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Abstract

This paper studies the problem of post-selection predictive inference in an online fashion.
To avoid devoting resources to unimportant units, a preliminary selection of the current
individual before reporting its prediction interval is common and meaningful in online
predictive tasks. As a result of the temporal multiplicity introduced by the online selection
process, it becomes essential to control the real-time false coverage-statement rate (FCR)
which measures the overall miscoverage level. We develop a general framework named CAP
(Calibration after Adaptive Pick), which performs an adaptive pick rule on historical data
to construct a calibration set if the current individual is selected. This is followed by the
output of a conformal prediction interval for the unobserved label. We present a series of
tractable procedures for the construction of the calibration set for various popular online
selection rules. It has been demonstrated that CAP achieves an exact selection-conditional
coverage guarantee in the finite-sample and distribution-free regimes. In order to address
the issue of the distribution shift in online data, we also embed CAP into some recent
dynamic conformal prediction algorithms and prove that the proposed method can deliver
long-run FCR control. Numerical results on both synthetic and real data corroborate that
CAP can effectively control FCR around the target level and yield narrower prediction
intervals than existing baselines across various settings.

Keywords: Conformal inference, distribution-free, online prediction, selection-conditional
coverage, selective inference
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1. Introduction

Conformal inference provides a powerful and flexible tool to quantify the uncertainty of
“black-box” prediction models by issuing prediction intervals (PI) for unlabeled data (Vovk
et al., 1999, 2005). In many applications, it is unnecessary or inefficient to perform predictive
inference on all unlabeled data due to collection and cost constraints. For example, in drug
discovery, scientists aim to select promising drug-target pairs based on prediction values of
binding affinity for further clinical trials (Dara et al., 2021). Hence, a more feasible option is
to perform predictive inference on only the selected individuals of interest, which is referred
to as Selective Predictive Inference (Bao et al., 2024).

Recently, several works (Bao et al., 2024; Jin and Ren, 2025; Gazin et al., 2025) have
formally explored this area in offline settings. In applications of scientific discovery or
industrial production, it is desirable to perform real-time selection or screening prior to
predictive inference. As in the example of drug discovery, drug-target pairs often appear
sequentially, requiring scientists to determine whether to retain the current pair for further
investigation based on the predicted affinity values. In contrast to offline scenarios where
individuals of interest can be selected simultaneously, online selection rules may change in
real-time or be influenced by incoming data, leading to complicated impacts for downstream
predictive inference. As a result, it becomes more challenging to guarantee the validity of
online selected Pls.

This paper studies reliable selective conformal predictions in the online case. Formally,
suppose the feature-label pairs {(X;,Y;)} >0 € RY x R are collected in a sequential and
delayed fashion. At time ¢, one can observe the previous label Y;_; and the new feature Xj;.
Let II;(-) : RY — {0,1} be a generic online selection rule that may depend on previously
observed data. To be specific, let S; = II;(X;) be the selection indicator or decision, and the
task is to report the PI, Z;(X}), for the unobserved label ¥; when S; = 1.

As Benjamini and Yekutieli (2005) highlighted, the selection process introduces multiplic-
ity, and neglecting this multiplicity in the construction of selected parameters’ confidence
intervals results in undesirable consequences. Similar issues also appear in online selective
predictive inference. Weinstein and Ramdas (2020) considered temporal multiplicity and
extended the definition of false coverage-statement rate (FCR) proposed by Benjamini and
Yekutieli (2005) to the online regime. For any online predictive procedure that returns Pls
{Z+(Xy) : St = 1}4>0, the corresponding FCR value and false coverage proportion (FCP) up
to time T are defined as

_ Yo S 1Y ET(X0)}

FCP(T) ST,

., FCR(T) = E{FCP(T)},

where aVb = max{a, b} for any a,b € R. To achieve real-time FCR control when constructing
post-selection confidence intervals of parameters, Weinstein and Ramdas (2020) proposed a
novel approach named LORD-CI based on the building of marginal confidence intervals at
a sequence of adjusted confidence levels {a4 }+>0 such that ZtT:o ar/(1V ZJT:U S;) < o for
any T > 0. The LORD-CI is a general algorithm that can be readily applied to construct
post-selection PIs. However, the resulting PI with level (1 — ay) tends to be overly wide since
it does not incorporate the selection event into calculating miscoverage probabilities when
estimating FCR. In fact, it would be desirable to achieve the so-called selection-conditional
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coverage (SCC) guarantee,
PV €Li(Xy) | Se =1} 21—, VL 20,

which characterizes the coverage property of PI conditioning on the selection event and has
been studied in Bao et al. (2024) and Jin and Ren (2025).

1.1 Our approach: calibration after adaptive pick (CAP) on historical data

This paper aims to develop a distribution-free framework to construct post-selection prediction
intervals with selection-conditional coverage while successfully controlling real-time FCR
around the target level. Our strategy is motivated by the idea of post-selection calibration
in Bao et al. (2024), which proposed a selective conditional conformal prediction procedure
(SCOP) in the offline scheme. They first apply a pick rule on independent labeled data with
the identical threshold used in the test set to obtain a selected calibration set, and then
construct split conformal Pls by leveraging the empirical distribution of residuals in the
selected calibration data. If the threshold is invariant to the permutation of all data points
in the labeled data set and test set, the selected test data is exchangeable with the selected
calibration data, then SCOP can achieve both SCC guarantee and FCR control. However,
this assumption about the threshold may not be realistic in the online setting, where the
selection rule II; usually depends only on previously observed data.

For online selective conformal prediction, we develop a more principled algorithm, named
Calibration after Adaptive Pick (CAP) on all available historical data. Let H; be indices
of historical labeled data at time ¢, and we call the data {(Xs, Ys)}sen, as the holdout set.
When S; = 1, we firstly use a sequence of adaptive pick rules {H{j;ia(-)}sem on historical

data to select a calibration set {(Xs,Ys)}, s where Co={s € H: II}da(X,) = 1}. The
rule Hf’ga(-) is constructed by integrating the information from the historical selection rules
and X;. Those selected calibration points (Xj, Ys) in CAt satisfy that each of them and the

selected test point (Xy,Y;) are exchangeable conditioning on other data {(Xj,Y;)}izs¢. Then
for a target FCR level «, we report the following PI:

TP (Xp o) = (X)) £ ga({Ri}c),

where ¢o ({1}, ) denotes the [(1 — @)(|C;| + 1)]-st smallest value in {Ri}icq,-

To ensure exact exchangeability after selection, we design adaptive pick rules for two
popular classes of selection procedures. The first class is the decision-driven selection
considered in Weinstein and Ramdas (2020), where the adaptive pick rule takes advantage of
the intrinsic property of decision-driven selection to obtain an “intersecting” subset of the
holdout set. The second class pertains to selection with symmetric thresholds, which involves
screening individuals according to the empirical distributions of historical samples. Here,
we propose an adaptive pick rule by “swapping” X; and X, for s € H; in the explicit form
of the indicator Sy to obtain a new indicator determining whether (X, Ys) is picked as a
calibration point.

The workflow of the proposed method CAP at time t is described in Figure 1. Our
contributions are:
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Figure 1: The workflow of CAP at time t. The picked calibration set is {(X,,Ys)}

el where

C = {seH,: Héf}a(Xs) =1}. The residuals are computed by Ry = |[i(X,) — Y.

(1)

(4)

Compared to the offline regime, controlling the real-time FCR is more challenging
due to the temporal dependence of decisions {S;}+>0. For decision-driven selection,
we prove that CAP exactly controls the real-time FCR below the target level without
any distributional assumption. For selection with symmetric thresholds, we provide
an upper bound on the real-time FCR under certain mild stability conditions on the
selection threshold.

Credited to the adaptive pick on historical data, CAP could achieve the finite-sample
SCC guarantee in both decision-driven selection and selection with symmetric thresholds.
More importantly, our results are distribution-free and can be applied to many practical
tasks without prior knowledge of data distribution.

To cope with the distribution shift in online data, we adjust the level of PIs whenever
the selection happens through the adaptive conformal inference framework in Gibbs
and Candeés (2021). The new algorithm achieves long-run FCR control with properly
chosen parameters under arbitrary distribution shifts.

Through extensive experiments on both synthetic and real-world data, we demonstrate
the consistent superiority of our method over other benchmarks in terms of accurate
FCR control and narrow Pls.

Before closing this section, we display an example to illustrate the selective effects on
predictive inference. We compared CAP with the other two benchmarks in a simulated
scenario. The first one is the ordinary conformal prediction (OCP), which constructs the
(1 — @) marginal conformal PIs whenever S; = 1 without consideration of the selective bias.
Another benchmark is LORD-CI in Weinstein and Ramdas (2020). Figure 2 visualizes the
real-time PIs with a target FCR level 10% constructed by different methods. The simulation
details are given in Section 6. The proposed method CAP (red ones) produces the shortest
intervals with FCP at 7.62%. The OCP (blue ones) fails to cover the responses with FCP
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Figure 2: Plot for the real-time Pls for selected points from time 800 to 900. The selected points are
marked by the cross. The experimental setup is the same as Scenario B with a decision-driven selection
rule in Section 6. The Pls are constructed by three methods with a target FCR level 10%. Red interval:
CAP (FCP at index 900 is 7.62% ); Blue interval: ordinary online conformal prediction which provides
marginal interval (FCP is 20.95% ); Orange interval: LORD-CI with defaulted parameters (FCP is
1.59% ). Points circled by hollow diamond symbols indicate cases where CAP successfully covers the
true response, while OCP fails.

at 20.95%. The points circled by diamonds indicate cases where our method, CAP, covers
the true response while OCP fails. And LORD-CI (orange ones) produces excessively wide
intervals and yields a conservative FCP level 1.59%. Therefore, CAP emerges as a valid
approach to accurately quantifying uncertainty while simultaneously achieving effective
interval sizes.

1.2 Outline

The remainder of this paper is organized as follows. The CAP methodology and its related
works are described in Section 2. Sections 3 and 4 present the construction of adaptive pick
rules and the theoretical properties of CAP for decision-driven selection and online selection
with symmetric thresholds, respectively. Section 5 investigates the CAP under distribution
shift. Numerical results and real-data examples are presented in Sections 6 and 7. Section 8
concludes the paper, and the technical proofs are relegated to the Appendix.

2. Online selective conformal prediction

2.1 Algorithmic structure of CAP

Suppose a prediction model i(-) : R? — R is pre-trained by an independent training set.
To make sure that the PIs can be constructed when ¢ is small, we assume there exists an
independent labeled set denoted by {(X;,Y;)}; . Let H; = {—n,...,t — 1} be indices of

1=—n"
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the holdout set at time t. The selection rule Il; is generated from the previously observed
data {(X;,Y;)}ien,. We summarize the general procedure of the proposed method CAP for
online selective conformal prediction in Algorithm 1.

Algorithm 1 Calibration after Adaptive Pick (CAP)

Input: Pre-trained model fi, initial labeled data {(X;,Y;)}; , FCR level a € (0,1).
1: Compute the residuals in the initial labeled data {R; = |Y; — a(X;)|}i1 .-
2: fort=0,1,... do
3:  Observe Y;_; and compute R;—1 = |Y;—1 — u(X¢—1)].

4:  Specify the selection rule II;(-) and obtain S; = IT;(X;).
5 if S; =1 then

6: Specify the adaptive pick rules {Héga(‘)}sg’]{t.

7

8

Obtain the indices of the picked calibration set C; = {s € H, : H,{};ia(Xs) =1}
Report the prediction interval: ZZAY (Xy; o) = 1i(Xt) % go({Ri}
9: end if
10: end for
Output: Selected Pls: {ZCAY (Xp;a) @Sy =1,0<t < T}.

ie@)'

The adaptive pick rules {Héga()} seH, are designed to ensure the following symmetric
properties:
Héga(Xs) I (Xy) is symmetric to (X, Xy), (P-1)

and
C; \ {s} is symmetric to (X, X;) if H?’ga(Xs) (X)) = 1. (P-2)

It is worthwhile noticing that Héga(‘) and IT;(-) depend on data {X;}o<i<¢t—1. The symmetric
property (P-1) ensures the pairwise exchangeability (Barber and Candés, 2015; Zhao and
Sun, 2025) of the calibration data (X, Y;) and the test data (X, Y;) given the joint selection
event {Hésda(Xs) - Iy(Xy) = 1}. The symmetric property (P-2) says that the leave-one-
out picked calibration set is invariant with swapping Xs and X; under the joint selection
event. In traditional split conformal prediction, the marginal coverage guarantee relies on
the joint exchangeability between test data and calibration data. However, post-selection
conformal prediction requires a stronger pairwise exchangeability under the selection events
to control SCC. The next proposition shows that (P-1) and (P-2) are sufficient conditions
for finite-sample SCC control.

Proposition 1 If {(X;,Y:)}i>—n are i.i.d. and the conditions (P-1) and (P-2) hold, for any
t >0 with P(S; = 1) > 0, we have

P{Y; e IPP(Xy) | Si =1} > 1 — o

This proposition implies that the key challenge lies in constructing adaptive pick rules for
historical data, which depends largely on the selection rules implemented. In this context,
we explore two broad classes of selection rules, which are detailed in Sections 3 and 4. In
addition, we also analyze the real-time FCR control results.
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Remark 2 Throughout the paper, we use the absolute residual R(X,Y) = |Y — u(X)| as the
nonconformity score. It is straightforward to extend Algorithm 1 to general nonconformity
scores, such as quantile regression (Romano et al., 2019) or distributional regression (Cher-
nozhukov et al., 2021). Let R(-,-) : R x R — R be a general nonconformity score function.
We can replace the PI in Algorithm 1 with the following form

IO (Xis) = {y € R R(X1p) < 4o ({R(X: Y bicg, ) -
All theoretical results in our paper will remain intact with the Pls defined above.

2.2 Related work

This work is closely related to the post-selection inference on parameters or labels. Benjamini
and Yekutieli (2005) proposed the first method that controls FCR in finite samples by
adjusting the confidence level of the marginal confidence interval. Along this path, Weinstein
et al. (2013), Zhao (2022) and Xu et al. (2024) further investigated how to narrow the
adjusted confidence intervals by using more useful selection information. Another line of work
is the conditional approach. Fithian et al. (2014), Lee et al. (2016) and Taylor and Tibshirani
(2018) proposed to construct confidence intervals for each selected variable conditional on
the selection event and showed that the FCR can be further controlled if the conditional
coverage property holds for an arbitrary selection subset. Those methods usually require a
tractable conditional distribution given the selection condition. In particular, for the problem
of online selective inference, Weinstein and Ramdas (2020) proposed a solution based on the
LORD (Ramdas et al., 2017) procedure to achieve real-time FCR control for decision-driven
rules. Recently, Xu and Ramdas (2024) introduced a new approach called e-LOND-CI, which
utilizes e-values (Vovk and Wang, 2021) with LOND (Javanmard and Montanari, 2015)
procedure for real-time FCR control. This method alleviates the constraints on selection
rules in Weinstein and Ramdas (2020) and provides a valid FCR control under arbitrary
dependence, but its setting is much different from the present one in Section 5, where we
consider integrating feedback information over time.

Conformal prediction is the fundamental brick of our proposed method. As a powerful
tool for predictive inference, it provides a distribution-free coverage guarantee in both the
regression (Lei et al., 2018) and the classification (Sadinle et al., 2019). Beyond predictive
intervals, conformal inference is also broadly applied to the testing problem by constructing
conformal p-values (Bates et al., 2023; Jin and Candés, 2023). We refer to Angelopoulos
et al. (2023) and Shafer and Vovk (2008) for more comprehensive applications and reviews.
The conventional conformal inference requires that the data points are exchangeable, which
may be violated in practice. There are several works devoted to conformal inference beyond
exchangeability. When the feature shift exists between the calibration set and the test set,
Tibshirani et al. (2019) and Jin and Candés (2025) introduced weighted conformal PIs and
weighted conformal p-values, respectively, by injecting likelihood ratio weights. For general
non-exchangeable data, Barber et al. (2023) used a robust weighted quantile to construct
conformal PIs. For the online data under distribution shift, Gibbs and Candés (2021); Gibbs
and Candés (2024) developed adaptive conformal prediction algorithms based on the online
learning approach. Besides, a relevant direction is to study the test-conditional coverage
P{Y; € Z,(X;) | X; = =}, which has been proved impossible for a finite-length PI without
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imposing distributional assumptions (Lei and Wasserman, 2014; Foygel Barber et al., 2020).
In contrast, our concerned SCC P{Y; € Z;(X;) | St = 1} could achieve valid finite-sample
guarantee without distributional assumptions.

Recently, we noticed that Jin and Ren (2025) proposed Joint Mondrian Conformal
Inference (JOMI) to guarantee the SCC after selection in test data. JOMI and CAP
independently employ the swapping technique to ensure post-selection exchangeability for
symmetric selection rules (see Section 4) and achieve finite-sample distribution-free SCC
guarantees. In contrast to Jin and Ren (2025) that focused on the offline setting and label-
involved selection rules with practical computation algorithms, we aim to achieve real-time
FCR control which requires addressing the temporal dependence issue of online selection rules.
In an another related study, Gazin et al. (2025) proposed to select informative prediction sets
with FCR control by applying the BH procedure (Benjamini and Hochberg, 1995). Besides,
Sarkar and Kuchibhotla (2023) proposed a post-selection framework to ensure simultaneous
inference (Berk et al., 2013) across all coverage levels. This approach differs from our focus,
which is on inference conditional on the selection event. Table 1 displays a summary of the
comparison with related works in selective conformal prediction.

Table 1: Comparison with related works in selective conformal prediction

Methods References Selection rules ¢ Control
Offline

SCOP Bao et al. (2024) Joint-symmetric & Top-K FCR & SCC
JOMI Jin and Ren (2025) Symmetric SCC

InfoSP & InfoSCOP  Gazin et al. (2025) BH FCR
Online

LORD-CI Weinstein and Ramdas (2020) Decision-driven FCR
e-LOND-CI® Xu and Ramdas (2024) Arbitrary FCR

CAP This paper Decision-driven & Symmetric FCR & SCC

a. Decision-driven selection is defined in Definition 3. Symmetric selection refers to selection rules whose
output is invariant to any permutation of the holdout set, and Joint-symmetric selection requires this
invariance holds for any permutation of the holdout set and test set. Top-K selection refers to the rules
where the number of selected test data is fixed as a deterministic integer K.

b. We extend e-LOND-CI to the conformal prediction setting in Appendix F.1.

