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Abstract

Recent works have demonstrated a double descent phenomenon in over-parameterized learn-
ing. Although this phenomenon has been investigated by recent works, it has not been fully
understood in theory. In this paper, we investigate the multiple descent phenomenon in a
class of multi-component prediction models. We first consider a “double random feature
model” (DRFM) concatenating two types of random features, and study the excess risk
achieved by the DRFM in ridge regression. We calculate the precise limit of the excess
risk under the high dimensional framework where the training sample size, the dimension
of data, and the dimension of random features tend to infinity proportionally. Based on
the calculation, we further theoretically demonstrate that the risk curves of DRFMs can
exhibit triple descent. We then provide a thorough experimental study to verify our theory.
At last, we extend our study to the “multiple random feature model” (MRFM), and show
that MRFMs ensembling K types of random features may exhibit (K + 1)-fold descent.
Our analysis points out that risk curves with a specific number of descent generally exist
in learning multi-component prediction models.

Keywords: Over-parameterization, excess risk, multiple descent, double random feature
model, multiple random feature model

1. Introduction

Modern machine learning models such as deep neural networks are usually highly over-
parameterized so that they can be trained to exactly fit the training data. Such over-
parameterized models have gained immense popularity and achieved state-of-the-art per-
formance in various learning tasks. However, in classical statistical learning theory, over-
parameterized models are believed to have high excess risks due to overfitting, and hence
their success has not been fully explained in theory. This gap between theory and practice
has motivated a number of recent works to study the success of over-parameterized models.
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Recent works have pointed out a double/multiple descent phenomenon in over-parameterized

learning: as the number of parameters in a model increases, the excess risk may increase
and decrease multiple times (see Figure 1 for some examples). The double descent phe-
nomenon was first demonstrated experimentally by Belkin et al. (2019) in random feature
models, random forests and neural networks, and then studied theoretically by a series of
works under different settings. Specifically, Belkin et al. (2020) theoretically demonstrated
the double descent shape of the risk curve of the minimum norm predictor in learning linear
models and Fourier series models. Wu and Xu (2020); Mel and Ganguli (2021); Hastie et al.
(2022) studied the excess risk in linear regression under the setting where the dimension and
sample size go to infinity preserving a fixed ratio, and showed that the risk decreases with
respect to this ratio in the over-parameterized setting. Mei and Montanari (2022); Liao
et al. (2020) further studied double descent in random feature models when the sample
size, data dimension and the number of random features have fixed ratios and Adlam et al.
(2022) extended the model by adding bias terms. Deng et al. (2022) studied double descent
under logistic model. Emami et al. (2020) studied the asymptotic generalization error of
generalized linear models. Liu et al. (2021) provided a precise characterization of general-
ization properties of high dimensional kernel ridge regression in both under-parameterized
and over-parameterized regimes. Several recent works have also studied other learning set-
tings under which the risk curves exhibit triple descent or multiple descent. Specifically,
Mai et al. (2019) evaluated the asymptotic distribution of the logistic regression classifier in
high dimension setting, and then provided the associated classification performance. Liang
et al. (2020) gave an upper bound on the risk of the minimum-norm interpolants in a repro-
ducing kernel Hilbert space and showed that it has a multiple descent shape with infinitely
many peaks. Chen et al. (2021) showed that with different and well-designed data distribu-
tions in linear regression, the risk curve can have an arbitrary number of peaks at arbitrary
locations as the data dimension increases. Mel and Ganguli (2021); Li and Wei (2021)
showed that the risk curve of linear regression can exhibit multiple descent when learning
anisotropic data. Adlam and Pennington (2020b) demonstrated triple descent for a specific
random feature model associated with an over-parameterized two-layer neural network in
the so-called “neural tangent kernel” (Jacot et al., 2018) regime. Misiakiewicz (2022); Xiao
et al. (2022) showed that the risk curve of certain kernel predictors can exhibit multiple
descent concerning the sample size and data dimension.

While recent works have provided valuable insights, the double, triple and multiple
descent phenomena have not been fully understood in theory. Specifically, we note that
various modern learning methods utilize multi-component predictors of a general form

f) = [(x) + fa(x) + -+ + [k (x), (1.1)

where f1(x),..., fx(x) are individual prediction models. Such a multi-component formu-
lation covers different learning methods. For example, ensemble methods (Hansen and
Salamon, 1990; Dietterich, 2000; Krogh and Vedelsby, 1994) can naturally be formulated
as (1.1); two-layer neural networks utilizing feature concatenation is also a summation of
multiple components defined by different features; two-layer ResNet (He et al., 2016) models
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can be formulated as (1.1) by treating the feedforward part and the skip-connection part
of the model as two components; a class of semi-parametric methods consider a parametric
component and a non-parametric component in the model (Zhao et al., 2016; Chernozhukov
et al., 2018); Neural network models with the exact form of (1.1) can also be applied to
solve partial differential equations (Liu, 2020).

In this work, we aim to study the double/multiple descent phenomenon in learning
multi-component predictors. We theoretically demonstrate that

There exists a learning problem, such that for any K € N4, there exists a K-component
prediction model whose risk curve exhibits (K + 1)-fold descent.

The learning problem mentioned in the claim above is the same learning problem where re-
cent works have demonstrated double descent for random feature models Mei and Montanari
(2022), and is also essentially the same learning problem (with slight modification) studied
in Hastie et al. (2022) analyzing double descent in linear regression. Therefore, demonstrat-
ing this claim provides new insights into how complicated prediction model structures can
affect the risk curve.

This paper aims to study the double/multiple descent phenomena in learning multi-
component predictors of the form (1.1) through the lens of random feature models. Specif-
ically, we introduce double and multiple random feature models (DRFMs and MRFMs),
which ensemble two or more types of random features defined by different nonlinear activa-
tion functions. Under the setting where the training sample size, the dimension of data, and
the dimension of random features tend to infinity proportionally, we establish an asymp-
totic limit of the excess risk achieved by DRFMs and MRFMs, and demonstrate that the
risk curve of a DRFM can exhibit triple descent: an example for the DRFM with different
activation functions is given in Figure 1. More generally, we also show that the risk curve
of an MRFM with K types of random features can exhibit (K + 1)-fold descent.

We summarize the contributions of this paper as follows.

1. Our first contribution is to demonstrate the existence of multiple descent in learning cer-
tain multi-component predictors. Specifically, we demonstrate that DRFMs may exhibit
triple descent, and then extend the analysis to MRFMs and show that MRFMs consisting
of K types of random features may have a risk curve with (K + 1)-fold descent. To the
best of our knowledge, such multiple descent risk curves with a specific number of peaks
have not been well understood in random feature models or other multi-component learn-
ing models, and therefore we believe that DRFMs and MRFMs can serve as important
examples in the literature of multiple descent.

2. We provide a natural and intuitive explanation of multiple descent in DRFMs and
MRFMs. For example, for DRFMs, we point out that the existence of triple descent
risk curves is predictable by considering the two extreme cases: (i) the DRFM uses two
random features of the same type and scale, and (ii) one type of random feature in the
DRFM has a very small scale and is thus negligible. This scale difference refers to a
large gap in magnitude between the two random features, such as the activation pair
(01(x), cooa(x)) where the constant cg is small. We point out that these two cases both
lead to double descent but with different peak locations. Therefore, for DRFMs where
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Figure 1: Examples of double and triple descent. (a) gives the excess risk of a random
feature model with ReLU activation function; (b) shows the excess risk of a double
random feature model with ReLU and sigmoid activation functions; (c) shows
the excess risk of a double random feature model with ELU and ReLLU activation
functions. The z-axis is the model complexity (number of parameters/sample
size) and the y-axis is the excess risk. The curve gives our theoretical predictions,
and the dots are our numerical results.

the scale difference between the two parts of random features is neither too big nor too
small, we can expect triple descent to appear. Following this intuition, we successfully

anticipate multiple descent in various simulations, and correctly predict the number of
peaks in the risk curves and the locations of all peaks in the risk curves.

3. We also establish comprehensive theoretical results to back up our intuitive explanation.
We calculate the precise limit of the excess risk achieved by DRFMs and MRFMs. This
is an extension of the study of Mei and Montanari (2022) which analyzed the vanilla
random feature model with a single activation function. We also establish a novel type
of theoretical proof of multiple descent which is based on the comparison between excess

risk values at different over-parameterization levels.
Our calculation of the theoretical limit of the excess risks of DRFMs and MRFMs follow
the blueprint of Mei and Montanari (2022) and expand upon it by constructing new linear
pencil matrices and giving new calculation for the related Stieltjes transforms. In essence,
Mei and Montanari (2022) accomplished the following:

1. introduced a risk function decomposition and proved convergence in L distance;

2. used a linear pencil matrix and its partial derivatives of logarithmic potential to

express the decomposed terms;

3. provided an asymptotic approximation of the logarithmic potential and proved that
partial derivatives are also approximated in Lq distance;

4. calculated theoretical values from the asymptotic approximation.

Our theoretical analysis of the excess risk follow the decomposition method in 1, but due
to the increased complexity of our model, we develop several new technical lemmas to over-
come this higher complexity; such examples include Proposition A.2 in the Appendix and
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Lemma 1.3 in Online Supplementary. Moreover, the increased complexity in the main terms
of the decomposition necessitates a more complex linear pencil matrix, as defined in Defini-
tion A.3 and C.3. Although the construction of the linear pencil matrices is inspired by Item
2 above, the higher complexity of our model results in a more intricate construction and a
more complex calculation of the related Stieltjes transforms and their logarithmic potentials
than in 3. Specifically, Proposition A.6 provides the calculation of the Stieltjes transforms
in DRFM and serves as the inspiration for the calculation of the Stieltjes transforms in
MRFM. In MRFM, we utilize mathematical induction to complete this calculation.

Besides the calculation of the theoretical limits of excess risks, this paper also presents
a novel theory in the demonstration of multiple descent (given in Propositions 4.1 and 4.2).
Instead of directly investigating the theoretical limits, our approach focuses on taking limits
within specific parameter ranges to observe the resulting behavior. Specifically, we employ
the following steps:

1. We give a fixed ratio between the number of training parameters and the sample size.

2. Within this ratio, we set the regularization parameter A to approach zero, which
allows us to approximate the implicit v-system introduced later. We then replace the
approximate solution with the theoretical limits.

3. To assess the impact of scale differences, we let one of the activation function scales
tend towards zero, and examine the resulting theoretical limits.

By employing this method, we successfully utilize the ¢ — § language to accurately depict
the presence of two peaks and determine their precise locations.

The remaining of the paper is organized as follows. We first give some additional refer-
ences and notations below. Section 2 introduces the problem settings. Section 3 establishes
the theoretical limits of the excess risks of double random feature models. Section 4 gives
theoretical analyses and simulations to demonstrate triple descent in some DRFMs. Sec-
tion 5 extends the results to multiple random feature models and gives numerical simulations
to demonstrate multiple descent. Finally, Section 6 concludes the paper and discusses some
related questions for future investigation. Proofs of the main results and some additional
experiments are presented in the appendix.

An online supplementary document (Meng et al.) is also available which gives some
additional technical details of the proofs of the paper (with its sections numbered as I, II,

II...).

1.1 Additional related works

Besides the works we previously discussed, a series of recent works have also studied the
double and triple descent phenomena. Adlam and Pennington (2020a) developed a novel
bias-variance decomposition, and utilized the decomposition to show double descent in
random feature regression. d’Ascoli et al. (2020) developed a quantitative theory for the
double descent phenomenon in the lazy learning regime of two-layer neural networks, and
showed that overfitting is beneficial when the noise level in the data is low. Geiger et al.
(2020) utilized the intuition of double descent to show that the smallest generalization error
can sometimes be achieved by the ensemble of several neural networks of intermediate sizes.
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Nakkiran et al. (2020); Patil et al. (2022) studied how an appropriately chosen parameters or
suitable cross validation procedure can mitigate multiple descent in the prediction models.
d’Ascoli et al. (2020) investigated the parameter-wise double descent and sample-wise triple
descent phenomena in random feature regression. Deng et al. (2021) showed double descent
phenomenon in logistic regression. Montanari and Zhong (2022) considered a two-layer
neural network in the neural tangent regime, showed an interpolation phase transition,
and gave a characterization of the generalization error which decreases with the number of
training parameters.

Our paper is also closely related to the recent studies of the “benign overfitting” phe-
nomenon. Tsigler and Bartlett (2023) showed that for certain regression problems, the risk
achieved by the minimum norm linear interpolator can be asymptotically optimal. Bartlett
et al. (2020) further extended the results in Tsigler and Bartlett (2023) to the setting of
linear ridge regression. Chatterji and Long (2021) studied the risk of the maximum mar-
gin linear classifier in learning sub-Gaussian mixtures with additional label-flipping noises.
Cao et al. (2021) established matching upper and lower bounds of the risk achieved by the
maximum margin linear classifier. Frei et al. (2022) showed that fully-connected two-layer
networks trained to achieve a zero training error can still achieve an asymptotically opti-
mal test error. Cao et al. (2022) studied signal learning and noise memorization during
the training of a two-layer convolutional neural network and revealed a phase transition be-
tween benign and harmful overfitting. Meng et al. (2023) further studied signal learning and
noise memorization by two-layer convolutional neural networks when learning XOR data.
Note that most studies along this line of research focus on the setting where the number
of parameters N is much larger than the sample size n (e.g., N = Q(n?)). In comparison,
our work considers the setting where N and n go to infinity in comparable magnitudes, and
studies how the excess risk changes with respect to their ratio.

