields a reward of O for all ¢ < N. At sy, the solid action
instead leads to the terminal state and yields a reward of 1. The dotted action always
leads to the terminal state directly and yields a reward 0.8 x yN~1. Trivially, the optimal
policy is to always choose the solid action, which will yield an episodic return of vV=1.
As noted by Laroche and Tachet (2021), the challenge of this chain domain is to overcome
the immediate rewards pushing the agent towards suboptimal policies. We remark that
though this chain has a finite horizon, we can indeed reformalize it into an infinite-horizon
chain with transition-dependent discounting. We refer the reader to White (2017) for more
details about this technique and we believe our theoretical results can be easily extended
to transition-dependent discounting.

We run Algorithms 1 and 2 in the chain domain. According to (13), we use the behavior
policy

exp(0.1 x 6 .)
exp(O.l X gs,solid) + eXP(O-l X es,dotted) ’

1
po(-|s) =0.1 x 3 +0.9 x

According to (17) and Assumption 4.1, we set {oy, B¢, At} as

L 10041
U= (1 105)05+0.001
. 100
B = >
( + 105)0-75+0.001
L. 0025
T+ 109)
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where we test a range of €y from {2*5, 274 973 971, 2}3. We run both Algorithms 1 and 2
for 2 x 10° steps and evaluate the target policy every 2 x 10% steps, where we execute it for
10 episodes and take the mean episodic return. The evaluation performance is reported in
Figures 2 and 3 respectively. Curves are averaged over 30 independent runs with shaded
regions indicating standard errors. The black dotted lines are the performance of the optimal
policy.

As suggested by Figure 2 with N € {6, 7}, when €, € {27!,2}, the target policy found
by Algorithm 1 is indeed very close to the optimal policy at the end of training, which gives
an affirmative answer to the question (i). It is important to note that neither ey = 271
nor €y = 2 is recommended by (18). This is expected as Assumption 4.1 is only sufficient
and the convergence rate in Theorem 5 can possibly be significantly improved. Further,
with the increase of IV, the suboptimality of the target policy at the end of training also
increases. This is expected as increasing N makes the problem more challenging. We,
however, remark that though with N € {8,9}, the target policy is not close to the optimal
policy at the end of training, all curves are monotonically improving as time progresses.
Similarly, the results in Figure 3 give an affirmative answer to the question (ii). Comparing
Figures 2 and 3, it is easy to see that Algorithm 1 is much more sensitive to €y than
Algorithm 2. As shown by Figure 2, the selection of ey significantly affects the rate that
the suboptimality diminishes in Algorithm 1. By contrast, Figure 3 suggests that the rate
that the suboptimality diminishes is barely affected by €y in Algorithm 2. This comparison
gives an intuitive answer the question (iii). This difference is because the KL regularization
is much more aggressive than the entropy regularization. To be more specific, the entropy
of the policy is always bounded but the KL divergence used here can be unbounded when
the policy becomes deterministic.

8. Conclusion

In this paper, we demonstrate the optimality of the off-policy actor critic algorithm even
without using a density ratio to correct the state distribution mismatch. This result is
significant in two aspects. First, it advances the understanding of the optimality of policy
gradient methods in the tabular setting from Agarwal et al. (2020); Mei et al. (2020);
Laroche and Tachet (2021). Second, it provides, to certain extent, a theoretical justification
for the practice of ignoring state distribution mismatch in large scale RL experiments (Wang
et al., 2017; Espeholt et al., 2018; Vinyals et al., 2019; Schmitt et al., 2020; Zahavy et al.,
2020). Omne important ingredient of our results is the finite sample analysis of a generic
stochastic approximation algorithm with time-inhomogeneous update operators on time-
inhomogeneous Markov chains, which we believe can be used to analyze more RL algorithms
and has interest beyond RL.
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Appendix A. Proofs of Section 3
A.1 Proof of Lemma 1

Lemma 9 (Uniform ergodicity implies uniform mizing) Let Assumption 3.2 hold. Then,
there exist constants Cy > 0 and T € (0, 1), independent of 0, such that for any n >0,

Sup > P,y — do(y)] < Cor™ (10)
Y, Y

Proof Theorem 4.9 of Levin and Peres (2017) confirms the geometric mixing for a single
ergodic chain. Here we adapt its proof to show the uniform mixing.
For any P € Ap, define the indicator matrix Ip € {0, 137> such that

/
Loly.y) = {1 D] =0
0, Ply,y]=0

Consider the stochastic matrix Mp defined as

o Ip(ig)
MP(@,])_W‘

Since the chain induced by P is ergodic, it is easy to see the chain induced by Mp is
also ergodic. This is because (1) a finite chain is ergodic if and only if it is irreducible and
aperiodic; (2) the connectivity of the chain induced by Mp is the same as that by P; and (3)
irreducibility and aperiodicity depend only on connectivity, not on the specific probability
of each transition.

The proof of Proposition 1.7 of Levin and Peres (2017) then asserts that there exists a
constant ¢tp > 0 such that for all t > tp,

Mp(i,j) > 0

holds for any 4,j. Hence P'(i,j) > 0 also holds. Since Y is finite, the set {Ip|P € Ap} is
also finite (at most 21XVl elements), and so are the sets {Mp|P € Ap} and {tp|P € Ap}.
Let

ty = max {tP}v
PeAp

we then have for any P € Ap, P'*(i,j) > 0 always holds. Importantly, ¢, is independent of
P. Then the extreme value theorem implies that

§= inf P™(i,5) > 0.
PEAP,i,j
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Let dp be the invariant distribution of the chain induced by P and take any ¢’ such that
0 < d' <4, then

P (i,5) > &' > §'dp(j)

holds for any P € Ap,i,j.
For any P € Ap, let II be a matrix, each row of which is d};, and define

C=1-9.
We now verify that the matrix
. P4+ (I -10
Q=T
¢
is a stochastic matrix. First, its row sums are 1:
N 1401
(Q1)(z) = — ¢

Second, its elements are nonnegative:

P (i,5) + ¢dp(j) — dp(j) S 6'dp(j) + Cdp(j) —dp(j)

Qi j) = R > c = 0.
Rearranging terms yields
Pt = (1- QT+ CQ. (22)
We now use induction to show that for any k£ > 1,
P*F = (1 - I+ ¢rQ. (23)

For k =1, we know (23) holds from (22). Suppose (23) holds for k = n, then

Pt* (TL+1) — Pt*nPt*
~ (1= ¢ +¢"Q™) P

= (1= (MIP" +¢"Q" (1 = O +¢Q)
= (1= P + (1= Q)¢ Q"I+ ¢ Q™!
= (1= I+ (1= )¢"QIL + ¢"+Q"!

(Property of invariant distribution)
= (1= M+ (1= ¢ T+ ¢!
(QII = Qld; = 1d; = II for any stochastic matrix Q)

= (1= ¢TI+ QM
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which completes the induction. Consequently, for any [ € {0,1,..., ¢, — 1}, multiplying by
P! both sides of (23) yields

Pt*k+l — (1 o Ck)HPl 4 CkaPl
= (1= ¢+ QP

Rearranging terms yields
Pt*k+l —II= Ck‘(QkPl . H),
implying for any i,
S|P, g) = de ()| = ¢ D0 |(@ P g) - de ()
J J
< 2¢*  (Boundedness of total variation)
s 1\ txk+l

=2( <Ct*>

sl 1\ tektl
<2 u(u) .

Let

tx—1

Cy=2¢

oL
=

It is easy to see C) > 0,7 € (0,1) and both Cp and 7 are independent of P. Consequently,
for any n > t., we have

D P (i, §) = dp(j)| < Cyr™.
J
By the boundedness of total variation, for n € {0,1,...,t, — 1}, we have

.

D IPMig) —dp(j)| <2 <

J

Tl

Setting Cy = max {C(’), T%} completes the proof. |

A.2 Proof of Theorem 2
Theorem 2 Let Assumptions 3.1 - 3.6 hold. For any

€w € (0, min {2(€g — €4), €a}),

if to is sufficiently large, then Vt,

Emw_wmﬂ=0(@f@m>
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Proof Since the theorem is a generalization of the results in Chen et al. (2021), we follow
their framework to complete the proof. In our setting, the dynamics of the Markov chain
changes every time step according to a secondary random sequence {6;}. Consequently, we
have many new error terms which are not controlled by Chen et al. (2021) and that we
handle using techniques from Zou et al. (2019).

Following Chen et al. (2021), we use a Lyapunov method for the proof with the gener-
alized Moreau envelope of %||||3 as the Lyapunov function. In particular, we consider the
Lyapunov function

L Lo 1 2
Mw) = inf { Gl + gl - ul},

where £ > 0 is a constant to be tuned, |-, is the norm w.r.t. which Fy is contractive (c.f.
Assumption 3.3), and ||-||, is an arbitrary norm such that %HH? is L-smooth (Lemma 45). Tt
can, e.g., be an £, norm with p > 2 (Example 5.11 of Beck (2017)). Due to the equivalence
between norms, there exist positive constants l.; and u.s such that

les|[wlly < llwll, < wes[[wll

holds for any w. The following lemma proved by Chen et al. (2021) describes some properties
of M.

Lemma 10 (Proposition A.1 of Chen et al. (2021))

(i). M(w) is convex, and %—smooth w.r.t. |-,

(it). There exists a norm ||-||,, such that M (w) = %||w||fn
(iii). Define

lem = (1 =+ flgs)

Uem = /(1 + &udy),
then Yw,

lemlwll,y, < lJwlle < wem|[wl],,-

Lemma 10 (i) and Lemma 45 imply that for any z, 2/,

2
o

L
M(z') < M(z) +(VM(z), 2" — z) + 2?“"” — 2|
Using 2/ = wt+1—w;t+1 and z = w;—wy, in the above inequality and the update equation (9):

wer1 = wy + oy (Fp, (we, Yy) — wi + &),
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Lemma 10 (ii) yields

2
(24)

1 *
o[+ = Yo,

1 2
Swat — w;:Hm + <VM(wt —wp,), W1 — Wi + wp, — w§t+1>

2

—|—£ W1 — Wy + Wy, — Wy
o ||t T We T W, = Wy |

1 . 112
:guwt — w3, |

+ (VM (w, - wj,), wh, — w,,, )

T
+ oy <VM(wt —wp, ), Fy, (wy) — wt>
T
+ oy <VM(wt —wy, ), Fy, (w, Y3) — Fy, (wt)>
T3
+ oy <VM(wt — wp, ), 6t>
Ty

L
+af EHFBt(wty Y;) —w + €tH§

-~

T5
2

L * *
+ EHth — We, 4

s

Ts

We now bound 77 - Tg one by one. 177 and Ty are errors resulting from changing dynamics
and are not controlled in Chen et al. (2021). T, Ty, and T5 can be bounded similarly to
Chen et al. (2021). To bound T3, we further decompose it as

T3 =(VM(w; — wp,), Fp, (we, Yz) — Fy, (wy))
= (VM (w0, — ) = VM (wpr,, =, ). F (w0, Yi) = Fy,(wn))

T3

o (VM (s, = w5, )y Fo (0, Y5) = Fo, (Wi, Y2) + F, (wi—r,, ) = Fp,(wr) )

T3z
+ (VM (s, = w5, ) Fo, (017 Yi) = Foy(w0r,,) ),
Ts3
where
Ta, = min{n >0 | Co7" < a4}, (25)
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and Cp and 7 are defined in Lemma 1. 7,, denotes the number of steps the chain needs to
mix to an accuracy of ay. T3; and T3 can be bounded similarly to Chen et al. (2021). The
bound for T35 is however significantly different. We decompose T33 as

T33 :<VM(’LUt77—at — wé‘t -

—Tayg

)a th (wthat ) Y;f) - Fet (wtfﬂ'at )>

VM wt_'rat - w;t*‘f'at )7 Fet—rat (wt_'rat ’ n) - Fet—rat (wt_'rat )> +

T331

—(v(
(VM (Wtoro, = W5y ) o, (Wrray Vo) = Foy, (W1, ) )+
(v (
(v

~~

T332

VM (Wi, = W5, )y Foy(Wiray Yi) = Py, (Wrryys Vo) )+

T533

VM wt*‘rat - w;t*"'at )’ Fet—‘rat (wthat) - Fet (wthcxt)> .

T334

Here {}7,5} is an auxiliary chain inspired from Zou et al. (2019). Before time ¢t — 7, — 1,

{fft} is exactly the same as {Y;}. After time t — 7,, — 1, Y; evolves according to the fized

kernel Py, .~ while Y; evolves according the changing kernel Fp, _ ngimt TR
{Yt} =Y, 1 2 Yier, 2 Yier, 1 2 Yo, 42—
Petfr P0t77_ Peth
ot ot at
e =Y, 1 = Yir, = Y41 o Y12
Petf‘rat Petffat+l Petf‘rat+2

We are now ready to present bounds for each of the above terms. To begin, we define
some shorthand and study their properties:

to to
atl,tQ = Z Oy, Bt1,t2 = Z ﬂt

t=t1 t=t1

A=U+Lp+1, B=Up+U., C=AU,+B+A+A1+Up+UR). (26)

Lemma 11 For sufficiently large tg,

log(t + to
Tay = O(log(t + t())), Q7o t—1 = 0 <(t‘(|'t0)%‘)> ’

log(t + o) 7y, 11 log(t +to)
e =0 , ool o (0T l) )
i =0 (G e B (+ to)ee—s
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The proof of Lemma 11 is provided in Section E.11. Lemma 11 asserts that we can select
a to sufficiently large such that

1
Ot —1q,,t—1 < ﬂ

holds for all t. This condition is crucial for Lemma 47, which plays an important role in
the following bounds.

