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Abstract

Despite the remarkable empirical successes of Generative Adversarial Networks (GANs),
the theoretical guarantees for their statistical accuracy remain rather pessimistic. In par-
ticular, the data distributions on which GANs are applied, such as natural images, are often
hypothesized to have an intrinsic low-dimensional structure in a typically high-dimensional
feature space, but this is often not reflected in the derived rates in the state-of-the-art
analyses. In this paper, we attempt to bridge the gap between the theory and practice of
GANs and their bidirectional variant, Bi-directional GANs (BiGANs), by deriving statis-
tical guarantees on the estimated densities in terms of the intrinsic dimension of the data
and the latent space. We analytically show that if one has access to n samples from the un-
known target distribution and the network architectures are properly chosen, the expected
Wasserstein-1 distance of the estimates from the target scales as O

(
n−1/dµ

)
for GANs and

Õ
(
n−1/(dµ+`)

)
for BiGANs, where dµ and ` are the upper Wasserstein-1 dimension of the

data-distribution and latent-space dimension, respectively. The theoretical analyses not
only suggest that these methods successfully avoid the curse of dimensionality, in the sense
that the exponent of n in the error rates does not depend on the data dimension but also
serve to bridge the gap between the theoretical analyses of GANs and the known sharp
rates from optimal transport literature. Additionally, we demonstrate that GANs can ef-
fectively achieve the minimax optimal rate even for non-smooth underlying distributions,
with the use of interpolating generator networks.

Keywords: Generative Adversarial Network, Intrinsic Dimension, Wasserstein Dimen-
sion, Convergence Rates, ReLU network approximation

1. Introduction

The problem of generating new data from an unknown distribution by observing indepen-
dent and identically distributed samples from the same has been of great importance to
researchers and finds fruitful applications in the fields of statistics, computer vision, bio-
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medical imaging, astronomy, and so on (Alqahtani et al., 2021). Recent developments in
deep learning have led to the discovery of Generative Adversarial Networks (GANs) (Good-
fellow et al., 2014), which formulates the problem as a (often zero-sum) game between two
adversaries, called the generator and the discriminator. GANs have been incredibly success-
ful, especially in the field of computer vision in generating realistic and high-resolution sam-
ples resembling natural images. The generator takes input from a relatively low-dimensional
white noise, e.g., normal or uniform distribution, and tries to output realistic examples from
the target distribution, while the discriminator tries to differentiate between real and fake
samples. Both the generator and discriminator are typically realized by some class of deep
networks.

Different variants of GANs have been proposed in the past few years, often by varying the
underlying divergence measure used and involving additional architectures, to learn different
aspects of the data distribution. For example, f -GANs (Nowozin et al., 2016) generalize
vanilla GANs by incorporating a f -divergence as a dissimilarity measure. Wasserstein
GANs (WGANs)(Arjovsky et al., 2017) incorporate the first-order Wasserstein distance
(also known as Kantorovich distance) to deduce a better-behaved GAN-objective. Some
popular variants of GAN include MMD-GAN (Dziugaite et al., 2015), LSGAN (Mao et al.,
2017), Cycle-GAN (Zhu et al., 2017), DualGAN (Yi et al., 2017), DiscoGAN (Kim et al.,
2017) etc. Recent progress in GANs has allowed us to learn not only the map from the
latent space to the data space (the generator) but the reverse map as well. This map called
the encoder, is useful in finding a proper low-dimensional representation of the samples.
Bi-directional GANs (BiGANs) (Donahue et al., 2017) implement an adversarial learning
scheme with the discriminator trying to distinguish between the fake data-latent code pair
and its real counterpart (see Section 2 for a detailed exposition). Ideally, during the training
process, the encoder learns a useful feature representation of the data in the latent space
for auxiliary machine-learning tasks and data visualization.

The empirical successes of GANs have motivated researchers to study their theoret-
ical guarantees. Biau et al. (2020) analyzed the asymptotic properties of vanilla GANs
along with parametric rates. Biau et al. (2021) also analyzed the asymptotic properties of
WGANs. Liang (2021) explored the min-max rates for WGANs for different non-parametric
density classes and under a sampling scheme from a kernel density estimate of the data dis-
tribution; while Schreuder et al. (2021) studied the finite-sample rates under adversarial
noise. Uppal et al. (2019) derived the convergence rates for Besov discriminator classes for
WGANs. Luise et al. (2020) conducted a theoretical analysis of WGANs under an optimal
transport-based paradigm. Recently, Asatryan et al. (2020) and Belomestny et al. (2021)
improved upon the works of Biau et al. (2020) to understand the behavior of GANs for
Hölder class of density functions. Arora et al. (2017) showed that generalization might not
hold in standard metrics. However, they show that under a restricted “neural-net distance”,
the GAN is indeed guaranteed to generalize well. Recently, Arora et al. (2018) showed that
GANs and their variants might not be well-equipped against mode collapse. In contrast to
GANs, the theoretical understanding of BiGANs remains rather limited. While Liu et al.
(2021) attempted to establish generalization bounds for the BiGAN problem, it also suffers
from the curse of dimensionality as the rates depend on the nominal high-dimensionality of
the entire data space.
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Although significant progress has been made in our theoretical understanding of GAN,
some limitations of the existing results are yet to be addressed. For instance, the general-
ization bounds frequently suffer from the curse of dimensionality. In practical applications,
data distributions tend to have high dimensionality, making the convergence rates that have
been proven exceedingly slow. However, high-dimensional data, such as images, texts, and
natural languages, often possess latent low-dimensional structures that reduce the com-
plexity of the problem. For example, it is hypothesized that natural images lie on a low-
dimensional structure, despite its high-dimensional pixel-wise representation (Pope et al.,
2020). Though in classical statistics there have been various approaches, especially using
kernel tricks and Gaussian process regression that achieve a fast rate of convergence that
depends only on their low intrinsic dimensionality (Bickel and Li, 2007; Kim et al., 2019),
such results are largely unexplored in the context of GANs. Recently, Huang et al. (2022)
expressed the generalization rates for GAN when the data has low-dimensional support
in the Minkowski sense and the latent space is one-dimensional; while Dahal et al. (2022)
derived the convergence rates under the Wasserstein-1 distance in terms of the manifold
dimension. It is important to note that the Minkowski dimension, although useful, does not
fully capture the low-dimensional nature of the underlying distribution (see Section 3), while
the compact Riemannian manifold assumption of the support of the target distribution and
the assumption of a bounded density of the target distribution on this manifold in (Dahal
et al., 2022) is a very strong assumption that might not hold in practice. Furthermore, none
of the aforementioned approaches tackle the problem in its full generality and match the
sharp convergence rates of the empirical distributions in the optimal transport literature
(Weed and Bach, 2019). Additionally, it remains unknown whether the GAN estimates of
the target distribution are optimal in the minimax sense.

Contributions In an attempt to overcome the aforementioned drawbacks in the current
literature, the major findings of the paper are highlighted below.

• In order to bridge the gap between the theory and practice of such generative models,
in this paper, we develop a framework to establish the statistical convergence rates
of GANs and BiGANs in terms of the upper Wasserstein dimension (Weed and Bach,
2019) of the underlying target measure.

• Informally, our results guarantee that if one has access to n independent and identi-
cally distributed samples (i.i.d.) from µ and if the network architectures are properly
chosen, the expected β-Hölder Integral Probability Metric (IPM) between the esti-
mated and target distribution for GANs scales at most at a rate of E‖µ− Ĝ]ν‖Hβ .

n−β/d
∗
β(µ). Here, d∗β(µ) is the β-upper Wasserstein dimension of the target distribu-

tion µ (see Definition 4). The recent statistical guarantees of GANs (Huang et al.,
2022; Dahal et al., 2022) follow as a direct corollary of our main result. Similarly,
for BiGANs, we can guarantee that the expected Wasserstein-1 distance between
the estimated joint distributions scales roughly at a rate (ignoring the log-factors)

of EW1

(
(µ, Ê]µ), (D̂]ν, ν)

)
- n−1/(d∗1(µ)+`). Here Ê and D̂ are the optimal sample

encoders and decoders and ` is the dimension of the latent space. Notably, when the
support encompasses the entire dataspace, this outcome aligns with the findings of
Liu et al. (2021).
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• We introduce the entropic dimension, characterizing a distribution’s intrinsic dimen-
sionality, and demonstrate its relevance in deep learning theory, notably in approxima-
tion and generalization bounds. Our investigation into the approximation capabilities
of ReLU networks reveals that achieving ε-approximation in the Lp(µ)-norm for α-

Hölder functions demands roughly O(ε−d̄αp(µ)/α) weight terms (refer to Theorem 21).

This contrasts with prior estimates of O(ε−d/α) (Yarotsky, 2017) or O(ε−dimM (µ)/α)
(Nakada and Imaizumi, 2020). Here d̄pα(µ) ≤ dimM (µ) ≤ d denote the pα-entropic
dimension, upper Minkowski dimension of µ and the dimension of the data space,
respectively (see Section 3). The result implies sustained approximation capabilities
even with smaller ReLU networks. Furthermore, we demonstrate that the Lp(µ)-

metric entropy of β-Hölder functions scales at most at a rate of O(ε−d̄pβ(µ)), enhancing
the foundational results of Kolmogorov and Tikhomirov (1961).

• Finally, we derive minimax optimal rates for estimating under the α-Hölder IPM,
establishing that the GAN estimates can approximately achieve this minimax optimal
rate.

Organization The remaining sections are structured as follows: Section 2 revisits neces-
sary notations, and definitions, and outlines the problem statement. In Section 3, we revisit
the concept of intrinsic dimension and introduce a novel dimension termed the entropic di-
mension of a measure, comparing it with commonly used metrics. This entropic dimension
proves pivotal in characterizing both the Lp-covering number of Hölder functions (refer to
Theorem 13). We show that the Wasserstein dimension determines the convergence rate of
the empirical measure to the population in the Hölder Integral IPM in Theorem 14. The
subsequent focus shifts to theoretical analyses of GANs and BiGANs in Section 4. We
begin by presenting the assumptions in Section 4.1, followed by stating the main result in
Section 4.2 and providing a proof sketch in Section 4.3, with detailed proofs available in the
Appendix. Section 5 demonstrates that GANs can achieve the minimax optimal rates for
estimating distributions, followed by concluding remarks in Section 6.

2. Background

Before we go into the details of the theoretical results, we introduce some notation and
recall some preliminary concepts.

Notations We use the notation x ∨ y := max{x, y} and x ∧ y := min{x, y}. T]µ denotes
the push-forward of the measure µ by the map T . B%(x, r) denotes the open ball of radius
r around x, with respect to (w.r.t.) the metric %. For any measure γ, the support of γ is
defined as, supp(γ) = {x : γ(B%(x, r)) > 0, for all r > 0}. For any function f : S → R,

and any measure γ on S, let ‖f‖Lp(γ) :=
(∫
S |f(x)|pdγ(x)

)1/p
, if 0 < p < ∞. Also let,

‖f‖L∞(γ) := ess supx∈supp(γ) |f(x)|. For any function class F , and distributions P and Q,
‖P −Q‖F = supf∈F |

∫
fdP −

∫
fdQ|. For function classes F1 and F2, F1 ◦ F2 = {f1 ◦ f2 :

f1 ∈ F1, f2 ∈ F2}. We say An . Bn (also written as An = O(Bn)) if there exists C > 0,
independent of n, such that An ≤ CBn. Similarly, the notation, “-” (also written as
An = Õ(Bn)) ignores poly-log factors in n. We say An � Bn, if An . Bn and Bn . An.
For any k ∈ N, we let [k] = {1, . . . , k}. For two random variables X and Y , we say that
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X
d
= Y , if the random variables have the same distribution. We use bold lowercase letters

to denote members of Nk for k ∈ N. ΠA denotes the set of all probability measures on the
set A. Wp(·, ·) denotes the Wasserstein p-distance between probability distributions. µ⊗ ν
denotes the product distribution of µ and ν.

Definition 1 (Covering and Packing Numbers). For a metric space (S, %), the ε-covering
number w.r.t. % is defined as: N (ε;S, %) = inf{n ∈ N : ∃x1, . . . xn such that ∪ni=1B%(xi, ε) ⊇
S}. A minimal ε cover of S is denoted as C(ε;S, %). Similarly, the ε-packing number is defined
as: M(ε;S, %) = sup{m ∈ N : ∃x1, . . . xm ∈ S such that %(xi, xj) ≥ ε, for all i 6= j}.

Definition 2 (Neural networks). Let L ∈ N and {Ni}i∈[L] ∈ N. Then a L-layer neural

network f : Rd → RNL is defined as,

f(x) = AL ◦ σL−1 ◦AL−1 ◦ · · · ◦ σ1 ◦A1(x) (1)

Here, Ai(y) = Wiy + bi, with Wi ∈ RNi×Ni−1 and bi ∈ RNi−1 , with N0 = d. Note that
σj is applied component-wise. Here, {Wi}1≤i≤L are known as weights, and {bi}1≤i≤L are
known as biases. {σi}1≤i≤L−1 are known as the activation functions. Without loss of
generality, one can take σ`(0) = 0, ∀ ` ∈ [L − 1]. We define the following quantities:
(Depth) L(f) := L is known as the depth of the network; (Number of weights) the number
of weights of the network f is denoted asW(f) =

∑L
i=1NiNi−1; (maximum weight) B(f) =

max1≤j≤L(‖bj‖∞)∨‖Wj‖∞ to denote the maximum absolute value of the weights and biases.

NN{σi}1≤i≤L−1
(L,W,B,R) = {f of the form (1) : L(f) ≤ L, W(f) ≤W,B(f) ≤ B,

sup
x∈Rd

‖f(x)‖∞ ≤ R}.

If σj(x) = x ∨ 0, for all j = 1, . . . , L − 1, we use the notation RN (L,W,B,R) to denote
NN{σi}1≤i≤L−1

(L,W,B,R).

Definition 3 (Hölder functions). Let f : S → R be a function, where S ⊆ Rd. For a

multi-index s = (s1, . . . , sd), let, ∂sf = ∂|s|f

∂x
s1
1 ...∂x

sd
d

, where, |s| =
∑d

`=1 s`. We say that a

function f : S → R is β-Hölder (for β > 0) if

‖f‖Hβ :=
∑

s:0≤|s|≤bβc

‖∂sf‖∞ +
∑

s:|s|=bβc

sup
x 6=y

‖∂sf(x)− ∂sf(y)‖
‖x− y‖β−bβc

<∞.

If f : Rd1 → Rd2 , then we define ‖f‖Hβ =
∑d2

j=1 ‖fj‖Hβ . For notational simplicity, let,

Hβ(S1,S2, C) = {f : S1 → S2 : ‖f‖Hβ ≤ C}. Here, both S1 and S2 are subsets of real
vector spaces.

2.1 Generative Adversarial Networks (GANs)

Generative adversarial networks or GANs provide a simple yet effective way to generate
samples from an unknown data distribution, given i.i.d. samples from the same. Suppose
that X is the data space and µ is a probability distribution on X. For simplicity, we will
assume that X = [0, 1]d. Let Z be the latent space, from which it is easy to generate samples.
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We will take Z = [0, 1]`. GANs view the problem by modeling a two-player (often zero-
sum) game between the discriminator and the generator. The generator G maps elements
of Z to X. The generator generates fake data points by first simulating a point in Z from
some distribution ν and passing it through the generator G. The discriminator’s job is to
distinguish between the original and fake samples. Wasserstein GAN’s objective is to solve
the min-max problem,

inf
G
‖µ−G]ν‖Φ,

where Φ is a class of discriminators.

One often does not have access to µ but, only samples X1, . . . , Xn
i.i.d.∼ µ. Moreover

one also assumes that one can generate samples, Z1, . . . , Zm independently from ν. The
empirical distributions of µ and ν are given by, µ̂n = 1

n

∑n
i=1 δXi and ν̂m = 1

n

∑m
j=1 δZj ,

respectively. In practice, one typically solves the following empirical objectives.

inf
G

sup
φ

1

n

n∑
i=1

φ(Xi)− EZ∼νφ(G(Z)) or inf
G

sup
φ

1

n

n∑
i=1

φ(Xi)−
1

m

m∑
j=1

φ(G(Zj)). (2)

One typically realizes G through a class of ReLU networks. The empirical estimates of the
generator are defined as:

Ĝn = argmin
G∈G

‖µ̂n −G]ν‖Φ or Ĝn,m = argmin
G∈G

‖µ̂n −G]ν̂m‖Φ. (3)

Of course, in practice, one finds an approximation of Ĝ only up to an optimization error,
which we ignore for the simplicity of exposition; however one can incorporate this error into
the theoretical results that we derive.

To measure the efficacy of the above generators, one computes the closeness of the target
distribution µ and the estimated distribution G]ν. As a measure of comparison, one takes

an IPM for some function class F and defines the excess risk of the estimator Ĝ as:

RGAN
F (Ĝ) = ‖µ− Ĝ]ν‖F.

In what follows, we take F = Φ = Hβ(Rd,R, 1). It should be noted that while the dis-
criminator is trained to differentiate real and fake samples, its role is limited to binary
classification. As such, the discriminator network can be replaced by any efficient classifier,
in principle. Neural networks are employed to approximate these Lipschitz or Hölder IPMs
and enable efficient optimization for practical purposes.

2.2 Bidirectional GANs

For notational simplicity, in the BiGAN context, we refer to the generator as the decoder
and denote it by D : Z → X. In BiGANs, one also constructs an encoder E : X → Z. The
discriminator is modified to take values from both the latent space and the data space, i.e.
ψ : X×Z→ [0, 1]. For notational simplicity, (f]P, P ) and (P, f]P ) denote the distributions
of (f(X), X) and (X, f(X)), respectively, where X ∼ P . The discriminator in the BiGAN
objective also aims to distinguish between the real and fake samples as much as possible,
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whereas the encoder-decoder pair tries to generate realistic fake data-latent samples to
confuse the discriminator. The BiGAN problem is formulated as follows:

min
D,E
‖(µ,E]µ)− (D]ν, ν)‖Ψ, (4)

where Ψ denotes the set of all discriminators. In practice, one typically has access only

to samples X1, . . . , Xn
i.i.d.∼ µ and Z1, . . . , Zm

i.i.d.∼ ν, and these are used to solve one of the
following empirical objectives.

inf
D,E

sup
ψ

1

n

n∑
i=1

ψ(Xi, E(Xi))− EZ∼νψ(D(Z), Z),

inf
D,E

sup
ψ

1

n

n∑
i=1

ψ(Xi, E(Xi))−
1

m

m∑
j=1

ψ(D(Zj), Zj).

The functions D, E, and ψ are typically realized by deep networks though it is not uncom-
mon to model ψ through functions belonging to certain Hilbert spaces (Li et al., 2017).

We let D and E be the set of all decoders and encoders of interest, which we will take
to be a class of ReLU networks. The empirical decoder and encoder pairs are defined as:

(D̂n, Ên) = argmin
D∈D,E∈E

‖(µ̂n, E]µ̂n)− (D]ν, ν)‖Ψ (5)

(D̂n,m, Ên,m) = argmin
D∈D,E∈E

‖(µ̂n, E]µ̂n)− (G]ν̂m, ν̂m)‖Ψ. (6)

To measure the efficacy of the above estimates, one computes the closeness of the joint
distribution (µ, Ê]µ) to (D̂]ν, ν) as,

RBiGAN
F (D̂, Ê) = ‖(µ, Ê]µ)− (D̂]ν, ν)‖F.

As before, we take F = Ψ = Hβ(Rd+`,R, 1).