1.2 Notations

We use lower case letters to denote scalars, and use bold face letters to denote vectors and
matrices. For functions f, g and a probability measure v, we denote (f, g), = [ f(x)g(x)v(dx).
The f2-norm of a vector v is ||v||2. For a matrix A, we use ||A||,, ||Allmax; ||Allop and |[A| F
to denote its nuclear norm, maximum norm, operator norm, and Frobinuous norm, respec-
tively, and use tr(A) to denote its trace. A sub-matrix of A with row indices in I and
column indices in J is denoted by Ay ;, and tr;(A) = tr(Ay ) is the trace of the square
sub-matrix with indices in I.

The sets of natural, real and complex numbers are denoted by N, R and C, respectively.
For z € C, we use R(z) and J(z) to denote its real and imaginary part. C4 = {z € C:
3(z) > 0} denotes the upper half complex plane with positive imaginary part. Let i = /—1
be the imaginary unit. The unit sphere of R? is denoted by S~! = {x € R? : ||x[]2 = 1}
and ¢ - S% 1 denotes the sphere with radius ¢ > 0. The set of integers from ni to ng is
denoted by [n; : na] = {n1,...,n2} and [n] = [1 : n] = {1,...,n}. Moreover, 1, € RY
denotes ¢g-dimensional all-one vectors.
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We use the standard asymptotic notations ©4(-), Oq4(+), 04(-) and Q4(-), where the
subscript d emphasizes the asymptotic variable. We write X;(d) = Op(Xa2(d)) if for any
e > 0, there exists C' > 0 such that P(|X;(d)/X2(d)| > C) < ¢ for all d. Similarly, we
denote X1(d) = op(Xa(d)) if {X;(d)/X2(d)}4 converges to 0 in probability.

2. The double random feature model

We consider regression problems where, for a data pair (x,y), the goal is to predict the
scalar response y using the input vector x € R%. We analyze the prediction performance of
a double random feature model, or DRFM, constructed as follows. The random features are
based on two nonlinear activation functions o1, 02 and N random feature parameter vectors
0; ~ Unif(v/d-S?1), i € [N]. We let a; € R, i € [N] be the linear combination coefficients
of the random features, and denote ® = [61,...,0y]" € RV*? a = [a1,...,an]" € RV,
Then a DRFM predictor has the form

N1 N
7= f(x2,0)=> aoi((6;,x)/Vd) + Y aos((6:,%)/Vd). (2.1)
=1 i=N1+1

In (2.1), the first IV} units use the activation function o7 and the first part of the random
feature parameters @1 = [01,...,0N1]T, while the remaining No = N — Nj units use
the second activation function oo and the second part of the random feature parameters
®r = [ON, 41, .-, HN]T. Note that the coefficients a1,...,an are the trainable parameters,
while 61, ...,0y are randomly generated parameters to define the random features.

Note that in our definition of f(x;a,®), we have introduced the factor 1/v/d inside
the activation functions o;(-). This normalization facilitates our analysis using random
matrix theory. Note also that the random feature parameters 6; are imposed to both have
a fixed length v/d, but the setting covers a more general situation where the parameters can
have different lengths, say c¢1v/d and c2v/d, respectively. Indeed, if ||6;]2 = ¢;v/d, we can
introduce 0;(2) = 0(c;2) so that Uj(<9z',X>/\/a) = 5;((1;,x)/Vd) where T; = 6;/c; has
length V.

To go further, we specify the data we aim to learn with double random feature models.
We assume the data are generated from a distribution defined as follows.

Definition 2.1 (Data generation model). The distribution of the data pair (x,y) is given
as follows:

1. The input vector x follows the uniform distribution on the sphere \/d-S%1 of raidus V/d.

2. The output is y = (B1,4,x)+Fo+e, where By 4 € R?, Fy € R, and ¢ is a noise independent
of x. We assume that E(e) = 0, E(e?) = 72, and E(¢*) < +o0.

The parameters of the data generation model are By = [Fo,,@Id]T and we hereafter denote

by D(Bq) the probability distribution of the pair (x,y).

This data generation model is standard in recent literature on double descent. Simi-
lar settings have been studied in a number of recent works (Hamsici and Martinez, 2007;
Marinucci and Peccati, 2011; Di Marzio et al., 2014; Mei and Montanari, 2022).
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Given a training data set S = {(x;, y;)}; consisting of n independent samples from the
data generation model in Definition 2.1, we denote the data matrix by X = [xq, ..., xn}T €
R™*4 the label vector by y = [y1,...,%,] | and the noise vector by € = [e1,...,&,]". Then
we fit a DRFM predictor f(-;a, ®) based on the training data set S via the principle of ridge
regression. Specifically, we learn the coefficient vector a by minimizing the fs-regularized
square loss:

S J1G&G ot a2 59
a—m%m»nz;@riﬁmx))+n|Wb, (2:2)
where A > 0 is the regularization parameter. We here use the factor d/n in the regularization
term to simplify our analysis. Removing the factor does not affect the results in this paper,
because we consider the setting where d/n has a positive limit. This fact will be formally

clarified in Section 3.
The excess risk of the predictor f(-;a, ®) can be written as

Rd(X7 61 )\7 Bd? E) = EXNUnif(\/E-Sd_l) [FO + XTIBLd - f(X; a: 6)] 2' (23)

This notation of the excess risk specifically highlights the dependency of the risk on X, @, A, 34, €.
Note that we do not take average over the randomness of the training data X, the noise
vector € or the random features @, but aim to show the convergence of the risk towards a
fixed value as d, N,n — oo in an appropriate manner.

3. Excess risks of double random feature models

In this section we present our main results on the excess risks of DRFMs. We first give a
definition.

Definition 3.1. The spherical moments of the activation functions o; (j =1,2) are

o0 2 E{o;(G)}, w1 2B{Go;(G)}, 5o 2 E{0;(G)*} — 5o — 131,

where G ~ N(0,1) is standard normal. We collect the six constants Mj,O,Nj,lvH?,za j=12
m a vector w.

In Definition 3.1, the first index j points out the corresponding activation function, and
the second index k links to the specific spherical moment. We now introduce the main
assumptions in this paper.

Assumption 3.2. The nonlinear activation functions oj : R — R (j = 1,2) are weakly
differentiable, with weak derivative o’.. Moreover, for some constants 0 < Cy,C; < +00,

J
j0(u)| V [ (u)] < Coe®l, u € R

It is easy to see that commonly used activation functions such as ReLU, sigmoid, and
hyperbolic tangent functions all satisfy Assumption 3.2. Therefore this is a mild assumption.
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Assumption 3.3. The data dimension d, random feature dimensions N1, No, and sample
size n are such that d — oo, N1 = Ni(d) — oo, Na = Na(d) — oo, n = n(d) — oo.
Moreover, when d — oo, the following limits exist:

I Ny/d = 0 li No/d = 0 Ii d= 0.
A 1/d =1 >0, i 2/d =13 >0, d;glwn/ 3 >

Assumption 3.3 defines the asymptotic framework for our analysis where Ny, No,n,d go
to infinity proportionally to each other. We let ¢ = 11 + 15 and ¥ = [¢)1, 12, s3].

Assumption 3.4. Let Fy 4 = ||B1,4l|2- Then dlim Fy 4= F > 0. Moreover, if Fy # 0,
—+00
then /‘%,0 + M%,o > 0.

The condition F; > 0 fixes the asymptotic scale of 31 4. The second condition means
that when Fy = E(y) # 0, we need either :“%,0 > 0 or ,u%o > 0 so that the predictor
f(x;a, ®) can approximate the response y well when d — co.

The statement of the main results needs some further preparation. For any £ € C,, we
consider the following system of equations for the unknowns v1, vo, v3:

( 2
2 /’L171V3
R B e T 2 7 ) =1,
1- Ko V2lV3 — U1 1V1V3
2
2 H21V3
vy - <_£_:u2,2y3_ 1 2 2 = 2, (3'1)
— B1a1V3 — p5 V23
2 2
9 9 MY V1t po V2 B
vz | =& — pigl1 — a2 — 1 2 2 = 3.
— MY V1V3 — M5 V203

This system will be hereafter referred as the v-system. For different values of £ € C, the so-
lutions of the above system can be viewed as functions of £. We let v(€) = [v1, vo,13] T (£) : Cy —
(Ci be the analytic function defined on C satisfying (i) for any £ € C4, v(&) is a solution to
v-system (3.1), (ii) there exists a sufficiently large constant &, such that |v;(§)| < 2¢;/&,

for all £ with I(&) > & and j = 1,2,3. It can be shown that such a function v exists and is
unique, and therefore our definition of v is valid. The details are given in Proposition A.8.

We hereafter denote v = v(&, i) to emphasize the dependence in p.

Definition 3.5 (Auxiliary matrices). Define £ = /X -1, and

A

vi 2 u(Ehm), =123

Here, vj is the solution of v-system (3.1). Moreover, let My = Vik,u%’l + Vé‘u%,l, Mp =
viMy — 1, and define the matrices

2,4 %22 2 2 2 %22
_Vf’f M1 + 1 _ V3THT M2 S ) 2 0 Hi1  V3THI
Tz T e BV 2 M1 M1 2 M2 2
A i ' viud, g, s |, 2 g vl
pr— 71 72 —_——2 pr— 771
H= * TR i~ H2pl VT w0 Mg M|
M P M 1
* * -t 0 1 5 VR
My, vy Mp Mp
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(H is symmetric). Finally, let L2V TH™V,

See Proposition A.4 for the reason of selecting € = v/A-i. We are now in the position to
state our main theorem which establishes the theoretical risk curve for the double random
feature model.

Theorem 3.6. Let the data matriz X, noise vector €, and the DRFM model f(-;a, ®) with
random feature parameter matriz © be defined as in Section 2. Moreover, let Mp and L be
defined in Definition 3.5. Then under Assumptions 3.2, 3.3 and 3.4, for any regularization
parameter A > 0, the asymptotic excess risk Ry(X, ©, A, By, €) of the DRFM defined in (2.3)
satisfies

EX,@,E|Rd(Xa 87 )\ngda E) - R()‘v'l/’a K, Fr, 7_)| = Od(l)a

where

1
R\, pu, Fy,7) =F} (Mg + L34+ L1,4> +7%(Las + L1 2), (3.2)
D

and L; ; are the elements in the matriz L which is defined in Definition 3.5.

The proof of Theorem 3.6 is given in Appendix A. In Theorem 3.6, the regularization
parameter A is treated as a constant that does not depend on d, n, p. Note that the first three
terms in (3.2) correspond to the estimation bias, and the last two terms are the variance
terms. It can be checked that the values in v* = [V}, v, v5]T are all purely imaginary
numbers in Cy. As the matrices H and V only depend on V;‘2 (which are all negative),
their elements are real-valued, so do the elements of the matrix L. Moreover, given v},
j =1,2,3, the terms L3 4, Ly 4, Lo 3, L1 2 in (3.2) all have closed form solutions. Due to the

complexity of the solutions, we defer the calculation to Appendix A.

Remark 3.7. By inspecting the expressions of the matrices H, V and L, we see that
the dependence of the asymptotic excess risk (3.2) on the activation functions is expressed
through their spherical moments pj1 and pjo, j = 1,2. In particular, if we let p11 = p21
and pu12 = p22, we are led to the case of a single activation function, and the asymptotic
excess risk (3.2) coincides with the one found in Mei and Montanari (2022) for vanilla
random feature models.

Remark 3.8. Theorem 3.6 shows that the excess risk converges to R(\, ¢, pu, F1,7) in Ly
distance, which is a type of strong convergence. It directly implies convergence in probability:
for any p,6 > 0, there exists dy € N such that for all d > dy, P(‘Rd(X,G),)\,,Bd,E) -
R\, ¢, 1, F1,7)| < p) >1—0.

4. The phenomenon of triple descent in DRFMs

In this section we establish theoretical results showing the existence of DRFMs with triple
descent risk curves and use simulations to verify our results.

Before we propose the detailed results, we first explain our intuition by considering the
two extreme cases below:

10
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e Case 1 (no scale difference): As discussed in Remark 3.7, if the two activation functions
have identical spherical moments, that is, p11 = p21 and p12 = p22, the risk curve
should be identical to that of a vanilla (single) random feature model. Hence, according
to the study of vanilla random feature models in Mei and Montanari (2022), the risk
curve commonly has a double descent shape, with the peak at the interpolation threshold
(N1 4+ Na)/n = 1.

e Case 2 (large scale difference): If one of the two types of random features is too small
in scale compared to the other, then we can expect that this small-scale part of random
features is almost negligible. For example, under the extreme case that Ny = Ny and
o2(-) = 0, the second type of random features can never contribute to the learned pre-
dictor, and this case also reduces to a vanilla random feature model. Therefore we can
expect the risk curve to reach the peak at Nj/n = 1, that is, (N1 + Na)/n = 2.

