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Abstract

Additive models play an essential role in studying non-linear relationships. Despite many
recent advances in estimation, there is a lack of methods and theories for inference in high-
dimensional additive models, including confidence interval construction and hypothesis
testing. Motivated by inference for non-linear treatment effects, we consider the high-
dimensional additive model and make inferences for the function derivative. We propose a
novel decorrelated local linear estimator and establish its asymptotic normality. The main
novelty is the construction of the decorrelation weights, which is instrumental in reducing
the error inherited from estimating the nuisance functions in the high-dimensional additive
model. We construct the confidence interval for the function derivative and conduct the
related hypothesis testing. We demonstrate our proposed method over large-scale simula-
tion studies and apply it to identify non-linear effects in the motif regression problem. Our
proposed method is implemented in the R package DLL available from CRAN.
Keywords: Bias correction, local polynomial, sparse model, asymptotic normality, con-
fidence interval

1. Introduction

Additive models play an important role in modern data analysis (Buja et al., 1989; Wood,
2017; Hastie and Tibshirani, 1986). The additive model is useful as it relaxes the stringent
linearity assumption imposed in the multiple linear models and generalizes the nice interpre-
tation of linear models. In the low-dimensional setting, additive models have been carefully
investigated (Buja et al., 1989; Wood, 2017; Hastie and Tibshirani, 1986; Opsomer, 2000;
Horowitz and Mammen, 2004; Mammen et al., 1999, e.g.). Recently, there has been a grow-
ing interest in the high-dimensional additive model, which generalizes the high-dimensional
linear regression. Much progress has been made to understand the prediction performance
of various proposals, including Meier et al. (2009); Koltchinskii and Yuan (2010); Raskutti
et al. (2012); Suzuki and Sugiyama (2013); Tan and Zhang (2019); Yang and Tokdar (2015);
Yuan and Zhou (2016); Ravikumar et al. (2009). However, the statistical inference problem
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in the high-dimensional additive model is far less understood from both methodological and
theoretical perspectives.

Statistical inference in high-dimensional additive models is well-motivated from causal
inference with observational studies. Causal conclusions from observational studies are in-
validated due to unmeasured confounders (Imbens and Rubin, 2015; Pearl, 2009, e.g.). A
commonly used approach is to condition on a large number of measured covariates such that
the ignorability condition holds (Belloni et al., 2017; Hernan and Robins, 2025, e.g.). This
idea has been carefully investigated by utilizing high-dimensional linear models. However,
the linear model imposes a stringent assumption that the exposure has a constant effect on
the outcome regardless of the exposure value. Such an assumption might not be plausible
for various applications. Non-linear effects have been commonly observed in scientific stud-
ies, including the return to schooling (Card, 2001), climate on crop yields (Schlenker and
Roberts, 2008), and the climate change on the economic outcomes (Deschénes and Green-
stone, 2012; Dell et al., 2014). The additive model relaxes the linearity assumption and
better accommodates the possibly non-linear effect.

In this paper, we consider the additive model for the outcome variable Y; € R,

p
Y= f(Di) +g(Xo) + e with g(X;) =) g;(Xij), for 1<i<n, (1)
j=1

where D; € R is the variable of interest (e.g. the exposure or treatment variable), X; € R? is
the high-dimensional baseline covariates, E(e; | D;, X;) =0, and f: R —+Rand g; : R -+ R
for 1 < j < p are unknown functions. Throughout the paper, we further assume that
the treatment model follows either a sparse linear model or non-linear but additive model;
see Section 2.2 and 2.6 for details. The observed data {Y;, D;, X;}i1<i<p are assumed to
be independently and identically distributed. For a pre-specified evaluation value ag € R,
when the treatment value is changed from ag to ag + 7 with 7 € R, the conditional mean
specified in (1) changes as follows,

E(sz ’ Di:ao—i-T,XZ‘)—E(Y; ‘ Dz :ao,Xi) :f(a0+T)—f(a0).

Under (1), (f(ao + 7) — f(ag)) /7 measures the rate of change at ag. With 7 approaching
zero, the derivative of the function f’(ap) is an important measure of treatment effect
(Belloni et al., 2015; Kozbur, 2021). We now leverage the potential outcome framework to
give a causal interpretation of the derivative f’(ap). Let Y;(a) denote the potential outcome
for unit ¢ under the treatment level a. Combining the additive model (1) with the following
standard causal assumptions,

1. Consistency: Y; = Y;(D;);
2. Unconfoundedness: Y;j(a) IL D; | X; for all a € R;
we establish that
E(Yi(ao + h) = Yi(ao) | Xi) = f(ag + h) — f(ao), (2)
which implies that the rate of change of the conditional outcome satisfies
(a0) = Jim & [E(Vi(an + 1) ~ Yi(ao) | X))

We include a proof of (2) in Section E.1.
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1.1 Results and Contributions

In the univariate setting, the local linear estimator is the state-of-the-art method to make
inference for f’(ag) (Fan and Gijbels, 1996; Fan, 1993, e.g.). However, the inference problem
under the high-dimensional additive model (1) is much more challenging due to the presence
of the unknown high-dimensional function g. With an accurate estimator g, the estimated
variables 171 =Y, —g(X;) for 1 < i < n can be used as proxies for {f(D;)}i<i<n. A
natural idea is to estimate f’(ag) by applying the local linear method to {D;, ﬁ}lgign with
{ﬁhgign as the outcome variables. However, such a plug-in estimator suffers from large
estimation bias due to the estimation error of g; see Table 1 in Section 4.1 for illustrations.

We propose a novel Decorrelated Local Linear (DLL) estimator of f’(ap). The classical
local linear estimator can be expressed as a weighted average of the outcome variables,
where the local linear kernel induces the weights. As the major novelty, we construct the
decorrelation weights to mitigate the error inherited from the high-dimensional estimator
g. Meanwhile, the constructed decorrelation weights ensure that the standard error of our
proposed DLL estimator is comparable to that of the classical local linear estimator. The
decorrelation weights are constructed in a non-parametric way and designed for the bias
correction of the local linear estimator.

In Theorem 1, we establish the asymptotic normality of our proposed DLL estimator as
long as the estimator ¢ is consistent. We further establish the asymptotic normality of our
proposed estimator and show that our proposed estimator’s asymptotic variance matches
the optimal rate in the univariate setting (Fan and Gijbels, 1996). We construct the con-
fidence interval for f’(ap) and test for the hypothesis Hy : f’(ag) = 0. Unlike previous
approaches where debiased approaches are applied to the basis transformations of the vari-
able of interest, which requires strong sparsity assumption in such regression, we avoid such
restrictive assumptions by imposing a linear model assumption on the relationship between
the variable of interest and covariates. In Section 2.6, we further discuss the possibility of
relaxing this linear model to a nonlinear model assumption.

In Section 4, we demonstrate the validity of our theoretical results in moderate sample
sizes, address practical issues on algorithm implementation, and provide practical recom-
mendations. Our proposed method is implemented in the R package DLL, which is available
from CRAN. The simulation results show that the DLL estimator outperforms the plug-
in estimator and the ReSmoothing estimator (Gregory et al., 2021), in terms of the bias
correction and coverage property. Regarding the empirical coverage and length, the confi-
dence intervals (CIs) based on the DLL estimator are comparable to the oracle CIs, which
are constructed with the oracle knowledge of the high-dimensional function g. We apply
our proposed method to the motif regression problem (Yuan et al., 2007) and observe a
highly non-linear relationship between the gene expression level and the motif scores. Our
results in Section 5 demonstrate the advantage of our proposed method over the statistical
inference method assuming the linear outcome model.

1.2 Literature Review and Comparison

Three recent works Gregory et al. (2021), Kozbur (2021) and Lu et al. (2020) studied
the inference problems in high-dimensional additive models. Specifically, Gregory et al.
(2021) proposed a two-step ReSmoothing (RS) estimator: in the first step, a pre-smoothing
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estimator was obtained; in the second step, the pre-smoothing estimator was taken as the
proxy outcome, and standard univariate non-parametric technique was then applied. In
Section 4.2, we compare our proposed DLL estimator with the RS estimator and observe
that the RS estimator suffers from a large bias of estimating the function derivative for
relatively small sample sizes while our proposed DLL estimator corrects the bias effectively.
Consequently, our proposed confidence interval has better empirical coverage than that
based on the RS estimator; see Table 4 for the detailed comparison. In addition, Lu et al.
(2020) considered the confidence band construction problem under the high-dimensional
sparse additive model, which is a different inference problem from the current paper.

Kozbur (2021) proposed a Post Nonparametric Double selection method to make in-
ference for linear functionals of f in (1), including f’(dp) as a special case. Particularly,
Kozbur (2021) assumed that f and g in (1) are respectively approximated by the linear
combinations of Ky and K, basis functions and further assumed that that coefficients in
the K, basis are sy sparse. They conducted Ky + 1 Lasso regressions, using Y and Ky
basis functions as outcomes and K, basis functions as high-dimensional predictors, to select
a reduced dictionary for each outcome. Their confidence interval requires the size of the
union of the selected dictionaries to be of a smaller order of magnitude than K]‘i“so for some
a > 0. In our setting, when both f and components of g are twice differentiable, we may
set K; =n'/% and so = ||g|lo - n'/?, with ||g||o denoting the number of nonzero components
in the additive model g. Kozbur (2021) assumed that K}+a/+a/2so/n1/3 — 0 for some
positive o, a. Their sparsity condition is restrictive and does not cover our setting with
Ky =n'/?and sg = ||g|lo-n'/?, and their condition on the size of the selected dictionaries is
not verified under the additive model specified in (1); see Assumption 7 and the discussion
after Assumption 7 in Kozbur (2021). Our proposal is completely different from Kozbur
(2021), and our condition is less restrictive and more closely related to traditionally imposed
smoothness conditions. In Section F.5 in the appendix, we compare our proposal with theirs
in simulation studies and observe that our point estimator has a much smaller bias and our
confidence interval is valid but has a much smaller length.

