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Abstract

There exist several testing procedures based on the maximum mean discrepancy (MMD)
to address the challenge of model specification. However, these testing procedures ignore
the presence of estimated parameters in the case of composite null hypotheses. In this
paper, we first illustrate the effect of parameter estimation in model specification tests
based on the MMD. Second, we propose simple model specification and model selection
tests in the case of models with estimated parameters. All our tests are asymptotically
standard normal under the null, even when the true underlying distribution belongs to the
competing parametric families. A simulation study and a real data analysis illustrate the
performance of our tests in terms of power and level.

Keywords: distribution free test statistics, maximum mean discrepancy, model specifi-
cation, model comparison.

1. Introduction

Model selection is an “umbrella term” that refers to different important statistical problems.
One common occurrence of model selection is in the context of parametric or semiparametric
model estimation. In such cases, the estimated model must be statistically validated, leading
to the field of “specification testing”. In this work, we will consider models that specify the
law of a Data Generating Process (DGP), i.e., we consider models of probability measures.
Thus, a model, say M, is associated with a family of probability measures M := {P,,« €
©1}, where O denotes some set of parameters. The true underlying law of the DGP is
denoted by P. The empirical law of a sample of n i.i.d. observations from P is denoted
P,,. To obtain consistent specification tests, it is necessary to measure the distance between
a suggested model and the true underlying DGP. This is commonly done in terms of a
semi-metric m between probability measures. The distance between the model M and the
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law P of the DGP is then defined as
(M, P) := algn@fl 7w (P,, P).
This definition allows to conduct a hypothesis test of
H):w (M, P) =0,

which is a natural way of testing the hypothesis that the model for the DGP is correctly
specified. Typically, the best-fitting probability measure(s) in the family M are defined by
so-called pseudo-true parameter(s) (also called pseudo-true value(s)) «, that minimize the
distance between the model M and the DGP, i.e., a, € argmingeo, m(Pa, P). In general,
pseudo-true values are unknown and not unique. Assume that one of them, still denoted
o, can be consistently estimated by a random sequence (v, )n>1. Thus, P,, should be close
to an optimal model in M. Further, P is often also unknown and needs to be estimated via
P,. In practical applications, a consistent test of 7-[(()?4 therefore needs to be based on the

asymptotic distribution of (an estimator of) m(P,, ,P,) under the null hypothesis ’H(()jrjz/l

Another common occurrence of the term model selection is when there exist several
competing models which must be compared statistically. Here, model selection rather means
validating one of the competing model as “the better one”. The aim is then to identify the
model that is the closest to the DGP, a task that is also called “model comparison”. The
seminal paper by Vuong (1989) was the first to propose a general framework for this task.
The author proposed to use the Kullback-Leibler (KL) divergence for model comparison:
a model M is preferred over a model Moy when its distance to the true model is smaller,
i.e., when m(My, P) < m(Ma, P) and = is chosen as the KL divergence. In general, model
selection between competing models is based on tests of the null hypothesis

H((]jr./\)/thQ 37’['(_/\/11,]3) = W(MQ,P).

In most circumstances, the competing models are parametric and may be misspecified, i.e.,
none of the models will satisfy 7(M;, P) =0, i € {1,2}. For instance, when M; = {P,,« €
©1} and Ms = {Qg, B € O2}, their pseudo-true values are defined as above by

a, € argmin, g, (P, P), and [, € argming.g, m(Qgs,P).

Then, for a given tuple (ay, 8+) of pseudo-true values, 7-[(()7241 M, ay be rewritten as

H ety 7 (Pass P) = 7(Qs., P).

Once some estimated pseudo-true values a,, and 3, and a sample from P are available, a
model selection test is typically based on the random quantity

T = 7(Poy, ) = 7#(Qg,, ),

where 7(P;, P») denotes an estimator of w(P;, P») for any tuple of probability measures
(P, P»). Unfortunately, the asymptotic distribution of 7, is generally complex. Indeed,
the randomness of the estimated parameters of both models matters to state the limiting
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law of 7, under H(()?r/th, M,- This is particularly the case for overlapping models. These
are models M and Mj for which F,, = Q3,, a situation that often cannot be excluded.
For example, this is the case for the KL divergence, where 7, is no longer distribution
free (Vuong, 1989, Theorem 3.3).

Since the seminal works of Durbin (1973a,b), numerous consistent specification tests
have been proposed in the statistical literature, depending on the chosen distance 7. How-
ever, only a few of them manage composite assumptions. This is the case with the Cramer-
von Mises and Kolmogorov distances (Pollard, 1980), the uniform distance between multi-
variate cdfs’ (Beran and Millar, 1989), the total variation distance or, equivalently, the L
distance between the underlying densities (Cao and Lugosi, 2005) and a Lo-type distance be-
tween characteristic functions (Fan, 1997). Recently, the topic has regained attention, since
testing composite assumptions based on distances that are popular in generative machine
learning /statistics has become an important problem in applied machine learning/statistics.
This is notably the case for Wasserstein’s distance (Hallin et al., 2021), Kernel Stein Dis-
crepancies (Liu et al., 2016; Chwialkowski et al., 2016) and the Maximum-Mean Discrepancy
(Key et al., 2025).

The aim of this paper is to provide a solution for “specification testing” and “model
comparison” when 7 is the Maximum Mean Discrepancy (MMD). The MMD has become
a very popular distance in machine learning and statistics since its introduction in Smola
et al. (2007). The MMD can be easily estimated even in high-dimensions and it has a
nice interpretation in terms of embeddings of probability measures in Reproducing Ker-
nel Hilbert Spaces (RKHS). See Muandet et al. (2017) for a more recent review of the
topic. Using the MMD as a discrepancy measure has been proven useful in many statistical
applications including robust inference (Chérief-Abdellatif and Alquier, 2022; Alquier and
Gerber, 2024), change-point detection (Arlot et al., 2019), goodness-of-fit tests (Gretton
et al., 2012; Bounliphone et al., 2015) or copula estimation (Alquier et al., 2023). Fur-
ther, is has been applied in generative machine learning (Dziugaite et al., 2015; Li et al.,
2015, 2017; Sutherland et al., 2017; Zhou et al., 2020) and in a variety of other domains
including transfer learning (Long et al., 2017), the computation of functions of random
variables (Schélkopf et al., 2015), Bayesian statistics (Fukumizu et al., 2013; Park et al.,
2016; Cherief-Abdellatif and Alquier, 2020), clustering (Jegelka et al., 2009), conditional in-
dependence testing (Zhang et al., 2011), adaptive MCMC methods (Sejdinovic et al., 2014),
causal inference (Lopez-Paz et al., 2015), dynamical systems (Song et al., 2009) and in the
construction of sampling algorithms (Hofert et al., 2021; Briick, 2025), among many others.
In general, the computational complexity of the MMD is quadratic in the number of data
points, which can be restrictive with large data sets. Nonetheless, several recent research
papers have provided computationally efficient procedures: see, e.g., the linear statistic in
Gretton et al. (2012) or Chatalic et al. (2022).

Let us recall the basics about the MMD, following the approach of Smola et al. (2007).
Consider some probability measures defined on a topological space S equipped with its cor-
responding Borel sigma-algebra A. Instead of comparing these probability measures directly
in the space of probability measures, they may be mapped into an RKHS of real-valued
functions ‘H defined on S. The latter space is associated with a symmetric and positive
definite function k£ : § xS — R, called kernel, which may be chosen by practitioners. For
many kernels k (called “characteristic”), these mappings are injective and the MMD dis-



BRUCK, FERMANIAN AND MIN

tance between probability measures is then defined as the distance between their respective
embeddings in the space of functions H. More specifically, consider some random element
X in a topological space (S,.A), whose law is P. The embedding of the probability measure
P into H is given by the map P — Ep[k(-, X)] =t up. The latter map implicitly depends
on the kernel k, but this dependence is suppressed to lighten notations. When k is charac-
teristic, P — pp is injective and we have P # Py iff up, # pp,. Thus, the MMD defines a
distance on the space of probability measures on S via MMD(Py, P») := |pp, — pip, |1 One
can deduce that

MMD?(Py, Py) = Ex xr.p, [Ey,YINPZ, [E(X, X') = 2k(X,Y) + k(Y, Y’)]].

Therefore, the computation of MMD( Py, P») does not involve any operations in the Hilbert
space H but is solely dependent on expectations of known functionals w.r.t. P; and Ps.
Moreover, given an i.i.d. sample (X1, Xo,...,X,) from P, and (Y1,Y3,...,Y},) from P,
MMD?(Py, P,) can be empirically estimated by

NIMD?(Py, Py) i= ﬁ "il (X0, X)) — 2K(XY3) + k(Y0 V). (1)
%

The latter unbiased estimator of MMDQ(Pl, P,) is a U-statistic of degree two associated
with the symmetric map

h((z1,91), (w2, 92)) = k(z1,22) = k(@1,y2) - k(z2,51) + k(y1,2), (2)

where (z;,y;) € S?,j € {1,2}. Hereafter, such maps will be called “U-statistic kernel” (or
“U-kernel”) to distinguish them from the kernel k. Clearly, MMD?(P;, P») may be used
to test whether or not (X1, Xs,...,X,) and (Y7,Y2,...,Y},) follow the same underlying
probability measure, i.e., to test the null hypothesis Hg : P, = P». A consistent test may
be deduced from standard U-statistics theory (Serfling, 1980, Section 5) by observing that,
under Hy,

nMMD2(Py, P) =5 3 A (X2 - 2),
i=1
where X; ~ N(0,2) and the \; denote the (possibly infinitely many) eigenvalues associated

with the functional equation E[{k(X,y) = up, (X) =, (y) + By [p, (V)]0 (X) | = Mo (y)
for every y € S (Gretton et al., 2012). However, the computation of the eigenvalues \; is

challenging, which is a limitation of a test for o based on nMMD?(Py, P,). On the other
hand, even if closed-form expressions for these eigenvalues are rarely available, estimating
them is feasible through the computation of the eigenvalues of a particular Gram matrix:
see Gretton et al. (2009).

Our corresponding null hypothesis for model specification will be defined hereafter as

Hom: MMD(P,,,P) =0,
whereas the null hypothesis for model selection will be defined as

Homi My 2 MMD( Py, , P) = MMD(Qg, , P).
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When some of our results are valid only under Ho aq or Ho a,,Mm,, this will be explicitly
specified. For notational convenience, the dependence of Ho aq and Ho at, M, 00 (s, By)
will remain implicit. Moreover, from now on, and unless explicitly stated otherwise, we allow
that o, and (. are some general unknown “optimal” parameters, not necessarily pseudo-
true values, to keep the mathematical framework as general as possible. For example, P,,
or (g, may be an “optimal model” because of some particular properties such as sparsity,
ease of calibration, fairness, etc. In such circumstances, the unknown a, (resp. ) are
minimizing some loss function that may not be the MMD distance between M (resp. Ms)
and P.

The null hypothesis Ho a4 may be seen as a standard zero assumption for two sample
testing. The main difficulty comes from the fact that o, is unknown and has to be estimated.
In principle, when a sequence (v, )n>1 weakly tends to a., resorting to the asymptotic dis-

tribution of MMD?(P,,,, P) allows to conduct specification testing, i.e., testing the null
hypothesis Ho aq : MMD(P,,, P) = 0. Unfortunately, the limiting law of MMD?(P,,, P)

might be more complex than that of MMD?(P,,, P). Moreover, it is usually impossible to
generate independent samples from P, without resorting to the sample from P, since oy,
is usually estimated on the sample from P, adding another layer of complexity. Nonethe-
less, Key et al. (2025) recently showed that some consistent test of Ho ¢ can be obtained
by bootstrapping MMD?(P,, ,P,).

For model comparison, a similar phenomenon as for the test of Vuong (1989) oc-
curs, even if a, and 3, were known. When P,, = P = Qg,, the rate of convergence of
MMD?(P,,,P) - MMD2(Q5*,P) is n~1; but, otherwise, the rate of convergence is n~1/2,
as noticed in Bounliphone et al. (2015). Thus, to built a consistent test of Ho a1, rm,, ODE
needs to deal with different rates of convergences. These rates depend on whether or not
P,, = P = Qg,, a situation that is clearly unknown a priori. A two-step procedure with
a pre-test of P,, = P = (Qg, seems natural, but it is undesirable due to the difficulty of

determining the critical values of n{MMDZ(Pan , P)~MMD?*(Qg, , P )} and multiple testing
issues.

In this paper, we provide a solution to the latter problem of model specification and
model selection tests based on the MMD. The contributions of our paper can be summarized
as follows. First, we investigate the influence of parameter estimation on the asymptotic

distribution of the estimator MMD?(P,,,, P). We show that it is necessary to account for
the influence of parameter estimation to test Ho aq : see Section 2.1 for an illustrative ex-

ample. Second, as we find that the asymptotic distribution of nMMDQ(Pan,P) under the
null is rather complex to handle in practical applications, we provide new asymptotically
distribution free approaches for specification testing and model comparison. In particular,
we show that our novel test statistics converge to a standard normal distribution under the
null, allowing straightforward calculations of critical values. Our ideas stem from a gen-
eralization of the sample splitting approach introduced in Schennach and Wilhelm (2017),
which was used to obtain a standard normal distributed test statistic for Vuong’s likeli-
hood ratio test with estimated parameters (Vuong, 1989). Adapting their core ideas, this
allows to propose test statistics that are relatively simple to compute and whose asymptotic
standard normal law is not influenced by parameter estimation.
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The paper is organized as follows. Our test statistics for model selection are introduced
in Section 2. In Section 3, we formalize the mathematical framework and state the asymp-
totic distribution of our test statistic for model specification. A similar structure is followed
in Section 4 to manage model comparison tests. Section 5 contains a short simulation study
to illustrate the empirical performance of the proposed tests. We apply our methodology
to stock returns data in Section 6. Section 7 summarizes the results and sketches further
extensions of the framework. Most technical details, particularly the proofs of the main
theorems, have been postponed to appendices.

2. Non-Degenerate MMD-based Tests for Model Selection

At this stage, a reader mamlder why our model specification t@i\will not be based
solely on the test statistic MMD?(P,, , P), which is an estimate of MMD?(P,,, P) whose
asymptotic law has been investigated in Gretton et al. (2006). To illustrate the technical
difficulties in working with MMD?(P,, , P), assume that the estimator o, of a value a, is
obtained from the sample drawn under P, which is the natural setup when P, is a model
for P. Then, any sample from P, is inherently dependent due to the common «,, and it is
not independent of the initial sample from P. Note that Gretton et al. (2006) requires i.i.d.
samples from P, to compute MMD?(P, , P), which is problematic. This issue has first
been noticed, but not further investigated, by Lloyd and Ghahramani (2015). However,
since the dependence between the samples from P,, and P deteriorates with increasing n,

one might hope that nl\ﬁ/IBQ(Pan,P) has the same asymptotic law as nl\fl\_/IBQ(Pa*,P).
Unfortunately, the following example illustﬁt_ei that this is not the case. Furthermore, it
shows that the asymptotic distribution of nMMD?(P,,,, P) is significantly more complicated
than the asymptotic distribution of nM‘l\EZ(Pa*,P). Therefore, we later introduce novel

distribution free test statistics when conducting model specification or comparison tests
based on the MMD.

2.1 An Illustrative Example

On a probability space (£, B,P), consider the random variable X ~ P = N (0,1). Let
(Xi)i=1,..n be an ii.d. sample drawn from P, the law of the DGP. Define a parametric
model for the law of X by M := {N(«,1), a € R}. For a given parameter «, set

Yi(a) :=Y; + a ~ P,, where }Qi'i@d'/\/’(o,l), ie{l,...,n}.

Select a, = 0 and the “optimal model” N (., 1) is identical to the law of the DGP. In
practice, o, is unknown and will be estimated by «,, = n~! Yy Xi, for example. As-
sume we want to test whether P,, = P, or equivalently MMD(P,,, P) = 0, using the test
statistic nMMD?(P,,,P). To this purpose, we choose the Gaussian kernel k(zi,zs) =
exp( - (1 - 5132)2), which is characteristic. This is a convenient choice since any map
a = h((Xi,Yi(a)),(X;,Yj(a))), as defined in (2), is differentiable. Therefore, a second



DisTRIBUTION FREE MMD TESTS FOR MODEL SELECTION

order Taylor expansions around a, =0 yields
nMMD?(P,, ,P) = nMMDZ(Pa ,P)

+vn (ap - Z ((Xi,3/z'+a)a(Xj7Yj+a))|a=0
zg 1
it]
. n(an, -0)2 1 i 9*
2 n(n-1) ;52 0a?
i#j

(X3, Y + ), (X5, Y + @))|azo + op(na?)

