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Abstract

Despite the remarkable empirical successes of Generative Adversarial Networks (GANs),
the theoretical guarantees for their statistical accuracy remain rather pessimistic. In par-
ticular, the data distributions on which GANs are applied, such as natural images, are often
hypothesized to have an intrinsic low-dimensional structure in a typically high-dimensional
feature space, but this is often not reflected in the derived rates in the state-of-the-art
analyses. In this paper, we attempt to bridge the gap between the theory and practice of
GANSs and their bidirectional variant, Bi-directional GANs (BiGANS), by deriving statis-
tical guarantees on the estimated densities in terms of the intrinsic dimension of the data
and the latent space. We analytically show that if one has access to n samples from the un-
known target distribution and the network architectures are properly chosen, the expected
Wasserstein-1 distance of the estimates from the target scales as O (nil/ d“) for GANs and
@) (nil/ (d#M)) for BiGANs, where d,, and ¢ are the upper Wasserstein-1 dimension of the
data-distribution and latent-space dimension, respectively. The theoretical analyses not
only suggest that these methods successfully avoid the curse of dimensionality, in the sense
that the exponent of n in the error rates does not depend on the data dimension but also
serve to bridge the gap between the theoretical analyses of GANs and the known sharp
rates from optimal transport literature. Additionally, we demonstrate that GANs can ef-
fectively achieve the minimax optimal rate even for non-smooth underlying distributions,
with the use of interpolating generator networks.

Keywords: Generative Adversarial Network, Intrinsic Dimension, Wasserstein Dimen-
sion, Convergence Rates, ReLLU network approximation

1. Introduction

The problem of generating new data from an unknown distribution by observing indepen-
dent and identically distributed samples from the same has been of great importance to
researchers and finds fruitful applications in the fields of statistics, computer vision, bio-
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medical imaging, astronomy, and so on (Algahtani et al., 2021). Recent developments in
deep learning have led to the discovery of Generative Adversarial Networks (GANs) (Good-
fellow et al., 2014), which formulates the problem as a (often zero-sum) game between two
adversaries, called the generator and the discriminator. GANs have been incredibly success-
ful, especially in the field of computer vision in generating realistic and high-resolution sam-
ples resembling natural images. The generator takes input from a relatively low-dimensional
white noise, e.g., normal or uniform distribution, and tries to output realistic examples from
the target distribution, while the discriminator tries to differentiate between real and fake
samples. Both the generator and discriminator are typically realized by some class of deep
networks.

Different variants of GANs have been proposed in the past few years, often by varying the
underlying divergence measure used and involving additional architectures, to learn different
aspects of the data distribution. For example, f-GANs (Nowozin et al., 2016) generalize
vanilla GANs by incorporating a f-divergence as a dissimilarity measure. Wasserstein
GANs (WGANSs)(Arjovsky et al., 2017) incorporate the first-order Wasserstein distance
(also known as Kantorovich distance) to deduce a better-behaved GAN-objective. Some
popular variants of GAN include MMD-GAN (Dziugaite et al., 2015), LSGAN (Mao et al.,
2017), Cycle-GAN (Zhu et al., 2017), DualGAN (Yi et al., 2017), DiscoGAN (Kim et al.,
2017) etc. Recent progress in GANs has allowed us to learn not only the map from the
latent space to the data space (the generator) but the reverse map as well. This map called
the encoder, is useful in finding a proper low-dimensional representation of the samples.
Bi-directional GANs (BiGANs) (Donahue et al., 2017) implement an adversarial learning
scheme with the discriminator trying to distinguish between the fake data-latent code pair
and its real counterpart (see Section 2 for a detailed exposition). Ideally, during the training
process, the encoder learns a useful feature representation of the data in the latent space
for auxiliary machine-learning tasks and data visualization.

The empirical successes of GANs have motivated researchers to study their theoret-
ical guarantees. Biau et al. (2020) analyzed the asymptotic properties of vanilla GANs
along with parametric rates. Biau et al. (2021) also analyzed the asymptotic properties of
WGANS. Liang (2021) explored the min-max rates for WGANS for different non-parametric
density classes and under a sampling scheme from a kernel density estimate of the data dis-
tribution; while Schreuder et al. (2021) studied the finite-sample rates under adversarial
noise. Uppal et al. (2019) derived the convergence rates for Besov discriminator classes for
WGANS. Luise et al. (2020) conducted a theoretical analysis of WGANs under an optimal
transport-based paradigm. Recently, Asatryan et al. (2020) and Belomestny et al. (2021)
improved upon the works of Biau et al. (2020) to understand the behavior of GANs for
Holder class of density functions. Arora et al. (2017) showed that generalization might not
hold in standard metrics. However, they show that under a restricted “neural-net distance”,
the GAN is indeed guaranteed to generalize well. Recently, Arora et al. (2018) showed that
GANSs and their variants might not be well-equipped against mode collapse. In contrast to
GANSs, the theoretical understanding of BiGANs remains rather limited. While Liu et al.
(2021) attempted to establish generalization bounds for the BiIGAN problem, it also suffers
from the curse of dimensionality as the rates depend on the nominal high-dimensionality of
the entire data space.
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Although significant progress has been made in our theoretical understanding of GAN,
some limitations of the existing results are yet to be addressed. For instance, the general-
ization bounds frequently suffer from the curse of dimensionality. In practical applications,
data distributions tend to have high dimensionality, making the convergence rates that have
been proven exceedingly slow. However, high-dimensional data, such as images, texts, and
natural languages, often possess latent low-dimensional structures that reduce the com-
plexity of the problem. For example, it is hypothesized that natural images lie on a low-
dimensional structure, despite its high-dimensional pixel-wise representation (Pope et al.,
2020). Though in classical statistics there have been various approaches, especially using
kernel tricks and Gaussian process regression that achieve a fast rate of convergence that
depends only on their low intrinsic dimensionality (Bickel and Li, 2007; Kim et al., 2019),
such results are largely unexplored in the context of GANs. Recently, Huang et al. (2022)
expressed the generalization rates for GAN when the data has low-dimensional support
in the Minkowski sense and the latent space is one-dimensional; while Dahal et al. (2022)
derived the convergence rates under the Wasserstein-1 distance in terms of the manifold
dimension. It is important to note that the Minkowski dimension, although useful, does not
fully capture the low-dimensional nature of the underlying distribution (see Section 3), while
the compact Riemannian manifold assumption of the support of the target distribution and
the assumption of a bounded density of the target distribution on this manifold in (Dahal
et al., 2022) is a very strong assumption that might not hold in practice. Furthermore, none
of the aforementioned approaches tackle the problem in its full generality and match the
sharp convergence rates of the empirical distributions in the optimal transport literature
(Weed and Bach, 2019). Additionally, it remains unknown whether the GAN estimates of
the target distribution are optimal in the minimax sense.

Contributions In an attempt to overcome the aforementioned drawbacks in the current
literature, the major findings of the paper are highlighted below.

e In order to bridge the gap between the theory and practice of such generative models,
in this paper, we develop a framework to establish the statistical convergence rates
of GANs and BiGANSs in terms of the upper Wasserstein dimension (Weed and Bach,
2019) of the underlying target measure.

e Informally, our results guarantee that if one has access to n independent and identi-
cally distributed samples (i.i.d.) from p and if the network architectures are properly
chosen, the expected §-Holder Integral Probability Metric (IPM) between the esti-
mated and target distribution for GANs scales at most at a rate of E||u — éﬂ”” 38 S
O Here, d}g(,u) is the S-upper Wasserstein dimension of the target distribu-
tion p (see Definition 4). The recent statistical guarantees of GANs (Huang et al.,
2022; Dahal et al., 2022) follow as a direct corollary of our main result. Similarly,
for BiGANs, we can guarantee that the expected Wasserstein-1 distance between
the estimated joint distributions scales roughly at a rate (ignoring the log-factors)

of EW; <(,u, Eﬁ,u), (ﬁﬁy, y)) < p YW+ Here E and D are the optimal sample
encoders and decoders and / is the dimension of the latent space. Notably, when the

support encompasses the entire dataspace, this outcome aligns with the findings of
Liu et al. (2021).
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e We introduce the entropic dimension, characterizing a distribution’s intrinsic dimen-
sionality, and demonstrate its relevance in deep learning theory, notably in approxima-
tion and generalization bounds. Our investigation into the approximation capabilities
of ReLU networks reveals that achieving e-approximation in the L, (p)-norm for o-
Holder functions demands roughly O(e=9er(#)/®) weight terms (refer to Theorem 21).
This contrasts with prior estimates of O(e~%®) (Yarotsky, 2017) or O(e~dimam(r)/e)
(Nakada and Imaizumi, 2020). Here dpo(p) < dimps(u) < d denote the pa-entropic
dimension, upper Minkowski dimension of p and the dimension of the data space,
respectively (see Section 3). The result implies sustained approximation capabilities
even with smaller ReLU networks. Furthermore, we demonstrate that the L, (u)-
metric entropy of A-Holder functions scales at most at a rate of O(e~%#(), enhancing
the foundational results of Kolmogorov and Tikhomirov (1961).

e Finally, we derive minimax optimal rates for estimating under the a-Holder IPM,
establishing that the GAN estimates can approximately achieve this minimax optimal
rate.

Organization The remaining sections are structured as follows: Section 2 revisits neces-
sary notations, and definitions, and outlines the problem statement. In Section 3, we revisit
the concept of intrinsic dimension and introduce a novel dimension termed the entropic di-
mension of a measure, comparing it with commonly used metrics. This entropic dimension
proves pivotal in characterizing both the Ly-covering number of Holder functions (refer to
Theorem 13). We show that the Wasserstein dimension determines the convergence rate of
the empirical measure to the population in the Holder Integral IPM in Theorem 14. The
subsequent focus shifts to theoretical analyses of GANs and BiGANs in Section 4. We
begin by presenting the assumptions in Section 4.1, followed by stating the main result in
Section 4.2 and providing a proof sketch in Section 4.3, with detailed proofs available in the
Appendix. Section 5 demonstrates that GANs can achieve the minimax optimal rates for
estimating distributions, followed by concluding remarks in Section 6.

2. Background

Before we go into the details of the theoretical results, we introduce some notation and
recall some preliminary concepts.

Notations We use the notation x V y := max{z,y} and = Ay := min{z,y}. Tju denotes
the push-forward of the measure p by the map 7. By(z, ) denotes the open ball of radius
r around x, with respect to (w.r.t.) the metric p. For any measure 7, the support of ~ is
defined as, supp(y) = {z : y(B,(z,r)) > 0, for all » > 0}. For any function f : S — R,

and any measure v on S, let ||fllL, () = (fs |f(a:)\pd'y(:c))1/p, if 0 < p < oo. Also let,
[ £l Loo(7) = €88 SUDP egupp(y) |f(@)]- For any function class F, and distributions P and @Q,
|P - Ql|lr =supser| [ fdP — [ fdQ|. For function classes 7 and Fa, Fio0Fy = {fio fo:
f1 € Fi, fa € Fo}. We say A, < B, (also written as A, = O(B,,)) if there exists C' > 0,
independent of n, such that A, < CB,. Similarly, the notation, “3” (also written as
A, = @(Bn)) ignores poly-log factors in n. We say A,, < B,, if A, < B, and B, < A,.
For any k € N, we let [k] = {1,...,k}. For two random variables X and Y, we say that



STATISTICAL PROPERTIES OF GANS FOR Low INTRINSIC DATA DIMENSION

x4 Y, if the random variables have the same distribution. We use bold lowercase letters
to denote members of N¥ for k € N. II4 denotes the set of all probability measures on the
set A. Wp(,-) denotes the Wasserstein p-distance between probability distributions. p® v
denotes the product distribution of p and v.

Definition 1 (Covering and Packing Numbers). For a metric space (S, ), the e-covering
number w.r.t. ¢is defined as: N(¢; S, 0) = inf{n € N: Jzy,...z, such that U ; B,(z;,€) 2
S}. A minimal € cover of S is denoted as C(¢; S, o). Similarly, the e-packing number is defined
as: M(€;S,0) =sup{m € N:3xy,...2, € S such that o(z;,z;) > €, for all i # j}.

Definition 2 (Neural networks). Let L € N and {N;};c;;) € N. Then a L-layer neural
network f: R? — RNZ is defined as,

f(x):ALOJL_lOAL_10~--0010A1(x) (1)

Here, A;(y) = Wiy + b;, with W; € RY>*Ni-1 and b; € RYi—1, with Ng = d. Note that
o; is applied component-wise. Here, {W;}1<;<r are known as weights, and {b;}1<i<s are
known as biases. {o;}1<i<r—1 are known as the activation functions. Without loss of
generality, one can take o,(0) = 0,V{¢ € [L — 1]. We define the following quantities:
(Depth) L(f) := L is known as the depth of the network; (Number of weights) the number
of weights of the network f is denoted as W(f) = ZiLzl N;N;_1; (maximum weight) B(f) =
maxi<;j<r(][bj]loc) V||Wj|lso to denote the maximum absolute value of the weights and biases.

NN, (L,W, B, R) = {f of the form (1) : L(f) < L, W(f) < W, B(f) < B,

sup [[f(z)llec < R}
TER?

hi<i<p-1

If oj(x) =z VO, for all j = 1,...,L — 1, we use the notation RN (L, W, B, R) to denote
NN{Ui}lgigL—1 (L,W,B, R).

Definition 3 (Holder functions). Let f : S — R be a function, where S C R?. For a
multi-index s = (s1,...,54), let, 0°f = aa# where, |s| = Z?Zl s¢. We say that a

51 54
x| " .0z,

function f: S — R is f-Holder (for 8 > 0) if

D S R e
5:0<|s|<| 8] s:|s|=8] a7y Y

If f:R% — R, then we define || f|qs = 2?2:1 | fillacs. For notational simplicity, let,
HA(S1,82,C) = {f : S1 = Sz : ||fllges < C}. Here, both S; and Sy are subsets of real
vector spaces.

2.1 Generative Adversarial Networks (GANsSs)

Generative adversarial networks or GANs provide a simple yet effective way to generate
samples from an unknown data distribution, given i.i.d. samples from the same. Suppose
that X is the data space and p is a probability distribution on X. For simplicity, we will
assume that X = [0, 1]d. Let Z be the latent space, from which it is easy to generate samples.
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We will take 2 = [0,1]*. GANs view the problem by modeling a two-player (often zero-
sum) game between the discriminator and the generator. The generator G maps elements
of Z to X. The generator generates fake data points by first simulating a point in Z from
some distribution v and passing it through the generator G. The discriminator’s job is to
distinguish between the original and fake samples. Wasserstein GAN’s objective is to solve
the min-max problem,

inf || — Gyl o,
o [l1 — Gyl
where @ is a class of discriminators. N

One often does not have access to p but, only samples Xi,..., X, R . Moreover
one also assumes that one can generate samples, Z1,..., Z,, independently from v. The

empirical distributions of y and v are given by, fi, = 237" | §x, and Dy, = %Z;nzl oz,
respectively. In practice, one typically solves the following empirical objectives.

nfsup S 6(X) ~Erd(G(2) or inf s IS - e@E). (@)
i=1 i=1 =1

One typically realizes G through a class of ReLLU networks. The empirical estimates of the
generator are defined as:

~

Gy = argmin ||fi, — Gyvlle or Gy = argmin ||, — Gyoml|e- (3)
Ge§ Geg

Of course, in practice, one finds an approximation of G only up to an optimization error,
which we ignore for the simplicity of exposition; however one can incorporate this error into
the theoretical results that we derive.

To measure the efficacy of the above generators, one computes the closeness of the target
distribution p and the estimated distribution Gyv. As a measure of comparison, one takes
an IPM for some function class F and defines the excess risk of the estimator & as:

REAN(G) = [l — Gyrlls.

In what follows, we take F = ® = H#(R? R,1). It should be noted that while the dis-
criminator is trained to differentiate real and fake samples, its role is limited to binary
classification. As such, the discriminator network can be replaced by any efficient classifier,
in principle. Neural networks are employed to approximate these Lipschitz or Holder IPMs
and enable efficient optimization for practical purposes.

2.2 Bidirectional GANs

For notational simplicity, in the BIGAN context, we refer to the generator as the decoder
and denote it by D : Z — X. In BiGANSs, one also constructs an encoder F : X — Z. The
discriminator is modified to take values from both the latent space and the data space, i.e.
1 : X x Z — [0, 1]. For notational simplicity, (fzP, P) and (P, f;P) denote the distributions
of (f(X),X) and (X, f(X)), respectively, where X ~ P. The discriminator in the BiGAN
objective also aims to distinguish between the real and fake samples as much as possible,
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whereas the encoder-decoder pair tries to generate realistic fake data-latent samples to
confuse the discriminator. The BiGAN problem is formulated as follows:

i Eyp) — (D 4
win | (1, Eyp) — (Dyv. ). (@
where W denotes the set of all discriminators. In practice, one typically has access only
to samples Xq,..., X, LLd- pand Z1,..., 24, LLd- v, and these are used to solve one of the
following empirical objectives.
lr}gsup 2;¢ X, B(Xy)) — Ezup(D(2), Z),
1=

m

1nf sup — Z’l/) Xi, BE(X Z
P

=1

The functions D, E, and v are typically realized by deep networks though it is not uncom-

mon to model ¥ through functions belonging to certain Hilbert spaces (Li et al., 2017).
We let D and € be the set of all decoders and encoders of interest, which we will take

to be a class of ReLLU networks. The empirical decoder and encoder pairs are defined as:

(ﬁmEn) = argmin ”(ﬂmEﬁ/ln) - (Dti’/v v)|lw (5)
DeD,Eet
(Dn,maEn,m) = argmin ||(ﬂna Etiﬂn) - (Gﬂﬁma ﬁm)H‘I’ (6)
DeD,Eeé

To measure the efficacy of the above estimates, one computes the closeness of the joint
distribution (u, Eyu) to (Dyv,v) as,

REAN(D, B) = [|(1, Eep) — (Dgv, 1)l
As before, we take F = ¥ = PR, R, 1).

