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Abstract

We study the best-arm identification problem with fixed confidence when contextual (co-
variate) information is available in stochastic bandits. In each round, we observe contextual
information before selecting an arm. The distribution of the reward associated with the
selected arm depends on the observed contextual information. We are interested in finding
the arm with the maximum mean reward marginalized over the contextual distribution
and not the mean reward conditioned on contexts. Our goal is to identify the best arm
with a minimal number of samples under a given error probability. First, we derive the
instance-specific sample-complexity lower bounds under the contextual information. Then,
we propose a context-aware version of the Track-and-Stop strategy, wherein the proportions
of arm draws track the set of optimal allocations, and prove that the expected number of
arm draws asymptotically matches the lower bound. We demonstrate that the contex-
tual information can be used to improve the efficiency of the identification of the best
marginalized mean reward when compared with the results of Garivier and Kaufmann
(2016). Furthermore, we experimentally confirm that contextual information contributes
to faster best-arm identification.

Keywords: multi-armed bandit problem, best arm identification, contextual information,
information theoretic analysis, adaptive sequential testing

1. Introduction

This paper studies best-arm identification (BAI) with contextual information in stochastic
multi-armed bandit (MAB) problems. We define the best arm as the arm with the maximum
marginalized mean reward, where the expectation is taken over the context distribution and
is not conditional on a specific context. We call this setting contextual BAI. The goal is
to identify the best arm with a fixed confidence level and a smaller sample complexity (the
expected stopping time) defined by the probably approximately correct (PAC) framework.
The instance-specific sample complexity of BAI without contextual information is now well
understood. There exists an instance-specific lower bound (Kaufmann et al., 2016; Gariv-
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ier and Kaufmann, 2016) and optimal algorithms whose performance guarantee matches
the lower bound (Kaufmann et al., 2016; Garivier and Kaufmann, 2016; Degenne et al.,
2019); however, the corresponding characterization for contextual BAI has not been fully
elucidated.

Formally, we consider the following setting. At each time ¢t = 1,2,..., an agent observes
a context (covariate) X; € X and chooses an arm A; € [K] = {1,..., K}, where X denotes
the context space. Then, the agent immediately receives a reward (or outcome) R; linked
to the arm A;. This setting is called the bandit feedback or Rubin causal model (Neyman,
1923; Rubin, 1974); that is, a reward in round ¢ is Ry = 25:1 1[A; = a|R; 4, where Ry, is a
potential independent (random) reward. We assume that X; is independent and identically
distributed (i.i.d.) over [T'] and denote the distribution of X; by . Given the context z € X,
we denote the reward distributions of the potential outcomes as p = (p1,z,P2,2,- -+ PKx)
and their means as p = (f1,2, 2,2, .-, bKz). Let V = (p,() (this can be written as
v = ((fta,z), ((z)) when the rewards follow a distribution that belongs to a single parameter
exponential family, and the contexts are finite) be a bandit problem. Let Py (resp. P, ) and
Ey (resp. (E,)) be the probability and expectations under model V (resp. v), respectively.
Then, ptq = Ex~c¢ltta,x] = Ex~c[Ev[Ria|X]] = Ey[Ry ] is the average reward marginalized
over X. We assume that V belongs to a class Q = {(p, () : Ja* € [K] s.t. Va # a*, g+ > pia};
that is, the best arm a*(V) = arg max, /i, is uniquely defined. Let p,, and g,, be two
absolutely continuous probability distributions (w.r.t. the Lebesgue measure) of Ry ,, given
X: = x. We define the Kullback—Leibler (KL) divergence from p, , to qq 5 as

fR log (%(T)> dpa,x("") if Ga,z K Pa,xs

KL(pa,x7 QQ,x) = .
+00 otherwise.

We assume that for all (p, (), (q,¢) € Q, if pyz # Gaz, then 0 < KL(pg 2, ¢a,2) < +00. For
distributions that belong to the single parameter exponential family, we introduce the KL
divergence from the distribution with mean p to the distribution with mean v as kl(u,v).
Furthermore, for the Bernoulli distributions, we denote the KL divergence by d(u,v) =
plog(p/v) + (1 — u)log((1 — u)/(1 — v)) with the convention that d(0,0) = d(1,1) = 0.

Let f"t = O‘(Xl, Al, Rl, NN ,Xt, At, Rt’XtJrl) and gt = O‘(Xl, Al, Rl, NN ,Xt, At, Rt) be
the sigma-algebras generated by the observations up to immediately before the selection
of the arm at time ¢ + 1 and all observations up to time ¢, respectively. The strategy or
algorithm of the best arm identification consists of the following three elements: a sampling,
stopping, and decision rules. A sampling rule selects from which arm we collect the sample
each time based on past observation (A; is F;—1-measurable). The stopping rule determines
when to stop sampling based on the past observation. We denote 7 as this time; 7 is the
stopping time with respect to the filtration (G¢)¢>1. The decision rule estimates the best arm
ar based on observation up to time 7 (G, is G,-measurable). We measure the performance of
the decision rule using the sample complexity, the expected stopping time, defined as Ey[7].

We focus on the fixed confidence setting; that is, with a given admissible failure proba-
bility 6 € (0,1), the algorithm is guaranteed to have P(a, # argmax, o) < d. We define
0-PAC to formalize this property:

Definition 1 An algorithm is §-PAC if for all V € Q, Py(ar # a*(V)) < 0 and Py(r <
o0) = 1.
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Later, we propose algorithms that are §-PAC.

We reemphasize that although we can use contextual information, our primary interest
is not in the mean reward conditioned on each context. Similar problems are frequently
considered in the literature on causal inference that mainly discusses the efficient estimation
of causal parameters. The assigned treatment (chosen arm) and observed outcomes for each
treatment (reward) and covariate (context) are given therein. Here, we are not interested in
the distribution of the covariate; rather we are interested in the estimation of the expected
value of the outcome of the treatment marginalized over the covariate distribution; that is,
the average treatment effect (ATE) (Imbens and Rubin, 2015). For this setting, van der
Laan (2008) and Hahn et al. (2011) proposed experimental design methods to estimate the
ATE more efficiently by assigning treatments based on the covariate. According to their
results, even if the covariates are marginalized, the variance of the estimator can be reduced
with the help of the covariate information. Karlan and Wood (2014) applied the method of
Hahn et al. (2011) to test how donors respond to new information about the effectiveness
of charity. These studies were extended by Tabord-Meehan (2018) and Kato et al. (2020).

For each = € X, we define allocations over arms given context z as X5 = {(wa,z)qe[x] €
Rf S Wiy + -+ wi,y = 1} and define the set of allocations over all contexts as W =
{(Wae)ac[i]mex VT € X (Waw)ae(r] € S5 }. We denote by N,(t) and N, (t) the number
of times we observe context z, and we choose arm a given context x; that is, N,(f) =
S 1{X, =} and N, (t) = ', 1{X, = z, A, = a}, respectively.

s=1 s=1

Main results. We briefly summarize our contributions.

First, we establish the instance-specific lower bound on contextual BAI for both continu-
ous and finite context cases. The derived lower bound formula has smaller sample complexity
than that of lower bound formula in Garivier and Kaufmann (2016), suggesting that a faster
BAI may be possible.

Then, we propose optimal algorithms for two cases: (i) two-armed Gaussian bandits
where the arms and context jointly follow the multivariate Gaussian distribution; and (ii)
MAB with reward distributions belonging to the single parameter exponential family and
finite contexts. We prove that the sample complexity upper bounds of the proposed algo-
rithms asymptotically match the lower bounds.

Organization. This paper is organized as follows. In Section 2, we derive the general
instance-specific lower bounds for contextual BAI for a case with continuous contexts. Then,
in Section 3, we discuss an optimal algorithm for two-armed Gaussian bandits with contin-
uous contexts. Section 4 focuses on the lower bound when the number of contexts is finite,
and the reward distributions are from the single parameter exponential family. In Section 5,
for the finite context case, we obtain the optimal allocations for each pair of contexts and
actions by simplifying the lower bound formula. In Section 6, in the same setting of Sec-
tion 4, we show an optimal algorithm. We describe details of the sampling, stopping, and
decision rules that are the core of the proposed algorithm and demonstrate that the algo-
rithm is J-PAC. We further confirm that the sample complexity of the proposed algorithm
is asymptotically optimal. Section 7 presents the results of our numerical experiments.

Related work. The stochastic MAB problem is a classical abstraction of the sequential
decision-making problem (Thompson, 1933; Robbins, 1952; Lai and Robbins, 1985). BAI
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is a paradigm of the MAB problem, where we consider pure exploration to find the best
arm. Several strategies and efficiency metrics have been proposed for BAI (Bechhofer et al.,
1968; Paulson, 1964; Mannor and Tsitsiklis, 2004; Even-Dar et al., 2006; Bubeck et al.,
2011; Gabillon et al., 2012; Karnin et al., 2013; Garivier and Kaufmann, 2016; Jamieson
et al., 2014). BAI with linear bandits (Soare et al., 2014; Xu et al., 2018; Tao et al., 2018;
Fiez et al., 2019; Jedra and Proutiere, 2020), BAI with multiple queries, and the partition
identification problem studied by Juneja and Krishnasamy (2019) are different directions for
generalizing BAL.

Our setting is a generalization of BAI without contextual information. We can use the
side information (explicitly or implicitly) at each round. There have been limited studies
that address pure exploration in contextual bandits. Tekin and van der Schaar (2015),
Guan and Jiang (2018), and Deshmukh et al. (2018) also consider BAI with contextual
information; however, they do not discuss the instance-specific optimality. After this study,
Qin and Russo (2022) also considers a related topic.

From the causal inference perspective, contextual BAT is closely related to a (semipara-
metric) experimental design for efficient ATE estimation (van der Laan, 2008; Hahn et al.,
2011; Karlan and Wood, 2014; Athey and Imbens, 2016; Tabord-Meehan, 2018; Kato et al.,
2024a). The goal of efficient ATE estimation by adaptive experimentation is often in choos-
ing the best treatment (arm) via hypothesis testing. Therefore, it can be considered as
a case where the proposed method should be applied, especially when there are multiple
treatments (arms).

Russac et al. (2021) also addresses a similar problem independently of us. Their problem
setting is the same as ours in that they can observe discrete contexts. However, they consider
a problem that is slightly different from BAI, namely A /B/n testing, where the comparison is
made with a designated control arm. In that problem setting, optimal allocation is uniquely
obtained, and they do not have to consider multiple candidates of optimal allocations as we
do. Besides, we also derive the result for the case of continuous contexts, which they do not
address. On the other hand, they discuss the problem more generally by considering four
situations, (a) active mode, (b) proportional mode, (c) agnostic mode, and (d) oblivious
mode, depending on how the decision is made. The (b) proportional mode discussed by
them is closer to the setting discussed in this paper. In these senses, our results and theirs,
while similar, are independent and parallel, and correspond to complementary studies.

Readers might be interested in identifying an arm with the highest context-conditional
expected reward instead of an arm with the highest context-marginalized expected reward.
However, to identify the context-conditional best arm, we usually need to introduce a re-
gression model to approximate the context-conditional expected reward. In real-world ap-
plications, there are many cases where we want to avoid using such models. First, there is a
risk of model misspecification; that is, an incorrect model cannot approximate the context-
conditional expected reward well. Second, if we consider a large class of models, training
such models requires large samples, which is costly in practice. These issues are the reasons
why we are still interested in estimating the ATE (the difference in the context-marginalized
expected reward) in causal inference, although various methods have been proposed to es-
timate the context-conditional ATE. Note that in BAI, to the best of our knowledge, it is
still under investigation how to identify the context-conditional best arm, unlike the setting
of regret minimization. Recently, Kato et al. (2024b) proposes a method for identifying the
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context-conditional best arm in the setting of fixed-budget BAI, but they only show a mini-
max rate optimality of their proposed algorithm, unlike our exact optimality with matching
upper and lower bounds.

2. General Non-Asymptotic Lower Bounds

In this section, we provide the instance-specific sample complexity lower bounds for general
contextual BAI. The proof is based on standard change-of-measure arguments (Kaufmann
et al., 2016). However, the derivations must consider the possibly continuous context distri-
butions, which are non-trivial.

Based on this lower bound, we find that contextual information either helps or does
not harm BAI. Our result is the same as those of existing studies on fixed-confidence BAI
without contextual information, except that we can obtain help from the existence of the
contextual information. At first glance, it does not necessarily seem advantageous to use
contextual information as the marginalized mean reward is not directly related to the con-
textual information. However, the lower bound with contextual information (see Section 2)
is strictly lower than the sample complexity derived by Kaufmann et al. (2016) and Garivier
and Kaufmann (2016).

Assume X' = R. Then, we present the non-asymptotic sample complexity lower bound.

Theorem 2 Let 6 € (0,1/2). Assume that for all x € R, distributions pi ,...,pKq are
absolutely continuous with respect to the Lebesgue measure. Then, for any §-PAC strategy
and any ¥V = (p,() € Q,

Ey[rs] > T*(V)d(d,1 - 6),

where

K -1
T (V) == (sup inf (V)Z/ wavxKL(payx,qayx)g(x)dx> ,
i)

weW (4.0)€AIL(Y) =

and Alt(V) :={(q,{) € Q:a*((q,()) # a*((p,())} is the set of alternative problems.

We provide the proof of Theorem 2 in Appendix D. Based on this lower bound, we develop
optimal algorithms for (i) two-armed Gaussian bandits where the arms and context jointly
follow the multivariate Gaussian distribution; and (ii) MAB with reward distributions be-
longing to the single parameter exponential family and finite contexts.

Setting practical considerations aside, if we assume that the contextual distribution is
known, we can develop optimal algorithms for more general cases, such as multi-armed
bandits following a distribution belonging to the exponential family. To develop such algo-
rithms, we derive an optimal allocation from the lower bound in Theorem 2 and then apply
the Track-and-Stop algorithm in Garivier and Kaufmann (2016). However, computing an
optimal allocation can be a challenging task since we need to solve the optimization prob-
lem in the lower bound of Theorem 2. For example, if we consider infinite contexts, we may
need to use some model for w, such as linear models and neural networks. The existence
of the integral also complicates the problem. Furthermore, if the contextual distribution is
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unknown and needs to be estimated during a trial, the estimation error generally affects the
performance.

As a similar problem, in fixed-confidence BAI without contexts, Jourdan et al. (2023)
discusses Gaussian bandits with unknown variances and finds that a specific algorithm is
required for that case. In this study, we find that we can obtain practical algorithms for two
cases. This is because, in these cases, we can model the reward and contextual distribution
with a simple distribution that is easy to handle. In two-armed Gaussian bandits with
Gaussian contexts, the whole distribution follows the multivariate Gaussian distribution. In
the MAB with reward distributions belonging to the single-parameter exponential family
and finite contexts, the whole distribution becomes a combination of the exponential family
and multinomial distribution. This property allows us to avoid the technical issues in this
problem. If we consider a more general case with an unknown distribution, we may need
to develop different lower bounds and algorithms to take the estimation error into account,
as in Jourdan et al. (2023). Additionally, if the contexts are infinite, we may need to use
models such as linear models and neural networks to approximate the allocation ratio w.