We can see that the two extreme cases above both lead to double descent. However, in
the first case, the peak is at (N7 + Na)/n = 1, while in the second case, the peak is at
(N1 + N3)/n = 2. When the scales of the two parts of random features are neither too
similar nor too different, we can expect the risk curve to exhibit certain characteristics from
both extreme cases, possibly having two peaks at (N1 + N3)/n =1 and (N; + No)/n =2
respectively — this is exactly triple descent. This motivates us to conjecture that triple
descent can occur when the two parts of random features have appropriate scale differences.

4.1 Triple descent: theoretical results

The asymptotic excess risk function R(A, ¢, p, F1, 7) established in Theorem 3.6 can imply
the existence of triple descent in double random feature models. Note that this risk function
depends on several parameters including the smoothing parameter A, the number of features
in the model and some spherical moments of the involved activation functions. Here we
focus on the “ridgeless regression” setting where A — 0, and we aim to construct specific
configurations of p such that for any fixed values of F; and 7, the risk function exhibits (at
least) triple descent as (¢ + 12) /13 increases.

For convenience, we use in this section the shorthand R := R(A, ¢, pu, F1,7). The
following proposition demonstrates triple descent by considering the asymptotic regime
where A — 0 and p2 1, 12,2 — 0: the former points to a limiting ridgeless regression model
and the latter signifies the scale differences between two activation functions by shrinking
the second activation to 0.

Proposition 4.1 (A — 0). Consider the same assumptions as in Theorem 3.6 and the
asymptotic excess risk function R := R(\, ¢, pu, F1,7). For fized 0 < 1)1,19,13 < +00 we
have:

1. When (1 + 2) /13 =c1 < 1, ;\irr%)R < 400;
—>
2. When (Y1 + 102) /13 = 1, ;\ir%R = +o0;
—>
3. When 1 < (Y1 + 12) /13 = ca < 1+ 9 /1)1, lim lim R < +oo;

#2,1,42,2—0 A—0

4. When (1 +1b2) /13 =1+ o /1n, lim  lim R = 4oo0.

H2,1,p2,2—0 A—=0

11
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The proof of Proposition 4.1 is given in Appendix B. This proposition theoretically
demonstrate the existence of triple descent for certain DRFMs. Note that the risk function
R depends on 11,9, 13. To simplify and standardize the setting, we specifically consider
the case where 13 and the ratio 11 /19 are both fixed. In this case, the change of model
complexity has a single degree of freedom, which can be characterized by ¢ := (¢1 +2) /3.
Now we can investigate the curve of the risk function with respect to ¢ and see if the shape
exhibits triple descent.

To see how Proposition 4.1 demonstrates triple descent, we pick two fixed “reference
points” 0 < ¢; < land 1 < ¢a < 1419/t (recall that we are considering the setting where
9 /1) is fixed.) By the third and fourth conclusions above, we can choose a large enough
constant M; > 0 (Not related to 1,9 and 13), for which there exist po; and 22 such
that

/l\ii]%R > M when (¢1 4 12) /13 = 1 + 19 /1)1, and )1\13%72 < M; when (Y1 + 9) /b3 = ca.

For these chosen spectral moments p2 1 and 2 2 and by the first and second conclusions of
the proposition, one can find a large constant Ms > M; such that

lim R > My when (1 +9) /103 =1, and lim R < Ms when (11 + ) /b3 = c1.
A—0 A—0

Recall that 11 ~ Nyi/d, 13 ~ Ny/d and 3 ~ n/d in the limits. It is customary to consider
the asymptotic excess risk function R with respect to the “model complexity parameter”
¢ = limg1oo(N1 + Na)/n = (1 + 2) /3. Based on this analysis, we are able to find
constants 0 < M; < My and po1, p22 that do not depend on 1)1,192,13, so that the
following four results hold:

1. c=cp, im R < My;
A—0
2. c=1, lim R > My;
A—0
3. c=cy, lim R < Mjy;
A—0
4. ¢ =1+ 9/ty, im R > M;.
A—0

These four cases above correspond to four situations with different model complexities: each
case is for a specific value of ¢ = (1 +12) /13 = limg_, 4 oo (N1+ N3)/n. The next proposition
shows that the risk function has a finite limit when the model complexity parameter ¢ tends
to infinity, or in other words, in the infinitely over-parameterized regime.

Proposition 4.2 (¢1,19 — +00). Consider the same assumptions as in Theorem 3.6 and
the asymptotic excess risk function R := R(\ ¢, u, F1,7) with non-degenerate activation
functions. For fized 13 and r1,r9 > 0, we have

F2 2.2
lim R = 1¢3+7'X0

P1,ha—++00 (XO + 1)2¢3 - X(2)’
Y1 /r1=v2/T2

12
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Asymptotic Risk

a1 G l+yly 0

Model Complexity Parameter ¢

Figure 2: Existence of triple descent in a double random feature model: the four points c;
to 1 4 19 /1p1 for the model complexity parameter ¢ = (11 + ¥2)/13 are found

in Proposition 4.1 and the last point depicts the limit found in Proposition 4.2
when ¢ — co.

where

(ripd ) +r2p31)x1

X0 = — :
2> Tirjﬂ?,l“?;
ij=1
2 2 2 2 9 2
x1= (s = 1) il = Y ripis + (<w3 —1)> rip?y — Z”M%z) Ay Y riripd 2y,
i=1 i—1 i—1 i—1 ij=1

The proof of Proposition 4.2 can be found in Appendix B. By combining the derived lim-
iting risk value from Proposition 4.2, where ¢ tends to infinity, with the summary provided
after Proposition 4.1, we can observe that the asymptotic excess risk function R exhibits (at
least) triple descent with the chosen parameter values. This behavior occurs as the model
complexity parameter ¢ increases from 0 to c¢1,1,c2,1 + 12/11, and eventually tends to
infinity. A visual representation of this phenomenon can be seen in Figure 2. Furthermore,
when the model complexity is ¢ < 1, the asymptotic risk takes the form of a U shape, which
aligns with classical theory.

Remark 4.3. We can also consider the case where 11,12 goes to zero, and this case corre-
sponds to the setting where random feature model is almost reduced to a constant predictor.

In this case, it is easy to show that . ltipm OR = F2. In classical statistical theory, the first
1,%2—

descent occurs here when the model complexity gradually increases: as the predictor becomes
more complicated than a constant predictor, the asymptotic risk will first decrease below F12
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ReLU(x),Sigmoid(x) cos(pil2 x),sin(0.3pil2 x) ELU(3x),ReLU(x/4) ReLU'(x),ReLU(x/10)

1.00- 1.00- 25
0.75- 0.751 3 2.0-
% 2- 1.5
© (0.50- 0.50
1.0-
"
0.25- |
0.25 0.5-
‘ . , ‘ | ‘ . .o, . , ; ‘ . , ]
0 i 2 3 0 i 3 3 0 i ) 3 ) i P) 3
(N;+Nz)/n (Nq+N;)/n (N1 +N;)/n (N +Nz)/n

(a) (b) (c) (d)

Figure 3: Triple descent in double random feature models with different activation
functions. The plots show both the asymptotic excess risks (curves) and
empirical excess risks (dots). From (a) to (d), the activation functions
are (ReLU(z), Sigmoid(z)), (cos(3z),sin(%3z)), (ELU(3z), ReLU(x/4)) and
(ReLU'(z), ReLU(z/10)).

4.2 Triple descent: empirical evidence

In this subsection, we empirically demonstrate the triple descent phenomenon in double
random feature models. The simulation design is as follows.

e Training data {(x;,v;)}/", are generated independently following Definition 2.1 with 7 =
0.1: each x; is uniformly generated from the sphere v/d - S*!, and the corresponding
response is given as y; = (81,x;) + Fo + €;, where 31 is a randomly chosen unit vector;

o =02, A=1077;

e Training sample size n = 1000, data dimension d = 300 and N; = Ns varying from 0 to
1.6n.

As we gradually increase the dimensions of random features N; = Ny from 0 to 1.6n,
the model complexity parameter ¢(d) = (N1 + N2)/n varies from 0 to 3.2. The empirical
and finite-horizon values for the limiting excess risk R(A, 4, p, F1,7) in Theorem 3.6 are
obtained on a test data set of size 700 and averaged from 30 independent replications.

The results are given in Figure 3. In this figure (and all other figures of this section), the
values of the asymptotic risk R(A, ¥, u, F1, 7) are shown as continuous curves while empiri-
cal risk values are plotted using black dots. We consider activation functions ReLU(z) = =,
ReLU’(z) = 1{z > 0}, Sigmoid(z) = 1/(1 + e~ %), ELU(z) = x4 — (1 — €%)_, as well as
trigonometric functions cos(z) and sin(x). We slightly scale the activation functions to
show clearer shapes of triple descent: the four plots in Figure 3 represent DRFMs with ac-
tivation pairs (ReLU(z), Sigmoid(z)), (cos(Zz),sin(%3%z)), (ELU(3z), ReLU(z/4)) and
(ReLU’(z),ReLU(z/10)), respectively.

Clearly, the empirical risk values well match their theoretical counterparts in all the
examined settings, which empirically validates the asymptotic risks established in Theo-
rem 3.6. More importantly, these risk curves all exhibit triple descent as predicted by
Propositions 4.1 and 4.2 (see also Figure 2), where the four critical constants have the
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ELU(3x),ReLU(x) ELU(3x),ReLU(X/3) ELU(3x),ReLU(x/4) ELU(3x),ReLU(x/40)
20 2.0- 20 20
15 1.5- 15 15
210 1.0 1.0 1.0
o
05 0.5- 05 05
0.0- 0.0- 0.0- 0.0-
0 i 5 3 0 i 3 3 0 i ) 3 0 i 3 3
(N;+N)/n (N1 +Nz)/n (N;+Nz)/n (Ny+N)/n

(a) (b) () (d)

Figure 4: Risk curves of DRFMs with scaled ReLU and ELU activation functions. The
plots show both the asymptotic excess risks (curves) and empirical excess risks
(dots). From (a) to (d), the activation functions are (ELU(3z),ReLU(z)),
(ELU(3z),ReLU(z/3)), (ELU(3z),ReLU(z/4)) and (ELU(3z), ReLU(z/40)) re-

spectively.

following values under the present experimental design:
aa<l, co=1, 1<c3<2, c4=2

4.3 Impact of scale difference on triple descent

As demonstrated in Propositions 4.1 and 4.2, when the magnitude of a random feature is of
a smaller order than the other feature, triple descent appears in a DRFM. In this section, we
use our theoretical predictions as well as simulations to verify this result. The experiment
setups are the same as the experiments in Section 4.2, except that here we use different pairs
of activation functions. For two activation functions o1, 09, we gradually decrease the scale
of o9 by using activation pairs (o1 (), cooz(x)) with a smaller and smaller factor ¢g. Results
for activation pairs (ELU, ReLU) and (ReLU, ReLLU’) are reported in Figure 4 and Figure 5,
respectively. Clearly, in both figures, the empirical errors (dots) well match their theoretical
counterparts (curves). Moreover, In Figure 4 (a) and Figure 5 (a), we present the result
when we appropriately balance the two activation functions such that the two parts of the
random features have similar scales, and the resulting risk curves exhibit double descent
with a peak at (N7 + N2)/n = 1. As the scale of the second random feature decreases, the
risk curves transit from double descent curves to triple descent curves in Figure 4 (b), (c)
and Figure 5 (b), (¢). Finally, in Figure 4 (d) and Figure 5 (d) when the scale differences
are large, the risk curves have a large peak near ¢ = 2 but only a very small peak near
¢ = 1. Clearly, these results perfectly match Proposition 4.1, and thus backs up the triple
descent phenomena in DRFMs.

4.4 Impact of the ratio between random feature dimensions

Our previous experiments are all under the setting where Ny = Ns, which corresponds to
the case where the two parts of the random features have the same dimensions. In fact, we
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ReLU(x),ReLU'(x) RelLU(x),ReLU'(x)/4 ReLU(x),ReLU'(x)/10 RelLU(x),ReLU'(x)/40
2.0- 2.0- 2.0- 2.0-
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$1.0- 1.0- 1.0- 1.0-
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(N1 +N2)/n (N1+Nz)/n (N1+N2)/n (N1+Nz)/n

(a) (b) () (d)

Figure 5: Risk curves of DRFMs with scaled ReL.U and ReLU’ activation functions. The
plots show both the asymptotic excess risks (curves) and empirical excess risks
(dots). From (a) to (d), the activation functions are (ReLU(x), ReLU’(x)),
(ReLU(z), ReLU’(z)/4), (ReLU(z),ReLU’(z)/10) and (ReLU(x), ReLU’(x)/40)

respectively.

Ratio=0.5 Ratio=0.8 Ratio=1.2 Ratio=2
1.00- 1.00- 1.00- 1.00-
0.75- 0.75- 0.75- 0.75-
§0.50' 0.50- 0.50- 0.50-
0.25- 0.25- 0.25- 0.25-
0.00- 0.00- 0.00- 0.00-

0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
(N1 +N2)/n (N1+Nz)/n (N1 +N2)/n (N1+Nz)/n

(a) (b) (c) (d)

Figure 6: Risk curves of DRFMs with different ratios between random feature dimensions.
The plots show both the asymptotic excess risks (curves) and empirical excess
risks (dots). From (a) to (d), the ratios N1 /No are 0.5, 0.8, 1.2 and 2, respectively.
The activation functions are chosen as o1 (z) = ELU(3z) and o2(z) = ReLU(z/4).

can study more general settings where N7 and N» hold a ratio other than 1. Specifically,
suppose that oq has larger scale compared to og. Then based on Proposition 4.1, it is
clear that the first peak should be around ¢ = 1, while the second peak should be around
c=1+va/91.