3. Intrinsic Dimension of Data Distribution

Often, real data is hypothesized to lie on a lower-dimensional structure within the high-
dimensional representative feature space. To characterize this low-dimensionality of the
data, researchers have defined various notions of the effective dimension of the underlying
measure from which the data is assumed to be generated. Among these approaches, the
most popular ones use some sort of rate of increase of the covering number, in the log-scale,
of most of the support of this data distribution. Let (S, ) be a Polish space and let p
be a probability measure defined on it. Throughout the remainder of the paper, we take
o0 to be the s -norm. Before, we proceed we recall the (e, 7)-cover of a measure (Posner
et al., 1967) as: Ne(p, 7) = inf{N (& S, 0) : u(S) > 1—7}, i.e. Ne(p, 7) counts the minimum
number of e-balls required to cover a set S of probability at least 1 — 7.

The most simplistic notion of the dimension of a measure is the upper Minkowski di-
mension of its support, which is defined as:

—— : log V(€ supp(#4), £oc)
d =1 .
) =l e
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Since this notion of dimensionality depends only on the covering number of the support
and does not assume the existence of a smooth correspondence to a smaller dimensional
Fuclidean space, this notion not only incorporates smooth manifolds but also covers highly
non-smooth sets such as fractals. The statistical convergence guarantees of different esti-
mators in terms of the upper Minkowski dimension are well-studied in the literature. Kol-
mogorov and Tikhomirov (1961) provided a comprehensive study on the dependence of the
covering number of different function classes on the underlying upper Minkowski dimension
of the support. Nakada and Imaizumi (2020) showed how deep learners can incorporate this
low-dimensionality of the data that is also reflected in their convergence rates. Recently,
Huang et al. (2022) showed that WGANSs can also adapt to this low-dimensionality of the
data. However, one key drawback of using the upper Minkowski dimension is that if the
measure spans over the entire sample space, though being concentrated on only some re-
gions, can result in a high value of the dimension. We refer the reader to Examples 10 and
11 for such instances.

To overcome the aforementioned difficulty, as a notion of the intrinsic dimension of a
measure j, Dudley (1969) defined the entropic dimension of a measure as:

: log Ne(u, €)
Ky = limsup —————=.
elo log(1/e)

Inspired by this definition, we define the a-entropic dimension of p as follows.

Definition 4 (Entropic Dimension). For any a > 0, we define the a-entropic dimension of
W as:

- . log Ne(p, €)
dg =limsup ———=
) €10 P log(1/e)

Clearly, do(p) > 0. Note that Dudley’s entropic dimension is di(x). Dudley (1969)
showed that when the data is i.i.d. El/fi, — uljsa roughly scales as O (rfl/ﬁll(u))7 while

E Distrp(fin, 1) roughly scales as O (nil/@“zl(“))), where Distzp(+,-) denotes the Lévy-

Prokhorov metric (Prokhorov, 1956). As shown in Theorems 13 and 21, the entropic di-
mension characterizes the metric entropy of S-Hoélder functions and the approximation
capabilities of neural networks with ReLU activation. Weed and Bach (2019) developed
upon Dudley’s entropic dimension to characterize the expected convergence rate of the
Wasserstein-p distance between a measure and its empirical counterpart. The upper and
lower Wasserstein dimension of y is defined as follows:

Definition 5 (Upper and Lower Wasserstein Dimensions (Weed and Bach, 2019)). For any
a > 0, the a-upper dimension of y is defined by

log Ne (1,757 )

d;(p) =inf ¢ s € (2, 00) : limsu <s
(1) ( ) LU 0 e
The lower Wasserstein dimension is defined as: d,(u) = lim, o liminf, g %.
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Weed and Bach (2019) showed that, roughly, n="/® < EW,(ji,, 1) < n~ /),
In Proposition 8, we give some elementary properties of these dimensions with proof in
Appendix A.1. We also recall the definition of regularity dimensions and packing dimension
of a measure (Fraser and Howroyd, 2017).

Definition 6 (Regularity dimensions). The upper and lower regularity dimensions of a
measure are defined as:

dimyeg(p) = inf {s : 3C > 0 such that, for all 0 < r < R and = € supp(p),
MBI o (1))
u(B(z,r)) r
dim, ., () =sup {s : 3C > 0 such that, for all 0 < r < R and x € supp(u),
pB@R) <R> }
u(B(z,r)) r
Definition 7 (Upper packing dimension). The upper packing dimension of a measure p is

defined as: dimp(p) = esssup {lim sup w € supp(u)}.
T

Proposition 8. For any i and for any o > 0, the following hold:
(a) di(p) < dalp) < di (1),
(b) if a1 < an, then, duy (1) < doy (1),
(¢) do(p) < dimpr(p),
(d) if a € (0, dimp(p)/2), di(p) < dimp(p) < dimyeg(p1),
(e) da(p) < dimp(p) < dimpeg(p1),
(f) dim,ey(p) < di(p).

It was noted by Weed and Bach (2019) that the upper Wasserstein dimension is usually
smaller than the upper Minkowski dimension as noted in the following lemma.

Proposition 9. (Proposition 2 of Weed and Bach (2019)) If dimy > 2a, then, d(u) <
dima ().

Propositions 8 (c) and 9 imply that for high-dimensional data, both the entropic di-
mension and the upper Wasserstein dimension are no larger than the upper Minkowski
dimension of the support. In many cases, strict inequality holds as seen in the following
examples.

Example 10. Let the measure p on N, be such that pu(n) = 27" for all n € N. Clearly,
the support of p is N, which has an upper Minkowski dimension of co. To find dqy (1), we

first fix € € (0,1). For any n € N, let A,, = [n]. We observe that, u (A%) = 5. We take

9
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K = [alogy(1/€)]. Clearly, u(Ax) > 1—€*. We can cover Ax by at most K many intervals
of length €. Thus, N¢(u,e*) < K = [logy(1/€)]. Hence,

7 log Ne (1, € . 1 1 1
0 < (1) = limsup QBN ) i o 108108 (1/6)]

=0.
€l0 —loge €l0 —loge

Thus, da(p) = 0, for all @ > 0. Similarly, let s > 2a and take, K = [-2%log, (1/€)].
According to the argument above,

log N, 25a log[ 2% log, (1/€
lim sup 0 Ne (1, € ) < limsup 8l 355 loga (1/€)]

=0<s.
€0 —loge €0 —loge

Thus, dZ(u) = 2a. Thus, for this example, we get, do (1) < d(p) < dimps ().

Even when dimj;(p) < 0o, it can be the case that dq(p) < d% () < dimps(p) as seen in
the following example.

Example 11. Let p be such that p ((n—ll, ceey 771(1)) = 2% for all ny,...,ng € N. We know

that dimps(p) = %, by Example 1.14 of Bishop and Peres (2017). A calculation, similar
to Example 10 shows that do(p) = 0 and d},(u) = 20, for all @ > 0. Thus, if o < 4,
da(p) < dg(p) < dimpz(p).

There are cases where both d,(¢) and d},(u) are both positive and a strict inequality
might hold. We give an example as follows.

Example 12. Suppose that p is a probability measure on N, such that, u(n) = n=2/3 (n+
1)~2/3. Then for any € € (0,1), let K = [e¢3*/2]. Then, u(Ag) > 1—€e*. Again, A requires
at most K intervals of length € to be covered, which implies that N (s, e*) < K = [¢=3%/2].
Hence,
«
de(p) = lim sup log Ne(p, %) < lim sup log[e™™7)
€0 —loge €10 —loge

_3a/2'| _ 30[/2

Further, by definition, d’(x) > 2a. This implies that d, < d(p) < dimpz ().

The entropic dimension can be used to characterize the metric entropy of the set of all
Holder functions in the L,-norm w.r.t the corresponding measure. We focus on the following
theorem that strengthens the seminal result by Kolmogorov and Tikhomirov (1961) (see
Lemma 52). It is important to note that when the measure has an intrinsically lower
dimension compared to the high dimensionality of the entire feature space, the metric
entropy only depends on the pS-entropic dimension of the underlying measure u, not the
dimension of the feature space, i.e. d.

Theorem 13. Let T = HP (R, R, C), for some C > 0. Then, if s > dps(p), then, there
exists an € > 0, such that, if 0 < e < €, then, log N (; F, Ly(pn)) < /5.

We note that if dimy;(¢) < oo, then, by Proposition 8 (c), dps(p) < dimps(u). Thus as
an immediate consequence of Theorem 13, we observe that, if s > dim; (), then, for € small
enough, log N'(e; F, 1L, (1)) < € /P, recovering a similar result as observed by Kolmogorov
and Tikhomirov (1961) (Lemma 52).

10
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Next, we characterize the rate of convergence of i, to p under the S-Holder IPM. The
proof technique stems from Dudley’s seminal work (Dudley, 1969). The idea is to construct
a dyadic-like partition of the data space and approximate the functions through their Taylor
approximations on each of these small pieces. The reader is referred to Appendix A.3 for a
proof of this result.

Theorem 14. Let F = HA(RY, R, C), for some C > 0. Then, for any d* > dg(,u,), we can
find ng € N, such that if n > ng,

E|fn — pllg S n 7.

Here ng might depend on p and d*.

Note that if 3,C = 1, then, F = H(R? R,1) is the set of all 1-bounded and 1-
Lipschitz functions (denoted as BL) on RY. Thus, for any d* > d*(u), we observe that
E||ftn — pllsL < /%", recovering the bound derived by Dudley (1969). Furthermore, if
p has a bounded support, i.e. there exist M > 0, such that, u([—M, M]?) = 1, then it is
easy to see that EW (fin, 1) < E||fn — MHU{ﬁ([O,l]d,R,M\/&) < n~ Y4 which recovers the rates
derived by Weed and Bach (2019), for Wasserstein-1 distance.

4. Theoretical Analyses

4.1 Assumptions

To lay the foundation for our analysis of GANs and BiGANSs, we introduce a set of assump-
tions that form the basis of our theoretical investigations. These assumptions encompass
the underlying data distribution, the existence of “true” generator and encoder-decoder
pairs, and certain smoothness properties. For the purpose of the theoretical analysis, we
assume that the data are independent and identically distributed from some unknown tar-
get distribution p on [0,1]¢. This is a standard assumption in the literature (Liang, 2021;
Huang et al., 2022) and is stated formally as follows:

A1l. We assume that Xi,...,X, are independent and identically distributed according to
the probability distribution p, such that p ([0, 1]d) =1.

Furthermore, to facilitate the analysis of GANs, we introduce the concept of a “true”
generator, denoted as G. We assume that G belongs to a function space H%s (RZ, RY, Cg)
and that the target distribution p can be represented as p = éﬁy.

A2. There exists a G € H (Rz,Rd, Cg), such that p = Gﬂu.

Similarly, for the BiGAN problem, we consider the existence of a smooth encoder-
decoder pair, denoted as D and F respectively. These functions belong to the spaces
Hxd (Re,Rd, Cd) and H (Rd, RY, Ce), respectively, and satisfy the property that the joint

distribution of (X, E(X)) is equal in distribution to (D(Z), Z), where X ~ p and Z ~ v.
B1. There exists D € H (Re,Rd,C’d) and E € H (Rd,Re,Ce), such that, (X,E(X)) 4
(D(Z),Z). Here, X ~ pu and Z ~ v.

11
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A direct consequence of Assumption Bl is that the composition of the true encoder and
decoder functions yields the identity map almost surely, as described in Lemma 15. The
notation, a.e. [u] denotes almost everywhere under the probability measure p.

Lemma 15. Under assumption 51, D o E(-) = id(-), a.e.[u] and E o D(-) = id(-), a.e.[V].

4.2 Main Results

Under assumptions A1, A2 and B1, one can bound the expected excess risk of the GAN and
BiGAN estimates of the target distribution in terms of the sample size with the exponent
only depending on the upper Wasserstein dimension of the target distribution and the
exponent of the Holder IPM considered. The main results of this paper are summarized
in the following two theorems. We recall that ® = H?(R% R, 1) and ¥ = HP(R¥ R, 1)
denote the discriminator classes and Gn, Gn m denote the sample mlnlmlzers for the GAN-
problem, defined in (3). Similarly, we recall the notations (Dy, Ey,) and (D, Enm) as the
sample minimizers for the BiGAN-problem, defined in (5) and (6), respectively.

Theorem 16 (Error rate for GANs). Suppose assumptions A1 and A2 hold and let s >
dg(,u). There exist constants N, c that might depend on d,l, oy, 3 and G, such that, if
n > N, we can choose § = RN (Lg, Wy, By,2C,) with the network parameters as Ly <

BL
clogn, Wy, < cne9*® 1) logn. Then,

Ellp— (Gr)vlle Sn 7. (7)

2
Furthermore, if m > v,, where, v, = inf < m € N : (logrz) T < n_ﬁ/s}, and
m(“*{“iagwmwﬁ})
J4

the network parameters are chosen as, Ly < clogm, Wy < ecm?2*9#"D+8 logm, then

Ellp — (Gom)plle S n=P/". (8)

Theorem 17 (Error rate for BiIGANs). Suppose assumptions A1 and E1 hold and let sq >
do, (1) and sg > dg(u). There exists constants N, ¢ that might depend on d, ¢, ag, e, 5, D

and E, such that, if n > N, we can choose the networks & = RN (L, We, Be, 2C,) and
D = RN (Lg, Wy, By, 2Cy) with the network parameters chosen as

51 Be
L. < clogn, W, < en2e(BrD+s1 logn, Ly < clogn, Wy < en@a® D240 Jog n,. (9)

Then,
1
A _max{2+571752+‘5} 9
E|| (1, (En)grt) = (Dn)grsv)|w S m @2 (logn)”. (10)
Furthermore, if the network parameters are chosen as
s 4
L. <clogn, W, < cn T BADTo logn, Ly < clogm, Wy < em?*aB D+ Jlog m), (11)
then,
Bl (1, (Enm)si) = (Dnm)gv, v) |l w
1 1
_ e _
Sn max{2+ae(ﬂ/\l), 23 }(logn)Q +m max{2+7ag(gA1)’%} (log’m)2 (12)

12
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It should be noted that the dependence on d in N and ¢ may be influenced by a multitude
of factors including the constants in Theorems 18 and 21 and thus, can potentially be
exponential. Additionally, although the BiGAN problem might seem symmetric on the
surface, there are subtle asymmetries that make the bounds on W, and W,; asymmetric in
(9). For example, for the estimation problem (5), one has full access to v but only n samples
from pu. The bounds for W, and Wy in (11) are, however, more symmetric since one has
access to m samples from v instead of the entire distribution in the estimation problem (6),
resulting in a bound that is more symmetric in m and n as shown in (11). Since one has the
luxury to generate as many samples as one wants from v, increasing m matches the rate of
(12) to (10) as shown in the following corollary.
max{2+m,d7“
max{Q—i—%,sQ;Z
m > n?, and the network parameters are chosen as

Corollary 18. Let 9 =

} V 1. Under the assumptions of Theorem 17, if

s /4
L, < clogn, W, < cnFeeBATTo logn, Ly < clogn, Wy < em?*aB D+ Jogn, (13)
then,
1
A . Cmaxfogy o1 s2te
(1. Bn)it) — (Do)l S m " w005 ogmp2. (1)

Implications for BIGANs We note that when the true model for the BIGAN problem
is assumed to be Lipschitz, i.e. if ag = a. = 1 in Bl and we take the || - ||gr-metric i.e.
the IPM w.r.t. ¥ = H (R R, 1), then, the excess risk for the BiGAN problem roughly

scales as O <n_1/(max{2+‘{1(“)’d’f(“)ﬂ}) , barring the log-factors. Thus, the expected excess

risk scales at a rate of O <n_1/ (d1(u)ve; (”)Hw)). In practice, one usually takes £ > 2, and

by the fact that di(u) < di(u) (Proposition 8 (a)), we observe that this rate is at most
O (n=Y@diW+D) " which is akin to the minimax estimation rate for estimating the joint
distribution of u ® v on R (Weed and Berthet, 2022; Singh and Péczos, 2018).

Further, we note that Assumption B1 implies that the supports of ;1 and v are homeo-
morphic, which is rather restrictive. The proof of this result can be found in Appendix B.2.

Proposition 19. Under Assumption E1, the supports of u and v are homeomorphic.

It would be interesting to see if this assumption could be lifted to derive an analogous
result akin to Theorem 28 for the BiGAN problem as well. The main hindrance is that
although for fi,,, one can construct D such that Dyv = fi,, the same cannot be said the
other way around, i.e. there might not exist a £/ such that Fyi,, ~ v. Further, both these
approximations have to hold jointly, which is even more difficult to show. We believe that
this would be an interesting direction for future research.

