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Abstract

Developing efficient kernel methods for regression is popular in the past two decades. In this
paper, utilizing boosting on kernel-based weak learners, we propose a novel kernel-based
learning algorithm called kernel-based re-scaled boosting with truncation, dubbed as KRe-
BooT. The proposed KReBooT benefits in controlling the structure and producing sparse
estimators, and is near overfitting resistant. We conduct both theoretical analysis and
numerical simulations to illustrate the excellent performance of KReBooT. Theoretically,
we prove that KReBooT can achieve the optimal numerical convergence rate for nonlin-
ear approximation. Furthermore, using a variant of Talagrand’s concentration inequality,
we provide fast learning rates for KReBooT, which is a new record of boosting-type algo-
rithms. Numerically, we carry out several simulations to show the promising performance
of KReBooT in terms of its good generalization, near over-fitting resistance and structure
constraints.

Keywords: Learning theory, kernel methods, boosting, re-scaling, truncation

1. Introduction

Kernel methods (Evgeniou et al., 2000), which map inputs of data to some kernel-based
feature space to improve the learning performance of the classical linear approaches, have
been widely used for regression in the last two decades. Excellent theoretical verifications
in generalization performance of kernel methods (Cucker and Zhou, 2007; Steinwart and
Christmann, 2008) are the most important driving force behind their popularity. In partic-
ular, optimal generalization error bounds for kernel ridge regression, kernel-based gradient
descents, kernel-based spectral algorithms, and kernel-based conjugate gradient algorithms
were established in (Caponnetto and De Vito, 2007; Steinwart et al., 2009), (Yao et al.,
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2007; Lin and Zhou, 2018a), (Bauer et al., 2007; Guo et al., 2017a), and (Blanchard and
Kréamer, 2016; Lin and Zhou, 2018b), respectively. To accommodate to the so-called “big
data era”, kernel methods were extended in the following three interesting ways:

e Scalability: it focuses on designing scalable variants of kernel methods to reduce the
computational burden and storage requirements. Typical variants of kernel methods in this
direction are the distributed kernel learning (Zhang et al., 2015), localized kernel learning
(Meister and Steinwart, 2016) and kernel learning with sub-sampling (Williams and Seeger,
2000).

e Adaptivity: it aims to design adaptive and provable parameter-selection strategies
to reduce the price of parameter-selection in kernel methods. Existing parameter-selection
strategies for kernel methods are the cross-validation (Caponnetto and Yao, 2010), balancing
principle (Lu et al., 2018), Lepskii principle Blanchard et al. (2019) and discrepancy principle
(Celisse and Wahl, 2021) for kernel learning.

e Structure Constraints: it devotes to incorporating some structure information in ker-
nel methods to reflect the a-priori knowledge of the learning task to either improve the
generalization performance further or reduce the computation. Typical variants of kernel
methods in this way include the kernel-based LASSO (Wang et al., 2007), kernel-based
manifold regularization (Belkin et al., 2006) and kernel-based elastic net (Zou and Hastie,
2005).

In this paper, we mainly focus on the structure constraints issue of kernel methods in
the framework of regression (Cucker and Zhou, 2007; Steinwart and Christmann, 2008).
Our study is motivated by three interesting observations. At first, the representer theorem
(Wahba, 1990) transforms the learning problems in usually infinite dimensional reproducing
kernel Hilbert spaces (RKHSs) into m-dimensional linear regression problems, making the
derived kernel-based estimator a linear combination of m computational units, where m is
the size of training data. Therefore, given a query point, the testing complexity behaves
linearly with m. In this way, the sparseness of a derived kernel-based estimator not only
reflects the sparseness of regression functions (Shi et al., 2011), but also determines the test-
ing complexity. Then, previous studies (Shi, 2013; Guo et al., 2017b) on sparseness-driven
kernel methods including the kernel LASSO and kernel-based threshold algorithms did not
encode the spareness structure in the derived estimator, making the derived generalization
error bound not so tight and the sparsity of the derived estimator not so clear. Taking kernel
LASSO for example, it usually requires large regularization parameter to enable the spar-
sity of the derived estimator (Lin et al., 2014), which may be questionable in generalization
since too large regularization parameter may degrade the generalization performance due
to the bias-variance trade-off principle (Cucker and Zhou, 2007). Finally, boosting (Freund,
1995) and its variants (Friedman, 2001; Zhang and Yu, 2005; Wang et al., 2019) have been
widely used in numerous regression problems due to their sparseness-driven nature (Shalev-
Shwartz et al., 2010). The problem is, however, that both the numerical convergence rate
and the generalization error bound of the original boosting algorithm are not satisfactory.
In particular, a generalization error bound of order (logm)™* for some p > 0 was provided
(Bickel et al., 2006) for the original boosting. Based on these three observations, our basic
idea is to develop a novel variant of boosting to equip kernel methods to derive an estimator
that possesses good generalization performance and controllable sparsity, simultaneously.
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Regularization and re-scaling are two popular ideas to improve the performance of boost-
ing. The idea of Regularization aims at controlling the step-size of boosting iterations and
derives estimators with structure constraints (relatively small 1 norm). Regularized boost-
ing via truncation (RTboosting) (Zhang and Yu, 2005) is a typical variant of boosting based
on reqularization. RTboosting controls the step-size in each boosting iteration via limiting
the range of line search, which succeeds in improving the generalization performance of
boosting via reducing the variance. However, to the best of our knowledge, fast numeri-
cal convergence rates were not provided for these variants. In particular, it can be found
in (Zhang and Yu, 2005) that the numerical convergence rate of RTboosting is of an order
k~1/3, which is far worse than the optimal rate for nonlinear approximation O (k=) (DeVore
and Temlaykov, 1996). Here and hereafter, k denotes the number of boosting iterations.
The idea of re-scaling focuses on multiplying a re-scaling parameter to the estimator of
each boosting iteration to accelerate the numerical convergence rate of boosting and then
to improve the generalization performance of boosting via reducing the bias. In particular,
re-scaled boosting (Rboosting) (Wang et al., 2019) which shrinks the estimator obtained
in the previous boosting iteration was shown to achieve the optimal numerical convergence
rate under certain sparseness assumption. However, there aren’t any guarantees for the
structure (¢ norm) of the estimator, making the generalization error of derived estimator
sensitive to the number of boosting iterations.

In this paper, we propose a novel kernel-based re-scaled boosting with truncation (KRe-
BooT) to embody advantages of reqularization and re-scaling, simultaneously. We find a
close relation between the regularization parameter in RTboosting (Zhang and Yu, 2005)
and re-scaling parameter in RBoosting (Wang et al., 2019) to accelerate the numerical con-
vergence and control the ¢; norm of the derived estimator. This together with the well
developed integral operator technique in (Lin et al., 2017; Guo et al., 2017a) and a Tala-
grand’s concentration inequality (Steinwart and Christmann, 2008) yields an almost optimal
numerical convergence rate and a fast learning rate of KReBooT. In particular, the new
algorithm can achieve a generalization error bound of order % log* m under some standard
assumptions on the kernel and the data distribution. Due to the structure constraint, we
also prove that the new algorithm is near overfitting resistant in the sense that the bias
decreases inversely proportional to k, while the variance increases logarithmically with re-
spect to k. We also conduct several numerical simulations to highlight the outperformance
of KReBooT, compared with some widely used kernel methods. The numerical results are
consistent with our theoretical claims and therefore verify our assertions.

The rest of paper is organized as follows. In the next section, we introduce detailed
implementation and some basic properties of KReBooT. Section 3 provides convergence
guarantees for KReBooT as well as its almost optimal numerical convergence rate. In
Section 4, we derive fast learning rate for KReBooT in the framework of learning theory.
Section 5 presents the numerical verifications for our theoretical assertions. In Section 6,
we prove our main results.

2. Kernel-based Re-scaled Boosting with Truncation

Let D = {z;}I"y = {(z,yi)}[*, be the set of samples with z; € X and y; € ), where X
is a compact input space and ) C [—M, M] is the output space for some M > 0. Given a
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bounded (strictly) positive definite kernel K : X x X — R, denote by Hx the corresponding
RKHS endowed with norm || - ||x. The compactness of X and the boundedness of K
imply k£ := y/sup,cy K(z,z) < co. Throughout this paper, we assume x < 1 for the
sake of brevity. Set S := {K,, : i = 1,...,m} with K;(-) = K(-,z). Let Hgp :=
3o a;iKy,(-) : a; € R}. For any vector a = (ay, ...,an)T, write

m m
Yo aike ()| =llallg = lail.
i=1 i=1

The well known representer theorem (Wahba, 1990) shows that all the aforementioned
kernel-based algorithms build an estimator in Hg p. Thus, it is naturally to take Hx p
rather than Hyx as the hypothesis space. It should be mentioned that the reason why
we assume the (strictly) positive definiteness of K is to guarantee that the Gram matrix
K = (K(xi, z;))—; is strictly positive definite for all randomly drawn {z;}{",. Compared
with classical kernel methods (Steinwart and Scovel, 2012) that only require bounded kernel
and separable RKHS, there is an additional requirement on the strictly positive definiteness
of the Gram matrix which can be guaranteed by the strictly positive definiteness of the kernel
K in our analysis. In this way, S is a basis of Hx p and consequently the dimesnsion of
Hk,p is m, which implies that | - ||,, is a norm on Hg p. Furthermore, for any function h
and any convex set A C Hg p, the (strictly) positive definiteness of K yields that there is a
unique minimizer of the functional f ~ ||h— f||?, on A. Tt is easy to check that the widely
used kernels such as Gaussian kernels, Laplacian kernels and Sobolev kernels (Cucker and
Zhou, 2007; Steinwart and Christmann, 2008) satisfy our conditions.