We now consider the same experiment setup as in Section 4.2, except that here we focus
on the activation pair (ELU(3z),ReLU(z/4)), and no longer require N1 = N». Instead, we
consider the ratios Nij/No € {0.5,0.8,1.2,2} and plot the corresponding risk curves. Note
that the coordinates in the first part of random features are about 10 times those in the
second part (in magnitude), and the second peak in the risk curve is expected to be around
the position 1+ (N7 /Ny)~L.

The simulation results are reported in Figure 6. It can be seen that the second peaks
in Figure 6 (a), (b), (c), (d) are around ¢ = 1+ (N1/No)~! = 3,9/4,11/6, 3/2, respectively.
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This further verifies Proposition 4.1, and shows how one can design double random feature
models with specific peak locations. We have also studied other key factors affecting the
risk curve, such as the regularization parameter and the signal-to-noise ratio. Details of
experimental results are reported in Appendix D.

4.5 Further discussion

Due to the complexity of the theoretical expressions involving almost 10 variables, it is
difficult to provide a precise characterization such as under what conditions is the 2nd
descent is lower than the 1st descent, or under what conditions is the peak of the second
descent lower than the bottom of the 1st descent. While we have found empirically that the
second peak tends to appear when the scale of o9 is small enough, it is hard to make a formal
statement on the general conditions that guarantee this fact. We would also like to note that
Appendix D provides some analysis on the effects of SNR and regularization on the multiple
descent phenomenon. Specifically, we have observed that SNR affects the trend of the risks
in the under-parameterized regime ((N; + N2)/n < 1) and the highly over-parameterized
regime ((N71 + N2)/n > 2, while X\ affects the existence of the peak. Additionally, benign
overfitting tends to occur when the SNR is high, while optimal regularization can help
mitigate the multiple descent, as has been shown in previous literature (Nakkiran et al.,
2020; Mei and Montanari, 2022).

5. The multiple random feature model

In the previous sections, we have studied double random feature models based on two
activation functions. In this section, we extend our results to the case with K activation
functions (K € N;).

Suppose that for j € [K], there are N; random feature units using activation function ;.
Then we let N = N1+ ---+ Nk be the total dimension of the random features. Moreover,
we define the index set of the random feature units using the activation function o; as

Jj—1 J
Nj = {ie [N] : 1+ZNT§1'§ZNT}, j € [K].
r=1 r=1

Let ; ~ Unif(v/d - S 1), i € [N] be the random feature parameter vectors and a; € R,
i € [N] be the linear combination coefficients of the random features. Then we denote
© =1[0,...,0N]" € RN* a = [a,...,ayn]" € RN. A multiple random feature model
(MRFM) predictor is defined as

K

flxa,0) =3 > aio;((0:,%x)/Vd).

J=11ieN;

We also denote by ©; = [HNJ.]T € RNi*d the collection of the random feature parameter
vectors using the activation function ;. We learn the same data model in Definition 2.1
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by fitting a training data set S = {(x;,y;)}/~; with the function f(x;a,®) using ridge
regression. Similar to Section 2, we learn the coefficient vector a by minimizing the /o-
regularized square loss function:

n

~ . 1 2 d
a = argmin - Z <yj - f(xj;a,G))) + ﬁAHaH%

a le

The excess risk is denoted by R;(X, ®, \, B4, €) highlighting its dependence on X, @, \, B4
and e:

Ra(X, 0, Ba,€) = By _yirvagion [Fo + X Bra— f(x:8,0)]°. (5.1)

5.1 Excess risks of MRFMs

The definitions and assumptions below are similar to those previously used for DRFMs in
Section 3.

Definition 5.1. For j =1,2,..., K and G ~ N(0,1), define
uio 2 Eoj(G), w1 2EGo(G), iy 2E{0](G)} — ufo — 41
These spherical moments are collected into a vector p.

Assumption 5.2. Leto; : R =R (j =1,2,...,K) be weakly differentiable, with weak
derivative 0. Assume |oj(u)| V |0’ (u)] < Coe1l for some constants Cy, Cy < +oc.

Assumption 5.3. We consider sequences of parameters N1, Na, ..., Ng,n,d that go to
infinity proportionally to each other. Without loss of generality, let the sequences be indezed
by d, and assume for j =1,..., K, the following limits exist:
1‘ N = y 1‘ = .
Jm Njjd=;€(0,00),  lim n/d= x4 €(0,00)
These limits are collected into the vector ¥ = [{1, ..., YK, YK 41].

Assumption 5.4. Let Fy 4 = ||B1,4ll2. Then dlim Fiq = Fi1 > 0. Moreover, if Fy # 0,
—r+00
K
then /‘?,0 > 0.
j=1

All these assumptions are natural, and parallel Assumptions 3.2-3.4 in Section 3, respec-
tively. The presentation of the results for the MRFM also relies on a system of self-consistent
equations as follows. For £ € C,, consider the following system of equations with unknown
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functions (v1,...,vk+1): Cy — CET! (as functions of the complex variable €):
2 NilVK-‘rl .
vi-| —&— MiaVr41 — 3 =5, j=1..., K
L= 5= M1V VR4
K K 2 (5.2)
2 2= M5
Vi1 | —&— Zﬂj,sz - K o = VYK +1-
j=1 1= 51 M ViVE 1
Welet v = [v1,...,vg1]’ + Cy — (CffJrl be the analytic function defined on C, satisfying

(i) for any € € C4, v(€) is a solution to v-system (5.2), (ii) there exists a sufficiently large
constant &g, such that |v;(£)| < 21/ for all £ with F(&) > &y and j € [K]. It can be shown
that such a function v exists and is unique, and therefore our definition of v is valid. The
full justification is given in Proposition C.9 in the appendix. We also denote v = v(§, )
to emphasize the dependence on p.

Definition 5.5 (Auxiliary matrices). Define £ = v/ -1,

*

* * T
v = [Vl,...,VKH]T = [V1,---,VK+1] (f*QN)

where v; is the solution of v-system (5.2), and let
K
My = Z,uily;, Mp = vy My — 1.
j=1

We then let H € REHDXEFD be g real symmetric matriz whose (i, j)-th entry (i < j) is

*2 4
V1Ml o
e S 1<i=j<K,
ML U =tT)=
2 92 9
_ Viatiaki 1<i<j<K
M% ’ ’
1,1 2 . .
_M%)_.“zﬂa 1§1§K33—K+1,
M2 gy o
— W 1/*2 s 1= = K + 1.
L D K41

Moreover, define V = [vi,va, vz, vy € RETDXA yyhere

T T
V1= [M%,Q’M%,Q?"'au%ﬂ%o} ’ V2 = |:0>"'707 1:| ’

2 2 2 2 2
Hia “KquT V__Pﬁ H1a 2 P11 9T
20 a2 2 |0 4 K+173 20 9 VK413 2 0 7312
My, My~ Mjp My, My~ Mp

“|

Finally, let L = VTH 1V € R4,
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It is clear that the above definitions are consistent with Definition 3.5 for the case of
K = 2. Based on these definitions, the asymptotic limit of the excess risk can be expressed
as function of the elements of the matrix L. Our main result for MRFMs is given in the
following theorem.

Theorem 5.6. Let the data matrix X and the noise vector € be generated as in Defini-
tion 2.1. Then under Assumptions 5.2, 5.3 and 5.4, for any reqularization parameter A > 0,
the asymptotic excess risk Ry(X, ®, X\, B4, €) of the MRFM defined in (5.1) satisfies

EX,@,€|RCI(X7 G)v A7/Bda E) - R()\7¢7 H, F17 T)‘ = Od(1)7

where, with Mp and the matriz L defined in Definition 5.5,

1
R\, p, Fy,7) =F} <W + Lga+ L1,4> +72(Los + Lig). (5.3)
D

Here, L; j are the elements in the matriz L which is defined in Definition 5.5.

Theorem 5.6 is proved in Appendix C. The asymptotic excess risk for the MRFM given
in Equation (5.3) is similar to (3.2) for the DRFM. It is clear that Theorem 5.6 covers
Theorem 3.6 and the results in Mei and Montanari (2022) as special cases with K = 2 and
K =1, respectively.

5.2 Multiple descent in MRFMs

We now demonstrate the existence of multiple descent in MRFMs. The experimental setting
is similar to the previous experiments reported in Section 4. We set d = 300, n = 1000,
and A = 107%. In simulation, the training data {(x;,y;)}?, are generated independently
according to Definition 2.1: each x; is uniformly generated from the sphere v/d - S*!, and
the corresponding response is given as y; = (81, X;) + Fo+¢;, where 31 is a randomly chosen
unit vector, Fy = 0.2 and 7 = 0.1. We estimate the excess risks of the MRFMs with a test
data set of size 700, and take average over 30 independent runs. We consider two MRFMs
with K = 3 and K = 4, respectively. For the case K = 3, we consider three activation
functions oy (x) = ReLU(9x), 02(z) = ReLU(z) and o3(x) = ReLU(0.1z), and set the ratios
between dimensions of random features as N; = Na = N3/3. For the case K = 4, we use
four activation functions o1(z) = ReLU(80z), o2(z) = ReLU(9z), o3(z) = ReLU(z) and
o4(x) = ReLU(0.1z), and keep the ratios N1 = Ny = N3 = N4/3.

The results are given in Figure 7. We can see that the simulation results (dots) well
match the theoretically derived risks (curves), which validates our results in Theorem 5.6.
Moreover, Figure 7 (a) (where we use three different activation functions) shows quadruple
descent, while Figure 7 (b) (where we use four different activation functions) shows quintuple
descent. With these observations, we believe an MRFM using K activation functions may
exhibit (K + 1)-fold descent.

Following a similar analysis as in Section 4, we can also study the locations of each
peak in the risk curves as follows. First consider the experiment with K = 3. Clearly,
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Figure 7: Multiple descent in multiple random feature models. (a) gives the risk curve for
the MRFM with three activation functions, which exhibits quadruple descent; (b)
shows the risk curve for the MRFM with four activation functions, which exhibits
quintuple descent.

the first peak always locates around (N + N2 + N3)/n = 1. Regarding the second peak,
note that the scales of the activation functions are set in descending order. Under this
case, the first two types of random features will mainly contribute to the predictor and the
third type of random features is negligible, therefore we have (N7 + N3)/n = 1 around the
second peak. Since N = Ny = N3/3, we have Ny = Ny = n/2 and N3 = 3n/2. Hence
we conclude that the second peak should be around (N; + N2 + N3)/n = 2.5. Similarly,
regarding the third peak, we have Nj/n = 1, which indicates that the peak locates around
(N1+ N2+ N3)/n = 5. These predicted locations clearly match the results shown in Figure 7
(a). For the case K = 4, with a similar argument, we can expect that the four peaks are
located around 1,2, 3, 6, respectively. This also matches the result in Figure 7 (b).

6. Conclusion

This paper considers the learning of double random feature models and multiple random
feature models. We give the explicit formulas for the asymptotic excess risks achieved
by DRFMs and MRFMs. These theoretical results are further well confirmed by empirical
simulations in various settings. We provide an explanation of the triple descent and multiple
descent phenomena based on the scale difference between activation functions, and discuss
how the ratio between random feature dimensions control the location of the second peaks
in the risk curves. By showing that MRFMs with K types of random features may exhibit
(K + 1)-fold descent, we demonstrate that risk curves with a specific number of descent
generally exist in random feature based regression.

An immediate future work direction is to study ridge-less regression where A = 0. More-
over, our result can help future studies on the advantages and disadvantages of overfitting
by quantitatively comparing the risks achieved by over-parameterized /under-parameterized
models with different regularization levels. Extending our findings to deep learning is an-
other important future direction.
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Appendix A. Proof of Theorem 3.6

The proof is presented in the following four steps.

1.

We first develop a decomposition of the risk and find an asymptotic approximation whose
main terms are expressed as traces of several random matrices, see Proposition A.2;

. We then create a new random matrix called the linear pencil matrix, which includes all

the fundamental random matrices involved in the asymptotic approximation found in
the first step, so that the needed traces are all functions of the limiting spectrum of the
linear pencil matrix, see Proposition A.4;

Next, we find the key limiting spectral functions of the linear pencil matrix including its
Stieltjes transform and logarithmic potential, and show that the needed traces converge
to some specific partial derivatives of the limiting logarithmic potential, see Proposi-
tions A.6 and A.7.

The last step collects the results of the previous three steps and establishes the limit of
the excess risk (with respect to the L distance).

The four steps are given in the following subsections, respectively. A few technical lemmas
and propositions used in these steps are stated without proofs; these proofs are deferred to
the online supplementary material (Meng et al.). Before proceeding further, we remind the
reader the following notations: X = [x1,...,x,]" € R™® with (x;);en] ~ Unif(v/d - ST1),
Yy =1, yn] . © =[0],0]]T =[01,...,0n]T € RV with (8;);c(n) ~ Unif(vVd - S471).

Some new notations are given in the following definition.

Definition A.1. Define

Z; = oy (X@}/\/&) INAdeR™Ni| j =12 Z=(Z1,Zs) € RV,

Y= (Z'Z+ My ox) = (01(x O] /Vd),02(x O] /Vd)) " e RY;
M, = diag(p1,1In,, p21In,), Mg = diag(p120In,, p22In,).

