Journal of Machine Learning Research 27 (2026) 1-55 Submitted 10/22; Revised 12/23; Published 2/26

A Reinforcement Learning Approach in Multi-Phase
Second-Price Auction Design

Rui Ai RUIAIQMIT.EDU
Institute for Data, Systems, and Society

Massachusetts Institute of Technology

Cambridge, MA 02139, USA

Boxiang Lyu BLYU@QCHICAGOBOOTH.EDU
Booth School of Business

The University of Chicago

Chicago, IL 60637, USA

Zhaoran Wang ZHAORANWANG@QGMAIL.COM
Department of Industrial Engineering and Management Sciences

Northwestern University

Evanston, IL 60208, USA

Zhuoran Yang ZHUORAN.YANGQYALE.EDU
Department of Statistics and Data Science

Yale University

New Haven, CT 06511, USA

Michael 1. Jordan JORDAN@QCS.BERKELEY.EDU
Department of EECS, Department of Statistics

University of California

Berkeley, CA 94720, USA

Editor: Tor Lattimore

Abstract

We study reserve price optimization in multi-phase second price auctions, where the seller’s
prior actions affect the bidders’ later valuations through a Markov Decision Process (MDP).
Compared to the bandit setting in existing works, the setting in ours involves three chal-
lenges. First, from the seller’s perspective, we need to efficiently explore the environment
in the presence of potentially untruthful bidders who aim to manipulate the seller’s policy.
Second, we want to minimize the seller’s revenue regret when the market noise distribution
is unknown. Third, the seller’s per-step revenue is an unknown, nonlinear random variable,
and cannot even be directly observed from the environment but realized values.

We propose a mechanism addressing all three challenges. To address the first challenge,
we use a combination of a new technique named “buffer periods” and inspirations from Re-
inforcement Learning (RL) with low switching cost to limit bidders’ surplus from untruthful
bidding, thereby incentivizing approximately truthful bidding. The second one is tackled
by a novel algorithm that removes the need for pure exploration when the market noise
distribution is unknown. The third challenge is resolved by an extension of LSVI-UCB,
where we use the auction’s underlying structure to control the uncertainty of the revenue
function. The three techniques culminate in the Contextual-LSVI-UCB-Buffer (CLUB) al-
gorithm which achieves @(H 512\ K ) revenue regret, where K is the number of episodes and
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H is the length of each episode, when the market noise is known and O(H3vVK ) revenue
regret when the noise is unknown with no assumptions on bidders’ truthfulness.

Keywords: Mechanism Design, Second Price Auction, Reserve Price Optimization, Re-
inforcement Learning

1. Introduction

Second price auction with reserve prices is one of the most popular auctions both in the-
ory (Nisan et al., 2007) and in practice (Roth and Ockenfels, 2002). While closed-form
expressions for the optimal reserve price have been known ever since the seminal work
of Myerson (1981), directly applying the result requires that population information, such
as the bidders’ valuations’ distribution, is known a priori. Various attempts have been made
to weaken the assumption, with one of the most prominent lines of literature being reserve
price optimization for repeated auctions in the contextual bandit setting (Amin et al., 2014;
Golrezaei et al., 2019; Javanmard and Nazerzadeh, 2019; Deng et al., 2020).

A limitation of existing works lies in the bandit assumption. Indeed, while reserve price
optimization is already challenging as-is, allowing the auction to be both contextual and
introducing temporally dependent dynamics, particularly, incorporating Markov Decision
Process (MDP) induced dynamics in the evolution of bidders’ preferences, opens up a wider
range of problems for studying. For example, Dolgov and Durfee (2006) studies optimal
auction under the setting and developed novel resource allocation mechanisms, Jiang et al.
(2015) leverages both MDP and auctions to better analyze resource allocation in IaaS
cloud computing, and Zhao et al. (2018) uses deep Reinforcement Learning (RL) to study
sponsored search auctions. We refer interested readers to Athey and Segal (2013) for more
motivating examples. A question naturally arises: is it possible to optimize reserve prices
when bidders’ preferences evolve according to MDPs?

In this article, we provide an affirmative answer. Our work assumes that the state of the
auction is affected by the state and the seller’s action in the preceding step. To facilitate
interpretation, we refer to the seller’s action in this context as “item choice”: bidders’ later
preferences could be affected by the types of items sold in previous rounds, a phenomenon
well-documented by empirical works in auctions (Lusht, 1994; Jones et al., 2004; Lange
et al., 2010; Ginsburgh and Van Ours, 2007).

As is the case in many real-world problems, we assume that the underlying transition
dynamics and the bidder’s valuations are both unknown. We further emphasize that we do
not make any truthfulness assumptions about the bidders, allowing them to be strategic
with their reporting. Under such a challenging setting, our goal is to learn the optimal
policy of the seller in the unknown environment, in the presence of untruthful bidders.
Our Contributions. We begin by summarizing the three key challenges we face. First,
bidders have the incentive to report their valuation untruthfully, in hopes of manipulating
the seller’s learned policy, through either overbidding or underbidding, making it difficult
to estimate their true preferences and the underlying MDP dynamics. Existing works such
as Amin et al. (2014); Golrezaei et al. (2019); Deng et al. (2020) do not apply due to technical
challenges unique to MDP. Second, when the market noise distribution is unknown, even
in the bandit setting existing literature often only obtains @(K 2/3) guarantee (Amin et al.,
2014; Golrezaei et al., 2019) and Q(K?/3) revenue regret lower bound exists in the worst
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case (Kleinberg and Leighton, 2003). Third, the seller’s reward function, namely revenue,
is unknown, nonlinear, and can not be directly observed from the bidders’ submitted bids,
and LSVI-UCB (Jin et al., 2020) cannot be directly applied.

We are able to address all three challenges with the CLUB algorithm. Motivated by
the ever increasing learning periods in existing works (Amin et al., 2014; Golrezaei et al.,
2019; Deng et al., 2020), our work further draws inspiration from RL with low switching
cost (Wang et al., 2021) and proposes a novel concept dubbed “buffer periods” to ensure
that the bidders are sufficiently truthful. Additionally, we feature a novel algorithm we
dub “simulation” which, combined with a novel proof technique leveraging the Dvoret-
zky—Kiefer—-Wolfowitz inequality (Dvoretzky et al., 1956), yields (’5(\/? ) revenue regret
under only mild additional assumptions. Finally, by exploiting the mathematical properties
of the revenue function, our work provides a provably efficient RL algorithm for when the
reward function is nonlinear.

1.1 Related Works

We summarize below two lines of existing literature pertinent to our work.

Reserve Price Optimization. There is a vast amount of literature on price estima-
tion (Cesa-Bianchi et al., 2014; Qiang and Bayati, 2016; Shah et al., 2019; Drutsa, 2020;
Kanoria and Nazerzadeh, 2020; Keskin et al., 2021; Guo et al., 2022). Deng et al. (2020)
considers a model where buyers and sellers are equipped with different discount rates,
proposing a robust mechanism for revenue maximization in contextual auctions. Javan-
mard et al. (2020) proposes an algorithm with O(v/T) regret (T' = K H in our paper) while
Fan et al. (2021) achieves sublinear regret in a more complex setting. Cesa-Bianchi et al.
(2014) studies reserve price optimization in non-contextual second price auctions, obtain-
ing O(VT) revenue regret bound. Drutsa (2017, 2020) studies revenue maximization in
repeated second-price auctions with one or multiple bidders, proposing an algorithm with
a O(loglog T') worst-case regret bound. However, their setting is non-contextual, and they
cannot be applied to our setting.

Among this line of research, Golrezaei et al. (2019, 2023) are possibly the closest to our
work. Golrezaei et al. (2019) assumes a linear stochastic contextual bandit setting, where
the contexts are independent and identically distributed, achieving O(1) regret when the
market noise distribution is known and O(K?/?) when it is unknown and nonparametric.
While the O(1) regret under known market noise distribution seems to be better than our
bound, we emphasize that their stochastic bandit setting does not require exploration over
the action space but needed in our work and, even in generic linear MDPs, a Q(v/K) regret
lower bound exists (Jin et al., 2020). For unknown distribution, there’s another difference
that they consider a time-varying model while we focus on dealing with the underlying fixed
MDP. Though the difficulty of these tasks is hard to compare directly, Amin et al. (2014)
considers a non-parametric but fixed distribution setting and suffers O(K?/3) regret, which
may hint at the main difficulty comes from a non-parametric rather than time-varying
setting. We delay more discussion about concrete techniques in Golrezaei et al. (2019)
in Section A. Lastly, as we discussed previously, the approaches in Golrezaei et al. (2019)
cannot be directly applied in the MDP setting, necessitating our novel algorithmic structure.
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At the same time with our paper, Golrezaei et al. (2023) considers another pricing prob-

lem with non-parametric noise, achieving O(\/T ) regret. However, they only set a reserve
price for all bidders, while we customize reserve prices for each bidder to attain more rev-
enue. On the one hand, the seller will achieve more revenue by setting different reserve
prices for different bidders, which is in line with the goal of the seller because there are
fewer corresponding constraints. On the other hand, in the real world, it is more common
to set up personalized reserve prices in the online advertisement market, like price discrim-
ination (Paes Leme et al., 2016; Wu et al., 2019). Additionally, Golrezaei et al. (2023) is in
the scope of contextual bandits and is a special case of our MDP setting. Pricing in con-
textual bandit settings is much easier than MDP because i.i.d. context will form a positive
definite covariance matrix, and linear regression works well. But in MDP, features depend
on action and are absolutely not i.i.d. Without the positive definite assumption, algorithms
designed for contextual bandits lose effectiveness, and we need innovative algorithms to
incorporate pricing and complex information structures.
RL with Linear Function Approximation. Linear contextual bandit is a popular
model for online decision making (Rusmevichientong and Tsitsiklis, 2010; Abbasi-Yadkori
et al., 2011; Chu et al., 2011; Li et al., 2019; Lattimore and Szepesvari, 2020) that has also
been extensively studied from the auction design perspective (Amin et al., 2014; Golrezaei
et al., 2019). Its dynamic counterpart, Linear MDP, remains popular in the analysis of
provably efficient RL (Yang and Wang, 2019; Jin et al., 2020, 2021b; Yang et al., 2020;
Zanette et al., 2020; Jin et al., 2021a; Uehara et al., 2021; Yu et al., 2022; Wang et al., 2021;
Gao et al., 2021). In particular, Jin et al. (2020) is one of the first papers to introduce the
concept, proposing a provably efficient RL algorithm with @(\/f ) regret. Jin et al. (2021Db)
generalizes the idea to offline RL.

While we use linear function approximation, the seller’s per-step reward function, rev-

enue, is non-linear. Our work also features novel per-step optimization problems to combat
effects from untruthful reporting. While our work draws inspiration from Wang et al.
(2020b) and Gao et al. (2021), as we discussed previously, these inspirations are needed for
obtaining high-quality estimates when the bidders are untruthful. Thus, our work differs
significantly from prior works on linear MDPs.
Notations. For any positive integer n we let [n] denote the set {1,...,n}. For any set A
we let A(A) denote the set of probability measures over A. For sets A, B, we let A X B be
the Cartesian product of the two. During the whole paper, we use k € [K] to refer to an
episode and h € [H] to refer to a horizon. In addition, we use k to refer to a buffer period
associated with the k-th episode.

2. Preliminaries

We consider a repeated (lazy) multi-phase second-price auction with personalized reserve
prices. Particularly, we assume that there are N rational bidders, indexed by [N], and one
seller participating in the auction. For ease of presentation, we use “he” to refer to a specific
bidder and “she” to the seller.

Second Price Auction with Personalized Reserve Prices. We begin by describing a
single round of the auction. Each bidder ¢ € [N] submits some bid b; € R>¢ and the seller
determines the personalized reserve prices for the bidders in the form of reserve price vector
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pE Révo, with p; denoting bidder ¢’s reserve price. The bidder with the highest bid only wins
if he also clears his personal reserve price, i.e., b; > p;. If the bidder i receives the item, he
pays the seller the maximum of his personalized reserve and the second highest bid, namely
max{p;, max;; b; }, which we dub m; for simplicity. When the bidder with the highest bid
fails to clear his personalized reserve price, the auction fails, the seller gains zero, and the
item remains unsold. In summary, bidder i receives the item if and only if b; > m; and
the price he pays is m;. For any round of auction, we let ¢; = 1(bidder ¢ receives the item)
indicate whether bidder ¢ received the item or not. For the sake of convenience, throughout
the paper, we assume that there are no ties in the submitted bids.
A Multi-Phase Second Price Auction. We now characterize the dynamics of the multi-
phase auction setting we study. Assume that the transition dynamic between rounds can
be modeled as an episodic Markov Decision Process (MDP)!. A multi-phase second price
auction with personalized reserves is parameterized as (S, T, H,P, {r; Z]\; 1), with the state
space denoted by S, seller’s item choice space Y2, horizon H, transition kernel P = {Ph}thl
where P, : S x T — A(S), and the individual bidders’ reward functions r; = {r;, }/L_, for
all i € [N]. The choice of item v € Y affects the bidders’ rewards as well as the transition.
The interaction between the bidders and the seller is then defined as follows. We assume
without loss of generality that the state at the initial step is fixed at some z; € S. For each
h € [H], the seller and the bidders engage in a single round of the second-price auction.
Given the seller’s item choice at step h, vp, nature transitions to the next state according
to the transition kernel P},.
Bidder Rewards. We assume that for each bidder i € [N] at time h € [H], his reward®
depends on both the state x and item being auctioned off at that round v € Y, which we
formalize as

rin(z,v) = 14 pin(2, v) + 2, where 2z, R

Here, z;;, denotes the randomness within bidders’ rewards and is drawn i.i.d. from the
market noise distribution F'(-). We assume that F(-) is supported on [—1, 1] and has mean
0. Let pip : S x T — [0, 1] denote the conditional expectation of the reward less one, where
the constant is added to ensure r;,(x,v) € [0, 3].

Policies and Value Functions. Before we describe the seller’s policy, we first discuss the
action space A = T x RY,. At each h € [H], the seller chooses some action as, = (v, pp),
comprising of item choice v € T and reserve price vector p € Révo. The seller’s policy is
then 7 = {m,}fL |, where 7, : S — A(A). We let 7¥ and 7° denote the marginal item
choice and reserve price policies, respectively. Recall that the seller garners revenue only
when the item is sold to a bidder. At each h € [H], her per-step expected revenue is then

N
Br =By, [Z mip L(man < bih)] (1)

i=1

1. We can easily extend our setting to that of an infinite-horizon MDP by improperly learning the process
as an episodic one. Here we focus on the finite-horizon case purely for simplicity of presentation.

2. Here we use “item choice” to better illustrate what Y intuitively represents. The term can be extended
to more generic notions of the seller’s action.

3. We use the term “reward” to maintain consistency with existing RL literature.
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as we recall that m;;, = max{p;, max;; bjn} and bidder ¢ pays the seller m;, if and only if
bir, > myp. The value function (V-function) of the seller’s revenue for any policy 7 and the
action-value function (Q-function) is QF : S x A — R are then

H
Vi(z) =Ex | > Ry(ap,ap) | on = x]
h'=h
and
H
Q7 (z,a) =Ex | Y Ruw(aw,an)|zn = z,a, = a] :
h'=h

respectively.