Efficiency gains from the context use. In Figure 1, we illustrate the efficiency gain
by using contextual information. We consider a two-armed, one-dimensional context X; €
R. Suppose that (Rt71,Rt72,Xt)T follows a multivariate normal distribution with mean
vector (1,0, O)T. We assume that the variances of R; 1, R; 2, and X; are 1. We investigate
the variation in the theoretical sample complexity by varying the correlation coefficients
between X; and R;; and X; and Ry 2, which are denoted as p1x € [—1,1] and pox € [0, 1],
respectively. Note that we omit the other domains due to symmetry with the current domain.
Note that when ignoring (marginalizing) the context, arm 1 follows A/ (1,1) and arm 2 follows
N(0,1), where N (1, 0%) denotes a normal distribution with a mean p and variance o2, Here,
for § = 0.05, we calculate the sample complexity lower bounds of the standard setting of
BAI from the result of Garivier and Kaufmann (2016) and those of the contextual case
from our results. We denote the former as ¢ and the latter as £. Then, we compute the
sample complexity gain (1—£/¢) for different pairs of (p1x, p2x) and illustrate it in Figure 1.
Here, the efficiency gain is about 67.5% at (p1x,p2x) = (—1,0), (p1x,p2x) = (1,0), and
(plx,pgx) = (O, 1), while it is 100% at (plx,pg,ﬁ() = (—1, 1) and (plx,pgx) = (1, 1). That
is, at (p1x,p2x) = (—=1,1) and (p1x, p2x) = (1,1), the lower-bound value becomes zero.
This is because, at these points, the variance of each arm’s reward is zero. The details are
explained in the following section.

3. Two-armed Gaussian Bandits with Continuous Context

In this section, we provide an example for the case of continuous contexts and prove the
upper bound of the sample complexity. We consider the following two-armed bandit prob-
lem. For each ¢, R 1, Ri2, and X; € R are drawn from the following Gaussian distributions
N(p1,0%), N(uz2,03), and N(ux,0%), respectively (u; > p2). Assume that the vector
(R¢1, Re 2, X;) forms a multivariate Gaussian distribution. We denote Cov(Ry 1, Xt) = o1x
and Cov (Rt 2, X¢) = oox. Suppose the algorithm knows that (R, Ry 2, X¢) form a multi-
variate Gaussian distribution, knows the values of 0%, 0%, tx, 0x, o1x, and ooy, and does
not know the values of p; and ps. Let Q be a set of all such problems. Given an observa-
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Figure 1: Sample complexity gains through context. The x axis denotes p1x € [—1,1] and
the y axis denotes payx € [0,1]. The contour lines indicate the sample complexity
gains: (1 —0/£)100%. The efficiency gain is about 67.5% at (p1x, p2x) = (—1,0),
(pl/y,sz) = (1,0), and (plx,pgx) = (0, 1), while it is 100% at (plx,pgx) =
(_L 1) and (ple PQX) = (17 1)'

tion X; = x, we have conditional distributions of R;; and R;2 where for each a € {1, 2},

Rig ~ N (o + 22 (2 — pp), 02 — T3 ) = N(ua+ £axe (¢ — 1), 02(1— piy)). Here,
X X

g

pax is the correlation coefficient between the context and arm a € {1,2}. We denote

o2 o2
o =02~ % and o2 = 03 — 022‘" . From our lower bound in Theorem 2, we can derive the

following low?e{:r bound for this sp?éciﬁc problem. We give the proof in Appendix E.2.
Theorem 3 Let § € (0,1/2). For any §-PAC strategy and V € Q, we have

2(0] + 0h)?

Evlml = )

> d(6,1—9).
Note that when o3, > 0 or 02, > 0, 01 + 02 > 0} + o); that is, the value of the lower

bound derived in Theorem 3 is strlctly smaller than that of the lower bound derived by
Kaufmann et al. (2016), %kl(é 1—190). Let a = o} /(0}] + 0}). We also note that the
simple a-elimination algorithm by Kaufmann et al. (2016) with a achieves the lower bound
as well as a strictly better sample complexity than that given in Kaufmann et al. (2016).

We give the proof in Appendix E.3.

Theorem 4 If a = o} /(0} + d}), then the a-elimination strategy using the exploration rate
B(t,0) =log L 5 + 2loglog(6t) is 6-PAC on Q and for every V € Q and e > 0, satisfies

Eylr] < (1 + E)Wlog <(15> +o <log <(15)> .
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Algorithm 1: a-elimination with contextual information

Input: Confidence level 0, threshold 5(t,9), 04, ox, pax, -
1 Initialization: t = 0. [i1(0) = f12(0) = 0, 03(a) = 1.

2 oiz%a%—%, 0’22<—U%—05—2;‘.
a < oy /(of + )
while |11 (t) — fi2(t)| < \/20%(a)B(t,0) do
t<«—t+1.
Observe X;.
if [at] = [a(t — 1)] then
‘ At — 2
else
10 | A1
11 end
12 Observe R;.

13 fir(t) = m >emi (Rs,l - %(Xs - MX)> 1[A,

14| fialt) = sy Yl (R — B2 (X, — ) 1A, =2)
15 Compute &f(a) =o/[at] + o/ (t — [at]).

16 end

17 return argmax,_; o fia(t)

© o N o s W®

1.

Hence, a-elimination is optimal for this problem. The details of a-elimination with con-
textual information is shown in Appendix E.1. The pseudo-code is shown in Algorithm 1.
Thus, apparently irrelevant contextual information improves optimal sample complexity.

Gaussian bandits with unknown variances. When variances are unknown, our results
cannot be directly applied. After the initial public draft of this study, Jourdan et al. (2023)
considered Gaussian distributions with unknown variances, while Garivier and Kaufmann
(2016) focused on Gaussian distributions with known variances. In Jourdan et al. (2023),
they assume a class of distributions with unknown variances and develop corresponding
lower and upper bounds. Unlike our setting and that of Garivier and Kaufmann (2016), the
variances are not fixed for the distributions in their class and vary across different instances.
They then propose a strategy and demonstrate its asymptotic optimality. Their findings
suggest that specific algorithms and theoretical analyses are needed to handle unknown
variances. While combining our approach with the results of Jourdan et al. (2023) is a
promising direction for future work, it is beyond the scope of this study and remains an
avenue for future investigation.

4. Lower Bound with Finite Contexts

Although we derived the optimal algorithm for BAI with continuous contexts in the previous
sections, it requires some assumptions that may not be practical, e.g., multivariate normal
distribution and known variance. We also consider a more practical algorithm by considering
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BAI with finite contexts. In this section, we consider a lower bound when the number of
contexts is finite. For v = ((ttaz)a,z, (¢z)), we suppose that X is finite (¢ follows the
multinomial distribution), and for each arm a and context x, arm distribution belongs to
the canonical one-parameter exponential family (Cappé et al., 2013; Kaufmann et al., 2016;
Garivier and Kaufmann, 2016; Juneja and Krishnasamy, 2019):

P = {(p,r)ﬁen : % = exp(mu — b(ﬂ’))} , (1)

where A is some reference measure on R, b : II — R is a convex, twice differentiable function,
and IT C R is a parameter space. Note that a distribution p, € P can be parameterized by
its mean b(7r) As discussed in Cappé et al. (2013); Garivier and Kaufmann (2016), the KL
divergence from p, to p,s is given by

KL (pr, prv) = Kl(b(m), b(x")) = b(x') — b(m) — b()(n’ — ).

For each arm @ and context x pair, we represent the unique distribution in P by (q..). We
further write the multinomial contextual distribution by ((,).

We denote by O a set of BAI problems with finite contexts and the single parameter
(canonical) exponential family. The lower bound is given in the following theorem.

Theorem 5 Let § € (0,1/2). For any §-PAC strategy and any V = ((faz), ((z)) € O, it
holds that

E,[r5] > T*(v)d(5,1 — 9),

where

* -1 ._
T = o e mfeAlt(u)Z Zw”kl fowe: Az )

As an intuition behind T*(v), the probability of misidentification is roughly exp(—7 (T*(v))™!);
that is, larger (T*(I/))71 means a strategy with smaller sample complexity.

We note specific properties of this lower bound. From the results in Garivier and Kauf-
mann (2016), we know that when the optimal arm is unique, the expected value of the
sampling budget of the optimal BAI algorithm does not diverge; rather it is less than or
equal to the order of log(1/§). Therefore, from the assumption of the proposed model,
T*(v) is finite under certain regularity conditions; for example, the context marginalized
distribution of the reward R; is sub-Gaussian.

To derive the lower bound, we show the following lemma, which is an extension of
Lemma 1 of Kaufmann et al. (2016).

Lemma 6 Let Ny ,(7) =Y [ H{X; =x,A =a}. Let v = ((ftaz), ),V = ((Maz),¢) € O.
For any almost surely finite stopping time T with respect to (Gi)i>1, it holds that

Y Y R K ftazs Aaz) > sup d(P,(E), P (E)).

z€X ac|K] £egr

The proof is provided in Appendix B. Here, we offer the proof sketch of Theorem 5 as follows.
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Proof sketch. From Lemma 6 with & = {a, = a*(v)}, for each v € © and ' € Alt(v),
we have

Z Z E kl(ﬂa xv/\a 9&) > d(P (8),IP’V,(8)) > d(57 I 5)7
z€X a€[K]

where, for the last inequality, we use the definition of the §-PAC algorithm and monotonicity
of the KL divergence. Then, for each v € ©, for some (waz).e[k)zex € VW, We can obtain

d(0,1 —0) < Ey[75] supyew inf((Aa,m),C)eAlt(z/) erx Ca Zae[K} Wa, okl (Haz, Aaz)-

In Section 5.3, we explain that the lower bound with contextual information is smaller
than or equal to the lower bound without contextual information shown by Garivier and
Kaufmann (2016).

5. Optimal Allocation in Contextual BAI with Finite Contexts

In this section, we first provide a simplification of the lower bound derived in Section 2.
Then, we examine the characteristics of the optimal allocations used in the proof. It be-
comes apparent that the set of optimal allocations is, in general, not unique. Therefore, we
define the notion of convergence to the set and prove that the estimated optimal allocations
converge to the set of optimal allocations (even though they might not converge to a point).

5.1 Simplification of the Lower Bound

Without loss of generality, let a*(v) = 1. First, we show a simpler equivalence form for the
optimization problem 7*(v)™" in the following theorem.

Lemma 7 For each w € W, we have

(\ lnfEAlt V) Z C:): Zwa xkl ,ua D) a:p)

= min inf ol WKl (120 Moz) + Wookl(taz, Aoz 92
a7é1 Z:EEX Ca:)\a x>zz€)€' C5L>\lz ;X,C ( 1’ (/’(’1, 1, ) 5 (/"L ) ) )) ( )

We provide the proof in Appendix F.1.
Moreover, we can further simplify the constraint in the minimization problem. We define

fa(()\a,m)) = Z Cx{wl,xkl(ﬂl,m )\1@) + wa,xkl(/«ba,xa Aa,x)}-

reX

Then, we show the following lemma.

Lemma 8 For each w € W, suppose that (X ;) satisfies
min inf fa(()‘a,z)) = m;gl fa(()\Zx))

a7él ZzGX Cz)\a I>Zz€X Cz)\l x

For all a* € argmin, (g infy _cox, >3 4 o, Ja((Aaz)), we have

Z Cﬂﬁ)‘z,x = Z CZE Tm

zeX zeEX

10
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Consequently, we can equivalently write the optimization problem as

T*(V)_l = gleav}\{/ I{ggl Ll,a((#l,z, Ha,zx, Cxa W1z, wa,x)zez\,’)v (3)

where for a,b € [K],

La,b((ﬂa,xa Mb, x5 Cas Wq,x, wb,:z:)xeX)

= min Z Ce {wa,xkl(ﬂa,xa )\a,x) + wb,xkl(,ub,ma Ab,z)}

zzex Cw/\b,z:zmex Cx>\a,9c rEX

We provide the proof in Appendix F.2.

5.2 Characteristics of the Lower Bound

Let 2"V be a power set of W. We define a point-to-set map ® : © — 2"V; that is, the set of
all optimal allocations for the bandit problem v as

d(v) = {w eW | m(w,v) = igg})/(vm(w’,u)},

where

,v) = mj i K11 05 M) + Waakl(fass Aas) o
m(w V) ?;?erxCz)‘a,rzn:l%mexgz)\l,zxezxcm{wlw (MLI ljx) wa,m (ua7$ a@)}

The interpretation of m(w,v) is that, unlike the corresponding part in Garivier and Kauf-
mann (2016), we can further minimize the lower bound by choosing an optimal allocation
from a wider domain than the case without contextual information as long as the constraints
are satisfied. For example, let us consider a case where two arms a and b, and two contexts
1 and 2 are given. Here, under certain circumstances, one needs to think about saving the
allocations to arm ¢ in context 1, allocating more to arm a in context 2, and get more
budget to arm b in context 1. Thus, solving m(w, v) is inherently different from optimizing
the allocations separately for each context; that is, a case where we apply a BAI algorithm
without contextual information for each discrete context such as Garivier and Kaufmann
(2016).

From this simplified formula of the lower bound, we obtain the following lemmas. We
provide the proofs in Appendix F.3-F 4.

Lemma 9 Fiz w € W. We regard v as a point in RI¥IETD 1y = ((u,,),¢) € RIFIEFD,
Then, m(w,v) is continuous at every v € O.

Note that the reason why v is in RI€IE+1) ig that we include ¢ € RI¥! in v with (Ha,z) €
RIXIK,

Lemma 10 Fiz v € O. Then, m(w,v) is continuous at every w € W.

The set of the optimal allocations is not, in general, unique. Therefore, we introduce the
notion of convergence, where the metric is defined as the minimum distance from the point
to the set.

11
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Definition 11 Let (wy)i>1 :7((10((1]2))1@21 be a sequence of points in W. Let W C W.

We say (wg)g>1 converges to W if for any € > 0, there exists n(e) € N such that for all
k > n(e), it holds that

inf  max |wl) — we .| < e.
(wa,z)ew a,z ’
Using this definition of convergence, we obtain the following lemmas. We provide the proofs
in Appendix F.5-F.6.

Lemma 12 Let (vF = ((uﬁff% ,Cék)))kzl be a sequence converging to v. Construct a sequence
(wy)k>1 such that wy, € ®(VF). Then wy, converges to ®(v).

Lemma 13 The set of all optimal allocations for the bandit problem v, ®(v), is convex.

5.3 Efficiency Gain

Here, we show that the lower bound with contextual information is smaller than or equal to
the lower bound without contextual information shown by Garivier and Kaufmann (2016).
For simplicity of discussion, we consider a two-armed bandit case. Let us denote the lower
bound without contextual information by I'*(v)kl(P,(€),P,/(€)), where I'*(v) is defined
as the same quantity as 7*(u) in Garivier and Kaufmann (2016). Let us also denote the
optimal allocation in Garivier and Kaufmann (2016) by ~; and -3 and one of the optimal
allocations in ours by (wj ;) and (w3 ). Then, I*(v)~! < T*(v)~! holds as follows:

™*(v)™1
= nin {Vikkl(m, A1) + 2kl (e, )\2)}
1=A2
= )\mlg\l {’Yikkl (Z C:):,ul,x’ )\1> + ’ngl (Z Cxﬂ?,xa >\2> }
1 zeX zEX
= min ’Yfkl Cx/«bl,za CIL‘)\LLE + ’751{1 Cx#Q,xa C:t)\Q,:c
(a)
< min Ce 'Y*kl M1,z )‘1@ + 7*k1 M2z, )\2,93
ZIGX Ccc)\l,z:zmex Cz)\Q,z I‘EZ)( { ! ( ) 2 ( )
< min CoS W KL (11 2, M) + w3 KL (12,2, Ao g
ZIGX Cz)\l,zzzzex C(EAQ,IE LL’EZ.)( { 17 ( ) 27 ( )
— T*(I/)il,

where for (a), we use the convexity of the KL divergence. Next, we discuss when the
equality holds. For brevity, we consider a case with only two contexts. Let us denote the
optimal \; in the case without contextual information by A} (note that A\; = A2) and the
optimal (A11, A1,2) and (2,1, A2.2) in the case with contextual information by (/\*1"1, )\”1‘72) and
(A3.15 ;2) Then, the equality holds only if the following three conditions simultaneously
hold:

12
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* Al = QA = QAT = QA3 = QA%

ko Ak Ak
® Y1 =71, = M2

We believe that it is difficult to summarize these conditions in a simpler form, but except
for cases where the expected reward does not change among contexts, situations satisfying
these conditions are extremely limited.

