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Abstract

A statistical field theory is introduced for finite state and action Markov decision processes
with unknown parameters, in a Bayesian setting. The Bellman equation, for policy evalu-
ation and the optimal value function in finite and discounted infinite horizon problems, is
studied as a disordered interacting dynamical system. The Markov decision process transi-
tion probabilities and mean-rewards are interpreted as quenched random variables and the
value functions, or the iterates of the Bellman equation, are deterministic variables that
evolve dynamically. The posterior over value functions is then equivalent to the quenched
average of Fourier inverse of the Martin-Siggia-Rose-De Dominicis-Janssen generating func-
tion. The formalism enables the use of methods from field theory to compute posterior
moments of value functions. The paper presents two such methods, corresponding to two
distinct asymptotic limits. First, the classical approximation is applied, corresponding to
the asymptotic data limit. This approximation recovers so-called plug-in estimators for
the mean of the value functions. Second, a dynamic mean field theory is derived, showing
that under certain assumptions the state-action values are statistically independent across
state-action pairs in the asymptotic state space limit. The state-action value statistics
can be computed from a set of self-consistent mean field equations, which we call dynamic
mean field programming (DMFP). Collectively, the results provide analytic insight into
the structure of model uncertainty in Markov decision processes, and pave the way toward
more advanced field theoretic techniques and applications to planning and reinforcement
learning problems.

Keywords: Markov decision processes, reinforcement learning, statistical field theory,
statistical physics, dynamic programming, disordered systems, mean field theory

1. Introduction

Sequential decision making in finite state and action Markov decision processes (MDPs)
with uncertain parameters is a difficult problem. If further estimation or learning can
continue while interacting with a particular MDP, one encounters a reinforcement learning
(RL) or adaptive control problem. Otherwise, if no further estimation continues, one faces
a problem of offline planning or control.

In the case that the MDP parameters are known, one can find a solution to the sequential
decision making problem by dynamic programming. That is, one can find the optimal value
function, the expected cumulative rewards under an optimal policy over a given horizon, by
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solving the Bellman optimality equation. Or, given a specific policy for acting in the MDP,
one can again solve the Bellman equation to evaluate the value function under that policy.

In the case that the parameters are unknown, one approach is to adopt a Bayesian view
and maintain a set of posterior beliefs over the parameters. In the reinforcement learning
setting, a complete Bayesian approach anticipative of future information involves planning
in both the state space and the belief space jointly (Duff, 2002). This approach, referred
to as dual control, is analytically and computationally intractable in all but the simplest
cases, such as the case of a single state MDP (known as the “multi-armed bandit”). An
alternative approach is to make sequential decisions based on the current beliefs only. This
strategy is suitable for the offline planning problem, and can be deployed in the RL setting
by periodically updating beliefs (Ghavamzadeh et al., 2015).

In order to devise a criterion for decision making with the current beliefs, it is useful
to translate the posterior over parameters into a posterior over the value functions. The
rationale for this translation is that one obtains a distribution over the long term average
value of being in a particular state, or being in a state and taking a particular action
(O’Donoghue, 2018; Luis et al., 2024). From such a distribution over value functions, one
can make better decisions, in terms of robustness or statistically efficient learning (Dearden
et al., 2013). Since the value functions are the solutions or fixed points of non-linear or
linear Bellman equations, in the optimal and policy evaluation cases respectively, this too
is an intractable problem in general.

In this paper we introduce a theoretical formalism from statistical field theory to study
analytically the posterior distribution over value functions, both optimal and those under
a policy. This formalism leads to exact analytical expressions for the posterior over value
functions in the finite horizon case, and for the posterior, over fixed-point iterates of dynamic
programming in the infinite horizon case.

Practically, the formalism replaces an intractable integral over the model parameters for
an intractable integral over certain complex variables, often termed response fields in the
statistical physics literature (Hertz et al., 2016). The utility in the alternative expressions
is that they pave the way toward both closed form and computational approximations
as well as encourage new theoretical studies of MDPs and their value functions under
uncertainty. In particular, the formalism provides a range of methods for calculating the
posterior moments of the value functions, such as perturbation theory or approximations
derived from mean field theory (Chow and Buice, 2015; Zinn-Justin, 2021).

The contributions and organisation of the paper are as follows. First we introduce
the theoretical formalism of generating functionals, or path integrals, for Bayesian MDPs.
The introduction of this formalism, involving functional integrals, allows us to write down
an analytic form of the posterior distribution over value functions, which are themselves
considered as dynamic random variables. Next, we demonstrate how standard methods
from perturbation theory can be used to compute uncertainty over value functions. As
a simple case, we interpret the leading order term of the semi-classical approximation as
corresponding to the asymptotic data limit, recovering a standard “plug-in” estimate for
the mean of the value functions.

Unfortunately, while the perturbative approaches are well suited to policy evaluation
due to its linearity, these approaches are not suited for the optimality equation, due to the
maximum over actions. In this case, borrowing from an analogy with the spin glass and
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neural network theory (Helias and Dahmen, 2019), we derive a dynamic mean field theory
(DMFT) for the optimality equations. This is a first order self-consistent approximation
which takes into account fluctuations for the calculation of the posterior mean. A claim of
this paper is that this dynamic mean field result is exact under the limit of an asymptot-
ically large state-space. More formally, a key theoretical result suggested from this mean
field theory is a “propagation of chaos” property: the distribution over state-action value
functions factorises over state-action pairs in the large state-space limit. This is not proven
rigorously here but shown via the method of steepest descents. We then describe dynamic
mean field equations for general posterior beliefs on parameters, and provide intuition for
the mean field theory, which can be seen as a myopic approximation. Computational and
closed-form approximations of the mean field equations and accompanying simulations are
provided in the closing sections, validating the key results of the theory. The paper closes
by discussing how field theory can be extended and how it can be applied to reinforcement
learning problems.

2. Statistical field theory formalism for Bayesian MDPs

In this section we develop the theoretical formalism for Markov decision processes (MDPs)
under Bayesian uncertainty. We first introduce our notation for MDPs and the basic as-
sumptions made to establish the formalism. The presentation is provided for the discounted
infinite horizon case, since the finite horizon case is captured as a special case.