Kernel-based boosting aims at learning an estimator from H g, p based on D. Combining
kernel methods with boosting to yield kernel-based boosting algorithms is not a new idea in
the realm of machine learning. It can data back to 2001, when Friedman (2001) formulated
boosting as greedy approximation problems. As far as Lo-boosting is concerned, there are
roughly three types of ways to combine boosting and kernel methods, which differ in building
the sets of weaker learners. The first one, as (Friedman, 2001; Bithlmann and Yu, 2003)
did, is to set the set of weak learners to be the family of some derived kernel estimators.
In this way, Lo-boosting boils down to iteratively fitting the residual. In the recent paper
(Lin et al., 2019), the authors combined Lo-boosting with kernel ridge regression to settle
the well known saturation problem (Lo Gerfo et al., 2008) and present a near over-fitting
resistant property for some specific kernels and data distributions. However, since it requires
running kernel ridge regression several times, its computation complexities in both training
and testing are relatively large. The second one, as (Yao et al., 2007; Raskutti et al., 2014)
discussed, is to set Hx, p to be the set of weak learners. With this, Lo-boosting is similar
as the classical kernel-based gradient descents (Yao et al., 2007; Wei et al., 2019). The
main advantage of this method is its perfect generalization verifications in theory but the
main drawback is due to its non-sparseness-driven property and difficulty on parameter
selection, the later of which frequently requires delicate parameter selection strategy (Wei
et al., 2019). The last one, as (Zhang and Yu, 2005; Shalev-Shwartz et al., 2010) declared,
is to set S = {K,,(-)}",. This strategy coincides with the well known greedy algorithms
(Barron et al., 2008) and dominates in reducing the computational burden and deducing
sparse estimator (Zhang and Yu, 2005). However, the corresponding learning rates and
numerical convergence rates are usually slow (Zhang and Yu, 2005).
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In this paper, we focus on designing a kernel-based Lo-Boosting algorithm which is near
over-fitting resistant, the generalization error increasing logarithmically with respect to the
number of boosting iterations when over-fitting happens, and possesses excellent general-
ization performance by taking S as the set of weak learners. Our basic idea is to combine
the classical truncation operator in (Zhang and Yu, 2005) to reduce the variance and a
recently developed re-scaling technique in (Wang et al., 2019) to accelerate the numerical
convergence rate and then reduce the bias. We thus nominate the new algorithm as kernel-
based re-scaled boosting with truncation (KReBooT). Given a set of re-scaling parameters
{a}32, with a; € (0,1) and a set of non-decreasing step sizes {l}72;, KReBooT starts
with fpo = 0 and then iteratively implements the following two steps for £ > 1:

Step 1 (Projection of gradient): Find a g € S such that

9k = g,p = arg I;lgg\(y — IDk=1,9)ml; (1)

where (f,g)m = = > f(x;)g(z;) and we abuse the notation a little bit to write y as a
function satisfying y(z;) = ;.

Step 2 (Line search with re-scaling and truncation): Define

ok =1 —ag)fpr—1+ Bk (2)

where
B := arg min ||(1 = ax) fo.r-1 + Boi — yll2, (3)
BEA

Ay = [—only, aply] and || fllm = /(f; f)m-

Compared with the classical boosting algorithm in which the line search is conducted on
R rather than A and ap = 0, KReBooT involves two crucial operators, i.e., re-scaling and
truncation, to control the structure of the derived estimator. In particular, we can derive
the following structure constraint for KReBooT.

Lemma 1 Let fpy be defined by (2). If {lx}32, with Iy > 0 are nondecreasing and 0 <
ap < 1, then
Ifoille <,  VE=0,1,....

Proof It follows from Ay = [—aily, a1li], aq <1 and fpo =0 that

[fpalle, < (1 —a1)llfpolle, +11 <l

If we assume || fpille, < Ik, then (2) yields

(1 = ar+)lfDklley + aksalia

(1 = gy 1)1 + g1l = legr

[fDkrille <
<

This proves Lemma 1 by induction. |

Lemma 1 shows that the ¢; norm of the KReBooT estimator can be bounded by the
step-size parameter [. At the first glance, a small £; norm does not necessary implies the
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Figure 1: The change of support with respect to the boosting iteration

sparsity of the derived KReBooT estimator since small #; norm can be fulfilled allowing the
full set S to enter the final estimator with small coefficients. However, noticing that the
/1 norm is a better approximation of the £y (semi-)norm than the classical RKHS norm,
small ¢; norm possibly results in small ¢y norm that is beyond the capability of the widely
used RKHS norm in classical kernel methods (Guo et al., 2017a). Throughout the paper,
the ¢y (semi-)norm denotes the Cardinality of the support set of fp . Moreover, due to
the algorithmic design of KReBooT, different iterations are permitted to choose the same
atom in S, which implies that the £y norm of the derived estimator may be much smaller
than k. Figure 1, whose detailed simulation setting can be found in Section 5, shows the
change of support when boosting iteration happens. It can be found in the figure that the
lo norm of fp j is smaller than 20 even when k approaches 30000. It would be interesting to
theoretically study the change of support with respect to k, just as (Ehrlinger and Ishwaran,
2012) did for Lo-boosting with the traditional features. We will leave it for a future study
since this paper pays more attention to the numerical convergence rate and generalization
capability of KReBooT.

From the above descriptions, there are totally three types of parameters in KReBooT: re-
scaling parameter oy, step-size parameter [ and iteration number £, in which [ is imposed
to control the sparsity and «; is adopted to accelerate the numerical convergence rate. We
will present detailed parameter-selection strategies after the theoretical analysis and show
that the difficulty of selecting each parameter is much less than other variants of boosting
(Zhang and Yu, 2005; Xu et al., 2017). For arbitrary g € S and g € Ay, we have

) 1 m 52 m
(L = aw) fop-1+ Bg) = yll, = — DI = ) fop—1(zi) — v +

i=1 =1

9% (x:)

m

Z 1 —ag) for—1(z:) — yilg(x;).

Direct computation then yields

8% = sign({ri_1, g)m) min {W’HW aklk} , (4)

97117
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Algorithm 1 KReBooT
Input: D = {(z;,y:)}™,, kernel K(-,-).
Parameters: Re-scaling parameter «y € (0,1), step size lx € Ry, and number of iterations
k=1,2,...,
for k=1,...do
» (Projection of Gradient) Find g; € S satisfying (1).
» (Line search with re-scaling and truncation) Define

ok = (1 — o) fpr—1+ Brar,

where §; is obtained by (4) and fpo = 0.
end for

where 7,1 :=rpg—1 =y — (1 — o) fpr—1 and sign(-) is the sign function. With these,
we summary the detailed implementation of KReBooT in Algorithm 1.

We conclude this section by discussing the computational cost and storage requirement
for KReBooT. In the Projection of gradient step, it requires to compute (y, kg, )m and
(Kz,,Kq,)m for any 1 <4, j < m and thus needs O(m?) float computations. If we store the
above m? +m quantities, then it totally requires O(m? + km) computational complexity in
the Projection of gradient step when KReBooT iterates k-times, since

m

W= Iph-1:9)m =W, 9) = > ailKu;, O)m
i=1

for fpr, = > it ik, and g = K, for j = 1,...,m. In the line search step, it is
obvious O(km) float computations are required. Therefore, it totally needs O(m? 4 km)
float computations for running KReBooT with k steps.

3. Numerical Convergence of KReBooT

In this section, we conduct the numerical convergence analysis for KReBooT. At first, we
present a sufficient condition for {ay}3°, to guarantee the convergence of Algorithm 1 in
the following theorem.

Theorem 2 Assume |y;| < M and k < 1. Let {fpr}32, be defined in Algorithm 1 with
nondecreasing sequence {l;}7°; C (0,00) and nonincreasing sequence {oy}3>, C (0,1). If

o
li =0 d = )
Jim ap =0, an kz_lak 00, (5)

then,
. 2
arg min — ,  when I T oo,
g din 1f =yl BT

lim =
k—+00 fou arg min ||f —y|?,, whenly =L,
fe€BL

where B, ={f € Hr,p : ||flle, < L}.
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Since the range of line search of KReBooT is [—aylk, axli], ar — 0 together with I
satisfying limy_,o ozl = 0 implies the convergence of fp ;. An extreme case is to set oy, =
0, which certainly guarantees the convergence but does not guarantee the effectiveness of the
boosting iteration. Differently, the condition > 72, a = oo guarantees the effectiveness of
the iteration and controls where the algorithm converges. For different type of I, KReBooT
converges either to an empirical kernel-based least-squares solution or a kernel-based LASSO
solution.

Due to the special iteration rule of KReBooT, its numerical convergence rate depends
heavily on the re-scaling parameter «y,. If ay is too large, then the re-scaling operator offsets
the effectiveness of the previous boosting iteration, making the numerical convergence rate
slow. On the contrary, if oy is too small, then step sizes of the line search are also very
small, reducing the effectiveness of boosting iterations. Therefore, a suitable selection of
the re-scaling parameter oy is highly desired in KReBooT. In the following theorem, we
show that KReBooT with aj = ,%2 can achieve the optimal numerical convergence rate of
nonlinear approximation.

Theorem 3 Assume |y;| < M and v < 1. If h € Hg p satisfying ||h|e, < 00, oy = kLJrZ
and {l,}72, is a sequence of nondecreasing positive numbers satisfying limy_, I, = 0o, then
for any k> 1,

ly = foslim = lly = Bl < [MP(kj +2)* + 4(M + [[Alle,)*] /(K +2), (6)
where kj is the smallest positive integer satisfying lgx: > ||hlle, -

In (6), the convergence rate depends on kj and lgr. For a given h with ||k, < oo
and a sequence of nondecreasing positive numbers {lk}zozl with limg . Il = 00, there
always exists a constant kj such that lyr > ||h[ls,. Under this circumstance, kj; and lr
can be regarded as constants in the estimate. However, it should be mentioned that for k
satisfying I, < ||h||¢,, the boosting iteration in Algorithm 1 is not effective and the algorithm
requires increasing property of {l;}72,. Once l; > |||, for some k, then the algorithm
converges of an order k~!. In other words, there are actually two regimes for KReBooT
approximation. The first one focuses on small k& where the output estimator is biased, while
the second one starts when k is larger than k* and the bound (6) starts to be meaningful.
Therefore, the selection of ¢ determines the boundary of these two regimes. Theorem 3
devotes to an arbitrary h € Hg p satisfying [|h|e, < oo, implying the following corollary
directly.