3. CAP for decision-driven selection

In this section, we investigate the online selective conformal prediction under the decision-
driven selection rules.

Definition 3 Let o({S;}\_}) be the o-field generated by decisions {S;}.—5. The online
selection rule is called decision-driven selection if T (-) is o({S;}\5)-measurable.

The decision-driven selection depends on historical data only through previous decisions.
For example, one can choose S; = L{u(X:) < ¢}, where ¢ = Cy + 02(25;(1) S;) for
constants C1, Csy. It is more flexible than choosing a constant ¢; = C1 as the threshold since
we incorporate the cumulative selection number to dynamically adjust the selection rule.
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Besides, many online error rate control algorithms (Foster and Stine, 2008; Aharoni and
Rosset, 2014), used for online multiple testing in sequential clinical trials (Lee et al., 2021)
and computational biology (Aharoni et al., 2010), also fall in the category of decision-driven.
We will discuss this selection with online multiple testing in detail in Section 3.3. Before
exploring the implementation of CAP under decision-driven selection rules, we introduce the
following assumption for FCR control.

Assumption 1 The decision—dm’ven selection rules {I1;(+) }+>0 are independent of the initial
labeled data {(X;,Y;)}—_,,.
Since the {(X;,Y;)};..,, are used only for calibration and the selection rule TI; depends
on the previous decisions by Definition 3, Assumption 1 is reasonable for most scenarios.
We notice that Weinstein and Ramdas (2020) require the confidence interval It( ) to be
o({S;}.Z5)-measurable, which means the previously observed data {(X;, Y;)}/.2} cannot be
used for calibration at time ¢ and the holdout set needs to be fixed as {(X;,Y;)},—_,. We
first regard this case as a warm-up and demonstrate that the CAP with a nonadaptive pick
on the holdout set is enough to control FCR. Then in the case of the full holdout set H;, we
show that the nonadaptive pick may fail and present a novel construction for the adaptive
pick rules to select calibration data points.

3.1 Warm-up: fixed holdout set

Here, we use the initial labeled data {(X;,Y;)},—_,, as a fixed holdout set in the entire online
process, namely, Ho = {—n, ..., —1} instead of H; in Lines 6 and 7 of Algorithm 1. Under
Assumption 1, the product of selection indicators IT;(X;)II;(Xs) is symmetric to (X, X¢)
for s € Hy because II; is independent of both X; and X,. Therefore, the nonadaptive pick
on the fixed holdout set is enough to guarantee the SCC. When S; = 1, we perform II; on
{X;};1 ,, and obtain the calibration set {(X,Ys) : TI;(Xs) = 1}sen,. With this selected
calibration set, the next theorem shows that the real-time FCR can be controlled below «
and owns an anti-conservative lower bound.

Theorem 4 Under Assumption 1, if we use the fived holdout set {(Xs,Ys)}sen, at timet in
Algorithm 1 and set Héga(-) = IL;(-) for s € Ho, it satisfies: (1) For any T > 0, FCR(T) < «;
(2) Let py =P {Sy = 1| a({Si}ﬁ;é)} If the residuals {R;}L__ are distinct and ZZ;O Sy >0
almost surely, we also have the following lower bound,

(1—py)"*t
Zt OSt{ (n+1§pt }
T
ijo Sj

1=—n

FCR(T) > a—E

(1)

Theorem 4 reveals that the CAP achieves finite-sample and distribution-free FCR control.
Similar to the marginal coverage of split conformal (Lei et al., 2018), we also have the
anti-conservative guarantee in (1) when the residuals are continuous. The quantity (n + 1)p;
characterizes the size of the picked calibration set. If the selection probability p; is bounded
above zero, then the lower bound (1) becomes FCR(T) > a — O (nfl). Consequently, we
have exact FCR control in the asymptotic regime, i.e., lim(, 7y_,oc FCR(T') = c.
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For completeness and comparison, we also provide the construction and validity of the
online adjusted method named LORD-CI proposed by Weinstein and Ramdas (2020) in the
conformal setting. Given any o({S;}._})-measurable coverage level oy € (0,1), a marginal
split conformal PI is constructed as

T8 (X o) = [i(Xt) + qay, ({Ritiens) (2)

where qq, ({Ri}ien,) is the [(1 — ay)(n + 1)]-st smallest value in {R;}iep,. The PI (2) can
serve as a recipe for LORD-CI by dynamically updating the marginal level a; to maintain
the following invariant

T
Zt:() 8% <
T [
1vy =0 Sj
We refer to Weinstein and Ramdas (2020) and literature therein for explicit procedures
in constructing the sequence {a;}+>o satisfying (3). The left hand side of (3) is an over-

conservative upper bound of FCP(T) by discarding S; in the numerator, which yields the
following result

T marg . T
{Y: ¢ 7, X
1\/Zj:05j 1V2j:05j
where the second inequality holds since II; is decision-driven, and the last inequality holds
due to (3). Hence LORD-CI has information loss about the selection event. Under the same

conditions in Theorem 2 of Weinstein and Ramdas (2020), we can obtain the FCR control
results for LORD-CI in the conformal prediction setting.

a, VYT >0. (3)

< a,

Proposition 5 Let {Sj}]T:o and {gj};‘rzo be two decision sequences, suppose Sy > Sy holds
whenever Sj > §j for any j <t —1. Under Assumption 1, if oy € a({Si}f;é) foranyt >0
and (3) holds, the LORD-CI algorithm satisfies that FCR(T) < « for any T > 0.

Despite that LORD-CI controls the real-time FCR, the marginal PI Z,"*®(Xy; o) tends
to be wider as t grows because «; may shrink to zero when few selections are made. The Pls
output by CAP will be relatively narrower due to the constant miscoverage level o, which is
also confirmed by Figure 1 and numerical results in Section 6.

3.2 Full holdout set

Since we can observe new labels at each time step, it is more efficient to include all previously
observed labeled data in the holdout set. However, using the full holdout set results in
additional dependence between the current decision Sy and historical data {(Xs, Y)}sen,-

3.2.1 NON-ADAPTIVE PICK RULE

Typically, if we still conduct nonadaptive pick on {(Xjs,Ys)}sen, to obtain the picked
calibration set indexed by

M = {S € H; - Ht(Xs) = 1} (4)

The next theorem characterizes the FCR and SCC control error for Algorithm 1 with the
nonadaptive pick rule.

10
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Theorem 6 Under Assumption 1, we use the full holdout set {(Xs,Ys)}sen, at timet in
Algorithm 1 and set Hé;‘a() = II;(-) for s € H;. Define the error term

o= L (X)) L{IL(X,) # (X))}
a2 Gl +1 (LB > QullBikicn} — UEs > Qa{Bikicain})

s=0

where Qq({R; }zGCtU{t} denotes the [(1—a)(|C;|+1)]-th smallest value in {R;} Then

for any T > 0, we hcwe

ieCU{t}”

Sy
1vyl,s;

In addition, for anyt >0 and P(S; = 1) > 0, we also have

FCR(T <O¢+Z
t=0

E [StAt]

CAP . — >1—a— L I
P{Y;gezt (Xt,O[)|St 1}_1 P(St::[)

Notice that the product of selection indicator IT;(X;)II;(X5), exhibits a non-symmetric
dependence on the features X; and X,. In fact, the selection rule II; is independent of X;
but relies on { X} e, through historical decisions {Ss}sey,. Hence, the symmetric property
(P-1) does not hold. Next, we discuss two scenarios where the error vanishes.

The following corollary shows that for the nonincreasing selection rule, the additional
error S;A; = 0 since II;(X)II;(Xs) = 1 implies II4(X;) = II4(Xs) = 1. For example,
IIi(x) = 1{u(x) > 1 Zi-j) S;} for some 79 > 0. In this case, we can show symmetric
properties (P-1) and (P-2) hold for any time ¢, and both FCR and SCC can be controlled.

Corollary 7 Under the same setting of Theorem 6, if the selection rule is nonincreasing
over time, that is TI;(x) < Iy(x) holds for any s <t and x € R?, we have FCR(T) < a and
IP’{Yt € Z}CAP(Xt;a) | Sy = 1} >1—a when P(S; =1) > 0.

In addition, the next corollary shows that if the selection rule tends to be stable, that is,
IT;(-) returns the same value if we replace one historical data point, then E[S;A;] = 0. For
example, the selection rule IT;(z) = 1{f(z) < min{, ZE;E S;j}} with 79 > 0 and a bounded

predictor, becomes 1{fi(x) < 79} when Z;;}) S; > 1o+ 1.

Corollary 8 Under the same setting of Theorem 6. Let {Hf(_t)(')}jzs—l—l be the selection
rules generated by replacing Xs with Xy for 0 < s <t — 1. If there exists some finite time tg,

Hgsgt)(-) = IL;(-) holds for any t > to+1, we have P{Y; € IFAY(Xy;a) | Sy =1} > 1—a for
any t > to + 1. Further, if limp_, Z;TF:O S; — 00, we also have limsupy_, . FCR(T') < .
3.2.2 ADAPTIVE PICK RULE

To make the symmetric properties (P-1) and (P-2) be satisfied for arbitrary decision-driven
selection, we set the adaptive pick rules as

IR () =1L() [] HIL() = W(X)}, (5)

ieNP?
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where NP® = {0 <i <t —1:11(X;) =1} C N;. By definition, we know C, = {s € H;:
Héga(X s) = 1} is a subset of the calibration points N; picked by the nonadaptive rule, see

(4).

Remark 9 For offline point —n < s < —1, we can directly check that both (P-1) and (P-2)
hold since {I1;(-)}._, are independent of (X5, X¢). For online point 0 < s <t —1, we can
check two properties according to the decomposition 1{I13(X) = II5(X¢)} = (X )Is(Xs) +
[1 — IIs(Xy)][1 — II5(Xs)]. Notice that if 114(Xs) = 1, we can replace X5 with some x? €
o({Si}ti<s—1) such that Ils(z}) = 1. It will generate a sequence of virtual selection rules,
denoted by {ﬁgfs)(')}ﬁsﬂ. By Definition 5, we know ﬁgs) 15 identical to the real selection
rule I1; under the event {Ils(Xs) = 1}. Then we can verify (P-1) and (P-2) using the fact
{ﬁgs)}iZSH and {I1;}i<s are independent of (X5, Xt). The verification under the counterpart
II5(Xs) = 0 follows a similar decoupling analysis. This leave-one-out technique is used
in Weinstein and Ramdas (2020) to prove FCR control of LORD-CI; here, we leveraged
it differently to verify the post-selection exchangeability. The detailed verification of two
symmetric properties is deferred to Appendiz B.7.

Remark 10 Recently, Sale and Ramdas (2025) proposed a new procedure named EXPRESS
to pick calibration points from historical data, which coincides with the main idea of CAP
and also guarantees finite-sample FCR and SCC' control. However, the derivation of CAP
in (5) is significantly different from EXPRESS. While, EXPRESS is designed to satisfy the
global symmetry: the index set (/f\t U {t} is invariant to the permutation of all historical data
{(X;,Y)}__,, if St = 1. Our approach incorporates two specific symmetric properties (P-1)
and (P-2) restricted within the picked calibration points, as we discussed earlier. Notably, the
global symmetry condition automatically implies (P-1) and (P-2), meaning that the calibration
set picked by EXPRESS is always a subset of that picked by CAP. In Appendix F.5, we

provide a comprehensive comparison of the two methods.

The next theorem shows that CAP with adaptive pick rules in (5) achieves finite-sample
SCC and FCR control.

Theorem 11 Under Assumption 1, if we use the full holdout set {(Xs,Ys)}sen, at time
t in Algorithm 1 and set Héﬁa(-) in (5), then: (1) FCR(T) < « for any T > 0; (2)
P{Y, € PP (Xya) | Sy =1} > 1 — a for any t > 0 when P(S; = 1) > 0.

After modifying the rules to pick calibration points from II;(-) to (5), Algorithm 1 was
guaranteed to have finite-sample and distribution-free control of FCR in the full holdout set
case, as well as that of the SCC. However, by the simulation results in Appendix F.7, we
find the adaptive pick rule (5) is conservative, and outputs PI with infinite length sometimes.
Hence, for nonincreasing selection rules in Corollary 7 and asymptotically stable selection
rules, we suggest advocating Algorithm 1 with the nonadaptive pick rule (4).

3.3 Selection with online multiple testing procedure

In this section, we apply the CAP to online multiple testing problems in the framework
of conformal inference. Given any user-specified thresholds {c¢;}+>0, we have a sequence of
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hypotheses defined as
Hoy;:Y; <¢, fort>0.

At time ¢, we need to make the real-time decision whether to reject Hp; or not. In this
vein, constructing Pls for the rejected candidates is a post-selection predictive inference
problem. The validity of Algorithm 1 holds with any online multiple testing procedure that
is decision-driven as Definition 3.

To control FDR in the online setting, Foster and Stine (2008) proposed firstly one method
called the alpha-investing algorithm. Then Aharoni and Rosset (2014) extended it to the
generalized alpha-investing (GAI) algorithm. After that, a series of works developed several
variants of GAI, such as LORD, LOND (Javanmard and Montanari, 2015), LORD++ (Ram-
das et al., 2017) and SAFFRON (Ramdas et al., 2018). Suppose we have access to a series
of p-values {pt}+>0, where p; is independent of samples in holdout set H;. Given the target
FDR level 5 € (0,1), these procedures proceed by updating the significance level 8, based on
historical information and rejecting Hy; if p; < ;. Fortunately, all these online procedures
are decision-driven selections for independent p-values. We construct the conformal p-values
using an additional labeled data set and then those p-values are independent conditional on
this set. Thus, CAP can naturally provide FCR control guarantee for the online multiple
testing procedure. Regarding the p-values in the framework of conformal inference, we refer
to Bates et al. (2023) and Jin and Candés (2023) for recent developments. In Appendix F.2,
we also discuss how to construct conformal p-values for online multiple testing procedures
that are super-uniform conditional on one additional set, making the online FDR control
available.

4. CAP for selection with symmetric thresholds

In the decision-driven selection rules, the influence of historical data on the current selection
rule is entirely determined by past decisions. It may be inappropriate in some cases where
the analyst wants to use the empirical distribution of historical data to select candidates. To
adapt this scenario, we rewrite the selection rule in a threshold form. Let V(-) : R? — R be
a user-specific or pre-trained score function used for selection, and then denote V; = V(Xj;)
for 1 > —n. For ease of presentation, we let the selection rule at time ¢ be

I (-) = V() < A ({Vitien,) }, (6)

where {A; : RIT" — R}i>0 is a sequence of deterministic functions. This class of selection
rules has not been studied in Weinstein and Ramdas (2020). In particular, the selection
function is assumed to have the following symmetric property.

Definition 12 The threshold function Ay is symmetric if Ai({Vi}ien,) = Ac({Vz() bien,)
where 7w is a permutation in Hy.

For example, if A; outputs the sample mean or sample quantile of historical scores
{Vi}ien,, then the corresponding selection rule II; is symmetric. Such selection strategies
are commonly used in online recruitment (Faliagka et al., 2012) and online recommendation
(Adomavicius and Zhang, 2016). Consider the nonadaptive strategy: if S; = 1, we use the

13
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same threshold to perform screening on history scores {V;}icx,, and then obtain picked
calibration set Ny = {s € H; : I;}(Xs) =1} = {s € Hy : Vs < Ay ({Vi}ien,)}- However, the
corresponding product of selection indicators 1{Vs < A;({Vi}tien,) }1{Vi < A:({Vitien,)} is
not symmetric with respect to (Xs, X;) for s € H;, which means (P-1) does not hold. To
address the asymmetric issue, one natural and viable solution is swapping the score from
the holdout set V and the score V; in the expression of II;(Xy) in (6), which leads to the
following adaptive pick rule

P () = V() < A ((Viticn,ivs, Vi) }- (7)

We provide the verification of (P-1) and (P-2) for the above pick rule in Appendix D.1. The
next theorem shows that exact SCC can be guaranteed in finite samples after swapping.

Theorem 13 If the selection functions {As}i>0 are symmetric as Definition 12, then Algo-
rithm 1 with Héﬁa(-) defined in (7) satisfies P{Y; € IFAP (Xy;0) | Sy =1} > 1 — a for any
t >0 when P(S; =1) > 0.

JOMI (Jin and Ren, 2025) also uses a similar strategy to achieve the finite-sample
selection-conditional guarantee without any distributional assumptions in the offline setting.
As proved by Jin and Ren (2025), the SCC guarantee is not sufficient for FCR control, even
in the offline setting. To analyze the FCR value of CAP, we impose the stability condition
to bound the change of A;’s output after replacing Vi with an independent copy V.

Assumption 2 There exists a sequence of positive real numbers {os}i>0 such that,
gé%XE [ A ((Vitien.) — At ({Vitiensizs: V) | | {Vitiensizs) < o1,
t
where V' is an i.i.d. copy of V.

Since two sets {V;}icp, and {V;}ien, izs U {V} only differ one data point, the definition
of o in Assumption 2 is similar to the global sensitivity of A; in the differential privacy
literature (Dwork et al., 2006).

Theorem 14 Suppose the density function of V; is upper bounded by p > 0. If the symmetric
function A; satisfies Assumption 2 for any t > 0. Algorithm 1 with Hﬁga(-) defined in (7)
satisfies that

1{X7 08, >0} e(T) 9

FCR(T)<a-[1+E + :
(o8 —em}vi) THn

(8)

where e(T) =23 1_ o+ 3(\/ep + 1) log(T + n) + 271,

To deal with the complicated dependence between selection and calibration, Bao et al.
(2024) imposed a condition on the joint distribution for the pair of the residual and selection
score (R;, V;). Due to the swapping design of ag, this assumption is no longer required to
obtain FCR bound. The distributional assumption on V; in Theorem 14 is thus quite mild.
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Remark 15 To analyze FCR, we need to decouple the dependence between the numerator
and the denominator of FCP. The conventional leave-one-out analysis in online error rate
control does not work for the selection function A;. In the proof of Theorem 1/, we address
this difficulty by using the exchangeability of data and symmetricity of A:. We construct

a sequence of virtual decisions {SJ(SHt)};;i by replacing Vg with Vi in the real decisions
{S; §;i Since the function Aj is symmetric, we can guarantee that S](.M_t) and S; have

the same distribution. The additional error e(T) in (8) comes from the difference term

Z;;i S; — S](-‘%_t), which can be bounded via empirical Bernstein’s inequality.

