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Abstract
A fundamental challenge in machine learning is the choice of a loss as it characterizes our
learning task, is minimized in the training phase, and serves as an evaluation criterion
for estimators. Proper losses are commonly chosen, ensuring minimizers of the full risk
match the true probability vector. Estimators induced from a proper loss are widely used
to construct forecasters for downstream tasks such as classification and ranking. In this
procedure, how does the forecaster based on the obtained estimator perform well under
a given downstream task? This question is substantially relevant to the behavior of the
p-norm between true probability and estimated vectors when the estimator is updated. In
the proper loss framework, the suboptimality of the estimated probability vector from the
true probability vector is measured by a surrogate regret. First, we analyze a surrogate
regret and show that the strict properness of a loss is necessary and sufficient to establish a
non-vacuous surrogate regret bound. Second, we tackle an important open question that the
order of convergence in p-norm cannot be faster than the 1{2-order of surrogate regrets for a
broad class of strictly proper losses. This implies that strongly proper losses asymptotically
achieve the optimal convergence rate.
Keywords: loss functions, proper scoring rules, supervised learning, surrogate regret
bounds, convex analysis

1. Introduction

Proper losses, also known as proper scoring rules, are measurements of the quality of a
probabilistic prediction given a true probability vector [BSS05, GR07, RW10]. Intuitively,
we say a loss is proper if the target probability vector is its minimizer, and strictly proper if
the minimizer is unique, which are a basic property for a reasonable loss. Proper losses are
prevailing in modern machine learning: for example, the cross-entropy loss popular in deep
learning essentially corresponds to the log loss (or logarithmic score), and the Brier score is
used for assessing model uncertainties [OFR`19] [GB22]. As such, probabilistic estimators are
obtained via proper loss minimization. It is common to post-process a minimizer of a proper
loss for downstream tasks, such as classification (by choosing the most likely label), ranking
(by giving ranking scores to each label [NA13]), F-measure optimization (by thresholding the
estimated probability [KNRD14]), and probability calibration [KSFF17, BGHN23]. Here,
we are interested in the predictive performance of post-processed estimators in downstream
tasks. Given the true and estimated probability vectors q and pq, respectively, the surrogate
regret Rpq, pqq (introduced in §3) measures the suboptimality of pq from q in terms of a proper
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loss. Can we relate the suboptimality of a forecaster for a downstream task to the surrogate
regret?

Surrogate regret bounds relate the surrogate regret to the performance for downstream
tasks, and have been derived for binary classification [Zha04, RW09], bipartite ranking
[KDH11, Aga14], property elicitation [AA15], F-measure optimization [KD16, ZRA20], and
learning with noisy labels [NDRT13, ZLA21], independently. Recently, a unified surrogate
regret bound across different downstream tasks has been established [Bao23], where surrogate
regret bounds are unified in terms of the 1-norm. This is based on the observation that
the suboptimality of the aforementioned downstream tasks can be controlled by the 1-
norm. However, the derived bound has been limited to the binary classification case, and it
remains unclear when the surrogate regret bound is non-vacuous. A reasonable loss should
entail a non-vacuous regret bound, which is crucial to tackling numerous downstream tasks
simultaneously. Moreover, an important conjecture that the convergence rate of surrogate
regret bounds cannot be faster than the 1{2-order has yet to be solved. This conjecture has
a significant role in the choice of losses because the lower bound of the order of convergence
contributes to delineating the optimality of a given proper loss.

In this article, we aim to study when the surrogate regret bounds are non-vacuous and
how fast the order of convergence in terms of the p-norm. To this end, we analyze the p-norm
bounds by the surrogate regret Rpq, pqq jointly with a rate function ψ in the following form
by extending from the binary classification case [Bao23] to the multiclass classification case:

}q ´ pq}p ď ψpRpq, pqqq. (1)

After formalizing these notions in §3, we derive the surrogate regret bounds in §4. To derive
bounds of the form (1), we introduce the moduli of convexity [Pol66] [Fig76], which describe
the information of its second derivative of convex functions (on the probability simplex).
The rate ψ in (1) can be characterized by the modulus of a Bregman generator function
associated with a proper loss ℓ (Theorem 10). We first show that the strict properness of a
loss is necessary and sufficient to obtain a non-vacuous surrogate regret bound, or strictly
increasing ψ, to put it differently (Theorem 8). Whereas it has been known that non-strictly
proper losses can achieve non-vacuous bounds for classification [RW11, Corollary 27], our
sufficiency result argues that the strict properness is a minimal requirement for an estimate to
be non-vacuous in terms of the p-norm. As our second main result, we provide an affirmative
answer to the above conjecture: the optimal rate ψpρq as ρ Ó 0 is Opρ1{2q, for a broad class of
proper losses (Theorem 15). This convergence rate has already been known for a restricted
class of proper losses, known as strongly proper losses [Aga14]. Hence, our result ensures the
asymptotic optimality of strongly proper losses. This gives an answer to the question, “Do
we have an interesting loss that is strictly proper but not strongly proper?” [Bao22, §6.2.9]:
there is no better proper loss outside of strongly proper losses, as long as we are concerned
with the asymptotic rate of ψ in Eq. (1).

1.1 Organization

The organization of this article and our contributions are summarized as follows.

• §2: Notation and necessary backgrounds on convex analysis are summarized. We tailor
subdifferentials for convex functions defined on the probability simplex.
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• §3: Proper losses for multiclass classification are introduced. Theorem 1 characterizes
the existence of minimizers for general losses, and Theorem 4 gives a self-contained
and rigorous proof of the well-known representation of proper losses [Sav71].

• §4: Theorem 8 is our first result, proving that the strict properness of a loss is a
necessary and sufficient condition for an associated surrogate regret bound to be non-
vacuous. Theorem 10 extends surrogate regret bounds for binary classification [Bao23]
to multiclass classification. This is achieved by extending the moduli of convexity to
multivariate functions (Theorem 7).

Then, the benefits of Theorem 10 are discussed in §4.3. In particular, we can obtain
the p-norm bound in the form of (1), which can be used to control the performance of
plug-in forecasters for downstream tasks such as multiclass classification, learning with
noisy labels, and bipartite ranking.

• §5: We evaluate the rate ψpρq by power functions such as ρ1{s À ψpρq À ρ1{S for some
constants s, S ą 0,1 which is based on the Simonenko order function previously adopted
[Bao23]. Our second main result roughly shows that s ě 2 (Theorem 15), establishing
the asymptotic optimality ψpρq Á ρ1{2 of strongly proper losses.

• §6: Several examples of convex functions to generate proper losses are discussed.

2. Background

In this section, we summarize the notation and basic properties of convex functions.

2.1 Notation

Throughout this article, fix N P N and p P r1,8s. The Kronecker delta is denoted by δij .
For k P N, we set rks :“ t1, 2, . . . , ku. A vector is denoted by bold-face such as ξ P RN ,
and its n-th (scalar) component is written as non-bold ξn for each n P rN s. The p-norm
of ξ P RN is denoted by }ξ}p. For a topology on RN , we refer to one induced from the 2-norm,
but it makes no difference whichever norm we choose. Similarly, a convexity of a function
on pRN , } ¨ }pq is determined independently of the choice of p. The standard inner product
on RN is denoted by xξ, ξ1y :“

ř

nPrNs ξnξ
1
n. We introduce the notation

△N :“
␣

q P RN
ˇ

ˇ qn ě 0 pn P rN sq, xq,1y “ 1
(

, △N
` :“

␣

q P △N
ˇ

ˇ qn ą 0 pn P rN sq
(

,

where 1 P RN is the vector with each component being one. For q P △N , we denote
by supppqq the support of q, that is,

supppqq :“ tn P rN s | qn ą 0u .

We adhere to the convention that

˘8 ď ˘8, a˘ 8 “ ˘8, b ¨ p˘8q “ ˘8, ´b ¨ p˘8q “ ¯8, 0 ¨ p˘8q “ 0, ln 0 “ ´8,

1. In our notation, ψ1 À ψ2 indicates the existence of an absolute constant C ą 0 such that Cψ1 ď ψ2.
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for a P R and b ą 0. We use O and Ω to denote the infinitesimal asymptotic order. To be
precise, for two functions ϕ, ψ defined around 0, ϕpεq “ Opψpεqq and ϕpεq “ Ωpψpεqq as ε Ó 0
should be understood as

lim sup
εÓ0

ˇ

ˇ

ˇ

ˇ

ϕpεq

ψpεq

ˇ

ˇ

ˇ

ˇ

ă 8 and lim inf
εÓ0

ˇ

ˇ

ˇ

ˇ

ϕpεq

ψpεq

ˇ

ˇ

ˇ

ˇ

ą 0,

respectively.

2.2 Convex analysis

In this subsection, let f : RN Ñ p´8,8s denote a proper convex function on RN . Its
effective domain is defined by

dom f :“
␣

ξ P RN
ˇ

ˇ fpξq ă 8
(

.

For a convex set S Ď RN , a convex function f : S Ñ p´8,8s is said strongly convex on S
with respect to the p-norm if we have

p1 ´ tqfpξq ` tf
`

qξ
˘

´ f
`

p1 ´ tqξ ` tqξ
˘

ě
1

2
κtp1 ´ tq

›

›ξ ´ qξ
›

›

2

p
for ξ, qξ P S, t P p0, 1q,

for some κ ą 0. A vector v P RN is called a subgradient of f at ξ0 P RN if

fpξq ě fpξ0q ` xv, ξ ´ ξ0y for all ξ P RN . (2)

We say that f is subdifferentiable at ξ0 if there exists a subgradient of f at ξ0.
Assume △N Ď dom f . Then f is subdifferentiable at q0 P △N

` [Roc70, Theorem 23.4].
For q0 P △N , we extended the set of subgradient of f at q0 as

Bfpq0q “
␣

v P r´8,8qN
ˇ

ˇ fpqq ě fpq0q `
@

v,q ´ q0
D

holds for all q P △N
(

.

The notion of Bfpq0q differs from the usual one [Roc70, §23] due to the restriction of the
domain of f from RN to △N and the extension of the range of v from RN to r´8,8qN .
This relaxation is useful to accommodate regular losses (given in Theorem 3 later). Note
that, for v P Bfpq0q, vn “ ´8 happens only for n R supppq0q. We will show that Bfpq0q is
nonempty for any q0 P △N in Appendix A.

We call a map Bf : △N Ñ 2r´8,8qN the subdifferential of f .

Bregman divergence. Let us denote an arbitrary selector of Bfpqq by ∇f , that is, a map
assigning to each point q P △N an element in Bfpqq. Since Bfpq0q consists of the gradient
of f at q0 if f is differentiable at q0, it is consistent to use the notation ∇f for a selector.
For q,q0 P △N , the associated Bregman divergence [Bre67] of q given q0 is defined by

Bpf,∇fqpq}q0q :“ fpqq ´ fpq0q ´
@

∇fpq0q,q ´ q0
D

P r0,8s.

Here, f is called the generator of the Bregman divergence Bpf,∇fq.
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Subgradient equivalence. Note that the definition of the subgradient introduced here
restricts the domain to △N . Therefore, if v P Bfpq0q for q0 P △N , then for γ : △N Ñ R, we
have

fpqq ě fpq0q `
@

v,q ´ q0
D

“ fpq0q `
@

v,q ´ q0
D

` γpq0q ¨
@

1,q ´ q0
D

(because q,q0 P △N )

“ fpq0q `
@

v ` γpq0q ¨ 1,q ´ q0
D

.

Thus, for a selector ∇f of Bf and a function γ on △N , ∇f ` γ1 is also a selector of Bf and

Bpf,∇fq “ Bpf,∇f`γ1q (3)

holds. Readers must distinguish this notion of equivalence from the equivalence of scoring
rules [Daw07, §1.1].

3. Classification, proper losses, and Savage representation

After introducing the learning problem of multiclass classification, we discuss loss functions
and their properties. We review the notion of proper losses and its connection to Bregman
divergences. Although this connection is already known, we formalize it rigorously. In
particular, we verify the existence of minimizers of the conditional risk and its measurable
selection (Theorem 1), which have been implicitly used in previous literature without any
proof.

3.1 Multiclass classification

We regard a Radon space X as an input space, that is, the set of possible observations,
and Y :“ rN s as a set of labels. The set △N is identified with the space of all probability
measures on Y. We fix a probability measure ν on X ˆ Y and denote by νX the marginal
of ν on X , that is, νpB ˆ Yq “ νX pBq holds for any measurable set B Ď X . Then, by the
disintegration theorem [DM78, Chapter III-70 and 72], there exists a Borel map q : X Ñ △N ,
uniquely defined νX -a.e., such that

νpB ˆ tyuq “

ż

B
qypxqdνX pxq for a measurable set B Ď X and y P Y.

We deem qpxq P △N a true probability vector at the input x induced from ν. Multiclass
classification is a task to learn a forecaster y : X Ñ Y to predict the most likely label

ypxq P argmax
yPY

qypxq for each x P X .

3.2 Proper losses

We continue to use the notation in the previous subsection. To elicit the true probability
map q : X Ñ △N , we use a loss ℓ, which is a Borel map from △N to r0,8sN . Define the
associated full risk by

Lrpqs :“

ż

XˆY
ℓyppqpxqqdνpx, yq for a Borel map pq : X Ñ △N .
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A minimizer of L among Borel maps pq : X Ñ △N is called an estimator of q : X Ñ △N .
The choice of ℓ directly affects the quality of an estimator. It is more intuitive to work on the
conditional counterpart of the full risk instead. Let q, pq P △N with slight abuse of notation.
For a loss ℓ, the associated conditional risk of pq given q and conditional Bayes risk of q are
defined by

Lpq, pqq :“ xq, ℓppqqy “
ÿ

yPY
qyℓyppqq and Lpqq :“ inf

pqP△N
Lpq, pqq,

respectively. Here, we regard q P △N as a true probability vector and pq P △N as an estimate.
The full risk is rewritten as

Lrpqs “

ż

X
Lpqpxq, pqpxqqdνX pxq.

Since the infimum of a family of linear functions is concave, L is concave on △N , conse-
quently L ˝ pq : X Ñ r´8,8q is measurable on X , which in turn shows

Lrpqs ě

ż

X
LpqpxqqdνX pxq.

Thus, the minimization problem of the full risk is reduced to that of the conditional risk if
the map M : △N Ñ 2△

N defined by

Mpqq :“ argmin
pqP△N

Lpq, pqq for q P △N .

has a Borel selector. Note that Mpqq “ H may happen, whose example is given in
Appendix B.