Corollary 4 Assume |y;| < M and k < 1. If

1 m
h* =arg min arg min — E Flag) — )
° [ £1le, <co ngHK,D m i:l( ) 0

for some ¢y > 0, then

ly = foellm =y = B I5 < [M2 (kg +2)* + 4(M + &) /(k +2).
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The above corollary compares the numerical convergence performance of KeReBooT and the
kernel Lasso and shows that only a gap of order k~! in this two strategies. If the sparsity
information of h, ||k, is known, then we can set [ = ||hl|s, directly for all k =1,2,....
In this way, we have kj; =1 and lgx = [|h||,, which yields the following corollary.

Corollary 5 Assume |y;| < M and k < 1. If h € Hgi p satisfying ||hll,, < 00, o = ki-s—z

and l, = ||h|l¢,, then there holds || fplle, < ||h|le, and
ly = foulz, = lly = Bl2, < [(OM2 +4(M + |[hl|e,)*] k. (7)

If ||h]l¢, is unknown before the learning process, we recommend to set I, = colog(k + 1)
for some ¢y > 0 and get the following lemma, to balance the numerical convergence rate
and ¢1 norm of the derived estimator.

Corollary 6 Assume |y;| < M and k < 1. If h € Hg p satisfying ||hll, < 00, ap = ,%2
and l, = colog(k + 1), then ||fpille, < colog(k + 1) and

ly = fosllm = lly = Rll5, < [M2(€”h”“/co +2)7 +A(M + [|2]l,)?| &, (8)
where ¢ is a constant depending only on M and ||h||s, .

Recalling that the optimal rate of nonlinear approximation under the same conditions as
Theorem 3 is O(k), the above two corollaries show that KReBooT succeeds in achieving this
optimal rate and is essentially better the original Boosting whose numerical convergence
rate lies in (k~0-3796 1;=0-364) and RTBoosting whose numerical convergence rate is O(k~1/3)
(Zhang and Yu, 2005). Though RBoosting (Bagirov et al., 2010; Xu et al., 2017) can also
reach this optimal convergence rate O(k~1!), there lacks a tight bound of the ¢; norm,
making it sensitive to the re-scaling parameter and number of iterations.

4. Generalization Error Analysis

In this section, we are interested in deriving tight generalization error bounds for KReBooT.
Our analysis is carried out in the framework of statistical learning theory (Cucker and Zhou,
2007), where D = {z}I" | = {(x;,y:)}I"; C Z are assumed to be drawn independently and
identically according to an unknown joint distribution p := p(z,y) = px(z)p(y|x) with px
the marginal distribution and p(y|z) the conditional distribution. The learning performance
of an estimator f is measured by the generalization error £(f) := [ (f(x) — y)2dp. Noting
that the regression function defined by f,(z) = E[y|X = x] minimizes the generalization
error, our target is then to learn a function fp to approximate f, such that

5(fD)_5(fp): ||fD—fp||3 (9)

is as small as possible, where || - ||, is the norm of the space L2 .

To quantify the learning performance of KReBooT, some a-priori information concerning
the kernel K, the marginal distribution py and regression function f, should be given. Our
first assumption describes the smoothness of the kernel K and the regularity of the marginal
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. . . . . . . . . 2 2
distribution px via introducing the following integral operator. Define Lk : Ly =~ — L7
(or Hx — Hi) as

Licf = /X K, f(2)dpx. (10)

Since K is (strictly) positive definite, Li is a positive operator. Let {(iue, ¢¢)}32, be a
set of normalized eigenpairs of Lx with {u,}72, arranging in a non-increasing order. The
following assumption quantifies the decay rate of py.

Assumption 1 For 0 < s <1 and some ¢ > 0, we assume
pe <V e > 1. (11)

Since the estimator derived by Algorithm 1 is always in Hgx p with controllable ¢4
norm, its generalization performance depends heavily on the kernel and consequently s in
Assumption 1. If px is the uniform distribution on the unit interval I and K is the re-
producing kernel of the Sobolev space W, (I) with « > 1/2, i.e., the Sobolev spline kernel
Sr(z,2') = %Ba,l/gﬂx —2')(J& — 2| /2)* /2, then (11) always holds with s = u~1/(2®)
where B, is the modified Bessel function of the second type of order v. More examples for
px and K satisfying Assumption 1 with specific s can be found in (Cucker and Zhou, 2007;
Steinwart and Christmann, 2008). Assumption 1 is widely used in bounding generalization
error bounds for numerous kernel-based algorithms (Caponnetto and De Vito, 2007; Stein-
wart et al., 2009; Raskutti et al., 2014; Zhang et al., 2015; Lin et al., 2017; Lu et al., 2018;
Lin et al., 2019).

Our second assumption devotes to the sparseness of the regression function f, with
respect to the set of weak learners S.

Assumption 2 Let r > 0. For any 0 < 7 < 1, with confidence 1 — 7, there exists an
hp, € Hi p satisfying

T

lfp = hpplly < cr(r)m™,  and |[hp plley < c2(7), (12)

where ¢1(7),ca(T) > 1 are two constants depending only on T.

Given the set of weak learners S, a standard a-priori information on the sparseness of
the regression in the boosting literature (Zhang and Yu, 2005; Bickel et al., 2006) is

fpespan(S)  and |[|fpll, < C (13)

for some constant C; > 0, showing that f, can be represented by a linear combination of
weak learners with small ¢; norm. Assumption 2 is different from (13) in two aspects. On
one hand, the hypothesis space H p in this paper depends on the data set D and thus is
random, making our analysis be carried out in probability arguments. On the other hand,
Assumption 2 extends (13) via considering f, ¢ Hx, p by presenting an approximation rate
of order m™" in (12). In this way, (12) reflects the sparseness of the regression function
with respect to Hx p. Noting further || f||, < || f]/co, Assumption 2 is also looser than the

10
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widely used sparseness assumption in (Barron et al., 2008; Bagirov et al., 2010; Xu et al.,
2017; Wang et al., 2019): there exists an h, € span(S) such that

1fp = hpllso < Com™  and Ayl < Cs (14)

for some constant Cs, C5 > 0. The following proposition shows that the sparseness assump-
tion always holds under some regularity condition of f,,.

Proposition 7 If Assumption 1 holds with some ¢ > 0 and 0 < s < 1 and there exists
an h, € L?,X such that f, = Lih,, then Assumption 2 holds with r = 5 c(r) =

2(s+1)”
éthpleog% and ca(1) = 4||hy||,log 2 where & = 3+ 2y/c+ 1511/,

A standard assumption for kernel methods is that f, € Hx (Zhang et al., 2015), which is
equivalent to the condition that there exists an h, € L% . such that f, = L}{/th (Caponnetto
and De Vito, 2007). The regularity condition in Proposition 7 is stricter than this standard
assumption. For instance, if K is a Sobolev kernel associated with the Sobolev space W, (I)
satisfying oy ~ k72, then f, € H is equivalent to f, € W,o(I) while f, = Lxh, implies
fo € Wau(I). Since Lih, = f)( Ky hy(x)dpx, the regularity condition f, = Lxh, can be
regarded as a population version of the assumption f, € Hx p. Besides the assumption
fp = Lih, for some h, € L%X in Proposition 7 requiring f, to be in a subset of H, there
are also some f, ¢ My satisfying Assumption 2. For example, it is easy to derive that
fo = Lrh, + g(x) with ¢ ¢ Hi and ||g|lcc < m™" satisfies Assumption 2. It would be
interesting and useful to provide more realistic conditions on f, to satisfy Assumption 2.

By the help of the above two assumptions, we present our third main result in the
following theorem to quantify the learning performance of KReBooT.

Theorem 8 Let 0 < § < 1, |ys| < M, k < 1 and fpy be defined by Algorithm 1 with
ap = 7—25—2 and l, = colog(k + 1) for some co > 0. If Assumption 2 and Assumption 1 hold
with some 0 < s <1 and ¢ > 0, then for any k > min {mﬁ,m(l_s)r+%}, with confidence
1 -9, there holds

1

E(fp) — E(f,) < C) (ol + 1) max {m™ 7, m= 0= 5 10?8, (15)

where
C(9) := C'(e1(9/6) + k5 6(k5 6 + lig/ﬁ) + (c2(6/6))(c1(5/6))1 =72, (16)

k¥ is the smallest positive integer satisfying lyx > co(7), and C' is a constant depending
only on M, s and c.