- _ 2
= nMMD2(Pa,, P) + V/namy/nly, + %Ugm +op(1),

where Ul,n and Ugm denote the U-statistics of degree two corresponding to the first and
second order derivatives of o — h((Xi,YZ- +a),(X;, Y+ a)) at a,. Thus, nMMD?(P,, , P)
can be decomposed into the sum of the “usual”~ test statistic for a known and fixed a,
plus the random term FE,, := \/ﬁan\/ﬁUl,n + na%Ugm /2 that can be attributed to the noise
created by the estimation of a,. Obviously, nMMD?(P,_,P) has the same limiting law
as nMMD?(P,,, P) if and only if E, = op(1). Since /o, — N'(0,1), E, = op(1) if and
only if \/nU; ot \/_ anUs n/2 =o0p(1). By standard results of U-statistics theory and simple
calculations, \/nU; , weakly tends to a A(0, a%) random variable with o? = 8/3/(63v/7)
and UQ,n - 16/(5\/_) a.s. This implies \/_Ulm + \/_oanQ,n/2 # op(1). Therefore, the
limiting law of nMMD?(P,,,, P) is not equal to the limiting law of nMMD?(P,., P), due
to the influence of parameter estimation.

2.2 New Asymptotically Distribution Free Test Statistics

Let us first introduce some notation. For sequences of random elements (Xi,...,X,)
and (Y7,...,Y,), we denote [X];; = (Xl-,XHl,...,Xj), (Y] = (Yi,Y;H,...,Yj) and
[X,Y i = ((X3,Y), (Xi1, Y1), ., (X;,Y5)) for 1 < i< j<n. For zy,...,2, and
Y1, -, Yn, we similarly denote [x];.; := (xz,:vﬁl, . ,xj), (ylij = (yi,yﬂl, e ,yj) and [,y
= ((xi,yi),($i+1,yi+1), e (x],y])) for 1 <4 < j <n. In the same manner, X, i, i,
Yi iz, and [ X, Y ]; 4, ;. are defined, where the index set indicates the components of
concatenated variables.

Our new test statistics for model specification and model comparison will be based on a
weighted combination of two test statistics, both being a potential candidate for this task.
For the sake of simplicity, let us start by comparing two fixed probability measures P, and
P,. The first ingredient of our new test statistics is MMD?(Py, P,) as introduced in (1).

Besides MMDQ(Pl, Py), a test of Hy: P; = P, may also be based on the U-statistic

k7

1 n/2

1919 — 1) X i— 7X | — - Y '7XZ‘
”/2(”/2—1)i,32'::1{k( 2i-1, X2j-1) = k(¥2j, X2:)
itj

MMDZ(Py, Py) :=

n/2

m 2 (X Y ]ai20,[X, Yaj1.).
i,J
i#]

—k(Yoi, Xoj) + k(Yai-1,Y2j-1)} =
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introducing the U-statistic kernel

Q([w»y]m ) [337111]3:4) = k(z1,23) — k(24,y2) — k(22,94) + k(y1,y3).

Hereafter, we will assume that n is even for simplicity. Note that MMDg is a U-statistic
based on the sample ([X, Y12, [X,Y ]34,..., [ X, Y](n_l);n) from Py ® P ® P ® Ps of size

n/2. It is easy to check that MMDg(Pl, P,) is an unbiased estimator of MMDQ(Pl, P). By
standard U-statistic arguments, we have

Vi{MMDZ(Py, P5) - MMD?(Py, P5)} =5 A(0, 02

with 03 > 0, essentially if and only if P; or P, is not a Dirac (see (12) below). Therefore,
a test of Hog : P = P, may always be based on MMDQ(Pl,Pg) Unfortunately, it may
result in a power loss compared to a test based on MMD? (P1, Py) since MMD?2 2(P1, P2) does
not use all pairs of observations which are available from a sample of size n drawn from

P, ® Py. It should be noted that a test of Hy based on MMDg(Pl,PQ) is similar to the
idea of Shekhar et al. (2022), who have recently proposed a MMD-based test statistic of
Ho that is essentially a non-degenerate two-sample U-statistic. Similarly to the expected

behavior for MMDg(Pl, Py), Shekhar et al. (2022) observe a power loss of their test statistic

in comparison to a test based on MMDQ(Pl, Py). Therefore, it is desirable to approximately
keep the power of a test based on 1\/IMD2(P17 P,), while resorting to the critical values of a
normal distribution under the null hypothesis. A

To this purpose, we will consider a weighted sum of MMD?( Py, P») and MMDg(Pl, P,)
in the spirit of Schennach and Wilhelm (2017): introduce some (possibly random and data
dependent) weights €, > 0 and define the test statistic

MMD? (P, P) := MMD?(P, Py) + e, MMD?(Py, P2). (3)
If €, := € > 0 is a constant, it is obvious that \/n MMD? (P, P,) il eN(O,ag) under
Hy, since \/ﬁMMD2(P1, P,) tends to zero in probability when P; = P,. However, the choice

€n = € > 0 may lead to a power loss, similar to a test based on \/n MMDS(Pl, Py). Therefore,
we impose that €, tends to zero in probability hereafter and we will prove that a test of Hg
can be conducted via the test statistic

2
To(P Py = Y MMD, (P 1), (4)

On

where &g = (3'721(671, Py, Py) denotes an estimator of the asymptotic variance of the numerator

of Tp(P1, Py). With our choice of &,, which is described in Section 3.2 and 3.3, and under
Ho, the test statistic T, (Pr, P2) converges weakly to N (0,1). Imposing €, — 0 allows to
approximately keep the power of nMMDQ(Pl, P») under the alternative and also to avoid
the problem of computing the critical values of the asymptotic law of nMMD?( Py, P,).
Instead of considering a tuple of fixed probability measures (P;, P») we now consider an
underlying parametric model M := {P,, a € ©1} for the DGP, as in Section 1. With the
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same notations as above, a “specification test” of Ho rq : MMD(P,,,P) = 0 can be based
on the statistic

MMD? (P, ,P)

7;1('/\/17P) ::\/ﬁ ) (5)

n
for some sequence of parameters (o, )n>1 that weakly converges to a, at rate n Y2, Typi-
cally, the estimated parameters «;, are obtained from an i.i.d. sample (X1, Xa,..., X,,) from
P. To mimic the previous situation and to calculate 7, (M, P), we have to draw a sample
(Yl(an), Ya(ay),. .. ,Yn(an)) from P,,. However, such a sample cannot be i.i.d. due to the
common dependence on «,,. Moreover, it cannot be independent of (X1, Xo,...,X,) when
oy, is deduced from the latter sample. Additionally, the denominator &, in (5) depends on
€, and needs to be calculated from the sample (Xi, Yi(a”))z‘:l,...,n' Nevertheless, it is shown

in Section 3 that 7,(M, P) still converges to a standard normal distribution under Ho g,
regardless of the technical problems induced by parameter estimation.

In the case of two competing models M; and My for P, one may conduct a model
comparison based on the difference MMD?(P,,, P) -MMD?(Qg,, P) to judge which family
of probability measures is closest to the true underlying moﬂ. The idea oicisiing the null
hypothesis MMD(P,, , P) = MMD(Qg,, P) based on \/n{MMD?(P,,, P)-MMD?*(Qg,, P)}
was first proposed by Bounliphone et al. (2015). However, the latter authors only considered
fixed competing probability measures and excluded the “degenerate” situation P,, = P =
@3, In the case of parametric models for P, the estimates o, and 3, of ax and 3, are usually
obtained from (X7, Xs,...,X,,). The framework of Bounliphone et al. (2015) requires access
to independent i.i.d. samples from F,, and (g,, which also need to be independent of the
sample from P. Obviously, this is impossible when «,, and (,, are evaluated on the sample
(Xi)i=1,..n. Note that estimation of «, and [, on separate hold-out sets from another
P-sample does not resolve the issue, since the samples from F,, and @), are inherently
dependent due to the common dependence w.r.t. the estimated parameters. Therefore,
a direct application of the test statistic proposed in Bounliphone et al. (2015) to model
comparison problems is not mathematically justified. Moreover, since it has to be excluded
that P = P,, = @s,, their test is not applicable to every modeling problem as the assumption
P = P,, = @3, may be reasonable for some competing generative models, e.g. such as GANs.

In our paper, we rectify these shortcomings by introducing a test for the null hypothesis
Ho My, My : MMD(P,,, P) = MMD(Qg,, P), based on

MMD? (P,,,P) - MMD? (Qs,,P)

Tn

To(M1, M2, P) :=+/n (6)

2

where 72 = 72(€p, Pa,,Qp,,P) denotes a natural estimator of the asymptotic variance

n
of Vn{MMD? (P,,,P) - MMD? (Qg,,P)}, which is specified in Section 4.1. Moreover,

(an)ns1 (resp. (Bn)ns1) denotes a sequences of parameters which weakly converges to a.
law

(resp. B,) at rate n~'/2. We prove that 7,,(M1, Ma, P) — N(0,1) under Ho M1, Ms, €VED
it P =P,, = Qp, and regardless of the dependence induced by «,, and f3,.
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3. Asymptotic Behavior of MMD-based Specification Tests

This section establishes the asymptotic normality of our test statistic for model specification

Tn(M, P).

3.1 Fundamental Regularity Conditions on M, k and «,

Let us formalize our mathematical framework. Hereafter, we will assume that the sam-
ple space S is some topological space equipped with its Borel sigma-algebra. Due to the
Moore-Aronszajn Theorem (Aronszajn, 1950), there exists a unique RKHS H of real-valued
functions on S that is associated with our kernel k: S xS — R. It can be proven that H =
span{k(z,-) |z € S} where the closure is taken w.r.t. the RKHS norm. For instance, when
S = R, the RKHS associated with the popular Gaussian kernel k(z,y) = exp(—(z-y)2/0?) is
the space of functions f : x ~ exp(-z%/0?) >0 vz, for some coefficients (v;);50 that sat-

isfy ijoj!a%v]z/? < 00. The scalar product of two elements f(z) = exp(-z2/0?) >0 vl
and g(z) = exp(-2?%/0?) >0 w;z? in H is then < f,g >= ijoj!azjvjwj/Qj (Minh, 2010,
Theorem 1). See other examples of RKHS #H in Berlinet and Thomas-Agnan (2011, Chap-
ter 7). Let (Xi,Xs,...) denote an i.i.d. sequence drawn from the law P of the DGP. To
state our results, we will need several conditions of regularity.

Assumption 1 The kernel k is a measurable and bounded map from S xS to R. More-
over, it is characteristic: the map P~ [¢k(-,x)P(dx) from the space of Borel probability
measures on S to H is injective.

Note that the integral [ k(:,z) P(dz) has to be interpreted as a Bochner integral; see,
e.g., Dinculeanu (2000, Chapter 1). Moreover, the boundedness of k implies that the mean
embedding is well-defined for any probability measure: see Section 3.1 in Muandet et al.
(2020), for instance. Thus, Assumption 1 is sufficient to ensure that MMD( Py, P) is a valid
distance between two probability measures. For example, the Gaussian and Laplace kernels
on R? satisfy Assumption 1: see Fukumizu et al. (2007) and Sriperumbudur et al. (2010)
for a thorough account on kernels satisfying Assumption 1. The characteristic property
is key in many applications of the MMD and has been studied in depth in the literature.
It is closely related to, but different from, the concept of “universality” (Sriperumbudur
et al., 2011; Simon-Gabriel and Schélkopf, 2018). It is required for some kernel measures of
conditional dependence (Fukumizu et al., 2007, 2009). Notably, Nishiyama and Fukumizu
(2016) stated the characteristicity of kernels defined by pdfs’ of symmetric infinitely divisible
distributions. Recently, Szab6 and Sriperumbudur (2018) studied the characteristic and
universal properties of product kernels. See Muandet et al. (2017, Section 3.3.1) and the
references therein too.

Next, let us consider M := {Pa; € @1}, a parametric family of probability measures on

S.

Assumption 2 The space ©O1 is a compact subset of RP* and its interior is non-empty.
There exists a topological space U equipped with its Borel sigma-algebra, a random element
U ~ Py in U and a measurable map F : U x ©1 - S such that the law of F(U;«) is
P, for any a € ©1. For a given parameter o, that belongs to the interior of ©1, the map

10
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o —» MMD?(P,, P) is twice-continuously differentiable in a neighborhood of a.. Further, the
random variable [, k:(X, F(u; a*)) dPy(u) is not constant a.e. and supp(P)nsupp(P,,) + .

Essentially, this assumption ensures that the parametrization of M is sufficiently regular.
First, P, smoothly varies in a w.r.t. the MMD. Second, there exists a convenient way of
simulating from the model P, for every « € ©1. In particular, Assumption 2 ensures that
a single i.i.d. sequence of random elements (Uy,Us,...), U; ~ Py, is sufficient to obtain an
i.i.d. sequence (F(Ul;a),F(U2;a),...) from P,, for every a € ©1. Thus, from now on,
we will assume that we have an i.i.d. sequence (Uy,Us,...) from Py at hand, which is also
assumed to be independent of (X3, Xs,...). Furthermore, as is standard in mathematical
statistics, we assume that the two independent i.i.d. sequences are induced by a common
abstract probability space (€2, B,P). If not indicated otherwise, expectations E [-] are always
taken w.r.t. P. Moreover, W,, = op(1) (resp. W,, = Op(1)) means that a sequence of random
elements (W,,),»>1 tends to zero in probability (resp. is bounded in probability) in the
probability space (2, 8,P). The last condition of Assumption 2 is very mild and of purely
technical nature. It ensures that we are not working with constant random variables later.

Every model M can be defined in terms of the tuple (F,U) by setting M := {P,, :=
LaW(F (U; a)),a € ©1}. Defining a model by a class of probability measures in this way
is common when working with generative (also called simulation-based) models, which
are very popular in machine learning and which often also implicitly appear in classical
statistics: see, e.g., Bond-Taylor et al. (2021) for a review of the topic and Dziugaite et al.
(2015); Li et al. (2015, 2017); Sutherland et al. (2017); Zhou et al. (2020) for generative
models based on the MMD. The map F' will therefore be called a generating function of
the model M. To illustrate the role of U and F', assume that P, is a parametric family of
probability measures on the real line. Then U could be chosen as a uniformly distributed
random variable on (0,1) and F(;«) could denote the inverse-quantile function of P,.
Nevertheless, there might exist several tuples (F,U) to describe the same model M and
not every representation of M might satisfy Assumption 2.

At this stage, we have not specified what we mean by “optimal” concerning «,. Formally,
a, could be arbitrarily chosen, even if, in practice, this value is most often the minimizer
of some distance between the family (P,)aco, and the true probability measure P. In the
latter case, we called a.. a pseudo-true value (see Section 1). For the moment, we keep the
discussion as general as possible: we do not impose that a, is a pseudo-true value, even if
this is implicitly implied by Ho a¢. Note that we neither require to specify the statistical
method of inference for a,. by «,, nor which data is used to calculate v, (full sample, sample
splitting or overlapping).

To simplify the notations in the following, define the functions

h([m,u]l;g; a) = h((zl,F(ul;a)), (xg,F(UQ;a)))

= k(x1,22) - k(ml,F(uQ;a)) - k(:vg,F(ul;Oz))
+k(F(ui; ), F(ug;c)), and (7)

k‘($1,l’3) - k‘(x4, F(ug; a)) - k(l’g, F(uy; a))
+k(F(u1;a),F(U3;a)), (8)

q([z,uli4; )

11
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where the arguments x; and u; belong to & and U respectively. Furthermore, define the
family of maps

hw,y;0): v B[h((2,y), (X, F(U;0)))], 9)

which is indexed by (z,y) € S x S. The gradient of any map a » H(«) at some & € O
will be denoted by V,H (&), and V.7 H (@) denotes its transpose (row) vector. Concerning
second order derivatives, Vq o7 H (&) denotes the Hessian matrix of H evaluated at o = &

3.2 Asymptotic Variance Estimation
A key ingredient to obtain the asymptotic normality of 7 (M P) will be the choice of
a suitable estimator of the asymptotic variance of \/n. MMD2 (Pan,P) In this section,

we propose some intuitive estimators of the asymptotic variances of \/n MMDQ(P% , P) and
\/ﬁl\—/l—l—\—/lﬁg (P, , P), which we later combine to obtain a suitable estimator of the asymptotic
variance of \/ﬁM’l\ngn(Pan,P). To this purpose, recall that, for any fixed parameter «, it
is well-known (Serfling, 1980, p.192) that the asymptotic variance of \/ﬁ{M’I\BQ(Pa, P) -
MMD?(P,,P)} is

o2 = Var (QB(X, F(U;a); a)).

