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Abstract

We derive non-asymptotic error bounds for particle gradient descent (PGD, Kuntz et al.
(2023)), a recently introduced algorithm for maximum likelihood estimation of large latent
variable models obtained by discretizing a gradient flow of the free energy. We begin by
showing that the flow converges exponentially fast to the free energy’s minimizers for models
satisfying a condition that generalizes both the log-Sobolev and the Polyak—tf.ojasiewicz
inequalities (LSI and PLI, respectively). We achieve this by extending a result well-known
in the optimal transport literature (that the LSI implies the Talagrand inequality) and
its counterpart in the optimization literature (that the PLI implies the so-called quadratic
growth condition), and applying the extension to our new setting. We also generalize
the Bakrnymery Theorem and show that the LSI/PLI extension holds for models with
strongly concave log-likelihoods. For such models, we further control PGD’s discretization
error and obtain the non-asymptotic error bounds. While we are motivated by the study
of PGD, we believe that the inequalities and results we extend may be of independent
interest.

Keywords: latent variable models, maximum marginal likelihood, gradient flows, log-
Sobolev inequality, Polyak—Lojasiewicz inequality, Talagrand inequality, quadratic growth
condition.

1. Introduction

Many tasks in machine learning and statistics require fitting a probabilistic model—with
Lebesgue density, pg(z,y), and featuring latent variables, z—to data, y, we have observed.
Often, we achieve this by finding model parameters, ¢, that maximize the probability, ps(y),
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of observing the data we observed (the marginal likelihood). That is, 6, belonging to

O, = argmaxpy(y) = arg max/pg(x, y) dz (1)
6cR% gcR%o

(we assume throughout that the latent variables and parameters respectively take values
in R% and R%). In many cases, the latent variables are meaningful or interesting in some
way, and we would like to infer them. Following the empirical Bayes paradigm (Robbins,
1956), we do this using the posterior distribution of the latent variables given the data for
the optimal parameters 6,:

. Do, (xvy)
pg*($|y) T pe*(y) .

For most models of practical interest, the integral in (1) is intractable, we have no closed-
form expressions for py(y) or its derivatives, and we are unable to directly optimize py(y).
Often, this hurdle is overcome by noting that (6., ¢.) minimizes the free energy functional,

q(x) :
F(0.q) = / 10g<pe<x,y>)“dx> To<dr v gem, ()

+o00 otherwise

if and only if 6, maximizes the marginal likelihood and q. = pg, (- | y); where dz in (2) de-
notes the Lebesgue measure and M the product of the parameter space, R%, and the space,
P(R%), of probability distributions over the latent space R%. For instance, the well-known
expectation-maximization (EM) algorithm (Dempster et al., 1977) can be viewed as mini-
mizing F' using coordinate descent (CD) (Neal and Hinton, 1998). Similarly, many methods
in variational inference (approximately) minimize F by (i) restricting P(R%) to a paramet-
ric family of distributions (gg)sco such that the surrogate objective (0,¢) — F(6,qy) is
tractable, (ii) computing a minimizer (6., ¢.) thereof using an appropriate optimization
algorithm, and (iii) employing (6s,q4,) as a proxy for a genuine minimizer of F'; e.g.,
see Kingma and Welling (2019).

Inspired by the interpretation of the EM algorithm as CD applied to F, Kuntz et al.
(2023) examines whether it is possible to minimize F' over M, rather than any restriction
thereof, using analogues of optimization algorithms other than CD. In particular, they
identify analogues of gradient descent (GD) applicable to F. To do so, they recall that the
application of GD to minimizing a function f : R% — R may be viewed as the forward
Euler discretization of the ordinary differential equation (ODE) known as the gradient flow:

by = —Vof(0r), (3)

where Vg denotes the usual Euclidean gradient on R%. Borrowing ideas from optimal
transport, they identify VF = (VyoF, V,F), with

VoF(0,q) = —/V(;E(H,x)q(dx), V. F(0,q) =V, -
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and ((0,z) := log(pe(x,y)), as an analogue to Vyf and obtain the following gradient flow
dynamics for the parameter estimate 6, and the latent posterior approximation g;:

91& = /Veg(gt,l“)%(d%)’ Gt =V - |:Qtvac log < & >] (5)
pe, (-[y)
They go on to (i) interpret (5) as the Fokker—Planck equation for the following McKean—
Vlasov stochastic differential equation (SDE; e.g., see Chaintron and Diez (2022)):

d(gt = /Vgﬁ(@t,:c)qt(dx) dt, dXt = Vmé(gt,Xt) dt + \/ith, where qt ‘= LaW(Xt); (6)

and (ii) to approximate the law ¢; with an empirical distribution N~! Zﬁle dxn of parti-
cles X', ..., X"V and (iii) discretize the resulting SDE in time. The result is a practical
algorithm for fitting latent variable models they refer to as particle gradient descent (PGD,
Algorithm 1; see also Wang et al. (2025) for a version suited to latent diffusion models):

Algorithm 1 Particle gradient descent (PGD).

1: Inputs: step size h, step number K, particle number N, and initial particles Xé’h, ey

Xév " and parameter @év’h.
2: fork=0,..., K—1do

3:  Update the parameter estimate:

N
N,h N,h h N,h h
Opi1 =6, + N ZVM(@k LX) (7)
n=1
4:  Update the particles: with Wkl, ceey Wév denoting i.i.d. N(0,1,,) r.v.s,
XPt = X" hv 0" X + V2RW Yn=1,...,N. (8)
5: end for
6: return @%’h and Q%h =N"1 Zﬁ;l O ynn.
K

PGD performs well in experiments (Kuntz et al., 2023) and is well-suited to modern
computing environments. Its updates (7,8) require only evaluating V¢ := (Vyl, V,f) and
adding noise, thus facilitating its implementation in modern autodiff frameworks such as
TensorFlow, PyTorch, and JAX. Moreover, each particle’s update (8) is independent of
all other particles, offering scope for simple parallelisation and distribution of these steps.
Implemented naively, a full run of the algorithm costs O(N K [evaluation cost of V{]) op-
erations, where N denotes the number of particles employed and K the total number of
steps taken. The running time’s dependence on N can be further reduced through the
aforementioned parallelism strategies.

Here, we validate theoretically PGD and show that, for models whose log-likelihoods ¢
are \-strongly concave with L-Lipschitz gradients, its output, (@Jl\{[’h, Q%’h), satisfies

d(OK" Q™). (6:.QY)) = O(h2 + N7 e7K), (9)

assuming that the algorithm’s step size h is no greater than 1/(\ + L). In the above,
QY denotes the empirical distribution of N i.i.d. particles drawn from py, (-|y) and d the
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following metric acting on M-valued random variables:

4((0.Q).(0',Q)) == \/E [d£(0,0')2] +E [dw,(Q. Q)?] (10)

where di and dyy, respectively denote the Euclidean and Wasserstein-2 metrics.

We begin by studying PGD’s continuous-time infinite-particle limit: the gradient flow (5).
First, we show that the free energy (F'(0:, q:))t>0 evaluated along the flow converges at an
exponential rate to its infimum,

F,:= inf F(0,q),
“ = i)
provided that the model satisfies a condition which generalizes the log-Sobolev inequality
(LSI) popular in optimal transport (e.g., see Villani, 2009, Chapter 21) and the Polyak—
Lojasiewicz inequality (PLI) used in optimization (Karimi et al., 2016). In particular, we
assume that there exists a constant A > 0 such that

2M[F(0,q9) — F] < I1(0,9) (11)

for all parameters € and distributions ¢, where the functional I is defined by

2+/’vu%(“”)wqmm, (12)

Do ({L’, y)
with ||-|| denoting the Euclidean norm. We then extend a result of Otto and Villani (2000)
and show that models which satisfy (11) also satisfy the following generalization of both
the Talagrand inequality (Talagrand, 1996) and the quadratic growth condition used in
optimization (Anitescu, 2000; Karimi et al., 2016): for all parameters § and distributions
q, it holds that

ua@:ﬂ/vwwwmmm

2[F(0,q) — Fu] > (0, q), M=), (13)
where M, denotes F’s optimal set and d((6, q), M.) the distance from (6, q) to M.:

M, = argmin F(6,q),  d((6,¢), M) := ~ inf d((6,q), (6, ¢:))- (14)
(97q)EM (9*7(]*)6./\/1*

Using (13), we then show that the flow itself (6, g;)+>0 converges to M, exponentially fast
in d. Next, we generalize the Bakrnymery Theorem and show that models with strongly
concave likelihoods ¢ satisfy (11). For such models, we obtain a slightly stronger convergence
result. Under the further assumption that £’s gradients are Lipschitz, we are able to bound
the errors introduced by both approximating distributions with empirical measures and
discretizing (5) in time, and the bound (9) follows.

1.1 Related Literature

The analysis provided in Kuntz et al. (2023) was limited: as explained in the ‘Our setting,
notation, assumptions, rigour, and lack thereof’ paragraph of the paper’s introduction, it
focused on intuition and practical application rather than theoretical validation. While the
authors obtained no error bounds, they did argue with their Theorem 3 that the gradient
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flow (5) converges exponentially fast to F’s minimizer whenever ¢ is strongly concave.
However, they imposed an unnecessary technical condition that substantially restricts the
applicability of their result (that the gradient of ¢ be bounded uniformly).

