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Boosting is one of the most significant developments in machine learning. This paper studies
the rate of convergence of Lo-Boosting in a high-dimensional setting under early stopping.
We close a gap in the literature and provide the rate of convergence of Ly-Boosting in a
high-dimensional setting under approximate sparsity and without beta-min condition. We
also show that the rate of convergence of the classical Ls-Boosting depends on the design
matrix described by a sparse eigenvalue condition. To show the latter results, we derive
new, improved approximation results for the pure greedy algorithm, based on analyzing
the revisiting behavior of Ls-Boosting. These results might be of independent interest.
Moreover, we introduce so-called “restricted Lo-Boosting”. The restricted Lo-Boosting
algorithm sticks to the set of the previously chosen variables, exploits the information
contained in these variables first and then only occasionally allows to add new variables to
this set. We derive the rate of convergence for restricted Ls-Boosting under early stopping
which is close to the convergence rate of Lasso in an approximate sparse, high-dimensional
setting without beta-min condition. We also introduce feasible rules for early stopping,
which can be easily implemented and used in applied work. Finally, we present simulation
studies to illustrate the relevance of our theoretical results and to provide insights into the
practical aspects of boosting. In these simulation studies, Lo-Boosting clearly outperforms
Lasso. An empirical illustration and the proofs are contained in the Appendix.
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Luo, SPINDLER AND KUECK

1. Introduction

In this paper we consider Lo-Boosting algorithms for regression which are coordinatewise
greedy algorithms that estimate the target function under Lo loss. Boosting algorithms
represent one of the major advances in machine learning and statistics in recent years. Fre-
und and Schapire’s AdaBoost algorithm for classification (Freund and Schapire (1997)) has
attracted much attention in the machine learning community as well as in statistics. Many
variants of the AdaBoost algorithm have been introduced and proven to be very competi-
tive in terms of prediction accuracy in a variety of applications with a strong resistance to
overfitting. Boosting methods were originally proposed as ensemble methods, which rely
on the principle of generating multiple predictions and majority voting (averaging) among
the individual classifiers (Bithlmann and Hothorn (2007)). An important step in the anal-
ysis of boosting algorithms was Breiman’s interpretation of boosting as a gradient descent
algorithm in function space, inspired by numerical optimization and statistical estimation
(Breiman (1996), Breiman (1998)). Building on this insight, Friedman et al. (2000) and
Friedman (2001) embedded boosting algorithms into the framework of statistical estimation
and additive basis expansion. This also enabled the application of boosting for regression
analysis. Boosting for regression was proposed by Friedman (2001), and then Biihlmann
and Yu (2003) defined and introduced La-Boosting. An extensive overview of the devel-
opment of boosting and its manifold applications is given in the survey of Biihlmann and
Hothorn (2007).

In the high-dimensional setting there are two important but unsolved problems on Lo-
Boosting. First, the convergence rate of the Ls-Boosting, in particular under early stopping,
has not been thoroughly analyzed. Second, the pattern of the variables selected at each
step of Lo-Boosting is unknown. In this paper, we show that these two problems are closely
related. We establish results on the sequence of variables that are selected by Lo-Boosting.
We call a step of Lo-Boosting “revisiting” if the variable chosen in this step has already
been selected in previous steps. We analyze the revisiting behavior of Ls-Boosting, i.e.,
how often Lo-Boosting revisits. We then utilize these results to derive an upper bound of
the rate of convergence of the Lo-Boosting.! We show that frequency of revisiting, as well
as the convergence speed of Ls-Boosting, depend on the structure of the design matrix,
namely on the minimal and maximal restricted eigenvalue.

Moreover, we introduce the so—called “restricted Lo-Boosting”, another variant of the
classical boosting algorithm. The restricted Lo-Boosting algorithm sticks to the set of the
previously chosen variables, exploits the information contained in these variables first and
then only occasionally allows to add new variables to this set. We show that the convergence
rate is close to that of Lasso and achieves the same rate as orthogonal Ls-Boosting, which
was derived in Kueck et al. (2023), but without the need for orthogonal projections which
are costly to calculate. It should be noted, that all results are shown in an approximate
sparse, high-dimensional setting without beta-min condition. We also introduce feasible,
data-driven rules for early stopping for both algorithms, which can be easily implemented
and used in applied work.

1. Without analyzing the sequence of variables selected at each step of L2-Boosting, only much weaker
results on convergence speed of Lo-Boosting are available based on DeVore and Temlyakov (1996) and
Livshitz and Temlyakov (2003).
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Compared to Lasso, boosting uses a somewhat unusual penalization scheme. The penal-
ization is done by “early stopping” to avoid overfitting in the high-dimensional case. In the
low-dimensional case, La-Boosting without stopping converges to the ordinary least squares
(OLS) solution. In a high-dimensional setting, early stopping is key for avoiding overfit-
ting and for the predictive performance of boosting. We give new stopping rules that are
simple to implement and also works very well in practical settings as demonstrated in the
simulation studies. We prove that such a stopping rule achieves the best bound obtained
in our theoretical results. In a deterministic setting, which is when there is no noise or
error term in the model, boosting methods are also known as greedy algorithms (the pure
greedy algorithm (PGA) and the orthogonal greedy algorithm (OGA)). In signal processing,
Lo-Boosting is essentially the same as the matching pursuit algorithm of Mallat and Zhang
(1993). We will employ the abbreviations BA (Lg-Boosting algorithm), oBA (orthogonal
Lo-Boosting algorithm) and resBA (restricted Lo-Boosting algorithm) for the stochastic
versions we analyze. The rate of convergence of greedy algorithms has been analyzed in
DeVore and Temlyakov (1996) and Livshitz and Temlyakov (2003). Temlyakov (2011) is
an excellent survey of recent results on the approximation theory of greedy approximation.
To the best of our knowledge, with an additional assumption on the design matrix, we
establish the first results on revisiting in the deterministic setting and greatly improve the
existing results of DeVore and Temlyakov (1996). These results, which are available in the
appendix, are essential for our analysis of Lo-Boosting, but might also be of interest in their
own right.

As mentioned above, boosting for regression was introduced by Friedman (2001). Lo-
Boosting was defined in Biihlmann and Yu (2003). Its numerical convergence, consistency,
and statistical rates of convergence of boosting with early stopping in a low-dimensional
setting were obtained in Zhang and Yu (2005). Consistency in prediction norm of Leo-
Boosting in a high-dimensional setting was first proved in Bithlmann (2006). The numerical
convergence properties of boosting in a low-dimensional setting are analyzed in Freund
et al. (2016). The orthogonal Boosting algorithm in a statistical setting under different
assumptions is analyzed in Ing and Lai (2011). The rates for the PGA and OGA are
obtained in Barron et al. (2008). For results on orthogonal boosting and modifications, we
refer to the excellent survey by Lai and Yuan (2021). In this paper we consider linear basis
functions. Classification and regression trees, and the widely used neural networks, involve
non-linear basis functions. We hope that our results can serve as a starting point for the
analysis of non-linear basis functions which is left for future research.

The structure of this paper is as follows: In Section 2, the Lo-Boosting algorithm
(BA/PGA) is defined together with its modifications, the restricted-La-Boosting algorithm
(resBA/resPGA) and the orthogonalized version (0BA), which serves as reference. In Sec-
tion 3, we present a new approximation result for the pure greedy algorithm (PGA) and an
analysis of the revisiting behavior of the boosting algorithm. In Section 4, we provide the
main results of our analysis, namely an analysis of the boosting algorithm and some of its
variants. The proofs together with some details of the new approximation theory for PGA
are provided in the appendix. Section 5 contains a simulation study that offers some in-
sights into the methods and also provides some guidance for stopping rules in applications.
Additional empirical examples can be found in the appendix. Section 6 provides concluding
remarks.



Luo, SPINDLER AND KUECK

Notation: Let z and y be n-dimensional vectors. Define ||z|| to be the Euclidean
norm, and |[|z|l2, = /En[z?] to be the empirical Lo-norm with E,[z] = 1/nd " 2.
Define < -,- >, to be the inner product defined by: < z,y >,= 1/n> ", zy;. For a
random variable X, E[X] denotes its expectation. The correlation between the random
variables X and Y is denoted by corr(X,Y’). We use the notation a V b = max{a,b} and
a A'b = min{a,b}. We also use the notation a 3 b to mean a < c¢b for some constant ¢ > 0
that does not depend on n; and a Zp b to mean a = Op(b). For a vector 5 € RP, supp(3)
denotes the set of indices of which the corresponding element in § is not zero. Further,
given a set of indices ' C {1,...,p}, we denote by 87 the vector in which fr, = 3; if j € T
Br, =0ifj ¢ T.

2. L,-Boosting with componentwise least squares

To define the boosting algorithm for linear models, we consider the following regression
setting:

yi=x8+ri+e, i=1,...,n, (1)
with vector x; = (xj1,...,%ip,) consisting of p, predictor variables, 5 a p,-dimensional
coefficient vector and a random, mean-zero error term ¢;, E[g;|z;] = 0. We allow the

dimension of the predictors p, to grow with the sample size n, and to be even larger than
the sample size, i.e., dim(5) = p, > n. We impose an approximate sparsity condition. This
means that there is a large set of potential variables, but the number of relevant variables,
which can grow with the sample size, denoted by s, is small compared to the sample size,
i.e. [|Bllo = sn < n. The random variable r; denotes the approximation error of the sparse
model. In the following, we will drop the dependence of s, and p, on the sample size in
the notation and denote it by s and p if no confusion will arise. X denotes the n x p design
matrix where the single observations x; form the rows. X; denotes the jth column of design
matrix, and x;; the jth component of the vector x;. We consider a fixed design for the
regressors. We assume that the regressors are standardized with mean zero and variance
one, i.e., Eyfz; ;] = 0 and En[xf]] =lforj=1,...,p,

The basic principle of boosting can be described as follows. We follow the interpretation
of Breiman (1998) and Friedman (2001) of boosting as a functional gradient descent opti-
mization (minimization) method. The goal is to minimize a loss function, e.g., an Ly loss
or the negative log-likelihood function of a model, by an iterative optimization scheme. In
each step, the (negative) gradient which is used in every step to update the current solution
is modelled and estimated by a parametric or nonparametric statistical model, the so-called
base learner. The fitted gradient is used for updating the solution of the optimization prob-
lem. A strength of boosting, besides the fact that it can be used for different loss functions,
is its flexibility with regard to the base learners. We then repeat this procedure until some
stopping criterion is met. The literature has developed many different forms of boosting al-
gorithms. In this paper, we consider Lo-Boosting with componentwise linear least squares,
as well as two variants. All three are designed for regression analysis. “Ls” refers to the loss
function, which is the sum of squares of the residuals Q,(8) = > (y; — #;38)? typical in
regression analysis. In this case, the gradient equals the residuals. “Componentwise linear
least squares” refers to the base learners. We fit the gradient (i.e. residuals) against each
regressor (p univariate regressions) and select the predictor/variable which correlates most
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highly with the gradient/residual, i.e., decreases the loss function most, and then update
the estimator in this direction. We next update the residuals and repeat the procedure until
some stopping criterion is met. In this paper, we focus on the “classical” Lo-Boosting, which
was introduced in Friedman (2001) and refined in Biithlmann and Yu (2003) for regression
analysis, and two modifications: restricted-Ls-Boosting and orthogonal Ls-Boosting. Fur-
ther, we also provide some results for post-Lo-Boosting which is defined in Comment 1. As
far as we know, post-Lo-Boosting has not yet been defined and analyzed in the literature.

2.1 Lo-Boosting
For Ls-Boosting with componentwise least squares, the algorithm is given below.
Algorithm 1 (Ls-Boosting (BA/PGA))

(1) Start/Initialization: 3° = 0 (p-dimensional vector), set maximum number of iterations
Mgtop and set iteration index m to 0.

(2) At the (m + 1) step, calculate the residuals Uumr =y, —x,f™.
(3) For each predictor variable j =1,...,p, calculate :

n
mo_ 2= Uiy < U™ x5 >n

’}/. . =
! > i $12] E, [5312]]

Select the variable §™ that is the most correlated with the residuals?, i.e.,

m
ax 1yl

(4) Update the estimator: fmH1 .= g™ + Yjmejm where ejm is the j™th index vector.

(5) Increase m by one. If m < Mgy, continue with (2); otherwise stop.

For simplicity, write 7™ for the value of 77n at the mt* step. The act of stopping is
crucial for boosting algorithms, as stopping too late or never stopping leads to overfitting
and therefore some kind of penalization is required. A suitable solution is to stop early, i.e.,
before overfitting takes place. “Early stopping” can be interpreted as a form of penalization.
Similar to Lasso, early stopping might induce a bias through shrinkage. A potential way
to decrease the bias is by “post-Lo-Boosting” which is defined in Comment 1 below. In
general, during the run of the boosting algorithm, it is possible that the same variable is
selected at different steps, which means the variable is revisited. This revisiting behavior is
key to the analysis of the rate of convergence of Lo-Boosting. In the next section, we will
analyze the revisiting properties of boosting in more detail.