The corresponding empirical counterpart of 03 is
n 1 n — 2
Z {TL 1 Z h((X“F(UMO[))v (XjaF(Uj; a))) - MMD (Pavp)} .
. -1

ij

Since our goal is to estimate o2

estimator of 02 by

S

=1

for unknown a,, we replace o, with a,, and define an

:I.-lk

M:

2
h((Xi, F(Us 0m)), (X, F(Ujs ) ) - 1\4’1\52(13%,13)} . (10)

< S
1
S =

Similarly, the asymptotic variance of \/ﬁ{MMDZ(Pa, P)-MMD(P,, P)} for any o € ©; is
o2, = Var (2\/§E[X,U]3:4 [¢([X, U1 a)]).

Analogously, this allows to define an estimator of agya* via

s 16 n/2 1 n/2 — 2
Tgom "= n ZZ; {n/2 1 ZQ( X U]Qz 1,24,25— 12]7an) - MMD (Pan,P)} . (11)
Z#J

One should observe that both estimators are always non-negative and of computational
complexity O(n?). Further, 2 =0 when P,, = P, but ag,a* is always strictly positive

12
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under Assumption 2, which will later be important in our theoretical derivations. To see
this, note that, if o4, =0 then the random element

Ex, 0, [0([X, Ui 00) ] = E[(X1, X5)|X1] = E[k(Xa, F(Us; ) )|Us]
“E[ (X2, F(Us; )Xo | + E[k(F (Ui 0.), F(Us; ) |U3 (12)

is constant almost surely. Therefore, the four random variables on the r.h.s. of (12) are con-
stant almost surely. In particular, this would imply that E[k(X ,F(U; oz*))|X ] is constant,
a situation that has been excluded by Assumption 2.

3.3 Differentiable Generating Functions (Model Specification)

In this section, we treat the case of a — F'(u;«) being twice differentiable for every u €
supp(U). Even if this assumption may appear relatively demanding (see the discussion
in the beginning of Section 3.4 below), the proofs of our results are significantly simpler
and intuitive in this case. This is why we choose to first provide our results under the
assumption of a smooth generating function, once it is composed with the kernel. Later,
we generalize our results to the case of possibly non-differentiable maps.

Assumption 3 The maps o k(x,F(u;a)) and o — k(F(u;a),F(fL;a)) are twice dif-
ferentiable for every x € S and u,u € U.

As a consequence, the maps h and ¢, as defined by (7) and (8) respectively, are twice
differentiable w.r.t. a. Note that Assumption 3 is mainly an assumption on the smoothness
of F(u;«a), since most of the commonly used kernels k& are smooth functions. Further, we
require some usual conditions of regularity, expressed in terms of moments. These conditions
are not only imposed on h and ¢ but also on the auxiliary function

9([=,ulisia) = g{h([ﬂc, ulyz; )h([z, uliz; ) + [z, ulz,1; ) h([2, u)a3; )
+h([:n,u]gyg;oz)h([a:,u]g,l;a)}, (13)

which frequently appears in the proofs. For any § > 0, let Bs(c,) be an open ball in © that
is centered at o, and whose radius is §. We require the following conditions of regularity.

Assumption 4 There exists a § > 0 s.t. E[supaleBg(a*)

V2 (e h([X, Ulia;on)|] < o0, and

a,a’

E[QIESB}(ISI()Q*) ”vi,oﬁq([X7 Ulig; al)“] + E[alESBL(ls}é)a* ||V(21,aTg([X, Ulis; Oél)”] < oo.
Moreover, E[Vah([XvU]w;a*)] - VaE[h([XaU]1:2?O‘*)]7 E[Vag([X’U]1:3;a*)] -
VoE[9([X,Ulis;0.)] and E[Vaq([X,Ulra; )] = VoE[q([X, Ulra; o) ).

Under the latter assumptions, Lemma 2 in the appendix shows that 537@ = Op(n~!) when

P,, = P, whereas &g o = 62 «. > 0 remains positive. This justifies a model specification

test based on a weighted combination of \/nMMD?(P,,, P) and \/ﬁMMDZ(Pan,P), which
automatically “switches” between the two statistics, depending on whether or not P,, = P.

13
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Theorem 1 Assume €, = 0, €,3/n — oo in probability, \/n(ay, — a,) = Op(1) and that
Assumptions 1-4 are satisfied.

1. If P = P,,, i.e., under Ho pm, we have

MMD? (P, ,P) law
TuM.P) = i P oas D) o g )

n

where 6y, = Gq, + €n0q,an -
2. If P# P,,, i.e., if Hom is not true, then T,(M, P) tends to infinity in probability.

The proof is postponed to Section A.2. As a consequence of Theorem 1, a consistent distri-
bution free test of Ho ¢ can be conducted with the test statistic 7, (M, P) (see Algorithm 1
below).

Remark 1 Note that Theorem 1 obviously covers the case of simple zero assumptions, i.e.,
testing Ho : Py = P for some given probability Py and with the test statistic (4). Our theory
directly applies by defining ©1 as the singleton {a.}, and setting P,, = P;. The technical
assumptions 2-4 are no longer required in this case, since the sequence (cu,) becomes constant
and it is no longer necessary to differentiate the kernels h and q.

Remark 2 In Theorem 1, it is possible to replace the denominator 6, = Gq, + €10g.a, bY

- - /2 . . . . .
(ain +e%a§7an) / since both quantities are asymptotically equivalent under our assumptions.

Moreover, to lighten our theoretical developments, we have neglected the covariance between

MMD?(P,,,,P) and MMDg(Pan,P) as this covariance multiplied by €, is always asymp-

%&;an (invoke the Cauchy-Schwarz inequality in the

totically negligible compared to &in +€
degenerate case, as G,,, = op(€y)).

3.4 Non-Differentiable Generating Function (Model Specification)

The assumption of differentiability of a = F(U;«) may be considered as relatively strong
in many practical applications in statistics and machine learning. For example, let F'(-; «)
denote a deep neural network with the ReLu activation function and a parameter vector «
and let U be uniformly distributed on [0,1]. Then, defining P, := law(F(U;a)) yields a
universal approximator of any probability distribution P in terms of the MMD: see Yang
et al. (2022, Theorem 2.8). Obviously, a = F'(u;«) is not differentiable for any u, and the
results from Section 3.3 cannot be applied. In this section, we show that our test may still
be applied even if the generating function is not differentiable, imposing some regularity
conditions on E[k(F(U ), )] which are detailed in Appendix A.3.

Since we cannot apply a Taylor expansion w.r.t. « to 7, (M, P) when a » F(U; «) is not
differentiable, we need more sophisticated tools than in Section 3.3 to derive the asymptotic
normality of 7, (M, P). Here, we rely on the framework of empirical U-processes introduced
by Arcones and Giné (1993, 1994). See Appendix A.3 for technical details. Under our
proposed assumptions, we obtain the limiting law of the test statistic defined in (5) when
dealing with non-differentiable generating functions, which can be used to test the null
hypothesis Ho r1. To be short, we recover the results of Theorem 1.

14
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Theorem 2 Let Assumptions 1-2 and 6-8 in Appendiz A.3 hold. If €, > 0, €,\/n — o0 in
probability and \/n(ay, — o) = Op(1), then the conclusions of Theorem 1 apply.

The proof can be found in Section A.3 in the appendix. Since Assumptions 6-8 are
quite abstract, we further illustrate the practical relevance of the proposed framework by
verifying that a ReLu-type generative neural network satisfies Assumptions 1-2 and 6-8 in
Appendix C. We summarize our proposed model specification test in Algorithm 1.

Algorithm 1: MMD-based test of Ho r : MMD(P,,,P) =0
Requirements: Li.d. sample (X;),;., from P, generative model F(U;a) ~ Py,
estimator o, of a., tuning parameter €, and confidence level ~.
1 Sample (F(Ui,an))lgim, i Py
2 Compute 7,(M, P) = \/HMMD?n(Pan,P)/(c}an + €n0¢,a, ) according to (3), (10)
and (11) ;
3 Reject MMD(P,,, P) = 0 when |7, (M, P)| > ®~(1 - v/2); otherwise, accept.

Where ( UZ' ) 1<i<n

4. Asymptotic Behavior of MMD-based Tests for Model Comparison

Let us specify the mathematical framework that is required to prove the asymptotic nor-
mality of the test statistic for model comparison introduced in (6). First we introduce
additional notation. For some sequences of random elements (X1, Xo,...), (U1,Us,...)
and (Vl, Vé, .. .), we denote [X, U, V]i:j = ((X2> UZ', V;), (XZ‘+1, Ui+17 ‘/Hl)a ey (Xj, Uj, ‘/j))
for 1 < ¢ < j < n. Similarly, we denote [x,u,v];; = ((xi,ui,vi),(:ci+1,ui+1,vi+1),
(%j,uj,v;)). In the same manner, [X,U, V], 4, i, and [@,u,v];, 4, ;. are defined, where
the index set indicates the components of the concatenated variables.

4.1 Regularity Assumptions and Asymptotic Variance Estimation

Consider two competing parametric models My = {Py;a € ©1} and Ms = {Qg; 3 € ©2} for
the DGP. The goal is to evaluate whether or not one of the models is closer to the true law
P of the data than the other in terms of the MMD. Our null hypothesis is then written
Homi My : MMD(P,,, P) = MMD(Qg, , P).

For convenience, the asymptotic behavior of our test statistic 7, (Mj, Mz, P) will be
stated under the assumption that the optimal parameters are pseudo-true values for the
MMD, i.e., a, = argmin,.g, MMD(P,, P) and f, = argming.g, MMD(Qg, P). This con-
straint is due to the fact Ho i, M, can be satisfied even though P,, # P # Qg,, which
would then introduce additional randomness in our test statistic. In this case, some terms
of the form Vo MMD(Py, P)|a=a, # 0 # VeMMD(Qg, P)|g-5, would appear in the asymp-
totic variance, adding significant complications in the estimation procedure, which is why
we have refrained from investigating this case. To est1mate o, (resp. [4), we could set
Qi € argmin, g, MMDQ(PQ,P) (resp. (n € argmingg, MMD? (Qp, P)), which would yield
consistent and asymptotically normal estimators under some regularity conditions (Briol
et al., 2019). Nonetheless, this is not mandatory. Thus, the choice of «;, and 3, will remain
unspecified hereafter.
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Similarly to the existence of a random variable U and a generating function F(-;-) for
the model M, we assume the existence of a random variable V' in some topological space
V and a generating function G(-;-) : V x O3 = S of My such that G(V; ) ~ Qs for every
B € ©5. As in the previous section, we assume that we have access to an i.i.d. sequence
(V1,Va,...) from Py, which is also independent of (X7, Xs,...). We also assume the random
vectors (X;,U;, Vi), i € {1,...,n}, are independently drawn and that they are defined on
the same abstract probability space (2, B,P).

In terms of notations and to distinguish quantities that are related to either model My
or My, we will use the same notation as in Section 3 but an upper index -(!) (resp. ~(2)) to
refer to a quantity related to M (resp. Ma). For instance, the map h introduced in (7) will
be denoted as h(l)([:c,u]lzg;a) i= h((21, F(u1;@)), (z2, F(u2;))) when referring to M,
whereas we will denote h(2)([$,v]1;2;ﬁ) = h((xl,G(vl;B)), (xg,G(vg;,B))) when referring
to Ma. To distinguish between the two parametric models, the letter u (resp. v) will be
reserved for the first model (resp. second model).

In the following, we will mimic the ideas of Section 3. Recall that, in the definition of

Tn(My, Ma, P) in (6), we have not yet specified the estimator 72 of the asymptotic variance

of \/_{MMD2 (Py,,P) - MMD2 (an,P)} Again, we will use an estimator of the form
Tn = 71+ €nT2, where 7'12 (resp. 7'22) denotes an estimator of the asymptotic variance of

\/_{MMDQ(P%,P) MMD2(QBn,P)} (resp. of \/_{MMDQ(P%,P)—MMDZ(QIBR,P)}.

To this aim and in accordance with the definitions of a and O'q in Section 3.1 define

[0}

0'3”3 := Var (2 ]EX%UQ’VQ[h(l)([X, Ulio; a) - h(2)([X, V]i; 5)])’ and (14)

qaﬁ —Var<2\/_]EXUV]34[ a )([X U]14 04) (2)([X¢V]1476):|)

Defining

h([w,u,v]lzg;a,ﬂ) = h(l)([w,u]l;g;a)—h(2)([w,v]1;2;6), and
a([z,u,v]ig0,8) = ¢ ([x,uliaa) - ¢P ([2,0]1.4;8) (15)

we can introduce their corresponding estimators, for a given tuple («, ), via

n n N —— 2
%Z{ Z W([X,U,V]ija,8) - (MMDQ(PQ,P)—MMDQ(QB,P))} , and

(16)

16 n/2 1 n/2
§,a5 ?Z{n/Q 7 ZCJ( [X,U,V]si12i2j-12j; & ,5)
%%J
- o 2
—(MMDQ(PQ,P)—MMDQ(Qﬁ,P))} . (17)

2 ~2 . 2 2 .
Again, T evn o and O con ., BTE€ used as estimators of T, B and O e fos respectively.
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4.2 Differentiable Generating Functions (Model Comparison)

We are able to derive a test for model comparison that is never degenerate when (U;);>1 and
(V3)i»1 are independent. We need a slight extension of Assumption 4 to prove the results.

Assumption 5 We have supp(P,,) N supp(P) 0 supp(Qg,) # @ and there exists § >0 s.t.

B s Vs o((X.U Vi, <a1,m>)||] <oo
(a1,61)eBs((a,8+))

and V(o5 E[g([ X, U, Vs (o, 8:))] = E[V(a,5)9([X,U, V]is; (o, 2)) -

Theorem 3 Assume that €, — 0, €,\/n — oo in probability, o, € argmin, g, MMD?(P,, P)

and B, € argming.g, MMD?(Qg, P), v/n(an — a.) = Op(1) and \/n(B, - B.) = Op(1), the
samples (U;)is1 and (V;)is1 are independent and that Assumptions 1-5 are satisfied by the
competing models My and Ma.

1. Under Ho pm, My : MMD(P,,,P) = MMD(Qg,, P), we have

MMD? (P,,,P) - MMD? (Qs,,P) iaw

Tn(Mi1,M2,P) =/n — N(0,1),

Tn

where Ty = Ga, 8, + €n0qg,an,6n -

2. If MMD(P,,, P) > MMD(Qg, , P), then

MMD? (P,,,P)-MMD? (Qg,,P)

Tn

vn

— 400 in probability.

3. If MMD(P,,, P) < MMD(Qg, , P), then

MMD? (P,,,P)-MMD? (Qs,,P)

Tn

Vn — —oo in probability.

The proof can be found in Appendix A.4. As in Remark 1, the latter theorem also covers
the case of known parameters a, and S, i.e., the case when ©; and ©s are singletons,
solely requiring Assumption 1.

4.3 Non-Differentiable Generating Functions (Model Comparison)

When o — F(u;a) or 8+~ G(v; ) is not twice differentiable, we rely on similar techniques
as in Section 3.4 to deduce the asymptotic normality of 7,,(M;j, Mz, P). Some technical
conditions related to empirical U-processes are required: see Section A.5 in the appendix.

Theorem 4 Assume €, > 0, €,1/n — oo in probability, (U;)i>1 and (V;)is1 are independent,
o, € argmin,.g, MMD(P,, P) and 3, € argming.g, MMD(Qg, P), \/n(ay,-a.) = Op(1) and
Vn(Bn - B+) = Op(1), and that Assumptions 1-2 and 10-11 in Appendiz A.5 are satisfied
for the two competing models My and My. Then the conclusions of Theorem 3 apply.