Comparison of Rates with Recent Literature We also note that for the GAN prob-
lem, the expected error for estimating the target demsity through Gyu roughly scales as

Ellp — Gti””}cﬁ =0 (nfﬂ/d??(“)) For high-dimensional data, it can be expected that
dimps () > 28, which (by Lemma 9) would imply that, di(p) < dimpy(p), with strict

13
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inequality holding in many cases (see Examples 10 and 11). We thus observe that the
derived rate, derived rate is faster than the ones derived by Huang et al. (2022) and

Chen et al. (2020), who showed that the error rates scale as O (n_ﬁ/ﬁM(“) Vv n_1/2) and

O (n_ﬁ/ (25+d)), respectively. We note that the removal of the excess log-factor is an artifact
of the requirement that s > dj(1) and one can similarly do away with the log-factors in the
rates derived by Huang et al. (2022).

Inference for Data supported on a Manifold Recall that we call a set A is d—regular
w.r.t. the d-dimensional Hausdorff measure (see Definition 48) H, if H(B,(z,)) =< r¢, for
all x € A (see Definition 6 of Weed and Bach (2019)). It is known (Weed and Bach, 2019

Proposition 8) that if supp(u) is d regular and p < HY, for B € [1,d/2], di(p) = ds(p) = d.

Thus, by Theorem 16, the error rates for GANs scale at a rate of O(n =5/ d) Since, compact
d-dimensional differentiable manifolds are d- regular (Weed and Bach, 2019, Proposition 9),
this implies that when the support of 1 is a compact d-dimensional differentiable manifold,
the error rates scale as O(n~?/%) which recovers a similar result as that by Dahal et al.
(2022) as a special case. A similar result holds when supp(p) is a nonempty, compact
convex set spanned by an affine space of dimension d the relative boundary of a nonempty,
compact convex set of dimension d + 1; or a self-similar set with similarity dimension d.

Network Sizes We note that Theorems 16 and 17 suggest that the depths of the encoders
and decoders can be chosen as the order of logn and the number of weights can be chosen
as some exponent of n and m. The degrees of these exponents only depend on dg(u), d};(,u)
and £ i.e. the dimension of the problem and the smoothness of the true model. The bounds
on the number of weights in Theorems 16 and 17 also show that one requires a smaller
network if one lets a., oy and ag grow, i.e. when the true encoder, generator/decoder are
very smooth and well-behaved. This is because the optimal choices for W, and W, (or
Wy) in terms of n in Theorems 16 and 17, decreases as a., oy and oy increase. This is
quite expected that one requires less complicated architectures when the target densities
are smooth enough.

Scaling of m We note that in Theorem 16, for the estimator émm, one roughly requires

s T M2 (g (Br1) 4/ 8}

. If the true generator is Lipschitz, oy = 1 and one consid-
ers the difference in the BL-metric, i.e. § =1, then, m 2> pmedd O/ d5(n) — pd/ds(n) - gor
all practical purposes as d > ¢. Thus, the dimension affects the sample scaling; higher d
values necessitate more generated samples to achieve equivalent accuracy. This dimension-
dependent scaling also appears in recent works by Huang et al. (2022). It would be inter-
esting to explore whether this dependency can be reduced in future research. Nonetheless,
since practitioners can generate as many samples as needed from v, this dependency may

be less limiting in practical settings.

The remainder of Section 4 discusses the proofs of Theorems 16 and 17 by first decom-
posing the error into misspecification and generalization terms and individually bounding
them.

14
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4.3 Proof of the Main Results
4.3.1 ERROR DECOMPOSITION

As a first step towards deriving bounds on the expected risks for both the GAN and BiGAN
problems, we now derive the following oracle inequality that bounds this excess risk in terms
of the approximation error and a generalization gap with proof in Appendix C.1. A similar
result was derived by Huang et al. (2022) for analyzing the GAN problem.

Lemma 20 (Oracle inequalities for GANs and BiGANs). Suppose that ® = HA(R?, R, 1)
and ¥ = HO(RI R, 1), then
(a) if Gy, and Gy, are the generator estimates defined in (3), the following hold:

I = (Gr)svlla < ok lln = Gyvlle + 2|l = fin e, (15)
I = (Gum)svllw < b lln = Gylle +2llp = finlle + 2[lv = Zml@og. (16)

(b) if (ﬁn,En) and (Dnm,Enm) are the decoder-encoder estimates defined in (5) and
(6), respectively, the following hold:

En)sp) — (Dn)sv, < inf , Byu) — (Dyv, 2 ftn — pllg, (1
(s (Bu)gte) = (D) v)llw < | imt (31, Egpe) = Dy )l + 2l on = pilzy, - (17)

A~ A~

16 (B )att) = D)o v}l < | _ind o1 Byi) = (D)o + 2l = il

+ 2[[0m = vz, (18)
where, F1 ={Y(, E(-)) : ¢ € ¥, E € &} and Fa = {Y(D(-),:) : ¢ € ¥, D € D}.

Using Lemma 20, we aim to bound each of the terms individually in the following
sections. The misspecification errors are controlled by deriving a new approximation result
involving ReLU networks, whereas, the generalization gap is tackled through empirical
process theory. It is important to note that in Lemma 20, the term ||x — fin||o, which scales

—B/d5 (1)

at a rate of roughly O (n ) (by Theorem 14), dominates the other error terms as

can be observed in the proof, leading to the error rate in Theorem 16.

4.3.2 BOUNDING THE MISSPECIFICATION ERROR

The approximation capabilities of neural networks have received a lot of attention in the past
decade. The seminal works of Cybenko (1989) and Hornik (1991) delve into the universal
approximation of networks with sigmoid-like activations to show that wide one-hidden-layer
neural networks can approximate any continuous function on a compact set. With the recent
advancements in deep learning, there has been a surge of research investigating the approx-
imation capabilities of deep neural networks (Yarotsky, 2017; Petersen and Voigtlaender,
2018; Shen et al., 2022; Nakada and Imaizumi, 2020; Schmidt-Hieber, 2020).

In this section, we show how a ReLU network with a large enough depth and width
can approximate any function lying on a low-dimensional structure. We suppose that
fer« (Rd,R, C) and 7 is a measure on R?. We show that for any ¢ > 0 and s > da,(7),
we can find a ReLU network f of depth at most O(log(1/€)) and number of weights at
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most O(e~*¥/*log(1/e€)) such that |f — fHLp(AY) < e. Note that when supp(u) has a fi-

nite Minkowski dimension, by Proposition 8 (c), we observe that dg, < dimps(p). Thus,
the number of weights required for an e-approximation, in the L, sense, requires at most

O(e~dmm )/ ]og(1/€)), recovering a similar result as derived by Nakada and Imaizumi
(2020) as a special case. Note that the required number of weights for low-dimensional
data, i.e. when da,(y) < d, is much smaller than O(¢~%*log(1/¢)), that holds when ap-
proximating on the entire space w.r.t. fs-norm (Yarotsky, 2017; Chen et al., 2019). The
idea is to approximate the Taylor series expansion of the corresponding Hoélder functions.
The general proof technique was developed by Yarotsky (2017). Our result is formally
stated in the following theorem.

Theorem 21. Suppose that f € H*(R%, R, C), for some C > 0 and let s > dop(p). Then,
we can find constants €y and a, that might depend on «, d and C, such that, for any
e € (0,¢), there exists a ReLU network, f with L(f) < alog(1/e), W(f) < alog(1/e)e~*/?,
B(f) < ae V' and R(f) < 2C, that satisfies, ||f — leLp('y) <e

Applying the above theorem, one can control the model-misspecification error for GANs
and BiGANs as follows. It is important to note that none of the approximations require
the number of weights of the approximating network to increase exponentially with d, i.e.
the dimension of the entire data space.

Lemma 22. Suppose assumption A2 holds. There exists an €g, such that, for any 0 < e <
€0, we can take § = RN (Lgy, W,, B,,2C,) such that L, < log(1/e), W, < e /s log(1/e),
B, S eV and infgeg || — Gyrlle S €

Lemma 23. Suppose assumption 51 holds and let s > do, (). There ewists ¢¢ > 0,
such that, for any 0 < e1,ea < €y, we can take & = RN (Le, We, Be,2C.) and D =
RN (Lg, Wq, Bg,2Cy) such that

Le Slog(1/ee), We S e.%/% log(1/e.), and B, e /%

~

Lg <log(1/eq), Wy < 6;12/% log(1/eq), and By < egl/ad.

~

BAL | BAL
€e .

Then, infgeg, pee || (1, Bsp) — (Gyv,v)||w S + €

4.3.3 GENERALIZATION GAP

The third step to bounding the excess risk is to bound the generalization gaps w.r.t. the
function classes discussed in Lemma 20. To do so, we first derive a bound on the metric
entropy of networks from R% — RY that have piece-wise polynomial activations, extending
the results of Bartlett et al. (2019) to vector-valued networks. Recall the notation F| P

{(f(X1)7 R f(Xn))T S RnXdl : f S f}

Lemma 24. Suppose that n > 6 and F : R — R¥ be a class of bounded neural networks
with depth at most L and the number of weights at most W. Furthermore, the activation
functions are piece-wise polynomial activation with the number of pieces and degree at most
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k € N. Then, there exists positive constants 0 and €y, such that, if n > (W + 6d' +
2d'L)(L + 3) (log(W +6d" +2d'L) + L + 3) and € € (0, ¢g],

!
log N'(&; Fy, loo) S (W +6d' +2d'L)(L + 3) (log(W + 6d' + 2d'L) + L + 3) log <”€d ) ,

where d' is the output dimension of the networks in F.

As a corollary of the above result, we can bound the metric entropies of the function
classes in Lemma 20 as a function of the number of samples used and the size of the
networks classes G and €. Apart from appealing to Lemma 24, one also uses the bound
on the metric entropy of S-Holder functions as in Theorem 13. We recall that, ¥y =

(W EC):pel, Ece} and Fo={(G(),):¢ eV, GeG}.

Corollary 25. Suppose that D = RN (Lq, Wy, Bq,2Cy) and § = RN (Lg, Wy, By, 2C,) with
Lqg, Ly >3, Wy > 6d+2dLy and Wy > 6d + 2dLgy. Then, there is a constant c, such that,
m > c(WyLg(logWy+ Lg)) V (WyL4(logWq + Lg)), then,

_d d
log N/ (e; (Wo @)y, 7£oo> Se B+ WyLg(logW, + Ly)log <m> :
m 6
_dte md
log N/ (e; (?2)|lem , KOO) Se B+ WyLg(logWy + Lyg) log <e> .
We note that though the above metric entropies depend exponentially on the data di-
mension d, this is not a problem in finding the generalization error as this exponential
dependence is only in terms of m, the number of generated fake samples, which the practi-

tioner can increase to tackle this curse of dimensionality. Using Corollary 25, we can bound
stochastic errors of these function classes in Lemma 26.

Lemma 26. Suppose that D = RN (Lg, Wq, B4,2Cq) and § = RN (Lg, Wy, By, 2C,) with
Lqg,Ly >3, Wy > 6d+2dLy and Wy > 6d + 2dLg4. Then, there is a constant c, such that,
m > c(WyLg(logWy+ Lg)) V (WyL4(logWq + Lg)), then,

WyLs(logW, + Ly)1 d
Ellom — Vllaog Sm= 3 v Y2 logm 4 | Vela(lo8 Wy + Ly) log(md)
m
- WaLg(log Wy + Lg) 1 d
E||oy — v|5, Sm d+l\/(m1/210gm)+\/ aLq(log W4 + Lg) log(m )
m

Here c is the same as in Corollary 25.

Next, we focus on deriving a uniform concentration bound w.r.t. the function class Fi.
This is a little trickier, compared to the ones derived in Lemma 26, in the sense that one
does not have direct control over the ¢-metric entropy of the function class ¥ (and in turn,
F1) in terms of the Wasserstein dimension of the data. We resolve the issue by performing
a one-step discretization and appealing to the sub-Gaussian property of the data for a fixed
E € E. The proof is detailed in Appendix E.4.
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Lemma 27. Suppose that &€ = RN (Le, We, Be,2C.). Then, for any s > ds(p), we can find
an n' € N, such that if n > n/,

1 1/2 8
Ellan — pllg, <nY? (We log (QLGBeLE(We + 1)L6n72<m>)> e

~

To complete the proof, the idea is to combine the pieces discussed throughout Sec-
tions 4.3.2 and 4.3.3. The goal is to choose the sizes of the neural network classes, i.e. the
class of generators, encoders and decoders, such that both the misspecification errors and
generalization errors are small. A large network size implies the misspecification error will
be small enough but will make the bounds in Lemma 26 loose and vice versa. Since the
network sizes are expressed in terms of €., €5 and ¢4 in Lemmas 22 and 23, expressing them
in terms of n in an optimal way that serves the purpose of finding a trade-off between the
two errors to minimize the bound on the excess risk in Lemma 20. The detailed proofs are
given in Appendix F.

5. Optimal Bounds for GANs with Interpolating Generators

In this section, we show that GAN estimates can (almost) achieve the minimax optimal rate
for estimating distributions with a low intrinsic dimensional structure. To generalize the
scenario further, we drop assumption A2 and only work with A1. We replace assumption A2
and assume that v is an absolutely continuous distribution on [0, 1]. This is satisfied by the
uniform and normal distributions on the latent space, which are the commonly used choices
in practice. It is important to note that lifting assumption A2, requires that the generator
network have many more parameters than compared to the case when the target distribution
is smooth (i.e. under A2), which is expected. Following a similar analysis as done in Section
4, we can arrive at the following theorem, which states that the generator network can be

selected in such a way as to obtain a rate of convergence of roughly, O (nfﬂ /d5(n )), with

proof in Appendix G.1. The networks class in Theorem 28 is constructed so that some
members of the class can (almost) linearly interpolate the data, as opposed to the Taylor
series approximation used in the proof of Theorem 21. Compared to Theorem 16, the
networks required in Theorem 28 are shallower, with a constant depth as opposed to a
O(logn) depth. However, one does not have any control over the maximum value of the
weight of these nearly interpolating networks.

Theorem 28. Suppose Assumption A1 holds and let v be absolutely continuous on [0, 1]°.
Then, if s > dZ(M); one can choose G = RN (Ly, Wy, 00, 1) with the network parameters as

Ly > 2 as a constant and W, < n, such that E|u — (Gn)le S nP/5. Purthermore, if
m > n¥st then E|p — (Gmm)ﬁl/Hq) <nhls,

To understand whether the bounds in Theorem 28 are optimal, we derive a minimax
lower bound for the expected excess risk for the GAN problem for estimating distributions
whose upper Wasserstein dimension is upper bounded by some constant. Assuming d > 2/,
we fix a constant d* € [23,d] and consider the family of probability measures,

Md*,ﬁ — {,u c H[O,l]d . d;(ﬂ) S d*}v
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the set of all distributions on [0, 1]d, whose upper Wasserstein dimension is at most d*.
We note that this collection of distributions contains distributions on specific manifolds of
dimension d* or less. Here, we use the notation II4 to denote the set of all probability
measures on A. The minimax expected risk for this problem is given by,

My, =inf sup  Eplli— pllges pa gy,
13 MEMd*’ﬁ

where the infimum is taken over all measurable estimates of y, i.e. on {f: X1., — H[071}d :
fu is measurable}. Here, we write [E,, to denote that the expectation is taken with respect to
the joint distribution of X;,..., X, which are i.i.d. u. Xi., denotes the data Xi,..., X,.

Theorem 29 characterizes this minimax rate, which states that the rate cannot be made
any faster than roughly, O (n_ﬂ/ d*).

Theorem 29. Suppose that d > 25 and let d* € [28,d]. Then for any s < d*,

M, =inf sup E,lli— MHﬂfﬁ(Rd,R,l) 2 nfﬁ/sa

12 HGMd*’B
where the infimum is taken over all measurable estimates of pu, based on the data.

By Theorem, 28, we observe that for any g € M%? and any 5 > d*, EMHGW/ -
MH:}{B(Rd,R’C) S n=B/5. Thus, in M?", the GAN estimator, éﬁu, roughly achieves the optimal
rate.

Suppose that My, = {u : d. (1) < d,}, then it is clear that M%# C My, by Proposition 8.
Hence, if 26 < d, < d and s < d then,

inf sup E,llit — pllyesgagy > nf sup Byl — pllgcsga gy 2 07
A peMy, B peMdx.B

Following a similar proof as that of Theorem 29, one can do away with the condition of
d, > 28 and arrive at the following theorem.

Theorem 30. Suppose d, € [0,d]. Then for any s < dy,

M, =inf sup Eufla— MHJ{ﬁ(Rd,R,l) 2 n sy n 2,

H ,U,GMd*
where the infimum is taken over all measurable estimates of u, based on the data.

It is worth observing that for the special case of 8 = 1, i.e. under the Wasserstein-1
distance, this rate matches with the ones derived in literature (Weed and Berthet, 2022;
Singh and Péczos, 2018), i.e. O(n~1/4).