Recently, several works have proposed particle-based algorithms for maximum marginal
likelihood estimation. Akyildiz et al. (2025) consider an alternative approximation to the
flow (5) which they term the ‘Interacting Particle Langevin Algorithm’ or IPLA; see also
Encinar et al. (2024) for a version applicable to non-differentiable models. TPLA differs
from PGD by the inclusion of an extra additive Gaussian noise term +/2h/NW} in the
parameter’s update (7). This difference enables an analysis of the algorithm using tools
similar to those used to study the unadjusted Langevin algorithm in Durmus and Moulines
(2017, 2019). In particular, the authors show that the £? error of the parameter estimates
produced by IPLA satisfies (9,RHS) for models satisfying the same Lipschitz gradient and
strong concavity assumptions made here, which we find pleasantly consistent with our re-
sults in Section 3. Lim et al. (2024); Chen (2023); Oliva and Akyildiz (2024) consider
variants of PGD and IPLA that incorporate momentum in the updates and can outperform
PGD and IPLA in practice. These variants no longer approximate the gradient flow (5)
and, consequently, require a different type of analysis. In particular, Lim et al. (2024)
established exponentially fast convergence of their algorithm’s limiting (non-gradient) flow
under (11), while Oliva and Akyildiz (2024) obtained non-asymptotic error bounds for their
algorithms’ parameter estimates also under Lipschitz gradient and strong concavity assump-
tions. Sharrock et al. (2024) introduced two new particle-based methods for minimizing F'.
The first, ‘Stein Variational Gradient Descent EM’ or SVGD EM, is also constructed as an
approximation to a gradient flow of I, but with respect to a different underlying geometry—
the so-called ‘Stein Geometry’ (Liu and Wang, 2016; Duncan et al., 2023), as opposed to
the Euclidean/Wasserstein-2 geometry underpinning (4) (whose induced distance metric is
given by (10) omitting the expectations; cf. Kuntz et al., 2023, Appendix A for more on
this). The second, ‘Coin EM’, involves an entirely different approach for minimizing F'
that builds on coin betting techniques from convex optimization and obviates the need for
tuning discretization step sizes. Only SVGD-EM is analyzed theoretically. To do so, the
authors assume a natural ‘Stein’ analogue of (11): Assumption 7 in Sharrock et al. (2024,
Appendix A). Fan et al. (2023) considers a non-parametric maximum likelihood estimation
problem where they optimize a measure over the parameters rather than the parameters
themselves by approximating F’s gradient flow in the Fisher-Rao/Wasserstein-2 geometry.
Finally, Crucinio (2025) recently proposed an approach for maximum marginal likelihood
estimation based on mirror descent and sequential Monte Carlo methods to minimize F'.

Our results in Section 2 relate to earlier results well-known in the optimal transport and
optimization literatures. We discuss these connections as we go along.

1.2 Paper Structure

In Section 2, we study the convergence of the gradient flow (5) and the inequalities (11,13).
In Section 3, we analyze the flow’s approximation (PGD; Algorithm 1) and obtain non-
asymptotic bounds on its error. We conclude in Section 4 by discussing our results beyond
the context of PGD.
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2. Convergence of the Gradient Flow

In this section, we study the gradient flow (5) and several pertinent inequalities. As we
explain in what follows, these inequalities generalize others well-known in the literature,
and we prefix the former with ‘extended’ to differentiate them from the latter. We start
by showing that for models satisfying the extended LSI (xLSI) (11), the values of F' along
the flow converge exponentially fast to the infimum of F' (Section 2.1). We next argue that
any model satisfying the xLST also satisfies the extended Talagrand-type inequality (13),
and we use this result to show that the trajectory of the flow itself converges exponentially
fast to (6s, pe, (-|y)) for some maximizer 6, of the marginal likelihood (Section 2.2). Finally,
we show that the xLSI holds for models with A-strongly concave log-likelihoods ¢, and we
obtain a slightly stronger convergence result for this case (Section 2.3).

Notation and Assumptions. For the remainder of the paper, we write py(-) for the like-
lihood py(+,y), Zy for the marginal likelihood py(y), and my(-) for the posterior distribution
po(- | y). To ensure that d in (10) is a metric, we consider the restriction of P(R%) to the
subset of measures with finite second moments, and similarly for M:

Py(R) := {q e P(R%) : /||:U|\2q(dac) < oo}, My :=R% x Py(R%).

To ensure that the functional I in (12) is well-defined, we further restrict restrict Po(R%) to
the subset of measures with densities differentiable almost everywhere w.r.t. to the Lebesgue
measure dx, and similarly for Mo:

d
Pl(R) = {q € Py(R%:) : ¢ < dz, Vmﬁ(:n) exists a.e.}, M= R% x PL(R:).

We also assume that the model is suitably differentiable:

Assumption 1 (Model regularity) (i) For all z in R%, § — 7y(x) is differentiable; and
0 — Zy is differentiable; (ii) for all 6 in R%, 7y is twice continuously differentiable; (iii)
for all § in R% and z in R%, pe(x) > 0;

Next, we assume that the gradient flow (5) has sufficiently regular solutions. To this end,
let C{(X,))) denote the space of i-times continuously differentiable functions from X to ),
CL(X,Y) the subspace of such functions with compact support, and C% (X x &X', )) denote
the functions that are C*(X,)) in the first variable and C’/(X’,)) in the second.

Assumption 2 (Regularity of solutions) For any initial conditions (0,q) in Ma, (5)
has a classical solution (04, qt)t>0 with (0o, qo) = (0, q). For any such solution, q:(dz) has a
Lebesgue density qi(x) for all t > 0; (t,z) > q(x) belongs to CH2(]0, 00) x R% (0, 00)), and
t +> 0y belongs to C1([0,00), R%).

We verify in Section 3 that the above holds whenever the model’s log-likelihood ¢ has a
Lipschitz gradient. We believe it will also hold under weaker conditions on ¢ because, in
the special case that 7y is a single distribution 7 independent of 6, the flow (5) essentially
reduces to the following well-known Fokker—Planck equation,

G = V- [qtvx log (fj)] (15)

6
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and stronger regularity properties for (15) have been established under weaker conditions
on {. For example, Jordan et al. (1998, Theorem 5.1) shows that the solutions are smooth
whenever log(7) is smooth.

2.1 The Extended log-Sobolev Inequality and (F(6;,q:)):>0’s Convergence

We prove the flow’s convergence for models which satisfy the xLSI in the following sense:

Definition 1 (Extended log-Sobolev inequality (xLSI)) We say that the measures
(po(dz))gepdy satisfy the extended log-Sobolev inequality (zLSI) with constant X > 0 if (11)
holds for all (6,q) in M3.

Under this assumption, the values of F' converge along the gradient flow exponentially fast
to s infimum over May:

Theorem 2 (XxLSI = exp. conv. of (F(0,q))i>0) If Assumptions 1-2 hold, (0o, qo) be-
longs to My, and the measures (pg(dx))gepdy satisfy the xLSI with constant X > 0, then

0 < F(6;,q:) — Fy < [F(6o,q0) — File M vt > 0. (16)
Proof. The leftmost inequality in (16) follows from the F)’s definition. As we show in

Lemma 15 in Appendix A.1, the following extension to de Bruijn’s identity holds:

d
aF(Qt,qt) = —I(Ht, qt) vt > 0. (17)

Now the rightmost equality follows by combining the xLSI (11) with (17) and applying
Gronwall’s inequality. [ ]
As is well known,

F(6,q) = KL(ql|mg) — log(Zy) V(0,q) € M, (18)
where KL denotes the Kullback—Leibler divergence:

a(@) :
KL(q||7) = /log (77(35)) q(dz) if ¢ < dx Vg € P(Rd””),
+o00 otherwise

Because KL(¢g||¢') is non-negative and zero iff ¢ = ¢’ a.e., (18) implies that

F.= inf F(0,q)= inf F(0,m9) = —log| sup Zy | = —log Z,, (19)
(G,Q)EM OeRdG aeRdG
where Z, := supycgd, Zg denotes the marginal likelihood’s supremum. Putting (16-19)

together, we find that
log(Z,) —log(Zs,) + KL(qi||mg,) = F(0s, q;) +log(Z,) = O(e ).

In other words, Theorem 2 shows that as ¢ increases: the free energy F(6,q:) converges
exponentially fast to —log Z,, the log-marginal likelihood log(Zy,) converges exponentially
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fast to its supremum log(Z,), and ¢; tracks the corresponding posterior distributions 7, in
the sense that the KL divergence between the two decays exponentially fast to zero.

Connections with the log-Sobolev inequality. We refer to the inequality in Definition 1 as
the ‘xL.ST’ because it extends the classical log-Sobolev inequality (LSI) (Gross, 1975); e.g.,
see Villani (2009, Definition 21.1). While the xLSI is a statement about a parametrized
family of measures, the LSI is a statement about a single probability measure. In particular,
if 7y is a distribution 7 independent of €, then (11) reads

2
v, log <Q<x>>
()

For this reason, Theorem 2 extends a well-known result (e.g., Bakry et al. (2014, Section
5.2)) stating that, if 7 satisfies the LSI (20) and (g)+>0 solves the Fokker-Planck equa-
tion (15), then the KL divergence from ¢; to m decays exponentially fast.

2AKL(gl|r) < I(al[7) g € PHRY): where I(glim) = [ a(de). (20)

Connections with the Polyak-Lojasiewicz inequality. Definition 1 also extends an in-
equality due to Polyak (1963) and Lojasiewicz (1963) commonly used to argue linear con-
vergence of gradient descent algorithms. A differentiable real-valued function f on R% with
infimum f, is said to satisfy the PLI with constant A > 0 if

2A[f(0) — fi] <|[Vef(0)]]

> heRdb. (21)

In particular, because

Vopo(z) Vo [po(x)dz  VyZy
(0 dr) = | ———mp(dz) = = = Vg log(Z 22
[ ot.wymfas) = [ Ty ar) = L 20— Vylog(Z). (22
setting ¢ := mp in (11), we recover (21) with f(0) := —log(Zp) (the exchange of limits in (22)

is valid whenever Fisher’s identity holds, which is a common assumption in the study of
latent variable models and the EM algorithm; it is satisfied whenever e.g. my belongs to an
exponential family, see Douc et al. 2014, Appendix D). In this case, Theorem 2 reduces to a
well-known result showing that f converges exponentially fast along the Euclidean gradient
flow (3) to its infimum whenever f satisfies the PLI; e.g., see Trillos et al. (2023, Proposi-
tion 2.3). Among other reasons, the PLI (21) is popular in optimization because—without
requiring the objective to be convex—it implies that the objective’s stationary points are
global minimizers. In our case, the xLLSI implies that the marginal likelihood’s stationary
points are global maximizers.

2.2 The Talagrand Inequality and the Flow’s Exponential Convergence

We now show that, for models satisfying the xLSI, the gradient flow (¢, ¢:)r>0 itself con-
verges exponentially fast to the free energy’s minimizers. We measure the convergence in
terms of the following metric on Ma:

d((6,0). (6',)) = /dp(6.0)2 + dw, (0,42 (23)
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Since F' is a lower semicontinuous function on (Ma,d) (see Lemma 18 in Appendix A.2),
the set M, in (14) of the free energy’s minima is closed (note that Assumption 1 and (19)
imply that M, is contained in Ms). Using (18,19), we can characterize M, in terms of the
marginal likelihood’s set of maximizers (O, in (1)):

M, = {(Bs,79.) : 0, € O} (24)

To argue the flow’s convergence, we require the following extension of the Talagrand in-
equality:

Definition 3 (Extension of the Talagrand inequality (xT2I)) We say that the mea-
sures (pg(dx))gepdy satisfy an extension of the Talagrand inequality (xT>1) with constant
A >0 if (13) holds for all (0,q) in Ma.