Next, we will show that the error ¢(7T") can be upper bounded by a logarithmic factor
with high probability when A4; returns the historical mean or quantile.

Proposition 16 Suppose A; returns the sample mean of history scores, i.e., Zie% Vi/|Hel.
IfE[|Vi|]] < o for some o > 0, then we have €(T) < 4(\/ep + o + 1) log(T + n).

Proposition 17 Suppose A; returns the 9-th sample quantile of history scores {V;}ien, for
9 € (0,1]. If {V;}__, are continuous and n > 9, then with probability at least 1 — (T +n)~2,

we have €(T) < 361log*(T + n).

Plugging the upper bounds in Propositions 16 and 17 into (8), we see that Algorithm 1 is
asymptotically valid for FCR control if log(T" + n)/(ZfZO S;j) = op(1) for these two cases.

5. CAP under distribution shift

In some online settings, the exchangeable (or i.i.d.) assumption on the data generation
process does not hold anymore, in which the distribution of (X, Y;) may vary smoothly over
time. Without exchangeability, the marginal coverage cannot even be guaranteed. Gibbs and
Candés (2021) developed an algorithm named adaptive conformal inference (ACI), which
updates the miscoverage level according to the historical feedback on under/over coverage.
For a marginal target level o, the ACI updates the current miscoverage level by

=1+ (a— WY € L1 (Xi—1504-1)}) (9)

where v > 0 is the step size parameter. Gibbs and Candés (2024) further showed that the
ACI updating rule is equivalent to a gradient descent step on the pinball loss £(6; 5;) =
a(fy — 6) — min{0, By — 0}, where 5 = sup{f € [0,1] : Y} € Z;(Xy;5)}. That is, the
miscoverage level in (9) can be written as

ap = ap—1 — YVA(ar—1; Br-1), (10)

where V/l(c;—1;0;—1) is the subgradient of pinball loss. By re-framing the ACI into an
online convex optimization problem over the losses {{(-; 5¢) }+>0, Gibbs and Candés (2024)
proposed a dynamically-tuned adaptive conformal inference (DtACI) algorithm by employing
an exponential reweighting scheme (Vovk, 1990; Wintenberger, 2017; Gradu et al., 2023),
which can dynamically estimate the optimal step size ~.

The original motivation of ACI and DtACI is to achieve approximate marginal coverage
by reactively correcting all past mistakes. For the selective inference problem, we aim to
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Algorithm 2 Selective DtACI with CAP

Input: Set of candidate step-sizes {;}¥_,, starting points {a{}*_,, tuning parameter se-
quence {@, nt /- , 4 ‘ ,
1: Initialize: 7 <— min{t : Sy = 1}, wl « 1, p’ < 1/k, oy < «f, with probability p;
2: Call Algorithm 1 and return ZSAP (X ; a;);
3 fort=7+4+1,...,7T do
4: if S; =1 then

5: By +sup{B € [0,1] : Y, € IE4P(X,; B)};

6: fori=1,...,k do

7: Call Algorithm 1 and return ZEAP (X5 al);
8: err’ « 1{Y; ¢ TCAP (X, ;al)};

9: al < al 4+ v;(a — errl);

10: wk < wkexp {—nA(Br, k) };

11: end for ‘

12: w < (1 — )l + ¢y 35— wl/k for 1 < i < k;
13: Define pi = w!/ 2521 wl for 1 <i < k;

14: Assign oy = o} with probability p};

15: Call Algorithm 1 and return ZEAY (X5 ay);
16: Set 7 < t;

17: end if

18: end for

Output: Selected PIs: {ZCAY (Xp04) 0 Sy =1,0 <t < T}.

control the conditional miscoverage probability through historical feedback. In this vein,
we may replace the fixed confidence level a in Algorithm 1 with an adapted value a; by
conditionally correcting past mistakes whenever the selection happens. If S; = 1, we firstly
find the most recent selection time 7 = max{0 < s <t —1: 55 = 1}. Define a new random
variable SSAY = sup{B € [0,1] : Y, € ZEAP(Xy; 8)}. Parallel with (10), we update the
current confidence level through one step of gradient descent on £(c,; BSAT), i.e.,

ap = ar — VL (ar; AT,

Deploying the exponential reweighting scheme, we can also get a selective DtACI algorithm
and summarize it in Algorithm 2. To ensure that Algorithm 2 can be started, we call
Algorithm 1 whether Sy = 1 or not in Line 2. By slightly modifying Theorem 3.2 in Gibbs
and Candeés (2024), we can obtain the following control result on FCR.

2
Theorem 18 Let Ymin = Min; v, Ymax = max;y; and o = (4 2mex)” npet(1+27max) 4

“Ymin

M@. Suppose ZT S; > 0 almost surely. Under arbitrary distribution shift on

Ymin ]:0
the data {(X;,Y;)} L Algorithm 2 satisfies that
1 Yoio Seen
. T +E T ’
Ymin >5=05j >5=05

i=—n’
where the expectation is taken over the randomness from {(X;,Y:)}Y__, and Algorithm 2.

[FCR(T) — o < -1 Zlmax g
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In Theorem 18, if limy yoo 7y = limy oo ¢ = 0 and limp o Z;TF:O S; = o0, we can
guarantee limp_, o FCR(T') = . While Gibbs and Candés (2024) advocated using constant
or slowly changing values for 7; to achieve approximate marginal coverage, it is more
appropriate to use the decaying 7; in our setting as our goal is to control FCR. Despite the
finite-sample guarantee no longer holding for Algorithm 2, Theorem 18 does not require
any conditions on the prediction model iz or the online selection rule IT;. It implies that
Algorithm 2 is flexible in practical use. To be specific, we can update the learning model
after observing newly labeled data to address the distribution shift. Moreover, Algorithm
2, when modified by replacing Lines 7 and 15 with ordinary conformal prediction, also
exhibits the long-term coverage property as established in Theorem 18. However, in practice,
CAP-DtACI demonstrates superior performance because the Pls constructed using the picked
calibration set adapt more effectively to the selective scenario. Detailed discussions and
illustrative experiments are provided in Appendix F.9.

6. Synthetic experiments

The validity and efficiency of our proposed method will be examined via extensive numerical
studies. We focus on using a full holdout set, and the results for the fixed holdout set are
provided in Figure F.2 of Appendix. To mitigate computational costs, we adopt a windowed
scheme that utilizes only the most recent 200 data points as the holdout set. Importantly,
the theoretical guarantee remains intact; see Appendix C.2 for more details. Unless stated
otherwise, this windowed scheme is used for all the numerical experiments.

The evaluation metrics in our experiments are empirical FCR and the average length of
constructed Pls across 500 replications. In each replication, we calculate the current FCP
and the average length of all constructed intervals up to the current time 7' and then derive
the real-time FCR level and average length by averaging these values across replications.

6.1 Results for i.i.d. settings

We first generate i.i.d. 10-dimensional features X; from uniform distribution Unif([—2, 2]10)
and explore three distinct models for the responses Y; = u(X;)+e¢; with different configurations

of u(-) and distributions of €;’s.

e Scenario A (Linear model with heterogeneous noise): Let p(X) = XT3 where
B = (1J,-1J)T and 15 is a 5-dimensional vector with all elements 1. The noise is
heterogeneous and follows the conditional distribution € | X ~ N(0, {1 + |u(X)|}?).
We employ ordinary least squares (OLS) to obtain fi(-).

e Scenario B (Nonlinear model): Let u(X) = XM +2X@ 4+ 3(X®)2 where X*)
denotes the k-th element of vector X and € ~ N(0,1) is independent of X. The support
vector machine (SVM) is applied to train zi(-).

e Scenario C (Aggregation model): Let pu(X) = 4(X® + 1)|XO)|1{X® > 0.4} +
4(XM —1)1{X® < —0.4}. The noise follows € ~ N (0,1 + | X®|). We use random
forest (RF) to obtain fi(-).

Under each scenario, we utilize an independent labeled set with a size of 200 to train the
model 7i(-). We set the initial holdout data size as n = 50 in the simulations. The results
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reported in Figure F.3 show that CAP is not affected too much when the initial size is greater
than 10.

To evaluate the performance of our proposed CAP, we conduct comprehensive com-
parisons with two benchmark methods. The first one is the Online Ordinary Conformal
Prediction (OCP), which constructs the PI based on the whole holdout set and ignores the
selection effects. The second one is the LORD-CI with default parameters as suggested in
Weinstein and Ramdas (2020). In addition, we have also considered the e-LOND-CI method
proposed by Xu and Ramdas (2024). However, our empirical studies show that it exhibits
excessively conservative FCR and yields significantly wider interval lengths compared to
other benchmarks. Therefore, we only included the results of this approach in Appendix F.1.

Several selection rules are considered. The first is selection with a fixed threshold.

1) Fixed: A selection rule IT with a fixed threshold is posed on the first component of
the feature, i.e., Sy = II(X) = ]l{Xt(l) > 1}. Here, we can use II to pick calibration set
{(Xi,Yi)},cq, where Cp = {s € H; : II(X,) = 1}.

The next two rules are decision-driven selection in Section 3.Here, we consider the nonadaptive
pick rule II; to pick calibration points as (4).

2) Dec-driven: At each time t, the selection rule is S; = 1{u(X;) > T(Zf;é S;)} where
7(s) = 10 — min{s/50,2} and 79 is fixed for each scenario.

3) Mul-testing: Selection with the online multiple testing procedure such as SAFFRON
(Ramdas et al., 2018) with defaulted parameters. We consider the hypotheses as
Hy: : Y; < 19— 1 and set the target FDR level as 8 = 20%. Additional independent
labeled data Daqq of size 500 is generalized to construct p-values. The detailed
procedure is shown in the Appendix F.2.

The following two selection rules are S; = L{f(X;) > A{A(X:)}.Z} 590)}, Which are
symmetric to the holdout set. Here, we adopt the adaptive pick rules defined in (7) to pick
calibration points.

4) Quantile: A({7(X;)}1Z} 500) is the 70%-quantile of the {7i(X;)}Z} o00-

5) Mean: A({1i(X;) E;tl—QOO) = ZE;;_QOO 1(X53)/200.

Figure 3 displays the performance of all benchmarks for the full holdout set across
different scenarios and selection rules. All plots indicate that the proposed CAP outperforms
the other two methods uniformly in terms of real-time FCR control. This is consistent with
the theoretical guarantees of CAP in FCR, control. Across all settings, our method achieves
stringent FCR control with narrowed Pls. As expected, the OCP yields the shortest PI
lengths but much inflated FCR levels under all scenarios. This can be understood since OCP
applies all data in the holdout set to build the marginal PIs without consideration of selection
effects. The LORD-CI results in considerately conservative FCR, levels and accordingly it
offers much wider PIs than other methods. Those unsatisfactory Pls are not surprising since
the LORD-CI updates the marginal level a; which may become small as ¢ grows, as discussed
in Proposition 5.
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Figure 3: Real-time FCR and average length from time 20 to 1,000 for different scenarios and
selection rules. The black dashed line denotes the target FCR level 10%.
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6.2 Evaluation under distribution shift

We further consider four different settings to evaluate the performance of CAP-DtACI under
distribution shifts. The first one is the i.i.d. setting which is the same as Scenario B. The
second one is a slowly shifting setting where the training and initial labeled data follow the
same distribution as that of Scenario B, while the online data gradually drifts over time
according to Y; = (1 — t/500)Xt(1) + (2 + sin Ft/QOO)Xt(Q) + (3 —t/500) (Xt(?’))2 + &¢, where
X; ~ Unif([-2,2])!° and ¢ ~ N(0,1). The third is based on a change point model that
generates the same data as in Scenario B when ¢ < 200, but follows a different pattern when
t> 200, e, Y, = —2XN — X@ 4+ 3(x¥)2 4 2, . The last shift setting is a time series
model, where Y; = {2sin 7rXt(1)Xt(2) + IO(Xt(?’))2 + 5Xt(4) + 2Xt(5) +&}/4 and & is generated
from an ARMA(0, 1) process, specifically &1 = 0.99& + 141 + 0.99¢;.

We conducted a comparative analysis of the proposed CAP-DtACI in Algorithm 2 with the
CAP in Algorithm 1 and the original DtACI. We fix the target FCR level as a = 10%. To im-
plement DtACI, we fix a candidate number of k = 6, the starting points aé =qafori=1,---,6
and determine other parameters following the suggestions in Gibbs and Candés (2024). Typi-
cally, we consider the candidate step-sizes {7;}%_; = {0.008,0.0160,0.032, 0.064,0.128,0.256 }
and let ¢y = ¢ = 1/(21), ;e = no = /{3log(kI) + 6}/{I(1 — a)2a3 + Ia2(1 — a)?} with
I = 200. For the proposed CAP-DtACI, we employ the same parameters except considering
decaying learning parameters ¢; = gbo(Zf:O S;) 7050 and n;, = 7]0(2210 Sy)~0-501,

For simplicity, we focus solely on the Quantile selection rule as previously described and
leave other model settings, including the initial data size, training data size, and prediction
algorithm, consistent with those in Scenario B. The results are illustrated in Figure 4. It is
evident that the original Dt ACI consistently tends to yield an inflated FCR with respect to the
target level across all four settings, as it does not account for selection effects. CAP method
can only control the FCR under the i.i.d setting, but due to the violation of exchangeability,
CAP does not work well in terms of FCR, control when distribution shifts exist. In contrast,
CAP-DtACT achieves reliable FCR control across various settings by updating an adapted
value ;.

7. Real data applications

7.1 Drug discovery

In drug discovery, researchers examine the binding affinity of drug-target pairs on a case-by-
case basis to pinpoint potential drugs with high affinity (Huang et al., 2022). With the aid of
machine learning tools, we can forecast the affinity for each drug-target pair. If the predicted
affinity is high, we can select this pair for further clinical trials. To further quantify the
uncertainty by predictions, our method can be employed to construct PIs with a controlled
error rate. The DAVIS dataset (Davis et al., 2011) consists of 25,772 drug-target pairs,
each accompanied by the binding affinity, structural information of the drug compound,
and the amino acid sequence of the target protein. Using the Python library DeepPurpose
(Huang et al., 2020), we encode the drugs and targets into numerical features and consider
the log-scale affinities as response variables. We randomly sample 15,000 observations from
the dataset as the training set to fit a small neural network model with 3 hidden layers and
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Figure 4: Comparison for CAP-DtACI, CAP and DtACI by real-time FCR and average length
from time 100 to 2,000 for quantile selection rule under different data-generating settings. The black
dashed line represents the target FCR level 10%.

5 epochs. Additionally, we set another 2,000 observations as the online test set, and reserve
50 data points as the initial labeled data.

Our objective is to develop real-time prediction intervals for the affinities of selected drug-
target pairs. We explore four distinct selection rules in this pursuit, including fixed selection
rule Sy = 1{(X¢) > 9}; decision-driven rule with S; = 1{1(X;) > 8+min{2§;é S;/400,1}};
online multiple testing rule using SAFFRON, which tests Hg: : Y; < 9 with FDR level
at 20% and requires another 1,000 independent labeled samples to construct conformal
p-values; quantile selection rule, which is Sy = 1{f(X;) > A{A(Xi)}Z} 500)}, Where
A{R(X) Y2t 500) is the T0%-quantile of the {f(X;)}2] o00-

Figure 5 depicts the real-time FCR and average length of Pls based on the proposed
CAP, OCP and LORD-CI across 50 runs. The results illustrate that the FCR of CAP closely
aligns with the nominal level of 10%, and CAP can obtain narrowed PIs over time, validating
our theoretical findings. In contrast, both OCP and LORD-CI tend to yield conservative
FCR values, consequently leading to unsatisfactory PI lengths. Additionally, given that the
true log-scale affinities fall within the range of (=5, 10), excessively wide intervals would offer
limited guidance for further decisions. By leveraging CAP, researchers can make informed
decisions and implement reliable strategies in the pursuit of discovering promising new drugs.
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Figure 5: Real-time FCR and average length from time 20 to 2,000 by 50 repetitions for drug
discovery. The black dashed line denotes the target FCR level 10%.

7.2 Stock volatility

Stock market volatility exerts a critical role in the global financial market and trading
decisions. As an indicator, forecasting future volatility in real-time can provide valuable
insights for investors to make informed decisions and account for the potential risk. It is
also essential to quantify the uncertainty of predicted volatility. We consider applying our
proposed methods to this problem, and the time dependence would have some impact on
these methods. In this task, the goal is to use the historical stock prices to predict the
volatility the next day. Furthermore, one is concerned about those days with large volatility.
Thereby, we would select those days with large predicted volatility and construct a prediction
interval for them.

We consider the daily price data for NVIDIA from year 1999 to 2021. Denote the price
sequence as {P;}4>0. We define the return as X; := (P, — P,—1)/P;—1 and the volatility as
Y; = X?. At each time ¢, the predicted volatility Y, is predicted by a fitted GARCH(1,1)
model (Bollerslev, 1986) based on the most recent 1,250 days of returns {X; }icy,. And we
use a normalized non-conformity score R; = |Y;2 — 17;2| / }Aff instead of the absolute residual
as Gibbs and Candés (2024) suggested. The parameters for implementing CAP-DtACI and
DtACI are the same as those in Section 6.2, except that the parameter I = 1,250. We set

FCR level as a = 5% and use a window size of 1,250.
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Figure 6: Real-time FCR and average length from year 2005 to 2013 by 20 replications for four
selection rules in stock volatility prediction task. The black dashed line is the target FCR level 5%.