Lemma 12 (Bound of T1)

S LwLeﬂt

T l Hwt _w;th'
cm

The proof of Lemma 12 is provided in Section E.1.

Lemma 13 (Bound of Tz)

T < ~(1 = ry ™) e — i |,

The proof of Lemma 13 is provided in Section E.2.
Lemma 14 (Bound of T31)

8L(LwL9 + 1)at_7-at t—1
§1Zs

The proof of Lemma 14 is provided in Section E.3.

Ty < (uzmAQHwt — w;ftan + C’2> :

Lemma 15 (Bound of Ts2)

32L04t—7'at t—1 (1 + LwLGBt—Tat ,t—l)
§l2

The proof of Lemma 15 is provided in Section E.4.

Ty < (w2l — w3, |2, + )

Lemma 16 (Bound of Ts31)

8Lat(1 + LuwLoBt—r,, t—1)
AL,

E [T331] < (ugmAQE [Hwt - wgtan} + 02) )

The proof of Lemma 16 is provided in Section E.5.

Lemma 17 (Bound of Ts32)

T < 8VILpLo S5t sy, Brrapi L+ LuLoBi-ra, 1)
e AgiZ,

(uzmAQIE [Hwt - than} + Cz) .

The proof of Lemma 17 is provided in Section E.6.
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Lemma 18 (Bound of Ts33)

Trnn < 8LLyLoBt—ra, t—1(1 + LuwLoBt—r,, t-1)
e A%€I2,

2
(w2 A2 = w2, +C?) -
The proof of Lemma 18 is provided in Section E.7.

Lemma 19 (Bound of Ts34)

8LL}«LL95t—Tat =1 (1 + LwLBBt—Tat ,t—l)
A2gl35

T334 < (uzmA2Hwt - ’Ll);tH?n + 02) .

The proof of Lemma 19 is provided in Section E.8.
Lemma 20 (Bound of Ty)

E[Ty) = 0.
The proof of Lemma 20 is provided in Section E.9.

Lemma 21 (Bound of T5)

2L

T < —
=g,

2
<A2ugmet —wp, ||+ 02> .
The proof of Lemma 21 is provided in Section E.10.

Lemma 22 (Bound of Tg)

2 _ LI I35
P

*
Ot+1

L *
T6 = szet —w

Lemma 22 follows immediately from Assumptions 3.4 and 3.6.
We now assemble the bounds in Lemmas 12 - 22 back into (24). By the definition of
Uem, and lgy, in Lemma 10, we have

lim Yem _ 1.

=0 lom

Since k < 1, we can select a sufficiently small £ > 0 such that

.2 Uem
= _ 1 .
pr=gtong,)
satisfies ¢; € (0, 1), implying
9 2
7y < Sy o — i |2,
9 . [[2
a1y < _iatwluwt — w1 (27)
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Let 15 be a positive constant to be tuned. For 77, suppose ¥, is large enough, then we have

1
< §ﬁt¢2Hwt —wj, ||, - (28)

For T51, Lemmas 11 and 14 assert that we can select sufficiently large ty and s such that

1 1
T < 51/11Hwt — wp, Hil + 50%—7%,1:—11/12,

1 2 1
a3 < §Qt¢1||wt — wp, Hm + 5 Xt Qt—ra, t—112. (29)

For T39, Lemma 11 implies that for ¢¢ large enough
Bt—ra,t-1 < 1.

Hence, Lemma 15 guarantees that we can select sufficiently large ¢y and v such that

1 1
T < §¢1Hwt — wp, an + §at—mt,t—1¢2,

1 1
T < 504t¢1||wt — wp, an + §Oét04t—7at,t—1¢2- (30)

For T331, similarly, we can select sufficiently large ¢y and 2 such that

1 1
E [T331] < ile |:Hwt - w;tan} + §atw2

1 1
< SUE [|[we = w12, + 30e-ra, -1z,
1 1
o [T331] < 50@1!)1[@ [Hwt - wgtan} + iatatf‘rat,tfldjl (31)

For T332, we have

t—1
Zj:tfﬂ'at Bt—Tatvj < TatTatﬁthat o Tatﬂthat —0 (log(t + tﬂ)ﬁthat >
7, t—1 N Tay Ot e oy

o (et

) (for ty sufficiently large).
Qi

Since the RHS of the above inequality approaches 0 when tg is sufficiently large, we can
select sufficiently large to such that

t—1

E Bt—rayj < Q1o t—1-

j:t_Tat

Then it is easy to see for sufficiently large ty and s,

1 2 1
E [Tgo] < SUiE [[|uwe = wj,|[2] + S0, a1z,
1 . 12 1
B [T332] < §Qt¢1E {Hwt — W, Hm} + §Oét04t—mt,t—11/}2- (32)
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Similarly, for sufficiently large ty and )2,

1 2 1

a¢T333 < §Oét¢1Hwt — Wy, Hm + §Oét04t—mt,t—1¢27 (33)
1 2 1

T334 < iatlewt — wp, Hm + §atat_mt,t_1w2. (34)

For Tj, it is easy to see for sufficiently large tg and )9,

1 1
o3, < Yot — i, + oo &
1 1
<~y ||wy — w, Hfm + souu—r,, 1—12.

2 2

For T§, since By < oy, we can similarly select sufficiently large ¢y and )2 such that

1
Ts < gotQt—r,, t-1%2. (36)

Putting (27), (28), (29), (30), (31), (32), (33), (34), (35), and (36) back to (24) yields

'] (37)

E Hwt 1 —wp
+ 0111 m

<1~ 1) [l — i, || + B [, [,] + Sctr 10

<(1—v¢roy)E [Hwt - w;tH,Qn} + BtTP?\/E [Hwt — ’w;tufn] + Bara—r,, 1—112

(Jensen’s inequality).

(37) applies only for ¢ such that ¢ — 7,, > 0. According to Lemma 11, we can select
a sufficiently large to such that for all ¢ > ¢y, we have t — 7., > 0. We now bound

E [Hwt — w;tH:J for both t <ty and ¢ > ty.

Lemma 23 There exists a constant Cy ., such that for all t <o,

E [ — i |] < Clonn

The proof of Lemma 23 is provided in Section E.12. We now proceed to the case of t > tg.
When tj is sufficiently large, Lemma 11 asserts that there exists a constant 13 such that

log(t + to)

8oty 1192 < 13 (t + fo)2 "

Then using

2 = \/IE [Hwt - w&”?n}
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as a shorthand, we get from (37) that

ayy 2 Bibazy

log(t + ¢
)22+ og(t +to)
t+ to)ee (t + to)s

(t +tg)2ea”

+ 3

Z <(1 - (

We now use an induction to show that Vt > tg,

Co

(t +to)€’ (38)

zp <

where Cp > 1 and € € (0,1) are constants to be tuned. Since Lemma 23 asserts that
2ty < Ciowg, We can select

Co > Ct(),wo (2t0)€

such that (38) holds for ¢t = ty. Now assume that (38) holds for ¢ = n, then for t = n + 1,
we have

2
Zn+1
oy 2 Bazn log(n + to)
<(1-
<( (n + to)ce Van + (n+ to)es s (n 4+ to)?ee
i 2
(S)(l oy Co Bih2Co s log(n + to)
(n+tg)e” (n+tg)2€  (n+to)rte (n + tg)2ce
_ C; oGy n B2Co . log(n + o)
(n—+to)2  (n+to)at2 ' (n+ty)ete 3 (n + tg)26
(Z) Cg QCg _ 041#1002 n ﬁ’gDQCo i 1/} log(n + to)
(414102 (n+to)2t  (n+to)et2 | (no o)t 3 (n + tg)2€a
< Cs 2 oy B " log(n +t0) \ 2
=~ (n T1+ tO)Qe (TL 4 t0)2€+1 (TL 4 t0)6a+25 (n + tO)EB+€ 3 (n + t0)25a 0-

/
n

z

Here (i) results from the inductive hypothesis and (ii) results from the fact that

2
p2e+1”

:L,—QE < (IL'—}— 1)—2€+
To see the above inequality, consider

flz) =a7%,

which is convex on (0, +00), implying

f(@) = fz+1) < f'(@) (@ — (@ +1)).
To complete the induction, it is sufficient to ensure that Vn,

2 < 0.
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One way to achieve this is to select € such that

€a + 26 <2e+1 €a <1
€a + 26 <e€gte = (€<€g—€q
€a + 26 < 2¢, €< %

and pick ¢y sufficiently large (depending on the chosen ¢).
With the induction completed, (38) implies that Vt > tg,

2
B [ =i ] < i )
Combining (39) and Lemma 23, we conclude that for any
€w € (0,min{2(eg — €4), €a}),
if o is sufficiently large, then Vi,
© [l vilf] - © (i)
which completes the proof. |

Appendix B. Proofs of Section 4
B.1 Proof of Lemma 3

Lemma 24 (Uniform contraction) Let Assumption 4.4 hold. Then, there exists an £, norm
and a constant k € (0,1) such that for any 0, q,q € RIS*Al

|Eol@) - o), < wlla — o,
Further, g, is the unique fized point of Fy.

Proof Assumption 4.4 implies that for any p € Am we have

d,(s,a) > 0.
Then by the continuity of invariant distribution (Lemma 48) and the extreme value theorem,
we have

dymin = inf  d,(s,a) > 0.

HEA,,8,a

Let
AGiI_DMe(I_fYPTFe)% (40)

then

Fy(q) — Fy(q'") = Ap(q — ¢').

The matrix Ag has the following properties
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(i). Each element of Ay is always nonnegative
(ii). The column sum of Ay is always smaller than 2

(iii). The row sum of Ay is always smaller than kg =1 — (1 — 7v)d,, min and greater than 0.
To see (i), for any diagonal entry, we have
Ag(i, i) = 1 — dpy (i) + ydyy (1) Pry (i,7) = 0;
for any off-diagonal entry, we have
Ao (i, J) = V(Dyg Pry ) (i, j) = 0.
To see (ii), we have
1T4g=1" —d, +~d],

Then (ii) follows immediately from the fact that d;e o 1s a valid probability distribution.
To see (iii), we have

Al =1—d,, +vdy, =1 — (1 —7)dy,.
Then for each 7, (Ag1) (i) > 0 and
(Ap1) (1) =1 — (1 —y)dp, (i) <1 —= (1 = ¥)dymin = ko < 1.
With those three properties, for any £, norm with p > 1, we have
[ Agz|ly

=22 Aeis )z
i J
Ag(
= Z (Z Ag(i, k) ) Z 5 il; z 3 ; (Row sum of Ay is strictly positive)
i k
S DI z g
- oLt Z Ag Z kj i
7 k

(Jensen’s inequality and convexity of |-|7)

=3 (Z Ag (4, k)) > Ao ) |y P
i k J

< Z Hg_l Z Ag(i, j) |z’ (Row sum of Ay is smaller than rg)
i J
—1 ..
=rg Y lziP ) Ag(i.j)
j i
§2/#0)71 Z |xj|p >
J
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implying
1
| Apzll, < (265 )7 |1z,

Since kg < 1, for sufficiently large p, we have

-1
2/{6 <1,
implying
1
K= (2%871)5 <L
Consequently,
1Fo(a) — Eo ()|, = | Ae(a — &), < wlla = ||,
i.e., Iy is a Kk-contraction w.r.t. |||, for all f. Further,
(Q) =4q,
= Dyy(r +7Pryq —q) =
< r+vP,q—q= 0
< 4 = Qny,
which completes the proof. |

B.2 Proof of Proposition 4

Proposition 25 (Convergence of the critic) Let Assumptions 4.1, 4.3, and 4.4 hold. For
any

€ (0, min {2(eg — €q), €a}),

if to is sufficiently large, the iterates {q;} generated by Algorithm 1 satisfy

J o)

Proof As previously described, the iterates {¢;} in Algorithm 1 evolve according to (8).
We, therefore, proceed by verifying Assumptions 3.1 - 3.6 in order to invoke Theorem 2.
To start with, define

E |:HQt - qﬂ'gt

(s,0,5) [s€S,a€ A s €8,p(s|s,a) >0},  (41)

3/17'£52

shlsa,az) 8| = sa.

y=
Y; = (St, Aty Se41),
) (

{
| nelazls2)p
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According to the action selection rule for A; specified in Algorithm 1, we have

PT(Y;H»l = y) = P9t+1 (Y;f’ y)’

Assumption 3.1 is then fulfilled.

Assumption 3.2 is immediately implied by Assumption 4.4. In particular, for any 6, the
invariant distribution of the chain induced by Py is d,, (s)ue(als)p(s'|s, a).

Assumption 3.3 is verified by Lemma 3.