Next, we show that M has a Borel selector for continuous ℓ. Although this fact is
not directly relevant to our main topic, we detail it in this article because we are unaware
of any previous literature formalizing it for losses defined on △N . For a different type of
(margin-based) losses, the existence of a measurable full risk minimizer has been studied
[Ste07, Theorem 3.2 (ii)]. The proof is deferred to Appendix E.

Lemma 1 Suppose ℓ : △N Ñ r0,8sN is lower semi-continuous. Then, Lpqq ě 0 holds
and Mpqq is nonempty and closed for q P △N . Moreover, if ℓ is continuous, then there
exists a Borel selector of M.

Our proof is based on a measurable selection theorem, which can be extended beyond
proper losses to work on margin-based losses. However, the proof crucially depends on the
continuity of ℓ to invoke the selection theorem. This point is restrictive than the previous
result [Ste07, Theorem 3.2 (ii)], but we hope that the proof of Theorem 1 is more concise
and provides an insight.

Since Mpqq is ideally a singleton of q, we consider such a class of losses.

Definition 2 (Proper losses [WM68]) A loss ℓ : △N Ñ r0,8sN is said to be proper
if q P Mpqq holds for each q P △N . We say ℓ is strictly proper if Mpqq “ tqu holds for
each q P △N .

For a proper loss ℓ, the conditional risk is minimized at the true probability vector, and the
identity map on △N becomes a Borel selector of M. In this case, it follows that Lpqq “ Lpq,qq

for q P △N . Note that recently discovered calm composite losses are also valid loss functions
on △N but a selector of M can be nonlinear, which generalize proper losses [BC25].
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3.3 Savage representation

We will see that a proper loss has a connection with a Bregman divergence under the
regularity.

Definition 3 (Regular losses [GR07, Definition 1]) A loss ℓ : △N Ñ r0,8sN is said
to be regular if ℓypqq “ 8 happens only for y R supppqq.

In what follows, we consider a regular loss ℓ : △N Ñ r0,8sN .
For a regular loss, we define the surrogate regret R : △N ˆ △N Ñ r0,8s by

Rpq, pqq :“ Lpq, pqq ´ Lpqq for q, pq P △N ,

which measures the suboptimality of an estimate pq given a true q. The surrogate regret will
be used to assess the performance of pq across different downstream tasks in §4.3. We call R
the surrogate regret since it is a proxy performance measure to downstream tasks.

Although the following property has been well known in literature [Sav71, §4] [HB71,
Theorem 3.1] [GR07, Theorem 2] [WVR16, Proposition 7], we provide its proof to handle
the regularity and subdifferentials carefully.2 In essence, the negative Bayes risk ´L behaves
as a Bregman generator therein.

Proposition 4 (Savage representation [Sav71, §4]) Let ℓ be regular. Then, ℓ is proper
(resp. strictly proper) if and only if there exists a proper convex (resp. strictly convex) function f
on RN such that dom f “ △N and, for all pq P △N , there exists a subgradient pv P Bfppqq

satisfying
Lpq, pqq “ ´fppqq ´ xpv,q ´ pqy for q P △N . (4)

Proof First, assume that ℓ is proper. Then, Lpqq “ Lpq,qq P R. Define f : RN Ñ p´8,8s

by

fpξq :“

#

´Lpξq if ξ P △N ,

8 otherwise,
(5)

then f is a proper convex function on RN such that dom f Ď △N . For q, pq P △N , we have

fpqq “ ´Lpq,qq ě ´Lpq, pqq “ ´Lppq, pqq ` x´ℓppqq,q ´ pqy “ fppqq ` x´ℓppqq,q ´ pqy , (6)

where the inequality is thanks to the properness of ℓ. Thus, ´ℓppqq P Bfppqq and Eq. (4) hold
for any pq P △N .

Conversely, suppose that there is a proper convex function f on RN such that dom f “ △N

and, for all pq P △N , there exists pv P Bfppqq satisfying Eq. (4). Then, for q P △N , we
have Lpq,qq “ ´fpqq and

Lpq,qq “ ´fpqq ď ´fppqq ´ xpv,q ´ pqy “ Lpq, pqq for pq P △N ,

in turn, ℓ is proper.

2. None of the aforementioned previous literature dealt with subgradients whose elements possibly take ´8,
though subtle. We carefully extend subdifferentials in §2.2 and check the subgradient inequality (2) for
such subgradients in the proof.
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Next, we show the equivalence of the strict properness of ℓ and the strict convexity of f
on △N . Let f be a convex function on △N such that (4) holds. On the one hand, if ℓ is
strictly proper, then we have

fpp1 ´ tqq ` tq1q “ Lpp1 ´ tqq ` tq1, p1 ´ tqq ` tq1q

“ p1 ´ tqLpq, p1 ´ tqq ` tq1q ` tLpq1, p1 ´ tqq ` tq1q

ą p1 ´ tqLpq,qq ` tLpq1,q1q

“ p1 ´ tqfpq,qq ` tfpq1,q1q,

for q,q1 P △N and t P p0, 1q, proving the strict convexity of f on △N . On the other hand,
if ℓ is not strictly proper, then there exist distinct q,q1 P △N such that

fpqq “ ´Lpq,qq “ ´Lpq,q1q “ fpq1q `
@

v1,q ´ q1
D

,

where v1 P Bfpq1q satisfies Eq. (4) such that Lpq,q1q “ ´fpq1q´xv1,q ´ q1y. For any t P p0, 1q,
we have

´Lpp1 ´ tqq ` tq1, p1 ´ tqq ` tq1q “ fpp1 ´ tqq ` tq1q

ď p1 ´ tqfpqq ` tfpq1q

“ fpq1q ` p1 ´ tq
@

v1,q ´ q1
D

“ fpq1q `
@

v1, p1 ´ tqq ` tq1 ´ q1
D

“ ´Lpp1 ´ tqq ` tq1, p1 ´ tqq ` tq1q.

This yields fpp1 ´ tqq ` tq1q “ p1 ´ tqfpqq ` fpq1q, that is, f is not strictly convex on △N .
This completes the proof of the proposition.
As a by-product of the proof of Theorem 4, we obtain the following property thanks to

the construction (5).

Corollary 5 (Subgradient of conditional Bayes risk) For a regular proper loss ℓ, de-
fine a proper convex function f on RN by (5). Then, we have ´ℓppqq P Bfppqq for pq P △N .
In addition, ´ℓ ` γ1 remains to be a selector of Bf for any γ : △N Ñ R.

Let ℓ be regular and proper. Then we observe from inequalities (3) and (6) that

R “ Bpf,∇fq “ Bpf,´ℓ`γ1q (7)

for a function on γ on △N . This gives a closed form of a subgradient of ´L and is of
interest per se. Nevertheless, when one generates a proper loss from a proper convex
function f , it is more standard via the Savage representation (4) by ℓyppqq “ Lpey, pqq,
where ey “ rδ1y ¨ ¨ ¨ δNysJ is the standard basis encoding the label y P rN s.

Initial examples. We quickly see some examples of multiclass proper losses to let readers
familiarize with the definitions so far, and discuss more examples in §6.

The first example is the log loss, ℓypqq “ ´ ln qy for y P rN s. This possibly takes 8

for qy “ 0, for which we need the regularity (see Theorem 3). The log loss corresponds to
the Kullback–Leibler divergence and Shannon entropy

Rpq, pqq “ DKLpq}pqq :“
ÿ

yPrNs

qy ln

ˆ

qy
pqy

˙

, Lpqq “ ´
ÿ

yPrNs

qy ln qy

8
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as the regret and the conditional Bayes risk, respectively. Here, we have ∇Lpqq “ ℓpqq ´ 1,
which is equivalent to ℓpqq P BLpqq (in Theorem 5; and §2.2 for equivalent subgradients).
Since each ℓy depends solely on qy, this type of loss functions is called local. Indeed, the
log loss is the only local proper loss [PDL12]. The locality is considered to be a desirable
property in terms of interpretability [Du21].

The second example is the Brier score [Bri50]:

ℓypqq “
1

2

ÿ

y1PrNs

pδyy1 ´ qy1q2 “ ´qy `
1 ` }q}22

2
.

This is no longer local as ℓypqq depends on qy1 for y1 ‰ y. Interestingly, the lack of the
locality has been reportedly relevant to the emergent ability of language models [DZDT24].
The Brier score is strictly proper associated with the following regret and conditional Bayes
risk

Rpq, pqq “
1

2
}q ´ pq}22, Lpqq “

1 ´ }q}22

2
,

which are the squared 2-norm distance and negative squared 2-norm, respectively. Here, we
have ∇Lpqq “ ´q, which is equivalent to ℓpqq P BLpqq because ℓpqq “ ´q ` γpqq ¨ 1 with
the choice γpqq :“ p1 ` }q}22q{2. Note that ∇Lpqq “ ´q is not proper when regarded as a
loss function [GR07, §4.1]; for this reason, we must always interpret the formula ℓ P BL in
Theorem 5 under the subgradient equivalence.

3.4 Strongly proper losses

For κ ą 0, a loss ℓ is called κ-strongly proper if

Rpq, pqq “ Lpq, pqq ´ Lpqq ě
κ

2
}q ´ pq}22 for q, pq P △N . (8)

Strongly proper losses have been introduced for N “ 2 [Aga14] and for general N ě 3
[ZLA21] to derive a surrogate regret bound in the form of (1). For example, the log loss
is 1-strongly proper [ZLA21, Lemma 3]. For N “ 2, ℓ is regular and strongly proper if and
only if its conditional Bayes risk ´L is strongly convex (with respect to the 2-norm) [Aga14,
Theorem 10]. As an immediate consequence of the inequality (8), we have the 1{2-order
surrogate regret bounds for strongly proper losses:

}q ´ pq}2 ď

c

2

κ
Rpq, pqq for any q, pq P △N . (9)

Several binary losses are shown to be strongly proper [Aga14, Table 1]. Beyond binary
losses, a similar bound to (9) has been known for Fenchel–Young losses [BMN20] (which is
relevant to proper losses but defined over “dual” points of pq P △N ), but requires a restrictive
condition on ´L, Legendre-type. See [Blo19, Lemma 3] and [SBTO24, footnote 8] for details.
In the next section, we derive surrogate regret bounds for general multiclass proper losses.

4. Regret bounds: Necessity of strict properness

In this section, we first study the moduli of convexity in §4.1. Therein, we show that the strict
convexity of a function is equivalent to the strict monotonicity of its modulus (Theorem 8),
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which ensures that its surrogate regret bound is non-vacuous. Then, we show in §4.2 the
surrogate regret bounds for general multiclass proper losses beyond strongly proper losses.
In §4.3, we relate surrogate regret bounds to several downstream tasks. Readers who are
interested in the benefits of surrogate regret bounds may refer to this section first.

4.1 Moduli of convexity

Before introducing the moduli of convexity, we study the midpoint Jensen gap of a convex
function f : △N Ñ R, which is defined by

Jpq, qqq :“
fpqq ` fpqqq

2
´ f

ˆ

q ` qq

2

˙

for q, qq P △N .

The midpoint Jensen gap is nonnegative by the convexity of f on △N . The midpoint
Jensen gap is invariant under adding an affine function, and so is the modulus of convexity
(defined later). That is, the midpoint Jensen gaps of two convex functions f : △N Ñ R
and fλ,u : △N Ñ R defined by

fλ,upqq :“ fpqq ` xu,qy ` λ for q P △N

are the same, for any u P RN and λ P R. Moreover, we will show that for continuous convex
functions f, g : △N Ñ R, their midpoint Jensen gaps are the same if and only if f ´g is affine.
This property is reminiscent of the condition for the payoff equivalence [McC56, Theorem 3]
and the universal equivalence of surrogate losses [NWJ09, Theorem 3] [DKR18, Theorem 1].
The proof is deferred to Appendix E.

Proposition 6 (Uniqueness up to affine functions) Let f, g : △N Ñ R be continuous
convex functions. Then, their midpoint Jensen gaps are the same if and only if f ´ g is affine.

We extend the moduli of convexity defined on p△2, }¨}1q [Bao23, Definition 4] to p△N , }¨}pq.
Note that the diameter of p△N , } ¨ }pq is 21{p.

Definition 7 (Modulus of convexity [BGHV09]) For a convex function f : △N Ñ R,
its modulus of convexity of f with respect to the p-norm is the function ω : r0, 21{ps Ñ r0,8q

defined by

ωprq :“ inf
␣

Jpq, qqq
ˇ

ˇ q, qq P △N with }q ´ qq}p ě r
(

for r P r0, 21{ps.

While the notion of moduli of convexity dates back to the classical literature on optimization
[Pol66] and Banach spaces [Fig76], we view this as the smallest possible Jensen–Bregman
divergence [NB11] with the fixed p-norm distance. This idea is similar to variational problems
for deriving tight Pinsker’s inequalities [Vaj70] [FHT03].

We will show that the convexity and strict convexity of a function are translated to the
monotonicity and strict monotonicity of its modulus, respectively. This is an important
result throughout this article because the moduli of convexity characterize surrogate regret
bounds, as we will see in §4.2 soon.

Theorem 8 (Monotonicity of modulus) Let f : △N Ñ R be a convex function. Then,
the following assertions hold.

10
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1. The modulus ω is non-decreasing on r0, 21{ps and ωp0q “ 0.

2. f is strictly convex on △N if and only if ω is strictly monotone on r0, 21{ps.

3. f is strongly convex on △N with respect to the p-norm if and only if there exists κ ą 0
such that ωprq ě κr2 on r P r0, 21{ps.

From Theorem 8, the strong convexity of f is equivalent to the quadratic bound ωprq Á r2.
Thus, the modulus of convexity quantifies the convexity of a function.

Before proving Theorem 8, we show a lemma that is repeatedly used in the rest of the
article. This lemma guarantees that the infimum of the modulus of convexity ω is attainable,
and the minimizer lies at the boundary of the constraint }q ´ qq}p ě r in its definition. The
proof is deferred to Appendix E.

Lemma 9 Let f : △N Ñ R be a convex function. For r P r0, 21{ps, there exist qr, qqr P △N

such that ωprq “ Jpqr, qqrq and }qr ´ qqr}p “ r.

Proof of Theorem 8 Define

DN prq :“
␣

pq, pqq P △N ˆ △N
ˇ

ˇ }q ´ pq}p ě r
(

.

For r1, r P r0, 21{ps with r1 ď r, we observe from the monotonicity DN prq Ď DN pr1q

that ωpr1q ď ωprq. It is easily seen that Jpq,qq “ 0 holds for any q P △N hence ωp0q “ 0.
Thus, the first assertion follows.

To show the second assertion, assume the strict convexity of f on △N . Let r P p0, 21{ps.
By Theorem 9, there exist q, qq P △N such that ωprq “ Jpq, qqq and }q ´ qq}p “ r. Define a
curve c : r0, 1s Ñ △N by

cptq :“ p1 ´ tqq ` tqq for t P r0, 1s.