Since the bidder reward only depends on state x and the choice of item v instead of
reserve p, we have a family of mappings from & x T to ]RJ>VO that determines p. Therefore,
with a slight abuse of notation, we can rewrite our Q-function as Q(x,a) = Q(x, (v, p(x,v))),
restricting the role of setting reserve prices using such mappings without loss of generality.
From now on, we use Q(z,v) to denote the Q-function for simplicity. For any function
f: S = R, we define the transition operator P and the Bellman operator B as

(Prf)(x,a) = E[f(xps1) |zn = x,an = a], (Bnf)(z,a) = E[Rp(xh, an)] + (Prf)(z, a),

respectively. Finally, we let 7* denote the optimal policy when the bidders’ reward functions,
the MDP’s underlying transition, and the market noise distribution are all known to the
seller. We remark that when these parameters are known, second price auctions with
personalized reserve prices are inherently incentive compatible and rational bidders will bid
truthfully.

Performance Metric. The revenue suboptimality for each episode k € [K] is

SubOpty () = V™ (z1) — V™ (1),

with 7 being the strategy used in episode k. Our evaluation metric is then the revenue
regret attained over K episodes, namely

K
Regret(K) = Z SubOpt, (k). (2)
k=1
Impatient Utility-Maximizing Bidders. We assume the bidders are equipped with
some discount rate v € (0,1) while the seller’s reward is not discounted. For the sake of
simplicity, we assume v is common knowledge. Drutsa (2020) consider a scenario where ~y
is unknown but with a strictly less than one upper bound. We highlight that it also works
with our CLUB algorithm as long as we replace v with its upper bound. We can have regret
bounds with the same order because we adopt more conservative estimators, and buyers
won’t violate as much as the corresponding results of . Then all results in our paper hold
up to some changes of absolute constants. Rational bidder i’s utility at step h is given
by (rin(xh,vn) — min) L(bin, > m4y), as we note that he only receives nonzero utility upon
winning the auction. His objective is to maximize his discounted cumulative utility

H

K
Utility; = ) 7*Ex, | D (rin(af, vf) — mli,) L(0F, = mfy) | 2} = 21
k=1 h=1
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Note that in practical applications, sellers are usually more patient than bidders and
discount their future rewards less. Consider a sponsored search auction, where the seller
usually auctions off large numbers of ad slots every day. Bidders usually urgently need
advertisements and value future rewards less. On the other hand, the seller is not especially
concerned with slight decreases in immediate rewards. We refer the readers to Drutsa
(2017); Golrezaei et al. (2019) for a more detailed discussion on the economic justifications
of the assumption and emphasize that the assumption is necessary, as Amin et al. (2013)
shows that when the bidders are as patient as the seller, achieving sub-linear revenue regret
is impossible.

Linear Markov Decision Process. As a concrete setting, we study linear function
approximation.

Assumption 1. Assume that there exists known feature mapping ¢ : S x ¥ — R? such
that there exist d-dimension unknown (signed) measures Mp, over S and unknown vectors
{0}, € RY that satisfy

]P’h(ac'\x,v) = <¢(:L’,’U),Mh(.%'/)>, Mih(mvv> = <¢<mvv)70ih>

for all (z,v,2") € S x Y xS, i € [N], and h € [H|. Without loss of generality, we assume
that ||¢(x,v)|| < 1 for all (x,v) € S x Y, [|Mn(S)|| < Vd, and ||0;,|| < Vd for all h € [H]
and i € [N].

There’re some scenarios in reality that mapping ¢(-,-) is public knowledge like repre-
senting the order of items. However, for unknown mapping (Lattimore et al., 2020), there
are some ways to pre-train features using a reproducing kernel Hilbert space, neural net-
works, or the Knowledge Discovery in Databases (KDD) method (Lange and Riedmiller,
2010; Claessens et al., 2016; Wang et al., 2020a). Utilizing these, we can obtain a working
feature representation in practice.

We remark that while the transition kernel Py, and the bidders’ individual expected re-

ward functions {#i}i]\il are linear, the seller’s objective, revenue, is not linear, differentiating
our work from typical linear MDP literature (see Yang and Wang (2019); Jin et al. (2020)
for representative works).
Motivations for the MDP Model . We close off the section by providing some practical
applications of our MDP model. The core of our setting is to study what will happen when
selling heterogeneous goods and how the order, part of the state, will affect the revenue.
We provide three real-world scenarios to motivate this phenomenon.

e (Online Advertisement) Google sells lots of advertising positions every day, while
buyers face budget constraints. In the early rounds, since buyers have more budget
left, they are usually eager to bid higher and have a stronger willingness to pay.
Therefore, Google may want to sell the most valuable position at first so that buyers
have the ability to pay higher acceptable prices and avoid being underbid and unsold.

e (Antique Auction) For traditional auction design, the prior auctions may affect the
latter auctions. For instance, consider when Sotheby’s wants to sell several antiques.
The order of selling is of significance, and that’s the reason why Sotheby’s needs to sell
a few other pieces to warm up before selling the final flagship piece. The order, part of
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the state, influences people’s valuation and, consequently, total revenue. For example,
if Sotheby’s wishes to auction a valuable Chinese ancient artifact, they would auction
some related artifacts during the warm-up session to enhance buyers’ expectations.

e (Automobile Sales Market) The last example is on the market of cars. If one
buyer wants to buy a sedan from General Motors, recommending Chevrolet first or
Cadillac first will influence his preference for the course. If he sees Chevrolet first, he
may think Cadillac is too expensive. However, if he sees Cadillac first, he may think
Chevrolet lacks a sense of experiential quality. To achieve maximum profitability,
General Motors carefully arranges the recommended order. In a broader sense, they
meticulously design the sequence in which cars appear in advertisements.

All in all, contextual bandits lack the ability to depict such kinds of problems. We need
to use MDP to model these issues.

3. Known Market Noise Distribution

We remind the readers of our three main challenges, with the first challenge being exploring
the environment, even when the bidders submit their bids potentially untruthfully. The
second challenge emerges only when the market noise distribution is unknown, and we defer
its resolution to Section 4. The third challenge is performing provably efficient RL even
when the seller’s per-step revenue, detailed in Equation (1), is nonlinear and not directly
observable.

In this section, we present a version of CLUB when the market noise distribution is
known. We assume for convenience that K is known, as we can use the doubling trick (see
Auer et al. (2002) and Besson and Kaufmann (2018) for discussions) to achieve the same
order of regret when K is unknown or infinite. Since we can utilize the doubling trick to
partition K into at most [logy K] + 1, adding corresponding regret will lead to a regret
bound of the same order up to some logarithmic terms.

3.1 CLUB Algorithm When F(-) is Known

We start with the first challenge, which we address by a collection of algorithms that
successfully induce approximately truthful bids from the bidders.

Addressing Challenge 1: Untruthfulness. To curb the sellers’ untruthfulness, we need
to punish such behavior, achieved through a random pricing policy in the form of Algo-
rithm 1. For each h € [H|, mang randomly chooses an item and a bidder, offering him
the item with a reserve price drawn uniformly at random. The bidder’s utility decreases
whenever he reports untruthfully, risking either not receiving the item when he underbids
or overpaying for an item when he overbids. Combining lazy updates (see Algorithm 2),
we can ensure approximate truthfulness because with the discount rate being less than one,
the benefit the bidder gains from misreporting the bids will decay as the timestep increases.
However, since we consider a multi-phase auction design, there remains some nuisance intro-
duced by MDP. For instance, there is no guarantee of a positive definite covariance matrix,
and it’s challenging to give a low regret union bound. In other words, Y ¢¢’ might have
some zero eigenvalues. We will see how to solve them in the following paragraphs.
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Algorithm 1 Definition of m.4nq
1: for h=1,...,H do
2:  Randomly chooses an item v, € YT},
3:  Choose a bidder i € [N] uniformly at random and offer him the item with reserve
price p;n, ~ Unif([0, 3]). Set other bidders’ reserve prices to infinity.
4: end for

We further introduce a novel technique, “buffer period”, which explicitly forces the
bidders to wait before starting a new learning period, thereby decreasing the discounted
utility the impatient bidders may gain from untruthfulness. Indeed, a typical algorithm
in the bandit setting only features m..nq and a sequence of learning periods that double
in length (Amin et al., 2014; Golrezaei et al., 2019; Deng et al., 2020). In the bandit
setting, data collected in all previous periods is used to update the policy at the end of
each period. The increasingly lengthy periods ensure that the seller switches policy less
frequently, ensuring that the impatient buyers need to wait longer before benefiting from
untruthful reporting, deterring them from doing so. Unfortunately, the same technique does
not work for MDPs, as the rate at which the smallest eigenvalue of the covariance matrix
estimate grows cannot be determined, and we cannot ensure our estimate of the underlying
environment is not “stale” when we double the length of the periods.

Algorithm 2 Buffer Period with Known F(-)

1: Receives buffer start buffer.s(k + 1) = k and end buffer.e(k +1) = k + lggl‘()fﬁ).

2: Do nothing for all episodes buffer.s(k + 1) < k < buffer.e(k + 1), i.e., do nothing
during the buffer period before the end.
3: At the end of the buffer period, update policy estimate 7, and Q-function estimate

QZ”I (+,-) using Algorithm 4, and then increment buffer period counter k«k+1.

While we can mimic the aforementioned bandit algorithms by drawing inspiration from
low-switching cost RL literature, we cannot guarantee that the periods are sufficiently long
without buffer periods. Indeed, we can use the smallest eigenvalue of the covariance matrix
to determine when to start a new period. However, it is impossible to determine a priori
the rate at which the smallest eigenvalue grows. Buffer periods ensure that each period is
sufficiently long, deferring any utility gain from untruthful reporting. Combined with the
bidders’ discount rate, a combination of m..,q and buffer periods ensures that the bidders
behave approximately truthfully. The technique is detailed in Algorithm 2.

With buffer periods defined, we summarize CLUB’s update schedule in Algorithm 3 and
include Figure 1 for visual representation. Let HI—K OTyand +(1— H—IK) oy, Tepresent a mixture
policy combining 7yanq and 7 where for each h, with probability H—lK we act according to
Trand and with probability 1— ﬁ according to 7. For convenience, we assume buf fer.e(l;:)
is an integer, as rounding up buff er.e(lz:) does not affect asymptotic regret. Unlike a typical
low switching cost RL algorithm, Algorithm 4 further delays updating for 28K episodes

o Lo . . log(1/7)
after the switching criterion in Line 4 is satisfied.




A1, Lyu, WANG, YANG, AND JORDAN

Algorithm 3 Contextual-LSVI-UCB-Buffer (CLUB) with Known F

1: Initialize policy estimate 7y, buffer period counter k= 0, buffer period starting points
buffer.s(0) = 1, and buffer period end points buffer.e(0) = 1.
: for episodes k=1,...,K do
3:  Execute mixture policy ﬁ O Tpand + (1 — ﬁ) o 7z, collecting outcomes ¢, and
updating matrices AF < Sk (], v (], vp)T + 1 for all h € [H].
4:  If there exists h € [H] such that (A/\;)Luffer'e(k))_1 # 2(AF)~L, schedule a new buffer

\v]

period starting at buffer.s(k + 1) = k and ending at buffer.e(k + 1) = k + lggh()%/{:)
using Algorithm 2, and set k « buffer.e(k + 1).
5: end for
M1 buffer g = (Mg plhet
A A A
buffer. e(k — 1) buffer. s(k) buffer.e(k) ¥ buffer.s(k + 1)

Figure 1: Learning periods and buffer periods: buffer.s(-) and buffer.e(-) represent the
start point and the end point of a buffer, respectively. Episode k lays between buffer.e(k)

and buffer.s(k + 1) and the length of each buffer is lggl?% /17{).

The mixture policy sufficiently punishes untruthfulness. Combined with buffer periods
(Algorithm 2) and the update schedule (Line 4), Algorithm 3 also limits the discounted
utility bidders gain from untruthfulness, thereby curbing excessive overbidding and/or un-
derbidding. Line 4 represents a kind of lazy update. We only calculate the new Q-function
when at least one eigenvalue decays by half, restricting the total number of updates and
benefiting the construction of high probability union regret bounds. At the same time, we
wait for the length of buffer periods before updating to motivate truthful bidding. While
Trand 1S suboptimal, the mixture policy ensures that it is not executed too many times,
reducing its damage to revenue.

With the techniques discussed above, namely Algorithms 1, 2, and 3, we now have
sufficiently addressed our first challenge, obtaining approximately truthful reports in the face
of strategic bidders. We now turn to tackling the third challenge outlined in the abstract:
provably efficient reinforcement learning even when the per-step revenue is nonlinear.
Addressing Challenges 2 and 3: Regret Minimization and Nonlinear Revenue.
Having shown that our algorithm punishes untruthful behavior, we begin by showing that
the resulting reports are sufficiently truthful for obtaining accurate parameter estimates.
It’s still quite intricate as regret depends on both the state, action related to the transition
kernel, and reserve prices. Traditional point estimation with uncertainty quantity is not
enough since we need to not only combine the structure of the underlying MDP and coordi-
nate with buffer periods, the so-called lazy updates, but also consider the small proportion
of untruthful bids. Whereas LSVI-UCB directly learns from empirical rewards, here we use
indicators qfh, which we recall is one if bidder ¢ receives the item at episode k step h and
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zero otherwise. As we cannot guarantee that the empirical covariance matrix is positive
definite, existing techniques in Amin et al. (2014); Golrezaei et al. (2019) cannot be applied.
We instead have

buffer.e(k+1)

Oip =argmin 3 (g, — 1+ F(m], — 1~ ((F,v}),0))", (3)
(RN —

where p], is agent i’s reserve price and m], = max{max;; b, pl, }. Equation (3) is justified
by the observation that, assuming that he bids truthfully, bidder ¢ wins the auction with
probability 1 — F'(m], —1— (¢(x},v]),#)), conditioned on z}, vy, and m],. Controlling the
uncertainty around 0,5, then resembles controlling the uncertainty of a generalized linear
model with F'(-) being the link function. As bidders need to overbid or underbid significantly
to alter the outcome of the auction, éih is less susceptible to untruthfulness.

While we use a typical linear function approximation assumption, the seller’s revenue
function Ry is not linear, and we cannot directly apply existing approaches. We instead
directly estimate Rj and link our uncertainty on the seller’s revenue to the typical linear
MDP uncertainty quantifier, summarized Algorithm 4.

Algorithm 4 Estimation of Q,"*'(-,-)

1: Estimate 6;;, using Equation (3) and set fig (-, ) < (¢(-, ), 0;) for all i, h.
2: Estimate reserve price pi(-,-) = argmax, y(1 — F(y — 1 — fi;s(-,-))) for all i, h.
3. Estimate revenue Rp(-,-) < E[max{l;,:(-, SN IIOD) ]I(ZN)Z(, SN OB
4: for h=H,...,1do > Estimate @Q-function and optimal policy.
5 Ap <+ Z]Tafier'e(kﬂ) o(x], v (], vl)T + AL > We set A = 1 in this paper.
—1 —buffer.e(k - ~ .
6 wp e AT e(k+1) o(xf,, vf ) [max, Qpi1(wf,,v)]-
T ; K
T Q) - min{wié( ) + R(-, ) + poly(log K)||(-, )l -1, 3H .
N
8: 7r1];1+17h(-) — argmax, Q, " (-,v).

o w0 ot O)
10: end for .
11: Return {Q,"*' (-, -)}thl and {7T,~€+17h(')}hH:1.