6. Discussions and Conclusion

This paper delves into the theoretical properties of GANs and Bi-directional GANs when the
data exhibits an intrinsically low-dimensional structure within a high-dimensional feature
space. We propose to characterize the low-dimensional nature of the data distribution
through its upper Wasserstein dimension and the so-called a-entropic dimension, which we
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develop by extending Dudley’s notion of entropic dimension (Dudley, 1969). Specifically,
we not only show that the classical result by Kolmogorov and Tikhomirov (1961) can be
strengthened by incorporating this entropic dimension in the metric entropy but also show
that the convergence rates of the empirical distribution to the target population in the

B-Holder IPM scales as O (n_ﬁ/dg(“)), extending the results by Weed and Bach (2019).

Furthermore, we improve upon the existing results on the approximation capabilities of
ReLU networks. By balancing the generalization gap and approximation errors, we establish
that under the assumption that the true generator and encoders are Holder continuous, the
excess risk in terms of an Hoélder IPM can be bounded in terms of the ambient upper
Wasserstein dimension of the target measure and the latent space. This bypasses the curse
of dimensionality of the full data space, strengthens the known results in GANs, and leads
to novel bounds for BIGANs. The derived results also match the sharp convergence rates
for the empirical distribution available in the optimal transport literature. We also show
that the GAN estimate of the target distribution can roughly achieve the minimax optimal
rates for estimating intrinsically low-dimensional distributions.

While our results provide insights into the theoretical properties of GANs and Bi-
directional GANSs, it is important to acknowledge that estimating the full error of these
generative models used in practice involves considering an optimization error term. Unfor-
tunately, accurately estimating this term remains a challenging task due to the non-convex
and complex nature of the minimax optimization. However, it is worth pointing out that
our error analyses are independent of optimization and can be seamlessly combined with
optimization analyses. An additional area that we have not addressed in this paper is
that the S-Holder discriminators are typically also realized by ReLLU networks in practice.
While this is an important consideration, it requires imposing restrictions on the networks
to closely resemble smooth functions, which is typically achieved through various regular-
ization techniques. However, ensuring that these regularization techniques provably lead to
well-behaved discriminators remains a challenging task from a theoretical perspective. We
believe that this is a promising avenue for future research. One can also attempt to extend
our approximation results to more general functions representable on some other basis than
non-smooth functions such as Besov spaces or Fourier series approximations, for instance
using ideas of Suzuki (2019) or Bresler and Nagaraj (2020).
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Appendix A. Proofs from Section 3

This section provides the proofs of the results from Section 3. For notational simplicity, we
write fat(S, €) = {y : infyes o(z,y) < €} for the e-fattening of the set S, w.r.t. the metric p.

A.1 Proof of Proposition 8

Before we prove Proposition 8, we first show the following key lemma.

Lemma 31. For any 0 <7 <719 <1, Ne(p, 71) > Ne(p, 72).
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Proof It is easy to see that {S : u(S) > 1 — 7} C {S : u(S) > 1 — m}. Hence,
Ne(p, 7)) = inf{N (&S, 0) : u(S) > 1 -7} > inf{N(e;S,0) : u(S) > 1 -1} = Ne(p, 72). B

We are now ready to prove Proposition 8 as shown below.
Proposition 8. For any p and for any a > 0, the following hold:

(a) di(p) < da(p) < di(p),

(b) if a1 < ag, then, da, (1) < day (1),

(¢) da(p) < dimag(p2),

(d) if o € (0, dimp(u)/2), di(p) < dimp(p) < dimypeg(p),

(¢) do(p) < dimp(p) < dimyeg(1),

(f) dimyey(1) < di(p).

Proof Proof of part (a): Suppose that

log N, (,u, e%)
A=1s€(2a,00) : limsu <s
(20, 00) i o g (174

Fix s € A. By definition, s > 2a. Since for € < 1, € > ¢i-2a Thus, by Lemma 31,
Ne(p, €*) <N (,u,e%>7 when € < 1. Fix 7 € (0,1). Hence,

_ log N (1, € log Ne(p, €722
do(p) = limsupw < lim sup 08 Ne(p, €772 <s.
€0 —loge €0 —loge

Taking infimum over s € A gives us, dq (1) < d%(p).
To observe the other implication, we first note that for any fixed 7 € (0,1), €* < 7, if
e < 71/ Thus, by Lemma 31, Ne(p, €*) > Ne(p, 7), if € < 71/, Hence,
- log N, a log N, log N,
do() = limsup BN ) o g sup BN T) o 108Nl 7).
€0 —loge €l0 —loge el0 —loge

Taking limit on both sides as 7 | 0, gives us, do (1) > dy(p1).

Proof of part (b): If a; < g, then, we observe that Ne (g, €*) < Ne(p, €22), for e < 1.
Thus, da1 (M) = lim SUP¢ |0 % < lim SUuPe¢ |0 % = dozz (:u)
Proof of part (c): For any a > 0, Ne(p,€®) < Ne(p,0) = N(e;supp(u), 0). Thus

taking limsup as € | 0 gives us the result.
. log Ne ( p,e8 3o
Proof of part (d) Suppose that A = ¢ s € (2a,00) : limsup, g —oq7a—" < 5 ¢-

Let 0 <e<1,s>dimp(p) and 7 = e¢-25. S be such that w(S) >1—7and N(e; S, 0) =
Ne(p, 7). Welet R = diam(S)V1. Let {x1, ..., 2} be an optimal 2e-packing of SNsupp(u).
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By the definition of the upper packing dimension, for any s > dimp(u) we can find ro < 1,
such that,

1 B
M <, Vr <rp and x € supp(u)

logr
= u(B(z,r)) >r®, Vr <rgand x € supp(u).
Thus, if € < 7o, 1 > p (UM, B(zi,€)) = Zij\ilp(B(xl, €)) > Me® — M < e °. By Lemma
51, we know that Ne(u, 7) = N (€5, 0) < M < e *. Thus,

lim sup
€l0 — 10g €

Since d (u) < s, for all s > dimp(u), we get, df(u) < dimp(u). The inequality dimp(u) <
dimyeg(pt) follows from Fraser and Howroyd (2017, Theorem 2.1).

Proof of part (e):

Let 0 < e <1, s>dimp(u) and 7 = €*. S be such that u(S) > 1—7 and N(e; S, 0) =
Ne(p, 7). Welet R = diam(S)V1. Let {x1,...,za} be an optimal 2e-packing of SNsupp(u).
By the definition of the upper packing dimension, for any s > dimp(u) we can find 7y < 1,
such that, w <s,Vr <rgand xz € supp() = w(B(z,r)) >1r°,Vr <rgand z €
supp(p). Thus, if € < rg, 1 > p (UM, B(zi,¢€)) = Zf\ilu(B(:vi,e)) > Me* = M <e°.
By Lemma 51, we know that Ne(u, 7) = N (€;5,0) < M < e 5. Thus,

- log Ne (u, €*
do () = limsup log Ne (1, €%) <s.

€l0 —10g€

Since do (1) < s, for all s > dimp(p), we get, do (1) < dimp(u). The inequality dimp(u) <
dimyeg(pt) follows from Theorem 2.1 of Fraser and Howroyd (2017).

Proof of part (f): Let 0 < e < 1 and S be such that pu(S) > 1 —7 and N (€ S, 0) =
Ne(p, 7). We let R = diam(S) V 1. Let {z1,...,xzn} be an optimal e-net of S N supp(u).
By the definition of the upper regularity dimension, for any s < dim,eg(1t) we observe that,
w(B(x;,€)) < “(Bé%;m)es < %;;)es. We observe that, u(UN,B(x;,€)) > u(S) >1—7 =
Zij\il p(B(zi,€)) > 1 — 7. This implies that,

1—T

B(zie))>1—7 = N > CR’¢?®

||Mz

Thus, N(€;S,0) > CR*(2¢)"* = liminfdow > s, which implies that d.(u) =

loge
log Ne(

lim; o lim sup, log“ E’T) > 5. Hence, d. (1) > s, for any s < dimyeg(pt), which gives us the

desired result. [ |
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A.2 Proof of Theorem 13

Next, we give a proof of Theorem 13. Before proceeding, we consider the following lemma.

Lemma 32. For any s > d,(u), we can find an € € (0,1), such that if € € (0,€'] and a set
S, such that u(S) >1—€* and N(€; S, 0) < e %.

Proof By definition of dq (1) = lim sup g %, if s > d(p), we can find an € € (0, 1),

such that if € € (0, €], % < s, which implies that N¢(u, €*) < e~%. By definition of

Ne(p, -), we can find S that satisfies the conditions of the Lemma. [ |

By construction, for s > dpz(u), we can find ¢ > 0, such that if € € (0,€'], we can find a
bounded S € RY, such that N (e; S, £oo) < € and u(S) > 1—eP?. We fix such an € € (0, €].

Let M = sup,cg ||z]o and K = [%1 For any i € [K]?, let 6* = (=M +ite,...,—M +
ige). We also let, P. = {By__ (6% ¢) : i € [K]?}. By construction, the sets in P, are disjoint.
We first claim the following:

Lemma 33. [{A € P.: ANS # 0} < 2%,

Proof Let, r = N(¢;S,¢) and suppose that {aj,...,a,} be an enet of S and P¥ =
{By_(aj,e) : i € [r]} be an optimal e-cover of S. Note that each box in P! can in-
tersect at most 2¢ boxes in P.. This implies that, [P N S| < |Pc N (U, By (ai,€))| =
|Ur_, (Pe N By (as,€))| < 2%, which concludes the proof. [ |

Theorem 13. Let T = HP(RY, R, C), for some C > 0. Then, if s > dps(p), then, there
exists an € > 0, such that, if 0 < € < €, then, log N (e; F, Ly () < /5.

Proof Let J = {i € [k]? : By _(6%¢) € P.and By_(#',e)N S # (}. For any x €
R, let, hxr( ) = M{y € By_(x,7)}. Fix any f € HP(R)R,C). We define, Pef(a:) =
0

>1s<(8] f( )( —0)%. Since, |0°f(0)| < C, we can define a d-net, Us, of [-C, C] of size at
most C/J. We define the function class

SIIDIE

€] |s|<[S]

h@" ( ) :bsﬂi € U§

Clearly, for any f € H?(R?, R, C), we can find, f € F, such that,

=3 Y B e ) g ),

€] |s|<|5]

with |b, gi — 0% f(6*)| < 8. Thus, for any = € fat(S, €), let 6 be such that [|§ — z|| < € and
0ec{0t:icd}.

|f(@) = f(2)]
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— 0%)hyi (2) = f(2)]

€] |s|<[B]
bS i\S
= > a6 fla)
ls|<[B]
o°f(0 s bs, s o°f(0 s
<| YOG gy g +| X e Y 00y
Is|<1B] Is|<LB] [s|<18]
.7}—9 s s s bs7 _asf 0 s
S I U R C0) R D D L)
Is|=L5] [s|<18]
x— 0|5 _
=S ”S!’uw—eui LS
Is|=L5] Is|<LB]
<Y Gy g
\S|<L5J [s|<LB]
<# 46

In the above calculations, #’ lies on the line-segment joining = and 0. We take 6 = €. It is
easy to see that |F| < (& )‘jIL ) . By definition f(z) = 0 if z ¢ fat(S, €). Thus,

Ju@ = fera@= [ 15— fepae s[5 - ferde)
R (G N EIE

zefat(S,e)
< + p(fat(S, e)°)

<+ pu(s®)
<ePP 4 PP

< P8

Clearly, F forms a ce®-cover of H?(R%, R, C) in the L, (t)-norm, for some constant ¢ > 0.
Thus,

log A" (ce”; HP (R, R, O), 1| Iy ) < 911817 108(C /) S € log(1/e).

Replacing e with (e/c)'/? gives us,
log V' (6 H (R R,C), |- 1, ) S €7 10g(1/e) < /7,

for any s’ > s. Now rewriting s for s’ gives us the desired result. |

25



CHAKRABORTY AND BARTLETT

A.3 Proof of Theorem 14

We will prove a more general version of Theorem 14. We begin by generalizing the notion
of (upper) Wasserstein dimension for a class of distributions. Suppose that A is a family of
distributions on [0, 1]¢. For any 7 € [0, 1], we define,

Ne(A,7) =inf{N (&S, 0) : n(S) >1— 1, Vu € A}.

The interpretation of N (-, 7) is the same as that for the case of a single measure, defined
in Section 3. We define the upper Wasserstein dimension of this family as:

log N (A, e%>
d>(A) =inf ¢ s € (2, 00) : limsu
() ( ) LU )

<s

The proof of Theorem 14 requires some supporting lemmas. We sequentially state and
prove these lemmas as we proceed. We first prove in Lemma 34 that the set A (defined
below) takes the shape of an interval (left open or closed).

logNe (Aye =% )

Lemma 34. Suppose that A = {s € (2a, 00) : limsup, Tos(170)

(di (), 00).

< s}. Then, A D

Proof We begin by claiming the following:
Claim: If s; € A then sy € A, for all s > s7. (19)

To observe this, we note that, if sy > s1 > 2« and € € (0, 1),

S1¢ SoQr sja sga sjo sga
1 > 2 = €120 < gs2720 — Ne (A’6.91—2a> > N€ (A’652—2a> .
s1 — 2« So — 2«

Here the last implication follows from Lemma 31. Thus,

log N, (A, 63232“) log N, (A, 651i2o‘>
lim sup < limsup

< 51 < 8o,
€l0 log(1/¢) €l0 log(1/¢)

Hence, s9 € A.

Let s > d},(A), then by definition of infimum, we note that we can find s’ € [d},(A), s),
such that, s’ € A. Since, s > s’ € A, by Claim (19), s € A. Thus, for any s > d(A), s € A,
which proves the lemma.

|

An immediate corollary of Lemma 34 is as follows.

Corollary 35. Let s > d}(A). Then, there exists € € (0,1], such that if 0 < e < €, then,
there exists a set S, such that N(€; S, 0) < €% and u(S) > 1—es—2a, for all p € A.
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Proof Let § =s— d(n). By Lemma 34, we observe that s’ = d%(u) + §/2 € A. Now by

log Ne | @, eS' 20<>

T log(1/e)
all € € (0, €]. The result now follows from observing that N, (u, €s™ 2a) <,u € (;a) <
. ]

definition of limsup, one can find a ¢ > 0, such that, s +48/2 =s, for

We suppose that § = d* — dj(p) and let d’ = dj(n) + /2. By Corollary 35, we can

find an ¢ € (0, 1], such that if € € (0, €], we can find S,, such that N(e; Se, o) < €% and
d'B

w(Se) > 1 —ed-25 for all p € A. As a first step of constructing a dyadic-like partition of

[0, l]d, we state and prove the following lemma that helps us create the base of this sequential

partitioning of the data space. For notational simplicity, we use diam(A) = sup,, ,c 4 0(z,y)
to denote the diameter of a set w.r.t. the metric p.

Lemma 36. For anyr > [logs(1/€')—2], we can find disjoint sets Sy, ..., Srm,, such that,
U;”:TOSW- = R%. Furthermore, m, < 3%(r+2), diam(S, ;) < 3=0tD forallj=1,...,m, and

_d'(r+2)8
w(Sro) <3 =28 VpeA.

Proof We take ¢ = 37"+ Clearly, 0 < ¢ < ¢. We take Sro = SE. By definition of
covering numbers, we can find a minimal e-net {1, ..., 2y, }, such that S C U;”:"lBgoo (4, €)

and m, < ¢4 = 370+2) We construct Sr1,- .. Srm, as follows:
o Take S, 1 = By (x1,€) \ Sro-
e For any j =2,...,m,, we take S, ; = By_(xj,€) \ (U?:OSTJ-/).
d'B _d'(r+2)B

By construction {5, ;}"7, are disjoint. Moreover, u(Sro) =1—p(Se) < €28 =3 =25
for all 41 € A. Furthermore since, S, ; C By (xj,€),

diam(S, ;) < diam(By__(z},€)) = 2¢ = 2 x 372 < 3=r+1),

We now construct a sequence of collection of sets {Qg}}fz1 as follows:
e Take Q" = {Sr,j};'nzﬁ

e Given £+ 1, let, Q{ = U Qcalt, (Q\ Sep) and if 2 < j < my, we let,
QNSp 170

a=( U @sw)\(ha)).
Qe
Qmsr,]¢®

Take Q° = {QZ}
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Clearly for any Q € Qf, sup diam(Q) < 2 sup diam(Q') + sup diam(Sp;) < 3 x
QeQf Q'eQt+1 1<j<my

3=+ = 3 Yy induction.

Also, if @ € Q“L, we can find a Q' € QF, such that Q@ C Q' U Syo. Also if Q1,Q2 € QF,
Q1 N Qo = (. Furthermore, |Q¢| < my, by construction.

Let € = n~'/%. Recall that, § = d* — di(p) and d' = di(p) + 5/2. We take ng, large
enough such that € < €, if n > ng. Let ¢ be the s/mallest integer such that 37! < e. Also,
let s be the smallest integer such that 37° < eti’ZB. Clearly, s < t. Also, 3! < 3 and

28—d’ ‘
35 <3¢ 4

Let Pef(a:) = Clip <Z|8\§LBJ %,(e)(x —0)%,-C, C’), where Clip(z, a,b) = (x Ab)Va. We
choose a point z,; € Q;, s <r <tandj€ [m,]. We also define the bivariate function
q(-,-) as q(£,5) = 5 if Qg N Q§71 # (). This 7’ is unique, since we can find a Qﬁ,‘l which
contains Q? and since sets in Q! are disjoint.