Since f ˝ c is strictly convex on r0, 1s, we have the strict inequality

fpcpτqq ´ fpcp0qq

τ
ă
fpcp1qq ´ fpcp1 ´ τqq

τ
for τ P p0, 1{2s.

Consequently, we conclude

ωpp1 ´ 2τqrq ď Jpcpτq, cp1 ´ τqq ă Jpcp0q, cp1qq “ ωprq for τ P p0, 1{2s,

that is, the strict monotonicity of ω on r0, 21{ps. Conversely, if f is not strictly convex on △N ,
there exist distinct q, qq P △N such that

fpp1 ´ tqq ` tqqq “ p1 ´ tqfpqq ` tfpqqq for t P r0, 1s.

This leads to Jpq, qqq “ 0. Consequently, ω is not strictly increasing on r0, }q ´ qq}ps.
To show the third assertion, assume that f is rκ-strongly convex on △N with respect

to the p-norm for some rκ ą 0. By Theorem 9, there exist q, qq P △N with ωprq “ Jpq, qqq

and }q ´ qq}p “ r. Then, the strong convexity of f with the choice t “ 1{2 implies

ωprq “
fpqq ` fpqqq

2
´ f

ˆ

q ` qq

2

˙

ě
rκ

8
}q ´ qq}2p “

rκ

8
r2.

11
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Conversely, suppose that ωprq ě κr2 on r P r0, 21{ps. This implies

Jpq, qqq “
fpqq ` fpqqq

2
´ f

ˆ

q ` qq

2

˙

ě ωp}q ´ qq}pq ě κ}q ´ qq}2p for any q, qq P △N . (10)

Taking t P r1{2, 1q, we have

fpp1 ´ tqq ` tqqq “ f

ˆ

p1 ´ 2tqq ` 2t
q ` qq

2

˙

ď p1 ´ 2tqfpqq ` 2tf

ˆ

q ` qq

2

˙

ď p1 ´ 2tqfpqq ` 2t

„

fpqq ` fpqqq

2
´ κ}q ´ qq}2p

ȷ

“ p1 ´ tqfpqq ` tfpqqq ´ 2κt}q ´ qq}2p

ď p1 ´ tqfpqq ` tfpqqq ´ 2κtp1 ´ tq}q ´ qq}2p,

where we used (10). Switching the roles of q and pq yields the 4κ-strongly convexity of f
with respect to the p-norm.

All in all, the proof of the theorem is achieved.
Despite the simple proof, this will lead to the necessity and sufficiency for a surrogate

regret bound being non-vacuous in §4.2, together with Theorem 10.

4.2 Surrogate regret bounds

Now, we give surrogate regret bounds with respect to the p-norm. The asymptotic behavior
of a surrogate regret bound for a proper loss ℓ is essentially governed by the modulus of
convexity of (the negative of) its conditional Bayes risk ´L. This is an extension of surrogate
regret bounds for binary classification [Bao23, Theorem 6] to multiclass classification. Its
proof (shown below) is an immediate generalization from [Bao23].

Theorem 10 (Surrogate regret bounds) Let ℓ : △N Ñ r0,8sN be a regular proper
loss and f : RN Ñ p´8,8s a proper convex function defined by (5) with its modulus of
convexity ω. For q, pq P △N , it holds

ωp}q ´ pq}pq ď
1

2
Rpq, pqq, (11)

with the equality if q “ pq. If ℓ is strictly proper additionally, then the equality of (11) holds
if and only if q “ pq.

Proof By the definition of ω together with (7), it is sufficient to show

Jpq, pqq ď
1

2
Bpf,´ℓqpq}pqq for q, pq P △N .

By Theorem 5, we have

f

ˆ

q ` pq

2

˙

ě fppqq `

B

´ℓppqq,
q ` pq

2
´ pq

F

“ fppqq `
1

2
x´ℓppqq,q ´ pqy ,

12
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which implies

Jpq, pqq ď
1

2
rfpqq ´ fppqq ´ x´ℓppqq,q ´ pqys “

1

2
Bpf,´ℓqpq}pqq.

The equality can be seen immediately by choosing pq “ q. If ℓ is strictly proper, then ω is
strictly monotone by Theorem 8 and f is strictly convex, which indicates that the equality
of (11) yields q “ pq.

Let us discuss when a proper loss entails a non-vacuous bound, which means that }q´pq}p

approaches zero whenever the surrogate regret Rpq, pqq goes to zero. If ℓ is strictly proper,
then ω is strictly increasing, which in turn has an inverse function ω´1 and leads (11) to

}q ´ pq}p ď

$

’

&

’

%

ω´1

ˆ

1

2
Rpq, pqq

˙

if
1

2
Rpq, pqq ď ω

´

2
1
p

¯

,

2
1
p otherwise.

(12)

The strict monotonicity of ω´1 is essential for non-vacuous bounds because we then have ρ Ó 0
if and only if ω´1pρq Ó 0. Otherwise, we cannot always expect that the estimate pq approaches q
even if the suboptimality Rpq, pqq vanishes. By Theorems 4 and 8, the strict properness of ℓ
is necessary and sufficient for the surrogate regret bound (11) being non-vacuous. This is
why strict properness matters.

If ℓ is strongly proper, the inequality (8) implies that the negative Bayes risk ´L is
strongly convex. Combining the p-norm bound (12) with Theorem 8, we recover the 1{2-regret
bound (9) modulo a constant.

Comparison: Pinsker’s inequality. For illustration, let us consider the log loss under
the binary case N “ 2, where we identify rq 1 ´ qs P △2 with q P r0, 1s. Then, the generator
function f defined by (5) is the negative binary Shannon entropy fpqq “ q ln q`p1´qq lnp1´qq.
Its modulus of convexity (with 1-norm) admits the following form:

ωprq “
1

2

”´

1 `
r

2

¯

ln
´

1 `
r

2

¯

`

´

1 ´
r

2

¯

ln
´

1 ´
r

2

¯ı

.

Note that this form coincides with the calibration function of the logistic loss [Ste07, Table 1].
The p-norm bound gives

2
1
p |q ´ pq| ď ω´1

ˆ

1

2
DKLpq}pqq

˙

for q, pq P r0, 1s. (13)

Note 21{p|q ´ pq| “ }rq 1 ´ qsJ ´ rpq 1 ´ pqsJ}p. Moreover, we can verify ωprq ě r2{2, which
gives |q ´ pq|2 À DKLpq}pqq, namely, Pinsker’s inequality. The p-norm bound (12) can be
viewed as generalizing Pinsker’s inequality by allowing other Bregman divergences in the
upper bound and the p-norm distance in the lower bound.

Comparison: surrogate regret bounds for margin-based losses. Margin-based
classification [WS24], where a learner acts on RN -valued margin instead of a probabilistic
estimate pq P △N , is commonly used. Let us consider binary classification based on the

13
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binary margin z P R. Given a true probability q P r0, 1s (identified with rq 1´ qsJ P △2) and
margin z P R, the classification performance is evaluated by the (conditional) 0-1 regret

Reg01pq, zq :“ rq1tzď0u ` p1 ´ qq1tzą0us ´ min tq, 1 ´ qu ,

where q and 1 ´ q indicates the class probabilities of y “ 1 and y “ 2, respectively.
In the binary case N “ 2, we often use a (symmetric) margin-based losses ϕ : R Ñ r0,8s

as a surrogate loss, which operates on the binary margin z P R: the logistic loss ϕlogpzq “

lnp1 ` expp´zqq and the hinge loss ϕhingepzq “ max t0, 1 ´ zu are common examples. The
prediction performances of the binary margin z for y “ 1 and y “ 2 are evaluated by ϕpzq

and ϕp´zq, respectively. For binary margin-based losses, surrogate regret bounds with respect
to Reg01 have been studied intensively [BJM06, Theorem 3]. Here, we compare the 0-1 regret
bounds and the p-norm regret bounds (Theorem 10). Let us denote the conditional risk of
the binary margin z and Bayes risk given the true probability q by

Lmgnpq, zq :“ qϕpzq ` p1 ´ qqϕp´zq, Lmgnpqq :“ inf
zPR

Lmgnpq, zq,

respectively, and define ψ : r0, 1s Ñ r0,8q by

ψprq :“ inf

"

Lmgn
ˆ

1 ` r

2
, z

˙ ˇ

ˇ

ˇ

ˇ

z P R, z ď 0

*

´ Lmgn
ˆ

1 ` r

2

˙

. (14)

Then, for pq, zq P r0, 1s ˆ R, we have

ψpReg01pq, zqq ď Lmgnpq, zq ´ Lmgnpqq. (15)

The function ψ is called ψ-transform, and later generalized as a calibration function [Ste07].
The ψ-transform and the modulus of convexity ω characterize the 0-1 regret bound (15) and
the p-norm bound (11), respectively, and are closely related with each other. The modulus
of convexity is defined (in Theorem 7) by the best possible Jensen gap Jpq, pqq such that
the true probability q and estimated probability pq are distant at least r in the sense of
the p-norm. By contrast, the ψ-transform in (14) can be rewritten as follows:

ψprq “ inf

"

Lmgn
ˆ

1 ` r

2
, z

˙

´ Lmgn
ˆ

1 ` r

2

˙ ˇ

ˇ

ˇ

ˇ

z P R, z ď 0

*

“ inf tLmgnpq, zq ´ Lmgnpqq | Reg01pq, zq ě ru ,

(16)

which is the best possible surrogate regret Lmgnpq, zq ´ Lmgnpqq such that the margin
prediction z is suboptimal with respect to the true class probability q by the level r at
least. Therefore, both ψ-transform and the modulus of convexity measures the best possible
surrogate regret given a true probability and suboptimal prediction by the level r least.
Interested readers can refer to [Ste07, §4.1] to find more details of (16).

Comparison: surrogate regret bounds for proper composite losses. Let us leave
a remark on the existing surrogate regret bounds for proper composite losses. A proper
composite loss [WVR16] are the composition of a proper loss ℓ : △N Ñ r0,8sN and an
invertible link function λ : △N Ñ RN , ℓ ˝ λ´1 : RN Ñ r0,8sN , so that the composite loss

14
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can operate on a multiclass margin z P RN directly. The cross-entropy loss is of this type,
where ℓ is the log loss and λ´1 is the softmax function:

λypzq “
exppzyq

ÿ

iPrNs

exppziq
.

Prior to this article, a surrogate regret bound similar to (12) has been derived for proper
composite losses, with the moduli of continuity of the conditional risk Lpq, ¨q [ML21, Corol-
lary 3]. While the relationship between the moduli of convexity of ´L and the moduli of
continuity of Lpq, ¨q has not been clear, ´L suffices for deriving surrogate regret bounds
because a surrogate regret is solely determined by L due to (7) and Theorem 5. Therefore,
our surrogate regret bounds in Theorem 10 can be readily applied to proper composite losses.
Moreover, the existing surrogate regret bounds [ML21, Corollary 3] has been limited to the
binary case N “ 2. Our Theorem 10 is more general therein.

4.3 Relating surrogate regret to downstream tasks

The upper bound for the p-norm (12) is useful for many scenarios to assess the predictive
performance of plug-in forecasters, i.e., post-processed forecasters based on the estimate pq.
Thus, we can regard the p-norm bound as a versatile surrogate regret bound across different
downstream tasks. Subsequently, we provide several examples of downstream tasks to support
this idea.

Task 1: multiclass classification. Let us consider multiclass classification based on the
post-process approach. Given true and estimated probability vectors q, pq P △N , respectively,
the plug-in forecaster based on the estimate pq is given by py P argmaxyPY pqy, where the tie is
broken arbitrarily. Define L P RNˆN the 0-1 loss matrix by Lij :“ 1´δij for each pi, jq P rN s2,
and Ly denotes the y-th column vector of L. Here, the forecaster’s suboptimality in multiclass
classification is measured by the (conditional) 0-1 regret

Reg01pq, pqq :“
ÿ

nPY
qnp1 ´ δnpyq ´ min

yPY

ÿ

nPY
qnp1 ´ δnyq

“
ÿ

nPY
qn

ˆ

Lnpy ´ min
yPY

Lny

˙

“ max
yPY

ÿ

nPY
qn

`

Lnpy ´ Lny

˘

“ max
yPY

@

q,L
py ´ Ly

D

,

for q, pq P △N . Let p˚ denote the Hölder conjugate of p. The 0-1 regret can be bounded as

Reg01pq, pqq ď max
yPY

@

q ´ pq,L
py ´ Ly

D

ď }q ´ pq}pmax
yPY

}L
py ´ Ly}p˚ ď 2

1´ 1
p }q ´ pq}p,

where the first inequality holds because
@

pq,L
py ´ Ly

D

ď 0 for any y P Y attributed to the
construction of py, and the second inequality owes to Hölder’s inequality. Eventually, the 0-1
regret is controlled by the surrogate regret Rpq, pqq via (12) if ℓ is strictly proper, which relates
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the estimation quality of pq to the predictive performance of the post-processed forecaster via
the p-norm.

In case of binary classification, a closely related surrogate regret bound was presented
[MNAC13, Lemma 4] (but for class-imbalanced plug-in forecasters), which has been later
used to control the 1-norm between the estimated and true class probabilities for F-measure
optimization [KNRD14]. Our result allows to generalize them to the multiclass case.

Note, however, that more direct control of the 0-1 regret is possible by

ΨpReg01pq, pqqq ď Rpq, pqq, where Ψprq “ L

ˆ

1

2

˙

´ L

ˆ

1

2
` r

˙

,

which can be obtained via the second-order Taylor expansion of proper losses [RW11,
Corollary 27]. In this case, we may obtain non-vacuous bounds even for non-strictly proper
losses. Our Theorem 10 does not provide such a tailored bound for the 0-1 regret but
“one-size-fits-all” bounds for multiple tasks so that we can control the performance of other
downstream tasks, not only classification.

Task 2: learning with noisy labels. Let us consider multiclass classification with
class-conditional label noises: a true label y is observed as ry with probability Cyry with a
row-stochastic noise matrix C P r0, 1sNˆN . In this scenario, our access is limited to the
noisy target probability vector rq “ CJq, through which a noisy estimate pq is obtained. By
following the noise-correction strategy [ZLA21], the plug-in forecaster based on the noisy
estimate pq is given by qy P argmaxyPY qqy, where qq :“ pCJq´1

pq (provided that C is invertible).
Under this setup, the 0-1 regret of qq given q is bounded as follows:

Reg01pq, qqq “ max
yPY

@

q,L
qy ´ Ly

D

ď max
yPY

@

q ´ qq,L
qy ´ Ly

D

“ max
yPY

@

rq ´ pq,C´1pL
qy ´ Lyq

D

ď }rq ´ pq}pmax
yPY

}C´1pL
qy ´ Lyq}p˚ ,

where the first inequality holds because
@

qq,L
qy ´ Ly

D

ď 0 for any y P Y attributed to the
construction of qy, and the second inequality owes to Hölder’s inequality. The p-norm }rq´pq}p

can be minimized even with access to the noisy observations only, and the p-norm bound (12)
controls this by the surrogate regret of a strictly proper loss. This is also an extension of the
previous surrogate regret transfer bounds [ZLA21, Theorem 4] beyond strongly proper losses.