Remark 1 Post-Ls-Boosting is a variant of Lo-Boosting, namely, a post-model selection
estimator that applies ordinary least squares (OLS) to the model selected by Lo-Boosting
in the first step. To define this estimator formally, we make the following definitions:

2. Equivalently, which fits the gradient best in a Ls-sense.
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T := supp(B) and T = supp(B™"), the support of the true model and the support of the
model estimated by Lo-Boosting as described above with stopping at m*. A superscript C
denotes the complement of the set with regard to {1,...,p}. In the context of Lasso, OLS
after model selection was analyzed in Belloni and Chernozhukov (2013). Given the above
definitions, the post-model selection estimator or OLS post-Lo-Boosting estimator will take
the form

8= arg,gé]ié}? Qn(B) : Bj =0 for each j e T°. (2)

In this paper, we will not focus on post-Lo-Boosting.

2.2 Restricted L;-Boosting

In this section, we introduce the so-called restricted Lo-Boosting algorithm. The motivation
is that the variable selection behavior of the “pure” greedy algorithm, introduced in the
section before, is challenging to analyze. Related to this and even more important, the pure
greedy algorithm also has a provably slow rate of convergence in general driven by chal-
lenging singular cases, as highlighted by the work of Temlyakov (2011). These cases result
in hard to handle variable selection patterns. In general, boosting first selects the relevant
variables and then the irrelevant variables. But the overall pattern is difficult to analyze,
because the selection of relevant and irrelevant variables can alternate, in particular at an
advanced stage of the algorithm when the correlation of the relevant variables with the re-
mainder is small due to previous extraction. The restricted Lo-Boosting algorithm sticks to
the set of the already chosen variables for some time and exploits the information contained
in these variables, i.e. extracts the correlation of these variables with the remainder until
new variables are selected and added to the “consideration” set. The algorithm is given in
the following way:

Algorithm 2 (restricted Lo-Boosting Algorithm (resBA /resPGA))
(1) Start/Initialization: ° = 0 (p-dimensional vector) and set iteration index m to 0.

(2) At the (m + 1) step, calculate the residuals U™ = y; — z,f™. Define the set of
variables being selected as T™.

(8) Set T* := {1,...,p} if by = 0 and T* := T™ if l,, = 1, for l, € {0,1} being a

sequence of integers indexed by m.>

(4) For each predictor variable j € T*, calculate :

n
mo_ 2im Uiy <U™ x5 >n

Y- =
! > i 1/‘@2] En [ng,j]

Select the variable j™ that is the most correlated with the residuals , i.e.,

m
max |7v. |.
jET* J ’

(5) Update the estimator: fm+1 .= g™ + Yjmejm where ejm is the j™th index vector.

3. This criterion is essentially restricting the algorithm within the set of already selected variables.
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(6) Stopping Criterion: Stop at m* which is defined as the first m with

log(2p/a)
U™ 5 /U™ 5, > 1 - Co—""—

when l,, = 0 where Cy and « are defined in Theorem 17.

Remark 2 A related version of restricted Lo-Boosting algorithm is the iterated post-Lo-
Boosting algorithm where at certain iterations during the algorithm a projection step is
performed on the already selected variables (Kueck et al. (2023)). By projecting the residuals
on the selected variables, all correlation/information of the variables is taken out. The
restricted Lo-Boosting algorithm avoids these projection steps which are computationally
expensive.

2.3 Orthogonal Ls-Boosting

A variant of the Ly-Boosting algorithm is orthogonal Boosting (oBA) or the orthogonal
greedy algorithm in its deterministic version. Only the updating step is changed: after
each selection step, an orthogonal projection of the response variable is conducted on all
the variables which have been selected up to this point. The advantage of this method is
that any variable is selected at most once in this procedure, while in the previous version
the same variable might be selected at different steps which makes the analysis far more
complicated. More formally, the method can be described as follows by modifying step (4)
in Algorithm 1:

Algorithm 3 (Orthogonal L;-Boosting (0BA))

(1) Start/Initialization: B° = 0 (p-dimensional vector), set mazimum number of iterations
Mstop and set iteration index m to 0.

(2) At the (m + 1) step, calculate the residuals Uum =y, —x,f™.
(8) For each predictor variable j =1,...,p, calculate :

o Lz Uiy <U™, 25 >0
! > i %2] En[@"?]]

Select the variable j™ that is the most correlated with the residuals | i.e.,

m
2, byl

(4) Update the estimator: B = (Xpmar Xpma1) ™ Xpmary.
(5) Increase m by one. If m < Mgy, continue with (2); otherwise stop.

Remark 3 Orthogonal La-Boosting (and also post-Lo-Boosting) requires, to be well-defined,
that the number of selected variables be smaller than the sample size. This is enforced by
our stopping rule, as we will see later.
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2.4 Comparison

We have introduced different variants of Ls-Boosting algorithms. Among them, Lo-Boosting
is the most widely used algorithm in empirical applications. As we will see later, the rate
of convergence is slower than the Lasso rate as there are cases for which the convergence,
even in the noiseless case, is too slow. In signal processing and related fields, the noiseless
version of the orthogonal Boosting (“orthogonal matching pursuit”) is also very popular.
It has been shown that for orthogonal Ls-Boosting fast convergence rates with a feasible,
data-driven stopping criterion in high dimensions can be obtained even in the case with
noise (see Kueck et al. (2023) without beta-min condition and Stankewitz (2024) under
stronger assumptions like beta-min condition and normality). The restricted Lo-Boosting
can be considered as a middle ground between both. It only uses the boosting steps (with-
out orthogonal projection) but, as we will show, it achieves the same rate of convergence
as orthogonal Lo-Boosting. By restricting to the set of already selected variables for some
steps, the information of the variables is partialled-out of the target variable y and in the
limit it converges to an orthogonal projection step, as used in orthogonal Le-Boosting. Or-
thogonal Lo-Boosting might be interpreted as post-Lo-Boosting where the refit takes place
after each step. By only selectively/occasionally adding new variables, where only standard
boosting steps are used, the rate of convergence is improved compared to Lo-Boosting. Re-
stricted Lo-Boosting can be considered as an approximation to orthogonal Boosting but
without orthogonal projections. Therefore, it offers advantageous computational properties
as orthogonal projections are costly to calculate. The algorithm only employs the default
boosting steps, which are based on univariate regressions and are fast and easy to compute.
Therefore, the proposed restricted Lo-Boosting algorithm has excellent theoretical proper-
ties and is computationally superior to orthogonal Lo-Boosting. It is also computationally
superior to iterated Lo-Boosting, where projection steps are imposed from time to time,
since projections can be dispensed at all.

3. New Approximation Results for the Pure Greedy Algorithm

In approximation theory a key question is how fast functions can be approximated by greedy
algorithms. Approximation theory is concerned with deterministic settings, i.e., the case
without noise:

yi =28, i=1,...,n. (3)
Nevertheless, to derive rates for the Ls-Boosting algorithm in a stochastic setting, the
corresponding results for the deterministic part play a key role. For example, the results
in Bithlmann (2006) are limited by the result used from approximation theory, namely the
rate of convergence of weak relaxed greedy algorithms derived in Temlyakov (2000). For
the pure greedy algorithm, DeVore and Temlyakov (1996) establish a rate of convergence of
m =6 in the fs—norm, where m denotes the number of steps iterated in the PGA. This rate
was improved to m~11/%2 in Konyagin and Temlyakov (1999), but Livshitz and Temlyakov
(2003) established a lower bound of m~%27. The class of functions F which is considered
in those papers is determined by general dictionaries D and given by

.7::{fEH:f:chwk,wkeD,|A|<oo and Z|ck|§M},

keA keA
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where M is some constant, H denotes a Hilbert space, and the sequence (cy) are the coeffi-
cients with regard to the dictionary D. In this section, we discuss the approximation bound
of the pure greedy algorithm where we impose an additional but widely used assumption on
the Gram matrix E,[z;2}] in high-dimensional statistics to tighten the bounds. We provide
a new lemma on the revisiting behavior of the pure greedy algorithm and a new approxi-
mation result which is the core of this section. The proofs for this section and a detailed
analysis of the revisiting behavior of the algorithm are moved to Appendix A and Appendix
B. Let us define the restricted eigenvalue assumption which is also commonly used in the
analysis of Lasso. To do this, consider

Y(s, M) :={A|dim(A) < s x s, A is any diagonal submatrices of M},
for any square matrix M.

Definition 4 The smallest and largest restricted eigenvalues are defined as

S 7M = i S W 9
Ps(s, M) Wenzl%?,M>¢ (W)
and

o1(s, M) := Wenzl?s},{M) o (W).

ds(W) and ¢y(W) denote the smallest and largest eigenvalue of the matriz W .

Assummption A.1 (Sparse Eigenvalue (SE))
Consider the Gram matriz ¥ = Ey[x;2}]. Assume that all the elements on the diagonal of
Y are equal to one. We assume that there exist positive constants cy < 1 and Cy > 1 such
that

0< Co < (ﬁs(sl,z) < QZ)Z(S/,E) < C¢ < o0

holds for s’ < M, where M, is a sequence such that M,, — oo withn and M,, > Cprslog(n),
where Cyy is a large enough fized constant.

Remark 5 This condition is a variant of the so-called “sparse eigenvalue condition”, which
is used for the analysis of the Lasso estimator. A detailed discussion of this condition is
given in Belloni et al. (2010). Similar conditions, such as the restricted isometry condition
or the restricted eigenvalue condition, have been used for the analysis of the Dantzig Selector
(Candes and Tao (2007)) or the Lasso estimator (Bickel et al. (2009)). An extensive
overview of different conditions on matrices and how they are related is given by van de
Geer and Bihlmann (2009). Assuming that ¢s(m, E,[x;x)]) > 0, requires that all empirical
Gram submatrices formed by any m components of x; are positive definite. It is well-known
that Condition SE is fulfilled for many designs of interest.

Define V'™ = Xa™ as the residual for the PGA. Here, o™ is defined as the difference
between the true parameter vector § and the approximation at the m!* step, ™, i.e.
a™ = B — ™. We would like to explore how fast V" converges to 0. In our notation,
||Vm+1]|%’n = ||V’”H%n — (y™)2, therefore ||Vm\|%’n is non-increasing in m. As described in
Algorithm 1, the sequence of variables selected in the PGA is denoted by 5°, j',.... Define
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T :=Tu{j% ' ...,7™ 1} with T := supp(B). Define q(m) := |T™| as the cardinality of
7™ m = 0,1,.... It is obvious that ¢(0) = s and ¢(m) < m + s where s = ||3]|o denotes
the number of relevant regressors. It is essential to understand how PGA revisits the set of
already selected variables. To analyze the revisiting behavior of the PGA, some definitions
are needed to fix ideas.

Definition 6 We say that the PGA is revisiting at the m** step, if and only if 7™ €
Tt We define the sequence of labels A := {Ay, As, ...} with each entry A; being either
labelled as R (revisiting) or N (non-revisiting).

Lemma 7 Assume that assumption A.1 holds with m < M,. Consider the sequence of
steps 1,2, ..., m with ]|Vm||%’n > 0. Denote pq(c) =1— (1 + %)76 for any ¢ > 0. Then, for
any 6 > 0, the number of Rs in the sequence A at step m, denoted R(m), must satisfy:

(o) (Lt Dualey)
2 S T Batea)™ ™ 2= (1 + Omalen) O

The lower bound stated in Lemma 7 has room for improvement, e.g., when cy = 1,
|[R(m)|/m = 1 as it is shown in Lemma 20 in Appendix A, while we get 1/2 in Lemma
7 as lower bounds of |R(m)/m| as m becomes large enough. Deriving tight bounds is an
interesting question for future research. More detailed properties of the revisiting behavior
of Lo-Boosting are provided in the Appendix A.

With an estimated bound for the proportion of Rs in the sequence A, we are now able
m+pa(ce)q(k)
2—pa(ce)
nj(m)(1+0) is an upper bound of |g(m + k) — q(k)| as q(m) is large enough, for any ¢ > 0.

Before we state the main result of this section, we present an other auxiliary lemma.

to derive an upper bound for HVmH%n By Lemma 7, define nj(m) := , where

Lemma 8 Assume that assumption A.1 holds. Consider the steps numbered as k+1, ..., k+
m. Assume that m + k < M, and let m = \q(k) for a constant A > 0. Define

c((A=pa())A—palc))
24X

C(e,A) = +c
24X

log (2_/>La(c))
for all X > 1’1‘;26()6) and ¢ > 0. Then, for any arbitrarily small 6 > 0 and q(k) being large
enough, there exists an arbitrarily small 8’ > 0 such that the following statement holds:

mk) 2 k)2 q(k) Head)=0
VT g < 1 VEl20 :
q(k) + (1 4 8)n(m)

Based on Lemma 8, we are able to develop our main results on the approximation theory
of the pure greedy algorithm under Lo loss.

Theorem 9 (Approximation Theory of PGA based on revisiting) Assume that as-
sumption A.1 holds. Define (*(c) := MaX, . pale) C(c,N\) as a function of c. Then, for any
= 1—pua(c)

k>0 and m < M, there exists a fized constant C' > 0 such that

vm||2 C*(cp)—K
Ve o )

IVOl3,, = \m+s

for m large enough.