We let bt and p* denote the highest truthful bid and the highest reserve price, re-
spectively. Similarly, let b~ and p~ denote the second-highest. Algorithm 4 estimates
the Q-function optimistically by dividing the problem into two halves: per-step revenue
estimation (Lines 1 to 3) and transition estimation (Lines 4 to 10). In the first half, we
use Equation (3) to estimate all 6;;,, which in turn gives estimates for bidders’ rewards in the
form of fi;;,. We then feed the reward function estimates to Line 2, yielding an estimate for
the optimal reserve price. With Algorithms 1, 2, and 3, the effects of untruthful reports are
controlled, and we can ensure that the revenue estimate is sufficiently close to the ground
truth. With p;;, estimated, we then obtain revenue estimates for all states and item choices
via Line 3. Consequently, we decide both nearly optimal reserve prices and the order of
items, addressing the second challenge of regret minimization.

11
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While the rest of Algorithm 4 resembles a typical LSVI-UCB algorithm (Jin et al., 2020),
we highlight several key differences. First, we use the plug-in revenue estimate, whereas
existing works estimate the Q-function with the empirically observed rewards. To accom-
modate the plug-in estimate, here wy estimates PV} 1, the transition operator applied to
the V-function, as opposed to By V},+1, which uses the Bellman evaluation operator instead.
Lastly, in Line 7 we link the uncertainty of revenue to the uncertainty bonus typically seen
in linear MDPs, thereby obtaining an optimistic estimate of the Q-function induced by
revenue. We conjecture the transition estimation procedure in Algorithm 4 can be changed
to other suitable online RL algorithms under other function approximation assumptions.

In summary, in this section, we address the first and third challenges. The first challenge
is addressed mainly by a novel technique dubbed “buffer periods” and the third one through
nontrivial extensions to the LSIV-UCB framework. By combining the loss from incentivizing
a truthful mechanism and learning the underlying model to set reserve prices, we get the
final Algorithm 3, which explores efficiently and achieves the following regret upper bound,
and then addresses the second challenge of regret minimization.

3.2 Regret Bound When F(:) is Known

We introduce the following assumptions before we bound the regret. These regularity
assumptions are commonly found in economics literature (Kleiber and Kotz, 2003; Bagnoli
and Bergstrom, 2006).

Assumption 2. Market noise pdf f is bounded, i.e. there exist constants c1,Cy such that
a < f<0p.

Assumption 3. Market noise pdf f is differentiable and its derivative is bounded. That is,
there exists a constant L such that |f'| < L.

Assumption 4. Market noise cdf F(-) and 1 — F(-) are log-concave.

At a high level, Assumptions 2 and 3 ensure that the pdf f is generally well-behaved,
namely, bounded and smooth. Assumption 4 is a popular assumption in economics that
ensures the validity of the Myerson lemma (Myerson, 1981; Kleiber and Kotz, 2003; Bagnoli
and Bergstrom, 2006). We further remark that these assumptions are mild and are satisfied
by commonly used distributions such as the truncated Gaussian distribution and the uniform
distribution (Golrezaei et al., 2019).

Remark 5. We note that Assumption 4 is in fact made redundant by Assumption 2 because
we have a quite “smooth” distribution with bounded differential. Then, once we have a good
estimation for the parameters, “smooth” F(-) leads to a good estimation of the reward
function. Nevertheless, we retain this assumption as it streamlines our proof by avoiding
discussion of market stability with multi-optimal reserve prices and getting bogged down in
tedious regret decomposition.

We are now ready to state our results. If we set poly(log K) = C7 + CeHlog? K in

Algorithm 4, where constant Cg is determined in Lemma 16 and constant C7 = BgH 3 log K
with constant Bg determined in Lemma 39, then we have Theorem 6.
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Theorem 6. Under Assumption 1, 2, 3 and 4, for any fized failure probability 6 € (0,1),
with probability at least 1 —0, Algorithm 3 achieves at most O(V H5K) revenue regret, where

O(+) hides only absolute constants and logarithmic terms.

Proof See Section B for a detailed proof. [ |

As we discussed previously, when H = 1, our result cannot be compared to existing
works that focus on the stochastic bandit setting due to our need to explore the action
space T (see Broder and Rusmevichientong (2012); Drutsa (2020, 2017); Golrezaei et al.
(2019) for works that achieves O(1) revenue regret in the stochastic bandit setting). The
closest work we are aware of is Cesa-Bianchi et al. (2014), which obtains a similar O(V/K)
regret in the adversarial multi-armed bandit setting, matched by our bounds.

4. Unknown Market Noise Distribution

We now discuss when the market noise distribution is unknown. Recall from previous dis-
cussions that our second challenge lies in minimizing revenue regret when the market noise
distribution is unknown. Existing techniques, similar to the one in Golrezaei et al. (2019),
incorporate pure exploration rounds to address the challenge, yet necessitate a @(K 2/ 3)
revenue regret. In this section, we instead introduce a novel technique dubbed “simula-
tion”, which eliminates the need for pure exploration rounds and achieves instead a O(vVK)
regret. While the first and third challenges have been previously addressed, the approaches
in Section 3 also require careful adjustments, as the unknown market noise distribution
makes a direct application of these approaches impossible. We detail our techniques and
procedures in the rest of this section.

4.1 CLUB Algorithm When F(-) is Unknown

Similarly, there are three steps to do auction design when F(-) is unknown. First, we
leverage Algorithm 1 and Algorithm 5 to motivate an approximately truthful mechanism.
Second, we utilize Algorithm 8 in coordination with the newly proposed Algorithm 7 to
estimate the underlying MDP and set reserve prices. We motivate truthfulness through
buffer periods and quantify the uncertainty by constructing corresponding ellipsoid bounds.
Finally, we add up all these uncertainties and minimize regret with high probability.
Addressing Challenge 1: Untruthfulness. When the market noise distribution is un-
known, the techniques used in Section 3 cannot be applied directly, necessitating careful
adaptations. We summarize the changes to these techniques, beginning by introducing Al-
gorithm 5, the counterpart to Algorithm 2, for when F(-) is unknown. The key difference
lies in the optimization subroutine called in Line 3, which is required for addressing the
third challenge when the market noise distribution F'(-) is unknown.

We then discuss Algorithm 6, a close variant of Algorithm 3, whose biggest change lies
in the update schedule in Line 4. Algorithm 3 maintains only an accurate estimate of the
underlying MDP, achieved with a low switching cost style update schedule, which in turn
deters untruthful bidding. On the other hand, Algorithm 6 needs accurate estimates of both
the MDP and the market noise distribution F'(-). We force additional updates whenever k
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Algorithm 5 Buffer Period with Unknown F'(-)

1: Receives buffer start buffer.s(k + 1) = k and end buffer.e(k +1) = k + lggl(()%ﬁ).

2: Do nothing for all episodes buffer.s(k + 1) < k < buffer.e(k + 1), i.e., do nothing
during the buffer period before the end.
3: At the end of the buffer period, update policy estimate 7 41 and Q-function estimate

~

QZ’;“ (+,-) using Algorithm 8, and then increment buffer period counter k+ k+1.

is a power of 2, also ensuring that F() is close to F'(-). As the number of updates remains
in O(log K), the extraneous updates do not affect the regret asymptotically.

Algorithm 6 Contextual-LSVI-UCB-Buffer (CLUB) with Unknown F'

1: Initialize policy estimate 7y, buffer period counter k = 0, buffer period starting points
buffer.s(0) = 1, and buffer period end points buffer.e(0) = 1.
: for episodes k=1,...,K do
3:  Execute mixture policy ﬁ O Tpand + (1 — ﬁ) o 77, collecting outcomes ¢j, and
updating matrices AF < Zf—:l (2T, v (2], v7)T + 1 for all h € [H].

4:  If there exists h € [H] such that (A;)luffer'e(k))_1 Z 2(AF)~1 or logy(k) is an inte-

ger, schedule a new buffer period starting at buffer.s(lzr +1) =k and ending at
buffer.e(k+1)=Fk+ lggk()%/fff) using Algorithm 5, and set k « buffer.e(k + 1).
5. end for

[N]

Similar to Section 3, these techniques, namely the buffer periods and the update sched-
ule, ensure that the impatient bidders are sufficiently truthful. However, for estimating
0;n, as we do not know F'(-), the optimization problem in Equation (3) no longer applies.
Fortunately, we know that whenever 7,4 is executed, assuming the bidders are truthful,
Pr(qf = 1) = 35(2 — (¢(},v]),0)) conditioned on z},v], as the bidder i and the reserve
price p], are drawn uniformly at random. Leveraging this observation, we quickly realize
that we can simply use the outcomes from when m..,q is executed to estimate the bid-
ders’ rewards, even when F'(-) is unknown. Unfortunately, using the observation naively

introduces the second challenge: minimizing revenue regret when F'(-) is unknown.

Addressing Challenge 2: Regret Minimization. An intuitive way to incorporate the
previous observation is to simply perform pure exploration rounds with m..,q, similar to
the technique in Golrezaei et al. (2019). However, doing so incurs O(K?/3) revenue regret,
as Trand does not set the reserve prices optimally and we are not exploring and exploiting
simultaneously. To balance exploration and exploitation, we propose a new technique that
we dub “simulation”, which allows us to continue exploiting with the mixture policy.

Here we introduce a new random variable ¢}, = 1(b], > pI,), where for each h,7 we
select one 7 € [N] uniformly at random and then draw p], from Unif([0, 3]). For all j # i we
set pl, to co. At a high level, ¢, “simulates” executing manq: holding 7 and vj constant,
what would be the outcome if we were to act according to manq instead? As we do not need
to execute mang, revenue regret can be decreased. Furthermore, g7, still enjoys the same
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Algorithm 7 Simulation
1: forh=1,...,Hand 7=1,...,K do
2. Generate virtual reserve prices pl, by selecting one bidder i € [N] uniformly at
random. Let 7, ~ Unif([0, 3]) and set all other reserve prices to infinity, i.e. 7, = oo
for all j # i.
3:  Use real bidding data b];, and simulated reserve prices p7, to simulate outcome g7, for
all i € [N], namely set bTh = 1(b], > p7,,) for all i € [N].
end for
5: Return the simulated outcomes {gF, }.

o

resilience towards untruthful reporting that ¢, does. Indeed, when the bidder overbid or
underbid by a small amount, the number of times ¢, changes could be controlled effectively.

More technically, Algorithm 7 is critical for two reasons. First, the difference between
F(-) and F(-) decays at a rate of O(1/vK). If we simply use Equation (3), only replacing

F(-) with F'(-), the estimation error is roughly on the order of O(y/buffer.e(k 4 1)) which

precludes achieving (7)(\/? ) regret. Second, replacing ], with ¢, does not work, as we need
to de-bias the estimator when we switch from F'(-) to the uniform distribution induced by
Trand- Even when the bidders report truthfully, we cannot guarantee that Pr(q], = 1|7, v})
could be related to 3%\/(1 + (¢(z7,v}),0in)). Consequently, it would be hard to ensure that
when all bidders are truthful, the estimator HAZTh would converge to 6;;,.

Addressing Challenge 3: Nonlinear Revenue. With the first challenge addressed
by carefully adjusting techniques in Section 3 and the second by the simulation technique
detailed in Algorithm 7, we now discuss the third challenge: provably efficient reinforcement
learning when the revenue is nonlinear and F'(-) is unknown. We start with summarizing
how we simultaneously estimate 6;, and F'(-) in the form of Equation (4).

buffer.e(l;;—‘rl)

éih = argmin Z (3Nq1h ( + <¢($;—L7U;)7 9>)>27
l6]<2vd =1

N buffere(k+1 H

=) = Nbufferek—i—lHZ Z Z]l irh — 1= (5, 0in) < 2).

T=1

We note that we are simply using a histogram to estimate F'(-) and, as we have successfully
decoupled the estimation error of F(-) from that of 6, using histogram is sufficient for
achieving (’N)(\/I? ) revenue regret. We then introduce Algorithm 8, whose key difference with
Algorithm 4 lies in the added uncertainty due to F () and the inclusion of the simulation
subroutine. Similar to Section 3, the procedure then provides us with sufficiently accurate
policy and Q-function estimates, resolving our third and final challenge.

In summary, we have addressed all three challenges when the market noise distribution
is unknown. The first challenge is resolved by carefully adjusting the techniques introduced
in Section 3, ensuring that they are still valid when F'(-) is unknown. For the second
challenge we feature a novel technique dubbed “simulation” that allows us to “simulate”
pure exploration rounds without actually executing them, reducing revenue regret. For the
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Algorithm 8 Estimation of QZ’E“ (+,-) with Unknown F'(-)

1: Collect simulation outcome ¢ using Algorithm 7.
2: Estimate 0;;,, F(-) using Equation (4).
3 Estimate fin(.-) ¢ (6(.). 0). A
4: Set reserve price pip(-,+) = argmax, y(1 — F(y — 1 — (-, -))).
5: Estimate revenue Ry (-, -) E[max{l;,:(-, SN IOD) ]1((3;(, SN OB
6: for h=H,...,1do > Estimate @Q-function and optimal policy.
. Ap Zbuffer o(k+1) @(ap,, vp)o(ar,, o) T+ AL > We set A =1 in this paper.
8 wh Ay Zbuffer o(k+1) o(xf,, v ) [max, Qh+1($2+1, a)).
) Th+1 o Y Y poly, (log K)
9: Q () )me{wh () + R(-,+) + poly; (log K)||#(-, )HAhl"‘\/mv?’H}
.
0w , () < argmax, Q"' (-, v).
1 Ziu p() Py, ()
12: end for

13: Return {Qh};+1('7 ')}thl and {7712+1,h(‘)}i?:1'

third challenge, we build off of the simulation technique and introduce a new estimation
procedure for jointly estimating F'(-) and 6.

4.2 Regret Bound of CLUB Algorithm When F(-) is Unknown

We now argue that Algorithm 6 achieves (’j(\/l? ) regret. We begin with a slight detour,
making a basic assumption on the hypothesis class for F'(-).

Assumption 7. The market noise distribution F(-) belongs to a distribution family F.

We further let NV(F) be the e-covering number of F with respect to the metric that
dist(F, G) = sup, |F(x)—G(x)|. We now have our main theorem when the noise distribution
is unknown. If we let poly, (log K) = Cy5 + C13H log? K and poly,(log K) = C14H? log* K
in Algorithm 8, where Ci5 = D7H 3 and the constant D7 is determined in Lemma 47,
constants C13 and C14 are determined in Lemma 24, we would attain the following regret
guarantee.

Theorem 8. Under Assumptions 1, 2, 3, / and 7, when F(-) is unknown, for any fized fail-
ure probability & € (0,1), Algorithm 6 achieves at most O(H3K + H%%, /K log N1k (F))
regret with probability at least 1 — § in the worst case, where (7)() hides only absolute con-

stants and logarithmic terms.