Task 3: bipartite ranking. Consider N “ 2 and identify q “ rq 1 ´ qsJ P △2 with
the instance q P r0, 1s. Given two instances q, q1 P r0, 1s, we are interested in giving
estimates pq, pq1 P r0, 1s that yield a consistent ranking with pq, q1q. In bipartite ranking, we
use the estimates ppq, pq1q directly without any post process. The (conditional) ranking regret
[CLV08] [NA13] is measured by

Regrankpq, q1, pq, pq1q :“ |q ´ q1|

„

1tppq´pq1qpq´q1qă0u `
1

2
1tpq“pq1u

ȷ

,

where 1tAu “ 1 when the predicate A holds and 0 otherwise, and the first and second terms
penalize an inconsistent ranking and tie, respectively. This can be immediately related to
the 1-norm [Aga14]:

Regrankpq, q1, pq, pq1q ď |q ´ pq| ` |q1 ´ pq1|,
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where the bound (12) can be further applied. Thus, the ranking regret is controlled by the
surrogate regret.3

Other benefits. In addition to the above examples, one can easily relate the p-norm and
downstream tasks such as binary classification with generalized performance criteria [KD16,
(9)], which we omit here. Another benefit of the p-norm bound (12) is that it relates a
possibly non-metric R to the p-norm.

To conclude this section, we raise attention to the kinship between moduli of convexity and
the known devices such as calibration functions [BJM06] [Ste07] [OBLJ17] [BSS20] [BSX`22],
comparison inequalities [MPRS12] [CRR20], and Fisher consistency bounds [AMMZ22a]
[AMMZ22b] [MMZ23b]. In spite of the relevance, moduli of convexity are different in that
these devices have been tailored for a specific target loss of each downstream task, whereas
moduli are concerned with the p-norm. For recent developments, see [CMZ25]—the author
group has extended to H-consistency bounds accounting for hypothesis spaces. Interested
readers may consult their prolific body of work on this topic.4

5. Lower bounds of surrogate regret order

We move on to the next main result: the surrogate regret order via the modulus of convexity
cannot go beyond the square root. To this end, we first review the Simonenko order function
and the strong convexity used to establish the main result, and then show the main result.
In this section, let f : △N Ñ R be a convex function unless otherwise stated.

5.1 Power evaluation of moduli

To analyze how fast the surrogate regret bound (11) can be, we analyze the behavior of the
modulus ω in terms of power functions. To this end, we introduce the order of ω below,
which is well-defined since ωprq ą 0 for r P p0, 21{ps from Theorem 8.

Definition 11 (Simonenko order function [Sim64]) Let f : △N Ñ R be a strictly con-
vex function and ω : r0, 21{ps Ñ r0,8q be the modulus of convexity of f . The Simonenko
order function σ : p0, 21{ps Ñ r0,8s (associated with ω) is defined by

σprq :“
rD´ωprq

ωprq
for r P

`

0, 2
1
p
‰

, where D´ωprq :“ lim sup
εÓ0

ωprq ´ ωpr ´ εq

ε
.

The quantity D´ω is called the upper left Dini derivative of ω at r. If ω is differentiable at r,
then D´ωprq “ ω1prq holds. The Simonenko order function σ evaluates the order of ω. Note
that the following result holds for general continuous functions beyond moduli of convexity,
but we restrict ourselves to moduli of convexity for brevity.

3. While we consider the plug-in approach to bipartite ranking, a number of studies have considered the
pairwise ranking approach [AGH`05] [KDH11], taking the difference of two margin predictions optimized
with a margin-based loss function. Interestingly, the surrogate regret bound unavoidably becomes vacuous
when we use a restricted hypothesis space, as shown recently [MMZ23a].

4. We are grateful to a reviewer for alerting us to this remarkably recent body of work.
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Proposition 12 (Power evaluations of moduli) Let f : △N Ñ R be a strictly convex
function. For a fixed r0 P p0, 21{ps, define s, S P r0,8s by

s :“ inf
rPp0,r0s

σprq, S :“ sup
rPp0,r0s

σprq,

and assume S ă 8. Then, the function r ÞÑ ωprqr´s is non-decreasing on p0, r0q and the
function r ÞÑ ωprqr´S is non-increasing on p0, r0q. Moreover, the following inequalities hold
for any r P r0, r0s:

„

ωpr0q

rS0

ȷ

rS ď ωprq ď

„

ωpr0q

rs0

ȷ

rs.

Roughly speaking, Theorem 12 provides us rS À ωprq À rs as r Ó 0. This order evaluation
is useful when analyzing the asymptotic convergence rate of the surrogate regret bound (11).
Theorem 12 is easily proved when ω is differentiable. Indeed, if ω is differentiable, then it
holds for t P p0, r0q that

s

t
“

1

t
inf

rPp0,r0s
σprq ď

ω1ptq

ωptq
ď

1

t
sup

rPp0,r0s

σprq “
S

t

by the definition s and S, and integrating it on rr, r1s Ď r0, r0s gives

s ln
r1

r
ď

ż r1

r

ω1ptq

ωptq
dt “ ln

ωpr1q

ωprq
ď S ln

r1

r
,

which is equivalent to the desired monotonicity. Thus, the p-norm upper bound (12) is
controlled by the rate ω´1pρq “ Opρ1{Sq as ρ Ó 0. Since we are interested in the behavior
of }q ´ pq}p when pq is close to the minimizer of Rpq, ¨q, we focus on the asymptotic behavior
of the Simonenko order function as r Ó 0.

The complete proof of Theorem 8 for non-differentiable ω is deferred to Appendix C.

5.2 Strong convexity and its relation to moduli

For the asymptotic analysis of σ, we leverage strong convexity [Nes13, §2.1.3]. Herein, we
define the strong convexity parameter for a convex function f : △N Ñ R and t P p0, 1q by

κf,tp :“ inf

"

2 rp1 ´ tqfpqq ` tfpqqq ´ fpp1 ´ tqq ` tqqqs

tp1 ´ tq}q ´ qq}2p

ˇ

ˇ

ˇ

ˇ

distinct q, qq P △N

*

,

κfp :“ inf
tPp0,1q

κf,tp .

We observe from the convexity of f that κfp P r0,8q and

fpp1 ´ tqq ` tqqq ď p1 ´ tqfpqq ` tfpqqq ´
κfp
2
tp1 ´ tq}q ´ qq}2p for q, qq P △N and t P p0, 1q.

When p “ 2 and f is twice continuously differentiable over △N
` , Hess f (the Hessian of f)

satisfies Hess f ´ κf2IN ľ O [Nes13, Theorem 2.1.10], where IN is the identity matrix.5

5. Remark that the strong convexity parameter depends on the underlying set where we take the infimum.
Let us define the strong convexity parameter on RN by replacing △N with RN and write κ̄f,t

p instead
of κf,t

p for each t P p0, 1q. By △N
Ď RN , we observe that κ̄f,t

p ď κf,t
p for a function f : RN

Ñ p´8,8s,
where the equality does not necessarily hold.
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To calculate κfp , we only need to know κ
f,1{2
p . The proof is deferred to Appendix E.

Proposition 13 (Strong convexity parameter at midpoint) For a continuous convex
function f : △N Ñ R, it holds κfp “ κ

f,1{2
p .

The strong convexity parameter κfp is equivalent up to constant across different p ě 1,
which can be seen as follows. For the midpoint Jensen gap J (defined in §4.1), since we have

κ
f, 1

2
p “ inf

"

8Jpq, qqq

}q ´ qq}2p

ˇ

ˇ

ˇ

ˇ

distinct q, qq P △N

*

, (17)

the following bound holds:

inf

#

}q}2p

}q}22

ˇ

ˇ

ˇ

ˇ

ˇ

q P △N

+

ď
κ
f, 1

2
2

κ
f, 1

2
p

ď sup

#

}q}2p

}q}22

ˇ

ˇ

ˇ

ˇ

ˇ

q P △N

+

.

In particular, if N “ 2, we have

}q ´ qq}p “ rpq1 ´ qq1qp ` pq2 ´ qq2qps
1
p “ rpq1 ´ qq1qp ` pq1 ´ qq1qps

1
p “ 2

1
p |q1 ´ qq1|

for q, qq P △2, and hence, 2κf,1{2
2 “ 22{pκ

f,1{2
p . Therefore, κfp remains the same up to constant

regardless of the choice of p ě 1.
We will use the following representation of κf,1{2

p “ κfp (given by Theorem 13) repeatedly
later, which follows by definition of the modulus of convexity (defined in Theorem 7) and (17):

κfp “ inf

"

8ωprq

r2

ˇ

ˇ

ˇ

ˇ

r P p0, 2
1
p s

*

. (18)

5.3 Asymptotic lower bound

The asymptotic behavior of the Simonenko order σprq as r Ó 0 is controlled by the strong
convexity parameter κfp . We consider a “local” version of the strong convexity parameter.

Definition 14 (Local strong convexity modulus) For a convex function f : △N Ñ R,
define Kf

p : p0, 21{ps Ñ R by

Kf
p prq :“

8ωprq

r2
.

This quantity is defined based on the alternative expression of the strong convexity param-
eter κfp in (18). From the relationship (18), Kf

p prq ě κfp always holds on r P p0, 21{ps. We
show that Kf

p is lower semi-continuous and left-continuous (but not continuous in general
without additional assumptions) in Appendix D.

Now, we analyze the asymptotic behavior of the moduli of convexity σprq at r Ó 0 when
the Bregman generator f is continuous on △N , which is our second main result. Therein, we
assume the continuity of f to prevent f from being discontinuous on the △Nz△N

` .

Theorem 15 (Lower bound of order) Let f : △N Ñ R be a continuous strictly convex
function. Assume one of the following two conditions:
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(C1) κfp ą 0.

(C2) Kf
p is continuous on p0, r0s for some r0 P p0, 21{ps and Kf

p converges as r Ó 0.

Then,
lim sup

rÓ0
σprq ě 2. (19)

Moreover, if we assume both conditions, then

lim inf
rÓ0

σprq ě 2. (20)

Let us discuss the applicability of Theorem 15. First, f is assumed to be strictly convex,
which means that we deal with a strictly proper loss through the strictly convex negative
Bayes risk f “ ´L in (5). In Theorem 15, we additionally require either (C1) of (C2). The
condition (C1) assumes nothing else but the strong convexity of f . In other words, (C1)
assumes that the underlying proper loss is strongly proper. Indeed, the strong convexity
parameter κfp ą 0 is equivalent to the modulus κ defining strongly proper losses in (8). It
is more interesting when (C1) does not hold but (C2) holds, where the underlying loss is
strictly proper but no longer strongly proper. The continuity assumption of Kf

p is mild
enough to cover many reasonable examples of the negative Bayes risk f , as we will see in §6.

It follows from Theorem 12 and Theorem 15 that the p-norm bound (12) is controlled by
the rate of ω´1pρq cannot be faster than Opρ1{2q for a strictly proper ℓ satisfying either (C1)
or (C2). To see this, we invoke Theorem 12 to observe that for a fixed r0 P p0, 21{ps,

ω´1pρq ď r0ωpr0q´ 1
S ¨ ρ

1
S for any r P r0, r0s such that ρ “ ωprq.

If the bound (19) holds, then we have

2 ď lim sup
rÓ0

σprq ď sup
rPp0,r0s

σprq “ S,

which implies ρ1{S ě ρ1{2 (for ρ ă 1). Thus, we discern the optimal rate ω´1pρq “ Opρ1{2q

for ρ P r0, 1s. This assures that strongly proper losses asymptotically achieve the optimal
rate Opρ1{2q as seen in (9). Moreover, the optimal rate ω´1pρq “ Opρ1{2q penetrates into a
broad family of strictly proper losses.

To prove Theorem 15, we leverage the following lemma to locally control σprq, which is
proven in Appendix E.

Lemma 16 Let f : △N Ñ R be a continuous convex function. Then, for any q, qq P △N

and r P p0, 21{ps,

lim inf
rÓ0

Kf
p prq “ κfp , Jpq, qqq ě

κfp
8

}q ´ qq}2p, and D´ωprq ě
κfp
4
r.

Proof of Theorem 15 We observe from the strict convexity of f and Theorem 8 thatKf
p ą 0

on r P p0, 21{ps. By assuming (C1) only, it follows from Theorem 16 that

lim sup
rÓ0

σprq “ lim sup
rÓ0

rD´ωprq

ωprq
ě lim sup

rÓ0

r ¨
κfp
4
r

Kf
p prq

8
r2

“ lim sup
rÓ0

2κfp

Kf
p prq

“ 2. (21)
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In addition, assume (C2) together. Then, in the similar manner to Eq. (21), we have

lim inf
rÓ0

σprq ě lim inf
rÓ0

2κfp

Kf
p prq

“ lim
rÓ0

2κfp

Kf
p prq

“ 2.

Next, assume (C2) only, and κfp ą 0 does not hold. In this case, Theorem 16 indicates
that Kf

p prq Ó 0 as r Ó 0, from which with the intermediate value theorem, we can inductively
define prjqjPN Ď p0, r0s by

rj :“ inf

"

r P p0, 21{ps

ˇ

ˇ

ˇ

ˇ

Kf
p prq ě

1

2
Kf

p prj´1q

*

.

Then, prjqjPN converges to 0 becauseKf
p ą 0 always holds on r P p0, 21{ps and henceKf

p prq “ 0
if and only if r “ 0. We see

Kf
p prq ă

1

2
Kf

p prj´1q “ Kf
p prjq for r P p0, rjs.

This yields

D´ωprjq “ lim sup
εÓ0

ωprjq ´ ωprj ´ εq

ε
“ lim sup

εÓ0

Kf
p prjq

8
r2j ´

Kf
p prj ´ εq

8
prj ´ εq2

ε

ě lim sup
εÓ0

Kf
p prjq

8
r2j ´

Kf
p prjq

8
prj ´ εq2

ε
“
Kf

p prjq

4
rj ,

which implies

lim sup
rÓ0

σprq ě lim sup
jÑ8

σprjq “ lim sup
jÑ8

rjD
´ωprjq

ωprjq
ě lim sup

jÑ8

rj ¨
Kf

p prjq

4
rj

Kf
p prjq

8
r2j

“ 2.