The inequality holds for all models satisfying the xLSI:

Theorem 4 (xLSI = xTsI) If Assumptions 1-2 hold, and the measures (po(dx))gcpds
satisfy the xLST with constant A > 0, then they also satisfy the xT>1 with the same constant.

See Appendix A.2 for the proof. The convergence of (6, g¢)¢>0 then follows from Theorem 2:

Corollary 5 (xLSI = exp. conv. of (6, q:)i>0) If Assumptions 1-2 hold, (8o, qo) belongs
to Mz, and the measures (pg(dw))ycpdy satisfy the xLSI with constant A > 0, then

Ad((61, q1), M.)* < 2[F (60, o) — Fule ™ vt > 0.

Connections with the Talagrand inequality. By (24), if 7y is a distribution 7 independent
of #, then M, = R% x {7} and (13) reduces to the Talagrand inequality (Talagrand, 1996,
Theorem 1.2):
2KL(q||7) > Mdws, (g, 7)* Vg € Pa(R%). (25)
For this reason, Theorem 4 extends the Otto—Villani Theorem (Otto and Villani, 2000,
Theorem 1) showing that the LSI (20) implies (25).

Connections with the quadratic growth condition. Setting (q, f(0), f«) to (mwg, —log(Zy), Fy),
(13) reduces to the ‘quadratic growth’ condition used in optimization to establish linear con-
vergence rates to local minima of gradient descent algorithms:

2f(0) — fi] > MdE(6,0,)? Vo e R%. (26)
In this case, Theorem 4 reduces to the well-known result stating that (26) holds whenever
the PLI (21) holds; see Karimi et al. (2016, Theorem 2).
2.3 Strongly log-Concave Models
In Section 3, we study PGD’s convergence for models satisfying the following assumption.
Assumption 3 (Strong log-concavity) There exists a A > 0 such that

(1 =18 +10', (1 — i +tz') > (1 — )00, z) + (@, &) + At(l{”uw, ) — (0,2,

for all (0,z),(0,2') in R% x R% and 0 <t < 1.
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Models that satisfy the above also satisfy the xLSI:

Theorem 6 (Strong log-concavity = xLSI) Any model satisfying Assumptions 1 and
3 satisfies the xLSI with constant A > 0.

Proof. The result follows from the fact that the free energy is strongly geodesically convex
if log-likelihood is strongly concave; see Appendix A.3 for details. |

Simple examples satisfying Assumption 3, and consequently the xLSI, include Bayesian
logistic regression (e.g., Genkin et al., 2007; see the proof of Proposition 1 in Appendix E.2
of Kuntz et al., 2023 for an argument) and certain types of hierarchical models (Gelman
and Hill, 2007; see Caprio and Johansen, 2024, Example 1 for details).

Connection with the Bakrnymery Theorem. Given that (11) reduces to the standard
LSI (20) whenever 7y is independent of f, Theorem 6 extends Bakry—Emery Theorem (Bakry
and Emery, 1985) showing that distributions with strongly log-concave densities satisfy (20).

Connection with the optimization literature. Given that (11) with ¢ = mg reduces to the
PLI (21) with f(f) = —log(Zy), Theorem 6 extends the well-known fact that the PLI holds
for strongly convex f; e.g., see Karimi et al. (2016, Theorem 2).

The flow’s convergence. Under Assumption 3, the marginal likelihood has a unique
maximizer 6,; e.g., see Kuntz et al. (2023, Theorem 4 in Appendix B.3). Hence, Corollary 5
and (24) tell us that the flow converges exponentially fast to (04,7, ):

(61, q1), (0x,79,))* < 2[F (0o, q0) — Fie ™ vt > 0.
In this special case, we can sharpen the above slightly (see Appendix A.4 for the proof):

Theorem 7 (Strong log-concavity = exp. conv. of (6, q:)i>0) If Assumptions 1(iii),
2, and 3 hold, and (6o, qo) belongs to My, then

d((0s, 1), (0x,m.)) < d((60,0), (0x70,))e N VE >0,

3. Error Bounds for Particle Gradient Descent

Here, we capitalize on the results of Section 2 to obtain the error bound in (9) for PGD
(Algorithm 1) applied to models with strongly concave log-likelihoods. In particular, Theo-
rem 7 in Section 2.3 bounds the distance between the gradient flow and (6., 7y, ), where 0,
denotes the marginal likelihood’s unique maximizer and the distance is measured in terms
of the metric d in (23). To exploit this bound and obtain (9), we first need to connect the
gradient flow to PGD, which we do via the McKean—Vlasov SDE (6). To ensure that the
SDE has globally-defined solutions, we assume that ¢’s gradient is Lipschitz:

Assumption 4 The log-likelihood ¢ is differentiable and its gradient VI = (Vgl, VL) is
L-Lipschitz for some L > 0:

V0, 2) — Ve, 2")|| < L||(0,z) — (¢,2")|| V(0,2),(0,2') € R% x R%.

10
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Let £2(R%) denote the space of square-integrable random variables taking values in R% .
The SDE’s relation to the gradient flow is as follows (see Appendix B.1 for the proof):

Proposition 8 If Assumptions 1(ii) and 4 hold and (6, X) belongs to R% x L£2(R%), then
the SDE (6) has an unique strong solution (0¢, Xt)¢>0 such that (6o, Xo) = (0, X). Moreover,
(0¢, Law(X¢))e>0 @s a classical solution of the gradient flow (5) satisfying Assumption 2.

PGD, on the other hand, is obtained by approximating (6) as we detail in Section 3.3 below.
Bounding the errors introduced by these approximations, we obtain (9). In particular,
recall that (@%’h7QI]\£’h) denotes PGD’s output after K iterations and QY the empirical
distribution of N i.i.d. particles drawn from my,. Moreover, note that, the log-likelihood
¢ has a unique maximizer (;,x+) which, without loss of generality, we assume lies at the
origin (0,0). Our main result for PGD is then as follows (see Section 3.3 for the proof):

Theorem 9 (PGD error bound) Under Assumptions 1(ii—iii) and 5-4, z'onl’h, e ,Xév’h
are drawn independently from a distribution qo in P2(R%) and h < 1/(\+ L), then

O Q). 01, @Y) < ViAa + LB+ 2 4 (0,0 0o (27

for all K in N; where By := H@on +E {HXOHQ} and

2L\

A, 4h+4/.
Ok = L L+)N

220L2 <L2h [Bo + 2?\1] + d1> with 1 :=
In short, Theorem 9 gives us the bound (9) and an explicit expression for the proportionality
constant as a function of the algorithm’s parameters, the model’s Lipschitz and concavity
constants, the initial condition, and the latent space’s dimensionality. It follows that in or-
der to achieve an error of O(¢), we need only to choose the step size h proportional to €2, the
particle number N proportional to €2, and the step number K proportional to e =2 log(e™1).
The corresponding computational cost is O(¢~*log(e~!)[eval. cost of £]); and we can lower
the running time to O(e~2log(e~1)[eval. cost of £]) by parallelizing/distributing computa-
tions across the particles (recall that each particle’s update is independent of the other
particles’).

Given the definition of the metric d in (10), Theorem 9 bounds the £2? error of the
parameter estimates, @I]\é’h, and, also, the expected Wy distance between the particles’
empirical distribution, Q%h, and that, QY, of N ii.d. samples drawn from the optimal
posterior my,. We find the latter insightful because, in many ways, QY is the best one
could hope to achieve using an O(NV)-cost Monte Carlo algorithm that returns N-sample
approximations 7y, . The expected W5 distance between QY itself and the optimal posterior
mp, is essentially a property of g, and has more to do with the fundamental limitations of
approximating my, using IN-sample ensembles than the method used to obtain the ensemble.
To bound this distance (and, by combining this bound with Theorem 9, to obtain bounds
on the distance between Q%’h and 7y, ), we point the reader to Fournier (2023), Dereich
et al. (2013), and references therein.

11
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3.1 The error bound under warm-starts

If we ‘warm start’” PGD (e.g., see Dalalyan, 2017) by initializing the parameter estimates
and the particles at the log-likelihood ¢ maxima (i.e., with 8y = 0 and ¢y = dy), then By
in (27) vanishes and we obtain the following sharper bound.

Corollary 10 (Error bound under warm starts) Under the conditions in Theorem 9’s
premise and with v as defined therein, if (6o, qo) := (0,d0), then, for all K in N,

dh+ 4/ 2L2hd d L _
d(OX", QN™M), (0.,QN)) < (| h——L2220L2 [ =2 4 d, | +2¢/ =2 [ —= hAK )
((@K 7QK )7( 7Q*))— L 0 by + + A )\,/J\]_'_6

Proof. Combining Theorem 7 together with Proposition 26 in Appendix B.1, we find that

id,
3

d((60,40). (02, 75.))% = im d((0o, ao), (6, 3))* < 10u]1 +E | Xe]2] <

|
This bound features only PGD’s parameters, the model’s Lipschitz and concavity constants,
and the latent space’s dimensionality; and we can be more explicit in our error analysis.
To measure the error, we use v/Ad rather than d: a common practice in the analysis of
Langevin algorithms (e.g., see Chewi, 2024, Section 4.1) motivated by v/Ad’s close relation-
ship with the objectives we wish to minimize (13,25,26). In this metric, and with x := L/
denoting the model’s condition number, Corollary 10 shows that PGD, with a warm start,
achieves an O(e) error as long as the step size satisfies h =< €%(d,Lx)"!, the number of
particles is O(dyx%¢2), and the number of time steps is O(d,x> log(dime*l)e*%. The
corresponding cost is O(d2x* log(d,lv/ 26_1)6_4[eval. cost of £]) and the running time can be
brought down to O(d, x> 10g(di/ 26_1)6_2[eva1. cost of £]) by parallelizing/distributing over
particles. Starting PGD warm is reasonably practical because the cost of running PGD will
typically significantly exceed that of maximizing ¢ using a first-order method.

The cost and running time bounds grow with the latent space’s dimensionality d,. This
is an issue for many models of practical interest where d, is proportional to the number
of datapoints in a large training set. However, as we now explore, it is possible to obtain
bounds independent of d, for a class of such models.