We summarize our proposed model selection test in Algorithm 2.
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Algorithm 2: MMD based test of Ho a1, M, : MMD(P,,, P) = MMD(Qg, , P)
Requirements: Li.d. sample (X;),_,., from P, generative models F(U;a) ~ P,
and G(V, B) ~ Qg, estimator o, of argmin,.g, MMD(P,, P),
estimator 3, of argming.g, MMD(Qpg, P), tuning parameter e,
and confidence level 7.
1 Sample (F(Ui,an)) and (G(%’ﬁ”»lgign’ where (U;)1<i<n . Py and
(Vi)1<i<n . Py are independent;
2 Compute T, (M1, Ma, P) =
Vi{MMD? (Pa,,P)-MMD? (Qg,,P)}/(Gan 8, + €nq,an,8, )according
to (3), (16) and (17);
38 Reject MMD(P,,, P) = MMD(Qg,, P) when [T, (M1, Mo, P)| > @71(1-~/2);
otherwise, accept.

1<i<n

5. Simulation Study

The simulation study investigates the finite sample performance of our tests for model
specification and model selection.

5.1 Monte Carlo Study for Model Specification

To investigate the performance of the model specification test based on the test statistic
Tn(M, P), let us generalize the example from Section 2.1 to an arbitrary dimension p,
inspired by the toy example from Gretton et al. (2012). Consider a p—dimensional ran-
dom vector X ~ P = N(0,1,), where P still denotes the law of the DGP and I, is the
p—dimensional identity matrix.

As a first example, the model M for the law of X is defined by

Y(a) =Y +a~ Py, with Y ~N(0,0%1,)

for some known variance o2, and o := (ay, ..., ap) is a p-dimensional vector to be estimated.
For every o2, the “optimal” parameter is a, = 0. Moreover, P = P, if 02 = 1. We will vary
the standard deviation o of the competing models by setting o € {1.0, 1.1, 1.2, 1.3, 1.4}.
Furthermore, consider a p—dimensional Gaussian kernel k(X;, X») = e IIXi=X2l3/p 1 the
literature (e.g., Gretton et al., 2012), the exponent of the Gaussian kernel is often normalized
by an expression containing the empirical median. Since an influence of this estimation step
on the asymptotic distribution should also be investigated in the future, we do not consider
this type of normalization.

As in Section 2.1, we estimate « by the empirical mean of (X1,..., X,), an i.i.d. sample
from P, i.e., a, =n~t ¥, X;. We generate by simulation an i.i.d. sample (Y7,...,Y;) from
N(0,0%I,) to build the sample (Yi(ay),...,Yn(ay)) from P,,. Note that, given y, the
quantities Yx(c,,) are mutually independent, but not unconditionally. In this simulation
study, we set the number of Monte Carlo replications to 1000, i.e., we generate 1000 inde-
pendent replications of the test statistics 7,(M, P) and report the empirical level/power
of a test of Hp . As a comparison, we also provide the empirical level/power of a test of

Ho,r which is solely based on \/nMMDZ(Py,,, P).
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Figure 1: Empirical level and power of the tests based on T, (M, P) and /nMMD (P,,,, P) for dimensions
p =2 (left) and p = 16 (right), a sample size n = 500, as well as for different choices of €, (see
the legend) and varying standard deviation. The rejection probabilities are estimated using
1000 replications of the tests based on samples of size n. The black dashed line indicates the
significance level 0.05.

For the two tests based on the statistics T,(M, P) and \/ﬁMMDz(Pan, P) with a level
5%, Figure 1 shows the empirical proportion of rejections of the null hypothesis Ho am
for dimensions p € {2,16}, sample size n = 500 as well as for different choices of ¢, €
{n_1/2'5,n_1/4'5,n_1/6'5}. In Figure 1, we restrict ourselves to this moderate sample size in
order to empirically illustrate an influence of a choice of the weights €, on the performance of
the proposed tests. Note that the empirical proportions of rejections of Ho r¢ when o = 1.0
are the empirical levels of these tests. When ¢ > 1.0, they are their empirical powers.

First of all, we observe in Figure 1 that all tests keep their empirical level sufficiently
well for all considered €,. Furthermore, if the convergence rate of €, to zero is decreasing,
then the empirical power of the test based on T,(M, P) is also decreasing, confirming our
intuition that €, has to tend to zero with n. However, the power is always higher than
the empirical power of the test solely based on \/ﬁMMDg(Pan,P). For any considered
tuning parameter ey, the test based on T,(M, P) always outperforms the test based on
\/ﬁMMDg(Pan,P) for the considered sample size n = 500 and all dimensions, confirming
the relevance of 7,(M,P). In all our experiments, we have observed that the empirical
power of all tests is increasing with increasing sample sizes and also for increasing dimension.
In the sequel, we fix ¢, = n 125 gince this choice empirically yields the highest powers of
the proposed MMD specification test.

As a second example, define the family of competing models for the law of X as

Y (o) = apl +diag(o1,...,0)Y ~ Py,; Y ~ N (0,1,)

for some pre-specified marginal mean ag € R, where the marginal standard deviations are
o1,...,0p. Weset o:=(01,...,0p) and 1 =(1,...,1). If we fix ap = 0, then the “optimal”
parameters are o7 = ... =0, =1 and P = P+, where 0" = (o7, .. .,a;). Now, we vary the
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Figure 2: Empirical level and power of the tests based on 7., (M, P) and \/RMMD?Z (P, , P) for dimensions

p =2 (left) and p = 16 (right) as well as for sample sizes n = 100, 250,500, 1000 (see the legend),

en =1 %% and varying mean. The rejection probabilities are estimated using 1000 samples of

size n. The black dashed line indicates the significance level 0.05.

mean o of the competing model Y (o) by setting ag € {0, 0.1, 0.2,..., 0.6}. As in the previ-
ous example, we consider the p—dimensional Gaussian kernel k( X1, X2) = e IX=Xall3/p and
set the significance level at 0.05. Furthermore, we estimate o; by the empirical standard de-
viation of the j—th marginal i.i.d. sample from P, namely ain =n! Yic (X5 —Yij)Q, and set
0n = (1, 0pn). Thus, we use the two samples (Xi,...,X,) and (Yi(0n),. .. 7Yn(an))
from P and P,, to test the null hypothesis 7,(M, P). In the simulation study, the number
of Monte Carlo replications is again 1000 and we report the empirical level/power of a test
of ’H(L M-

For the two tests based on T, (M, P) and \/ﬁMMDg(PM, P), Figure 2 shows the empir-
ical proportion of rejections of the null hypothesis Ho a¢ for dimensions p € {2,16}, sample
sizes n € {100,250, 500,1000} and €, = n~'/?®. Note that the empirical proportions of rejec-
tions of Ho n for the case ap = 0 are the empirical levels of the tests. When ag > 0, they are
their empirical powers. All considered tests keep their empirical level reasonably well and
their power increases with an increasing sample size. Again, the tests based on 7, (M, P)
are always more powerful than the test based on \/ﬁMMDg(Pon,P). In this framework,
note the poor power of our MMD specification tests for a small sample size (n = 100) and
a small dimension (d = 2).

5.2 Monte Carlo Study for Model Comparison

In the third example, we focus on model comparison by considering two competing para-
metric models M7 and My for the law of X. Assume that the dimension p is even. The
first model M is defined by

Y(a)=Y+a~PF,,; Y NN(O,dz’ag(l,...,1,02,...,02)),
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Figure 3: Degenerate case for comparison of two models: Empirical level and power of the tests based
on Tn(Mi, Mz, P) and \/n(MMDZ (P, , P) - MMDZ(Q3, , P)) for dimensions p = 2 (left) and

p =16 (right) as well as for sample sizes n = 100,250, 500, 1000 (see the legend), €, = n Y2 and

varying standard deviation o in Model M;. Model Mo coincides with the true model (8 = 0).
The rejection probabilities are estimated using 1000 replications of the tests based on samples
of size n. The black dashed line indicates the significance level 0.05.

for some pre-specified variance o2, where o = (aq, ... ,0p). Thus, the first p/2 margins of
Y (a) have variance 1 and the remaining p/2 margins have variance o2. If 02 = 1, the model
M coincides with the true model when « equals the “optimal” parameter o, = 0. The
second model My is defined by

Z(B)=Z+B~Qp; Z~N(0,1p) ,

where 8 = (f1,...,5,). If =0, the model Mj also coincides with the law of the DGP.
Therefore, we may be in the degenerate situation, when the two competing models with
optimal parameters coincide with the law of the DGP. As in the first example, we vary the
standard deviation o by setting o € {1.0, 1.1, 1.2, 1.3, 1.4}. Further, we estimate « and /8
by the empirical mean of the i.i.d. sample from P, oy, = B, = n~! Y1 Xi. Then, we inde-
pendently generate the two samples (Y1 (an), ..., Yn(an)) and (Z1(8n),-- ., Zn(Bn)) to test
the null hypothesis Ho a1, Mo : MMD(P,,, P) = MMD(Q3,,P). In the simulation study,
we set the number of Monte Carlo replications to 1000, i.e., we generate 1000 independent
replications of the test statistic 7,(Mj, Ma, P) and report the empirical level/power of a
test of Ho a1, M,- As a comparison, we also provide the level/power of a test of Ho a1, M,
which is solely based on \/ﬁ(MMDg(Pan,P) - MMDg(QBH,P)). For the two considered
tests, Figure 3 shows the empirical proportion of rejections of the null hypothesis Ho a1, Mo
for dimensions p € {2,16}, sample sizes n € {100,250,500,1000} and €, = n" Y25 The em-
pirical proportions of rejection of Hg aq,, M, for the case o = 1.0 are the empirical levels of
our tests. The cases o > 1.0 correspond to their empirical powers.

First of all, we observe in Figure 3 that all tests keep their empirical level fairly well. As
previously, their power is relatively small for small a dimension (d = 2) and a small sample
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Figure 4: Non-degenerate case for comparison of two models: Empirical level and power of the tests based
on T (M1, M2, P) and /n(MMDZ(Pa,,, P)-MMDZ(Qg, , P)) for dimensions p = 2 (left), p = 16
(right) as well as for sample sizes n = 100, 250, 500, 1000 (see the legend), €, = n~ 2% and varying
standard deviation in Model M. Both models do not coincide with the true model. The
rejection probabilities are estimated using 1000 replications of the tests based on samples of size
n. The black dashed line indicates the significance level 0.05.

size (n = 100,250). Note that the empirical power of our MMD test is always higher than
that provided by the test solely based on \/ﬁ(l\—/I_l\—/[B(?(Pan,P) - mg(Qﬁn,P)). For the
considered tuning parameter €, = n~/2®, the test based on Tn (M1, Ma, P) always outper-
forms the test based on the competitor test statistic \/ﬁ(mg(Pan,P) —Mﬁ(@gn,P))
for the two considered dimensions and n € {500,1000}. As expected, the empirical power of
all tests is increasing with increasing sample sizes. As we have already observed, it is also
increasing for increasing dimensions.

For the fourth example, we modify the third example to avoid the degenerate case. Now,
the models M7 and Ms are given by

Y(a)=Y +a~P,,; Y~N(O,diag(1.22,...,1.22,02,...,02)), and

Z(B)=Z+B~Qp; Z~N(0,1.2°1,) ,

respectively. Thus, both models cannot coincide with the DGP, reflecting the non-degenerate
case. However, for o = 1.2, they coincide and are therefore equally far away from the DGP.
We vary the standard deviation o by setting o € {1.2, 1.3, 1.4, 1.5, 1.6}.

For the two tests based on the statistics 7T, (M, My, P) and \/ﬁ(MMDg(Pan,P) -

MMDg(QBn ) P)), Figure 4 shows the empirical proportion of rejections of the null hypothesis
Ho m, .M, for dimensions p € {2,16}, sample sizes n € {100, 250,500,1000} and €, = n 125,
The empirical proportions of rejections of Ho a1, m, for the case o =1.2 (resp. o > 1.2) are
the empirical levels (resp. powers) of the tests. In Figure 4, we clearly observe that the test
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Country Specification test Specification test Model comparison
for the normal mixture | for the scaled t-distribution test

Austria 0.3872 0.8288 0.6019
Germany 0.7143 0.4689 0.6981
Ireland 0.8301 0.6783 0.9001
Italy 0.9638 0.5020 0.5140
Netherlands 0.6206 0.5335 0.9051
Singapore 0.6548 0.7121 0.9582
Sweden 0.7638 0.8206 0.9426

Table 1: P-values for the model specification and model comparison tests with €, = n~ Y25 for the standard-
ized residuals of Austria, Germany, Ireland, Italy, Netherlands, Singapore and Sweden (univariate
models).

based on T, (Mj, My, P) is again more powerful than a test based on \/ﬁ(MMDg(Pan,P) -
MMDZ(an,P)). Further, similar conclusions as in the third example can be drawn.

The R code for the implemented tests that are used in the simulation study is accessi-
ble at https://github.com/Flo771994/MMD_tests_for_model_selection. Fabian Baier
recently translated the R code into Python, and the corresponding implementation is now
available at https://github.com/fabianbaiertum/BFM-test.

6. Empirical Analysis

We illustrate the proposed MMD specification and model selection tests on historical stock
returns, using the same data set as Briick et al. (2023). This data set consists of the daily log-
returns of the MSCI indices for Austria, Germany, Ireland, Italy, the Netherlands, Singapore
and Sweden from December 31, 1998 till March 12, 2018. The 5007 daily log-returns of
seven countries constitute a multivariate time series, for which the considered MMD tests
are not applicable. Therefore, we follow a standard econometrical approach by filtering
every univariate time series of log-returns through ARMA/(p,q)-GARCH(1,1) techniques
(see McNeil et al., 2005, Chapter 4). Using BIC, we find that the model ARMA(0,0)-
GARCH(1,1) is the most suitable one for the considered returns. Thus, we get so-called
“standardized” residuals, that can reasonably be considered as i.i.d., with expectation zero
and variance 1. We then focus on the law of such residuals.

Using the MMD specification and model selection tests, we first answer the question of
whether a scaled t-distribution or a mixture of two normal distributions are appropriate for
fitting the univariate standardized residuals, two standard choices in financial econometrics.
Obviously, all distributions in the two considered models are restricted to have expectation
0 and variance 1. Furthermore, as proposed in the previous section, we use the nuisance
parameter €, = n Y25 for n = 5007. Table 1 reports the p-values for the proposed MMD-
based tests. Our conclusions are consistent with those obtained by Briick et al. (2023)
with the corrected Clarke test and the one-step Vuong test. Namely, none of the two
considered univariate distributions for standardized residuals can be preferred with respect
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Type of the test / Copula | Normal | Student ¢ Clayton Gumbel
Model specification 0.8444 0.7177 [ 1.9-107% [ 9.79-1072°
Model comparison 0.8555 0.0006

Table 2: P-values for the model specification and model comparison tests with €, = n Y25 for seven-
dimensional standardized residuals (multivariate models).

to another. This is not surprising because both parametric families are commonly used in
applied financial econometrics.

In the next step, we would like to find an appropriate multivariate model for the seven
dimensional vector of standardized residuals. Since this problem is not an easy task, we
split it into two sub-tasks: first, the choice of marginal models, and, second, the choice of a
copula model, as in McNeil et al. (2005, Chapter 5) and many others. According to Table
1, the scaled t-distribution is appropriate for modeling the marginal standardized residu-
als. Thus, we select it as the univariate marginal model for each of the seven standardized
residuals. In order to estimate our parametric copula models under consideration, we trans-
form all univariate standardized residuals by their marginal empirical distributions to get
pseudo-observations. The copula parameters are then estimated by semiparametric pseudo-
maximum likelihood (Genest et al., 1995). This standard technique yields asymptotically
normal estimators.

Now, we can compare the normal copula and the t-copula (McNeil et al., 2005, Chapter
5), and perform also specification tests for them. The full multivariate distribution of
the seven dimensional standardized residuals is finally specified by the marginal scaled t-
distributions coupled with either the normal copula or the Student t copula. The first
three p-values in the left part of Table 2 indicate that the specification test as well as the
model selection test cannot reject the corresponding null hypotheses at the 5% significance
level. It appears that the degree of freedom of the Student-t copula cannot fully capture
all bivariate tail dependencies and, therefore, cannot be favored in this context, despite its
common preference in applied financial econometrics.