Inference for function derivative has been actively studied in the non-parametric model-
ing, including local linear estimator (Fan, 1993), regression spline (Zhou and Wolfe, 2000),
kernel methods (Gasser and Miiller, 1984), empirical likelihood methods (Qin and Tsao,
2005), and others cited therein. However, as discussed, the unknown high-dimensional
function in the additive model (1) poses great challenges to statistical inference for the
function derivative at a local point. Belloni et al. (2015) studied the inference for the func-
tion derivative in additive models without the sparsity structure. The penalty is essential to
recovering the high-dimensional sparse model, which creates an additional bias to correct in
the following inference step. In contrast to the results in Belloni et al. (2015), the statistical
inference problem with the sparsity structure requires extra innovation in terms of both
method and theory.

A recent line of active research was focused on statistical inference in high-dimensional
linear regression. Debiased estimators or Neyman’s Orthogonalization were proposed for
inference for single regression coefficients (Zhang and Zhang, 2014; van de Geer et al., 2014;
Javanmard and Montanari, 2014; Belloni et al., 2014; Chernozhukov et al., 2015; Farrell,
2015; Chernozhukov et al., 2018; Ning and Liu, 2017, e.g.). The linear model is a special
case of the additive model, where the function derivative f’(ag) is assumed to be a constant
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for any ap € R. Statistical inference for the non-linear effect in the additive model is more
challenging, which requires novel methods and theories to address the non-linearity. Both
the rate of convergence and the sufficient conditions for confidence interval construction are
different from those established in the high-dimensional linear regression. A more detailed
methodological comparison is presented in Remark 4. The real data analysis in Section 5
shows that a misleading scientific conclusion might be obtained without accounting for the
possible non-linear effects.

Beyond the high-dimensional linear regression, Chernozhukov et al. (2018) and Zhu et al.

(2019) studied the inference procedure for the partially linear model. However, the focus is
still on the inference problem for the linear component instead of the non-linear component
addressed here.
Organization. In Section 2, we introduce the decorrelated local linear estimator. In
Section 3, we establish the theoretical guarantee of the proposed estimator. In Section 4,
we conduct a large-scale simulation study to demonstrate the finite-sample performance of
the DLL estimator. In Section 5, we apply the DLL estimator to the motif regression problem.
In Section 6, we provide conclusion and discussion.

Notations. For a sequence of random variables X, indexed by n, we use X, 2 X and

Xn % X to represent that X, converges to X in probability and in distribution, respectively.
For a matrix X, we use X;;, Xj;, and X.; to denote its (¢,j) entry, the i-th row and j-th
column, respectively; for index sets S7 and Sz, Xg, g, denotes the sub-matrix of X with
row and column indices belonging to S7 and Sy, respectively. We use ¢ and C to denote
generic positive constants that may vary from place to place. For two positive sequences
ap, and by, a, < b, means a, < Cb, for all n and a,, 2 b, if b, < a, and a,, < by, if a,, < b,
and b, < ay, and a, < by, if limsup,,_, ., an /b, = 0 and a, > b, if b, < ay,.

2. Decorrelated Local Linear Estimator

We consider the data {X;, D;,Y;}i<i<pn being i.i.d. generated, where for the i-th subject,
Y; € R denotes the outcome variable, D; € R denotes the variable of interest, and X; € RP
denotes the high-dimensional baseline covariates. We focus on the additive outcome model
(1). Our goal is to make inference for the function derivative f’(ag) with ag € R denoting
a pre-specified evaluation value belonging to the range of D;.

2.1 Decorrelation for the Local Linear Estimator

In the following, we review the local polynomial estimator and then describe the novel
decorrelation idea designed for the local linear estimator. The local polynomial estimator
(Fan, 1993; Stone, 1977; Cleveland, 1979; Fan, 1992) has been developed under the univari-
ate non-parametric regression Y; = f(D;) + ¢;, for 1 < i < n, with f : R — R denoting an
unknown smooth function. By the Taylor expansion

f(Dz) = f(a(]) + f/(ao)(Di — ao) + T’(DZ) for a9 —h<D;<ayg+h, (3)

we approximate f by a linear function in a small neighborhood of ag and estimate f’(ag) by
fitting a linear model within this small neighborhood. For a pre-specified bandwidth h > 0,
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define the kernel )
Kh(d):ﬁ‘l(]d—ao\ <h). (4)

The local linear estimator of f’(ag) has the following explicit form,

> i=1(Dj — ao) Kn(Dj)
> i1 Kn(Dj)

Y iy WPYil(Ds)

. with W= (D; —ao) —
> iy WP(Di — ag) K (D;) W i = ao)

()

The local polynomial estimator is the state-of-the-art method for estimating f’(ag) in the
univariate and low dimensional setting. In the current paper, we focus on the uniform
kernel in (4) and the local linear estimator in (5), but our following proposed method is
potentially helpful for other kernels; see Remark 2 for details.

For the high-dimensional sparse additive model in (1), the existing literature (Meier
et al., 2009; Koltchinskii and Yuan, 2010; Suzuki and Sugiyama, 2013; Tan and Zhang,
2019, e.g.) was focused on accurately estimating the unknown functions f and ¢ in (1).
However, there is a lack of inference methods for f’(ag). In the remaining of the current
subsection, we introduce the decorrelation idea for the local linear estimator. This idea
leads to our proposed decorrelated local linear estimator, which is particularly useful for
the statistical inference in additive models.

We use g to denote an initial estimator of g with its detailed construction provided in
the following Section 2.4. With the estimator g, we compute }7; =Y, —g(X;) for 1 <i<n,
which are proxies for the oracle outcome Y>'* = f(D;) + ¢;. As a direct extension of the
local linear estimator in (5), we replace Y; by }A/l and have the following plug-in estimator,

o) = o it WOV (D)
O WD, — ao)Kn(Dy)’

(6)

Note that f/(ag) is the same as the local linear estimator applied to the data {D;, ﬁ-}lggn,
with )A/; as the outcgr{li variable. The simulation results in Section 4.1 demonstrate that the
plug-in estimator f’(ag) suffers from a large bias due to the estimation error of g; see Table
1 for details. Consequently, the plug-in estimator is not ready for statistical inference.

To correct the bias of the plug-in estimator, we consider the estimator of the form,

T LS WiYiKn(Dy)

f'(ao) = % S Wi(Di — ag)Kn(D;)’ K

where {W; € R}1<i<, are the weights to be specified. We decompose the error of the generic
estimator f’'(ap) — f'(ap) in (7) as

L3 Wilf(ao) +7(Di) + €] Kn(Di) % Y01y Wilg(Xi) — g(Xi)| Kn(Di)
=3 Wi(Di — ag) Kn(Dy) LY Wi(Di — ag)Kn(Dy)

(8)

where the remainder function r(-) is defined in (3). The first term of (8) appears in classical
univariate non-parametric regression, while the second term is the new addition due to
estimating the high-dimensional function g.
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In view of (8), we construct the weights {W;}1<i<, such that the second term of (8)
is significantly reduced, but ensure that the first term in (8) is of the same scale as the
univariate case. To achieve this, we define the population decorrelation weights {W;}1<i<n
as
E ([Di — ao] Kn(Di)| Xi) ©)

E (Kn(Di)| Xi)

Wi = (D; —ao) — I(X;) with [(X;) ==

The population decorrelation weights ensure that the estimator m in (7) is nearly un-
biased and asymptotically normal. In the following, we provide intuitions on how the
population decorrelation weights {W;}1<i<p reduce the second term in (8). The weights
{Witi<i<n guarantee

E [W;Kn(D;) | X;] =0.

If (D;, X],Y;)T is not used to construct g, then the above equation implies
E [Wi(g(Xi) — 9(Xi))Kn(D;) | Xi] = 0. (10)

The zero mean of the estimation error W;(g(X;) — g(X;))Kn(D;) guarantees the second
term of the decomposition (8) converges to zero at a fast rate. In Section 2.2, we propose
a non-parametric estimator of the decorrelation weight W; defined in (9).

2.2 Construction of Decorrelation Weights
Now we estimate [(X;) and W; defined in (9). We firstly consider decoupling the relationship
between D; and X; via a high-dimensional sparse linear model,

D;i=X!y+46;, forl<i<n, (11)

where + is a sparse vector and ¢; is independent of X;. Let ¢(d) denote the density function
of §;. Under the model (11), we obtain the following expression for I(X;),

w5 ) 6(8)d6
1(X;) = pi—h (-+h ) #00) with p; =ao— Xy, for 1<i<n. (12)
' 0(0)do

wi—h

We also write I(X;,~) for [(X;) to highlight its dependence on 7. Before presenting the
data-dependent estimation of I(X;), we provide two remarks.