Furthermore, for any matric W € RN*N we define a bracket [W]z £ ZYWYZ'.

A.1 Step 1: bias-variance decomposition of the excess risk

By the definition of a in (2.2), we have

n

. )1 2 d
a :arginln n Z (yj - f(Xj;a»@)) + ;AHaH% = ﬁTZTy' (A1)

J=1
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The excess risk is then of the form
T AT 2
Rd(X,G,A,ﬁd,E) :Ex [X ﬁlyd“‘F{) —a O'(X)] .

The goal of Theorem 3.6 is to calculate this risk. One of the major challenges in this
calculation is the nonlinearities of the activation functions. To overcome this challenge, we
introduce a decomposition of the risk in the proposition below. We remind readers that

Fiq=B1all2-

Proposition A.2. For any A > 0, let

2F7, ox’ FPy (=g XXT\ 72 =
7 tr(Ml 7 ZT>+ y tr<[U]Zd>—|—dtr([U]Z),

Ry(X,0©,\, F14,7) = F{q—

where U = M1®@TM1/d 4+ MsMs,. Then under the same conditions as Theorem 8.6,

Ex.o.|Ri(X, 0,1, 84,€) = Ra(X, 0, Fi.0,7)| = 04(1).

The proof of Proposition A.2 is given in Section I in the online supplementary material
(Meng et al.). It presents the bias-variance decomposition as the sum of four terms: the
first three terms with F12 4 together give the bias in the asymptotic excess risk, while the
last term with 72 is the variance.

A.2 Step 2: approximation of the risk decomposition via a linear pencil matrix

The approximating function R4(X, ©, A, F} 4,7) found in Proposition A.2 depends on three
traces of certain random matrices. In this step, we calculate these traces via a special
random matrix, namely the linear pencil matrix defined as follows.

Definition A.3. (1) Let

Q:={a=[q1,9,95,91,95) €RS : q1,q5 < (L +q1)/2, |lall2 < 1}.

Depending on q € Q and p, the linear pencil matrix A(q, p) is

©,0] ©,0] =
Gp3 oIn, + qapd =7 qapin, 12,1 — 7> Z] +qZf
= SPICH 0,0] 5 PxP
Alg,p) = qap1,1 2, — @3N, + wupd =% Zg +qZy | ERTTT,
~ e~ T
Zh+qZy Zo+ 17y 3L, + g5 25—

where P = N +n, and Zj = M%X@; forj=1,2.
(2) The Stieltjes transform of the empirical eigenvalue distribution of A = A(q, p) (up
to the factor P/d) is

Myga,m) = Ju[(A—€1p) ], gec,
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and its logarithmic potential is

ISHR

P
Cult;a,m) = - logdet(A — €1p) = 5> log(A(A) ~€), €€C,.
=1

Here A\1(A) > --- > Ap(A) are the eigenvalues of A, and log(z) := log(|z|) + iarg(z), for
z € C, —m < arg(z) < m is the principal value of a complex logarithmic function.

We assume that q € Q throughout the paper. The three traces in the definition of
Ry(X,0,\, F| 4,7) in Proposition A.2 are now expressed as partial derivatives of the loga-
rithmic potential G4 as shown in the proposition below.

Proposition A.4. Let U be defined in Proposition A.2. Then we have

1 ex’ 1 *
gtr <M1 d ZT) = iaqud(g ' p’)’q:O’

1 ~ . XXT . .
dtr<[U]Z d > - _834,Q5Gd(§ 7q7 N)|q:0 - a(i,ngd(é- 7q7 I"l‘)’q:07

1 " *
gtr([U]z) = =0}, ,Ga(& 1 a, 1) lq=0 — 02, 1, Ga(€"; 4, 1) | g=0-

We remind readers that £* = v/A-i. The proof of Proposition A.4 is given in Section II
in the online supplementary material (Meng et al.).

A.3 Step 3: key limiting spectral functions of the linear pencil matrix

Proposition A.4 shows that the excess risk can be calculated based on G4(£*;q, ). More-
over, by Definition A.3, we have d%Gd(é‘; q, ) = —My(&; q, i), which shows that G4(&;q, )
is related to My(§;q, p). Therefore, we study the Stieltjes transform My(§;q, p) and cal-
culate its limit as d,n, N — oco. To do so, we define the following system of equations.

Definition A.5. For ¢ € C,, define a function F(-;&,q, p) from C3 to C3 by
2 2 ot
¢1{ — &+ qapy o — Higms + HT)}
m = [my,mg,m3] — F(m;§,q, n) = ¢2{ -+ (JQ,M%,Q - M%gms + %}71 ;
¢3{ — &+ q3 — pi gma — p3 omo + %}71
where

Hy =pF 1qa(1 + maqs) — pi (14 q1)%ms,

Hy :M%J@M(l +m3gs) — :u%,l(l +q1)*ms,

Hz =q5(1 + i ymiqs + 5 1maqa) — p3 1 (14 q1)*ma — pf 1 (14 q1)?ma,

Hp =(1+ pf ymaqs + 5 1maqa) (1 + msgs) — p31 (1 + q1)*mams — p 1 (1 4 q1)*mams.

We write the three coordinates of F as F(m; &, q, u) = [F1,Fa, F3]T (m; &, q, ).
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We give in Section I1I in the online supplementary material (Meng et al.) some properties
of the function F. In particular, we show that there exists a constant & > 0, such that
for all & with (&) > & and q € Q, F(:;&,q, ) has a unique fixed point m(&;q, p) =
[m1, ma, m3] " (& q, p) satisfying Im; (&) < 21pj /& for j =1,2,3. Note that this fixed point
result only defines m(&; q, i) on {&€ : (§) > & }. To extend its definition to C4, we aim to
show that m is an analytic function on {£ : (&) > &}, and its analytic continuation to C4
is still a fixed point of F(+;&,q, ), i.e.,

m(§;q, 1) = Flm(&;q, 1) € q, pf (A.2)

for all £ € C. More importantly, by using random matrix theory, we also aim to show that
the limiting spectral distribution (LSD) of the matrix A exists and its Stieltjes transform
is

3
i=1

These results are formally given in the following proposition.

Proposition A.6. Under Assumptions 3.2 and 3.5, m(§;q, p) is analytic on {§ : (&) >
&}, and has a unique analytic continuation to C. Moreover, this analytic continuation
(still denoted as m(&; q, p)) satisfies the following properties:

1. m(&q,p) € C3 for all € € Cy.

2. m(§,q,p) = Fm(¢, q,p); € q, p] for all € € Cy.
3. Let My(&;q, i) be defined in Definition A.5. Then for any compact set Q C Cy,

lim E|sup|Ma(&a, p) —m(&a,p)|| = 0.
d—+o0 £eqn

The proof of Proposition A.6 is given in Section I'V in the online supplementary material
(Meng et al.). It shows that My(; q, u) has a deterministic limit equal to m(&; q, ). This
result, together with the connection between My(§;q, ) and the logarithmic potential
G4(&; q, i) in Definition A.3, further indicates that G4 may also have a deterministic limit,
and its deterministic limit can possibly be expressed as a function of m(&;q, p). In fact,
this limit is found to be

9(&a,p) 2 LEmi(&a,p),ma(&a, p), ms (& a, p)ia, p), (A.3)
where

L(&, 21,22, 23;Q, ) £
log [(1 4 45 12194 + 115 12244) (1 + 23¢5) — p5 1 (1 + q1)* 2123 — 31 (1 + q1)* 2223]
— pT 92173 — 113 92073 + Qopt} 921 + Qa3 072 + G323 — E(21 + 22 + 23)

— 1 log(z1/91) — P log(22/v2) — Y3 log(23/v3) — Y1 — P2 — 1bs.

(A.4)
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The following proposition formally shows that g(&;q, i) and its partial derivatives are the
deterministic limit of the G4 and the partial derivatives of G4, respectively.

Proposition A.7. Let G4(&;q, 1) be defined in Definition A.3 and g(&;q, p) defined in
(A.3). Then for any fired € € Cy, q € Q and u € Ry,

Jim E[Ga(&a,p) = 9(&q, p)]] = 0,
—+00
i E[[VaGa(iu: g, p)la=o0 — Vag(iu: 4, #)lq=oll2] =0,

dETmEmvaGd(iU; qQ, 1) |q=0 — V2g(iu; q, p)|g=ollop] = 0

Proposition A.7 is proved in Section V in the online supplementary material (Meng
et al.).

A.4 Step 4: completion of the proof

According to Propositions A.2, A.4, and A.7, the key terms in the excess risk can be
calculated as the partial derivatives of the function g(§;q, ) at @ = 0. However, g(§;q, i)
is based on m(§;q, i), and the calculation of the partial derivatives of g(&;q, p) is non-
trivial: m(§;q, p) is originally defined on {& : (&) > &} as the fixed point of F, and its
definition is then extended to C. in Proposition A.6. To finalize the proof, we first present
the following proposition relating m(&; q, p) to the function v(&; p) defined in Section 3.

Proposition A.8. There exists a unique analytic function v = [I/l,VQ,V3]T :Cp — (Ci
such that:

1. For any £ € C4, v(&; p) is a solution to v-system (3.1).

2. There exists & > 0, such that |v; (& p)| < 245 /&0, for all & with I(&) > & and j = 1,2, 3.
Moreover, it holds that v(&; p) = m(&;0,u) for all £ € Cy.

3. v = u(ﬁ-i; ) in Definition 3.5 satisfies 1/;k = bj -1 with b; >0 for all j =1,2,3.

The proof of Proposition A.8 is given in Section VI in the online supplementary mate-
rial (Meng et al.). The proposition thus justifies the definition of v(§; ) in Section 3 by
demonstrating its existence and uniqueness. Moreover, it also relates v(; ) to the function
m(¢; q, p) introduced in step 3 of the proof. With this result, we can finalize the proof of
Theorem 3.6 as follows.

Proof [Proof of Theorem 3.6] Let

RO, s Frym) = F - [1=03,9(6%5 0 1) = 05, 4,950, 1) = 07, 4,9(€5 0, 1)] | g
=77 [0, .9 a, 1) + 07, 4,96 0, 0)] | (g (A.5)

where ¢ is defined in (A.3), and &* = /A -1 is given in Definition A.1. Then by Proposi-
tions A.2, A.4 and A.7, we have

EX,@,S Rd(Xa 67 A7661) 8) - R()\71/)> K, Fy, 7—)‘ = Od(l)'
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Therefore to complete the proof, it suffices to calculate the partial derivative terms of
g9(&£*;q, ) at g = 0. For this calculation, we first note that by the definition of L(&,z;q, p)
in (A.4) and the definition of m in (A.2) as the fixed point of F(+;&, q, i), we have that

VoL(§,2;,9, 1)|z=m = 0. (A.6)

Readers can refer to Lemma V.3 and its proof in the online supplementary material (Meng
et al.) for the detailed derivation of (A.6). Let m*(q, 1) = [m1(£*5q, 1), ma(E5;q, u), m3(€%5q, p)] "
Then by Proposition A.8, we have v* = m*(0, p). Therefore,

0q,9(8"5a, )| g = Oy [L(E", m" (a, )i 4, )] | g
= [(VaL(€", 2 q, p)lamm=, Oy m*) + 04, L(E, 2 G, 1) | s=mm ]
21/§MN
Mp

q=0

(A7)

=0+ a‘hL(g*a Z;q, u)’q:(),z:u* =

where the first equality is by the definition of g, the second equality follows by the chain
rule, the third equality follows by (A.6), and the last equality is by direct calculation and
the definition that My = Vfuil + V;M%’l, Mp =viMy — 1.