We now verify Assumption 3.4. In particular, the norm ||-||. in Section 3 is now realized
as the £, norm specified by Lemma 3. We will repeatedly use the equivalence between |||,
[|[; and [|-||,,, i.e., there exist positive constants lo p, Uso p, l2,p, U2,p such that Va,

loopltlloe < llll, < toopll2l

Laplle] < llzll, < uzpll]-

To verify Assumption 3.4 (i), for any y = (sg, ag, $1), we have,
q(s,a) — ¢'(s,a), s,a) # (so, ao
(Fo(a,y) — Fo(d'y)) (s,a) = (50— 40 , (5:0) 7 (s0,0).
’Yzal mo(ai|s1) (q(s1,a1) — ¢'(s1,a1)), (s,a) = (s0,a0)
Hence
1Fo(a,y) = Fo(d' 9) o < lla— [

implying
1Fo(a.v) = Fald' - w)||, < 72 ]la — ||

p N lm7p

Assumption 3.4 (i) is then fulfilled.
To verify Assumption 3.4 (ii), for any y = (s¢, ag, s1), we have

(Folay) — Frla.)) (5,0) = {0’ (8,4) # (o0, 0)
V4, (mo(ar]s1) — mor(ar|s1)) q(s1,a1),  (s,a) = (s0,a0)
Hence
1Fo(a,y) = For(q,9) oo < VIAIL[|0 = 6'||lall o (using (12)),
implying
IFola.5) = Firla.)l, < =2 o — ],

Assumption 3.4 (ii) is then fulfilled.
To verify Assumption 3.4 (iii), for any y = (s, ag, s1), we have

(F9(0, 1)) (5, 0) = {0’ (s, ) # (s0,a0)

T‘(Sg,ao), (S,G) = (SOvCLO)
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Then

||F0(0’y)“p < Uoop [ F9(0, ) oo < oo pTmas-

Assumption 3.4 (iii) is the fulfilled.
To verify Assumption 3.4 (iv), we have

Fp(q) = For (@) = (Dug — Dyy ) 7+ (Dpsg Prg = Dy Pryy) @ = (Dpug = D) G-

Since D, is Lipschitz continuous in § (Lemma 48) and ||D,, || is bounded from above, and
P, is Lipschitz continuous in 6 (see (12)) and || Py, || is bounded from the above, Lemma 44

confirms the Lipschitz continuity of Fy, which completes the verification of Assumption 3.4

(iv).
To verify Assumption 3.4 (v), recall that Lemma 3 asserts that the fixed point of Fy is
Gr,- We have

Qrg — Qmy = ((I - ’7P7r9)_1 - (I - VPﬂG/)_l) T. (42)

Using Lemma 49 yields

p ST =vPr) 7|1V Pry = Py,

[P—— M@ =22l

Notice that (1) for any policy m, (I — vPy)~! is always well-defined; (2) (I — yP;)~ ! is
continuous in 7 (this can be seen by writing the inverse explicitly with the adjugate matrix);
(3) the space of all policies is compact, by the extreme value theorem we conclude that

sup || (I — ’yPﬂe)*al < 00,
0

which together with (12) completes the verification of Assumption 3.4 (v).
Assumption 3.4 (vi) follows immediately from the fact that

T"max

a, (5,0)| < 1™

Assumption 3.4 (vii) follows immediately from Assumption 4.3.

Assumption 3.5 is automatically fulfilled since in our setting we have ¢; = 0.

Assumption 3.6 is identical to Assumption 4.1 except for (11). According to the updates
of {6;} in Algorithm 1, we have

10111 — 04
=B pe Vo log ma, (A¢|Se)TL(qe (Si, Ar)) — X VoKL (Ua||ma, (-S1))]]

<4, <||Pt||||V6 log o, (A1]S,)]

Tmazx
I 4 VoKL Wl (IS0

Assumption 4.4 and the extreme value theorem ensures that

inf pg(als) > 0.

»Ss
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Hence
- mo(als)
Pmax = )

0,s,a MQ(G’|S)
implying V¢,

[zl < oo
Assumption 4.1 ensures

At <A

Lemma 50 ensures the boundedness of || Vg log mg, (A¢|S¢)|| and || VoKL (Ul|mg, (+]S))||, from
which it is easy to see that there exists a constant Ly such that

1641 — O4ll,, < BiLy, (43)

completing the verification of Assumption 3.6.
With Assumptions 3.1 - 3.6 satisfied, invoking Theorem 2 completes the proof. |

B.3 Proof of Theorem 5
Theorem 5 (Optimality of the actor) Let Assumptions 4.1 - 4.4 hold. Fix
€ € (2(1 —€g),min {2(eg — €q), ea}).

Let to be sufficiently large. For the iterates {0} generated by Algorithm 1 and any t > 0, if
k is uniformly randomly selected from the set {[£],[4]+1,...,t} where [] is the ceiling
function, then

J(mo,3p0) > J(meip0) — O (Ak) (15)

holds with probability at least

1 log?t 1
1 - O (tl—Eﬁ—ZEk + t€ﬂ_2€k + teq_25A> ) (16)
where . can be any optimal policy.

Proof Sketch We start with a proof sketch and then proceed to the full proof. We first
define a KL regularized objective

Jy(m;p0) = J(7300) — NEs~iss [KL (Ual|7(-]5))],

where Uy denotes the uniform distribution on the set X. Key to our proof is the following
lemma:
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Lemma 26 (Theorem 5.2 of Agarwal et al. (2020)) For any state distribution d and d’, if

Ui
HVJW(We;d,)H < ma

then

T(mg;d) > T(ma; d) =~ max e l®)

where m, can be any optimal policy in (2).

The above lemma establishes the suboptimality of the stationary points of the KL regu-
larized objective. If we can find those stationary points and decay the weight of the KL
regularization (1) properly, optimality is then expected.

There are, however, two caveats. First, for the above lemma to be nontrivial, we have
to ensure Vs,d'(s) > 0. Consequently, we cannot simply set d = d' = pg because we do
not make any assumption about pg. Instead, we consider an artificial state distribution p,
such that Vs, pj(s) > 0 and set d = pg,d’ = p{. The second caveat is the following. To use
the above lemma, we now have to optimize J,(mg;p;) to find its stationary points. This
objective involves state distributions pj, and Us. We, however, only have access to samples
from

dt(S) = Pr(St - 3|p0;ﬂ6’07 cee 7lu'9t—1)‘

We, therefore, would need to reweight them using

dmmp& (s) an Us(s)
dt(S) d dt(S) '

Obviously we do not know those quantities but fortunately we can bound them. As a
consequence, the reweightings can be properly accounted for even without knowing them
exactly (see in particular Lemma 27). With those two caveats addressed, we are now ready
to present the full proof.

Proof This proof borrows ideas from Wu et al. (2020) but is much more convoluted since
we have the additional decaying KL regularization and our algorithm is off-policy without
using density ratio for correcting the state distribution mismatch. Define the KL regularized
objective

In(mipo) = J (75 po) — nEsiys [KL (Ual7(-]5))], (44)

where Uy denotes the uniform distribution on the set X. Let p{, be an arbitrary distribution
on § such that pj(s) > 0 holds for all s € S. In the rest of this proof, we use as shorthand

J(0) = J(7o;p0), (45)
In(0) = Jy(m9; P,
dﬂ':’Y(S) = dm%p{) (3)7

i.e., we work on the initial distribution p{, (instead of py) by default. Note that the sampling
is still done with respect to pg, p{ is simply an auxiliary distribution used for the proof.
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Similarly, the KL regularized objective is built with a uniform distribution that does not
correspond to what the algorithm implements. This too is a proof artefact. Both mismatches
are accounted for, in particular in Lemma 27.

According to Lemma 7 of Mei et al. (2020), J(6) is Lj-smoothness for some positive
constant Ly w.r.t [|-|]. Consequently, the Hessian of J(#) is bounded from above by L.
From Lemma 50, it is easy to see the Hessian of Esys [KL (Ual|mg(+]s))] is also bounded
from above by some positive constant Lyy,. Consequently, the Hessian of J,(6) is bounded
from above by Lj+nLxy, i.e., J,(0) is (Lj+ nLxkr,)-smooth. With n = A\;, Lemma 45 then
implies

T (Or1) =5, (00) + (VIx, (01), 041 — 02) — (L + NeLn)||0ps1 — 01 (46)
>, (01) + (VI (00), 001 — 0p) =L [|0e1 — 0%,
—_——
My Mo

where L', = Ly + ALkr,. Using (43) to bound M, yields

1
M, < fﬂng-
2,p

To bound My, let
Y = (S, Ar). (47)

Here different from (41), we redefine Y; to consider only state action pairs to ease presen-
tation. For y = (s, a), we define

mo(als)
po(als)
AO,m) = dyy(s)pa(als) A0, y, n).

s,a

A0y, ) = V log 70(a|) g, (5, @) + &ZVIogﬂg((ﬂs) (48)

Then we have

My =(VJy,(01),0041 — Or)
=Bi(VIx, (01), ptV log mg, (At Se)1(qe(St, At)) — M VKL (Ual| 9, (-5)))

Zﬂt<VJAt(9t)7PtVIOgﬂet(AHSt) (q:(St, Ar)) Al ZVIOgWGt(a\St)>

=P <VJ)\t(9t) ptV log mo, (A¢|St) g, (St, Ar) + Al ZVlogﬂet(a|5t)>

+ 5t<VJAt (01), peV log ma, (A¢|St) <H (qe(St, Ap)) — o, (S, At)) >
=Bt (VI (00), A0, M) ) +Bt (VI (01), A0, Yi, i) — A6, \e))

M11 M12
+ Bt <VJ)\t(9t)7 pV log mg, (At|St) (H (qt(St, At)) — Amy, (St, At))> .
Mig
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To bound M3, define

N (0,y,m) = (VIy(0), A0, y,m) — A0, n)). (49)

Assumption 4.4 and Lemma 1 assert that there exist constants Cp > 0 and 7 € (0,1),
independent of 6, such that for any n > 0,

su%Z }P;}e((s, a),(s',a’)) — due(s’)ug(a’]s')‘ < Cot",

which allows us to define

m = min d n | sup 37 [P ((5.0), (5'.0)) — duy (o) < By (50)

s,a,0
1y 81704,

We then decompose Mis as

Myy =N (0:, Y, Ae)
- A/(6t7 }/ta Alf) - A/(et—Tgt 9 }/27 )‘t)

/

Miz
+ Al(et—rﬁt Vi, At) — A/(Qt—rﬂt Vi, M)
M2z
+ N (O vy, Vi M) -
Mi23

Here Y; is an auxiliary chain akin to Zou et al. (2019) and the one used in the proof of

Theorem 2 in A.2 (for f; instead of o). Before time t — 73, — 1, {fft} is exactly the same

as {Y;}. After time t — 75, — 1, {fft} evolves according to the fixed behavior policy g, .,
t
while {Y;} evolves according to the changing behavior policy 116,y s MOy ry 110 -
t t

{Yt} =Y 2 Yiers, 2 Vit (2 Vi = (51)
‘u'et—fﬁt ‘uet—‘rﬁt 'u'et—‘rBt

{}/t} e E—Tgt—l — }/Z—Tﬁt — Y;—Tgt—l-l — }/t—Tﬁt—‘rQ .
Hoy—rg, Metf‘rgtﬁ»l “9t775t+2

Let us proceed to bounding each term defined above:

Lemma 27 (Bound of Mi1) There exists a constant x11 > 0 such that,
My > x11l|V I, (61)]1%.

The proof of Lemma 27 is provided in Section E.13.

42



SOFTMAX OFF-PoLicY AcTOR CRITIC UNDER STATE DISTRIBUTION MISMATCH

Lemma 28 (Bound of Mi21) There exist constants L, > 0 such that

L%, Lo
| Mg || < =2

Bt—rg, t—1-
2p B¢

The proof of Lemma 28 is provided in Section E.14

Lemma 29 (Bound of M) There exists a constant UX, > 0 such that
t—1
IE [Miso]|| < UX/SIAILuLg Y Biry, 5
J=t=Tg,
The proof of Lemma 29 is provided in Section E.15
Lemma 30 (Bound of Mja3)
[E [Migs]|| < Up Bt

The proof of Lemma 30 is provided in Section E.16.

Lemma 31 (Bound of Mis) There exists a constant ppqz > 0 such that

2 2
JE[omeor].
The proof of Lemma 31 is provided in Section E.17.
We now assemble the bounds of M1, Myo1, My22, M193, M12 and Mo back to (46). Sim-
ilar to Lemma 11, it is easy to see for sufficiently large g,

1B [Mi] | <2pmas/S ¥ A|\/E [Hqt ~

78, = O (log(t + o)),

i log(t + to)
/Bt—Tgt,t—l =0 < (t+t0)€ﬁ )
t—1 2
Z o log“(t + to)
R Bt—’TBt,] - O < <t+t0)65 > .
Jj=t—7g,

Hence if ¢ is sufficiently large, there exist positive constants x12, x13, X2 such that

log?(t + to)
(t+to)s ’

E [Mi3] > X13\/E [Hfh —

E [Mi21 + Miaa + Mioz] > —x12

TyE ivanor].

E[M;] < ﬁtX2Wa
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where the ¢, norm is defined by Proposition 4. Then, from (46), we get

E I3, (01)] ZE Ly, (6] + BocnnE [958 2]

log?(t + to)
(t+tp)»

— 5tX13\/E [H% — Gry,

1
- BtXZW

— Bix12

Ve Ivn @

Rearranging terms yields

b1 11
<
E IV @0IF] <

1 Bt (B [, (0r1)] — E [Jx, (61)])
+ Xi3 E [HQt — 4y,

N EIZYCE

x12 + x2 log?(t + to)

+ )
X11 (t+tg)es
Defining
L1 . X3 L oXx12t+ X2
X3 = y X4 = T X6 = —
X11 X11 X11

and telescoping the above inequality from [%] to ¢ yields

M)~

E IV, 00)1] <xs Z E /3, (Or41)] — E [, (6,)

1 k=

L&
B |

T

[ [51

SIS
mm

w30 3 e[ g ] B (1o
k=[%]

t

log (k +to)
+ X5 Z k:—i—to o

We now bound the right terms of the above inequality.
Lemma 32 There exists a constant Ujy such that for all t,

[E [Ix, (00)]] < Ugx, [E[Iy, (Or41)]] < Ui
The proof of Lemma 32 is provided in Section E.18.