Remark 1 (Generalizing the linear model (11)) The advantage of our approach is that
we do not require the basis transformation of D; to be well approximated by a sparse linear

combination of the basis functions defined on the high-dimensional covariate X;, which is

generally not verified even under the treatment model (11). Without such sparsity con-

ditions, the independence between X; and ¢; in (11) plays a crucial role in our analysis

through simplifying the expression of [(X;) as in (12). In Section 4.1, we demonstrate the

robustness of our proposed method in finite samples when the independence assumption in

the model (11) does not hold; see Settings 3 and 4 in Section 4.1 and Table 1 for details.

In Section 2.6, We consider the relaxation of the sparse linear model (11) to a more flexible

sparse additive model.
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Remark 2 (Generalizing the kernel function) We consider the following kernel as a
generalization of the box kernel in (4),

K, (d) = B, [K;,(d)] = / o1~ ao] < B)dv(h). (13)

where v is a probability measure of the bandwidth h and By, denotes the expectation with
respect to h following the probability measure v. We then obtain a generalization of (12) as

Eny fuz (6 — i) p(0)dd

(X)) =
( ) Enwy MH—h ¢( )

In the following, we use the expression (12) and construct a non-parametric estimator
of 1(X;). We will use cross fitting to create the independence required for establishing the
decorrelation property in (10); see Remark 3 for details. We randomly split the index set
{1,2,--- ,n} into two disjoint subsets Z, and Z, with Z, UZy = {1,2,--- ,n}, |Z,| = |n/2],
and |Z,| = n — [n/2]. With the data {Y;, D;, X;}icz,, we estimate by the Lasso estimator
~v% € RP, defined as

Xz aHz
7% = arg min —— D; — XIv) S Lo, i, 14
~YERP 2|I | Z Z Vi ( )
where A\; > 0 is a tuning parameter and || Xz, jll2 = /> ez, X2 We estimate {1 }icz,

and {5i}i€Ib by
pi =ao— X/¥* and &:Di—XiT;y\a for i€Iy.
For i € T;, we respectively estimate f’“+h 0 — pi) $(8)dé and fﬁ_ﬁ? @(0)dd by
5 —pil < h) and il < h).
JEI JETY
Then we estimate [(X;) by

ez, (80 — i) 1(18; — fusl < h)
ez, 1105 — fis| < h)

1(X;,7%) = for i€T (15)

Our above construction ensures that 7 is independent of the data points {D;, X;}icz,. We
can construct the estimators of {I(X;)}iez, in a similar way to (15) by switching the roles
of T, and 7. In particular, we construct the estimator 3° € R? by applying the Lasso
algorithm in (14) to the data {Y;, D;, X;}icz, and estimate {y;,0;}icz, by

fii =ao— XT3* and & = D; — XJ3" for i€,
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Similarly to (15), we estimate {I(X;)}icz, by

Siez, (07 — Ai)1(16; — fisl < h)

1(X;,3%) = for i€, (16)
Zjela (|5 il < h)
By the definition in (9), we construct
_ - ~ 1(X;,3%)  fori e,
W, = (Di — ap) — (X)) with 1) = 4 \Ke7) fori€ls (17)
(X;,7*) for i€y

where 1(X;,3%) and 1(X;,7") are defined in (15) and (16), respectively. By centering
{Wi}1§i§n7 we construct the decorrelation weights as

ZWKh ZKh for 1<i<n. (18)

With the data {Y;, D;, X; }iez,, we construct the initial estimator g°(-) of ¢g(-) in the following
equations (23) and (24); we construct the estimators g°(-) by applying the same algorithm
to the data {Y;, D;, X;}icz,. For 1 <1i <n, we compute

P(X;) foriel,

: : (19)
/g\a(Xl) for i € T

Y, =Y - g(X;) with §(X;) = {

By combining Y; defined in (19) and the decorrelation weight /V[Z defined in (18), we apply
the generic form (7) and propose the Decorrelated Local Linear (DLL) estimator as

Flao) = — S W,YiKy(D;) where S, = ZW —a)Kn(Di).  (20)

A few remarks are in order for the proposed DLL estimator.

Remark 3 The construction in (17) and (19) uses the “data swapping” idea, dated at
least back to Schick (1986); Klaassen (1987) and was recently developed under the name of
“cross-fitting” in the double machine learning literature (Chernozhukov et al., 2018, e.g.).
That is, we swap the data and the initial estimators. In our considered context of the sparse
additive models, such a procedure is used to create the independence required for the proof.
In theory, our particular way of cross-fitting does not lead to asymptotic efficiency loss.
In practice, however, we observe slightly longer confidence intervals with cross-fitting, as
higher-order errors, ignored in the asymptotic analysis, may still induce larger finite-sample
errors when the nuisance model is constructed using only a subsample. To demonstrate
this point, we empirically compare the finite-sample performances of our method with and
without “data swapping”. The results are similar in the sense of bias and empirical coverage,
except that the confidence interval is about 4% to 6% longer with “data swapping”. See
Section F.3 in the appendix for more details and simulation results.
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Remark 4 (Comparison to debiasing methods in linear models.) The debiased in-
ference methods have been proposed in Zhang and Zhang (2014); van de Geer et al. (2014);
Javanmard and Montanari (2014) about inference for the regression coefficients in high-
dimensional regression models and extended to other high-dimensional parametric models
(Ning and Liu, 2017; van de Geer et al., 2014) or other inference targets in high-dimensional
linear regression (Cai and Guo, 2017; Cai et al., 2021; Athey et al., 2018; Zhu and Bradic,
2018). These methods utilize that § is nearly orthogonal to X and then correct the bias with
a linear Afunction of §. In contrast, our proposed DLL estimator uses a non-linear transforma-
tion of & to remove the high-dimensional error. Specifically, we construct the decorrelation
weights based on certain kernel estimates with {;5}}195”; see (15) and (16). This new
decorrelation idea is designed for bias correction of the local linear estimator.

2.3 Inference for f'(ap)

In Section 3, we show that f’(ag) — f’(ag) is asymptotically normal if certain reasonably
good estimator ¢ is used in our construction. Consequently, we construct the following 1 —«
confidence interval for f’(ag),

~o n

CIlf"(ao)) = (F(a0) = 202V V. F(a0) + 202VV)  with V= 7S WZKE(Dy),

(21)
where 2, /5 denotes the upper a/2 quantile of the standard normal distribution and 52 is the
variance level estimator specified in Section 2.4. To test the null hypothesis Hy : f/(ag) = 0,
we develop the following procedure,

¥1'(a0)) = 1 (17 (a0)| = z02V'V). (22)

2.4 Initial Estimators

We now specify the initial estimators § and 2 used in the construction of the DLL estimator
in (20) and the related confidence interval in (21). In the existing literature (Meier et al.,
2009; Ravikumar et al., 2009; Koltchinskii and Yuan, 2010; Suzuki and Sugiyama, 2013; Tan
and Zhang, 2019), different types of penalty terms are imposed to ensure that only a small
number of the unknown functions f and {g;}1<;<p are non-zero and these non-zero functions
are smooth. We adopt the basis method in Meier et al. (2009); Ravikumar et al. (2009)
and generate a set of basis functions to approximate the smooth functions. In particular,
for a positive integer M, we use {¢o,;}1<i<m to denote a set of B-spline basis functions for
f and {¢;;}1<i<m to denote a set of B-spline basis functions for g; for 1 < j < p. We
write W0 = (do,1(Di), -+, dom(Di)) € RM and ;5 = (¢1(Xij),- -+, ¢jm(Xij)) € RM
for 1 < j < p. Following Ravikumar et al. (2009), we implement the following convex
optimization problem,

~ 1 p p 1
. — ; L T 2 T T .
{8 }o<j<p = argmin A > (Y ;_0: Wi 0"+ A;_O: Bj (IIaI >, q’%vJ‘Di,j) Bi

B ERM, 0<j<p i, i€,
(23)

10
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where A > 0 is a tuning parameter to be chosen. The choice of the tuning parameter A > 0
and the number M of basis functions are discussed at the beginning of Section 4. Define

P
=> UI.BY and fY(Dy) =Vl B5 for i€, (24)
=1
Similarly, we define {E]b Yo<j<p as in (23) by replacing Z, with 7, and
p ~ ~
)= Wl.Bb and [U(D;)=U],F for i€Z,.

Then we construct

J(X) = (X;) foriel, and F(Dy) = ]fb(Di) for i € I, (25)
' 7U(X;) forieT, ‘ foDy) forieTy’
and estimate the variance level o2 by
o 1¢ = _
52 = = 3 [¥i — (D)) — X0 (26)
i=1

In addition to the aforementioned basis method, we can also adopt the double penalization
method (Tan and Zhang, 2019) by generalizing the smoothing spline; see Section A.2 in
the appendix. We also discuss the construction of additive models by firstly applying the
quantile transformation to the observed covariates; see Section A.3 in the appendix.

2.5 Algorithm

We summarize our proposed DLL estimator (with data swapping) in Algorithm 1 and will
present the DLL estimator without data swapping in Section A.1 in the appendix. We shall
discuss the tuning parameter selection at the beginning of Section 4.

2.6 Decorrelation with the Additive Treatment Model

This section generalizes the construction of decorrelation weights by considering non-linear
models between D; and X;. Particularly, we consider the sparse additive model for D;,

p
D; = ZTJ‘(XZ'J‘) +0;, forl<i<mn,
j=1

where 7; : R — R for 1 < j < p are unknown smooth functions and J; is independent of Xj;.
Instead of applying the Lasso algorithm (14), we implement another sparse additive model
as in (23),

P
{7jhi<j<p = argmin 2|I ‘ Z Z\PT]% +)\12 <|I | Z )

. M ;
7, ERM, 1<j<p j=1 1€L,

11
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Algorithm 1 Decorrelated Local Linear (DLL) Estimator

Input: Data X € R"*P, D € R™, Y € R"; the evaluation point ag € R, bandwidth h,
tuning parameters A\, A\; > 0, the number of basis M.
Output: Point estimator f’(ap) and confidence interval CI[f’(ay)].