2.1 Bayesian uncertainty in MDPs

An infinite horizon discounted MDP M = (S, A, P,r,[3), is specified by a state space S,
an action space A; a transition function P : § x A — A(S), where A(S) the probability
simplex and we say Py, is the probability of transitioning into state s’ upon taking action
a in state s; a random reward rg, : S X A — R for each state s and action a, with mean pg,
and finite variance, and a discount factor 3 € [0,1). We denote the size of the state space as
|S| = N and the action space as |A| = A. A policy specifies a decision-making strategy. We
restrict attention to the set of stationary policies 7 : S — A(A). Given a fixed policy and
fixed starting state sy = s, we define the state-action or Q-value function Q™ : S x A — R
as the discounted sum of future rewards

o0
sa = E[Z Btrstat‘ﬂ-’ so = s,a9 = aj (1)
t=1

where expectation is with respect to the randomness of the state trajectory, that is, the
randomness in state transitions and w. The optimal state-action value function is defined
as

0 = max @)
The value function from a given state V] is defined similarly, as is its optimal value V.
Consequently we have the relationship V. = max, Q%,.

In the case the parameters are known, we may use dynamic programming methods to
compute value functions. The optimal state-action value functions are the fixed points to
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the Bellman optimality equation, which we write as

Qia=psat B Pojsamax Qi 3)
S/

The value function for a given policy in the infinite horizon is the fixed point to the Bellman
equation for policy evaluation,

V= m(als)(psa+ B PujsaVi) (4)

a

The Bellman equation is always a contraction mapping for discount factors g < 1, for
both policy evaluation and the optimality equation. Denoting the iterates of the optimality
equations above as QF | the iteration is

sa?
k+1 k
32_ = psa + B Z Ps’|s,a HZE}X Qgar (5)
3/

Note that since the Bellman equation is a contraction mapping, the initial condition can
be arbitrarily chosen, for example drawn from a Gaussian distribution or set identically to
zero. A corresponding equation can be written for policy evaluation.

The Bayesian approach we adopt to model uncertainty, in the cases of unknown mean-
rewards and transition probabilities, makes the following assumptions.

Assumption 1. (Dirichlet probabilities.) The transition probabilities are drawn from
a Dirichlet distribution, for each state-action pair, Py, ~ Dirichlet(as,). The vector as, is
N dimensional with elements asq = [1)sq5 - - - 5 aNsa)”

Assumption 2. (Arbitrary mean-reward distribution.) The mean-reward pg, has an
arbitrary distribution with a moment generating function that exists. We denote its log
moment generating function as K, .

Assumption 3. (Bounded effective horizon.) We assume 3 € [0,1) is fixed, meaning
that the effective horizon H.g = ﬁ is bounded.

Assumption 4. (Mean-reward and transition independence assumptions.) We assume
independence across the mean-rewards and transition functions psq L p(says Psa L Psay
and psq L Py for all pairs sa and (sa)'.

Let us denote the set of parameters with © = {p, P}, where this is a set over all state-
action pairs, and the set of hyper parameters as ¥. Assumptions 1, 2 and 4 allow us to
analytically calculate the integral over the parameters ©.

The assumptions above are standard in the Bayesian reinforcement learning literature,
(Dearden et al., 2013), (Poupart et al., 2006). Note that the assumptions may be weakened
in certain cases and the analytic handle in the field theory below maintained. For example,
the mean-rewards may have a jointly Gaussian posterior that does not factorise over state-
action pairs. However, the stronger independence assumptions make the formalism more
tractable, and are likely to underpin the asymptotic independence results presented in the
following sections.

2.2 Field theoretic expressions for the posterior over value functions

We approach the study of the posterior over value functions by considering the posterior over
iterates of the Bellman equation. This means we study distributions over dynamic variables
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whose interactions are determined by “quenched” random variables, in the language of
statistical physics. Let us denote the set of state action value functions at an iteration k as
QF for short hand. The posterior distribution we wish to study is then given by,

p(QVF T, Q%) = / 10p(Q 10, Q%)p(O]v) (6)

where K is fixed, and p(Q'%|0, Q") is a distribution over value function iterates given a
realisation of the MDP parameters © and an initialisation @°. We must define this term in
order to compute the posterior over dynamic programming iterates (6).

2
. . o . o, . . . . (o
One approach is to consider a fictitious additive Gaussian noise of variance —3*, added

at each iteration to each Q¥ , and later consider the limit that its variance vanishes.

Qk+1 = Psa T /B Z Ps’\s,a H%;?*X Q];’a’ + Wska (7)

s/

We can then define the distribution over the Q-value iterates given the model parameters,
P(QUK10,Q") = H /H6 (Qi" = pu = 5 P s Qb — WEIOVL)W, ()

In order to take the integral over © analytically we introduce a so-called response field QF+1
by representing the Dirac delta by its Fourier integral. This is equivalent to writing the
Gaussian density of the fictitious noise as the inverse Fourier transform of its characteristic
function, or applying a Hubbard-Stratonovich transformation (Galla, 2024). Once we take
the average over the Gaussian perturbation, we obtain the discrete time analogue of the
path integral formalism of Martin-Siggia-Rose-De Dominicis-Janssen (MSRDJ),

p(Q"*10,Q°%) = / DQexp [iQEM Q4 — psawZPsqsargaxQ’;a/) (Q'““)]
S (9)

where we write [ DQ = [T, [T [ dQS“ . The term inside the exponential is referred
to as the action,

ZZQkH k+1 — pPsa + BZ P, s'|sa maXQs o) T (ZQkH) (10)

sa,k

We are now able to take the integral over © to compute the posterior (6), by exchanging
the Fourier integral and the integral over ©. This exchange is justified by the presence of
the fictitious noise, since this ensures integrability. A justification of this step in the limit
that this noise vanishes will require careful justification and is not the subject of the present
paper.