Lemma 33

ﬁlkuwm) C I (00)| < QUB‘”

]~

(t+to)”
k

G

[31

44
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The proof of Lemma 33 is provided in Section E.19. Using Lemma 33, the Cauchy-Schwarz
inequality, and

k—i—to)

Lo log?(t + to)
k + to)%s

t
< log?(t + to) / <

oz (t + to) =<8
e=t1-1 (T + 1) 1 —e3

Mﬂ

k=[31
to bound the RHS of (53) yields

N

t

2x3U. log?(t +t
Z (193, 00117) <2092 1 1) 4y 28 LT T0)

t t 1765
15} 1—ep (t+to)

m\r*

RBIEILENAT:

k=[£] k=[£]
Multiplying —L— in both sid ield
ultiplying T in both sides yields
t 2
Zk:(%]E [V Iy, (0r) | <2X3UJ7)\ (t+tp)» X5log2(t+t0) (t+t0)1—€5
t—[51+1 - B t—[i+1 l—eg t—T[5]1+1

Zt

‘ 2
Shero B [qu ~ Gny, p] St E 195,60
—[51+1 t—[5]+1

€t

+ X4

It is then easy to see that there exist positive constants E1, Fa, E3, F4 such that

F ) logzt
2t < t17€5 + tes + 2E3\/a\/z>t

E FEylog?t
— (Vi —Bo/a)’ < o + o + Bleq

E Eylog?t
= 2z — E3\/er < \/tl—leﬁ + 2t6ﬁg +E§6t

E1 E2 10g2t

S \/tl_eﬁ + teﬁ +E3\/€t
2F 2F5log? t

— < 171 2 108
t €3 tEB

+ 8E§€t.

Proposition 4 implies that there exists a constant E5 > 0 such that

¢ E
Zk:(%} B - Estl—¢

YA R e T

45



ZHANG, TACHET DES COMBES, AND LAROCHE

It is then easy to see

implying

22(31E|yw%<9k>ﬂ_0 1l 1 50
t—[5]+1 SO\t e k)

The above inequality establishes the convergence to stationary points, with which we now
study the optimality of the sequence {6;}. We rely on the following lemma.

Lemma 34 (Theorem 5.2 of Agarwal et al. (2020)) For any state distribution d and d’, if

o n
HVJU(Hvd)H < 2’8 % A|,

then

2 dy
I5d) = Jmsd) = 2 ;l’,”(’j)(s),

where m, can be any optimal policy in (2).

Obviously, for Lemma 34 to be nontrivial, we have to ensure d’(s) > 0.

Fix any ¢ > 0. Then select a k uniformly randomly from {[%], [%1 +1,...,t— 1,t}.
Now the random variable ||VJy, (6;)|| has randomness from both the random selection of k
and the learning of 0. Using Markov’s inequality yields

)\t 9 )\% >
Pr( [V, (00l < 5c—r ) =Pr( IV 00)° < 05
(195001 < 557 ) =Pr (19001 < 22
418 x A
= ’/\2|E [\IVJAk(Gk)!ﬂ
t
A4S x AP ,
=1 = =B [E (19 001 ]
S x AP B IV @0)° k=]
B A t—[5]+1
1 1 log?t 1 .
21_)\730 (751—65+ Ve +t€q> (Using (54))
>1-C,

where

2

t1765726)\ t65726)\ t6q72€>\
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Since A\ > )¢, we have

Ak

< _.

At
0| <
s = IVl <

Consequently,

Ak At
Pr<||VJ,\k(¢9k)H < 7S x A) > Pr<||VJAk(0k)H < 35 x A\) 1—-Ch.

Let d = po,d’ = pj,n = A\; in Lemma 34 and recall (45), we get

)\k d7r (8)
J(01:p0) > J(ms;p0) — 2 max —— P02
Orso) = J(mespo) = 2 g Po(s)

holds with at least probability
1- Ct)

which completes the proof.

Appendix C. Proofs of Section 5
C.1 Proof of Proposition 6

Proposition 35 (Convergence of the critic) Let Assumptions 4.1, 4.5, and 4.4 hold. Then
there exists an £, norm such that for any

€ (0,min{2(eg — €a), €a}),

if to is sufficiently large, the iterates {q:} generated by Algorithm 1 satisfy

o)

Proof The proof is similar to the proof of Proposition 4. To start with, define

]E |:Hqt - q~7'('9t,)\t

y= {(s,a,s') |s€S,ac A, s €8,p(s|s,a) > 0},
th = (StaAta‘S’tJrl)?

0 s # s2
po(az|s2)p(sh|s2, a2) 8§ = so.

PC((Slvala Sll)a (827 az, 3,2)) = {

According to the action selection rule for A; specified in Algorithm 2, we have

PI‘(Y;Jrl = y) = PCH—l (Y;h y)7

Assumption 3.1 is then fulfilled.
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Assumption 3.2 is immediately implied by Assumption 4.4. In particular, for any ¢, the
invariant distribution of the chain induced by P is d,, (s)ue(als)p(s'|s, a).
To verify Assumption 3.3, first notice that

Fe(@) = Y dyy()poals)p(s']s, ) Fe(q. 5,a,5)

s,a,s’
= Dy (r +vPr, (¢ —nlogmg) — q) + ¢
= (I - D#G(I - ’VPWG))q + Due(r — NV Pr, logWG)’

where 7y denotes a vector in RIS*Al whose (s, a)-indexed element is my(als) and log 7y is
the elementwise logarithm of my. Then, we have

Felq) — Fe(d') = Ap(g — 4'),
where Ay is defined as in (40):
Ag=1—Dy,(I —~Pr,).
According to the proof of Lemma 3, there exist a £ € (0,1) and an ¢, norm such that Vz,
[ Ag]], < k|,
implying
1Fe(a) = Fe(@)], < slla— ],
Further,

Felg) =4
> r+7Pr,(q¢—nlogm) —q=0
<= ¢=Gryn (Lemma 1 of Haarnoja et al. (2018)),

which completes the verification of Assumption 3.3.

We now verify Assumption 3.4. In particular, the norm [|-||. in Section 3 is now realized
as the £, norm above.

To verify Assumption 3.4 (i), for any y = (s¢, ag, $1), we have

N / s.a) — Q('S?a)_q,('s?a)’ (S,G)#(SO,CL())
(Fela.y) = Feldv) (=) {vzal mo(ar]s1) (a(s1,a1) — ¢'(s1,a1)),  (5,) = (50, a0)

Hence

|Fe(q,y) — Fe(d )| < lla— ..

implying

Uso,
IFe(a,y) = Fe(dw)]), < K;Hq —d||,-
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Assumption 3.4 (i) is then fulfilled.
To verify Assumption 3.4 (ii), for any y = (so, ao, s1), we have

(Fe,(a,y) — Fe.(a,9)) (s, a)

0,
Bl {7 > ay (Mo, (a1]s1) — g, (a1]s1)) q(s1,a1) + AH (70, (+[51)) — AkH (70, (+|51))

Since
|AH (7o, (+[51)) — ARH (o, (+[51))]
<[At = A [H (g, (+[51)) + Ak[H (7, (-|s1)) — H (7, (-|s1))]
<|Ar — Ai|log |A| + Ax, (log |A| + €71 |6, — 6)]|  (Lemma 50)
< (log [A] + Mog [A| + xe ™) [1¢ — Cll,
we have

1 Feo (@ y) — Fe(a, )|l o
<YIA|L )16 — Oklllqll oo + (log |A| + Alog [ Al + Ae™ 1) [I¢ — ¢l
<YIA|Lz |G — Gllllgll o + (log [A] + Alog [A] + e ™) (G — G

Y| A|Lx log | A| + Aog | A| + Ae™?
<AL Gl + AT ALBAIEAT) g,
l2,ploo,p lQ,p
Assumption 3.4 (ii) is then fulfilled.
To verify Assumption 3.4 (iii), for any y = (s, ag, s1), we have
0, (s,a) # (s0,a0)

(Fe,(0.9)) (s,0) = {r(so,ao) +yAH (9, (|s1)),  (s,a) = (s0,a0)

Then

1, (0, )1, < oo pl[ Fo(0, Y)ll o < oo, (rmaz +yAlog | A[) .-

Assumption 3.4 (iii) is then fulfilled.
To verify Assumption 3.4 (iv), we have

9

(s,a) # (s0,a0)

(s,a) = (s0,a0) '

FCt (Q) - FCk (q) = th (q) - ng (Q) - ry)‘tD,U«@t Pﬂ'gt IOg o, + ’y)\k‘Duek Pﬂ@k 10g 7T9k7

where Fy is defined in (14). In the proof of Proposition 4, we already show that there exist

constants C; and Cq such that

|F0,(a) = Fau(@)ll, < C1ll6: = 04l (lall, + C2) < Cullce = Gill, (llall, + C2) -
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We now bound the remaining parts —'y)\tDM)t Pm)t log 7r9t+’y/\kD#9k PW@k log my, . First, notice
that

(Pr, log o) (s,0) = 3 p(s']s, @) 3 mo(a|s') log ma(a|s")
— = 3 pls']s, a)H (mo(-]s)) -

It is easy to see H (mp(+]s’)) is Lipschitz continuous in 6 (Lemma 50) and is bounded by
log | A|. We, therefore, conclude that Py, log g is Lipschitz continuous in 6 and is bounded
from above. Since D, is also Lipschitz continuous in § (Lemma 48) and is bounded from
above, Lemma 44 asserts that there exists constants C3 and C4 such that

||DMGP7"9 log 7rg” < (s,

| Dyy Pry log mg — Dy, Pr,, log mgr|| < Cy|0 — 6],
implying
H)‘kD“% Pﬂek log mg, — )‘tDuet Pﬁglt log 7y,
<[ — Adl ‘ Dy, Pry, log o, || + /\tHDwk Py, 10g g, — Dy, Pry, log g,

<C3|| Ak = Aell + AC4q |0 — Okl
<(C3 4+ ACY1¢ — Gl

which completes the verification of Assumption 3.4 (iv).
To verify Assumptions 3.4 (v), it suffices to show that

dﬁgt,)\z - qﬂ’gk,)\]c

, < Csl[¢ — Ckll,

holds for some positive constant Cs. According to (19), it suffices to show that for some
positive constant Cg,

‘ ﬁﬂ'gt,)\t - ﬁﬂgk,)\k » S C6||Ct - Ck‘”p
Recall by definition
O 2o (8) =g, (5) + A By | > 7' H (7o, (1S044)) | S =5 - (55)
i=0
Hﬁt(s)
Clearly,
log | A|
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We now show that Hy(s) is Lipschitz continuous in 6. Let pg s denote the distribution on
S such that all its mass concentrates on the state s, i.e., pps(s) = 1. We can then express
Hy(s) as

Hy(s) = ﬁ A ry,po,s (S)H (o (+]s)) -
It is easy to see that

dﬂe ;Y5P0,s (8”)

=(1=7)) ' Pr(S; = 5"|So ~ po.s)
=0

o
=(1—=7)pos(s")+ (1 —7) Z’Vt Pr(Sy = s"|So ~ po,s)

o
Il
—

=(1=Ypos(s")+ 1 =) Y Pr(Si1 = s"|So ~ po.s)

WE

~
Il
o

=(1 = 79)pos(s") +~v(1 =) nyt ZPr(St = 5'|So ~ po,s) Pr(Sey1 = 5"|S; = &)

t=0 s’

=(1=)po.s(s") +7 Y Pr(Sis1 = 8"ISi = &)y, ().

s

In a matrix form, we have
dﬂe,%po,s =(1— 7)?075 + VP;dﬁempo,s
Ty—
= d7T9777p0,s :(1 - ’7)(1 - ’YPTI'Q) lpo,sa

where we have abused the notation a bit to use Py, to also denote the state transition matrix
under the policy 7. Similar to (42), we conclude that dr, - p, , is Lipschitz continuous in 6.
Lemma 50 confirms that H (my(+|s)) is Lipschitz continuous in 6. Hence Lemma 44 asserts
that Hp(s) is Lipschitz continuous in 6, i.e., there exists a positive constant such that

’HG(S) - HG’(S)| < C7H(9 - G/H. (56)
Similar to (42), we can also show that there exists a constant Cg such that
"UWQ(S)_’U’TF&/(S)} < CgHG—QIH. (57)

We, therefore, have

U, A¢ (s) — 7~)7T9,C e (8) ‘

< |vmg, (8) = Vmg, (5)‘ + [At — Ak |[Hg, (s)| + Ax[Hyg, (s) — Hyg, (s)]
log | A
<Cgl|0; — Ok|| + [A\e — k| 1g_| 7| + AC7||0: — O]
log | A
< (cw+ 220 acr) - al,
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which completes the verification of Assumption 3.4 (v).

For Assumption 3.4 (vi), first notice that the soft action value function ¢r, can be
regarded as the normal action value function ¢, w.r.t. to the reward

r(s,a) + 0 p(s'|s, a)H (w(-|s"))

Then it is easy to see

Tmaz + Alog | A|
L=y

Grayn, (5:0)| U5 = , (58)

which completes the verification of Assumption 3.4 (vi).

For Assumption 3.4 (vii), we have

\Pe,(y,y") = Peo (y, )| < Collr — 0k < Coll G — Gll,

where the existence of the positive constant Cy is ensured by Assumption 4.3.
Assumption 3.5 is automatically fulfilled since in our setting we have ¢; = 0.