1: Implement the sparse additive model in (23) with M > 1 and A > 0;

2: Construct the initial estimators {g(X;) h<i<n as in (25);

3: Construct the noise estimator o2 as in (26);

4: Compute V; =Y; — g(X;) for 1 <i < n; > Initial estimators
5: Implement the Lasso algorithm as in (14) with A\; > 0;

6: Construct {T(Xi)}lgign as in (15) and (16);

7: Construct the weights {Wi}lgign as in (17);

8: Construct the centered decorrelation weights {/Wi}lgign in (18);

9: Construct f/’(a\o) as (20) with {}Z,Wi}lggn and h > 0; > DLL estimator

10: Compute the variance estimate V as in (21);
11: Construct CI[f'(ap)] as in (21). > Confidence interval

where A1 > 0 is the tuning parameter to be chosen. We estimate {y, d;}icz, by

p p
Wi = ag — Z \I/Ijﬁj“ and & = D; — Z \IIJJ?]“ for i€ Zy.
=1 j=1

By switching the data in Z, and 7y, we construct {fi;, gi}ieza. With the estimates {;, @-}1991,
we construct the decorrelation weights in the same way as in (15) and (16). In Section 4.3,
we compare the numerical performances between our proposals with the sparse linear treat-
ment model in Algorithm 1 and the sparse additive treatment model above.

3. Theoretical Justification

3.1 Technical Conditions

Before presenting the main theorems, we present the technical conditions imposed on the
outcome model (1) and the treatment model (11). Let 7(ag) denote the probability density
function of D; evaluated at ap € R. The first condition is on the function of interest f(-),
the regression error ¢;, and the bandwidth A > 0.

(A1) f(-) is twicely differentiable at a neighborhood of ag and f”() is continuous at ag.
The error ¢; in (1) satisfies E(e; | Di, X;) = 0, E(¢? | D;, X;) = 02, and E(e7 ™ |
D;, X;) < C for some positive constants ¢ > 0 and C' > 0. The bandwidth A used in
(4) satisfies nhm(ag) > logn and nh®w(ag) < C for some positive constant C' > 0.

Condition (A1) is standard for the analysis of the local polynomial estimator in the
univariate case (Fan and Gijbels, 1996; Fan, 1993, e.g.). The smoothness condition on f

12
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ensures a sufficiently small approximation error of f by a linear function in a neighborhood
near ag. The conditional moment conditions on ¢; are required to establish the asymptotic
normality of our proposed DLL estimator. Since the expected number of observations D; €
[ap — h, ap + h] is about 2nhm(ag), Condition (A1) requires that there are (asymptotically)
infinitely many observations in the local neighborhood of ag with bandwidth h. For a
twicely differentiable function f, the optimal choice of bandwidth for estimating f’(ag) is
h =< n~1/5 which satisfies nh®m(ag) < C.

The second model assumption is imposed on the treatment model (11). Recall that ¢(-)
denotes the probability density function of the regression error §; = D; — Xy in (11) and
pi = ap — Xy for 1 < i < n. We use Ci(n) > 0 and C(n) > 0 to denote some high
probability upper bounds, defined as: with probability larger than 1 —min{n,p} ¢ for some
positive constant ¢ > 0,

< (Ci(n), max max [¢"(9)]

max max ]qﬁ’((S)\
1<i<n [6—pq|<r P(Hi)

1<i<n 5—pi<r d(p;)

< Cs(n), (27)

where 7 = C*+/||7]o log plog n/n + h for some positive constant C* > 0. The value C;(n)
(or Ca(n)) defined in (27) captures the ratio of ¢’ (or ¢”) over ¢ near u;. C1(n) and Ca(n)
are allowed to grow with n and p, but in general they grow to infinity at a slow rate; see
Remark 5 for details. We now state the condition for the model (11) and Ci(n) and Ca(n)
defined in (27).

(A2) The model (11) holds with &k = ||v]jo < min{1,7(ap)}- Togplogn i and 0; being Sub-
gaussian, and the error 0; being independent of X;. The variance of J; is a positive
constant and ¥ = EX; X[ satisfies ¢g < Amin(X) < Amax(X) < Cp for some positive
constant ¢ > 0 and Cy > 0. The density function ¢ of §; is upper bounded and

h2C’2(n) + (\/H’yHologplogn/n + h)Ci(n) — 0, (28)

where C1(n) and Cy(n) are defined in (27).

For a constant m(ag) > 0, k < n/[logplogn] is almost the weakest sparsity condition
to identify ~ for the high-dimensional linear model. The conditions on Var(d;) and the
covariance matrix 3 are standard for the high-dimensional analysis. The condition (28) is
mild with C;(n) and Cy(n) growing at the polynomial order of logn and h =< n~'/5; see
Remark 5. The independence assumption between d; and X; is stringent but we believe it
is mainly imposed for the technical analysis. In numerical studies, we test the performance
of our proposed method when the independence assumption between §; and X; is violated;
see Settings 3 and 4 and Table 1 in Section 4.1 for details.

Remark 5 (Growth rates of Ci(n) and C(n).) We discuss the order of magnitudes for
Ci(n) and Cy(n) over two examples. Firstly, consider the setting that there exist positive
constant Cp > 0 such that max;<ij<p |pi| < Co. If mins|<c, ¢(0) > ¢ for some positive
constant ¢ > 0, and ¢(9) is twicely differentiable for § € (Cy — r,Cy + r), then C;(n) and
Cy(n) are of constant orders. Secondly, we consider that X; is sub-gaussian and p; may be
unbounded in this case. If ¢ is the Gaussian density, and (/]|7][o logplogn/n+h)\/logn <
1, then with probability larger than 1 — n~° for some positive constant ¢ > 0,

Ci(n) S v/logn and Ca(n) < logn.

13
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Finally, we require that the initial estimator g estimates g = Z?:l g; to certain accuracy.
We use Err(g) to denote the estimation accuracy of g, which is defined as follows: with
probability larger than 1 —min{n, p} ¢ for some positive constant ¢ > 0, the initial estimator
g defined in (19) satisfies

VEx.(3°(X.) - 9(X.))? + Bx, (3(X.) — g(X.))? < Err(g). (29)

where the expectation Ex, is taken with respect to the independent copy X of {X;}<i<n.
The last assumption is on the rate of convergence of Err(g).

(A3) The estimation accuracy Err(g) of initial estimator g is required to satisfy
Err(g)

=) — 0, (30)

max {(C%(n) + C3(n))\/h3klogplogn, 1} .

where Err(g) is defined in (29).

We discuss Condition (A3) by focusing on a commonly used regime with CZ(n) + Ca(n) <
logn, m(ag) being of a constant order, and h = n~/%. If klogp(logn)?/n3/° < ¢ for some
positive constant ¢ > 0, then any consistent estimator g with Err(g) — 0 will automatically
satisfy the condition (30). Most estimators proposed in the high-dimensional sparse additive
model can be shown to satisfy the assumption (A3). More discussion about (A3) can be
found in Section A.4 in the appendix.

3.2 Asymptotic Normality and Inference Properties
We establish the asymptotic limiting distribution for our proposed DLL estimator.

Theorem 1 Suppose that Conditions (A1), (A2) and (A3) hold. Then our proposed esti-
mator f'(ag) in (20) satisfies,

1 57 / d . o? 172 72
ey (f (ao) — f (ao)) = N(0,1) with V= n2§QZWz K (Di), (31)
ni=1

where §n is defined in (20) and nh3V P, 302

m(ao) *

It is well known that the minimax—optimal rate for estimating f’(ag) over functions
with two derivatives is n~1/? (Tsybakov, 2009). In Theorem 1 above, the proposed DLL
estimator attains this optimal n~'/ rate when h =< n~'/% and ¢ and n(ag) are bounded
away from zero and infinity. Our analysis additionally assumes that the second derivative
is continuous, which yields a slightly smaller function class than the standard Hoélder class
with smoothness 2. Nevertheless, the optimal n~1/? rate continues to hold for this smaller
class, as we do not impose any specific modulus of continuity on f”. Furthermore, the DLL
estimator is asymptotically normal and the asymptotic variance depends on the value ag
through the density level 7(ap). In finite samples, we compare the variance level of our DLL
estimator to that of the oracle estimator by assuming the knowledge of g; See Table 1 for
details.

As a Corollary of Theorem 1, we establish the properties of our proposed confidence
interval CI[f’(ap)] defined in (21).

14
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Corollary 1 Suppose that Conditions (A1), (A2) and (A3) hold and 5> 2 o2, For any
a € (0,1/2), our proposed confidence interval CI[f'(ag)] defined in (21) satisfies,

I%Lrgg.}fIP’(f'(ao) € CI[f'(ap))) =1 -«

and

n—oo

lim sup P (L (CI[f'(ao)]) = (2+ 60)zay2 MU) =0,

where L (CI[f'(ap)]) denotes the length of the interval, 69 > 0 is any positive constant, and
Zq /2 denotes the upper o /2 quantile of the standard normal distribution.