3.2 Dimension-free bounds for models with independent latent variables and
conditionally Gaussian observations

Often, in machine learning applications, the data y decomposes as a sequence of datapoints
(;&m)%[zl, the model features a latent variable Z,, per datapoint @, the pairs (Zy,, ¥m)
are assumed to be i.i.d. and generated through a mechanism of the sort

M
m=1

Um = fo(Tm) + Nm, 9%Tn"“]ogj(di% Nm ~p'(dn), Vm=1,...,M;

where fy denotes a parametrized function mapping from a latent space R% to the parameter
space, p; denotes a prior distribution on the latent variables, and the noise has a Gaussian
law, p", which is independent of the model parameters 6. Examples include noisy indepen-
dent component analysis (Hyvérinen, 1998), probabilistic matrix factorization (Mnih and

12
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Salakhutdinov, 2007), the generative model behind variational autoencoders (Kingma and
Welling, 2019), and latent diffusion models (Vahdat et al., 2021; Wehenkel and Louppe,
2021; Wang et al., 2025). In these cases, the log-likelihood breaks down into a sum of
per-datapoint log-likelihoods:

M
m=1
where ~
6(97 Tm; gm) = logpn(gm - f@(‘%m)) + lngg(.f?m) Vm=1,..., M. (29)

Because p’7~is (%aussian, (%,0) — £(Z,0;7)’s Hessian Y%M)g does not depend on 7. Conse-
quently, if £ is A-strongly concave and its gradient is L-Lispchitz,

M = =Vl < LI (30)
for some positive A and L, then ¢ is (M))-strongly concave and has a (M L)-Lipschitz
gradient. Combining this fact with Corollary 10, we obtain the following:

Corollary 11 Let the conditions in Theorem 9’s premise hold. Suppose that (0o, q0) =
(0,00), ¢ is as in (28) with | twice-differentiable and satisfying (30), and € > 0. If

h< Cre? N> G2t K>ngwlog< 1 )

d M - 62 ’ - 62 CZ;L;/ZE

for some constants C1,Co,Cs > 0 independent of M, then

d((QJI\(Z’h? Q%’h)v (0*7 in)) S CG,
for another constant C > 0 independent of M.

The corresponding cost is O(e*log(e~!)[eval. cost of g]), where we are ignoring any depen-
dence on d, which is usually small for these models. In particular, the cost depends on M
only through the evaluation cost of ¢, which cannot be avoided. We can, however, mitigate
this by parellizing/distributing over both particles and datapoints, so lowering the running
time to O(e2log(e~!)[eval. cost of £]).

The corollary also provides some theoretical support for the idea that the PGD algorithm
and its derivatives can work well for problems in which d, is large, even when N is relatively
modest, provided that the structure of the model allows the log-likelihood to be decomposed
as a sum of functions of low-dimensional contributions arising from individual datapoints.
This appeared to be the case in several examples explored in Kuntz et al. (2023, Section 3),
including a ‘generator network’ model for which d, ~ 2.5 x 10° but good performance was
obtained with only 10 particles (similar results were also obtained in Lim et al. (2024, Section
6.3) using their version of PGD). The model, however, lies beyond the scope of Corollary 11
because, in that case, fp in (29) is a non-convex neural network and € encompasses its
weights. Moreover, Kuntz et al. (2023) adapted PGD’s step sizes to account for this and also
subsampled ¢’s gradient to facilitate efficient implementation on a single GPU. Regardless,
we view the corollary as a tentative first step in explaining the behaviour observed in Kuntz
et al. (2023).

13
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3.3 PGD’s Derivation and Theorem 9’s Proof

We obtain PGD by approximating the gradient flow (5) via the McKean—Vlasov SDE (6).
The first step is to approximate the law, ¢, of X; in (6) with the empirical distribution
QN :=N"! Zivzl dxp of N ii.d. copies X}, ..., XN of X;. To obtain these copies, consider

N
1
a0 =3 / Vol(0,, ) (dz) dt, dXT = V,0(0, XP)dt + V3dW!, ¥ € [N, (31)
n=1

where [N] := {1,...,N}, W' ..., W/ denote N independent Brownian motions, ¢} :=
Law(X}") for each n, and we assume that the initial condition X§ of each particle (X}");>0
is drawn independently from the law go of (X¢)i>0’s initial condition Xy. Because the
particles all satisfy the same differential equation and have the same initial distribution,
they share the same law (in particular, ¢ is independent of n). Hence, for any given n,
we can re-write the leftmost equation in (31) as d6; = [ Vgl(6y, z)q}*(dz) dt. Putting this
equation together with that for X}* in (31), we recover (6) with X/ replacing X; therein.
In other words, if (6, X}, ..., X{V)i>0 solves (31), then (6;, X[);>0 solves (6) for any n.
Consequently, Proposition 8 tells us that, for any n, (6, ¢}"):>0 is a classical solution to
the gradient flow (5). Exploiting this link and Theorem 7, we can bound the distance
between (6;, QYY) and (6, QY), where QY := N~! Zﬁle dxn and X}, ... , XN denotes N
i.i.d. particles with law mg,:

Lemma 12 Under Assumptions 1(ii—iii) and 34, if qo belongs to Pa(R%), then (31) has
a strong solution (0, X}, ..., X} )i>0 and the solution satisfies

d((04, Q) (6, QY)) < d((60,q0), (05, 70,))e™ ™ ¥t > 0.

Proof. The argument for the existence of solutions for (31) is similar to that for (6) in
Proposition 8’s proof, and we skip it. The error bound follows by optimally coupling the
two sets of particles; see Appendix B.2 for details. |

The next step entails approximating N1 25:1 g7 (dx) in (31) with the particle’s em-
pirical distribution Q}; which leads us to the following SDE:

N
1 _ _
dey :N§ Vol(©) X[ dt, dX] =V (0}, X)dt+V2dW',  Vne[N]. (32)

n=1

where X = X7 for each n in [N]. We can bound the approximation error between (31)
and (32) as follows:

Lemma 13 (Bound on the space discretization erroz') Unde_r Assumptions 34, if qo
belongs to P2(R%), then (32) has a strong solution (O, X}, ..., XN)i>0 and the solution
satisfies

A(OF, G, 0, @) < 222 flool? + [12601P] + % vt > 0, with QY := 1%6-
t t ) ty t > )\\/N 0 0 )\ sl 7wZ t = Nn:1 XZL

14



CONVERGENCE OF PGD

Proof. (32) is a standard SDE with a Lipschitz drift and diffusion coefficients, so the ex-
istence of its solutions is routine (e.g. ©@ksendal 2013, Theorem 5.2.1). The error bound
follows from a synchronous coupling argument; see Appendix B.3 for details. |

Lastly, we obtain PGD by discretizing (32) in time using the Euler-Maruyama scheme
with step size h. Given Lemmas 12 and 13, Theorem 9 follows from the triangle inequality
for d and the following bound on the discretization error:

Lemma 14 (Bound on the time discretization error) Under Assumptions 3-4. If qo
belongs to Po(R%), h < 1/(A+ L), and Ag, is as in Theorem 9, then:

d((O%", QK™ (O%h, Q1)) < VhAg.
Proof. The bound follows from a synchronous coupling argument; see Appendix B.4. N

Other, more refined, discretization procedures such as Randomized Midpoint Discretiza-
tion (Shen and Lee, 2019; He et al., 2020) might result in an algorithm with better depen-
dencies of the error on the dimension d.

4. Discussion

In this paper, we theoretically validated PGD (Algorithm 1) by bounding its error for
models with strongly concave log-likelihoods. In order to do this we analyzed the theoretical
properties of both PGD and its continuous-time infinite-particle limit: the gradient flow (5).
To study the latter, we extended certain inequalities well-known in the optimal transport
and optimization literatures and several results interlinking them. In doing so, we obtain
conditions weaker than strong concavity of the likelihood under which the flow converges
at an exponential rate to the set M, of pairs (6., mg,) of marginal likelihood maximizers 6,
and matching posterior distributions mp,. Under the additional assumptions that the model
log-likelihood is strongly concave and its gradient is Lipschitz continuous, we then proved
explicit non-asymptotic error bounds for PGD.

Aside from evidencing PGD’s well-foundedness, our bounds enable theoretical compar-
isons between PGD and other maximum marginal likelihood algorithms. For instance, it is
interesting to compare the behaviour of the EM algorithm itself and its many variants with
PGD. Caprio and Johansen (2024) derived non-asymptotic error bounds for the EM and
the gradient EM algorithms under the xLSI. Comparing their EM error bound (Corollary
13 therein) to PGD’s (Theorem 9) suggests that the latter is slower, even in the limit of
infinite particles. This is consistent with the interpretation of EM as coordinate descent
applied to free energy and PGD as a gradient descent: on Euclidean spaces, coordinate de-
scent is typically faster, in terms of number of iterations, in the special cases where it can be
implemented (Beck and Tetruashvili, 2013). Balakrishnan et al. (2017) and Kunstner et al.
(2021) also provide non-asymptotic analyses of EM, but a comparison with their results is
not immediate.

Akyildiz et al. (2025) analyze the IPLA algorithm which can be viewed as a modification
of PGD more amenable to standard analysis. They obtain very similar scalings in €, d,., dg for
h, N, and K necessary to achieve an error of € under warm-start conditions (see Section 3.6
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therein) to those obtained here. The main difference between these bounds is that N must
be proportional to dye 2 in our case and proportional to dge~? in the case of IPLA. Their
dependence on dy stems from the extra noise term featuring IPLA’s parameter updates; see
Algorithm 1 and the proof of Proposition 3 in Akyildiz et al. (2025). We conjecture that
the dependence on d, present in our results but not those of Akyildiz et al. (2025) simply
reflects the fact that our bounds controlling the error of both the parameter estimates and
the particle approximation, while theirs only control the former.

Similarly, our bounds could help settle the question of whether it is possible to ‘acceler-
ate’ PGD and achieve faster convergence rates via the use of momentum (Lim et al., 2024)
as its the case for both gradient descent (Nesterov, 1983) and the unadjusted Langevin al-
gorithm (Ma et al., 2021). In particular, Lim et al. (2024, Theorem 4.1) shows that, under
the xLSI, the free energy F' along the limiting flow of such a ‘momentum-enriched’ version
of PGD converges exponentially fast to F’s infimum. Given Theorem 4, applying our ex-
tension of the Talagrand inequality, we can immediately prove convergence in d-distance for
flow studied in Lim et al. (2024). By following arguments similar to those in Section 3.3, it
might be possible to then also obtain similar results for the momentum-enriched PGD and
compare the algorithms’ performances.