Theorem 8 shows that under Assumption 2 with r > ﬁ and Assumption 1 with a

sufficiently small s, KReBooT achieves a generalization error bound of order m~!(log k)*
1
with high probability, provided & > min {mlfs,m(l_s)”% } It should be mentioned that

it is a new record for boosting-type algorithms. In particular, under the slightly stricter
condition (14), the generalization error of RTboosting (Zhang and Yu, 2005) is worse than
O(m~1/?) while that of Rboosting (Barron et al., 2008) is O(m~'/?). RBoosting can reach

11
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Table 1: Parameter-selection among different boosting algorithms

Algorithm KReBooT

Parameters | Parameter £ Parameter [, Parameter a ~Convergence rate Generalization error
Selection Com colog(k + 1) B O(k™h) O(m~1/(1+9) Jogh m)
Algorithm RTBoosting

Parameter | Parameter k& Parameter [ Null Convergence rate Generalization error
Selection Cym ck—2/3 Null O(k=1/3) O(m~1/3)
Algorithm RBoosting

Parameter | Parameter k Null Parameter o, Convergence rate Generalization error
Selection cym Null = O(k™1) O(m~1/?)
Algorithm Boosting

Parameter | Parameter k Null Null Convergence rate  Generalization error
Selection C(logm)5+ Null Null O(k=1/3) O((logm)=")

a similar generalization error as Theorem 8 (Wang et al., 2019) but requires additional
compactness assumption on the hypothesis space, which is usually difficult to be satisfied.
The main reason for the breakthrough of KReBooT is due to the structure constrains pre-
sented in Lemma 1, showing that the ¢; norm is controllable when the boosting iterations
happen, and the optimal numerical convergence rate established in Theorem 3, demonstrat-
ing that the number of boosting iterations in KReBooT to achieve a specific accuracy is
almost the smallest. To guarantee the good learning performance of KReBooT, there are

. . . . . 1 _ 1 .
two requirements on the number of iterations, i.e., £k > min {m 1+S,m(1 S)T+2} and k is

not exponential with respect to m. In this way, a selection of k& = Cym is recommended.
From (15), there is an additional logarithmic term log*(k+1) in the bound of generalization
error. This is due to || fpklle, < Ik = colog(k + 1) according to Lemma 1, which results in
an additional logarithmic term with respect to k£ in bounding the sample error (variance).
If co(7) in Assumption 2 is known before the learning process, then we can set I = ca(7)
to remove such a logarithmic term.

Noting that there are three tunable parameters in Algorithm 1, that is, ag, Ix and k.
Our theoretical analysis and experimental verification below show that KReBooT is stable
with respect to oy that can be fixed to be %ﬁ before the learning process. Moreover, we
can set [, = colog(k+1) to guarantee the good structure of the KReBooT estimator. Here,
¢p is a parameter which affects the constant C(§) in (15). In particular, the selection of ¢
is somewhat important but not difficult in the sense that it is easy to get an appropriate ¢
by using some standard parameter-selection strategies such as “hold-out” (Caponnetto and
Yao, 2010) or cross-validation (Gyorfy et al., 2002). The selection of k depends on ¢q. If ¢y
is extremely large, oo for example, then the truncation operator does not make sense and
the performance of algorithm is sensitive to k. If ¢y is suitable, it follows from Theorem
8 that a large k, comparable with m or larger, is good enough. Thus, in the practical
implementation of KReBooT, we suggest to set aj = k—iQ, k to be large and I, = ¢g log(k+1)
and k£ = Cym with ¢y, Cy being tunable parameters. Under this circumstance, there are
two parameters cg, Cp in the new algorithm, which is similar as other variants of regularized
boosting algorithms such as RTboosting and Rboosting. Recalling Theorem 8, the selection
of Cy does not significantly affects the generalization error of KReBooT. Table 1 presents the
detailed parameter selection strategies and corresponding numerical convergence rates and

12
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Table 2: Comparison among kernel methods under assumptions of Corollary 9, in which
Relation means that the relation between generalization error and parameter when
over-fitting happens

Algorithm | Generalization | ¢; norm Relation | Computation
KReBoot | m~/U+5) logm | logm | Logarithmic m?
KRR m—2/(2+s) Null Algebraic m3
KGD m—2/(2+s) Null Algebraic km?
KCG m—2/(2+s) Null Algebraic m3
KPCA m—2/(2+s) Null Algebraic m3
KLASSO m 1/ (2429) logm Algebraic m>

generalization error under Assumption 2 with r > m and Assumption 1 for KReBooT,
RTboosting (Zhang and Yu, 2005), RBoosting (Wang et al., 2019) and Boosting (Bickel et
al., 2006).

Theorem 8 shows that under the sparseness assumption (12) and capacity assumption
(11), KReBooT possesses the excellent generalization performance and is near over-fitting
resistant with respect to the number of boosting iterations. The following corollary can be

derived from Proposition 7 and Theorem 8 yields the following corollary.

Corollary 9 Let0 <6 <1 |y;| < M, k <1, and fpy, be defined by (2) with oy, = k%—Q and
lx = colog(k + 1) for some ¢y > 0. If Assumption 1 holds with some ¢ >0 and 0 < s < 1,
there exists an h, € LZX such that f, = Lkh,, and k = Com, then for k = Com, with
confidence 1 — 8, there holds

24

E(fpr)—E(fp) <C (logm)4 mfl*is log® 5 (17)

where C' is a constant independent of m, k orJ.

Under the same assumptions, our derived generalization error in (17) is much better than
that of kernel-based LASSO (KLASSO) (Shi et al., 2011; Shi, 2013; Guo and Shi, 2013),
where generalization errors of order m~1/2 were provided. It should be mentioned that the
derived bound in Corollary 9 is worse than some existing kernel approaches like kernel ridge
regression (KRR) (Caponnetto and De Vito, 2007; Steinwart et al., 2009), kernel gradient
descent (KGD) (Lin and Zhou, 2018a), kernel conjugate descent (KCG) (Blanchard and
Kramer, 2016) and kernel PCA (KPCA) (Guo et al., 2017a), in which a learning rate of

order m_%s is derived. Table 2 presents a detailed comparison among KReBooT, KRR,
KGD, KLASSO, KCG and KPCA.

Compared with the methods prsesented in Table 2, it can be found that KReBooT
possesses three advantages: low computation, over-fitting resistance and large applicable
range by noting Proposition 7. The relatively bad generalization error of KReBooT is due
to the structure constraints on the derived estimator as in Lemma 1, i.e., the essential
hypothesis space of KReBooT is By toght1) = 1f = Doy @ilSe, 1 D 1% lai| < cologk}
while that of KRR, KGD, KCG and KPCA is {f =", a; Ky, : ||f]lx < m®} for some

13
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a > 0. This generalization error bound does not implies that KReBooT always performs
worse than the mentioned kernel methods since the conclusion in Corollary 9 is made in
the worst case for f,. In the following corollary derived from Theorem 8 directly, we show
that KReBooT performs at least essentially worse than others for other types of regression
functions.

Corollary 10 Let 0 < 6 < 1, |y;| < M, k <1 and fpy be defined by Algorithm 1 with
o = ,%2, I = colog(k+1) and k = Com for some ¢y, Coy > 0. If Assumption 1 holds with
some 0 < s <1andc>0 and f, € Hi,p satisfying || folle, < 00, then with confidence 1 -4,
there holds

E(for) —E(fp) < C’mfﬁ log4 mlog2 g, (18)
where C' is a constant depending only on || f,lle,, co and Co.

Since it is difficult for classical kernel methods to derive satisfactory generalization errors
under the sparseness assumption (Cucker and Zhou, 2007), they only regard f, € Hk p
and || folle, < oo to be f, € Hi. In this way, the best generalization error bounds of

them are of order (’)(mfﬁ) (Lin et al., 2017). It should be mentioned that Nystréom
regularization (Rudi et al., 2015; Lu et al., 2019) is also a preferable strategy to reduce
the computational complexity without sacrificing the generalization performance of kernel
methods. The problem is, however, that there is an additional parameter, the sub-sampling
ratio, involved in Nystrom regularization. Though the sub-sampling ratios are quite small
in practice, theoretical assessments derived in (Rudi et al., 2015) showed that it should be

1
larger than m™+s to achieve the optimal generalization error bounds, which would be near
to 1 for some kernel and px satisfying Assumption 1 with s near to 0.
5. Experiments

5.1 Simulated data experiments

In this subsection, we conduct several simulations to show the performance of KReBooT.
In the following Simulations, we consider the regression model as

ylzg(‘rz)—i_g’u 1217277N7 (19)

where {x;}", are i.i.d. drawn according to the uniform distribution in the interval (0, 1),
{ei} are the i.i.d. random Gaussian variables, and

1—||z|2)8(35||z]]3 + 18]|z|l2 +3), 0 < |z|2 <1,z € R3,
0(@) = ha(||z2) ::{ (L = [Jz]]2)*(35]| 13 + 18[[|2 + 3) ]2 <
0, llz|l2 > 1.

The kernel used for the proposed KReBooT is chosen as K (z,2') = hg(||z — 2'||2) with

1—|lz|l2)*A||z||3 + 1), 0<|z|2 <1,z €R3,
ha(lzll) ::{< ell el + 1), 0 < el < 1.

The reason why we make such choices of g(-) and K(-) is to guarantee the assumptions of
Corollary 9 (Chang et al., 2017).

14
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Figure 2: The visualization of testing MSE of the proposed algorithm with varying the
number of iterations k and the values of ¢g. (a) SNR =~ 7.1; (b) SNR = 3.6.

Simulation I. Besides the number of iterations, there are two additional parameters,
the re-scaling parameter oy, and the step-size parameter [, may play important roles on the
learning performance of KReBooT. According to our theoretical assertions, if o, = klw and
Ik ~ colog(k+1) for some ¢y > 0, then KReBooT can attain a fast learning rate. Thus, this
simulation mainly focuses on investigating the effect of the constant ¢y on the prediction
performance of KReBooT. To this end, we generate m = 1000 samples for training and
m/ = 2000 samples for testing, under two noise levels in terms of signal to noise ratio
(SNR). That is, we simulated noise {¢;}}¥; independently from N(0,0?) and we vary o2 to
obtain SNR ~ 7.1 and SNR = 3.6, respectively. We then consider 50 candidates of ¢g that
logarithmical equally spaced in [0.1, 80].

Figure 2 gives the visualization of testing mean-squared errors (MSE) (in the logscale)
of KReBooT with o = ,%2 via varying the number of iterations k£ and the value of ¢g. For
any fixed step of iteration and c¢g, the testing MSE is the average result over 20 independent
trails. It is easy to observe from this figure that, there exits a number of ¢y’s in [0.1, 5]
for both noise level cases, such that the testing MSE attains a stable value, neglecting the
increasing of iterations. This finding means that an appropriate choice of ¢y could avoid
over-fitting. Therefore, for simplicity, we fix ¢g = 0.5 in the following simulations.