We denote, Ss.10 = UL_, S, and let, M, = Z;nz’“l |(pn, — M)(Q;)] The following result
(Lemma 37) helps us control EM,..

Lemma 37. Suppose that {A1,...,An} forms a partition of a set T. Then,

mu(T)

EM, =B |pn(A;) — u(4;)]
j=1

IN

Proof We begin by noting that nu, (A4;) ~ Bin(n, u(A;)). Thus, Var(u,(4;)) = wlA)A=pl44)
Hence,

1/2
" (1)
EY [un(A)) = n(A))] <v/m

j=1
=v'm
=v'm
<vm
)
B n

In the above calculations, (i) follows from Cauchy-Schwartz inequality. [
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Lemma 38. Suppose that Poly(k,d, ) denotes the set of all polynomials from [0,1]% — R,
with degree at most k and absolutely bounded by «. Also let Aq,..., A, are disjoint and

suppose that P = {f = Z;”Zl fila; : fj € Poly(k,d,a)}. Then,

(k+1)41
v(a,m,n) := Esup </fd,un /fd,u) <a\/m + ogn
fep

Proof It is easy to note that, Pdim(g) < m(k + 1)¢. Here Pdim(J) denotes the pseudo-
dimension of the real-valued function class F (see Anthony and Bartlett (2009, Definition
11.2)). Applying Dudley’s chaining, we recall that,

@ 1 N NI
E, SUPZUZf ;) 5/ \/Og (€ mnH ”M(M"))de
0

feml 1
S/a \/mg/\/(e;%,H : ”]Loo(un))d6
0 n

< /Oa \/Pdlr;lm log(2aen/e€)de (20)

Pdim(*B) log n
n

d
SO[\/m(k+ 1) logn.
n

Here inequality (20) follows from Lemma 54. Thus, by symmetrization,

k+1)41
7v(a,m,n) =Esup </fdun /fdu> <2Esupzazf xz)f,oz\/m< + Dflogn
fePB fegp n

<«

~

We now state and prove a more general version of Theorem 14. Theorem 14 follows as
a corollary of Theorem 39 for the special case when A = {u}.

Theorem 39. Let T = HA(RY, R, C), for some C > 0. Then if d* > dg(A), we can find an
ng, such that, if n > ng,

sup B/ — pills S n= A

HEA

Proof We fix any px € A. Recall that Paf(x) = |s1<(4] %!(6)(90 —0)%. We note that since,
1Pl < C,

@ -fwi<| ¥ L6 o s
Is|<LB]
- > ) - ot s0)) (21)
s:|s|=|A]
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1
<lz -0l Y 10°F(y) — 0°£(0)

s1s=18)
<2C|z - ¢ ly — 0115
<2C|lz - 0|15 (22)

Equation (21) follows from Taylor’s theorem where y lies in the line segment joining x and
0. Furthermore,

P (x) — P)(2)| <|P)(z) — f(x)| + |f(z) — P} (x)]
<20 (llo = 0113 + = — 012, (23)

For notational simplicity, let & = SUpfepoly(|8],danr,) Z;n:H fQT_ fd(py, — p), where, o, =
J
MaX|<j/<m;_, P}, e, Pft L “LM(Q;71). We can control E&, through Lemma 38. We note

that, for any f € H(R% R, C),

‘/fd(ﬂn - u)‘

= Zt Jd(pn — )

j=0"75tj

<O + 1) (Suto) 2/ f =Pl + L (i — )
\SstO
SO+ 1)(Sr0) +2 1w 17~ P, luiap) + Z/\S P, (s~ n)
s:t,0

<C(ptn + 11)(Ssi0) +2C377 + Z/Q\S P, d(pn — p) (24)
s:t,0

=C(ptn + 11)(Sst,0) + 203717

m¢—1

Z Z / wt _P:gl/—i_Pa{l./)d(Mn_:U')
3'=1 j:q(t,5)= \S”O ! o o
me—1
<Ol +1)(Se0) +2057 6|3 [ Rl - (25)
Q% \Saxt0 7
t
<C(n + 11)(Sst0) + 20377 + CM, + Y & (26)
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Inequality (24) follows from observing that Hf—Pfj @ty < Csupger oty 17— Tjtlloo <
ELg [e o] j oo j )
Cdiam(Qz.) < C37t. Inequality (25) follows from observing that

Z > / (PL,, —Paii_w,)d(un—u) < &.

/ 1]qt]—3’ Q\Sst()

Equation (26) follows easily from an inductive argument and observing that || Pf||e < C,
for any a € RY, by construction. To bound the expectation of &, we note that,

Egr §7 (1Sj/rn§a7§ H xt] xt 1, ’HLoo(Qj-/lymr’n)

m,logn
<1<j/m<a731< (k224 e, xftlg H]LOO(Qt 1)“T (from Lemma 38)
<4C3-B-D) /mTlogn'
n

Thus, taking expectations on both sides of (26), we get,

E‘/fd(un—ﬂ)’

4(r+2)8 1
<3~ t5+2023 5 4 O\/m S/n+4CZ3 ﬁ’“,/m ogn (27)

' (r+2)8 3d'(s+2) '(r+2) |
<3~ f5+2023 =5 4 C\f +4023 pry 31D logn (28)

d (r+2)8 /(s !
<3~ w—l—QCZ:ﬂ d'+225 —|—C\/@ <3d(+2) 42 2d+(42/3)>
n

r=s r=s
—d (s+2)8 2d' +s(d' —28) d' —28
3725 N ‘s+2) 3 3 |
5002 T Lo ogn [ > 5,(72; ) )
1—3 @-28 n 372 —1
3—2d’/3
_t d’—2 . d _dpg
<37 420 75 X (377) 7
|~ 37
2d' +s(d' —28) d —28
logn [ _d+2 3 2 32 )imstl g
+ oy 28 375 g S,(_w ) )
n 37z -1
8 I R e Bl (€ et (S R
<34 a0— oy B3 g ff,w 7 ) )
— = n Yo
1 -3 7-25 3 2 1

<4 [logn (Sd;s +3<d—22ﬁ)t>
n

<P 4 [ 08T a2
n
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<n =A%\ /logn

<n P/

Equation (27) follows from Lemma 37, where as (28) follows from Lemma 36. |

Appendix B. Proofs from Section 4.1

B.1 Proof of Lemma 15
Lemma 15. Under assumption E1, D o E(-) = id(-), a.e.[u] and E o D(-) = id(-), a.e.[v].

Proof To show the first implication, it is enough to show that [ || D(E(x)) —z|3du(x) = 0.
To see this, we observe that,

/ 1D o B(x) — 2l2du(z / 1D(2) - D(2)|2du(z) = 0.

Here the first equality follows from the fact that (X, E(X)) 4 (D(Z), Z). The other state-
ment follows similarly. |

B.2 Proof of Proposition 19

Proposition 19. Under Assumption E1, the supports of u and v are homeomorphic.

Proof We use the so-called good set principle to prove this result. Suppose A = {x €
[0,1)¢: Do E(z) = 2} and let = € supp(y). Clearly, by Lemma 15, u(A) = 1. By definition
of the support, for any n € N, pu(B(z,1/n) N A) = p(B(z,1/n)) > 0, which implies that
B(z,1/n)NA is non-empty. Let z, € B(x,1/n)NA. Thus, for any © € supp(u), there exist a
sequence {z, (z)}nen C A, such that z,(x) — x as n — oo. We first show that E, restricted
to the support of p is a bijection. To show injectivity, let z, e _supp(u) and E (x) =
E(2'). Thus, Do E(x) = Do E(z') = D o E(lim,_ye0 1 (x)) = D 0 E(limy,_e0 2n(2')).
Owing to the uniform continuity of D and E and the fact that z,(z) and z,(2') are in
A, this implies that lim,_, D o E‘(xn(x)) = lim,, oo D © E(mn(x’)) = limy, 00 Tp(z) =
limy, 00 Tp(2') = z =2

To show surjectivity, let z € supp(v). Let A’ = {z € [0,1]' : Eo D(z) = z}. By a
similar argument, there exists a sequence 2z, — 2, such that {zn}neN C A’. We consider
[?(z) Clearly, Eo D( ) = E o D(hmn_>OO Zp) = lim,, o0 F © D(zn) = llmn_>oo Zn = Z.
The only thing remaining is to show that D(z) € supp(p). To show this, let 2’ € B(z,¢).
Clearly, v(B(z,€)) > 0. ||D(z) — D(2')|| < !, since, D € H (RY, R, Cd) Thus, there

exists a ¢ > 0 such that ||D(z) — D(2')|| < ceo‘d/\l. Hence, B(D(z),ce®™) D {D(%') : 2/ €
B(ze)) = u <B(D(z),ce°‘d/\1)> > w({D(2') : 2 € B(z,€)}) = v(B(z,¢)) > 0, for any

¢ > 0. Thus, for any 6 > 0, taking € = (§/c)"/ (@) gives that u (B(f)(z), 5)) > 0, for any
d > 0, which implies that D(z) € supp(u).
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Now to show that E is the inverse of D on the support of w, we let © € supp(p). By the
argument above, there exists a sequence {fl‘n}neN C A, such that lim,,_,s , = . Thus,
Do E( ) = Do E(hmn_>Oo Tp) = limy, 00 Do E(wn) = limy, 00 ¥, = . Similarly, one can
show that F o D(z) = z, for any z € supp(v). Clearly, D and E are continuous. Thus,
supp(u) and supp(v) are homeomorphic. [ |

Appendix C. Proofs from Section 4.3.1
C.1 Proof of Lemma 20

Lemma 20 (Oracle inequalities for GANs and BiGANs). Suppose that ® = HP (R, R, 1)
and ¥ = U'Afﬂ(]RdM,A]R, 1), then
(a) if Gy, and Gy, are the generator estimates defined in (3), the following hold:

it = (G)avlle < in |11 = Gevlo + 2l = i (15)
1= (Grmivllo < inf s = Gyplo + 201 = funllo + 2/ = P lacs. (16)

(b) if (bn,En) and (bnm,Enm) are the decoder-encoder estimates defined in (5) and
(6), respectively, the following hold:

E)sp) — (Dy)sv, < inf E.p) — (D 2l i, — 1
(12, (En)gp) — (Da)gv ”)”“I’—De%fEes”(“’ ep) — (Dyv,v)|lw + 2| — pll7, (A7)

. i - B .
16 B )st) = sl < sk s B = (D)o + 21 = s,

+2Hﬁm_y”?27 (18)
where, F1 ={Y(-, E(-)) : ¢ € ¥, E € &} and Fa = {Y(D(-),:) : v € ¥, D € D}.
Proof Proof of part (a): For any G € G, we observe that,

I~ @)l <l — (Culevllo + s — i
<[lin — Ggvlle + I — finll@
<[lp = Gerlle + 2[1 — finlle

Taking infimum on both sides w.r.t. G € G gives us the desired result.
Similarly, for the estimator Gy, ,,, we note that,

Il — (Gn,m)ti’/||<1> <l fin — (Gn,m)ﬁﬁmHé + i — plle + |om — V||<I>09
<lfin — Geomlle + [|fin — plle + [2m — vlloog
<llp = Gevlle +2[fn — plle + 2(|2m — vl@og

Again taking infimum on both sides w.r.t. G € G gives us the desired result.
Proof of part (b): For any £ € € and D € D,

I(, (En)zn) = (Dn)gv,v)llw

33



CHAKRABORTY AND BARTLETT

<[ (rns (Bn)gfin) = (Du)gvs 0)llw + | (s (Bn)gfin) = (s (En)gio) |l
<N\ (s Eyfin) — (Dgv, v)lw + [lfim — il
<[, Byp) — (Dyv, v)lw + 2| o — fill 7, -

Taking infimum over E and D gives us the desired result.

Similarly,
(s (Enan)stt) = (Dpn)gv )| w
§”(ﬂna (En,m)tiﬂn) - ((Dn,m)tiﬁm» ’Qm)H\If + H[‘n - ﬂH?l + Hﬁm - ’9”3"2
<|[(fin, Egfin) — (Dglm, om)llw + ([ — |5,
It

Again taking infimum over E and D gives us the desired result. |

Appendix D. Proofs from Section 4.3.2

D.1 Proof of Theorem 21

We begin by proving Theorem 21, which discusses the approximation capabilities of ReLU
networks when the underlying measure has a low entropic dimension. Some supporting
lemmas required for the proof are stated in Appendix D.2.

For s > dyp(p), by Lemma 32, we can find an ¢ € (0,1), such that if € € (0,€] and a
set S, such that p(S) > 1 — €P and N (€; S, ls0) < €. In what follows, we take € € (0, €].

Let K = [5-]. For any i € [K]%, let 6" = (e +2(i1 — 1)e, ..., e+ 2(ig — 1)e). We also let,
Pe = {By (0% ¢) : i € [K]?}. By construction, §%'s are at least 2¢ apart, making the sets in
P. disjoint. Following the proof of Lemma 33, we make the following claim.

Lemma 40. [{A€ P.: ANS # 0} <24,

Theorem 21. Suppose that f € HY(RY, R, C), for some C > 0 and let s > dap(p). Then,
we can find constants ey and a, that might depend on o, d and C’,A such that, for any
€ € (0,€0], there exists a ReLU network, f with L(f) < alog(1/e), W(f) < alog(1/e)e s/,

~ ~

B(f) < ae Y and R(f) < 2C, that satisfies, ||f — fll, ) <e

Proof We also let T = {i € [K]|?: By _(0%,e) NS #0}. We also let I = {j € [K]? :
minge7z |4 — jll1 < 1}. We know that |ZT| < 3¢|Z| < 69N (€; 5, £o). For 0 < b < a, let,

b —b —
tun(@) = ReLU [ 222} _RerU (Z12) ZRerU (220 £ RerU (229
’ a—b a—b a—b a—b
A pictorial view of this function is given in Figure 1 and can be implemented by a ReLU
network of depth two and width four. Thus, £(&,) = 2 and W(&,) = 12. Suppose that

0 = €¢/3 and let, ((z) = ngl Eeros(we). Clearly, B(éctss) < 3. It is easy to observe that
{¢(- = 0%) : i € IT} forms a partition of unity on S, i.e. Y, 7i((z — 6%) = 1,Vz € S.

34



STATISTICAL PROPERTIES OF GANS FOR Low INTRINSIC DATA DIMENSION

We consider the Taylor approximation of f around 6 as, 1
9% 1(6) \ 3 3
Py(x) = g (@0 | |
s|<|e) l l
—b—a+b 10 a—b a

Note that for any x € [0,1]¢, f(z) — Pp(z) =
> sils|=lal (I_S!G)S (0°f(y)—0°f(0)), for some y, which is a con-  Figure 1: Plot of & 5(:).
vex combination of z and 6. Thus,

_9)s
s -y = S e o)
s:|s|=[a] '
<he—6ll) S 10°5 ) - 0 (6)
silsl=la)
<2Clz — o)Ly — o)1
<2C|la ~ 0|2, (29)

Next we define f(z) = >iert C(x — 0%)Pyi(z). Thus, if z € S,

@) = @) =D C(a =) (f(z) = Ppi(a))| < > |f () — Py ()]
it €T ||z —0%|| e <2€
§02d+1(26)a
:CszraJrlea. (30)
We note that, f(z) = Siert C(x — 0 Ppi(x) = Y >ls<| Wfsi(,ei)g(:c —0%) (z —0%)°.

_9°f(6Y)

Let a;s = —,— and

fia(x) =prod @D (e 5 (x1 — 6%), ... &, 5,(xa — 05), (x1 — 61),..., (z1 — 6%),

~~

s1 times
---a(xl —93),,($d—92)),

Sq times

where prodgg—HsD(-) is defined in Lemma 43 and approximates the product function for

d + |s| real numbers. We note that prod%HsD has at most d + |s| < d + |«] many inputs.

By Lemma 43, prodgfst') can be implemented by a ReLU network with L(prod%ﬂsb),
W(prodgfzﬂs')) < ¢gm and B(prodggﬂsn) < 4V (d—-1)2 Thus, E(fijs) < csm + 2 and
W(fis) < cam + 8d+4|s| < cam + 8d + 4| «|. Furthermore, B(f; ) <4V $ < 1/6, when §
is small enough. With this fi,s, we observe from Lemma 43 that,

fi,s(x) —((z— 0 (x - 0i>8 < Cm, Vr € S. (31)
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Finally, let, f(z) = D ieTt 2ojs<|al aisfis(x). Clearly, £(f;s) < csm + 3 and W(fis) <
|a|? (c3m + 8d + 4| ]). This implies that,

fo-Ff@i< X lasslCe — ) fisl@) - (2 - 0))|

iGIT'||x797:HOO<26 [s|<|«]
<2 3
ls|<[e]

d+ |a])C

@) = Cegla = 060) (2 — g1 )7|

We thus get that if x € .5,

d+ |a|)C

f(@) = f@)] <If(@) = fl@)] + |f(x) = flz)] < C2Fot e 4 (22md1 (32)

We also note that by construction || f]jec < C”, for some constant C’ that might depend
on C,a and d. Hence,

T / (@) — f@)Pdu(z / (@) — f(@)Pdu(z)

g<02d+a+lsa+W) 1(S) + (C + Cu(SY)

d+ [a])3C\?
S <C2d+a+1€o¢ + ( 22mL_adJ_)1 ) + P

= |If = fllL, ) SC24 e + (d+ [a])C + e <44

22m7d71

Taking € =< n'/® and m = log(1/n) ensures that ||f — fHJLp(u) < 7. We note that f
has |ZT| < 69N (S) < 6% many networks with depth cgm + 3 and number of weights
la|? (c3m + 8d + 4| ). Thus, L(f) < cgm +4 and W(f) < e=*(6]a])? (cgm + 8d + 4|a]).

we thus get, £(f) < csm+4 < ¢4log <%> , where ¢4 is a function of 0, |« and d. Similarly,

W(f) <e*(6la))? (csm + 8d + 4|a)) < colog(L/m)n~/*.