While our motivation for this work was understanding the theoretical properties of PGD,
we find the results in Section 2 interesting in their own right and we believe they might find
applications beyond the study of algorithms for maximum marginal likelihood estimation
like PGD. For instance, the xLSI is used in Lim and Johansen (2024) to theoretically
motivate a novel algorithm for semi-implicit variational inference. Additionally, for models
with A-strongly concave log-likelihoods, Theorem 6 gives us a (to the best of our knowledge)
novel upper bound on the optimal marginal log-likelihood:

I(0,q)
22

log(Zs) < —F(6,q) Y(0,9) € M. (33)
Similarly, for models satisfying the xLSI, Theorem 4 yields a bound on the d-distance
between (6, ¢) and the optimal set M.:

Ad((6,9), Ms) < VI(8,9) Y(0,q) € Ms. (34)

It would be interesting to explore the extent to which the right-hand side of (33), or of (34)
prove informative for models of practical interest. Moreover, for such models, (34) hints at
potential (also to the best of our knowledge) new variational inference methods that would
minimize (0, ¢) — I(0,qy), where (¢y)sco denotes a parametrized family, rather than the
conventional approach of minimizing (0, ¢) — F(6, ¢4).
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Appendix A. Proofs for Section 2

A.1 de Bruijn’s Identity

(17) extends de Bruijn’s identity (cf. Bakry et al. (2014, Proposition 5.2.2)). Assumption
2 is sufficient for it to hold:

Lemma 15 If Assumption 2 holds, then equation (17) also holds.

Proof. The regularity of (6, q:):>0 allow us to exchange differentiation and integration by
the Leibniz rule and compute

é% bg@dm”qddx):u/ﬂmﬂ%tw)+ﬁ)vzlLh@ﬁvxbg<52%g>]dx

- _ / <vx log(g¢(z)), Vg log (pq;@)»qt(dx)

where we integrated by parts, and

i [ (e einan) = [ (ot 8y atan) + [ ona9, [ate)ates (205 e

" {5vaino 5w (22) .

Upon re-arranging, this shows d%F(Ht, qt) = —1(0¢,q). [ |

= H/Vgé(&t, x)q(dz)

A.2 Proof of Theorem 4

Here some arguments are similar to those in Otto and Villani (2000). Throughout this
appendix, we assume that Assumptions 1-2 hold. Let (0, q) be any point in Ms. As we
show in Lemma 16 below,

d

ad((eta qt)a (07 Q)) < V I(eta Qt) vt > 0. (35)
By the theorem’s premise, the measures (pg(dr))ycpd, satisfy the xLSI or, in other words,
I1(0,q
Vi@g 00 .9 e

<
By the de Bruijn’s identity (17), we find that

I
Gva) 9 mG = F viso.
2VFOr ) —F.  dt
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Combining the above three (in)equalities, we obtain

d I(0:, q) d [2[F(0;,q;) — Fi]
—d((6, 0, < 16y, < = —— vt > 0.
34(0na), (0,9) < VI(Ora) < N ET AT \

Integrating over ¢ in (¢,¢') for ¢ >t > 0, yields

d((0y,qr), (0,q9)) —d((0s, qr), (8, q)) < \/Q[F(Qmi]\t) - F] \/Q[F(Ht/7i]\t,) — F*]

If we set (6,q) := (64, q:), then

2[F (6 - F 2[F (04, qy) — Fi
d((0r, qt), (0, qr)) < \/ £ t’it) ] —\/ (6 i’f) I siso0. (36)
As we show in Lemma 17 below, there exists an increasing sequence t; < to < ... approach-
ing oo such that
(01,,qt,) — (0x,qx) as n — oo, (37)

for some (6, q«) belonging to the optimal set M, in the topology induced by d on Mo.
Because F'(0y,,q, ) converges to Fy as n — 0o (Theorem 2) and

(¢".q") = d((0,9),(0',q))

is a continuous function on (Ma, d) for any given (6, q) in Mo, setting (¢,t') := (0, ;) in (36)
and taking the limit n — oo, then implies that

d((007q0),M*) < \/Q[F(907§I\O) - F*:I7

since (A, qo) € M is arbitrary, the claim follows.
Lemma 16 (35) holds.

Proof. Let (6,q) € My, take (6, q:)t>0 as per Assumption 2 and define the velocity field
ve(x) := Vylog(qi(z)/pe,(x)). Ambrosio et al. (2008, Theorem 8.4.7) shows that

d—dtdwz(qt, q)2 =2 / <vt(x1),m1 — x2> do(z1, z2) (38)

where p it an optimal transport plan for (¢, q). By an application of the Cauchy—Schwarz
inequality and the definition of the Wasserstein-2 distance we get

S, (,0)” < 2\/ / e — za)? do(zy, z2) / Joe(@)|> gu(dz)
= 2dW2(qt,q)\//Hvt(x)H?qt(dm)
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(this inequality may also be proved directly using the Benamou—Brenier’s formula). On the
other hand, dt||9,g 0? =2 <9t, 0, — 9> < 2||6;|]|6; — 6]|, and by these estimates, and then
again by Cauchy—Schwarz,

d%d((@t,%) (0,q9)) = :EEZ:Z : \/H9t||2 /Hvt H q(dz) I(01, 1)

Lemma 17 For any increasing sequence t1 < to < ... approaching oo, (37) holds for some

(0x, qx) in M,.

Proof. Inequality (36) tells us that the sequence is Cauchy in (M%, d) and, consequently, in
(Mg := R% x Py(R%),d). Because both (R%, dg) and (Po(R%), dyy,) are complete metric
spaces (Villani, 2009, Theorem 6.18), so is (Ma,d). Hence, (0:,, gt, )nen converges to a limit
(0o, Goo) iIn Ma. As we show in Lemma 18 below, the free energy F' is lower semicontinuous
on (Ms,d). Consequently, Theorem 2 implies that

F(HOCMQOO) < llrglan(etnvqtn) = F*’

where the equality holds because (6y,, g, Jnen € M3. Since it also holds F'(fso, goo) > Fi,
the claim follows. ]

Lemma 18 F' is lower semicontinuous on (Ma,d).

Proof. Given any 7 in P2(R%), the duality formula for the KL divergence (e.g., Ambrosio
et al., 2008, Lemma 9.4.4) reads

L(q|[) = sup { / (@ / (™) = )m(de) : ¢ € cb(Rdz,M} ,

where Cy(R%, R) denotes the set of real valued continuous bounded functions with domain
R% . Consequently,

F(0,q) = KL(ql|mg) — log(Zy) = sup{G(0,q,) : ¢ € C,(R%,R)} — log(Zp),

where G(0,¢,¢) == [ ¢(x )— [(e?@) —1)my(dx). Because Assumption 1(i) implies that
0 — log(Zg) is Contlnuous and the pointwise supremum of a family of lower semicontinuous
(Ls.c.) functions is l.s.c., we need only show that (0,q) — G(0,q,¢) is L.s.c. for each ¢ in
Cp(R% R). Since the Wasserstein-2 topology is finer than the weak topology, it suffices to
show that (8, q) — G(@, q, $) is continuous in the weak topology for any given ¢ in Cy(R%, R).
Consider a sequence (6, gn)nen such that 6, — 6 and ¢, — ¢ weakly. By definition of weak
convergence, [ ¢(x)g,(dz) — [ ¢(2)q(dz). Furthermore, since z — (e?®) —1) € Cy(R%, R),
we have | [(e?(®) —1)mp, (dz)— [ (@) —1)mg(dz)| < ¢4 [ |7, (2) —Tp(z)| dz for some g < co.
Since 0 — my is continuous by Assumption 1(i), an application of Scheffé’s lemma concludes
the proof. |
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A.3 Proof of Theorem 6

We preface the proof of Theorem 6 with three auxiliary results which describe variations of
the free energy along geodesics in (Mg, d).

Definition 19 A curve y(t) : t € [0,1] — My is a (constant speed) geodesic if
d(7(s),7(t)) = (t = 5)d(7(0),7(1)), VO<s<t <1

For a probability measure y € P(R%) and a measurable map 7' with domain R%, Ty =
o T~1 indicates the pushforward of u by 7.

Lemma 20 A curve y(t) : t € [0,1] = Ma is a geodesic if and only if v(t) = (7o(t),74(t)),
where 7 is a geodesic in (R ||-||) and 4 is a geodesic in (P2(R%),dw,). In particular,
if v(t) is a geodesic in (Ma,d) connecting (0,q) and (0',q") then v(t) = (v9(t) = (1 —
)0 + 10, v4(t) = (ht)z0) where o is a Wasserstein — 2 optimal transport plan for q,q' and
hi(z,2") = (1 — t)x + ta’. Furthermore, if ¢ has a density w.r.t. the Lebesque measure, we
can also write v4(t) = (1 — t)id + tV,P)xq for some convex function P.

Proof. The first claim is almost immediate from the definition, also see Burago et al.
(2001, Lemma 3.6.4). The second claim follows from the first using the characterization of
geodesics in (Py(R%),dy,)—see e.g. Santambrogio (2015, Theorem 5.27). The last claim
is Brenier’s Theorem (Villani, 2009, Theorem 9.4). [ |

The following lemma uses similar arguments to Cheng and Bartlett (2018, Lemma 9),
and it connects the strong concavity of the log-likelihood function with strong geodesic
convexity of F.

Lemma 21 If Assumption 3 holds, F is A-strongly geodesically convex i.e. for every
(0,9),(0',q") there is constant speed geodesic v : [0,1] — My connecting v(0) = (0,q)
and v(1) = (¢, ¢") such that t — F(y(t)) is A\-strongly convex:

A(1— 1)

F(y() < 1= O)F(0,9) + (¥, q) — —

d((6,9), (0", ). (39)

Proof. Let v = (7p,74) be a geodesic in My connecting (6,q) and (¢',¢"), and recall
that by Lemma 20 7y and 7, are geodesics in (R% ||-||) and (P2(R%),dw,), respectively.
Since F(0,q) = [log(q(x))q(dz) — [ £(8,2)g(dz), and since g — [log(g(z))g(dx) is convex
along v, by Santambrogio (2015, Theorem 7.28), we just need to show that V(0,¢q) =
— [4(0,z)q(dz) is A-strongly convex along ~. Using the representation in Lemma 20 above
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and then applying Assumption 3 we obtain
V) = [ )z ds

— /Z((l —1)0 +t0, (1 — t)x + tz')o(x,2) dw d2’
// (1 =)0, z) + tL(¢',2")) o(z, ') dz da’

)\t
2)/<H9 Q’H +Hx 33/H2) Q(x,iﬁl)dxdqj'

A0 4 0,9), (0", ))".