Four practical selection rules are considered here: fixed selection rule with S; = ]l{}/}t > 8%
10~4}; decision-driven selection rule with S; = 1{¥; > 8x 10~ +min(2§;%) S;/50,4) x 1074},
quantile selection rule with S; = 1{Y; > A({YV:}'Z}L 1550)} where A({Y;i}!Z! |,-,) is the 70%-
quantile of {}Z}E;tl_l%o; mean selection rule with S; = 1{Y; > Zf;tl_l%o Y;/1250}.

Figure 6 shows the FCR and average lengths of CAP-DtACI, CAP and DtACI over
20 replications. The replications are used to ease the randomness generated from DtACI
algorithm. As illustrated, CAP-DtACI performs well in delivering FCR close to the target
level as time grows. In contrast, CAP has an inflated FCR due to a lack of consideration
of distribution shifts and dependent structure of the time series. And the original DtACI

delivers much wider PlIs as it neglects the selection effects.

8. Conclusion

This paper addresses the challenge of online selective inference within the framework of
conformal prediction. To tackle the non-exchangeability issue introduced by data-driven online
selection processes, we introduce CAP, a novel approach that adaptively picks calibration
points from historical labeled data to produce reliable Pls for selected observations. Our
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theoretical analysis and numerical experiments demonstrate the effectiveness of our method
in controlling SCC and FCR across various data environments and selection rules.

We point out several future directions. First, while our method targets two common
selection rules, further exploration is needed to extend our framework to accommodate
arbitrary selection rules. Second, we mainly assume a fixed predictive model for theoretical
simplicity. It would be interesting to investigate the feasibility of online updating of machine
learning models throughout the process for future study. Third, there may exist a more
delicate variant of CAP under some special time series models to obtain tight FCR control.
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Appendix A. Preliminaries

In the Appendix, we denote Z; = (X;,Y;) the covariate-label pair for i« > —n. For any index
set C, we write Qo ({R;}icc) as the [(1 — «)|C|]st smallest value in residuals {R;};cc. We
also omit the confidence level o in ZCAY (Xy; o) whenever the context is clear.

A.1 Auxiliary lemmas and miscoverage indicator bounds

The following two lemmas are usually used in the conformal inference literature (Vovk et al.,
2005; Lei et al., 2018; Romano et al., 2019; Barber et al., 2021, 2023).

Lemma A.1 Let 2([p(1—q))) 4 the [n(1 — a)]smallest value in {x; € R : i € [n]}. Then for
any « € (0,1), it holds that

1 n
~> Mo > 2(aa-a} <o
=1

If all values in {x; : i € [n]} are distinct, it also holds that
1 ¢ 1
" Z; Wz > 2o}t = @ — oy
Lemma A.2 Given real numbers x1, ..., Tp, Tpi1, let {azgﬁ}) ;1 € [n]} be order statistics of
{z;:ie€[n]}, and {:UEZ)JFI] :r € [n+ 1]} be the order statistics of {x; : i € [n+ 1]}, then for

any r € [n] we have: {x,41 < xEZ])} = {Znt1 < QCE?;)H}}

According to the definition of ZCAT (X;) in Algorithm 1, together with Lemma A.2, we
know

Y, ¢ TV (X))} = H{Re > qa{Ri};cq)} = H{Re > Qa({Ri},cq,0))-
In addition, Lemma A.1 guarantees

1 1
o — — < —
ICe| +1 7 |G| +1

Z ]]_{RJ > Qa({RZ}ZEaU{t})} < a.

jeCu{t}

For convenience, we denote Z; = (X;,Y;),7 > —n and for any index subset C C {—n,...,t},
we let

R(Zt, Zs;C) = I{Ry > Qa({Ri}iec)} — H{Rs > Qa({Ri}icc)}-
Combining the two relations above, we have

1

1Y, ¢ 7 (X0)} < a+ — > " N(Z, Ze; G U {t}), (A1)
’Ct| +1 s
and
1 1 .
1Y, ¢ ICAP (X))} > a — — + — > R(Z, Zs CLU{t)). (A.2)
Cl+1 (Gl +1 7

Notice that the two bounds above both deterministically hold.
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A.2 Proof of Proposition 1

Proof Notice that, conditioning on the data {Z;}¢-s, the selection rules II;(-) and Hfga( )
depends only on X and X;. Let [Zs, Z;] be unordered set of Z; and Z;. Denote C A( ={i <
t—1,i#s: IM(X;) = 1}. Clearly, C\”) U {s} = C; holds if II}%(X,) = 1. By (P-l), we
know IT}4% (X)L (Xy) is fixed given [Zs, Zy) and {Zy}izs4- By (P-2), we also know CAt(S) is
fixed given [Zs, Z] and {Z;}o+s, if s € C;. Then it follows that

1 .
E ap lﬂéga(Xs)Ht(Xt) “R(Zy, Zs: CL U {t})]
t

1 s
=E | gy g e KX - (2, 2670 {S’t})]
LI~

1 s
—F |E | =T (X)IL(Xe) - R(Zs, Z6; CF U {s,8)) | [Zor Zi)y { 2} epsn
C] +2

1
=E ‘CA(S)HQH?,;I&(XS)E(XQ "B |R(Z, Z;C U {s,t}) | [ZSaZt]v{Zf}@és,t}]
LI~t

=0, (A.3)

where the last equality follows from the exchangeability between Z and Z;, and Qo ({ R;}.
is symmetric to Zs and Z;. Recalling that S; = II;(X;), then we have

ieCy DUs, t})

1

P{Y ¢ IO (X)) | 5 =1} = gra—;

E [S,1{Y; ¢ Z7 AT}

(@) 1 I, (Xy)
< a+ E R(Z  Z5;Cru{t
FE =" | B+ L Z f U {t})
() 1 t—1 1 o~
= ot g o 2 B|im I (XIR(Z, Zs G0 (1))

s=—n ‘ 75’

where (i) follows from (A.1); (i7) holds due to the definition of C;; and (7i7) holds due to
(A.3). [ |

Appendix B. Proofs for decision-driven selection
B.1 Proof of Theorem 4

Lemma B.1 Under the conditions of Theorem 4, we have
E (X)L (X)R(Z, Z; G Ut} | o (1325 AZ )| =0
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Proof |Proof of Theorem 4| Recall that @ ={-—n<s<-1:1I(X;) = 1}. Invoking (A.1),
we can upper bound FCR by

FCR(T) =

p | Zimo Si1{Y: € TEAP (X))
VYT, S

T s,
< ZE L\/ZJTOSJ {a—i— Gl Zfﬁ ZtszaCtU{t})}]

ECt

T S,
<a+ZELvZ 5 \ct\+12% Zt,ZS,CtU{t})] (B.1)

Similarly, using (A.2), we have the following lower bound

d Sy 1
FCR(T) > a— ) E ——
i LIV jmeSilal+1

S, Y oca RZi, 25 C U {t})
1V oS ICy| +1

T
+>» E
t=0

(B.2)

Let Hgt)(-) be corresponding selection rule by replacing X; with z} € o({5;}!Z]) such that
(t)

i (

assumption II;(+) € o({S;}'23), we know: (1) Sj(t) =S forany 0 <j <t—1;(2)if Sy =1,

it holds that Sj(t) = Hgt) (X;) =1I;(X;) = S; for any j > t. Since II;(-) is independent of

{Z;}; " |, we have

ITI;(x}) = 1. Correspondingly, we denote SJ(-t) = II.7(X;) for any j > 0. According to our

% Z R(Zs, Zs; Cy u{t})]

S, Z m(zt,zs,c} U {t})
1\/ZJ -0 j seCy Z]— nHt(Xj)+1

1 L (X)L (X )R (Zs, Za:Cr U {t
oy (XL (X {})]

1\/Z] =0 ] s=—n j*—n];és Ht(X) +2

L2 BB, 20U ) [ o (1SYE5 20 (20 i)}

1\/23 =0 j s=—n J:—nﬁfs I (X5) +2

L E{ILX) (XN ZaG U (1) o (S35 (20 2 i)
1 V Z] -0 j s=—n _]__777, J#S Ht(X]) +2
— 0, (B.3)
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where the last equality follows from Lemma B.1. Plugging (B.3) into (B.1) gives the
desired upper bound FCR(T) < a. Let p; = P {IL;(X;) =1 | a({Si}E;é)}. From the i.i.d.
assumption, we know |C;| ~ Binomial(n, p;) given o({S; t=3). Then we have

1 S; .
EJ—= ‘U({Sz’ fz )7{Zi}i>t+1
1+ 30,5 {rct|+1 " )
1 S
B —=—"— | o({S:}i))
L+ Zj;ét Sj Gl +1

@nl 1 oS 111 1 o({ g1
- L"“Z?#SjE{St' ({Sitizo)} E{|é\t|+1 | o ({5 zo)}]

St 1
E U
1V i0Si 1G] +1

O

- 1+Zyr¢t5a‘E{St’ (tsiizo)) (n+ Dpy ]
_ St 1—(1—p)ntt
- LVZ?U s, (n+Dpi ] ! (B.4)

where (i) holds since S;, |Ci| U {Z}ises1 given o({Si}i25); and (id) holds due to ii.d. as-
sumption. Plugging (B.3) and (B.4) into (B.2) yields the desired lower bound

XS iE St 1—(1—p)"*!
1VY TS vyl ,S8; (n+Dp

t=0
A 1— (1 _pt)n+1
_Q_ZE[ZT S;  (n+1)p 7
t=0 3j=0*2

where the last inequality follows from the assumption Z]T:O S; > 0 with probability 1.
Therefore, we have finished the proof. |

FCR(T) > o -E

B.2 Proof of Lemma B.1

Proof We first notice that Ht( ) is fixed given a({Si}f;é). It also means that {II;(X_;)}" , its

are also fixed given o({S;}'20,{Z:}; ., izs)- Let z1 = (z1,1) and 22 = (22,y2). Now de-
fine the event &, = {[Zs, Z] = |21, 22]}, where [Z,, Z;] and [21,22] are two unordered sets.
Clearly, we know Qa({Ri}ie@u{t}) is fixed given &, and o ({S;}.2, {Z:i}.

the definition of R(Z;, Zs;C; U {t}), we can get

E [Ht<xt)nt(Xs)9%(Zt, ZsCu{t)) | o ({S Yico: (% }z_fm;és) }

). Recalling

I=—n,iF#S

=P{ R > Qul{Ri} ) (X0) = LX) = 1| o ({SHZ4AZ L is) € )
_ IP’{R > Qal{Ri i) Th(Xe) = LIL(X,) = 1| o ({SHIEAZI s ) &2}
9 I (o) = LT (e2) = 1} (11 > Qu({Re) o)} + 12 > Qal(Bid a0
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1
_ 5IL{H,g(gcl) =1, (z2) = 1} []l{rl > Qa({Ri};icq,u1)) + 1{ry > Qo({Ri}icq,01)}

-0,
where 1 = |y1 — [(z1)] and 7"2 = ]yg — (x2)[; the equality () holds since (Rs, R;) are

exchangeable and &, 1L({S;}/.25, {Z:} nizs). Through marginalizing over £;, we can prove
the desired result. u

B.3 Proof of Proposition 5

Proof Recall that Z,""®(Xy; o) = [i(Xt) £ qo, ({Ri}iew,) with Ho = {-n,...,—1}. It
follows that

-1
mar, 1
1{Y; & T8 (X a)} < oy + p Sz_:nm(zt, Zs; Ho U {t}), (B.5)

where R(Zy, Zs; Ho U {t}) = I{Rs > Qa, ({Ritierouy)} — H{Rs > Qa, ({ Ritienouiey) }- We
follow the notation SJ(-t) in Section B.1. By the definition, we have
SiL{Y: ¢ "8 ( X m)}]

FCR(T E
Z Lv E;A'on Sj

szE Si1{Y: ¢Im”g<xt7at>}]
=0 1v T8

j=0%~7

SiEimgﬂmwﬂm
=0

t i 1\/Z]TOSJ(t

@ iE [ ot + iE 1 Es—fn %(Zta Zs; Ho U {t})]

=2 1\/Z]T:05](t) yark 1VZJ . J n+1

@ & 1 R(Z, Zei Ho U {t
t=0 1\/2] -0 j n +

(@) - 1 L R[R(Z, Ze: Ho U {t Sy

<a+Y E E{\a({si}fzé)}z*" Pz & {t}) [ o ({Si}iz0)]
t=0 1\/2J 05 n+

(@v)

= a,

a and Sj(t) > S for any j > t; (¢i¢) holds since oy € o ({Sz}f;(l)) and (Z, Zs) 1L S](t) for j > t;
and (iv) follows from the exchangeability between Z; and Z such that

where (i) follows from (B.5); (¢7) holds due to the LORD-CI’s invariant Zfzo at/(ZjT:O S;) <

E [R(Z:. Ze HoU{1}) | o ({Si}120)] = E[R(Ze, Zo: Ho U {t})]
=P [R; > Qa({Ri}icnouiry)] — P [Rs > Qa({Ri}tienougy)] = 0.
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B.4 Proof of Theorem 6

Proof Recall that C; = {-n<i<t—1:11(X;) = 1}. For convenience, we let II;(-) = 1
for —n <4 < —1. Denote

C¥ = {-n<i<t—1i#s:I(X;) =1}
Clearly, it holds that C U {s}=C ifseC,.

B.4.1 PROOF OF SELECTION-CONDITIONAL COVERAGE

Notice that

t—1 =
1 I (X¢)1{s € C¢} o>
P{Y, 27 (X)) | S, =1} <a+-— E | 22U R(Zy, Zs:Cr U {t
Vg M (X) | S =1} < P<St=1>sz_n G e zsGut)
I (X3 )T (X) A(s)
St_l Sz_:n]E T+ R(Zi, Zs;C; U {s,t})
IT, (X)L, (X, s
- ZE BNz 2560 U .|
8 ’_’_2
(B.6)
In fact, the last equality holds due to for any offline point —n < s < —1,
L (X)L (X s
E szt,zs;éﬁms,tn]
IC;” | +2
T (X)L (X, ~
g |& | I 7 2060 (0) | {2 e 22 20
IC;”| +2
i I (X )T (X s ii
O | I g o124, 2060 U {sut)) | {Zheuns (20 2]] | D0, (B
C|+2

where S§t> is defined in Section B.3; (¢) holds due to II;(-) is independent of Z5 and Z;, hence
é}s) is symmetric to (Zs, Z;); and (i) holds due to exchangeability between Zg and Z;.

Decoupling dependence over X;, 0 < s <t—1. Let 251,250 € 0(S0,...,5—1) be
the values such that IIs(zs1) = 1 and Is(xs0) = 0 for 0 < s <t — 1. Denote {ﬁgsl)}izo and
{ﬁl(sg }i>o0 the virtual selection rules generated by replacing X with x4 ; and x5 o, respectively.
Let {S’i(s’l)}izo and {Si(s’o)}izo be the corresponding virtual decision sequences. Then we
have the following conclusions:

(1) O{Y() = () forany 0 < < s;
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(2) If Sg =1, then ﬁ;sl)() =1II;(-) for any i > s + 1.
(3) If S, = 0, then [} = II; for any i > s + 1.
Denote
G ={-n<i<t-Lizs:Ma(X) =1},
Gy ={-n<i<t-lits:Mo(X) =1}

Then we know Ct’s) = Cts) if II4(X5) =1, and (?t(f) = Cts) if I15(X5) = 0. In addition, we also
know é}sl) and é}sl) are independent of (Zs, Z;). For any online point 0 < s <t¢ — 1, we have

I (X)L (X s
%%(Zt,zs;c? YU s, t)) [ {Ze}essss s, 2]
IC;”| +2
T (X )TT (X)L (X))o (X6 5
:E t( t) t(,\(sg ( t) ( )m(Zt,Zs,é\t()U{S,t}) | {ZZ}Z¢5’t7[Z5,Zt]
IC;™7 | +2
I
IL (XTI (X )1 — T ( X1 — (X s
+]E t( t) t( )[ /\(S) ( t)” ( )]m(Zt,Z&é\t()U{S,t}) | {Zé}é¢s7t,[ZS7Zt]
L IC;” |+ 2
1T
I (X)L (X )
i MH{HSWﬂs(Xs)}-%(Zt,Zs;c}()U{s,m {2} ek |26 Z2)
t

111
(B.8)

where the first equality holds due to (B.7). Because I, ﬁgsl) ,é}j) are fixed given {Z}y4s 4,

using the exchangeability between Z, and Z;, we can verify

L I T ()T (X)L (X)
G +2

E |R(Zi, Z6;C) U {s,t}) | {Ze}esops [ Zs, Zt]} —0. (B9

Similarly, we can show that

) (6T (X 1~ I (X)L~ LX)
CE) + 2
£ [SR(Zt, Zs?é},sb) U{s,t}) | {Ze}esst, [ Zs, Ze]| = 0. (B.10)

II =

Plugging (B.9) and (B.10) into (B.8), together with (B.6), we can get
P{Y; ¢ 7Y (Xy) | Sy = 1}
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SR | S (1 (X,) £ T1,(X,)} - R(Zs, Z; CF U {s, 1))

- €8 |+2
= P(S, = 1)

By the definition of A; in Theorem 6, we can prove the conclusion.

B.4.2 Proor or FCR
By the definition of FCR, we have

Sy 1{Y, € IPAP (X))
Lv Z]T:O Sj

T t-1
1 1 ~
<a+Y S E (X)X R(Z,, Ze:Cy U {11 ]
< llvzjrzosj!CtHl + (X ) (X )R(Z t {})]

t=0 s=—n
(B.11)
For any —n < s < —1, we can show
E ! ! IT, (X )IL (X )R (Zy, Zs; Cp U {t})
~ t t t s ty syt
Lv Z?:o SilCl+1
1 1 ~
=K (t)E = Iy (X)) (X )R(Zy, Zo; CL U A{t}) | {Ze}os, [ Zs, Zi] | | =0,
1vVv Z] -0 J ‘Ct| +1
(B.12)

where S J(.t) is defined in Section B.3 and the last equality holds due to (B.7).