10
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Remark 10 Our results stated in Theorem 9 depend on the lower bound of |[R(m)|/m,
which is the proportion of the Rs in the first m terms in the sequence A. We conjecture
that the convergence rate of PGA 1is close to exponential as ¢ — 0. Denote the actual
proportion of R in the sequence A by 1 (c), i.e.,

[R(m)| = ¢(c)m —11(c)q(0),

where ¥(c),1(c) are some constants depending on c. If ¥(c) — 1, it is easy to show that

¢
S
V™2, < HVO\I%,n( ) ,

s+m

based on the proof of Theorem 9, for any arbitrarily large (. In general, further improve-
ments in the convergence rate of PGA can be achieved by improving the lower bounds of
|R(m)|/m. Table 1 gives different values of the SE constant cy for the corresponding val-
ues of (*(cg). The convergence rate of PGA and hence of Lo-Boosting is affected by the

Table 1: Relation between c4 and ¢*

cp  G(cy)
1.0 1.19
0.9 1.04
0.8 0.89
0.7 0.76
0.6 0.63
0.5 0.51

0.4 0.40

frequency of revisiting. Since different values of cy impose different lower bounds on the fre-
quency of revisiting, different values of cg imply a different convergence rate of the process
in our framework.

Remark 11 As already mentioned, the function (*(c) defined in Theorem 9 is used to
provide a general lower bound of the revisiting behavior which affects the rate of convergence
of boosting algorithms. In some special cases, the PGA algorithm always selects a predictor
from the true set T', indicating that (*(cy) — 00, and therefore a stronger revisiting behavior
can be shown. This is, for example, the case in a (near) orthogonal design, e.g., when X;,
7 =1,...,p, are i.i.d. standard normally distributed or in an equi-correlated design, where
-1 < corr(X;,Xj) = p < 1 for alli # j. A formal discussion of the equi-correlated
design with p > 0 is given in Appendix D. In both cases, we achieve the Lasso rate of
convergence. But under more general designs, greedy algorithms can only achieve a slower
rate of convergence (see Temlyakov (2011)), preventing one to achieve the Lasso rate of
convergence, as we discuss in more detail in Section 4.

4. Main Results

In this section, we provide the main results of our paper for Lo-Boosting (BA) and restricted
Ly-Boosting (resBA) which were introduced in Section 2. To do this, we reconsider the high-

11
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dimensional approximate sparse regression model in (1):
yi=x8+ri+e, i=1,...,n,

with vector z; = (2;1,...,%;)p) consisting of p predictor variables, 8 a p-dimensional coef-
ficient vector, and a random, mean-zero error term ¢;, E[e;|z;] = 0. The random variable
r; denotes the approximation error of the exact sparse model. In Assumption A.2, we pro-
vide the explicit conditions of the approximate sparse regression model, as, for example,
also considered in Belloni et al. (2013) and Belloni et al. (2016). Another sparsity assump-
tion used in the literature is, e.g., weak sparsity (Negahban et al. (2012); Ing (2020)), i.e.

?:1 18|17 < Ry, where 0 < ¢ < 1, but in this paper we focus on the approximate sparse
regression model.# In this section, the following assumptions are employed.

Assummption A.2 (Approximate Sparsity)
(1) [Bllo < s

(1) ||7]l2pn =10 < %(me) for some generic constant C, > 0 and o > 0.

(iii) There exists a constant K > 1 such that ||B|> < nf~1.

Assummption A.3 (Error term)
For any o small enough, with probability > 1 — a, we have:

log(2p/a)
e [Enloiged] < o/ =27

= A\n.

In addition, we require that 6% := E,[¢?] satisfies that

6% — %] <wo?,

for some small enough constant w € (O, %)

Remark 12 The previous assumption is implied, for example, if the error terms are i.i.d.
N(0,02) random wvariables. This in turn can be generalized/weakened to cases of mon-
normality by self-normalized random vector theory (de la Pena et al. (2009)) or the approach
introduced in Chernozhukov et al. (2014).

4.1 Ls-Boosting with Componentwise Least Squares

First, we analyze the classical Lo-Boosting algorithm with componentwise least squares.
For this purpose, the approximation results which we derived in the previous section are
key. While in the previous section the stochastic component was absent, in this section it is
explicitly considered. The following definitions will be helpful for the analysis: U™ denotes
the residuals at the m!” iteration, U™ = y— X ™ = V™ +r+4e. Here, ™ is the estimator at
the m'" iteration. Again, we define the difference between the true and the estimated vector
as a™ := f — ™. The prediction error is given by V" = Xa™. For boosting algorithms

4. The extension of our results to different sparsity assumptions is left for future work.

12
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in the high-dimensional setting, it is essential to determine when to stop, i.e. the stopping
criterion. In the low-dimensional case, stopping time is not important: the value of the
objective function decreases and converges to the traditional OLS solution exponentially
fast, as described in Biihlmann and Yu (2003). In the high-dimensional case, such fast
convergence rates are usually not available: the residual € can be explained by n linearly
independent variables X;. Thus, selecting more terms only leads to overfitting. Early
stopping is comparable to the penalization in Lasso, which prevents one from choosing too
many variables and hence overfitting. Similarly to Lasso, an (approximate) sparse structure
will be needed for analysis. At each step, we minimize ||U mH%n along the “most greedy”
variable X;m. The following lemma establishes the main result of the convergence rate of
Lo-Boosting.

Lemma 13 Suppose assumptions A.1-A.3 hold and slog(p)/n — 0. Assume M, is large

enough, i.e.
1 slog(2p/a)
log(M,, ey ) 8\ o, ) 70
outtof o+ (6 gy o () >

for some & > 0. Let m* 4+ 1 be the first time that ||[V™||2,, < nvm+ s\, where n is a
constant large enough. Then, for any § > 0, with probability > 1 — «,

(1) it holds

—1

loa(2 TR (eg)=

m*3s S 08P/ O%( p/az) and m* < My; (4)
n|[VO+rls,

(2) the prediction error ||[V™ 1| satisfies:

¢*(cy)—6

2 —_ 27
. T o5 [ slog(2p/a) | T+ leg)=3
177 B 3 70+l (2 - 6

Remark 14 Lemma 13 shows that the convergence rate of the Lo-Boosting depends on the
value of cy. For different values of cg, the lower bound of the proportion of revisiting (“R”)
in the sequence A should be different. Such lower bounds on the frequency of revisiting
will naturally determine the upper bound for the deterministic component, which affects our
results on the rate of convergence of La-Boosting. As (*(cy) — 00, the statement (5) implies
the usual Lasso rate of convergence.

The bound of the approximation error |]Vm||%’n stated in inequality (5) is obtained
under an infeasible stopping criterion. Below we establish another result which employs the
same convergence rate but with a feasible stopping criterion which can be implemented in
empirical studies.

Theorem 15 Suppose all conditions stated in Lemma 18 hold. Let ¢, > 4 be a constant.
Let m7 + 1 be the first time that

1U™13,

W >1-— Cy log(2p/a)/n

13
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Then, with probability at least 1 — «,

()5

2 _—
1+12 01 IH+¢¥(cy)—0 Slog(2p/a) TTC (cg) 0
(VP23 VOl (n

for any § > 0.

Remark 16 As we have already seen in the deterministic case, the rate of convergence
depends on the constant cy. Table 2 shows for different values of cy the corresponding rates
when § is set to zero. Hence, the rates can be interpreted as upper bounds.

Table 2: Relation between ¢ and 1i£c()c)
c rate
1.0 0.54
0.9 0.51
0.8 0.47
0.7 0.43
0.6 0.39
0.5 0.34

0.4 0.29

4.2 Restricted Li-Boosting

The following theorem establishes the main result of convergence rate of restricted Lo-
Boosting.

Theorem 17 Suppose Assumptions A.1-A.3 hold. Define a sequence of positive integers
my as follows: For k = 1,2,..., define Ly as a positive integer, and WLOG., we let
Ly = Ly, as a constant, and define Fy, = |Cp|T™-1|log(n)]| for some absolute constant C
large enough® with

mg := Mk_1 + Lk + Fk

where mg := 0. As suggested in the restricted Lo-Boosting, Algorithm 2 runs on the full set
of variables when l,, = 0 and the selected variables when l,, = 1. To this end, consider a
sequence of indices l, € {0,1}, m =1,2,..., with l,, =0 form =mg+1,...,my + Ly, and
ljpm =1 for m =my + L+ 1,...,myy1, k > 0. Suppose that L, < K+/s for some generic
positive constant K1, > 0. For Cy > 4/c4 defined in Algorithm 2, with probability > 1 — «,

we have 5 [(x’(ﬁm* B ﬁ))? < slog(n)log(2p/c)

7 ~ .

n

Remark 18 The bound of the prediction error of restricted La-Boosting in Theorem 17 is
obtained under a feasible stopping criterion which can be easily implemented in empirical

5. For example, F,, can be chosen as In® (n) for some & > 2 for n large enough.

14
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studies. The constant Cy has to be chosen by the practitioner. In contrast to the constant
cy > 4 in Theorem 15, Cy depends on the sparse eigenvalue cy which can be (pre)-estimated
by data and Cy, is chosen accordingly. It is worth noting that the restricted Lo-Boosting algo-
rithm is purely gradient based. Hence, there is no need for orthogonal projections which are
computationally costly in high-dimensional settings. Therefore, restricted Lo-Boosting com-
bines two desirable properties: computational efficiency and very fast rate of convergence.
In practice, one also needs to specify the sequence of indices l,, € {0,1}, m = 1,2,..., which
depends on Li and Fy and thus determines the so-called “consideration” set. As already
outlined in Section 2.2, the restricted La-Boosting algorithm sticks to the set of the already
chosen variables for some time (Fy iterations) and exploits the information contained in
these variables until new variables are added to the “consideration” set. By restricting to
the set of already selected variables for some iterations, the information of the variables is
partialled-out of the target variable y and in the limit it converges to an orthogonal pro-
jection step, as used in orthogonal Lo-Boosting. The constant Ly > 1 is the number of
iterations where we allow the algorithm to select new variables.

5. Simulation Study

In this section, we present the results of our simulation study. The goal of this exercise is to
illustrate the relevance of our theoretical results in providing insights into the functionality
of boosting and the practical aspects of boosting. In particular, we demonstrate that the
stopping rules for early stopping we propose work reasonably well in the simulations and
give guidance for practical applications. Moreover, the comparison with Lasso might also
be of interest. First, we start with an illustrative example and later we present further
results, in particular, for different designs and settings.

5.1 Illustrative Example

The goal of this section is to give an illustration of the different stopping criteria. We
employ the following data generating process (dgp):%

y=5x1 + 222 + los 4+ 0xs + ... 4+ 0x19 + €, (6)

where ¢ ~ N(0,22) and X = (X1,...,X10) ~ Nio(0,I19) with I;y denoting the identity
matrix of size 10 x 10. To evaluate the methods and, in particular, the stopping criteria, we
conduct an analysis of both in-sample and out-of-sample mean squared error (MSE) defined
in equation (8). For the out-of-sample analysis we draw a new observation for evaluation
and calculation of the MSE. For the in-sample analysis we also repeat the procedure and
form the average over all repetitions. In both cases we employ 60 repetitions. The sample
size is n = 20. Hence, we have 20 observations to estimate 10 parameters. The results
are presented in Figures 1 and 2. Both show how MSE depends on the number of steps
of the boosting algorithm. We see that MSE first decreases with more steps, reaches its
minimum and then starts to increase again due to overfitting. In both graphs the solution
of the Lo-Boosting algorithm convergences to the OLS solution. We also indicate the MSE
of Lasso estimators as horizontal lines (with cross-validated choice of the penalty parameter

6. In order to allow comparability the dgp is adopted from Biithlmann (2006).
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and data-driven choice of the penalization parameter). In order to find a feasible stopping
criterion, we have to rely on the in-sample analysis. Figure 2 reveals that the stopping
criterion we introduced in the previous sections performs very well and even better than
stopping based on a corrected AIC value which has been proposed in the literature as a
stopping criterion for boosting. The average stopping steps of our criterion and the corrected
AIC-based criterion (AICc) are presented by the vertical lines. On average our criterion
stops earlier than the AICc based one. As our criterion performs better than the AICc,
we will not report AICc results in the following subsection. For the restricted Lo-Boosting
algorithm, similar patterns arise and are omitted.

Out-of-sample Analysis

10
L

— oLs

rrrrr PGA our

PGAAIC

LASSO

- LAssocv

MSE

0 10 20 30 40 50

step

Figure 1: This figure shows the out-of-sample MSE of the Lo-Boosting algorithm depending
on the number of steps. The horizontal lines show the MSE of OLS, Boosting
and Lasso estimates.