Assumption 3.6 is automatically implied by Assumption 4.1 except for (11). According
to the updates of {#;} in Algorithm 2, we have

10141 — O]

=5,||>" 74, (al S1) Vg log 779t(a\St)(H(qt(St, a)) — A log W@t(a\St)> H
—5, ZV%gt(a|St)<H(qt(St,a)) N log7rgt(a|8t))H

+ B

<Bi|| Y Vo, (alS)TT (g (St, a))

> " Vg, (alS) log me, (al St)

<B:2U; + Bt ((58) and Lemma 50)

> "V, (alSy) log m, (al Sy)

=B:2U 5 + B

> "V, (alSy) log mo, (alSy) + o, (al i)V log g, (alSy)

=B:2U 5 + Bl [VH (g, (-50)) |
<B2U; + B (log|A| +e™')  (Lemma 50)
<Bi (2U; + Alog |A| + Xe ™). (59)

Ly
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Further,

[At+1 — Al

:)\< 1 B 1 )
(t+to)r  (t+to+ 1)
:)\(t o+ 1) — (t +tg)
(t+to)>(t +to+ 1)
(t+to+ 1) (t+ 1) ™ — (t+ to)
(t 4 to)(t +to + 1)
(t+to 4+ 1)t +to + 1)1 7 — (¢ + to)
(t+to)(t + to)

<A

A
A+ t)
_Btﬂ(t +to)tter

Sﬁtg-

We, therefore, conclude that that there exists a constant L such that

||<t+1 - Cth < /BtLC7

which completes the verification of Assumption 3.6.
With Assumptions 3.1 - 3.6 satisfied, invoking Theorem 2 completes the proof. |

C.2 Proof of Theorem 7
Theorem 7 (Convergence of the actor) Let Assumptions 4.1, 4.5, and 4.4 hold. Fix any

€q € (0, min {2(eg — €q), ea}).
Let ty be sufficiently large. Fixz any ¢g > 0 and any state distribution pj. For the iterates

{0} generated by Algorithm 2 and any t > 0, if k is uniformly randomly selected from the
set {[51,[51+1,...,t}, then

- 2 1
HVJA;C(F@;PB)H = e

holds with at least probability

1 log?t 1
1-0 <t16560 + tes—¢o + t6q60> '
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Proof In this proof, we use as shorthand

J(0) = J(mo; pp),
In(0) = Jy (73 pp),
dﬂ';’Y(S) - dﬂ','y,pfJ (5)7

i.e., we work on the initial distribution pj, (instead of py). Recall the entropy regularized
discounted total rewards is defined as

- 1
Jn(7r9§p6) = J(?Tg;p6) +n ﬁ Z dmg,'y,p{J (S)H (779(“3)) .

S

H(mg)

According to Lemma 7 of Mei et al. (2020), J(#) is Lj-smooth for some positive constant
Ly wrt |]. According to Lemma 14 of Mei et al. (2020), H(mg) is Ly-smooth for some
positive constant Ly w.r.t. ||-||. Hence .J,(6) is (Lj+nLg)-smooth. With 7 = ), Lemma 45
then implies

Tn(Brs1) 205, (00) + (VIn,(60), Bus1 = 01) = (L + ML) 811 — 6]

> 1000 + (5, 00), 001 — 00) ~ L 8 = 641,

v M,

where if] = L+ ALy. Using (59) to bound M> yields

. 1
M, < l—ﬁng.
2,p

To bound M, we reuse the Y; and Y; defined in (47) and (51). For any s, we define

A (0,s,m) = Z 7o(s,a)V log mg(als) (Gryn(s,a) — nlogme(als)), (60)

A1(0,m) = " dy,(s)A(B, s, n).

54



SOFTMAX OFF-PoLicY AcTOR CRITIC UNDER STATE DISTRIBUTION MISMATCH

Then we have
M,
:<vj>\t (915)) 9t+1 - 0t>

a

:5t<vj&(9t), >~ 70, (al$)V 1og g, (] 1) (T1(e (S @) — Ar log m)t(a\st))>
=B (VI (602), 1 (01, 20) )
M

+ ﬁt <Vj/\t (Qt)a Z vw@t (a|St> <q~ﬂ'9t7)\t (St> a) - )‘t IOg o, (a”St)> - Al (0t7 )‘t)>

a

M2

+ B <vj&(9t>, >~ Vo, (1) (T1(ar (St @)) = ry, 0 (St a))> .

Mis
To bound Mlg, define
N6, 5,m) = (VJy(0), Aa(8,5,) — D (6,1) ). (61)
We then decompose Mlg as

Mz = Ny (0, Si, i)
= A1(0s, Sty M) — Aﬁ(et—rﬂt ; Sty At) + Aﬁ(et—rﬂt ; Sty At) — Aﬁ(gt—rﬂt , Sty At)

Mia1 M2z
+ All (ethBt ) Sta )\t)a

Mi23

where we recall that S, is defined as part of Y; in (51). Let us proceed to bounding each
term defined above.

Lemma 36 (Bound of Mn) There exists a constant x11 > 0 such that,
- - 2
My > XllHVJ/\t(Ht)H .

The proof of Lemma 36 is provided in Section E.20.

Lemma 37 (Bound of ]\7.[121) There exist constants L%, > 0 such that
1

HM121H < Lz/lLeﬁt—Tﬂt,t—l7

where Lg is defined in (59).
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The proof of Lemma 37 is provided in Section E.21

Lemma 38 (Bound of Mlgg) There exists a constant U"‘,1 > 0 such that

-1
HE [MUQ} H < UpIS||A|L,Lg Z Bt—rs,.4-

J=t—7p,

The proof of Lemma 38 is identical to the proof of Lemma 29 in Section E.15 up to change
of notations and is thus omitted.

Lemma 39 (Bound of Ma3)
e <03

The proof of Lemma 39 is identical to the proof of Lemma 30 in Section E.16 up to change
of notations and is thus omitted.

Lemma 40 (Bound of My3) The exists a constant x13 > 0 such that

]| v o 2] o0

The proof of Lemma 40 is identical to the proof Lemma 31 in Section E.17 up to change of
notations and is thus omitted.

Now using exactly the same routine as the proof of Theorem 5 in Section B.3, we obtain
that there exists some positive constants x3, x4 and x5 such that

t

s[[w o] 0 S 3 e [ona] 2o

31 k=[]
Ve [I7o]]

+ X4 Z E [H% — o, A
k=[1]

M -
ol

k=

t
log?(k + to)
+X5kz[:] (k + to)

where the ¢, norm is defined in Proposition 6. To continue mimicing the proof of Theorem 5,
we need to establish counterparts of Lemmas 32 and 33 to bound the first summation in the
RHS of the above inequality. The counterpart of Lemma 32 is trivial since by the definition
of J,(0) we have Vt,0

I 0)| <.

where U is defined in (58). This simplification is because that H (7 (-|s)) is always bounded
by log|A| but KL (Ua||7(:|s)) can be unbounded. Then we have
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Lemma 41

_ 3ABlog|A| | 2U;

(e Or11) = T (0)) < — S+ 1)

M-
==

N+

k

(3]

The proof of Lemma 41 is provided in Section E.22. Using the same routine as the proof of
Theorem 5 yields

" - 2
t—[5]+1 o\ T Tae )

Ch

We now analyze the above equality from a probabilistic perspective. Consider a positive non-
increasing sequence {d;} to be tuned. Fix any ¢ > 0. Then select a k uniformly randomly

from {[£],[£]1+1,...,t—1,t}. Now the random variable HVj,\k(Hk)H has randomness

from both the random selection of k and the learning of ;. Using Markov’s inequality
yields

Pr(HvJAk(ewHQ < 6t> >1 - (sltE [HvJAkwk)m
—1- ;tu«: [E [“vjAk(ek)‘)2 | /<;H

t ~ 2 }
LS| [vhe] 1k

6 t—[L]+1
1 -
>1— 5—6}. (Using (62))
t

Since 0 > &+, we have
- 2 . 2
)‘VJ,\k(Gk)“ < — HVJ)\k (Qk)H < .

Consequently,

- 2 . 2 1 -
Pr(HVJAk(Qk)H < 5k> > Pr<HVJ,\k(9k)H < 6,:) >1-5Co

Letting

then completes the proof. |
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C.3 Proof of Corollary 8
Corollary 42 (Optimality of the actor) Let Assumptions 4.1, 4.3, and 4.4 hold. Fiz any

€ € (0, min {2(eg — €q), ea}>.

Let ty be sufficiently large. Let {6;} be any positive decreasing sequence converging to 0.
For the iterates {0;} generated by Algorithm 2 and any t > 0, if k is uniformly randomly
selected from the set {[%L [%} +1,... ,t}, then

. Tt - - (5k
J(mg,:p0) = J(m4;p0) — O (A) — O (Ak (ming , 7r9k(a|s))2>

holds with at least probability

O (t=(=<8) + 10 log*t + t~0)

1—
Ot ’

where m, can be any optimal policy in (2).

Proof Fix any state distribution p satisfying Vs,p{(s) > 0. Then, from the proof of
Theorem 7 in Section C.2, we conclude that

- 2
|V (o) < (63)
holds with probability at least
3
Ot

With the convergence to stationary points established in (63), we now use the following
lemma from Mei et al. (2020) to study the optimality. Let m, , be the optimal policy w.r.t.
the soft value function, i.e., V., s,

f}ﬂ,n(s) < ﬁm,nﬂi(s),
then we have

Lemma 43 (Lemma 15 of Mei et al. (2020)) For any state distribution d and d’,

~ 2
S1]| Vo )|

B dw*,n,'y,d(s)
2nming d'(s) (ming 4 mo(als))? s drgya(s)’

jn(m% d) > jn(”*m d)

Obviously, for Lemma 43 to be nontrivial, we have to ensure Vs, d'(s) > 0.
Letting d = po,d’ = p{, in Lemma 43 and using (63) yield that

- 2
i i 81|97 T (i )| Irpg v (5)
J T ; >J . ; o max *, ka’vaO
)\k( 01 pO) = )\k( Ak pO) 2)\k min, p{)(s) (min&a 7o, (CL|S))2 s dﬂek vl (S)
~ S| 1
> J (e o) — 1510 (64)

2 mins p{(s)

2)\]€ HliIlS p{)(S) (mins,a s (CL|S)) T—y

58



SOFTMAX OFF-PoLicY AcTOR CRITIC UNDER STATE DISTRIBUTION MISMATCH

holds with probability at least

According to Proposition 2 of Dai et al. (2018), we have

~ nlog| Al
In;mx ’Uﬂ*,n,n(s) — U, (3)| < ﬁ,
implying
- log | A
(Jn(m,n;po) - J(m;po)‘ Snlgll,
-
ie.,
. log | A
I (s Do) 2 J (5 p0) — 771|v| (65)
From (20), it is easy to see
- log|A
Jn(m;p0) < J(m35p0) + 771g|’y| (66)
Putting (65) and (66) back to (64) yields
2\ log | A 1 —9)|S|o
J(mg,5p0) = J (75 po) — Al . (, 7)|. | 7
1—7 2\ (ming p{(s) ming 7, (als))
which completes the proof. |

Appendix D. Technical Lemmas

Lemma 44 Let f1(x), fa(x) be two Lipschitz continuous functions with Lipschitz constants
L1, Ly. Assume ||f1(2)|| < Uy, || f2(2)|| < U, then L1Us + LaUy is a Lipschitz constant of

f(@) = fi(@) f2().
Proof

[ f1(z) f2(x) — fi(y) f2(y)]]

<\ fi@)[lll f2(z) = o) + [ 2 f1(z) = fr(y)]]
<ULy + UsLy) ||z — y.

Lemma 45 The following statements about a differentiable function f(x) are equivalent:
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(1). f(x) is L-smooth w.r.t. a norm ||-|,.
(ii). [V f(x) = VI, < Lz -yl
(iii). f(y) = f(2) = (VF(x)y = 2)| < Fllz v
Proof See e.g. Definition 5.1 and Lemma 5.7 of Beck (2017). [ |

Lemma 46 For any x, 2/,
(VM(@),a") < ||, |||,
(VM(z),z) > ||=])%.