Proof See Section C for a detailed proof. |

We highlight that when N}, (F) is polynomial in K, an implicit assumption found in
Kong et al. (2021); Foster et al. (2021); Jin et al. (2021a), Theorem 8 shows that Algorithm 6
achieves @(\/I? ) regret, improving over revenue regret guarantees found in Amin et al.
(2014); Golrezaei et al. (2019) with only mild additional assumptions on the nonparametric
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hypothesis class F. Our result is able to beat the well-known Q(K?/ 3) revenue lower bound
in Kleinberg and Leighton (2003) with the help of Assumptions 2 and 3 for similar but not
totally the same scenarios to be fair. Nevertheless, as argued previously, these assumptions
are satisfied by widely-used parametric distribution families such as the uniform distribution
and the truncated normal distribution (Golrezaei et al., 2019), hence our result still remains
broadly applicable. The way Kleinberg and Leighton (2003) constructs regret lower bound
is to find a special case containing no information. As they say “the expected revenue
per buyer is a constant independent of the offer price outside the interval of good prices”,
it provides nothing useful for learning. However, with Assumption 2, it guarantees the
information in each exploration and partial out this extreme situation.

Finally, we highlight that both bounds in Sections 3 and 4 match corresponding lower
bounds with respect to K. From the Q(v/K) lower bound in Jin et al. (2020), we directly
know that results in Theorems 6 and 8 match corresponding regret lower bounds, as the
problem in Jin et al. (2020) is a subproblem of our problem.

5. Proof Sketch

Before sketching out the proof techniques, we take a slight detour and discuss how revenue
regret could be decomposed. Recall that 77 denotes the optimistic policy estimate main-
tained from episode buffer.e(k) + 1 to buffer.s(k + 1), namely the estimate from the end
of the k-th buffer period to the start of the (k+ 1)-th. We also recall that 7* is the optimal
item choice and pricing policy when the seller knows the bidders’ reward functions, the
transition kernel P and the market noise distribution F(-) beforehand, and we use V™ to
denote the revenue’s V-function for the optimal policy 7*.

We now introduce several new notations that will be used in the rest of the section.
We use 7, to denote the policy executed at episode k. Intuitively, the policy 7 consists
of some steps in which the corresponding 7; is executed and some steps where manq is
executed. Let 1(k € buffer) indicate the event that there exists some integer k such that
k € [buffer.s(k),buffer.e(k)], i.e. the episode k is within a buffer period. To better
highlight the effect of untruthfulness, we let V denote the optimistic V-function estimate if
all bidders were to report truthfully.

5.1 Regret Decomposition

The regret can be decomposed into the following five parts.

1. Ay = Eszl[Vf’*(xl) — Vi (z)] 1 (7 = 7 and k ¢ buffer). The term A; is due
to the seller not knowing the bidders’ reward functions and the underlying transition
dynamics of the MDP. The term is nonzero even if we were to assume that all bidders
report truthfully due to the uncertainty of the environment.

2. Ay = Zle[Vfr* (z1) — V™ (21)] L(k € buffer). The second term comes from the
buffer periods, which cause suboptimality as we intentionally delay the policy update
in order to further punish untruthfulness. While conducive to more truthful reports,
a delayed update schedule induces regret as the policy estimate is stale during these
buffer periods.
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3. Az = K [V (21) — Vi (x1)] 1(exists hsuch that m,; = Tang and k ¢ buffer).
The third term Ajg is caused by mrang, as it sets reserve prices and chooses items
entirely randomly.

4. Ay =S8 [V (1) — V™ (21)] 1(k € L and k ¢ buffer). We only provide intuition
behind the term L and defer its precise mathematical definition to Equation (5) for
when F(+) is known and Equation (6) for when F'(-) is not. The term L is a collection
of episode indices where the bidders’ untruthful bids alter the outcome of the multi-
phase auction, through either ¢;, or ¢;. At a high level, while we could measure
the revenue suboptimality of the selected reserve prices if the bidders are truthful,
the seller’s revenue could be harmed arbitrarily by bidders who underbid/overbid so
much that the auction’s outcome itself is altered. The term A4 then measures the
effect of the changed outcomes due to untruthful bidding.

5. As = S0 [V (1) — V™ (1)) L(my, = 7 and k ¢ buffer). Compared to A4, which
measures the effect of changed outcomes due to untruthfulness, As measures the effect
of changed bids due to untruthfulness. Intuitively, a bidder who overbids/underbids
a small amount would not affect the auction’s outcome, but could change the amount
the seller charges slightly. We measure the effect with As.

With easy algebra calculation, we have the following proposition.

Proposition 9. With A to As defined as above, it holds that Regret < Ay + As 4+ A3 +
A4 —+ A5.

Proof Since our benchmark is the maximum revenue when everything is common knowl-
edge, it holds that Vfr* (1) > V™ (x1) at any time. It is because that V™ is no less than the
revenue achieved when existing hidden information with any policy due to its optimality.

Since A1 + Ay = S [V (21) — V™ (21)] 1(m), = 77, and k & buffer) and 1(k €
buffer)+1(m, = 7; and k ¢ buffer)+ 1 (exists h such that 73, = Trang and k& ¢ buffer)+
1(k € L and k ¢ buffer) > 1, it holds that

K
Regret = Y Vi (z1) — Vi (z1) < Ap + Ag + Az + Ay + A,
k=1

which ends the proof. [ ]

5.2 Proof Techniques

With the sources of revenue regret sketched out, we summarize the high-level intuition
behind our proof, which mainly comprises the following steps.

Step 1: Limit the magnitude of untruthful reporting. As we discussed in Section 3,
reducing the frequency at which we update the policies and including the buffer periods
forces bidders to wait before they can gain from untruthful reporting. When the bidders
are impatient, the amount they can gain from untruthful reports is then upper-bounded.
With the help of manq, we are also always punishing the bidders for untruthful reports.
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Combining the two halves, we can control the total amount by which bidders overbid or
underbid, as overbidding or underbidding too much would decrease their utilities. Moreover,
by directly controlling the “amount” of overbidding and underbidding, we are able to upper
bound As, the part of the revenue regret due to untruthfulness. The step corresponds to
Lemma 11 in Section B.

Step 2: Control the number of times qfh change due to untruthfulness. Since
we are using qfh, as opposed to bfh, to learn the bidder’s reward functions, to ensure the
estimates’ accuracy, we only need to show that the qfh’s are close to their values when
the bidders are truthful. As qfh’s are outcomes of an auction, bidders need to overbid or
underbid by a significant amount in order to alter qfh. Combined with the previous step, we
can limit the number of times qfh is altered due to untruthful behavior. With the number
of changes controlled, we can also control Ay. The step corresponds to Lemma 12 and
Lemma 20.

Step 3: Prove the estimates of personal parameters and noise distribution are
good. Having shown that the bidders provide us with sufficiently truthful reports, we
connect our work to RL with generalized linear function approximation in Wang et al.
(2020b) to show 6y, is sufficiently accurate and apply the Dvoretzky—Kiefer—Wolfowitz in-
equality to show F'(-) is sufficiently accurate (Dvoretzky et al., 1956). When the market
noise distribution is known, the step corresponds to Lemma 14 and Lemma 15. When the
market noise distribution is unknown, the step corresponds to Lemma 21, Lemma 22 and
Lemma 23.

Step 4: Prove IA%(, ) = R(+,-) and extend LSVI-UCB to non-linear reward func-
tion. By applying Taylor expansion to the revenue function Ry, we relate the accuracy
of R(, -) to the accuracy of 9ih, which is shown to be accurate in the previous step. We
can then show our policy estimate 7; is approximately optimal with standard LSVI-UCB
analysis. Steps 3 and 4 then combine to control A;. The step corresponds to Lemma 16,
Lemma 17, Lemma 24 and Lemma 25.

Step 5: Limit the effects of 7., and buffer periods. We finally control the revenue
regret due to mpanq and buffer periods. A key observation is that the number of times in
which 7 ,nq 18 executed and the length of the buffer periods are all in (7)(1) and hence do not
harm our regret asymptotically. Consequently, terms As and Ajs are controlled effectively.
For m..nq, the step corresponds to Lemma 13, and as for buffer periods, it corresponds to
Lemma 10 and Lemma 19.

6. Numerical Experiments

Here, we present numerical simulations to compare the performance of Algorithm 6 with
several baseline policies in different settings'. To be specific, we compare the performances
of CLUB (i.e. Algorithm 6), SCORP (Golrezaei et al., 2019) and NPAC-S (Golrezaei et al.,
2023) in contextual bandit settings (i.e. H = 1) and the performances of CLUB and
NPAC-S in MDP settings. In all experiments, we assume that the noise distribution F'(-)

1. Code is available at https://github.com/Air-8/SPA_CLUB.
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is unknown. The numerical experiment written in Python 3.10.9 runs on a laptop with an
Apple M2 CPU. All three algorithms use less than 30 seconds to calculate 10000 episodes,
which shows their practicality in reality. We delay more details and further robustness
experiments in Section F.

8000 — Regret
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o 0 0 —— NPAC-S

(a) The performance of CLUB (b) The regret accumulation (¢) The average performances
against the benchmark. of CLUB. of three algorithms.

Figure 2: Experiment results for the contextual bandit setting: Figure 2a compares the
revenue achieved by CLUB and benchmark (the maximum revenue when everything is
common knowledge), showing CLUB obtains more than 98% revenue. Figure 2b shows the
sublinear regret associated with our CLUB algorithm as the curve trend is below linear.
Figure 2¢ exhibits that CLUB is comparable with NPAC-S, overwhelming SCORP.

In contextual bandit setting, we set K = 10000, v = 0.9 for each setting and repeat the
procedure for n = 30 trails for each algorithm. We show results in Figure 2. Figures 2a
and 2b show results in one trial, where we find that CLUB can obtain more than 98% revenue
compared with the benchmark, in which the underlying model is common knowledge. At
the same time, Figure 2b testifies O(\/ﬁ )-shaped regret. In Figure 2¢, we show the average
regrets among all 30 trials of these three different algorithms. The average regrets in 30
trials are 106.62, 178.96 and 99.69 respectively. Because the scale of regret depends on
the specific instances, and most of the variance comes from randomness in the instances
themselves, we report the regret of each trial and the number of winning times in Table 1,
which better reflects the performance of the algorithms. As for the number of winning times,
CLUB wins 15 times while NPAC-S wins 14 times. SCORP only wins once. Therefore, we
conclude that the performances of CLUB and NPAC-S are comparable, overwhelming the
performance of SCORP. Since SCORP doesn’t work well even in contextual bandit settings,
we only compare CLUB and NPAC-S under MDP.

In the MDP setting, we incorporate K = 10000, H = 2, v = 0.9 and also conduct
n = 30 trails for both two algorithms. We show the corresponding results in Figure 3.
Our CLUB can obtain more than 98% revenue (c.f. Figure 3a) against the benchmark
which highlights its great performance. In Figure 3b, it’s clear to see the O(v/K)-shaped
regret. Among all 30 trails, CLUB wins all 30 times. As for average regrets, it’s 203.07 for
CLUB and 756.31 for NPAC-S. Therefore, we can conclude that under the MDP setting,
CLUB sufficiently works better than NPAC-S. Together with experiments under contextual
bandits, our experiments are in favor of CLUB algorithms, which show the importance of
our newly proposed techniques.
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Figure 3: Experiment results for the MDP setting: Figure 3a compares the revenue achieved
by CLUB and benchmark (the maximum revenue when everything is common knowledge),
showing CLUB obtains more than 98% revenue. Figure 3b shows the sublinear regret
associated with our CLUB algorithm, as the curve trend is below linear. Figure 3c exhibits
that compared with NPAC-S, CLUB has less regret, testifying to its optimality.

7. Conclusion and Discussion

In this paper, we propose a multi-phase second-price auction mechanism based on reinforce-
ment learning. We highlight that when market noise distribution is unknown, our algorithm
achieves @(H 3\/K) regret, improving upon the O(K?/ 3) guarantees in Amin et al. (2014);
Golrezaei et al. (2019), using a new method to deal with unknown distribution. Our work
is also the first to introduce the notion of “buffer periods”, a concept crucial to bringing
existing techniques in the bandit setting to the more general MDP setting.

Questions raise themselves for future explorations. Is it possible to further generalize
our results to RL with general function approximation under bounded Bellman Eluder
dimensions (Jin et al., 2021a)? Can we optimize the dependence on horizon H and feature
dimension d? Is it possible to consider a continuous representation of buyers and form a
mean-field game? We leave these interesting questions as potential next steps.
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Appendix A. Detailed Comparison with Golrezaei et al. (2019)

There are three different models and corresponding algorithms named CORP, CORP-II,
and SCORP, respectively, in Golrezaei et al. (2019). We compare them with our model one
by one.

CORP considers a contextual bandit setting with known noise distribution achieving
O(1) regret. However, as we mentioned before, accommodating underlying MDP, Q(vK)
regret lower bound is inevitable. In Section 3, we propose our optimal CLUB algorithm
matching the lower bound.

CORP-II considers an unknown but parametric noise distribution and achieves O(v/K)
regret. However, in Section 4, we consider an unknown and non-parametric noise distribu-
tion. Therefore, compared with the setting for CORP-II, our model is strictly much harder
for the following two-fold reasons. We need to consider the extra MDP structure and non-
parametric noise distribution. Moreover, since CORP-II doesn’t have enough horizons to
explore, it doesn’t work well under our MDP setting and cannot achieve its original O(v/K)
regret.

SCORP considers time-varying and non-parametric noise distribution achieving O(K 2/ 3)
regret. We share the similarity that both of these settings can’t be parameterized, which
means that we lose the opportunity to utilize some concentration inequalities directly, and
we need to bypass these obstacles to achieve sublinear regrets. There are two main dif-
ferences between our model and SCORP. First, the underlying MDP makes our problem
harder than that of SCORP. Second, we consider a fixed noise distribution and use a different
benchmark, making these two models not directly comparable. As a result, our algorithm
achieves O(VK) regret with mild additional assumptions on the shape of F(-) (c.f. As-
sumption 2 and 3). Although it is hard to compare the difficulties between our setting and
SCORP in strict order, we believe they have a similar degree of difficulty. As we mentioned
in Section 1.1, the work (Amin et al., 2014) explores a scenario with a non-parametric
yet fixed distribution setting, experiencing a regret of O(K 2/ 3). This observation suggests
that the primary challenge might arise from the non-parametric nature of the problem,
as opposed to the time-varying setting. Moreover, we should highlight that an O(K 2/ 3)
regret is inevitable even though the distribution is fixed corresponding to a saddle point for
SCORP, as they spend “too many” episodes to explore while we don’t “waste” time to do
pure exploration so that balance the exploration-exploitation tradeoff better and achieve
better regret bounds. Objectively, our method will suffer Q(/K?/?) regret lower bound for a
time-varying model, and it’s of independent interest for future research.