=1-t)V(0,q) +tV(¢,q) — 5

|
The next result supplies an estimate for the right lower derivative of the free energy

along geodesics in My (to compare with Villani, 2009, Theorem 20.1, or Otto and Villani,
2000, Equation 51).

Lemma 22 Let v be a geodesic connecting (0,q),(0,q") € ML. If £ is differentiable, then

lim in £ - FOOD > 9,0 - id,v,6,F 0, 0), + (0 —0,VoF(8,q))

t—0t+

where 04F(0, q) = log(q(z)) — (0, x) is F'’s first variation and V,® is the optimal transport
map from q to q'.

Proof. Let us consider the geodesic v(t) given by y(t) := (04, q;) with ¢(dz) := ((1 —t)z +
tVo®(z))#q(dz) and 6, = (1 — )0 + t0' — see Lemma 20. Since ® is a convex function
(Lemma 20), by Alexandrov’s theorem (Villani, 2009, Theorem 14.24) ® has a second
derivative almost everywhere. Let V2 denote the Hessian with respect to the variable x.
We use the change of variables x — (1 —t)z +tV,®(z) and then the facts 6; = (1 —1)0 + ¢’
and gt(dz) := (1 —t)z+tV,®(2))#q(dz) = ¢((1 -)x+tV,P(z)) = q(x)/ det((1 —1)I4, +
tV2®(z)), so

FO() = F0ra) = [ ae)og(ar(e) ~ 600,2)) da
= /qt((l —t)x +tV,P(z))log(q:((1 — t)x + tVP(z)) — (1 — t)x + tV,P(x))
00y, (1 — )z 4+ tV,®(z)) det((1 — t) I, +tV2i0(x))dx

_ /q(x) log <det((1 _ t);’d(“””l tvg,<1>(x))> dz — q(2)0(0,, (1 — ) + 1V, D (z)) da

—3/«@ma«mnu+Fuww»+&wa»

Now, by Fatou’s lemma,

Bl lh ) [y (00~ osldr(1 - D1, + 103040
- t—0+ t

q(dx)

lim inf
t—0+ t
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and by positive semi-definiteness of (1 — #)I;, + tV2®(x), the arithmetic mean-geometric
mean inequality yields that

det((1 = ) Ia, + V20 () < (Tr((l = Do, + N%q’(”“"))yz _ <(1 — 6+ thx@(a;))dz

dit T

where A, denotes the Laplacian. It follows that

lim inf F5(01, 1) — Fa(6o, 90) > /liminf [— d?a: log <(1 —t)+ ;Ax@($)>] q(dx)

t—0+ t t—0+ x

- [(@s() - d)ala).
Next, we estimate F5(y(t))’s lower derivative as

F3(0¢,q¢) — F3(60, qo0) >/ )

lim inf
t—0t

lim inf

t—0+t t

[z(e, ) — 66y, (1 — t)z + 1V, D(z))
t

]Q(dw)
B / <V€(9, $)7 (0/ - 9: vzq)(x) - .%')> q(dx)

where the limit exchange is again justified by Fatou’s lemma. Putting these results together,
integrating by parts, and using the divergence theorem then gives

lim mf F(atv Qt) - F(907 QO)
t—0+ t

> _/ (2)(AsB() dx—/q ) (VU(6,2), (0 — 0,V,8(z) — ) de
/<qu ), V() — o dﬂc—/q ) (VE(B,2), (6 — 0, V,®(z) — 2)) do
/(qu ), Va®(z) — ) — q(x) (VL(0, x), Vo, @(2) — x) da

- / (0 — 0, V500, 2)) q(z) da

= / <Vz log <50((:§:))>,Vx<1>(x) - :c> q(z)dz — / (0" = 0,Vpl(0,x)) q(x) dz

Proof of Theorem 6. Take any two points (6, ¢) and (¢’,¢') in M3} and consider a geodesic
v = (76,7¢) connecting those. Since under Assumption 1, € is dlfferentiable, taking the right
lower derivative w.r.t. ¢ at 0 in (39) and using Lemma 22 we obtain

(Va® — id, V., 0,F (0, 0)), + (¢ = 0,VoF (0,9))

< timint TOOZEOO) oy ) pio.) - 2a0.0). 0% (a0)

t—0t+
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Because ||V, P —ing = dw,(q,¢)?, setting (¢',¢) := (0.,7mp,) and using the Cauchy—
Schwartz inequality yields

F(0,q) — Fi < — (Va® —id, V36,F(0,q)) — (0 — 0,VoF(0,q)) — %d((H,Q), ¢'.4))"

< +d((0.0). (0. | Vabs F(6.0)|2 +[|VoF @, 0)||" ~ %d((Q,Q), ¢'.4))"
=+d((0,9),(¢',d)VI(0,q) — %d((Q(J), @.4))%

Now we use Young’s inequality ab < a?/2e+eb?/2 with e = A > 0on d((6, q), (¢, ¢'))\/I(0,q)
and the claim follows. n

A.4 Proof of Theorem 7

Let t > 0. Consider a geodesic v = (79, 74) connecting the points (6:,¢:) and (6«,mp,) in
M. Setting (0,q) = (0, ¢) and (¢,¢") = (64, mp,) in (40), and since under Assumptions
1(iii) and 3 the xLSI holds (Theorem 6), we can use the extended Talagrand-type inequality
(Theorem 4) to obtain

(Va® —id, V04 F (6, Qt)>qt + (0. — 01, VoF (01, q1))

< Fo - Fla) ~ 3000 (0..7.)° < ~2((0ro0). (6r.75,))%

Let o be the optimal transport plan for (g, mg, ) and let vi(x) = V log(gi(z)/pe, (x)). Recall
that o = (id x V;®)4q; by Brenier’'s Theorem. Combining the above inequality with (38)
we write

%d((0t7Qt)7 (0*,7{'9*))2 = 2/<Ut(l‘1),$1 - 332> dg(xl,l?) +2 <ét70t - 9*>

- 2 <vxq) - Y’d7 vx5qF(9ta Qt)>qt + 2 <9* - et) VQF(et) Qt)> S _2)\d((9ta qt)a (9*5 7-‘-0*))27

upon which the result follows via Gronwall’s inequality. |

Appendix B. Proofs for Section 3
B.1 Proof of Proposition 8

We break down the proof of Proposition 8 into three steps: (i) in Lemma 23 we prove that
under our assumptions the SDE (6) has an unique strong solution; (ii) in Lemma 24 we
prove some regularity properties for the law of the solution; and finally (iii) in Lemma 25
we prove that such law provides a classical solution to (5) satisfying Assumption 2. In this
section, Assumptions 1(ii) and 4 are taken to hold.

Lemma 23 For all T > 0, if (0, X) belongs to R% x L2(R%), the SDE (6) has an unique
strong solution (0, X¢)i<t on [0,T] on such that (0o, Xo) = (0, X).
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Proof. This is an adaptation of the arguments in Carmona (2016, Theorem 1.7), Chaintron
and Diez (2022, Proposition 1), and Lim et al. (2024, Proposition 3.1). Fix any 7" > 0,
0o in R%, and X in £2(R%). Let C([0,T],S) be the space of continuous functions from
[0,T] to a metric space S. Tt is straightforward to check that our Lipschitz assumption on
0’s gradient, implies that £(6,z) is vs-integrable for any ¢, 6, and v in C([0, T], P2(R%)).
Consequently, for any given such v,

A6y, Xi') = b7(0;, Xy, t) dt + o dWi, - (05, Xg) = (60, Xo), (41)

with b”(0, x,t) := [ [ Vel(0, 2" )1r(dz), V. (0, 2)]T and o := v/2diag(0g,, 14, ), is well-defined.
Assumption 4 and Jensen’s inequality imply that b” is Lipschitz in (0, x), uniformly over ¢:

1% (0, 2, t) — b (¢, 2, 1)||* < /HVM(G, 2) = Vl(0/, 2)|| vi(d2)? +||Vol(0, 2) — V.00, )|

< 12|60 — ¢'||” + £2||(6, 2) — (¢, 2")|”
<2L%(0,2) — (¢,2)[|*, (0,2),(0',a") eR¥ x R¥ ¢t <T.

Moreover, for any point (#’,2') in R% x R,

16" (0, 2, 1)||”
/Hvez (0, 2) — Vol(0, 2")||* ve(da) +||Vol(8, ) — Vo l(@,2")||* + || Ve, 2|
§2LH 0,z) — (0,2 H +ap, (0,2) eR% xR¥ ¢ <T,

where ap := Lsup;<p||6 — 9’“2 + [z - .73/H2Vt(dl‘) + HVE(H’,JE’)HQ < o0o. Consequently,
(Oksendal (2013, Theorem 5.2.1.) tells us that (41) has a unique strong solution (67, X} )i<1
over [0, T]. Furthermore, (Law(X})):<7 belongs to C([0,T], P2(R%)): combining the above
with Jensen’s inequality,

2

E |l6y]? +HX”|| b” 05, X8

< 2T<L/ E [loz - 0| +]1x7 - o'|] s —i—aT)
0
T 2 2
< 2T<2L/ E ﬂ|0;’\|2 +HX;’||2} ds + ap + TL(|¢'||” +||«'|| )), vt < T
0
and it follows from Grénwall’s inequality that E [||97’{||2 +HX;’||2] < 2T(ar + TL(H@’H2
Ha:’HQ)) +4Lel'T < oo for all t < T. Now consider the function
Tp : C([0,T], P2(R%)) = C([0, T, Pa(R%)),
mapping v to (Law(X}))i<r. Note that, if (6:, X¢)i<7 is a strong solution of (6), then