Proof The proof is taken from Section A.2 of Chen et al. (2020) and we include it here for
completeness. Since M(z) = %Hm”fn, by Theorem 3.47 of Beck (2017),

VM (z) = [z, v,
where v, is a subgradient of ||z||,, at . Consequently,

(VM(),2") = ], (2 2")
<l ozl 2],

<zl ']],»

where the first inequality results from Holder’s inequality and the last inequality results
from the fact that [lvg]|;, <1 (Lemma A.1 of Chen et al. (2020)).
Further, notice that ||z||,, is convex, we thus have

2], < (101, + vy 2 = 0),
implying

(VM (2),2) = 2] {va, ) > [l

|
Lemma 47 Given positive integers t1 < to satisfying
1
atl,tgfl S ﬂ?
we have, for any t € [t1,t2],
Hwt _wth < 2at17t2*1(AHwt1||c+B)a (67)
[we = wy || < 4oy -1 (Al|we, || + B), (68)
. B
o — i, < i (o o .} + 5 (69)
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Proof Notice that

lweralle = llwell.
<fwet1 — wel
Sou||Fy, (we, Vi) — we + €|,
<o ([|Fo, (we, Y)l|. + lwell, + [lecll,)
<oy(Up + (Lp + 1)||we]|, + |l&]l.) (Lemma 61)
<a(Up 4+ U.+ (Uc+ Lr + 1)|lw||.) (Assumption 3.5)
<ay(Allwell, + B)  (Using (26)) (70)

The rest of the proof is exactly the same as the proof of Lemma A.2 of Chen et al. (2021)
up to changes of notations. We include it for completeness. Rearranging terms of the above
inequality yields

B B
fuesall+ 5 < 0+ aia) (ol + 5.

implying that for any ¢ € (¢1, t2],
t—1
B B
el + % < TL0+ A) (ol + 5 )-
Jj=t1

Notice that for any z € [0, 3], 1 + 2 < exp(z) < 1 + 2z always hold. Hence

1
atl,tg—l S m
implies
t—1
H (1+ Aaj) < exp(Aay, 1-1) <14+ 2A0y, 1—1.
Jj=t1

Consequently, for any ¢ € (¢1,t2], we have

B B
Jurll + 5 < (1 2A0001) (Jun .+ 5 )

= Jlwill < (14 24ay, 1-1) lwi, |l + 2Bayy -1,
which together with (70) yields that for any ¢ € (¢1,ts — 1]

|wer1 — well, < o (Al|lwell, + B)
< (AL + 2404, 1) lwy, ||, + 2ABay, -1 + B)
. 1
< 2a¢(Alwy, ||+ B) (Using ay, t—1 < ﬂ)
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Consequently, for any ¢ € (1,t2], we have

t—1 t—1
lwe —wi,ll. < D lwjer —wjll. < ) 205 (Allwe, | + B)
j=t1 j=t1

= 20‘t17t—1(‘4”wt1 Hc + B) < 2at1,t2—1(AHwt1 Hc + B)v
which completes the proof of (67). For (68), we have

”wt2 — Wy Hc §2at1,t2*1("4”wt1 Hc + B)
§2at1,t2—1(A||wt1 — Wiy Hc + AHth ”c + B)

1
Sintl — Wiy Hc + 2at1,t2—1(‘4”wt2 Hc + B)a
implying
||wt2 — Wy Hc < 4O‘t1,t2*1(A||wt2”c + B)'
Consequently, for any t € [t1,to],

||U)t — Wy Hc Szo‘tlh—l(AHwh Hc + B)
Szat17t2_1(A”wt1 — Wiy Hc + AHwt2 Hc + B)
§2at1,t2—1 (A4O‘t1,t2—1(AHwt2 Hc + B) + AHwt2 Hc + B)
. 1
S40‘151,1‘/2*1(AHwtzHc + B) (USlng Aty ,to—1 < H) )
which completes the proof of (68). (67) implies
B
e T
(68) implies
B
A?

[wi = wey || < flwes [l +

then (69) follows immediately, which completes the proof. |

Lemma 48 Let Assumptions 4.8 and 4.4 hold. Then there exists a constant LL such that
V0,0 a,s,

|duy (s, a) = dp,, (s,a)| < LLHH 0|

Proof See, e.g., Lemma 9 of Zhang et al. (2021). |

Lemma 49 For any |||, we have

I =y | = [ = vy
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Proof

I =y = XYy = Xy | < Xl = .

Lemma 50 With softmaz parameterization,

dmo(als) _ Li=smo(als) (la=a’ — mo(a'])) ,
d98/7a/
dlog mg(als)
BT _ g, (1 = mafa).
dKL (Ual|mg(-]s)) ! !
B Vol = )
d
M To (57 CL) = Hs:s/ﬂﬁ(a,|s)‘4dvﬂ9 (S’ a,)’
des/ﬂ/
d.J (a3 po) 1
dbs o T 1- ”ydﬂe,%po (s)mo(als) Advr,y (s, a),
IVH (m5(-|))|| < log |A| + e,
dmg(als) , . ¢
dl&if,’y) (Grgn(5,a) —nlogmg(als)) = L=y mg(a[s) Advr, 5 (s, a)

dJy (mg; po 1 ~
BOD0) Ly ()0l A 5 0),

where

A~dv7r67n(s, a) = Gry (s, a') —nlogmy(a'|s) — Vg (),
Advr, n(s,a) = gry(s,a) — vr,(s).

Further, for any s, H (ma(-|s)) is (4 + 8log|.A|)-smooth.
Proof (71) is well-known. For (72), we have

dlogmp(als) 1  dmg(als)

= = ]I ! ]I —a! — ! .
des/ﬂ/ 7T9(CL|S) dGs/@/ 5=F ( a=a 7'('9((1 ’8))

For (73), we have

dKL (Ua||ma(:]5) L=y Z dlog mg(als)

A0y o T4 A0y o

-2 e = mala9).
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Since
S (Lcwr — mo(d}s)) = (Z (0— wg(a'\s))> +1=1-|Am(a’ls),
we have a a
WL o) - )
For (74),

dmp(als)
4y T

- Z Li—s'mo(als) (]Ia:a’ — T (a/|8)) Gy (5, @)

=Ly (7['0(@,‘5)(]#9(5’ a')+ Y mo(als) (0 —mo(a’ls)) gn, (s, a))

=l—y (Wg(a/|s)q7r0 (s,a’) — we(a/|s)vﬂ9(s)) .
For (75), see, e.g., Lemma C.1 of Agarwal et al. (2020). For (76), we have

dH (7 (-|s))
d05/7a/
B dmg(als)
= ]IS:S, . m log 7T0(CL|8) + 0

=Ty Zﬂ'g(a\s) (]Ia:a/ — Wg(a']s)) log mg(als)

= — Ly (mo(d'|s)H (m(:|5)) + mo(d|s) log ma(a']s)) ,
implying
I VH (m9(-]5)) || < log |A] +e~".

By setting v = 0 and putting all the mass of p (initial distribution) in s in Lemma 14 of
Mei et al. (2020), we obtain that H (mg(-|s)) is (4 + 8log |.A|)-smooth. For (77), we have

(Grg,n(s, @) — nlogma(als))

= ZHS:S/WG(GIS) (]Ia:a/ - 71-0(0/|3)) ((jﬂg,n(sa a) - 7710g 7I'9(6L|S))

=lo=s (We(a’IS) (dmon(s.a') = nlogmo(a'ls)) = > mo(als)mg(a'|s) (Gny,n(s, @) — nlog 7ra(al'S)))

:Hs:s’ﬂé(a,‘s) (qwem(su a/) —nlog WH(GI‘S) - ﬁﬂe,n(s)) .

Since (78) is identical to Lemma 10 of Mei et al. (2020), we have completed the proof. W
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Appendix E. Proof of Auxiliary Lemmas
E.1 Proof of Lemma 12
Lemma 51 (Bound of T1)

LwLeﬁt

Th <
lcm

*
[[we =, [,,-
Proof

T, :<VM(wt — wp, ), wp, — w;t+1>

SHwtfw;thHw;t waH_l (Lemma 46)

Lw L@Bt
lcm

m

<||we — w;th (Assumptions 3.4, 3.6 and Lemma 10)

E.2 Proof of Lemma 13
Lemma 52 (Bound of Ty)

Ty < (1= 557 e = wj, |

lcm
Proof
T2 :<VM(’U)t — w;‘t), th (wt) — ’LUt>
=(V M (wy — w,), Fy, (we) — Fo, (w},)) — (VM (wy — w},), w, — w},)

wy is the fixed point).
0

To bound the first inner product, we have
(VM (wq — ), Fo,(wr) = Fi, (w7,))
< ||wy — wp, HmHth(wt) - th(wzt)Hm (Lemma 46)
* 1 *
<lwe = wj, | 7—rllwe = wg |,
cm

< Uem K
lcm

e = w [,
For the second inner product, Lemma 46 implies that
(VM (wr = wj,),we = wh,) > [[we = ||,

Putting the bounds for the two inner products together completes the proof. |
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E.3 Proof of Lemma 14
Lemma 53 (Bound of T3;)

SL(LU)LQ + 1)0[15,7—% t—1

T3 <
&2,

(A2l = w3, |2, + ) .

Proof

Tyy =( VM (wi = wj,) = VM (Wer,, = wh, ), Fo, (we, Y2) = Fy, (wr))

<[ varwr = wi) - IM (g, — )

(wi, Yy) — Fp, (wy) |-

To bound the first term,

*

HVM(wt — wzt) — VM(wt_Tat — wzmat)
S

SEHwt - Wt—r,, + wp, oy w;t (Lemmas 10 and 45)
L
S*Hwt—wt_ths—l— 5} wp, e |l
_él Hwt wt—TatHc—i_é.l Ly LoBt—r,, t—1
4La—r,, t—1 L
<———(Allwe|.+ B) + o7 LwLgBi—r,,+—1 (Lemma 47)
glcs é-lCS
4L oyt * * L
< (Ao — i |+ Al |+ B)+ 5= LuLoier, 0o
§lcs Elcs
ALo—q, 41— . . 4L
< T (e = ||, + Al |+ B) + 5 (Lo + Do rg et
Eles Eles
AL(Lyy Lo + 1)oy— _
< ( wif )O[t Tat,t 1(AHwt—w;tHC+AUw+B+1)

- Eles
To bound the second term,
HFGt (wt7 }/;f) - Fet (wt) HS

1 _
S—HFat (we, Y3) — Fy, (wy)]|,

< i (1o, Cwe, Yl + [ Fo, (we) = Fou (w3 )| + [[wi[l.)
l; (Ur + Lol + e = i, |+ i, ]l.) (Lemma 61)
<3 (Ur + Lilfwn = wi |, + Ll |, + e = i ], + )
<1 (Alwr = wj, |, + Allwi ]+ B)
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Combining the two inequalities together yields
(VM (wy —wy,) = VM (wi—r, —wp,), Fo, (wy,Y;) — Fp, (wy))
4L(L Lo+ 1)at—r,, t—1
< ¢z
<8L(LwL9 +1)at—r,, t-1
- §l2
which completes the proof. |

(Al — i, ], + €

(A%, |Jwe — wj |2, + C2),

E.4 Proof of Lemma 15

Lemma 54 (Bound of Ts2)
32Lt—ry, t-1(1 + LuyLoBt—r, 1)

T30 <
El2,

(uEmAZHwt - wthiL + 02) .
Proof
n2=<vmuwpmt—waq%xf@umA@—a%xwpm,n>+ﬁaamﬂm>—ﬁaww>

SHVM wt—'rat - w;t Toy }Fef wt,Yt) — Fy, (wt—ra ,Yt) + Fe, (wt—'ra ) - Fet(wt)Hs

< |vMis, - %mwmw%>mmmxwmmmwmmm

For the first term,

*

[vat e, =i,

(79)

*

:HVM(wt_Tat —wj, ., )= VM(wj, —wj)||

(Using VM (0) = 0, see the proof of Lemma 46)

SéH(that - wthat) — (wp, — wp,) ) (Lemmas 10 and 45)
S
<£Hwt_7_ —w; H + EHw; _w;
_§ ot tils é- ¢ t_Tat
L } I
SglcusHat _wetHc—F e — Ly LgBy— Togst—1
L *
g (om0 + G B

L B i I
ST (IthII + 3w - wetHc>+£l LuwLgBi—ry, -1 (Lemma 47)
cs

< L(1+ LwLGBt—Tat,t—l)
- Eles

< 2L(1 + Ly LoBt—ra, 1)
- Eles

B
(ol e =+ 5 + o = i+ 1)

B A
(Uw + 7+ e =g, ||+ 1) :
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For the second term,

HFQt (wt7}/t) - Fet(wt—’rat7}/t) + FQt (wt—Tat) - Fez (wt)Hc
<||Fo, (we, Y2) = Fo,(wi—r,,, Yo) ||, + || Fo, (wi—r,) — Fo, (we)]|,

<Lp||lwe—r,, —wi|, + Zdet ) (Fo, (wi—r,,y) — Fo, (wi,y))

C

SQLFHwtfrat - th
SQAHwthat - wt“
<8Aat—r,, t—1 (Aljwil|, + B)  (Lemma 47)

<8Aay_r,, -1 (A|lwe —wp, ||, + Al|wg,||, + B).

Combining the two inequalities together yields

(VM (wi—r,, —wp,), Fo, (wy,Yy) — Fet (W7o, s Y2) + Fo (Wer, ) = Fo (1))
16Lat rapt—1(1 + L LoBt—r,, t-1)

(Al|wy — wp, ||, + AUy + B + A)?

< &z
32Lag—r,, t—1(1 4+ LuwLgBi—r,, t—1) . 12
e )02 2y — |+ )
CcS
which completes the proof. |

E.5 Proof of Lemma 16
Lemma 55 (Bound of Ts31)

8Lay(1+ LywLoBt—ry, 4-1) [ 5 o . (|12 2
E [T331] < Aflgs - (ucmA E |:Hwt - w9thi| +C ) :
Proof
E [T331] (80)
=E <VM(wt,Tat - w;t_mt ), Fet,mt (wtfratyﬁ) - F9t—mt (wt,mt)ﬂ
r - _ et Tag
=E |E |:<VM(that - wet—rat )’ Fethat (wt*Tﬂtt ’ }/:‘,) - Fetfﬂ'at (wt*TOtt )> | fl;i: Tat:|:|
L Tat

i 0t Ta
=E <VM(wt_T"‘t - wztfﬂ'at )7 E |:F0t7'oct (wt_‘rat ’ }/t) Fet Tay ( t_TOtt) | gl;tTatt:| >:|

t Tag

*

~ gt Tag
L [P e 30 = B, 1 25

t Tay

<E HVM(wt_Tat —wj,_ )

|

1 % * ~ — Tag
SEE |:HVM(IU15_T% — wgt—mt )HSHE [th_mt (wt_Tat,Y;g) - th__rat (wt_mt) | glit—mt]

t Touy
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We now bound the inner expectation.