Appendix B. Omitted Proof in Section 3

In this section, we show some useful lemmas in order to prove theorems in Section 3.
We organize the section as follows. Firstly, we introduce lemmas to bound the effect of
untruthful bidding. Then, we will show that we are able to estimate unknown parameters
accurately. Finally, combining them leads to bounded regret with high probability.
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B.1 Useful Lemmas for Proving Theorem 6

Now, we begin to prove our conclusions. First of all, we show the following lemma to bound
the number of buffers. Buffer episodes represent those episodes in buffer periods.

Lemma 10. Under Assumption 1 about linear MDP, it holds that the number of buffer
3HClog? K

log %

episodes is not larger than Then, the number of corresponding steps is not

3H2Cs log? K

log %

larger than , where Cy is a constant that only depends on d and .

Because of the existence of a buffer, the bidder will not overbid or underbid a lot in the
other episodes. Then, we have the following lemma.

Lemma 11. Apart from the buffer periods, a rational bidder won’t overbid or underbid for
?}}H\/*ﬂ’ denoted by %

more than

Then we define L as the number of steps the bidder doesn’t bid his true value and change
the outcome of the auction. Then, it holds the following lemma with the help of Lemma 11.
We formalize the definition of L for any given ¢, h as follows.

L= {k: 1(hw > max{bh, o)) £ 10, > max{bh%,, )} (5)
Lemma 12. With probability at least 1 — 6, it holds that for any given i, h

3HCylog? K ONH
L< 127(? +4C1C3H + 8log(“5—) < CuH log? K.
Og;

where Cy is a constant independent of K and H.

Now, we bound the number of steps we use manq instead of 7. Especially, we regard
Trand as the policy used in the situation that happens with probability ﬁ

Lemma 13. With probability at least 1 — &, the number of steps using mrand s smaller than
max{4,1+ 5 log 1}.

Now, we will show the wedge between fi;,(-,-) and p;p(-, ) for any bidder i and step h.
It holds the following lemma.

Lemma 14. We use 8}, to denote the true parameter and éih to represent the outcome from

Equation (3) in episode butfer.e(k). Therefore, under Assumption 2 and Assumption 3,
for any i and h, it holds the following union bound that C5 is a constant and

\/(ézh - gfh)TAbuffer'e(l;)(éih —05) < CsvVHIlog K,
with probability at least 1 — §, conditional on Good Fvent &.

Then, we are ready to have the bound for fi. It holds the following lemma:
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Lemma 15. Conditional on Good Event &, it holds that
) = )] < OV 0B KO e

where buffer.e(l;:) is the last episode using Equation (3) before episode k, similarly here-
inafter.

Now, we focus on the gap between R(-,-) and the estimate R(-,-). We are ready to show
the following lemma.

First of all, we introduce some notations. Rf(:,-) = ZZ]\LI E[max{rfh*,af,j}]l(rfh >
max{rf{,afﬁ )] and R’fb(,) = vazl E[max{f’f{,afh}ﬂ(f’fh > max{ff{,afh})]. In short,
R(-,-) is the expectation of revenue if we choose the optimal reserve price af,:‘ for every bidder
based on the knowledge of ,ufh(-, -) and everyone bids truthfully based on his valuation.
Respectively, R(, -) is the one we choose reserve price o, with the estimation of u% (-,-),
ie., af ().

Lemma 16. When Lemma 15 holds, we have

[RA(,) = Ri( )| < CoH log? K-, )|

(Al;bufferAe(luc))717
where Cg is a constant independent of K and H.
Let’s have an example when N = 1, i.e., there is only one bidder.

Example 1. In this situation, R(-,-) = o*(1—F(a*—=1—pu(-,-))) and R(-,-) = a(1—F(a—
1—74(-,-))). Therefore,

IR(-,-) — R(-,)| < (6Cy + 1)C5VH log K||¢(-, ) || o-1,
which s consistent with Lemma 106.

Now, we focus on the regret not in buffer caused by Algorithm 4, denoted by A;. In
order to facilitate the understanding, we rewrite the definition of A; explicitly as follows.
K
A1 =SV (k) — VT (k)] 10k & butser).
T=1
Let’s revisit our thought of bounding regret. We use empirical data to estimate unknown
parameters, and then we assume that bidders will bid truthfully to construct the estimation
of the R-function and Q-function. Then, we chase down the greedy policy. Therefore, when
we take the expectation operator, we assume truthful bidding. Since Aj is easy to bound,
we focus on how to bound A;. With a little abuse of notation, we will use V'(-) to replace
V() from now on.
Then, we have the following lemma.

Lemma 17. Under Assumption 1, Assumption 2 and Assumption 3, if we set poly(log K) =
(C7 + CeHlog? K)| (-, -)H(Abuﬁer,e(,;))il in Algorithm /4, where C7 = BSH% log K and Bg is
determined in Lemma 39, it hholds that with probability at least 1 — 20,

Ay < Cg\/H3K log® K,

where Cg is a constant independent of H and K.
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B.2 Proof of Theorem 6
Let’s make a decomposition of the regret at first. It holds that

Regret < Ay + As + Az + Ay + As.

A is defined in Lemma 17 and with probability at least 1 —25, Ay < Cg\/ HK log5 K.
2
Ay comes from the use of a buffer. With Lemma. 10, it holds that Ay < 3H %.

As comes from the use of policy mpang- By applying Lemma 13, it holds that &3 <
3H max{4,1 + %log %} with probability at least 1 — 4.

A4 comes from the consequence from the existence of L. Due to Lemma 12, we have
Ay < NH(4C,C3H + 8log(252))3H = 3N H?(4C1C5 H + 8log(21)), with probability at
least 1 — 0. As we have already considered the loss from buffer in A, there is no need for
us to consider it in Ay.

As comes from the difference between the expectation of revenue when buyers bid truth-
fully and the actual expectation of revenue when buyers overbid or underbid, but it does
not change the outcome. Since we already consider the loss from buffer, the size of overbid
or underbid we should think about is less than %TH thanks to Lemma 11. Therefore, the
difference between the expectation of revenue when buyers bid truthfully and the actual
expectation of revenue when buyers overbid or underbid without changing the outcome is
less than C}’(H each step. So, it holds that A5 < C3H?.

When estimating R(, -), we have at most probability ¢ not satisfying the inequality in
Lemma 14.

Consequently, we set § =

p

£, and it ends our proof. O

Appendix C. Omitted Proof in Section 4

Compared to Section B, this section introduces a well-performed estimator to estimate the
underlying distribution. With its help, we prove corresponding theorems when the market
noise distribution is unknown.

C.1 Useful Lemmas for Proving Theorem 8

In order to estimate noise distribution, we have the following lemma (Dvoretzky et al.,
1956) to bound the gap between the true distribution and the empirical distribution. We
assume that F'(-) and f(-) inherit all the properties of F(-) and f(-), because we can easily
use some smooth kernels' to achieve this goal. However, in order to make the paper easy
to understand, we do not explicitly write down the choice of a smooth kernel.

Lemma 18. Given t € N, let mi,ma,...,m; be real-valued independent and identically
distributed random variables with cumulative distribution function F(-). Let Fy(-) denote
the associated empirical distribution function defined by Fy(z) = 1 Zle 1fm, <oy where

-t
x € R. Then with probability 1 — ¢, it holds

. 1, 2
sup|Fi(x) — F(x)| < 4/ log St_%.
X

1. It may introduce a constant 2 when describing the distance of two distributions. However, it doesn’t
matter as we consider order only.
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Now, similar to the methodology in Section B, we state the following lemmas in parallel.

Lemma 19. Under Assumption 1 about linear MDP, it holds that the number of buffer
episodes is not larger than CoH log? K. Then, the number of corresponding steps is not
larger than CoH?log? K, where Cy is a constant that only depends on d and \.

Recall that when market noise distribution is unknown, we implement Algorithm 7 to
generate ¢ and we use ¢ to estimate 6 instead of q. Therefore, L there considers simulation
outcome ¢ rather than real outcome q. We formalize the definition of L there as follows,
and we use p to represent the reserve price in Algorithm 7.

L= {k: 1(vf}, > max{b®h, ol }) # L6, > max{v™},, 5, })}-
L= {k: L(vf}, > max{b®h, o }) # L(bF, > max{™},, 5, })}- (6)
Lemma 20. With probability at least 1 — 6, it holds that for any given i, h
2NH
L < CyHlog? K +4C,C5H + 8 log(T) < CoHlog? K,

where C3 is defined in Lemma 11 and Cyg is a constant independent of K and H.

Lemma 21. We use 8}, to denote the true parameter and Oy, to represent the outcome from

Equation (4) in episode buffer.e(k). Therefore, under Assumption 2 and Assumption 3,
for any i and h, it holds the following union bound that C1 is a constant and

\/(ézh _ Q;h)TAbuffer.e(lE)(éih — Hzf‘h) < Cll\/ﬁlog K,
with probability at least 1 — §, conditional on Good Event & .
Same as Lemma 15, we have the following lemma.
Lemma 22. Conditional on Good Event &, it holds that
4%, () — pb (L)) < CivH log K6 (, M poussercir) -
Now, we introduce a lemma bounding the gap between the noise distribution F'(-) and
Lemma 23. Conditional on Good Fvent &, it holds with probability at least 1 — § that for

any x in episode buffer.e(k)

- 1 2K ~ -1 H HI1 2K
P(@) - F(o)) < Lion 2K (Vbutsor.o(iy 4+ Ty Colf 1ot &

buffer.e(k)

+ C1CVH log K ||p(af, vT)||

(Al;buffer.e(fc) ) 1

Hlog? K
§012$,

where Cho 18 a constant.
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Now, we begin to bound the wedge of R(-,-) and R(-,-) corresponding to F(-). It holds
the following lemma.

Lemma 24. Conditional on Good Fvent &, we have

. H?log' K
|R£(’ ) - Rz(’ )‘ S ClSH 10g2 K||¢(7 )|’(A1;Zuffere(l~v))71 + 014—g7

buffer.e(k)

where C13 and Cy4 are constants independent of K and H.
We define A; as the one in Lemma 17 of Section B.

Lemma 25. Under Assumption 1, Assumption 2 Assumption 3 and Assumption 7, if we
set poly,(log K) = Ci5 + Ci13H log? K and polyy(log K) = Ci14H?log? K in Algorithm 8,
where Ci5 = D7H% and D7 s determined in Lemma 47, it holds that with probability at
least 1 — 29,

A SOHVEK).

C.2 Proof of Theorem 8

It is similar to the proof of Theorem 6. The only difference comes from Lemma 23. The
probability of Bad Event &° is now less than 60. Then, we set § = § and it ends the
proof. O

Appendix D. Auxiliary Lemmas and Proofs in Section B

In this section, we prove the lemmas mentioned in Section B in detail. It is organized by
the order of lemmas.

D.1 Proof of Lemma 10

First of all, we have the following lemmas.

Lemma 26 (Lemma 2, (Gao et al., 2021)). Assume m <n, A=3" ¢,¢L + X\. B =
> b0 + N, where ¢, is abridge for ¢(z,,v,), similarly hereinafter. Then if A™' 4
2B, we have

logdet B > log det A 4 log 2.

Lemma 27 (Lemma 1, (Gao et al., 2021)). Since ||¢,| < 1. Let A = N5 ¢.¢7 + A,
then we have
logdet A < dlogd + dlog(K + \) < K; log K.

~ _1 ~ ~ ~
Therefore, for 2(APutfers(kt1)) = (pbutfere(k)) =1 and buffer.e(k+1) > buffer.s(k-+

1), it holds that 2(APufer-e(ht))=1  (pPutfere(t))=1  Therefore, det APufere(htl) >

2 det AP*Fer-e(k) | Then, using Lemma 26, we know that for any h and k, it holds log det AF <

Kjlog K. We have log det A?L = dlog A\. Combining Lemma 26, we have that the number of
3log K K log K—dlog A
log % log 2

buffer episodes for any A is not larger than . Then, there is a constant
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Cy satisfying Kjlog K — dlog A < Cslog2log K. Therefore, the total number of episodes

2
in buffer is not larger than %. For the number of total steps, it is obvious that it
is smaller than H times the number of episodes. Then, it ends the proof. ]

D.2 Proof of Lemma 11

Myerson (1981) shows that the optimal strategy for a one-round second-price auction is to

3HV2N
K\/1—v’

bid truthfully. Therefore, if a bidder overbids or underbids for more than his loss

holds that

6 1p 3H
Los§s > ———————— = —————
NHK?2K3K K3(1—7)
where 5 = 31{? V_QWN

The inequality holds since with probability ﬁ, the policy will be 74,4 and the bidder
is selected, and the total loss is higher than the loss with policy mpang. With a uniform

reserve price, the probability that a loss happens is 3% Then, average loss is % Due
to the existence of a buffer, the overbid or underbid can only make an influence on policy

t= 31°gf episodes later. Because of the existence of a discount rate, an upper bound of
Yy

log

3H
K3(1—7)"
Therefore, with the assumption that buyers are all rational, it finishes the proof. O

revenue for each buyer after ¢ episodes is %3H =

The proof also illuminates why we need to keep manq in every episode instead of only
utilizing buffer periods to explore. We run m,,q so that each untruthful bid will suffer
an immediate loss. Note that there are buffer periods before the policies are updated.
Therefore, any possible reward from manipulating the policy estimate is delayed by the
length of the buffer period. Consequently, rational bidders would reduce their extent of
untruthful bidding, as they need to offset the immediate losses incurred by mang. If we
only run m,,q in the buffer period as we hope to explore, we cannot bound the extent of
untruthful bidding in other horizons. Then, there is no guarantee for regret bounds.

D.3 Proof of Lemma 12

For convenience, similar to Golrezaei et al. (2019), we define
Li={t:t€0,K]and 1(v!>mt)# 10! >mh)},

for each buyer 1.

We define o = (bt —v}) and st = (v} —bl)4, where t = 1,..., K given h. When we can
determine the subscript through the context, we omit the subscript A for convenience.

Then we define ¢!, which is a binary variable. It equals one if buyer i wins and zero
if loses. Therefore, we have S; = {t : t € [1,K],¢! = 0 and st > a} and O; = {t : ¢! =
1 and ot > a}. As aresult, L; = L{|J LY, where L = {t : 1(v! > r!) = 1,1(b} > r!) = 0}
and L = {t : 1(v! > r!) = 0,1(b! > r!) = 1}. Finally, we have S¢ = {t : ¢} =1 or s! < a}.
So, |L3] = |8 VL] + 5 N L3,

To bound |(S; (" L) U(O; (N L?)|: using Lemma 10 and Lemma 11, we have that if we
3HCo 101g2 K

log 5

set a = 6‘3%, it is bounded by

28



RL IN MULTI-PHASE SECOND-PRICE AUCTION DESIGN

To bound |S¢(Li|: it means that underbid changes the outcome, and the level of
underbid is smaller than «. Since |f| < (1, it holds for origin x:

Tt+ao
Pr(t € 5¢(\LI|F) < / F(2)dz < Cra
Let’s define & = 1(t € S L{) while wy = Pr(t € S¢( L | F¢). Then |S{ (N L]| = Zfil &

and E(& — we | F) = 0.
Using Azuma-Hoeffding inequality (Hoeffding, 1994), it holds that

Pr(|SfﬂLf 1+L2wt ) < exp( aZwt

Let A = Z{(wt <KCia,e=3and 1= % log(¥), we have

\Scmle <2(1+4+1)A<2KCia+ 4log(2]\gH),

with probability at least 1 — 537 N T
Similarly, we bound |O§ (| L¢| with the same bound that

2NH

|OCﬂLO\<2KC'1a+4log( 3 )

with probability at least 1 — 5 N 7

Then, we set o = C?(H and combine the items all to obtain
3HCylog? K 2NH
L) < 252208 2 L AC Oy H + 8log(T),
IOg ; 1)

with probability at least 1 — N T -
With the same methodology, we obtain the union bound for any given i and h with

probability at least 1 — § that
3H Cylog? K 2NH

+4C1C3H + 8log(——

logf ) )

and it finishes the proof. O

D.4 Proof of Lemma 13

We use random variables X71,..., Xgg to represent whether m..nq is used. If we choose
policy 7rand, then X =1, or X = 0 otherwise.
Using Bernstein inequalities (Bernstein, 1924), it holds that

KH 2/
;X KHﬁ>t)<eXp{( 1/KH)+t/3}’

since X — 2 has mean zero and var(X) = 25 (1 — Z5).