(Law(X¢))i<r is a fixed point of Uz by the latter’s definition. Consequently, (6) has no
more solutions than W7 has fixed points. On the other hand, if (g;):<7 is a fixed point of
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U, then there is some (6;, X¢)i<p solving (41) with v equal to ¢ such that (Law(Xy))i<r
also equals ¢. In other words, there is some (0, X¢);<7 that solves (6). In short, to prove
the existence and uniqueness of (6)’s solutions, we need only argue that W7 has a unique
fixed point. To this end, consider the following metric on C([0, T, Pa(R%)):

diy, (v, ') := sup dw, (v1, 14).
t<T

If we show that, for some integer k, the k-fold composition \I@ of U with itself is a con-
traction w.r.t. djv;,g, the Banach—Caccioppoli fixed-point theorem (Kreyszig, 1978, Theorem

5.1) will imply that U has a unique fixed point in C([0, 7], P2(R%)). Fix any two elements
v and v/ of C([0,T], P2(R%)), denote with (87, X?);<r and (8¢, X?');< the correspond-
ing SDE (41) solutions, and let ¢ denotes a rolling constant independent of those, which
value might change from line to line. Applying in order Jensen’s inequality, V£’s Lipschitz
continuity, and the Kantorovich—Rubinstein duality formula,

| 1]

=7} ¥|
SCT/OIEU

Because dyy, < dy, (Villani, 2009, Remark 6.6),

2

v 2 v
—0; - X

t
/ (067, X%, 5) — 1 (87 XV, ) ds
0

b (0%, XY, s) — b7 (67, XY H ]

/ 2 !
or—ov |+ xy - x

—|— dw, (vs, 1/;)2} ds

t t T
/dWl(VS, V)2 ds</ sup dyy, (v, v.)? ds</ ds(u[()’s],y[’o’s])st,
0 0 0

r<s

where vjg 4, Vfo . respectively denote v, 1'’s restriction to [0, s]. Combining the above two
and applying Grénwall’s inequality, we find that

9 T
EU } <er / ds (V0,61 V[o,q)* ds
0

with cr 1= cTel. Taking supremums over ¢t < T, we find that

1
t<T t<T

2 T 2
<sup |E U ] < CT/ ds, (V[0,5): Vo,¢)” ds-
t<T 0

Let \I/Z} denote the k-fold composition of W with itself. Iterating the inequality above
k-times yields

! 2 /
or —or' |+ xr - xv

dJV;/2<\IIT(V)7 \IIT(V,>)2 - Sude2(Vt7 Vt,) < SupE |:HX£/ - Xz/

v 2 v/
- et - Xt

T Sk

diy, (W (v), Wh(1))? < (CT)k/ mda@@[o,s}, Vigq)” ds

0

< k:) diy, (v, /)% ds.
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In particular, for large enough k, W% is a contraction. Because (C([0,T], P2(R%)),d, )
is a complete metric space (Sutherland, 2009, Proposition 17.15), the Banach—Caccioppoli
fixed-point theorem (Kreyszig, 1978, Theorem 5.1) then implies that U7 has a unique fixed
point in C([0, T], Po(R%)). [ |

In the lemma below, for some 7' > 0 we set ]Rglf = [0,7) x R% and we write f(fc(Rde)

for the set of real locally bounded functions on R%”. We let ’Hj’k(R%”) denote the space of
real functions on RE}” for which all components of the weak derivatives V"V q exist and
belong to EOO(RSI?) for all m < j,n < k. Here, V* denotes the i-th fold outer product of
V with itself. We write that such functions are in Hfoﬁ(Rde) if those weak derivatives only

belong to L',ﬁfc(R%”). In the proof below, we follow an argument in Fan et al. (2023, Lemma

C.4), see also Jordan et al. (1998, Theorem 5.1), Mei et al. (2018, Lemma 10.7).
Lemma 24 Law(X;) has a Lebesgue density in Cl’Q(RdT”,RJF) and 0; € C1([0,T),R%).

Proof. Set ¢; := Law(X}). Since (¢,z) — Vzlog(pg,(x)) is locally integrable in R%” due
Assumption 1 and the fact that ¢t — 6, is continuous, Bogachev et al. (2015, Corollary 6.4.3)
shows that (¢;);<7 admits a continuous Lebesgue density, further satisfying

g € Hpse (RF?). (42)

We now exploit this first regularity estimate and improve on it with a bootstrap argument.
Let ¢,2 denote the Gaussian density with mean 0 and variance o2. Let ¢ € C*(R% R).
For fixed t > 0 and y € R%_ 1t6’s lemma on (s, Xs) = &(Xs)@,244—s(y — Xs) yields

t
/Qb(x)@(ﬂ (y - x)qt(dx) = /0 /(88@02+ts(y - CE)Qb(IE) + <v$€(957 I), vx¢> 9002+t75(y - CL‘)
— (Val(0s:2), Vaorii-s(y — 2)) $() + Aa($() 002115 (y — 7)))gs(dz) ds.

Using the heat equation Osp,2; o(y — ) = —Azp,2. 4 s(y — x) and integrating by parts,

t
/aﬁ(x)%z (y — x)qr(dx) = /0 /((Vxﬁ(es, ), Vad(@)) + B2d(2))qs(2) 52415 (y — 7)
+ <(_vw£(937 z)p(x) + 2V, (2))qs (), Vapor yo—s(y — ;19)> dzds.
Let 02 — 0. Using the weak differentiability of ¢; ensured by (42), we deduce
t
¢(v)a(y) = /0 E1s % Pr-s(y) + €25 % pr—s(y)ds Yy € R™, (43)
where  denotes the convolution operator, and we defined & 5(z) := ((Vol(05,2), Voo (2)) —

Am‘b(x))qs(x) and EQ,s(x) = vm'(Qs (l“)(vxf(@s? x)qﬁ(m)—va(ﬁ(x))) The next key ingredient
is the following implication in Ladyzhenskaia et al. (1968, Chapter 4, (3.1)):

t
& € HWF(RIE) for 2 +k < 2m = / Es* pr—s(y) ds € HIF(REr) for 25 + k < 2m + 2
0
(44)
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Since ¢; € ’HO’I(RCdFE), ¢ € C°(R%,R) and the elements of (t,z) + V,£(0;,z) and (t,x)

loc

V2((0;, ) belong to L2 (Rg?) by Assumption 1(ii), the equations (44) and (43) show the

loc

chain of implications ¢; € ’Hﬁ)’i(Rde) = (opq) € HO?(RE) = ¢ € H?Si(R%‘”) = (¢q1) €
7-[0’3(R%”) = q € H?(;g(R%I). Next, since we now proved ¢; € H?Ai(R%), by analogous
arguments (44) also yields (¢q;) € H"3(RE) = ¢ € Hllo’z’(Rglf) = (oq) € H¥(RE) =

q: € HIQC;E(R%”) Finally, by the Sobolev embedding Theorem (Adams and Fournier, 2003,

Theorem 4.12), q; € Hﬁ)’z’(Rde) = q € Cl’Q(Ri}”). Since /¢ is continuously differentiable by
Assumption 4 and ¢, € C3(R%), we also have 8, € C'([0,T),R%), and the claim follows. B

Following the, by now standard, argument of Sznitman (1991), as 7' is arbitrary and for
any T < T the projection of the solution on [0,7] onto [0,7”] coincides with the solution
obtained by working directly on [0,7”], there exists an unique extension on [0,00). The
regularity properties of the solutions given in Lemma 24 extends to [0,00). In fact, the
marginals of the solution on [0, c0) have to agree to the solution on [0,7") for any T > 0;
such regularity is guaranteed by Lemma 24. Hence, if the regularity failed at some 7" > 0,
we could just take T' = 27", producing a contradiction.

We proved that (6) has an unique strong solution on all [0, 00) with the regularity that
Assumption 2 asks a classical solution to (5) to have. The next lemma closes the circle.

Lemma 25 (6;, Law(X})):>0 is a classical solution to (5).

Proof. Let ¢ in C°(R% R). It6’s lemma shows

6(X1) = 6(Xo) + /O <<v$€<95,xs),vx¢<xs)>+Ax¢<Xs>> ds + /0 (Vd(Xs), dIT,)

Consider the system

6, = / Vol(0r,x)qi(dz), My = $(X;) — /0 (<Vx€<98,Xs),Vx¢<Xs>>+Ax¢><Xs>> ds

with ¢, = Law(X};). Comparing with the expression for ¢(X;) above we notice that M, is a
martingale with respect to the natural filtration generated by (0:, X¢):>0, as it corresponds
to the Ito6 integral of an adapted, square integrable process against Brownian motion. Taking
expectations and the time derivative in M, above shows that

1 [o@an) == [(Vat(61,2), Vao(@)) aldo) + [ Asdl)aldn) V6 € C @ R)

In particular, this shows that (6, Law(X¢)):>0 is a weak solution to (5). Thanks to the
regularity provided by Lemma 24, we can integrate by parts the above to obtain

d
2 [owatrar= [ 6)auatn) — (Tt6,2), Voala))) ds;
for all ¢ € C*(R%,R). For each x € R%, we can consider a sequence of bump func-

tions in C2°(R%, R) concentrating in the point, showing that (5) holds pointwise and that
(0, Law(X}))>0 is a classical solution. [ |
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B.2 Proof of Lemma 12

Recall that the particles (X}, ..., X}V) are i.i.d. with distribution ¢;, and that the particles
(XL, ..., XN)arei.i.d. with distribution 7p,. Consider the coupling of these random vectors
such that each X! is optimally coupled (in the sense of the Wasserstein-2 distance) with
X}. In this case, we write

1 N
d((01, Q1)) (0, Q)2 <100 = 0.1 + = D E [Ix7 = x2|P]

n=1
2 1 1) 2
=116 = 0" + E ||| Xy — Xi|| | =d((0r; @), (0x,70,))"
The result follows via Theorem 7 and Proposition 8. |

B.3 Proof of Lemma 13

Proposition 26 Assume Assumptions 3-4 and let (6, 1) denote {’s unique mazimizer.
Then, we have the following uniform-in-time second moment bound
2d,

16:]|* +E [HXt||2] <2 <H9T||2 +|zi|]* +]|60 — 65> + E [HXO - mﬂ + A) vt > 0.

If (04, 21) = (0,0), the above also holds without the factor of 2 in the right hand side.