Thus the proof of Theorem 15 is completed.

Lower bound of ω´1pρq. Theorem 12 also implies that for some r0 P p0, 21{ps,

ω´1pρq ě rr0ωpr0q´ 1
s s ¨ ρ

1
s for r P r0, r0s such that ρ “ ωprq.

If the bound (20) holds with the strict inequality, then we can choose r0 to satisfy

2 ` ς

2
ď inf

rPp0,r0s
σprq “ s for ς :“ lim inf

rÓ0
σprq ą 2,

which implies ρ1{s ě ρ2{p2`ςq ą ρ1{2 (for ρ ă 1). Thus, ω´1 admits the lower bound Ωpρ1{2q

for ρ P r0, 1s.
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0.0 0.2
0.0

0.2
Even if ω(r) = O(r)

ω(r) ≥ Cr2 holds!

ω(r)

r0

Figure 1: Illustration of ωprq “ r sin
`

1
r

˘

´ Ci
`

1
r

˘

` r. This ω is asymptotically linear, but can only have a
slower finite-range bound ωprq Á r2 than the linear rate.

Comparison with the known lower bound. A relevant lower bound ω´1pρq “ Ωpρ1{2q

has been shown previously for margin-based losses [FW21, Theorem 4] [MMZ24, Theorem 4.2].
These lower bounds assume that a loss is strongly convex and has a locally Lipschitz gradient
[FW21, Assumption 1] or a loss satisfies a relaxed version of the strict convexity [MMZ24,
Theorem 4.2]. These conditions are assumed under the loss differentiability, whereas both our
(C1) and (C2) do not need the differentiability of ℓ. Ergo, the differentiability assumption is
lifted to show the optimality of ω´1pρq “ Opρ1{2q. To show ω´1pρq “ Ωpρ1{2q in our case,
(C1) and (C2) coupled with the existence of the limit of Kf

p prq as r Ó 0 suffice.
As a side note, convolutional Fenchel–Young losses have been recently proposed to

circumvent these commonly known squared-root lower bounds for convex smooth surrogate
losses [CBFA25]. Their surrogate regret bounds are derived for the multiclass 0-1 loss (and
its generalization), which is clearly different from our the p-norm distance. Thus, it does not
contradict with the square-root lower bounds of Theorem 10.

Remark 17 Our analysis with the Simonenko order evaluates the order of ω by a power
function in the form of rS À ωprq À rs for r P r0, 21{ps. This is an evaluation for a finite
range, which is more than an asymptotic evaluation. Despite its subtlety, it often matters,
as seen in the following example:

ωprq “ r sin

ˆ

1

r

˙

´ Ci

ˆ

1

r

˙

` r for r ą 0, where Cipzq :“ ´

ż 8

z
t´1 cosptqdt.

This ω is monotonically increasing and satisfies ωprq “ Oprq as r Ó 0. However, when it
comes to the finite evaluation, we cannot go faster than ωprq Á r2 just because this ω satisfies
(C2) and Theorem 15 implies lim suprÓ0 σprq ě 2. Thus, the finite evaluation gives a better
characterization when we assess the convergence rate of finitely large surrogate regret. See
Fig. 1 to better understand the above example.
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Table 1: Examples of a convex function f . For ω, we show the expressions with pN, pq “ p2, 1q.

fpqq α Modulus ωprq Loss ℓ

Shannon xq, lnqy — 1
2 rp1 ` r

2q lnp1 ` r
2q ` p1 ´ r

2q lnp1 ´ r
2qs Log

} ¨ }2α
}q}2α´1

2

1 ă α ă 2 1
8

›

›

›

”

1`r{2
1´r{2

ı
›

›

›

2

α
´ 22{α´3

Brier
(α “ 2)

2 ď α 1
4

›

›

›

”

r{2
1´r{2

ı
›

›

›

2

α
´ 1

8

›

›

›

”

r{2
2´r{2

ı
›

›

›

2

α
` 1

4

} ¨ }α
}q}α´1
α´1

1 ă α ď 3{2 1
2pα´1q

´
›

›

›

”

1`r{2
1´r{2

ı
›

›

›

α
´ 21{α

¯

Pseudo-
spherical3{2 ă α ă 2 (No closed-form in general)

2 ď α 1
2pα´1q

´
›

›

›

”

r{2
1´r{2

ı
›

›

›

α
´

›

›

›

”

r{2
2´r{2

ı
›

›

›

α
` 1

¯

Tsallis }q}αα´1
α´1

1 ă α ă 2
1

2αpα´1q

´›

›

›

”

1`r{2
1´r{2

ı›

›

›

α

α
´ 2

¯

α-log3 ă α

2 ď α ď 3 1
2pα´1q

p

›

›

›

”

r{2
1´r{2

ı›

›

›

α

α
´ 1

2α´1

›

›

›

”

r{2
2´r{2

ı›

›

›

α

α
` 1q

0.0 0.2 0.4 0.6 0.8 1.0
0.00

0.25

0.50

0.75

1.00

K
f p
pr

q

Shannon Tsallis (α “ 2.00)
Tsallis (α “ 1.50) Tsallis (α “ 2.25)
Tsallis (α “ 1.75) Tsallis (α “ 2.50)

0.0 0.2 0.4 0.6 0.8 1.0
0.00

0.25

0.50

0.75

1.00

Sq. norm (α “ 1.5) Norm (α “ 2.0)
Sq. norm (α “ 2.0) Norm (α “ 2.5)
Sq. norm (α “ 2.5)

Figure 2: Numerical plots of Kf
p prq “ 8ωprq{r2 for each f in Table 1.

6. Examples

We overview a couple of proper losses. Since one can generate a proper loss ℓ from a convex
function f “ ´L thanks to the Savage representation (4), we show examples in terms of
the corresponding convex functions in Table 1. To facilitate closed-form solutions of ω, we
restrict ourselves to N “ 2 and p “ 1. Table 1 lists several convex functions with their
moduli, whose derivations are given previously [Bao23].
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Log loss. If we choose
fpqq “ xq, lnqy “

ÿ

nPrNs

qn ln qn,

where ln is applied in the element-wise manner, we can generate the log loss ℓypqq “ ´ ln qy.
In the binary case, we have

ℓ1pqq “ ´ ln q and ℓ2pqq “ ´ lnp1 ´ qq for q “ rq 1 ´ qsJ P △2.

As we saw in §3.3 and §4.2, the log loss is associated with the Kullback–Leibler divergence,
and its surrogate regret bound slightly improves Pinsker’s inequality yet is asymptotically
equivalent.

To see the asymptotic speed of the 1-norm bound (12) for the log loss, we investigate the
power evaluation of ω´1pρq À ρ1{S through Theorem 15, where S is given in Theorem 12.
We can see that both (C1) and (C2) are satisfied in this case. Indeed, the continuity of Kf

p

is obvious, and

lim
rÓ0

Kf
p prq “ 4 lim

rÓ0

p1 ` r
2q lnp1 ` r

2q ` p1 ´ r
2q lnp1 ´ r

2q

r2

“ lim
rÓ0

ˆ

1

2 ` r
`

1

2 ´ r

˙

“ 1 ă 8,

where L’Hôpital’s rule is used twice. See also Fig. 2 for the illustration of Kf
p . Thus,

Theorem 15 yields lim suprÓ0 σprq ě 2 and S ě 2, which indicates that the polynomial rate
of ω´1pρq cannot be faster than ρ1{2. The asymptotic lower bound of σ provided here is
indeed tight, as we see σprq Ñ 2 for r Ó 0 [Bao23, Appendix B.1]. All in all, we asymptotically
have the 1-norm bound

|q ´ pq| À
a

DKLpq}pqq for q, pq P r0, 1s,

recovering Pinsker’s inequality.

Squared norms. Consider the squared α-norms for α ą 1:

fpqq “
}q}2α ´ 1

2
“

1

2

˜

ÿ

nPrNs

qαn

¸
2
α

´
1

2
.

By the Savage representation (4), we can generate proper losses:

ℓypqq “ ´}q}2´α
α qα´1

y `
1 ` }q}2α

2
.

By plugging in α “ 2, the Brier score in §3.3 is recovered.
To see the asymptotic speed of the p-norm bound (12) for pN, pq “ p2, 1q, we take the

limit of Kf
p similarly to the log-loss case. By using the closed form of ωprq provided in
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Table 1, when α P p1, 2q,

lim
rÓ0

Kf
p prq “ lim

rÓ0

rp1 ` r
2qα ` p1 ´ r

2qαs
2
α ´ 4

1
α

r2

“
1

4
lim
rÓ0

!

p2 ´ αqrp1 ` rqα ` p1 ´ rqαs
2
α

´2rp1 ` rqα´1 ´ p1 ´ rqα´1s2

`pα ´ 1qrp1 ` rqα ` p1 ´ rqαs
2
α

´1rp1 ` rqα´2 ` p1 ´ rqα´2s

)

“ pα ´ 1q2
2
α

´2 ă 8,

where L’Hôpital’s rule is used twice. When α ě 2, we can similarly show the existence of
the limit of Kf

p as r Ó 0. Thus, these losses satisfy both (C1) and (C2) of Theorem 15,
which indicates that ω´1pρq cannot be faster than Opρ1{2q. Across different α ą 1, we
have σprq Ñ 2 as r Ó 0 [Bao23, Figure 4], and thus the provided asymptotic lower bound
of σ is tight.

Pseudo-spherical losses. Consider the α-norms for α ą 1:

fpqq “
}q}α ´ 1

α ´ 1
“

1

α ´ 1

«˜

ÿ

nPrNs

qαn

¸
1
α

´ 1

ff

,

which has been sometimes used as the α-norm information measure [BvdL80]. By the Savage
representation (4), we can generate proper losses:

ℓypqq “
1

α ´ 1

˜

1 ´
qα´1
y

}q}
α´1
α

¸

,

which is called the pseudo-spherical losses [Goo71]. By plugging in α “ 2, the spherical loss
is recovered. The associated Bregman divergence is

Rpq, pqq “
1

α ´ 1

˜

}q}α ´

@

q, pqα´1
D

}pq}
α´1
α

¸

“
1

α ´ 1

˜

}q}α ´
1

}pq}
α´1
α

ÿ

nPrNs

qnpq
α´1
n

¸

.

Note that lnr}q}α ´ pα ´ 1qRpq, pqqs{pα ´ 1q can be identified with the (cross-entropy of)
gamma-divergences, which is commonly used in robust regression [FE08] and inference with
unnormalized models [KF15]. With the limit α Ó 1, the pseudo-spherical loss approaches
the log loss, and the associated Bregman divergence approaches to the Kullback–Leibler
divergence, correspondingly.

We illustrate the case N “ 2 and α P p1, 3{2s Y r2,8q since the modulus ω can be written
analytically herein (shown in Table 1). When 1 ă α ď 3{2, by invoking L’Hôpital’s rule
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twice,

lim
rÓ0

Kf
p prq “

4

α ´ 1
lim
rÓ0

“`

1 ` r
2

˘α
`
`

1 ´ r
2

˘α‰ 1
α ´ 2

1
α

r2

“ lim
rÓ0

"

1

2

”´

1 `
r

2

¯α
`

´

1 ´
r

2

¯αı 1
α

´1
„

´

1 `
r

2

¯α´2
`

´

1 ´
r

2

¯α´2
ȷ

´
1

α

”´

1 `
r

2

¯α
`

´

1 ´
r

2

¯αı 1
α

´2
„

´

1 `
r

2

¯α´1
´

´

1 ´
r

2

¯α´1
ȷ*

“ 2
1
α

´1

ă 8.

When α ě 2, by invoking L’Hôpital’s rule twice,

lim
rÓ0

Kf
p prq

“
4

α ´ 1
lim
rÓ0

“`

r
2

˘α
`
`

1 ´ r
2

˘α‰ 1
α ´

“`

r
2

˘α
`
`

2 ´ r
2

˘α‰ 1
α ` 1

r2

“
1

2
lim
rÓ0

#

´

”´r

2

¯α
`

´

1 ´
r

2

¯αı 1´2α
α

„

´r

2

¯α´1
´

´

1 ´
r

2

¯α´1
ȷ2

`

”´r

2

¯α
`

´

1 ´
r

2

¯αı 1´α
α

„

´r

2

¯α´2
`

´

1 ´
r

2

¯α´2
ȷ

`

”´r

2

¯α
`

´

2 ´
r

2

¯αı 1´2α
α

„

´r

2

¯α´1
´

´

2 ´
r

2

¯α´1
ȷ2

´

”´r

2

¯α
`

´

2 ´
r

2

¯αı 1´α
α

„

´r

2

¯α´2
`

´

2 ´
r

2

¯α´2
ȷ*

“

#

1
4 if α “ 2

0 if α ą 2

ă 8.

Thus, these losses satisfy (C2) of Theorem 15, which indicates that ω´1pρq cannot be faster
than Opρ1{2q. Compared with the log loss and the squared norms, the pseudo-spherical losses
are more interesting examples for us because Kf

p prq is no longer always positive. Indeed, (C1)
of Theorem 15 is satisfied when α P p1, 3{2s Y t2u but not satisfied when α ą 2. The previous
Opρ1{2q lower bounds typically require the local strong convexity [FW21] [MMZ24], which is
similar to (C2). Therefore, our Theorem 15 slightly lifted the assumptions, requiring (C2)
solely. See Fig. 2 to confirm that Kf

p is indeed asymptotically vanishing with the case α “ 2.5,
for which (C1) no longer holds.

Tsallis losses. Consider the negative Tsallis α-entropy

fpqq “
}q}αα ´ 1

α ´ 1
“

1

α ´ 1

˜

ÿ

nPrNs

qαn ´ 1

¸
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as a convex potential, for α ą 1. The Tsallis entropies generalize the Shannon entropy for
non-extensive systems [Tsa88], and recovers the Shannon entropy at the limit α Ó 1. By the
Savage representation (4), we can generate proper losses:

ℓypqq “ ´
αqα´1

y ´ 1

α ´ 1
` }q}αα,

which recovers the log loss at the limit α Ó 1. We call them the α-log loss for convenience.
Note that this loss is slightly different from the α-loss ℓypqq “ ´αpq

1´1{α
y ´ 1q{pα ´ 1q

[SDSK19]. Indeed, the α-log loss is proper by its construction, while the α-loss is known to
be improper [SN22]; despite that both of them approach the log loss at the same limit. The
associated Bregman divergence to the α-log loss is

Rpq, pqq “
}q}αα ´ α

@

q, pqα´1
D

` pα ´ 1q}pq}αα

α ´ 1
,

which is the Tsallis divergence [Daw07], and also corresponds to density power divergence
(or the beta-divergence) [BHHJ98] up to constant, used in robust statistics. The Tsallis
divergence interpolates the Kullback–Leibler divergence and the squared 2-norm distance at
the limits of α Ñ 1 and α Ñ 2, respectively. Some literature opts another definition of the
Tsallis divergence, defined by replacing ln in the Kullback–Leibler divergence with the α-
logarithmic function [AWS19]—precisely, this another definition should be distinguished as
the t-divergence [DQV11].