Beyond Conditions (A1)-(A3), the above corollary requires a consistent estimator of o such
that our proposed variance estimator % consistently estimates V. In Proposition 1 in Section
A.5 in the appendix, we show that our proposed estimator 52 in (26) satisfies o2 Ly o2 if
both fand g are consistent. Similarly, we can establish the validity of the proposed testing
procedure ¥[f'(ap)] in (22).

Corollary 2 Suppose that the conditions of Corollary 1 hold. 1If f'(ag) = 0, then the
proposed testing procedure V[ f'(ag)] defined in (22) controls the type I error, that is,

lim sup P([f(ao)] = 1) = o

n—o0

3.3 Theoretical Reasoning for Decorrelation

In the following, we explain why our constructed decorrelated weight is effective. With
A(X;) = g(X;) — g(X;), the estimation error of the DLL estimator is decomposed as

n
— 1 —~
Flao) — f' § Wie; Kin(D > Wir(Di)Kn(D;) § W,A(X;)Kn(D;).
nnzl Sni:l n“11
Stochastic Error Approximation Error High—dimensional Error

The stochastic error represents a random component with mean zero and, after rescaling,
following an asymptotic normal limiting distribution. The approximation error is the error
of approximating the non-linear function f by a linear function at a local neighborhood
of ag. The high-dimensional error is due to the estimation of the unknown function g
in high dimensions. Both the stochastic and approximation errors appear in the classical
non-parametric regression, while the high-dimensional error is the new addition here.

The following theorem demonstrates that our proposed decorrelation method is effective
in reducing the high-dimensional error.

Theorem 2 Suppose that Condition (A1) and (A2) hold. For A(X;) = g(X;)—g(X;) where
g is defined in (19), then with probability larger than 1 — % —min{n,p} ¢ for somet > 1,

< t? [1 + h3klogplogn (Cl + Cof ))} L@,

nh3m2(ap)
(32)

L S WA (X)) Kn(D;)

where Err(q) is defined in (29).
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Our constructed decorrelation weights are instrumental in reducing the error due to
estimating ¢g. This happens mainly due to the fact that the expectation of W; A(X;) K (D;)
is zero. Condition (A3) and the upper bound (32) imply

1 |1 =~ »

The data swapping step creates the independence between the error function A and the
data {X;, D;, W;}, which is required for the proof of (32). We believe that a more refined
analysis might remove the data swapping step.

4. Simulation

We provide more details about the tuning parameter selection for Algorithm 1. For the high-
dimensional sparse additive model, we compute the initial estimators fand g by applying
the R package SAM (Jiang et al., 2021) and choose the tuning parameter A and the number of
basis functions M in (23) by cross validation. We construct the Lasso estimator of «y in (14)
by applying the R package glmnet (Friedman et al., 2010) and choose the tuning parameter
A1 by cross validation. For local linear methods, choosing a good bandwidth is essential
for the finite-sample performance. There are many methods for bandwidth selection. After
exploration in the simulation study, we observe that the “Rule of Thumb” method proposed
in Fan and Gijbels (1996) leads to the most stable performance. This bandwidth selection
method is implemented in the R package locpol (Cabrera, 2018) with the thumbBw () func-
tion. The “Rule of Thumb” is used as our default bandwidth selection method. We demon-
strate the performance of the DLL estimator with other bandwidth selection methods in
Section F.2 in the appendix. The package for our proposed method can be found at https:
//github.com/zijguo/HighDim-Additive-Inference and the codes for replicating the
simulation results can be found at https://github.com/ywwes26/DLL-Replication.

Since we believe that the data swapping is introduced for technical analysis, we mainly
report the simulation results for the DLL estimator without the data swapping, which is
described in Section A.1 in the appendix. We compare our constructed confidence intervals
with and without data swapping in Section F.3 in the appendix. Both confidence intervals
attain the desired coverage level. When the sample size is relatively large, they have similar
performance; for relatively small sample size, the confidence interval without data swapping
can be shorter than that with data swapping.

We demonstrate the finite-sample performance of our proposed DLL estimator across
various settings and compare it with other estimators described as follows,

e The plug-in estimator (P1lug) is implemented in (6), where the initial estimator g and
the bandwidth A are constructed in the same way as our proposed DLL estimator. For
implementation of the local linear estimator and the related confidence interval, we
follow the output of the package nprobust (Calonico et al., 2019).

e The oracle estimator (Orac) denotes the local linear estimator applied to the data
{D;, Y, "} <i<n with YO =Y, — g(X;) = f(D;) + €. The oracle estimator is used
as the benchmark with which to compare. For the implementation of the local linear
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estimator and the related confidence interval, we follow the output of the package
nprobust (Calonico et al., 2019) and the bandwidth h are constructed in the same
way as our proposed DLL estimator.

e The ReSmoothing (RS) estimator is a two-step estimator proposed in Gregory et al.
(2021). First, we implement the code available at https://github.com/gregorkb/
spaddinf and obtain a pre-smoothing estimator of f, denoted as fpre. Second, we
apply the local polynomial estimator to the data {D;, fP**(D;)}1<i<n, where fP*(D;)
is used as the outcome. We fit the local linear estimator by the package nprobust
(Calonico et al., 2019) with the bandwidth h constructed in the same way as as our
DLL estimator.

We generate the outcome following the model (1) and consider both exactly sparse and
approximately sparse settings.
Exactly sparse. We set the first six functions as follows and g; = 0 for 6 < j < p,

f(d) = 1.5sin(d) g1(z) = 2exp(—2/2) ga(z) = (x — 1)* — 25/12

g3(z) =2 —1/3  ga(z) =0.75z g5(z) = 0.5z. (33)

More complicated relationships often exist in real life and the additive model might not
be exactly sparse. We further introduce an approximately sparse setting.
Approximately sparse. We set f and {g;}i1<;<5 as in (33), generate {g;}6<j<14 as

ge(x) =04z g7(z) = 0.3z gs(z) =02z go(z) =0.1x
gio(x) = 0.1sin(2rz) g11(z) = 0.2cos(27x) gr2(x) = 0.3sin?(27z)
g13(z) = 0.4cos®(2wz)  gra(z) = 0.5sin>(27x)

and generate {g;}15<j<p as linear functions with g;(z) = «/(j — 1).
In addition, we explore the finite-sample performance for different non-linear functions
by switching the role of f and g; function; see the results in Section F.1 in the appendix.

4.1 Comparison with Plug-in and Oracle Estimators

In the following, we compare our proposed DLL estimator with the plug-in(Plug) and ora-
cle(Orac) estimators. We consider four different settings for generating D; and X;, where
the independence assumption between X; and §; in (A2) is violated in Settings 3 and 4.

Setting 1. We generate (D;, X])T following the multivariate Normal distribution
N(p, X), where pj = —025for 1 <j<p+1land X € RPHD*(P+1) g 4 toeplitz covariance
matrix with ¥;; =1for 1 <j<p+4+Tlandfor1 <j#I<p+1,

p—1j—1 .
=y > 9)

i =07-1(7 -1 =1 b1l -1 =2 S-1(l -1 = —
=0Tl =1 = 1) 0511 1 = 2) +03-1(1j 1 = 3) + o P

For |j — | > 4, the correlation gradually decays from 0.1 to 0.
Setting 2. (D;, X])T is generated in the same way as in Setting 1. With G denoting
the CDF of N(—0.25,1), we generate the outcome model as:

p
Yi = F(GD)) + 3 g(G(Xij) + e for 1<i<n
j=1
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The main difference from Setting 1 is to apply a quantile transformation to D; and
{Xi jh<j<p before applying the additive model transformation. The goal is to make infer-
ence for (f*) (ap) with f* = f o G. We generate the additive model following (33) but set
f(d) = —1.5sin(rd), g1(z) = 2exp(—x), ga(z) = 2° — 1/2, g5(x) = x/(1 + z).

Setting 3. We generate (DY, (X?)T)T following N (u,¥) with the same p and X as in
Setting 1. We define D; = 5(G(DY) — 0.5) and X, ; = 5(G(X2j) —05) for 1 < j < p,
with G denoting the CDF of N(—0.25,1). The marginal distributions of D; and X ; are
Uniform(—2.5,2.5) and Dj is correlated with {X; ;}i<j<p.

Setting 4. We generate (D;, X])T following a centered multivariate t distribution with
the same covariance matrix ¥ as in Setting 1. The freedom degree varies across {10, 15}.

We fix the dimension p = 1500 and vary the sample size n across {500, 1000, 1500,
2000}. The evaluation points ag are {-1.25, -0.5, 0.1, 0.25, 1}. For Setting 1, we generate
the outcome using both exactly and approximately sparse models; for Settings 2 to 4, we
only consider the exactly sparse outcome model. We generate the simulation data 500
times and then use the following metrics to compare these methods: 1. Bias, the absolute
difference between the average of the 500 point estimates and the true value; 2. Root Mean
Square Error (RMSE); 3. Standard Error (SE), the empirical standard deviation of the 500
point estimates; 4. Coverage, the empirical coverage out of 500 simulations; 5. Length,
the average length of the constructed confidence interval (CI). In Table 1, we compare our
proposed DLL with Plug, and Orac across four simulation settings and we take an average
of the metrics across different sample sizes, evaluation functions, and evaluation points.

We summarize the results in Table 1. For the Plug estimator, the bias component is
a dominating term in RMSE, while our DLL estimator is effective in bias correction. The
RMSE of our proposed DLL estimator is similar to that of the oracle estimator, which is
uniformly smaller than that of the Plug estimator. The coverage error is computed as the
absolute difference between the empirical coverage and 95%; in most cases, the coverage
error results from the undercoverage. The CIs based on the Plug estimator are in general
undercoverage while our proposed Cls achieve the desired coverage level. Our proposed CI
is of a similar length to the length of the oracle CI.