~ et Ta
HE |:F9t—'rat (wt_Tat7}/%) Fet Toy (wt Tat) ‘ l;t Tatt:|

t Touy

c

t Tay
Z <Pr <th — y | I;t Tat> — dat*"'at (y)) Fethat (wthatﬂy)

t—Ta
Yy t

[

~ ei—Tat
PI‘ <}/t = y ’ glitﬂlt> - det*‘f'at (y)‘

t—‘ro,t

< m;Lx HF@FT% (wt—Tat ' Y) HC Z
y

< max HFWT% (Wt—r,, , y)H a; (Definition of 74,) (81)
(&

<at(UF + LFHwt_Tat HC) (Lemma 61)
<oy(Up + Lp||wi—r,, — ’thc + Lp|lw,)
o (

B
(B + A([Jwl], + Z)
<ay(2B+ (A + 1)||wt||c)
<L20¢(B + Allwl],)

§2at(B + AHwt - w;tHc + AHw;t Hc)

+ Alw||.) (Lemma 47)

Using the above inequality and (79) yields

E [T331]
4Lay(1 4+ Ly LoBe—r,, +—
<p [P0 Te o) (4t 45+ Al — i+ 4)
SLOZt(l + LwLQ/Btha 7t,1) 2 92 % 112 2
SE[ A, (Al = wi, + €) |
which completes the proof. |

E.6 Proof of Lemma 17
Lemma 56 (Bound of T332)

8IVILpLy 5, Bty LU+ LuLBi—ray 4—1) .
E [T332] < = Af;gs : (ugmA2]E [Hwt — wetHfrJ + 02) .

Proof
E [T332]

=B [(VM (w5, w5, ) Fo, (00r0y o) = Fo, (w17, )]

1

< 2| [varn -,

*

wt— Toy
E |:F9tTo‘t (wt_To‘t ) }/t) Fet Toyg (wt Toy ) }/t) ‘ B ot :|
S

t— Tog

|
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(Similar to (80))

2L(1 + L., LyB;_ _
o R Vi T T 4
glCS A

t—1
TS @_mt,jwwuwt—wztuﬁAuwthJ]

j:tf‘rat
(Using (79) and Lemma 62)
<8D’|LPL9 Zzi_mt Bt—ra, jL(1 + LuLgBt—r,, t-1)
B AL,
which completes the proof. |

(2 A%E [Jluor — wi|I2,] + ).

E.7 Proof of Lemma 18
Lemma 57 (Bound of Ts33)

SLL/FLGBt—Tat,t—l(l + LwLeﬁt—rat,t—l)
A2,

Tys3 < (w2 d2[fw = w3, |12, + C?) .
Proof
Ty (VM (Wr-r, = W5, ), Foy(W0rays Y2) = Fo o, (W0r,, Vi) )
SHVM(wt_T% —wp, ) ) Fo (wi—ra,, Y1) = Fo ., (Wi—ry,, Y1)

2L(1 + LuLoBiro +-1) [y . B \
< ot (Yl + 5+l — i [|, + 1
€l A

X LIFLG/Bt—Tat,t—l <Hwt—mt HC + Uﬁ) (Using (79) and Assumption 3.4)

S S

Since
[, [l (82)
<lwrra, = e+ llwelle
<2 + % (Lemma 47)
* * B
< — i, |, + 20w, + 2.
we have
LL-LoBi—7., +-1(1 + LywLgBt—r., 1+
Ty < SR G R 0Bt ) (2 2y |+ (AU + A4 B + AURY).
CS
which completes the proof. |
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E.8 Proof of Lemma 19
Lemma 58 (Bound of T334)

8LL’§L9@_T%¢_1(1 + LwLeﬁt—rat,t—l)
A2,

T334 < (ugmA2Hwt - w;‘tan + 02) .

Proof

T334 :<VM(wt—7—at - th,mt )s Fet_mt (Wi—r,,) — Fo, (wt—mt)>
SHVM W—r,, — Wp, mt)

2L(1+L LgBs— Tayt— 1) . B .
= fl HwetHc+ Z + Hwt _thHc+ 1

LELoBt—ry, -1 (Hwt,mt Hc + Ujé) (Using (79) and Assumption 3.4)

*

s th (wt_'rat) - Fet—Tat (wt_Tat)

Using (82) completes the proof.

E.9 Proof of Lemma 20
Lemma 59 (Bound of Ty)

E [T4] = 0.
Proof
E[T4]
=E[(VM we,) )]
=E [E [< —wp,), &) | Ft]]  (Tower law of expectation)
=E [(VM (w; — wgt) le: | 7])]  (Conditional independence)

=0 (Assumption 3.5)

E.10 Proof of Lemma 21
Lemma 60 (Bound of T5)

oL
¢,

T5 S <A2 2 Hwt wé‘tan—i-Cz) .
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Proof

L
:7HF9t(wtv Y;f) —wt + 675”3

HFet (w, Y2) — we + €2

—55
L? 2

<ar U (we, Yollo + llwell, + lleclle)

—gzL (Ur + (Lr + D]Jwel, + Uellwe]|,, + U) (Lemma 61 and Assumption 3.5)
ﬂ (B + Allw],)?

* * 2

< e (54 Al — i + Al )
2

<gp (Auallwn —wi |+ %)

Lemma 61 For any time step t, almost surely,

1, (w, )l < Ur + Le|w],

Proof Assumption 3.4 implies that

1 Fo, (w, )| = [1F6, (0, )|, < [1F6,(0,4) — Fo, (w, y)]|,
S LFHU) - OHca

which completes the proof.

Lemma 62

Wt Tay
H]E |:F9t7—at (wth&t7Y%) - th T (wt Ta 7Y;J) | et Tat:|

t— Tay
t—1
ANLoLs 3 Frmray (B + Al — i, + Al )
J=t—Tay
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Proof In this proof, all Pr and E are implicitly conditioned on wt_Tat,Ht_Tat,Y}_mt. We
use O; to denote the set of all possible 6;.

Pr(Yt = y')
=3 | Pr(¥i =y Vi = .01 = 2)dz
y 7O
:Z/@ Pr(Yt =y | Y1 =y,0, = z) Pr(Yio1 = y,0; = 2)dz
t
—Z P (y,y') Pr(Yi—1 = y) Pr(0; = 2|Yi—1 = y)dz
Pr(f’t = y’)
=3 Pr(f/H = y) Py, (y:Y)
y
= ZPr<3~Q—1 = y) Py, (v, y')/ Pr(0; = z|Yi—1 = y)dz
y

O

=5 Pe{s = ) o )P0 = P =
t
Consequently,
Z Pr(¥i =) Pr(Vi= )|
< Z /

Since for any z € Oy,

Pr(Yi-1 =y)P.(y,y) — Pr(ﬁ—l = y) By, (y,y’)’ Pr(0; = z | Vi1 = y)dz.

Pr(Yi1 = 9)P.(y,y) — Pr(Vis =y) P, (1.9
< [Pr¥ies = 9)Pul) — Pr(Yior = ) Polyn)
+ ‘Pr(fi_l = y)P (y,y) — Pr(Yt 1= y>P0t vy (U5 Y )‘
<[Pr(¥is =) = Pr(Vier = y)| Po( ) + Lo LoBi-ra a1 Pr(Vics = ),
we have

So|pr(vi=y) - Pr(Yi=v)
<>

Pr(Y;-1 =y) — Pr(i/;t—l = y)‘ + | VILpLoBi—ra, t-1-
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Applying the above inequality recursively yields

2

t—1
Pr(Y, = o) m(g _ y/)‘ <ILpLs Y Bira - (83)

J=t—Tay

Consequently,

|E [#, (01 Y0 = P, (0, T

c

Z (Pr(Yt =y) — Pr<17t = y)) Fy, .., (Wi—ray > Y)

Y

C

t—1
<max|Fo,_,,, (Wi, 9)| PILPLo D Brnyy

J=t—Tay
t—1
<2VILpLy Y, Brra i (B + Allwe — wj ||+ Allwg,[|,) (Using (81)),
j:t—Tat
which completes the proof. |

E.11 Proof of Lemma 11
Lemma 63 For sufficiently large tg,

log(t + to)
= 1 - -1 = (L 0
Ta, = Olog(t + o)), Apry, -1 = O ( (t + to)ce )

log(t + to)> U —rap =1 _ ) < log(t + o) >
(t +t0)€0‘ 615 (t+t0)26a—56 .

Proof By the definition of 7,, in (25), it is easy to see

Btfﬂlt,tfl =0 (

I — log C,
S [Ogatogow _ O(log(t + 1)),
log T

where [-] is the ceiling function. Consequently,

log(t + to) ) o (log(t—l—to)>7

— 1 < _ =
at Toct7t 1_7—Oétat Tat <( (t+t0)604

t+ty — Tat)ea

implying
QO —7, t—1 log(t + to)
—— =0\ |-

ﬁt (t + to) €a—€p
Assumption 3.6 ensures (3; < oy holds for all . Consequently,
log(t + t0)>
(t+to)ee )’
which completes the proof. |

Bt—rayt—1 < Qt—ry, t—1 = O <
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E.12 Proof of Lemma 23
Lemma 64 There exists a constant Cy ., such that for all t <o,
* (12
E [Hwt - weth:| < Cto,uwo-
Proof According to (9), we have

w1l <lwell, 4 o (| Fo, (we, Yol + llwell, + lleel],.)
Lwell, + e (Ur + Li|lwell, + [Jwell, 4+ Uellwel|,, + UY)

(Lemma 61 and Assumption 3.5).

Consequently, it is easy to see that there exists a constant Cy, ., such that for all t < g,

E [|fuwe - wj,[12] < Co

[ |
E.13 Proof of Lemma 27
Lemma 65 (Bound of Mi1) There exists a constant x11 > 0 such that,
My > x|V, (6:)]1%.
Proof
My
At T
—Z 7T9t a" )VIOgﬂet(a|S)qW9t (S,CL) + Wdﬂet (S)VIOgﬂ-Gt(aLS) VJ/\t(et)
dm)t (als) At dlogm, (als)\ dJy,(6¢)
= Z ; < 'u‘(')t dHS/ a, Q7r9t (3 a) + Wd}tet( ) d0817a/ dgs/,g/
A dJy, (0
> (570, ) )+ i ()1 = M (a15) ) T
(Lemma 50)

= 3 (5170 ) Ay (5.0) + Ay (5 = (a1))

s,a

| T (970l A, (5,0) + 55 = ufals)

M1 Mi12
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(Lemma 50)
)
*Z M)t—]\/fln-i-Clugt(s)ls\]\/f112 (Mi11 + Mi12)
7retn<3)
dy =) g, (5)(1 =)
_Z et M111+du9 (5)|S| M7y, + Z—‘F dpg, (8)IS] | M111Mi12
WetrY ) Tret,’y(s)
A, (8)(1 =)
ZZX11M1211 +X12M1212+ <“9&(8> + :“9t( )|8| Mi11 Mo
s,a oY
MT13
where

e ()1 =)
X11 —10nf%,

»S

x12 = ipf dpg (5)|S]-

Assumption 4.4, the continuity of d,, w.r.t. § (Lemma 48), and the extreme value theorem
ensures that

x11 > 0, x12 > 0.
If My11M112 < 0, then

min {x11, X12}(

5 M1 + Mi2)?.

M1z > x11 Mty + x12Mfp >
If Mq11M712 > 0, then

Mz > x1i M2, + xi2M2s + (x11 + x12) M1 Mi1a > min {x11, x12} (Mi11 + Mi12)?
Let

= min {X211,X12} >0,

then we always have

M1z > x1(My11 + Mi1a)?,

implying
My > x1 ) (M + Mig)?
s,a
=1V, @0))* (Lemma 50)
which completes the proof. |
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E.14 Proof of Lemma 28
Lemma 66 (Bound of My21) There exist constants L}, > 0 such that
L3, Ly

|[Miaa | < Br—rg, t—1-

2,p

Proof We first study the Lipschitz continuity of A(6,y,n) defined in (48). As shown in
the verification of Assumption 3.4 (v) in Section B.2, ¢, is Lipschitz continuous in # and
bounded. According to Lemma 50, it is easy to see V log mp(als) is also Lipschitz continuous
in 6 and bounded. Assumption 4.4 ensures that infy , s pg(als) > 0, hence it is easy to see
mo(als)
tio(als)
Lemma 44 that there exist continuous functions Ly (n) and Uy (n) such that for any v,
HA(97?J777) - A(elaya T/)H < LA(T/)HG — )

sup A0, y,m) < Ua(n).

is also Lipschitz continuous and bounded from above. We, therefore, conclude via

We now study the Lipschitz continuity of A(#,7) defined in (48). Lemma 48 confirms
the Lipschitz continuity of d,,,. Consequently, Lemma 44 implies that there exist continuous
functions Lz(n) and Uz(n) such that

J466.m) — K@) < Lamo -
supHA0 y. )| < Uz ().

)

We now study the Lipschitz continuity of A’(6,y,n) defined in (49). Since J,(6) is
Ly + nLxky, smooth, Lemma 45 implies that L + nLxy, is a Lipschitz constant of V.J,(6).
From Lemma 50, it is easy to see the upper bound of V.J, () is also a continuous function
of n. Consequently, Lemma 44 implies there exist continuous functions Lx/(n) and Up/(n)
such that for all y,

HAI(Ha Y, 77) - A/(ela Y, 77)” < LA’ (U)HH - 9/H7 (84)
sup [|A"(8, y. m) | < U (m).

Hence

| M1l = ‘

A/(9t7 }/b )\t) - A/(Qt—Tﬂt ) )/;57 >\t)H

t ‘

51,77,% t—1 (Using (43))

< LA/()\t)Het — Oty
< L\ Lo

lZ,p

Since A € [0, A], La/(n) is a continuous function and well defined in [0, A], the extreme value
theorem asserts that L/(n) obtains its maximum in [0, A], say, e.g., L},. Then

L}/ Ly

[ M1 < ;
2,p

ﬂt—Tgt t—1-
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E.15 Proof of Lemma 29
Lemma 67 (Bound of My22) There exists a constant UX, > 0 such that

t—1
IE[Miz]| < URISIIAILLe D Brors, -
J=t—7g,

Proof
|IE [Mi2]|
:HE [IEI [M122 | Qt*Tﬁt’YZ*TﬁtH H

<E H’E [M122 ! 9t—Tﬁt,Y¥—mt} H .