Decoupling dependence over both X, and X;. Let :B( D e U(S(S) ...,Sﬁ)l,l) and
wis’o) (S(()S) ...,St(i)ljo) be the values such that ﬁgsl)(xfl)) =1 and H;g (xgs,o)) =1 for
t > s, respectively. Let {SZ-(i’t)}iZO be the virtual decision sequence generated by firstly

replacing X with xs 1, and then replacing X; with $£S’1). Let {Si(%’t)}izo be the virtual
decision sequence generated by firstly replacing X, with x ¢, and then replacing X; with
:cgs’l). In this case, we can guarantee that S(i’t),S(s()’t) U (Zs, Zy) for any i > 0 because

%, %,

Zs1,%s,0 L (Zs, Z;) and xgs’l),xgs’o) U (Zs, Z;). We have
(1) S5 =85 = S fori <5 — 15
(2) Si(i’t) = SZ-(S’I) and SZ.("B’t) = Sl-(s’o) for s <i<t-—1;
(3) I Sy =1, S5 = 5V for i > t.
(4) 1 Sy =0, S5 = 5 for i > ¢,

Then for any 0 < s <t — 1, we have

1 1
1VZ;—'F:0SJ’ G| + 1

T (X )T (X )R(Z1, Z; G U {t})
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1 TT; (X )TL (X ) (X)L (X))
- R(Z, Zs; C
1\/2?()5]515 ’é\t(s)’_i_2 (Zi U{s t})]
Y
i 1 T (X )T (X)L — T, (X)][1 — Ty (X)) )
E R(Zy, Zg; C ,
+ 1\/2?053515 ‘é\t(s)‘_i_Q (Z s U {s t})]
i 1
1 I (XTI (Xs)
E T{II (X 11, R(Z ,ZS,C s
+ T G {I(X0) # (X)) - R(Z Ju{ t})]

mr
(B.13)

Since {S’](-s’t) }j>0 are independent of Zs, Z;, we have

1 T, (X )T (X)) I (X ILy (X5

DY T 1G] +2

I'=E

E [%R(Ze, 2 G U {s, 1) | {Ze}essas (2, 21

=0.

Similarly, we can also show II' = 0. Then plugging (B.12) and (B.13) into (B.11) yields the
conclusion.

B.5 Proof of Corollary 7

If IT;(z) < I4(z) for any = and s <t — 1, we can guarantee that
IL (X )T (X ) I{TLs (X)) # ILs (X)) = 0,
since IT;(X3)I;(Xs) = 1 implies II4(X;) = II3(Xs) = 1. Then we can show A; = 0.
B.6 Proof of Corollary 8
Notice the fact
{IL, (X7) = T1,(X,)} = Ty (X,)[1 — (X)) + [1 — Ty (X,)] T (X0).

Then we can decompose III in (B.8) as

Ht(Xt)Ht(Xs)Hs (XS) [1 — 1 (Xt)]
C;)] +2

I =E 1 {Rt > Qa ({Ri}ieag% {Si})} | {Ze}erss (25, Zi]

Ay

{R > Qo ({R }zec S)U{s,t}>} | {Ze}osts,1: [ Zs, Zi]

Ht(Xt)Ht(XS)HS(Xt)[l — HS(X )]

—E
€] + 2

A,
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I, (X)L (X)TL (X)[1 — T1,(X,)] |

+E| o V{Re > Qa (1R} 60010y ) } | {Zebessas 26 2
By

I, (X T (X)TL(X) 1 — TT,(X)] |

—-E - ‘é\t(s)‘ P 1 {Rs > Qa ({Ri}ieds)u{s,t}>} ‘ {ZE}Zyés,t; [Zg, Zt]-

Bo
(B.14)

Recall the original generation mechanism of decision rules,

Xo X, X1 SEI ¢
IIo (X IIs (Xs Ms41(Xs :
Mo(-) o) M) ) o S
Now we swap X, and X; in the data sequence, and denote the generated decision rule as
Xo e Xy Xst1 o X
Hs(—)t Xs .
m) 8 me M mpe TS e

The corresponding picked calibration set is

é\SHt:{—nﬁZSt—l,Z?ﬁsHfﬁt(Xl):l}

According to our assumption, we know Hgset)() = II;(+) for t > tg + 1. Hence, we have

é\s<—>t — é;(s) and

[T ) T (XTI (X [1 = TI(X)] |
A=K _ \CAt(s)! i 1 {Rt > Qa <{Rl}ie€§5>u{s¢})} | {Ze}ors s [ Zs, Z)]
T30 (XTI (X)L, (X)[1 — TT,(X,))]
=E _ t )11 Csot| + 2t 1 {Rs > Qq <{Ri}z‘e€smu{s,t})} | {Ze}etss [ 2o, Z4]
[T, (30 TL (XTI (X [1 — T1,(X,)
- i e |é\3“>t| th2 L {RS > Qo <{Ri}i66t5)u{s7t}>} | {Ze} o500 [Zs, Z4]
e (B.15)

Similarly, we can also show that By = By. By recalling (B.14), we have showed IIT = 0.
Together with (B.9) and (B.10), we conclude

o I (X)L (Xs)

g R Za GOV ) | (Zidepass 2 2
t

=0, Vt>to+1. (B.16)

Recall the SCC bound (B.6), we can show

P{Y; ¢ I7AP(Xy) | Si =1} <o, VE> g+ L.
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Recall the FCR bound in Theorem 6 and (B.13), we also have

FCR(T <a+z
t=0

1
+ Z ZE[
t=to+1s=—n 1\/2;[053(“ |A1t(s)|‘|‘2
o St Ay ]

et B |
t=0 1\/Zj:OSj

Sy
vy, s;

L (X)L (X,)R(Zs, Zs; € U {s, 1))

where the equality holds due to (B.16). Notice that A; < 1, we further have

FCR(T) < a+E

S, ]
7/}1 % O[,
1V 05

as long as tg is finite and Z};O S; — o0.

|
B.7 Proof of Theorem 11
At time t, for —n < s <t — 1 we define the following candidate set
N = {cn<j<t—1,j#s I(X;) =1}, (B.17)

In addition, we let II;(-) = 1 for any —n < s < —1. According to (5), the picked calibration
set can be rewritten as

G = { < s <t—1: IL(X)L{IL(X,) = IL(X)} = 1,

[T w{imx,) = m(x)} =1}, (B.18)

B.7.1 PROOF OF SELECTION-CONDITIONAL COVERAGE

Next, we will prove the following relation: for —n < s <t —1,

E [ ! IL(X)1{s € C;} - R(Zs, Zs; Cr U {t}) | {Z[}#S,t] = 0. (B.19)
ICi| +1

Define the leave-one-out picked calibration set as

& = {niffl P I (X)) (T (X)) = T (X)) P I{IL (XG) = TLi(Xs)} = 1,

TT (X)) = T (X0) I{IT,(XG) = (X)) = 1}- (B.20)
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By the definition of C; in (B.18), we know if s € C; then IL;(X,) = ILi(X,),¥i € N
implies that for any ¢ < ¢ — 1 such that II;(X;) =1 (i.e., i € /\ft(s)), we have

I (X;) = T4 (Xe) JI{IL (X)) = I1;(X6) } = T{ILi(X;) = 11, (Xt) )

By comparing (B.18) and (B.20), we can guarantee that for any —n < s <t —1

~

C,=C U{s}tifseC,. (B.21)
Then we can rewrite (B.19) as

1

(X)) 1{s € G} - R(Z1, Z6i C U {s,1}) [ {Zedegos | = 0. (B.22)
C) + 2

Due to the fact 1{IIs(Xs) = II5(X3)} = (X o) s(Xy) + (1 — II( X)) (1 — II5(X})), then we
can decompose the joint selection indicator in (B.22) as

I (X0) 1{s € G} = (X0 (X)L (X)L (X)) [] 1{IL(X,) = (X))

ieN )
J1(X5,X0)
+ I (X)L (XG) (1 = Te(X)) (1 = Te(X0)) [ 1{II(Xs) = Ti(X0)} -
z‘e/\/fs)
Jo(Xs,Xe)

(B.23)

Notice that, if —n < s < —1, we know {II;(-)}_n<i<¢—1 are independent of Z; and Z;. Hence
./\ft(s) is independent of Zs and Z; by recalling (B.17). It follows that J1(Xs, X¢), Jo(Xs, Xt)

and CAt(s) are all symmetric to Zs; and Z; conditioning on {Zg}g;ﬁs’t. Then we can show for
any —n < s< —1,

1
C] +2

—— TL(X)1{s € G} R(Z, Z;C U {s,1}) | {Z@}#S,t] —0. (B.24)

Next, we will prove (B.22) for 0 < s <t — 1 by separating the left-hand side into two terms
according to the decomposition in (B.23).

Online term 1. Recall the construction in Section B.4, it holds that ﬁisl)() =1IL;(-),Vi <t
under the event {Ss; = II;(X;) = 1}. Define the decoupled sets
1},

é??z{—”%;ét—lwn(( DL () = 08 (X)) () = O (X)) = 1,

/\7t(,si)= {ogjgt—l,j#sﬁff(Xa‘)

[T nm o) = ol () yms) (x >=ﬁ§?<xs>}=1}.

j E'/vt(j)
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Then ./\~/'t(§) = ./\/;(8) and é}sl) = é\t(s) hold under the event {S; = II;(X;) = 1}. Importantly,
the virtual set é},sl) is symmetric to (X, X;) since Nt(j) is independent of Z; and Z;. With

the ingredients above, we define the decoupled version of J; (X, X;) in (B.23),

J1(Xe, Xe) = I ()T (X)) ()T (X [T I () = I (X))
N

Clearly, J1(Xs, X;) is also symmetric to (X, X;). By the definition of 73 (X, X¢) in (B.23),
we also know II4(X)J1(Xs, X¢) = J1(Xs, X¢). Using the exchangeability, we can show

1 s
E | — (X, Xo) - 821, 25 U {5, 1)) | {Zebes
LIC ] +2
. . 8
=E WHS(XS)jI(X&Xt) : m(Zta Zs;ct,l) U {Svt}) ’ {Zf}@ési]
LIC 7] +2
1 o~ s
=B | =5 T1(Xe, X0) - R(Z0, 2 G U {5, 1)) | {Ze} e
LIC 1] +2
=0, (B.25)

where the second last equality is true because Iy(X,)J1(Xs, X¢) = J1(Xs, X;) due to the
fact II5(+) = Hg %( -); and the last equality holds since conditioning on {Z;}s.s s, T (Xs, Xt)
and 5}51) are symmetric to Zs and Z;.

Online term 2. Similarly, it holds that ﬁgsg() = II,;(-), Vi < t under the event {Ss = 0}.
Define

/\758)={ogSt—l,js«és:ﬁif&(Xj):l}’

5553—{"%-;?;Lzﬁifg(Xi)n{ﬁEf‘aX) XY () = T (X)) = 1,
1 H(S) S)X 1 H(S — O (x ) =1
I] v D (X)) (X)) = T (X)) =1 )

JENTY

Then /ivfég) = j\/'t(s) and é;(f) = é\( *) hold under the event {Ss =1I5(Xs) = 0}. Importantly, the

virtual set 5}7%) is symmetric to (X, X¢) conditioning on {Zy}xs; since /\/15(70 is independent
of Zs and Z;. With the ingredients above, we define

To(Xs, Xe) = I (XTI (Xo)[1 — T (X)L — TS (X)) [ 1y ) (X))
ZEM(,?

Clearly, jo(Xs, X}) is also symmetric to (X5, Xt) conditioning on {Zy}xs+. By the definition
of Jo(Xs, X¢) in (B.23), we also know [1 — II4(X)]Jo(Xs, X¢) = Jo(Xs, Xt). Using the
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exchangeability between Z; and Z;, we can show

1 s
Bl =g Jo(Xs, X¢) - R(Zi, Z;C U {5, t)) | {Ze} oo
LIC7 [+ 2
[1 - 11,(X,)
L ICY) 42

\70<X87 Xt) : m(Ztv Zsa (Zj(:s()) U {87 t}) | {Zf}e#s,t]

1 =~ s
—E | —5—J0(Xe, X0) - 021, 233 Ly U{s. 1)) | {Ze}#s,t]
LIC ol +2

0, (B.26)

where the second last equality is true because [1 — IL(X)]Jo(Xs, X¢) = Jo(Xs, X;) due to
the fact I;(-) = Hgs())() Combining (B.25) and (B.26), we can show for any 0 < s <t —1,

I,(X;)1{s € C;}

E
C] + 2

(]1{ Ry > Qa({Ri};c00, 0 )} — H{Rs > Qa({Ri}iG@S>U{s,t}>})] =0.

Recalling the equivalence in (B.22), we can prove the relation (B.19).

Conclusion. Now we proceed to prove the results of selection-conditional coverage. Notice
that

P{Y, ¢ TP (X0) | S = 1}

<a+E

S=—nN

t—1
1 ~ ~
m E s € Ct}R(Zt, Zs;CUA{L}) | St = 1]
t

Ht(Xt)]l{S S é\t}

1
=at ) 5=t

R(Zi, Zs;C U {t})]

oy T \OE = Ci| +1
t—1 >
1 Ht(Xt)]l{S S Ct} -
n ) R(Z, Zo: CU {t
;P(Stzl) IC/| + 1 (2 )

where the last equality follows from taking full expectation on (B.19) and (B.24).

B.7.2 VERIFICATION OF TWO SYMMETRIC PROPERTIES

By (B.23) and analysis in the previous subsection, we have

TP XOIL(X) = T (X, X)) + To(Xs, Xo)
= J1(Xs, X1) + Jo(Xs, Xy).

Since ﬁ(XS,Xt) and jo(Xs,Xt) are both symmetric to (Xg, X;), we have verified (P-1).
Recalling (B.20), under the event IT;(X;)II}d*(X,) = 1, we have

CE - (XIS (X,) = € - J1(Xs, Xo) + € - To( X, X0)
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= é;f(,sl) ’ k?l(X&Xt) +C~;g(7s()) : %(XS,Xt).

Since é}sl) and é;(%) are symmetric to (X5, X;), we have verified (P-2).

)

B.7.3 Proor orF FCR CONTROL

Since II;(-) is independent of {(X;,Y;)}, " 1, for any —n < s < —1, using the exchangeability
between Z5 and Z; we have

1 My (X,)1{s € C;}
1v Z?:O Sj ICe| + 1

- R(Zy, Zs;Cr U {t}>]

1 0,(X,)1 C,
=k T o t Q)s){s Gl R(Zi, Z:CY U {s, t})]
1V 7ioS; IC;” |+ 2
E 1 1 L (X)L (Xs) - R(Zs, Zs; CF U {s,8)) | {20} ]
= B t\ A As) - ty Ls; ) L l#s,t
1V, s LiE 2 t
-0, (B.27)

where the first equality holds due to (B.21); and the second equality holds since {S](-t)}tzo
are independent of Z; and Z; for —1 < s < —n; and the last equality holds due to (B.24).
Then we can bound FCR, by

r T —1

FCR(T) < a+E tz:; - 21?:0 5 |@\1+ 1 SZnHt(Xt)ll{s €C) -R(Zy, Zs;C U {t})]

+E ET: = ! tint X)1{s€Cy}- SR(Zt,ZS,CtU{t})]
vy S G+ 1=

—a+E ET: ! ! tint X)1{s € G} - SR(Zt,ZS,CtU{t})]
tolvz S|Ct\+150

~
|
—_

5| 21?:0 5 @(8)1‘ X)L € G R 26 0 {at})]
1 S X))
1V oS 6] +2
i 1 Jo(Xs, Xt)
|1V 23‘;0 Sj |é\t(5)| +2
where the first equality holds due to (B.27); the second last equality holds due to (B.21);
and the last equality holds due to (B.23).

Since {Sj(fl’t)}jzo are independent of Zg and Z;, we have

~+~ 0
Lol
= o

-R(Z, ZS,C U{s,t})

~ W
Il
= o

E

Il
;i

M~ 1M 11,
L

+

R(Zi, 2, €Y U {s, t})] , (B.28)

o~
Il
o
w
I
o

1 jl(XS;Xt)
LV S; 6] +2

'%(Zt,ZS,C U {s, t})]

39



Bao, Huo, REN AND ZoOU

1 J1(Xs, Xt)
VYL sy L e+ 2
=0, (B.29)

=K

-SR(Zt,ZS,C U {s,t}) | {Zg}g#syt]]

where the first equality holds since S;.S571 (X5, X¢) = J1(Xs, X¢); and the last equality holds
due to (B.25). Similarly, using (B.26), we also have

E [ 1 jO(XSaXt)
T G
LV 0S5 1G] +2

Substituting (B.29) and (B.30) into (B.28), we can prove FCR < a.

R(Zy, Z5:C U (s, t})] (B.30)

Appendix C. Additional settings in Section 4
C.1 CAP with a fixed holdout set

In this section, we provide the FCR control results of CAP for the selection procedure in
Section 4 when the selection and calibration depend only on the fixed holdout set.
The selection indicators are given as

Sy = M(Xy) = I{V; < A({Vi}-n<i<-1)}, forany t >0, (C.1)

where A : R” — R is some symmetric function. In this case, the selected calibration set
is given by C; = {—n < s < —1: Vi > A(Vi, {Vi} —n<i<—1,i#s) }. Then we can construct the
(1 — a)-conditional PI for Y;:

IO (X)) = X £ 40 ({Ridyeg, ) (C2)
Theorem C.1 Suppose {(Xi,Y:)}i>—n are i.i.d. data points. If the function A is invariant

to the permutation to its inputs, we can guarantee that for any T > 0,

-1

Ly 2l (C.3)
LV Y08 1l +1 1=t

FCR(T <a+ZE
t=0

where 3 = FAA{(Vi}izs, i)}, @ = By {A{Vi},)}, and Fy(-) is the cumulative
distribution function of {V;}i>_n.

If A in (C.1) returns the sample quantile, the next corollary shows CAP can exactly
control FCR below the target level.

Corollary C.2 If A({V;}}_,) is the {-th smallest value in {V;}"_, for any £ <n —1, then
the FCR value can be controlled at FCR(T') < « for any T > 0.