For the second order derivatives, let ¢; g; be the i and j* element in q for 4,j =
2,3,4,5. Then by (A.6), with similar calculation as (A.7), we have

Pg(&5q,p)  O’L(E*,2;q, 1) N <Vz [(‘M(S*,Z;q, u)}

d0q;i0q; 0q;0q; 0q;

Om’ > (A.8)

zZ=m* ’ aqi

Moreover, by (A.6) and the formula for implicit differentiation, we have

om* ~19[V,L(§", 2, p)]
= —[(V2L(¢*, 2;q, i A9
o =~ [(VELE ma )], ] | (A9)
In addition, we let u = [q2, g3, g4, 5, 21, 22, Z3]T, and define the symmetric matrix
W = W(V*, »u) = V%IL(S, z,q, H)|zzu*,q:0
0o 0 0 13 2 132 0
* 0 0 0 0 0 1
* o My v My M Han M,
M2, M2, i} i1} M2,
* * * _ v V??“l»l V3K 1 1
= M2 M? M2 ME  (A.10)
D 2,4 D 2 2 2 D
* * * * 71/3/1,1,1 + ﬂ M im — 2
ME TR M, M2 T P2
Vgl‘% 1 P2 l‘% 1 2
* * * * * — M%’ + v —M—% — H39
* * * * * * _ My + Y3
L Mp vy
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Then by (A.8), (A.9) and (A.10), we have

W o =Wy 44— Wy 579 (W [5:7),[5: 7}) IW[M]A, (A.11)
W o= Wi~ Was (Wisman) Wisna, (A.12)
W a0 = Wi — Wy 59 (W [5:7],[5: 7]) 1VV[5:7],2, (A.13)
W wo W34 — W35 (W[5:7],[5:7])_IW[5:7],4. (A.14)

Now the terms on the right hand side above can be directly calculated: (recalling V, H
given in Definition 3.5, and v} is the solution of v-system (3.1) given § = VX -i) we have

Wiy =Wy3=W;5=0, Wj3,=— N

Wisa 4 = W[T1;4],[5:7] =V, and Wpqpn=H

Plugging (A.7) and (A.11)-(A.14) into (A.5) completes the proof of Theorem 3.6. |

Finally, recall L = VTH~!V, we give the closed form expression for the terms L1 4,L23,L12,L34
in Theorem 3.6. Let [v},v5,v5], My and Mp be defined in Definition 3.5, and

* * * *2_ % 2
§ =vi* (v Miud 1 + v MEpd 0 + V20 M (13 0131 — 1313)°)
— U3 (2Mp 3 15 0 + Mppia s + a1 (1 + M) (A.15)
— U520 (QMDM1,1M1,2 + MDHLQ + #1,1(1 + MD¢3))
— U2 Mp MR, + Mpibibatbs.
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Then by direct calculation, the terms Lj 4, Lo 3, L1 2, L3 4 satisfy the following equations:

5 ;/;1’4 = —v3? M5y, (V H2 113 21 + 1] Ml 1H7 21/J2>
24 g (MBgd o + 434 (1 + Mpss) )
+ V523 1 (M%ug,z + s, (1+ M%ws)),

& ;;;2’3 =323 1 (31 + M3 o) vn + vi2udy (13 ) + M3 )
— V3P MR (V32 g 1 + vt 1b2) + MBMRpras,

T 0 (a0 + Mpida)n + a1+ M) A1
- VTQVSZV:;:Q (M%,zﬂgg - M%,W%z)z),

MBSt 2 (5200308, (B — i)+ MR (B — )2)

. 2
+ ¢1¢2MDMN vy V2 V32MD (Ml 2#2 1 N%,I/L%,Q)
+ 15 M2,1¢1 (MDM2,2 + M2,1 + MDM2,1¢3)
+ V?M%,ﬂ/}? (M%M%,z + N%,l + M%M%,l%)-

Clearly, the equations above give explicit calculations of Lj 4,123, L1 2, L34 given the so-
lution [v], V5, 5] of the self consistent system v-system (3.1). Readers may keep in mind
that 1/]"»‘2 is negative since v; is purely imaginary.

A.5 Discussion on the proof of Theorem 3.6

In this section, we briefly discuss the proof of Theorem 3.6 and highlight the novel challenges
we encountered in our own proof and setting compared to Mei and Montanari (2022). We
compare the differences in the various steps of the proof to better understand the unique
aspects of our extension.

1. The first step in our proof is to directly calculate the excess risk according to its definition,
and identify key terms which require further analysis. To do so, we perform a bias-
variance decomposition of the risk and find an asymptotic approximation whose main
terms are expressed as traces of several random matrices, as detailed in Proposition A.2.
Compared to Mei and Montanari (2022), our analysis on the DRFM addresses the impact
of different activation functions. Asshown in Lemma 1.3, the terms become more complex
for DRFMs, and it requires additional treatment and careful justification to prove the
specific negligible terms. Furthermore, the decomposition in Proposition A.2 includes
additional diagonal matrices M; and My, whereas in Mei and Montanari (2022), it is
only a scalar. To address this difference, we have extended several technical lemmas to
accommodate the inclusion of M; and M. For further details, please refer to Section I
in the online supplementary material (Meng et al.).
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2. The second step involves the construction of a new random matrix, known as the linear
pencil matrix. While a similar technique is also used in Mei and Montanari (2022), the
linear pencil matrix is more intricate in our setting, see Definition A.3, due to the greater
complexity of the terms involving M; and M. Specifically, the linear pencil matrix in
our case is a 3 by 3 block matrix with a more complicated structure than the matrix
proposed in Mei and Montanari (2022).

3. The third step is a standard procedure that involves identifying the critical limiting spec-
tral functions of the linear pencil matrix, including its Stieltjes transform and logarithmic
potential. However, in our case, these calculations differ from the reference and require
additional investigation due to the increased complexity of the linear pencil matrix and
the more intricate formula of the related implicit equations. Furthermore, these new
calculations of the Stieltjes transform and logarithmic potential provide inspiration for
the study of the multiple random feature models and we find a mathematical induction
method to complete the study.

Appendix B. Proof of Propositions 4.1 and 4.2

In this section we present the detailed proofs of Propositions 4.1 and 4.2. We denote by

v* = v(vVA-i;u) = m(V/X-1;0, ), Proposition A.8 shows that the three numbers Vi,

7 =1,2,3, are all purely imaginary with positive imaginary parts, that is, V;f = iv; where

vj > 0. Moreover by v-system (3.1), we also have the following self-consistent equations:

2
K113 o
1 2 2 -
+ M171V1V3 + ,U2’1V2V3

vV + NiQVlVS +

2
K2 1V2V3
14 p? 113 + 3 v
Ky 1V1V3 T Mo 1 V2l3

\/XVQ + /L%QI/QVg + = 9, (Bl)

2 2
2 2 M1 V1V3 + pa 1V2l3
Vs + P oV1V3 + p5 oVl + 5 5 =13
1+ M V13 + s 1V2L3

The system (B.1) can be further rewritten as

"

2
H11V1V3
1+ pu2 v1v3 + p vav

HIV1V3 T f5 1 V213

2 2
P1aV1Vs + pig V23 >

2 2

L+ py v + ps vavs

2
Avivz = <w1 — Ml oV1V3 —

2 2
) <1/13 — H12V1V3 — [ oV2V3 —

115 1 V23 (B.2)
L+ pf s + M%,leVs)

Mill/ﬂ/s + M%,1V2V3
L+ g} yrivs + M%,1V2V3>

2
Aoug = <¢2 — [a ol2l3 —

2 2
) (1/}3 — My oV1V3 — Mo olV2V3 —

(VA1 + 12 — v3) = Y1 + ¥ — s,

30



MULTIPLE DESCENT IN THE MULTIPLE RANDOM FEATURE MODEL

Our proofs of Propositions 4.1 and 4.2 mainly study the asymptotic properties of v1v3 and
vovs based on (B.2). Specifically, we define

=i =1 .
x1(p) )\15)1%)7/1”37 xa(p) AILI})VW?,

Note that the existence of these limits with values in [0, +00) U {4+00} is guaranteed by
the property of Stieltjes transform, and the limit value x1(w), x2(p) are related with the
moment vector . In the following proof, we drop the argument p in x1, xo for simplicity.

B.1 Proof of Proposition 4.1

We first prove the second and fourth conclusions of Proposition 4.1 where the excess risk
tends to infinity, and then we prove its first and third conclusions. Readers may keep in
mind that when we let A — 0, the moment vector p is fixed.

Proof [Second conclusion]| If 13 = 1)1 4+ 19, then by (B.2) we have 14 + vy = 3. We first
use a proof by contradiction to show that y; = limy_,qvi1v3 > 0. It is obvious by definition
that x1 > 0. If x; = 0, then from the first equation in (B.2) we have

2
M1v1vs
1 2 2
+ M1711/1V3 + /1,271V2V3
2 2
WY 1v1v3 + py V23 )

2 2 ’

1+ PiV1V3 + s 1 V23

0 = lim A\rqrv3 = lim 1 — 2 Vvg —
A—0 A—0 w M1,2

2 2
: (7/)3 — H1,2V1V3 — Mo oV2V3 —

= ¢+ lim (41 + Vown) > 4.

This is impossible and hence we have x1 > 0. Moreover, if y; = 400, we have

2

. . M1

0= limA\ = lim vvs) — e o — ’
A=0" A0 <¢1/( W) T T g + i vivs + ,u371u21/3>

2 2
M1 1V1V3 + U5 1V2V3
L1 21 > > 07

2 2
' <¢3 — M1 oV1V3 — [ 9l2V3 — 3 3
L+ pi yvivs + pg g ver3

which is also a contradiction. Therefore 0 < x1 < co. Similarly we conclude that 0 < x9 <
0.

Furthermore, the relation v; 4+ v = v3 implies that v;,9 < v3. Then we have
)1\12%) v, vy < 400 and VA, VArs — 0 when A — 0. Therefore (B.1) gives us the fol-

lowing equations when A — 0:

2
9 H11X1
H12X1 + =1,
b L+ 42 1 x1 + 13 xe
13 1 X2 (B3)
21
115 9X2 Pa.

+ -
L+ g 1 x1 + 1312
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By (B.3), we can express 91, 12 and ¥3 = 1)1 + 2 by x1 and x2. Moreover, note that when
A— 0,

Vivs = —x1, VsV = —x2, Mnvi = —pf X1 — phx2, Mp = —piixi — paix2 — 1.
(B.4)

Therefore S and L; ; in (A.15) and (A.16) can also be expressed by x1 and x2 when A — 0.
With direct algebraic calculations, we obtain

)l\li}I%)S =0, ;13%8 . (L374 + L174) #0, )1\13})5 (L273 + L172) #0.

This implies that Lz 4 +Lj 4 — 00 and Ly 3+ Lj 2 — 0o when A — 0. Since R > 0, we have
1
) . 2 2
)1\1{)%7?’()‘7 Yo, Fr,T) = )1\13%) I (]\412) +Lga + L1’4> tT (L273 + L172) = +oo.

This gives the second conclusion in Proposition 4.1. |

Proof [Fourth conclusion]| If (11 + 12) /13 = 1 + 12 /1)1, then ¥ = 13, and (B.2) gives
ﬁ(ul + 19 — v3) = ty. By substitution of VA(v; + vy — 13) = 15 into the second equation
in (B.1) we obtain

) 13,1 V2V
VA3 + p2 ouous + R 5 = V.
’ 14+ My 1V1V3 + K5 1 V2V3

Thus v3 < vi. Moreover, if x; = limy_,gv1v3 = 400, then the first equation in (B.2)
indicates that

2
. . M1
0= limA = lim vvs) — e 5 — :
A50" A0 <¢1/( W) T T g + pf vz + ,U«%JVQI/?,)

2 2
M1 1V1V3 + U5 1V2V3
1.1 21 > > 07

2 2
: <¢3 — [1] oV1V3 — [ oV2V3 — 5 5
1+ MY V1V3 + s 1 V2L3

which is impossible. Therefore x1 < 4o00. Similarly, the second equation in (B.2) gives
X2 = limy_,g1or3 < 400. Here, x1, x2 < +00 is obtained under a given moment vector
p. Combined y; < +oo with v3 < vy, we get Vg — 0 as A — 0. Therefore the third
equation in (B.1) gives us

12 1X1 + 131 X2

3 = 43 ox1 + p3ox2 + : (B.5)
h 2 T a3 e
We remind the readers that we aim at proving
lim  lim R(\ ¢, u, F1,7) = +o0. (B.6)

p2,1,12,2—0 A=0
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To show this, we rely on the following claim (recall that x2 depends on pg 1, p2.2):

lim 3 x0 + 431 x2 = 0. (B.7)

p2,1,p2,2—0

In the following, we first explain how (B.7) can be used to show (B.6), then give the proof
of (B.7).
Proof of (B.6) based on (B.7). By (B.5) and (B.7), we have

2
. H11X1
Y3= lim pi.xi+

— (B.8)
p2, 1,220 14+ M1 1X1

Recall that in Theorem 3.6, R(\, 4, , F1,7) is defined based on the quantities S and L; j,
i,7 =1,...,4. The analytical expressions of these quantities are given in (A.15) and (A.16)
respectively. We replace the terms 1 and v* in (A.15) and (A.16) with terms consisting of
x1 and x2 by using equations (B.4), (B.7), (B.8), and then get that

lim lim S =0, lim lim S (L34 +Li4) #0, lim lim S (Lg3s+ Li2) #0.

12,1,142,2—0 A—0 H2,1,142,2—0 A—0 p2,1,12,2—0 A—0

Therefore the limits L34 + Lj 4 = 0o and Lo 3 4+ Li2 = oo when A — 0 and pa 1, pt22 — 0.
Since R > 0, we have

lim  lim R(\ ¢, u, F1,7)
[12.1 11220 A0

1
= lim lim Fl (W + L34+ L174> + 72(L2,3 + L) = +o0.
D

p2,1,12,2—0 A—0

Proof of (B.7). We first show that hn% v3 = 0. From the analysis above, we have hn%) 3 <

400 due to v3 < v; and x1 = )1\1H%)1/11/3 < 4oo. If hm v3 > 0, then combined with
%

/l\ir% viv3 < 400 we have VAvy, Vs — 0, the first and second equations in (B.1) give us
%

2

2 H11X1

MY 2X1 + =1,

b L+ 3 X1 + 1302
Mz 1X2

1 +M1 1X1 +M2 1X2

15 92 + = 1s.