Bias Percentage RMSE Ratio SE Coverage Error Length Ratio

Setting | DLL  Plug Orac | DLL Plug | DLL Plug Orac DLL Plug Orac DLL Plug
1 0.128 0.407 0.090 | 1.152 1.248 | 0.293 0.286 0.269 | 1.05% 4.19% 0.88% | 1.157 1.103

2 0.133 0.563 0.045 | 1.057 1.267 | 0.350 0.344 0.337 | 1.06% 7.46% 0.80% | 1.045 1.010
3 0.065 0.280 0.037 | 1.049 1.080 | 0.502 0.497 0479 | 0.77% 1.94% 0.81% | 1.050 1.031
4 0.151 0.520 0.049 | 1.034 1.213 | 0.320 0.316 0.316 | 1.15% 6.72% 0.91% | 1.037 0.986

Table 1: Comparison of DLL, plug-in (Plug), and oracle (Orac) estimators. For each setting, met-
rics are averaged over the total 40 combinations of n € {500, 1000, 1500,2000}, f(d) €
{sin(d),exp(d)}, and ag € {—1.25,—0.5,0.1,0.25,1} with p = 1500. The columns indexed
with “Bias Percentage” report the percentage of the bias out of RMSE; the columns in-
dexed with “RMSE Ratio” report the ratio of RMSE to the oracle estimator’s RMSE; the
columns indexed with “SE” report the empirical standard error; the columns indexed with
“Coverage Error” report the absolute difference between the empirical coverage and 95%;
the columns indexed with “Length Ratio” report the ratio of the CI length to the length
of the CI based on the oracle estimator.
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In Table 2, we report the detailed simulation results for Settings 1 to 4 with ag €
{0.1,0.25} and n € {500, 1000, 1500}, and the complete simulation results are presented in
Section F.1 in the appendix. The results are consistent with the observations reported in
Table 1: our proposed CI achieves the desired coverage and has a similar length to the oracle
CI. In addition, the coverage improvement of our proposed CI over the Plug estimator can
be quite substantial as our DLL estimator effectively corrects the bias. For Settings 3 and
4, our proposed method is still effective even if the independence assumption required in
Condition (A2) is violated.

4.2 Comparison with the ReSmoothing Method

We compare DLL with the ReSmoothing estimator (RS) in Gregory et al. (2021). Gregory
et al. (2021) does not directly assume the sparse linear or additive treatment model as
our current paper and we adopt the simulation of Gregory et al. (2021). For dimension
(p+1) € {50,150} and sample size n € {100,1000}, generate n iid data points as model
(1). Set f, g1, g2, and g3 as:

(d) = —sin(2d); g1(x) = a* — 20 go(a) = 2; gala) = ¢ — 2 sinh(2)

and gj(z) = 0 for 4 < j < p. For each i = 1,---,n, generate (D;, X])T € RPF! with
each dimension marginally following Uniform distribution on [—2.5,2.5] and the correlation
between two different dimensions 1 < 7,7/, < p of (D;, X])7 is r'j_ﬂ, where r varies in
{0,0.1,0.3,0.5}. The evaluation points ag € {—1,0.5}, and f, g1, g2, g3, g4 take turns to
be the function of interest. In this setting, the conditional mean model of D; given X; is
non-linear, violating our treatment model (11). However, we observe that our proposal still
effectively works in this setting and we further explore the robustness of our method against
non-linear treatment model in Section 4.3.

To obtain RS point estimator, we follow Gregory et al. (2021) and apply the local lin-
ear estimator to {D;, fpre(Di)}lgign with the presmoothing estimators {fpre(Di)}lgign,
where {fpre(Di)}lgign, are constructed by the authors’ original code available at https:
//github.com/gregorkb/spaddinf with their default choices of the tuning parameters.
Since Gregory et al. (2021) did not directly provide full implementation details of the un-
certainty quantification associated with estimating f’(ag) in their simulation studies, we
estimate the standard error of the RS estimator in an oracle way. Particularly, we compute
the RS estimator over 500 simulations and compute the corresponding sample standard er-
ror based on the 500 RS estimates. Such an Oracle standard error estimator can be viewed
as a favorable implementation of uncertainty quantification of the RS estimator and cannot
be implemented for real data analysis. We then construct the oracle confidence interval,
denoted as OraRS, by assuming the asymptotic normality of the RS estimator. As reported
in Table 3, when the sample size is small (n=100), the OraRS confidence interval does
not achieve the desired coverage level since it has a large bias. For the large sample size
(n=1000), the bias of the OraRS estimator is reduced and the OraRS confidence interval
achieves the desired coverage level. In contrast, our method has a smaller bias, and our
proposed CI achieves the desired coverage level for both n = 100 and n = 1000. See Section
F.4 in the appendix for full simulation results.
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Setting 1: approximately sparse

Bias SE Coverage CI Length
ag | True n DLL Plug Orac | DLL Plug Orac | DLL Plug Orac | DLL Plug Orac
500 | 0.21 046 0.02 | 039 038 039 |091 072 094 | 151 145 1.49
0.10 | 1.49 | 1000 | 0.07 031 0.00 | 0.34 033 033 093 083 093|131 1.27 1.27
1500 | 0.05 0.26 0.01 | 031 030 0.29 |094 0.8 095 |1.18 1.15 1.15
500 | 0.20 045 0.00 | 041 039 039 | 091 0.77 094 | 1.56 1.50 1.55
0.25 | 1.45 | 1000 | 0.07 031 0.01 | 035 034 035 094 083 094 | 135 132 132
1500 | 0.07 0.27 0.03 | 031 031 030|096 084 096 |1.22 1.19 1.18

Setting 2: exactly sparse

Bias SE Coverage CI Length
aop | True n DLL Plug Orac | DLL Plug Orac | DLL Plug Orac | DLL Plug Orac
500 {019 029 0.03 |038 037 039 092 0.8 096 | 1.51 1.44 1.53
0.10 | 0.74 | 1000 | 0.15 0.25 0.06 | 0.32 031 032 | 093 088 095|130 1.24 1.28
1500 | 0.11 0.20 0.03 | 0.31 030 0.31 | 0.94 088 0.93 |1.17 1.13 1.15
500 {021 031 0.06 | 040 0.38 040 | 092 0.86 095 | 1.55 1.48 1.58
0.25| 0.94 | 1000 | 0.18 0.28 0.09 | 032 031 032|092 0.87 095 | 134 128 133
1500 | 0.12 0.21 0.04 | 0.32 031 031 | 092 0.8 094 |1.22 1.17 1.20

Setting 3: exactly sparse

Bias SE Coverage CI Length
ao | True n DLL Plug Orac | DLL Plug Orac | DLL Plug Orac | DLL Plug Orac
500 | 0.12 0.24 0.01 {071 0.70 0.69 | 094 092 093|281 273 2.60
0.10 | 1.49 | 1000 | 0.05 0.19 0.05 | 0.63 0.63 0.60 | 095 093 095 | 242 239 226
1500 | 0.04 0.15 0.02 | 0.57 0.56 055 | 096 094 095|219 216 2.05
500 | 0.08 0.21 0.00 | 072 071 068 | 094 093 094 | 279 273 259
0.25 | 1.45 | 1000 | 0.04 0.17 0.03 | 0.62 0.62 058 | 095 094 095 | 241 238 225
1500 | 0.03 0.15 0.02 | 0.56 0.55 0.52 | 0.95 0.93 0.94 | 2.18 2.14 2.04

Setting 4: exactly sparse with df=10

Bias SE Coverage CI Length
aop | True n DLL Plug Orac | DLL Plug Orac | DLL Plug Orac | DLL Plug Orac
500 | 0.17 036 004 | 034 033 032|092 078 095|133 1.27 1.32
0.10 | 1.49 | 1000 | 0.10 0.28 0.03 | 0.29 028 028 | 094 0.8 095 |1.13 1.06 1.06
1500 | 0.06 0.23 0.02 | 0.24 0.24 0.23 | 0.96 0.83 0.97 | 1.00 094 0.92
500 [ 0.18 0.38 0.056 {035 035 035 0.8 076 094|134 128 1.34
0.25 | 1.45 | 1000 | 0.10 0.29 0.01 | 0.29 0.28 028 | 093 0.78 093 |1.14 1.07 1.08
1500 | 0.06 0.24 0.01 | 024 024 024|096 083 096 |1.01 095 0.94

Table 2: Comparison of DLL, the plug-in (Plug), and oracle (Orac) estimators for Settings 1 to
4, across different sample sizes n and evaluation points ag with p = 1500. The column
indexed with “True” represents the true value of f’(ag). The columns indexed with “Bias”,
“RMSE” and “SE” report the absolute bias, the root mean square error, and the standard
error computed by 500 estimates, respectively; the columns indexed with “Coverage” report
the empirical coverage level and the columns indexed with “Length” report the average CI
length.