Proof. Because,
F() =2l = Vi(z) = 22, V2f(2) =21,
by setting )

)

& = [ Xe = a|* + 10— 04]]” =01, X0) — (61, 29)

applying Itd’s formula (@ksendal, 2013, Theorem 4.2.1) and noting that X; has law ¢, we
find

dg, =2 [<(et — 04, Xy — x1), (E [Vol(0, X1)] , Vol (0y, Xt))> + dx] dt + 2% (X; — g, dW;) .
(45)

However,

(6 = 01, X = 21), (B [Vol(01, X)) , Vol (61, X)) (46)
— <9t — 01, E [Vol(0), Xt)]> +( Xy — w4, Vol (01, X2))
= E (0 — 01, Vol0h, X0))| + (Xi = 21, Vall (01, X0)

and, because / is strongly log-concave by Assumption 3 and (0, x{) maximizes it,

(VU0 Xy), (00, Xe) — (O, 21)) < L(0r, Xe) — £(05, 5) — N&t/2 < =D& /2.
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(e.g. see pp. 63-64 in Nesterov, 2003). Taking expectations of (46) and applying the above,

E [<(9t — 04, Xy — xy), (E [Vol(0;, X)) ,fo(9t7Xt))>]
= E [((6: — 01, X, — 2y), VE(0:, X)) | < —2E[&] /2.
In turn, taking expectations of (45) yields dE [&] < [-AE [&] + 2d,] dt V¢ > 0 and

Blo) < e (Blal - 52 ) + 5 <max (Bl ) <Elal+ 5 w0,

where we used e=* < 1. Now the C,, inequality, ||6;]|* < 2(HHTH2 +H9t - GTHQ) and similarly
for E [HXtHﬂ? gives the desired bound. [ |

Proof of Lemma 13. To prove the desired bound, we start with It6’s formula to write
N 2 N 1 o N ¥
d“@t —etH —2(O) — 01, " Val(O), X}) - /V(;E(Qt,x)qt(d:c) dt,
n=1
d| X7 = XPP =2 (Xp = X2, VL0, K1) - Val(0, X)) dt.

_ _ 2
Setting & := N~! Zgzl Hth — thH2 —i—H@{V — Ht‘ , averaging the second equation over n,

and adding to the first, we find that

N
_ 1 >
&Y =2 <@iv =0 D Vol(OF X7 — / Ve€<0t7w>qt<dx>> dt
n=1

N
2 L) n v n
+ = ; <Xt — X,V (O, X)) — V(6 X )> dt.

Because X}, ..., X}V all have law g,
_ 2 N _
d&Y = =3 [(OF — 0, Vol(eF , X1) - Vot(6r, X1))
n=1

+ (Xp = XP VO, XP) = Vallln, X)) | dt 426G dt

where
1 N
GN: = <@iv —0n n}_jl Vol(0;, X[') — / vef<9t,w>Qt(dx>>

N
_ % <@,{V — 6,y [vgz(at, XM —E [vez(et,xgl)]} > .

n=1
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It then follows from Assumption 3 that

Cﬂfﬂ < _2)\E [gﬂ +2F [G,{V] vt > 0. (47)

e fe]| <2 28 (5 %), 9

~1/2 _
4 [gtN], (47,48) imply that

del < [—2ae) +2GN]dt vt >0, =

As we show below,

Because 4 i [ﬁt } =27k [@[}
(%]E (6] 2 R [&] i % <Bo + d;)

Applying Gronwall’s inequality, we obtain that

V2 x fen (L e ML |2 dy
——— /=By + —
[5t } = o Ty N\t
and the result follows because EéV = 0 by construction. |

Proof of (48). Applying the Cauchy—Schwarz inequality, we obtain

e (2]

2 2 N
< LE [H@gv . } E (|13 [Vot0n X7) ~ E [Vt 6, X7)]]

n=1

< EZ@} f:lE [vaaet,xt E [Vol(6;, X H } : [ } f:cg,

where the last inequality follows from the independence of X/,..., X}N. Let X/ denote a
random variable independent of (X}, ..., X}*) with law ¢;. Jensen’s inequality and Lipschitz
continuity of Vgl (Assumption 4) imply

et = |[ot(on, x7) = 5 [Totton, 30| | < & |Vt x2) - Satcon 0]
< PE|[|xp - x;|°] <22 || x7)°]

Combining the above two and Proposition 26, we then obtain (48). |

B.4 Proof of Lemma 14

The following proof extends the arguments in Durmus and Moulines (2019, Lemma S2) or
Chewi (2024, Chapter 4.1). We introduce the linear interpolation of the Euler-Maruyama
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discretization of (32):

X' =X, + (t = kh)VLl(X],, OF,) + V2(W) = Wii,),  Vn € [N];

N
e 1 i
oN =ed + (t - k‘h)ﬁ Z Vol( X7, Om);
n=1
for all ¢ € [kh, (k+1)h) and k € N. Let Qf := N~'3,_; §5,. We notice that (6%, Q)

coincides in distribution with (@%’h, Q[Z\(f’h), hence we just need to derive the bound

d((O%n, Qkn), (O%n, Qup)) < VhAn VK €N.

For all n € [N], k € N and h > 0 we compute directly from the defining equations,

2

(k+1)h _ 5 5
/k VAT 0) — V(K )] ds

HX(T;C—H)h - X&—H)hH :‘
— 20 (X, — Xy Val (X3, O0) — Val(X7, O8)

(k+1)h v a0 v N v N v a0 2
-2 /k (KT X V(X0 0) - Val(X, 0 ) ds + [ X3 - K|

2

. 9 1 X (k+1)h B N SN
H@ k+1)h @(k+1)hH - N Z 2/kh [Vol(XS, ©F) — Vol(Xpy, Opp)] ds
n=1

(O, — O, Vol(Xih, O,) — Vol( X5, O)

2\§
-

2\1\3

n=1 h

- 2 - 2
Averaging the N equations for HX (e+1)h X(nk+1)hH , adding the one forH@éi_H)h — Gé\l;-l—l)hH

- - - _ 2
we obtain, with Y;* := (X7, ON), Y;* := (X}*,©N) and & := N~} ery:lHY;" =Y |,

2

(k+1)h ~
Ekt1)n [VA(YS) — VE(Yy3,)] ds
on
N Z <Yk:h — Y}, V(Y — Vf(ykh)>
N
2 (kDR n Yo el el
N T; /kh <Ykh — Y, VUYS) — Vf(Ykh)> ds.
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Now, adding and subtracting V¢ (Yﬁb), applying Jensen’s inequality, expanding the resulting
integrand and further applying Young’s inequalities,

Furthermore, under Assumptions 3 and 4 we have, by Nesterov (2003, Theorem 2.1.12),
there holds the co-coercivity property

2
< 22| V() - V)

’ 2

(k+1)h B
+2h / |Ve(yy) — veyi)||"ds.  (50)
kh

(k+1) _ B
/ VUT?) — VAT ds
kh

IVey') — Vi)
A+ L ’

(VUW) = VE).y — ) = 5y —v/| +

where ¢ := 2AL/(A + L). It follows that, whenever h < 1/(X + L), we have

N
> [2}12HV£(}7,:,‘1) VU

2 _ ~ _ ~
o (T - Vi, Vo) - V7))

n=1
N
he Val) 1 2
n=1
Combining (49,50,51), we obtain
9 N (k+1) N _ N _
€ern <= =37 | [ (V= 5, VU3 - VAT ) ds
n=1

(k+1)h B ;
+2h / |VeY) — Vv ds| .
kh

To deal with the remaining terms, fix any € > 0. Applying Young’s inequality, we obtain

1 N
N 2
n=1

(¥ = Tih w077 = 9105

1

N _ 21 _ _
359 [;HY&—Y& b o[V - )|

= f&ch + o ZHW Vo) - vevi)|P .

Putting the above two together, we obtain for any € > 0 and k € N,

1 (k:-‘rl)h 1 N B B 9
Ekryn < (1 — th+ he/2)Ekn + <2h + 26) /kh N ;HVE(YS ) = V(Y| ds. (52)
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We will show below that if h < 1/(X + L) then, for all s € [kh, (k + 1)h),
1 i E [HW(Y”) — VU )HQ} < 220hLA(L2h(Boy + dp/ A + dy)). (53)
N — S kh — T T

Hence, taking expectations in (52), choosing € = ¢ using the bound above and the fact that
& = 0 we obtain

k
E [g(,cﬂ)h} < (2h +2/0)220h3(L*h(By + d /A + dy) S (1 — th/2)]
7j=1

4h +4
< A A OB L2 (L2h(Bo + du /A + o).
L

Proof of (53). Let {F;;t > 0} be the filtration generated by (6;, X7*))_; and denote Eyy,[/]
expectation conditional on Fyp. We first show that whenever h < 1/(A+ L)

N N
1 Vao O NIE 1 2727 |15 |2
v ;Ekh [[vew - vers)|’] < = 2231 220RLA(LPH|[ViR[|" + d),  (54)
after which the result follows from taking expectations and applying Proposition 27. Since

7

Egp, [HX?—XJ%HQ} = Exn

' / VL HON, X1) dr + VAW — W)

< 2(s—kh)/khnzkh H]V ey, X7

for all n € [N], and

2
] dr + 4d,(s — kh)

2
N N 2 1 al 3 N vn 1 v 2

H@S —@th -+ | Vol X7)dr|| < 2(s k) N x| ar,
n=1

adding up and since Assumption 4 implies HVE(Y,,”)W < LQHYT"W, we obtain
N
%ZEM 172 =¥l < 2hL2/ ZEkh 7:2(1°] ar + ad.n
n=1 kh

§4hL2/]€Z ZEkzh [‘y — v }dr+4h2L2Ekh [HYth ] + 4d,h

and by Gronwall’s lemma

N N
1 \ T Vel 1 n
N;Ekh 17 = 7] < 5 2 epUL )AL [V + 4doh).

n=1

If h <1/(A+ L), exp(4L?h?) < 55, and (54) then follows by Assumption 4. [ |
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Proposition 27 Assume Assumptions 3-4. Then, for allt > 0,
1 n||2 N]|? 2 & 112 dy
& S e+ o] <2 (1eole + & 1ol + )
n=1

Proof. Recalling that here (64, 1) = (0,0), this argument is very similar to that supporting
Proposition 26. For each n € [N],

dxr|? = -2 <X,?, VL0V, th)> dt + V2 AW + 2d, dt

dH@iV(f - —% 3 <@{V,V9£(@§V,Xf)>dt

2
, taking expectations and

now averaging the N equations for | X?*||* and then adding H@iv ‘
2
time derivatives, with &Y = N=' SN || x7| —I-H@i\]’ ;

d—dtIE [gﬂ — 9E ;fﬁ:l<(xgl,e§),ve(@§v,xm> +2d, < —2)E [gﬂ + 2d,,

and Gronwall’s inequality provides the conclusion. |
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