Taking a = ¢4 V ¢g gives the result. Furthermore, by construction, we note that, B( f)

S
1/6 =3/ St/ [ |

D.2 Additional Results

Lemma 41 (Proposition 2 of Yarotsky (2017)). The function f(x) = x? on the segment
[0,1] can be approzimated with any error by a ReLU network, sq,,(), such that,

1. ‘C(SQm)a W(sqm) < cm.

2. S, (Qim) = (2%)2, forall k=0,1,...,2™
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3. N5y — 22| 2o (o)) < zznee -
4- B(sgy,) < 4.
Lemma 42. Let M > 1, then we can find a ReLU network prodgl), such that,

1. E(pmdg)),W(pmdg)) < com, for some absolute constant cs.

2. |prodsy) — ayllzo (- nmx - arar)) < ghder

3. B(prods,zl)) <4v M2

Proof Let prod? (z,y) = M? (sqm ('Z}t}') — 8Q, (‘2}}')) Clearly, prod\? (z,y) = 0, if

xy = 0. We note that, E(prod%)) <cgm+1 < cogm and W(prodg)) < 2cim+2 < com, for
some absolute constant co. Clearly,

2
Iprod? — 2yl (- aranxman < 2M2|sa,, — 2201 < Fom T

Part 3 of the Lemma follows easily by applying part 4 of Lemma 41. |

Lemma 43. For anym > % (logy(4d)—1), we can construct a ReLU network prod,(g) ‘R —

R, such that for any xi,...,zq € [—1,1], Hprod,(ff)(azl, ey ®a) = 1 Tdll o (m1,1)9) S o
Furthermore,

1. E(prodsg)) < c3m, W(prodgg)) < cgm.
2. B(prodgg)) < 4.
Proof Let M =1 and d > 2. We define
prod®™ (21, ..., x) = prod® (prod* D (z1, ..., z5_1), zq), k > 3.

Clearly W(prod%)), L'(prodsg) ) < csgdm, for some absolute constant c3. Suppose that m >

%(10g2(4d) — 1). We show that |prodg§)($1, o) <2, for all 2 < k < d. Clearly, the
statement holds for £ = 2. Suppose the statement holds for some 2 < k < d. Then,

2
[prod it (1, ... wpp1)| <Samy1 T @k 1| [prodly) (21, ..., wy)|

1

=5t Iprod(®) (a1,..., )|
k—2

<=+ Iprod? (21, z2)|

k-1
<——+1
= +

<2.
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Thus, by induction, it is easy to see that, \prod%)] < 2. Taking M = 2, we get that,

||pr0d£ff) (l‘l, e ,.%'d) —X1... xd”ﬁoo([—Ll]d)

:le‘odgg) (pI‘Od%—l) (:Ul, ey :Ed_l), .’L’d) — 1 .. 'del:oo([*l,l}d)

- M?
SHprodgff 1)({51, ey .CCdfl) — X1 ... xdfluﬁoo([—l,l}d) + W

dM?
=92m+1
_d
T 92m—1"

D.3 Proofs of Lemmata 22 and 23
D.3.1 PROOF OF LEMMA 22

Lemma 22. Suppose assumption A2 holds. There exists an €g, such that, for any 0 < e <
€0, we can take G = RN (Ly, Wy, B,,2C,) such that L, < log(1/e), W, < e /% log(1/e),
B, < eV and infgeg ||pu — Gyrlle < €

Proof We begin by noting that,

= Gyvlle = [|Gyr — Gyv|le =sup
ped

—sup ([ (@(6() = o(Gl) (o))
< [ |G(z) — G(x)]*Mdv(x) (33)
<G - Gl 3

Here, inequality (33) follows from observing that ¢ € H?(R% R,1) and (34) follows from
Jensen’s inequality. The Lemma immediately follows from observing that G' € 3% (R, R, Cy)
(by assumption A2) and applying Theorem 21 to approximate the i-th coordinate of G

(7 € [d]) and stacking the networks parallelly. [ |

D.3.2 PrROOF OF LEMMA 23

Lemma 23. Suppose assumption 51 holds and let s > do, (). There exists ¢¢ > 0,
such that, for any 0 < e1,ea < €y, we can take & = RN (Le, We, Be,2C.) and D =
RN(Ld, Wd, Bd, 2Cd) such that

Le Slog(1/ee), We S e,/ log(1/e.), and Be S e 1/,

€ ~o

Lo Slog(1/eq), Wa S €% log(1/eq), and By S ;'
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Then, infeg, pee || (11, Exp) — (Gyv,v)llw S €' + e
Proof We begin by noting that,

(1, Bgpe) — (Dyv, v)||w
= (p, Bspt) — (p, Bept) llw + [(Dgv,v) — (Dgv, ) |w + || (1t, Eygp) — (Dsv,v)||w
=||(1, Eyp) — (1, Egr) llw + | (Dgv,v) — (Dgv,v) ||w
— sup / (W, E(2)) - (x, E(az») dua) + sup [ (6(D(:).2) = (D), 2)) dv(a)

Pew Pew

/ |E(z) — B(x)"M du(z) / ID(2) — D(2)|*Mdw(2)

1 1
<||E - EW + D = DI,

The Lemma follows from observing that E € 3% (R% R,C,) and D € H*(R’, R, Cy) (by
assumption B1) and applying Theorem 21 to approximate the coordinate-wise and stacking
the networks parallelly. |

Appendix E. Proofs from Section 4.3.3
E.1 Proof of Lemma 24

Lemma 24. Suppose that n > 6 and F : R% — RY be a class of bounded neural networks
with depth at most L and the number of weights at most W. Furthermore, the activation
functions are piece-wise polynomial activation with the number of pieces and degree at most
k € N. Then, there exists positive constants 6 and ey, such that, if n > (W + 6d' +
2d'L)(L + 3) (log(W + 6d’ + 2d'L) + L + 3) and € € (0, €],

d/
log N'(€& Fy, 1loc) S (W +6d +2d'L)(L +3) (log(W +6d' +2d'L) + L + 3) log ("€> :

where d' is the output dimension of the networks in F.

Proof We let, h(z,y) = y' f(x) and let H = {h(z,y) = y' f(x) : f € F}. Also,
let, 7 = {(h(Xi, er)licpn) ca) € R™ : h € H}. By construction of T, it is clear that,
N(e;}—le o) =N(6T,ls). We observe that,

ha,w) = 5l + 7@~y — F@)I3)

Clearly, h can be implemented by a network with £(h) = L(f)+3 and W(h) = W(f)+6d'+
2d'L(f) (see Figure 2 for such a construction). Let B = maxj<i<asupser || filloo, where f;
denotes the j-th component of f. Thus, from Theorem 12.9 of Anthony and Bartlett (2009)

, \ Pdim(H)
(see Lemma 54), we note that, if n > Pdim(H), N(€; T, loo) < (Eggﬁr’fg{) . Further-

more, by Lemma 55, Pdim(#H) < (W + 6d’ + 2d'L)(L + 3) (log(W + 6d’ +2d'L) + L + 3).
This implies that,

/
log NV (6;H, £oo) SPdim(H)log( 2¢Bnd >

ePdim(H)
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Figure 2: A representation of the network h(-,-). The magenta lines represent d’ weights
of value 1. Similarly, cyan lines represent d’ weights of value —1. Finally, the

and teal lines represent d’ weights (each) with values +0.25 and —0.25, re-

spectively. The identity map takes 2d'L(f) many weights (Nakada and Imaizumi,

2020, Remark 15 (iv)). The magenta, cyan, and teal connections take 6d’

many weights. All activations are taken to be ReL.U, except the output of the

yellow nodes, whose activation is o(z) = 22

!
<Pdim(#) log <”d>
€

d/
(W +6d +2d'L)(L +3) (log(W + 6d’ +2d'L) + L +3) log (”) .
€

E.2 Proof of Corollary 25

Corollary 25. Suppose that D = RN (Lq, Wy, Bq,2Cy) and § = RN (Lg, Wy, By, 2C,) with
Ly, Ly >3, Wy > 6d+2dLy and Wy > 6d + 2dLg. Then, there is a constant c, such that,
m > c(WyLg(logWy+ Lg)) V (WyL4(logWq + Lg)), then,

< md
logN<e; (\IIOG)|Zl:m’£00) <€ 5 +W,L, (log W, + L,)log m).
_dte d
lOgN<6§ (?2)|lema€oo) <e -g + WyLg (log Wy + Lg) log <Tfé>

Proof Let V = {v1,..., v} be an optimal /o, e-cover of G|, . Clearly, logr S WyLg(log We+
Lg)log (%’), by Lemma 24. Suppose that Fs5 = {f1,..., fx} be an optimal d-cover of @

d
w.r.t. the {o-norm. By Lemma 52, we know that, logk < § 7. We note that, for any
f € F, wecan find f € Fs, such that, ||f — f|leoc < 6. For any Z = Zy., let | Z —v? |00 < €,
with vZ € V.

11(Z)) = FD) <If(Z5) = FD) + | f(0]) = Fo])
SIZy = 71130+ 11f = Flloo S M 40
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Taking 6 < 1/2 and € < (g)l/(ﬁ/\l), we conclude that maxi<j<m | f(Z;) — f(ij)| < 7. Thus,
{(f(w1),.., f(vm)) : f € Fs, v € V} constitutes an 7-net of (® o 9)|z,. - Hence,

log N (1 (2 09) ., loc) <log (N(6:®,00) x N(6:G),, L))

‘Z1:m7
W md
Sn B+ WyLg(logWy + Ly) log nL/(BAT)

_d md
gn B+ Wng(lOg Wg + Lg) lOg T

The latter part of the lemma follows from a similar calculation. |

E.3 Proof of Lemma 26

Before we discuss the proof of Lemma 26, we state and prove the following result.

n 2 ifr <1
Lemma 44. info.5<p (5 + ﬁ faB e_Tde) < n—1/2 logn, if T =1
nfi, if T > 1.

Proof If 7 <1,

5oL B 5oL T B
inf — “Tde | = inf —
0<1<rsl§B< +\/ﬁ/5 ‘ 6) 023<B +\/H*T+15
1 Bl—T_(Sl—T
= inf (0+—F—=—"—""—
0<1<ISI§B< +\/ﬁ 1—7 >

S

Bl

If 7 =1, we observe that

1 B 1 B
inf — | e Tde) = inf —
0<6<p <6+\/7z/5 ‘ de) 0<6<B <5+\/770g6‘5>
1
= inf —(log B —1
AT L)
logn

\/ﬁ I

S

when § =< n~/2. Furthermore, if 7 > 1,

1 B 1 51—7 _ Bl—T
inf [0+ / € 'de)= inf |[6+—=——"—"—| =5 nfi,when, §=n"a.
0<6<B Vo Js 0<6<B N
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Lemma 26. Suppose that D = RN (L4, Wq, B4,2Cq) and § = RN (Lg, Wy, By, 2C,) with
Lq,Ly >3, Wy > 6d+2dLy and Wy > 6d + 2dLg4. Then, there is a constant c, such that,
m > c(WyLg(logWy+ Lg)) V (WyLq(logWq + Lg)), then,

WyLg(log Wy + Lg) log(md)

E||om — v||gog Sm™ Tvm- 1210gm + - ,
Ly(1 Lg)1 d
Bl — vl Sm o5V (m 2 logm) + | aLallos Vot Lalogomd)
m
Here c is the same as in Corollary 25.
Proof From Dudley’s chaining argument, we note that,
E[2m — vlleog
1 1/2
< f 0+ —— 1 ; Lo(Dp,))d
0<1§21/2 +\/ﬁ 5 V9og N (e ® 0 §, Ly(0m))de
1 1/2
inf 0+ — 1 (P loo)d
Socsre (0T \/ﬁ/g \/OgN(e’( © )iz, 0 boo)de
£ (o et w0 Lo)tog (™4 g
. L g e

T 0<6<1/2

!
! /1/2 (\/: \/WL (log W, +L)log( d>>de>
5+\/1m/:/26 25de+/1/2\/WL (log W, +L)10g< d)d)
!

12 4 W,Ly(log W, + L, )log(md))

< inf
0<6<1/2

inf o+ € 26de+

~0<s<1/2

m

<t
o
< inf <(5 + —
<t
“ua

WyLg(log Wy + Lg) log(md)

m

<m =By (m 2 logm) +

(36)

In the above calculations, (35) follows from Corollary 25 and (36) follows from Lemma 44.
The latter part of the lemma follows from a similar calculation as above. |

E.4 Proof of Lemma 27

We first let A = {(p, Byu) : E € €}. We first argue that d}, (A) < dj(n). To see this, let
s > d’ (p)+£. We note that for any e > 0, we can find S C [0, 1]¢, such that u(S) > 1—ei2a
and N(€; S, loo) = Ne(pt, €525 ). We let 8" = S x [0,1]¢. Clearly, [0, 1]¢ can be covered with
¢ ‘-many /.-balls, which implies that S’ can be covered with at most N (g, e%) x et

many /~-balls. Thus, NE(A,G%) < Ne(,u,e%) x €~¢. Thus,

log N (A,e%) log N T
lim sup < limsup 08 Ne(p1, €22

< +L<s+/.
el0 log(l/e) el0 log(l/e)
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Here, the last inequality follows from the fact that s > d* (u) and applying Lemma 34. We

(S—‘re)()( sa (s+) o sa (s+0)a sa
5722 = 592 = ¢€sH{-2a Z €s—2a —> NE(A €s+ei— 2a) < N (A’ES—QQ)_

now note that,
Thus,

(s+0)a sor
logNe | A, esti=22 log N, (A, Em)
lim su < lim su
€10 P log(1/¢) T o P log(1/e)

Thus, for any s > d (u), di(A) < s+ L.

sl = di(A) <s+L

Lemma 27. Suppose that &€= RN (Le, We, Be,2C.). Then, for any s > dz(u), we can find
an n’ € N, such that if n > n/,

1/2 B
B — plls, S n Y% (Welog (2LeBL: (We + 1)enaom ) )7 4307,

~

Proof Let, Y = sup¢€\p ( S w(Xi, E(XG)) = [¢(x, E(x )d,u(:c)) Clearly, if one re-
places X; with X!, the change in Yy is at most 20 . Thus, by the bounded difference
inequality,

P (Vi — E(Ys)| > 1) < 2exp (_;g) . (37)

Inequality (37) implies that:

Eexp (\(Y — EYg)) < exp <C/22) : (38)

for some ¢’ > 0, by Proposition 2.5.2 of Vershynin (2018). We thus note that,

sup ZwXuE )= [ e Be)duta)

wexp Eece M
=Esup Yg
Eeé
=Esup (Yg — E(Yg) + E(YEg))
Ecé
<Esup (Yrg —E(YE)) + supEYE
Eeé Eet
=E sup sup (Yg —E(Yg))+supEYg
EEC(G;E,EOO) E€By, (E,e) Eeé
SE  sup  (Yp—E(Yz)) + M +supEYp
EEC(G;E,EOO) Eeé
;€ oo
< Nei &, boo) +4Cé#M 4 sup EYg (39)
n Eee
W, 2L, BLe(W, + 1)k \\ "/
< <e log < e = >> +4CePM 4 sup EYg (40)
n € Eeé
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Here, (39) follows bounding the expectation of the maximum of subgaussian random vari-
ables (Boucheron et al., 2013, Theorem 2.5). Inequality (40) follows from Lemma 53. For
any FE € &, by applying Theorem 39, we note that,

EYE:Esup/d)zE ))dpin(z /¢xE )du()<n6+f.
pew

1
Plugging this into (40) and taking e =n 262D we get that,

ap LY w(x B, )= [ e B@)duta)

n
we‘IIEE\I/ P

W 1 ]_ B
S\/e IOg <2LeB£c(We + 1)Len2(ﬁ/\1)) + % +n st+e

1 B
\/ log 2LeBeLe(We + 1)L€n2<ﬁ“>) +n 5.

The last inequality follows since s > dj(p) > 28. [ |

Appendix F. Proofs of the Main Results (Section 4.2)
F.1 Proof of Theorem 16

Theorem 16 (Error rate for GANs). Suppose assumptions A1 and A2 hold and let s >
d’g(u). There exist constants N, c that might depend on d,l, a4, 3 and G, such that, if
n > N, we can choose § = RN (Lgy, Wy, By,2C,) with the network parameters as Ly <

BL
clogn, Wy < cn29*® D) logn. Then,

Ellp— (Gn)vlle Sn 7. (7)