In addition, we compare DLL and RS in Setting 1 of the current paper; our method
outperforms the RS estimator with a much smaller bias and desired coverage; see Section
F.4 in the appendix for the results.
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Bias in the Setting of Gregory et al. (2021): ag = -1

f'(ao) 91(ao) 93(ao) 95(ao) 94(ao)
n p T DLL OraRS | DLL OraRS | DLL OraRS | DLL OraRS | DLL OraRS
50 0.1 020 064 |0.13 094 |0.03 057 |0.14 0.80 |0.00 0.04
100 0.5]014 061 |013 091 |0.05 094 |0.13 1.06 |0.01 0.11
150 0.1022 078 |020 1.13 |0.01 065 |0.23 094 |0.01 0.00
051030 0.61 |008 096 |022 091 |0.01 124 |0.08 0.10
50 0.1 002 0.03 |0.03 008 |0.05 0.06 |[001 0.05 |002 0.03
1000 0.5]0.05 0.08 |0.02 009 |0.01 016 |0.09 0.12 |0.03 0.04
150 0.1 005 0.03 |005 009 |0.02 0.02 |011 0.10 |0.02 0.04
0.5]0.02 0.01 |001 0.16 |0.03 0.18 |0.03 0.18 |0.00 0.04
Coverage in the Setting of Gregory et al. (2021): ag = -1
f'(ao) 91(ao) 93(ao) g3(ao) 94(ao)
n p r DLL OraRS | DLL OraRS | DLL OraRS | DLL OraRS | DLL OraRS
50 0109 079 |093 083 |095 090 |096 0.89 |096 0.95
100 05094 090 | 094 088 |093 0.76 |[094 083 |094 0.93
150 0.1 092 087 |093 074 094 0.8 |095 087 |096 094
05093 092 |092 084 092 073 [094 079 |093 0.95
50 0109 095 | 097 095 |096 094 |097 095 |096 0.95
1000 0509 096 | 095 096 |095 093 [095 095 |094 094
150 0.1 094 095 |097 095 |095 094 |096 093 |094 095
0509 095 | 094 095 |095 095 |[096 095 |094 094
CI Length in the Setting of Gregory et al. (2021): ag = -1
f'(ao) 91(a0) 93(ao) g3(ao) 94(ao)
n p T DLL OraRS | DLL OraRS | DLL OraRS | DLL OraRS | DLL OraRS
50 0.1 472 1.82 |4.76 3.63 |4.82 278 |4.73 420 |4.75 1.58
100 0.5 475 263 |491 420 |491 238 |483 4.16 |498 2.14
150 0.1 | 451 2.05 |4.55 344 |4.62 250 | 4.58 4.27 | 452 1.53
0.5 | 458 234 | 455 3.79 | 453 208 |4.58 417 | 457 2.22
50 0.1]28 319 |28 339 |28 212 |287 351 |28 190
1000 05286 299 |286 3.60 |287 229 |28 355 |286 2.06
150 0.1 28 312 |284 356 |284 221 |287 352 |28 1.99
0.5|287 3.03 | 289 350 |28 255 |28 381 |28 2.01

Table 3: Comparison of bias coverage, and CI length of DLL, ReSmoothing (OraRS) in the
of Gregory et al. (2021), across different sample sizes n, dimension of covariates p, and
the correlation parameter r. The f, g1, g2, g3, and g4 represent the functions of interest
to estimate their derivatives at ag. The entries of the table represent the bias across 500
simulations.

4.3 Linear Treatment Model vs Non-linear Treatment Model

setting

In this section, we test the performance of the generalized DLL estimator proposed in Section

2.6, which decorrelates with the sparse additive model.

The estimator is referred to as

DLL-S. The main difference between DLL and DLL-S is, DLL proposed in Section 2.2 uses
the Lasso algorithm to fit the treatment model while DLL-S uses the sparse additive model.
To generate a linear treatment model between D; and X;, we use Setting 1 where D; and
X, are jointly multivariate Normal. To generate a non-linear treatment model, we generate
{Xiti<i<n following the multivariate Normal distribution in Setting 1, but generate D;
as: D; = —0.5exp(—X;1/2) + 0.5sin(X;2) + 0.25XZ3 —0.5X;4 —0.25X75 + 0.5 cos(X;6) —
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0.25exp(—X; 7/2) + 0.25X; 8 + d; with ¢; ~ N(0,0.5). The outcome model is generated
following the exactly sparse model in (33). The results are reported in Table 4.

Linear Treatment Model, exactly sparse: f(d) = 1.5sin(d)

Bias Coverage Length
ap | True n DLL DLL-S Plug Orac | DLL DLL-S Plug Orac | DLL DLL-S Plug Orac
500 | 0.18 0.22 042 0.02 |0.89 089 0.76 095|149 148 1.44 149
1000 | 0.10 0.14 034 0.03 | 095 094 082 095|130 130 1.26 1.27

0.10°) 1.49 1500 | 0.05 0.08 0.26 000|095 094 084 096 |1.18 1.18 1.14 1.15
2000 | 0.05 0.06 023 0.02 096 095 0.8 094 |1.11 1.11 1.09 1.08
500 | 0.19 023 043 0.03 |0.90 0.89 077 095|154 153 147 1.54
025 | 1.45 1000 | 0.09 0.13 032 0.01 {094 094 083 095|135 134 130 131

1500 | 0.05 0.08 0.25 0.00 | 0.95 095 08 095|122 1.22 1.19 1.19
2000 | 0.04 0.05 0.22 0.00 | 095 095 087 096 |1.15 115 1.12 1.12
Non-linear Treatment Model, exactly sparse: f(d) = 1.5sin(d)

Bias Coverage Length
ao | True n DLL DLL-S Plug Orac | DLL DLL-S Plug Orac | DLL DLL-S Plug Orac
500 | 031 023 037 001 |08 091 078 095 |140 144 134 1.50
1000 | 0.20 0.12 0.25 0.00 | 0.87 0.93 083 095|124 124 1.18 1.25

0.10°) 1.49 1500 | 0.18 0.10 023 0.03 | 092 095 0.8 096 |1.12 1.14 1.07 1.12
2000 | 0.13 0.08 0.17 0.00 | 091 094 0.87 094 | 1.05 1.05 1.01  1.05
500 | 033 023 039 0.06 |080 087 074 094|134 136 128 1.42
0925 | 1.45 1000 | 0.19 0.12 0.24 0.01 |090 092 08 095|117 118 1.12 1.19

1500 | 0.16 0.10 021 0.02 | 092 095 087 0.95 |106 107 1.02 1.06
2000 | 0.13 0.08 0.18 0.00 | 091 095 0.87 095 |1.00 0.99 095 0.99

Table 4: Comparison of DLL, DLL-S, plug-in (Plug), and oracle (Orac) for the linear and non-linear
treatment models, across different sample sizes n and evaluation points ag. The column
indexed with “True” represents the true value of f'(ag). The columns indexed with “Bias”
report the absolute bias; the columns indexed with “Coverage” report the empirical cover-
age level and the columns indexed with “Length” report the average CI length.

In Table 4, we observe that in the linear treatment model, DLL and DLL-S have a
similar performance in terms of bias correction and empirical coverage. For the highly non-
linear treatment model, DLL-S improves the performance of DLL in terms of both bias and
coverage. Even with a misspecified treatment model, the DLL estimator still corrects the
bias and outperforms the Plug estimator. See Section F.1 in the appendix for results with
additional evaluation points.

5. Real Data Analysis

The Motif Regression has important applications to biology, which studies the effect of the
motif candidates’ matching scores on the gene expression level (Yuan et al., 2007; Beer and
Tavazoie, 2004; Conlon et al., 2003; Das et al., 2004). Motifs are the DNA sequences bound
to transcription factors, which control the transcription activities, e.g., gene expressions
(Yuan et al., 2007). The matching score of a motif describes the abundance of occurrence,
that is, how well the motif is represented in the upstream regions of the genes. A gene’s
expression level can be well-predicted by the matching scores of a set of motifs (Yuan et al.,
2007; Beer and Tavazoie, 2004; Conlon et al., 2003; Das et al., 2004). The data set consists
of the expression values of n = 2587 genes and the scores of p + 1 = 666 motifs. For our
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analysis, the outcome {Y;}1<i<25s7 denote the gene expression level and {(D;, X])TH<i<2s87
are the matching scores of the 666 motifs.

We define an index subset for the motifs Z = {37, 51,53, 73,75, 76, 138,199, 586, 665} C
{1,---,666}. To demonstrate our method, we choose one index from Z and set the corre-
sponding motif score as the variable of interest D and the remaining 665 motif scores as the
baseline covariates. We compute its sample mean and standard error for a chosen variable
of interest. We choose three different evaluation points ag: mean, mean + standard error,
mean - standard error. To demonstrate our method, we compare it with the existing infer-
ence method for the high-dimensional linear model, which assumes the linear and constant
effect. Specifically, we apply the LF() function in the R package STHR (Rakshit et al., 2021)
and denote the corresponding estimator as SIHR. We report the comparison in Figure 1.

Pos

-

M+
SIHR

t bt
<

Confidence Intervals
- °
2o e
=07

53 138 199 586 75 37 51 665 73 76
Indices of Motifs

Figure 1: Confidence intervals for f’(ag) by DLL and SIHR. “M”,“M+” and “M-" represent the DLL
estimator for f’(ag) with ag set as mean, mean + standard error and mean - standard
error, respectively. STHR represents inference for the constant effect in the high-dimensional
linear model.

Figure 1 demonstrates several interesting observations. First of all, for the motifs with
indexes 53, 138, 199, 586, we observe that these motifs do not have significant effects if
we assume the model to be linear and apply the SIHR package. In contrast, if we assume
the additive model, our proposed DLL estimator shows that they have non-linear effects; for
example, for the motif 138, the CIs by DLL at M and M- are above zero, and the CI by DLL
at M+ is below zero, while the CI by SIHR covers 0.