Proof We write VETZ)H], VEZ;A]\{S} nd VE”;Fl]\{t} as the /-th smallest values in {V;}7_, U{V;},
{Vitiiiizs U{Vi}, and {Vi}],, respectively. Notice that,

S = 1V < Vi M) = 1y < Vi,

40



ONLINE SELECTIVE CONFORMAL PREDICTION

Cris = 1{Vs > Vi Ny =1y, > vy

Under event S;C; s = 1, removing V; or V, will not change the ranks of V; for ¢ # s. Hence
we have

RGN [n+1\{s)
SiCrs Vi M = 8,0, VI

Together with the definitions g** = Fy, (A ({V;}ixs, Vi), and § = Fy (A ({V;}izs, Vs)), we

can conclude that
SiCrs G = SiCys - 7.

Plugging it into (C.3), we get the desired bound FCR(T) < a. [ |

The next corollary provides the error bound for FCR(T) if A returns the sample mean.

Corollary C.3 Let fy(-) be the density function of {Vi}i>_n. Suppose fy(-) < p, and
[A{ViHL) — AQViHL iz VI < Yo/ for some positive constants p, and ~y,. Then we
have

FCR(T) < a+

QPU%E[ 1 ]
n L =g~ pyyw/n .

Proof By the definitions of ") and §, we can bound their difference by

070 = 3] < I (Ao W) = Fu (A (Vi V2))
< o [AWVibi Vi) = A({Viig, V)|

Pv Vv
< 4
<= (C.4)

where we used the assumptions £y, < p, and [A({V;}iy) —A{Vi}i; izs0 Vi)| < 22. Plugging
(C.4) into the error term in (C.3) gives

T

Y E

t=0

Sy ii Crs 2[|3= — g
im0t St 1 2 G +1 1 =g

=—Nn

E

- B
20vY0 Sy Cis 1
< —K ,
< g = E -
" im0 =0 S VI G+ 11— gls?)
< 2p |5 S 1 ]
< E = _

" | t=0 ijosj\/ll_q_l)v%)/n

T
n | t=0 Z]T:o,j# S;+1 1—G— poyo/n
-7 "
=g ) ! 1-4
n | t=0 Z;—on,j# S;i+1 1—q— poyo/n
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T ~ ~
_ 20070 1 |:1 - qT+1 1—gq

n T+1t:0 1= 1-=q—pyy/n
2 1
< p”%E[ - ] (C.5)
n 1L —q— puyw/n

where the last equality holds due to Z;‘-F:O,j# S; ~ Binomial(7, 1 — g) given the calibration

set such that

-1

T ~T41
1 1—gq

J=0,j#t

C.2 CAP with a moving-window holdout set

In Sections 3 and 4, we construct the selected holdout set ag based on the full calibration set
Cinere = fn,...,t — 1}, which may lead to a heavy burden on computation and memory
when t is large. Now we consider an efficient online scheme by setting the holdout set as
a moving window with fixed length n, that is C; = C}'™4°% = {t —n, ..., t —1}. As for the
symmetric selection rule, we allow the selection rule IT;(-) to depend on the data in C}indow
only, which means

Sy =1(Xt) = {V; < A ({Vihimn<i<t—1) }-
In this case, the selected calibration set is given by
C = {t—-n<s<t—1:V, <A ({Vitimn<i<i—1,i#s, Vs)} -

Then the memory cost will be kept at n during the online process. The following theorem
reveals the property of Algorithm 1 under symmetric selection rules.

Theorem C.4 Under the conditions of Theorem 14. The Algorithm 1 with é\t = @“da
satisfies

FCR(T) <a-{1+E | max Sten(?) + o , (C.6)

B (ST, —a@)vi] T

where €, (t) =2 Zé’;%t—n)\/() oj + (yep+1)log(1/6) + 27 .

Since the window size of the full calibration set is fixed at n, the perturbation to ZT

=0
caused by replacing Vs with V; will be limited to Z;;i_n

S;

gj.
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Appendix D. Proofs for selection with symmetric thresholds
D.1 Proof of Theorem 13

Proof According to the adaptive rule in (7), we have
IS (X)L (X)) = T{Vs < A({Vides, VOYL{Vs < A({Viders, Vo) -

Since A is symmetric to its input, the symmetric property (P-1) holds because V; = V(Xj;).
Then notice that

C\{s}={-n<j<t—1,j#s:V; <A{Vileris Ves i)},

which is also symmetric to (X5, X¢), hence (P-2) holds. Using Proposition 1, we can prove
the conclusion. |

D.2 Proof of Theorem 14

In this section, we denote Cy s = 1{Vs < A;({V}}j<t—1,j#s, Vs)} the selection indicator of
calibration set C;. To prove Theorem 14, we introduce the following virtual decision sequence.
Given each pair (s,t) with s <t — 1: if s > 0, we define

S; 0<j<s—1
glset) _ {V; < As ({Vi}i<s—1)} Jj=s ‘
’ {V; < A; ({Viticj-rizs: i)} s+1<j<t—1"
S; t<j<T

if s < —1, we define

G5t _ H{V; <A ({(Viticj12s, Vi)} 0<j<t-—-1
! S; t<j<T

The following proof is used to prove Theorem 14, whose proof is deferred to Section D.4.
Lemma D.1 Under the conditions of Theorem 14, it holds that

StCt,S ]l{Rt > Qa({Rl}zgé\tu{t})} —F StCt,S H{RS > Qa({RZ}lgé\’tu{t})}
Si(T) +1 G| +1 S (1) 41 G| +1

Y

'U)he?"@ St(T) = Z?:O,j# S] and Sgs%t) (T) _ 23:07‘7'7& Sj(lset)'

Proof [Proof of Theorem 14| Under the event S; = 1, we know S¢(T") + 1 = Z?:o S;. Using
the upper bound (A.1), we can get

FCR(T)
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1 SiCt.s
ST 5 1 (L > QiR ey} — 1R > Qa<{Rz‘heau{t}>}>]

StCt,s]l{Rs > Qa({Rl}zg@u{t})} 1 B 1
G+ 1 STm 1 S

1=

o

+
R lzmﬂ

=

—a+ E L tzi Ot s]l{R > Qa({R }zECtu{t})} Z] st(S S(m_t))
=0 L1V Z Sj s=n Cil +1 S=(T) v 1
(i) T S S; — gt
<a+a-E Z Lﬁ; max { ! Z] (iz/_()t() ;) , (D.1)
im0 1V D S nsssi—l SEI(T) v 1

where (1) follows from Lemma D.1; and (¢7) holds due to the definition of Q,({R;}
such that z |+1 S Cis1{Rs > Qu({R; }ze@u{t})} <a.
When s > 0, let ; = Fy(A;({Viti<j-1)) and 37 = Fy (A;({Vi}icj-1,i%s, V2) for any

s+1<j<t—1. Define a new filtration as ]-"J(s) = 0({Zi}i<jizs) for s < j <t —2. Then
we notice that for j = s,

ze@u{t})

E[s, - 500 7] = E [1{Vi < A({Vikisom0)} - 1V < A({(Vikigom1)} | 72,
=1-4:—-(1-4)=0,
and for any s +1<j <t—1
B[S - S0 FO | =R (B[S - 880 F 20, 2] | 72
= E[P (Vj < Ai({Vidicj ) | F, 2, Zt)
—P(VfSAﬂ{th;u¢$W)L@@UZHZ>}
-2 -5

When —n < s < —1, let §; = Fy (A;({Viticj1)) and ¢ = Fy (4;({Vi}igj-vipe, Vo)) for
0<j<t—1. Then it holds forany 0 < j <t —1

E S-S | FO] =B [R[S; - 880 F 20, 2] | 72
=E [ - | 7]

Now denote i = E |:Zj§s<_t) — aj | J—-:j(i)l:| for s+1< ] <t—1and s = 0. We also write

M; = 85— S —pj for sV 0 < j <t~ 1. Hence it holds that E[M; | F\] = 0 for
sVO0<j5<t—1. In addition, when s > 0, we also have

(M2 | FO ] =B [5,+ 5070 — 28,5070 | 7O | = 23,(1 - q,) <

S

l\.')\r—t
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and for any (s +1)v0<j<t—1,
£ [07 | FO <E[s;+ 5070 25,500 | 7]
=E 1 — G +1- "(3“’5) -9 (1 — max {qj, ?]ﬁse}t)}) | .7:](_)1]
el
-k :’FV(AJ'({VZ'}Z‘SJ—I)) — Fy(Aj({Viti<j-1,is, Vi)l | f@l}

e
< pE [|Aj({‘/;}igj—1) — Ai({Viticj—t1,izs: Vi) | }-ﬁ)l}
< POj,

where the last two inequalities hold since the density of V; is bounded by p and the definition
of 0 in Assumption 2. For (s+1) v 0 < j <t —1, it follows that for any A > 0,

E [eAMj ’ f_'](i)l:| <1+4+E [AMj + )\2M]-26)\\Mj| ‘ f‘](i)l}
=1+ AE [Mj2€)\|Mj| | F](i)1:|
A S
<1+ A2PE {Mf | ]:JQJ
<1+ )\262>\ij

< exp ()\262/\;)0]-) , (D.2)

where the first inequality holds due to the basic inequality e¥ < 1 + y + y2el¥! for any y € R.
Now let

l l
Wy = exp )\ZMjf)?e”‘p 2_1+Zaj , forsv0o<i<t-—1.

j=sV0 Jj=sV0

Invoking (D.2), for (s+1) V0 < ¢ <t —1 we have
E[We | FY)] = WerE [exp {AM; — X2p0, b | FO) | < Wi,

which yields E [Wyy | F% | < - <E[Wy | FE ] <1 for s > 0 and B Wy | A2 <
< E [WO ] .7-"&51) ] < 1. Applying Markov’s inequality, for any § > 0, we have

= . log( 1/5)
PSS My< (270 4o Z &
Jj=sVO0 j=sV0
t—1 1
A M 2 A 2—1 . -
exp Z Ae’p + Z 0 > 5
7=sVO0 j=sVO0
Wt 1> (5)
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<é- E[Wt_l]

< 4.

Now we take A = min {ﬁ, 1}, which means (A2e* + 1)p < XN2ep+p < p ' +p <2 Let

e(t) =2 Z] —00j + (Vep+1)log(1/8) + 27 1. Together with the fact |pu;] < poj, we have

t—1
PSS 85— 88 ) <et) g >1 -2, (D.3)
7j=sVO0
and
T
PLSENT) > "8 —€(t) p > 16 (D.4)

7=0

Define the good event & ; = {the events in (D.3) and (D.4) happen}. In conjunction with
(D.1), we have

T

St ¢ )Z] s\/OS _S(S%t)’
FCR(T)<a+a-E ;WSHS?X (1{&s} + 1{&ELD) SGH(T) v 1

(@)

<a+a-E |max = Ste(?) + 1{&}
(s —ew) v

(id) 1{>°T 5> 0Ye(t

<a+t+a-E {XT:]_O 5 > O3] +E |:H12%X ]l{&c,s}] )

(08— e) v1 :
(i) 1{>7 S > 0e(t
<ata-E {20 85 > 0Jell) +3(T +n+1)%,

(zfzo S; - e(t)) Vi

where (7) holds due to the definition of & 4; (i¢) follows from max; S; = IL{ZJT:O S; > 0};
(D.3), (D.4) and union’s bound. Taking § = (T +n + 1)~3 can prove the desired bound. M

D.3 Proof of Theorem C.4

Proof Notice that, Lemma D.1 still holds. Following the notations in Section D.2, we can
expand FCR by

FCR(T)
T t—1
3 3 el (> Qu) ) ~ MR > Q) )|
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_ a+ZT: ti E L 1 S5iCus1{Rs > Qa({Rikieguqn))

t=0 s=t—n S(_t (T)+1 St(T)+1 |Ct|+1
<a+ZT:E S, § eliHs > Qa(tB }Zectu{t})} 1 _ 1
[ S Cil +1 sty 41 SuT)+1

+iE i St tzi Ct S]]_{R > Qa({R }lGCtU{t})} Z] s\/OS . S(Set)

=«

t=0 1\/2 Si sSn |Ct|+1 S(SHS)(T)Vl

T (s¢t)
Sy w0 S — S

< . e .
<a+a-E ;lva Stn<?<t1{ SGeD (T )v1 , (D.5)

Let €,(t) = 22] (t—nyvo 5 + (v/€p + 1) log(1/6) + 271, Similar to (D.3) and (D.4), we can

show

P{S(m—t)( ) > ZS en()}>15-

=0

Z Sj— Set) <6n()}>1257

7j=sVO0

and

!

Then taking 6 = (T V n)~3, together with (D.5), we can guarantee

FCR(T) <a- |1+ max =0 Sten(t) .
0=t Iy 8 — e} V1

D.4 Proof of Lemma D.1

Proof Denote C; = {s <t:Cs =1} with C;; = St and let Q1_q (ﬁ Zz‘ec“r 532.) be
the (1 — a)-quantile of the empirical distribution ‘C ™ >_icc; . OR;, where 0, is the point

1

mass function at R;. Because C; = Ct U{t} holds under the event St =1, it suffices to show

CiiCts 1{R; > Qa({Ri}ie@u{t})} _ Ct,4C s I{R;s > Qa({Ri}ie@u{t})}
S¢(T) +1 Ct.+ STy +1 .

(D.6)
We define the event

E(z) ={lZs, 2] = 2} = {[Zs, Zi] = |21, 2]}
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where [Zs, Z;] and z = [z1, 23] are both unordered sets. Under £(z), define the random
indexes Iy, I € {1,2} such that Z, = zj, and Zg5 = z7,. Notice that [V, V4] and [Rs, Ry are
fixed under the event £(z), we denote the corresponding observations as [v1, v2] and [ry, ra].
Then we know

Cis | £(z) = Vs < Ay (Vi, {Vitict—1.i25)} | E(2)

L{vr > Ag(va, {Vitict—1,i2s)}, Is =1
1{ve > Ar(vi, {Vitict—1i2s)}, Is=2"

and

Crp | E(z) = L{V; < Ay (Vo, {Viti<i—1,i25) } | £(2)

_ H{vy > Ag(va, {Vi}ic<i—1,i2s)}, L =1
H{va > Ai(v1, {Viti<i—1,is)}, L1 =2

It follows that

Ci,sCrt | £(z) = T{vr > Ay(va, {Viti<i—1,is) J1{v2 > Ai(v1, {Viti<e—1,i2s)},

which is fixed given o({Z;}izs+). Further, C;; = 1{V; > A;({Vi}i<t—1,ij,s, v1,v2)} is also
fixed for any j # s,t given £(z) and o ({Z; }i+s ) since A; is symmetric. Hence, the unordered
set [{Ci0R, i<t] is fixed, as well as |C; 4| = Zigt Ct,i. As a consequence, we can write

Ci,sCht
|Ct,+

| E(2),{Zi}is s =t F(2,{Zi}izs1), (D.7)

and

1
Qa({Ri}ie@u{t}) | £(z) = Q1-a ‘CT th,iéRi | E£(z) = Q(2,{Zi}itsst)-

i<t
Then we can write
H{Rs > Qa({Riticqu)) | €(2) = Hrr, > Q(z,{Zitizsr) }s (D.8)
YR > Qul{Ri} i)} | £2) = 1rs, > Qe Zi}ivan)}. (D.9)
In addition, it holds that
t—1 t—1
St
ST S5 ez = Y 1V < A ({Vidigjorizs VO | €(2)
j=s+1 Jj=s+1
t—1
= Z H{V; < A; {Viti<j—1,is, V1) s (D.10)
Jj=s+1

which is a function of I; given o({Z;}i+s.). Similarly, we also have

t—1 t—1
Z S;1E(z) = Z HV; < Aj ({Viticj-1,izs, Vs)} | €(2)
j=s+1 j=s+1
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t—1

= Z I{V; < A; ({‘/z’}igjfl,i;ésavls)}a (D.11)
Jj=s+1

which is a function of I given o({Z;}i4s.). In addition, notice that

Sgset) | E(z) = 1{Vi < A; {Vi}i<s—1)} | E(z) = L{vr, > As {Vitics—1)}, (D.12)
and
So | E(2) = 1{V; < As ({Vidizs-1)} | €(2) = oz, > A ({Vidics1)}- (D.13)
Now define
t—1
Se:(t—1) (ki {Zi}izst) == Hvg > As ({Viti<s—1)} + Z LV < Aj ((Vidizss: o)}
Jj=s+1

for k =1,2. From (D.10)—(D.13), we can write

-1
Z Si | €(2):{Zi}igst = Sap—1)(vr; {Zi}iss,t)s (D.14)
7=sV0

t—1
ST S (), { Zidigse = Setro1) (013 { Zidigss)- (D.15)

J=sV0

For any j < s —1, S is fixed given {Z;}i<s—1. And for any j > t+ 1, S; is fixed given
{Z;}izsr and E(z) since A;(-) is symmetric. Therefore, we can write

s—1 T
DS+ Y Si | E(@) {Zitigss =t S(2,{Zi}Yizsy), (D.16)
j=0 j=t+1

where Zj;(l) S;=0if s <0.
Now using (D.7), (D.8), (D.9), (D.14), (D.15) and (D.16), we can have

1 Ct,tCt,s ‘ R N
]E |:St(T) i 1 ’Ct7+‘ H{Rt > Qa({Rz}iECtU{t})} | {ZZ}#S,“S(Z)]

() | CutCs L > Qalllihicaum)} | {Zi}izst, E(2)
Cotl 33208+ X0 S+ S S+
(i1) ]l{?“]t > Q(Z7 {Zz}lsés t)}
F(Zj {Z } isjt) |:S(Za {Zi}zéés,t) + Ss:(t—l) (vls) +1 | { } Fot
(iid) Hr1 > Q(z,{Zi}izs 1)}
= ’L i#ts . . N P I 1
F(Z7 {Z } # ’t) S(Z, {Zi}iis,t) + Ss:(t—l)(UQ) +1 ( ' )
{rs > Q(2z,{Zi}izst)}
+ : Pl =1
S(Z, {Zi}iis,t) + Ss:(t—l) (vl) +1 ( )
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(iv) N . 1{r1 > Q(z,{Zi}izst)} . B
= F(Za {ZZ}Z#S’t) [S(Za {Zi}’i?fs,t) + Ss:(t—l)(v2) +1 ¥ (IS B 1)
I{ro > Q(z,{Zi}izst)} . B
S(2z,{Zi}izst) + Ss:e—1)(v1) + 1 P(L = 1)]
_ Ny rr, > Q(z,{Zi}izgs)} N
= FlotZiizar) B [S(L {Zi}izst) + Se—1)(vr,) + 1 | {ZZ}#S’t]

_ [ 1 Ci1Cl s

SIgS(_t)(T) + 1 ‘Ct,+| ]I{RS > Qa({RZ}ze(/j\tu{t})} ‘ {Zi}’i;ﬁs,t?g(z)] :

where (7) holds due to S; = C}4; and (#4) follows from (D.7); (éi7) holds because (15, It) 1 o({Z; }itst):
and (iv) holds due to exchangeability between Zg and Z; such that P(I; =1) =P([; = 1).
Then we can verify (D.6) by marginalizing over £(z) and the tower’s rule. |

D.5 Proof of Proposition 16

Proof In this case, A;({Vi}i<j—1) = n+] Zzi_nV and A;({Vi}i<j—1,i£s, Vi) = nﬂ Zz,—n

Vi¥e It follows that
J

Vi — Vs
n+j

] 20
< -,
T n+y

Now let 0; = 20/(n + j) for j > 0. Recall the definition of €(¢) in (8), we have

E[[A;({Viti<j-1) — Aj({Viti<j—1is, Vi | {Vi}i<j—1,is] = E [

T—
= Z 3(v/ep + 1) log(T +n)

T-1

Znﬂ +3(y/ep+ 1) log(T + n)

7=0
< 4olog(T + n) + 3(y/ep + 1) log(T + n)
<4(y/ep+ o+ 1)log(T +n).