Furthermore, if m > wv,, where, v, = inf {m eN: (logm)* < n—6/5}7 and

(e g})
4

the network parameters are chosen as, Ly < clogm, W, < cm?*s@ D+ logm, then
Ellp — (Gom)plle S0P/ (8)
Proof We note from the oracle inequality (Lemma 20, inequality (15))
It = Calgvle < jnt lln = Gvlla + 20 = fnllo
If G is chosen as in Lemma 22, then, for large n,

ln = (Gu)evlle S M 400,

__B_ B
We take € = n #7Ds. This makes, Ly < logn, Wy < n*>9(® 1) logn and gives the desired
bound (7).
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To derive (8), we note that, for the estimate Gnﬁm, we note that, for the choice of G as
in Lemma 22,

A~

H/‘_ (Gn,m)ﬁV”\IJ
< éléfg |1 = Gyvlle + 2(1 — finlle + 2[[v — Dmlloog

rSeﬁ/\l + nfﬁ/s + mf,B/d v (m71/2 logm) + \/Wng(log Wg + Lg) log(md)
m

¢!/ (log(1/¢))* log(md)

<N 4B Pl (m Y2 logm) + \/

1
g

2880+ T Zag (BAL)+L :
We choose, ¢ xm 9 =m 299 . This makes,

n - ag(,BAl)
it = (Gram)gvllw S0+ m=Bl%y (m ™2 logm) + (logm)?*m 2%aAD T

1

<nP/% + (logm)?m mex{2 b

1

. S cosser st} S .
We take vy, = inf ¢ m € N : (logm)*m ag(BADF S < . Clearly, this if m > v,,

the choice of € gives us the desired bound, i.e. (8) and also satisfies the bounds on L, and
Wy. [ |

F.2 Proof of Theorem 17

Theorem 17 (Error rate for BiGANSs). Suppose assumptions A1 and 51 hold and let s, >
do, (1) and sg > dg(u). There exists constants N, ¢ that might depend on d,l, g, ce, 3, D

and E, such that, if n > N, we can choose the networks & = RN (Le, We, Be,2C,) and
D = RN (Lg, Wy, By, 2Cy) with the network parameters chosen as

51 )24
L, < clogn, W, < cn2eeBAts1 logn, Ly < clogn, Wy < en@dBAD(2+8 Jogn, (9)

Then,
1
A A _max{2+8711,82T;LZ} 2
Ell(s, (En)gp) — (Dn)gvsv)llw S 1 ey (logn)”. (10)
Furthermore, if the network parameters are chosen as
s 4
L. <clogn, W, < cn T BATTo logn, Ly < clogm, Wy < em?*aB D+ Jog m, (11)
then,
Ell(, (Enm)gr) = (Dnm)svv) |l
1 1
- s so+4 -
Sn max{2+ae(ﬂl/\l), 23 }(logn)Q +m max{2+7ag(gA1)’%} (log’m)2 (12)
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Proof From Lemma 20, (17), we note that,

o _ i -
1 (Buag) = (Dl < int (s, By = (Dyrs) | + 20 e = wl

565/\1 + GgM + 2”/171 - ,U”FN
if & = R(Le. Wi, B, 2C,) and D = RN (Lg, W, B, 2Cy), with

Le Slog(1/e.), We S €51/ log(1/e.), and B, < ¢ 1/%;
Lg S log(1/eq), Wa < €% log(1/eq), and By S €/,

by Lemma 23. Applying Lemma 27, we get,

~ ~

H(/‘? (En)ti:u) - (Dn)til/’ V)H\If
B

1% 1 __B8_
<ePMN 4 65/\1 + \/e log <2LeBeLe (We + 1)L6n2(ﬂm)) +n s2tl,
n

1
TG ED ___8 .
We choose €, xn *P"Tac and ey < n~ BADGHD . This makes,

1

~ ~ P _ B
(i1, (En)gp) — (Dn)sv,v) lw S(logn)*n M GeBAD 4 s HE
1
s s ¥4
<n mx{%ae(ﬂlf\l)’ % }(logn)2.

For the latter part of the theorem, we note that,

1(tts (B )gt) = (Dpm)gvs v)l|w

< pint s Bg) = (D)o + 2l = pills, + 206 = vl

W, 1 __B8_
Seg/\l + Eg/\l + \/ne IOg <2LeB£E(W6 + 1)Len2(ﬁ/\1)) +n s2tL

" \/ WaLa(log Wy + Lg) log(md)

m

8
+m~ @ v (m~ 2 logm

1 1

_2(6A1)+% and €q = m_ 2(5/\1)-‘-%

We choose €, < n . This makes,

(ks (En)gte) = (Do), v)llw

1 1
T s1T B B T T
o@D 4 4@V (m Y2 logm) + (logm)?m *TeatAD

<(log n)2n
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Appendix G. Proofs from Section 5
G.1 Proof of Theorem 28

Lemma 45. Suppose that 7 is a measure supported on k points on [0, l]d and v be an
absolutely continuous distribution on [0,1]¢. Then, we can choose W and L, such that,
W 2k and inf perpar(z,woo,1) Wi(v, fyv) = 0.

Proof We take the first layer of f to be mapping to R with the output being the first
coordinate variable. We then pass this output through a network of width w and depth L,
such that & < w_Td_l [(w—d—1)/(6d)||L/2] 4+ 2. Since the output of the first layer is still
absolutely continuous, the network can make the Wasserstein distance between 1 and fyv,
arbitrarily small by Lemma 3.1 of Yang et al. (2022). By the choice of the network width
and depth, we note that, k¥ < w?L =< W. Since, by construction, the networks can be taken
as linear interpolators taking values in [0, 1]¢, the network output remains bounded by 1 in
the foo-norm. [ |

Lemma 46. For the GAN estimators Gy, and Gnm: we observe that,

[ = (Gr)gvlle <[lfm — Gyrlle + lln — finlle
[ = (Grm)ivlle <llpn — Givllo + [lin — plle + 2[om — vl[@og-
Proof For any G € G, we observe that,
= (Gn)evllo < llin — (Gr)grlle + lln — fnlle <llin — Gyrlle + [l — inllo

Taking infimum on both sides w.r.t. G € G gives us the desired result. For the estimator
Gr.m, We note that,

I = (Grm)lle < géfg Iftn = (Gam)iPmllo + [lftn — ttlle + |2m — v]|wog
< géfg Ifin — Geomllo + [l — plle + [|2m — v]|®og
<|pn — Gy lle + | fin — plle + 2/[0m — Vlaog

Again taking infimum on both sides w.r.t. G € G gives us the desired result. |

Theorem 28. Suppose Assumption A1 holds and let v be absolutely continuous on [0, 1]2.
Then, if s > dj(p), one can choose G = RN (Lg, Wy, 00, 1) with the network parameters as
Ly, > 2 as a constant and W, < n, such that E|u — (Gp)yvlle < n~P%/°. Furthermore, if
m > n5H then Bllp — (Grom)ivlle < nP/5.

Proof We first note that for any two random variables, V; and V5, that follow the distri-
butions ~; and 2, respectively,
(@)
Im = ellssEapn = swp  E(f(Vi) = f(V2)) S El[Vi = Vol <(E[[Vi = V)"
feHB(RY,R,1)
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Here (i) follows from applying Jensen’s inequality. Taking an infimum with respect to the
joint distribution of Vi and V5 yields, [[v1 — 72llgesga 1) < Wi(Va, V) M

From Lemmas 45 and 46, we note that for the GAN estimator, G,,, we note that, if
G =RN(Ly,Wy,00,Ry), with Wy > n

Ellp— (Gn)gvlle <E inf llim = Gvllo + Elli = finllo
<E inf Wi (fin, Gg)"" + E||lin = fin|a
Ge§
N _B
=Ellp — fnlle Sn” s

Similarly, for the GAN estimator, GAnvm, if § = RN (Ly, Wy, 00,1), with L, > 2 as constant
and W, < n, we observe that,

Ellp — (Gom)ille <E dnf, ln = Gyvlle + [ — plla + 2[2m — viaog

<n =85 L =8y =12 log m + \/Wng(log Wy + Lg) log(md)
m

logn 1
<15 4 Bl P ogm \/n og nlog(md)

<nors,

m

taking m > nd/s+1, [ |

G.2 Proof of Theorems 29 and 30

As a first step for deriving a minimax bound, we first show that the Hoélder IPM can be
lower bounded by the total variation distance and the minimum separation of the support
of the distributions. For any finite set, we use the notation, sep(=Z) = inf¢ ¢rezeer |6 — & ||oo-

Lemma 47. Let = be a finite subset of RP and let, P,Q € Ill=. Then,

1P = Qllses me .0y 2 (sep(E)°IIP = Q| 7v-

x2—1
any € R? and 6 € (0,1], we let, hs(z) = ad” H?Zl b(z;/0). Here a is such that ab(z) €
HP(R, R, C). Tt is easy to observe that hs € H?(R?, R, C). Let P and Q be two distributions
on E = {&,....&} Let § = gminiz; & — &llo We define h*(z) = 33, ashs(e — &),
with a; € {—1,+41}, to be chosen later. Since the individual terms in h* are members of
HP(RY, R, C) and have disjoint supports, h* € H?(R R, C). We take o; = 21{P(&;) >
Q(&)} — 1. Thus,

Proof Let b(z) = exp( L )Il{|a:| < 1} be the standard bump function on R. For

k
1P = Qllsgrgip.cy > / h*dp — / 1dQ =3 s’ oi(P(&) — Q&)
=1
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k
=a6” > " |P(&) — Q&)
i=1

=2a6°||P - Q| 1v
2 (sep(2))?||P — Ql|v.

To derive our main result, we also need to show that there indeed exists a distribution
tx € My, , such that, di(u.) = di. Proposition 49 gives a construction that ensures the
existence of such a distribution. Before proceeding, we recall the definition of the Hausdorff
dimension of a measure. We adopt the definition stated by Weed and Bach (2019).

Definition 48 (Hausdorff dimension (Weed and Bach, 2019)). The d-Hausdroff measure
of a set S is defined as,

H¢ = limi d. < .

(S) hrgénf {Z rg S C ZBQ(:Uk,rk),rk <, Vk‘}
k=1 k=1

The Hausdorff dimension of the set S is defined as, dimg(S) := inf{d : H%(S) = 0}. For a

measure (i, then the Hausdorff dimension of p is defined as:
dimg (S) = inf {dimg(S) : u(S) = 1}.

Proposition 49. For any d, € [0,d], one can find a distribution p, on [0,1]%, such that,
di (i) = dimpg (pix) = dy.

Proof If d, € N, then, the distribution which has is i.i.d. uniform on the first d, coordinates
and is identically 0, otherwise satisfies dy(ps) = di. Now suppose that d, & N. Let

a =1-—exp ((1 — m> log 2). It is well known that the Cantor set C,, which is

constructed by removing the middle « (instead of 1/3-rd in regular Cantor set) has a
Hausdorff and upper Minkowski dimension of k)g%lcl)o% = d, — |d«]. A proof of this
result can be found in (Bishop and Peres, 2017, Example 1.1.3) and (Ziemer and Torres,
2017, Chapter 4.8). Let Cf,, : [0,1] — [0, 1] be the corresponding Cantor function. It is easy
to check that Cf, satisfies all the properties of a cumulative distribution function (CDF).
We let U; be a random variable, whose CDF is Cf,. It is known (Presnell, 2022) that the
support of Uy is Cy. To construct ji., we define Us,...,U|4, |41 i Unif([0,1]) and let,
U= (U,..., Uld, 41,0, .. ,0). The distribution of U is denoted as pu4. First note that,

MM(:U’) = mH(Ca X [07 1] Ld*J) < mM(Ca) + Ld*J = d,.
Similarly, we note that,
dimp (p) = dimg (Cy x [0, 1]1%)) > dimpy (Cy) + |dy] = d,.

Applying Proposition 9, we observe that d. () = d.. [ |
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Corollary 50. Suppose that d > 23 and d* € [23,d]. Then, one can find a distribution p*
on [0, 1]d, such that, dg(,u*) = d.(u*) = d*.

Proof It is easy to see that by Proposition 49, one can find u*, such that d,(u*)
dimys(p*) = d*. If d* € [28,d], then, by Proposition 9, we note that, d* = d,(u*)
di () < dimys(p*) = d*. Hence the result.

[ VAl

Theorem 29. Suppose that d > 25 and let d* € [20,d]. Then for any s < d*,

M, =inf sup Byl — pllses ey 2 n 7
2 MEMd*’B

where the infimum is taken over all measurable estimates of u, based on the data.

Proof Let p* € M?# be such that d.(u*) = d* (this existence is guaranteed by Corollary
50). Now let, s < di() = d*. We can find a 7* and €*, such that Nc(u*,7) > € °, for
any € € (0,¢] and 7 € (0,7*]. We can thus find a set S* C [0,1]%, such that M(e; S*, 0) >
N(e;S*,0) > €5, We take n > (128(e*)™%) V 8192. Suppose ¢ = (n/128)"1/*. Let © =
{61,...,0r} be a e-separated set of S*. For the above choices of n and €, we observe that,
k=¢*=mn/128 > 64 and n > 64k.

Let ¢j(z) = 1{x = 0;} — 1{x = 0|9/, }, for all j =1,...,|k/2]. Let, w € {0,1}*. We
define the probability mass function on O,

with d € (0,1/2]. By construction, dj(F,) < d*. Furthermore, ||Py — Pu|lTv = %Hw -
W'||1. By the Varshamov-Gilbert bound (Lemma 56), let Q@ C {0,1}*/2) be such that
| > 25%/2) and lw —w'|ly = §[k/2], for all w # w’ both in Q. Thus for any w # W/,
both in 2,

o | k/2] .

Py — Pyllry >
| P v > Ay

(41)

Hence, by Lemma 47, || Py — P l9¢sre g1y 2 65%. Furthermore, we observe that

k
(Po
KL(PS" | PS") = nKL(Py|| Pur) < nX*(Pol|Pr) =n >
=1

<2nk Z z Py €z)

<onk WQ 1(265,/k)?
nlk/2) 5}
=S
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Thus, iy 3y eq KL(PE" | PS) < P2V [t P = (P, s w € Q). Let J ~ Unif(Q)

and Z|J = w ~ P,,. By the convexity of KL divergence (see equation 15.34 of Wainwright
(2019)), we know that,

1 k/2|6%
I(Z;0) < 755 Y KL(P3"|PS) < 8M.
’Q‘ w,w’eN k
I(Z;J)+log2 I(Z;J) + log2 nd? 8 nd? 1
Th <8 <64 <64 —. 42
1 log |92 — |k/2]log2 T " klog2 - |k/2] = klog2 3 (42)
The last inequality follows since & > 64. We take §, = 16 klOgQ. Clearly, ¢ < 1/2 as

n > 64k. This choice of ¢ makes, %‘gfgz < % Thus, by Theorem 15.2 of Wainwright
(2019),

Borlk/2]  €#|k/2] [klog2 _P|k/2| [log2
. N €70 € g € og
£ _ > - >
n 22151”“ 138w g,0) 2 . eV n 2 1er V 1os
2e’
=n /s,

The proof of Theorem 30 is similar to that of Theorem 29. For the sake of completeness,
the proof is provided below.

Theorem 30. Suppose d, € [0,d]. Then for any s < dy,

My, =inf sup Eylli — pllss@ariy 2 n° Blsyp=1/2,
i MGMd*

where the infimum is taken over all measurable estimates of u, based on the data.

Proof Let u, € My, be such that d.(us) = d, (this existence is guaranteed by Proposition
49). Now let, s < di(p) = di. We can find a 7, and e,, such that Ne(ps,7) > €%, for
any € € (0,¢,] and 7 € (0,7,]. We can thus find a set S, C [0,1]%, such that M(e; S, 0) >
N(€&S,,0) > €. We take n > (128¢.°) V 8192. Suppose € = (n/128)"1/5. Let © =
{01,...,0r} be a e-separated set of S,. For the above choices of n and €, we observe that,
k=¢*=mn/128 > 64 and n > 64k,

Let pj(z) = I{z = 0;} — H{x = O34}, forall j =1,..., |k/2]. Let, w € {0, 1}F. We
define the probability mass function on ©, P, (z) = %—F%’“ Z]LZ/EJ w;o;(z), with o € (0,1/2].
Furthermore, ||P, — P,/||Tv = %Hw—w’”l. By the Varshamov-Gilbert Bound (Lemma 56),
let Q C {0,1}¥/2) be such that || > 25%/2) and lw— w1 > £k/2], for all w # w’ both
in Q. Thus for any w # w’, both in Q, ||P, — Py|1v > S’CLS%. Hence, by Lemma 47,
| P = P ll308 (i g1y 2 65%. Furthermore, we observe that KL(PS"||P5") < %2“’%.
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Thus, iy 3y eq KL(PE" | PS) < P2V [t P = (P, s w € Q). Let J ~ Unif(Q)

and Z|J = w ~ P,. By the convex1ty of KL divergence (see equation 15.34 of Wainwright

(2019)), we know that, I(Z;J) < |Q|2 > wweo KL (P2»||PSr) < 8nLk/2J6k Thus,
[(Z;0) +log2 _ I(Z;J) +log2 52 21

(Z;J) +1log < (Z;J) + log <64k 8 <ga M 1 (43)
log || |k/2]log2 klog2 = |k/2] klog2 4

The last inequality follows since k > 64. We take 0y = 1—16 kl(;g 2. Clearly, e < 1/2 as

n > 64k. This choice of ¢ makes, %ﬁ)g? < % Thus, by Theorem 15.2 of Wainwright
(2019),

50kk/2] €|k/2] [klog?2
£ Z € =
u; uz&lﬂ}; [ = Bllacs e r,c) 2 L 16k n

>€’B lk/2] [log2
- 16k 128
> =< n=hls,

To show that infg sup,eng, [/t — pllsesar,c) Z n~1Y2, we use Le Cam’s method (Wain-
wright, 2019, Chapter 15.2). Let 6p,6; € [0,1]¢ be such that ||y — 61l > 1/2. Let
Py(6y) = Py(61) = 1/2 and Py(6y) = 1 — Pi(01) = 1/2 — § with § € (0,1/4). Clearly,
Py, P, € My, . Further, TV(Fy, P;) = 4. Thus, by Lemma 47, we observe that

1P — Pollses iy Z 2776 2 6.
Again,
KL(PZ"||P$™) = nKL(Py||Py) <nx*(Py1||Py) = 4nd®.