Simulation II. The objective of this simulation is to describe the relation between the
prediction accuracy and the size of training samples for the proposed KReBooT. We thus
generate m = 300, 900, 1500, 4500, 12000 samples, respectively, for training, and m’ = 2000
samples for testing. Similar to the previous Simulation I, we also consider two noise levels
with SNR &~ 7.1 and SNR = 3.6, respectively.
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Figure 3: The testing MSE versus the different sizes of training samples. (a) SNR ~ 7.1;
(b) SNR ~ 3.6.

Figure 3 depicts the average results over 100 independent trials. It is not hard to observe
from this figure that the testing MSE decreases as the number of training samples increases
in two noise levels.

Simulation III. In this simulation, we shall compare the prediction performance of the
proposed KReBooT with one tree based boosting method, that is, gradient boosted decision
trees (GBDT) (Friedman, 2001) (here the number of tree split is 4), and several popular
kernel-based methods, including kernel Lasso (Klasso) (Wang et al., 2007), kernel ridge
regression with Nystrém approximation (KRRN) (Grittens and Mahoney, 2016), and three
kernel version of popular boosting algorithms, i.e., e-boosting (Hastie et al., 2007), rescale-
boosting (Wang et al., 2019), regularized boosting with truncation (Zhang and Yu, 2005).
We refer to these three kernel-based boosting algorithms as e-Kboosting, KRboosting and
KRTboosting, respectively. For two different noise levels, we firstly generate m = 500, 1000,
and 10000 samples to built up the training set, and then generate a validation set of size
1000 for tuning the parameters of different methods, and another 2000 samples to evaluate
the performances in terms of MSE. The hyperparameter tuning procedure of KReBooT
is the same to the previous simulations, while those of the other methods are the default
procedures stated in the aforementioned references.

Table 3 documents the average MSE over 100 independent runs. Numbers in parentheses
are the standard errors. It is not hard to see that the performance of the proposed KRe-
BooT is a little bit worse than GBTD, and comparable with Klasso and KRboosting, and
clearly better than others. Several important things should be further emphasized. Firstly,
though KRboosting illustrates a similar good generalization capability as KReBooT, this
algorithm is more likely to overfit, just as the following simulation shown. Secondly, Klasso
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Table 3: Prediction Performance of Different Methods under Different Settings

Training Size Noise Level Methods
KReBooT GBDT KRboosting KRTboosting e-Kboosting Klasso KRRN

m — 500 SNR ~ 7.1 0.059 & 0.034 0.056 £ 0.031 0.059 4+ 0.035 0.073 +0.036 0.073 £ 0.035 0.060 & 0.033 0.092 + 0.036
SNR ~ 3.6 0.088 & 0.039 0.085 £ 0.035 0.089 & 0.042 0.105 +0.049 0.102 £ 0.048 0.088 +0.036 0.127 £ 0.047

= 1000 SNR ~ 7.1 0.030 & 0.013 0.026 £+ 0.012 0.029 +0.011 0.034 +0.012 0.032 £+ 0.010 0.029 4 0.009 0.045 £ 0.013
SNR ~ 3.6 0.043 & 0.019 0.039 £ 0.020 0.043 +0.019 0.048 +0.020 0.047 £+ 0.021 0.042 +0.019 0.071 £ 0.023

= 10000 SNR ~ 7.1 0.014 £ 0.005 0.012 + 0.005 0.015 4 0.006 0.019 +0.008 0.018 £ 0.006 0.013 & 0.007 0.023 £ 0.009
SNR ~ 3.6 0.021 & 0.010 0.018 £ 0.010 0.021 +0.011 0.027 +0.013 0.027 £ 0.011 0.020 4= 0.009 0.033 £ 0.012

requires much more time in the training process than the proposed KReBooT. Thirdly,
GBDT lacks similar good theoretical guarantees as KReBooT, although its performance is
mostly slight better than KReBooT.

Simulation I'V. In this simulation, we shall show the overfitting resistence of KReBooT,
as compared with its two cousins, i.e., KRboosting and KRTboosting. Here we generate
1000 samples for training, and another 2000 samples for testing, under the noise level of SNR,
~ 7.1. Figure 4(a) clearly demonstrates the merits of our proposed KReBooT, that is, the
obtained testing MSE doesn’t increase as the number of iterations increases. In addition,
different from KRboosting and KRTboosting, the ¢; norm of the coefficients obtained by
KReBooT could converge to a fixed value as shown in Figure 4(b), which conforms to the
assertion of structure constraints of KReBoot, just as Lemma 1 purports to show.

Simulation V. In this simulation, we mainly show the coefficients estimation behavior
of KReBooT. Similar to the above simulation, KRboosting and KRTboosting are considered
for comparison. The aim now is to show the reason why KReBooT is overfitting-resistant.
Thus, we generate 1000 samples for training, and another 2000 samples for testing, under
two different noise levels, that is, SNR ~ 7.1 and SNR = 3.6. Figures 5 exhibits the
numerical results. It can be found in both cases that the ¢; norm of the KReBooT estimator
increases much slower than that of other algorithms, which implies that the variance of
KReBooT keeps almost the same and is much smaller than other algorithms when the
iterations increases. Thus, the generalization error does not increase very much as the
iteration happens.

5.2 Real data experiments

In this subsection, we shall compare the performance of KReBooT over several other alter-
natives on three commonly-used real data sets. The first one is the Diabetes data set (Efron
et al., 2004), which contains 442 diabetes patients that are measured on ten independent
variables, that is, age, sex, body mass index etc., and one response variable, that is, a mea-
sure of disease progression. The second one is the Concrete Compressive Strength (CCS)
data set (Ye, 1998), which contains 1030 instances including eight quantitative independent
variables, that is, age, ingredients etc., and one dependent variable, that is, quantitative
concrete compressive strength. The third one is the Abalone data set, which comes from an
original study in (Nash et al., 1994) for predicting the age of abalone from physical mea-
surements. The data set contains 4177 instances which were measured on eight independent
variables, i.e., length, sex, height etc., and one response variable, i.e., the number of rings.
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Figure 4: The prediction results obtained by three different kernel-based boosting algo-

rithms. (a) The testing MSE versus the number of steps; (b) The testing MSE
versus the ¢; norm.

We use the standard Gaussian kernel for all the kernel based methods, and CART
with 4 splits as week learners for GBDT. For each data set, we randomly (according to
the uniform distribution) select 50% data for training, 25% data to build the validation
set for tuning the parameters and the remainder 25% data as the test set for evaluating
the performances of different algorithms. Table 4 documents the performance of all the
compared methods. Here we use the average RMSE (root mean squared error) over 100
independent runs as the performance measure. Numbers in parentheses are the standard
errors. The hyperparameter tuning strategies of all boosting-type algorithms are the same
as those in the previous simulations. It can be easily observed that the performance of
KReBooT is a little bit worse than GBDT, and comparable with KRboosting and Klasso,
and clearly better than other three methods. These observations coincide with the previous
simulations and therefore, experimentally show the merits of the proposed KReBooT.

Table 4: Prediction Performance (numbers in parentheses are the standard errors) of Dif-
ferent Methods on Three Real Data Sets

Methods
Data Sets
KReBooT GBDT KRboosting KRTboosting e-Kboosting Klasso KRRN

Diabetes 56.66 +£3.76 56.32+3.62 56.79 £4.54 57.84+3.64 57.95+345 56.2+3.86 58.99+4.61
cCcC 5.27+0.178 5.23+£0.167 5.33+0.185 5.56+0.191 5.86+0.195 5.30 £0.169 5.84 £0.173
Abalone 2.21 +0.071 2.194+0.051 2.18 £0.054 2.35+0.075 2.26 £0.048 2.224+0.049 2.37 4 0.067
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Figure 5: The coefficients estimated by three different kernel-based boosting algorithms
versus the number of steps. (a) SNR ~ 7.1; (b) SNR ~ 3.6.

6. Proofs

In this section, we present the detailed proofs of our main results. Section 6.1 aims at
proving Theorem 2. Section 6.2 devotes to proving Theorem 3. Section 6.3 focus on proving
Theorem 8. Section 6.4 refers to proving Proposition 7 and Corollary 9. In Section 6.5, we
provide a proof for the concentration inequality (Theorem 14 below) that is used in Section
6.3.

6.1 Proof of Theorem 2

Before presenting the proof of Theorem 2, we at first prove the following lemma to show
the role of iterations in KReBooT.

Lemma 11 Let Ay = [—oyli, oxli]. For an arbitrary h € Hi p with ||h|e, < oo, if
lyil < M, k <1 and {l;} is non-decreasing, then

I = lly = bl < (1= an)(lly = fop—1llz = ly = bll7,) + o (M + [[All)? (20)

holds for all k > kj := arg ming{l, > [|h||¢, }.

ly — fo.x

Proof For k > kj, denote 8 = ay||hl|¢sign(y — fpk—1,95)m. By the definition of g;, for
any u € S (that is, u € S or —u € §),

(y — [Dk—1,Bgk)m = aur |hlly, (¥ — [Dr—1,Wm- (21)
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It is easy to see that (21) also holds for all w on the convex hull B; of 5. So we let
u = h/||h|l¢, to obtain

(Y — k=189 m = arly — fD k-1, P)m.
We have

ly — fokll?, <111 = ar)y + any — (1 — ax) fph-1 — BeillZ,
< (I—ap)?lly = fou-1ll?, + llary — BopllZ, +2(1 — ar)(y — fos-1, kY — crh)m.

Now |y;| < M and h € By, yields
*12
loky — Bk, < o (M + ||h||el)2-
Therefore,

ly — okl =y = hl2, — (=) lly — fop-1ll?, + (1 —ax) ly — Al
(1= ar)? = (1= e ly — foaal? + llawy — Boil%,

+ 201 - ap)ar(y — for—1,y — hym — ak |ly — hlZ,
< [Far(l —ap) + (1= an)l |y = for-ll, + o (M + [|k]le,)? = ailly = Pl7,
< (M +||h]le)*.
This completes the proof of Lemma 11. |

Lemma 12 Let {n;}32, be a sequence of nonnegative numbers, C > 0 be a constant, and
{a}32, € (0,1) be a nonincreasing sequence of numbers with

li = = 0.
Jm o, 0, and Zak 00 (22)
k=1
If
me < (1 —ap)me_1 +aiC, forallk > 1, (23)

then limg_,oo = 0.