Given the independence assumptions over O, the term involving ps, in (9) presents no
difficulty, contributing only the moment generating function of ps,. In order to take the
average over the Dirichlet distributions however, it is crucial to recognise that what we only
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require the moment generating function of the so-called finite Dirichlet mean, which in this
context we write as

K-1

Msq = ZPS/|S(I Z k+1 maXQ (11)

k=0

So we need to calculate

K-1
/H dP|sa p(P\sa eXp /BZP "|sa Z k+1 maXQ = HEMS exp(_ﬁMsa) (12)
(sa) k=1 (s)

The asymptotic expansion of the generating function of a finite Dirichlet mean was de-
veloped by (von Neumann, 1941) , although this can be derived more directly using the
properties of Gamma random variables (the “Beta-Gamma algebra”) (Pitman, 2018; Con-
niffe and Spencer, 2001). The mean and variance of Mg, are given by,

K-1
v D - Ak+1 k
M, = g g Py)5q1Q + max gy
a

k=0 s’
K-1
Nk+1 k Nk+1 k
ZCS 8"|S Z Q + H}?XQS/GI)(Z Q + m%XQs//a//)
k=0

where Cy .|, is the covariance of the Dirichlet probabilities. We can thus write the posterior

(6),

P(QUF W, Q) = / DQ / dO exp (So[Q, Q])p(O]¥) = / DQexp (S¢(Q. Q)  (13)

where we have introduced the new action

Z i0kHQ k+1+UW Ph+1)2 +ZICPsa Z QMY — BMy, + O(B?) (14)

k,sa k

with ¥ denoting the dependence on the hyperparameters of the MDP model parameters,
that is, the Dirichlet and mean-reward distribution parameters. We can see in Sy the
cumulant generating function X, , of the mean reward, and the moments of the finite
Dirichlet mean up to second order, with higher order moments denoted as O(3?).

A comment on pedagogy may be helpful. From the perspective of the statistical physics
of disordered systems, the integration over parameters © is identical to the quenched av-
erage in the dynamical or path integral approach to disordered systems. This approach
was introduced by De Dominicis who studied the one dimensional Landau-Ginzburg model
under quenched disorder (De Dominicis, 1978). A general historical overview of the MSRDJ
formalism is provided in (Krommes, 2002), which provides a broad context to the original
papers of the formalism (Martin et al., 1973; Janssen, 1976; De Dominicis, 1976; De Do-
minicis and Peliti, 1978). The term quenched refers to variables which are drawn from a
distribution but fixed for the duration of some episode of a dynamical process. Here, the
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dynamics are of the fixed point iteration on a discrete time interval [0, 7], or the dynamics
of the Bellman equation in a finite horizon MDP. In contrast to the disordered systems
literature, in the case of both uncertain mean-rewards and transition probabilities, we are
interested precisely in the disorder averaged calculations, rather than studying this as a
proxy due to an overall concentration of measure phenomenon.

3. Perturbation theory

The expression above involving the exponential of the action Sy is the natural starting
point for perturbation theory, which provides a collection of techniques for calculating
the posterior moments over the state-action values. There are two standard approaches
associated to perturbation theory (Chow and Buice, 2015), a weak-coupling expansion or a
weak-noise expansion, with the latter going under various names such as the semi-classical
or loopwise expansions.

In order to perform a weak-coupling expansion, one splits the action into so-called
interacting and non-interacting parts,

Sg = 89 + gint (15)

The non-interacting part is made up of terms in the action that are quadratic in Q and Q.
These are also referred to as the solvable parts, in reference to the Gaussian integral. In
the case of the Bellman equation these are

S81Q. Q=D iRk Qs + (Q’““) (16)

k,sa

The interacting part consists of the remaining terms,

Sil?t[Qv Q] = ZICpsa ZZQk+1 — BMq + 0(52) (17)

One proceeds by expanding the exponential in the coupling strength, controlled by a cou-
pling parameter which may be identified or introduced and then later set to one. For
example, let us introduce a parameter g,

pQUK W, Q) = / DQexp (54 + gSit) (18)

/ DQexp (S9) (1 + gSut + —g*(SEH2 +...) (19)

moments of interest can then be approximated by calculating the solvable Gaussian integrals
for a given order of the expansion. In order to help with bookkeeping, the use of Feynman
diagrams is commonplace.

An example may be instructive. A simple case is that of policy evaluation, with unknown
Dirichlet transitions and unknown mean-rewards with a Gaussian posterior. Writing with
a simplified notation,

VE = ol + 8 PLVE+ WE (20)

s/
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where p7 = > m(a|s)pse and Pl = Y a7(als) Py @|sq- 0 this case the non-interacting
action is

SOV, V] = Z (Zif/j—&-l‘/j—i—l _ Zﬂpgﬂiﬂ BZ pr a Z VLY
s k
(Z V2 4 Z (iVE+D ) (21)

The non-quadratic part is linear and due to the mean of the mean-reward and higher terms
from the Dirichlet,

SPV, VI = =), iV 4 2V (M) + O(8%) (22)

s k

The linear term due to the mean is something of a special case as compared to other
non-quadratic terms (Hertz et al., 2016). One option for this term is to retain it in the
interacting part of the action and for it to be expanded as described. Alternatively one can
move it into the non-interacting part but expand the exponential about a saddlepoint, since
the integrals involved are over the complex plane.

3.1 Weak-noise approximation in the large data limit

The approach of defining a saddlepoint is in fact the starting point of an alternative pertur-
bative approach known as the weak-noise, semi-classical or loopwise expansion (Kleinert,
2006; Zinn-Justin, 2021). Generally, this is derived under the limit of small variance in the
additive or driving noise of a stochastic differential equation (Chow and Buice, 2015), or
quantum fluctuations (Kleinert, 2006; Zinn-Justin, 2021). This approach corresponds in the
large deviations literature to the Freidlin-Wentzell theory (Touchette, 2009). In taking the
limit and ignoring fluctuations, we recover what physicists term the classical approximation,
which is what we pursue below.