To see the asymptotic speed of the p-norm bound (12) for pN, pq “ p2, 1q, we take the
limit of Kf

p . When α P p1, 2q X p3,8q, the explicit form of the modulus ω in Table 1 yields

lim
rÓ0

Kf
p prq “

8

2αpα ´ 1q
lim
rÓ0

p1 ` r
2qα ` p1 ´ r

2qα ´ 2

r2

“
2α

2α
lim
rÓ0

p1 ` r
2qα´2 ` p1 ´ r

2qα´2

2

“ α21´α ă 8,

where the L’Hôpital’s rule is invoked twice. When 2 ď α ď 3,

lim
rÓ0

Kf
p prq “

4

α ´ 1
lim
rÓ0

“`

r
2

˘α
`
`

1 ´ r
2

˘α‰
´ 21´α

“`

r
2

˘α
`
`

2 ´ r
2

˘α‰
` 1

r2

“
1

2
α lim

rÓ0

"„

´r

2

¯α´2
`

´

1 ´
r

2

¯α´2
ȷ

´ 21´α

„

´r

2

¯α´2
`

´

2 ´
r

2

¯α´2
ȷ*

“
α

4
ă 8,

where the L’Hôpital’s rule is invoked twice. In either case, these losses satisfy both (C1) and
(C2) of Theorem 15, which indicates that ω´1pρq cannot be faster than Opρ1{2q.

Non-differentiable generator. While all the above examples are generated by differen-
tiable convex generator f , our Theorem 15 is applicable even to non-differentiable f , relaxing
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the previous lower bounds on surrogate regret bounds [FW21] [MMZ24]. To demonstrate its
full capacity, we artificially consider the following non-differentiable convex function:

fpqq “ max
nPrNs

ˆ

qn ´
2

3

˙2

´
1

9
“

ˆ

min
nPrNs

qn ´
2

3

˙2

´
4

9
,

which reduces to

fpqq “

#

`

2
3 ´ q

˘2
´ 4

9 if q P r0, 12 s
`

q ´ 1
3

˘2
´ 4

9 if q P p12 , 1s

for pN, pq “ p2, 1q. This is non-differentiable at q “ 1{2. For pN, pq “ p2, 1q, we can generate
the binary loss by Savage representation (4) as follows: for y “ 1,

ℓpqq “

#

q2 ´ 2q ` 4
3 if q P r0, 12 s

q2 ´ 2q ` 1 if q P p12 , 1s
,

and ℓp1 ´ qq for y “ 2, which are discontinuous at q “ 1{2 yet strictly proper due to the
strict convexity of f . For this example, ωprq “ r2{4 holds for r P r0, 1{2s, and hence

lim
rÓ0

Kf
p prq “ lim

rÓ0

8ωprq

r2
“ 2 ă 8.

Thus, (C2) is satisfied.

When N ě 3. Though deriving a closed form of ω for general N ą 2 is challenging, we can
delineate ω for the negative Shannon entropy with p “ 2: for r P p0, 21{2q, define q, qq P △N

by

q “

„

1 ` 2´1{2r

2

1 ´ 2´1{2r

2
0 . . . 0

ȷJ

and qq “

„

1 ´ 2´1{2r

2

1 ` 2´1{2r

2
0 . . . 0

ȷJ

.

Then, }q ´ qq}2 “ r and ωprq “ Jpq, qqq. At this minimizer, ω can be written as

ωprq “
1 ` 2´1{2r

2
ln

1 ` 2´1{2r

2
`

1 ´ 2´1{2r

2
ln

1 ´ 2´1{2r

2
` ln 2.

This ω (for p “ 2) is akin to the form of ω shown in Table 1, which is for pN, pq “ p2, 1q, with
a slight difference in the scale. Its derivation is based on the method of Lagrange multipliers
and deferred to Theorem 32, which is highly non-trivial and interesting in its own right.

To apply Theorem 15 for this example, let us confirm (C2) is satisfied by taking the
asymptotic limit of Kf

p prq. By invoking L’Hôpital’s rule twice, we have

lim
rÓ0

Kf
p prq “ 8 lim

rÓ0

1`2´1{2r
2 ln 1`2´1{2r

2 ` 1´2´1{2r
2 ln 1´2´1{2r

2 ` ln 2

r2

“ 2 lim
rÓ0

1

p1 ` 2´1{2rqp1 ´ 2´1{2rq

“ 2 ă 8,

which indicates (C2) is satisfied. Thus, ω´1pρq cannot be faster than Opρ1{2q.
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7. Conclusion

In this work, we examine surrogate regret bounds on the p-norm, }q ´ pq}p À ω´1pRpq, pqqq,
which measures predictive performances of plug-in forecasters under downstream tasks such
as classification and ranking. A surrogate regret bound is characterized by the modulus
of convexity ω associated with the Bregman generator f “ ´L for a given proper loss.
First, we show that the existence of non-vacuous regret bounds is equivalent to the strict
properness of losses. Then, we prove that the p-norm upper bound ω´1pρq cannot be faster
than the 1{2-order of surrogate regrets Op

?
ρq for a wide range of strictly proper losses.

Herein, the assumptions on loss functions are greatly relaxed so that we do not require the
differentiability or the local strong convexity of loss functions anymore. We demonstrate that
many loss functions such as the log loss, Brier loss, pseudo-spherical losses, and α-log losses
satisfy the assumptions of our optimal-order argument.

As a side note, there is a fundamental relationship between a proper loss and a convex
body [Wil14] [WC23]. Specifically, the Bayes risk L of a proper loss is the support function
of the superprediction set (which is a convex body in RN ) associated with the proper loss.
Hence, we can work on a convex body instead of directly working on a proper loss. This
perspective has been used to consider aggregating algorithms. In this connection, we studied
the modulus of convexity of Bregman generators f “ ´L, while the modulus of convexity of
Banach spaces has been more commonly studied to measure the set curvature [Fig76]. We
conjecture that the modulus of convexity of Bregman generators has a tight connection to
the modulus of convexity of superprediction sets, which remains an interesting open question
from the viewpoint of convex analysis.

This work is concerned with only expected surrogate regrets, induced from the full
risk Lrpqs in §3.2. Yet, its empirical estimation and optimization together play an important
role in realistic learning scenarios. To take them into account, it is more standard to consider
a learner acting on RN -valued margin, instead of △N -valued prediction as supposed in §3.
Proper composite losses are common therein, where a link function connects a probabilistic
report pq P △N to a real-valued report on RN . Hence, we can consider estimation and
optimization of RN -valued functions. In spite of the scarcity, the estimation error rates
of class probability models under the binary case N “ 2 have been studied rigorously for
linear hypotheses [TDS15], while the optimization error rates of proper composite losses
by gradient descent under the binary case have been characterized recently [BST25]. We
hope to thoroughly understand how a proper loss behaves by integrating surrogate regrets,
estimation, and optimization all at once, and leave this for future work.
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Appendix A. Subgradient inequality

In this paper, we adopted a slightly non-conventional definition of subdifferentials Bf in §2
to allow some elements of the subgradient to be ´8.

Lemma 18 Let f : RN Ñ p´8,8s be a proper convex function such that △N Ď dom f .
For q0 P △N , the set Bfpq0q is nonempty.

Proof Fix q0 P △N . If f is subdifferentiable at q0, then its subgradient belongs to Bfpq0q

and the claim holds true. Thus we assume that f is not subdifferentiable at q0. Since f is
subdifferentiable at q0 P △N

` [Roc70, Theorem 23.4], I :“ | supppq0q| satisfies 1 ď I ď N ´ 1.
For η P RI , define ξη P RN by

ξηn :“

#

ηn if n P supppq0q,

0 if n R supppq0q,

and define a function fI : RI Ñ p´8,8sN by

fIpηq :“ fpξηq for η P RI .

Then, fI is a proper convex function on RI such that △I Ď dom fI , consequently, fI
is subdifferentiable at pη P △I

` [Roc70, Theorem 23.4]. For q P △N , define ηq P RI

by ηqn “ qn for n P supppq0q. Then, for q P △N with supppqq Ď supppq0q, we have ηq P △I

and fIpηqq “ fpqq. Moreover, if q P △N satisfies supppqq “ supppq0q, then ηq P △I
` and

hence BfIpηqq ‰ H. Choose w P BfIpηq0
q and define v P r´8,8qN by

vn :“

#

wn if n P supppq0q,

´8 if n R supppq0q.

From now on, we show that v P Bfpq0q. For q P △N , if qn ą 0 holds for some n R supppq0q,
then

@

v,q ´ q0
D

“ ´8 and (2) holds. On the other hand, if qn “ 0 for all n R supppq0q,
then q P △N with supppqq Ď supppq0q and

fpqq “ fIpηqq ě fI

´

ηq0
¯

`

A

w,ηq ´ ηq0
E

“ fpq0q `
@

v,q ´ q0
D

,

that is, (2) holds for q P △N . Thus, v P Bfpq0q follows. This completes the proof of the
lemma.
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Appendix B. An example of empty Mpqq

If a loss ℓ is not lower semi-continuous (as in Theorem 1), the set of its minimizers Mpqq

(introduced in §3.2) can be empty.
Consider the following example:

ℓyppqq “

#

1 ´ pqy if pqy ‰ 1,
1 if pqy “ 1.

Then,

Lpe1, pqq “ ℓ1ppqq “

#

1 ´ pq1 if pq1 ‰ 1,
1 if pq1 “ 1,

where e1 :“ r1, 0, . . . , 0sJ P RN . In this case, we have

inf
pqP△N

Lpe1, pqq “ 0,

but there does not exist pq P △N such that Lpe1, pqq “ 0. Thus, Mpe1q “ H.

Appendix C. Proof of power evaluations without differentiability

In §5, we show power evaluations of the moduli with the differentiability of ω.

Proposition 19 (Power evaluations of moduli) Let f : △N Ñ R be a strictly convex
function. For a fixed r0 P p0, 21{ps, define s, S P r0,8s by

s :“ inf
rPp0,r0s

σprq, S :“ sup
rPp0,r0s

σprq,

and assume S ă 8. Then, the function r ÞÑ ωprqr´s is non-decreasing on p0, r0q and the
function r ÞÑ ωprqr´S is non-increasing on p0, r0q. Moreover, the following inequalities hold
for any r P r0, r0s:

„

ωpr0q

rS0

ȷ

rS ď ωprq ď

„

ωpr0q

rs0

ȷ

rs.

Proof We first show that r ÞÑ ωprqr´S is non-increasing on p0, r0q in a similar way to the
existing argument [OT13, Lemma 2.9]. For r P p0, r0s and δ ą 0, there exists εr,δ ą 0 such
that

r

ωprq
¨ sup
εPp0,εr,δq

ωprq ´ ωpr ´ εq

ε
ď σprq `

1

2
δ (22)

by the definition of D´ω. Define

gptq :“ S `
1

2
δ `

1

t
rp1 ´ tqS`δ ´ 1s for t P p0, 1q.

Then, g is continuous on p0, 1q and

lim
tÓ0

gptq “ S `
1

2
δ ´ pS ` δq “ ´

1

2
δ ă 0,
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which implies the existence of τ P p0, 1q such that gptq ă 0 for t P p0, τq. Then, for
any u P p0, εr,δq X p0, rτq,

´
rS`δ

ωprq
`

pr ´ uqS`δ

ωpr ´ uq
“
urS`δ´1

ωpr ´ uq

„

r

ωprq

ωprq ´ ωpr ´ uq

u

ȷ

´
rS`δ

ωpr ´ uq
`
rS`δp1 ´ u

r qS`δ

ωpr ´ uq

ď
urS`δ´1

ωpr ´ uq

„

σprq `
1

2
δ

ȷ

`
urS`δ´1

ωpr ´ uq
¨
1
u
r

„

´

1 ´
u

r

¯S`δ
´ 1

ȷ

ď
urS`δ´1

ωpr ´ uq

„

S `
1

2
δ ` g

´u

r

¯

´

ˆ

S `
1

2
δ

˙ȷ

“
urS`δ´1

ωpr ´ uq
¨ g

´u

r

¯

ă 0,

where the inequality (22) is used at the second line and the third line follows from the
definition of S. Hence, we have

pr ´ uqS`δ

ωpr ´ uq
ă
rS`δ

ωprq
for r P p0, r0q and u P p0, εr,δq X p0, rτq.

Letting δ Ó 0, we conclude that r ÞÑ rS{ωprq is non-decreasing on p0, r0q. This is equivalent
to that r ÞÑ ωprqr´S is non-increasing on p0, r0q.

Next, we show that r ÞÑ ωprqr´s is non-decreasing on p0, r0q. For r P p0, r0s, let u P p0, rq.
Since lnω is non-decreasing on rr´u, rs, it follows from the fundamental theorem of calculus
[KK96, Theorem 1.3.1] that

ż r

r´u
D´ lnωpr1qdr1 ď ln

ωprq

ωpr ´ uq
.

By D´ωpr1q ď S ă 8, we have

lim
εÓ0

ωpr1 ´ εq “ ωpr1q for r1 P p0, r0q,

which yields

lim
εÓ0

lnωpr1q ´ lnωpr1 ´ εq

ωpr1q ´ ωpr1 ´ εq
“

1

ωpr1q

and

D´ lnωpr1q “ lim sup
εÓ0

„

lnωpr1q ´ lnωpr1 ´ εq

ωpr1q ´ ωpr1 ´ εq
¨
ωpr1q ´ ωpr1 ´ εq

ε

ȷ

“
1

ωpr1q
D´ωpr1q ě

s

r1
.

Thus, we have
ż r

r´u
D´ lnωpr1qdr1 ě

ż r

r´u

s

r1
dr1 “ s ln

r

r ´ u
.

These imply
ωpr ´ uq ¨ pr ´ uq´s ď ωprq ¨ r´s,

that is, r ÞÑ ωprqr´s is non-decreasing on p0, r0q.
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Appendix D. Continuity property of local modulus of convexity

The local modulus of convexity defined in Theorem 14 naturally entails the following continuity
property. We state it in the following lemma for the sake of completeness.

Lemma 20 If f : △N Ñ R is continuous convex, then Kf
p : p0, 21{ps Ñ R is lower semi-

continuous and left-continuous.

To prove Theorem 20, we use the following supplement result.