Combining the equations above with (B.5), we have 11 + 12 = 13, which is a contradiction
to the condition 11 = 3. Therefore )l\irr%) v3 = 0.
—

Combining the limit )l\in%) v3 = 0 with (B.2) yields that /l\ir% Vv + 1) = 1hy. (B.1)
— —
further indicates the existence of )l\in% Vg and %ir% Vs respectively due to the existence
— —

of x1 and x2 (The existence can also be guaranteed by the property of Stieltjes transform).
Next we show that ll\in%] Vv, )l\ir% VAvs > 0. We use a proof by contradiction:
— —
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o If /l\ir% Vv = 0, then it holds that /{ir% Vg = 12, then we conclude that 1o > 11, and
— —
lim v1v3 > 0, lim v9r3 = 0 from (B.1). This is a contradiction because lim v > 0 and
A—0 A—0 A—0

lim o3 = 0 indicate v1 > vs.
A—0

o If )l\in% Vs = 0, we have /l\in% V Ay = 1)9, then the second equation in (B.1) indicates
— —
that lim 513 > 0. Moreover, lim Vg = 0 and lim Vg = 1o indicate that v > s,
A—0 A—0 A—0
therefore /l\ir% v1v3 = 400, which contradicts to the conclusion x; = )l\in%) vy < 400
— —
above.

From the analysis above we prove that 11 and 1o have the same order when A — 0. If
X1 = )l\in% rivy = 0, then xo = /l\ir% vovs = 0. The first and second equations in (B.1)
— —

give us )l\in% \f)\(yl + v9) — 11 + 19 which contradicts the third equation in (B.2) which
—

indicates that /l\in%) ﬁ(ul + 1) — 9. Therefore we have x1,x2 > 0. Here, we utilize the
_>

fact lim v3 = 0. Finally we have
A—0
@( ! > @( ! ) O(v\)
v, = — |, 1= — |, 13= .
1 o 2 3

Then we can assume that
lim Vv, = ¢1 —ny, lim VAve =15 — ng, lim v3/VA =k,
A—0 A—0 A—0

where 0 < n; < 91, 0 < ng < min(¢1,12), k > 0 and ny, ne, k satisfy

M%,l(i/)l —n1)k
1+ N%,l(wl —np)k + N%,1(¢2 —ng)k
15,1 (b2 — o)k (B.9)
L+ pf 3 (Y1 — na)k + 3 4 (2 — n2)k -
ni +ng =3 = 1.

13 o (1 — 1)k + = n1,

M%,2<w2 —na)k +

It is easy to see that x1 = (¢1 — n1) - k and x2 = (Y2 — ng) - k. We can also show that
lim  ngo =0. Indeed if limsup ng > 0, the second equation in (B.9) gives k — +oc.
p2,1,02,2—0 w2,1,u2,2—0
However, ny - k — 400 leads to a contradiction to the first equation in (B.9). Next, using
the second equation in (B.9), we have  lim  p3,x2 = 0.
12,1,42,2—0" 7

As for  lim M%,l X2, note that yi is bounded by the inequality x1 < 13/ /J%g due to

p2,1,42,2—0

the first equation in (B.9), thus we have

0= lim M%J(% —na)k - lim M%,1X2
p2iiz2=0 1+ pd | (hr — na)k + p3 1 (P2 — n2)k p2awz2—0 1+ pf xa + p3 1 xe
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which indicates that lim u%lxg = 0. Hence the claim (B.7) holds and the proof is

#2,1,442,2—0
complete. |

Proof [Third conclusion] Let r = 1 — (ca — 1)t3/19, then 13 = 1 + ripy with 0 <
r < 1. An analysis similar to the previous case of 13 = 11 leads to v3 < v; + v, and

v = @(%),l/g = @(\%), and v3 = ©(v/)\). We still assume that

lim VAvy =¥ —ng, lim Vg =99 —ng, lim v3/VA =k,
A—0 A—0 A—0

where 0 < ny < Y1, ripg < no < o, k > 0 and ny, ne, k satisfy

( ,U% (1 — 1)k
2
—ny)k + : =",
Hz(r = m)k+ (W1 —n)k+ 43, (2 —na)k
2
L (wQ _ ng)k B.10
15 (V2 — n2)k + > - o

1+ M%,l(ﬂ’l —n1)k + M%,1(¢2 —ng)k
ny + ng = Y3 = Py + ripa.

It is easy to see that x1 = (¢1 —n1) - k and x2 = (Y2 — n2) - k. Let pa 1, 22 — 0 and note
that ne > 9. We must have k — +oo by the second equation in (B.10). Therefore the
first equation in (B.10) indicates that n; = 11 and ny = ryo as p2 1,22 — 0. Now it is
easy to prove the third conclusion in Proposition 4.1 if we further assume that pg 1/p22 — 0
due to

lim  lim R\, ¢, pu, F1,7) < lim R\, p, Fy1,7).

112.1,12.2—0 A—0 w2,1,p2,2—0
12,1/ 12,20
Define Y1 = lim  x;. Then we have
p2,1,02,2—0
p2,1/p2,2—0
131X
. 2 _ 2 = ) —
lim  psoxe =72, pign + ——5— =
p2,1,42,2—0 1+ M1 1X1
u2,1/p2,2—0

Combining the expression of S and L; ; in (A.15) and (A.16) gives us

lim  lim S = (1 —7)ryi (2 + M%,1¢2>21)2(M%,2 + N%,lﬂ%,zﬁ + M%,l(l + 2#?,2321)) >0,
12,1,142,2—0 A—=0

p2,1/p2,2—0

lim  lim |S - (L3aMp + Lig)| < 400,  lim  lim|S- (Log + Li2)| < +o0.
p2,1,42,2—0 A—0 12,1,12,2—+0 A—0
p2,1/p2,2—0 p2,1/p2,2—0

Therefore  lim  lim R(\, ¢, p, F1,7) < lim R\, p, Fi,7) < +oo. This com-

p2,1,12,2—0 A—0 H2,1,p2,2—0
2,1/ p2,2—0
pletes the proof of the third conclusion in Proposition 4.1. [ ]
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Proof [First conclusion]| Let r = 1 + (1 — ¢1)t3/t2, then we have ¢35 = 91 + rpy with
r > 1. Similarly to the previous arguments, we obtain v1v3 = @,(1) and 3 = G, (1).
Also note that vy + v < vs, therefore it holds that v vy — 0 and VA — 0. Recall that
we defined x1 = limy_,o 13 and y2 = limy_,g v2v3, and the system (B.3) still holds in the
current case. Substituting (B.3) into (A.15) and (A.16), and after some simple calculation,
we obtain

lim S > (r — Dpd pd(1+ pdoxa)x3xs >0, lim S - (LysMp +Liy) < 400, lim S - (Lo + Ly 2) < 400.
A—0 ) ’ ’ A—0 A—0

Therefore when 3 = ¥ + ripg, r > 1, )l\in%)R()\,I[),/.t,Fl,T) < 4o00. This completes the
%

proof of the first conclusion in Proposition 4.1. [ |

B.2 Proof of Proposition 4.2
For this proposition, we let 19 = 11 /11 = ¥2/r9 — +00. By the system (B.1) we have

2 2
M1 V1V3 + 3 1 V2l3

. B.11
L+ pf yyavs + p3 vavs ( )

2 2
VAvs = pg — 113 gr1vs — 3 gvav3 —

Therefore v3 < 13/ VA with fixed 3. Then from the first and second equations in (B.1) we

easily get that lim 1y, lim vy = 4o00. If lim w3 > 0, further from (B.11) we will
o—+o0  Po—r+oo ho—>-+00

get

= 3.

2 2
M1 1V1V3 + [ 1 V2l >

lim ﬁ(% + ,u2 vivs + H2 Vvov3 +
e »2 Lot i yvavs + i3 vovs

1ho—>—+00
This is a contradiction because the left hand side of the equation above tends to infinity

while the right hand side is fixed. Therefore we have . lim wv3 =0. Combining this result
0—>+00

with

2
H1aV1V3 o
1 2 2 -
+ P Vs + pHy 12V

\5\1/1 + M%,ngVg +

2

My 1V2V3 _

1+ p? v + 3 vovs
K1 1V1V3 T [5 1 V23

Vv, + M%,2V2V3 +

we conclude that

li = /VA, i = ra/V.
%i)rflrool/l/% ri/ woiglroow/% r2/
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We further define

lim wsho=7%, lim 3¢ = x.
ho—r+00 ho—+00 o

Then we have

lim wnry3=mryx, lim wr3=ryx, lim wrr3=riy, lim wr3=rox.
Yo—=+oo Yo—+oo Po—r—+o00 ~ Yo—rtoo -

Taking the superior and inferior limit when g — +oc in the third equation of (B.1), we
have

13 11X + 13 172X
L i 471X + p3472X
M%lrlX"‘ N%JT?X
1+ uimx + N%J’“?X

b3 = pf oT1X + 13 972X +

by = 15 oT1X + M3 92X +

Therefore ¥ and x are both the solution of the equation

Ps(1+ pf yrim + iy ram) = (13 o1 + p3 9rom) (L + pf yr1@ + i 7o) + 13 1712 + p3 g row.
(B.12)

Note that ¥ and x are both positive, and the equation above only has one positive root.
Therefore we conclude that Y = x, and we can write x := X = x. By calculating the
positive root of (B.12), we easily see that (rluil + rg,u%,l)x = xo where xq is defined in
Proposition 4.2. Plugging the limits v4v3 — r1x and vov3 — o) into Mp and My in (A.15)
and (A.16), we obtain Mp — —xo — 1, vsMn — —xo when 99 — +oo. Direct algebraic
calculation then gives

2 2
XO L3 4 — XO
(xo+1)%3 — x3 T (xo+ DM — x3(xo + 1)?

Los — Lio,Lis—0

when 99 — +o00. Then we have

1
lim R\, u, Fi,7) = lim F? (2 +Lsg+ L1,4) +73(Los + L1 2)
1hg—>00 hp—>00 My,

_ F2( 1 + X% > + 7_2( X%
"\xo+1)2 7 (xo+ D43 — x3(xo + 1)2 (xo+1)%3 — x3

Fps + 72x3
(xo+1)%h3 — X3

This proves Proposition 4.2.

Appendix C. Proof of Theorem 5.6
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Here, we provide the proof of Theorem 5.6 for the MRFM. The proof for MRFM bears
significant resemblance to the previous proof of Theorem 3.6. In this section, we offer a
brief overview of the proof for MRFM, highlighting the key distinctions between these two

theorems. Here we will focus on several key steps in the proof that are significantly different
from the proof of DRFMs.

C.1 Step 1: bias-variance decomposition of the excess risk

We first give some notations as follows.

Definition C.1. Define

Z; =0 (X@j/\/&) JNdeRYN, 7= [Z,,... %),
o(x) = [o1(x O] /Vd),...,ox(x O /Vd)] €RN, T = (ZTZ+ Ay)",
Vo(Fp) = Ex[o(x)Fp] € RV, V(B 4) = Ex[o(x)x Br4] € RV U = Ex[o(x)o(x) ] € RV*V.

Clearly, these notations are consistent with Definition A.1 and Proposition A.2. Based
on these notations with direct calculation, we can express the excess risk Ry(X, ©, A, B4, €)
as

Ry(X,0,\, By,e) = F§ + Fy— 2y ' ZY[V(Bra) + Vo(Fo)]/Vd+y ' [U]y/d. (C.1)

To continue the calculation, we consider the Gegenbauer decompositions of the activation
functions. Suppose that the Gegenbauer decompositions of o;(-), j =1,..., K, are

+00
O-J("L‘):ZAd,k(o-])B(d7k)Q](gd)(\/gm)7 jzla"'aKa
k=0

where A\g;(0;) are the decomposition coefficients, Q,(Cd), k € N are the Gegenbauer polyno-

mials, and B(d,0) = 1, B(d, k) = k=" (2k +d — 2)(*[%%) for k > 1. Let

Ad,kz :diag()\d,k(a'l)INla---7)\d,k(0'K)INK)a ke N= {0,1,...}, (C.2)
M, = diag(p1,1Iny, - - piaIng ), Mo = diag(pi2Ing, - -, pi2Ing )-

—~
Q
w

=

Now we present Proposition C.2 below, which is the counterpart of Proposition A.2.

Proposition C.2. For any given X, let

_ 2F? yd F?2 . XXT 2
Rd(X,G),A,FLd,T):Fﬁd—Tl’dter > ZT—i—%dtr([U]Z : )—I—%tr([U]z),

where U = M1®®TM1/d + MsMsy. Then under the same conditions as Theorem 5.6,

Ex.o.|Ri(X, 0, B4,€) = Ra(X, 0, Fi0,7)| = 04(1).
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The proof for Proposition C.2 is exactly the same as the proof for Proposition A.2, except
the definitions of Agx, My and My are changed. We therefore omit the proof details.

C.2 Step 2: approximation of the risk decomposition via a linear pencil matrix

The approximating function Rq(X,®,\, Fy 4,7) established in Proposition C.2 again de-
pends on traces of several random matrices. These traces are next evaluated using a new
linear pencil matrix, which is a bit more involved compared with the linear pencil matrix

for DRFMs.