Proof
For any k > 1, if m > mg_1, then (23) implies that

Me—1 < (1 — ag)me—1 + @i C,

so mk—1 < a,C. We substitute this back to (23) to obtain 7, < (1 — ax)axC + aiC = a;C.
Therefore, n; < max{ni_1,a;xC}. Since {ay} is nonincreasing,

max{ng, ax+1C} < max{ng_1,axC}, forall k> 1.
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Denote 7, = max{nk, ax+1C}. Then {7} is a nonincreasing sequence of nonnegative num-
bers, so the limit n* := limg_, 7 > 0 exists and is finite.

If n* > 0, since ay | 0, there exists some k* such that ny = L n* > 0 and a;C < %77*,
for all k > k*. Recall that 1 —t < et forallt € R. Let n > k > k* to have

1
0<n, < (1 - an)nn—l + aic < (1 - O‘n)nn—l + 5%%—1
S"‘SWEH (1—7])§nkexp —52 aj p — 0, asn— oo,
Jj=k+1 J=k+1

where the last limit follows (22). This contradicts n* > 0. Therefore n* = 0, and the proof

is complete. |
With the help of the above lemmas, we are in a position to prove Theorem 2.

Proof [Proof of Theorem 2| Write

. 2
arg min — when [, T 0o
ngHK,D ||f y”m7 k T 5

0o — . 2
arg min — , when I, = L.
5 min | ~ o, k

Then there is some integer k* such that lp > ||heoll, whenever k > k*. In particular,
k* = argming{lx > ||hoolle, } when I T oo, and k* = 1 when I, = L. When k > k*, Lemma
11 implies that

ly = fo gl = ly = hoollin < (1= aw) (Ily = fose-1llm = 1y = hoollZ) + @i (M + [[hoolle, ).
(24)

In particular, in the setting [ = L, Lemma 1 guarantees fpj € By for all k. Therefore
the left-hand side of (24) is nonnegative for both the case [ T oo and the case I = L. We
apply Lemma 12 with n = ||y — fpxll?, — ||y — heol?, and C = (M + ||hso|le,)? to obtain

dim ly = o4l = 1y = ool (25)
— 00

The argument to prove fpj — he is standard. In fact, since he is the minimizer of
If — yll% on Hg,p (rsp., Br),

(Y = hoo, [ = hoo)m < 0, (26)

for any f € Hg p (rsp., f € Br), otherwise ||hoo +t(f — hoo) — yl|2, = ||hoo — Y|, +2t{hoo —
Uy f = hoo)m + 2| f — hooll?, < ||heo — yl|?, for sufficiently small ¢ > 0, contradicting the
assumption that h, is the minimizer. Now we apply the inequality (26) to obtain

ly = foalim = lly = heoll7,
:HfD,kH?n —2(y — heo, fD,k — hoo)m — 2(hoo, fD,k — hoo)m — ||hoo||72n
> fok — hoollZ, = 0, as k — occ.

The proof is complete. |
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6.2 Proof of Theorem 3
Proof [Proof of Theorem 3| From the definition (3) of iteration, we have for all £ > 1 that
1y = fokll,, < N1 —aw)foe—1 = yll,, < allyllm + (1 —ax)lly = fop-ll,,- (27

From the assumption |y;| < M we have ||y|/,, < M. Starting from fpo = 0, we use (27)
iteratively to have

ly — fokll,, <M, forall k> 1. (28)
Denote
Ae=lly = forll?, = ly = hllZ,, k> 1.

From the setting oy, = kiw and Lemma 11, we have

2 A(M + ||hlle,)?
Ap<(1— 2 ) Ay, + DTG o all k> kL 2
’“—( k:+2) N s A (29)

In particular, (28) implies A, < M? for all k. We use (29) iteratively to obtain that for
k> kj,

ko (k-1 4(M + [|hlle,)? 4(M + ||hlle,)?
Ak: S r k—2 2 2
2 \krt (k+1) (& + 2)
k . k k .
i 4(M + ||hlle,)? J
< <Ay ] St D o T -
" ' T2 ek @+2)° 2 +2

_ D+, i A(M + [[h]le)? (i +2)(+1)

1)(
(k+2)(k+1) (i +2)2 (k+2)(k+1)
1)(

i=ki+1
(kj + D)(kp +2)M* | 4(M + ||hlle,)*(k — k3)
(k+1)(k+2) (k+1)(k+2) ’
therefore,
Ap < [MP(Kj, +2)* +4(M + ||hlle,)?] /(k +2). (30)

Meanwhile, when £ < k}, from Ay < M 2 one immediately concludes (30). This completes
the proof. |
6.3 Proof of Theorem 8

We adopt a standard error decomposition technique in learning theory (Shi et al., 2011) to
Theorem 8 and get the following proposition directly.

Proposition 13 Let § € (0,1). If Assumption 2 holds, then with confidence 1 —§/2, there
holds

E(fox) —E(f,) < e1(8/2)m™ + 32 max {16k:j§ P [MQ(k;“ 1 4) T 8z§§/2} , 15} k1
+ Sl(D, k) + SQ(D),
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where
Si(D,k) = [E(fpr) —E(fp)] = [En(fDK) — ED(fH)]; (31)
S2(D) = [Ep(hp,p) — Ep(fp)] = [E(hp,p) — E(fp)] (32)
and Ep(f) = o (f (i) — vi)*.
Proof Denoting A(D) := E(hp.,) — E(f,) and H(D, k) := Ep(fpx) — En(hp.,), we have
E(fpx) —E(fp) = S1(D, k) + S(D) + H(D, k) + A(D).

Setting hp = hp,, we then get from Assumption 2 with 7 = §/2 and (9) that with
confidence 1 — §/2, there holds

A(D) < c1(6/2)m™%".
Furthermore, it follows from Theorem 3 and Assumption 2 that
* 2 (71.% 2 -1
H(D, k) < 32 max {16k:5/2 [M (K +4)+ 8zk§/2} , 15} k1.

Combining the above three estimates, we complete the proof of Proposition 13. |

Based on Proposition 13, the key step-stone to provide a tight generalization error of
fpk is to bound the sample error Si(D, k) 4+ Sa(D). Recalling (31) and (32), both hp,,
and fp ; depend on the sampling, making the classical concentration inequality approaches
in (Zhang and Yu, 2005; Shi et al., 2011; Shi, 2013; Wang et al., 2019) infeasible since
all these approaches require hp, to be independent of D. Under this circumstance, a
novel concentration inequality is needed. To this end, we derive the following concentration
inequality, which is a modified version of (Steinwart and Christmann, 2008, Theorem 7.20).
We present its proof in Section 6.5.

Theorem 14 Let 0 < §d <1 and R > 0. If ly;| < M, k <1 and Assumption 1 holds with
some ¢ >0 and 0 < s < 1, then with confidence 1 — 9, there holds

2100 1
E() ~ )}~ Ep(F) — Ep(1,)}] < H(EN) — £(fy)) + o LT To8
+ 6(3M+R)2max{(5(f)—5(fp))%mf%,m—ﬁ}, Vf e Brn (33)

where B g = {f € Hi : |fllx < R} and C is a constant depending only on s and c.

We then use the concentration inequality established in Theorem 14 to derive the upper
bound of Sa(D, \).

Proposition 15 Let 0 < § < 1, |y;| < M and k < 1. If Assumptions 2 and 1 hold with
some ¢ >0 and 0 < s < 1, then with confidence at least 1 — §, there holds

Sa(D) < Ci(c1(8/2) + (e2(5/2))%(c1(6/2))1=9/2) max {m—ﬁ,m%lﬁ)“lﬂ} log % (34)

where C7 is a constant depending only on M, s, c.
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Proof Due to (9) and Assumption 2 with 7 = 6/2, with confidence 1 — §/2, there holds
E(hpp) — E(fp) < cr(6/2)m™,  and||hplle, < c2(5/2).
Then, it follows from Theorem 14 with R = c2(6/2) that with confidence 1 — ¢, there holds

1(8/2) 5 323M + c2(9/2))*log §

2 3m
+ é(gM+C2(5/2))2max{(cl(a/z)m—%)l?m 2,m +}

Sa2(D)

IN

C1(e1(8/2) + (c2(8/2))*(c1(5/2)) /) max {m—fis,m*@*wl/?} log ;

IN

where C] is a constant depending only on M, C. This completes the proof of Proposition
15. |

In the following, we aim to derive the estimate for Sy (D, k).

Proposition 16 Let 0 <6 <1, |y;| < M, k <1 and fpy be defined by (2) with oy, = ,%r?

and I, = colog(k + 1). If Assumptions 1 holds with some ¢ >0 and 0 < s < 1 and

E(fo) — E(f,) = m T, (35)
then

32(3M log(k + 1))2 log 2
(E(fpx) —E(fp)) + (3M + ¢ (;gr;r(L +1))"log 3

+ C(BM + colog(k +1)*(E(fpx) — E(F))

Sl(ka) <

N |

1—s _
2m

N[

holds with confidence 1 — 4.

Proof Due to (35), there holds

Tmoe. (36)

1—s

max { (€ (o) = £(,) 7 m~

N

M | = (E(fp ) — E(F,))

But Theorem 3 together with x < 1 implies fp, € Br C Bg,r with R = ¢olog(k + 1).
Then it follows from Theorem 14 that with confidence 1 — § there holds

2 1
(E(fpr) — E(f) + 32(3M + ¢ lcgiik +1))log 5

+ OBM +colog(k +1)2(E(fpx) — E(F,)) T m 3.