3. Intrinsic Dimension of Data Distribution

Often, real data is hypothesized to lie on a lower-dimensional structure within the high-
dimensional representative feature space. To characterize this low-dimensionality of the
data, researchers have defined various notions of the effective dimension of the underlying
measure from which the data is assumed to be generated. Among these approaches, the
most popular ones use some sort of rate of increase of the covering number, in the log-scale,
of most of the support of this data distribution. Let (S, %) be a Polish space and let µ
be a probability measure defined on it. Throughout the remainder of the paper, we take
% to be the `∞-norm. Before, we proceed we recall the (ε, τ)-cover of a measure (Posner
et al., 1967) as: Nε(µ, τ) = inf{N (ε;S, %) : µ(S) ≥ 1− τ}, i.e. Nε(µ, τ) counts the minimum
number of ε-balls required to cover a set S of probability at least 1− τ .

The most simplistic notion of the dimension of a measure is the upper Minkowski di-
mension of its support, which is defined as:

dimM (µ) = lim sup
ε↓0

logN (ε; supp(µ), `∞)

log(1/ε)
.
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Since this notion of dimensionality depends only on the covering number of the support
and does not assume the existence of a smooth correspondence to a smaller dimensional
Euclidean space, this notion not only incorporates smooth manifolds but also covers highly
non-smooth sets such as fractals. The statistical convergence guarantees of different esti-
mators in terms of the upper Minkowski dimension are well-studied in the literature. Kol-
mogorov and Tikhomirov (1961) provided a comprehensive study on the dependence of the
covering number of different function classes on the underlying upper Minkowski dimension
of the support. Nakada and Imaizumi (2020) showed how deep learners can incorporate this
low-dimensionality of the data that is also reflected in their convergence rates. Recently,
Huang et al. (2022) showed that WGANs can also adapt to this low-dimensionality of the
data. However, one key drawback of using the upper Minkowski dimension is that if the
measure spans over the entire sample space, though being concentrated on only some re-
gions, can result in a high value of the dimension. We refer the reader to Examples 10 and
11 for such instances.

To overcome the aforementioned difficulty, as a notion of the intrinsic dimension of a
measure µ, Dudley (1969) defined the entropic dimension of a measure as:

κµ = lim sup
ε↓0

logNε(µ, ε)

log(1/ε)
.

Inspired by this definition, we define the α-entropic dimension of µ as follows.

Definition 4 (Entropic Dimension). For any α > 0, we define the α-entropic dimension of
µ as:

d̄α(µ) = lim sup
ε↓0

logNε(µ, ε
α)

log(1/ε)
.

Clearly, d̄α(µ) ≥ 0. Note that Dudley’s entropic dimension is d̄1(µ). Dudley (1969)

showed that when the data is i.i.d. E‖µ̂n − µ‖H1 roughly scales as O
(
n−1/d̄1(µ)

)
, while

EDistLP (µ̂n, µ) roughly scales as O
(
n−1/(2+d̄1(µ))

)
, where DistLP (·, ·) denotes the Lévy-

Prokhorov metric (Prokhorov, 1956). As shown in Theorems 13 and 21, the entropic di-
mension characterizes the metric entropy of β-Hölder functions and the approximation
capabilities of neural networks with ReLU activation. Weed and Bach (2019) developed
upon Dudley’s entropic dimension to characterize the expected convergence rate of the
Wasserstein-p distance between a measure and its empirical counterpart. The upper and
lower Wasserstein dimension of µ is defined as follows:

Definition 5 (Upper and Lower Wasserstein Dimensions (Weed and Bach, 2019)). For any
α > 0, the α-upper dimension of µ is defined by

d∗α(µ) = inf

s ∈ (2α,∞) : lim sup
ε↓0

logNε

(
µ, ε

sα
s−2α

)
log(1/ε)

≤ s

 .

The lower Wasserstein dimension is defined as: d∗(µ) = limτ↓0 lim infε↓0
logNε(µ,τ)

log(1/ε) .
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Weed and Bach (2019) showed that, roughly, n−1/d∗(µ) . EWp(µ̂n, µ) . n−1/d∗p(µ).
In Proposition 8, we give some elementary properties of these dimensions with proof in
Appendix A.1. We also recall the definition of regularity dimensions and packing dimension
of a measure (Fraser and Howroyd, 2017).

Definition 6 (Regularity dimensions). The upper and lower regularity dimensions of a
measure are defined as:

dimreg(µ) = inf

{
s : ∃C > 0 such that, for all 0 < r < R and x ∈ supp(µ),

µ(B(x,R))

µ(B(x, r))
≤ C

(
R

r

)s}
,

dimreg(µ) = sup

{
s : ∃C > 0 such that, for all 0 < r < R and x ∈ supp(µ),

µ(B(x,R))

µ(B(x, r))
≥ C

(
R

r

)s}
.

Definition 7 (Upper packing dimension). The upper packing dimension of a measure µ is

defined as: dimP (µ) = ess sup

{
lim sup
r→0

log µ(B(x,r))
log r : x ∈ supp(µ)

}
.

Proposition 8. For any µ and for any α ≥ 0, the following hold:

(a) d∗(µ) ≤ d̄α(µ) ≤ d∗α(µ),

(b) if α1 ≤ α2, then, d̄α1(µ) ≤ d̄α2(µ),

(c) d̄α(µ) ≤ dimM (µ),

(d) if α ∈
(
0, dimP (µ)/2

)
, d∗α(µ) ≤ dimP (µ) ≤ dimreg(µ),

(e) d̄α(µ) ≤ dimP (µ) ≤ dimreg(µ),

(f) dimreg(µ) ≤ d∗(µ).

It was noted by Weed and Bach (2019) that the upper Wasserstein dimension is usually
smaller than the upper Minkowski dimension as noted in the following lemma.

Proposition 9. (Proposition 2 of Weed and Bach (2019)) If dimM ≥ 2α, then, d∗α(µ) ≤
dimM (µ).

Propositions 8 (c) and 9 imply that for high-dimensional data, both the entropic di-
mension and the upper Wasserstein dimension are no larger than the upper Minkowski
dimension of the support. In many cases, strict inequality holds as seen in the following
examples.

Example 10. Let the measure µ on N, be such that µ(n) = 2−n for all n ∈ N. Clearly,
the support of µ is N, which has an upper Minkowski dimension of ∞. To find d̄α(µ), we

first fix ε ∈ (0, 1). For any n ∈ N, let An = [n]. We observe that, µ
(
A{
n

)
= 1

2n . We take

9
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K = dα log2(1/ε)e. Clearly, µ(AK) ≥ 1−εα. We can cover AK by at most K many intervals
of length ε. Thus, Nε(µ, ε

α) ≤ K = dlog2(1/ε)e. Hence,

0 ≤ d̄α(µ) = lim sup
ε↓0

logNε(µ, ε
α)

− log ε
≤ lim sup

ε↓0

logdα log2(1/ε)e
− log ε

= 0.

Thus, d̄α(µ) = 0, for all α > 0. Similarly, let s > 2α and take, K = d sα
s−2α log2 (1/ε)e.

According to the argument above,

lim sup
ε↓0

logNε(µ, ε
sα
s−2α )

− log ε
≤ lim sup

ε↓0

logd sα
s−2α log2 (1/ε)e
− log ε

= 0 < s.

Thus, d∗α(µ) = 2α. Thus, for this example, we get, d̄α(µ) < d∗α(µ) < dimM (µ).

Even when dimM (µ) <∞, it can be the case that d̄α(µ) < d∗α(µ) < dimM (µ) as seen in
the following example.

Example 11. Let µ be such that µ
((

1
n1
, . . . , 1

nd

))
= 1

2n for all n1, . . . , nd ∈ N. We know

that dimM (µ) = d
2 , by Example 1.14 of Bishop and Peres (2017). A calculation, similar

to Example 10 shows that d̄α(µ) = 0 and d∗α(µ) = 2α, for all α > 0. Thus, if α < d
4 ,

d̄α(µ) < d∗α(µ) < dimM (µ).

There are cases where both d̄α(µ) and d∗α(µ) are both positive and a strict inequality
might hold. We give an example as follows.

Example 12. Suppose that µ is a probability measure on N, such that, µ(n) = n−2/3−(n+
1)−2/3. Then for any ε ∈ (0, 1), letK = dε−3α/2e. Then, µ(AK) ≥ 1−εα. Again, AK requires
at most K intervals of length ε to be covered, which implies that Nε(µ, ε

α) ≤ K = dε−3α/2e.
Hence,

d̄α(µ) = lim sup
ε↓0

logNε(µ, ε
α)

− log ε
≤ lim sup

ε↓0

logdε−3α/2e
− log ε

= 3α/2.

Further, by definition, d∗α(µ) ≥ 2α. This implies that d̄α < d∗α(µ) < dimM (µ).

The entropic dimension can be used to characterize the metric entropy of the set of all
Hölder functions in the Lp-norm w.r.t the corresponding measure. We focus on the following
theorem that strengthens the seminal result by Kolmogorov and Tikhomirov (1961) (see
Lemma 52). It is important to note that when the measure has an intrinsically lower
dimension compared to the high dimensionality of the entire feature space, the metric
entropy only depends on the pβ-entropic dimension of the underlying measure µ, not the
dimension of the feature space, i.e. d.

Theorem 13. Let F = Hβ(Rd,R, C), for some C > 0. Then, if s > d̄pβ(µ), then, there
exists an ε′ > 0, such that, if 0 < ε ≤ ε′, then, logN (ε;F,Lp(µ)) . ε−s/β.

We note that if dimM (µ) <∞, then, by Proposition 8 (c), d̄pβ(µ) ≤ dimM (µ). Thus as
an immediate consequence of Theorem 13, we observe that, if s > dimM (µ), then, for ε small
enough, logN (ε;F,Lp(µ)) . ε−s/β, recovering a similar result as observed by Kolmogorov
and Tikhomirov (1961) (Lemma 52).

10
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Next, we characterize the rate of convergence of µ̂n to µ under the β-Hölder IPM. The
proof technique stems from Dudley’s seminal work (Dudley, 1969). The idea is to construct
a dyadic-like partition of the data space and approximate the functions through their Taylor
approximations on each of these small pieces. The reader is referred to Appendix A.3 for a
proof of this result.

Theorem 14. Let F = Hβ(Rd,R, C), for some C > 0. Then, for any d? > d∗β(µ), we can
find n0 ∈ N, such that if n ≥ n0,

E‖µ̂n − µ‖F . n−β/d
?
.

Here n0 might depend on µ and d?.

Note that if β,C = 1, then, F = Hβ(Rd,R, 1) is the set of all 1-bounded and 1-
Lipschitz functions (denoted as BL) on Rd. Thus, for any d? > d∗1(µ), we observe that
E‖µ̂n − µ‖BL . n−1/d? , recovering the bound derived by Dudley (1969). Furthermore, if
µ has a bounded support, i.e. there exist M > 0, such that, µ([−M,M ]d) = 1, then it is
easy to see that EW1(µ̂n, µ) ≤ E‖µ̂n−µ‖Hβ([0,1]d,R,M

√
d) . n−1/d? , which recovers the rates

derived by Weed and Bach (2019), for Wasserstein-1 distance.

4. Theoretical Analyses

4.1 Assumptions

To lay the foundation for our analysis of GANs and BiGANs, we introduce a set of assump-
tions that form the basis of our theoretical investigations. These assumptions encompass
the underlying data distribution, the existence of “true” generator and encoder-decoder
pairs, and certain smoothness properties. For the purpose of the theoretical analysis, we
assume that the data are independent and identically distributed from some unknown tar-
get distribution µ on [0, 1]d. This is a standard assumption in the literature (Liang, 2021;
Huang et al., 2022) and is stated formally as follows:

A1. We assume that X1, . . . , Xn are independent and identically distributed according to
the probability distribution µ, such that µ

(
[0, 1]d

)
= 1.

Furthermore, to facilitate the analysis of GANs, we introduce the concept of a “true”
generator, denoted as G̃. We assume that G̃ belongs to a function space Hαg

(
R`,Rd, Cg

)
and that the target distribution µ can be represented as µ = G̃]ν.

A2. There exists a G̃ ∈ Hαg
(
R`,Rd, Cg

)
, such that µ = G̃]ν.

Similarly, for the BiGAN problem, we consider the existence of a smooth encoder-
decoder pair, denoted as D̃ and Ẽ respectively. These functions belong to the spaces
Hαd

(
R`,Rd, Cd

)
and Hαe

(
Rd,R`, Ce

)
, respectively, and satisfy the property that the joint

distribution of (X, Ẽ(X)) is equal in distribution to (D̃(Z), Z), where X ∼ µ and Z ∼ ν.

B1. There exists D̃ ∈ Hαd
(
R`,Rd, Cd

)
and Ẽ ∈ Hαe

(
Rd,R`, Ce

)
, such that, (X, Ẽ(X))

d
=

(D̃(Z), Z). Here, X ∼ µ and Z ∼ ν.

11
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A direct consequence of Assumption B1 is that the composition of the true encoder and
decoder functions yields the identity map almost surely, as described in Lemma 15. The
notation, a.e. [µ] denotes almost everywhere under the probability measure µ.

Lemma 15. Under assumption B1, D̃ ◦ Ẽ(·) = id(·), a.e. [µ] and Ẽ ◦ D̃(·) = id(·), a.e. [ν].

4.2 Main Results

Under assumptions A1, A2 and B1, one can bound the expected excess risk of the GAN and
BiGAN estimates of the target distribution in terms of the sample size with the exponent
only depending on the upper Wasserstein dimension of the target distribution and the
exponent of the Hölder IPM considered. The main results of this paper are summarized
in the following two theorems. We recall that Φ = Hβ(Rd,R, 1) and Ψ = Hβ(Rd+`,R, 1)
denote the discriminator classes and Ĝn, Ĝn,m denote the sample minimizers for the GAN-
problem, defined in (3). Similarly, we recall the notations (D̂n, Ên) and (D̂n,m, Ên,m) as the
sample minimizers for the BiGAN-problem, defined in (5) and (6), respectively.

Theorem 16 (Error rate for GANs). Suppose assumptions A1 and A2 hold and let s >
d∗β(µ). There exist constants N , c that might depend on d, `, αg, β and G̃, such that, if
n ≥ N , we can choose G = RN (Lg,Wg, Bg, 2Cg) with the network parameters as Lg ≤
c log n, Wg ≤ cn

β`
αgs(β∧1) log n. Then,

E‖µ− (Ĝn)]ν‖Φ . n−β/s. (7)

Furthermore, if m ≥ υn, where, υn = inf

{
m ∈ N : (logm)2

m

(
max

{
2+ `

αg(β∧1)
, d
β

})−1 ≤ n−β/s
}

, and

the network parameters are chosen as, Lg ≤ c logm, Wg ≤ cm
`

2αg(β∧1)+` logm, then

E‖µ− (Ĝn,m)]ν‖Φ . n−β/s. (8)

Theorem 17 (Error rate for BiGANs). Suppose assumptions A1 and B1 hold and let s1 >
d̄αe(µ) and s2 > d∗β(µ). There exists constants N , c that might depend on d, `, αd, αe, β, D̃

and Ẽ, such that, if n ≥ N , we can choose the networks E = RN (Le,We, Be, 2Ce) and
D = RN (Ld,Wd, Bd, 2Cd) with the network parameters chosen as

Le ≤ c log n, We ≤ cn
s1

2αe(β∧1)+s1 log n, Ld ≤ c log n, Wd ≤ cn
β`

αd(β∧1)(s2+`) log n. (9)

Then,

E‖(µ, (Ên)]µ)− ((D̂n)]ν, ν)‖Ψ . n

− 1

max

{
2+

s1
αe(β∧1)

,
s2+`
β

}
(log n)2. (10)

Furthermore, if the network parameters are chosen as

Le ≤ c log n, We ≤ cn
s1

2αe(β∧1)+s1 log n, Ld ≤ c logm, Wd ≤ cm
`

2αd(β∧1)+` logm, (11)

then,

E‖(µ, (Ên,m)]µ)− ((D̂n,m)]ν, ν)‖Ψ

.n
− 1

max

{
2+

s1
αe(β∧1)

,
s2+`
β

}
(log n)2 +m

− 1

max

{
2+ d

αg(β∧1)
, `+d
β

}
(logm)2. (12)

12



Statistical Properties of GANs for Low Intrinsic Data Dimension

It should be noted that the dependence on d in N and c may be influenced by a multitude
of factors including the constants in Theorems 18 and 21 and thus, can potentially be
exponential. Additionally, although the BiGAN problem might seem symmetric on the
surface, there are subtle asymmetries that make the bounds on We and Wd asymmetric in
(9). For example, for the estimation problem (5), one has full access to ν but only n samples
from µ. The bounds for We and Wd in (11) are, however, more symmetric since one has
access to m samples from ν instead of the entire distribution in the estimation problem (6),
resulting in a bound that is more symmetric in m and n as shown in (11). Since one has the
luxury to generate as many samples as one wants from ν, increasing m matches the rate of
(12) to (10) as shown in the following corollary.

Corollary 18. Let ϑ =
max

{
2+ `

αd(β∧1)
, d+`
β

}
max

{
2+

s1
αe(β∧1)

,
s2+`
β

} ∨ 1. Under the assumptions of Theorem 17, if

m ≥ nϑ, and the network parameters are chosen as

Le ≤ c log n, We ≤ cn
s1

2αe(β∧1)+s1 log n, Ld ≤ c log n, Wd ≤ cm
`

2αd(β∧1)+` log n, (13)

then,

E‖(µ, (Ên,m)]µ)− ((D̂n,m)]ν, ν)‖Ψ . n

− 1

max

{
2+

s1
αe(β∧1)

,
s2+`
β

}
(log n)2. (14)

Implications for BiGANs We note that when the true model for the BiGAN problem
is assumed to be Lipschitz, i.e. if αd = αe = 1 in B1 and we take the ‖ · ‖BL-metric i.e.
the IPM w.r.t. Ψ = H1(Rd+`,R, 1), then, the excess risk for the BiGAN problem roughly

scales as Õ
(
n−1/(max{2+d̄1(µ),d∗1(µ)+`})

)
, barring the log-factors. Thus, the expected excess

risk scales at a rate of Õ
(
n−1/(d̄1(µ)∨d∗1(µ)+`∨2)

)
. In practice, one usually takes ` ≥ 2, and

by the fact that d̄1(µ) ≤ d∗1(µ) (Proposition 8 (a)), we observe that this rate is at most
Õ
(
n−1/(d∗1(µ)+`)

)
, which is akin to the minimax estimation rate for estimating the joint

distribution of µ⊗ ν on Rd+` (Weed and Berthet, 2022; Singh and Póczos, 2018).
Further, we note that Assumption B1 implies that the supports of µ and ν are homeo-

morphic, which is rather restrictive. The proof of this result can be found in Appendix B.2.

Proposition 19. Under Assumption B1, the supports of µ and ν are homeomorphic.

It would be interesting to see if this assumption could be lifted to derive an analogous
result akin to Theorem 28 for the BiGAN problem as well. The main hindrance is that
although for µ̂n, one can construct D such that D]ν ≈ µ̂n, the same cannot be said the
other way around, i.e. there might not exist a E such that E]µ̂n ≈ ν. Further, both these
approximations have to hold jointly, which is even more difficult to show. We believe that
this would be an interesting direction for future research.