By Pinsker’s inequality (Tsybakov, 2009, Lemma 2.5), we note that,

1
TV (PP, PPm) < \/2 KL(PZ"||Pym) = 26y/n = 1/4,

if § = . Thus from equation 15.14 of Wainwright (2019), we observe that,

a\

inf sup Bl — pillgespap,o) 20 < 1/vn. (44)
] uEMd*

Appendix H. Supporting Results

This section states some of the supporting results used in this paper.

Lemma 51 (Lemma 5.5 of Wainwright (2019)). For any metric space, (S, 0) and € > 0,
M(2¢6;.5,0) < N(€& S, 0) < M(e; S, 0).
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Lemma 52 (Theorem XIV of Kolmogorov and Tikhomirov (1961); also see page 114 of
Shiryayev (1992)). Suppose that M be a subset of a real vector space, then for any s >
dimpr (M), there exists eg € (0,1), such that if € € (0, €],

log A" (637 (M), |- [l ) S €™/7.

Furthermore, log N (& HP([0,1]), || - [|o) S 45,

Lemma 53 (Lemma 21 of Nakada and Imaizumi (2020)). Let F = RN (W, L, B) be a space
of ReLU networks with the number of weights, the number of layers, and the mazimum
absolute value of weights bounded by W, L, and B respectively. Then,

log N(¢, F, loo) < Wlog <2LBL(W + 1)L1> _

€

Lemma 54 (Theorem 12.2 of Anthony and Bartlett (2009)). Assume for all f € F, || f]loo <
M. Denote the pseudo-dimension of F as Pdim(F), then for n > Pdim(F), we have for

9eMn Pdim(F)
any € and any X1,..., Xn, N(e fﬂxm,ﬁoo) < <6Pdim(]_.))

Lemma 55 (Theorem 6 of Bartlett et al. (2019)). Consider the function class computed
by a feed-forward neural network architecture with W many weight parameters and U many
computation units arranged in L layers. Suppose that all non-output units have piecewise-
polynomial activation functions with p + 1 pieces and degrees mo more than d, and the
output unit has the identity function as its activation function. Then the VC-dimension
and pseudo-dimension are upper-bounded as

VCdim(F), Pdim(F) < C - LW log(pU) 4+ L*W log d.

Lemma 56 (Lemma 2.9 of Tsybakov (2009)). Let m > 8. Then there exists a subset
{wo,...,wam} of {0,1}™ such that wo = (0,...,0), [|wj —wkll1 > %, forall0 < j <k <M,
and M > om/8.

References

Hamed Algahtani, Manolya Kavakli-Thorne, and Gulshan Kumar. Applications of genera-
tive adversarial networks (gans): An updated review. Archives of Computational Methods
in Engineering, 28(2):525-552, 2021.

Martin Anthony and Peter Bartlett. Neural network learning: Theoretical foundations.
cambridge university press, 2009.

Martin Arjovsky, Soumith Chintala, and Léon Bottou. Wasserstein generative adversarial
networks. In International conference on machine learning, pages 214-223. PMLR, 2017.

Sanjeev Arora, Rong Ge, Yingyu Liang, Tengyu Ma, and Yi Zhang. Generalization and
equilibrium in generative adversarial nets (gans). In International Conference on Machine
Learning, pages 224-232. PMLR, 2017.

53



CHAKRABORTY AND BARTLETT

Sanjeev Arora, Andrej Risteski, and Yi Zhang. Do GANs learn the distribution? some
theory and empirics. In International Conference on Learning Representations, 2018.
URL https://openreview.net/forum?id=BJehNfWO-.

Hayk Asatryan, Hanno Gottschalk, Marieke Lippert, and Matthias Rottmann. A conve-
nient infinite dimensional framework for generative adversarial learning. arXiv preprint
arXiv:2011.12087, 2020.

Peter L Bartlett, Nick Harvey, Christopher Liaw, and Abbas Mehrabian. Nearly-tight VC-
dimension and pseudodimension bounds for piecewise linear neural networks. The Journal
of Machine Learning Research, 20(1):2285-2301, 2019.

Denis Belomestny, Eric Moulines, Alexey Naumov, Nikita Puchkin, and Sergey Samsonov.
Rates of convergence for density estimation with GANs. arXiv preprint arXiv:2102.00199,
2021.

Gérard Biau, Benoit Cadre, Maxime Sangnier, and Ugo Tanielian. Some theoretical prop-
erties of GANs. The Annals of Statistics, 48(3):1539-1566, 2020.

Gérard Biau, Maxime Sangnier, and Ugo Tanielian. Some theoretical insights into wasser-
stein gans. The Journal of Machine Learning Research, 22(1):5287-5331, 2021.

Peter J Bickel and Bo Li. Local polynomial regression on unknown manifolds. Lecture
Notes-Monograph Series, pages 177-186, 2007.

Christopher J Bishop and Yuval Peres. Fractals in probability and analysis, volume 162.
Cambridge University Press, 2017.

Stéphane Boucheron, Gabor Lugosi, and Pascal Massart. Concentration inequalities: A
nonasymptotic theory of independence. Oxford university press, 2013.

Guy Bresler and Dheeraj Nagaraj. Sharp representation theorems for ReLU networks with
precise dependence on depth. Advances in Neural Information Processing Systems, 33:
10697-10706, 2020.

Minshuo Chen, Haoming Jiang, Wenjing Liao, and Tuo Zhao. Efficient approximation of
deep ReLU networks for functions on low dimensional manifolds. Advances in neural
information processing systems, 32, 2019.

Minshuo Chen, Wenjing Liao, Hongyuan Zha, and Tuo Zhao. Distribution approximation
and statistical estimation guarantees of generative adversarial networks. arXiv preprint
arXiw:2002.03938, 2020.

George Cybenko. Approximation by superpositions of a sigmoidal function. Mathematics
of control, signals and systems, 2(4):303-314, 1989.

Biraj Dahal, Alexander Havrilla, Minshuo Chen, Tuo Zhao, and Wenjing Liao. On deep gen-
erative models for approximation and estimation of distributions on manifolds. Advances
in Neural Information Processing Systems, 35:10615-10628, 2022.

54


https://openreview.net/forum?id=BJehNfW0-

STATISTICAL PROPERTIES OF GANS FOR Low INTRINSIC DATA DIMENSION

Jeff Donahue, Philipp Kréahenbiihl, and Trevor Darrell. Adversarial feature learning. In In-
ternational Conference on Learning Representations, 2017. URL https://openreview.
net/forum?id=BJtNZAFgg.

Richard Mansfield Dudley. The speed of mean glivenko-cantelli convergence. The Annals
of Mathematical Statistics, 40(1):40-50, 1969.

Gintare Karolina Dziugaite, Daniel M Roy, and Zoubin Ghahramani. Training generative
neural networks via maximum mean discrepancy optimization. In Proceedings of the
Thirty-First Conference on Uncertainty in Artificial Intelligence, pages 258267, 2015.

Jonathan M Fraser and Douglas C Howroyd. On the upper regularity dimensions of mea-
sures. arXiv preprint arXw:1706.09340, 2017.

Tan Goodfellow, Jean Pouget-Abadie, Mehdi Mirza, Bing Xu, David Warde-Farley, Sherjil
Ozair, Aaron Courville, and Yoshua Bengio. Generative Adversarial Nets. In Advances
in Neural Information Processing Systems, volume 27. Curran Associates, Inc., 2014.

Kurt Hornik. Approximation capabilities of multilayer feedforward networks. Neural net-
works, 4(2):251-257, 1991.

Jian Huang, Yuling Jiao, Zhen Li, Shiao Liu, Yang Wang, and Yunfei Yang. An error
analysis of generative adversarial networks for learning distributions. Journal of Machine
Learning Research, 23(116):1-43, 2022. URL http://jmlr.org/papers/v23/21-0732.
html.

Jisu Kim, Jaehyeok Shin, Alessandro Rinaldo, and Larry Wasserman. Uniform conver-
gence rate of the kernel density estimator adaptive to intrinsic volume dimension. In
International Conference on Machine Learning, pages 3398-3407. PMLR, 2019.

Taeksoo Kim, Moonsu Cha, Hyunsoo Kim, Jung Kwon Lee, and Jiwon Kim. Learning to
discover cross-domain relations with generative adversarial networks. In International
conference on machine learning, pages 1857-1865. PMLR, 2017.

Andrey N Kolmogorov and Vladimir Mikhailovich Tikhomirov. e-entropy and e-capacity of
sets in function spaces. Translations of the American Mathematical Society, 17:277-364,
1961.

Chun-Liang Li, Wei-Cheng Chang, Yu Cheng, Yiming Yang, and Barnabas Péczos. Mmd
gan: Towards deeper understanding of moment matching network. Advances in neural
information processing systems, 30, 2017.

Tengyuan Liang. How well generative adversarial networks learn distributions. The Journal
of Machine Learning Research, 22(1):10366-10406, 2021.

Shiao Liu, Yunfei Yang, Jian Huang, Yuling Jiao, and Yang Wang. Non-asymptotic error
bounds for bidirectional gans. Advances in Neural Information Processing Systems, 34:
12328-12339, 2021.

55


https://openreview.net/forum?id=BJtNZAFgg
https://openreview.net/forum?id=BJtNZAFgg
http://jmlr.org/papers/v23/21-0732.html
http://jmlr.org/papers/v23/21-0732.html

CHAKRABORTY AND BARTLETT

Giulia Luise, Massimiliano Pontil, and Carlo Ciliberto. Generalization properties of optimal
transport GANs with latent distribution learning. arXiv preprint arXiv:2007.14641, 2020.

Xudong Mao, Qing Li, Haoran Xie, Raymond YK Lau, Zhen Wang, and Stephen Paul Smol-
ley. Least squares generative adversarial networks. In Proceedings of the IEEE interna-
tional conference on computer vision, pages 2794-2802, 2017.

Ryumei Nakada and Masaaki Imaizumi. Adaptive approximation and generalization of deep
neural network with intrinsic dimensionality. Journal of Machine Learning Research, 21
(174):1-38, 2020. URL http://jmlr.org/papers/v21/20-002.html.

Sebastian Nowozin, Botond Cseke, and Ryota Tomioka. f-gan: Training generative neu-
ral samplers using variational divergence minimization. Advances in neural information
processing systems, 29, 2016.

Philipp Petersen and Felix Voigtlaender. Optimal approximation of piecewise smooth func-
tions using deep relu neural networks. Neural Networks, 108:296-330, 2018.

Phil Pope, Chen Zhu, Ahmed Abdelkader, Micah Goldblum, and Tom Goldstein. The
intrinsic dimension of images and its impact on learning. In International Conference on
Learning Representations, 2020.

Edward C Posner, Eugene R Rodemich, and Howard Rumsey Jr. Epsilon entropy of stochas-
tic processes. The Annals of Mathematical Statistics, pages 1000-1020, 1967.

Brett Presnell. A geometric derivation of the cantor distribution. The American Statistician,
76(1):73-77, 2022.

Yu. V. Prokhorov. Convergence of random processes and limit theorems in probability
theory. Theory of Probability & Its Applications, 1(2):157-214, 1956. doi: 10.1137/
1101016. URL https://doi.org/10.1137/1101016.

Johannes Schmidt-Hieber. Nonparametric regression using deep neural networks with ReLLU
activation function. The Annals of Statistics, 48(4):1875 — 1897, 2020. doi: 10.1214/
19-A0S1875. URL https://doi.org/10.1214/19-A0S1875.

Nicolas Schreuder, Victor-Emmanuel Brunel, and Arnak Dalalyan. Statistical guarantees
for generative models without domination. In Algorithmic Learning Theory, pages 1051—
1071. PMLR, 2021.

Zuowei Shen, Haizhao Yang, and Shijun Zhang. Optimal approximation rate of relu net-
works in terms of width and depth. Journal de Mathématiques Pures et Appliquées, 157:
101-135, 2022.

Albert Nikolaevich Shiryayev. Selected works of AN Kolmogorov: Volume III Information
Theory and the Theory of Algorithms, volume XXVIII. Springer Science & Business
Media, 1992.

Shashank Singh and Barnabas Péczos. Minimax distribution estimation in wasserstein
distance. arXiv preprint arXiv:1802.08855, 2018.

56


http://jmlr.org/papers/v21/20-002.html
https://doi.org/10.1137/1101016
https://doi.org/10.1214/19-AOS1875

STATISTICAL PROPERTIES OF GANS FOR Low INTRINSIC DATA DIMENSION

Taiji Suzuki. Adaptivity of deep ReLU network for learning in besov and mixed smooth
besov spaces: optimal rate and curse of dimensionality. In International Confer-
ence on Learning Representations, 2019. URL https://openreview.net/forum?id=
HlebTsActm.

Alexandre B. Tsybakov. Introduction to Nonparametric Estimation. Springer Series in
Statistics. Springer, Springer New York, NY, 1 edition, 2009. ISBN 978-0-387-79051-0.
doi: 10.1007/b13794. URL https://doi.org/10.1007/b13794. Published: 26 November
2008.

Ananya Uppal, Shashank Singh, and Barnabéds P6czos. Nonparametric density estimation
& convergence rates for gans under besov IPM losses. Advances in neural information
processing systems, 32, 2019.

Roman Vershynin. High-dimensional probability: An introduction with applications in data
science, volume 47. Cambridge university press, 2018.

Martin J Wainwright. High-dimensional statistics: A Non-asymptotic Viewpoint, volume 48.
Cambridge University Press, 2019.

Jonathan Weed and Francis Bach. Sharp asymptotic and finite-sample rates of convergence
of empirical measures in wasserstein distance. Bernoulli, 25(4A):2620 — 2648, 2019. doi:
10.3150/18-BEJ1065. URL https://doi.org/10.3150/18-BEJ1065.

Jonathan Weed and Quentin Berthet. Minimax estimation of smooth densities in wasserstein
distance. The Annals of Statistics, 50(3):1519-1540, 2022.

Yunfei Yang, Zhen Li, and Yang Wang. On the capacity of deep generative networks for
approximating distributions. Neural Networks, 145:144-154, 2022.

Dmitry Yarotsky. Error bounds for approximations with deep relu networks. Neural Net-
works, 94:103-114, 2017.

Zili Yi, Hao Zhang, Ping Tan, and Minglun Gong. Dualgan: Unsupervised dual learning
for image-to-image translation. In Proceedings of the IEEFE international conference on
computer vision, pages 2849-2857, 2017.

Jun-Yan Zhu, Taesung Park, Phillip Isola, and Alexei A Efros. Unpaired image-to-image
translation using cycle-consistent adversarial networks. In Proceedings of the IEEE in-
ternational conference on computer vision, pages 2223-2232, 2017.

William P Ziemer and Monica Torres. Modern Real Analysis, volume 278. Springer, 2017.

57


https://openreview.net/forum?id=H1ebTsActm
https://openreview.net/forum?id=H1ebTsActm
https://doi.org/10.1007/b13794
https://doi.org/10.3150/18-BEJ1065

	Introduction
	Background
	Generative Adversarial Networks (GANs)
	Bidirectional GANs

	Intrinsic Dimension of Data Distribution
	Theoretical Analyses
	Assumptions
	Main Results
	Proof of the Main Results
	Error Decomposition
	Bounding the Misspecification Error
	Generalization Gap


	Optimal Bounds for GANs with Interpolating Generators
	Discussions and Conclusion
	Proofs from Section 3
	Proof of Proposition 8
	Proof of Theorem 13
	Proof of Theorem 14

	Proofs from Section 4.1
	Proof of Lemma 15
	Proof of Proposition 19

	Proofs from Section 4.3.1
	Proof of Lemma 20

	Proofs from Section 4.3.2
	Proof of Theorem 21
	Additional Results
	Proofs of Lemmata 22 and 23

	Proofs from Section 4.3.3
	Proof of Lemma 24
	Proof of Corollary 25
	Proof of Lemma 26
	Proof of Lemma 27

	Proofs of the Main Results (Section 4.2)
	Proof of Theorem 16
	Proof of Theorem 17

	Proofs from Section 5
	Proof of Theorem 28
	Proof of Theorems 29 and 30

	Supporting Results