Recall the additive noise is an artefact of the analysis, introduced in order to have a
well-defined distribution over value functions conditional on the model parameters. In order
to obtain the classical approximation we combine the large data limit with the limit of weak
additive noise.

Let us consider the case of Gaussian mean rewards and known transitions for simplicity.
The action is

S\P[Qv Q] = Z ZQ Qk+1 NpsaZQk+1 /8 Z Ps’\saiQk+1 H%?X Q];’a’

k,sa
2 k:—i-l k+1
T3 2 Z Psa ZZQ <23)

First, the moment generating function of the distribution of interest is considered.

}_n

Zlj,3] = / p(QYF T, Q%) = / DQDQexp (Sy +3i7Q +j7Q) (24)
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where the vectors j = {jk sa} and j = {5;675@} are referred to as source terms, and we define

jTQ = Zk,sa jk,san;a'

Typically the weak-noise limit is then pursued by first considering complex rather than
purely imaginary variables, zQﬁa — Q]s“a Second, one rescales le“a — ?Ea, which allows
us to apply the saddlepoint approximation. Here, applying this limit alone will not work
since there is another term that is quadratic in the response field Qsa, corresponding to
the variance in the uncertain mean reward. Therefore, we consider the joint limit of both
sources of noise going to zero.

For simplicity, let us assume that the variance for all mean-rewards is the same, given

by 02. Consider the change of variables Q% — %“ Then we have

pQ 10,07 = [ DQex [ L (SO QE — 1y O — B Puja0* max @l

p k,sa

103 k &
+2 W +1 Z ZQ+1 :|

Allowing J%V — 0 at a faster rate than ag, the approximation proceeds via the saddle-
point method and thus we seek the stationary point. The conditions are

o g (25)
0Q%,
0Sy
sor, 0 (26)
From the first we have:
0Sw . "
5ZQ£’U - Q£ Mp"'u + Upru zk: Zqu - /8 Z: PS/‘TU InaE;LX Qs/a]; (27)
and the second:
oSy Ol _ 3 Z P, O QL (28)
5t~ a0t s i

By inspection we see that Qﬁu = 0 is a valid solution for the second equation, for all £, r, u.
Under this solution the first equation is

QZJF]. - lupru - B Z Psl|ru HZZ}X Qﬁ/a/ =0 (29)
s/

This is recognisable as standard Q-value iteration, with the mean reward replaced by its
posterior mean. The same result can be obtained for uncertain Dirichlet transition probabil-
ities. Approximations of this form, when the systems are unknown, are sometimes referred
to as the “plug-in” estimate of the Q-values (corresponding somewhat to the value functions
of the maximum likelihood estimate of the MDP, provided one ignores the prior). Of course,
such estimates are correct in the large data limit.
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To leading order, the saddlepoint approximation ignores all fluctuations. The semi-
classical approximation proceeds by considering the second-order or Gaussian fluctuations
around the saddlepoint to calculate corrections to the leading term. In practical terms,
these are corrections to the plug-in estimate of the Q-values’ posterior mean.

Approximations of this form are similar in spirit to the Laplace approximation for a
general posterior over parameters. The differences are that we are dealing with complex
contour integrals and thus apply the method of steepest descents, and that we are interested
in the distribution of a complex, recursive function of the model parameters, rather than
constructing a Gaussian approximation of the posterior over the parameters themselves.

Another alternative, as discussed earlier, is to perform a weak-coupling expansion about
the saddlepoint. In this approach it is interesting to recognise that in the case the mean-
reward posterior is Gaussian!, we can identify the weak coupling parameter as the discount
factor 5. This makes sense, as in the limit that the discount factor tends to zero, the problem
is indeed non-interacting: one does not care about the future and plans only locally in time
(ie. one faces a multi-armed bandit problem). This point will be expanded upon in the
discussion.

Unfortunately, due to the nature of the maximum non-linearity, the above perturbative
approaches do not enjoy a clean application beyond the leading order. This is in contrast
to most applications of the theory in physics, or for the study of neural networks. The
problem faced when trying to account for fluctuations beyond the saddlepoint is similar to
the case for the dynamics of Ising spin systems studied in (Hertz et al., 2016). In this case,
one approach is to develop so-called effective field theories that account for fluctuations in
a “self-consistent” way (Stapmanns et al., 2020). The simplest example of self-consistent
effective field theory in the present context is a dynamic mean-field theory, which we develop
in the next section. This theory produces a self-consistent approximation for the mean,
which is distinct from the classical approximation. As a final remark, the perturbative
approach will still work in the case of policy evaluation, and we leave such investigations to
future work.

4. Dynamic mean field theory for uncertain Markov decision processes

In this section we derive a dynamic mean field theory for the Bellman equation, following
recent reviews (Helias and Dahmen, 2019; Crisanti and Sompolinsky, 2018). This produces a
self-consistent approximation which accounts for fluctuations that are ignored in the leading-
order saddlepoint approximation and difficult to correct via higher order expansions due to
the maximum non-linearity.

The derivation is based chiefly on the assumption that the Dirichlet distribution over
transition probabilities is what we call “isotropic”, with Dirichlet parameters oy, at least
one, such that the distribution is either peaked in the centre of the simplex or uniform over
the simplex. The second restriction, which is for technical convenience and we will argue
can weakened significantly, is that the mean-rewards have identical distributions.

1. A Gaussian mean-reward posterior arises when the reward has a Gaussian distribution with unknown
mean and known variance, assuming a Gaussian prior on the unknown mean.

10



STATISTICAL FIELD THEORY FOR MDPS UNDER UNCERTAINTY

Assumption 1.A (Isotropic Dirichlet probabilities) The transition probabilities are
drawn from a Dirichlet distribution, for each state-action pair, Py, ~ Dirichlet(ag,) with
parameters being identical with oy, = « for all 5" and (sa) pairs, with a > 1 .

Assumption 2.A (Identical arbitrary mean-reward distributions.) The mean-rewards
psq have identical arbitrary distribution with a moment generating function that exists. We
denote their log moment generating function as K, , = IC,,.