5.2 Further Results

In this section, we present results for different designs and settings to give a more detailed
comparison of the methods. We consider the linear model

p
y=> Bjzj+e, (7)

J=1

with € standard normal distributed and i.i.d.. For the coefficient vector 5 we consider two
designs. First, we consider a sparse design, i.e., the first s elements of 5 are set equal to one,
all other components to zero (8 = (1,...,1,0,...,0)). Then we consider a polynomial design
in which the jth coefficient given by 1/j, ie., 8 = (1,1/2,1/3,...,1/p). For the design
matrix X, we consider two different settings: an “orthogonal” setting and a “correlated”
setting. In the former setting, the entries of X are drawn as i.i.d. draws from a standard
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In-sample Analysis
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Figure 2: This figure shows the in-sample MSE of the Lo-Boosting algorithm depending on
the number of steps. The horizontal lines show the MSE of OLS, Boosting and
Lasso estimates.

normal distribution. In the correlated design, the x; (rows of X)) are distributed according
to a multivariate normal distribution where the correlations are given by a Toeplitz matrix
with factor 0.5 and alternating signs. To sum up, we have the following settings:

e X: “orthogonal” or “correlated”

coefficient vector §: sparse design or polynomial decaying design

n = 100, 200, 400

p = 100, 200

e s=10

out-of-sample prediction size nq = 50
e number of repetitions R = 500

We consider the following estimators: Lo-Boosting with componentwise least squares, re-
stricted Lo-Boosting, orthogonal Lo-Boosting and Lasso. For Lasso, we also consider the
post-selection estimator (“p-Lasso”). Here, we consider a data-driven regressor-dependent
choice for the penalization parameter (Belloni et al. (2012)) and cross-validation. Although
cross-validation is very popular, it does not rely on established theoretical results and there-
fore we prefer a comparison with the formal penalty choice developed in Belloni et al.

17
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Table 3: Simulation results: sparse, iid design (Boosting)

n p BA-oracle BA-our oBA-oracle oBA-our resBA-oracle resBA-our
100 100 0.454 0.599 0.114 0.475 0.168 0.291
100 200 0.543 0.779 0.123 0.704 0.189 0.359
200 200 0.184 0.307 0.052 0.282 0.072 0.168
400 200 0.080 0.135 0.026 0.121 0.032 0.081
800 200 0.037 0.066 0.013 0.058 0.015 0.042

Table 4: Simulation results: sparse, iid design (Lasso)

n p Lasso p-Lasso Lasso-CV p-Lasso-CV
100 100 0.88 0.70 0.54 0.94
100 200 1.02 1.30 0.72 1.02
200 100 0.29 0.28 0.22 0.43
200 200 0.37 0.39 0.30 0.44
400 100 0.13 0.11 0.09 0.18
400 200 0.16 0.20 0.14 0.27

(2012). For our boosting algorithms, we consider two stopping rules: “oracle” and a “data-
dependent” stopping criterion (“our”) which stops when

2

o™ = " > 1—Clog(p)/n
HUm_lugm, &’?n—l,n

2 ~
2,n_a

for some constant C. Using this approach, boosting stops when the ratio of the estimated
variances does not improve upon a certain amount any more. The oracle rule stops when the
mean-squared-error (MSE), defined below, is minimized, which is not feasible in practical
applications. The simulations were performed in R (R Core Team (2014)). For Lasso
estimation the packages hdm by Chernozhukov et al. (2015) and glmnet by Jerome Friedman
(2010) (for cross-validation) were used. The boosting procedures were implemented by
the authors and the code is available upon request.” To evaluate the performance of the
estimators, we use the MSE criterion. We estimate the models on the same data sets and
use the estimators to predict 50 observations out-of-sample. The (out-of-sample) MSE is
defined as

MSE = E[(f(X) - f™(X))] = E[(X(8 - 8™))*], (8)

where m denotes the iteration at which we stop, depending on the employed stopping rule.
The MSE is estimated by

1 &

nll D (i) = f™@)?] = — > (@58 — ™)) 9)
=1

n
L

for the out-of-sample predictions. The results of the simulation study are shown in Tables
3 - 10.

As expected, the oracle-based estimators clearly dominate in almost all cases, although
our stopping criterion also gives very good results. Not surprisingly, given our theoretical
results, both restricted Lo-Boosting and orthogonal Lo-Boosting outperform the standard
Lo-Boosting in most cases. A comparison of restricted and orthogonal Lo-Boosting does

7. A R package is in preparation.
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Table 5: Simulation results: sparse, correlated design (Boosting)

n p BA-oracle BA-our oBA-oracle oBA-our resBA-oracle resBA-our
100 100 1.501 2.232 0.357 1.255 0.670 2.028
100 200 3.220 3.080 2.516 2.552 2.301 2.968
200 200 0.627 0.753 0.059 0.249 0.144 0.215
400 200 0.195 0.245 0.027 0.113 0.068 0.102
800 200 0.081 0.104 0.013 0.054 0.035 0.051

Table 6: Simulation results: sparse, correlated design (Lasso)

n p Lasso p-Lasso Lasso-CV p-Lasso-CV
100 100 2.63 1.35 0.97 1.37
100 200 2.96 2.04 1.63 2.38
200 100 1.10 0.23 0.33 0.57
200 200 1.64 0.38 0.49 0.87
400 100 0.38 0.10 0.13 0.23
400 200 0.36 0.15 0.16 0.31

Table 7: Simulation results: polynomial, iid design (Boosting)

n p BA-oracle BA-our oBA-oracle oBA-our resBA-oracle resBA-our
100 100 0.411 0.548 0.400 0.658 0.400 0.536
100 200 0.252 0.324 0.248 0.356 0.246 0.312
200 200 0.282 0.399 0.274 0.463 0.271 0.381
400 200 0.182 0.232 0.180 0.251 0.178 0.221
800 200 0.122 0.143 0.121 0.148 0.121 0.140

Table 8: Simulation results: polynomial, iid design (Lasso)

n p Lasso p-Lasso Lasso-CV p-Lasso-CV
100 100 0.43 0.83 0.45 0.84
100 200 0.50 1.06 0.54 0.76
200 100 0.30 0.34 0.26 0.47
200 200 0.34 0.52 0.33 0.52
400 100 0.19 0.19 0.15 0.24
400 200 0.21 0.31 0.20 0.38

Table 9: Simulation results: polynomial, correlated design (Boosting)

n p BA-oracle BA-our oBA-oracle oBA-our resBA-oracle resBA-our
100 100 0.242 0.421 0.228 0.506 0.223 0.380
100 200 0.251 0.531 0.244 0.670 0.238 0.489
200 200 0.193 0.312 0.171 0.337 0.165 0.269
400 200 0.149 0.203 0.113 0.188 0.111 0.161
800 200 0.102 0.126 0.078 0.111 0.077 0.100

Table 10: Simulation results: polynomial, correlated design (Lasso)

n P Lasso p-Lasso Lasso-CV p-Lasso-CV
100 100 0.33 0.53 0.33 0.55
100 200 0.34 0.93 0.36 0.55
200 100 0.27 0.31 0.23 0.41
200 200 0.28 0.47 0.29 0.46
400 100 0.17 0.18 0.14 0.24
400 200 0.16 0.24 0.15 0.29
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not provide a clear answer with advantages on both sides. It is worth noting that the post-
Lasso estimator improves upon Lasso, but there are some exceptions, probably driven by
overfitting. Cross-validation works very well in many settings. An important objective of
the simulation study is to compare Lo-Boosting and Lasso. It seems that in the polynomial
decaying setting, Lo-Boosting (particulary orthogonal Lo-Boosting with our stopping rule)
dominates post-Lasso. This also seems true in the sparse i.i.d. setting. In the sparse
correlated setting, they perform equally well overall. In summary, it seems that Lo-Boosting
is a serious contender for Lasso in high-dimensional linear regression models as our new
theoretical results propose.

6. Conclusion

Although boosting algorithms are widely used in research and industry, the analysis of their
properties in high-dimensional settings has been quite challenging. In this paper, the rate
of convergence for the Lo-Boosting algorithm and variants under early stopping in a high-
dimensional setting are derived which has been a long-standing open problem until now.
For the analysis of the Ls-Boosting algorithm, new approximation results are derived which
improve on previous results and might be of independent interest. The rate of pure greedy
algorithms can be slow in some pathological cases, as shown in Livshitz and Temlyakov
(2003). Therefore, we introduce a new variant called restricted Lo-Boosting which achieves
a faster rate of convergence that is comparable to the rate of convergence of Lasso. All results
are derived without beta-min condition and under a feasible early stopping criterion. In
this paper, we focus on linear basis functions. The analysis of nonlinear basis functions,
like trees, is left for future research and the results in this paper might serve as a starting
point.
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Appendix A. A new approximation theory for PGA

A.1 Auxiliary lemmas on approximation theory of PGA

In this section of the appendix, we introduce preparatory results for a new approximation
theory based on revisiting. These results are useful to prove Lemma 7. The proofs of
these lemmas are provided in the next section. For any m; > m, define L(m,m;) =
V™3 ,./1[V™]3,, < 1. For any integers q1 > ¢, define A(g, q1) := H‘Jll:_oq_l (1 — %) with
¢y defined in Assumption A.1. It is easy to see that for any ki > k, A(k, k1)/(k/k1)% < 1
and

Ak, k) /(k/k1)® — 1 (10)
as k — oo. First of all, we can establish the following naive bounds on L(m,m1):

Lemma 19 Suppose |[|V™||2, >0, m+1 < M, and m; < M,,. Under Assumption A.1, it
holds

a) For any m, L(m,m+1) <1— q(c;“;) ;

b) For any m =0, my >m, L(m,m1) < A(g(m),q(m) +m1 —m).

The bound of L(m,m;) established in Lemma 19 is loose. To obtain better results on the
convergence rate of HVmH%n, the revisiting behavior of the PGA has to be analyzed in
more detail. The revisiting behavior of PGA addresses the question when and how often
variables are selected again which have already been selected before. When PGA chooses
too many new variables, it leads on average to slower convergence rates and vice versa. The
next results primarily focus on analyzing the revisiting behavior of the PGA. The following
lemma summarizes a few basic facts of the sequence of 4;, i > 1.

Lemma 20 Suppose m < M, and my < M,. Further, assume that Assumption A.1 is
satisfied. It holds

a) If E,[z}x;] is a diagonal matriz, i.e., ¢, = 1, then there are only Rs in the sequence

A.

b) Define N(m) := {k|Ax = N,1 < k < m}, the index set for the non-revisiting steps,
and R(m) := {k|Ar = R,1 < k < m}, the index set for the revisiting steps. Then
|R(m)| + [N(m)| = m, q(m) = [N(m)| + ¢(0), and Jn(m) := {j*|k € N(m)} has
cardinality equal to |[N(m)|.

|R(m)|
¢) L(0,m) < Hyﬁm)\ (1 — q(O)CfFJ X (1 — q(c;’;)) " , i.e., the sequence to mazimize
the upper bound of L(0,m) stated above is NN ...NRR...R. Consequently, the
sequence { Am41, ..., Am, } to mazximize the upper bound of L(m,my) for general my >

m is also NN ... NRR... R.

The proof of this lemma is obvious and hence omitted. Much more involved is the following
result for characterizing the revisiting behavior.
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Lemma 21 Assume that Assumption A.1 holds and that m < M,,. Consider the sequence
of steps 1,2,...,m. Set jic(cy) = (l—exp(—l/ci)). Then, the number of Rs in the sequence
A satisfies:
1 — pie(cy) fre(co)
[R(m)| = 5= 25m — 52522 q(0).
— He(cp) — pe(co)

Lemma 21 provides a lower bound of the proportions of Rs. It illustrates that the R
spots occupy at least some significant proportion of the sequence A, with the lower bound
of the proportion depending on c,. In fact, such a result holds for arbitrary consecutive
sequence A, Am+1, .-, Ak, as long as m+k < M,. In the main text, we further extend
results stated in Lemma 21.

A.2 Proofs of lemmas in Appendix A.1
Proof [Proof of Lemma 19|
By definition,
V™5, = Y af <V™ X;>0= > o V" |lomecorr(V™, X;).
jerm jerm

Define
pim = IV ™ 2 = lcorr (V™ X )|

since V™ = U™ in the deterministic case. Therefore,

pim Y o] = V™ l2n,
jeET™

2
i.e., Pim (ZjeTm |a§”|) > |[V™|13,,- By the Cauchy-Schwarz inequality,

2

Yo 1] < alm)lla™.

jeT™

Therefore,

2 ¢

Pjm =

77 q(m)

with ¢, defined in Assumption A.1 and
+12 2 2 2 C¢
IV = VB0 = ) < VB (1 225, (1)

ie. Llmym+1)<1-— %. The second statement follows from statement a) by iteration

and the fact that ¢(m’ + 1) < g(m') + 1 for any m’ > 0. [ |

Proof [Proof of Lemma 21|
Define _
N(m) :={l:j' ¢ T j is only visited once within steps 1,2,...,m}
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with T = T = supp(B). It is easy to see that N(m) € N(m) and |N(m)| > 2|N(m)| —m
since we excluded T° in both N and N(m) and

[N (m)| =m —[R(m)|
and N

[N (m)| = m —2[R(m)|
where N(m) := {k|Ap = N,1 <k < m} 1s the index set for the non-revisiting steps. For
any j' with [ € N(m), it holds all = —~t 4t ¢ TO. If |R(m)| > m/2, then the statement of

this lemma trivially holds. Therefore, we can assume that N (m) is non-empty. Hence,
[ = N Gl
IeN(m)
By the sparse eigenvalue condition Al,
1 _
—V™ 50 = lo™[* PO Ci (12)
¢ leN(m)
Note that by Lemma 19,

('™ = HVHH%n — V5, = VYR, (1= LU= 1,0) >

C¢
G
VmHz . foralll € N(m ) Plugging this back into (12), we get:

*vanznfcqs Z

lEN(m

(13)

Therefore, (7/~1)2

IVEHE e (14)

Since | € N(m) are different integers with the maximum value of ¢(I — 1) being less than
or equal to g(m) = (O) + |N(m)], it holds

N
2 (zf1 =

IeN(m) =1

§

> log((q(0)+|N(m)])/(g(0)+|N (m)| - [N (m)])).

q(0 +|N m)| =1

The inequality above implies that
exp(1/¢3) > (q(0) + [N (m)])/(q(0) + N (m)| — [N (m)]),
e, [N(m)| < (1—exp(=1/(cg)?))(q(0) + [N (m)]). Set
pe(cs) = (1 —exp(—1/c3)) € (0,1).