Alternatively, we also consider the Clayton copula and the Gumbel copula. They are
governed only by a single parameter, which is probably not enough to reasonably model
a random vector of dimension seven. When they are combined with marginal scaled t-
distributions, the p-values of the specifications tests for the Clayton copula and the Gum-
bel copula in the right part of Table 2 are not surprisingly very small. Therefore, the
null hypotheses of model specification can be rejected for both models, at any standard
nominal levels. Moreover, the null hypothesis that these two models are equivalently well
suited is rejected at the 5% level. The test statistics is equal to 3.4271, indicating that the
multivariate model with the Gumbel copula is preferred to the one with the Clayton copula.

7. Conclusion and Outlook

We have provided novel MMD-based model specification and model selection tests when
the model parameters are estimated in a first-stage. In comparison with an approach solely

based on MMDQ(POWP)7 these tests circumvent the major difficulty of computing the
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critical values of a complicated asymptotic distribution, but instead simply require to resort
to the critical values of the standard normal distribution. Moreover, since our distribution
free testing procedures are also valid when no parameter estimation is conducted, they yield
valuable alternatives to the two sample test proposed by Gretton et al. (2006). The testing
procedures are summarized in Algorithm 1 and Algorithm 2, respectively.

Both proposed test statistics depend on a tuning parameter, whose “optimal” choice is
still an open problem that may be investigated in the future, for example by a local power
analysis in the same spirit as Schennach and Wilhelm (2017). Moreover, it remains future
work to derive certain properties of our testing procedures, such as the local power and
uniformity of convergence over sets of DGPs. Moreover, Chérief-Abdellatif and Alquier
(2022) recently investigated parameter estimation based on the MMD for dependent input
data. Since our test statistics are basically composed of U-statistics, future research might
be concerned with relaxing the assumption of i.i.d. observations in the application of our
MMD-based model specification and model selection tests by resorting to the vast literature
on U-statistics of dependent data.
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Appendix A. Proofs

Hereafter, for any symmetric map ¢ and any i.i.d. sample (Z,...,Z,), the associated
i . -1
U-statistic of degree r is denoted as U, 1) := (T'(Z)) Yivsinsiv)elr O(Ziys -+ Zi,), where

Inn::{(il,...,ir):’ijEN,lS’ian;iji’ikifji/{}.

In our case, Z; will be (X;,U;) or the concatenation of several similar random vectors. More
specifically, consider a class £ of symmetric real-valued functions on ®",(S®U). With a

slight abuse of notation, denote as (L{,Sm)ﬁ)gd; the empirical U-process which acts on the
sample

([X, U]l:m7 [Xa U](m+1):2m R [Xa U](n—m+1):n)7

and whose degree is determined by ¢. The latter sample is drawn from ®", (P ® Pry) and is

of size n/m (which is implicitly assumed to be an integer). Note that Z/{él)ﬁ is just U, ¢ and
we drop the upper index in this case.
Let us illustrate our notation with the two classes of symmetric functions

F:= {[w,U]Lz = h([x, uliz;a)| ae B5(a*)}v and (18)

25



BRUCK, FERMANIAN AND MIN

]:q = {[$,U]1:4'_>Q([:B7u]124;05)‘ OéEB(S(O[*)}7 (19)

for some § > 0, where h and ¢ are defined in (7) and (8), respectively. The empirical U-
process of degree one indexed by the set of functions F is defined as the stochastic process

1 n
Up: FoR; folf=——"-27 ), f([X,Ul,)
n(n-1) UZ=31 ( ])
itJ
Moreover, the empirical U-process of degree 2 indexed by F is the stochastic process
et )
Uy Fge Ry oV fi= ————= ), [ X, Ul2i-12i2j-12;)
! n/2(n/2-1) ij=1 T
itj

This notation allows to rewrite the estimators of MMD?(P,,, P) in terms of empirical U-
processes as

MMD?(P,,, P) = Uyh (;a,) and MMD2(P,,, P) =UPq (an).

Moreover, let the operator P/ denote E [£(Z)], where the random vector Z is in accordance

with the arguments of ¢. Thus, ((Z/{ém) —]P’)é) s denotes the centered empirical U-processes
whose asymptotic behavior was investigated in Arcones and Giné (1993, 1994), among
others.

A.1 Theoretically Convenient Variance Estimation
2

o and

2 2
Uq7a* 70-0(* 76*

2 the asymptotic variances of MMD?(Py,, P), MMD((P,,,P), MMD?*(P,,,P) -

O q,ax,8x7
MMD?(Qg,, P) and MMDZ (P, , P) -MMDZ(Qpg, , P) respectively. In Sections 3.2 and 4.1,
we have defined empirical estimators 5271 and 62,% of 02 and aéa*. Unfortunately, these
estimators are not U-statistics. Thus, an analysis of their asymptotic properties is not very
convenient. In the following, we will introduce alternative U-statistics estimators and show
that they are asymptotically equivalent - up to a term which tends to 0 sufficiently fast
- to the estimators defined in Sections 3.2 and 4.1. This will allow us to develop asymp-
totic theory for the simpler to analyze U-statistic estimators and to derive the corresponding
asymptotic properties of the estimators introduced in Sections 3.2 and 4.1 straightforwardly.
First, for any fixed o, we symmetrize 52 and discard the terms for which the indices
7 and k are equal, since their contribution is negligible. Doing so, we obtain a proper U-
statistic, which is much more convenient to work with. This leads to the following estimator
of 02:

Let us begin this section by proposing alternative estimators of o

2 4 S - .
Oq = 3n(n_ 1)(?2—2) i,j,zkal {h([X’U]%J?a)h([X’U]z,k,a)
itk i#5,kt]

+ h([X, Ul 0)h([ X, Uljps ) + ([ X, Ul 0)h([ X, Ul ) }
~ 4{MMD?(P,, P)}* = Upng(;a) - 4{MMD2(P,, P)}*.
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Thus, &i can be decomposed into the weighted sum of the squared MMD2(Pa, P) and a U-
statistic of degree three with the symmetric U-kernel g(-; a), as defined in (13). Obviously,
an estimator of o2 can now be defined as

&in = ng(';an) - 4{MMD2(Pan7P)}2' (20)

Similarly, we can define a U-statistic estimator of 02,01 given by

2 TL/2

2

= X U . o o .

0g.a 22— 1)(n)2-2) i}j%::l E([X, Ulai-1,2i,2j-1,2j,26-1,26; @)
itk,itg,k#g

~8{MMD?(P,, P)}* =UP¢(;a) - 8{MMD(P,, P)}".

where we define a symmetric (in [@,u]1:2, [, u]3.4 and [x, u]s) U-kernel as

§(sa) [z, uli6 ;{Q([iﬂ,u]l,z,:sA; a)q([x, uli25.6; )

+q([z, uls a2 a)q([z ulsase ) + q([z,uls 6345 0)q([z,uls61,2;0) }. (21)

Note that the operator U,§2)§(-,04) is a usual U-statistic of degree three on the sample
[X,U](2i-1):(2s) for i =1,...,n/2. Now, an estimator of Ug,a* can be defined as 637%.

In the model selection framework we can analogously define U-statistic estimators for
the asymptotic variances 037 P and 027 8" For a given tuple (a, 3), we define

1 n

6—3“8 = m i,]%:zlg([X7 U7 V]l,],ka Q, 6) - 4{MMD2(POU P) - MMD2(Q57 P)}2
itj#k
= Ung (s, B) — 4{MMD?(P,, P) - MMD?(Q3, P)}’, (22)

as an estimator of o2 5 Where we define the symmetric (w.r.t. triplets (z,u,v) or concate-
nated pairs of triplets) U-statistic kernel

g([x7uav:|1i3;aaﬂ) = %{h([%,’U,,’U]Lz;a,ﬁ)h([ﬁ,u,’U]Lg;O[,ﬂ) (23)
+h([w,u,v]g71;a,B)h([w,u,v]gvg;a,B) + h([m,u,v]g,g;a,ﬁ)h([w,u,v]g,l;a,ﬁ)}.

Moreover, we can define an estimator of aiaﬁ based on 5([m,u, v]16; B) by

2
= X U,V 1—1,21,25— ), 2k— ; &
00,3 (2= 1) (n)2=2) m%:ﬂﬁ([ ; J2i-1,2i,2j-1,2j, 261,285 @ B)
itjtk

~8{MMD?(P,, P) - MMD%(Q3, P)}
UDE( a, B) - 8{MMD?(P,, P) - MMD?(Q, P) ),
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where we define

([, u,v]i6 0, B) := g{q([ac,u,v]1,2,3,4;a,B)q([m,u,v]172,5,6;a,6)+ (24)
Q([CC, u, 0]3,4,1,2; a,ﬁ)Q([fL’,% ’0]3,4,5,6; Q, B) + Q([if, U7’U]5,6,3,4; Q, 5)61([337 u, ’0]5,6,1,2; «, 5)}

Therefore, U-statistic estimators for 03*7 5, and 03’ .5, are given by

&2 Ung (5, Br) = 4{MMD?(P,, , P) - MMD?(Qg,, P)}’, and

O, Bn =

62 o 5, = UPEC an, Ba) - 8{MMD2(P,,, P) - MMD*(Qg,, P)},
2

which are sums of parameter dependent U-statistics. The following Lemma shows that o7, ,

~9 ~9 ~9 . . ) ~92 ) ~9
Tq.an’ Tan, By and Ty o, Bn AT€ asymptotically equivalent to o;, , o, ,, O v B and 0 g m fon

Lemma 1 Under Assumptions 1-2, 62 =62 +Op(n™'), &27% =62, +0p(nt), &2

Qn q,Qn an,Bn =
éﬁnﬂn +O0p(n7t) and &3’%,6” = Ug,an,ﬂn +Op(n7Y). Additionally, 0, >0 whenever P,, + P

and, under Assumption 5, 04, g, > 0 whenever P,, # P or Qg, # P.

Proof First, a simple calculation shows that

4
n-1

~ R n-2
T = Oy + (—n " 1)Mng(';an) +

unh(a an)2a

where U, h(-;)? is a U-statistic of degree two with U-kernel h(-;)? acting on the sample
(Xi,U;)i=1,...n- The boundedness of k implies that there exists a constant C' > 0 such that
lg(-, )| < C and |h?(-,a)| < C, which gives [Ung(+; )| < C and Uy h(:;a,)?| < C. Thus,

4
n-1

5

unh('§an)2 < C:OP(n71)7
n-1

(225 - 1)thg ) +
n-1

proving that 62 =62 +Op(n'). Similar arguments show that 637% = 62,% +Op(n™1),
&in,ﬁn = &in,ﬁn +Op(n7t) and &g,an,ﬁn = &Z,an,ﬂn +Op(n71).

To prove that oo, >0 whenever P,, # P, assume o,, =0 and MMD(P,,, P) > 0, seeking
a contradiction. Note that 0 = 02 = Var(fz(Xl,Ul;a*)) implies h(X1,Up;a.) = C as.,
and, w.l.o.g., assume C > 0. Since MMD(P,,, P) = Ex y[h(X,U;a,)], h(X1,Us;0.) = 0
a.s. implies MMD(P,,, P) = 0, which would be a contradiction. Thus C' > 0. Moreover,
observe that we can rewrite iL(Xl,Ul,Oé*) = T1(X1) + To(Uy), for some maps T7 and T5.
Since X; and U; are independent, there exist two constants C7 and Cy s.t. T1(X7) = Cy
and T5(Uy) = Oy a.s., and at least one of Cy and Cs is non-zero. W.l.o.g. assume C7 > 0

which gives

C1 =Ex, [k(X2, X1)] - Evp[k(X1, F(Us, )] = 51(X1) — 52(X1).
This implies s1(x) — s2(x) = C1 for almost every x € supp(P). By definition of T, we have
Cy = To(Uy) = —s1(F(Uy, o)) + s2(F(Ur,a*)) a.s. Therefore, since supp(P) nsupp(Pa, ) #
@, this yields Cy = —C'; and, then, we have B(Xl, Ui, ) =0 a.s., which is contradiction to

MMD(PF,,,P) > 0. Thus o4, >0 when P,, # P. The proof of o, g, >0 whenever P,, # P
or Qp, # P is similar and is thus omitted. |
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A.2 Proof of Theorem 1 (Model Specification)

We first state a general lemma which is of interest per se.

Lemma 2 Suppose that Assumptions 1-4 hold.

(i) If \/ﬁ[MMDQ(Pa*,P)—MMDZ(Pa*,P), ozn—a*] weakly tends to a real-valued random
vector [Za, , Vo, | then

law

Vn{MMD?*(P,,,, P) ~MMD?(P,,,P)} — Za, + Vor MMD?*(P,, P)|a-a. Va.,

where Z,, ~ /\/’(O,ai*). Moreover, 5(2)m - ai* in probability.
(i) If /n(an—a.) = Op(1) and Py, = P, i.e., if Hom is satisfied, then /RMMD?(P,,,, P)
= Op(n~Y?) and 52 =Op(n").

(iii) If \/ﬁ[MMD?[(Pa*,P)—MMDQ(PQ*,P), an—a*] weakly tends to a real-valued random
vector [Zg.a,,Va,] then

law

\/E{MMDS(PQ", P) - MMD2(POZ*7P)} - Zq,a* + vaT MMDZ(POM P)‘a:a* Va*y

where Zg o, ~ N(O,Ug,a*)' Moreowver, 53’% - 03,% > 0 in probability.

In the latter lemma, the weak convergence of the two centered MMD estimators is guar-
anteed by standard U-statistics results (through Hajek projections). Here, the main point
is their joint convergence with \/n(ay, —a.), which is usually guaranteed when «,, — v, can
be approximated by an i.i.d. expansion, a typical situation with M-estimators (van der
Vaart, 2000, Section 5.3). For instance, when a log density is sufficiently regular (twice
differentiable, in particular) w.r.t. its parameter, this is most often the case for maximum
likelihood estimators. Such i.i.d. expansions directly appear when «,, are sample averages,
differentiable functionals of them, or sample quantiles. Note that the variance of Z,,, is zero
in the degenerate case P,, = P, which will be the case under Ho .

Proof [of Lemma 2]

(i): A first order Taylor expansion yields

N 1 n
MMD?(P,,,P) = ——— 3 h([X,Uli ;o) +Op(Jan - au|?)
n(n-1),54
i#j
1 n
+— vaTh [XvU]i,';a* '(Oén—Oé*). (25)
n(n-1) ”221 ( ’ )
i#]

Note that the remainder term Op(|ay, — . |?) is due to Assumption 4 and is Op(n™1).

The weak convergence of \/ﬁ{MMDQ(Pan,P) - MMDz(Pa*,P)} is a direct conse-
quence of weak convergence assumption, in addition to Leibniz’s Theorem applied
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to Vah at a = a, (second part of Assumption 4). Recalling (20), the convergence

of the estimated variance &in is easily obtained by a first order Taylor expansion of

the maps o ~ g([m,u]iyjyk;a) defined in (13) around «,, for every triplet of indices
(i,4,k), i # j # k. Therefore, 62 =Uy,g(;a.)—4{MMD2(P,,, P)}* +0s(1) that tends

to 03* by the consistency of usual U-statistics. Note that we have again invoked As-

sumption 4 to manage the remainder term. This immediately implies the consistency
of c'%n by Lemma 1.

With obvious notations, rewrite (25) as
MMD?(P,, , P) = Uph(:; o) + UnVarh(s a).(an — o) + Op(nh).

Since Uy, h(+; ) is a degenerate U-statistic, it is Op(n™'). Moreover, the mean of the
U-statistic U, Vo h(-; ) is zero because

E[Voh([X,Ulij;0n)] = VaE[R([X, Ui jian) ] = Va MMD?( Py, P)|a=a. = 0.

Thus, the U-statistic U, Vorh(+; a.) is Op(n~'/2). This implies /o MMD?(P,,, P) =
Op(n~'/?), the announced result.

Concerning the asymptotic variance, a Taylor expansion of o — g(-; &) around a, and
Assumption 4 yield

N Py 2
62 =Ung(an) - 4{MMD?(P,,, P}

Qn

=Ung(-;00) + UnVarg (s a) (an — o) + Op( [l - oz*||2) +O0p(n7?).

Since it can be checked that U, g(-; o, ) is a degenerate U-statistic, this term is Op(n1).