Comparison of Rates with Recent Literature We also note that for the GAN prob-
lem, the expected error for estimating the target density through Ĝ]µ roughly scales as

E‖µ − Ĝ]ν‖Hβ = O
(
n−β/d

∗
β(µ)
)

. For high-dimensional data, it can be expected that

dimM (µ) � 2β, which (by Lemma 9) would imply that, d∗β(µ) ≤ dimM (µ), with strict

13
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inequality holding in many cases (see Examples 10 and 11). We thus observe that the
derived rate, derived rate is faster than the ones derived by Huang et al. (2022) and

Chen et al. (2020), who showed that the error rates scale as Õ
(
n−β/dimM (µ) ∨ n−1/2

)
and

Õ
(
n−β/(2β+d)

)
, respectively. We note that the removal of the excess log-factor is an artifact

of the requirement that s > d∗β(µ) and one can similarly do away with the log-factors in the
rates derived by Huang et al. (2022).

Inference for Data supported on a Manifold Recall that we call a set A is d̃-regular
w.r.t. the d̃-dimensional Hausdorff measure (see Definition 48) Hd̃, if Hd̃(B%(x, r)) � rd̃, for
all x ∈ A (see Definition 6 of Weed and Bach (2019)). It is known (Weed and Bach, 2019,

Proposition 8) that if supp(µ) is d regular and µ� Hd̃, for β ∈ [1, d̃/2], d∗(µ) = d∗β(µ) = d̃.

Thus, by Theorem 16, the error rates for GANs scale at a rate of Õ(n−β/d̃). Since, compact
d̃-dimensional differentiable manifolds are d̃-regular (Weed and Bach, 2019, Proposition 9),
this implies that when the support of µ is a compact d̃-dimensional differentiable manifold,
the error rates scale as Õ(n−β/d̃), which recovers a similar result as that by Dahal et al.
(2022) as a special case. A similar result holds when supp(µ) is a nonempty, compact
convex set spanned by an affine space of dimension d̃; the relative boundary of a nonempty,
compact convex set of dimension d̃+ 1; or a self-similar set with similarity dimension d̃.

Network Sizes We note that Theorems 16 and 17 suggest that the depths of the encoders
and decoders can be chosen as the order of log n and the number of weights can be chosen
as some exponent of n and m. The degrees of these exponents only depend on d̄β(µ), d∗β(µ)
and ` i.e. the dimension of the problem and the smoothness of the true model. The bounds
on the number of weights in Theorems 16 and 17 also show that one requires a smaller
network if one lets αe, αg and αd grow, i.e. when the true encoder, generator/decoder are
very smooth and well-behaved. This is because the optimal choices for We and Wg (or
Wd) in terms of n in Theorems 16 and 17, decreases as αe, αg and αd increase. This is
quite expected that one requires less complicated architectures when the target densities
are smooth enough.

Scaling of m We note that in Theorem 16, for the estimator Ĝn,m, one roughly requires

m & n
β

d∗
β
(µ)

max{2+`/(αg(β∧1)),d/β}
. If the true generator is Lipschitz, αg = 1 and one consid-

ers the difference in the BL-metric, i.e. β = 1, then, m & nmax{d,(2+`)}/d∗β(µ) = nd/d
∗
β(µ), for

all practical purposes as d � `. Thus, the dimension affects the sample scaling; higher d
values necessitate more generated samples to achieve equivalent accuracy. This dimension-
dependent scaling also appears in recent works by Huang et al. (2022). It would be inter-
esting to explore whether this dependency can be reduced in future research. Nonetheless,
since practitioners can generate as many samples as needed from ν, this dependency may
be less limiting in practical settings.

The remainder of Section 4 discusses the proofs of Theorems 16 and 17 by first decom-
posing the error into misspecification and generalization terms and individually bounding
them.

14
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4.3 Proof of the Main Results

4.3.1 Error Decomposition

As a first step towards deriving bounds on the expected risks for both the GAN and BiGAN
problems, we now derive the following oracle inequality that bounds this excess risk in terms
of the approximation error and a generalization gap with proof in Appendix C.1. A similar
result was derived by Huang et al. (2022) for analyzing the GAN problem.

Lemma 20 (Oracle inequalities for GANs and BiGANs). Suppose that Φ = Hβ(Rd,R, 1)
and Ψ = Hβ(Rd+`,R, 1), then

(a) if Ĝn and Ĝn,m are the generator estimates defined in (3), the following hold:

‖µ− (Ĝn)]ν‖Φ ≤ inf
G∈G
‖µ−G]ν‖Φ + 2‖µ− µ̂n‖Φ, (15)

‖µ− (Ĝn,m)]ν‖Ψ ≤ inf
G∈G
‖µ−G]ν‖Φ + 2‖µ− µ̂n‖Φ + 2‖ν − ν̂m‖Φ◦G. (16)

(b) if (D̂n, Ên) and (D̂n,m, Ên,m) are the decoder-encoder estimates defined in (5) and
(6), respectively, the following hold:

‖(µ, (Ên)]µ)− (D̂n)]ν, ν)‖Ψ ≤ inf
D∈D, E∈E

‖(µ,E]µ)− (D]ν, ν)‖Ψ + 2‖µ̂n − µ‖F1 , (17)

‖(µ, (Ên,m)]µ)− (D̂n,m)]ν, ν)‖Ψ ≤ inf
D∈D, E∈E

‖(µ,E]µ)− (D]ν, ν)‖Ψ + 2‖µ̂n − µ‖F1

+ 2‖ν̂m − ν‖F2 , (18)

where, F1 = {ψ(·, E(·)) : ψ ∈ Ψ, E ∈ E} and F2 = {ψ(D(·), ·) : ψ ∈ Ψ, D ∈ D}.

Using Lemma 20, we aim to bound each of the terms individually in the following
sections. The misspecification errors are controlled by deriving a new approximation result
involving ReLU networks, whereas, the generalization gap is tackled through empirical
process theory. It is important to note that in Lemma 20, the term ‖µ− µ̂n‖Φ, which scales

at a rate of roughly O
(
n−β/d

∗
β(µ)
)

(by Theorem 14), dominates the other error terms as

can be observed in the proof, leading to the error rate in Theorem 16.

4.3.2 Bounding the Misspecification Error

The approximation capabilities of neural networks have received a lot of attention in the past
decade. The seminal works of Cybenko (1989) and Hornik (1991) delve into the universal
approximation of networks with sigmoid-like activations to show that wide one-hidden-layer
neural networks can approximate any continuous function on a compact set. With the recent
advancements in deep learning, there has been a surge of research investigating the approx-
imation capabilities of deep neural networks (Yarotsky, 2017; Petersen and Voigtlaender,
2018; Shen et al., 2022; Nakada and Imaizumi, 2020; Schmidt-Hieber, 2020).

In this section, we show how a ReLU network with a large enough depth and width
can approximate any function lying on a low-dimensional structure. We suppose that
f ∈ Hα

(
Rd,R, C

)
and γ is a measure on Rd. We show that for any ε > 0 and s > d̄αp(γ),

we can find a ReLU network f̂ of depth at most O(log(1/ε)) and number of weights at
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most O(ε−s/α log(1/ε)) such that ‖f − f̂‖Lp(γ) ≤ ε. Note that when supp(µ) has a fi-

nite Minkowski dimension, by Proposition 8 (c), we observe that d̄αp ≤ dimM (µ). Thus,
the number of weights required for an ε-approximation, in the Lp sense, requires at most

O(ε−dimM (µ)/α log(1/ε)), recovering a similar result as derived by Nakada and Imaizumi
(2020) as a special case. Note that the required number of weights for low-dimensional
data, i.e. when d̄αp(γ) � d, is much smaller than O(ε−d/α log(1/ε)), that holds when ap-
proximating on the entire space w.r.t. `∞-norm (Yarotsky, 2017; Chen et al., 2019). The
idea is to approximate the Taylor series expansion of the corresponding Hölder functions.
The general proof technique was developed by Yarotsky (2017). Our result is formally
stated in the following theorem.

Theorem 21. Suppose that f ∈ Hα(Rd,R, C), for some C > 0 and let s > d̄αp(µ). Then,
we can find constants ε0 and a, that might depend on α, d and C, such that, for any
ε ∈ (0, ε0], there exists a ReLU network, f̂ with L(f̂) ≤ a log(1/ε), W(f̂) ≤ a log(1/ε)ε−s/α,
B(f̂) ≤ aε−1/α and R(f̂) ≤ 2C, that satisfies, ‖f − f̂‖Lp(γ) ≤ ε.

Applying the above theorem, one can control the model-misspecification error for GANs
and BiGANs as follows. It is important to note that none of the approximations require
the number of weights of the approximating network to increase exponentially with d, i.e.
the dimension of the entire data space.

Lemma 22. Suppose assumption A2 holds. There exists an ε0, such that, for any 0 < ε ≤
ε0, we can take G = RN (Lg,Wg, Bg, 2Cg) such that Lg . log(1/ε), Wg . ε−`/αg log(1/ε),
Bg . ε−1/αg and infG∈G ‖µ−G]ν‖Φ . εβ∧1.

Lemma 23. Suppose assumption B1 holds and let s > d̄αe(µ). There exists ε0 > 0,
such that, for any 0 < ε1, ε2 ≤ ε0, we can take E = RN (Le,We, Be, 2Ce) and D =
RN (Ld,Wd, Bd, 2Cd) such that

Le . log(1/εe), We . ε−s/αee log(1/εe), and Be . ε−1/αe ;

Ld . log(1/εd), Wd . ε
−`/αd
d log(1/εd), and Bd . ε

−1/αd
d .

Then, infG∈G, E∈E ‖(µ,E]µ)− (G]ν, ν)‖Ψ . εβ∧1
e + εβ∧1

d .

4.3.3 Generalization Gap

The third step to bounding the excess risk is to bound the generalization gaps w.r.t. the
function classes discussed in Lemma 20. To do so, we first derive a bound on the metric
entropy of networks from Rd → Rd

′
that have piece-wise polynomial activations, extending

the results of Bartlett et al. (2019) to vector-valued networks. Recall the notation F|X1:n
=

{(f(X1), . . . , f(Xn))> ∈ Rn×d
′

: f ∈ F}.

Lemma 24. Suppose that n ≥ 6 and F : Rd → Rd
′

be a class of bounded neural networks
with depth at most L and the number of weights at most W . Furthermore, the activation
functions are piece-wise polynomial activation with the number of pieces and degree at most
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k ∈ N. Then, there exists positive constants θ and ε0, such that, if n ≥ θ(W + 6d′ +
2d′L)(L+ 3) (log(W + 6d′ + 2d′L) + L+ 3) and ε ∈ (0, ε0],

logN (ε;F|X1:n
, `∞) . (W + 6d′ + 2d′L)(L+ 3)

(
log(W + 6d′ + 2d′L) + L+ 3

)
log

(
nd′

ε

)
,

where d′ is the output dimension of the networks in F .

As a corollary of the above result, we can bound the metric entropies of the function
classes in Lemma 20 as a function of the number of samples used and the size of the
networks classes G and E. Apart from appealing to Lemma 24, one also uses the bound
on the metric entropy of β-Hölder functions as in Theorem 13. We recall that, F1 =
{ψ(·, E(·)) : ψ ∈ Ψ, E ∈ E} and F2 = {ψ(G(·), ·) : ψ ∈ Ψ, G ∈ G} .

Corollary 25. Suppose that D = RN (Ld,Wd, Bd, 2Cd) and G = RN (Lg,Wg, Bg, 2Cg) with
Ld, Lg ≥ 3, Wg ≥ 6d + 2dLg and Wd ≥ 6d + 2dLd. Then, there is a constant c, such that,
m ≥ c (WgLg(logWg + Lg)) ∨ (WdLd(logWd + Ld)), then,

logN
(
ε; (Ψ ◦G)|Z1:m

, `∞

)
. ε
− d
β +WgLg (logWg + Lg) log

(
md

ε

)
,

logN
(
ε; (F2)|Z1:m

, `∞

)
. ε
− d+`

β +WdLd (logWd + Ld) log

(
md

ε

)
.

We note that though the above metric entropies depend exponentially on the data di-
mension d, this is not a problem in finding the generalization error as this exponential
dependence is only in terms of m, the number of generated fake samples, which the practi-
tioner can increase to tackle this curse of dimensionality. Using Corollary 25, we can bound
stochastic errors of these function classes in Lemma 26.

Lemma 26. Suppose that D = RN (Ld,Wd, Bd, 2Cd) and G = RN (Lg,Wg, Bg, 2Cg) with
Ld, Lg ≥ 3, Wg ≥ 6d + 2dLg and Wd ≥ 6d + 2dLd. Then, there is a constant c, such that,
m ≥ c (WgLg(logWg + Lg)) ∨ (WdLd(logWd + Ld)), then,

E‖ν̂m − ν‖Φ◦G .m−
β
d ∨m−1/2 logm+

√
WgLg(logWg + Lg) log(md)

m
,

E‖ν̂m − ν‖F2 .m−
β
d+` ∨ (m−1/2 logm) +

√
WdLd(logWd + Ld) log(md)

m
.

Here c is the same as in Corollary 25.

Next, we focus on deriving a uniform concentration bound w.r.t. the function class F1.
This is a little trickier, compared to the ones derived in Lemma 26, in the sense that one
does not have direct control over the `∞-metric entropy of the function class Ψ (and in turn,
F1) in terms of the Wasserstein dimension of the data. We resolve the issue by performing
a one-step discretization and appealing to the sub-Gaussian property of the data for a fixed
E ∈ E. The proof is detailed in Appendix E.4.
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Lemma 27. Suppose that E = RN (Le,We, Be, 2Ce). Then, for any s > d∗β(µ), we can find
an n′ ∈ N, such that if n ≥ n′,

E‖µ̂n − µ‖F1 . n−1/2
(
We log

(
2LeB

Le
e (We + 1)Len

1
2(β∧1)

))1/2
+ n−

β
s+` .

To complete the proof, the idea is to combine the pieces discussed throughout Sec-
tions 4.3.2 and 4.3.3. The goal is to choose the sizes of the neural network classes, i.e. the
class of generators, encoders and decoders, such that both the misspecification errors and
generalization errors are small. A large network size implies the misspecification error will
be small enough but will make the bounds in Lemma 26 loose and vice versa. Since the
network sizes are expressed in terms of εe, εg and εd in Lemmas 22 and 23, expressing them
in terms of n in an optimal way that serves the purpose of finding a trade-off between the
two errors to minimize the bound on the excess risk in Lemma 20. The detailed proofs are
given in Appendix F.

5. Optimal Bounds for GANs with Interpolating Generators

In this section, we show that GAN estimates can (almost) achieve the minimax optimal rate
for estimating distributions with a low intrinsic dimensional structure. To generalize the
scenario further, we drop assumption A2 and only work with A1. We replace assumption A2
and assume that ν is an absolutely continuous distribution on [0, 1]`. This is satisfied by the
uniform and normal distributions on the latent space, which are the commonly used choices
in practice. It is important to note that lifting assumption A2, requires that the generator
network have many more parameters than compared to the case when the target distribution
is smooth (i.e. under A2), which is expected. Following a similar analysis as done in Section
4, we can arrive at the following theorem, which states that the generator network can be

selected in such a way as to obtain a rate of convergence of roughly, O
(
n−β/d

∗
β(µ)
)

, with

proof in Appendix G.1. The networks class in Theorem 28 is constructed so that some
members of the class can (almost) linearly interpolate the data, as opposed to the Taylor
series approximation used in the proof of Theorem 21. Compared to Theorem 16, the
networks required in Theorem 28 are shallower, with a constant depth as opposed to a
O(log n) depth. However, one does not have any control over the maximum value of the
weight of these nearly interpolating networks.

Theorem 28. Suppose Assumption A1 holds and let ν be absolutely continuous on [0, 1]`.
Then, if s > d∗β(µ), one can choose G = RN (Lg,Wg,∞, 1) with the network parameters as

Lg ≥ 2 as a constant and Wg � n, such that E‖µ − (Ĝn)]ν‖Φ . n−β/s. Furthermore, if

m ≥ nd/s+1, then E‖µ− (Ĝn,m)]ν‖Φ . n−β/s.

To understand whether the bounds in Theorem 28 are optimal, we derive a minimax
lower bound for the expected excess risk for the GAN problem for estimating distributions
whose upper Wasserstein dimension is upper bounded by some constant. Assuming d ≥ 2β,
we fix a constant d? ∈ [2β, d] and consider the family of probability measures,

Md?,β = {µ ∈ Π[0,1]d : d∗β(µ) ≤ d?},
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the set of all distributions on [0, 1]d, whose upper Wasserstein dimension is at most d?.
We note that this collection of distributions contains distributions on specific manifolds of
dimension d? or less. Here, we use the notation ΠA to denote the set of all probability
measures on A. The minimax expected risk for this problem is given by,

Mn = inf
µ̂

sup
µ∈Md?,β

Eµ‖µ̂− µ‖Hβ(Rd,R,1),

where the infimum is taken over all measurable estimates of µ, i.e. on {µ̂ : X1:n → Π[0,1]d :
µ̂ is measurable}. Here, we write Eµ to denote that the expectation is taken with respect to
the joint distribution of X1, . . . , Xn, which are i.i.d. µ. X1:n denotes the data X1, . . . , Xn.
Theorem 29 characterizes this minimax rate, which states that the rate cannot be made
any faster than roughly, O

(
n−β/d

?)
.

Theorem 29. Suppose that d ≥ 2β and let d? ∈ [2β, d]. Then for any s < d?,

Mn = inf
µ̂

sup
µ∈Md?,β

Eµ‖µ̂− µ‖Hβ(Rd,R,1) & n−β/s,

where the infimum is taken over all measurable estimates of µ, based on the data.

By Theorem, 28, we observe that for any µ ∈ Md?,β and any s > d?, Eµ‖Ĝ]ν −
µ‖Hβ(Rd,R,C) . n−β/s. Thus, in Md? , the GAN estimator, Ĝ]ν, roughly achieves the optimal
rate.

Suppose that Md? = {µ : d∗(µ) ≤ d?}, then it is clear that Md?,β ⊆Md? by Proposition 8.
Hence, if 2β ≤ d? ≤ d and s < d? then,

inf
µ̂

sup
µ∈Md?

Eµ‖µ̂− µ‖Hβ(Rd,R,1) ≥ inf
µ̂

sup
µ∈Md?,β

Eµ‖µ̂− µ‖Hβ(Rd,R,1) & n−β/s

Following a similar proof as that of Theorem 29, one can do away with the condition of
d? ≥ 2β and arrive at the following theorem.

Theorem 30. Suppose d? ∈ [0, d]. Then for any s < d?,

Mn = inf
µ̂

sup
µ∈Md?

Eµ‖µ̂− µ‖Hβ(Rd,R,1) & n−β/s ∨ n−1/2,

where the infimum is taken over all measurable estimates of µ, based on the data.

It is worth observing that for the special case of β = 1, i.e. under the Wasserstein-1
distance, this rate matches with the ones derived in literature (Weed and Berthet, 2022;
Singh and Póczos, 2018), i.e. O(n−1/d).

6. Discussions and Conclusion

This paper delves into the theoretical properties of GANs and Bi-directional GANs when the
data exhibits an intrinsically low-dimensional structure within a high-dimensional feature
space. We propose to characterize the low-dimensional nature of the data distribution
through its upper Wasserstein dimension and the so-called α-entropic dimension, which we
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develop by extending Dudley’s notion of entropic dimension (Dudley, 1969). Specifically,
we not only show that the classical result by Kolmogorov and Tikhomirov (1961) can be
strengthened by incorporating this entropic dimension in the metric entropy but also show
that the convergence rates of the empirical distribution to the target population in the

β-Hölder IPM scales as O
(
n−β/d

∗
β(µ)
)

, extending the results by Weed and Bach (2019).