The identical mean-reward distribution can be weakened in various ways, in a manner
similar to the way in which the central limit theorem can be extended to non-identical
summands, as in the Lyapunov or Lindeberg theorems.

The flat Dirichlet is an example of the isotropic definition above, with ays, = 1 for all s
and (sa) pairs. This is a standard prior for Bayesian reinforcement learning, and is thus not
representative of MDPs under general uncertainty. In the flat prior case the Dirichlet mean
is ]58/| sa = % and the covariance Cy 4|, has positive diagonal elements of order O(N —2)
and negative off-diagonal of order O(IN~3). Note that the flat Dirichlet is thus the weakest
assumption of all the isotropic Dirichlet, as defined above.

Under this flat or general isotropic Dirichlet, the higher order interaction terms do not
contribute in the large N limit, and one would expect a dynamic mean field theory (DMFT)
to hold asymptotically, as as for spin glasses and neural networks (Crisanti and Sompolinsky,
2018; Helias and Dahmen, 2019). In the physics and probability literature, the result that
is obtained using DMFT is the so called “propagation of chaos” property.

Theorem (Propagation of chaos) Consider a sequence of bounded, continuous functions
fi,- - fa. Consider a distribution P over variables ¥ for i € {1,..., N}, where N denotes
the number of variables and k a time index. We say that P satisfies the propagation of
chaos property if at a given k and for any j = 1,...,m and integers /1,..., 4y,

dm Er L) =11 [ H@duta) (30)

for a measure u. This measure p is typically called the mean-field solution, and corresponds
to the distribution of the system evolving under a mean-field equation.

A claim of this paper is that the time-marginals of the distribution p(Q¥|¥, Q°), for
finite iterations or time steps K of the optimality equation, satisfy a propagation of chaos
property. This propagation of chaos, it should be noted, is for the averaged system. This is
distinct from a quenched propagation of chaos result. We also claim that the distribution
over value function iterates of policy evaluation also have the propagation of chaos property.

On the face of it, this property is surprising, since the recurrent structure of the Bellman
equation clearly introduces dependencies between value functions. Of course there is a
dependency on the level of the mean field statistics, but given these statistics, the Q-
values are statistically independent. We do not prove this independence result rigorously in
this paper. Instead, we apply the method of steepest descents by the introduction of two
auxiliary fields that “decouple” the interacting variables in the action Sy. The resulting
saddlepoint equations give rise to the mean field equations.

11
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4.1 Auxiliary fields and saddlepoint approximation

In this section we write for shorthand the maximum over actions as gbk’ = maxg Q . This
is of course the standard value function V;k Here we consider the flat Dirichlet case of the
isotropic Dirichlet assumption. Under this assumption the interacting part of the action
Sil?t becomes

S3'[Q ZK% ZQ'““ ~ B ZZ QN >+0< ;) (31

s’ k=0

Define the following auxilliary field,

oF = 3 0(@h) (32)

which we can substitute within the action Sy above using the Dirac delta represented in
its Fourier form with complex auxiliary field 9]2“,

S(-NAGE+ 6 0(Qh)) = [ o dthexplof(-N A+ 53 o@D (33)

Considering the integral over the exponential of the action, we then have

exp(S5°1Q, Q)) = exp [ > _iQETQE, + K, (> _iQh) — B ZQ’“% Q%))

k,sa k

/ DOy exp [ Y Qs QE, 4+ Koo () iQUT) — AiQUTOT]6(—NAGT + 8 6(Q)

k,sa k

— [ Do DB exp [ Y QA QL + K- >k

k,sa

— AiQE 0T — NAOSOT + 805 Y~ $(Q%.))]

with [ D6, D0y = HkK:_ll fooo idﬁ’fdﬁ’g. If we now bring back in the integral over Q and
the other remaining terms, we can write

p(@w,Q%) = [ DQexp (541 Q) (34)
- /D01D02 exp [~ NAY 6kt + NAS nz[ef.65)]  (35)

k k
= /D91D02 exp [— NAT(6,, 92)]] (36)

The term I'(61,62) = >, 050F — 3", In Z[0F, 05] is known as the effective action and is a
starting point of an effective field theory which includes the mean field theory developed here
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(Stapmanns et al., 2020). This effective action involves a newly defined moment generating
function Z[0%,6%], which depends on the auxiliary fields,

(Z[6%, 65))N4
= / DQDQexp [ Y QN1 QM + Ky, (- Z QM) — AiQE 0% + 805> o(QF)]

sa

(37)
_ H/DQDQ exp [i [ Qk+1 k+1 + ICPsa ZZQk+1 k+1011€ - 60]26%(?((2]56,)} (38)

Note we have dropped the additive noise variance term, for brevity. The factor of N A that
comes out of this generating function is due to the summation over states, which have been
decoupled via the auxilliary fields. A difference to the neural network and spin glasses cases
is the factor of A = |A], the action space size. This is typically much smaller than N and
thus does not alter the method of steepest descents which we now apply.

The leading order approximation in the method of steepest descents, just as in the
weak-noise expansion previously, approximates the integral by the value of the integrand at
the saddlepoint, ignoring the contributions from higher order terms (i.e. the Hessian and
higher terms). We find the stationary point of the effective action in equation (36),

—T[61,05] =0 39
507, [01, 6] (39)
We now calculate the derivatives,

B) 51n Z[0F, 65]

T[01,0:) = —NAOS + NA——21 72 (40)
60% 50k
1 5Z[6%,05]

= —NAGS + NA L 72 41
2 NATGE G ok 4
= —NAOE + NA(—AiQ%™)g, 4, (42)

where the average (-)g, g, emerges due to the derivative of the log generating function
In Z[Glf, 9’5] of equation (37). Setting this derivative to zero, we have

9]2€ = _A<iQ§;_1>01,92 (43)

A similar calculation reveals
ot = 215" 44
1 — Z<¢(Qs’:>91792 ( )