81(D7k) <

N

This completes the proof of Proposition 16. |

With the help of the above three propositions, we are in a position to prove Theorem 8
as follows.
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Proof of Theorem 8. If (35) does not hold, then we obtain (15) directly. If (35) holds,
it follows from Propositions 13, 15 and 16 by scaling § to §/3 that with confidence 1 — 4,
there holds

(D) — EU) < er(6/6)m ™ + 82max {16k3 g [ M2 (kg +4) + 81, |15}k

5 D,k p)) = C1 5/6 5/6 k56l

_1 6

+ Ciea(3/6) + (e2(5/6))* (e (6/6) "~/ max {m ™ 155, m (=12 L log 2
32(3M + colog(k +1))?log &

3m

1—

+ C(3M + colog(k + 1))2(E(fpx) — E(f,) = m™ 2.

N

_l’_

1—s
Since m ™~ T — (m_ﬁ) > m~3, k> min {m%ﬁ,m(l_s)”lﬂ} and (35) holds, we have

E(fpx) — E(f,) < C1(8)log?(k + 1) max {(5(fD,k) - 5(fp))%m_1/27 m—(l—s)r—1/2} log g,

where

C1(8) = Ci(er(5/6) + K g(jys + 1 )+ (e2(5/6))2(cx (6/6))1-/2),
where C1 is a constant depending only on M, s, c. Hence, with confidence 1— ¢, there holds
2 4 —L(—gr—1/2) .2 0
Efpi) ~ E(F5) < (C1(8))* (og(k -+ 1))* max {m ™75, m blog? 2.
This proves Theorem 8 with C(8) := (C1(5))?. [ |

6.4 Proofs of Proposition 7 and Corollary 9
For an arbitrary A > 0 define

=L +A)" o, = (L + M) Licfp, for= Lip(Li + )71 f,, (37)

where Lg p : Hx — Hi is the empirical operator defined by
1 m
LK,Df = % z; f(Il)le
P

We will show that f% y is the desired hp , in Assumption 2. For this purpose, we need two
important lemmas. The first one is the well known Bernstein inequality (Shi et al., 2011).

Lemma 17 Let & be a random variable on Z with variance ¥* satisfying |¢ — E[€]| < M
for some constant M. Then for any 0 < § < 1, with confidence 1 — 9§, we have

1 & 2M¢ log + 272 1og +
LS ¢(e) - Bl < 2Melogs | (207 lo g
m = 3m m

The second one focuses on the operator difference, which was derived in (Blanchard and
Krémer, 2016; Lin et al., 2017).
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Lemma 18 Let 0 < § < 1. If k <1, then with confidence at least 1 — &, there holds
2 1 2
Lic+ A2 (L = Ligp) | € <= 4 —— + VNN { log = 38
[Lae e AT (L — L[ € T s+ VO o 5. (38)
where N'(\) = Tr ((Lx + M) "' L) is the trace of the operator (Lx + A ) ' L.
With the help of Lemma 17, we derive the following ¢; norm estimate for flo), \-

Lemma 19 Let 0 < 0 < 1 and k < 1, if there exists an h, € L%X such that f, = Lih,,
then with confidence 1 — §/2, there holds

1 — 2 2 2
Hf%,)\Hh < m;|f§\)($i)| < (1 + log — + %bg 5) 1hollp- (39)

4
3mv\ o

Proof We at first bound ||f?)’)\|‘g1 - ||ngL;X by using Lemma 17. Let & = |f{(z)]. We
then have

1 & 1 &
E(&) = ||f,(\)||L}JX7 1/Dalle, = Ez | fo ()] = o Zfl(fﬂz’)-
=1 i=1

Due to x < 1, we have || f|loo < ||f|lx for arbitrary f € Hi. Then it follows from ||h,||, =
1L 2hollxc, f9 € Mic, (37) and f, = Lich, that

HKMSWWMSJﬂ@K+M)WMMMKS;NMM (40)
Furthermore,
1880 = SIACEx + A Syl = £ = Sollo < gl (a1)
Then,

El&f] = 1317 < ol
Hence, for arbitrary 0 < § < 1, Lemma 17 with & = & = |f ()], M¢ = %thﬂp and
2 < ||hp||§ yields that with confidence 1 — §/2, there holds

1 & 0 4 2 2 2
= Dl — <|——=log>+1/—log= : 42
m [fo (i)l = [1/X]ey - < <3mﬁ og 5t/ log 5) 170l (42)

But (41) implies
1Ay, < 1A3Mp < Il (43)
Plugging (43) into (42), with confidence 1 — 6/2, there holds

£l < 2 31880l < (14— o 24/ 2 1o 2 ) 1|
D,A&_mi:l AT = 3/ g5 m gé pllp:
This completes the proof of Lemma 19. |

We then derive || f% , — p||, by using Lemma 18.

26



KERNEL-BASED Lo-BOOSTING WITH STRUCTURE CONSTRAINTS

Lemma 20 Let 0 < 6 < 1 and x < 1. If Assumption 1 holds with some ¢ > 0 and
0 < s <1, and there exists an h, € LZX such that f, = Lih,, then

2 1 = 4
13~ £l Al + <= { <+ VR il o (a1

holds with confidence 1 — §/2, where ¢ is a constant depending only on ¢ and s.

Proof The triangle inequality yields

1D = Follo <M= Follo + 112 = FDll- (45)
But f, = Lih, implies (Caponnetto and De Vito, 2007; Lin et al., 2017)
13 = Follo < AllRpllo- (46)

Thus, it suffices to bound ||f) — f%7)\||p. Due to (37), we have
foa—Iv=(Lgp — L)Lk + )7,
Thus, £ < 1 implies

1% = Fallo = 1L (Licp — Lic) (L + A1)~ Lichy || x
< |(Lk,p — Lrx)(Lk + M)_l/2||HL}</2thK = (L + M)~V (Le.p — L[|l -

But (11) and the definition of N'()) yield

Ny = Y ey
- Atpe = S N tel=s L= e NV
=1 (=1 (=1
o Cc 1 o0
/ S gt<er dt+/ t15dqt ) = ex—,
0 C+ A1/ 0o € c
where ¢ = ¢ + %_801_1/ S, It then follows from Lemma 18 that with confidence at least

1 — /2, there holds

2 1 4
o < 2 ) _— L \a\-s =
HfD,)\ f>\||p— m{m—i_ CA }HhP‘PIOg(s

This completes the proof of Lemma 20. |

Based on the above two lemmas, we can prove Proposition 7 directly.

Proof of Proposition 7. Setting A = m_?ll, we have from Lemma 19 that with confidence
1 — /2, there holds

2
”f%,x”& < 4f[hy|[, log 5
Furthermore, it follows from Lemma 20 with A\ = mfs%l that

= ——L 4
Hf%)\ — follp < 3+ 2\/E)m 2640 ||| p log 5
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This completes the proof of Proposition 7. |
We then use Proposition 7 and Theorem 8 to prove Corollary9.

Proof of Corollary 9. It suffices to bound C(§) defined in (16) by inserting c;i(7) =

51||hp\|plog% and c2(7) = 4/|h,||,log 2. Due to the definition of lk;«/ﬁ and l, = colog(k + 1),

we have o .
k;/G S 1 + 4”hp”p10gF S él logj’

and
E
6 )

where Cy and Cj are positive constants depending only on |||, and ¢. Recalling (16), we
have

lk:;/(; < CQ log1/2

- 24

0(5) < (s 10g3 ?7
where C} is a positive constant depending only on |||, and ¢. This proves Theorem 9 by
noting r = 5—— in Theorem 8. |

2(s+1)

6.5 Proof of Theorem 14

Our oracle inequality is built upon the eigenvalue decay assumption (11). We at first connect
it with the well known entropy number defined in Definition 21 below.

Definition 21 Let E be a Banach space and A C E be a bounded subset. Then for i > 1,
the i-th entropy number e;(A, E) of A is the infimum over all € > 0 for which there exist

t1, .. tyi1 € A with A C U?:ll (t; + eBg), where By denotes the closed unit ball of E.
Moreover, the i-th entropy number of a bounded linear operator T : E — F is ¢;(T) :=
ei(TBg, F), where TBg :={Tf: f € Bg}.

We also need the following two lemmas, which can be found in (Steinwart et al., 2009,
Theorem 15) and (Steinwart and Christmann, 2008, Corollary 7.31), respectively.

Lemma 22 Let {u;}5°, be the set eigenvalues of the operator Ly : L%X — L%X arranging

in a decreasing order. For arbitrary 0 < p < 1, there exists a constant c; depending only on
p such that

S 2 ’ Lo1/2 .
supire;(id : Hix — Ly, ) < ¢,supirp’”, Vi > 1.
1<j i<j
Lemma 23 Assume that there exist constants 0 < p <1 and a > 1 such that
1
ei(id: Hg — L2 ) < ai 2, i>1.
Then there exists a constant ¢, > 0 depending only on p such that

Elei(id : Hx — (*(Dx))] < cpi 2,

where £2(Dx) denotes the empirical £% space with respect to (z1,...,2m).
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With the help of Lemmas 22 and 23, we derive the following upper bound for the
empirical entropy number in expectation.

Lemma 24 If |y;| < M, k < 1, and Assumption 1 holds with some ¢ > 0 and 0 < s < 1,
then

Elei(Fr, (2(D))] < csd,/eR(2M + 2R)i ™2, (47)
where
Fri=A{¢5(x) = (f(x) —y)* = (f(x) = fo(x))*: f € B r}, (48)
and (%2(D) denotes the empirical £ space with respect to (21, ..., Zm).

Proof Due to (11) and Lemma 22 with p = s, we have for arbitrary j > 1,
j%ej(z'd cHi — L%X) < supi%ei(id cHrk — LZX) < c;ﬁji,
1<j
which implies
1
eiid: Hg — L7 ) < deizs,  Vi=1.2,....