6. Contextual Track-and-Stop Algorithm

In this section, we propose an optimal algorithm for contextual BAI, called the Contextual
Track-and-Stop (CTS) algorithm for the case of finite context. The strategy is an extension
of the Track-and-Stop (TS) algorithm by Garivier and Kaufmann (2016) for contextual BAIL
We further prove that the proposed algorithm is §-PAC.

Recall that the optimal algorithm of BAI with fixed confidence Garivier and Kaufmann
(2016) consists of sampling, stopping, and decision rules. We follow the same path for the
contextual BAI. We show the pseudo-code of the proposed CTS algorithm in Algorithm 2.
There, the empirical averages fi, ,(t) and C.(t) are defined as follows: for each a € [K] and
T € X, ,&a,:v(t) - (Zi:l Rs]l{As =a,Xs= 1‘}) /Na,ac(t) and éa:(t) = (22:1 ]l{Xs = :C}) /t'
Our procedure is similar to T'S with D-tracking, proposed by Garivier and Kaufmann (2016).
However, incorporating contextual information is a non-trivial extension of their method.
The algorithm consists of sampling, stopping, and decision rules. The details of the sampling
rule are described in Section 6.1. The stopping rule, in particular, for determining the
threshold 3(t,9), is described in Section 6.2 when the reward distributions are Bernoulli
and in Section 6.3 when the reward distributions belong to the canonical one-parameter
exponential family.

Our proposed algorithm consists of sampling, stopping, and recommendation rules. In
the sampling rule, we use forced exploration, which is an extension of D-tracking of Garivier
and Kaufmann (2016) and is known to be empirically superior to their C-tracking. To
estimate the optimal weights, we solve an empirically approximated optimization problem
(3) by applying optimization solvers directly. Several methods are proposed to solve the
maximin problem more efficiently, such as the application of no-regret learning algorithms
in Degenne et al. (2019). However, we cannot use them directly for solving contextual
BAI in which we have a different form of the maximin problem than that of BAI without
context. Jedra and Proutiere (2020) (BAI with linear models) and Russac et al. (2021)
(A/B/n testing with contextual information) also directly solve the maximin problem. In
the stopping rule, we use the criterion proposed by Kaufmann and Koolen (2021), which
refines the stopping rule of Garivier and Kaufmann (2016). Then, we recommend an arm
with the maximum sample average of the reward.

6.1 Sampling Rule

To design an algorithm with minimal sample complexity, the sampling rule should match
the optimal proportions of the arm draws; that is, an allocation in the set ®(v). Because

13
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Algorithm 2: CTS algorithm
Input: Confidence level § and threshold §(¢, ).

1 Initialization: ¢t = 0, N;(0) =0, N, .(0) = 0.

2 while (Z(t) = MaXge[K) minbe[K]\{a} Za,b(t) < B(t, 5)) do

3 t+—t+1.

4 Observe X;.

5 if wg(tvt:{a:Na7Xt(t)<\/W—K/Z};é(i)then

6 ‘ a < arg minaewg(t,t Ng x, (%)

7 else

8 ‘ a 4 arg max,e (g 22:1 1[Xs = XiJwg x, (t) — Nox,(1).

9 end
10 | Sample arm a and update Ny(t), Noo(t), Co(t), frax(t), Z(2).
11 4 = arg MaX,e(k) Dpex éz(t)ﬂa,x(t)'
12 w(l) ¢ argmaxy,ecyy Migza, La,,a((Rag,2(t), fa,z (), Ca (1), Wap,2 Waw)zex)-

13 end
14 return a, = a;

Hae and (z are unknown, our sampling rule tracks, in round ¢, the optimal allocations in
the plug-in estimate ®(2(t)), where D(t) = ((fia,z(t))ac[k]wex> (Cz(t))zex)-

The design of our tracking rule is equivalent to computing a sequence of allocations
(wq,z(t))e>1. The only requirement we actually impose on this sequence is the following
condition:

. . /
B BB ol [Wes () ~ o =0 s )
This condition is sufficient to guarantee the asymptotic optimality of the algorithm. We
introduce a set ¢f ; = {a : Noo(t) < \/Nz(t) — K/2} consisting of the context-action pairs
that are poorly explored. Then, in round ¢, after observing a context X; € X, our sampling
rule (A;) is sequentially defined as

. . g
4 c {arg millge,9 | N x, if o%, . #0 5)

arg max; <,< S0 LXs = Xi|wa,x, (t) — Nax, ().

We offer the following lemma under this sampling rule. The proof is provided in Ap-
pendix G.1.

Lemma 14 Under any sampling rule (5) that satisfies the condition (4), it holds that

:0>:1,

This lemma shows that the sampling rule can keep the allocation close to the optimal
allocations. Thus, together with any sequence of allocations satisfying (4), the sampling
rule defined by (5) keeps the empirical allocation close to the set of optimal allocations.

Ny (t
IP,,( inf lim max L()
w*Ed(v) t—00 a€[K|,z€X t

- gxw;,x

14
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To compute w, »(t) in (5), we need to solve the minimax problem defined in (3) with the
estimated parameters. If the number of contexts and arms is very large, it may be difficult
to solve. However, except for such an extreme case, we can solve the problem by using
minimax optimization based on the convex optimization algorithm in a short time. The
computation is similar to that in Jedra and Proutiere (2020).

We remark that the application of the original TS algorithm (Garivier and Kaufmann,
2016) for each context separately is not optimal for contextual BAI. Our problem setting
makes finding the best allocations difficult, which is quite different from running BAI in
parallel for each context. It is necessary to find good allocations of each arm to the right
context, and the allocations among contexts are entangled. For example, to achieve our
derived lower bound, one needs to think about saving the allocations to an arm a in context
1, then allocating more to arm a in context 2, and getting more budget to another arm b
in context 1. In contrast, when separately applying the original TS algorithm, we cannot
attain such an optimal allocation.

6.2 Threshold in the Stopping Rule

In this subsection, we present the stopping rule, in particular the threshold for the Bernoulli
bandit model. We aim to design an algorithm that stops as early as possible while main-
taining the failure probability at most §. We demonstrate that the stopping rule using the
generalized likelihood ratio test (GLRT) for contextual BAI is 6-PAC when the exploration
ratio is properly tuned. Such a stopping rule is also known as Chernoff’s stopping rule (Cher-
noff, 1959). Although the approach for deriving the threshold is inspired by and similar to
that of Garivier and Kaufmann (2016), our computation with the contextual information is
more involved.

We consider a case where the reward R;, follows a Bernoulli distribution conditioned
on X; = xz. Here, the likelihood is given as

Ppa ((Ea,x(t))7X(t)) = H (Czlua@)z‘s=1 1[As=a,Xs=z,Rs=1] (Cx(l . Ma’z))zgl Jl[Asza,Xs=x,Rs=0}'
TEX

Then, for all pairs of the arms, a,b € [K], the GLRT statistic is given as

maxg ()>¢, (1) Pes (B2 (1), X (1)) g, (By 1 (1)),

X
Zaat) =1oe maxg <z, 1) Pea (Rao(1)), X (1)) pe, (Rp (1)), X(2))

)

where &, (t) = >, cx éw(t)§a7x. Note that the maximizer of

o max e, ((Roa(6): X(O)p6, (Bya(0) X(0)

is equivalent to that of

Ncm ~ C,T
max t Z Z {157 {,U«c,ac(t) 10g1€_7€ + log(1 — fca:)} }

(oo docx0)X1%2 g S
ZIGX Cz (t)fa,z Zzzex Cz (t)gb,x
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We denote the maximizers by (é’m(t)) and (éx(t)) Similarly, we denote the solution of the
maximization problem in the denominator by (glx(t)) and (EZ L(1)-

In the numerator, if > Co(t) flan(t) > Y orex Co(t)fip(t), then the maximum like-
lihood estimator falls within the optimization constraint; that is, ga,x(t) = fla(t) and
5,@(0 = [ip,z(t). Therefore, our remaining problem is to compute the denominator. Be-
cause y .y Co(t) fran(t) > Y orex Co(t)fip(t) does not satisfy the constraint condition in
the denominator, it is hard to obtain the closed-form expression of the denominator and
we need to solve the optimization problem numerically. Given the solutions, (grm(t)) and
(g;)[’x(t))7 the GLRT statistic Z,4(t) is equal to

. Z Z {Nc,x(t) {ﬂc,m(t) log [Lc,x(t)) + log(l - ﬂc,x(t))

TEX ce{a,b} t 1= flew (t

- . R

,uc,ac(t)l g 1_ gcr’x(t) 1 g<1 &c,x(t))}}
— Na,x(t) ~ Nb,x(t) N

= oo (0,600 + P 0,600

N N X
Ezex Cx (t)fa,x Szzex Cac (t)fb,:c e

By multiplying Z, ;(t) by —1/t, we can find that solving the maximization problem is equal

to solving the inner minimization problem of (2), or equivalently the problem defined in (3),
3 Na xZ Na X ~ ~

by letting Cw1, = =55, GWpe = —¢5, U1z = faz(t), and pez = fp,(t). From Lemma 8,

the constraint )y Goéaz < D pcx Co&pe holds with equality; that is,

Zaolt) = tLap ( (a0 o (8), Colt). Noao (O)/Na(8), Now(0)/No(1)) ).

It is also easy to observe that when ) . Gflaz(t) < Y cx Cefina(t), then Z,p(t) =
—Zpa(l).
Using the GLRT statistic, we use the following stopping rule:

=inf{teN: Z(t):= i Zap(t t,0) ¢, 6
Ts m{ e (t) mex min b(t) > B( )} (6)

where 3(t,0) is the threshold of the GLRT statistic Z(t) (exploration rate), which controls
the failure probability under the stopping rule.

Next, we determine [3(t,0) such that the proposed algorithm is §-PAC. We present the
following theorem to decide the threshold 5(¢,6) in the stopping rule.

Theorem 15 Let 6 € (0,1). For a Bernoulli bandit model, if 3(t,0) = log <2t(1§_1)), then

for all v € ©, it holds that
P, (15 < 00, Gry # a™) < 4.

The proof is provided in Appendix G.2. The proof with contextual information is accom-
plished by using the fact that joint distribution of the contexts and the rewards is the
Multinomial distribution. This theorem confirms that the proposed algorithm is -PAC
when [(t,0) = log ((2¢t(K —1))/d). We note that this threshold does not depend on the
cardinality of X.
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6.3 Stopping Rule for a Canonical One-parameter Exponential Family and
Known Contextual Distribution

For the Bernoulli bandit, we derive the stopping and recommendation rule by using the fact
that the rewards and finite contexts jointly follow a multinomial distribution.We cannot use
this property when the conditional rewards follow different distributions such as a Gaussian
distribution. For example, when the rewards follow a Gaussian distribution, the rewards and
contexts jointly follow a Gaussian mixture model, not a Gaussian distribution. This fact
makes derivation of the §-PAC threshold difficult. However, if the contextual distribution
is known, we can extend the existing results, such as Garivier and Kaufmann (2016) and
Kaufmann and Koolen (2021), to derive the threshold.

We consider a case where for each a € [K] and x € X, the reward R, follows a
distribution that belongs to the canonical one-parameter exponential family (1) conditioned
on X; = x and the context X; follows a multinomial distribution with known parameters;
that is, we treat the estimator éx as the true value (; in our proposed CTS algorithm.
Similarly to the Bernoulli case, the likelihood of the observations (R, ,(t))zex,Va € [K]
and X (t) regarding arm a is given as follows.

Pua ((Ea,a:(t))xe./\?,&(t)) = H H (Cm exp (b_l(ua,w)Rs _ b(i)_l(ﬂa,w)))>MAS:%XS:QU}

s=lzeX

Then, for all pairs of the arms, a,b € [K], the GLRT statistic is given as

7 N1 mana (t)ng (t) pga ((Ea,x (t)), X(t))pfb ((Eb,x (t)) ) K(15))
a,b( ) = log X

maxz )<, (1) Pea (Ba2 (1), X(1))pe, (B2 (1)),

where &,(t) = Y, c v (o€az- For the numerator optimization problem, from the definition of
the single parameter exponential family, the maximizer of

Lse0n (Bo,o (1)), X(8)) P, (B, (1)), X(2))

is equivalent to the maximizer of the optimization problem

max (2 S el e () - b7 ) )

(fa,z,fb,z):ce)(
Soen Cobaw > pen Cobpn TN cElab)

As for the case of a Bernoulli bandit model, using the notation, we compute the GLRT
statistic Z,;(t) as follows. Now, suppose that » .y Coflaz(t) > > cr Cofipa(t). Then,
Ea@(t) = [lg,z(t) in the numerator and 5)733@) = [ip(t). We numerically solve the optimiza-
tion problem in the denominator and obtain the solutions, (£}.(t)) and (EZ »(t)). Then,
Zap(t) is equal to

1 S et o )i (1) — b (e 0)) — 7 @ (D) + 0 (67 G

z€X ce{a,b}
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Naﬂaj t ~ Nb,.l‘ t ~
= max 03 (PG00, 00 + K (0, €000 )
a,rSb,x)rxeX
S ven Cobaw S pen Coboa TE

A similar argument can be made when )y Cflaz(t) < > cx Cofivz(t) by reversing the
sign of the constraint.
Next, we define the stopping rule using the GLRT statistic Z, ;(t) as follows.

=inf{te N: Z(t) := i Zap(t t,0) ¢,
m=inf{t € N: 2() = max min  Zoy(t) > B(1.0)]

where we decide the threshold §(t,9) later. Let fi.(t) = > cy Ceflee(t) for ¢ € A If
Zmex Cxﬂa,x = g < pp = erX Cajub,x and fi, > fip, then

Za,b(t)
= . nglin) £ (Naw(®)Kl(fiaz(t), Sae(t)) + Noo (K1 (.0 (£), Ep.0()))
a,z,Sb,x )xeX
Zzgx sza,zgzzex szb,ac zeX
< Z ( kL (fa,e(t); Haw) + Noa (DKL (fip,2(2), po,z) ) .
zeX

Then, we decompose the probability P, (15 < 00, ar, # a*) as

P, (15 < 00, a7y # a*)
<P, (Ja#a",3t €N: fiq(t) > fa= (1), Za,a= (t) > B(t,6))

<P, (aa £a",HEN: D " New(®Kl (frea(t), pea) > Bt 5)). (7)

cef{a,a*} z€X

Thus, if we choose a threshold §(t,d) such that the upper bound of the last equation (7) is
0, we can guarantee that the algorithm is 6-PAC.

Using the results of Kaufmann and Koolen (2021), which refines existing deviation
bounds and the threshold in Garivier and Kaufmann (2016), we can guarantee that the
algorithm is 0-PAC with a tight threshold. We use the following theorem from Kaufmann
and Koolen (2021).

Theorem 16 (From Theorem 7 of Kaufmann and Koolen (2021)) Let us define h(u) =

u—1Inu, Yu > 1 and h=1(u) (the inverse of h(u)). For each z € [1,¢e] and for all x > 0, let

~ /W@ =1(2) if > h(1/Inz
hMF£ () ifx>h(1/Inz)

(x —Inln z) otherwise.
We further define the function Cexp : RT — R as

(h—l(l + a:)2+ ln(2C(2))> 7

Cexp(x) = 2E?)/Z
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where ((s) = > o2 n~%. For each subset S of the context arm pairs (z,a) € X x [K|, for
all x > 0, the following holds:

P, (3teN: > Now®k(faw o) > Y 3I(1+I(Nae(t)) + [S|Cexp (,;')
(z,0)€S (z,0)€S

< exp(—x).

Let us define the threshold 5(¢,0) as

B(t.6) =6l (I (L) +1) +21xlC o 57
(»)—|\Dn§+ +||expw-

Using this threshold, the following guarantee can be obtained.