Furthermore, we improve upon the existing results on the approximation capabilities of
ReLU networks. By balancing the generalization gap and approximation errors, we establish
that under the assumption that the true generator and encoders are Hölder continuous, the
excess risk in terms of an Hölder IPM can be bounded in terms of the ambient upper
Wasserstein dimension of the target measure and the latent space. This bypasses the curse
of dimensionality of the full data space, strengthens the known results in GANs, and leads
to novel bounds for BiGANs. The derived results also match the sharp convergence rates
for the empirical distribution available in the optimal transport literature. We also show
that the GAN estimate of the target distribution can roughly achieve the minimax optimal
rates for estimating intrinsically low-dimensional distributions.

While our results provide insights into the theoretical properties of GANs and Bi-
directional GANs, it is important to acknowledge that estimating the full error of these
generative models used in practice involves considering an optimization error term. Unfor-
tunately, accurately estimating this term remains a challenging task due to the non-convex
and complex nature of the minimax optimization. However, it is worth pointing out that
our error analyses are independent of optimization and can be seamlessly combined with
optimization analyses. An additional area that we have not addressed in this paper is
that the β-Hölder discriminators are typically also realized by ReLU networks in practice.
While this is an important consideration, it requires imposing restrictions on the networks
to closely resemble smooth functions, which is typically achieved through various regular-
ization techniques. However, ensuring that these regularization techniques provably lead to
well-behaved discriminators remains a challenging task from a theoretical perspective. We
believe that this is a promising avenue for future research. One can also attempt to extend
our approximation results to more general functions representable on some other basis than
non-smooth functions such as Besov spaces or Fourier series approximations, for instance
using ideas of Suzuki (2019) or Bresler and Nagaraj (2020).
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Appendix A. Proofs from Section 3

This section provides the proofs of the results from Section 3. For notational simplicity, we
write fat(S, ε) = {y : infx∈S %(x, y) ≤ ε} for the ε-fattening of the set S, w.r.t. the metric %.

A.1 Proof of Proposition 8

Before we prove Proposition 8, we first show the following key lemma.

Lemma 31. For any 0 < τ1 ≤ τ2 < 1, Nε(µ, τ1) ≥ Nε(µ, τ2).
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Proof It is easy to see that {S : µ(S) ≥ 1 − τ1} ⊆ {S : µ(S) ≥ 1 − τ2}. Hence,
Nε(µ, τ1) = inf{N (ε;S, %) : µ(S) ≥ 1− τ1} ≥ inf{N (ε;S, %) : µ(S) ≥ 1− τ2} = Nε(µ, τ2).

We are now ready to prove Proposition 8 as shown below.

Proposition 8. For any µ and for any α ≥ 0, the following hold:

(a) d∗(µ) ≤ d̄α(µ) ≤ d∗α(µ),

(b) if α1 ≤ α2, then, d̄α1(µ) ≤ d̄α2(µ),

(c) d̄α(µ) ≤ dimM (µ),

(d) if α ∈
(
0, dimP (µ)/2

)
, d∗α(µ) ≤ dimP (µ) ≤ dimreg(µ),

(e) d̄α(µ) ≤ dimP (µ) ≤ dimreg(µ),

(f) dimreg(µ) ≤ d∗(µ).

Proof Proof of part (a): Suppose that

A =

s ∈ (2α,∞) : lim sup
ε↓0

logNε

(
µ, ε

sα
s−2α

)
log(1/ε)

≤ s

 .

Fix s ∈ A. By definition, s > 2α. Since for ε < 1, εα ≥ ε
sα
s−2α . Thus, by Lemma 31,

Nε(µ, ε
α) ≤ Nε

(
µ, ε

sα
s−2α

)
, when ε < 1. Fix τ ∈ (0, 1). Hence,

d̄α(µ) = lim sup
ε↓0

logNε(µ, ε
α)

− log ε
≤ lim sup

ε↓0

logNε(µ, ε
sα
s−2α )

− log ε
≤ s.

Taking infimum over s ∈ A gives us, d̄α(µ) ≤ d∗α(µ).

To observe the other implication, we first note that for any fixed τ ∈ (0, 1), εα ≤ τ , if
ε ≤ τ1/α. Thus, by Lemma 31, Nε(µ, ε

α) ≥ Nε(µ, τ), if ε ≤ τ1/α. Hence,

d̄α(µ) = lim sup
ε↓0

logNε(µ, ε
α)

− log ε
≥ lim sup

ε↓0

logNε(µ, τ)

− log ε
≥ lim inf

ε↓0

logNε(µ, τ)

− log ε
.

Taking limit on both sides as τ ↓ 0, gives us, d̄α(µ) ≥ d∗(µ).

Proof of part (b): If α1 ≤ α2, then, we observe that Nε(µ, ε
α1) ≤ Nε(µ, ε

α2), for ε < 1.

Thus, d̄α1(µ) = lim supε↓0
logNε(µ,εα1 )
− log ε ≤ lim supε↓0

logNε(µ,εα2 )
− log ε = d̄α2(µ).

Proof of part (c): For any α > 0, Nε(µ, ε
α) ≤ Nε(µ, 0) = N (ε; supp(µ), %). Thus

taking lim sup as ε ↓ 0 gives us the result.

Proof of part (d) Suppose that A =

{
s ∈ (2α,∞) : lim supε↓0

logNε

(
µ,ε

sα
s−2α

)
log(1/ε) ≤ s

}
.

Let 0 < ε < 1, s > dimP (µ) and τ = ε
sα
s−2α . S be such that µ(S) ≥ 1− τ and N (ε;S, %) =

Nε(µ, τ). We let R = diam(S)∨1. Let {x1, . . . , xM} be an optimal 2ε-packing of S∩supp(µ).
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By the definition of the upper packing dimension, for any s > dimP (µ) we can find r0 < 1,
such that,

logµ(B(x, r))

log r
≤ s, ∀r ≤ r0 and x ∈ supp(µ)

=⇒ µ(B(x, r)) ≥ rs, ∀r ≤ r0 and x ∈ supp(µ).

Thus, if ε ≤ r0, 1 ≥ µ
(
∪Mi=1B(xi, ε)

)
=
∑M

i=1 µ (B(xi, ε)) ≥Mεs =⇒ M ≤ ε−s. By Lemma
51, we know that Nε(µ, τ) = N (ε;S, %) ≤M ≤ ε−s. Thus,

lim sup
ε↓0

logNε

(
µ, ε

sα
s−2α

)
− log ε

≤ s =⇒ s ∈ A =⇒ d∗α(µ) ≤ s.

Since d∗α(µ) ≤ s, for all s > dimP (µ), we get, d∗α(µ) ≤ dimP (µ). The inequality dimP (µ) ≤
dimreg(µ) follows from Fraser and Howroyd (2017, Theorem 2.1).

Proof of part (e):

Let 0 < ε < 1, s > dimP (µ) and τ = εα. S be such that µ(S) ≥ 1− τ and N (ε;S, %) =
Nε(µ, τ). We let R = diam(S)∨1. Let {x1, . . . , xM} be an optimal 2ε-packing of S∩supp(µ).
By the definition of the upper packing dimension, for any s > dimP (µ) we can find r0 < 1,

such that, logµ(B(x,r))
log r ≤ s, ∀r ≤ r0 and x ∈ supp(µ) =⇒ µ(B(x, r)) ≥ rs, ∀r ≤ r0 and x ∈

supp(µ). Thus, if ε ≤ r0, 1 ≥ µ
(
∪Mi=1B(xi, ε)

)
=
∑M

i=1 µ (B(xi, ε)) ≥ Mεs =⇒ M ≤ ε−s.
By Lemma 51, we know that Nε(µ, τ) = N (ε;S, %) ≤M ≤ ε−s. Thus,

d̄α(µ) = lim sup
ε↓0

logNε (µ, εα)

− log ε
≤ s.

Since d̄α(µ) ≤ s, for all s > dimP (µ), we get, d̄α(µ) ≤ dimP (µ). The inequality dimP (µ) ≤
dimreg(µ) follows from Theorem 2.1 of Fraser and Howroyd (2017).

Proof of part (f): Let 0 < ε < 1 and S be such that µ(S) ≥ 1 − τ and N (ε;S, %) =
Nε(µ, τ). We let R = diam(S) ∨ 1. Let {x1, . . . , xN} be an optimal ε-net of S ∩ supp(µ).
By the definition of the upper regularity dimension, for any s < dimreg(µ) we observe that,

µ(B(xi, ε)) ≤ µ(B(xi,R))
CRs εs ≤ (1−τ)

CRs ε
s. We observe that, µ(∪Ni=1B(xi, ε)) ≥ µ(S) ≥ 1− τ =⇒∑N

i=1 µ(B(xi, ε)) ≥ 1− τ . This implies that,

Nεs
1− τ
CRs

≥
N∑
i=1

µ(B(xi, ε)) ≥ 1− τ =⇒ N ≥ CRsε−s.

Thus, N (ε;S, %) ≥ CRs(2ε)−s =⇒ lim infε↓0
logNε(µ,τ)
− log ε ≥ s, which implies that d∗(µ) =

limτ↓0 lim supε↓0
logNε(µ,τ)
− log ε ≥ s. Hence, d∗(µ) ≥ s, for any s < dimreg(µ), which gives us the

desired result.
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A.2 Proof of Theorem 13

Next, we give a proof of Theorem 13. Before proceeding, we consider the following lemma.

Lemma 32. For any s > d̄α(µ), we can find an ε′ ∈ (0, 1), such that if ε ∈ (0, ε′] and a set
S, such that µ(S) ≥ 1− εα and N (ε;S, %) ≤ ε−s.

Proof By definition of d̄α(µ) = lim supε↓0
logNε(µ,εα)

log(1/ε) , if s > d̄α(µ), we can find an ε′ ∈ (0, 1),

such that if ε ∈ (0, ε′], logNε(µ,εα)
log(1/ε) ≤ s, which implies that Nε(µ, ε

α) ≤ ε−s. By definition of

Nε(µ, ·), we can find S that satisfies the conditions of the Lemma.

By construction, for s > d̄pβ(µ), we can find ε′ > 0, such that if ε ∈ (0, ε′], we can find a
bounded S ⊂ Rd, such that N (ε;S, `∞) ≤ ε−s and µ(S) ≥ 1−εpβ. We fix such an ε ∈ (0, ε′].

Let M = supx∈S ‖x‖∞ and K = dMε e. For any i ∈ [K]d, let θi = (−M + i1ε, . . . ,−M +
idε). We also let, Pε = {B`∞(θi, ε) : i ∈ [K]d}. By construction, the sets in Pε are disjoint.
We first claim the following:

Lemma 33. |{A ∈ Pε : A ∩ S 6= ∅}| ≤ 2dε−s.

Proof Let, r = N (ε;S, `∞) and suppose that {a1, . . . , ar} be an ε-net of S and P∗ε =
{B`∞(ai, ε) : i ∈ [r]} be an optimal ε-cover of S. Note that each box in P∗ε can in-
tersect at most 2d boxes in Pε. This implies that, |Pε ∩ S| ≤ |Pε ∩ (∪ri=1B`∞(ai, ε))| =
|∪ri=1 (Pε ∩B`∞(ai, ε))| ≤ 2dr, which concludes the proof.

Theorem 13. Let F = Hβ(Rd,R, C), for some C > 0. Then, if s > d̄pβ(µ), then, there
exists an ε′ > 0, such that, if 0 < ε ≤ ε′, then, logN (ε;F,Lp(µ)) . ε−s/β.

Proof Let I = {i ∈ [k]d : B`∞(θi, ε) ∈ Pε and B`∞(θi, ε) ∩ S 6= ∅}. For any x ∈
Rd, let, hx,r(y) = 1{y ∈ B`∞(x, r)}. Fix any f ∈ Hβ(Rd,R, C). We define, P fθ (x) =∑
|s|≤bβc

∂sf(θ)
s! (x− θ)s. Since, |∂sf(θ)| ≤ C, we can define a δ-net, Uδ, of [−C,C] of size at

most C/δ. We define the function class

F =

∑
i∈I

∑
|s|≤bβc

bs,θi

s!
(x− θi)shθi,ε(x) : bs,θi ∈ Uδ

 .

Clearly, for any f ∈ Hβ(Rd,R, C), we can find, f̂ ∈ F , such that,

f̂ =
∑
i∈I

∑
|s|≤bβc

bs,θi

s!
(x− θi)shθi,ε(x),

with |bs,θi − ∂sf(θi)| ≤ δ. Thus, for any x ∈ fat(S, ε), let θ be such that ‖θ − x‖ ≤ ε and

θ ∈ {θi : i ∈ I}.

|f(x)− f̂(x)|
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≤|
∑
i∈I

∑
|s|≤bβc

bs,θi

s!
(x− θi)shθi,ε(x)− f(x)|

=

∣∣∣∣∣∣
∑
|s|≤bβc

bs,θ
s!

(x− θi)s − f(x)

∣∣∣∣∣∣
≤

∣∣∣∣∣∣
∑
|s|≤bβc

∂sf(θ)

s!
(x− θ)s − f(x)

∣∣∣∣∣∣+

∣∣∣∣∣∣
∑
|s|≤bβc

bs,θ
s!

(x− θ)s −
∑
|s|≤bβc

∂sf(θ)

s!
(x− θ)s

∣∣∣∣∣∣
≤

∣∣∣∣∣∣
∑
|s|=bβc

(x− θ)s

s!
(∂sf(x)− ∂sf(θ′))

∣∣∣∣∣∣+

∣∣∣∣∣∣
∑
|s|≤bβc

|bs,θ − ∂sf(θ)|
s!

(x− θ)s
∣∣∣∣∣∣

≤
∑
|s|=bβc

‖x− θ‖s∞
s!

‖x− θ‖β−bβc∞ +
∑
|s|≤bβc

δ

s!

≤
∑
|s|≤bβc

εβ

s!
+
∑
|s|≤bβc

δ

s!

.εβ + δ

In the above calculations, θ′ lies on the line-segment joining x and θ. We take δ = εβ. It is

easy to see that |F| ≤
(
C
δ

)|I|bβcd
. By definition f̂(x) = 0 if x 6∈ fat(S, ε). Thus,∫

|f(x)− f̂(x)|pdµ(x) =

∫
fat(S,ε)

|f(x)− f̂(x)|pdµ(x) +

∫
fat(S,ε){

|f(x)− f̂(x)|pdµ(x)

≤ sup
x∈fat(S,ε)

|f(x)− f̂(x)|p +

∫
fat(S,ε){

|f(x)|pdµ(x)

.εpβ + µ(fat(S, ε){)

≤εpβ + µ(S{)

≤εpβ + εpβ

.εpβ.

Clearly, F forms a cεβ-cover ofHβ(Rd,R, C) in the Lp(µ)-norm, for some constant c > 0.
Thus,

logN
(
cεβ;Hβ(Rd,R, C), ‖ · ‖Lp(µ)

)
≤ |I|bβcd log(C/δ) . ε−s log(1/ε).

Replacing ε with (ε/c)1/β gives us,

logN
(
ε;Hβ(Rd,R, C), ‖ · ‖Lp(µ)

)
. ε−s/β log(1/ε) ≤ ε−s′/β,

for any s′ > s. Now rewriting s for s′ gives us the desired result.
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A.3 Proof of Theorem 14

We will prove a more general version of Theorem 14. We begin by generalizing the notion
of (upper) Wasserstein dimension for a class of distributions. Suppose that Λ is a family of
distributions on [0, 1]d. For any τ ∈ [0, 1], we define,

Nε(Λ, τ) = inf{N (ε;S, %) : µ(S) ≥ 1− τ, ∀µ ∈ Λ}.

The interpretation of Nε(·, τ) is the same as that for the case of a single measure, defined
in Section 3. We define the upper Wasserstein dimension of this family as:

d∗α(Λ) = inf

s ∈ (2α,∞) : lim sup
ε↓0

logNε

(
Λ, ε

sα
s−2α

)
log(1/ε)

≤ s

 .

The proof of Theorem 14 requires some supporting lemmas. We sequentially state and
prove these lemmas as we proceed. We first prove in Lemma 34 that the set A (defined
below) takes the shape of an interval (left open or closed).

Lemma 34. Suppose that A =

{
s ∈ (2α,∞) : lim supε↓0

logNε

(
Λ,ε

sα
s−2α

)
log(1/ε) ≤ s

}
. Then, A ⊇

(d∗α(µ),∞).

Proof We begin by claiming the following:

Claim: If s1 ∈ A then s2 ∈ A, for all s2 ≥ s1. (19)

To observe this, we note that, if s2 ≥ s1 > 2α and ε ∈ (0, 1),

s1α

s1 − 2α
≥ s2α

s2 − 2α
=⇒ ε

s1α
s1−2α ≤ ε

s2α
s2−2α =⇒ Nε

(
Λ, ε

s1α
s1−2α

)
≥ Nε

(
Λ, ε

s2α
s2−2α

)
.

Here the last implication follows from Lemma 31. Thus,

lim sup
ε↓0

logNε

(
Λ, ε

s2α
s2−2α

)
log(1/ε)

≤ lim sup
ε↓0

logNε

(
Λ, ε

s1α
s1−2α

)
log(1/ε)

≤ s1 ≤ s2.

Hence, s2 ∈ A.

Let s > d∗α(Λ), then by definition of infimum, we note that we can find s′ ∈ [d∗α(Λ), s),
such that, s′ ∈ A. Since, s > s′ ∈ A, by Claim (19), s ∈ A. Thus, for any s > d∗α(Λ), s ∈ A,
which proves the lemma.

An immediate corollary of Lemma 34 is as follows.

Corollary 35. Let s > d∗α(Λ). Then, there exists ε′ ∈ (0, 1], such that if 0 < ε ≤ ε′, then,

there exists a set S, such that N (ε;S, %) ≤ ε−s and µ(S) ≥ 1− ε
sα
s−2α , for all µ ∈ Λ.
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Proof Let δ = s− d∗α(µ). By Lemma 34, we observe that s′ = d∗α(µ) + δ/2 ∈ A. Now by

definition of lim sup, one can find a ε′ > 0, such that,
logNε

(
µ,ε

s′α
s′−2α

)
log(1/ε) ≤ s′ + δ/2 = s, for

all ε ∈ (0, ε′]. The result now follows from observing that Nε

(
µ, ε

sα
s−2α

)
≤ Nε

(
µ, ε

s′α
s′−2α

)
≤

ε−s.

We suppose that δ = d? − d∗β(µ) and let d′ = d∗β(µ) + δ/2. By Corollary 35, we can

find an ε′ ∈ (0, 1], such that if ε ∈ (0, ε′], we can find Sε, such that N (ε;Sε, `∞) ≤ ε−d
′

and

µ(Sε) ≥ 1 − ε
d′β
d′−2β , for all µ ∈ Λ. As a first step of constructing a dyadic-like partition of

[0, 1]d, we state and prove the following lemma that helps us create the base of this sequential
partitioning of the data space. For notational simplicity, we use diam(A) = supx,y∈A %(x, y)
to denote the diameter of a set w.r.t. the metric %.

Lemma 36. For any r ≥ dlog3(1/ε′)−2e, we can find disjoint sets Sr,0, . . . , Sr,mr , such that,
∪mrj=0Sr,j = Rd. Furthermore, mr ≤ 3d

′(r+2), diam(Sr,j) ≤ 3−(r+1), for all j = 1, . . . ,mr and

µ(Sr,0) ≤ 3
− d
′(r+2)β

d′−2β ∀µ ∈ Λ.