This together with Lemma 23 yields

Elei(id : Hi — (2(Dx))] < cscn/ci™zs,  Vi=1,2,.... (49)
For arbitrary f € Bk g, there exists an f* € Bk 1 such that f = Rf*. Let fi,..., fon-1 be
an € net of By 1. Then there exists an f;+ such that
1 & s 1 ¢ * 2 2.2
— > (Fl@i) = Ry (2:0)* = — > (Rf*(w:) = Rfje(2:))® < R,
i=1 i=1

Thus, Rfi,...,Rfon-1 is an Re net of B r. This together with (49) implies
Elei(Bx g, ©*(Dx))] < RE[ei(Bi1,%(Dx))] < csc,/cRi™ . (50)

For arbitrary ¢ € Fg, there exists an f € By g such that ¢¢(x) = (f(z)—y)*—(fo(z)—y)>.
Then there exists an fj» with 1 < j* <2771 such that

LS 6l — (e () = 90 — () — 92)?))?
=1
- = D (@) = i @) (f (i) + fj(2:) — 290)* < (2M +2R)*R??,

m
=1

where we used |y;| < M in above estimates. Hence, it follows from (48) and (50) that
Elei(Fr, 2(D))] < (2M + 2R)E|e;(Bg, (*(Dx))] < csciv/cR(2M + 2R)i 2.

This completes the proof of Lemma 24. |

We then present a close relation between the empirical entropy number and empirical
Rademacher average (Steinwart and Christmann, 2008, Definitions 7.8&7.9).
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Definition 25 Let (©,C,v) be a probability space and ¢; : © — {—1,1}, i =1,...,m, be
independent random variables with v(e; = 1) = v(e; = —1) = 1/2 foralli =1,...,m. Then,
€1,...,€m is called a Rademacher sequence with respect to v. Assume H C M(Z) be a non-
empty set with M(Z) the set of measurable functions on Z. For D = (z1,...,2m) € Z™,
the m-th empirical Rademacher average of H is defined by

The following lemma which were proved in (Steinwart and Christmann, 2008, Lemma
7.6,Theorem 7.16) show that the upper bound of the empirical entropy number of Fr implies
an upper bound of the empirical Rademacher average.

m

1
sup |— Z eih(z)

Radp(H,m) :=FE
heH |

Lemma 26 Suppose that there exist constants By > 0 and o1 > 0 such that ||h||sc < B
and E[h? < o? for all h € H. Furthermore, assume that for a fived m > 1 there exist
constants p € (0,1) and a > By such that

1

Elei(Fgr,*(D))] < ai 2, i> 1.

Then there exist constants C, and 01/7 depending only on p such that
l—p 1 g 22 3B 1
E[Radp(Fr, m)] < max < CpaPo; Pm™2,Cpa™» B\ ™" m™ T ¢ .

Furthermore, the following lemma proved in (Steinwart and Christmann, 2008, Lemma
7.6,Proposition 7.10), presents the role of the empirical Rademacher average in empirical
process.

Lemma 27 For arbitrary m > 1 we have
1 m
P 21

Based on the above two lemmas, we can derive the following bound, which plays an
important role in our analysis.

E | sup < 2E[Radp(Fr,m)].

heFRr

Lemma 28 Ifx <1, |y;| < M and Assumption 1 holds with some ¢ > 0 and 0 < s < 1,
then there exists a constant C depending only on s and c such that

¢f _*Zﬁﬁf Z%

Proof For arbitrary ¢ € Fgr, we have from (48) |y; < M and x < 1 that

1—s

] C(3M + R)> max{(E[¢f}) : m*%,m—ﬁ}. (51)

sup
orEFR

loflloo < (3M + R)? =: By, E[¢}] < (3M + R)*E[dy] =
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Let ¢ > 1 be the smallest constant such that ¢cscly/c > 1, that is,
By = (3M + R)? < Gesci\/e(3M + R)? =: a.

Then, (47) implies
1

E[ei(}"R, 62(D))] <ar 2.
Thus, it follows from Lemma 26 with p = s that

1—s 1 _ 1
2 m 2,m T+s ¢,

E[Radp(Fr,m)] < C'(3M + R)* max {(E[@])

where C" = max{Cjs(ccsc}\/c)®, C’;(écsc’sﬁ)%}. Based on Lemma 27, we then get

1 & 1—s 1 1
E| sup |Elps]— — Y ép(z)|| <20(3M + R)*max< (E[¢s]) 2 m™2,m T+ ¢
¢f€~7:R m ZZ; { }
This proves Lemma 28 with C = 2. [ |
For € > 0, define
Elos] — o5
= = ——— " Fro- 52
gR,E {g¢f,8 E[¢f] + e ¢f € R ( )

Lemma 28 implies the following estimate.

Lemma 29 If [y;| < M, k < 1 and Assumption 1 holds with some ¢ > 0 and 0 < s < 1,
then for arbitrary € > infy cr, El¢y], there exists a constant Cy depending only on ¢ and s
such that

~ (3M + R)? s
FE sup < 017( +R) max {Ele_%,mfl}rs }
€

gd)f,EEgR,s

1 m
E Z g(bf,E(Zi)
=1

Proof For arbitrary ¢y € Fg, it follows from (48) that E[¢s] = E(f) — £(f,) = 0. Then,

Elps] — L 30 d5(zi) |Elos] — o ity 05 (2)]

sup

sup

$rEFR Elgrl+e éEFR,Elps]<e €
1
+ i sup ’E[d)f] _m i1 ¢’f(zi)|
0 brEFRAIe<Eps)<aitle 4ie+¢

where we used the convention sup @ := 0. Let 7 > infy 7, E [¢¢] be arbitrary real number.
It follows from (51) that

m

Elos]— 3 o5()
=1

E sup

¢EFR,Elps]<r

< C(3M + R)? max {rl%sm_%,mfljrs } .
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Repeating the above inequality with r = 4/¢ and & > infy,erp Elpf] for j =0,1,..., we
get from the above two estimates that

Elps] — 237 6(2) 6(3M+R)2max{glgsm—%,m—lis}
E | sup m = <
¢r€FR Elps) +¢ -
s 6(3M + R)? max {(4j+15)%m_%7m_ THs }
i ; de+¢€
7=0
(A-s)(+1)
C<3M+ R)2 1—s _l 1 o >
1+s 1
< € X{ezm 2,m } —I-; 11
Since o
o0 —s) 0o
1 I=s (=s—1)j 21
2y S =T 5T =4
j=0 =0

we get from (52) that

1\ Blos] — 5 2 ¢¢(2)
E sup | — > Gge,e(z)|| =E | sup el
9oc€GR,e | ; e $rEFR Elps] +¢
~ 2 —s
< 407(3]\/[ + ) max {517m*%,m_ﬁ} .
€
This completes the proof of Lemma 29 with 51 = 4C. [ |

Lemma 29 builds the estimate in expectation. To derive similar bound in probability,
we need the following concentration inequality, which is a simplified version of Talagrand’s
inequality and can be found in (Steinwart and Christmann, 2008, Theorem 7.5, Lemma 7.6)

Lemma 30 Let B >0 and o > 0 be constants such that E[g?] < 0% and ||g|s < B for all
9 € Gre. Then, for all 7> 0 and all v > 0, we have

1 & 1 &
Plze€eZ™: sup |— ) gs,.(2) — > 9¢,.e(2i)
<{ 9¢f,e€gR,a m ; fi€ m ; fo€

2702 (2 1\ 1B
TR e ( + ) T}) <e (53)
m 3 v/ m

Now, we are in a position to prove Theorem 14 by using Lemma 30 and lemma 29.
Proof of Theorem 14. For arbitrary f € Bk g, we have E[¢f] = E(f) — E(f,) > 0 with
b7 = (y— F(@))? — (y— f,(x))? € Fr. Furthermore, [y;| < M and |||l < [/} < R yield
|E[¢s] — d¢llc < 2(R+ 3M)?. For arbitrary e > infy,cry Elos] and gy, o € Gy, e, there

exists a ¢y € Fr such that gy, . = %f]fﬂ Then, we get

>([1+7)E| sup

gd)f,aegR,E

23M + R)?
3

196l < 1 B, (54)
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and

E[¢7] - (3M + R)*E[¢¢] - (3M + R)?
(Elgs+2)* = (BElgr+e? — &

Then Lemma 30 with v = 1 and ¢ > infy c 7, El¢y], Lemma 29 with e > infy e 7, Eldy],
(54) and (55) that with confidence at least 1 — e™7, there holds

Blgs, ) < (55)

Elps] — & 30 65(2i) 1 &
sup f Em i=1 Pf\~i = sup 7Zg¢f,£(zi)
(be]:R [¢f} +e g¢f,EEgR,e m i=1
1 & 2r(3M + R)2  10(3M + R)*r
<o | s S geee|| 4y 20 el )
g¢f,segR,5 m i=1 me 3m€

~ (3M + R)? s _ 27(3M + R)2  10(3M + R)?

< QClgmax{ngmféjm 1J1rs}+ 7( + R) i ( + )7"
me 3me

For arbitrary f € Bg g, set 7 = log% and e = E(f) — £(f,) > infy,er, Elgy]. Tt follows
from E(f) — Ep(f) = El¢y] — 2 > #7(z) that , with confidence 1 — 4, there holds

8(3M + R)2(E(f) — £(f,))log }

IE(f) —E(fp) +Ep(fn) —Ep(fn)] < \/

m
2 1 - 1-s 1 1
+ 20(3M ;j) log 5 +4C'1(3M+R)2max{(5(f)—E(fp)) 2 mfi,m_m}
1 32(3M + R)?log 1
< SE() gy + 2T T on

+ 4C1(3M + R)? max {(S(f) - 5(fp))%m—é7m—ﬁ} ’

where we used the element inequality vab < %(a +b) for a,b > 0 in the last inequality.
This completes the proof of Theorem 14 with C' = 4C. |
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