The proof is finished. u

D.6 Proof of Proposition 17

Lemma D.2 For almost surely distinct random variables x1, ..., Tn, Tni1, let {xy 7 € [n]}
be the r-th smallest value in {x; : i € [n]}, and {xgg(nﬂ) i1 € [n]} be the r-th smallest value
in{z;:i€n)\{j}} U{xnt1}. Then for any r € [n] and j € [n|, we have

j=(n+1)

72| S max{Ee) — 1) Trg1) — ) )
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Proof If z; > z() and zp41 > x() or 77 < 2y and zp41 < (), it is easy to see
Jj(n+1)

:C{S(HH) = x4y If 75 < x4y and 241 > 7(;), We know Tl = min{z(41), Tny1},
which means xﬁ(nﬂ) i) < Ty — 2y Uz > 2y and zpp1 < 2, we know
?S(nﬂ) = max{Z(_1), Tn+1}, SO xiT(nH) T(ry = T(ro1) = T(r)- [ |

Lemma D.3 For almost surely distinct random variables 1, ..., Zn, let {xq) : v € [n]} be

the r-th smallest value in {x; : i € [n]}, and {x[n]\{]} € [n — 1]} be the r-th smallest value

in{z; i € [n]\{j}}, then for any r € [n — 1] we have: :UEZ])\{j} = z(y if T > () and
E:«L])\{J} = L(r41) if Z; < L(r)-

Proof The conclusion is trivial. |

Lemma D.4 (Lemma 3 in Bao et al. (2024)) Let Uy,---,U, i Uniform([0, 1]), and
Uy S Uy < -+ < Upyy be their order statistics. For any 6 € (0,1), it holds that

1 2logé
P max. U - U, >
0<e<n { e+~ U} 2 1_9 155? n+1

Proof [Proof of Proposition 17| Let F,(-) be the c.d.f. of {Vi}i>_,. If A; takes the quantile
of {Vi}i<j—1 for j > 0, then notice that

HV; <A ({Vitigi-1)} = H{F(V)) < Ay ({Fo(Vi) bigj-1)}-

Without loss of generality, we assume V; o Uniform([0, 1]). Denote VEZ)H Vand VEZ; NS the

r-th smallest values in {V;};<j—1 and {Vi}i<;j_1,xs respectively. Then we have
A ({Viti<j—1) — Aj ({Viti<j—1,is: Vo)

[n+4] [nt-7]
S max {V(w(n+m) = Vismn-n Y
[

ft)\s ntd)\s
< max {V(w(n+m> ~ Visinta-1 Y

< 26. (D.17)

n+j] [n+7]
Bt +1) ~ V(8 <n+m>}

ntd)\s ft)\s
B(nt)]4+1) V(W(nﬂ)])}

~— o~

=:0y,

where the first inequality follows from Lemma D.2; and the second inequality follows from
Lemma D.3. Invoking Lemma D.4, we can guarantee that for any §; € (0,1),

1 2log é;

log(1/8;) n +J
12/

P gj > §25j.

Taking §; = (n + 7)~3 and applying union’s bound, we have

. T-1
1 6log(n +
P U o > 1 ‘ i .]) Zn+] )73 < (T +n)~2
0<j<T—1 1-2 %fjﬂ) n+J 3=0
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Then with probability at least 1 — (T +n)~2, it holds that

T—
= Z 3(ve + 1)1og(T + n)

-1

T .
2 6log(n +
< _Sloa(n ) | 5 /e 4 1) log(T + n)
—0 1 —9,/3st))  n+j
J n+j
@) T og1
2N 218 +J) s o4 1) log(T + )
‘ n+j
j=0
T-1
241og(T
< og(++n) 3(ve+1)log(T +n)
20 nTJ

<.
~
.

(4
< 241og*(T +n) + 3(Ve + 1) log(T + n),

where (i) holds due to the assumption 48 logn < n and n > 3 (the function logz/x is

decreasing on [3,+00)); (i¢) follows from Z] 0 n}rj < fnTJrln ! Ldx <log(T +n). [ |

D.7 Proof of Theorem C.1

The following lemma is parallel to Lemma D.1, which can be proved in similar arguments in
Section D.4.

Lemma D.5 Under the conditions of Theorem C.1, the following relation holds:

StCts ]]'{Rt > Qa({RZ}Zgau{t})} ) StCts :H'{R > QO&({R }ZECtU{t})}
Si(T) +1 G|+ 1 S (T) +1 G| +1

Proof [Proof of Theorem C.1| For s < t — 1, we denote Cy s = 1{Vy > A ({Vi}izs, Vi) }-
Using the definition of quantile, it holds that

| 1 Z H{Rs > Qa({Ri},cq,u00)) < o (D.18)

Gl seCiU{t}

From the construction in (C.2), we also have
]]-{}/t gItCAP(Xt)} = ]]_{Rt > Qa({RZ}ZEa{U{t})} (Dlg)

By arranging (D.18) and (D.19), we can upper bound the miscoverage indicator as

1
HY: ¢ AT (Xp)} < a+ G+ 1 Z B > Qa({Ri}icqupy)} — HBs > Qa{Ridicgupn) -
t 56(3

(D.20)
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For each pair (s,t) with s € @, we introduce a sequence of virtual decision indicators:
S = 1{V; < A({Vidigs, Vo)), for 0<j <T,j#t. (D.21)

Correspondingly, we denote Sy(T') = Z] —o0,j2t 9 and S(S(_t)( T)= Zf 0,4t S]( ), Plugging
(D.20) into the definition of FCR gives

T
tz S(;;H{Y} ¢ ICAP(Xt)}]

T
satB ) st X \ct|1+ 12 (1B > Qal{Rilicquq)) - 1 > Qa({Ri}ieczu{t})})]

E ST +1 ’é\t‘ +’ 1 (E{Rt > Qa({Ri}ieé\tu{t})} - I{Rs > Qa({Rl}ze@U{t})})]

’Ct|+1

1 1
t=0s=-n L Zj:O,j;ét S](-“_t) +1 Zj:O,jyét Sj +1

Stct,s
G| +1

T
>
t=0
SN w | L 1 SiCis
_ E _ SCis 1R > Ou({R).
0“"; Z _{S£5<_t)(T)+1 St(T)+1} {Bs > Qa({ }ZECtU{t})}
- -
>

(D.22)

where the last equality follows from Lemma D.5. Let Fy (-) be the c.d.f. of {V;};>_,. Denote
glset) — Fy{A({Vi}izs, Vi)}, and ¢ = Fy{A ({Vi}izs, Vs)}. Then given Z;,{Z;}1<i<n, we
know . ;. Sj ~ Binomial(T,1—¢) and > ;_q ; 4 SJ(ASHt) ~ Binomial(T, 1 —g*<"), which
further yield

. 1 1
2= oj;ét S0 1  Xjmom Sit1
_ (A(set))T+1 1— AT+1
- (T+ D(1—gt=h)  (T+ 1)(1 —q)

_ 1— Z]\T-i-l 1— a\ 1— (Z]\(s<—t))T+l .
(T+D(1-q) |1-gsb  1-g'*t

1 1— a 1— (a(s<—t))T+1
ZiAZ M <icn ]| - —1%. (D.23
Zj:o,j;«ét Sj +1 | Zi, { }1S < ] {1 — E]\(SHt) 1— gl ( )

| Zs, {Zi}lgisn]

=K

Notice that, if g#<? > g,

1— a 1— ((/]\(s<—t))T+1
1— E]\(set) 1— aT+1

1— (Zj(s<—t))T+1 Zj(s<—t) _ (/]\ (é\(s(—t))T—&-l aT-&-l

1— aT—&-l 1— Z]it) +

~1 (D.24)

1_"T+1
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_ 1 (a\(s<—t))T+l a\(s<—t) o a (E]\(set) _ Z]\) ET (Z]\(set))qufk

k=0
1_[]‘T+1 l—Zj(t) 1_{]T+1
- a(s«—t) _ Z]\ Z]\(set) _ EI\
< + =
1—gq® 1-q
2(g ) — g
o=t (D.25)

Since S, Ct s, IC;| and 1{R, > Qa({Ri}ie@u{t})} depend only on calibration set and Z,
substituting (D.23) and (D.24) into (D.22) results in the following upper bound

zT: S i Cos {7 > g} 2" — @)

= 2

FCR(T) <a+E =
( ) |Ct|+1 l_a(s%t)

=049 1

S=—n
T
<a+E

S Sy G 2]
im0 St |G+ g

Appendix E. Proofs of CAP under distribution shift

Denote the selection time by {71,...,7ar}, where M = Z]T:o S; and

t
Tm = Min OStST:ZSj:m , forl<m<M
j=1

Then we know

: —a —|—’yi(a—errim), for1<m<M-—1.

Tm+1 Tm

Lemma E.1 (Lemma 4.1 of Gibbs and Candés (2021), modified.) With probability
one we have that o@m € [—’yim, 1+ ’yim] for 0 <m < M.

Proof [Proof of Theorem 18] The proof is adapted from the proof of Theorem 3.2 in Gibbs

and Candés (2024), and here we provide it for completeness. We write Ea[-] as the expectation
taken over the raqdomness from the algorithm. Let Zszo S; =M. Let oy = Zle % with
Pl =wi/ (Z?}:l w]). From the update rule of Algorithm 2, we know

ko i
G = D (o1 + ilert, o)

i=1

k

k i i
Py, Q- ) .
= T Ny (enr!, —a)
i=1 i i=1
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k

_ D = Py )0 : :
= 7,y + E i T’Y'H Tmtl E py (errl —a).
i=1 v i=1

Notice that o, = o@m with probability pim, hence err,, = errim with probability piTm,
which means Ep [err,, | = Zle pt err’ . It follows that

Tm
k

EA[errTm] —a= a7'm - 627"m+1 + Z
i—1 Vi

Prnss = Pon) Vs, (E)

‘ ; P &P (=1 £(Brm ¢
Now, denote W, = S5 wi, and 3, | = o 2mBon 05)
ZJ 1 me exp( Nrm (IBTm 7a‘rm))

. From the definition
of QDiTm 1+ we know

(2
_ me+1 / W'Tm

pT - k
! Z] 1 me+l/ Tm

(1= pr, )WL [Wr, + br S5 (0, /W) /K
Z (1= ¢fm)w4m/ ot Sr /R WL W]
(1- <z5 O W 4 b, SN (@, /W) K
(1- )Z] 1@Tm/WTm+¢Tm iy @k W
(1= &5, P (<11, LB 07,)) + &, ijlp’%mexp <*nfm€(ﬁm,aj%m)) /k
St Pl 5D (115 U(Br, s 0,)

3 ¢Tm
Further, we also have
~i pg—'m exp (_T,TmE(BTm’ ag'm)) 7
p7—7n+1 —Pr, = & B - — Pr.

=1 Pr €XP (—nfmf(ﬂrm, O/Tm))
St {exp (=1 l(Brr Ak,))) — exp (—mmﬁ(ﬁfm, a%))}

e Sy Pl exp (—nrmf(ﬁ%, alm))

S e (B ot)) {exp (e [0 o) = UBns 0, )] ) 1
S Yy Dl exp (*nmﬁ (Brns ozjrm)>

=15, Zk: o Aexp (1, (0B, o) = U(Br,007,)]) — 1} (E.3)

By Lemma E.1 we know o!. € [—+% ,1+~% ], which implies ‘ (Br,, 0l ) — (B, , o )) <

max{a, 1 — a} a]}m — aim <1+ 29max. By the intermediate value theorem, we can have

lexp (7, [€(Brs &l ) = €(Bry, 0k )]) = 1] < 0 (1 + 29max) €xp {117, (1 + 29max) } -
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Plugging it into (E.3) yields

< pimn'rm (1 4 27Ymax) €xXp {77, (1 + 2Ymax) } -

~i i
Prir — Py,

Together with (E.2), we have

(p:l;—m+1 o p:lrm)az—m+1

. o I
(Driy = Do )0 (k=" —pr o

S (1 - ¢Tm) + ¢T'm
Vi Yi Yi
1+ 29max)? 1 + Vmax
< nTm( Jma ) €xXp {nTm(l + 2'7max)} + 2¢Tm¢ﬁ
Ymin “Ymin

where we used Lemma E.1. Telescoping the recursion (E.1) from m =1 to m = M, we can
get

S (L4 2m)? §-
> (Balerrs, ] = a)| < [an — Gy |+ T, exp {nr, (14 23max)}
— “Ymin —
m=1 m=1
M
1 —"_ max
MR DL
Ymin m—1
142 (14 2Ymax)?
S “Ymax + “Ymax Z 7]7—m exp {mm(l + 2,_)/max)}
“Ymin “Ymin m=1
M
1
+2 jL’Yma,x Z ¢Tm-

“Ymin m—1

According to the definition of 7,,, we can rewrite the above relation as

T M
> S (Balerre] — o)) = | Y (Balerry, ] — a)
t=0 m=1
1+ 2y (1 + 27max)?
< — + = Z Stnt €Xp {nt(l + Zr)/max)}
“Ymin “Ymin =0
T
1 + Yimax
+ 27N G gy
“Ymin =0

Since the randomness of Algorithm 2 is independent of the decisions {Si};frzo and the data
{Z}E ., we have

E ZtT:o Sy - errt] Cu—E Ztho St - (Ealerry] — a)
The conclusion follows from the definition of ¢; immediately. |
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Figure F.1: Real-time FCR plot and average length plot from time 20 to 2,000 for e-LOND-CI. The
selection rule is Dec-driven and the incremental holdout set with window size 200 is considered.
The black dashed line represents the target FCR level 10%.

Appendix F. Additional simulation details
F.1 Details of e-LOND-CI

The e-LOND-CI is similar to LORD-CI, except for using e-values and LOND procedure
instead. At each time ¢, the prediction interval is constructed as {y : e;(Xs,y) < a; '},
where e4( X}, y) is the e-value at time ¢ associated with X; and y and «y is the target level at
time ¢ computed by a; = ayFONP(S,_; + 1), where 7FONP is discount sequence. We choose
AFOND — 1/{t(t — 1)} as Xu and Ramdas (2024) suggested.

The e-value for constructing prediction intervals is transformed by p-values. By the
duality of confidence interval and hypothesis testing, we can invert the task of constructing
prediction intervals as testing. Let Hy: : Y; = y, then the p-values are defined as

>ice, Hly —u(Xy)| < Ri} +1

pt(Xt)y) = |Ct|+]-

Following Xu and Ramdas (2024), we can directly convert this p-value into

1 Xt,y) <«
€t(Xt,y)= {Pt( tai/) t}.
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By a same discussion as Proposition 2 in Xu and Ramdas (2024) , we can verify that
Ele (X, V) 1{Y; = y}] < 1, hence e;(Xy, Y}) is a valid e-value.

We provide additional simulations for e-LOND-CI. Figure F.1 illustrates the FCR and
average length under different scenarios using decision-driven selection for e-LOND-CI. As it
is shown, the prediction intervals produced by e-LOND-CI are considerably wide, limiting
the e-LOND-CI to provide non-trivial uncertainty quantification.

F.2 Details of online multiple testing procedure using conformal p-values

In our procedure, the conformal p-values (Jin and Candés, 2023) are constructed using an

additional labeled data set Dagqq = {Xi, E};(ﬁal_)i_m), instead of the current holdout set. By
doing this, these conformal p-values are independent given Daq4q, making the online multiple
testing procedure decision-driven. The specific construction of the conformal p-values is
outlined as follows:

Recall that the selection problem can be viewed as the following multiple hypothesis

tests: for time ¢t and some constant ¢y € R,
H()’t 1Y, <cyg ves. Hl,t 1Y > cp.

Defined the null data set in Daqq as D?Add ={(X;,Y;) € Daqq : Yi < ¢o}. For each test data
point, the (marginal) conformal p-value p;"*® based on same-class calibration (Bates et al.,
2023) can be calculated by

pE 1+ {(X3,Y;) € DRy = 9(Xi) < g(X0)}
! DRqal +1

)

where g(x) = ¢g — fi(x) is the nonconformity score function for constructing p-values. If each
test corresponds to different constant ¢; for determining null and non-null, we can use the
conformal p-value in Jin and Candés (2023) which uses the whole additional data Dagq and
specific nonconformity score functions for construction.

To control the online FDR at the level 5 € (0, 1) throughout the procedure, we deploy the
SAFFRON (Ramdas et al., 2018) procedure. The main idea of SAFFRON is to make a more
precise estimation of current FDP by incorporating the null proportion information. Given
B € (0,1), the user starts to pick a constant A € (0, 1) used for estimating the null proportion,
an initial wealth Wy < 8 and a positive non-increasing sequence {~; }‘;‘;1 of summing to one.
The SAFFRON begins by allocation the rejection threshold 51 = min{(1 — \)~y1 Wy, A} and
for t < 2 it sets:

B¢ = min {)\7 (1= (WO’Yt—Co+ + (@ = Wo)V—m—cry + Zﬂ’Yt—Tj—Cj+> },
Jj=>2

where 7; is the time of the j-th rejection (define 79 = 0), and Cj; = Zz;iﬁl I{p; < A}.
Thus for each time ¢, we reject the hypothesis if p; < £;. In our experiment, we set defaulted
parameters, where Wy = /2, A = 0.5 and 7; 1/4%6.