Proof We take ε = 3−(r+2). Clearly, 0 < ε ≤ ε′. We take Sr,0 = S{
ε . By definition of

covering numbers, we can find a minimal ε-net {x1, . . . , xmr}, such that S ⊆ ∪mrj=1B`∞(xi, ε)

and mr ≤ ε−d
′

= 3d
′(r+2). We construct Sr,1, . . . Sr,mr as follows:

• Take Sr,1 = B`∞(x1, ε) \ Sr,0.

• For any j = 2, . . . ,mr, we take Sr,j = B`∞(xj , ε) \
(
∪j−1
j′=0Sr,j′

)
.

By construction {Sr,j}mrj=0 are disjoint. Moreover, µ(Sr,0) = 1−µ(Sε) ≤ ε
d′β
d′−2β = 3

− d
′(r+2)β

d′−2β ,
for all µ ∈ Λ. Furthermore since, Sr,j ⊆ B`∞(xj , ε),

diam(Sr,j) ≤ diam(B`∞(xj , ε)) = 2ε = 2× 3−(r+2) ≤ 3−(r+1).

We now construct a sequence of collection of sets {Q`}r`=1 as follows:

• Take Qr = {Sr,j}mrj=1.

• Given `+ 1, let, Q`1 =
⋃

Q∈Q`+1,
Q∩S`,1 6=∅

(Q \ S`,0) and if 2 ≤ j ≤ m`, we let,

Q`j =

( ⋃
Q∈Q`+1,
Q∩Sr,j 6=∅

(Q \ S`,0)

)
\
(
∪j−1
j′=1Q

`
j′

)
.

Take Q` = {Q`j}
m`
j=1.
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Clearly for any Q ∈ Q`, sup
Q∈Q`

diam(Q) ≤ 2 sup
Q′∈Q`+1

diam(Q′) + sup
1≤j≤m`

diam(S`,j) ≤ 3 ×

3−(`+1) = 3−`, by induction.

Also, if Q ∈ Q`+1, we can find a Q′ ∈ Q`, such that Q ⊆ Q′ ∪ S`,0. Also if Q1, Q2 ∈ Q`,
Q1 ∩Q2 = ∅. Furthermore, |Q`| ≤ m`, by construction.

Let ε = n−1/d′ . Recall that, δ = d? − d∗β(µ) and d′ = d?β(µ) + δ/2. We take n0, large

enough such that ε ≤ ε′, if n ≥ n0. Let t be the smallest integer such that 3−t ≤ ε. Also,

let s be the smallest integer such that 3−s ≤ ε
d′−2β
d′ . Clearly, s ≤ t. Also, 3t ≤ 3

ε and

3s ≤ 3ε
2β−d′
d′ .

Let P fθ (x) = Clip
(∑

|s|≤bβc
∂sf(θ)
s! (x− θ)s,−C,C

)
, where Clip(x, a, b) = (x∧ b)∨a. We

choose a point xr,j ∈ Qrj , s ≤ r ≤ t and j ∈ [mr]. We also define the bivariate function

q(·, ·) as q(`, j) = j′ if Q`j ∩ Q
`−1
j′ 6= ∅. This j′ is unique, since we can find a Q`−1

j′ which

contains Q`j and since sets in Q`−1 are disjoint.

We denote, Ss:t,0 = ∪tr=sSr,0 and let, Mr =
∑mr

j=1 |(µn − µ)(Qrj)|. The following result
(Lemma 37) helps us control EMr.

Lemma 37. Suppose that {A1, . . . , Am} forms a partition of a set T . Then,

EMr = E
m∑
j=1

|µn(Aj)− µ(Aj)| ≤
√
mµ(T )

n
.

Proof We begin by noting that nµn(Aj) ∼ Bin(n, µ(Aj)). Thus, Var(µn(Aj)) =
µ(Aj)(1−µ(Aj))

n .
Hence,

E
m∑
j=1

|µn(Aj)− µ(Aj)|
(i)

≤
√
m

E
m∑
j=1

(µn(Aj)− µ(Aj))
2

1/2

=
√
m

 m∑
j=1

Var(µn(Aj))

1/2

=
√
m

 m∑
j=1

µ(Aj)(1− µ(Aj))

n


≤
√
m

√√√√ m∑
j=1

µ(Aj)

n

=

√
mµ(T )

n
.

In the above calculations, (i) follows from Cauchy-Schwartz inequality.
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Lemma 38. Suppose that Poly(k, d, α) denotes the set of all polynomials from [0, 1]d → R,
with degree at most k and absolutely bounded by α. Also let A1, . . . , Am are disjoint and
suppose that P = {f =

∑m
j=1 fj1Aj : fj ∈ Poly(k, d, α)}. Then,

γ(α,m, n) := E sup
f∈P

(∫
fdµn −

∫
fdµ

)
. α

√
m(k + 1)d log n

n
.

Proof It is easy to note that, Pdim(P) ≤ m(k + 1)d. Here Pdim(F) denotes the pseudo-
dimension of the real-valued function class F (see Anthony and Bartlett (2009, Definition
11.2)). Applying Dudley’s chaining, we recall that,

Eσ sup
f∈P

n∑
i=1

σif(xi) .
∫ α

0

√
logN (ε;P, ‖ · ‖L2(µn))

n
dε

≤
∫ α

0

√
logN (ε;P, ‖ · ‖L∞(µn))

n
dε

≤
∫ α

0

√
Pdim(P)

n
log(2αen/ε)dε (20)

.α

√
Pdim(P) log n

n

≤α
√
m(k + 1)d log n

n
.

Here inequality (20) follows from Lemma 54. Thus, by symmetrization,

γ(α,m, n) =E sup
f∈P

(∫
fdµn −

∫
fdµ

)
≤ 2E sup

f∈P

n∑
i=1

σif(xi) . α

√
m(k + 1)d log n

n
.

We now state and prove a more general version of Theorem 14. Theorem 14 follows as
a corollary of Theorem 39 for the special case when Λ = {µ}.

Theorem 39. Let F = Hβ(Rd,R, C), for some C > 0. Then if d? > d∗β(Λ), we can find an
n0, such that, if n ≥ n0,

sup
µ∈Λ

E‖µ̂n − µ‖F . n−β/d
?
.

Proof We fix any µ ∈ Λ. Recall that P fθ (x) =
∑
|s|≤bβc

∂sf(θ)
s! (x− θ)s. We note that since,

‖P fθ ‖∞ ≤ C,

|P fθ (x)− f(x)| ≤

∣∣∣∣∣∣
∑
|s|≤bβc

∂sf(θ)

s!
(x− θ)s − f(x)

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∑

s:|s|=bβc

(x− θ)s

s!
(∂sf(y)− ∂sf(θ))

∣∣∣∣∣∣ (21)
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≤‖x− θ‖bβc∞
∑

s:|s|=bβc

1

s!
|∂sf(y)− ∂sf(θ)|

≤2C‖x− θ‖bβc∞ ‖y − θ‖β−bβc∞

≤2C‖x− θ‖β∞ (22)

Equation (21) follows from Taylor’s theorem where y lies in the line segment joining x and
θ. Furthermore,

|P fθ (x)− P fθ′(x)| ≤|P fθ (x)− f(x)|+ |f(x)− P fθ′(x)|

≤2C
(
‖x− θ‖β∞ + ‖x− θ′‖β∞

)
(23)

For notational simplicity, let ξr = supf∈Poly(bβc,d,αr,)
∑mr

j=1

∫
Qrj
fd(µn − µ), where, αr =

max1≤j′≤mt−1 ‖P
f
xt,j − P

f
xt−1,j′‖L∞(Qt−1

j′ ). We can control Eξr through Lemma 38. We note

that, for any f ∈ Hβ(Rd,R, C),

∣∣∣∣∫ fd(µn − µ)

∣∣∣∣
=

∣∣∣∣∣∣
mt∑
j=0

∫
St,j

fd(µn − µ)

∣∣∣∣∣∣
≤C(µn + µ)(Ss:t,0) +

∣∣∣∣∣∣
mt∑
j=1

∫
Qtj\Ss:t,0

(f − P fxt,j + P fxt,j )d(µn − µ)

∣∣∣∣∣∣
≤C(µn + µ)(Ss:t,0) + 2 max

1≤j≤mt
‖f − P fxt,j‖L∞(Qtj)

+

∣∣∣∣∣∣
mt∑
j=1

∫
Qtj\Ss:t,0

P fxt,jd(µn − µ)

∣∣∣∣∣∣
≤C(µn + µ)(Ss:t,0) + 2C3−tβ +

∣∣∣∣∣∣
mt∑
j=1

∫
Qtj\Ss:t,0

P fxt,jd(µn − µ)

∣∣∣∣∣∣ (24)

=C(µn + µ)(Ss:t,0) + 2C3−tβ

+

∣∣∣∣∣∣
mt−1∑
j′=1

∑
j:q(t,j)=j′

∫
Qtj\Ss:t,0

(P fxt,j − P
f
xt−1,j′

+ P fxt−1,j′
)d(µn − µ)

∣∣∣∣∣∣
≤C(µn + µ)(Ss:t,0) + 2C3−tβ + ξt +

∣∣∣∣∣∣
mt−1∑
j′=1

∫
Qt
j′\Ss:t,0

P fxt−1,j′
d(µn − µ)

∣∣∣∣∣∣ (25)

≤C(µn + µ)(Ss:t,0) + 2C3−tβ + CMs +

t∑
r=s

ξr (26)
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Inequality (24) follows from observing that ‖f−P fxj,t‖L∞(Qtj)
≤ C supx∈L∞(Qtj)

‖x−xj,t‖∞ ≤
Cdiam(Qtj) ≤ C3−t. Inequality (25) follows from observing that∣∣∣∣∣∣

mt−1∑
j′=1

∑
j:q(t,j)=j′

∫
Qtj\Ss:t,0

(P fxt,j − P
f
xt−1,j′

)d(µn − µ)

∣∣∣∣∣∣ ≤ ξt.
Equation (26) follows easily from an inductive argument and observing that ‖P fa ‖∞ ≤ C,
for any a ∈ Rd, by construction. To bound the expectation of ξr, we note that,

Eξr ≤ γ
(

max
1≤j′≤mt−1

‖P fxt,j − P
f
xt−1,j′

‖L∞(Qt−1
j′ ),mr, n

)
. max

1≤j′≤mt−1

‖P fxt,j − P
f
xt−1,j′

‖L∞(Qt−1
j′ )

√
mr log n

n
(from Lemma 38)

≤4C3−β(t−1)

√
mr log n

n
.

Thus, taking expectations on both sides of (26), we get,

E
∣∣∣∣∫ fd(µn − µ)

∣∣∣∣
.3−tβ + 2C

t∑
r=s

3
− d
′(r+2)β

d′−2β + C
√
ms/n+ 4C

t∑
r=s

3−βr
√
mr log n

n
(27)

≤3−tβ + 2C
t∑

r=s

3
− d
′(r+2)β

d′−2β + C

√
3d′(s+2)

n
+ 4C

t∑
r=s

3−βr

√
3d′(r+2) log n

n
(28)

≤3−tβ + 2C
∞∑
r=s

3
− d
′(r+2)β

d′−2β + C

√
log n

n

(
3
d′(s+2)

2 + 4
t∑

r=s

3
2d′+r(d′−2β)

2

)

=3−tβ + 2C
3
−d′(s+2)β

d′−2β

1− 3
− d′β
d′−2β

+ C

√
log n

n

3
d′(s+2)

2 + 4
3

2d′+s(d′−2β)
2 ((3

d′−2β
2 )t−s+1 − 1)

3
d′−2β

2 − 1


≤3−tβ + 2C

3
−2d′β
d′−2

1− 3
− d′β
d′−2β

× (3−s)
d′β
d′−2β

+ C

√
log n

n

3
d′(s+2)

2 + 4
3

2d′+s(d′−2β)
2 ((3

d′−2β
2 )t−s+1 − 1)

3
d′−2β

2 − 1


≤3−tβ + 2C

εβ

1− 3
− d′β
d′−2β

+ C

√
log n

n

3
d′(s+1)

2 + 4
3

2d′+s(d′−2β)
2 ((3

d′−2β
2 )t−s+1 − 1)

3
d′−2β

2 − 1


.εβ +

√
log n

n

(
3
d′s
2 + 3

(d′−2β)t
2

)
.εβ +

√
log n

n
εβ−d

′/2
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.n−β/d
′√

log n

.n−β/d
?
.

Equation (27) follows from Lemma 37, where as (28) follows from Lemma 36.

Appendix B. Proofs from Section 4.1

B.1 Proof of Lemma 15

Lemma 15. Under assumption B1, D̃ ◦ Ẽ(·) = id(·), a.e. [µ] and Ẽ ◦ D̃(·) = id(·), a.e. [ν].

Proof To show the first implication, it is enough to show that
∫
‖D̃(Ẽ(x))−x‖22dµ(x) = 0.

To see this, we observe that,∫
‖D̃ ◦ Ẽ(x)− x‖22dµ(x) =

∫
‖D̃(z)− D̃(z)‖22dν(z) = 0.

Here the first equality follows from the fact that (X, Ẽ(X))
d
= (D̃(Z), Z). The other state-

ment follows similarly.

B.2 Proof of Proposition 19

Proposition 19. Under Assumption B1, the supports of µ and ν are homeomorphic.

Proof We use the so-called good set principle to prove this result. Suppose A = {x ∈
[0, 1]d : D̃ ◦ Ẽ(x) = x} and let x ∈ supp(µ). Clearly, by Lemma 15, µ(A) = 1. By definition
of the support, for any n ∈ N, µ(B(x, 1/n) ∩ A) = µ(B(x, 1/n)) > 0, which implies that
B(x, 1/n)∩A is non-empty. Let xn ∈ B(x, 1/n)∩A. Thus, for any x ∈ supp(µ), there exist a
sequence {xn(x)}n∈N ⊆ A, such that xn(x)→ x as n→∞. We first show that Ẽ, restricted
to the support of µ is a bijection. To show injectivity, let x, x′ ∈ supp(µ) and Ẽ(x) =
Ẽ(x′). Thus, D̃ ◦ Ẽ(x) = D̃ ◦ Ẽ(x′) =⇒ D̃ ◦ Ẽ(limn→∞ xn(x)) = D̃ ◦ Ẽ(limn→∞ xn(x′)).
Owing to the uniform continuity of D̃ and Ẽ and the fact that xn(x) and xn(x′) are in
A, this implies that limn→∞ D̃ ◦ Ẽ(xn(x)) = limn→∞ D̃ ◦ Ẽ(xn(x′)) =⇒ limn→∞ xn(x) =
limn→∞ xn(x′) =⇒ x = x′.

To show surjectivity, let z ∈ supp(ν). Let A′ = {z ∈ [0, 1]` : Ẽ ◦ D̃(z) = z}. By a
similar argument, there exists a sequence zn → z, such that {zn}n∈N ⊆ A′. We consider
D̃(z). Clearly, Ẽ ◦ D̃(z) = Ẽ ◦ D̃(limn→∞ zn) = limn→∞ Ẽ ◦ D̃(zn) = limn→∞ zn = z.
The only thing remaining is to show that D̃(z) ∈ supp(µ). To show this, let z′ ∈ B(z, ε).
Clearly, ν(B(z, ε)) > 0. ‖D̃(z)− D̃(z′)‖ . εαd∧1, since, D̃ ∈ Hαd

(
R`,Rd, Cd

)
. Thus, there

exists a c > 0 such that ‖D̃(z)− D̃(z′)‖ ≤ c εαd∧1. Hence, B(D̃(z), cεαd∧1) ⊇ {D̃(z′) : z′ ∈
B(z, ε)} =⇒ µ

(
B(D̃(z), cεαd∧1)

)
≥ µ ({D(z′) : z′ ∈ B(z, ε)}) = ν(B(z, ε)) > 0, for any

ε > 0. Thus, for any δ > 0, taking ε = (δ/c)1/(αd∧1), gives that µ
(
B(D̃(z), δ)

)
> 0, for any

δ > 0, which implies that D(z) ∈ supp(µ).
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Now to show that Ẽ is the inverse of D̃ on the support of µ, we let x ∈ supp(µ). By the
argument above, there exists a sequence {xn}n∈N ⊆ A, such that limn→∞ xn = x. Thus,
D̃ ◦ Ẽ(x) = D̃ ◦ Ẽ(limn→∞ xn) = limn→∞ D̃ ◦ Ẽ(xn) = limn→∞ xn = x. Similarly, one can
show that Ẽ ◦ D̃(z) = z, for any z ∈ supp(ν). Clearly, D̃ and Ẽ are continuous. Thus,
supp(µ) and supp(ν) are homeomorphic.

Appendix C. Proofs from Section 4.3.1

C.1 Proof of Lemma 20

Lemma 20 (Oracle inequalities for GANs and BiGANs). Suppose that Φ = Hβ(Rd,R, 1)
and Ψ = Hβ(Rd+`,R, 1), then

(a) if Ĝn and Ĝn,m are the generator estimates defined in (3), the following hold:

‖µ− (Ĝn)]ν‖Φ ≤ inf
G∈G
‖µ−G]ν‖Φ + 2‖µ− µ̂n‖Φ, (15)

‖µ− (Ĝn,m)]ν‖Ψ ≤ inf
G∈G
‖µ−G]ν‖Φ + 2‖µ− µ̂n‖Φ + 2‖ν − ν̂m‖Φ◦G. (16)

(b) if (D̂n, Ên) and (D̂n,m, Ên,m) are the decoder-encoder estimates defined in (5) and
(6), respectively, the following hold:

‖(µ, (Ên)]µ)− (D̂n)]ν, ν)‖Ψ ≤ inf
D∈D, E∈E

‖(µ,E]µ)− (D]ν, ν)‖Ψ + 2‖µ̂n − µ‖F1 , (17)

‖(µ, (Ên,m)]µ)− (D̂n,m)]ν, ν)‖Ψ ≤ inf
D∈D, E∈E

‖(µ,E]µ)− (D]ν, ν)‖Ψ + 2‖µ̂n − µ‖F1

+ 2‖ν̂m − ν‖F2 , (18)

where, F1 = {ψ(·, E(·)) : ψ ∈ Ψ, E ∈ E} and F2 = {ψ(D(·), ·) : ψ ∈ Ψ, D ∈ D}.

Proof Proof of part (a): For any G ∈ G, we observe that,

‖µ− (Ĝn)]ν‖Φ ≤‖µ̂n − (Ĝn)]ν‖Φ + ‖µ− µ̂n‖Φ
≤‖µ̂n −G]ν‖Φ + ‖µ− µ̂n‖Φ
≤‖µ−G]ν‖Φ + 2‖µ− µ̂n‖Φ

Taking infimum on both sides w.r.t. G ∈ G gives us the desired result.
Similarly, for the estimator Ĝn,m, we note that,

‖µ− (Ĝn,m)]ν‖Φ ≤‖µ̂n − (Ĝn,m)]ν̂m‖Φ + ‖µ̂n − µ‖Φ + ‖ν̂m − ν‖Φ◦G
≤‖µ̂n −G]ν̂m‖Φ + ‖µ̂n − µ‖Φ + ‖ν̂m − ν‖Φ◦G
≤‖µ−G]ν‖Φ + 2‖µ̂n − µ‖Φ + 2‖ν̂m − ν‖Φ◦G

Again taking infimum on both sides w.r.t. G ∈ G gives us the desired result.
Proof of part (b): For any E ∈ E and D ∈ D,

‖(µ, (Ên)]µ)− ((D̂n)]ν, ν)‖Ψ
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≤‖(µ̂n, (Ên)]µ̂n)− ((D̂n)]ν, ν)‖Ψ + ‖(µ̂n, (Ên)]µ̂n)− (µ, (Ên)]µ)‖Ψ
≤‖(µ̂n, E]µ̂n)− (D]ν, ν)‖Ψ + ‖µ̂n − µ̂‖F1

≤‖(µ,E]µ)− (D]ν, ν)‖Ψ + 2‖µ̂n − µ̂‖F1 .