Since we know that |N(m)| > 2|N(m)| — m, we immediately have:

IN(m)| < (m + pie(ce)q(0))

2 — pe(cy)

and )

1> L= pe(cs) ~ Helco) ‘
2 - Me(cqﬁ) 2 - Ne(ccb)
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Appendix B. Proofs of main results in Section 3

Proof [Proof of Lemma 7|

First of all, WLOG, we can assume that ¢(0) exceeds a large enough constant Q(d). Other-
wise, it can be assumed that the true parameter 3 contains some infinitesimal components
such that ¢(0) > Q(d). Let’s revisit inequality (13). It holds

_ _ Ch
>0 3 IR

IeN(m) IeN(m)

The right-hand side reaches its minimum when
N(m) = {m — [N(m)| +1,m — [N(m)| +2,...,m},
and for the step m — |N(m)| + 1, with { = 1,2, ..., [N (m)]|, we have
g(m — [N(m)| +1—1) = q(m) — [N(m)| +1 - 1.

Hence, for any § > 0, and ¢(0) large enough,

1+6) S (2= +e) S VB2

-1
leN(m) leN(m) al )

_ m||2 1 C¢
leN(m)

|N(m)]
1 1
> 1 m 2
> (14 8)[[V™[[3,000 g om0 Z0m — L)

IN(m)] ¢
iz 1 g(m) \
2”‘/ ||2,n ¢ lz; q(m)_l <q(m)—l>

q( 1 1 1+cy
)
m)—|N(m)|

2.
[N (m))~* = g(m)~*)

)_
> c3lla™|Pq(m)
k=q(m)—|
> cglla™|Pg(m) ((q(m) —
since
q(m)—1 1\ e B
oY <k> = ((g(m) = [N(m)|)~% — q(m)~),
k=q(m)—|N (m)|
HVmH%n > cylla™||* by Assumption A.1 and HVlflﬂgn/HVmH%n =1/L(l —1,m), while
7\ %
Lim—1,m)— <q(m)l>
q(m)

as q(m) — 1 > q(m) — |[N(m)| > q(0) = oo by Lemma 19. Using ||/ |? > Zleﬁ(m)«ylil)%
we conclude B
(1+9) = cgq(m)®((g(m) — [N(m)])~ — q(m)~),
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i.e,
1496
€

~ —C¢
X (m)| < a(m) [1 - (14722 ] < g(m)(1+ 8 )pa(co).
for some &' > 0, with & — 0 as & — 0. Since we know that |N(m)| > 2|N(m)| —m, we have
analogous to the proof of Lemma 21,

(IN(m)[ + q(0)) (1 + 6")pa(cy) +m

N(m)| < 5

which implies

q(0)(1 + 0" pa(cy) +m
’N(m)’ = 2 — (1 + 5,)/~La(cd>)
and
o - 1—(1+ 5/)Na(c¢>)m _ (L4 0")pa(cy)
R(m)| =m — IN(m)| 25— M = ()

Proof [Proof of Lemma 8|
Without loss of generality, we can assume that k = 0. We can also assume that |[V°|[3,, >0,
because otherwise HV()H%JL = HVmHgn = 0 so that the conclusion already holds. Set

o N () < M a(0) +0)ua(cy) m + pa(cy)q(0)
0_|N( )‘S 2—(1+5)NQ(C¢) 2_Na(c¢)

for any 6 > 0 by Lemma 7 when ¢(0) is large enough. Then, by Lemma 20,

(m—ng)
V™3, /1IVO3, <11 (1—%><1—C¢>
V™20 / IV, < T2, q(0) +i—1 q(0) +no

where the right hand reaches its maximum when ng = (1 + )nj(m). When ¢(0) is large
enough, we know that for any § > 0,

(+6)ng(m) (4 Cp q(0) ce
izt (1 q(0)+i—1> < (1+9) <q(0)+(1+5)n6(m)>

B 2 — Ma(c(b) “
=(1+9) </\(1+5) +2+5ua(0¢))

< (149) = (14 d)ny(m)

where
A =m/q(0) (15)
and
((1=8)—pa(cy))A—(1+8)pa(c)
. q(0) —
<1 B o >m—(1+6)n0(m) Ay co 2—palcy)
q(0) + (1 + &)ny(m) (0) 2+(1;ELAJ€$<C¢)

cp((1 = 6) — pra(c)) A — (1 + 8)palcy))
< exp <_ 21 (1+ 0)A+ Opta(cy) )
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Thus, for any § > 0, and for ¢(0) large enough,

IV™13,./1VOl13,,
2 — pia(cy) “ cp((1 = 6) — palcg))A = (1 + 6)palcy))
= (1+9) <>\(1+5) +2+5ua(c¢)> P ( 2+ (14 0)A + op1a(cy) )

L0+ 1LY g (_l0=0) = L+ )
q(0) 2+ (14 0)A+ 0pa(ce)

:(1+5)<

where
2 — p1a(cy) q(0) + (1 + 6)ng(m)

A1 +0)+ 2+ optalce) q(0)
It is worth noting that the bound on the right-hand side does not depend on ¢(0) or m only
on \. Hence, for some ¢’ > 0 that is small enough that depends on any small enough § > 0,
and for ¢(0) large enough,

4(0) )%( (0) )“%“@
q(0) + (L 4+ 6)ni(m) q(0) + (1 4+ 6)ni(m)

4(0) e
< HVOH%,n <q(0) +(1+ 5)n8(m)>

cy((1=0)—pta(cg)) A= (140)pa(ce))
2+ (140) A Okta(cg)

q(0)
log <q(o>+<1+6>nz; (m))

and ((cg, A) defined in the statement of this lemma,

HVm%mSHVW&A1+®<

with

(l(cqﬁv )‘7 5) =

col(1-sa g\t (co)

2

<(6¢7)‘) = J;+)\ + Co.
log (2—ua(6¢))

Proof [Proof of Theorem 9|
As in the proof of Lemma 7, WLOG, we can assume that ¢(0) exceeds a large enough
constant Q(9). Otherwise, we can consider the true parameter 5 contains some infinitesimal

components such that ¢(0) > Q(d). Let A* > % be the maximizer of

c((A=pa())A=pia(c))

Cle, A) == 2E +c
log (2_2+’\ )
Ha(c)
given ¢ € (0,1). Let mg = 0. Define the sequence m;11 = 1+ |m; + A*q(m;) | with
i+1 — My 1 1
A<y = LT <y <A+ =
q(m;) q(m;) q
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and denote
ot o Mitl = i+ fla(Cp)a(mi)
2 — Ma(c¢)

1 T

By Lemma 8, for ¢(m;) large enough, e.g., ¢(m;) > g for some g large enough, there exists
0 > 0 that is small enough, so that

||vmi+1||%7n<< () ><<C¢’W'
= \alma) + (1+9)

Vi3, +(1+0)n
’>\* _6//
~ \a(mi) + (1 +0)n ’
where 6" := (5’+max/\€[/\* REEY 8C(C‘/”A)% is an arbitrarily small constant, as ¢ is large enough,

4’ is small enough, ( is a Contlnuously differentiable function with bounded derivatives, and
(I4+6)n; > q(miy1) — g(m;). For those m with ¢(m) < g, by (11) in the proof of Lemma

19, we have that
IV, (1o
Vs, q(m)

Therefore,

” m+1”2
n HmHl_l 2,n

Vmils, v,

< T (1 - q(c?i)>

( o >mi+1_mi
<({l-——F——=
q(mip1 — 1)

(qma) .

Define i* as the index of i such that ¢(m;«_1) < g and g(m;~) > ¢. By definition,

q(mp) < q(mi=—1) + miy1 —m; < (L+A%)g(mi=—1) + 1< (1+A)g+1=:q. (18)

Assume i > *. Since (14+9)n] > q(mjit+1)—q(m;), it holds ¢(m;) < (149) Z i ().
If ¢ < i*, the statement follows by (17). As % is increasing in q(ml) we have
that

dm) 8w+ glmi)
q(mi) + (L+0)n7 = (14 6) Z] 2*n + q(m) + (1 + 0)n}
)

)

Z *n +Q(mz)

(19)
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By (19), we have that:

V™3, i (Vg s IV,
oz = | L=i- m;[[2 I m; (|2
|V 2n v JHz,n 1% JH2,n
C(Cqﬁ?)‘*)_(su m*
< (il a(m;) < —Cf’> Z
—\ 7T a(my) + (1 +0)n; q

(me) WA e\
< q(mi= _ ( B f) (20)
q(m}) + (L+6) S q

J

with ¢(m;4+1) < ¢ < ¢ when j < ¢*. Note that by definition, we have

i—1 i—1
. (1+49) 1
146> ni=—""" | —me + > pales)g(m;) | > ————(m;—mg). (21
( >2; = e Z; (coatmy) | 2 5o ). (21)
Plug in (21), we have that
HVmZH%n <C ( q(m;+) ><(c¢m)6 <1 - %)mj (22)
VO3, = " \a(m]) +m; —my q

where C), := (2 — ua(cqs))«%’)‘*)*é”. By (18), we have
q(m;) <q.

If m; > 2my+, we conclude

(e e
g(mf) +miy —m ) — g(m?) +m; — my=
2
<qgl———mm. 2
<i(ym ) 23)
Therefore,
Vmi||2 Cleg,A*)=8"
VO3, #\q(0) +m;
where

’ g\l ClepA*)=5"
Cl=C,| — < C,(2q)5\ e )
peoo o (q(0)> < Oul20)

is a fixed constant given ¢ and §”. If m; < 2m;, then,

|V |§7n _ ( ~ C¢>n;z - ( 1 >C(c¢,>\*)—5” - ( q(0) >C(c¢,>\*)—6” (25)
Ivols, — q T\l +my ~ \q(0) +m; ’

for m; being large enough, as the left hand side of the above inequality decays exponentially
in m;, while the right hand side decays only in fixed polynomial speed of m;. Therefore, in
either case, we have that

vai||%’n< //( q(0) )C(C¢7)\*)_§//
Vo5, = * \q(0) +m;

, (26)
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for some fixed C” > 0. For any m > 0, m < M, since mg, m1,... is an increasing sequence
w y g

of positive integers, there exists ¢ such that m; < m < m;1. Thus, = < % < (24 X9).

Therefore,

vm||2 Vmil|2 C(eg,A*)—8" _ C(eg,A*)—8"
I H22,n - I H22,nc,, < q(0) ) <3G, ( q(0) ) -
VO3, = IVOIZ, * \q(0) +m; q(0) +m
with
Cpu 1= CUl(2+ A)Slee)=0"
is a fixed constant. Lastly, by replacing 6” with &, the proof is completed.
|

Appendix C. Proofs for the L,-Boosting algorithm
C.1 Auxiliary lemmas for Ls-Boosting

The two lemmas below state several basic properties of the Lo-Boosting algorithm that will
be useful in deriving the main results.

Lemma 22 It holds
HUerlH%,n _ HUmH%,n_ < Um,ij >721: ”UmH%,n(l — p2(Um,Xj7n))

and

HVerl + T||§ﬂ1 =||V"+ TH%JL —2< V™4 'y;-?anm >n +(’7;71nl)2,

where yim =< U™, Xjm >n. Moreover, since V" =U™ —r —¢,

va+1 +TH%,TL = va +r”%,n - (2 < Uvajm >n< um — E,ij >n) + < Um,ij >2L
= [V 473+ 29 <8 Xjm >0 —(vm)%

Lemma 23 Assume that Assumptions A.1-A.5 hold and m < M,,. Let Z,, = ||Um]|%’n -
V™ +7|[3,,. Then, with probability > 1 — o and uniformly in m, it holds

_l’_
| Zm — 02| < (2\/(1 +w)CTs+2mﬁs\\vm M) A

with o7 := [||[3,,- Lemma 23 bounds the difference between ||U™][3,, and [[V"™ + 7|3 .
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Proof [Proof of Lemma 23|
By Assumption A.3, we have that:

| Zm — stH%n\ <2<e,VM™4r>,
=2<egr+Xam >,

< 2ellzmllrlian + 2| <&, Xa™ >y |
Crslog(2p/a
<2, 7"i(p/)+2||am||1)\n

<2/ (1 + w)CrsAy + 2vm + s||a™ |2\
< <zm+ zm\/cisnvm |2,n> A
o]

as |supp(a™)| < m+ s. [ |

Next, we provide the lemmas that we require for proving our main result in Theorem 17.
Define
Up:=y—"Pry

as the residual of projection of y on X for any T' C {1,2,...,p}. Further, we define Py,
as the operator of performing m periods of PBA algorithm subject to the subset T, i.e.,

U =y — Pmry = (I — Ppr)U°

with U? := y and Vit = U% — U7" denotes the approximation error. Lemma 24 measures a
bound between the operator P, + and the projection operator Pr. That said, P, r is an
approximation of Prp.