Therefore, set ¢ = max{3, % log %}, the right side is smaller than § and it finishes the
proof. ]
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D.5 Proof of Lemma 14

First of all, we omit subscripts ¢ and h for convenience, and we will get the union bound in
the end.

Then, we introduce some notations. We use ¢, to represent the outcome that every
bidder bids truthfully and ¢, to represent the outcome with real bidding. Then 0 and 0
correspond to {¢-} and {G,}.

Now, we focus on buyer ¢ and step h, so we omit subscripts ¢ and A from now on. We
have the following lemma at first:

Lemma 28. Under Equation (3), it holds that

buffer.e(k) buffer.e(k)
> @ —1+Fm—1=(6r0))’ < Y (G —1+F(mr—1—(6r,0%))" + 6L,
T=1 T=1

where L < C4H log? K due to Lemma 12.

D.5.1 PROOF OF LEMMA 28

Since there are at most L steps that overbid or underbid changes the outcome, ¢, and ¢,
differ in at most L different points. Since ¢, and ¢, belong to {0,1}, we have

buffer.e(k) buffer.e(k)
Yo @ —-1P< Y @ -1P+L
=1 =1

Then, since F(-) € [0,1], it holds that

—2> (1= g;)F(m, — 1 - (¢r,0)) < 221—% mr —1— (¢r,0)) + 2L.

for any 6.
Therefore, it holds that
> (Gr = 1+ F(my — 1= (¢-,0) Z — 1+ F(m; —1—(6,,0)))* +3L, (7)
for any 6.

Finally, with the optimality of 6 and 6, it holds that

Z(~ _1+F( 7_1_<¢77é>))2

<Z — 1+ F(m; —1—($,0)))* + 3L
<Z — 1+ F(m; —1—(¢-,0)))* + 3L
<Z — 1+ F(m; — 1 — (¢-,0)))* + 6L
<Z — 1+ F(m —{(¢r,6%)))* + 6L.
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The first and third inequalities hold due to Ineq. (7). The second and last inequalities hold
because of the optimality of 0 and 6. Then, it finishes the proof. O
Then we use fp,, ((¢r,0)) to represent F(m, — 1 — (¢;,0)) in shorthand.
Therefore, with Lemma 28, we have

Z[fm7(<¢7'7é>> - fm7(<¢7'79*>)] < 2’ Z§T<fm7(<¢7'vé>) - fm7(<¢7'79*>))‘ + 6L,

T

where & = (1 —q;) — fm. ({(¢7,0%)). The inequality holds because of simple rearrangement.
Then, we have

(¢r.0)

fne (608 — fnc (000 = [ 1, s

A 1 A
— (6r,0— 07) / P (6rys0+ (1— 5)0%))ds
0
= <¢T7é - 9*>DT7

where D, = fol fin, ({7 s+ (1 — )6%))ds.
So, it holds that

S D2((6r,0 - 6%)) < 2|3 & Do (6,,0 — 6] + 6L

Since ||]| < v/d, we use V, which is a set of ball with radius € to cover B(0, v/d)xB(0,/d).
Then, the cardinality of V; is smaller than Bl(@)zd = g—?l, where B; and By are constants

only depending on dimension d. Thanks to Assumption 2 and Assumption 3, we have
|f"] < L and |D;| < Cy.
_Therefore, for any (0,0%), there exists (6,6"), which is the center of a ball in V¢, so that
1(6,0%) — (0,6")| < e. In this way, it holds that
(&7, D7 (6,6')(0 — 6') — D7 (6,6°)(6 — 6%)))|

<2Vd|D+(0,60") = D-(0,0%)| + |D-[([|0 — 0] + [|6" — 6*])

<2LVde + Che

<(2LVd+ C))e.
The first inequality holds since ||@| < v/d. The second inequality holds since |f”| < L and

|D;| < Cy.
Therefore, it holds that

1Y~ &{dr, D2(6,67)(0 — 07| < || Y (b, D-(6,6")(0 — 0)|| + (2LVd + Cy )butfer.e(k)e,

since [¢-| < 1.
Let’s define the following shorthands

V(9) = (¢, D (0 —0))%,

T
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V(@) = (61, D (0 — )%

T

Therefore, by applying the inequality above, we have
V() < V() +4C1Vd(2LVd + Cy)butfer.e(k)e. (8)

The inequality holds because of the square difference formula.
Since for positive number a b and ¢, if a < b+ ¢, than /a < v/b+ \/c. So, it holds that

V(@) < V() + VA1 Vd(RLVd + Cr)butter.e(F)e. ()

Since 0* is the true parameter and & = (1 — G;) — fin, ((¢+,0%)) which is determined by
truthful bid, it holds E(&; | ¢1.7,&1:7—1) = 0 whose value is determined by z, only. Due to
Azuma-Hoeffding inequality (Hoeffding, 1994), it holds that

Prl| 32 Dr{6r.0 )12 \fog 220Ny gy < 2 (10)

for any (6,6") with probability at least 1 —
Therefore, it holds that

o
HN*

V(¢) <4C1Vd(2LVd + C;)butfer.e(k)e + V()

. 2BoHN
<4CVd(2LVd + C)buffer.e(k)e + 2\/log 52 5a—V (#) + 6L

<4C1Vd(2LVd + Cy)butter.e(k)e + 24/ log 23;2# [ V()

+ \/401 d(2LVd + C)buffer.e(k)e | +6L

.\ 2d "
—ACWAQRIVE + Ch) + 2\/ log 222N bufsfer‘e(k) V(o)

+\/401 d(2LVd + C1)] + 6L

.\ 2d "
<ACVARLV + C1) + 2\/ log 222N bufsfer‘e(k) V()

\/401 d(2LVd + Cy)] + 6C4H log” K.

The first inequality holds due to Ineq. (8) while the second one holds due to Ineq. (10) and
Lemma 28 The third inequality holds because of Ineq. (9). The equality holds since we set

———————_ The final inequality holds because of Lemma 12.
buffer e(k)’

Finally, applying the root formula of the quadratic equation, it is obvious that there
exists a constant Bz > 0 such that V(¢) < B3H log? K.
Similar to Wang et al. (2020b), we have

\/@‘h — O, ) TApustereb) (9, — 67) < ¢\ V(9) +2VdA,
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for any ¢ and h with probability at least 1 — 4.
It holds since

V(0 - g7 Avmsseret®)§ - o) < \/<é — 07 (30 0rT)(0 = 0°) +\/ (6= 09T D)0 - 0°).

Then, we have D2 > ¢} and ||(8i, — 605,)|lar < 2VdA.
In the end, we find that there exists a constant Cs that satisfies

\/(ézh _ ngh)TAbuffer.e(k)(Qih _ G;kh) < 05\/E10g K,
which ends the proof. O

D.6 Proof of Lemma 15

Using the Cauchy inequality, we have the following statement:

Lemma 29. It holds that

[($(,v),6 - 6)] < \/(é — O)TA(D — 0)l|¢(x,v) |1

Specially, taking A = Azuffer'e(k) = Ziuzflfer'e(%) o(a], v (], vi)T + A, the inequality
holds.

Then Lemma 29 and Lemma 14 lead to Lemma 15. O

D.7 Proof of Lemma 16

Firstly, we define RE(-,-) = Zfil Elmax{rt", af }1(rk > max{rk~ ok ). Then, |R}(-,-)—
R < RE(S ) = BEC, I+ RS ) = BECL )L
To bound |RE(-,-) — RE(-,-)|, we have

WE

E\[max{rfh_, afy Y 1(rl, > maX{?"fh_a afi,)]
i=1
k—  k ~k sk— k
— [max{7 ", agp, } 175}, > max{r;;", azp)]|
N
< Z A1+ A+ Ag
i=1

<(1+ 601)NC5\/E10g Kllo(, ) R

(A'Zuffer.e(k))717
where
k— _k k k— _k
Ay =|[max{ry,”, ajy} 1(rip, = max{ry,”, ajj,})]

sk— k k k— _k
— [max{7y,", aghy L(rij, > max{ry,”, aip})]l;
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Ay =[[max{7j,", af, } L(rf;, > max{ri, oy })]

sk— k ok k— ok
— [max {7y, agy } 1(7, = max{ry,”, ag, 1|

and

~k— _k ~k k— _k
A :|[maX{7}~h s i} L(Pip, > maX{Tih s ip})]

Ak— N Ak—
— [max {7y, afy} 17, > max {7, o b]l-

The first inequality holds due to the properties of convex functions. The second in-
equality holds due to the triangle inequality. The third inequality holds since A; <
|max{rk~ ok} — max{fF~ ok} < |r — 7], Ay < 30| — f\ and Az < 3C;|r — 7|. The
reason why Ay < 3C)|r — 7| is max{#,a} < 3 and E|1(rf, > max{rt~ ak}) - 1(7F >
max{rj,, af,})| < Cilr — 7.

To bound |RE(:,-) — RE(-,-)|, we have the following lemmas. We define Wk (o) =
E[max{vfhﬂ a}1(vk > max{vfhﬂ a}) | ¢f] at first.

Lemma 30 (Lemma C.3. (Golrezaei et al., 2019)). Since of* is determined by Myerson
Lemma (Myerson, 1981), we have VVZ/,L( k<) = 0. Furthermore, there evists a constant
By that for any a between of, and o, we have |W;,*(a)| < By for any i and h, under
assumption Assumption 2, Assumption 3 and Assumption 4.

Lemma 31 (Lemma C.4. (Golrezaei et al., 2019)). Under Assumption /, it holds that

ok — ol | < (5, Oin — Oin)]-

By applying Lemma 31, we have

N B,
BEC) = B < 30 5l - )?
=1
By A
<N L((6F, Oin — Oin))?
B
< N CH log® K||o(-, )

(A};Luffer.e(lz:) ) 1

1

By
S N?Cgﬂlogz KHQS(’ )H(A';)luffere(;:))71 ﬁ

The first inequality holds due to the Taylor expansion. The second inequality holds due
to Lemma 31, while the third one holds due to Lemma 15. The last inequality holds since

lplla-r < 3-

Remark 32. Without Assumption 4, we can get the last inequality from the integral form
of R(-,-). For example, when N =1, it holds that R(-,-) = (1 — F(aw —1— (¢, 0))). Then,
IR — R| < 3C1[(0 — 9,¢>| due to Assumption 2. It shows that Assumption /4 is actually
redundant as Assumption 2 exists.
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Combining the differences |Rf(-,-) — RE(-,-)] and |RE(-,-) — RE(-,-)], it holds that

N B
Rk Rk 'H K 4 O2H 1002 KIN )
| h('7 ) - h('v )’ < [(1 601)05 log 2\/XC5 log ] ”d’(a ‘)H(A‘;uffepe(k))—l

Therefore, there exists a constant Cg which is independent of H and K, satisfying

|R;€l(7 ) - Rz(7 )| S CﬁHlogQK”qb( )H buffere ) 17

and it ends the proof. O

D.8 Proof of Lemma 17
In order to prove Lemma 17, we have the following lemmas for help.

Lemma 33. For any fized policy m, let {w,’{}he[H] be the corresponding vectors such that
Q7 () = R(-,-) +(o(-,-),wj) for any h. Then, it holds that

|lwi || < 3HVd,

for any h.

Proof Since it holds
@Qh( ) = (B+PrViig)(),
and the linearity of MDP, we have

i = [Via(dml).

Therefore, considering |V| < 3H and || M,(S)|| < v/d, Lemma 33 holds. [ |

Lemma 34. For any (k,h) € [K] x [H], the vector wZUffer'e(k) in Algorithm /j satisfies:

db ff
Jupustere®) _ b < 37y PREEemek) gy
h h
buffere(k)

Proof Since we only update at episode buffer.e(lzz)7 w,’i is the same as w,
For any vector v € R?%, we have

buffer.e(k)

buffer.e(k buffer.e(k)\ —
|1/Twhu er.e( )‘ _ |I/T(Aku er.e( )) 1 Z ¢;’l m(?XQh+1(.’.)|
=1

< ZSH| buffer e(k) ) 1¢;—L‘

< 3H\/[Z VT(AZuffer.e(l;)) ][Z(QST)( buffere ) 1¢7—]

T T

dbuffer.e(k)

< 3H]|v| :
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The first inequality holds since Q < 3H, while the second inequality holds due to the Cauchy

inequality. The third inequality holds since (Azuffer'e(k))’1 = %I and the following lemma.

Lemma 35 (Lemma D.1. (Jin et al., 2020)). Let APufer: (k) = AT + yopuffere (k) brpr
where ¢ € R and X\ > 0. Then it holds

buffer. e

Z d) (Abuffere ) ¢T < d.

Thus, with [jw Zumre | = max,., =1 [V w |, it ends the proof. O

In order to prove the next lemma, we 1ntroduce two useful lemmas first.

T buffer e(k)

Lemma 36. For any given h, suppose {x:}32, being a stochastic process on state space S
with corresponding filtration {F; 2. Let {$-}2%, be an R%-valued stochastic process when

¢r € Fr_1. Since ||¢-] <1 and Abuffer_e(k) A+ Zbuﬁer (k) - 0L, then for any §, with

probability at least 1 — 0, for any k corresponding to buffer.e(l;:) and any V €V so that
sup, |V (z)| < 3H, we have

_ 54CyH31log? K 32k2¢2

k
1Y 6V (@r) — B[V (2) | Fra] M3
T=1

buffer e(k) B )\ log % )\
d. k+ X Ne
144H?[= log —= + log

where N is the e-covering number of V with respect to the distance dist(V, V') = sup, (V (z)—

V'(@)).