Taking infimum over E and D gives us the desired result.

Similarly,

‖(µ, (Ên,m)]µ)− ((D̂n,m)]ν, ν)‖Ψ
≤‖(µ̂n, (Ên,m)]µ̂n)− ((D̂n,m)]ν̂m, ν̂m)‖Ψ + ‖µ̂n − µ̂‖F1 + ‖ν̂m − ν̂‖F2

≤‖(µ̂n, E]µ̂n)− (D]ν̂m, ν̂m)‖Ψ + ‖µ̂n − µ̂‖F1

≤‖(µ,E]µ)− (D]ν, ν)‖Ψ + 2‖µ̂n − µ̂‖F1 + 2‖ν̂m − ν̂‖F2 .

Again taking infimum over E and D gives us the desired result.

Appendix D. Proofs from Section 4.3.2

D.1 Proof of Theorem 21

We begin by proving Theorem 21, which discusses the approximation capabilities of ReLU
networks when the underlying measure has a low entropic dimension. Some supporting
lemmas required for the proof are stated in Appendix D.2.

For s > d̄pβ(µ), by Lemma 32, we can find an ε′ ∈ (0, 1), such that if ε ∈ (0, ε′] and a
set S, such that µ(S) ≥ 1− εpβ and N (ε;S, `∞) ≤ ε−s. In what follows, we take ε ∈ (0, ε′].

Let K = d 1
2εe. For any i ∈ [K]d, let θi = (ε+ 2(i1− 1)ε, . . . , ε+ 2(id− 1)ε). We also let,

Pε = {B`∞(θi, ε) : i ∈ [K]d}. By construction, θi’s are at least 2ε apart, making the sets in
Pε disjoint. Following the proof of Lemma 33, we make the following claim.

Lemma 40. |{A ∈ Pε : A ∩ S 6= ∅}| ≤ 2dε−s.

Theorem 21. Suppose that f ∈ Hα(Rd,R, C), for some C > 0 and let s > d̄αp(µ). Then,
we can find constants ε0 and a, that might depend on α, d and C, such that, for any
ε ∈ (0, ε0], there exists a ReLU network, f̂ with L(f̂) ≤ a log(1/ε), W(f̂) ≤ a log(1/ε)ε−s/α,
B(f̂) ≤ aε−1/α and R(f̂) ≤ 2C, that satisfies, ‖f − f̂‖Lp(γ) ≤ ε.

Proof We also let I =
{
i ∈ [K]d : B`∞(θi, ε) ∩ S 6= ∅

}
. We also let I† = {j ∈ [K]d :

mini∈I ‖i− j‖1 ≤ 1}. We know that |I†| ≤ 3d|I| ≤ 6dN (ε;S, `∞). For 0 < b ≤ a, let,

ξa,b(x) = ReLU

(
x+ a

a− b

)
− ReLU

(
x+ b

a− b

)
− ReLU

(
x− b
a− b

)
+ ReLU

(
x− a
a− b

)
.

A pictorial view of this function is given in Figure 1 and can be implemented by a ReLU
network of depth two and width four. Thus, L(ξa,b) = 2 and W(ξa,b) = 12. Suppose that

δ = ε/3 and let, ζ(x) =
∏d
`=1 ξε+δ,δ(x`). Clearly, B(ξε+δ,δ) ≤ 1

δ . It is easy to observe that
{ζ(· − θi) : i ∈ I†} forms a partition of unity on S, i.e.

∑
i∈I† ζ(x − θi) = 1,∀x ∈ S.
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a− b−a+ b a−b 0

1

Figure 1: Plot of ξa,b(·).

We consider the Taylor approximation of f around θ as,

Pθ(x) =
∑
|s|≤bαc

∂sf(θ)

s!
(x− θ)s .

Note that for any x ∈ [0, 1]d, f(x) − Pθ(x) =∑
s:|s|=bαc

(x−θ)s
s! (∂sf(y)−∂sf(θ)), for some y, which is a con-

vex combination of x and θ. Thus,

f(x)− Pθ(x) =
∑

s:|s|=bαc

(x− θ)s

s!
(∂sf(y)− ∂sf(θ))

≤‖x− θ‖bαc∞
∑

s:|s|=bαc

1

s!
|∂sf(y)− ∂sf(θ)|

≤2C‖x− θ‖bαc∞ ‖y − θ‖α−bαc∞

≤2C‖x− θ‖α∞. (29)

Next we define f̃(x) =
∑
i∈I† ζ(x− θi)Pθi(x). Thus, if x ∈ S,

|f(x)− f̃(x)| =

∣∣∣∣∣∣
∑
i∈I†

ζ(x− θi)(f(x)− Pθi(x))

∣∣∣∣∣∣ ≤
∑

i∈I†:‖x−θi‖∞≤2ε

|f(x)− Pθi(x)|

≤C2d+1(2ε)α

=C2d+α+1εα. (30)

We note that, f̃(x) =
∑
i∈I† ζ(x − θi)Pθi(x) =

∑
i∈I†

∑
|s|≤bαc

∂sf(θi)
s! ζ(x − θi)

(
x− θi

)s
.

Let ai,s = ∂sf(θi)
s! and

f̂i,s(x) =prod(d+|s|)
m (ξε1,δ1(x1 − θi1), . . . , ξεd,δd(xd − θ

i
d), (x1 − θi1), . . . , (x1 − θi1)︸ ︷︷ ︸

s1 times

,

. . . , (x1 − θid), . . . , (xd − θid)︸ ︷︷ ︸
sd times

),

where prod
(d+|s|)
m (·) is defined in Lemma 43 and approximates the product function for

d+ |s| real numbers. We note that prod
(d+|s|)
m has at most d+ |s| ≤ d+ bαc many inputs.

By Lemma 43, prod
(d+|s|)
m can be implemented by a ReLU network with L(prod

(d+|s|)
m ),

W(prod
(d+|s|)
m ) ≤ c3m and B(prod

(d+|s|)
m ) ≤ 4 ∨ (d − 1)2. Thus, L(f̂i,s) ≤ c3m + 2 and

W(f̂i,s) ≤ c3m+ 8d+ 4|s| ≤ c3m+ 8d+ 4bαc. Furthermore, B(f̂i,s) ≤ 4 ∨ 1
δ ≤ 1/δ, when δ

is small enough. With this f̂i,s, we observe from Lemma 43 that,∣∣∣f̂i,s(x)− ζ(x− θi)
(
x− θi

)s∣∣∣ ≤ d+ bαc
22m−1

, ∀x ∈ S. (31)
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Finally, let, f̂(x) =
∑
i∈I†

∑
|s|≤bαc ai,sf̂i,s(x). Clearly, L(f̂i,s) ≤ c3m + 3 and W(f̂i,s) ≤

bαcd (c3m+ 8d+ 4bαc). This implies that,

|f̂(x)− f̃(x)| ≤
∑

i∈I†:‖x−θi‖∞≤2ε

∑
|s|≤bαc

|ai,s|ζ(x− θi)|f̂is(x)−
(
x− θi

)s
|

≤2d
∑
|s|≤bαc

|aθ,s|
∣∣∣f̂θi(x),s(x)− ζε,δ(x− θ(i(x))

(
x− θi(x)

)s∣∣∣
≤(d+ bαc)C

22m−d−1
.

We thus get that if x ∈ S,

|f(x)− f̂(x)| ≤|f(x)− f̃(x)|+ |f̂(x)− f̃(x)| ≤ C2d+α+1εα +
(d+ bαc)C

22m−d−1
. (32)

We also note that by construction ‖f̂‖∞ ≤ C ′, for some constant C ′ that might depend
on C,α and d. Hence,

‖f − f̂‖pLp(µ) =

∫
S
|f(x)− f̂(x)|pdµ(x) +

∫
S{
|f(x)− f̂(x)|pdµ(x)

≤
(
C2d+α+1εα +

(d+ bαc)3C

22m−d−1

)p
µ (S) + (C + C ′)µ(S{)

.

(
C2d+α+1εα +

(d+ bαc)3C

22m−d−1

)p
+ εpα

=⇒ ‖f − f̂‖Lp(µ) .C2d+α+1εα +
(d+ bαc)C

22m−d−1
+ εα . εα + 4−m.

Taking ε � η1/α and m � log(1/η) ensures that ‖f − f̂‖Lp(µ) ≤ η. We note that f̂

has |I†| ≤ 6dNε(S) . 6dε−s many networks with depth c3m + 3 and number of weights
bαcd (c3m+ 8d+ 4bαc). Thus, L(f̂) ≤ c3m+ 4 and W(f̂) ≤ ε−s(6bαc)d (c3m+ 8d+ 4bαc).
we thus get, L(f̂) ≤ c3m+ 4 ≤ c4 log

(
1
η

)
, where c4 is a function of δ, bαc and d. Similarly,

W(f̂) ≤ε−s(6bαc)d (c3m+ 8d+ 4bαc) ≤ c6 log(1/η)η−s/α.

Taking a = c4 ∨ c6 gives the result. Furthermore, by construction, we note that, B(f̂) .
1/δ = 3/ε . η−1/α.

D.2 Additional Results

Lemma 41 (Proposition 2 of Yarotsky (2017)). The function f(x) = x2 on the segment
[0, 1] can be approximated with any error by a ReLU network, sqm(·), such that,

1. L(sqm), W(sqm) ≤ c1m.

2. sqm
(
k

2m

)
=
(
k

2m

)2
, for all k = 0, 1, . . . , 2m.
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3. ‖sqm − x2‖L∞([0,1]) ≤ 1
22m+2 .

4. B(sqm) ≤ 4.

Lemma 42. Let M ≥ 1, then we can find a ReLU network prod
(2)
m , such that,

1. L(prod
(2)
m ),W(prod

(2)
m ) ≤ c2m, for some absolute constant c2.

2. ‖prod
(2)
m − xy‖L∞([−M,M ]×[−M,M ]) ≤ M2

22m+1 .

3. B(prod
(2)
m ) ≤ 4 ∨M2.

Proof Let prod
(2)
m (x, y) = M2

(
sqm

(
|x+y|
2M

)
− sqm

(
|x−y|
2M

))
. Clearly, prod

(2)
m (x, y) = 0, if

xy = 0. We note that, L(prod
(2)
m ) ≤ c1m+ 1 ≤ c2m and W(prod

(2)
m ) ≤ 2c1m+ 2 ≤ c2m, for

some absolute constant c2. Clearly,

‖prod(2)
m − xy‖L∞([−M,M ]×[−M,M ]) ≤ 2M2‖sqm − x2‖L∞([0,1]) ≤

M2

22m+1
.

Part 3 of the Lemma follows easily by applying part 4 of Lemma 41.

Lemma 43. For any m ≥ 1
2(log2(4d)−1), we can construct a ReLU network prod

(d)
m : Rd →

R, such that for any x1, . . . , xd ∈ [−1, 1], ‖prod
(d)
m (x1, . . . , xd) − x1 . . . xd‖L∞([−1,1]d) ≤ 1

2m .
Furthermore,

1. L(prod
(d)
m ) ≤ c3m, W(prod

(d)
m ) ≤ c3m.

2. B(prod
(d)
m ) ≤ 4.

Proof Let M = 1 and d ≥ 2. We define

prod(k)
m (x1, . . . , xk) = prod(2)

m (prod(k−1)
m (x1, . . . , xk−1), xd), k ≥ 3.

Clearly W(prod
(d)
m ),L(prod

(d)
m ) ≤ c3dm, for some absolute constant c3. Suppose that m ≥

1
2(log2(4d) − 1). We show that |prod

(k)
m (x1, . . . , xk)| ≤ 2, for all 2 ≤ k ≤ d. Clearly, the

statement holds for k = 2. Suppose the statement holds for some 2 ≤ k < d. Then,

|prod(k+1)
m (x1, . . . , xk+1)| ≤ 22

22m+1
+ |xk+1||prod(k)

m (x1, . . . , xk)|

≤1

d
+ |prod(k)

m (x1, . . . , xk)|

≤k − 2

d
+ |prod(2)

m (x1, x2)|

≤k − 1

d
+ 1

≤2.
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Thus, by induction, it is easy to see that, |prod
(d)
m | ≤ 2. Taking M = 2, we get that,

‖prod(d)
m (x1, . . . , xd)− x1 . . . xd‖L∞([−1,1]d)

=‖prod(2)
m (prod(d−1)

m (x1, . . . , xd−1), xd)− x1 . . . xd‖L∞([−1,1]d)

≤‖prod(d−1)
m (x1, . . . , xd−1)− x1 . . . xd−1‖L∞([−1,1]d) +

M2

22m+1

≤ dM2

22m+1

=
d

22m−1
.

D.3 Proofs of Lemmata 22 and 23

D.3.1 Proof of Lemma 22

Lemma 22. Suppose assumption A2 holds. There exists an ε0, such that, for any 0 < ε ≤
ε0, we can take G = RN (Lg,Wg, Bg, 2Cg) such that Lg . log(1/ε), Wg . ε−`/αg log(1/ε),
Bg . ε−1/αg and infG∈G ‖µ−G]ν‖Φ . εβ∧1.

Proof We begin by noting that,

‖µ−G]ν‖Φ = ‖G̃]ν −G]ν‖Φ = sup
φ∈Φ

(∫
φ(G̃(x))dν(x)−

∫
φ(G(x))dν(x)

)
= sup
φ∈Φ

(∫
(φ(G̃(x))− φ(G(x)))dν(x)

)
≤
∫
|G̃(x)−G(x)|β∧1dν(x) (33)

≤‖G̃−G‖β∧1
L1(ν). (34)

Here, inequality (33) follows from observing that φ ∈ Hβ(Rd,R, 1) and (34) follows from
Jensen’s inequality. The Lemma immediately follows from observing that G̃ ∈ Hαg(R`,R, Cg)
(by assumption A2) and applying Theorem 21 to approximate the i-th coordinate of G̃
(i ∈ [d]) and stacking the networks parallelly.

D.3.2 Proof of Lemma 23

Lemma 23. Suppose assumption B1 holds and let s > d̄αe(µ). There exists ε0 > 0,
such that, for any 0 < ε1, ε2 ≤ ε0, we can take E = RN (Le,We, Be, 2Ce) and D =
RN (Ld,Wd, Bd, 2Cd) such that

Le . log(1/εe), We . ε−s/αee log(1/εe), and Be . ε−1/αe ;

Ld . log(1/εd), Wd . ε
−`/αd
d log(1/εd), and Bd . ε

−1/αd
d .
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Then, infG∈G, E∈E ‖(µ,E]µ)− (G]ν, ν)‖Ψ . εβ∧1
e + εβ∧1

d .

Proof We begin by noting that,

‖(µ,E]µ)− (D]ν, ν)‖Ψ
=‖(µ,E]µ)− (µ, Ẽ]µ)‖Ψ + ‖(D̃]ν, ν)− (D]ν, ν)‖Ψ + ‖(µ, Ẽ]µ)− (D̃]ν, ν)‖Ψ
=‖(µ,E]µ)− (µ, Ẽ]µ)‖Ψ + ‖(D̃]ν, ν)− (D]ν, ν)‖Ψ

= sup
ψ∈Ψ

∫ (
ψ(x,E(x))− ψ(x, Ẽ(x))

)
dµ(x) + sup

ψ∈Ψ

∫ (
ψ(D(z), z)− ψ(D̃(z), z)

)
dν(z)

≤
∫
|E(x)− Ẽ(x)|β∧1dµ(x) +

∫
|D(z)− D̃(z)|β∧1dν(z)

≤‖E − Ẽ‖β∧1
L1(µ) + ‖D − D̃‖β∧1

L1(ν).

The Lemma follows from observing that Ẽ ∈ Hαe(Rd,R, Ce) and D̃ ∈ Hαd(R`,R, Cd) (by
assumption B1) and applying Theorem 21 to approximate the coordinate-wise and stacking
the networks parallelly.

Appendix E. Proofs from Section 4.3.3

E.1 Proof of Lemma 24

Lemma 24. Suppose that n ≥ 6 and F : Rd → Rd
′

be a class of bounded neural networks
with depth at most L and the number of weights at most W . Furthermore, the activation
functions are piece-wise polynomial activation with the number of pieces and degree at most
k ∈ N. Then, there exists positive constants θ and ε0, such that, if n ≥ θ(W + 6d′ +
2d′L)(L+ 3) (log(W + 6d′ + 2d′L) + L+ 3) and ε ∈ (0, ε0],

logN (ε;F|X1:n
, `∞) . (W + 6d′ + 2d′L)(L+ 3)

(
log(W + 6d′ + 2d′L) + L+ 3

)
log

(
nd′

ε

)
,

where d′ is the output dimension of the networks in F .

Proof We let, h(x, y) = y>f(x) and let H = {h(x, y) = y>f(x) : f ∈ F}. Also,
let, T = {(h(Xi, e`)|i∈[n],`∈[d′]) ∈ Rnd

′
: h ∈ H}. By construction of T , it is clear that,

N (ε;F|X1:n
, `∞) = N (ε; T , `∞). We observe that,

h(x, y) =
1

4
(‖y + f(x)‖22 − ‖y − f(x)‖22)

Clearly, h can be implemented by a network with L(h) = L(f)+3 andW(h) =W(f)+6d′+
2d′L(f) (see Figure 2 for such a construction). Let B = max1≤i≤d supf∈F ‖fj‖∞, where fj
denotes the j-th component of f . Thus, from Theorem 12.9 of Anthony and Bartlett (2009)

(see Lemma 54), we note that, if n ≥ Pdim(H), N (ε; T , `∞) ≤
(

2eBnd′

εPdim(H)

)Pdim(H)
. Further-

more, by Lemma 55, Pdim(H) . (W + 6d′ + 2d′L)(L + 3) (log(W + 6d′ + 2d′L) + L+ 3).
This implies that,

logN (ε;H, `∞) .Pdim(H) log

(
2eBnd′

εPdim(H)

)
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x f

y id

f(x)

y

f(x) + y

f(x)− y

h(x, y)

1

−1

0.25

−0.25

1

1

Figure 2: A representation of the network h(·, ·). The magenta lines represent d′ weights
of value 1. Similarly, cyan lines represent d′ weights of value −1. Finally, the
orange and teal lines represent d′ weights (each) with values +0.25 and −0.25, re-
spectively. The identity map takes 2d′L(f) many weights (Nakada and Imaizumi,
2020, Remark 15 (iv)). The magenta, cyan, orange and teal connections take 6d′

many weights. All activations are taken to be ReLU, except the output of the
yellow nodes, whose activation is σ(x) = x2.

.Pdim(H) log

(
nd′

ε

)
.(W + 6d′ + 2d′L)(L+ 3)

(
log(W + 6d′ + 2d′L) + L+ 3

)
log

(
nd′

ε

)
.