Lemma 21 If f : △N Ñ R is continuous convex, then for r P p0, 21{ps and τ P p0, 1{2q, we
have

Kf
p pp1 ´ 2τqrq

8
rp1´2τqrs2 “ ωpp1´2τqrq ď ωprq´

κfp
2
τp1´τqr2 ď

Kf
p prq

8
r2´

κfp
2
τp1´τqr2.

Proof Choose distinct q, qq P △N satisfying

}q ´ qq}p “ r and ωprq “ Jpq, qqq,

which exist thanks to Theorem 9 together with the convexity of f . For these q, qq, define

cptq :“ p1 ´ tqq ` tqq for t P r0, 1s.

For τ P p0, 1{2q, we have

Kf
p pp1 ´ 2τqrq

8
rp1 ´ 2τqrs2 “ ωpp1 ´ 2τqrq

ď Jpcpτq, cp1 ´ τqq

ď Jpcp0q, cp1qq ´
κfp
2
τp1 ´ τqr2

“ ωprq ´
κfp
2
τp1 ´ τqr2

ď
Kf

p prq

8
r2 ´

κfp
2
τp1 ´ τqr2.

Proof of Theorem 20 Fix r P p0, 21{ps. Let prjqjPN Ď p0, 21{ps be a sequence converging
to r. For each j P N, there exist qj , qqj P △N satisfying

}qj ´ qqj}p “ rj and ωprjq “ Jpqj , qqjq

from Theorem 9. Define cj : r0, 1s Ñ △N by

cjptq :“ p1 ´ tqqj ` tqqj for t P r0, 1s.

By the Arzelá–Ascoli theorem, we can extract a subsequence pcjmqmPN converging uniformly
to some c : r0, 1s Ñ △N uniformly, where

cptq “ p1 ´ tqcp0q ` tcp1q for t P r0, 1s and }cp0q ´ cp1q}p “ r
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hold. Since f is continuous, we have

Kf
p prq “

8

r2
ωprq ď

8

r2
Jpcp0q, cp1qq

“ lim
mÑ8

8

r2jm
Jpcjmp0q, cjmp1qq “ lim

mÑ8

8

r2jm
ωprjmq “ lim

mÑ8
Kf

p prjmq.

Thus, Kf
p : p0, 21{ps Ñ R is lower semi-continuous.

Next, by Theorem 21, we have

Kf
p pp1 ´ 2τqrq

8
rp1 ´ 2τqrs2 ď

Kf
p prq

8
r2 ´

κfp
2
τp1 ´ τqr2

for τ P p0, 1{2q. Dividing by rp1 ´ 2τqrs2{8 ‰ 0 and then taking the limit yields

lim sup
τÓ0

Kf
p pp1 ´ 2τqrq ď Kf

p prq.

Together with the lower semi-continuity Kf
p , the left-continuity Kf

p is ensured.
This completes the proof of the lemma.

Appendix E. Deferred proofs

Lemma 22 Suppose ℓ : △N Ñ r0,8sN is lower semi-continuous. Then, Lpqq ě 0 holds
and Mpqq is nonempty and closed for q P △N . Moreover, if ℓ is continuous, then there
exists a Borel selector of M.

Proof For q P △N , the lower semi-continuity of Lpq, ¨q follows from that of ℓ, which ensures
the closedness of Mpqq. Moreover, by the extreme value theorem with the closedness of △N ,
we see Mpqq ‰ H holds.

Assume the continuity of ℓ and we show the existence of a Borel selector of M. Note
that the continuity of ℓ guarantees the continuity of Lpq, ¨q on △N for each q P △N . By the
Kuratowski and Ryll-Nardzewski measurable selection theorem [KRN65, Main Theorem &
Corollary 1], it is enough to show that

BK :“
␣

q P △N
ˇ

ˇ Mpqq X K ‰ H
(

is Borel for any closed set K in RN with △N X K ‰ H.
Fix a compact set K in RN with △N XK ‰ H. Since △N XK is a compact metric space

hence separable, there exists a dense countable set
␣

qj
(

jPN in △N X K. For each j P N,
define dj : △N Ñ R by

djpqq :“ Lpq,qjq ´ inf
pqP△N

Lpq, pqq for q P △N ,

which is lower semi-continuous, in particular, Borel on △N . Then,

B :“
č

mPN

ď

jPN
d´1
j pr0,m´1qq
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is Borel. We will show B “ BK. For q P BK, there exists pq P Mpqq X K. By the
continuity of Lpq, ¨q on △N , for each m P N, there exists δm ą 0 such that if q1 P △N

satisfies }q1 ´ pq}2 ă δm, then 0 ď Lpq,q1q ´Lpq, pqq ă m´1. By the density of
␣

qj
(

jPN, there
exists jm P N such that }qjm ´ pq}2 ă δm and hence

djmpqq “ Lpq,qjmq ´ Lpq, pqq P r0,m´1q,

which in turn implies q P B. Conversely, for q P B and m P N, there exists jm P N such that

Lpq,qjmq ă inf
pqP△N

Lpq, pqq `m´1.

We extract a convergent subsequence of pqjmqmPN (not relabeled) with limit pq P △N X K.
The continuity of Lpq, ¨q gives

Lpq, pqq “ lim
mÑ8

Lpq,qjmq ď inf
pq1P△N

Lpq, pq1q,

proving pq P Mpqq hence q P BK. This completes the proof of the lemma.

Proposition 23 (Uniqueness up to affine functions) Let f, g : △N Ñ R be continuous
convex functions. Then, their midpoint Jensen gaps are the same if and only if f ´ g is affine.

Proof We only show that f ´ g is affine under the assumption that the midpoint Jensen
gaps of f and g are the same since the converse implication is trivial. Hereafter, let us write
the midpoint Jensen gaps of f and g by Jf and Jg, respectively.

Without loss of generality, we pick q0 P △N
` such that f and g are differentiable at q0

because a convex function is differentiable almost everywhere in the interior of its domain.
Define

v0 :“ ∇fpq0q ´ ∇gpq0q and λ :“ fpq0q ´ gpq0q.

Fix any q P △N and set

hptq :“ fpq0 ` tpq ´ q0qq ´ gpq0 ` tpq ´ q0qq ´
@

v0, tpq ´ q0q
D

´ λ for t P r0, 1s.

Then, h : r0, 1s Ñ R is continuous with hp0q “ 0 and h1p0q “ 0. With elementary algebra,
we have

0 “ Jf pq0,q0 ` tpq ´ q0qq ´ Jgpq0,q0 ` tpq ´ q0qq “
1

2
hptq ´ h

ˆ

t

2

˙

for all t P r0, 1s,

which implies

h

ˆ

1

2
t

˙

“
1

2
hptq for all t P r0, 1s.

By invoking this relation recursively, we have hptq “ 2khp2´ktq for any k P N, which yields

hp1q “ lim
kÑ8

hp2´kq ´ hp0q

2´k
“ h1p0q “ 0.

Consequently, we have
fpqq “ gpqq `

@

v0,q ´ q0
D

` λ.

Thus, we have shown that f ´ g is affine.
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Lemma 24 Let f : △N Ñ R be a convex function. For r P r0, 21{ps, there exist qr, qqr P △N

such that ωprq “ Jpqr, qqrq and }qr ´ qqr}p “ r.

Proof Let r P r0, 21{ps. Define

DN prq :“
␣

pq, qqq P △N ˆ △N
ˇ

ˇ }q ´ pq}p ě r
(

.

Since DN prq is compact and J is continuous on DN prq, there is pq, qqq P DN prq such
that ωprq “ Jpq, qqq. Define c : r0, 1s Ñ △N by

cptq :“ p1 ´ tqq ` tqq for t P r0, 1s.

In the case of }q ´ qq}p “ r, we can take pqr, qqrq “ pq, qqq, and the statement follows.
Assume }q ´ qq}p ą r. Then, there exists τ P p0, 1{2s such that

}cpτq ´ cp1 ´ τq}p “ p1 ´ 2τq}q ´ qq}p “ r.

Since f ˝ c : r0, 1s Ñ R is convex, we have

fpcpτqq ´ fpcp0qq

τ
ď
fpcp1qq ´ fpcp1 ´ τqq

τ
, (23)

which is equivalent to

Jpcpτq, cp1 ´ τqq “
fpcpτqq ` fpcp1 ´ τq

2
´ fpcp1{2qq

ď
fpcp0qq ` fpcp1q

2
´ fpcp1{2qq “ Jpq, qqq.

This yields Jpcpτq, cp1´ τqq “ ωprq, and hence, we can take pqr, qqrq “ pcpτq, cp1´ τqq. Thus,
we have confirmed the statement.

Proposition 25 (Strong convexity parameter at midpoint) For a continuous convex
function f : △N Ñ R, it holds κfp “ κ

f,1{2
p .

Proof By definition, κfp ď κ
f,1{2
p trivially holds. We shall prove the converse inequality.

Observe from the definition that

f

ˆ

q ` qq

2

˙

ď
1

2
fpqq `

1

2
fpqqq ´

κ
f, 1

2
p

8
}q ´ qq}2p for all q, qq P △N .

For pi, jq P N ˆ Zě0, set
ti,j :“ 2´ij.

Fix distinct q, qq P △N and define c : r0, 1s Ñ △N by

cptq :“ p1 ´ tqq ` tqq for t P r0, 1s.

We will show that

fpcpti,jqq ď p1 ´ ti,jqfpcp0qq ` ti,jfpcp1qq ´
κ
f, 1

2
p

2
ti,jp1 ´ ti,jq}q ´ qq}2p (24)
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for pi, jq P N ˆ Zě0 with ti,j P r0, 1s (namely, for i P N and 0 ď j ď 2i) by induction on i.
We immediately observe that (24) always holds for ti,0 “ 0 and ti,2i “ 1 regardless of i.

The inequality (24) trivially holds for i “ 1. Assume that (24) holds for some i P N
and all j with 0 ď j ď 2i. Then, (24) also holds for ti`1,2j “ ti,j with 0 ď j ď 2i.
For 0 ď j ď 2i ´ 1, we have

ti`1,2j`1 “
ti`1,2j ` ti`1,2j`2

2
“
ti,j ` ti,j`1

2
.

Define ci,j : r0, 1s Ñ △N by

ci,jptq :“ cpp1 ´ tq ¨ ti,j ` t ¨ ti,j`1q for t P r0, 1s.

This implies

fpcpti`1,2j`1qq

ď
1

2
fpci,jp0qq `

1

2
fpci,jp1qq ´

κf,
1
2

8
}ci,jp0q ´ ci,jp1q}2p

“
1

2
fpci,jp0qq `

1

2
fpci,jp1qq ´

κ
f, 1

2
p

8
¨ 2´2i ¨ }q ´ qq}2p

“
1

2
fpcpti,jqq `

1

2
fpcpti,j`1qq ´

κ
f, 1

2
p

8
¨ 2´2i ¨ }q ´ qq}2p

ď
1

2

„

p1 ´ ti,jqfpcp0qq ` ti,jfpcp1qq ´
κ
f, 1

2
p

2
ti,jp1 ´ ti,jq}q ´ qq}2p

ȷ

`
1

2

„

p1 ´ ti,j`1qfpcp0qq ` ti,j`1fpcp1qq ´
κ
f, 1

2
p

2
ti,j`1p1 ´ ti,j`1q}q ´ qq}2p

ȷ

´
κ
f, 1

2
p

8
¨ 2´2i ¨ }q ´ qq}2p

“ p1 ´ ti`1,2j`1qfpcp0qq ` ti`1,2j`1fpcp1qq ´
κ
f, 1

2
p

2
ti`1,2j`1p1 ´ ti`1,2j`1q}q ´ qq}2p

as desired.
Because f is continuous on △N and tti,j P r0, 1s | pi, jq P N ˆ Zě0u is dense in r0, 1s, we

find

fpp1 ´ tqq ` tqqq ď p1 ´ tqfpqq ` tfpqqq ´
κ
f, 1

2
p

2
tp1 ´ tq}q ´ qq}2p for t P p0, 1q,

which leads to

κ
f, 1

2
p ď

2rp1 ´ tqfpqq ` tfpqqq ´ fpp1 ´ tqq ` tqqqs

tp1 ´ tq}q ´ qq}2p
for t P p0, 1q.

Since q, qq P △N are arbitrary, this ensures that κf,tp ě κ
f,1{2
p for t P p0, 1q and completes the

proof of the proposition.
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Lemma 26 Let f : △N Ñ R be a continuous convex function. Then, for any q, qq P △N

and r P p0, 21{ps,

lim inf
rÓ0

Kf
p prq “ κfp , Jpq, qqq ě

κfp
8

}q ´ qq}2p, and D´ωprq ě
κfp
4
r.

Proof Assume that there exists r˚ P p0, 21{ps such that Kf
p pr˚q “ κfp . We can see from

Theorem 21 that

Kf
p pp1 ´ 2τqr˚q

8
rp1 ´ 2τqr˚s2 ď

Kf
p pr˚q

8
r2˚ ´

κfp
2
τp1 ´ τqr2˚ “

Kf
p pr˚q

8
rp1 ´ 2τqr˚s2

for τ P p0, 1{2q. Since Kf
p prq ě κfp for r P p0, 21{ps (by Theorem 14 and Eq. (18)), this

implies Kf
p prq “ κfp for r P p0, r˚s hence

lim inf
rÓ0

Kf
p prq “ κfp .

Assume that there is no r P p0, 21{ps so that Kf
p prq “ κfp . Then, there exists prjqjPN Ď p0, 21{ps

converging to 0 such that

lim
jÑ8

Kf
p prjq “ inf

!

Kf
p prq

ˇ

ˇ

ˇ
r P p0, 2

1
p s

)

“ κ
f, 1

2
p ď lim inf

rÓ0
Kf

p prq ď lim
jÑ8

Kf
p prjq,

where the second equality follows from (18). This with Theorem 13 proves the first assertion.
For q, qq P △, we calculate

Jpq, qqq ě ωp}q ´ qq}pq “
Kf

p p}q ´ qq}pq

8
}q ´ qq}2p ě

κfp
8

}q ´ qq}2p.

This is the second assertion.
For r P p0, 21{ps, we can pick q, qq P △N such that ωprq “ Jpq, qqq and }q ´ qq}p “ r from

Theorem 9. For τ P p0, 1{2q, we have

ωpp1 ´ 2τqrq ď ωprq ´
κfp
2
τp1 ´ τqr2

from Theorem 21, which yields

D´ωprq “ lim sup
τÓ0

ωprq ´ ωpp1 ´ 2τqrq

r ´ p1 ´ 2τqr
ě lim sup

τÓ0

κfp
2
τp1 ´ τqr2

2τr
“
κfp
4
r.

This completes the proof of the lemma.