Moreover, U, V9g(+; au ) tends in probability to VQE[g( [X,U]1:3; 0 )] (Assumption 4),
that is zero because o — E[g([X, Ulis; a)] is minimized at « = ax. This implies that
the U-statistic U, Vag(-; ) is Op(n~1/?). Globally, we get 62 = Op(n7'), which
immediately implies &in = Op(n~') by Lemma 1.

The positivity of 04, had already been noted at the end of Section 3.2. The rest can
be proved exactly as for (7).

The proof of Theorem 1 follows from Lemma 2, with a few adjustments: in the statement
of Lemma 2, the term V7 MMD2(PQ,P)|a:a* Va, accounts for the influence of parameter

estimation on the asymptotic distribution of MMD?(P,,,P) and MMD((P,,,P). This
will no longer be the case under Hg r¢, because then V- MMD?(P,, P)|a=a, = 0. This
explains why only \/n(ay, — ax) = Op(1) is required to prove Theorem 1. Moreover, since
Vr{MMD?(Py,, P)~-MMD?(P,,, P)} and /n{MMD}(Py,, P)~-MMD?(P,,, P)} are usual
U-statistics, they are jointly weakly convergent.
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1. Note that

MMD? (P, P) _ S MMD2(P,, , P) N N \/ﬁMMDg(Pan,P).

Goy + nbgan Gay + nbgan 6 oy, + /T€nG g

vn

Invoking Lemma 2 (ii), we obtain

VnMMD*(P,,,,P) Op(n~1?) B Op(1)
Gon + €n0gan  Op(n"2) +€,640, Op(1)+\/N€nGgan

Since €,y/n — oo in probability by assumption and G4, — 04, > 0 in probability,
this yields
VnMMD?*(P,,,P)

Oa, *+ €n0q,an

O[p(l).

Again, by Lemma 2 and the consistency of &4.q,, we have \/ne,dqq, — oo in proba-
bility, when \/né,, = Op(1). This provides

Vnen/nMMD?(Ps, . P)  /nMMD((Py,, P) law N(0,02,.)
= +op(1) = — 9%

VNGa, +\/N€nGg.an Fg.om Tg.an

~N(0,1),

which proves the claim.

2. When Py, # P, Vn{MMD?*(P,,, P) - MMD?(P,,,P)} = Z,, + Op(1) where Z,, is a
non-degenerate random variable and 7, — 04, > 0 in probability, due to Lemmas 1
and 2 (i). Therefore, the denominator of 7, (M, P) tends to o,, in probability and

2 2
VA MMD?(P,, , P) _ MDY (P P)

Oa, +6n0q,an Oq

p(1).

*

Similarly, Lemma 2 (iii) and /n(ay, — ax) = Op(1) yield

MMD?(P,. ., P
Enﬁ ( (o) )

= = +0P(1)-
Oa, + EnO'qyan O,

€n
This provides

MMD? (P, ,P)

2
= 0p(1) + /(1 + e) MM (Fa, )

Oa, T €n0q.a, Oay,

Vvn
which implies the claim since MMD?(P,,, P) > 0.

A.3 Technical Assumptions and Proof of Theorem 2 (Model Specification)

For a given ¢ > 0 and in addition to (18) and (19), define the classes of symmetric functions
G:= {[mvu]lﬁ = g([z, ulis; )| ae B&(Oé*)}, and
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Q:= {[$,’U,:|1;6 o &([z,ulie; )| ae B(;(oz*)},

where ¢(-, @) and £(-, ) were defined in (13) and (21), respectively.

In this section, we will assume that certain centered empirical U-processes weakly con-
verge to their appropriate limits in some function spaces: for some families £ as above, we
will assume that

law

(nr/Q(L{?(Lm) - ]P))E)geﬁ - (GT‘Z)KEL in (LOO([’)7 ” ’ ”00) ’ (26)
where the non-negative integer r—1 denotes the degree of degeneracy of the class of functions

L and G, denotes a stochastic process on £ with bounded and uniformly continuous sample
paths w.r.t. the Lo-norm on the appropriate product space which is in accordance with

the arguments of £ € £. When (26) is satisfied, we say that n'/ 2(u7§m) - P) indexed by L
weakly converges. For example, when r = 1, (nl/ 2(Z/{,EQ) -P)f ) feF weakly converges to a

Gaussian process (G1 f ) feF, in Lo (F,) which has uniformly continuous sample paths w.r.t.
q

I- ||L2(®§:1P®PU)'

Sufficient conditions ensuring the weak convergence in (26) are, among others, provided
in Arcones and Giné (1993, 1994), van der Vaart and Wellner (1996). In particular, there
exist many sufficient conditions that do not rely on any differentiability property of the
functions in £, which makes (26) particularly useful when considering non-differentiable
generating functions. Moreover, as another strength of the functional convergence (26), it
also ensures that the centered empirical U-process satisfies some asymptotic equicontinuity
property, as follows:

(1Sim lim sup IP’*( sup "2 (U™ - P)(f - g)| > e) =0,

- n—oo f:9eL |1 f-gllLy<o

denoting P* the outer probability associated with P (van der Vaart and Wellner, 1996,
Section 1). To illustrate, when r = 1, the latter asymptotic equicontinuity property will
allow us to “replace” expressions of the form /n(U,-P)h(:; o) by /n(U,—P)h(:; ), since
Vn(U, —P) (h(-;ap) — h(-; ) vanishes in probability due to asymptotic equicontinuity.

We impose the following assumption, which ensures that the centered empirical U-
processes of interest are asymptotically equicontinuous.

Assumption 6 There exists some 6 >0 such that the empirical U-processes
(VAU =P)f) ;o » (VU =P)G) s (VU =B)g) g+ (VRUP ~P)E) o
weakly converge to their appropriate limits in the functional sense. Moreover,
|25 0m) = h(‘§a*)||L2(®§:1P®PU) » la(s om) _Q(ﬁa*)”Lg(@ilP@PU) , and

l9(Cian) = g9(s ) Ly02 Pepy) s and (¢ am) = () Ly(e8  Pory)

tend to zero with n in probability.
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Instead of providing technical conditions that ensure the functional convergence of our
centered empirical U-processes, we have opted to impose the latter rather “high-level”
assumption to avoid an excessively technical discussion. Nonetheless, we provide explicit
sufficient conditions for Assumption 6 in Appendix B and verify these conditions in a ReLu-
type generative neural network example in Appendix C.

To later determine the exact rates of convergence of some quantities related to our model
specification test, we need to further introduce the auxiliary map

G(rsyia) s e 3w y0) + SE[((X F(U0)), () WX F(U00i0)], (21

recalling (9). Note that §(:;a.) =0 when P = P,, since h(- ) =0 in this case. We impose
the following regularity conditions on h(x,y;«) and g(x,y; ).

Assumption 7 The maps o — h(z,y;a) and o~ §(z,y;) are twice continuously dif-
ferentiable in a neighborhood of o = av., for every (x,y) € S2. Additionally, the maps
Lo E[VQB(X, F(U;a); oz*)] and ¢ 1 a E[Vag(X, F(U;a); a*)] are differentiable in a
neighborhood of o = a.. Moreover, E[VQB(X,F(U;Q*);a*)] = Vo E [B(X,F(U;a*);a*)]
and E[Vag(X,F(U;oz*);a*)] = V. E [Q(X,F(U;a*);a*)] and there exists a real constant
0 >0 such that

E| UPa, aseys (o) | Vaar (X, F(Usaz);en) 3] < oo, and

28
]E[supal’w&Bdad ||V§WT§(X,F(U;ag);al)Hg] < 00, (28)
For any ag € ©1, the map Vail(l', F(u;ap); 04*) denotes hereafter the derivative of a —
iL(ac,F(u; ao);a) at a = ay. Thus, Vaﬁ(x,F(u;a*);a*) should not be confused with the
derivative of the map a — iL(J:,F(u;a);a) at a = a,, that may not exist because o ~
F(u;«) may not be differentiable. Similarly, Vag(m, F(u;ap); 04*) denotes the derivative of
o g(w,F(u;ao); a) at o = ..
~ Even if the map « — F(u;«) might not be differentiable, Assumption 7 imposes that
h(x,y;«) and its derivatives are sufficiently smooth w.r.t. a for any (x,y). This is le-
gitimate because E[h((x,y), (X,F(U;a)))] might be interpreted as a smoothing of the
(possibly) non-differentiable function h((a:l, y), (2, F(u; a))). A similar statement applies
to g(z,y; ). Moreover, we denote the classes of functions

Fei= {[m,u]lzz = h([e,uli @) = h(z1, Fuis ); @) = h(z, F(uz; a); )
+ MMD*(P,, P) | o€ By(aw) },
Ge :={[:13,u]1:3 = g([z,ulisi@) - §(ar, Flusa)ia) = g(a, Fus; )i a)

- (w3, Fug; ) ) + 2Pg(0) | a € By(an)},

_7} = {(ZL',U) g VaiL(:L‘,F(U;OZ);OZ*)

a e Bg(a*)}, and
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G = {(z,u) » Vag(z, F(u;a);ian) | a € By(an) ).

We assume that the centered empirical (U-)processes indexed by the classes of functions
Fe, Ge, F and G converge to their appropriate functional limits.

Assumption 8 There exists some § > 0 such that the centered empirical U-processes
(n(Uy, —]P’)f)fefc and (n(Un —P)g)gegc, and the empirical processes (v/n(Py, —IP’)f)fef_ and
(\/ﬁ(IP’n —P)g)geg weakly converge. Further, the map o~ o4 is continuously differentiable
in a neighborhood of c.. Finally,

Exu [IVab(X, F(Us an); ) = Vo (X, F(Us i ); ) 3] as well as

Ex,u [|Vad(X, F(Usan);a.) = Vad(X, F(Us a); o) |3]
tend to zero in probability.
Again, we provide some sufficient conditions to ensure the functional convergence of
the latter centered empirical U-processes and empirical processes in Appendix B. Now,

we can derive the asymptotic distribution of our estimators of the MMD with estimated
parameters.

Lemma 3 Under Assumptions 1-2 and 6-8, the statements of Lemma 2 are valid.

Proof [of Lemma 3|
We prove the statements (i)-(iii) of Lemma 2 successively.

(i): Note that

VA{MMD?(P,,, P) - MMD?(P,,, P)}
- V/n{MMD?(P,,, P) - MMD?(P,,, P) - MMD(P,,, P) + MMD?(F,,, P)
+ MMD?(P,., P) - MMD2(P,_, P) + MMD?(P, ., P) - MMD?(P,_, pP)}
= V(U = P)(h(;;m) = h(5;.)) + V(U - P)h(- a)
+/nVor MMD?( Py, P)|a=a. (an — ) + VR op(|an — oy |),

by a Taylor expansion of o = MMD?(P,, P). Since the process \/n(U,~P), indexed by
F, is asymptotically equicontinuous by Assumption 6 and the convergence |h(-;ap,) -
h(; )| Ly(PepyePep,) = 0 in probability holds, we get that /n(Uy, — P)(h(;an) -
h(:;n)) is op(1). Moreover, by Arcones and Giné (1993, Theorem 4.9), /n(U, -
P)Ah(:;a) converges in law towards a normal random variable whose variance is

o2, = Var (2Ex, 1, [A([X, Ulra; . )| X1, U] ).

By assumption, \/nVsr MMD?(P,,, P)(a, - a,) converges to Vot MMD?(P,, , P)V,,
and the joint convergence follows from our assumptions. The fourth term is clearly
op(1), since |ay, — a.| = Op(n~'/?). Thus, we have

law

Vi{MMD?*(P,,,, P) ~MMD?(P,,,P)} — Za, + Vor MMD?*(Py, P)|a-a. Va. -
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_ 2
Furthermore, 62 =U,g(+;an) - 4{MMD2(P%,P)} . We have just deduced the con-

vergence of MMD?(P,,,, P) to MMD?(P,,, P) in probability. Similarly, since \/n(U,, -
PP) indexed by G converges to a Gaussian limit and [g(;; an)=g(5 )| 1,2  Per,) =0
in probability, we have

Ung (i an) = Exr v, [9C; an) ([ X, U 13) | + 0p(1), and
0[5 (X U)o (X 0 i)

P
<lgCsom) =g( )Ly Pory) = 0;
where [ X', U']1:3 is an independent copy of [X,U]y.3. Thus, this yields

Ung (o) = E[g([X, Ul 000)] +0p(1),

2
Ok

in probability. Therefore, we also have 52 — o2

proving that &in -0 o . in proba-

bility by Lemma 1.

Obviously, when P,, = P, Vo MMD?(P,, P)|aa, = 0 since a, belongs to the interior
of ©; and is an argmin of o » MMD?(P,,P). Moreover, Uph(-;a.) = Op(nh)
by standard U-statistic arguments, because h(-;a. ) is now a degenerate U-statistic
kernel. Note that, by Assumption 2, \/n MMD?(P,, , P) = Op(n~"/?) since

MMD?(P,,, P) (0 = @) 'V2 ot MMD?( Py, P)la=a, (on = a) + 0p (|lan = o [[?)

Ok (flan — o |?)

which is Op(n~!). Let us decompose the quantity of interest as
\/EMMD2(Pan7P) = \/Eunh(a an) = \/ﬁun(h('; an) - h('; a*)) + OIP’(TZ_I/Z).

Thus, it remains to prove that \/nlUy, (h(;an)-h(;a.)) = Op(n~1/?). To this aim, we
will use the asymptotic equicontinuity of degenerate U-statistic kernels. Obviously,
for any a # a., h(;a) = h(;a,) is generally not a degenerate U-statistic kernel.
Nonetheless, we can rewrite

Vit (i(0) ~h(30.)) = s 3 (X, ULigion) ~0((X.ULigion )}
i

+MZﬁ(Xi,F(Ui;an);an)+Op(n_1/2), (29)
noa

w([a:,u]lzg; a) = h([m,u]m; a)—ﬁ(wl,F(ul; a); a)—ﬁ(acg, F(ug;); a)+MMD2(Pa, P).

Note that w([:n,u]lzg;a*) = h([m,u]hg;a*) because B(w,y;a*) = 0 for every (x,y),
when P = P,,. Moreover, the U-statistic U, (-; «) is now degenerate, for every « € 0.
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For any € > 0 and any positive constants 0, k € {1,2}, we get

p(\ Vi

) o) — i) M > e
5 S X)) (X D)) )

2,j=1
itj
< P( sup ‘n(L{n—P)(f—g)‘>e)+IP’(Han—oz*||251)
fng]:CHf_g”LQ(®22 p®pu)<62
+P(19(5an) = 0050 |y, (pory)) 2 02: lan —au] <81) = T+ T+ T,

By the asymptotic equicontinuity of n(i,, — P) indexed by F. (Assumption 8), there
exists d s.t. 17 is arbitrarily small for n sufficiently large. Since

(5 0m) = ¥( 0‘*)”L2(®§:1(P®PU)) <A||h(5an) = h(; 0‘*)HL2(®§:1(P®PU))

that tends to zero in probability, J; can be chosen so that T5 and T3 are arbitrarily
small for sufficiently large n. Globally, we have obtained that

v

n(n=1) Z {([X.Ulijiom) - 9([X,Ulijiax)} = op(n'7?). (30)

2,7=1
itj

Moreover, since iL(J?, y; «) is twice continuously differentiable w.r.t. & by Assumption 7,
we obtain by a limited expansion

2v/n i‘zlil(xi,F(Ui;an);an)

n
- 2 (X FUs )i ) + Var (X3, F(Us )i )(an - )
no4a
+ 271(0[71 - a*)Tvz,aTB(XiaF(Ui; Oén), dn)(an - Oé*)}7

for some random parameter &, that satisfies |Gy, — a.| < [an —a.|. Due to (28) from
Assumption 7 and since h,, =0 under the null, this yields

F(Uu Oln); an)

= ivaTh(XZ,F(UZ,an) a*)(an a.)+O0p(n'/?)
= \/ﬁ(an—a*)T%i{vaﬁ(XuF(Uz‘;Oén);a*)—Va;l(X%F(Ui?a*)?a*)}

i=1

+v/n(om — o) —Zva (X5, F(Us; o ); ) + Op(n™?)
ni

= 2/i(an - a) B Vah( F(s0n):00) = Vah(, F(s )0
+2v/n(an — Oé*)T]P)nVoil(-, F(a.); a*) + OP(nfl/Z)'
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Observe that ]E[Va (X, F(U;ou); a*)] = VQE[B(X,F(U;a*);a*)] = Va0 =0 due to
Assumption 7 and P,, = P. Moreover, as the map a — t(«) = E[VQB(X, F(U;a); a*)]

is assumed to be differentiable at a = v, (Assumption 7), a Taylor expansion provides
[e€an) 1 = [e(en) + (an = @) Var(an) |1 +op(an = ) = 0+ Op(n™7?).
Deduce

”P{Va ( F( Oén) Ck*) Vaﬁ(.,F(.;a*);a*)}Hl = Hb(an) — L(a*)nl — O]]D(n_l/Q),
Therefore, we get
B S h(Xe P )i0,) = 2Vilon =) (B =)Vl Flio o)

+2\/5(0471_a*)T(Pn_P){Vai’z(',F('SOén);Oé*) Va ( F(au); Oé*)}-i-O]p(n_l/Q).