E.2 Proof of Corollary 25

Corollary 25. Suppose that D = RN (Ld,Wd, Bd, 2Cd) and G = RN (Lg,Wg, Bg, 2Cg) with
Ld, Lg ≥ 3, Wg ≥ 6d + 2dLg and Wd ≥ 6d + 2dLd. Then, there is a constant c, such that,
m ≥ c (WgLg(logWg + Lg)) ∨ (WdLd(logWd + Ld)), then,

logN
(
ε; (Ψ ◦G)|Z1:m

, `∞

)
. ε
− d
β +WgLg (logWg + Lg) log

(
md

ε

)
,

logN
(
ε; (F2)|Z1:m

, `∞

)
. ε
− d+`

β +WdLd (logWd + Ld) log

(
md

ε

)
.

Proof Let V = {v1, . . . , vr} be an optimal `∞ ε-cover of G|Z1:m
. Clearly, log r .WgLg(logWg+

Lg) log
(
md
ε

)
, by Lemma 24. Suppose that Fδ = {f1, . . . , fk} be an optimal δ-cover of Φ

w.r.t. the `∞-norm. By Lemma 52, we know that, log k ≤ δ
− d
β . We note that, for any

f ∈ F , we can find f̃ ∈ Fδ, such that, ‖f − f̃‖∞ ≤ δ. For any Z = Z1:m, let ‖Z−vZ‖∞ ≤ ε,
with vZ ∈ V.

|f(Zj)− f̃(vZj )| ≤|f(Zj)− f(vZj )|+ |f(vZj )− f̃(vZj )|
.‖Zj − vZj ‖β∧1

∞ + ‖f − f̃‖∞ . εβ∧1 + δ.
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Taking δ � η/2 and ε �
(η

2

)1/(β∧1)
, we conclude that max1≤j≤m |f(Zj)− f̃(vZj )| ≤ η. Thus,

{(f̃(v1), . . . , f̃(vm)) : f̃ ∈ Fδ, v ∈ V} constitutes an η-net of (Φ ◦ G)|Z1:m
. Hence,

logN (η; (Φ ◦ G)|Z1:m
, `∞) ≤ log

(
N (δ; Φ, `∞)×N (ε;G|Z1:m

, `∞)
)

.η−
d
β +WgLg(logWg + Lg) log

(
md

η1/(β∧1)

)
.η−

d
β +WgLg(logWg + Lg) log

(
md

η

)
The latter part of the lemma follows from a similar calculation.

E.3 Proof of Lemma 26

Before we discuss the proof of Lemma 26, we state and prove the following result.

Lemma 44. inf0<δ≤B

(
δ + 1√

n

∫ B
δ ε−τdε

)
.


n−1/2, if τ < 1

n−1/2 log n, if τ = 1

n−
1
2τ , if τ > 1.

Proof If τ < 1,

inf
0<δ≤B

(
δ +

1√
n

∫ B

δ
ε−τdε

)
= inf

0<δ≤B

(
δ +

1√
n

ε−τ+1

−τ + 1

∣∣∣∣B
δ

)

= inf
0<δ≤B

(
δ +

1√
n

B1−τ − δ1−τ

1− τ

)
.

1√
n
.

If τ = 1, we observe that

inf
0<δ≤B

(
δ +

1√
n

∫ B

δ
ε−τdε

)
= inf

0<δ≤B

(
δ +

1√
n

log ε
∣∣B
δ

)
= inf

0<δ≤B

(
δ +

1√
n

(logB − log δ)

)
.

log n√
n
,

when δ � n−1/2. Furthermore, if τ > 1,

inf
0<δ≤B

(
δ +

1√
n

∫ B

δ
ε−τdε

)
= inf

0<δ≤B

(
δ +

1√
n

δ1−τ −B1−τ

τ − 1

)
. n−

1
2τ ,when, δ � n−

1
2τ .
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Lemma 26. Suppose that D = RN (Ld,Wd, Bd, 2Cd) and G = RN (Lg,Wg, Bg, 2Cg) with
Ld, Lg ≥ 3, Wg ≥ 6d + 2dLg and Wd ≥ 6d + 2dLd. Then, there is a constant c, such that,
m ≥ c (WgLg(logWg + Lg)) ∨ (WdLd(logWd + Ld)), then,

E‖ν̂m − ν‖Φ◦G .m−
β
d ∨m−1/2 logm+

√
WgLg(logWg + Lg) log(md)

m
,

E‖ν̂m − ν‖F2 .m−
β
d+` ∨ (m−1/2 logm) +

√
WdLd(logWd + Ld) log(md)

m
.

Here c is the same as in Corollary 25.

Proof From Dudley’s chaining argument, we note that,

E‖ν̂m − ν‖Φ◦G

. inf
0<δ≤1/2

(
δ +

1√
m

∫ 1/2

δ

√
logN (ε; Φ ◦ G,L2(ν̂m))dε

)

≤ inf
0<δ≤1/2

(
δ +

1√
m

∫ 1/2

δ

√
logN (ε; (Φ ◦ G)|Z1:m

, `∞)dε

)

. inf
0<δ≤1/2

(
δ +

1√
m

∫ 1/2

δ

√
ε
− d
β +WgLg(logWg + Lg) log

(
md

ε

)
dε

)
(35)

≤ inf
0<δ≤1/2

(
δ +

1√
m

∫ 1/2

δ

(√
ε
− d
β +

√
WgLg(logWg + Lg) log

(
md

ε

))
dε

)

≤ inf
0<δ≤1/2

(
δ +

1√
m

∫ 1/2

δ
ε
− d

2β dε+
1√
m

∫ 1/2

0

√
WgLg(logWg + Lg) log

(
md

ε

)
dε

)

. inf
0<δ≤1/2

(
δ +

1√
m

∫ 1/2

δ
ε
− d

2β dε+

√
WgLg(logWg + Lg) log(md)

m

)

.m−β/d ∨ (m−1/2 logm) +

√
WgLg(logWg + Lg) log(md)

m
(36)

In the above calculations, (35) follows from Corollary 25 and (36) follows from Lemma 44.
The latter part of the lemma follows from a similar calculation as above.

E.4 Proof of Lemma 27

We first let Λ = {(µ,E]µ) : E ∈ E}. We first argue that d∗α (Λ) ≤ d∗α(µ). To see this, let

s > d∗α(µ)+`. We note that for any ε > 0, we can find S ⊆ [0, 1]d, such that µ(S) ≥ 1−ε
sα
s−2α

and N (ε;S, `∞) = Nε(µ, ε
sα
s−2α ). We let S′ = S × [0, 1]`. Clearly, [0, 1]` can be covered with

ε−`-many `∞-balls, which implies that S′ can be covered with at most Nε(µ, ε
sα
s−2α ) × ε−`-

many `∞-balls. Thus, Nε(Λ, ε
sα
s−2α ) ≤ Nε(µ, ε

sα
s−2α )× ε−`. Thus,

lim sup
ε↓0

logNε

(
Λ, ε

sα
s−2α

)
log(1/ε)

≤ lim sup
ε↓0

logNε(µ, ε
sα
s−2α )

log(1/ε)
+ ` ≤ s+ `.
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Here, the last inequality follows from the fact that s > d∗α(µ) and applying Lemma 34. We

now note that, (s+`)α
s+`−2α ≤

sα
s−2α =⇒ ε

(s+`)α
s+`−2α ≥ ε

sα
s−2α =⇒ Nε(Λ, ε

(s+`)α
s+`−2α ) ≤ Nε(Λ, ε

sα
s−2α ).

Thus,

lim sup
ε↓0

logNε

(
Λ, ε

(s+`)α
s+`−2α

)
log(1/ε)

≤ lim sup
ε↓0

logNε

(
Λ, ε

sα
s−2α

)
log(1/ε)

≤ s+ ` =⇒ d∗α(Λ) ≤ s+ `.

Thus, for any s > d∗α(µ), d∗α(Λ) ≤ s+ `.

Lemma 27. Suppose that E = RN (Le,We, Be, 2Ce). Then, for any s > d∗β(µ), we can find
an n′ ∈ N, such that if n ≥ n′,

E‖µ̂n − µ‖F1 . n−1/2
(
We log

(
2LeB

Le
e (We + 1)Len

1
2(β∧1)

))1/2
+ n−

β
s+` .

Proof Let, YE = supψ∈Ψ

(
1
n

∑n
i=1 ψ(Xi, E(Xi))−

∫
ψ(x,E(x))dµ(x)

)
. Clearly, if one re-

places Xi with X ′i, the change in YE is at most 2Ce
n . Thus, by the bounded difference

inequality,

P (|YE − E(YE)| ≥ t) ≤ 2 exp

(
− nt

2

2C2
e

)
. (37)

Inequality (37) implies that:

E exp (λ(YE − EYE)) ≤ exp

(
c′λ2

n

)
, (38)

for some c′ > 0, by Proposition 2.5.2 of Vershynin (2018). We thus note that,

E sup
ψ∈Ψ,E∈E

1

n

n∑
i=1

ψ(Xi, E(Xi))−
∫
ψ(x,E(x))dµ(x)

=E sup
E∈E

YE

=E sup
E∈E

(YE − E(YE) + E(YE))

≤E sup
E∈E

(YE − E(YE)) + sup
E∈E

EYE

=E sup
Ẽ∈C(ε;E,`∞)

sup
E∈B`∞ (Ẽ,ε)

(YE − E(YE)) + sup
E∈E

EYE

.E sup
Ẽ∈C(ε;E,`∞)

(
YẼ − E(YẼ)

)
+ εβ∧1 + sup

E∈E
EYE

.

√
N (ε;E, `∞)

n
+ 4Cεβ∧1 + sup

E∈E
EYE (39)

.

(
We

n
log

(
2LeB

Le
e (We + 1)Le

ε

))1/2

+ 4Cεβ∧1 + sup
E∈E

EYE (40)
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Here, (39) follows bounding the expectation of the maximum of subgaussian random vari-
ables (Boucheron et al., 2013, Theorem 2.5). Inequality (40) follows from Lemma 53. For
any E ∈ E, by applying Theorem 39, we note that,

EYE = E sup
ψ∈Ψ

∫
ψ(x,E(x))dµn(x)−

∫
ψ(x,E(x))dµ(x) . n−

β
s+` .

Plugging this into (40) and taking ε = n
− 1

2(β∧1) , we get that,

E sup
ψ∈Ψ,E∈Ψ

1

n

n∑
i=1

ψ(Xi, E(Xi))−
∫
ψ(x,E(x))dµ(x)

.

√
We

n
log
(

2LeB
Le
e (We + 1)Len

1
2(β∧1)

)
+

1√
n

+ n−
β
s+`

.

√
We

n
log
(

2LeB
Le
e (We + 1)Len

1
2(β∧1)

)
+ n−

β
s+` .

The last inequality follows since s > d∗β(µ) ≥ 2β.

Appendix F. Proofs of the Main Results (Section 4.2)

F.1 Proof of Theorem 16

Theorem 16 (Error rate for GANs). Suppose assumptions A1 and A2 hold and let s >
d∗β(µ). There exist constants N , c that might depend on d, `, αg, β and G̃, such that, if
n ≥ N , we can choose G = RN (Lg,Wg, Bg, 2Cg) with the network parameters as Lg ≤
c log n, Wg ≤ cn

β`
αgs(β∧1) log n. Then,

E‖µ− (Ĝn)]ν‖Φ . n−β/s. (7)

Furthermore, if m ≥ υn, where, υn = inf

{
m ∈ N : (logm)2

m

(
max

{
2+ `

αg(β∧1)
, d
β

})−1 ≤ n−β/s
}

, and

the network parameters are chosen as, Lg ≤ c logm, Wg ≤ cm
`

2αg(β∧1)+` logm, then

E‖µ− (Ĝn,m)]ν‖Φ . n−β/s. (8)

Proof We note from the oracle inequality (Lemma 20, inequality (15))

‖µ− (Ĝn)]ν‖Φ ≤ inf
G∈G
‖µ−G]ν‖Φ + 2‖µ− µ̂n‖Φ

If G is chosen as in Lemma 22, then, for large n,

‖µ− (Ĝn)]ν‖Φ . εβ∧1 + n−β/s.

We take ε = n
− β

(β∧1)s . This makes, Lg . log n, Wg . n
`β

sαg(β∧1) log n and gives the desired
bound (7).
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To derive (8), we note that, for the estimate Ĝn,m, we note that, for the choice of G as
in Lemma 22,

‖µ− (Ĝn,m)]ν‖Ψ
≤ inf
G∈G
‖µ−G]ν‖Φ + 2‖µ− µ̂n‖Φ + 2‖ν − ν̂m‖Φ◦G

.εβ∧1 + n−β/s +m−β/d ∨ (m−1/2 logm) +

√
WgLg(logWg + Lg) log(md)

m

.εβ∧1 + n−β/s +m−β/d ∨ (m−1/2 logm) +

√
ε−`/αg(log(1/ε))3 log(md)

m

We choose, ε � m
− 1

2(β∧1)+ `
αg = m

− αg
2αg(β∧1)+` . This makes,

‖µ− (Ĝn,m)]ν‖Ψ .n−β/s +m−β/d ∨ (m−1/2 logm) + (logm)2m
− αg(β∧1)

2αg(β∧1)+`

.n−β/s + (logm)2m

− 1

max

{
2+ `

αg(β∧1)
, d
β

}
.

We take υn = inf

m ∈ N : (logm)2m

− 1

max

{
2+ `

αg(β∧1)
, d
β

}
≤ n−β/s

. Clearly, this if m ≥ υn,

the choice of ε gives us the desired bound, i.e. (8) and also satisfies the bounds on Lg and
Wg.

F.2 Proof of Theorem 17

Theorem 17 (Error rate for BiGANs). Suppose assumptions A1 and B1 hold and let s1 >
d̄αe(µ) and s2 > d∗β(µ). There exists constants N , c that might depend on d, `, αd, αe, β, D̃

and Ẽ, such that, if n ≥ N , we can choose the networks E = RN (Le,We, Be, 2Ce) and
D = RN (Ld,Wd, Bd, 2Cd) with the network parameters chosen as

Le ≤ c log n, We ≤ cn
s1

2αe(β∧1)+s1 log n, Ld ≤ c log n, Wd ≤ cn
β`

αd(β∧1)(s2+`) log n. (9)

Then,

E‖(µ, (Ên)]µ)− ((D̂n)]ν, ν)‖Ψ . n

− 1

max

{
2+

s1
αe(β∧1)

,
s2+`
β

}
(log n)2. (10)

Furthermore, if the network parameters are chosen as

Le ≤ c log n, We ≤ cn
s1

2αe(β∧1)+s1 log n, Ld ≤ c logm, Wd ≤ cm
`

2αd(β∧1)+` logm, (11)

then,

E‖(µ, (Ên,m)]µ)− ((D̂n,m)]ν, ν)‖Ψ

.n
− 1

max

{
2+

s1
αe(β∧1)

,
s2+`
β

}
(log n)2 +m

− 1

max

{
2+ d

αg(β∧1)
, `+d
β

}
(logm)2. (12)
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Proof From Lemma 20, (17), we note that,

‖(µ, (Ên)]µ)− (D̂n)]ν, ν)‖Ψ ≤ inf
D∈D, E∈E

‖(µ,E]µ)− (D]ν, ν)‖Ψ + 2‖µ̂n − µ‖F1

.εβ∧1
e + εβ∧1

d + 2‖µ̂n − µ‖F1 ,

if E = R(Le,We, Be, 2Ce) and D = RN (Ld,Wd, Bd, 2Cd), with

Le . log(1/εe), We . ε−s1/αee log(1/εe), and Be . ε−1/αe ;

Ld . log(1/εd), Wd . ε
−`/αd
d log(1/εd), and Bd . ε

−1/αd
d ,

by Lemma 23. Applying Lemma 27, we get,

‖(µ, (Ên)]µ)− (D̂n)]ν, ν)‖Ψ

≤εβ∧1
e + εβ∧1

d +

√
We

n
log
(

2LeB
Le
e (We + 1)Len

1
2(β∧1)

)
+ n

− β
s2+` .

We choose εe � n
− 1

2(β∧1)+ s1
αe and εd � n

− β
(β∧1)(s+`) . This makes,

‖(µ, (Ên)]µ)− (D̂n)]ν, ν)‖Ψ .(log n)2n
− 1

2+
s1

αe(β∧1) + n
− β
s2+`

.n
− 1

max

{
2+

s1
αe(β∧1)

,
s2+`
β

}
(log n)2.

For the latter part of the theorem, we note that,

‖(µ, (Ên,m)]µ)− (D̂n,m)]ν, ν)‖Ψ
≤ inf
D∈D, E∈E

‖(µ,E]µ)− (D]ν, ν)‖Ψ + 2‖µ̂n − µ‖F1 + 2‖ν̂m − ν‖F2

.εβ∧1
e + εβ∧1

d +

√
We

n
log
(

2LeB
Le
e (We + 1)Len

1
2(β∧1)

)
+ n

− β
s2+`

+m−
β
d+` ∨ (m−1/2 logm) +

√
WdLd(logWd + Ld) log(md)

m

We choose εe � n
− 1

2(β∧1)+ s1
αe and εd � m

− 1

2(β∧1)+ `
αd . This makes,

‖(µ, (Ên,m)]µ)− (D̂n,m)]ν, ν)‖Ψ

.(log n)2n
− 1

2+
s1

αe(β∧1) + n
− β
s2+` +m−

β
d+` ∨ (m−1/2 logm) + (logm)2m

− 1

2+ `
αd(β∧1) .
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Appendix G. Proofs from Section 5

G.1 Proof of Theorem 28

Lemma 45. Suppose that γ is a measure supported on k points on [0, 1]d and ν be an
absolutely continuous distribution on [0, 1]`. Then, we can choose W and L, such that,
W & k and inff∈RN (L,W,∞,1) W1(γ, f]ν) = 0.

Proof We take the first layer of f to be mapping to R with the output being the first
coordinate variable. We then pass this output through a network of width w and depth L,
such that k ≤ w−d−1

2 b(w− d− 1)/(6d)cbL/2c+ 2. Since the output of the first layer is still
absolutely continuous, the network can make the Wasserstein distance between µ and f]ν,
arbitrarily small by Lemma 3.1 of Yang et al. (2022). By the choice of the network width
and depth, we note that, k . w2L �W . Since, by construction, the networks can be taken
as linear interpolators taking values in [0, 1]d, the network output remains bounded by 1 in
the `∞-norm.

Lemma 46. For the GAN estimators Ĝn and Ĝn,m, we observe that,

‖µ− (Ĝn)]ν‖Φ ≤‖µ̂n −G]ν‖Φ + ‖µ− µ̂n‖Φ
‖µ− (Ĝn,m)]ν‖Φ ≤‖µn −G]ν‖Φ + ‖µ̂n − µ‖Φ + 2‖ν̂m − ν‖Φ◦G.

Proof For any G ∈ G, we observe that,

‖µ− (Ĝn)]ν‖Φ ≤ ‖µ̂n − (Ĝn)]ν‖Φ + ‖µ− µ̂n‖Φ ≤‖µ̂n −G]ν‖Φ + ‖µ− µ̂n‖Φ

Taking infimum on both sides w.r.t. G ∈ G gives us the desired result. For the estimator
Ĝn,m, we note that,

‖µ− (Ĝn,m)]ν‖Φ ≤ inf
G∈G
‖µ̂n − (Ĝn,m)]ν̂m‖Φ + ‖µ̂n − µ‖Φ + ‖ν̂m − ν‖Φ◦G

≤ inf
G∈G
‖µ̂n −G]ν̂m‖Φ + ‖µ̂n − µ‖Φ + ‖ν̂m − ν‖Φ◦G

≤‖µn −G]ν‖Φ + ‖µ̂n − µ‖Φ + 2‖ν̂m − ν‖Φ◦G

Again taking infimum on both sides w.r.t. G ∈ G gives us the desired result.