Corollary 17 Assume the context distribution is known; that is, we set éx(t) = (,Vr €
X,Vt € N in the GLRT statistics. Let § € (0,1). For any sampling rule, using the stopping
rule (6) with the threshold, we have

B(t.6) = 6l (I (L) +1) +21xlC o 757
(,)_|\nn§—|— +||expw7

for allv € ©, P, (15 < 00, sy # a*) < 4.

Proof
With Theorem 16 and the union bound over the set of (K — 1) pairs: (a,a*),a # a*, we
bound P, (75 < 00, ar5 # a*) as

(M <Py |Ta#a"FHeN: Y Y Nkl (few(t), prea) >
ce{a,a*} zEX

n K=t
> 3In(1 4+ In(New(t))) + 2/ X|Coxp (12|;§\>

ce{a,a*} zeX
<é.

Furthermore, it is easy to check that Cexp(2) = 2+ o(z) as © — oo (Kaufmann and Koolen,
2021). n

6.4 Sample Complexity Analysis

In this section, we address the upper bound of the sample complexity of the proposed CTS
algorithm.

First, we demonstrate that the sample complexity asymptotically matches the lower
bound almost surely for a case where the reward follows a Bernoulli bandit model.
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Proposition 18 Suppose that the reward follows a Bernoulli bandit model. If the sampling
=0,

: Na,z(t) *
limy o0 =27 — Cowy 4,

rule ensures that for all a € [K], for all z € X, miny-cq(y)

and we follow the stopping rule defined in Section 6.2 with B(t,0) = log (@), then for
all § € (0,1), it holds that P, (15 < 00) =1 and

. 75
P, | limsup ——— < T™ 1/)) =
Y < 50 log(1/6) (
We provide the proof in Appendix H.1.
We now provide an upper bound on the expected stopping time E[7s5]. The following the-
orem states that the proposed CTS algorithm asymptotically matches the sample complexity
lower bound derived from Theorem 5. The proof of this result is provided in Appendix H.2.

Theorem 19 Suppose that the reward follows a Bernoulli bandit model. For each v € O, if

: Na.o(t) *
limy o0 % - Czwaﬂ;

0, and we follow the stopping rule defined in Section 6.2 with B(t,d) = log (W), then

sampling rule ensures that for alla € [K], for allx € X, ming,-cq(y)

. ]EV[T§]
limsup ———— < T*(v) .
éﬁOp log(1/5) B ( )

As well as the case with a Bernoulli bandit model, we can also show that an upper bound
on the expected number of the stopping times E[75] matches the lower bound almost surely
for a case where the reward follows a distribution that belongs to a canonical one-parameter
exponential family, and the parameters of the context distribution are known.

Corollary 20 Suppose that the reward follows a distribution that belongs to a canonical

one-parameter exponential family, and ((z)zex s known. For each v € ©, if sampling rule

Na,x(t) « | _
S — Qg =0,

and we follow the stopping rule defined in Section 6.5 with 5(t,0) = 6|X|In (ln (%) + 1) +
In E=L . . -
2|X|Cexp <2|)§>, then for all§ € (0,1), it holds that P, (15 < +00) =1 andP,,(hmsup(;%O oa(i78) <

ensures that for all a € [K]|, for all x € X, My, cp(y) ’limt_mo

T*(V)) = 1. Moreover, limsups_, % < T*(v) holds.

6.5 General Context Spaces via Context Aggregation (Bernoulli Rewards)

We consider an algorithm when the context space is not finite. For Bernoulli rewards, we
can extend CTS beyond finite context spaces by aggregating contexts.

Let (X, F) be an arbitrary measurable context space and suppose that, conditionally on
X; = x, arm a yields a Bernoulli reward with mean p,(z) € (0,1). The best arm is defined
by the marginal mean p, := E[u,(X)]. Fix any measurable mapping ¢ : X — [M] (e.g.,
binning, clustering, hashing) and define the aggregated context U; := ¢(X;) € [M]. For
each u € [M], let ¢, := P(U = u) and

o = Elpa(X) | U = ul ®)
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Because Bernoulli distributions are determined by their mean, the conditional reward dis-
tribution of arm a given U = u is again Bernoulli with mean ji,,. Therefore the aggregated
process (Uy) exactly fits our finite-context model, and we can run CTS using Uy instead of
X;.

Theorem 21 (Context aggregation for Bernoulli rewards) Under the Bernoulli re-
ward model above, for any measurable ¢ : X — [M], running CTS on the aggregated con-
texts Uy = p(Xy) is 0-PAC for identifying the best arm with respect to the marginal means

ta = Elpa(X)].

Moreover, context aggregation interpolates between the non-contextual BAI problem
(coarsest aggregation) and increasingly fine discretizations. Since refining an aggregation
only increases the degrees of freedom in the sampling proportions, the corresponding char-
acteristic time cannot increase.

Lemma 22 (Monotonicity under refinement) Let p; and o2 be two aggregations such
that po is a refinement of p1 (i.e., p1(x) = p1(z') whenever pa(x) = @a(a’)). Denote by
T*(v,) the characteristic time of the finite-context instance induced by ¢ through (8). Then
T*(vp,) < T (v, ).

Proofs are provided in Appendix I.

Relation to plug-in approaches for general context spaces. The reduction above
provides a §-PAC algorithm on an arbitrary context space by intentionally coarsening the
observed contexts. Since the learner only uses ¢(X) rather than the full X, the induced
instance v, can be statistically harder than the original full-information model, and therefore
the resulting sample complexity need not match the instance-dependent lower bound for the
original model (see Section 2 for a discussion of lower bounds on general context spaces).
Nonetheless, Lemma 22 shows that refining ¢ cannot worsen the characteristic time of the
induced finite-context instance, so one may trade off statistical efficiency and computational
cost by choosing ¢. In principle, one may also pursue the typically less practical plug-in
route: estimate the context distribution, for example via kernel density estimation when X’
is continuous, and the conditional reward model, for example via kernel regression such as
Nadaraya—Watson or local-polynomial estimators, and plug these estimates into the optimal
allocation prescribed by the lower bound. Note, however, that the above aggregation scheme
can itself be interpreted as a simple plug-in strategy for infinite context spaces: it uses a
histogram estimator of the context distribution (via the empirical bin frequencies) and,
within each bin, empirical estimates of the Bernoulli means, thereby reducing the problem
to a finite-context instance to which CTS applies. From the viewpoint of nonparametric
estimation, histogram aggregation is a “box-kernel” method: the bin width A, plays the
role of the bandwidth, and the refinement regime A,, | 0 mirrors the familiar bias—variance
trade-off of kernel density estimation and kernel regression. Moreover, under mild regularity,
refining the partition allows one to recover the continuous characteristic time in Theorem 2.

Proposition 23 (Refining the partition recovers the continuous characteristic time)
Assume that the context space X C R is compact and that rewards are Bernoulli with mean
functions x — pq(x) € 0,1 —n] for some n € (0,1/2) and all a € [K], which are uniformly
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continuous on X . (For this proposition we restrict the alternative set in the definition of T*
to Bernoulli instances whose mean functions also take values in [n,1 —n|.) Assume further
that the best arm a*(V) is unique. Let {1, }m>1 be a sequence of finite measurable partitions
of X such that 11,41 refines 11, and maxper,, diam(B) — 0 as m — oco. Denote by Pm)
the induced finite-context instance obtained by aggregating contexts according to 11, (as in
Theorem 21). Then, for all sufficiently large m, a*(V™) = a*(V) and

: *(yy(m)y _ x
Tim TF(V0) = T*(V).

Consequently, for any e > 0 there exists me such that running CTS on the aggregated contexts
defined by Il,,_ is 6-PAC and satisfies

lim sup Evlrs] <T*(V) +e.

50 log(1/9)

These results provide a simple, practical route to handle general (possibly infinite) context
spaces in the Bernoulli case: pick a suitable aggregation ¢ and apply CTS.

7. Simulation Studies

In this section, we investigate the behavior of the proposed algorithms.

7.1 Simulation Studies of the a-elimination algorithm

First, we examine the performance of the a-elimination algorithm using contextual infor-
mation. As in Section 3, we generate samples {(Ry 1, Rt72,Xt)T}Z;1 from the multivariate
distribution with the mean vector (1,0, O)T. We denote the variances of Ry 1, Rs2, and X;
as a%, O'%, and 03(. Let the correlation coefficient between R;; and X; be piy, and the
correlation coefficient between R, and X; be pax. We fix O'% =1, O'?Y =1, and pox = 0.5.
We investigate the performance of the proposed method by varying the combination of
the variance o} and correlation coefficient p1x. We choose o7 from {1,2} and p1x from
{-0.9,-0.5,0,0.5,0.9}. For the case with 0? = 1, the a-elimination without contextual in-
formation of Kaufmann et al. (2016) results in an allocation of & = 0.5 (uniform sampling).
For the case with 02 = 2, it results in an allocation of a = v/2/(v/2 + v/1). Conversely,
the proposed a-elimination with contextual information uses different allocations for each
correlation coefficient. We conducted 1000 trials with § = 0.05 and display the realized
stopping time (sample complexity) in Figure 2 using box plots, where the right figure shows
the results with o = 1 and the left shows the results with 0? = 2. In Figure 2, we compare
the proposed algorithm with different p;x with the a-elimination (without context). The
results demonstrate that when using contextual information, the proposed a-elimination can
stop earlier than the original a-elimination. We note the fact that the proposed algorithm
can stop earlier, even though the allocation is also 0.5 when p;x is 0. Here, the stopping
threshold S used in the proposed algorithm is less than that used in the original algorithm,
while maintaining the §-PAC property. Note that for all cases, the realized § does not exceed
0.05.
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Figure 2: Results of a-elimination. The left figure displays the results with o? = 1; the right
figure displays the results with o3 = 2.

Additional experiments (plug-in variants). Additional experimental results for a
plug-in variant (estimating the nuisance parameters online) are deferred to Appendix J.4. In
these experiments, we compare against a known-nuisance baseline that uses the true nuisance
parameters, which should be viewed as a convenient reference rather than an information-
theoretic lower bound.

7.2 Simulation Study of the CTS algorithm

Next, we compare the performance of the proposed CTS algorithm to the TS algorithm for

BAI without contextual information (Garivier and Kaufmann, 2016). For a Bernoulli ban-

dit model, we consider a sample scenario with marginalized mean rewards {1, pa, ps, pa} =
{0.3,0.21,0.2,0.19}, which is the same as a scenario used in Garivier and Kaufmann (2016).
Suppose that there exist two contexts X; € {1,2}, where the conditional mean rewards are

given as {p1,1, 12,1, 3,1, pa,1} = {0.5,0.01,0.4,0.01} and {1 2, po.2, 13,2, a2} = {0.1,0.41,0,0.37}..
The context 1 and 2 appear with probability 0.5, respectively.

We display the empirical values of the GLRT statistic in Figure 3. We present the
GLRT statistic directly rather than the stopping time because the GLRT statistic provides
more information. Note that the algorithm stops when the GLRT statistic exceeds the
predefined threshold (¢, ). The threshold 5(¢,0) can be determined by us within the range
suggested in Theorems 15-19, and its role does not differ significantly between the CTS and
TS algorithms. The sooner this value becomes large, the smaller the sample complexity that
can be achieved under a properly specified §(t, ).

This figure indicates that the CTS algorithm achieves a smaller sample complexity than
TS, as suggested by the theoretical results. Conversely, the reason why the CTS algorithm
indicates a smaller GLRT statistic compared with TS in the early rounds is likely because
the number of parameters to be estimated is proportional to the number of contexts; thus
it requires more time to converge in finite samples. In Appendix J, we present more details

1. In other words, the GLRT statistic and stopping time are directly related. If we were to display the
stopping time, it would be necessary to show the stopping time for each threshold 3(¢,d). This would
involve drawing horizontal lines at the threshold values in Figure 3 and indicating the points of intersec-
tion between these lines and the respective GLRT statistics. By displaying the empirical GLRT statistic,
as we have done, it is possible to consider the stopping times corresponding to any threshold A(t,4),
making the approach more general.
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Figure 3: Graph illustrating the maximum GLRT statistic max,e[x] minge[x]\fa} Zap(t).
The solid line represents the averaged value over 20 trials; the light-colored area
indicates the values between the first and third quartiles.

and additional results under different settings, including additional Bernoulli instances and
plug-in variants.

8. Conclusion

This paper proposed contextual BAI, in which contextual information can be used to iden-
tify the arm with the highest marginalized mean reward. We noted that even contextual
information that is not immediately related to the parameter that we wish to identify could
help us solve the task more efficiently. We proposed the CTS algorithm for the case in
which the rewards follow Bernoulli distributions and confirmed that it performs better the-
oretically and experimentally when contextual information is provided. We also found that
when the rewards and context follow a multivariate normal distribution in the two-armed
bandit problem, we could improve the efficiency of BAI without changing the conventional
algorithm. These properties have not been discussed to date.

A next step of this work is to consider a case with continuous contexts following an
unknown distribution. As with the case of unknown variance in fixed-confidence BAI, the
estimation error of the unknown variances would affect the performance (Jourdan et al.,
2023). Therefore, for these cases, we may need to develop a lower bound for a class of
distributions with unknown contextual distribution, as well as Jourdan et al. (2023), which
develops lower and upper bounds for a class of Gaussian distributions with unknown vari-
ances. Another approach considers a localized instance where some parameter approaches
zero (Kato et al., 2024b). Existing studies of ATE estimation, such as van der Laan (2008),
Hahn et al. (2011), Kato et al. (2020) and Cook et al. (2023), employ the latter approach,
which is referred to as semiparametric analysis. Considering a localized instance corresponds
to evaluating the performance under the worst case, and under the worst case, we can ignore
estimation errors of parameters unrelated to the parameter of interest.
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Appendix A. Notations, Terms, and Abbreviations

In this section, we summarize the notations used in this paper.

Appendix B. Proof of Lemma 6

For each problem v = ((jt4,2), (Cz)), for each a € [K], » € X, let fy, denote the density
(w.r.t. the Lebesgue measure) of the reward with the action-context pair (a,z). Let us

define a log-likelihood ratio between the observation under the model v = ((ga,2), (¢z)) to
the model v/ = ((A\g2), ((z)) as

L=-YY % ]l{Xt—xAt_a}log< Ef;;)

t=1 z€X ac|K]

We have

_ Z > Z]I{Xt—xAt_a}log< EgD

t=1 ac[K]z€X

Na,o(T)
J2 (V)
sy ( =)

zeX a€[K] k=1 (Y ))

k
S S B Naw ()Ml M),

€X a€[K]
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Table 1: Summary of notations

X, Ay, Ry Context, action, and reward observed in round ¢
K], X Sets of actions and contexts
Rt Potential reward of arm «a
¢ Distribution of X;
p= (pLx,pg,I, .y PK3) Reward distributions of the potential outcome given z € X.
B= (1,0 020, EK,z) Conditional mean rewards given = € X.
Ha = Bxclpa x] = Exnc[Ev[Reo|X] Marginalized mean reward of arm a’
=Ey [Rt,a]
V = (p,() Bandit problem.
v=(fta,s), (Cz)) Bernoulli bandit problem with finite context.
Q (resp. O) Class of V (resp. v).
a* = a*(V) = argmax,, [iq Best arm with the highest marginalized mean reward.
Fr=0(X1,A1, Ry, ..., Xy, Ay, Ry, Xiy1) Sigma-algebras with the observations until ¢ and X4 1.
Gi=0(X1,A1,Ry,..., X, A, Ry) Sigma-algebras with all observations up to t.
Ts Stopping time under a fixed confidence § > 0.
Gy Recommended arm.
Alt(V) :={(q,¢) € Q:a*((q,¢)) # a*((p,¢))} | Set of alternative problems.
N.(t) = 22:1 1{X; =z} The number of times we observe context x.
Nao(t) ="' 1{X, =2,A, = a} The number of times we choose arm a given context z.
KL(pax» Ga,z) KL divergence from p, ; t0 o,z
KL divergence of the canonical
kl(p, v) one- . .
parameter exponential family.
d(p,v) . e e
_ /ilog(,u/’/) (1= ) log((1 = ) /(1 — ) KL divergence of Bernoulli distributions.
fla,z, Cao Estimators of ji, , and (; in round t.
Wa,z Allocation for arm a given context x.
w Set of allocation rule.
Likelihood of parameters (i, = (fta,s)ac[K],ccx given

Pita (Ba o (8))aer, X(1)) the observations (Ea,z(t))lojex a(ritd X)(te)[ e
Zap(t) GLRT statistic.