Definition C.3. (‘Z) Let Q = {q = [Q17qQ7Q37Q47q5} € Ri 1q4,q5 < (1 + Q1)/27 Hq||2 < 1}
Depending on q € Q and p, the linear pencil matriz A(q, u) € REXP (P =N +n) is

Q2M2M2 + Q4M1 O'M,  ZT+qZ"
A(q,p) = xxT
I Z+qZ qsln + ¢ =
©,0] ©,07 ~
o3 I, + q4u1 =g Qa1 — Z{ + qZ]
- 0,07 ‘ . ©x0% o ’
QubR 1,1 — g - Q2MK oI + Q4MK 1= Zi+qZy
” T
Zy +qly Zx +qZk @l + ¢ 25—

where ZJ = ““XG)T,]': 1,....,K+1.
(2) The Stzeltjes transform of the empirical eigenvalue distribution of A (up to a P/d
factor) is

M€ a,p) = (A —€1p) ], ceCy,

and its logarithmic potential is

- )7 ge(c-‘r'

||M~g

1
Ga(&aq,p) = dlogdet(A ¢Ip) =

Here {\i(A)}ic[p) are the eigenvalues of A in decreasing order, and log(z) := log(|z|) +
iarg(z), for z € C, —w < arg(z) < w is the principal value of a complex logarithmic
function.

The three traces appearing in the definition of R4(X,®,\, F} 4,7) in Proposition C.2
are now expressed as partial derivatives of the logarithmic potential G4 as shown in the
proposition below.
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Proposition C.4. Let £* be defined in Definition C.1 and U be defined in Proposition C.2.
Then

1 . d 1 .

Eter y Z‘r=§8q1Gd(£;q,u)lq=07

1 .~ XXT . x
Gr([0],777) = =05, 4, Ca(€"s @ w)lamo — 03, 4, Gul€"s @ )la-o,

1 e * *
561([U] ) = =03, ,Ga(€"s 0 w)la=0 — 0y, 4, Gal€"5 0, 1) la=o-

The proof for Proposition C.4 is the same as the proof for Proposition A.4. We omit
the details for simplicity.

C.3 Step 3: key limiting spectral functions of the linear pencil matrix

Proposition C.4 shows that the excess risk depends on the limiting spectral properties of
the linear pencil matrix A. Therefore we study the Stieltjes transform My(§; q, i) of the
empirical eigenvalue distribution of A and calculate its limit as d,n, N — oco. We first give
the following definition.

Definition C.5. Deﬁne F(va q, p’) = [F1(7£a q, p’)v e 7FK+1(';£a q, H)]T : (CK+1 - CK+1

as
!
Fi(m;&,q,p) = %{ — &+ @iy — i omE + HD} ;o J=1..., K,
K -1
Frii1(m;&,q,p) = ¢K+1{ —&{+q3— Z/{?,Qmj + Hg;} ;
j=1
where £ € Cy, m = [my,...,mg11] € CEHL and

HJ = M?,1q4(1 + mK+1Q5) - :U“jz,l(l + QI)2mK+17 .7 = 1> cee 7K7

K K
Hg11 = g5 <1 + ZM?JWJ‘QAL) —(1+q) ZH?ija
j=1 j=1
K
Hp = <1+Z,u3 1m](J4)(1+mK+1CJ5 (1+aq 22# 1M 41
7j=1 7j=1

=

Note that the function F(m; ¢, q, pt) in Definition C.5 above is not related to d. Lemma C.6
below ensures the existence and uniqueness of the fixed point of F(m; &, q,u) for £ € {€ €
C: (&) > &} with some sufficiently large constant &.

Lemma C.6. For F(m;¢&,q, p) in Definition C.5, there exists § > 0 such that, for any § €
C4 with S(&) > &, the equation m = F(m; ¢, q, ) admits a unique solution in D(21 /&) X
. X ]D)(2wK+1/§O)~
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The proof of Lemma C.6 is given in Section VII.1 in the online supplementary material
(Meng et al.). Define the fixed point of F(m; &, q, ) as the function of £ on {£ : I(§) > & }:

m1(&;q, )
m({;q, p) = : (C.4)
mr+1(§; 9, 1)

The following proposition shows that m is an analytic function on {£ : (&) > &y}, and its
analytic continuation to Cy is still a fixed point of F(-;&,q, u).

Proposition C.7. Under Assumptions 5.2 and 5.3, m(&;q, ) is analytic on {£ : (&) >
&}, and has a unique analytic continuation to C. Moreover, this analytic continuation
(still denoted as m(§;q, p)) satisfies the following properties:

1. m(&q,p) € (CffJrl for all £ € Cy..

2. m(§,q,p) = Fm(&, q, p); &, q, p] for all § € Cy.
3. Let My(&;q, ) be defined in Definition C.5. Then for any compact set Q@ C Cy,

K+1
li E M i(&s
dﬁufoo Sup‘ d E,q, z_: mj<£7q7 N) }

The proof of Proposition C.7 is given in Section VII.2 in the online supplementary
material (Meng et al.). The study of the limiting spectral distribution also leads to a
deterministic limit for the logarithmic potential Gy. This limit logarithmic potential is
found to be

9(&a,p) = LEm(&a,p),. .. omr (& a,p);d, 1), (C.5)

where the function L is

L(§7217 o RK+159, p’) é

K
log [(1 +qq Z pilzj) (1+ zx+195) Z 15, 11+aq1) z]zKH} Z K 222K +1 )
j=1 .

K K+1 K+1 K+1
a2 1z 4 aican — Y vy log(z/4) — é( > ) -2 v
j=1 j=1 j=1 =1

This convergence, together with those of the partial derivatives of our interest, are formally
established in the following proposition.

Proposition C.8. Let G4(§;q, ) be defined in Definition C.5, and g(&;q, i) be defined in
equation (C.5). For any firedq € Q, £ € C4 and u € Ry,

lim E[|Ga(&q, 1) = 9(&a,m)[] =0,

d—+

ngfOOEHIVqu(m; q, 1)|q=0 — Vqg(iu; q, pt)|g=0ll2] = 0,
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: 2 S 2 (i, _
dETOOE[HVqu(Iu7 q, N)|q:0 - vqg(luﬂ q, “)‘QZOHOP} =0.
The proof of Proposition C.8 utilizes the key observation that V,L(&,2;q, it)|z=m = 0.
We omit the details here since it is similar to the proof of Proposition A.7.

C.4 Step 4: complete the proof

Similar to the previous proof of Theorem 3.6, we give the following proposition to ensure
the existence and uniqueness of v defined in Section 5.

Proposition C.9. There exists a unique analytic function v = [v1,...,vgs1]! @ Cy —
(Cf"H such that:

1. For any § € Cy, v(&; p) is a solution to v-system (5.2).

2. There ezists {&o > 0, such that |vj(&p)| < 29;/&o, for all & with (&) > & and j =
1,..., K +1.

Moreover, it holds that v(&; pu) = m(&; 0, u) for all € € C,.

Proof [Proof of Proposition C.9] By Proposition C.7, the existence is directly verified as
m(§; 0, ) is a solution. For the uniqueness of v, note that v(§; u) and m(§;0, ) are
analytic. By Lemma C.6, they are identical on {£ : $(§) > &} with some sufficiently large
&o. The uniqueness of v thus results from the uniqueness of the analytic continuation. M

Proposition C.9 justifies the definition of v(§; p) in Section 5 by demonstrating its existence
and uniqueness. Moreover, it also relates v(&; u) to the function m(; q, p) introduced in
step 3 of the proof. With this result, we can finalize the proof of Theorem 5.6 as follows.
Proof [Proof of Theorem 5.6] Let

R()"djv M, Fl)T) = -Fl2 : [1 - 8(11.9(5*7 q, P’) - 834,[159(5*; q, ll») - 832,%9(5*; q, /J')] ’q:O

. . (C.7)
— 7 [0, ,9(E" 5 1) + 0, 0,9(E7 50, )] | (g
where g is defined in (C.5). Then by Propositions C.2, C.4 and C.8, we have
EX,@,E Rd(Xu @7 )‘7 /Bda E) - R()\7 ¢7 M, F17 T)‘ = Od(l)'
Recall equations (C.5) and (C.6), for any £ € C, we have
VZL<£7 Z; q7 ﬂ)‘z:m = 0
Here z = [21,..., 2k41] . Then from the formula for implicit differentiation, we have
* * U5 MN
94:9(§"5a, p)|g=0 = Og L(§7, 2 4, 1) |z=r ,q=0 = K]\ZilD (C.8)

K
We remind readers that My = > V}‘u?l, Mp = vi, My —1and v* = m(£*;0, u). Denote
=17 7

u = (¢2, 43, q4, g5, Z), and construct the matrix W (v*, u) = VZL(£*,2; q, )| z=p* q—0- Note
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that (A.8) and (A.9) in our proof of DRFMs still hold for the case of MRFMs. Therefore
we have (to simplify the writing, we drop the arguments in the matrix W):

W o Wi — Wy 5.k+5) (W[5:(K+5)],[5:(K+5)])_1W[5:(K+5)],4, (C.9)
W a=0 = W3 — Wa 5:(5c+5)) (W (K+5)],[5:(K+5)] ) 1W 5:(K+5)],3 (C.10)
W o =Wy — Wy 5.(x+5) (W (K+5)],[5:(K+5)] ) 1W 5:(K+5)],2> (C.11)
W a=0 = Wi — Wy [5:(k45)] (W (K+5)],[5:(K+5)] ) 1W 5:(K+5)],4- (C.12)

Similar to the case of DRFMSs, we have

2
VKJrlM

Wis=Wy3=W;5=0, W3y=— T
D

.
V = Wiik15))1:4) = Wingy s: (45, and H= (W[S:(K+5)],[5:(K+5)]>-

Plugging (C.8) and (C.9)-(C.12) into (C.7) proves Theorem 5.6. [ |

Appendix D. Other key factors affecting the risk curve

Here we investigate several other factors that affect the shape of the risk curve. By study-
ing how these factors affect the risk, we aim to provide a clearer understanding of Proposi-
tion 4.1, Proposition 4.2 and the triple descent phenomena. Our analysis also shows how we
can design DRFMs to achieve a specific risk curve shape. Unlike Chen et al. (2021) which
requires designing a specific data distribution, our study shows that various risk curves can
be achieved by different random feature models on a fixed data distribution.

The regularization parameter \. We investigate how the regularization parameter A
affect the shape of the risk curve. We again use the same experiment setup as in Section 4.2,
expect that we focus on activation functions ELU(3z) and ReLU(z/4), and calculate the
risk curves w.r.t. different regularization parameters A = 10~%,1072,1073 and 10~%.

The results are given in Figure 8. Note that Proposition 4.1 holds under the condition A
tends to 0. When the regularization parameter A is large, the risk decreases with the model
complexity parameter ¢ ~ (N1 + Na)/n. As A decreases, the peak at ¢ = 2 first appears, and
then the peak at ¢ = 1 also appears when A\ = 1073, Finally when A = 10~%, the risk around
¢ = 1 becomes very high. From these experiments, we can conclude that (i) Double/triple
descent happens particularly when there is no regularization or when the regularization is
very weak. (ii) the risk value of the first peak around ¢ = 1 is more sensitive to A then that
of the second peak.

Signal-to-noise ratio. We also study how the signal-to-noise ratio (SNR) in the data,
which we define as ||31|]2/7, affects the shape of the risk curve. We again use the same ex-
perimental setup as in Section 4.2, except that (i) we focus on activation functions (ELU(3x)
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Figure 8: Risk curves of DRFMs trained with different regularization parameters. The
plots show both the asymptotic excess risks (curves) and empirical excess risks
(dots). From (a) to (d), we set A = 1071,1072,1073 and 10~*, respectively. The
activation functions are chosen as o1(z) = ELU(3z) and o2(xz) = ReLU(z/4) in
all these experiments.

and ReLU(z/4)), and (ii) we perform experiments with different values of ||3;||2 = F1 and
T.

The results are given in Figure 9. We first see that the risk curves in each column
have the same shapes. This matches our theoretical result that the risk has the form R =
72(a-SNR+b) for some positive functions a, b depending on the other parameters. Moreover,
the SNR has a particularly high impact on the trend of the risks in the under-parameterized
regime ((N1 + N2)/n < 1) and the highly over-parameterized regime ((N7 + Na)/n > 2,
shown in Proposition 4.2). Specifically, in column (a) when the SNR is large, we can see
that the lowest risk is achieved in the highly over-parameterized regime; on the other hand,
in columns (c¢) and (d) when the SNR is relatively small, the lowest risk is achieved in the
under-parameterized regime.
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F1=1.tau=0.1 F1=1,tau=0.6 F1=1tau=1.2 120 F1=1tau=1.8

16- -
e 12- 40- 90-
2- 8- 60-
20-
" 4- 30-
20 0- 0 0
5 F1=1,tau=0.1 F1=1/6,tau=0.1 F1=1/12,tau=0.1 F1=1/18,tau=0.1
o o
0.4-
3- 0.3- 03~
0.3
2- 0.2- 0.2-
0.2-
) . 0.1-
1 0.1- 01
0-. L \ . 0.0- . ! ! " 0.0- | : : { 0.0- | " " I
0 1 2 3 0 1 2 3 0 1 2 3 0 1 2 3
(N1 +N)/n (N1+N2)/n (N1+Nz)/n (N1+Nz)/n

(a) (b) () (d)
Figure 9: Risk curves of DRFMs under different SNRs. The plots show both the asymptotic
excess risks (curves) and empirical excess risks (dots). In the top row, we set
IB1ll2 =1 and 7 = 0.1,0.6,1.2 and 1.8 (from (a) to (d)). In the bottom row, we
set 7 =0.1 and ||B1]|2 = 1,1/6,1/12 and 1/18 (from (a) to (d)). The parameter
values are chosen such that the two figures in each column have the same SNR.
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