As argued in the physics literature for the saddlepoint (07,03), the average of the response
field Q**! must be zero due to the normalisation of the probability distribution and that
we do not fix both ends of our value function trajectory (Galla, 2024; Stapmanns et al.,
2020).
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Determining the saddlepoint (67,05 = 0) requires solving the saddlepoint equations. Let
us first substitute the point (07,05 = 0) into (36), noting the integral has now vanished since
we have taken the saddlepoint approximation,

(Z[3,3]) P.. = exp [NT(67,63)]
= H/DQDQeXp ZZQkH k+1 + Kp ( ZZQkH Asz+1(0k) ]

k k

=11 / DQDQexp [ Y iQ Qa4 Ky () iQLT) — B{O(QY.))o1.05]

If we now consider equation (8) and work backwards to equation (7), we can see that we
have a new effective Bellman equation where the term 83, Py Sagb';, has been replaced by
B{o(QF 1.))6; 03- We determine this average over #(QF,.) recursively from the initial iteration
and thus ﬁnd the self-consistent solution. This effective equation over iterations is the
dynamic mean field equation. The example below demonstrates how to move between the
effective action and the mean field equation.

4.2 Example

In the case that the posterior over the mean reward pg, is Gaussian, we have that its moment
generating function is

Kow(=D_iQ ) = —upmz Qs + 5 psa<2 iQu)? (45)
k

substituting this expression for the expression for the density, we find
QLK‘\IJ QO)
=1 [ PQew [0t - ikt + % z Q52 - Blo(@5)]

which we can identify as corresponding to a Gaussian process over the state-action values.
Explicitly, the mean is given by

E(Q5) = pp,, + BE (max Qh)-

where the expectation of the maximum with respect to Q’; o> Whose mean is given by the
previous iteration, and whose variance is just that of the mean-reward, aﬁsa. The result
thus takes a simple form, and is similar to the neural network and spin glass cases, however
there is no correlation across time of the Gaussian process, with only the mean propagating
forward across iterations. In general of course, the process will not be Gaussian since the

mean-rewards can have arbitrary distribution.

5. Dynamic mean field programming

In this section we describe mean field equations for the Bellman equation, whose iteration we
call dynamic mean field programming (DMFP). First we consider consider the flat Dirichlet
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case for both the optimality equation and for policy evaluation, where we claim DMFP is
exact. Then we turn to general belief assumptions, where DMFP can be viewed as a mean
field approximation.

The DMFP equation for Q-value iteration, in the flat Dirichlet case with general mean-
rewards, is given by

Hed ™ = pu + BEqr max Qs (46)
= lpsq + PE, max Ml;’a' + psa (47)

where we denote the mean of Q¥ as pfit!

. We see that the expectation Eqr is simply that
of the mean rewards py, with mean shifted by u%,. In general, calculating expectations of
the maximum requires us to turn to approximations, which we introduce in the subsections
below.

In the case of policy evaluation, there is no need for approximations to propagate the

mean. Given a policy m, the policy evaluation equations for the value function are given by

V;T,k+1 — Z W(G’S) (psa + ﬁ Z Psl‘sa ‘/;,r’k) (48)

a S

Denoting the posterior mean for the value functions ,u’s“ = EV;”“, the policy evaluation
DMEFP equations are given in the flat Dirichlet case by,

TR = 5" 1 (als) (1., + BU) (49)

a

Now let us consider DMFP as a mean field approximation to general posteriors. The
heuristic is obvious, with the mean of the Dirichlet transitions substituted, and higher order
correction terms for the higher moments, including the variance, ignored. For the optimality
equation the DMFP approximation to the mean is then

:u’sczjl = Hpsa + ﬁ Z P3/|SQEP rnaz/ix M];’a’ + psta’ (50)

s

and in the policy evaluation case it is given by

Tl Z m(als) (kp,. + B Z psf\sall:,’k) (51)
S/

a

The accuracy of these equations outside the flat Dirichlet case is dependent on the
specific structure of the Dirichlet beliefs, or an alternative distribution over the simplex.
Similarly, the accuracy as the other assumptions are changed, such as the independence
assumptions in Assumption 4, will depend on the specific nature of the dependent beliefs. Of
course, even in the isotropic Dirichlet case, the mean field equations will be an approximation
due to the finite state space N.

We present numerical simulations in support of the results of the dynamic mean field
theory, in particular that the mean field equations provide the mean of the value functions
or state-action value functions and that the variance of the state action value functions
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—— Empirical mean - —— Empirical variance
N DMFP Mean 2.04 —=- DMFP Variance
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Figure 1: Dynamic mean field programming theory versus simulations of the Bayesian mean
and variance of the iterates of a particular Q-value function for an infinite horizon
MDP with N = 50 states, with |A| = 2, discount factor § = 0.9, with the
empirical estimates formed from 500 realisations of the system. The model has a
flat Dirichlet prior and Gaussian mean-reward posterior, with uniformly random
mean and a variance of 1 for each state-action. The graph on the left shows
the empirical mean in agreement with the DMFP mean, while the lower line
corresponds to the plug-in estimate (or Jensen lower bound). The graph on the
right show that the state-action value’s variance is more than double the variance
of the mean-reward variance.

reduces to that of the mean-reward in the large state space limit. The simulations in Figure
1. show the accuracy of the DMFP equation for a relatively small MDP, as described.
The simulations in Figure 2. show the convergence to the DMFP result depends generally
on the effective horizon ﬁ in the discounted setting, and correspondingly the horizon T
in the finite horizon MDP. More extensive experimental analysis of the DMFP equations,
in particular with regard to the computation or approximation of the expected maximum
can be found in the thesis (Donnelly, 2023), which investigates the stability of the DMFP

equations derived here.

5.1 Approximate statistics of DMFP for the Bellman optimality equation

In order to compute the mean of the optimal state-action values via DMFP, one needs to
calculate the mean of the maxima over the actions of Q¥ . In general, there are no closed
form analytic expressions for the maxima, however certain cases are simple enough, such
as for the bivariate Gaussian, which was used in the simulations above. The literature on
expected maxima and various approximations are reviewed in (Donnelly, 2023). We briefly
recapitulate several important cases here.