( ,0) Threshold for stopping rule.

where for (a), we introduced random variables: Yk(x’a) denotes k-th time the reward with
the context z and the action a is observed and for the last equality, we used Wald’s lemma
for each (z,a) pair. From the data-processing inequality applied to the change-of-measure
argument in Garivier et al. (2019), it holds that for any £ € G,

Z Z E kl(,ua xy)\a :1:) > d( (5),]13’”/(5)).

z€X a€[K

This concludes the proof of Lemma 6.

Appendix C. Proof of Theorem 5

Proof. From Lemma 6 with & = {a, = a*(v)}, for each v € © and v/ € Alt(v), we have

> > R DN ftazs Aaz) > AP, (E), P, (E)) > kI(5,1 - 6),

z€X a€[K]
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where for the last inequality, we used the definition of the §-PAC algorithm and monotonicity
of the KL divergence. Let N (7) = >, ; 1{X; = z}. For each v € ©,

d5,1—5 E a:): kl a:pa)\ax
( ) (A EAlt(V) ;{ ez[;( (,u )
. E,[Naz(7)]
= inf E,|N,(T ————Kkl(fla,zs Az
(Qa@LOeARUO;§; [ ()];§;]I&JA@ 7)] (n )
. Eu[Nx(T)] EV[NLL ZE(T)]
= inf EV T : kl a,T )\a,z
GuerDeann 1 J;( E, [75] aez[;q E,N,(r) " e )

(@) . Ey[75]Ca E,[No(7)]
= inf EV T, : kl a,T >\a,:Jc
GuerDennn 1 xzex E, [s] Z Ey[Nm(T)] o Saz)

= EV[T(;] inf Z Cx Z ]]5 a:v kl(,ua :Ea)‘a x)

((Mayz),C)EATL(v

< EV[TE] sup inf ZCx Z Wgq, xkl ,Ufa i) ax)

weWw ((Xa,z),¢)EALL(v) aclK]

where for (a), we used Wald’s lemma for each x. This concludes the proof.

Appendix D. Proof of Theorem 2

We show Theorem 2. Let B(R) be a Borel o-algebra on R. Let us introduce two random
counting measures on R: (i) for each A € B(R), Z(A) counts the number of times contexts
have arrived in A, (ii) T,(A) counts the number of times the algorithm selected action a
under the context is in A.

The intensity measure is a characteristic analogous to the mean of a real-valued random
variable (Chiu et al., 2013). Let us denote the intensity measures of = and T, by v and kg,
respectively; that is, 7(A) = E[E(A)] and k4(A) = E[Y4(A)] for each A € B(R). Suppose
that v and k, are absolutely continuous with respect to ¢ (Kallenberg, 2017). Furthermore,
Kq is absolutely continuous with respect to . Let Z—z(a:) and C11%(50) be densities of v and
ke With respect to the Lebesgue measure.

Then, we extend our Lemma 6 to the case of continuous contexts.

Lemma 24 Take V = (p,(), M = (q,() € Q. For any almost-surely finite stopping time T
with respect to (G)i>1, we have

Z/ d/{a KL pa x5 a, m)dw > ;ué) d(PV(8)7PM(5))>
€Gr

where Ey and Py are the expectation and probability under model V, respectively, and IEpq
and Py are defined analogously under model M.

In the proof, we use Campbell’s theorem.
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Proposition 25 (Campbell’s theorem from Theorem 4.1 in Chiu et al. (2013)) For
any nonnegative measurable function f(x) and A € B(R), we have

El Y =E[ / f(sc)mdx)] — [ feyataa).

TET 4 (A)

We show the proof of Lemma 24 as follows.
Proof For each a € [K], » € X, let us denote by f,, and f; . the probability density
functions of p,; and ¢, with respect to the Lebesgue measure. We have that

Ey [log <fa:1: Rt >‘Xt = 35:| KL(pa zy Ya, ;t)

Let us define a log-likelihood ratio from the observation under the model V = ((pqz), () to
the model M = ((gq,2),¢)

Z Z 1{A; = a}log (;‘fxt( )>
t= 1a€ R t( 7a)

Let us define oo = (21,22, ...), Xoo = (X1, X2,...), and X' (xs) = U2 {z¢}. We have
Ev[L;] = Ey[Ey[L;| X )]

o0

_ / Ey[Lr| X oo = @oo] Hc(xt)dwoo
T oo ER>®

:/ . Ey Z Z 1{A; = a}log faxté ; Xoo = Too Hg(a:t)dwoo
oo ERO R, t=1

| t=1 a€[K]

:/ ® EV Z Z ]]_{At = a, Xt —:ct}log faxt( ) Xoo = T Hg(xt)dmoo
Too ER™>® t=1

| t=1 ac[K] e (B2, “)

Na,(T)

oy Z 1ogM Xoo = oo | [[ Clar)dnc
oo ER% 1 (V) -
a€[K]| "7 T€EX (xo) k=1 k t=1
Na,z(T) (a,z) oo
a,r Y
= Z / Z Ey log M X =T H((xt)dccoo
Roo / (Y(avﬂc))
a€[K] Too€ 2EX (o) k=1 a,x\1Ek =1
a,z Y(avx) o0
— Z / Ey [Noo(7)| X 0 = Too] Ey llog fas 1@@)) X = xm] HC(xt)dmoo
Boo R xGX’(w ) ) t=1
= Z / EV[ ( )’Xoo—xoo]KL(pa:(:anaz ngt dmoo
Too ER™ zeX’(sc ) =1

)
= Z / Ey Z Na:): KLpamaQacp |Xoo—moo HC-’L‘t dmoo
K]/ Too €R t=1

TEX (o)
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= Ey /I;KL(pa,xaQa,x)Ta(dw)

= /]é KL(pa,"IH Qa,z)Ha(dx)

dkg
= / (x)KL(pa,xy QQ,x)da;‘

(a,2)

For (a), we introduced random variable Y,""’, denoting k-th time the reward with the
context x and the action a is observed. For (b), the computation is as follows:

Z/ Ey Z Naw KL pawaan)’Xoo—woo HC Jit d:BOO
oo R TE€EX (Too) t=1

- Z Ev Z NG,I (T)KL(pa,xv Qa,x)

a€[K] |z€X (X o)

= Z EV Z waﬁ (T)KL(pa,za Qa,z)

a€[K] |z€(X1,..,X7)
= Z Ey /KL(pa,17Qa,z)Ta(d$):| )
wclk] R

where the last equality follows from the definition of T,. For (¢), we used Campbell’s
theorem (Proposition 25).

From the data-processing inequality applied to the change-of-measure argument in Gariv-
ier et al. (2019), it holds that for any &£ € G,,

3 / B KL (s, Goe)dz > APy (E), Pas(E)).
a€[K]

This concludes the proof of Lemma 24. |

Then, we show the proof of Theorem 2.
Proof From Lemma 24 with £ = {a, = a*(V)}, for each V € Q and M € Alt(V), we have

3 / B KL (s, Goe)dz > KPY(E), Pas(€)) > d(5,1 — 0),
a€[K]

where for the last inequality, we used the definition of the §-PAC algorithm and monotonicity
of the KL divergence.
For each V € 2, we have

dna
Ad6.1—6 f )KL (Pa.s, das)de
(0,1-6) < . %{]/ (Pas Qo)
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—  inf Z/d”“m ()KL (Pas; Gag)dz

(p,C)EALL(V) dy d¢
= inf /(x)C(fc) > %(x)KL(pax,qax)dx
(P,C)GAH’,(V) R d< d’}’ s s
————a€[K]
Ey[75]¢()
@E inf / Z dK’a DKL (Par, Goe)C(2)da
V P,C YEALL(V [K] a,xs Ya,x

< Ey|7s5] sup inf / Wa,e KL(Pa,z, qa,z )¢ (x)d,
| ]wGW(P,C)EAlt(V) E[;q ( )¢(2)

where for (a) we used the equivalence:

where for (b), we used the fact that S—Z is a constant does not depend on x.

Appendix E. Proofs for Section 3 and a-Elimination Algorithm with
Contextual Information

E.1 o-Elimination Algorithm with Contextual Information

We use an algorithm that is almost identical to the a-elimination of Kaufmann et al. (2016).
The only difference between the proposed a-elimination and that of Kaufmann et al. (2016)
is that we construct an estimator of the marginalized mean reward in the following form:

C 1 g pP1x01 B
0 = S — (= 2 ) s = 1,
C 1 d _ p2x02 B
o) = i g (e 22220, = ) 1. =2

Here, we used that (g = gz — pfi;a(a: — px). This estimator is based on the form of the
conditional distribution of R;,. We replace fi,(t) in the original a-elimination with these

estimators.
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E.2 Proof of Theorem 3
Recall that the KL divergence from N (ji1,02) to N (ug,0?) is given as

2
KL (W (1, 0%), N (12,0%) = Y1420
If we ignore sets of measure zero, we have

T*(V)™' = sup 1nf Z/wamKL (Pa,zs Ga,z)C(z)dw

2
+ 255 (z — px) — Az
= sup inf Z/w‘” ox 557 ) ¢(x)dx

wGW (g,Q)eAlL(V)

2
Ua2X (I‘ - NX) - )\a,x
= sup inf Z/ Wa,z = 572 ) ((z)dx

wew fR >\2,z< d$>fR )\1 a:C-

2
+ Ua2X (.Z' - NX) - )\a,x)
@ max min Z / fw,w Tx o ((x)dx
wEW [0 X »((x)da= [} A1 oC(x)dz =R 20

where for (a), we used the same argument as in Lemma 8. From the property of the
multivariate Gaussian distribution,

g g
Mo =M+ = (z —px) and Aoy = Ao + —a (2 — ).
UX Ox

From fR A2 z((x)dx = fR M zC(x)dx, A1 = A2 = A. Therefore, we get

2
2;23 (Na + i‘aj(x — px) — Aa,x) = @ (Ha — )\)2 .
Therefore, the optimization problem can be further simplified
2 OaX )\ 2
T*(V)_1 = max min Z/ Wa,z (Ma % @ —/;UX) _ ayx) ¢(z)dx
WEW [p A2 2(()dz= [ M o((x)dz 2 —] JR 20y,

S (=N’
. a ~
= a. d .
papy i |3 w2 s
At each point = € R, the optimization problem

2
. (/«‘a - )‘)
max min E Waz~—m—5—
w1,z t+w2, =1 A€R

is an identical problem as is given in Theorem 6 in Kaufmann et al. (2016) (two arm Gaussian
bandits with known variances) and we know from Theorem 9 in Kaufmann et al. (2016),
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the maximum is attained when w; , = o/ /(0] + 04). Thus, we compute

—\)? —>\
T [ — —
g§/§:%+g2 5~ C(@)da = afuaﬁ%/Ez (w)da,

When the minimum is attained,

1 1
—?(#1—)\)—0—/(,&2—)\):0,
1 2
Therefore,
UL/MI‘FJL/,“Q
i1
ot
Then,
2.4 2 2
X 2
o7 (ot 255 = 100) = N ) =3 50 (o= N
_(mi—pe\Tol | (=m0
oy +as) 2 ol +ads) 2
(b1 — p2)®
 2(0] + o))

Therefore, we have

E.3 Proof of Theorem 4

We note that except that the variances of the sample from the arm a is 0’2, the proof is
almost identical to that of Theorem 9 of Kaufmann et al. (2016). Let o = o] / (01 + 0%) and
dy = fu1(t) — fr2(t). We first prove that the strategy is 0-PAC for every V € Q. Assume that

p1 > po and recall T = inf{t € N : |d| > \/202(a)B(t,0)}, where d; := fi1(t) — fi2(t). The
probability of error of the a-elimination strategy is upper bounded by

Py (dr < —v202(0)3(r,0)) < Py (dr — (i — p2) < ~/20%(a)B(7.9))

< Py (E]t e N*:d; — (Ml — ,U,Q) < — 20?(&)5(t, (5))

> exp (~6i(t.5

t=1

IN
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where we used union bound and Chernoff bound applied to d; — (u1 — p2) ~ N(0,02(a)) in
the last inequality. We have

[e.e]

exp (—f(t,0))

t=1

1 1 o0 dt
H(log(60)? = ° (<10g6>2 +/1 t(log<6t>>2>

IN
(«%)
1M

1 1
— < 0.
"\ log6yz 1og<6>) =9

For the guarantee of the expected sample complexity, we first prove the probability that
T exceeds some fixed T"

Py(r>T) < Py (w € [T, d; < ,/203(04)5(75,5))
< By (i < \arh@T.9))

= Py (dT = (1 —p2) < — [(m — p2) =/ 207.()B(T, 5)D

2
< exp (-1 [(,Ul — pi2) — \/203() B(T, 5)} ) :

207 (a)

where for the last inequality we used Chernoff bound with 7" such that (u; — p2) >
20%(a)B(T, 5). For v € (0,1), define

T,: = inf {to eN:Vt> to, (/Ll — ,u,z) — 20’?(04)5@,5) > ’y(,ul — ug)} .
We have
Eylr] < T5+ Y P(FE=T)
T=T:+1
o0 1 2
* 2
< T+ Z exp <_%%(a) [(Nl — p2) — 4/ 20%(a) B(T, 5)} >
T=T3+1
> 1

T=T;+1

For all ¢, it is easy to show that the following upper bound on ¢?(a) holds:

/ 1\2 - %
(72(04) < (Ul + 02) /‘72 (9)
t 7 pe
-3 —1
2
Using the inequality (9), we have
~ t t- % 2 2
Bylr] < 75+ [ e |- L (a1 — )? | b
= 2 / 1\2 o'
0 (07 +03)* ¢ o



This concludes the proof.
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2 / /1\2 2 _ 2
< Tv* + 2(01 +02) S ex <’Y (M/l MIQ)2 )
YA (p1 — p2) 2(01 + 03)

Next, we upper bound 7. Let r € [0,e/2 — 1]. There exists No(r) such that for ¢ > No(r),
B(t,0) <log(t'*7/§). Again, using the inequality (9), we have T35 = max(No(r), i,), where
fw is defined as

o1
- (1 — pi2)? 0, T ¢
T, =inf< tg e N:Vt > tg, —=(1 — t> 2 ]
0 m 0 — o 2(0'1"’0-5)2( 7) t_ill og 5
b

When t > (14+92) /7, (b= 2 =1)/(t=2) < (1 =)' We get T, = max((1+72)/7,T})
with

_ 2 tl—‘y—T‘
T —infdtye N:Vi>t (=) s S .
=it froe v o (5 E50 - 7t) >

0
We use the following algebraic Lemma by Kaufmann et al. (2016).

Lemma 26 (Lemma 22 of Kaufmann et al. (2016)) For every 3,n > 0 and s € [1,¢/2],
the following implication is true:

20 = > log (elogﬂ/(ﬁn))> S Ve ay
B B5n

.'ES
77.