We now bound the inner expectation. In the rest of the proof, all Pr and E are implicitly
conditioned on Ht_% and Yt—Tﬂf'

|E [Migo] ||
:HE [A’(Gt_mt,Yu A) = A (O, Vi, )‘t)] H

> (Pr(Vi=y) = Pr(Yi = ) A (01, 5 M)

Y

< m;xx HA,(Qt*TBz’y’ )\t)H Z Pr(i?t = y) —Pr(Y; = y)’
Y

<UnO0) D |Pr(¥i =y) = Pr(Y = y)|  (Using (34)
Yy
t—1
<Un(M)ISIAILLLy > Biory; (Similar to (83) with Ly defined in (43))
J=t—7p,

Since A\; € [0, A] and the continuous function Ups(n) obtains its maximum, say, e.g., Uy,, in
the compact set [0, A], we have

t—1
IE [Migo]|| < U/ISIAILWLo Y Brory, o
J=t—7g,
which completes the proof. |

E.16 Proof of Lemma 30
Lemma 68 (Bound of Mjs3)

|E [Mias]]] < Uj/ By
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Proof
| E [M1a3]||
:HE |:A/(9t77'gt ) ﬁv )‘t)} H
—|E[E [N O, T 20) [ 01-r, Vi, ]|

B O ST

We now bound the inner expectation. In the rest of the proof, all Pr and E are implicitly
conditioned on 6, and Y;_r, . Since Y} = (St, Ay) and

Z oy _ 3 t /'Lat 8, (CL| ) (et—Tgtv(Saa)aAt) =0,

we have

[ [0, Yo )]

S (Pe(S= st = a) = O, @l9)) N B1ory (s.0) 00

s,a

<suI;HA (s,a), \t) HZ

5@y

Pr (St =5 A = a) - dugt_‘rﬁt (S)WHBt (als)

<Ux B (Using (50))

which completes the proof. |

E.17 Proof of Lemma 31

Lemma 69 (Bound of Mis) There exists a constant ppqz > 0 such that

OJ V E[IIV7, 091

1B [Mi] | <2pmas/S X AME [Hqt ~

Proof
|E [M3]]|
:HE [<VJ)\t(9t) peV log o, (A¢]Sy) (H (qt(St, Ar)) — %ret(StaAt)»} H

<ZE HdJ,\t (64) dlogmgt(At|St) (H (a0, Ay) — qTrGt(St7At)>‘:|

desa dgs,a
dJy, (6)\?
<S5 ()

Y

E [(PtW)Q <H (q:(St; At)) — G, (StyAt)>2
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(Cauchy-Schwarz inequality)

dlogmg(als)
des”a/

Assumption 4.4 implies that

Hence

IE [Ms]|

§2pma:p Z

s,a

=2Pmaz Z

s,a

<2pmaz Z

s,a

§2pma:1: Z

s,a

my(als)

(als)

Pmaz = sup
0,s,a Ho

E (dﬁots(jt)y . (H (a:(St, A¢)) = o, (St At)ﬂ
E -<dt<{liots(,a0t)>2- - (H (a1(Se, A0)) =TT (g, (S At))ﬂ
= (2092) ]z (5. 4050

(Projection to a convex set is nonexpansive)

.

dJy, (6,)\*
(5 Je e

§2pma:1: \/E

<2pmazV/|S % AI\/IE [HQt — Gy,

which completes the proof.

| —

dJy, (0y)

‘qt - QTFQt

Te (]
" JE[w @],

(Cauchy-Schwarz inequality)

dbs o
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E.18 Proof of Lemma 32

Lemma 70 There exists a constant Uj such that for all t,
E [ 5, (0)]] < Ug, [E[Ix, (Oe2)]] < Ui

Proof Lemma 50 implies that

dJy, (6;) 1 ) 1
das,a -1 - ‘A| .

Since Ay < A, we conclude that there exists a constant x¢ (depending on \) such that V¢, 0
IV (O)]° < xe-

Then (52) and Proposition 4 imply that there exists some constant x7 > 0 such that

g .m0 (8)6 (0] ) AV, (5, a) | + 7= |ma(a

!3|

E [ (0r1)] ZE [y, (0] + Boxui [V, (0017

1 2
- (@XuW + Bixrt ™7 \ﬁ—i‘ﬁtm(t +1t E ) ~

(t—l—to) B

~~
2t

Hence

E [J>\t+1 (at-&-l)}
>E [, (01)] + Bex11E [HVJ/\t(@f)Hz} +E [Ia (0r51)] — E [y, (0141)] — 2

=E [, (00)] + Bx1iE [V, (00)]] + O = M) Eanats [KL Ul (15))] — 21
(Using (44))
>E [Jx,(0:)] — 2 (Using Ay > A1)

Telescoping the above inequality yields
E[Jx(00)] = E [, (60)] sz > E[Jx(60)] sz

Since eg > 0.5, we have

log (t —i— to . Blog?(t +to)
=) —— 2 <00,
Z Bt ; (t + tO)QEB

o0
Zﬁt t+ to) ; t+t E

Since €5 > 2(1 — €g), we have

Z Bit™7 < b 7 < 0.

ottt
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We, therefore, conclude that

00
E zp < 00,
t=0

implying E [J,\t+1 (0t+1)] is bounded from the below by some constant. By (44),

E [y, (6141)] < f”iv ,

we, therefore, conclude that ‘E [J \ +1(0t+1)” is bounded by some constant. Similarly, we
have

E[Jx (041
2B [Ja, 1 (00] + BoxnE | [V (001 +E [, (0] ~ B [, (60)] — 2

)]
6:)]
=E [J5,_,(0:)] + BixnE [||VJ>\t(0t)|| } (At—1 = M) Eswss [KL (Ual|mo, (-[5))] — 2t
>E [Jx,_,(0))] — 2z (Using Ae—1 > \p)

Hence |E [Jy,(0+1)]] is also bounded, which completes the proof. [ |

E.19 Proof of Lemma 33

Lemma 71

ﬁlkuwm) C I (00)| < QUB‘”

]~

(t+to)”

B
Il

[31

G

82



SOFTMAX OFF-PoLicY AcTOR CRITIC UNDER STATE DISTRIBUTION MISMATCH

7 N

E| > BlkJAk(ekJrl)/;gjx\k(ek))]

[ 1 1 1 1
=E Z <5kl‘]/\k—1(9k’) - @J/\k (Qk)> + EJ)\t(et+1) - ﬁmljxwl(@[;])]

=E 2 <5k1_ Tn_r (Or) — 5:_ J,\k(ek)—FB’j_lJ)\k(Qk) 5 J/\k(gk))}
E lJ 0 1 J 0
+ 3 e t+1)_5[%] 1 )‘(%1—1( re7)
5| 3 (G O A B KL @l (o)) + (5~ ) 0
k=[%1 Bt o * b1 B k
E = J, (6 o e
+ ) A (Orr1) — ,6’[ 1 Argr- 1( e ])

L1 | .
<E| 3 (5 ) 200+ 0 - Byt Hw(;v] (Using A < Mr)

t
1 1 1
< — — Ujr+ — U + U Usin 1> and Lemma 32
§ (5k B 1) Tt 5 U B 7 (Using Br—1 > B )

Uja Ui 1 1
: — — U+ U
B B B T By
2U.
:%(t—kto)eﬂ

E.20 Proof of Lemma 36

Lemma 72 (Bound of Mn) There exists a constant x11 > 0 such that,
- . 2
My > XllHVJ)\t(et)H .
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Proof
My,
T .
> (o, (5)70,(al3)V 10g 70, (als) (ry, 0, (5.0) = A Log ma, als) ) ) V., (61)
dmy, (als d.J,, (6
> < o (VD (g, (5.0) = Mo wHt(ar.s))) e
= Z ( o, (5", (@ |S')Aavﬂ9t(s',a')> d;gt/(ef) (Lemma 50)
- 2
(1= )du, (') [y, (6r)
= t L
s’,a’ dﬂetv"/(sl) des’,a’ ( e 50)
1—7)d ~ 2
> inf MHV{JA’&(&)H _

0,s dﬂ-eﬁ S

Assumption 4.4, the continuity of d,,, w.r.t. # (Lemma 48), and the extreme value theorem
ensures that the above inf is strictly positive, which completes the proof. |

E.21 Proof of Lemma 37
Lemma 73 (Bound of Mlzl) There exist constants L*,1 > 0 such that

HM121H < L*A&LG/Bt—Tﬁt,t—la
where Ly is defined in (59).
Proof We first study the Lipschitz continuity of A;(f,s,n) defined in (60). We have

Al(ev 8, 77)
= mo(als)Vlogm(als) (dny. (s, a) —nlogm(als))

= 3V ilels (5, 8) ~ 3 Vel og (o)
:ZVwe(a\s)ijmm(s a ’I’]ZV?T@ als) logmp(als) T]VZW@ als)
—ng al3)iiny (5.0) Zw ols)og molals) — 1’5" ro(als)¥ o mals)

:ZV’]TQ a|8)Gry (s, a) +nVH (ma(-|s)) .

From (55), (56) and (57), it is easy to see that (1) Ox,,(s), as well as gr, 5 (5, a), is Lipschitz
continuous in § with the Lipschitz constant being a continuous function of 7; (2) |vx,,(s)|,
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as well as |Gr, n(s,a)|, is bounded with the bound being a continuous function of 7. From
Lemmas 50 and 45, it is then easy to see both Vmg(als) and VH (mg(-|s)) are bounded
and Lipschitz continuous in #. With Lemma 44, we, therefore, conclude that there exist
continuous functions Ly, () and Uy, (1) such that for any s,

[ A1 (s, 0,m) = Ar(s,0',m)|| < La, (n)]|0 — ¢,
Sl;p ||A1(370777)|| < UA1 (77)

We now study the Lipschitz continuity of Ai(6,7) defined in (60). Lemma 48 confirms the
Lipschitz continuity of d,,. Consequently, Lemma 44 implies that there exist continuous
functions Lz, (1) and Ug, (n) such that

182(0,m) — A (O, m)|| < Lz, (m)[|6 = ¢,
supHA10y77H§ L(n).
We now study the Lipschitz continuity of A}(6,y,n) defined in (61). Since j,L(O) is Ly +
nLpg smooth, Lemma 45 implies that L; + nLpy is a Lipschitz constant of V.J;(0). From
Lemma 50, it is easy to see the upper bound of V.J,(6) is also a continuous function of 7.

Consequently, Lemma 44 implies there exist continuous functions Ly, () and Uy (1) such
that for all y,

|50,y m) = A (0 y,m) || < Ly ()]0 — €],
sup [|41(6, . )| < U, ()

Hence
o ] 000 -0, 50
< Ly, (M)H@ — O,
< LA/I()\t)Lgﬁt,TBt’t,l (Using (59))

Since Ay € [0,A], Ly/(n) is a continuous function and well defined in [0, A], the extreme
value theorem asserts that Ly, (n) obtains its maximum in [0, A], say, e.g., L%,. Then
1

IE [Miz1]|| < L}y LoBi—ry, -1,

which completes the proof. |

E.22 Proof of Lemma 41
Lemma 74

1
B

3ABlog \A\
1- ﬁ

]~

(j/\k(ek+1) - j)\k<9k)> < (t + tg)°#

k

N+

[5]
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Proof

k=[5
: 1 1 1 -
— Z <5k1 Iy (O1) — ﬁkJ,\k(%)) + 5 In (Op+1) — o J,\[%Fl(ﬁ[%w)
k=[%] 2
: 1 1 1
= i (Ok) Ine(Ok) + Z——In (Ok) — == In, (Ok)
s Br-1 Br— Br- B
L (Or11) L (!
S I \Vit+1) — A B [31
/Bt B[%]fl [ 1-1 2
1 25 g, ~(s)H (7, (-]5)) ( 1 1) .
= Ak—1— A . - —— | Jx (0
Zt <5k1( k-1~ M) 11—~ Br-1 Bk . (0)
k=141
! Iy, (0 ! J. 0
+ /37 /\t( t+1) - ﬁ"%'| ) Af%]_l( [%-‘)
t
1 A A log | A| < 1 1) - )
< + —— | Jx (0
kz(:tl <5k 1 ((k‘+to—1) (k'+t0)e*> =7y Br-1 B . 0)
Lo ! 0
* EJM( t+1) 5[ 1- 1J)\f 171( [%1)
() & 1 Alog | Al 1 1Y -
< + —— )L\ (6
s <5k 1(k—1+t)tter 1—v (5k—1 ﬁk) x{ k))
2
) - T, (6y0)
B, At Brei—1 Arg1-1 V151
@3X\3log|A| < < 11 ) 1
<y R § A AN
L -~ ; Br  Br-1 Bt 5[ 1-1
k=[3]
3)\Blog|A| Uu; U; 1
B A TS S
1 - ﬁt Bre Bt Bre1—1 J
3A510g|A|
11— + 3 (t—i—t )s
where (7) results from the inequality
| S e G O A (A O Rl CA )
(t—1)= t=  (t—1)zz (t—1)te
T —(t—1) 1

R VI Ve (R VR
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and (i7) results from the inequality

[e.e] o0

1
Z t1+6>\+e Z 75

t=1 t=1
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