In the case that the mean-rewards are identical and the action space is very large,
one can appeal to extreme value theory, which describes the distribution of the maximum
over asymptotically many variables (appropriately re-scaled). This approximation provides
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51— 08
0.85
— 09
41— 095
——- DMFP Variance

T
0 5 10 15 20 25 30 35 40
Iterations

Figure 2: The empirical variance for the same system as presented in Figure 1, but with
variable discount factor f = {0.8,0.85,0.9,0.95}. As the effective horizon in-
creases (or the memory of the system increases), correspondingly the posterior
variance increases.

closed form equations. For example, assuming the Dirichlet parameters are flat and using
a Type-I extreme value or Gumbel distribution as an approximation, the DMFP equation
becomes,

Mk+1 = u,+ 5(u’f + o'p(b|A| + G‘A\'YEM)) (52)

where yg)p is the Euler-Mascheroni constant, and a)4) and bj 4| are constants dependent on
the action space size |A|, given in (Fisher and Tippett, 1928). The approximation can be
improved by using a Type-III or Weibull distribution (Fisher and Tippett, 1928) or other
approximations (Cohen, 1982). There exist generalisations to non-independent variables in
the case the mean-rewards are Gaussian (Falk et al., 2010; Hiisler, 1994).

For general beliefs on the mean-rewards, one can either appeal to specific cases such as
the Gaussian case, or one may appeal to bounds on the expected maximum. For example,
the relatively simple bounds of (Aven, 1985) or the tight bounds of (Bertsimas et al., 2006).
We also have via Jensen’s inequality E max; X; > max; m;, for random variables X; with
arbitrary dependence and means m;. This is equivalent to the plug-in estimate, also referred
to as the certainty equivalent heuristic.

6. Discussion

This paper has introduced a formalism from statistical field theory for Markov decision pro-
cesses with Bayesian model uncertainty. The formalism provides techniques for analytically
computing posterior moments of value functions, translating uncertainty from the MDP
parameters. The weak noise approximation and the dynamic mean field theory developed
are examples of such techniques. In both cases, the leading order terms correspond to
asymptotic limits, the large data limit and the large state space limit, respectively.
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In this final section we discuss the weak noise approximation and dynamic mean field
theory results in more detail, in particular the assumptions underpinning the mean field
theory and its breakdown. Following this we discuss the next possible steps in the develop-
ment of an effective field theory. In practical terms this means the computation of higher
moments, and how these computations might figure into applications. As we argue, the
mean field result presents a source of inspiration for a new class of bandit style algorithms
for online learning in MDPs, as well as offline planning.

6.1 Discussion of the weak noise approximation and dynamic mean field
theory

In the context of an unknown MDP with Bayesian model uncertainty, we have shown that
the weak noise approximation is an expansion around the large data limit. In the classical
limit approximation, this consists of replacing the parameters with their posterior means in
the Bellman equation, which in the reinforcement learning literature is known as the plug-in
estimate. It is important to note that in practice a MDP will not have uniform uncertainty
across its state-action space. For example, a reinforcement learning agent may elect not
to explore certain parts of the state space, for which it determines that rewards are lower.
This means that such expansions may not be uniformly accurate across the state-action
space.

Another important point made earlier, is that the semi-classical expansion will more
more readily be applied to policy evaluation, due to the way in which the generating function
is expanded and the nature of the maximum non-linearity. The rationale is analogous to
the discussion regarding the kinetic Ising model in section 10 of (Hertz et al., 2016).

The dynamic mean field theory provides a set of mean field equations, which we call
dynamic mean field programming (DMFP). These equations agree with the plug-in estimate
for policy evaluation, and under the asymptotic data limit the DMFP equations reduce
to the same classical result. However, DMFP produces an approximation outside of the
conditions under which it is derived, which accounts for fluctuations in the calculation of
the mean. Higher order corrections to the weak-noise limit do not agree with this, suggesting
a better path forwards may be effective field theory, as discussed in the next section.

A headline result of the dynamic mean field theory is that the distribution over Q-values
factorises across state-action pairs in the asymptotic statespace, under the assumptions
of Section 2. This is a surprising result, since the recurrent structure clearly introduces
dependencies between Q-values. Clearly there is a dependency on the level of the mean
field statistics, but given these statistics the Q-values are statistically independent.

The two key assumptions underpinning the independence result are the assumptions
of statistical independence of the parameters across state-action pairs, and the isotropic
Dirichlet assumption, the weakest form of which is the flat Dirichlet. The independence
assumption allows us to both analytically take the average over model parameters more
easily, and builds independence into the model. The isotropic Dirichlet assumption can
be thought of as ensuring that in the sum over next transitions no single value function
contributes too much to the sum. This is akin to the restrictions assumed to ensure the
central limit theorem for non-identical summands.
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It is common in the literature to assume the independence assumption for tabular MDPs
and to take the flat Dirichlet as a prior. This means that these algorithms start by assuming
all Q-values are independent. This would appear to be a strong assumption with which to
start learning. The independence between parameters at different state-actions should be
contrasted to the linear quadratic regulator, the cornerstone of continuous state control
theory. In the linear quadratic case, the state dynamics and cost functions are typically not
state-dependent functions, reflecting a causal model of the real world.

How might the mean field theory break down? Several of the key ways this can occur is
if the belief structure has (i) finite state space size N, (ii) sparsity in transition functions,
(iii) statistical dependence between state-action parameters (mean-rewards and transition
dynamics), or (iv) unbounded horizon (eg. scaling with N). We reflect on these in order.

In practice we will have finite size effects of some form. If the independence and isotropic
Dirichlet assumptions are maintained, we can study finite size effects by expanding to the
next order in the saddelpoint expansion of the auxilliary field (Segadlo et al., 2022). A
theoretical description of this breakdown may give further insight into the phenomenology
of reinforcement learning problems and the dependence between value functions, at least at
the start of learning.