Applying Lemma 26 with n =8, s = 1 +7 and 8 = (1 — v)3(u1 — p2)?/(2(c} + 05)?) leads
to

1+7)  2(0]+dh)? 1

T < ( X L= 227 llog =~ + loglog = | + R(u1, e, o}, 0b,7v,7),
VST X i —m)? |85 Tloslog (11, 2,01, 09,7, 7)
with

1+7r 2(c) +db)?
R(:“’hﬂ?aaiaaév’}/ar) :( ( 1 2)

T (1) o Aot +03)" )|

(1 —=7)3(p1 — p2)?

For fixed € > 0, choosing small enough r and v, we have

1
5 + loglog —

2 /+ /1\2 1
Ey[r] < (1 +€)M [10g 5} +C(p, p2, 01, 03, €),

(11 — p2)?

where C is a constant independent of § summarizing the terms: R(p1, p2, 0, 05,7,7), (1 +
o 2(0] +03)* 72 (1 —p2)?

'Yaz)/% No(t), and 72(;1,;2)2 €Xp ( 2o +07)?

goes to zero, but for a fixed € > 0,

). C(u1, po,0h,0h,€) goes to infinity when e
2 / /\2
(1 + 6) (Ul + 02)

1 1
loglog ~ + C(u1, 2,0y, 05,€) = oc (10 >
(0 — )2 (08108 5+ Cluns g2, 01, 03,€) = oc (log 5
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Appendix F. Proofs for Section 5

F.1 Proof of Lemma 7
Proof We have

Alt(v) = {((Aa2)ae[r]zex: ) € © 1 a*(((Aa2), Q) # a™(v) =1}
= {(()‘a,x)ae[K],:ceX7O €0: Z Ceaa > Z Ca:)\l,x}-

a#1 zEX TeX

Then, we get

K
inf Co wa,xkl a,T> )\a,x
)EAlL(v) :;Y aZ:; (,U/ )

((Ma,2)ae[K],mex C

K
= inf C w 5 kl :u‘ 5 7A 3 )
((Na,2)ac[r),zex:C):Fa€[K]D " cx Carae>D e x Catle ze;t’ * Z “F ( G

a=1

K
= min inf ¢ Wea o Kl(fha 2y A
a#1 ((Aa,x)vg)zza;ex Ca:>\a,x>zzg)( C:c)\l,z ; * ; o ( ot 0«71)

= min inf Ca (wl,xkl K1z, )\1,x + wa,xkl Ha,z) )‘aﬂ»‘ ) :
a7£1 ((Aa,x)’C)ZZxEX Cx)\a’x>ZmEX <x>\1,z ‘; ( ) ( )

We first fixed a and then took the infimum regarding the problems given a from the second
to the third line (this decomposes the infimum in the second line). We used Xy, = A1, for
b # 1,a from the third line to the last line. |

F.2 Proof of Lemma 8

Proof Let a € [K]| be one of the arguments that minimizes

Ja((Raz))

inf
((Na,2)0) 2 zex Cora,z>Dpex Colla

and suppose Y CaAg e > Y orex (oAl 5. For such a, from the assumption on O, there
exists x € X such that p11 ; > f1q,. For such z, from the monotonicity of the KL divergence,

M1,z > maX<)\1,x7 )\a,x) > min(Al,xa Aa,x) > Ha,z-
Then, by the assumption D 3 CGAL . > D cr Gzl one can modify the value of A] ; as

Az teor A, as A, —¢ (¢ is some small constant) to make the value of f5((Aqg,z)) strictly
smaller. This is a contradiction and concludes the proof.

39



KATO AND ARIU

F.3 Proof of Lemma 9

Proof Let us define a function

K
f(V7 (Aa,x)) - Z <$ Z wa,xkl(ua,mv Aa,:z:)-

zeX a=1
We call the point-to-set mapping

X(V) = U {(()\a,x)agx) €0: Z Cx)\a,x > Z Cx)\Lx}

a#l zeX zeX

as a constraint mapping. It is easy to check that X (v) is outer semicontinuous at every v.
Similarly, X (v) is inner semicontinuous at every v. Therefore, from the stability theory in
optimization Hogan (1973) and the continuity of the KL divergence, m(w,v) is continuous

at every v when w is fixed.
|

F.4 Proof of Lemma 10

Proof The proof is similar to that of Lemma 9. The constraint >y G:Aaz > Y ,cx CeALe
is invariant under the changes of w € W and the KL divergence is continuous. From the
stability theory of Hogan (1973), m(w,v) is continuous when v is fixed. |

F.5 Proof of Lemma 12

Proof Suppose wy, does not converge to ®(v). Then, there exists € > 0 such that for any
ny1 € N, there exists £ > nq such that

(k

inf  max|wgy — wea| > €.
(Wa,z)EW @T ’
Also, there exists C'(g) > 0 such that
max m(w,v) — max m(w,v) > C(e). (10)

weW weW:inf{wa,z)er maxg,z |wé’f%—wa,x|28
Let w* € argmaxm(w,v). We can find a constant e2(C(g)) > 0 such that for any ng €
N, no > nq, there exists k > no such that

’ glea)/)\{}m(w7 V) - 11111163{3\(/771(10, Vk)|

= |m(w*,v) — m(w*, v;) + m(w*, ) — max m(w, vy)|

wew

> [m(w*,v) — m(w*, vg)| — |m(w™*, vx) — max m(w, vg)|
weW

@
> £2(C(e)),
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where for (a), we used (i) m(w*,v) — m(w*,vg): from the continuity of m(w,v) with
respect to v for a fixed w (Lemma 9) with the convergence assumption of (v4)r>1 and
(i) |m(w*,vg) — maxyew m(w,v;)| > C(e): from the optimality gap (10). Therefore,
maxXyeyw m(w, v) does not converge to maxq,eyy m(w, v); hence contradiction.

|

F.6 Proof of Lemma 13
Proof Take any (7}, ), (v,,) € ®(v) and any « € [0,1]. We have

m(a(rg,) + (1= a)(y,, 1’) v)

= inf Z G Z 2 T (1= a)ya o)kl (pazs Aaz)

(Aax)CGAlt
Za()\azlnfeAlt Z@Zx”klum Mag) +(1=a) b Zgzzy”klﬂm Aao)

= max m(w’,v).
w'ew

Hence, a(x}, ) + (1 — a)(y, ) € ®(v). This concludes the proof. [ |

Appendix G. Proofs for Sections 6.1-6.3 and the CTS Algorithm
G.1 Proof of Lemma 14

Our proof for the tracking lemma is inspired by that of D-tracking for linear bandits by
Jedra and Proutiere (2020). Let us denote by C' what we want to track. For a sequence

that converges to C, in the following lemma, we show how to design a sampling rule so that
Na,o(t)

;== also converges to C.

Lemma 27 (Tracking a set C) Let (w(t))i>1 be a sequence taking values in W, such that
there exists a compact, convex and non empty subset C in W, there ezistse > 0 and to(e) > 1
such that ¥t > to(e), it holds that

. ) —w | <
D Ry e ®) — woa] < €

Let g : N — R be a non-decreasing function that g(0) = 0, g(t)/t — 0 as t — oo and
Vn,m > 1,

inf{n e N:g(n) >m} >inf{neN:g(n) >m-1} + K.

Define for every t' € {0,...,t — 1}, @7, = {a : Noo(t') < g(Na(t'))} and a sampling
rule as (5) Then for all a € [K ] and z € X,

Na,x(t) > g(Nx(t)) - 17
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and there exists t1(e) > to(e) such that ¥t > t1(e), Let D = |X|. Then,

t
. No(t) 1 Z
gleucl’ aE[I?ﬁ;}B(EX t t o [Xs x]wa@ < 3( Je

The proof of Lemma 27 is inspired by the proof of Lemma 3 in Antos et al. (2008),
Lemma 17 in Garivier and Kaufmann (2016), and Lemma 6 and Proposition 2 of Jedra and
Proutiere (2020). We show the proof of Lemma 27 as follows.

Proof We separately show that

Na,:z:(t) > g(Nx(t)) -1

and

. Nax(t) 1 i
LA S E 1[X. = < 3(KD — 1)e.
wmenc1 ae[mKﬁfeX t t = o = ltaa) < 3 *

Proof of N, ,(t) > g(INz(t)) — 1. First, we justify that N, ,(t) > g(Nz(t)) — 1.
For all m € N, let us define

ky, = inf{n € N: g(n) > m},
Zm - {km, e 7km+1 - 1}

From our assumptions on g, we have

|Zn| > K,
m<gn)<m-+1 Vnée€I,.

We consider the following statement for all m € N and for all x € X:

for all ¢ € N such that N, (t) € Z,,,, we have for all a € [K], Ny (t) > m; (11)
for all t € N such that N(t) > ky, + K, we have wgvt =0 and Ng.(t) >m+ 1.

If (11) holds for all m, then using that for all ¢ and for all a € [K],
Naz(n) > g(Nu(t)) — 1
because from the definitions of 7, and k,,, for ¢ such that
Ny (t) € Iy,

we have
Na,z(t) >m > g(Nx(t)) -1

Here, we used g(N,(t)) > m and g(N.(t)) < m + 1 from the definition of k,,.
We prove (11) by induction with respect to m € N. First, we show the statement holds
for m = 0. For all ¢ such that N,(t) € Zy, it holds that for all a € [K] and for all x € X,

@7 ={a:0< Noo(t) < g(Na(t)) <1} = {a: Noo(t) = 0}.
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Here, we used Zy = {ko,...,k1 — 1} with kg = inf{n € N : g(n) > 0} and k; = inf{n €
N g(n) > 1}. Therefore, for t such that N,(t) > K = ko + K, we have N, ,(t) > 1 and
= (). Thus, the statement holds for m = 0.
Suppose that for m = m’ > 0, the statement is true; that is,

for all ¢ € N such that N,(t) € Z,,/, we have for all a € [K], Ny ,(t) > m’;
for all t € N such that Ny (t) > kpy + K, we have ¢} ; =0 and Noo(t) >m' + 1.

Then, we show the statement holds for m = m’ + 1. From the inductive hypothesis and
assumption kpy1 > kpy + K, since k1 — 1 > kyy + K, it holds that for all a € [K] and
for all x € X,

Na@(k}m/.’_l -1)> m' + 1.

From the definition of Z,, 11, for ¢t such that N,(t) € Zpy1 = {kmrs1, - kmrao — 1},
Noo(t) > Ny z(kpmy1 — 1). Therefore,

Nao(t) > Nog(kprpr —1) >m/ +1
Besides, for ¢ such that Ny (t) € Z,,,41 and for all z € X,
m' +1 < g(Ny(t)) <m' +2.
This leads to
0= a4 1< Nolt) < g(No(8) < m' +2} = {a: Noa(t) =m0/ +1}.

Then, A; is chosen among this set while it is non empty. Therefore, for t such that N, (t) >
K41 + K, it holds that for all a € [K] and z € X, ¢}, = 0 and Ny, (t) > m’ + 2. Thus,
the statement (11) holds when m = m’ + 1.

N,
Proof of minyeco maxqe(g) zex ‘L(t) — % 7;21 1[Xs = z|wa g

< 3(KD — 1)e. First,
the condition

min  max |wg.(t) —w | <e

w’ECaE[K],:ceX‘ ae(t) | <

for Vt > to(e) ensures that for large ¢,

t

1 1

ZZH waw(s)—ZZﬂ[XS:x]w(’w
s=1

min maX
w'eCac[K

For all t > 1, we define

Z]l s = Xwg z($).

s=1

Tae(t

H~\l—‘

Next, since C' is non-empty and compact, we can define

1
w(t) = argmin max |7, ..(t) — — 1[X, = 2]w!
() = sogmin o {7, = 1 D011, =
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Here, by convexity of C, there exists ¢((¢) > to(¢) such that V¢ > t((), we can obtain the
following inequalities:

, Nao(t) 1 Noo(t) 1 N
) ot 11X. = T | < J Z 1 t
S D N i Pl
(12)
and
1 t
— 11X = < 2e. 13
ol [T () = 3 2 A = alaa(t)) < 22 (13)

The first result can be directly obtained from the definition. We show the second result.
To see that (13) holds, let us define for all ¢t > 1,

v(t) = argmin ma Wen(t) — w!
() 560 aG[K},;(GX‘ 11733() a,:c‘?

and observe that for all a € [K] and z € X, we have

Z 1[Xs = 2]vg2(9)

s=1

ﬁa,x (t) -

s=1 s=1
1 to 1 t
< 7 1[X = 2] [wa,z(s) Uaz(s)""z Z 1[X; = 2] [wa,z(8) — va,u(8)]
s=1 s=to+1
< to(E t— to(&‘)
-t t

Note that ¢y(e) is defined in the statement. Thus if ¢t > ¢ = toia), then

Z]l s = &g ()| <

s=1

max
a€[K],zeX

w\»—l

Finally since the convexity of C leads to

¢ ¢ T
1 1
<t _E I].[XS: 7; _El]]_X D'UD( )) GC,

< max
a€[K],zeX

max
a€[K],zeX
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Thus, we showed that (13) holds. By using (12) and (13), we consider bounding the term

1
;Zl T)Wa | -

s=1

min max
weC ac[K],zeX

Let us define for a € [K] and for all ¢ > 1,
t
Eopt = Z 1[Xs = 2|Wa . (1).
From (12), there exists ¢; > t{,(¢) such that for all t > ¢y,

< max
a€[K|,zeX

min max
wel ae[K},xeX

Ea,z,t
t

Therefore, we consider bounding max,¢ ] zex ‘%ﬂ‘ Since

ZK:ZE%“ ZzNa:p ZZZ s =X Wep(t) =t —t=

a=1zxeX a=1zeX a=1zeX s=1

we have
sup |Egzt| < (KD —1)sup Eqgp.

a,r a,r

Then, for every a € [K] and z € X, we have E, ;; < SUPy/e(K] SUPyex Lar ot and

Ea,m,t = - Z Ea/,m/,t > - Z sup Ea/,x/,t = —(KD — 1) sup Ea’,x/,t .

(@' ") A(a,0) (@ ) A () e
Next, we give an upper bound on sup,, , Eq zt, for ¢ large enough. Let ty > to such that
vt >t g(t) <2te and 1/t <e.
We first show that for ¢ > ¢,
(Ap1 =a) C (Eypy < 2te) (14)

To prove this, we write
(At41=a) C & U &,

where

& = (a € arg min (Na,x(t) - tz 1[Xs = Jr]waw(s)))

a€[K)] ——1
&y = (Na,x, (1) < g(Nu(1)))

This inclusion is immediate by construction. Therefore, we show that

E1U& C (Ea,a:,t < 2te) .
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For the second case (&), if Ny »(t) < g(Nx(t)), we have

t

Eypt < g(Nz(t)) — Z 1[Xs = x]wa@(s) < g(Nx(t)) < g(t) < 2te,
s=1

by definition of t{,.
In the first case (&), for ¢ > ty, we have

Eozt = Z 1[Xs = x]Wq (1)
s=1

t t t

—Nax(t)—Z]l[Xs—x]wa,x(s)—i—ZIl[Xs—xwax ZIL s = T|Wq 4 (t)
s=1 s=1 s=1

t L&

< Ngg(t) — ; 1[Xs = z]wg 4 (s) + 2te <since ae[%ﬁ;{ex t = Zl 1[Xs = z]w(t)| < 2€>
t
< m[ifr;} <Na7m(t) —t Z 1[Xs = x]wa’x(3)> + 2te (since &; holds)
ac o—1

< 2te.

where the last inequality holds because ming ; E, »; < 0 holds from Zle Y owex Eazt = 0.
This proves (14).

Here, Eq 4 satisfies Egp 141 = Eqzt + L[Ai11 = a, Xpp1 = z] — 1[ X = 2]We(t + 1),
therefore, if t > ¢,

Bogi1 < Eopr + 1A = a, Xpp1 = 7] — 1[Xs = 2]wa o (t + 1)
< Eugt+ 1[Eqzr < 2te] — 1[ X5 = 2]Wa(t + 1).