Theorem 28. Suppose Assumption A1 holds and let ν be absolutely continuous on [0, 1]`.
Then, if s > d∗β(µ), one can choose G = RN (Lg,Wg,∞, 1) with the network parameters as

Lg ≥ 2 as a constant and Wg � n, such that E‖µ − (Ĝn)]ν‖Φ . n−β/s. Furthermore, if

m ≥ nd/s+1, then E‖µ− (Ĝn,m)]ν‖Φ . n−β/s.

Proof We first note that for any two random variables, V1 and V2, that follow the distri-
butions γ1 and γ2, respectively,

‖γ1 − γ2‖Hβ(Rd,R,1) = sup
f∈Hβ(Rd,R,1)

E(f(V1)− f(V2)) ≤ E‖V1 − V2‖β∧1
(i)

≤(E‖V1 − V2‖)β∧1
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Here (i) follows from applying Jensen’s inequality. Taking an infimum with respect to the
joint distribution of V1 and V2 yields, ‖γ1 − γ2‖Hβ(Rd,R,1) ≤W1(V1, V2)β∧1.

From Lemmas 45 and 46, we note that for the GAN estimator, Ĝn, we note that, if
G = RN (Lg,Wg,∞, Rg), with Wg ≥ n

E‖µ− (Ĝn)]ν‖Φ ≤E inf
G∈G
‖µ̂n −G]ν‖Φ + E‖µ− µ̂n‖Φ

≤E inf
G∈G

W1(µ̂n, G]ν)β∧1 + E‖µ− µ̂n‖Φ

=E‖µ− µ̂n‖Φ . n−
β
s

Similarly, for the GAN estimator, Ĝn,m, if G = RN (Lg,Wg,∞, 1), with Lg ≥ 2 as constant
and Wg � n, we observe that,

E‖µ− (Ĝn,m)]ν‖Φ ≤E inf
G∈G
‖µn −G]ν‖Φ + ‖µ̂n − µ‖Φ + 2‖ν̂m − ν‖Φ◦G

.n−β/s +m−β/d ∨m−1/2 logm+

√
WgLg(logWg + Lg) log(md)

m

.n−β/s +m−β/d ∨m−1/2 logm+

√
n log n log(md)

m

.n−β/s,

taking m ≥ nd/s+1.

G.2 Proof of Theorems 29 and 30

As a first step for deriving a minimax bound, we first show that the Hölder IPM can be
lower bounded by the total variation distance and the minimum separation of the support
of the distributions. For any finite set, we use the notation, sep(Ξ) = infξ,ξ′∈Ξ:ξ 6=ξ′ ‖ξ−ξ′‖∞.

Lemma 47. Let Ξ be a finite subset of Rp and let, P,Q ∈ ΠΞ. Then,

‖P −Q‖Hβ(Rd,R,C) & (sep(Ξ))β‖P −Q‖TV.

Proof Let b(x) = exp
(

1
x2−1

)
1{|x| ≤ 1} be the standard bump function on R. For

any x ∈ Rd and δ ∈ (0, 1], we let, hδ(x) = aδβ
∏d
j=1 b(xj/δ). Here a is such that ab(x) ∈

Hβ(R,R, C). It is easy to observe that hδ ∈ Hβ(Rd,R, C). Let P and Q be two distributions
on Ξ = {ξ1, . . . , ξk}. Let δ = 1

3 mini 6=j ‖ξi − ξj‖∞ We define h?(x) =
∑k

i=1 αihδ(x − ξi),
with αi ∈ {−1,+1}, to be chosen later. Since the individual terms in h? are members of
Hβ(Rd,R, C) and have disjoint supports, h? ∈ Hβ(Rd,R, C). We take αi = 21{P (ξi) ≥
Q(ξi)} − 1. Thus,

‖P −Q‖Hβ(Rd,R,C) ≥
∫
h∗dP −

∫
h∗dQ =

k∑
i=1

aδβαi(P (ξi)−Q(ξi))
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=aδβ
k∑
i=1

|P (ξi)−Q(ξi)|

=2aδβ‖P −Q‖TV

& (sep(Ξ))β‖P −Q‖TV.

To derive our main result, we also need to show that there indeed exists a distribution
µ? ∈ Md? , such that, d∗(µ?) = d?. Proposition 49 gives a construction that ensures the
existence of such a distribution. Before proceeding, we recall the definition of the Hausdorff
dimension of a measure. We adopt the definition stated by Weed and Bach (2019).

Definition 48 (Hausdorff dimension (Weed and Bach, 2019)). The d-Hausdroff measure
of a set S is defined as,

Hd(S) := lim inf
ε↓0

{ ∞∑
k=1

rdk : S ⊆
∞∑
k=1

B%(xk, rk), rk ≤ ε, ∀k

}
.

The Hausdorff dimension of the set S is defined as, dimH(S) := inf{d : Hd(S) = 0}. For a
measure µ, then the Hausdorff dimension of µ is defined as:

dimH(S) := inf {dimH(S) : µ(S) = 1} .

Proposition 49. For any d? ∈ [0, d], one can find a distribution µ? on [0, 1]d, such that,
d∗(µ?) = dimM (µ?) = d?.

Proof If d? ∈ N, then, the distribution which has is i.i.d. uniform on the first d? coordinates
and is identically 0, otherwise satisfies d∗(µ?) = d?. Now suppose that d? 6∈ N. Let

α = 1 − exp
((

1− 1
d?−bd?c

)
log 2

)
. It is well known that the Cantor set Cα, which is

constructed by removing the middle α (instead of 1/3-rd in regular Cantor set) has a
Hausdorff and upper Minkowski dimension of log 2

log 2−log(1−α) = d? − bd?c. A proof of this

result can be found in (Bishop and Peres, 2017, Example 1.1.3) and (Ziemer and Torres,
2017, Chapter 4.8). Let Cfα : [0, 1]→ [0, 1] be the corresponding Cantor function. It is easy
to check that Cfα satisfies all the properties of a cumulative distribution function (CDF).
We let U1 be a random variable, whose CDF is Cfα. It is known (Presnell, 2022) that the

support of U1 is Cα. To construct µ?, we define U2, . . . , Ubd?c+1
i.i.d.∼ Unif([0, 1]) and let,

U = (U1, . . . , Ubd?c+1, 0, . . . , 0). The distribution of U is denoted as µ?. First note that,

dimM (µ) = dimH(Cα × [0, 1]bd?c) ≤ dimM (Cα) + bd?c = d?.

Similarly, we note that,

dimH(µ) = dimH(Cα × [0, 1]bd?c) ≥ dimH(Cα) + bd?c = d?.

Applying Proposition 9, we observe that d∗(µ?) = d?.
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Corollary 50. Suppose that d ≥ 2β and d? ∈ [2β, d]. Then, one can find a distribution µ?

on [0, 1]d, such that, d∗β(µ?) = d∗(µ
?) = d?.

Proof It is easy to see that by Proposition 49, one can find µ?, such that d∗(µ
?) =

dimM (µ?) = d?. If d? ∈ [2β, d], then, by Proposition 9, we note that, d? = d∗(µ
?) ≤

d∗β(µ?) ≤ dimM (µ?) = d?. Hence the result.

Theorem 29. Suppose that d ≥ 2β and let d? ∈ [2β, d]. Then for any s < d?,

Mn = inf
µ̂

sup
µ∈Md?,β

Eµ‖µ̂− µ‖Hβ(Rd,R,1) & n−β/s,

where the infimum is taken over all measurable estimates of µ, based on the data.

Proof Let µ? ∈Md?,β be such that d∗(µ
?) = d? (this existence is guaranteed by Corollary

50). Now let, s < d∗(µ) = d?. We can find a τ? and ε?, such that Nε(µ
?, τ) ≥ ε−s, for

any ε ∈ (0, ε?] and τ ∈ (0, τ?]. We can thus find a set S? ⊆ [0, 1]d, such that M(ε;S?, %) ≥
N (ε;S?, %) ≥ ε−s. We take n ≥ (128(ε?)−s) ∨ 8192. Suppose ε = (n/128)−1/s. Let Θ =
{θ1, . . . , θk} be a ε-separated set of S?. For the above choices of n and ε, we observe that,
k = ε−s = n/128 ≥ 64 and n ≥ 64k.

Let φj(x) = 1{x = θj}− 1{x = θbk/2c+j}, for all j = 1, . . . , bk/2c. Let, ω ∈ {0, 1}k. We
define the probability mass function on Θ,

Pω(x) =
1

k
+
δk
k

bk/2c∑
j=1

ωjφj(x),

with δk ∈ (0, 1/2]. By construction, d∗β(Pω) ≤ d?. Furthermore, ‖Pω − Pω′‖TV = δk
k ‖ω −

ω′‖1. By the Varshamov-Gilbert bound (Lemma 56), let Ω ⊆ {0, 1}bk/2c be such that

|Ω| ≥ 2
1
8
bk/2c and ‖ω − ω′‖1 ≥ 1

8bk/2c, for all ω 6= ω′ both in Ω. Thus for any ω 6= ω′,
both in Ω,

‖Pω − Pω′‖TV ≥
δkbk/2c

8k
. (41)

Hence, by Lemma 47, ‖Pω − Pω′‖Hβ(Rd,R,1) & εβ δkbk/2ck . Furthermore, we observe that

KL(P⊗nω ‖P
⊗n
ω′ ) = nKL(Pω‖Pω′) ≤ nχ2(Pω‖Pω′) =n

k∑
i=1

(Pω(ξi)− Pω′(ξi)2

Pω(ξi)

≤2nk
k∑
i=1

(Pω(ξi)− Pω′(ξi)2

≤2nkbk/2c(2δk/k)2

=8
nbk/2cδ2

k

k
.
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Thus, 1
|Ω|2

∑
ω,ω′∈Ω KL(P⊗nω ‖P⊗nω′ ) ≤ 8

nbk/2cδ2k
k . Let P = {Pω : ω ∈ Ω}. Let J ∼ Unif(Ω)

and Z|J = ω ∼ Pω. By the convexity of KL divergence (see equation 15.34 of Wainwright
(2019)), we know that,

I(Z; J) ≤ 1

|Ω|2
∑

ω,ω′∈Ω

KL(P⊗nω ‖P
⊗n
ω′ ) ≤ 8

nbk/2cδ2
k

k
.

Thus,
I(Z; J) + log 2

log |Ω|
≤ 8

I(Z; J) + log 2

bk/2c log 2
≤ 64

nδ2
k

k log 2
+

8

bk/2c
≤ 64

nδ2
k

k log 2
+

1

4
. (42)

The last inequality follows since k ≥ 64. We take δk = 1
16

√
k log 2
n . Clearly, ε ≤ 1/2 as

n ≥ 64k. This choice of ε makes, I(Z;J)+log 2
log |Ω| ≤ 1

2 . Thus, by Theorem 15.2 of Wainwright

(2019),

inf
µ̂

sup
µ∈M
‖µ̂− µ‖Hβ(Rd,R,C) &

εβδkbk/2c
k

=
εβbk/2c

16k

√
k log 2

n
≥ε

βbk/2c
16k

√
log 2

128

&εβ

�n−β/s.

The proof of Theorem 30 is similar to that of Theorem 29. For the sake of completeness,
the proof is provided below.

Theorem 30. Suppose d? ∈ [0, d]. Then for any s < d?,

Mn = inf
µ̂

sup
µ∈Md?

Eµ‖µ̂− µ‖Hβ(Rd,R,1) & n−β/s ∨ n−1/2,

where the infimum is taken over all measurable estimates of µ, based on the data.

Proof Let µ? ∈Md? be such that d∗(µ?) = d? (this existence is guaranteed by Proposition
49). Now let, s < d∗(µ) = d?. We can find a τ? and ε?, such that Nε(µ?, τ) ≥ ε−s, for
any ε ∈ (0, ε?] and τ ∈ (0, τ?]. We can thus find a set S? ⊆ [0, 1]d, such that M(ε;S?, %) ≥
N (ε;S?, %) ≥ ε−s. We take n ≥ (128ε−s? ) ∨ 8192. Suppose ε = (n/128)−1/s. Let Θ =
{θ1, . . . , θk} be a ε-separated set of S?. For the above choices of n and ε, we observe that,
k = ε−s = n/128 ≥ 64 and n ≥ 64k,

Let pj(x) = 1{x = θj} − 1{x = θbk/2c+j}, for all j = 1, . . . , bk/2c. Let, ω ∈ {0, 1}k. We

define the probability mass function on Θ, Pω(x) = 1
k+ δk

k

∑bk/2c
j=1 ωjφj(x), with δk ∈ (0, 1/2].

Furthermore, ‖Pω−Pω′‖TV = δk
k ‖ω−ω′‖1. By the Varshamov-Gilbert Bound (Lemma 56),

let Ω ⊆ {0, 1}bk/2c be such that |Ω| ≥ 2
1
8
bk/2c and ‖ω −ω′‖1 ≥ 1

8bk/2c, for all ω 6= ω′ both

in Ω. Thus for any ω 6= ω′, both in Ω, ‖Pω − Pω′‖TV ≥ δkbk/2c
8k . Hence, by Lemma 47,

‖Pω − Pω′‖Hβ(Rd,R,1) & εβ δkbk/2ck . Furthermore, we observe that KL(P⊗nω ‖P
⊗n
ω′ ) ≤ nbk/2cδ2k

k .
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Thus, 1
|Ω|2

∑
ω,ω′∈Ω KL(P⊗nω ‖P⊗nω′ ) ≤ 8

nbk/2cδ2k
k . Let P = {Pω : ω ∈ Ω}. Let J ∼ Unif(Ω)

and Z|J = ω ∼ Pω. By the convexity of KL divergence (see equation 15.34 of Wainwright

(2019)), we know that, I(Z; J) ≤ 1
|Ω|2

∑
ω,ω′∈Ω KL(P⊗nω ‖P

⊗n
ω′ ) ≤ 8

nbk/2cδ2k
k . Thus,

I(Z; J) + log 2

log |Ω|
≤ 8

I(Z; J) + log 2

bk/2c log 2
≤ 64

nδ2
k

k log 2
+

8

bk/2c
≤ 64

nδ2
k

k log 2
+

1

4
. (43)

The last inequality follows since k ≥ 64. We take δk = 1
16

√
k log 2
n . Clearly, ε ≤ 1/2 as

n ≥ 64k. This choice of ε makes, I(Z;J)+log 2
log |Ω| ≤ 1

2 . Thus, by Theorem 15.2 of Wainwright

(2019),

inf
µ̂

sup
µ∈Md?

‖µ− µ̂‖Hβ(Rd,R,C) & εβ
δkbk/2c

k
=
εβbk/2c

16k

√
k log 2

n

≥ε
βbk/2c
16k

√
log 2

128

&εβ � n−β/s.

To show that inf µ̂ supµ∈Md?
‖µ̂−µ‖Hβ(Rd,R,C) % n−1/2, we use Le Cam’s method (Wain-

wright, 2019, Chapter 15.2). Let θ0, θ1 ∈ [0, 1]d be such that ‖θ0 − θ1‖∞ ≥ 1/2. Let
P0(θ0) = P0(θ1) = 1/2 and P1(θ0) = 1 − P1(θ1) = 1/2 − δ with δ ∈ (0, 1/4). Clearly,
P0, P1 ∈Md? . Further, TV(P0, P1) = δ. Thus, by Lemma 47, we observe that

‖P1 − P0‖Hβ(Rd,R,C) % 2−βδ % δ.

Again,

KL(P⊗n1 ‖P
⊗n
0 ) = nKL(P1‖P0) ≤nχ2(P1‖P0) = 4nδ2.

By Pinsker’s inequality (Tsybakov, 2009, Lemma 2.5), we note that,

TV(P⊗n1 , P⊗n0 ) ≤
√

1

2
KL(P⊗n1 ‖P

⊗n
0 ) = 2δ

√
n = 1/4,

if δ = 1
8
√
n

. Thus from equation 15.14 of Wainwright (2019), we observe that,

inf
µ̂

sup
µ∈Md?

Eµ‖µ̂− µ‖Hβ(Rd,R,C) % δ � 1/
√
n. (44)

Appendix H. Supporting Results

This section states some of the supporting results used in this paper.

Lemma 51 (Lemma 5.5 of Wainwright (2019)). For any metric space, (S, %) and ε > 0,
M(2ε;S, %) ≤ N (ε;S, %) ≤M(ε;S, %).
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Lemma 52 (Theorem XIV of Kolmogorov and Tikhomirov (1961); also see page 114 of
Shiryayev (1992)). Suppose that M be a subset of a real vector space, then for any s >
dimM (M), there exists ε0 ∈ (0, 1), such that if ε ∈ (0, ε0],

logN
(
ε;Hβ(M), ‖ · ‖∞

)
. ε−s/β.

Furthermore, logN
(
ε;Hβ([0, 1]d), ‖ · ‖∞

)
. ε−d/β.

Lemma 53 (Lemma 21 of Nakada and Imaizumi (2020)). Let F = RN (W,L,B) be a space
of ReLU networks with the number of weights, the number of layers, and the maximum
absolute value of weights bounded by W , L, and B respectively. Then,

logN (ε,F , `∞) ≤W log

(
2LBL(W + 1)L

1

ε

)
.

Lemma 54 (Theorem 12.2 of Anthony and Bartlett (2009)). Assume for all f ∈ F , ‖f‖∞ ≤
M . Denote the pseudo-dimension of F as Pdim(F), then for n ≥ Pdim(F), we have for

any ε and any X1, . . . , Xn, N (ε;F|X1:n
, `∞) ≤

(
2eMn

εPdim(F)

)Pdim(F)
.

Lemma 55 (Theorem 6 of Bartlett et al. (2019)). Consider the function class computed
by a feed-forward neural network architecture with W many weight parameters and U many
computation units arranged in L layers. Suppose that all non-output units have piecewise-
polynomial activation functions with p + 1 pieces and degrees no more than d, and the
output unit has the identity function as its activation function. Then the VC-dimension
and pseudo-dimension are upper-bounded as

VCdim(F),Pdim(F) ≤ C · LW log(pU) + L2W log d.

Lemma 56 (Lemma 2.9 of Tsybakov (2009)). Let m ≥ 8. Then there exists a subset
{ω0, . . . , ωM} of {0, 1}m such that ω0 = (0, . . . , 0), ‖ωj −ωk‖1 ≥ m

8 , for all 0 ≤ j < k ≤M ,

and M ≥ 2m/8.
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Shashank Singh and Barnabás Póczos. Minimax distribution estimation in wasserstein
distance. arXiv preprint arXiv:1802.08855, 2018.

56

http://jmlr.org/papers/v21/20-002.html
https://doi.org/10.1137/1101016
https://doi.org/10.1214/19-AOS1875


Statistical Properties of GANs for Low Intrinsic Data Dimension

Taiji Suzuki. Adaptivity of deep ReLU network for learning in besov and mixed smooth
besov spaces: optimal rate and curse of dimensionality. In International Confer-
ence on Learning Representations, 2019. URL https://openreview.net/forum?id=

H1ebTsActm.

Alexandre B. Tsybakov. Introduction to Nonparametric Estimation. Springer Series in
Statistics. Springer, Springer New York, NY, 1 edition, 2009. ISBN 978-0-387-79051-0.
doi: 10.1007/b13794. URL https://doi.org/10.1007/b13794. Published: 26 November
2008.

Ananya Uppal, Shashank Singh, and Barnabás Póczos. Nonparametric density estimation
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