Appendix F. Derivation of modulus for general N

In §6, we mainly consider examples of ω only for pN, pq “ p2, 1q. Since we have extended the
moduli on general p△N , } ¨ }pq in Theorem 7, it is nice to have an example beyond the binary
case. To this end, we calculate ω for the negative Shannon entropy fpqq “ xq, lnqy with
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general N ě 2 and p “ 2. In what follows, we focus on fpqq “ xq, lnqy, and the modulus ω
and midpoint Jensen gap J is defined based on this particular f throughout this section.

Let

UN´1 :“

$

&

%

u P p0, 1qN´1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

nPrN´1s

un ă 1

,

.

-

and define ψ : UN´1 ˆ UN´1 Ñ R and ϕ : UN´1 Ñ R by

ψpu,wq :“
1

2

#

ÿ

nPrN´1s

pun ´ wnq2 `

„

ÿ

nPrN´1s

pun ´ wnq

ȷ2
+

for u,w P UN´1,

ϕpuq :“
ÿ

nPrN´1s

un lnun `

˜

1 ´
ÿ

nPrN´1s

un

¸

ln

˜

1 ´
ÿ

nPrN´1s

un

¸

for u P UN´1,

respectively. Here, ϕ is the negative Shannon entropy of ru 1 ´ xu,1ys P △N . Indeed, we
have

»

—

—

—

–

u1
...

uN´1

1 ´ xu,1y

fi

ffi

ffi

ffi

fl

P △N
` and ψpu,wq “

1

2

›

›

›

›

›

›

›

›

›

»

—

—

—

–

u1
...

uN´1

1 ´ xu,1y

fi

ffi

ffi

ffi

fl

´

»

—

—

—

–

w1
...

wN´1

1 ´ xw,1y

fi

ffi

ffi

ffi

fl

›

›

›

›

›

›

›

›

›

2

2

,

which yields ψpu,wq P r0, 1s. First, we present a couple of necessary lemmas.

Lemma 27 For r P p0, 21{2q, there exist q, qq P △N such that

}q ´ qq}2 “ r, supppqq X supppqqq ‰ H, Jpq, qqq ă ln 2.

Proof Fix r P p0, 21{2q and set a :“ 2´1{2r P p0, 1q. Define q, qq P △N by

qn :“ δ1n, qqn :“ p1 ´ aqδ1n ` aδ2n for n P rN s.

Then, we have }q ´ qq}2 “ r, supppqq X supppqqq ‰ H, and

Jpq, qqq “
1 ´ a

2
lnp1 ´ aq ´

´

1 ´
a

2

¯

ln
´

1 ´
a

2

¯

`
a

2
ln 2 “: Jpaq.

Since we have
Jp1q “ ln 2, J

1
paq “

1

2
ln

2 ´ a

1 ´ a
ą 0 for a ă 1,

we conclude Jpq, qqq ă ln 2 as desired.

Lemma 28 For q, qq P △N , if

supppqq X supppqqq ‰ H, supppqq ‰ supppqqq,

then there exist q1, qq1 P △N such that

}q ´ q}2 “ }q1 ´ qq1}2, supppq1q “ supppqq1q, Jpq1, qq1q ă Jpq, qqq.
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Proof Take i P supppqq X supppqqq and write

S1 :“ rsupppqq X supppqqqsz tiu , S2 :“ supppqqz supppqqq, S3 :“ supppqqqz supppqq,

and m :“ |S2 Y S3|. For sufficiently small ε ą 0, define qε, qqε P △N by

qεn :“

$

’

’

’

’

&

’

’

’

’

%

qi ´mε for n “ i,
qn for n P S1,
qn ` ε for n P S2 Y S3,
0 otherwise,

qqεn :“

$

’

’

’

’

&

’

’

’

’

%

qqi ´mε for n “ i,
qqn for n P S1,
qqn ` ε for n P S2 Y S3,
0 otherwise.

We find that }qε ´ qqε}2 “ }q ´ qq}2, supppqεq “ supppqqεq, and

lim
εÓ0

Jpqε, qqεq “ Jpq, qqq,

thanks to the continuity of J . Since we have

B

Bε
Jpqε, qqεq “ ´

m

2
ln

pqi ´mεqpqqi ´mεq
´

qi`qqi
2 ´mε

¯2 `
1

2

ÿ

nPS2

ln
pqn ` εqε
`

qn
2 ` ε

˘2 `
1

2

ÿ

nPS3

ln
pqqn ` εqε
´

qqn
2 ` ε

¯2 ,

which diverges to ´8 as ε Ó 0, we have Jpqε, qqεq ă Jpq, qqq for sufficiently small ε ą 0. This
completes the proof of the lemma.

Corollary 29 For q, qq P △N with }q ´ qq}2 ă 21{2, if ωp}q ´ qq}2q “ Jpq, qqq holds
then supppqq “ supppqqq.

Proof Let q, qq P △N satisfy }q´qq}2 ă 21{2. By Theorem 27, we have ωp}q´qq}2q ă ln 2. It
is easy to see if supppq1q X supppqq1q “ H, then Jpq1, qq1q “ ln 2 holds. This with Theorem 28
leads to ωp}q ´ qq}2q “ Jpq, qqq implies supppqq “ supppqqq. Thus, the proof of the corollary
is complete.

Subsequently, we show Theorems 30 and 31, which are needed to invoke the method of
Lagrangian multipliers later.

Lemma 30 For u,w P UN´1, the rank of the Jacobian of ψ at pu,wq is zero if and only if
u “ w.

Proof Since we have
Bψ

Bui
pu,wq “ ui ´ wi `

ÿ

nPrN´1s

pun ´ wnq “ ´
Bψ

Bwi
for i P rN ´ 1s,

the rank of the Jacobian of ψ at pu,wq is zero if and only if

ui ´ wi `
ÿ

nPrN´1s

pun ´ wnq “ 0 for i P rN ´ 1s.

Summing the above equation up gives

N
ÿ

nPrN´1s

pun ´ wnq “ 0,

and hence ui ´ wi “ 0 for all i P rN ´ 1s, which shows u “ w. The converse implication is
trivial.
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Lemma 31 For r P p0, 21{2q with r2 ă N{pN ´ 1q, let u,w P UN´1 satisfy ψpu,wq “ r2{2
and set

uN :“ 1 ´
ÿ

nPrN´1s

un, wN :“ 1 ´
ÿ

nPrN´1s

wn.

If there exists λ P R such that

1

2

Bϕ

Bun
puq ´

Bϕ

Bun

ˆ

u ` w

2

˙

` λ
Bψ

Bun
pu,wq “ 0 and

1

2

Bϕ

Bwn
puq ´

Bϕ

Bwn

ˆ

u ` w

2

˙

` λ
Bψ

Bwn
pu,wq “ 0

(25)

for n P rN ´ 1s, then there exists I Ď rN s with I :“ |I| such that 0 ă IpN ´ Iq ă r´2N and

un “
1 ` r

a

aN pIq

2I
, wn “

1 ´ r
a

aN pIq

2I
for n P I,

un “
1 ´ r

a

aN pIq

2pN ´ Iq
, wn “

1 ` r
a

aN pIq

2pN ´ Iq
for n P rN szI, where aN pIq :“

IpN ´ Iq

N
.

Proof For simplicity, set

v :“
u ` w

2
, and vN :“ 1 ´

ÿ

nPrN´1s

vn.

Assuming Eq. (25), we calculate

0 “
1

2

Bϕ

Bun
puq ´

Bϕ

Bun
pvq ` λ

Bψ

Bun
pu,wq “

1

2

ˆ

ln
un
uN

´ ln
vn
vN

˙

` λrun ´ wn ´ puN ´ wN qs,

0 “
1

2

Bϕ

Bwn
pwq ´

Bϕ

Bwn
pvq ` λ

Bψ

Bwn
pu,wq “

1

2

ˆ

ln
wn

wN
´ ln

vn
vN

˙

´ λrun ´ wn ´ puN ´ wN qs,

for n P rN ´ 1s, which yields

ln
un
uN

´ ln
vn
vN

“ ´2λrun ´ wn ´ puN ´ wN qs “ ´ ln
wn

wN
` ln

vn
vN

(26)

Thus, we have

pun ` wnq2

4unwn
“

v2n
unwn

“
v2N

uNwN
“: Λ ą 1 for n P rN ´ 1s,

where Λ ą 1 holds; otherwise un “ wn holds for all n P rN s, which contradicts ψpu,wq “ r2{2.
By rearranging in wn, we have

w2
n ´ 2unp2Λ ´ 1qwn ` u2n “ 0 for n P rN s.

Setting
µ :“ p2Λ ´ 1q ´ 2

a

Λ2 ´ Λ P p0, 1q,
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we have either wn “ µun or wn “ µ´1un for n P rN s, by solving the quadratic equation with
respect to wn. Set

I :“ ti P rN s | wi “ µuiu, I :“ |I|, J :“ tj P rN s | wj “ µ´1uju, J :“ |J |.

Then I ` J “ N holds.
Assume N P I. If J “ H, then

wN “ 1 ´
ÿ

iPrN´1s

wi “ 1 ´ µ
ÿ

iPrN´1s

ui

‰ µ´ µ
ÿ

iPrN´1s

ui “ µ

¨

˝1 ´
ÿ

iPrN´1s

ui

˛

‚“ µuN “ wN ,

which is a contradiction. Thus J ‰ H holds. On one hand, for j P J , we observe from
Eq. (26) that

ln
1 ` µ

1 ` µ´1
“ ln

uj
uN

´ ln
vj
vN

“ ´2λruj ´ wj ´ puN ´ wN qs “ 2λp1 ´ µqpµ´1uj ` uN q.

Since the left-hand side is independent of j and not zero, then so is the right-hand side hence
uj is determined independent of j and λ ‰ 0. On the other hand, for i P I, it turns out that

ln
ui
uN

´ ln
vi
vN

“ 0

and consequently ui “ uN holds by Eq. (26) together with the property λ ‰ 0. This yields
ui “ uN for i P I. Thus there exist s, t P p0, 1q such that

ui “ s, wi “ µs for i P I, uj “ t, wj “ µ´1t for j P J . (27)

We see that
1 “

ÿ

nPrNs

uN “ Is` Jt, 1 “
ÿ

nPrNs

wN “ µIs` µ´1Jt,

that is, Jt “ 1 ´ Is “ µp1 ´ µIsq. This can be simplified as follows:

µ “
1

Is
´ 1 “

Jt

Is
.

We also find that

r2 “ 2ψpu,wq “ p1 ´ µq2
`

Is2 ` µ´2Jt2
˘

“ p1 ´ µq2
ˆ

Is2 `
I2

J
s2
˙

“
I

J
Np1 ´ µq2s2,

which in turn shows

r

c

J

NI
“ p1 ´ µqs “ 2s´

1

I
.

We conclude

s “
1

2I

˜

1 ` r

c

IJ

N

¸

, t “
1

2J

˜

1 ´ r

c

IJ

N

¸
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as desired.
The case N P J is proved by switching the role of u and w in the argument for the case

N P I, and the proof is achieved.
By combining these lemmas, we have the following claim, which is the minimizers pq, qqq

for the negative Shannon entropy we show in §6.

Proposition 32 For r P p0, 21{2q with r2 ă N{pN ´ 1q, q, qq P △N satisfy }q ´ qq}2 “ r
and ωprq “ Jpq, qqq if and only if there exist distinct i, j P rN s such that

qn :“
1 ` 2´1{2r

2
δni `

1 ´ 2´1{2r

2
δnj , qqn :“

1 ´ 2´1{2r

2
δni `

1 ` 2´1{2r

2
δnj .

In this case,

ωprq “ Jpq, qqq “
1

2

„ˆ

1 `
r

?
2

˙

ln

ˆ

1 `
r

?
2

˙

`

ˆ

1 ´
r

?
2

˙

ln

ˆ

1 ´
r

?
2

˙ȷ

.

Proof There exist q1, qq1 P △N such that

}q1 ´ qq1}2 “ r, ωprq “ Jpq, qqq, and supppq1q “ supppqq1q

from Theorem 9 and Theorem 29. By relabeling the indices n P rN s and switching q1 and qq1

if necessary, we may assume that and there exists N 1 P rN s such that N 1 ě 2 with

supppq1q “ supppqq1q “ rN 1s,

and I P rN 1 ´ 1s with I ď N 1{2 such that 0 ă IpN 1 ´ Iq ă r´2N 1 with

q1
n “

1 ` r
a

aN 1pIq

2I
, qq1

n “
1 ´ r

a

aN 1pIq

2I
for n P rIs,

q1
n “

1 ´ r
a

aN 1pIq

2pN 1 ´ Iq
, qq1

n “
1 ` r

a

aN 1pIq

2pN 1 ´ Iq
for n P rN 1szrIs,

(28)

by Theorem 31, where

aN 1pxq :“
xpN 1 ´ xq

N 1
.

We need to identify I and N 1 hereafter. Note that for any N 1 P rN s, we have

1 ¨

ˆ

1 ´
1

N 1

˙

ď 1 ¨

ˆ

1 ´
1

N

˙

ď r´2

hence
I 1 :“ max

␣

i P rN 1 ´ 1s
ˇ

ˇ ipN 1 ´ iq ă r´2N 1, i ď N 1{2
(

is well-defined.
Setting

JN 1pxq :“
”

1 ` r
a

aN 1pxq

ı

ln
”

1 ` r
a

aN 1pxq

ı

`

”

1 ´ r
a

aN 1pxq

ı

ln
”

1 ´ r
a

aN 1pxq

ı
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for 1 ď x ď N 1 ´ 1, we see that

Jpq1, qq1q “
1

2
JN 1pIq.

From this with the relation

d

dx
JN 1pxq “

r

2
a

aN 1pxq

ˆ

1 ´
2x

N 1

˙

ln
1 ` r

a

aN 1pxq

1 ´ r
a

aN 1pxq
ě 0 for x P rI 1s,

we observe
min
IPrI 1s

JN 1pIq “ JN 1p1q “ JpN 1q

where

Jpyq :“
´

1 ` r
a

1 ´ y´1
¯

ln
´

1 ` r
a

1 ´ y´1
¯

`

´

1 ´ r
a

1 ´ y´1
¯

ln
´

1 ´ r
a

1 ´ y´1
¯

for y ě 2. We calculate

d

dy
Jpyq “

ry´2

2
a

1 ´ y´1
ln

1 ` r
a

1 ´ y´1

1 ´ r
a

1 ´ y´1
ą 0 for y ě 2,

which leads to
min

N 1PrNs,N 1ě2
JpN 1q “ Jp2q.

Thus, in Eq. (28), the correct choice is pN 1, Iq “ p2, 1q and this completes the proof of the
proposition.
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