We now prove by induction that for every ¢ > t{,, we have
Ea,m,t < maX(Ea,x,t67 2te + 1)

For t = t{, this statement clearly holds. Let ¢ > t{, such that the statement holds. If
Eq .t < 2te, we have

Eogit1 < 2te+1—wWa(t+1) <2te+1< max(Eamta, 2te +1)
< max(Eygy,2(t+1)e+1).
If 44+ > 2te, the indicator is zero and
Eizi+1 < max(an’té, 2te+1) —we(t+1) < max(E’a@’té, 2(t+1)e+ 1),

which concludes the induction.
For all t > t{,, using that E, , ; <t and 1/t < ¢, it follows that
Pt 0]

Ea,x,t

t

max
a€[K],zeX

1 ¢ t
< (KD — 1) max <2€+ 7 ;) < (KD — 1) max <36a to) .
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Hence, as mentioned above, from (12), there exists t; > t6 (¢) such that for all ¢ > ¢,

¢
1
min max fZIL TWe x| <  max —anl) < 3(KD — 1),
weC a€[K],zeX t = ac[K]xex | t
which concludes the proof. |

Then, we can prove Lemma 14 as follows.
Proof Let g(n) = (vn—K/2);. Let €’ = gz5— > 0 and C = ®(v). First, by Lemma 13,
and Lemma 12, there exists £(¢") > 0 such that for all v/ = ((uy, ,), (¢;)) such that

\Hae — M;,x’ < 5(5/)
and
G — ¢ <€),

we have

max min max

t t
1 1
i — 1[Xs = — 1[X <¢e'/2.
wed(v') w'ed(v) ac|K],zeX |t Z = taa(s ot Z ¢/

s=1 s=1

From the law of large numbers, there exists to(¢') > 0 such that for all £ > t(e’), we
have |pgz — flax(t)] < &(e") and [(; — ((t)] < &(¢'). Here, the ©(t) in the plug-in estimate
O((t)) is 0(t) = ((fta,z(t)), (Cz(t))). The condition (4) states that

. . o _
B 2R i [ ()~ | =0

almost surely. This guarantees that there exist t; > 1 such that for all £ > 1, we have

t t
1 1
,E 1[X, = 75 1[X, = zw!, | <€'/2.
wnelgzl/ aEmaX t = -t wax t po Yaa 5/
Now for all ¢ > max(to(¢'),t1), we have
1 1
i =S X = — S X, = 2w
o2l lkfin |1 2 T T 9 g 2 T
1 i
< i a - 11X, = - = 11X, = !
< uin e SIX. = ahuas(s) - £ 3N, =l
1 1«
a i a 7§ 1[X,s = —7§ 1[Xs = xjw) | < €.
+w£(3%t))w’rg}1>1(ll/)a€[111{1},a}c<€2( ts f [Xs x]wa’x(s) pot [Xs x]wa,x

Thus, we have shown that

min maX
w'ed(v) a€[K
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almost surely.
Next, we recall that by Lemmas 8 and 13, ®(v) is non empty, compact and convex.
Thus, applying the (strong) law of large numbers and Lemma 27 yields immediately that

with
N (t
P( min < lim Naas(t) =CGu, | =1
w*ed(v) | t—oo t ’

Here, we used

. Na ﬂi(t) *
’ — t
i [ o)
o |Nax®) 1§ ity : -
o Naw(t) 1 . 1< .
S e Z:; L[Xs = awg ()| + {t Z:; 1[X, = 2] = p() y w} (1)
O Nae() 1L i 1<
= witaly |t —tZ;M&ZwWMﬁ)+tg;MXf:ﬂ—M@,
and for t > to(e’)
Ny »(t 1
min  max %U—fZﬂ[XS:x]wZI <
w*eC a€[K],zeX t t p ’

1€ =&l < ().

G.2 Proof of Theorem 15

We proceed similarly to Garivier and Kaufmann (2016). Introducing, for a,b € [K], Ty :=
inf{t € N: Z,,(t) > B(t,0)}, we have

P, (75 < 00,a7 #a*) <P, (Ja € [K]\{a"},3t € N: Z, o+ (t) > B(t,0))

S Z ]P)l/(Ta,a* < OO) .
a€[K]\{a*}
We show that if 5(¢,9) = log(2t(K — 1)/0) and pg < pp, then P, (T, < 00) < %. For

such a pair of arms, observe that on the event {Ta,b = t} time ¢ is the first moment when
Zqp(t) exceeds the threshold 3(t,0), which implies by definition that

—B(t,6) maxe, >¢, P¢, (Ea,z (t), l(t))pfb (Eb,ac (t)’ X(t))

b e, =6, pe, (B (1), X(0)) 9, (B (0, X (7))
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It thus holds that

P, (T, < 00) Z]P’ t):iIEl,[]l[Tmb:t]}
t=1

exp ((— _pymaXe, >¢, Pe, (Ba,:p (t)v X(t))pﬁb (Eb,m (t) ) X(t)) ]
= Z D A | e = e e (Baa (1), X)), (B (1), X (1)
- iexp (= 8t 6)) By |1 [Ty — ] 226 P (£a0 (1), X(1))pe, (
t=1

We expand the expectation E,, [11 [Top =t D028 Pea (E“’I(t)’l(t))pgb (Eb’z(t)’i(t))
’ Pra (Bas (0.X(1) 0y (By, (0).X (1))
lows:
1 _ Inaxfazsblka(liax(t)7)f())I%b(f?bx( ),)(())
[Ta,b - t]
pl’«a (Ea z(t)’X(t))pr (Rb:v )
Z Z Z a,b — t (Tfa ay, xt max pfa ( a, x - rt’l(t) = lt)pfb (Eb,m (t) = Etazﬁ)

r,€{0,1}* a, €[K]t X (t)EX?

E,

t
H [Hpuc (Rs,c =Ts ‘ Xs = xs)p(Al =cC | Xl - 371) Hp(As =cC | Xs = .135,95_1)
ce[K\{ab} =2 Pis

= > 2 2 Ml =t{rean ) maxpe, (Boo(t) =1, | X(1) = 2,)pe, (B0 () =1, | X (1) = 2,)

r,€{0,1}* a, €[K]t z, €X't

t t
H [Hp#c (Rs,c =Ts ‘ Xs = xs)p(Al =c | Xl = 1'1) Hp(As =c | Xs = xsvﬂsfl)

c€[K]\{a,b} Ls=1 5=2

(15)
where r, denotes the sequence {rs}!_;, a, denotes the sequence {as}._;, z, denotes the
sequence {zs}L_q, py, (th =nr | Xy = $t) denotes the conditional density of 7; given
x; Note that 1[T,; =t] is a random variable depending on (R, A;, X(t)), therefore, we

denote it as 1 [T}, = t] (ry, a4, ;). For a vector x, let us introduce the Krichevsky-Trofimov
distribution

1
kt(x) = / ————pu(x),
as defined in Lemma 11 of Garivier and Kaufmann (2016). Then, following the same pro-
cedure as Garivier and Kaufmann (2016), we bound (15) by

Z 2t exp ( Z Z Z a b — t Tt? Qy, xt)kt (R (t))kt (Eb,x(t))

zte{o 1}t a,€[K]t z, Xt

t

t
< T |1 ew(Rse=rs | Xo = 2)p(Ar = ¢| X1 = 21) [ p(As = ¢ | X = 24, Q1) | P(X(2)

ce[K]\{a,b} Ls=1 5=2

=Y 2texp (= B(t8) D D Y [Tup =t (ryapz)(ry, ap, 2)p(X (1) = zp),
t=1

r,€{0,1}f a, €[K]* z,€ Xt

= ;)
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where the partially integrated likelihood
I(Etv Qy, gt) =kt (Ba,x (t))kt (Bb,:z: (t))

t

t
X H Hpu’c (Rs,c =Ts | Xs = ms)p(Al =cC ‘ X1 = xl) Hp(As =cC ’ Xs = x87Qs—1)
ce[K\{a,b} Ls=1 5=92

is the density of an alternative probability measure IF’, under which pq and pp are drawn from
a Beta(1/2,1/2) distribution at the beginning of the sampling process. This is bounded as

Z 2texp (— B(t,6)) Z P (T, = t)p(X(t) = x,)

T, eXt
<0 Ooﬁ(T )= ——P (Thy < 00) < 0
—t) = 00
~K-1 @b K—1 S K-1
Thus, for any j, < p, then P, (T, < 00) < %5. Therefore,
N X J
P, (75 < 00,875 # a*) < Z P, (Tgar < 0) < K — 1ﬁ 0.
a€[K]\{a"}

Appendix H. Proofs for Section 6.4
H.1 Proof of Lemma 18
Proof In a Bernoulli bandit model, let £ be an event such that

Na,x(t) * N t—o0 Nx(t) t—>ooC }

E= {Va € [K],Yx € X, min |lim — GWa | = 0, flaz(t) = fag,

w*ed(v) [t—00 t
When considering a bandit model that belongs to a canonical one-parameter exponential
family, suppose that the true parameter ¢, is given; that is, (,(t) = {,. From the assumption
on the sampling strategy (see Lemma 14) and the law of large numbers, £ is of probability
1. On &, there exists ¢y such that for all ¢ > tg, fi1(t) > max,21 fia(t) and
Z(t) = mi? Z1,4(t)

a

~omin Y { Pl Loy tog 2 10g1 = (0 |
y Hoall {ﬂa,m) log m +log(1 aa,z(t»}
- Ml {m@@) 1oglf~1gﬁfi)(t) +log(1 — &t >>}
- Noall {ﬂa,gC(t) 1ogfgi’@ T log(1 — &t >>} }
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By continuity of m, there exists an open neighborhood N (v, ¢) of ®(v) x {u} x {¢} such
that for all (w', p/, ") € N(v,¢e), it holds that

m('w’, V’) >(1- a)m(w’,y),

where where v/ = (p/,{’), and w* is some element in ®(v). Recall that the function m is
defined in Section 5.2 Now, observe that under the event &, there exists t1 > tg such that
for all ¢ > ¢1 it holds that ((fiq.«(t)), (Cz(t))) € N(v, ), thus for all ¢ > t¢, it follows that

. 1 X
((Nalt) t)acia 70) = T—mlw",v),
where 0y = (fus, ét) Therefore, on &, for all t > 1,
N t
= (0 > * = "
Z(t) tm((Na(t>/t)ae[K] y Ct) =14+ Gm(w 71/) (1 4 G)T*(l/)
Consequently,
75 = inf{t e N: Z(t) > p(t,0)}

t1V inf{t e N: t(l
(1

t?
€)' T*(v) ™ > log(r(t)/8)}
t1vVinf{t e N:¢ €

< +
< +e) T (v) " > log(C17/4)},
for some positive constant C'. Using the technical Lemma 18 in Garivier and Kaufmann

(2016), it follows that on &, as « € [1,€/2],

s <t1Va(l+e)T*(v) {log (C’e((l + ?T*(H))a> + log log

(C((l + e(?T*(u))“)] .

Thus 75 is finite on & for every § € (0,1), and

limsupL <(14+eaT*(v).

50 log(1/6)

Letting € go to zero concludes the proof.

H.2 Proof of Theorem 19

This proof also mainly follows Garivier and Kaufmann (2016). We use the following propo-
sition from Garivier and Kaufmann (2016).

Proposition 28 (Lemma 18 of Garivier and Kaufmann (2016)) For everya € [1,¢/2],
for any two constants c1,co > 0,

c=2 [log (%f) + loglog (%)]
c1 s s

is such that cix > log(cox®).
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To ease the notation, we assume that the bandit model v is such that gy > ps > - > ug.
Let € > 0. From Lemma 12, there exists T = Y(e) < (1 — p2)/4 such that

IM:G = H ([/‘Lw - T»Nl,x + T] X [NQ,I - Taﬁ@,m + T] X X [F‘K,w - T?NK,z + T])»
rEX

Tee =[] 16— T, ¢ + Y]

TEX

satisfy that for all v/ € 7, x Z¢ ., for w’ € ®(1/'),

1 ¢
ZZH s = X)W (s ZI[

s=1 s=1

min maX
wed(v) ex

w\»—l

In particular, whenever (fi,(t), im)ze;\.’ € Zy,e X I, the empirical best arm is a; = 1.
Let T € N and define h(T) := T%/* and the event

ﬁ ( x)xEXEIEXIC,)
t=h(T)

The following proposition is a consequence of the proposed CTS algorithm, which ensures
that each arm is drawn at least of order /¢ times at round t.

Lemma 29 There exist two constants B,C (that depend on v and €) such that
P, (&%) < BT exp(—CT?®).

Using these ingredients, we prove Theorem 19.
Proof On the event Ep, it holds for ¢ > h(T') that a; = 1 and the Chernoff stopping statistic
rewrites

max min Z ,(t) = min Z; 4(t)
a#l

a€lK] bA1

= tmin > {le(t) {ﬂm(t) log % +log(1 — ﬂ1,x(t))}
N Na:(t) { i (£) log % +log(1 ﬂa,x(t))}
_ Nl;f(t) {ﬂm(t) 1og% +log(1 — &14(t ))}
_ Na;ﬁ(t) {Iaa’x(t) log % +log(1 — ga,x(t))} }

= tg ((ﬂa,x(t))xezl’a (ga:(t))zeXy (Na,: (t)> &) )() ’
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where we introduce the function

g<(ﬂa,x(t))xe%(590(75))‘*”’<Na7:(t)> K], X)

= min {Nl e { i, x( ) + log(1 — ﬂl,x(t))}
N

a;él 1 — Ml x(t)

{ oyt 220 og1 ) )

t 1-— Ha z(t)
_ le(t) {ﬂl,x(t) log &51(,?(75) +log(1 — &1 (t ))}
_ Naslt) {ﬂa,xu) log 5”“)( j ol - Ea,x@))} }

From Lemma 27, there exists a constant for T such that the following inequality holds on
gTZ

t
1
Vt>+VT, min  max 72]1 zwe| < 3(KD —1)
wed(v) aE[K],xeX t o
Then, we introduce
H: (v) = inf o '),
‘ Moo oo —Ha,z | <Y (€)
Gl Ce —Ca| <Y (e)
wla,x:|w£l,:c_w;,x|§3(KD_1)6
where
1t
w* = argmin max - 1[X x|w <3(KD —1)e.
w%@(y) a€[K],zeXx ot ; ot ( )

Here, on the event & it holds that for every ¢ > /T,

Zap(t) > tH? .
(grel%r&g b(t) (V)>

Let us defineT" > T,. Then, on the event &,

min(7s,T) < \F+z\; Ta>t<\F+Z [g%%ﬂg Zap(t) < B(t,9)
t

f+z 1[tH*(v) < B(T,0)] < VT + (* L)
v Hr(v)

IA

Introducing
To(6) = inf {T eN: VT + %*T(’j)) < T} ,

€
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for every T' > max(Ty(d),Te), we have Ep C (15 < T'), therefore
P, (5 > T) < P(&f) < BT exp(—CT"/®)

and

E, (5] < To(6) + T + > BT exp(—CT'®) .
T=1

We now provide an upper bound on Ty(d). Let us define > 0 and the constant
Cn)=inf{T eN:T —VT >T/(1+n)}.