At last, we discuss the potential issue of online multiple testing procedure using conformal
p-values. The conformal p-value conditional on Dpgq is no longer super-uniform, which may
hinder the validity of online FDR control. But it does not affect the performance of our
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CAP procedure, as we focus on interval construction and FCR control. For practitioners
requiring rigorous online FDR control, we provide to use calibration-conditional p-values
Bates et al. (2023) to guarantee this.

The calibration-conditional p-value p® proposed by Bates et al. (2023) is valid conditional
on the additional null labeled set ngd for at least probability 1 — ¢, i.e.

P{P(p{"¥ < 2| DRgq) < z for all z € (0,1]} > 1 — 4.

Let DY 44 = |mol, Bates et al. (2023) used an adjustment function h(z) = b[(mo+1)2] tO Map
the marginal conformal p-value to the calibration-conditional p-value, where b = {b;};29
(b1 < by <--- < biyy) satisfying P(Ugyy < b1, Upg) < byy) > 1 =6, and Uy, is the i-th
largest from mg i.i.d. uniform random variables. Then the calibration-conditional p-value
can be computed by

B = hp™E), > 0.

The determination of b; can be through Simes inequality or Monte Carlo approach, see Bates
et al. (2023) for detailed discussion.

Conditional on DY 4, {pf¥ }i>0 are all independent and super-uniform (with a probability
9), hence online multiple testing procedures such as Al (Foster and Stine, 2008), GAI (Aharoni
and Rosset, 2014) with p-values {p{®’};>0 can control the FDR below  with probability
1 — 9, where  is the nominal level.

F.3 Experiments on fixed calibration set

We verify the validity of our algorithms with respect to a fixed calibration set. The size of the
fixed calibration set is set as 50, and the procedure stops at time 1,000. We design a decision-
driven selection strategy. At each time ¢, the selection indicator is Sy = 1{V; > T(Z;;%) Si)},
where V; = [(X;) and 7(s) = 79 — min{s/50,2}. The parameter 7y is pre-fixed for each
scenario. Three different initial thresholds for different scenarios due to the change of the
scale of the data. The thresholds 7y are set as 1, 4 and 3 for Scenarios A, B and C respectively.
This selection rule is more aggressive when the number of selected samples is small.

We choose the target FCR level as @ = 10%. The real-time results are demonstrated in
Figure F.2 based on 500 repetitions. Across all the settings, it is evident that the CAP can
deliver quite accurate FCR, control and outputs narrower Pls.

F.4 Impacts of initial holdout set size

Next we assess the impact of the initial holdout set size n. For simplicity, we focus on
Scenario B and employ the quantile selection rule. We vary the initial size n within the
set {5,10,25,50}, and summarize the results among 500 repetitions in Figure F.3. When
the initial size is small, the CAP tends to exhibit overconfidence at the start of the stage.
However, as time progresses, the FCR level approaches the target of 10%. Conversely, with
a moderate initial size such as 25, the CAP achieves tight FCR control throughout the
procedure, thereby confirming our theoretical guarantee. A similar phenomenon is also
observed with OCP and LORD-CI, wherein the FCR at the initial stage significantly diverges
from the FCR at the end stage when a small value of n is utilized. To ensure a stabilized
FCR control throughout the entire procedure, we recommend employing a moderate size of
for the initial holdout set.
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Figure F.2: Real-time FCR plot and average length plot from time 20 to 1,000 for fized calibration
set after 500 replications. The black dashed line represents the target FCR level 10%.
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Figure F.3: Real-time FCR and average length from time 20 to 400 using different sizes of the initial
holdout set for CAP, OCP and LORD-CI. The basic setting is Scenario B and the quantile selection
rule is used. The black dashed line denotes the target FCR level 10%.

F.5 Comparisons of CAP and EXPRESS
Recall that our CAP-ada picks the calibration set by

C}CAP =q-n<s<t—1:1I(Xs) H H{ILi(Xs) = ILi(Xy)} = 1
eNP

where N = {0 < j <t —1:1I(X;) = 1}. While the EXPRESS proposed by Sale and
Ramdas (2025) outputs a calibration set indexed by

t—1
CEXPRESS _ {—n <s <t —1:I(X) [ ] (X)) = (X)) = 1} ,
=0

which is more conservative compared to ours because N C {0,...,t — 1}.

We conduct several simulations to verify the empirical performance of our proposed CAP
and EXPRESS. If the picked calibration set is empty, we will report an interval with infinite
length, which contributes to a correct selection when computing FCP. Therefore, we also
compare the size of picked calibration points, the frequency of infinite length intervals, and
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the median length of interval instead of the mean length. In our simulations, we do not
employ randomization to achieve exact coverage, which differs slightly from the procedure in
Sale and Ramdas (2025). Specifically, we also compare the variants of CAP and EXPRESS
by using a window scheme. It means we check the picking rule for online data within a
windowed range, which can reduce the frequency that the picked set is empty. Denote our
approach with window size k as K-CAP

(f,f{_CAP =¢—n<s<t—1:T(X,) H I{IL(X,) = i(Xe)} =1
iENPPO{t—w, - -1}

and EXPRESS with window size k as K-EXPRESS

t—1
CR-EXPRESS _ {—n <s<t—1:I(X,) [] LX) =TL(X,)} = 1} .
i=t—k

Comparison Case 1 : The first setting is from our Scenario A. Here Y = u(X) + ¢,
X ~ Unif[-2,2]'% and u(X) = X "3 where 8 = (1J,—1] )" and 15 is a 5-dimensional vector
with all elements 1. The noise is heterogeneous and follows the conditional distribution
€| X ~ N(0,{1+ [u(X)]}?). We employ ordinary least squares (OLS) to obtain 7i(-). And
the decision rule is Sy = T{fi(X;) > 7(32'} Si)} where 7(s) = 2 — min{s/20,2}. The initial
holdout data size is n = 50. Fixing the target FCR level at 40% and the window size K = 20
for K-CAP and K-EXPRESS, the results are depicted in Figure F.4. It is clearly that our
approach can produce a significantly smaller prediction interval, as long as a lower frequency
of infinite interval. A similar phenomenon also happens to K-CAP and K-EXPRESS. In
Table 2, we show the detailed values these methods take at ¢ = 100 and ¢ = 200.

Table 2: Comparison of FCR, calibration point number (CP), frequency of infinite length
interval (IL) and median interval length (ML) at ¢ = 100 and ¢ = 200 for different methods
under Comparison Case 1. The target FCR level is 40%.

Method t =100 t =200
FCR CP IL ML FCR CP IL ML
CAP-ada 0.36 28.69 0.10 388 0.36 45.76 0.04 3.76

EXPRESS 0.34 2773 0.18 4.02 034 4412 0.11 3.86
20-CAP-ada 037 29.14 0.03 344 0.38 3507 0.00 3.25
20-EXPRESS 0.36 2849 0.06 349 0.38 35.07 0.00 3.25
CAP-nonada  0.39 71.83 0.00 3.28 0.39 124.77 0.00 3.19

Comparison Case 2 The next setting is from Sale and Ramdas (2025). Let X ~ Unif[0, 2]
and Y = X + ¢, where € ~ N (0, X/2). The prediction model is defined as ji(X) = X. The
selection rule is S; = 1{X; < 1+ Zﬁ;é S;/200}. The results are summarized in Figure F.5
and Table 3 with window size K = 10. It shows that our method is at least as good as
EXPRESS.
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Figure F.4: Comparison for our method with EXPRESS by real-time plots of FCR, calibration point
number, frequency of infinite interval and median interval length from time 5 to 200 after 10,000
replications under Comparison Case 1. The black dashed line represents the target FCR level 40%.

Table 3: Comparison of FCR , calibration point number (CP), frequency of infinite length
interval (IL) and median interval length (ML) at ¢t = 100 and ¢ = 200 for different methods

under Comparison Case 2. The target FCR level is 40%.

Method t =100 t =200

FCR CP IL ML FCR CP IL ML
CAP-ada 036 5774 0.16 039 034 7514 0.21 0.40
EXPRESS 036 5774 0.16 039 034 7514 0.21 0.40
10-CAP-ada 0.38 36.53 0.02 047 0.38 4698 0.02 0.60
10-EXPRESS 0.38 36.63 0.02 047 0.38 46.85 0.02 0.60
CAP-nonada  0.39 9540 0.00 0.47 0.40 204.53 0.00 0.59
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Figure F.5: Comparison for our method with EXPRESS by real-time plots of FCR , calibration point
number, frequency of infinite interval and median interval length from time 5 to 200 after 10,000
replications under Comparison Case 2. The black dashed line represents the target FCR level 40%.
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Comparison Case 3 The final setting is also from Sale and Ramdas (2025) to evaluate
the performance of selection-conditional coverage. Here the data generating scenario is the
same as Comparison Case 2. The decision rule is

o [ X <1+ S8 8:/20) ift < 20
P 1{XE, S > 16} if t = 20.

We stop our online procedure at ¢ = 20 and access the selection-conditional miscoverage by
replicating 1 x 10° times. The results are summarized in Table 4 with window size K =5
and selection-conditional miscoverage o = 40%. Our procedure yields identical results as
EXPRESS in this setting.

Table 4: Comparison of miscoverage, calibration point number (CP), frequency of infinite
length interval (IL) and median interval length (ML) at ¢ = 20 for different methods under
Comparison Case 3.

Method Miscoverage CP IL ML

CAP-ada 0.308 9.29 0.234 0.567
EXPRESS 0.308 9.29 0.234 0.567
5-CAP-ada 0.346 10.5 0.0980 0.716
5-EXPRESS 0.346 10.5 0.0980 0.716
CAP-nonada 0.437 30 0 0.645

F.6 Additional simulation results for nonincreasing decision-driven selection
rule

We provide additional simulation results for nonincreasing decision-driven selection rule. The
selection rule is S; = 1{i(X;) > 7(3125 Si)} where 7(s) = 75 + min{s/50, 2} with 79 is
fixed as 1, 4 and 3 for Scenario A, B and C respectively. The CAP is implemented with
nonadaptive pick rule. The results are summarized in Figure F.6. It is shown that the
nonadaptive CAP controls FCR level precisely, which verifies our theory.

F.7 Comparisons of adaptive and nonadaptive pick rules for decision-driven
selection

Under Dec-driven rule, we make empirical comparisons of calibration set picked by adaptive
rule C2da = {s € M, : TI;(X,) HieNfon I{IL;(Xs) = II;(X¢)}} and calibration set picked by
nonadaptive rule CPo"da = {s € 4, : II,(X,) = 1}. The setting is the same as Scenario A
except that we change the target FCR level at o = 40% and stop the procedure at ¢ = 200.
The results are demonstrated in Figure F.7. As CAP-ada usually picks none of the
calibration data, leading to intervals with infinite length, we report the median length of
prediction intervals instead of the average length among 1,000 replications. Both methods
can control the FCR. But CAP-ada (C:ada) has a much wider interval compared to CAP-
nonada (CP"42)  And we find that at time ¢ = 200, CAP-ada picks no calibration data at a
proportion of 5.2%, while CAP-nonada always provides sufficient calibration points.
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Figure F.6: Comparison for three methods by real-time FCR plot and average length plot from time
50 to 1,000 for full calibration set after 500 replications under nonincreasing decision-driven selection
rule. The black dashed line represents the target FCR level 10%.
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Figure F.7: Comparison for CAP-ada and CAP-nonada by real-time FCR plot and average length

plot from time 1 to 200 after 1,000 replications. The black dashed line represents the target FCR
level 40%.
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F.8 Comparisons of adaptive and nonadaptive pick rules for symmetric

selection
Method - CAP-ada -+~ CAP-nonada
Scenario A Scenario B Scenario C
100' __‘A_ ____________ :;ix_ ____________

O\Q ‘k . a7 N _ "A‘;; = R 77”"’*’/\:/.

¥ 9.8 e -

(@)

L

9.6
250 500 750 250 500 750
Time
Scenario A Scenario B Scenario C
e

i i e S——y

g’ 15.0

o)

|

o 12.5 o oo a

(@2}

]

)

2 100

15¢

72 B , . , : , ,
250 500 750 250 500 750 250 500 750
Time

Figure F.8: Comparison for CAP-ada and CAP-nonada by real-time FCR plot and average length
plot from time 50 to 1,000 for full calibration set after 500 replications. The black dashed line
represents the target FCR level 10%.

We study the difference of é\f‘da and @nonada for quantile selection rule. Figure F.8 displays
the results for both methods under three scenarios using 70%-quantile selection rule. The
CAP-ada (using C%) and CAP-nonada (using C'°"#42) perform almost identically.

F.9 Discussions of DtACI

We compare our method with Algorithm 2 using vanilla conformal prediction, which is
denoted as DtACI-sel. It is aware of the selection effect, renewing the parameter based on
the performance of selected prediction intervals. But DtACI-sel constructs the prediction
interval using the whole observed labeled data instead of data in the picked calibration set.
Under the same experimental setup as in our paper, we conducted empirical investigations.

We first examined the i.i.d. data setting, where the distribution shift arises solely due to
selection. The results, presented in Figure F.9, clearly show that DtAClI-sel requires a longer
time to adapt to the shifted distribution caused by selection, whereas our method maintains
precise control of the online FCR at all times.

This phenomenon can also be observed in settings where the data gradually shift over
time. Figure F.10 illustrates the performance of DtACI-sel during the initial stage under
a scenario of slow distribution shift. Our method outperforms DtACI-sel, as it does not
need to first adapt to the selection-induced shift, allowing for quicker adjustment to the
distributional changes in the data itself.
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Figure F.9: Comparison for CAP-DtACI, CAP, DtACI and DtACI-sel (Algorithm 2 but using
vanilla conformal prediction) by real-time FCR and average length from time 20 to 500 for quantile
selection rule under i.i.d. setting. The black dashed line represents the target FCR level 10%.
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Figure F.10: Comparison for CAP-DtACI, CAP, DtACI and DtACI-sel (Algorithm 2 but using
vanilla conformal prediction) by real-time FCR and average length from time 20 to 500 for quantile
selection rule under slowly shift setting. The black dashed line represents the target FCR level 10%.

In conclusion, while both CAP-DtACI and DtACI-sel can guarantee long-term FCR
control, CAP-DtACI is more efficient in practice for addressing the selective problem.

F.10 Illustrative plot for drug discovery

Here, we provide an illustrative plot in drug discovery to show the effectiveness of our method.
Figure F.11 visualizes the real-time Pls with target FCR level 10% constructed by different
methods. The simulation setups are the same as Section 7, except that we use quantile
selection rule only. Our proposed method CAP (red ones) constructs the shortest intervals

68



ONLINE SELECTIVE CONFORMAL PREDICTION

— CAP — OCP LORD-CI

15+

=
o
f

Log-scale affinities
[6;]
L]
L]
L]

FCP: CAP(10.01%); OCP(2.32%); LORD-CI(0.26%)

1200 1225 1250 1275 1300
Drug—target pair index

Figure F.11: Plot for the real-time log-scale affinities and Pls for selected points from index 1,200
to 1,300. The selected points are marked by the cross. The Pls are constructed by three methods
with a target FCR level 10%. Red interval: CAP (FCP at index 1,300 is 10.01% ); Blue interval:
ordinary online conformal prediction which provides marginal interval (FCP is 2.32%); Orange
interval: LORD-CI with defaulted parameters (FCP is 0.26% ).

with FCP at 10.01%. In contrast, both the OCP (blue ones) and the LORD-CI (orange
ones) produce excessively wide intervals and yield conservative FCP levels, 2.32% and 0.26%,
respectively. Therefore, the CAP emerges as a valid approach to accurately quantifying
uncertainty while simultaneously achieving effective interval sizes.

F.11 Additional real-data application to airfoil self-noise

Airflow-induced noise prediction and reduction is one of the priorities for both the energy
and aviation industries (Brooks et al., 1989). We consider applying our method to the airfoil
data set from the UCI Machine Learning Repository (Dua and Graff, 2017), which involves
1,503 observations of a response Y (scaled sound pressure level of NASA airfoils), and a
five-dimensional feature including log frequency, angle of attack, chord length, free-stream
velocity, and suction side log displacement thickness. The data is obtained via a series of
aerodynamic and acoustic tests, and the distributions of the data are in different patterns at
different times. This dataset can be regarded as having distribution shifting over time, and
we aim to implement the CAP-DtACI with the same parameters in Section 6.2 to solve this
problem.

We reserve the first 480 samples as a training set to train an SVM model with defaulted
parameters, and then we use the following 23 samples as the initial holdout set. Since the
data is in time order, we take an integrated period of size 900 from the remaining samples
as the online data set. We treat each choice of the periods (starting at different times) as
a repetition to compute the FCR and average length. Four selection rules are considered
here: fixed selection rule with S; = 1{u(X;) > 115}; decision-driven selection rule with
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Figure F.12: Real-time FCR and average length from time 20 to 900 by 20 replications for four
selection rules in airfoil noise task. The black dashed line denotes the target FCR level 10%.

S = L{i(X;) > 110 + min{} ’_( S;/30, 10} }; quantile selection rule with S, = 1{7i(X;) >
A{R(X)YZ] s00)} where A({R(X) It 500) is the 35%-quantile of {f(X;)}Z} 5; mean
selection rule with S, = 1{fi(X;) > Y12} 500 A(X;)/500}. We adopt a windowed scheme
with window size 500, and set the target FCR. level a = 10%.

Figure F.12 summarizes the FCR and average lengths of CAP-DtACI, CAP and OCP
among 20 replications. As illustrated, the CAP-DtACI performs well in delivering FCR close
to the target level as time grows across almost every setting. In contrast, CAP and OCP
cannot obtain the desired FCR control due to a lack of consideration of distribution shifts.
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