Lemma 24 (Iterations) Suppose that Assumption A.1 holds. Suppose T C {1,2,...,p}
with |T| < M,. Then, starting with U° = y, the La-Boosting algorithm that runs on the
restricted subset T satisfies that:

1
[U™ — U330 < lly — URIZ, exp (‘m%m> . (28)

Proof [Proof of Lemma 24| Given the Lo-Boosting algorithm,

<U™, Xjm >,
= S NI UM X >y, |, 29
’Y] I}lea%q HijHQ,n ’ | J n | ( )

with 7 being the largest index. The approximation error can be written as follows:
V= U — U = Xpalp.
We consider
Ur' =V +n

where n = Up' — V' = U2 = y — Pry is orthogonal to all the column vectors in X7. Note
that n is never changing when m increases. As a result, we have that:

imlllafflh > > < UF, o Xjm >u= [VII13,,. (30)

JET
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Therefore,

“ el T ATl 3 T THVEE, (T

2
2.n

|yjm 2

That is to say,
Co
IVE T, = 107 = 1013, = U130 = Iy [P = 10130 < IVE 3,0 (1 - |T> - (31)
As a result,

V5, < Ve

cs \™ c
(1 - u?,) < [VRIZ, exp (—;‘m) (32)

which proves the statement of the lemma. |

Lemma 25 (Bounds on Residuals) Assuming that assumptions A.1-A.3 hold, for any
positive integer M < M, , we have:

1
sup 1= XFell3,, < MAG,
TC{17277P}7‘T|SM n

1
sup [Prell3,, < —MAZ,
TC{12..p}|T|<M Co

Cyslog(2p/a) + 2 /cy log(2p/a)M>

s | Prlr+ o3, <2 (

with probability > 1 — «.
The proof is given in Lemma 1 in the appendix of Kueck et al. (2023).

Lemma 26 (lower bound on residuals) Given Assumption A.1. Consider U™ = Xa™+
T+ ¢ with [[a™|lo < My. Then,

c Crcyslog(2p/a
ol > e uXamHz,n—\/ o oBBfa)

lo™{lo nlla™lo

with probability > 1 — «.

Proof [Proof of Lemma 26| Denote p,, := maxj—12,._p|corr(U™, X;)|. It can be shown

that (7%)2 = P%@HUmH%n We know that

goos

<U™ X" > 2 X"~ [l X0 a0~ A
Crslog(2p/a a™|o
> 0™ [, — | B o, vy [
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On the other hand, we have that:

<U™Xam>p < > o <UX; >n< pm| U™ lom Y o]
jE€supp(a) jE€supp(a)

[[™[lo
< |yjm Vo™ olla™ [z < [7jm| e [Xa™

2,n-

Therefore, we have that:

m Cop m |Creyslog2p/a
| > X — . 33
|’YJ ’ = |Ham”0” a ’27n nHOémHO n ( )

C.2 Proofs of main results in Section 4

Proof [Proof of Lemma 13|
By assumption A.3, we know that A\, > maxi<;<p| < e, X; >, | with probability > 1 — c.
According to our definition, m* 4 1 is the first time

V™ 2 < nVm + sAn,

where 7 is a fixed positive constant that is large enough with 7 > 201/C,.. We know that in
high-dimensional settings, ||U™|2,, — 0, so |[V"™]3,, — 0. Thus, by fixing p and n, such
an m* must exist. Therefore, we can consider any m < m := (m* + 1) A M,,. Note that
T =Ty U {;%4',...,7™ 1} and V™ := Xa™ = Xpmarpm. It holds

llamlly >< U™, Xgmagm >n
2 ||VmH%,n - | < T7XTmaTm > | - | < E,XTmaTm > ’

> V™30 = Il llV ™ 20 = Al 1.

As we assume that ||[V™[2,, > nv/m + sy, with 1) being large enough, we have that [|r||2, <
NG |||y Then,

v

2
2,n

2.0 V™

g,n - ||’I”’

2.n Z <1 - CT) va
on
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which implies that:

. () v, () I
’)/‘m = - N\n Z - \n
! | agim |11 Va(m) |z, |2
VCr
Ve |1 =75
( ! >HVm\2,n -

>
Va(m)
VCr
vE-F -

B Va(m)

) V™ {l2,n

ym . O
> Cv,lw > Cyv <77 _¥C > An (34)
q(m) o
where [|[V™|2, > nv/m + sA, > ny/q(m)A,, and
VvCy 1 > 1
Cyi = /c <1 — -
wEVe T o T ) 14 oG

is a positive constant when 7 is large enough, and approaches to ,/cgs as 1 goes to infinity.
By Lemma 22, it holds that

V™ 4715, = IV 4 rl3, = 1015, = 1TU™ H l2m — 290 < Xjm, e >n
= (7;?;;)2 — 297 < Xjm,& > (35)

By equation (34), it follows that:

V™ rllan = IV 47l > () = 200 < Xy, >n
> (v5m)* = 277 A

2
o o)

> Cva| V™ + 730,

> () | 1 -

when 7 is large enough where

2
C‘/Q = 1-— 0‘2/’1

Cv, (77 - \/?)
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is arbitrarily close to ¢4 when 7 is large enough. By the arguments in the proof of Lemma
21, when n is large enough, by (34) and ||r||2,, < @HV’”HQ,W we have that:

> o
1 m 2 1 m||2
— V" +rllzn = V™2,
C c
C¢> (1 — \{f:) ¢
> Z (,Yk—l)Q

keN(m)

Cha
> ! B
keEN(m)

Y

which corresponds to (14) in Lemma 21 considering [[V™ +r|3,, instead of [V™]|3 .. Define

2
) :max{c(b—C’V’Q,cd,—C'\Q/’l/ (1 — \/Cr> }

on

which can be arbitrarily close to 0 as 7 is large enough. Thus, following the proof of Lemma
7 and Lemma 8, we can treat ¢y — 9 as the constant ¢y in Theorem 9. Therefore, results of
Lemma 7 and Lemma 8 applies for V" + r with c4 replaced by ¢4 — 1. We conclude that

vm 2 ¢*(eg)—¢'
V"l (s | )
VO +r[l3,, s+m

for some arbitrarily small ¢/ > 0 as 7 is large enough. By using that ||V + 7|2, >
V™ |l2.n — |7 |l2,n, We have that

o

VG
(77— r) AnvVm +s < |V +7ll2n
for all m < m. It follows that

-

g

2 ) O ) s ¢*(co)—9
- < '
> A(m—145) <OV + 7|3, (s—i—m—l) (37)

Therefore

9

! ¢ (eg) =" +1
s108(0) <oy gz (2
n ’ s+m—1

where 1" can be arbitrarily close to 0 as m is large enough or equivalently,

1

_1+C*(C¢)—UJN

M= s 810%(219/0;) '
n|[VO+rll3,,

By assumption,

1 SlOg(Qp/a)
log(M,/s) + (5 + 1+<<c¢>> o <n||V0+rH%> -
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for some & > 0. Thus, asymptotically,
ﬁl:Mn/\(m*—l—l) <Mn;

ie, m*+1< M,. Thus,

S S
1 ) 1+¢* (cg)— "
mt 35 [ Shosp/a) (38)
n||[VO+r(l3,
and
| ¢ ep) ="
. o= [ slog(2p/a)) 5 g —o7
V™ B, < v/ 5 1T A S V0 4l (g(np/ )) T
for any small ¢ > 0 if 7 is large enough. [ |

Proof [Proof of Theorem 15]
At the (m} + 1) step, we have:

U543, > (1 — ey log(2p/a) /n)|

It follows that (7y™1)% < ¢, log(2p/a)/n||UmTH%7n, while (7™)? > ¢, log(2p/a)/n||Um||%7n
for all m < mj. Consider the m* defined in Lemma 13 as a reference point.

Case (a): Suppose mj < m*: By the proof of Lemma 13, ||[V™ + r|[3,, is decreasing
when m < mj +1 <m*. By Lemma 23, it holds

HUm1|]2n§a +<2\/ +wC’3—i—2' \F ‘leHQH) )\n—l—HVmT—i—T‘H%’n.
(]

It follows that

(v"1)? < ¢y log(2p/a)/n]]
< (14 w)eu A2 + ey log(2p/a)/n [ 24/ (1 +w)Crs + 22— vangn An
\/7>
+ ¢y log(2p/a) /n|| VT 413, (39)
By inequality (34), we have that

V™ + rll2,n

Y| > Cy, -
q(mj)
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for n large enough where [|[V™||2, > nv/m + s\, holds for all m < m*, including mj by
assumption that mj < m*. Combining this with inequality (39), we have that:

o V™ +rl3,
Vi1 mj + s
log(2

<e(1+w)+ QCu)\nM (1+w)Cys

n

\/mi+s x
+ 20,00 5[V |2
0°\/Cop

+ ey log(2p/@) /n|[VE 4713, (40)

We show that this leads to a contradiction and hence m] > m*. First, by Lemma 13, we
know that

O

15 (o) =97 log(2 T+ (cg)— 9"
VI T A SV 4 7l s (S og( p/a) T L0 (41)
n

as n is large enough since Slog(nw — 0 by assumption. As a result, for n large enough,

we have that
1, IV™i+7)3

300y > eulog(3p/e) VT 4ol (42)

which corresponds to the third component in (40). Second, since ||[V™1 ||z, > n/mi + s\,
by construction for n large enough, we have

VO
le vV
V™ + |3, > ( p— V™ 2

as shown in the proof of Lemma 13. Hence, for 1 being a large enough fixed constant and
n large enough, we have that

1 *
SCEAIVT 40,

1 *
> 3GV (1-

* 1
> [Vl Cha (1-

2
= 2||[V™ ||aneu/ (02 /Ca) A3 /M + <02\@0&1 (1 — VJ?’“) /(6cuA§)>

20 N3V mi +s ymi
> acy H
O' 1/0(;3

2n (43)
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2
as 02\/@0‘2/’1 (1 - ‘2/%) /(6c,A2) — 0o. Third, for n large enough, we have that

Loo W™ 4780 1 o VG
3 Vi mi + s 3 vl on "

> 2c, A2 (1 +w)
log(2
> e X2(1 4 w) + 2cuAn°g(7f/O‘) (1+w)C,s, (44)

as ZCu%ﬁ = 2cy\n/04/ Sbg(nﬂ = o(\,) since w — 0 for n large enough.
Therefore, equations (42)—(44) lead to a contradiction with (40).

Case (b): We know that mj > m™*: It follows that

() = e log(2p/a) /nl[U™]3,,

for all m < mj. Since ||U m||%n is a decreasing sequence, for ¢ small enough, there exists
some my such that |[U3"[|3,, > (1—6)o2 for any m < mg, and |[[U™*1|3 | < (1-6)o7. For
0 small enough and m < mg A mj, it holds

IV B = V7 41130 =~ + 290 < & Xgm >n —(3)2 + 2Aa
by Lemma 22. Since ¢, > 4, for é small enough, it holds
i [? > culog(2p/a) /nl|U™13 5 2 cu(1 = 6)(1 = w)AT > 4X7
and thus —(7}73”)24—2)\”]77"] < 0. Therefore, ||[V™+r||2,, is strictly decreasing when m < mo.

Case (b.1): Suppose mj < mgy: By same arguments as in the proof of Lemma 13, we
have

¢ eg)=v"
||1+§ <C¢> w7 (8108;(217/04)) 2014¢% (eg)=9")

*+1
Jve o -

for any ¢” > 0 since [|[V"™ + r||a, is strictly decreasing for m < ms. As
Yy , Yy

1 ¢*Feg)—v"
slog(2p/a) \ 2 slog(2p/a) \ 20+¢F(ey)—v™
Irllam < <(/)> < <(/) 7
n n
it follows that
IV g < (Vi o+ 2, < [V n + 7ll2n
¢ leg) =" ¢Fleg) ="
T (%) Tictey o7 [ slog(2p/a) 20+ (eg) =™ slog(2p/ar) \ 20+ (eg)—w™)
So Ve +rlly — +t———
n n
*(cy)—6
< 0 4 |5 (c¢> T ey 07 [ slog(2p/a)\ 20+ (eg)—w™)
3 V0 47l 2oeip/a)
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which concludes the result.