Proof First of all, we have

k
”Zng{V(xT) - [ (xT) |‘FT 1]}” -1
T=1

buffer e(k)

k
3HC;log? K
<2% 2| Y ¢e{V(2r) — E[V(2r) | Froal} 1{k & buffer}|{ , +2 x 31&331%#"7g
v

=1
i 5 54CoH?3 log? K
<4 E ¢r{V(zr) — E[V(2;) !fT_l]}HA;l =
T=1

1
Alog 5
Firstly, we have (a + b)?> < 2a® + 2b?. Then, it holds since we divide the episodes into

two parts: the ones in the buffer and the ones not. For the ones in buffer, due to the
definition of buffer.e(k), it is easy to prove that it is smaller than 4|| Zle OV (zs) —

E[V (z;) | Froa]} 1{k & buffer}Hi_l. As for the one not in buffer, % is a trivial
k g5
bound due to Lemma 10 and V() < 3H. ’
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Therefore, with Lemma D.4. in Jin et al. (2020), we simply replace its H with our upper
bound of V(+), i.e., 3H, and it finishes our proof. [ |

Lemma 37. Let V denote a class of functions mapping from S to R with the following
parametric form

V() = min{maxw’¢(-,v) + R(-,v) + Bll6(-, v) |1, 3H},

where ||lw|| < L, B € [0,B] and the minimum eigenvalue satisfies Amin(A) > . Sup-
pose ||¢(-,-)|| < 1 and let N be the e-covering number of V with respect to the distance
dist(V, V') = sup,, |V (x) — V'(x)|. Then, it holds

32v/dB?
Ae?

8N BsvVd

8L
log NV, < dlog(1 + —) + d*log(1 +

~ )+ dN log(1 + )

where Bs is a constant.

Proof Due to Lemma D.6. in Jin et al. (2020), it holds that

dist(Vi, Va) < |lw1 — wa| + V/||A1 — A2||F + sup | Ry (z,v) — Ry(z,v)|,

where A = B2A~1. Let C, be an t-cover of {w € R?||w| < L}, and then it holds
|ICw| < (14 %)d. Similarly, for i—z—cover for {A}, we have |C4| < [1+ %:Q/E]d?

Now, in order to bourAld the covering number corresponding to R(:U, v), we show that it
links to {6;}YY, first. As R(-,-) is function of {j;}Y; and F () is differentiable with |f| < C,
it holds that 3—5 < Bj for any i, where Bs is a constant. By is bounded since p; € [0, 1]
and the interval [0, 1] is compact. Therefore, since i = (¢, 0), it holds that

N
sup Ry (w,v) — Ro(w,v)| < sup Y Bs|(Bui — 02:)" 9|
z,v #llolI<1, 5
N ~ A
<> Bs||61; — Oaill.
=1

Therefore, it holds that combining ﬁ-cover for 6;,

8NB5\/&)dN

|Cpl < (1+ -

Then, it finishes the proof. |

Now, with lemmas prepared, we have the following lemma.
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Lemma 38. For any &, with probability at least 1 — &, there exists constants Bg and By
independent of K and H so that

k
(k1) € ) ()< 132 670V (07) = BYRE AT VDI ey -+ <BoH? log? K
T=1 h
+ B;H?log C.

Proof Combining Lemma 34, Lemma 36 and Lemma 37, we set L = 3H\/%. With
Algorithm 4, we have B = C7 + CgH log? K. Then we have

k
132 RV () — B (o, oD

T=1 h
54Cy, H? log? K kE—+ X 24H [dk KH
<222 08 R L 19dH? log S0+ 144H?dlog(1 + Sy | ) + 14402 log -
Alog 5 € A 0

- 32V/d(C7 + CgH log? K )?

8NBsvVd. 32k2e2
e2 '

] + 144H?dN log(1 + )+
€

+ 144 H?d* log|

Therefore, by setting A = 1 and € = %, then we have the right side of the inequality is
O(H? log? K + H?log C7), and it finishes our proof. |

Now, let’s show the determination of C7.

Lemma 39. There exist a constant Bg so that C7 = BgH% log K, and for any fized policy
m, on Good Event &, i.e., all inequalities hold, we have for all (x,v,h, k) € Sx T x [H] x [K]
that:

<¢(7 )7w£> + RZ(? ) - Q;zr(’ ) = ]P)h(f/hk—l-l - Vhﬂ—&—l)(" ) + Ai(v ')a
where Az(-, )< (C7+ CeH log? K)|o(, ')H(AI;LuffeLe(fe))_l'
Proof Due to Bellman equation, we know that for any (x,v,h) € S x T x [H], it holds
QZ(a ) = Rh('7 ) + <¢)(7 ')aw;D = (Rh + thlf—‘,—l)(" )
Therefore, it gives
<¢(a ')7w}’§> + Rﬁ(v ) - QZ(? ) = <¢(7 ')’wili - w}7{> + (Rﬁ - Rh)('v )

Then, since w,li = wzuffer'e(k), it holds that

buffer.e(k)

k . buffer.e(iﬂ) —1 ~k
wy —wpy = (A, ) Z o1 Vi1 (@hqa) —wp
=1

_ buffer.e(k)

uffer.e(k) — T e - - r T
= (AZ frerel )) H=dwf + Z RV (@hyr) — PRV (27, vp)]}

=1

=01 + 0o + I3,
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where _
5 = _)\(A/\‘;:,Luffer.e(k:))_1wg7

- butfer.e(k)

uffer.e(k)\— T T ~ r T
02 = (AE frerel )) ! Z ¢h[vhk+1(37h+1) - thffﬂ(%hv vp)l;
T=1

- buffer.e(k)
uffer.e(k)\— >
b= (A )T ST GV — Vi) (e o).
T=1
Then, we begin to bound items corresponding to d1, d2, and d3 individually.
Firstly, it holds

[(@(-,), ) <VAwf [llé( ‘)H(Azuffemua),l

§3H\/a”¢(a ) H buffer.e(k)y_1*
(Ap )

The first inequality holds due to Cauchy inequality and A = M. The second
inequality holds due to Lemma 33.

Secondly, it holds that

buffer.e(k)

(00,82 < \/ B og? K + BrH210g Crl[o(-, )| e 1
h

It holds because of Lemma 38.
Lastly, we have

_ buffer.e(k)

(D), 83) = (@(, ), (AEFTeEN =1 N~ gy (Vi — Vim) (2, 07)
T=1

_ buffer.e(k)

= (-, ), (AP )=1 N gr(gn)T / (ViEL = Vi) (@) dMy (')

1

— (6, / (VEy — Vim ) () M) — Mo(-,-). / (Vey = Vi1 )dMy,)

= Ba(Vh1 — Vi) () = M( ), (Apeeer=®) -1 /(thJrl = Vi) (@) dMy (')

< PV = Vil (1) BHVANO(, )| moseois -

The second and fourth equations hold due to the definition of the operator PP;,. The third
equation holds due to simple algebraic arrangement. The inequality holds due to Cauchy
inequality, V(-) < 3H and Aputser.e(iy = M-
With the bounds in hand, we have A?(-,-) < (3HVdA++/BsH3log? K + ByH2log Cr7 +
3HVd\ + CeH log® K)||é(-, -)H(Abuﬁer‘e(,@)_l. Then, it is obviously that there exists a con-
h

stant Bg, so that BgH% log K > 3HVd\ + \/BGH3 log? K 4+ ByH?log C7 + 3H/dX and it
finishes the proof. |
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Now, we are ready to show the reason why we chose such a bonus. We have the following
lemma.

Lemma 40. Under the setting of Theorem 6, on the Good Fvent &, it holds that for any
(x,v,h, k) € S x T x [H] x [K],
Qf(z,v) < QF (z,v).

Proof We will prove this lemma by induction.
First of all, for the last step H, since the value function is zero at H + 1, we have

1R () + (0, ), whr) — QF ()] < (Cr + CoH log? K)o, M pomstorciin
due to Lemma 39. Therefore, we have

QF () < min{R () + (-, ), i) + (Cr + CoH log? K) ¢, M pomsterectr) . 3H},

and we use Q% (-, ) to represent the right side.
Now, supposing the statement holds at step h + 1, then for step h, with Lemma 39, it
holds that

[Bh + (6, wh) = QR = Pu(Vity = Vi) )| < (Cr + CoH log? K) |6 (-, ')H(Azuffer-e(fe))_l-
By the induction assumption that ]P’h(Vh"“+1 - Vh”_:l)(-, -) > 0, it holds that
QF (1) < min{BEC, 140, ). wh)+H(Cr+ CoH 108 K) 60, )| gasr i) 1 3H) = Q)
which ends the proof. |

Then, we have the following lemma about a recursive formula from §F = V/F(2F) —

Vhﬂfq (xlfi)

Lemma 41. Let 6F = VF(aF)~V,"* (2F) and & =E[6F ., |af, vf]—0F ... Then conditional

on Good Event &, it holds that for any (k,h) € [K] x [H],

Oh < Oyt + Ehr +2(Cr + CoH log? K) [0, )| yomstor o -
h

Proof Due to Lemma 39, it holds that
Qh(+) = @ () S Pa(Vites = Vi) () + 2(Cr + CoH log” KNIBC )| sserir) -

Then, since 7, = . is the greedy policy before mixture at episode k by Algorithm 4,

buffer.e(k)
we have

k ko k .k Tk ok
op = Qp (T, vp) — Qhk (zh,vp)-

Then, it ends the proof. ]
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With these preparations, we begin to prove Lemma 17.
Using notations in Lemma 41, it holds that conditional on Good Event &

K
Ay =YV (af) = V(@b 1(k & butfer)

K

<> ol 1(k ¢ butfer)
K H

S Z Zgll’f + 2(07 + CGHlOg2 K)||¢(’ ‘)H(Abuffene(]::))il ]]-(k g buffer)

h

K H

< 303"k +2V3(Cr + Gt log? K) [ 6(, )| a1 1(k & buter)

K H
< SN + 2v2A(Cr + Collog? K) 60 ) a1

The first inequality holds due to Lemma 40, while the second one holds due to Lemma 41.
The third inequality holds due to the process of Algorithm 3, while the last one is trivial.

For the first term, since the computation of th() is independent of the new observation
z¥ at episode k, we obtain that {¢F} is a martingale difference sequence satisfying |¢F| < 3H
for all (k,h). Therefore, with Azuma—Hoeffding inequality (Hoeffding, 1994), it holds

2
Zth > €) > exp(— 18KH3)

7=1h=1
Then, with probability at least 1 — 9, we have

K H 1
DD &< y[18KH3 log <.

7=1h=1
For the second term, thanks to Abbasi-Yadkori et al. (2011), it holds that
K
T ™N—1 7 A+T
Z(¢h)T(Ah) '}, < 2dlog :
T=1

Then, with the Cauchy inequality, we have

ZZH@LHW)—KZWZ YA Moh)E < 2K Tog 2T

7=1 h=1

Finally, combining the two terms, we have

1 A+ K
Ay < /18K H3log 5 + 2v2(C7 4 CgH log? K)H (| 2dK log +>\
< CgH*%\/Klog’ K,

and it finishes our proof. |
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Appendix E. Auxiliary Lemmas and Proofs in Section C

In this section, we provide proof of lemmas in Section C in detail. We organize this section
in the order of lemmas.

E.1 Proof of Lemma 19

In Algorithm 6, there are two types of {buffer.e(k)}. The number of {buffer.e(k)} satis-

fying 2(AF)~1 # (A;’lmcfer'e(k))*1 is smaller than % due to Lemma 10. The number
- 2l

of {buffer.e(k)} when log, k is an integer is smaller than [logy K]+ 1. Combining the two
parts finishes the proof. O

E.2 Proof of Lemma 20

Since we have a buffer period, the upper bound of the size of overbid or underbid is the
same as the situation when the market noise distribution is known. Then, recall that the
proof of Lemma 12 is conditional on reserve price and others’ bid, it doesn’t matter whether
we consider g or ¢ because the only difference between them is the way generating reserve
has become 7. Conditional on reserve, the proof of Lemma 12 still holds regarding gq.

With the same methodology in Lemma 12, we have the lemma due to Lemma 19. [

E.3 Proof of Lemma 21

Similar to the proof of Lemma 14, we replace 1 — F(m, — 1 — (¢-,6)) by 3% (1 + (¢-,6))
to form Equation (4). We just need to prove that E[§ — 55 (1 + (¢,6))] = 0 if bidders
bid truthfully. If ¢}, = 1, it satisfies that we choose i using 7y with reserve price p; and
1+ (¢+,0) + z > p;. With some conditional probability calculation, the probability is
av (1+ (¢7,0))
s ( TsY))

Therefore, by simply setting ¢; = C; = 3LN in Lemma 14, we prove Lemma 21. O

We now discuss the intuition behind the estimator of 6 in Equation (4). It is a con-
strained form of ridge regression. First, let’s clarify the rationale behind the correct choice of
the loss function. In comparison to Equation (3), where the noise distribution F' is known,
our current scenario lacks this knowledge. Consequently, we cannot construct a random
variable ¢ — 1 + F', prompting the need to identify a new zero-mean random variable for
estimating 6. This is why simulation is employed to generate ¢ as distinct from ¢q. We have
E[BNG— (1+(¢-,0))] = 0. Thus, q facilitates the estimation of 6 using Lo-norm constrained
ridge via Equation (4), while ¢ persists in exploiting to prevent excessive regret. Second,
instead of resorting to ordinary ridge regression, we constrain the norm of the parameters.
This choice is driven by the confined space, as outlined in Assumption 1.

E.4 Proof of Lemma 23

In order to estimate F(-) precisely. We need to bound two-fold errors. First, we need to
bound errors coming from randomness. Second, we need to bound errors from untruthful

bidding.
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First of all, if every buyer bids truthfully, then with Lemma 18, it holds with probability
at least 1 — % for each update that

2K

F() — B()| < %]og =5 (N Houtter.o(F) 7+,

However, bidders may overbid or underbid for less than %TH due to Lemma 11 and the
estimation of y has an error. Therefore, the c.d.f that F (+) estimates is not the same as

F(-). Since |f(-)| < C1, the difference because of overbid or underbid is smaller than ClngH
Then, due to Lemma 22, the difference because of error in p is smaller than

S SR o o, 0T st .
01011\/ﬁ10gK _ (A ) < 01011\/ﬁ10gK vd —.
Hvuffer.e(k) buffer.e(k)

The inequality holds since we have the mean value inequality and Lemma 35.
Since the number of episodes in buffer for each buyer i is no larger than CoH log? K, it
holds that

N 1. 2K - -1 (C1C3H CyHlog’K
F() = F()| <4/ =log — (N Hbuffer.e(k)) 2 + + _
FO) = P15\ o - (VHmmtgor o) 4 S5 4 T

d
+C'1011\/H10gK—\/> .

buffer.e(k)

Because the number of episodes we run Equation (4) is smaller than K, then the total
probability of happening Bad Event &€ is smaller than ¢. Then, it ends the proof. O
E.5 Proof of Lemma 24

In order to prove Lemma 24, we introduce the following lemma first.

Lemma 42. Under assumption Assumption 3, when Lemma 23 holds, using histogram
method to estimate p.d.f f(-) leads to the following bound that for any x

\/ﬁlogK

buffer.e(k)

f(z) — f(z)| < Dy

)

e

where Dy 18 a constant.

E.5.1 PROOF OF LEMMA 42

With Lemma 23 in hand, we divide [—1, 1] into 2M parts denoted by {—M,...,0,..., M —1}

uniformly, then we have
fa) = M2
€Tr) =
M

7

M)]?