Sparsity in the MDP transition matrices is common in practice, and this would lead to
a breakdown in the mean field theory. With regards to the Dirichlet belief structure, if the
MDP one is estimating has a sparse transition structure, as more samples are obtained two
effects will be seen. First, fewer terms will contribute to the posterior mean of the Dirichlet,
meaning that few random variables may dominate the sum, leading to a breakdown in the
mean field or central limit type effects. Second, higher order terms from the Dirichlet
cumulants will not vanish, which again will see the mean field effects diminish, as more
non-linear interactions between value functions emerge.

The introduction of general statistical dependencies between parameters may mean that
the average in equation (12) can not be analytically computed. One would also expect more
dependence between the state-action value functions, which can be measured by approxi-
mated with from higher order expansions.

The length of the horizon or effective horizon in the infinite discounted MDP, brings
on different behaviour, as seen for example in the simulations presented in Figure 2. In
the neural network literature the scaling of the depth with the width of the networks in
constant proportions has been associated with heavy tailed phenomena (Hanin and Nica,
2020). This joint limit corresponds to the horizon scaling with the number of states and
warrants investigation.

6.2 Applications and extensions of the theory

The work developed in this paper is suggestive of new approaches to planning or learning in
finite state and action MDPs, using field theoretic techniques and inspired by the mean field
result. In this final section, we outline one possible approach and the theoretical extensions
required to realise it.

A common heuristic in the design of sample efficient reinforcement learning for MDPs is
to add an “exploration bonus” to each Q-value, analogous to upper-confidence-bound algo-
rithms for the multi-armed bandit (Osband and Van Roy, 2017; Ghavamzadeh et al., 2015).
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This heuristic is applied in both the frequentist and Bayesian settings. The exploration
bonus is intended to capture the value of information derived from exploring new parts of
a state-action space, and balance this against expected cumulative rewards (Dearden et al.,
2013). Since the Q-values are not independent, due to the underlying state evolving as a
general Markov process, the standard multi-armed bandit approaches do not apply. Exist-
ing methods try to account for this dependence using a range of bounds and concentration
inequalities (O’Donoghue et al., 2018; O’Donoghue, 2018; Neu and Pike-Burke, 2020), which
may be loose in practice.

Rather than attempting to compute bounds on the posterior variance, one can instead
directly estimate the posterior variance analytically using field theory, from which one can
derive an exploration bonus. The mean field result suggests a useful way of thinking about
this suggested class of bandit approximations for MDPs.

It is helpful to consider that mean field theories for Bayesian statistical inference are
generally be derived in several ways. Chief among these are (i) variational techniques with
an approximating distribution, (ii) large N expansions and a saddlepoint approximation,
and (iii) high temperature expansions.

A variational mean field approximation to statistical inference is obtained by optimising
for the “closest” approximating distribution to the true Bayesian posterior, from a family
of distributions which often factorise in certain ways (Opper and Saad, 2001), (Wainwright
et al., 2008), usually chosen for computational reasons. Although the dynamic mean field
theory derived here is the result of a large N expansion coupled with a saddlepoint approx-
imation, the result is a fully factorised distribution over value functions.

Casting the DMFP result as an approximation and using it as the basis for a reinforce-
ment learning strategy is equivalent to assuming an agent faces a set of N independent
multi-armed bandit problems in each state. In that case an agent can act and plan locally,
in space and in time. Of course this will be suboptimal outside of the DMFP assumptions,
however it provides a template and a way of thinking for new bandit algorithms. The
DMFP result, of a fully factorised distribution, is then just one extreme amongst a range
of possible approximating distributions.

The types of improvements one could seek are ones that estimate the posterior variance
and higher order moments, under general belief structures on the transition probabilities
and the mean-rewards. The higher moments and higher order expansions would then ac-
count for the general non-linear dependence between value functions. In turn, even with a
“mean-field” bandit approximation as a basis for the expansions, this would still in princi-
ple correspond to an agent planning further ahead since the corrections to higher moments
account for the uncertainty in the system and thus the value of information. Note that cor-
rections to fully factorised mean field approximations are commonplace in the theory of dis-
ordered systems, for example the Onsager correction terms for the Sherrington-Kirkpatrick
model (Mézard et al., 1987; Opper and Saad, 2001).

Given the DMFP result is not derived by a variational approach, and since it is unclear
how to formulate the problem studied here in a variational framework in the first place, more
rich approximating families of distributions over value functions (Wainwright et al., 2008)
cannot be explicitly proposed. Therefore determining the appropriate theoretical framework
to calculate higher order corrections and performing these calculations for general conditions
on the posterior beliefs will be a challenge.
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It is possible that the theory of high-temperature expansions can be adapted to the
MDP setting (Yedidia, 2001). One would expect the DMFP result to correspond to the
high temperature limit being taken. Otherwise, a range of techniques are available from
general field theory (Zinn-Justin, 2021) as well as disordered systems (Hertz et al., 2016),
although in the latter case research is generally directed toward quenched systems. In
this case the study of the quenched average is an analytic proxy, justified under the “self-
averaging” assumption, which corresponds to a large deviations or concentration of measure
principle (Mézard et al., 1987; Mezard and Montanari, 2009).

Separate to the above discussion, another important next step is the development of
the semi-classical approximation for the case of Bayesian policy evaluation. Although not
leading to learning strategies based on multi-armed banddits and the exploration bonuses,
policy evaluation is an important problem in many applications. For example in the offline
planning setting, one may have competing policies which one might like to compare and
choose between, given certain criteria. The semi-classical approach has the advantage of
being relatively straightforward due to the linearity of the policy evaluation equation.

As a final comment, we anticipate the theory presented has implications for frequentist
as well as Bayesian approaches. In Bayesian statistics, one considers a random variable
of interest, for which a prior is assigned and posterior distributions calculated given data.
From this posterior one can produce various estimates. In frequentist statistics one produces
estimates from estimators, which are random variables. A good example of the difference
is the Kalman filter, which can be considered a Bayesian estimate for the state of a linear
quadratic Gauss-Markov system, or a minimum variance estimator from the frequentist
perspective. Visiting the problem of designing better estimators for the Q-value functions
using the techniques developed here could be an interesting line of work.
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