Case (b.2): Suppose mj > mgy: We show that this leads to a contradiction. First of
all, we show that mo > m™*. We know that

U™ 3 = o0 + V™ + 7|3, +2 <V 4 1e >,
for any m. Since ||[U™*[3 | < (1 —6)o3, it holds that
2 <Vt fp e >y VT 43, < —don. (45)

Let’s prove ma > m* by contradiction. Suppose ma < m*, it follows that mo+1 < m*+1 <
M. Since we know that [|[V™2H||y,, > ny/ma + 1+ s\, it holds

2

CT ”Vm2+1 2
on

2n:

vt > (1-

Also, | < r,e > | < ||7]l2,n0n — 0 as n — co. Therefore, for n being a large enough fixed
constant and n being large enough, we have that:

V7t 5, +2 <Vt e >y
2
C 1
> (1) g, - 2V
an Cop

and 2 < 7, >,> —d02 which leads to a contradiction with (45). Thus, it must hold that
mo > m*. Therefore,

AV g > 0

. C
1V ol < IV 4 vl < (1 2

2
) n(m* + s+ 1A,
for any m* +1 < m < mg + 1. We also know that by assumption,

(v")? = culog(2p/@) /n||U™3,, 2 culog(2p/a)/n(1 — 8)oy,
> ¢y log(2p/a)/n(1 —6)(1 — w)o?
> cu(1=0)(1—w)A;

for any m < mg < mj. Since
V™ 4+ rll3 = IV 7], = (™) = 29™ < Xjm, e >n2> ey A7 > 0
for some constant ¢,, > 0 if (1 —0)(1 — w)ec, /4 > 4, it follows that
V™ 7l 2 (VP 4|3, — e An

for m =m*, m*+1,...,my. Consequently, |[V™2+! 4r|[3 < [[V™H 473 . By assump-
tion, at the (my + 1) step, we know that |[U™>[|3 < (1 —4)o2. Hence,

2 <V pr e >y [V 4|3, < —d0p. (46)
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However, |[V™2H 4 7(|3 | < [[V™ 1 +r[]3, and therefore, by Lemma 13,
2l < VM2l fy e > | <[V 4 r|onon < [V T 4 7llonon — 0,

which contradicts (46) when n is large enough. Therefore, Case (b.2) can not happen, and
the proof is concluded.
|

Proof [Proof of Theorem 17] WLOG., we can assume that Crlogn is an integer, so that
Fy, is a positive integer for £ = 1,2,.... For some constant C* > 0 that is large enough,
define k* := Lc‘ziljgnj We first show that, if we run the algorithms forever, we have with
probability > 1 — a:
. 2 slog(n)log(p
[ — ] 5, Sosloss)

~P n

and
slog(n) log(p)
n

Enl[l8™* — Boll3]

Define 7™ as the set of variables that are selected by the end of time period m. It is
worth noting that |T™*| < kLj with Ly = L, for all k € Z* by construction. Define
1y := myg_1 + L. Therefore,

|T™*| < kL, < C*slogn,

for all £k < k* := L%J As in Lemma 24, Pp, r denotes the operator of performing
m periods of PBA algorithm subject to the subset T. Further, define Ry := (Pjm, —
P, o, JU™ . By Lemma 24, we have that

1IR3 5 = 11 = Pp, i JU™ — (1= P U3,

B co
< P, U™ |13, exp (— 0 ’“) <n~?

[T |

for Fy, > 1|ka |log(n - ||yl|2,n) starting at U™*. Note that Ry is a small term that could be

neglected later with [|yllz.. = 1U°]3,, > HUmH2 n being a decreasing sequence in m. Note
that U™ =y — 2/ 3™, Therefore, PkaU = Pjun, y in the projection of vector y on the
columns of X with indices in 7. As a result, we have

U™ = (I = Py )U™ + Ry = (I — Py, )y + Ry, (47)

with my, = 1y + F. Define VF := Vmr = X(B8 — p™*) and ‘N/Ok XB — Pprny XB =
(I = Py ) Xjmy Bfm, - Therefore,
Vk:Xﬁ_(y—Umk):_(T+5)+(I Pka)Z/‘FRk:(I ka)X/B ka(r+5)+Rk:

It implies that B _
VE=VFE 4 R — Ppmy (r +€). (48)

By definition, HVfH%n is a decaying sequence in k as T C T"+1 holds for all k > 0. We
need the following proposition:
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Proposition 27 Suppose all conditions in Theorem 17 hold. For M, large enough, there
exists an absolute constant Cy, > 0 such that for some k < |Cygslogn/Ly| and k(L, +1) <
M,,, we have that:

Bal(#(5™ — )] 5 S ELOEE)

9

and

187 — B3 =, Z1B0ER)

Proof [Proof of Proposition 27| Assume that k£ < k* with k* = Lc*iilsgnj Define 7" :=

T O\T "k, That said, T™* is the set of variables that are in Ty but not yet being selected by
time my. Then, if T = (), then, all the variables in Ty are already selected. By definition,

VI =y = U™ = XB =y — (I = Pp g JU™ = Xy Bom.-
It implies that:

IV 3,0 = Xy B — 9+ (T = Py g U™ B
< 2| X B =y + (I = P U™ |13, + 20| (P, — P,
< 2| Pjny (i + g + 20 (P = Py s U™ 13
4C; log(2p/a) 4 402C* /ey log(2p/a) log(n))s + 1
n

U3,

<!

(49)

by Lemma, 25 since T < C*slog(n) and by Lemma 24 since Fy > Cr|T™|logn for some
Cr large enough, which concludes the result. Now, suppose T # () for k = 0,1, ..., k*.
Recall that

U™ = (I = P, )y + R,

with ||Rg|2» < = and

1
- n

Ve — (I — 'mek)X,B — 'mek (r + 6) + Ry = (I - Pka )Xfmk Bfmk

Suppose that [|[V™x |3, > CVSlog(nzllog@p/a) for all k < %‘f("), where Cj, < C)y is a large

Crc¢slog(2p/a). By (48)

enough constant. For Cy large enough, we have that ||V |2, > -

and Lemma 25, it follows that
7k
IVo'llzn 2 V™ 20 = 1P (7 + €)ll2n — [ Bll2n

> \/C’Vslog(2p/a) log(n) \/2Crslog(2p/oz) + 202/c¢]kallog(2p/a) 1

n n n
n
given that Cy > 2(2C, + 202 /c,Cy, + 1) is large enough fixed constant where we used that
. 2
|T™k| < Lpk < Cgslog(n). Define wy, := 4;%7“502. Next, we divide our discussions into two
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cases:

Case (Al): Z;h:kmk—l"rl 7]21 > wnHVO’“”H%’n. By definition, we have that:
Thi
B SNU™B, < NU™ 3, = D 2 < (U™
t=my_1+1

.
o 3 —wnllVo I3, (51)

Case (A2): E;kak_lﬂ 'yjzt < wan/Ok*lHaw Define 0,1 = D%, 41 Vjt€t, Where

e;¢ is the unit vector that is equal to 1 only at the jt-entry, and 0 otherwise, for m > mj_

and m < rh_1. It holds
m ~
H‘Sm,k”%,n < Ly Z 'Y]Zt < annHVokilH%,n- (52)
t=mg_1+1
As a result, by definition, for any m = my_1, ..., 7 — 1, we have that:

|’ij”|5fmk71 1 >< UmaXkaq 5{%1@4 >n
=< (I - Pj"mkfl)Xkafl Bfmk—l ) Xfmk:—l ﬁ’f‘mk—l >n

Yy 1

+ < (I — 'ijmkq )(7' + 5), Xfmk—l BfmkA >n

n'g

Uy,2

+ < Rk,Xfmk_lﬁfmk_l >n

Yy 3

+ < X(Sm,ka X’f'mlcfl Bf‘mkfl >n

Wy 4

since

U™ =U™Mk + X(Sm’k = (I — Pjﬂnk71 + Rk)Y + X(Sm’k
— (I - P’f‘mk—l )Xfmk—l Bfmk—l + (I - Pka—l )(T + E) + Rk + X(Sm’k

For Wy 1, we have that:
Uy = (I — Pkafl)Xkaq ﬁ’fmkfl |g,n (53)

There exists a § € RP with supp(§) € T™—1 such that X§ = Pimy_y Xgmy_y Bgmy,_1 - By
definition, 7™k-1 N T™-1 = (), we have that:

Wy1 = || X6 — Xgong 1 Bgmi 13 > c([|Bmis I” + 16]1%)

C,
> ¢l Bms |2 > fuxfmkflﬁfmk,l 2. (54)

By (50), we have that

~ b Cyslog(2p/a)log(n)
| Xgmas B I3 2 743, > C2108CP ) o)
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For Wy 9, we have that:

[Wval = < (I = Ppmp ), Xgmp_y Bmpy >n + < & Xgmi_s Bmi_s >n
- < Pkaila?,Xjﬂ'mkfl/Bfmkfl >n |

[T

~ 1
<|r Tmg—1 Bf"%fl ll2,n + ||5ka71 [T =12 A0 +

4Cfr U2C¢ O'QC]C 2
< X’”m m .
> (\/CV log(n) + \/CV log(n) + \/C¢C\/> H T kﬂlBT k—1 H2,n (55)

For Wy 3, we have that:

A X7

2
\II - R X m m - X~m m 2 .
V3 ” k||2 TLH TMk— 15T k— 1||2TL ft \/Snlog(2p/a) log(n)CVH T kflﬁT k71||2,n

(56)

For Wy 4, we have that:

Uy < | XOmkll2nl Xgm 1 Bgm i 2 < v/ CoLnwn | Xy Bgmi 1 5n- (57)

Combining (54), (55), (56) and (57), we have that:

Co 4C, 7*Cy 7*Ci
o ||| B > (5 - - B
;i |||BT | h (C¢ \/CV log(n) \/CV log(n) csCv

2 2
B \/sn log( (n)Cy B m) [ X g1 Bpmie—1 1|2,

2p/a) log(n
> 2 ||X~ 3 58
= 40 L (58)
17C50°Cy, .
given that Cy > 67: and n being large enough. As a result, we have that:
)
Iy jm] > Co ||Xj:mk—1ﬂfmk—1 H%,n Co ”Xfmk—1/8fmk—1 H%,n
7740 B 40y Vs||Bpmi |l
3/2
¢
> muXﬁnkqﬁfmkA 12,m5 (59)

where the last inequality follows from the sparse eigenvalue condition and \fmkfl\ < s.
Therefore, we have that:

ME—1 L
> Pz 1675 © | Xp 57 (60)
m=my_1+1
Combining both cases (A1) and (A2), we have that:
U™ )30 < NU™ 3,0 = R IVe 20 (61)
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2 2 3

024) 3 C¢2
)
4K3C3 16C3

L, 03
= 1 __¢ _ "~ Ln 3 — 3 :
where kp := min <4LHC§;, 1602&) > K2 with k := m1n< ) given that L, <

Kp+/s with Ky being a fixed constant, and hence, k > 0 is a fixed constant. Define
q := [£-] as the smallest integer > 7-.
WLOG., we can assume that ¢ = 7~ for simplicity, i.e., - is an integer. By applying (61)

multiple times, we have that:

I ktq—-1
jUmell < MU 50 = 5= > Vol (62)
=k

We again divide our analysis into two cases: Assume that k < k + ¢ < %f(n).

Case (B1): [[Ve*Y3, > LVEI3, . It implies that V23, > LVE[3, for all I =
k,....k+q—1as
IVoll3 s = I = Py, ) X B3,

is a decreasing sequence in [. It follows that

wL bral?
1
jUmsallf e < QU™ 13,0 = = Y IVSI30
1=k
2 KqLn Sk 2 2 Ktk 2
<NO™ 3 = TRV = 0™ 13 0 = SIVE B 0

Recall that by (47), we have:
U™ =V 4 (I = Ppon, ) (r + €) + Ri
It implies that
~ /{ ~ ~
IV < (1= 5) IV +2 < Vi (1 = Ppo )+ 0) >
—2 < VFFU (I — Py )(r +€) >n
+ (I = P ) + )30 = 1T = Promis ) (7 + )13 + [R5, — | Rirall3

+2 < VE+ (I =Py )(r +€), Ry >n
— 2 < VI 4 (I — Ppogyy) (7 +€), Rig >n -

By (55), replacing k — 1 by k, for n large enough, we have
2 < VE (I = Py )5 +2) >p =2 < VI (I = P V(r +2) >
4CT O'QC¢ 020k )
<4 e ) | X o B
- (\/C’v log(n) + \/CV log(n) + \/%CV | Fmy B k||2,n

4Cy 202C),
o csCy

<

Vo130 < 5 1IVa
12

S (63)
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64-36-2C252C},
cginﬁ Here we used that Vk (1— Py, VX5 = (1f7Dka )X:ka 5%%

as Tk = Ty\T™k . Again, we can find a § with supp(8) C T such that X8 = P Xgimy, Bfmy, -
Hence, the supports of § and (7., have no intersection and we conclude

given that Cy >

1V 5 = o8I + 1B7m %) 2 call Bmp I = =1 Xgom, B 15
o

By Lemma 25 and (50), for n large enough, we have that:

(I = P )+ )30 = I = P ) + )3, (64)
NPy (4 &)l + [Py (7 + €30
<9 Crslog(2p/a) + 02 /cylog(2p/ )| T™+a|
- n
5CkU k k
< T VI < 5171 (65)

given that Cy > %' And for n large enough, for fixed Cy, by (50), we have that:

IRkN3,0 = | Ritgllsn +2 < Vi + (I = Py )(r +€), Rie >
—2 < VT (I = Pponyy)(r +€), Rioirq >n

1
<=
n

4 ~ 4 K =
2T+ it el < 15 171 (66)
Combining (63), (65) and (66), we have that:

~ K; ~
IV, < (1= 5) VI3 (67)

Hence, we have shown exponential decay of ||‘~/okH%n in Case (B1).