Then, we have

To(d) < C(n) +inf {TGN: H;(,,) log <T(§F)> = 1177}

_ H (v) Dtlte
< : >
< C(n)—l—mf{TeN 1+77T_10g< 3 ,

where the constant D is such that »(7') < DT“. By using Proposition 28, we obtain, for
a€[l,e/2],

The last upper bound yields, for every n > 0 and € > 0,

. EV[T(S] Oé(l + 77)
lim su < )
50" log(1/6) = H:(v)

As 7 and € go to zero, by continuity of g and by definition of w*,

lim H*(v) = T*(v) L.

e—0

This yields
By [7s]

liminf ————

mint e ST W)

Appendix I. Proofs for Section 6.5
1.1 Proof of Theorem 21

Proof. Let U = ¢(X) and fix any u € [M]. By the law of total probability and the
definition of jiq 4,

]P)(Rt’a =1 ‘ Ut = U) =E []P)(Rt’a =1 ‘ Xt) ‘ Ut = U] =E [Ma(Xt) ‘ Ut = U} = Ha,u-
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Therefore, conditional on U; = u, the reward of arm a is Bernoulli with mean 14, ,,. Moreover,
letting ¢, = P(U; = u),

pta = Elpa(X0)] =Y P(U; = u) E [pa(Xe) | U = u] = Zcuum

Hence the best arm defined by maximizing u, coincides with the best arm in the aggregated
finite-context instance vy = ((fta,u), (Cu)). Finally, Theorem 15 applies to v4 and guarantees
that CTS run on the finite contexts (U;) is J-PAC. Since the recommendation is made
according to the same marginalized means pi,, this implies J-PAC for the original instance.

1.2 Proof of Lemma 22

Proof. Let ¢ : X — [M] and ¢' : X — [M'] be aggregations such that ¢’ refines ¢, i.e.,
there exists a map  : [M'] — [M] with ¢ = 7o ¢'. For u € [M], denote S, := 771 (u).

Write ¢, := P(¢(X) = u) and ¢, := P(¢/(X) = v) for v € [M']. Then ¢, = > cq. G-
For any arm a € [K], recall that

pau =Elua(X) | ¢(X) =u]  and  pg, = E[pa(X) | ¢'(X) =0].

By the tower property, for every u € [M],

ZCU

VESY
Fix any w = (Wau)ac(k],ucim) € W for the induced instance vy and define w' =
(W o) ac[K),ve(mr) € W for vy by wy, = We ). (In other words, w’ ignores the re-

finement.)
We show that m(w’,vy) > m(w,vy), where m(-,-) is defined in Section 5.2. Fix any
a # 1 and consider an arbitrary feasible pair ()\’LU,)\Q’U)UE[M/} satisfying the constraint

D veim GoMaw = 2overnrr] CoMe- For each u € [M] and b € {1,a}, define the corresponding
coarse parameters by

Then Zue[M] Curau = ZuE[M] CuA1us 80 (A1,us Aau)ue[nr) 18 feasible for the inner minimiza-
tion that defines m(w, v4) for arm a.
Moreover, the KL divergence is jointly convex, hence for every u € [M] and b € {1,a},

3 C”kl( o M) >k1( i” o S Q’Ag,v) = K1ty Mp).

vESy Cu vESy vESy Cu

Multiplying by (,wp,, and summing over u yields

> Gwh Kl M) = D> Cwn Kl M) =D Cutws oKl (s Aow)-

ve[M'] u€[M]veSy u€[M]

55



KATO AND ARIU

Adding the inequalities for b = 1 and b = a shows that, for this fixed a and this feasible )\,
the objective value in the inner minimization defining m(w’, vy ) is at least the corresponding
objective value for v4 with the aggregated parameters A. Since the inequality holds for every
feasible X', taking the minimum over )\’ yields that the inner minimum for vy (for arm a)
is at least that for v, (for the same arm a). Finally, taking the minimum over a # 1 gives
m(w',vy) > m(w,vy).

Since for every w € W we have constructed w’ € W satisfying m(w’, vy ) > m(w, vy), we
obtain maxyyey m(w', vy) > maxypew m(w, vy). Recalling that T*(v) ™! = maxywew m(w, v),
we conclude that T*(vy) < T*(v), as claimed.

1.3 Proof of Proposition 23.

Let II be a finite measurable partition of X', and define the piecewise-constant mean functions
pe(z) =E[pa(X) | X €B], z€Bell

Denote by V! the instance with the same context distribution ¢ and Bernoulli rewards with
conditional means (,ug)ae[K]. By construction, V! is equivalent to the aggregated finite-
context instance induced by II (since, within each bin B, the reward distribution does not
depend on the exact context x € B), and therefore T*(V) = T*(V), where V is the induced
instance in Theorem 21.

Let wq(r) := sup{|pa(®) — a(y)| : z,y € X, |z —y| < r} be the modulus of continuity of
g on the compact set X'. Since each p, is uniformly continuous, we(r) — 0 as r | 0. For
any ¢ € B € II, we have

g (x) = pra()| = ’E[ua(X) — pa(z) | X € B]| < SUp ta(y) = pal)] < wa ( diam(B)).

Consequently, letting

§(IT) := max sup |y () — pa()],
a€lK] zex

we obtain J(II) < max,eg] wa(maXBen dlam(B)). For the nested sequence (II,,)m>1 in
Proposition 23, define d,, := §(I1,,); by assumption, &,, — 0.

Let a* = a*(V) and denote the marginal means by pq = [} pta() ¢(dz) and ,u( m

[y i (2) {(dz). Then |M§m) — tg| < O, for all a € [K]. Since a*(V) is unique, letting
A = figr — maxpLer pp > 0, we have a*(Vm) = a* for all sufficiently large m such that
dm < A/4. For such m, the alternative set depends on V only through a* (see the definition
of Alt(-) in Theorem 2), hence Alt(V!Im) = Alt(V).

Define the information rate I(-) := 1/7*(-) as in Theorem 2:

I(Z/l) = sup inf Z/ wa:pKL pamaQam) C(d$)

wew (q,¢)eAlt(U)

Under our restriction that both the true means and the alternative means lie in [n, 1 —n], we
have KL(pg z, ¢a.e) = d(pta (), va(z)) where d(-, -) is the Bernoulli KL divergence. Moreover,
d(p, q) is continuously differentiable on the compact set [, 1 — n]?, and thus

L,:= sup )a@pd(p, q)’ < 0.
p,q€(n,1-7]
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It follows that |d(p, q) — d(p',q)| < Ly|p — p'| for all p,p’,q € [n,1 —n].
Fix w € W and (q,¢) € Alt(V). For all sufficiently large m (so that Alt(VIm) = Alt(V)),
using |, ™ () — pa(z)| < 6 and Zle Wq,z = 1, we obtain

K K
Z / Wa,x KL(paH:;v Qa,zr) C(dl') - Z / Wa,x KL(pa,zy Qa,m) C(d.%') < KLn(smu
a=1 a=1

where pi'm = Bern(ug™ (z)) and pa. = Bern(ug(z)). Taking the infimum over (g,¢) €
Alt(V) and then the supremum over w € W yields

[TV — I(V)| < KLyop, ——0.

Hence T* (V) = 1/1(V) — 1/I(V) = T*(V), and recalling T* (V) = T*(V™) proves
the first claim of Proposition 23. N
Finally, fix ¢ > 0 and choose m. such that T*(Vme)) < T*(V) +e. By Theorem 19

applied to the fixed finite-context instance V(™) we have

Eqn -
lim sup Evlrs] = lim sup 2 73] < T*(Vme)) < TH(V) + ¢,

50 log(1/4) s—0  log(1/6) —
where we used that the interaction induced by CTS depends on the original contexts only
through their bin indices, so its distribution under V coincides with that under V(")

Appendix J. Details of Experiments
J.1 Calculation of an Optimal Weight

To update the allocation w(t), we need to solve the minimax optimization problem defined
in (3). Unlike Garivier and Kaufmann (2016), we do not have an analytical solution for
this problem. Therefore, we solve this problem numerically, using sequential quadratic pro-
gramming. In our experiments, we use the sequential least squares programming (SLSQP)
algorithm implemented in the optimize.minimize method of scipy, which is a Python li-
brary. Note that Garivier and Kaufmann (2016) used only the bisection method for the
numerical optimization with the help of the analytical solution of the inner optimization in
Lq (). Unlike Garivier and Kaufmann (2016), in our case, errors of optimization affect the
results more.

J.2 Environment of Experiments

All experiments were conducted on a MacBook Pro with a 2.8 GHz quad-core Intel Core
i7. We use Python. The version of Python is 3.7.5, and the version of SciPy is 1.4.1. To
reduce the computational load, w is updated once every 10 trials. This is an asymptotically
negligible heuristic.

J.3 Experimental Settings and Additional Results with Bernoulli bandit
models

In all experiments with Bernoulli bandit models, we assume that there exist two contexts
X € {1,2} and each context is drawn with probability 0.5.
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Table 2: Additional Bernoulli simulations (known-allocation baseline). For each instance,
we report the mean and median stopping time (with interquartile range, IQR).
In all settings below, the empirical error count was 0 out of the n.uns = 10 trials

(0 = 0.05).
Instance K |X| TS (known allocation) CTS (known allocation)  Error
I1 (Fig. 3) 4 2 21301.0 (20302; 17967-23640) 9292.2 (9700; 8411-10198) 0/10
12 (heterogeneous) 4 2 A71.9 (544; 333 589) 329.7 (338; 242.399)  0/10

We conduct three additional experiments with different settings from the one in Section 7.
For the Bernoulli bandit model, we consider a situation where the marginalized mean rewards
are {1, 1o, 13, ey = {0.5,0.45,0.43,0.4}, which is the same as one of the scenarios used
in Garivier and Kaufmann (2016). Suppose that for each context, the conditional mean
rewards are given as {{1 1, 2,1, 43,1, 4,1} = {0.5,0.01,0.4,0.01} and {1 2, 22, 13,2, a2} =
{0.5,0.89,0.46,0.79}. We show the evolutions of the GLRT statistic in Figure 4. As well
as the result shown in Section 7, the CTS algorithm achieves a smaller sample complexity
than TS. However, the variance is larger than the case discussed in Section 7. We believe
that this is due to the gaps between the mean rewards are smaller than in the previous case
and to the errors of the estimation/optimization affect the results more.

Next, we consider another scenario:

{p1, p2, 3, g} = {0.3,0.21,0.2,0.19}
{p1, p2, 3, g} = {0.5,0.45,0.43,0.4},

which are the same as Garivier and Kaufmann (2016) and our previous experiments. For each
setting, we use the same conditional mean rewards as {111, 2,1, 43,1, 4,1} = {0.5,0.2,0.2,0.1}.
The counterparts and {1 2, f2.2, 43,2, fta,2} for

{Ml, M2, 13, /,64} = {0.3, 0.21, 0.2, 0.19}

and
{Mb H2, 13, M4} = {057 0457 0437 04}

are {MLQ, 12,2, /1,372, /L472} = {0.1, 0.22, 0.2, 0.28} and {ILLLQ, ,u272, 3.2, ,u472} = {0.5, 0.7, 0.66, 0.7},
respectively. Compared to these cases, the previous experiments take more extreme values
of the conditional mean rewards. Therefore, in the current setting, we expect the differ-
ence between the results of track-and-stop and contextual track-and-stop to be less than in
the previous ones. We show the value of the GLRT statistic in Figure 5. As we expect,
improvement is limited in this case.

Additional Bernoulli instances. To complement Figure 3, Table 2 reports stopping
times on two Bernoulli instances with K = 4 arms and |X| = 2 contexts. We report the
mean stopping time, the median, and the interquartile range (IQR) over 10 independent runs
at 6 = 0.05. For this table we used fixed sampling proportions w* (computed from the true
instance) for both TS and CTS to isolate the gain from exploiting contextual information.
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Figure 4: This graph illustrates the maximum GLRT statistic max,e[x] minge[g)\{a} Za,b(t)-
The solid line represents the averaged value over 20 trials, and the light-colored
area shows the values between the first and third quartiles.
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Figure 5: This graph illustrates the maximum GLRT statistic max,¢|x] minye|g)\ {a} Za,b(t)-
The left figure shows when {u1, po, ps, pa} = {0.3,0.21,0.2,0.19} is given. The
right figure shows the results when {1, po, s, pa} = {0.5,0.45,0.43,0.4} is given.
The solid line represents the averaged value over 20 trials, and the light-colored
area shows the values between the first and third quartiles.

We also ran a light-weight plug-in version that recomputes the sampling proportions
infrequently (every 1000 rounds for T'S and every 2000 rounds for CTS). On instance I1 this
yielded mean stopping times 3334 (TS) and 2693 (CTS) over 10 runs, suggesting that the
contextual gain persists when the sampling proportions are estimated online.

J.4 Additional Results for Plug-in a-elimination with Gaussian Rewards

A plug-in variant with unknown correlations and variances. The analysis of Sec-
tion 3 assumes that the correlations and variances needed to form the control-variate esti-
mator are known. In practice, these nuisance parameters can be estimated online from the
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Table 3: Gaussian plug-in a-elimination. For each setting, we report the mean and median
stopping time (with interquartile range, IQR). Empirical error rates over nyuns =
300 trials (6 = 0.05) were 0% (known-nuisance baseline) and 3.3%, 2.7%, 3.3%
(plug-in) for (G1, G2, G3), respectively.

Known-nuisance baseline Plug-in
Setting mean (median; IQR) mean (median; IQR)
Gl 39 (37; 25-52) 24 (12; 6-34)
G2 14 (13; 8-17) 10 (7; 6-11)
G3 64 (60; 44 83) 34 (17; 7-55)

observed pairs (X¢, Ry 4,), for example by least-squares regression of R, on X; using only
the data collected when arm « is pulled. To assess the resulting behavior, we implemented a
plug-in variant that (i) estimates the control-variate coefficient for each arm by least squares,
(ii) estimates the residual variance 0’2 by the sample variance of the residuals, and (iii) uses
the estimated residual standard deviations to form &; and a D-tracking style sampling rule
targeting the proportion d&y.

Gaussian settings (G1-G3). We consider a scalar context X; ~ N (0,1) and two arms
with rewards

Rt,a = Uq + ant =+ \/ 1-— pg Et,ay Eta ™ N(07 1) 1.i.d.

so that Var(R;,) = 1, the optimal control-variate coefficient equals 8} = p,, and the
residual variance after control variates is (0)? = 1 — p2. We set (i1, u2) = (1,0) and use
G1: (p1,p2) = (0.9,0.1), G2: (0.9,0.9), G3: (0.5,—0.5). In the plug-in implementation,
we avoid the ill-posed regression regime with Ny, < 2 (0 degrees of freedom for estimating
(0!)? with an intercept+slope regression) by using a conservative baseline variance estimate
and by starting to apply the stopping rule only once each arm has at least three samples.

Note that the plug-in variant can stop earlier than the known-nuisance baseline in these
simulations. This is not a contradiction: the “known-nuisance baseline” column refers to
the same a-elimination procedure with nuisance parameters known (not an information-
theoretic lower bound), and the theoretical exploration rate (¢, d) is conservative. Moreover,
the plug-in widths rely on estimated nuisance quantities and do not explicitly account for
the additional uncertainty from estimating the regression coefficient. Hence, the plug-in can
behave more aggressively and stop earlier, at the cost of a slightly higher empirical error
(which is still close to the target level § in Table 3).

J.5 Discussion and Future Work: Towards §-PAC Plug-in Variants

The plug-in variants above are practically motivated heuristics, and we do not claim that
they satisfy the J-PAC guarantee. A natural direction to endow such plug-in methods with
guarantees is to replace point estimates of nuisance quantities by anytime-valid confidence
sequences and to inflate the elimination thresholds to hold uniformly over these confidence
sets. For example, in the Gaussian setting one can run online regression to estimate the
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nuisance parameters and combine (i) a time-uniform confidence ellipsoid for regression coef-
ficients (via self-normalized martingale bounds) with (ii) an anytime confidence sequence for
the noise variance (e.g., empirical-Bernstein or ¢-type bounds for unknown variance). Elimi-
nation can then be performed using confidence widths computed for the worst case over the
resulting confidence sets, yielding a principled (albeit conservative) §-PAC plug-in proce-
dure. Extending this idea beyond parametric regression—e.g., to kernel regression / kernel
density plug-in approaches—would require time-uniform confidence bands for the estimated
conditional mean (and possibly the context density), which is an interesting direction for
future work.
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