~ P
Since Ex u[|Vah(X, F(U; 0m); ) = Vah(X, F(Usa.);0.)[3] > 0 and v/a((Pn -
P)f ) fef Converges to a tight Gaussian limit (Assumption 8), the asymptotic equicon-
tinuity of the latter process yields

2v/n(ay —a.) (P - P){Vail(v F(san);on) = Vah(s, F(5a.); a*)} = op(n~1/?).

Moreover, the usual CLT yields \/ﬁ(an—a*)T(Pn—P)Vaﬁ(-, F(oan)ia.) = Op(n~11?).
In other words, we have obtained

M iﬁ(XuF(Ui;an);ozn) = Op(n_l/z). (31)
i=1

Therefore, by (29), (30) and (31), we get /nlUy(h(:;an) - h(;5a.)) = Op(n~"?) and
MMD?(P,,,, P) = Op(n™').

Furthermore, note that we have also just proven that
52, =Ung(-;am) — 4(MMD?(Py,, P))” = Ung(; an) + Op(n72).

Thus, it remains to show that U,g(:;a,) = Op(n™') when P,, = P. To this aim,
observe that

3E [9([X,Uliss ) | X1,U1] /4 = B*(X1, F(Us o ); )
+E[E[A([X,Uls1;0.)h([X,Ulas;00) | [X,U12] | X1, Un]
+E[E[h([X,Uls20.)h([X,Uls1;00) | [X, U1 3] | X1, U1 ]

= 1*(X1, F(Urs o) an) + 2E [R([ X, Ula; a0 )Xo, F(Uss o) o) | X1,Un | =
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since h(-,-;a) = 0 when P,, = P, ie., g(-;n) is a degenerate U-statistic kernel.
Therefore, as a degenerate U-statistic, (Z/{n — ]P’)g(-;oz*) is Op(n™!). Since Pg(-;ay) =
o2 +O0p(nt), deduce

Ung(;an) = Un = P)g(500) + (Un = P)(9(0n) = g(s)) + 05, +Op(nh).

Since a = 0, is continuously differentiable in a neighborhood of «, there exists & € Oy
s.t. 0q = (0= 0.)"Vaos and @ - a.| < |- a.|. This yields 02, = Op( |, — o |?) =
Op(n™'). We have obtained U,g(:;an) = (U, — P)(g(; ) — g(5;a)) + Op(n7t). By
the same type of decomposition as above, we get

Vi =B)(g( ) ~g(:00) = ey 3 (o0 UTsien)

i#j#k
g(Xi,F(Ui;an);an) —§(Xj,F(Uj;an);an) - (Xk,F(Uk,an) an) +2Pg(; a)
- 9(Xi, F(Us; ), X5, F(Ujy o), X, F(Uy; ) }—3\/@?’9(';%)
3\/_ n

Eg(XZ, F(UZ» an); an)'
i=1

By the asymptotic equicontinuity of the degenerate process n(U,, — P) indexed by G,
we obtain

\/_(u ]P))(g( an) g( 04* ) = Z (XiaF(UiQQn)San) +O]P’(n_1/2)'
i=1
Now, since o — o (z,y) is twice continuously differentiable, a limited expansion yields

%i (Xz,F(UZ,ozn) an) \/ﬁ(an—a*)%ivag(Xi,F(Ui;a*);a*)

. 3(ay, -

\/ﬁa*) é {Va§<Xi,F(Ui; an); o) = Vad(Xs, F(Uss o) a*)} + Op(n~11?).

Note we have invoked Assumption 7 to manage the remainder term. Finally, due to
the asymptotic equicontinuity of the empirical U process indexed by G and the usual
CLT, we obtain 3.1 §(X;, F(Ui; o); o ) [y/10 = Op(n~1/?). This yields 62 =0p(nt)
and therefore &in = Op(n!) also by Lemma 1.

(iii): Follows exactly by the same arguments as the proof of (7).

Note that the proof of Theorem 1 solely relied on Lemma 2, which is why Theorem 2
immediately follows from Lemma 3.
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A.4 Proof of Theorem 3 (Model Comparison)

If the maps a — F(u;a) and 8~ G(v;3) are twice differentiable for every u e and v € V,
the same arguments as in Section 3.3 can be invoked to obtain the asymptotic behaviors
of Tn(My, My, P)’s numerator and denominator. As for Lemmas 2 and 3, we establish a
more general result than we need. To this aim, we require the following joint convergence
assumption.

Assumption 9 When n - oo,

MMD?(P,., P) - MMD?(P, , P) Z%)
MMDZ(Qg,, P) - MMD2(Q,, P) z5?

il MMD2 (P, P) - MMD2 (P, P) | qu%
MMDy(Qs., P) - MMD*(Qg.., P) Zq 5,

O, — Oy Vof*l)

B = B v

When o (resp. B.) minimizes the distance MMD(P,, P) over O (resp. MMD(Qg, P)
over ©3), the weak convergence of \/n(ay, — o) (resp. /n(Bn — Bx)) is no longer required
and replaced by the weaker requirement /n(ay, —a.) = Op(1) (resp. /n(Bn - B+) = Op(1)).

Lemma 4 Assume that Assumptions 1-5 and 9 are satisfied by the competing models My
and Mso. Then the following is true:

(i)
Vn{MMD?(P,,,, P) - MMD*(P,,, P) - MMD?*(Qg,, P) + MMD*(Qg,, P)}
1
= Wa, g, + Var MMD?(Py, P)laza, VA = V- MMD*(Qg, P)|5-5. V),

where W, g, = Zo(ll*) - Zg) ~ N(O o2 ) Moreowver, 537“6” - Ui*,ﬁ* in probability.

? CX*,B*

(it) If P, = Qgp, = P, then o4, g, =0. Moreover, 637“/3” = Op(n‘l) and

VA{SND (P, P) - NN (Q, P)} = Os(n™17).

(iii)
V{MMD}(P,,, P) -MMD?(P,,, P) -MMD2(Q3,, P) + MMD?*(Q3,, P)}
l
— g.00,8. T Var MMDQ(PQ, P)la=a. Va(*l) — Vg MMD2(Q,37 P)|g=p. Vﬂ(*z)’

where Wy o, 8, = Zé}og* - ZéQg* ~ /\/(0,0370“75*). If the samples (U;)i»1 and (V;)i>1 are
2

: ~2
2asp > 0 Finally, o

Gon,Bn Uia*,ﬁ* in probability.

independent, then o
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Proof [of Lemma 4| As in Lemma 2, the proof is essentially based on two Taylor expansions.

Recall that MMD?(P,,,, P) ~-MMD?*(Qg, , P) = Uph(-; an, By). By a Taylor expansion of the
U-kernel h(-; oy, By) around (a., 5, ) and due to Assumptions 3-4 for both models, we have

h(:an,Bn) = h(5auw,Be) + Varh(s o, Be).(an —ay) + VBTh(';a*aB*)-(ﬂn - B+)
+Op([lan = o [|?) + Op (|1 B = B.11?). (32)

The convergence of /n{MMD?*(P,,, P)-MMD?(P,,, P)-MMD?*(Qg, , P)+MMD?(Qgs,, P)}
immediately follows from Assumption 9. We prove the convergence of the estimated vari-

iann defined in (22) using a first order Taylor expansion of the map (a,f) ~

g([:c,u,v]i’jvk;oz,ﬁ) defined in (23) around (a.,f.), for every triplet of indices (i,j,k),
i#j+ k. By Lemma 1, we get the convergence of 7, 3, to 04, g,. This yields (i).

In the case (ii), P, = P = Qp, and o, and (3, are minimizers of a » MMD(P,, P) and
B = MMD(Qg, P) respectively. By direct calculation and recalling (14), we easily obtain
O, g, =0. Then, (32) provides Unh(;an, B) = Op(n~') because

ance &

E[Vah([X, U, V]1: 04, B.) | = VaE[A([X, U, V11 25 0, B.) | = Va MMD(P, , P) =0,

and similarly E[Vﬂh([X, U, V]Lg;a*,ﬁ*)] = 0. Moreover, a Taylor expansion of the U-
kernel g(+; ay,, Bn) around (a., B.) yields that U,g(+; o, Bn) = Op(n™') when P,, = P = Qg,
since U g(-; e, By ) is a degenerate U-statistic, as in the proof of Lemma 2 (ii). This implies

62 0 =Ung(sam, Bn) - 4(MMD2(P,,, P) - MMD?(Qg,, P))” = Op(n™).

anvﬁn =
The same reasonings apply to prove (iii), noting that MMDg(P%, P) —MMDg(an ,P) =
U,,(Lg)q(-; O, Bn). In particular, mimic the same arguments as above for the U-kernels

q(:;am, Br) and (v an, Br), recalling (15) and (24). This yields \/ﬁ{Z/{,(LQ)q(-;an,ﬁn) -
(MMD(P,,, P) - MMD(Qg,, P))} = N(0,07 .. 5.) and 4.0, 8, = 0ga... > 0. ]

q,0x,

The proof of Theorem 3 is a direct consequence of Lemma 4, mimicking the proof of
Theorem 1. Note that we only need the joint weak convergence of the first four compo-
nents of the random vector in Assumption 9, that is obtained by the Cramer-Wold device
and usual Héjek projections of U-statistics based on the sample (X;,U;, V;). Contrary to
Theorem 1, one must differentiate the case P,, = P = Qg, and the case MMD(P,,,P) =
MMD(Qg,), but P,, # P # Qp, under the null. When P,, = P = Qg,, the proof is
identical to the proof of Theorem 1. When MMD(P,,,P) = MMD(Qg,) but P,, # P #
@3, the proof structure is still identical to the latter case, but with the sole differences
that /nUp,h(;an, Bn) — N(0,0’ihﬁ*), Fonfn = Oanp. > 0, €n0ga,5, = 0, as well as

Vnen{MMDZ (P, ,P) - MMD?(Q3,,P)} - 0. The latter arguments yield (i) of Theorem
3 and the result follows.

Remark 3 In Lemma 4, it is possible that aia*,ﬁ* = 0 when the random variables U and
V are “perfectly dependent” and P, = Qg, , i.e., when F(U;; o) = G(Vi; B.) a.s. for every
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i. To be specific, by simple calculations, we always have
/8 :=Var (E[k(X, G (V; B.))[Va] - E[k(X, F(Ua; ) |Us]
+ E[k(XQ,G(V;B* )| X2] - E[k(X2, F(U; o) )| Xa]
E[k(F(U1; ), F(U3 ) [U1] = E[k(G(Va: B.), G(V3 8.)) A1)

qa* By

When F(Uyi; ) = G(Vi; By) a.s., which is for example the case when both generators of the
optimal models are identical and U; and V; are generated by the same source of randomness,
then it becomes clear that Ug,a*,ﬁ* =0. However, this undesired phenomenon is avoided when
U; and V; are chosen to be independent, i.e., when the two competing models are generated
by independent sources of randomness, which is why we have imposed this assumption.

A.5 Technical Assumptions and Proof of Theorem 4 (Model Comparison)

Define h(z,y, z;a, 8) :== K (z,y;0) - K3 (2, z; 8), where KV (z,y; o) and hP (x, z; B) are
defined according to (9). Moreover, define

(0,750, 8) = SB[ (X, F(U30), GOV ), (01 2) B (X, F(U,0), G(V3 9);0,5) ]
+ %lil2(.7}, y, 2, 3).

Define some classes of functions as in Section A.3, but now indexed by («, ) instead of «
only, as

f(M) = {[ib,u,’U]l;g e h(l:wauav]lﬂ;aaﬁn Q€ B(S(a*)vﬁ € B(S(B*)}v

GM = ([, 0]15 > g([2, w, v]is; 0, 8)] @ € Bs(an), B € Bs(8.) ),
and, in the same spirit, the analogs ]:(EM), QM) fc(M), Q(EM), FM and GM) of Fq
9, Fe, Ge, F and G. We need to adapt the regularity Assumptions 7 and 8 to the new
framework.
Assumption 10 The maps (o, 5) — E(x,y,z;a,/é’) and (o, B) ~ g(x,y,z;a, ) are twice

continuously differentiable in a neighborhood of (o, B+) at every (x,y,z) e SxSxS. Ad-
ditionally, the maps

(,8) = B[V o h(X, F(U; ), G(V; B); e, )], and

(,8) > B[ V(0 )3(X, F(U30), G(V3 8); 0., B.)

are differentiable in a neighborhood of (cu.,fx). We assume
E [V (anh(X, F(U;0.),G(V, 8.); 0, 8:)] = V(a9 B [(X, F (U3 0.), G(V; B s, B.) | and

E[V(apd(X,F(U;),G(V;B:) e, B)] = ViapE[9(X, F(Us0.), G(V; B.)s s, Ba) |-
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Moreover,
175 ans Br) = h(; O‘*»ﬂ*)”L2(®§:1P®PU®PV) s G am, Br) = a(; O‘*»ﬂ*)HLz(@)‘i‘:lP@PU@PV) )

lg(+; an, Bn) = g(‘;a*?/B*)HLQ(@)?:lP@PU@Pv) sand ||§(+; an, Bn) = g('?a*aﬁ*)”LQ((g?:lp@pU@pv)

tend to zero in probability for n — oo. Finally, for some real constant § >0, we have

E sup 192, 5 (w5 (X F(Us a2), G(V; B2); @, B))| 0.B)=(as, ”%]
|:(041,,6’1)EB(S(@“)XB(S(/&)7 (,8),(a.8) ( )( B)=(a1,81)
(a2,B82)eBs(as)xBs(Bx)

+E[ o IV 80,5y, (0,5) 9(X F(Us a2), G(V: B2); @, B)l(0,8)=(an 8 )llg] < 0.
(e1,B1)€Bs (s )xBs(B+), (a,8),(e,3) s
(a2,B2)eBs (ax)xBs(Bx)

Assumption 11 There exists some 6 > 0 such that the centered empirical U-processes
(2)

(Vs =) jopesnr: (ViU =B)F) i, (U =B)F) s, (VWU =B)F)

(\/ﬁ(un —]P’)g)geg(M) and (n(U, —]P’)g)geg(M) as well as the empirical processes (\/H(IP’n -

P)f)fgﬁ(/\/l) and (/n(P, —P)g)geg(M) weakly converge. Finally, the map («,B) = 04, is

continuously differentiable in a neighborhood of (a., ) and

Exuv (16X, F(Usan), GV Ba)i v, B2) = V(ap (X, F(U; ), G(V5 B ) s, B 3]

as well as

IEX,U,V [Hv(a,ﬁ)g(X7 F(Ua an)7 G(Va Bn)v Oy B*) - v(a,ﬁ)g(Xa F(Uv a*)’ G(Va 5*)7 Ay 6*) ”g]
converge to 0 in probability.

Again, sufficient conditions to ensure the functional convergence of the considered em-
pirical U-processes can be found in Appendix B.

Lemma 5 Assume the models My and My satisfy Assumptions 1-2 and 9-11. Then the
conclusions of Lemma 4 apply.

Essentially, the proof of Lemma 5 goes along the same lines as the proof of Lemma 3,
replacing each quantity defined for model specification with the corresponding quantity for
model selection. Therefore, it has been omitted. Then, assuming Lemma 5 is satisfied, the
proof of Theorem 4 follows identically to the proof of Theorem 3.