) — £ (
where z € (75, 5.
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Under assumption Assumption 3, it holds that

UwaWUL5—H%mg$,

Therefore, it holds that

. Hlog® K L
(@) - f@)| < 2MCp——=me + .
\/buffer.e(k)
- 1
By setting M = M, we finish our proof. O
VHlog K

Therefore, unlike Lemma 31, we have the following lemma.
Lemma 43. Under Assumption /, it holds that

. DoH log? K
e — o] < [(6F, 0 — O] + ———2

)

buffer.e(k)

N7

where Dy 18 a constant.

E.5.2 PROOF OF LEMMA 43

Myerson (1981) shows that the optimal reserve price satisfies
a=1+ /'L(v ) + (bil(_l - lu(ﬂ ))7
1-F(x)

where ¢(x) =z — @) s virtual valuation function.

We use a* to denote the optimal reserve price, while & denotes the reserve price we use
with F'(-) and f(-). Also, we use & to denote reserve price corresponding to i, F(-) and
70) A

Lemma 31 shows that |& — a*| < |[(&F, 0:n — 0in)|.

To bound |& — &|, we have

~

1-F() 1-F()
f() £0)

N

1—FQ_1—FOMH1—F@_1—F@
f0) f0) ) f0)

C12Hlog? K Di\VHlog K
< + -

c1\/buffer.e(k) cibuffer.e(k)*

The first inequality holds due to the triangle inequality. The second inequality holds due
to Assumption 2, Lemma 23 and Lemma 42.

Then, we will show that ¢/(-) > 1.

It holds that ¢(x) = = — 1}{;()96) =z+ m. Under Assumption 4, it holds that
1 — F(-) is log-concave implying log’(1 — F(+)) is decreasing. Therefore, ¢'(z) > 1.

Therefore, we have |¢(&)—d(a)| < Cipfllogh K Dl‘/ﬁlogf(l and (&) = (&). Then,
cl\/buffer.e(k) c?buffer.e(k)?

| <]

it holds that

Ci2H log?> K N DiVHlog K
= 1
ciy/butfer.e(k) cIbuffer.e(k)?
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because ¢'(-) > 1.
Then, it ends our proof. O
Now, we are ready to prove Lemma 24. Using notations in Lemma 16, we use another

factor F' to show that we use F(-) and f(-) in the function, while factor F' to denote the

use of F'(-) and f(.).

With the same methodology in Lemma 16, it holds that
’Ri(’ K F) - Rﬁ(’ K F)| S[(l + 601)011\/E10g K]N||¢(7 )”

(A‘;)luffer.e(l;:) ) 1

NB X DyHlog? K
5 (@R, Oin — 0)))? + 2(————1)’]
buffer.e(k)*

_l’_

1
2 4
Dy logh K — e

buffer.e(k)

<DsHlog® K||¢(-,") ||(Abuffer4e(fc>)7
h

where D3 and Dy are two constants. The first inequality holds since (a + b)? < 2(a? + b?).
The second inequality holds by rearrangement.
Then, we will bound |RF(-,-, F) — RF(-,-, F)|.
. - N ~k— ~ ~— a ~
Since RE(-, -, F) = Y0, IEF[maX{rfh cab YRk > max{rfh ,ab 1)) and RE(-, F) =
SV Eﬁ[max{ff{,afh} 1(7F, > max{#*~ ok 1)], we have that the difference of expected
Hlog? K

—. It comes from the fact that
buffer.e(k)

the expected revenue depends on an N-fold integral with respect to the random variable
2
(253N, Since [#(dF —dF') = — [(F — F')dz < 3||F — F'||oo < 301222 K __ " cach

buffer.e(k)
. With N buyers in total, it holds that

revenue about each buyer is smaller than 3NC1s

Hlog? K
v/butfer.e(k)

integral has error less than 3C15

3 . . Hlog’ K
‘Rz(7 7F) - Rz(; 7F)‘ S 3N2012 o8

buffer.e(k)
Combining the two parts, it holds

[RE( ) = REC, )| = [RE(, - F) = R (-, F))
CyH? log4K

(A];‘uffer.e(fc))71 ’

buffer.e(k)

< Ci13H log® K||¢(-, )|

which ends the proof. Similarly, we can use Assumption 2 to achieve parallel results without
Assumption 4 as Remark 32 says. O
E.6 Proof of Lemma 25

Now, we introduce some lemmas in parallel in order to prove Lemma 25.

Lemma 44. For any given h omitted for convenience, suppose {x;}2%, being a stochas-
tic process on state space S with corresponding filtration {F,}22,. Let {¢-}22, be an

R¢-valued stochastic process when ¢, € Fr_1. Since ||¢-| < 1 and Apusterey = M +
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Zbuffer'e(ki) b-0L, then for any &, with probability at least 1 — &, for any k corresponding to

T=1

buffer.e(k) and any V €V so that sup, |V (z)| < 3H, we have

k
54CoH31og? K 32k2€?
AV(xr) —E[V(x) | Froa]} 2 <
H;M (zr) —E[V(z)| 1]}HAb“1fer'e® Nog 1 3

kE+ A N,

d
212 r - €
+ 144H [210g 3 + log 5 ],

where N is the e-covering number of V with respect to the distance dist(V, V') = sup,(V (x)—

V().

Lemma 45. Let V denote a class of functions mapping from S to R with the following
parametric form

V() = min{mgwagZ)(-, U) + R(',’U) + BHQﬁ("U)HA*l + Av 3H}7

where |w|| < L, B € [0,B], A = % in episode k and the minimum eigenvalue

satisfies Amin(A) > X. Suppose ||¢(+,)|| < 1 and let N be the e-covering number of V with
respect to the distance dist(V, V') = sup, |V (z) — V'(z)|. Then, it holds

32v/d B2

o2 ) + dN log(1 +

16N BsVd
€

8L
log Ne < dlog(1+?)+d2 log(1 + )+10gN12§v2 (F),

where Bs is a constant.

E.6.1 PrROOF OF LEMMA 45

When F'(-) is unknown, it holds that

sup |Ry (2, v) — Ry(z,v)| =sup |Ry(z, v, F1) — Ry(x, v, Fy)|

v

<sup |f21(l’,’lj, Fl) — Rg(az,v, F1)|

T,

=+ sup ’R2($7Ua Fl) - RQ(.T,U, F2)|

v

Then, we use Cj to denote the cardinality of the balls corresponding to 6 and Cr to
denote the cardinality of the balls corresponding to F.
Like the proof of Lemma 37, we simply use ﬁ-ball to cover 6;, and it holds that

€

[Col < (1+

Conditional on w, A and {éz}i\ila with Lemma 24, we know that in order to satisfy
sup,. ., |R(x, v, F) — R(z,v, F)| < {, what we need is ||’ — F|lc < 5%z Then, it ends the
proof. ]

Then, it holds the following lemma.
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Lemma 46. For any &, with probability at least 1 — §, there exists constants Bg and By
independent of K and H so that

k

(k1) € () [H) £ 1|30 GR35 1) = PHEAGT DI, ) 1 <D
=1 h

—I—D6H2 log C15,
where Ds ~ O(1) omitting log K and Dg is a constant.

Proof Similar to the proof of Lemma 38, we just replace N, by dlog(1 + %) +d?log(1 +
82V4B% ) 4 N log(1+ 16NB5‘[)+log/\/' _(F). Then, we set A = 1, B = C15+C13H log? K
and €= dH . With Assumption 7, we ﬁmsh our proof. |

Now, let’s show the determination of Cjs.

Lemma 47. There exist Dy ~ O(1) so that Cy5 = D7H%, and for any fized policy m, on
Good Event &, i.e., all inequalities hold, we have for all (z,v,h,k) € S x T x [H] x [K]
that:

<¢(7 ')7wi]§> + Réﬂz(a ) - QZ() ) = Ph(vhk—i-l - Vhﬂ—&-l)('v ) + Az(a ')a
k. )< 2 .. . _H?log' K
where Ay (-, ) < (C15 + Ci3H log” K)||¢(-, )||(A2uffer_e(k))71 + CM\/M'

Proof The proof of Lemma 47 is the same as proof of Lemma 39. Let’s show the determi-
nation of D7 in parallel. With Lemma 46 in hand, it holds that

D7H? > 3HVA\ + \/DsH3 + DgH? log C15 + 3HVA.

Then, it is easy to see the existence of D7 where D7 ~ @(1) O |

Also, we have the following lemma about the recursive formula from 6F = ViF(zF) —
V;’C (z¥). It holds due to Lemma 47 and Lemma 40.

Lemma 48. Let 6F = ViF(a%)—V,"* (2%) and & =E[0f, | 2f, vf]—6F. . Then conditional
on Good Event &, it holds that for any (k,h) € [K] x [H],

H?log* K
O < Opyy + &y +2(Cis + CrsH 1og? K)|[G(, )| wusseroiy, 5 + 201 — e
(Ah ) b 7.
uffer.e(k)

Now, we are ready to prove Lemma 25.
Similar to the proof of Lemma 17, it holds that

H?log* K
Aq + Z Z 201y ————— Og .
k=1h=1 buffer.e(k)
Due to Algorithm 6, we have k < 2buffer.e(k). Therefore, it holds that
K 1 K
k=1 k=1

buffer.e(lzr)

EE
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Therefore, it holds that
Ay SOWVHPK) + O(H3VK),

which ends the proof.

Appendix F. Detailed Results of Numerical Experiments

In this section, we give some details about our numerical experiments.

Trail\Regret | CLUB SCORP NPAC-S
1 57.20 170.77 131.41
2 139.75 230.29 113.23
3 58.01 189.06 41.46
4 238.57 168.39 54.59
5) 79.43 161.72 59.99
6 171.67 211.33 53.72
7 52.24 204.67 185.61
8 59.40 185.07 135.82
9 228.57 176.15 37.69
10 150.11 181.72 91.58
11 80.74 197.85 123.08
12 179.27 167.39 239.79
13 37.25 186.11 56.14
14 83.27 168.86 240.07
15 54.92 163.89 219.48
16 72.72 175.39 86.02
17 56.35 174.99 35.80
18 55.40 178.67 52.55
19 34.40 170.65 70.55
20 15.57 160.40 169.44
21 95.18 164.27 171.89
22 324.05 176.15 24.25
23 184.31 174.79 30.46
24 41.43 174.32 64.36
25 51.32 171.11 89.65
26 30.47 177.63 191.52
27 30.46 178.80 58.29
28 367.42 182.17 84.62
29 54.69 171.78 44.27
30 114.49 174.32 33.29

Table 1: Regrets of three different algorithms in each trail.
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In the contextual bandits setting, we show the total regrets of three different algorithms
(i.e., CLUB, SCORP and NPAC-S) in all 30 trails in the following table. Among all 30
trials, CLUB has the lowest regret in 15 trials, while NPAC-S does in 14 trials. SCORP
only wins in the twelfth trial. For their average regrets, it’s 106.62 for CLUB, 178.96 for
SCORP, and 99.69 for NPAC-S. Therefore, we conclude that for contextual bandit settings,
the performances of CLUB and NPAC-S are comparable, overwhelming the performance of
SCORP sufficiently.

For the implementation details, we assume N = 1, and there are two different contexts,
both appearing with probability 0.5. Besides, we assume § = [0,4,0.6]” and underlying
noise distribution is Unif(]-1,1]). In order to distinguish these strategies, we constrain that
bids must be a multiple of 0.01. To simulate strategic bidders, we use Lemma 11. Once it’s
in the buffer period, we assume bidders randomly bid. However, if not, we assume bidders
bid their value plus a random noise with scale % For NPAC-S, we use similar ways
to simulate strategic behaviors. However, for SCORP, we stated before that it uses too
many episodes to explore; we loosen its constraints and assume truthful bidding. Although
we only consider an upper bound for its performance, SCORP still performs worse than
CLUB and NPAC-S. So, we only compare CLUB and NPAC-S in MDP settings. To solve
Equation (4), we seek help from scipy.optimize package. Actually, most of the running
time is spent on solving Equation (4). We believe we can reduce our running time by using
other commercial optimization solvers.

In the MDP setting, we show the total regrets of CLUB and NPAC-S in the 30 trials
in Table 2. Among all 30 trials, CLUB wins NPAC-S every time. The average of CLUB
is 203.07, overwhelming the corresponding 756.31 for NPAC-S. As a result, it shows that
CLUB has better performance against NPAC-S in the MDP setting.

Trail\Regret | CLUB NPAC-S | Trail\Regret | CLUB NPAC-S
1 111.12 719.32 16 202.51 843.94
2 86.96 744.47 17 24.77 699.18
3 369.94 694.44 18 262.83 709.15
4 78.32 1204.41 19 505.96 802.21
) 586.62 660.06 20 163.90 696.09
6 46.89 647.03 21 33.60 653.59
7 303.41 695.98 22 156.05 872.66
8 61.22 698.99 23 46.15 746.18
9 281.11 686.92 24 388.10 781.76
10 40.48 742.37 25 160.19 699.93
11 125.29 790.36 26 552.07 732.08
12 140.18 744.64 27 89.34 734.74
13 516.48 855.74 28 112.73 702.72
14 55.23 660.48 29 191.32 663.03
15 87.22 1002.02 30 311.99 804.94

Table 2: Regrets of two different algorithms in each trail.
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Figure 4: Experiment results for the contextual bandit setting under truncated Gaussian
noise distribution.
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Figure 5: Experiment results for the MDP setting under truncated Gaussian noise distri-
bution.

For the detailed setting of MDP and the implementation, we consider the situation that
H = 2. We state different settings than the ones in contextual bandits as follows. The action
space contains two actions. The first action will lead to the first context with probability
1, and the second action will lead to the second context in the next phase. In our MDP
setting, we only discount once every episode, which means two phases. Therefore, we set
the discount rate to be /7 for NPAC-S. It is a more conservative situation and will decrease
the extent of untruthful bidding for NPAC-S. At the same time, we assume NPAC-S will
choose actions randomly. For our CLUB algorithm, we construct a 4-dimensional feature
space to capture the structure of the underlying MDP. Additionally, instead of selecting 4,
we set polyy(-) = H log?(K) and polys(-) = H?log*(K), which decides a unique probability
to break our PAC-learning bounds.

To examine the robustness of our algorithm and its potential for real-world applications,
we consider different market noise distributions. Specifically, we replace F(-) from a uni-
form distribution with a normal distribution A/(0, 1) truncated to the interval [—1, 1], while
keeping all other settings unchanged. For the contextual bandit setup (c.f. Figure 4), we
also report one representative instance in Figure 4b. We find that under truncated Gaussian
noise, our algorithm CLUB outperforms both SCORP and NPAC-S, with average 164.09,
200.29 and 193.15, respectively, demonstrating the strong performance of CLUB under dif-
ferent noise distributions. For the MDP setting (c.f. Figure 5), our CLUB algorithm is still
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significantly plausible compared to NPAC-S. The average regret of CLUB is only 265.59,
while NPAC-S incurs 923.95. It shows that our CLUB algorithm can effectively handle
different types of bidders in real-world environments.

To sum up, the performance of CLUB and NPAC-S is comparable in contextual bandit
settings, overwhelming the performance of SCORP sufficiently. As for MDP setting, CLUB
is the only one to achieve sublinear regret bounds in both theory and practice. Therefore,
CLUB captures the underlying information structures precisely and depicts a practical way
in dynamic mechanism design.
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