Case (B2): H‘N/quH%n < %H‘Zf“”%n This automatically proves exponential decay. Note
that k < 1 as Cy > ¢4 Combining Case (B1) and Case (B2), we have that

1V, < (1= ) 172150

Therefore, for any kq < Ckslog(n), we have that

~ ~ k
V13, < IV2IE (1= %) (68)
Since ¢ = £, let k = |CyLplog(n)]. WLOG., assume that CyL, log(n) is an integer so
that £k = Cgnlog(n). For n large enough and C’k > 4K , we have that
HvquQ < anLnln HV0H2 <n CkLnK//4 K-1 CVSIOgin) 1Og(p) (69)
n
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given that HVOOH%,Z < nf=1 for some fixed constant K > 0. This leads to a contradictory

o (50). Therefore, for given constant Cj > %, there must exists k < %ﬁg(") such that
Cy slog(n)log(2p/a)

V3, < - (70)
which concludes our proof. |
By construction of Algorithm 2, we have that

U™ 30 = NU™ 130 —
for all non-negative integers m. Therefore,
U B e -
U™, U™,
It implies that the algorithm will not stop if
2
Vjm log(2p/a)
— >, ——. 72
g, = "

Suppose that the algorithm does not stop when k < i Slog” < ky = Cf‘%iog" with C)yy
defined in Assumption 1. If C" > C}, by Proposition 27, 1t holds

E, [(x;(ﬁmk _ 6))2} < slog(n) log(p)

n

for some k < Cyslogn/L,. By Proposition 27, there also exists a positive constant Cy

such that
o Cvslog(2p/a)log(n)
- n

(73)

with k* < C*slogn/L,. It implies that |77 | = |T™ | < C*slogn. Therefore, by Lemma
25, we have that

S(CQ (20, +20%/csC*)} + )\/slognlog@p/a)‘ (74)

n

I(I = P )X Bllzm < IVF N2 + P (7 + €)ll2in + || Ri 2,0

It implies that for any k > k* and k < kj;, we have that

IVE 2 < 1T = Pgon ) X Bllan + 1P (7 + )2 + | Rll2,n
2(Cyrslog(2p/a) + ka2 /cylog(2p/a)slogn 1

n n

1 log(2
= (Ck* +1+2(C + /~w2/0¢)%> \/3 ogn Zg( p/a)
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1
where C} := (CJ + (2C; + 02/c¢C*)% + 1). By definition, with %g@pm — 0, for n
large enough, for arbitrarily small > 0, we have that

U™ 20 = (e + 1) + VFll2m 2 [l +7)llz = [VFll20 = V(T = 20)0? (75)

and

U™ |2 = (& +7) + V20 < (1€ + 1)l + [1VFll20 < /(1 +20)02. (76)

By definition, since [[U"™*||2,, is a decreasing sequence, we have that:

i 2 Cu B i > 0y (1 a2 BERIC)
As a result, we have that:
U™ )30 < NU™ 13,0 — > Vim
me<m<mys—1, ln=1
< U™ [ (k — ) LaCip(1 — 202 2B/, (77)

Therefore, it implies that for any k& > k*, we have:

O™ 30 = NT™ N0 = (T = Py )y + Rill3 0 = 11 = Py )y + R[5,
= (I = P Jyll3 0 = 11 = Py Jyll3
v,
+2<(I- mek)y, Ry >, —< (I — Pka* )y, Ri= >,
Vo
2 2
+ I Brllzn = 1 Ba 12, - (78)

5

For W, we have that:

U1 = [|(I = Py )yl3,0 = 1T = P yll3,0
= (I = P ) X B3, = (I = Py ) XBII3
Uiy
-2< (PTﬁLk - ’PT““%* )XB, (r+¢)) >n
Wi
[Py ()30 — 1Py (7 + )13, -

Vi3

For Wy, by (74), we have that:

1 2 slognlog(2
Uiy > —||(T = Py ) XB3, > — (05 + (20, 4+ 20% /ey C™)2 + 1) slognlog(2p/a)

' (79)
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For W5, we know that
(mek — P )XB=(I— Pjrin e )XB — (I — mek)X,B

It is worth noting that (I —Pjm, )X 3 is a linear combination of columns of X with indices in

Ty, := T U Ty where Ty := supp(f). Therefore, we can find a ( € RP with supp((x) C Tk,
with X (; = (I — Pjm, )X 3. Since

1T = P ) XBI3 0 < (T~ Ppn ) X B

2
1
< <C€/ + (2C, + 202 /csC*) 7 + 1) 5 lognlzg@p/ )

we have that

9 1 9 1 % slognlog(2p/a)
IXGulEn < (CF + (20, 4 20%cgC)} 4 1) ZRETRECRE) (50)

By sparse eigenvalue condition in Assumption A.1, it implies that

1 1 2 log (2
(6 < L (Cf+ @0+ 20%cscn)t 41) 2losnlosin/e)

Therefore,

Uiy =2 <XCk —Xck*,(T—i‘E) >n
=2 < X — Xy 7 >p +2 < (g — G, X130 € >

1
> =2([[ X Cll2m + 1IX G ll2m)I7ll2n = 2C1Ck 20 4 Sk l2,) | Thr |2 A
1
1 I 2 log(2
Z —4 /C’l" <C‘3 + (201” +20’2/C¢C*)% + 1> S Og(n)QnOg( p/Od)
40/ C* 1 1 log(2
o ovC 0‘2/ 4 (2074‘20'2/0(;50*)% +1 § Og(n) Og( p/Oé)' (81)
Ve n
For W3, by Lemma 25, we have that:
C,slog(2p/a) + 02 /cylog(2p/a)kLy,
Combining (79), (81) and (82), we have that:
2
¥, > —Cy, slognlog(2p/a) 20 kLy log(2p/a) (83)

n Co n

1 1
where Cy, := (4y/Cy + 2C, + 40V/C*/ o5 + (CE + (2C, + 20%/¢4C*)2 +1))(CE + (2C; +
202/%0*)% +1) is a fixed constant. For Wy and W, since || Ry, ||Ry+|| < %, and by (76),
we have that for n large enough:

and W3 < 3 (84)

47



Luo, SPINDLER AND KUECK

Therefore, we have that:

%’n > _Cy, slognlog(2p/«) _12 kLylog(2p/c) 4(1+ 277)0_2. (85)

U 2 Ume*
[0 3,1 . e 5

Recall that in equation (77), we have that

m — X log(2pa
[0 B — 075 [, < ~(k — )L (1 — 2m)o? B2, (56)

Therefore, combining (85) and (86), we have that
log(2
(k — k*)L,Cur(1 — 27])02M
n
log nlog(2 2 kL, log(2 4(1+2 2
slogn Zg( p/a) | 0" kLnlog(@p/a)  A(1+2m)o

2

<Cy,
C¢ n n n

and by assumption that Cy > %, for small enough n > 0, it holds Cy(1 — 2n) — % > 0.

Since £* < m, it implies that for n large enough, we have that
T P g

< E*Cy(1 —2n) + Cy,slogn/Ly, +1 < C,slogn

N CU(l—QU)—é Ln

k

C*Cy (1-2n)+Cy, +1
CUU*%)*%

the above that uses the sparse eigenvalue condition applies. Therefore, the algorithm must
stop before my, with k < C’. Therefore, when we stop at m*, we have that

log(2p/a m* log(2p/c m*
e <A O B g, <\ Jop BB (e, o). (57)

By Lemma 26, we have that
¢ . Chrepslog2p/a
e | 2 [ eV, — [ Sres o8P0
(17| + s) n(|T™| + s)

(177" | + ) log(2p/cv)

< \/CU(|Tm*| + s)log(2p/ ) 2+ 20 + \/Crc¢slog(2p/oz) i

where O’ := slogn/L,. By assumption that C’ < C)y, all the analysis in

It implies that

jvm

2,n \/@ - \/CU

+ 5)An-
n n

Since |T™"| < C’slog(n) and w — 0, we have that for n large enough,

. log(n) log(2
\/?IIV’” o < \/3 0g(n) 1og(2p/ ) (W(2+2n)a+ CTc¢+aC”>

n
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for C" < C'" + 1. It follows that

V™3, < 02¢ (W@ +2n)o + /Crcy + O'C”>2 s log(n) IT(L)g(Qp/a),
and
16— 8™ < % (VCuC™(2+ 2m)0 + /Creg + aC”>2 slog(n) :g@p/‘)‘)
follows by sparse eigenvalue condition which concludes the proof. |

Appendix D. Discussion of the equi-correlated design

In the equi-correlated design, we assume to have a set of predictors X7, ..., X, such that
Covp (X, X;) = corrn(Xi, X;) = p € (0,1)

for i # j, where Cov, represents the empirical covariance and corr,, the empirical correla-
tion, respectively. By assumption, all X;, j = 1,2,...,p, are standardized with mean zero
and variance one. For the case Cov(X;, X;) = p, the results are similar and can be well
approximated by the case Cov,(X;, X;) = p. To analyze the revisiting behavior of the PGA
algorithm in model (3) in the main text, it is sufficient to consider Xa™ = X (8 — ™),
which is the approximation error at the m! boosting step. It is worth noting that

Cov,(Xa™, X;) = Z al'p, it g ¢ T, (88)
ieT™

Covn(Xa™ X;) = Y al"p+af'(1—p), if j€T™, (89)
ieTm

where T™ := T'U supp(8™) with T' := supp(B). WLOG., one can assume that ) ., pm o >
0. We divide our analysis into two cases:

Case (a): If >, .7m " > 0, there must be a j € T™ such that of* > 0. Due to Equations
(88) and (89), this implies

|Covp (Xa™, X;)| > |Covp(Xa™, X))

for all I ¢ T™ since (1 —p) > 0and 3 ;cpmf’p > 0. Therefore, the algorithm must
select one predictor from 1.

Case (b): If ), ;m f" = 0, the current approximation error Xa™ has a correlation of 0
with all variables j that are not in 7™, see Equation (88). As a result, the algorithm must
either (b1) select a predictor that is in 7™ if not all " are zero for i € T™ or (b2) stop
since all o are 0.

In summary, the algorithm will always tend to select one predictor from the existing 1"
unless it stops as the approximation error is already zero. Therefore,

T=T"=T'=...=7™.

Hence, we have 100 percent of revisiting, indicating that (*(cy) — oc.
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Appendix E. Applications

In this section, we present applications from different fields to illustrate the boosting algo-
rithms. We present applications to demonstrate how the methods work when applied to
real data sets and, then compare these methods to related methods, i.e. Lasso. The focus
is on making predictions which is an important task in many applications.

E.1 Riboflavin production

This application involves genetic data and analyzes the production of riboflavin. First, we
describe the data set, then we present the results.

E.1.1 DATA SET

The data set has been provided by DSM (Kaiserburg, Switzerland) and was made publicly
available for academic research in Biithlmann et al. (2014) (Supplemental Material). The
real-valued response/dependent variable is the logarithm of the riboflavin production rate.
The (co-)variables measure the logarithm of the expression level of 4, 088 genes (p = 4, 088),
which are normalized. This means that the covariables are standardized to have variance
1, and the dependent variable and the resources are “de-meaned”, which is equivalent to
including an unpenalized intercept. The data set consists of n = 71 observations which were
hybridized repeatedly during a fed-batch fermentation process in which different engineered
strains and strains grown under different fermentation conditions were analyzed. For further
details we refer to Bithlmann et al. (2014), their Supplemental Material and the references
therein.

E.1.2 RESuULTS

We analyze a data set on the production of riboflavin (vitamin By). We split the data set
randomly into two samples: a training set and a testing set. We estimate the model with
different methods on the training set and then use the testing set to calculate out-of-sample
mean squared errors (MSE) in order to evaluate the predictive accuracy. The size of the
training set was 60 and the remaining 11 observations were used for forecasting. The table
below shows the MSE for different methods discussed in the previous sections.

Table 11: Results Riboflavin Production (out-of-sample MSE)

BA-our oBA-our Lasso p-Lasso
0.3641 0.1080 0.1687 0.1539

All calculations were performed in R (R Core Team (2014)) with the package hdm
(Chernozhukov et al. (2015)) and our own code. Replication files are available upon request.
The results show, again, that orthogonal Ls-Boosting outperforms Lasso and post-Lasso in
this application.
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E.2 Predicting Test Scores
E.2.1 DATA SET

Here, the task is to predict the final score in the subjects Mathematics and Portugese in sec-
ondary education. This is relevant, e.g., to identify students which need additional support
to master the material. The data contains both student grades and demographic, social and
school related features and it was collected by using school reports and questionnaires. Two
datasets are provided regarding the performance in two distinct subjects: Mathematics and
Portuguese. The data set is made available at the UCI Machine Learning Repository and
was contributed by Paulo Cortez. The main reference for the data set is Cortez and Silva
(2008).

E.2.2 RESULTS

We employed five-fold cross-validation to evaluate the predictive performance of the data
set. The results remain stable when choosing a different number of folds. The data sets
contain, for both test results, 33 variables, which are used as predictors. The data set for
the Mathematics test scores contains 395 observations, the sample size for Portuguese is
649. The results confirm our theoretical derivations that boosting is comparable to Lasso.

Table 12: Prediction of education (out-of-sample MSE)

subject BA-our oBA-our Lasso p-Lasso
Mathematics 19.1 19.3 18.4 18.4
Protugese 8.0 7.9 7.8 7.8
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