Appendix B. Sufficient Condition for Functional Convergence of
Centered Empirical U-processes

In Section 3.4 and Section 4.3, we require that some centered empirical U-processes indexed
by certain classes of functions converge to their appropriate limits in the functional sense
(26). In this section, we provide some sufficient conditions that ensure such functional weak
convergences.
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Consider a generic class £ of symmetric real-valued measurable functions on some prod-
uct probability space (Zq, ®321PZ). A class L is degenerate of order r—1, r > 1, if

E(Zi)lgigq-rarr@f;{"“Pz [E(Zl, e Zq)] = const ®Z_T+2 Pgz-a.s. , and

Var (E(Zi)lsiSq—r"@)g:—{PZ [K(Zh SRRR) Zq)]) >0

for every ¢ € £. When r =1, this simply means E[((Z1,...,Z;)] =0 and E[{(Z1,...,Z;) |
Z1] is not a constant; thus, the class £ is also called non-degenerate in this case.

Let us recall the usual definition of covering numbers: for a given norm |- | on £, define
the e-covering number of (L, | -|) as

N(e, L] ) = min{n:Elfl,...,fn e Ls.t. supmin||f - f;] < e}.
feL 1<n

Essentially, the covering number measures the size of £ w.r.t. || and can be interpreted as
a measure of complexity of £ w.r.t. |-|. Hereafter, we define some regularity condition on a
generic class of functions £ that is based on the covering numbers of £. This condition will
ensure the weak convergence of the centered empirical U-process n'/ 2((Un - IP)E) sep and it
is mainly based on (simplified) conditions provided by Arcones and Giné (1993).

Definition 1 Let £ denote a class of symmetric measurable functions on some product
probability space (Zq, ®g=1PZ) and let v be a positive integer. Then, L is called r-reqular if
the following is satisfied:

1. S(21,. .., 2¢) =supgep [U(21, ..., 2g)| < 00 for all (z1,...,2¢) € Z29;
2. E(Z¢)1ggq~®$:1Pz [S(Zl, RN Zq)z] < ooy
3. limy—eo tPZ(IE( e ey (20 21, 2)7] > t) - 0;

4. L is image admissible Suslin;

v

. for all probability measures Q such that Bz, _,_ .q [S(Zl, ey Zq)2] < o0, we have

oo r/2
{0 N (VB a5 2L )] e, 39)

b r/2
and fo {logN(e,E, |- L2(®g=1pz))} de < oo.

Any centered empirical U-process n'/ 2((1/{”—1?’)6 ) ter that is degenerate of degree r—1 and
r-regular weakly converges to a limit process in Lo (L), which is asymptotically uniformly
equicontinuous w.r.t. the norm || - HL2(®§:1Pz): see Arcones and Giné (1993, p. 1535).

In Definition 1, the concept of being image admissible Suslin is a measurability property
that may not be familiar to many readers. This is why we briefly discuss some sufficient
conditions to ensure the image admissible Suslin property of a considered class of functions
L. Assume that £ is parameterized by a vector-valued parameter « (resp. ) which belongs
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to a neighborhood of a, (resp. [.). In other words, we assume any class of functions £
may be rewritten as £ = {ly: £ —» R|0 € Oy}, for some non-empty compact subset ©¢ of a
finite dimensional Euclidean space and £ is the Cartesian product of S, U (resp. V) spaces.
From Dudley (1984), p. 101, this implies that £ is image admissible Suslin if

e & endowed with its Borel o—algebra is a Polish space (i.e., is metrizable to become a
separable and complete metric space), and

e the map (z,0) — fo(z) from € x ©¢ to R is jointly measurable.

These conditions are often met in practice and ensure the image admissible Suslin property
of L. Moreover, for certain classes of functions, it is well known that (33) is satisfied, such as
for VC-subgraph classes of functions or classes of functions that satisfy a Lipschitz-property,
see (van der Vaart and Wellner, 1996, Section 2.6 and 2.7). In particular, these conditions
may be directly checked provided the kernel k, (F(, O‘))aeel and (G(-;ﬁ))ﬁe%.

We are ready to provide sufficient conditions for the weak convergence statements in
Assumptions 6, 8 and 11 to hold. A sufficient condition to ensure that there exists some

d > 0 such that the empirical U-processes (\/ﬁ(un—IP’)f)fGP (\/H(UT(LQ) —P)q)qef , (VU -
q

P) g)gE g and (ﬁ(uﬁ” -P)¢ ) feo weakly converge to their appropriate limits in the functional
sense as claimed in Assumption 6 is as follows: there exists some § > 0 such that the classes
of functions F, F4, G and Q are 1-regular.

Moreover, a sufficient condition to ensure that there exists § > 0 such that the centered
empirical U-processes (n(un -P)f ) feF, and (n(Un -P) g) feG and the empirical processes
(Vn(P, —P)f)feﬁ and (/n(P, —]P’)g)geg~ converge to their appropriate functional limits as
claimed in Assumption 8 is: there exists some 6 > 0 such that the classes of functions F
and G are 1-regular and that the classes of functions F. and G. are 2-regular.

A sufficient condition to ensure that there exists some 6 > 0 such that the centered
empirical U-processes (\/ﬁ(un - P)f)fe}‘(M)’ (\/H(Z/{n - P)f)feféM), (n(Uy, - P)f)fefC(M)’

2 .
(\/ﬁ(u,g ) _P)f)feQ(M)’ (\/ﬁ(un—P)g)geg(M) and (n(Z/ln—IP‘)g)gegéM) and the empirical

processes (\/n(P, - P)f)fef?(/vt) and (v/n(P, - P)g)gégw) weakly converge to their appro-
priate functional limits as claimed in Assumption 11 is: there exists some § > 0 such that
the classes of functions FM) f(gM), FM) oM gM) gng GM) gre 1-regular and that
the class of functions fc(M) and QC(M) is 2-reqular.

Note that the 1-regularity of the classes of functions F, G, FM) and ¢ is simply
a sufficient condition to ensure that they are Donsker classes (van der Vaart and Wellner,
1996, Section 2.5). Finally, it should again be emphasized that the concept of r-regularity
does not rely on any differentiability property of the considered functions. Therefore, it is
a suitable concept to ensure the asymptotic convergence of centered empirical U-processes
indexed by classes of non-differentiable functions, such as in Section 3.4 and Section 4.3.
See Appendix C for an example.
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Appendix C. A ReLu-Type Neural Network Model

The goal of this section is to provide a short example which illustrates that the conditions
for an application of Theorem 2 are verifiable when the generating function a — F(-, ) is
non-smooth. Similar calculations yield that the assumptions of Theorem 4 are also satisfied
for this example, but due to space limitations we leave the detailed calculations to the
reader. The generative model with which we conduct our analysis is a special type of a
one-layer ReLLu neural network given by

F(u;a) :uw > apmax(u - by,0) +c, (34)
k=1

a map that is parametrized by « := (a1,...,am,ba,..., by, c), since we impose b; = 0. We
try to model P in terms of a generative model (FPy)qco, Where the law of any P, is the
law of F(U;a), U ~ Unif([0,1]), and ©1 denotes some subset of R*" with non-empty
interior. This model is clearly not differentiable w.r.t. (some of) the parameters bx. Thus,
one cannot rely on the results of Theorem 1. To make the exposition easier we assume that
o, = argmin, MMD(P,, P) is unique. This latter property is satisfied when all parameters
ay are positive and by =0< by <...< b, <1 (Lemma 6 below), an identifiability condition
that is assumed from now on. Further, we assume our kernel is bounded by one and is
twice continuously differentiable with bounded first and second derivatives, which is, e.g.,
satisfied by the Gaussian kernel. This implies that it is globally Lipschitz continuous and
we denote the corresponding Lipschitz constant as L.

We will frequently use Theorem 2.10.20 in van der Vaart and Wellner (1996). It implies
that sums of Donsker classes are again Donsker. Moreover, products of uniformly bounded
Donsker classes are Donsker. Let £ denote a generic class of uniformly bounded functions
with an upper bound C. We will show that each £ e {F,F,, Q,g,}“c,gc,ff,é} has poly-
nomially bounded covering number w.r.t. |- | z,(g), where @ denotes an arbitrary discrete
probability measure. This then implies that the entropy integral in (33) is finite, since
(van der Vaart and Wellner, 1996, footnote 1 p. 84) implies that the entropy integral in
(33) only has to be considered for discrete probability measures. From this it immediately
follows that L is r-regular for r € {1,2}.

First, recall that, for every norm |-| on £, the € covering number N (e, £, |-|) is bounded
by the corresponding 2¢ bracketing number, denoted Npj(2¢,L, | - |) (van der Vaart and
Wellner, 1996, p. 84). Further, every ReLu neural network with a bounded parameter set
and bounded inputs is globally Lipschitz w.r.t. its parameter «, denoting the corresponding
Lipschitz constant as L. Then, we have

|k‘(F(U1;Oq),F(UQ; 042)) - k}(F(Ul;ag),F(UQ;Ot4))| < LkL”(Oél,OéQ) - ((13,044)”1, a.e.

By van der Vaart and Wellner (1996, Theorem 2.7.11), the 2L Le bracketing number of the
classes K1 = {k(F(s1),F(;a2)) | a1,a2 € ©1} and K = {k(-, F(;a2)) | a € ©1} wr.t.
an arbitrary norm | - | are bounded by the Ce covering number of ©1 x ©; and ©1 w.r.t.
| - |1, respectively, where C is a suitable constant. These covering numbers are polynomial
in € as ©1 x O, resp. O1, is contained in a ball of radius R > 0 and such covering numbers
are bounded by an expression of the form Ce 21} > 0 (Vershynin, 2018, Corollary
4.2.13). Now, consider a class £ € {F,F;,Q,G,F.,G.}. Any element in H is written as
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sums and/or products of uniformly bounded functions from K; and KCo. Thus, the proof of
van der Vaart and Wellner (1996, Theorem 2.10.20) - in their notation, a; = 1 - implies the
existence of Cy > 0 s.t.

SgpN(@ﬁ,h(Q)) < SgPN(C%JCh I Ia(@)) "N (Cae, Ko, | I 1y00)) i=1,2,

where the powers ji,j2 € N depend on the respective function class £, and ) ranges over
all discrete probability measures. Due to the derivations above,

N(Che, Ki, L2(Q))” < Npj(2Cae, Ki, La(Q))% < Cye 21 2m+)

for a suitable C3 > 0. Thus, supg N (€, £, L2(Q)) is bounded by an expression of the form
Cye2+72)2m+1) 15 () implying that the entropy integrals in (33) are finite for every
positive integer . Thus, {F,Fy, Q,G, F,G.} are r-regular for every r € N and for every
ReLu neural network with bounded inputs and a bounded parameter set.

Let us continue by verifying the existence of moments for the derivatives of B(m,a)
and g(z,y;a) w.r.t. a (recall (9) and (27)). It is easy to see that the differentiability of
o ~ h(z,y;0) and o ~ §(z,y;a) follows from the differentiability of terms of the form
E [k(x, F(U; a))], since they are sums, squares and products of these terms. In our model
(34) and setting b,,4+1 = 1, these terms can be written as

m b1 k
k(o P )] = 5 [ ke Sastu- )

Thus, E [k(z, F(U;«)] is twice continuously differentiable w.r.t. « in a neighborhood of a.
for every fixed x, with bounded derivatives. This implies the existence of Vajz(x,y;oz*)
and Viﬁ(x, y; a, ) and its respective moment conditions. Similar arguments show that the
same is true for Va,§(z,y;a.) and V2 §(z,y;a.). Therefore, Assumption 7 is satisfied.
Note that this also implies that « + o2 and o - aia are differentiable in a neighborhood
of .

As Vo, h(z,y; ) and Ve, §(z,y; o) are continuously differentiable in a neighborhood
of o, and k has bounded derivatives, we also have that F and G are classes of Lipschitz
continuous bounded functions indexed by a € Bs(a. ), choosing a 6 > 0 small enough. There-
fore, mimicking the arguments above we can show that {F,G} have polynomially bounded
covering numbers and are r-regular for every r € N. Finally, all conditions mentioned in
Assumption 6-8 of the form [I(x,ay) - I(z,a.)|L, — 0 are satisfied for all [ € £. Indeed,
I(z,an) - l(z,a.) — 0 in probability for every consistent estimator «, of a., because all
considered functions are bounded and Lipschitz w.r.t. a.

It only remains to spell out conditions under which an estimator a,, for a, is asymptot-
ically normal. To this purpose, define

n/2
Ay = argminaeel n_l Z h((XQl, F(Ugi; 04)), (Xgi_l, F(Ugl‘_l; Oé)))
i=1

Note that o, is an M-estimator of o, := argmin,.g, MMD(FP,, P). By the same reasoning
as above, the map a ~ h((l‘l,F(Ul;O[))7(CCQ,F(UQ;Q))) is differentiable in a neighbor-
hood of a, for P® Py ® P ® Py almost every (x1,u1,x2,u2), with Lipschitz continuous
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derivative w.r.t. . Additionally, the corresponding Lipschitz constant is independent of
(x1,u1,22,uz). Since a » MMD(P,, P) is twice continuously differentiable in a neighbor-
hood of a, we obtain that «,, is asymptotically normal (van der Vaart, 2000, Theorem
5.23).

Note that the most difficult task in this example is to ensure the uniqueness of «,, which
is necessary to apply standard results to obtain the asymptotic normality of «,,. All other
statements above do not require the existence of a unique «, and are also valid when there
are multiple argmins. We were able to show that, under the assumptions of Lemma 6 below,
that our model (34) always has a unique argmin. Thus, under the identifiability conditions
from Lemma 6 (a result that is of interest per se), Assumptions 1-4 and Assumptions 6-8
are satisfied and Theorem 2 applies.

Lemma 6 If ai, k € {1,...,m} are strictly positive and by =0 < by < ... <bp-1 <bpy <1,
then model (34) is identifiable.

Proof Denote by 0 := (ay,...,am,ba,...,by,c) the vector of unknown parameters. Let Fy
be the cdf of the random variable Y7 a max(U — by, 0) + ¢. For notational convenience,
set sp:=ay +...+ag and vg == a1by + agby + ... + agbg, k € {1,...,m}. Note that s > vy for

any k. The support of our law is then Dy := (¢, ¢+ Sy — Up). Set b1 = 1. For any ¢ in Dy,
write

NgE

Fg(t)Z P(ZajmaX(U—bj,O)-i-CSt;bkSUSbk+1)

j=1

T
A

NgE

P(siU —vg + ¢ < ;b <U < bjaq)

T
A

(t—c+vk

Mz

{1(Skbk <t—-c+wv < Skbk+1) - bk) + 1(t —C+ U > Skb]ﬁl)(b]Hl - bk)}

T
i

Any cdf Fy is piecewise linear, with successive positive linear slopes 1/s1, 1/s2,...,1/Sm.
Indeed, the interior of the intervals I}, := [sgbg + ¢ — vk, Skbk+1 + ¢ — vg) are never empty since
bi+1 > b. Moreover, their intersections with Dy are never empty since sibr — vg > 0 and

Skbrs1 — Vi < Sk — Vg < Sy — U

Note that any I starts at t; = spby + ¢ — vg, ends at t), = spbys1 + ¢ — vg, and check that
ty, =tie1, k€ {1,...,m—1}. Since t; = ¢ and t],, = ¢ + Sy, — Uy, the intervals I, ..., I, are
disjoint and yield a partition of Dy.

Now consider two model parameters 8(1) and 0 st. Fyu(t) = Fye () for any real
number ¢. In particular, assume their supports are the same. With obvious notations, this
implies M =@ =g, Moreover, their sequences of slopes have to be the same, implying
5121) = s](f) for every k=1,...,m. This implies a,il) = a,(f) for every k=1,...,m, now denoted
ap, simply and similarly for their sums si. Considering the starting points of the upward
sloping segments, we have to satisfy skb,(;) —Ul(:) = skbl(f) —vl(f), ke{2,...,m}. In particular,
szbgl) —vél) = 52()52) —v§2), or albél) = albgz) equivalently. Since a; > 0, we get bgl) = bgz). Re-

cursively, it can be proved that b,(;) = b,(f) for any k € {2,...,m}. Indeed, assume b;l) = bj(?)
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for j € {1,...,k—1}. Then skbl(:) - vlgl) = skb,(f) - v,(f) implies (s; - aj)b,gl) = (s5 - aj)b,(f)
and then b,(:) = b,(f), proving the result. |
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