Second, for the motif 75, we observe that the STHR package leads to a significant positive
linear effect; however, after applying our proposed DLL method, the effects vary across
different evaluation points: the CI at M covers 0, the CI at M- is below 0 and the CI at M+
is above 0. The above two observations indicate the relationship between gene expression
level and motifs might be highly non-linear.

Lastly, for motifs with indexes 37, 51, 665, they have significant effects for both SIHR
and DLL (at two evaluation points) and their effects are very similar assuming either linear
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or addtive model; for motifs with indexes 73 and 76, the effects are significant for linear
model, but not significant for additive model.

We design a semi-real simulation study to further compare the finite-sample performance
of our proposed DLL method and the SIHR method. We keep the data {D;, X;}i1<i<a2s5s7 the
same as the real data. After analyzing the original real data, we construct the noise level
estimator 52 and f and §. We simulate the synthetic response variable Yo" = f(Dz) +
9(X;) + & for 1 < i < 2587 with the i.i.d. regression error terms {€;}i<i<2587 following
N(0,52). We repeat the simulation 500 times and evaluate DLL on the same three evaluation
points as in the real data analysis.

We compare the results with STHR and report the comparison in Table 5. The SIHR
method, which assumes the linear outcome model, suffers from low empirical coverage for
some motifs. Our proposed Cls by the DLL estimators achieve the desired coverage levels
in most settings.

6. Conclusion and Discussion

We have proposed the decorrelated local linear estimator to mitigate the error caused by
estimating the unknown nuisance functions in the high-dimensional additive model. We
have established the asymptotic normality of our proposed estimator. We demonstrate the
validity of the theoretical results in moderate sample sizes and provide practical recommen-
dations for the algorithm implementation. Our proposed decorrelation idea is a novel and
computationally efficient method designed for bias correction in non-parametric models.
An interesting future research direction is extending our proposed method to accommo-
date other kernel functions and higher-order local polynomials. In addition to inference
for f’(ag), there are other interesting statistical inference problems in the high-dimensional
additive model, such as the significance test Hy : f = 0. We leave these problems for future
research.
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Appendix Appendix A. Additional Discussions
A.1 Algorithm without Data Swapping

In this section, we present the DLL estimator without data swapping. Different from the
DLL estimator with data swapping, we use all the samples, rather than half of them, when
fitting the sparse additive model and constructing the decorrelation weights. Following the
steps of Algorithm 1, we make a few changes to implement the DLL estimator without data
swapping.

In Step 1, implement the sparse additive model as the following optimization problem
with M > 1 and \ > 0:

p n
{Bih<jcp= argmin - Z Z‘P BN 4| B (izxvi,ﬂf}a Bj- (34)
=0 i=1

B;ERM  0<5<p _

In Step 2, construct the initial estimator {g(X;) }<i<n as:

P
=> U8 and f(Di)=¥] P (35)
j=1
In Step 5, implement Lasso algorithm as follows with the tuning parameter A; > 0:

n p

~ 1 H2
— T ]
7y = argmin o E (D; — Xy g Y41,

yERP i—1

and compute R
ﬁi:ao—XiT/’)\/ and 5z:D1—XZT§ for 1§Z§n

In Step 6, construct {lA(Xi)}lgign and the weights {Wi}lgign as:

_ " " Ly (- () -l < h
o= (D~ ao) 10X with 1(x,,5) = 22t PO RIS R
ﬁZj:l 1(]0; — i < h)

The other steps are the same as Algorithm 1. We use the same parameter tuning
procedures stated in Section 4. We compare our constructed confidence intervals with and
without data swapping in Section F.3.

A.2 Double Penalization

In the following, we review the double penalization method (Tan and Zhang, 2019) to
construct initial estimators of f and g. This can be viewed as an alternative method to
the estimators in (34) and (35). To construct the penalty term, we define the complexity
measure of a univariate function f as

C(f) = Anlllflln + pull £l ) (36)

where A, > 0, pp > 0, ||flln = 21, f2(D;))'/? denotes the function’s empirical Ly norm,
and || f||r = (f[f”( )]2<:lt)1/2 is a measure of the function’s smoothness.
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Specifically, with the positive tuning parameters p, > 0 and A,, > 0, we define the initial
estimators as

{J? {ﬁj}lgjgp} = arg min % D Vi (D) =) g (Xip)P +C(f) + D Clgy),
j=1

i=1
where the complexity measure C(-) is defined in (36).

A.3 Initial Estimators with Quantile Transformation

We consider the construction of the initial estimator g by applying the quantile transfor-
mation to all variables. Particularly, we transform D; to D;, with

D, — Ordering of D; € (0,1];
n

similarly, for 1 < j < p, we transform X ; to Xi,ja with

> Orderi f X
X, = rdering of Xj ;

€ (0,1].

n

We construct the initial estimators f and g by applying the sparse additive algorithm
to {}/iyﬁi’)zi}lgigm Except for constructing the initial estimator differently, the other
steps are the same as those in Algorithm 1. This DLL estimator with the extra quantile
transformation is refered to as Trans and we do not apply the data swapping for Trans
estimator. We compare the performance of Trans with the regular DLL estimator in Section
F.3; see Tables A10 and A1l for details.

A.4 Further Discussions on the Condition (A3)

In a more general setting, we may plug-in the existing convergence rate of Err(g) and then
the condition (30) is reduced to a simultaneous condition on k := ||v||p and s == ||g||o, where
llgllo denotes the number of non-zero functions of {g; }1<;<p,. Particularly, we follow Tan and
Zhang (2019) by assuming that the individual functions {g;}i1<;j<, belong to the Sobolev
space W3 for m > 1/2 and f” is continuous. We apply Proposition 4 and Theorem 2 in
Tan and Zhang (2019) and Corollaries 4 and 5 in Guo and Zhang (2019) and establish that

Err?(g) < nTF 45 n AT 4 (s+1)-logp/n.
Then the condition (30) is simplified as
k-s< n272nw+11+% and max{k,s - n2ml+1} < n up to a polynomial order of logp.

If we set m = 2, then the above spagsity conditioal is much weaker than the one in Gregory
et al. (2021), which requires s < n10 and k < n15 up to a polynomial order of log p.
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A.5 Consistent Estimators of o2

Similar to the definition of Err(g) in (29), we use Err(f) to denote the accuracy measure
of f, which is defined as follows: with probability larger than 1 — min for some positive
constant ¢ > 0,

VED.(F4(D.) - [(D.))? + Ep. (FP/(D.) - F(D.))2 S Enn(]), (37)

where fa and fb are defined in (25) and the expectation is taken with respect to the
independent copy D, of {D;}i<i<n.

o~

Proposition 1 Suppose that Condition (A1) holds and max{Err(f),Err(g)} — 0. Then
the estimator 2 defined in (26) satisfies 02 2 02,

Proposition 1 shows that our proposed 2 is consistent if both fand g are consistent. The
proof of Proposition 1 is presented in Section E.6.

Appendix Appendix B. Notations, Events and Lemmas

We introduce some notations and events, which will be used throughout the proof. Let
q(D; | X;) denote the conditional distribution of D; given X; and ¢ denote the density
function of the error §; = D; — Xv. Since D; — X~ is independent of X;, we have

q(Di =ap | X;) = ¢lag — X]v) = ¢(pi) with p; = ag — X].
We express the density function 7 of the random variable D; as
m(ao) = Ex, [¢(D; = ao | X;)] = Ex, [¢ (a0 — X]7)].

Define the following events,

_ ¢'(9)] |"(6)]
0= (e e (S8 <0 e s 0B < o)

~ klogp . . |klogplogn
{H'V”—’VIIS ED e X] (3~ ) < €7y FERER L gas)

Ay = {Bx. (7'(X.) - g(X.)* S En’() }

Ay

By the definitions of C1(n) and Ca(n) in (27), we have P(A§) < min{n,p} ¢ for some
positive constant ¢ > 0. Throughout the proof, we shall assume P(A§) < hm(agp) and this
will automatically hold in our considered regime.

Define A = Ap N .A; N Ay. Theorem 7.2 in Bickel et al. (2009) implies that the Lasso

estimator 7° satisfies
~ klogp _
P(Hv“vHSﬁ)zl—pc,
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for some positive constant ¢ > 0. Conditioning on the data in Z;, the random variable
XT (3% = ¥)/|A" = 7]l2 is sub-gaussian random variable, which implies

P [ max
1€l

for some positive constant ¢ > 0. Note that

XIG = /13 =l - B [XIG = /I = e] | ) 2 Viogm | T ) <

B [XIG* - /17"~ | T] | < VE= DTG - D/I7" =l < C.

The above two inequalities imply that, there exists a constant C* > 0 independent of n and

p such that
T/~b . [klogplogn . —c
P (max|X] (3 — 7)) < 0" | TELEL ) > 1~ mingn, p)
i€, n

for some positive constant ¢ > 0. Together with the definition in (27) and (29), we establish
P (A) > 1— min{n,p}° for some constant ¢ > 1. (39)

The following lemma states the expectation of terms involved with K (D;), whose proof
can be found in Section E.3.

Lemma 1 Suppose that Condition (A2) holds, then we have

E (K, (D;) | X;) h? .
Pty e G .
(ao) m(ao)
E[(Di — ao)Kn(Di)]| _ 1,20 vy 35000y, PAAD).
’ 7T(CL0) < 3h (C1( )+ ShCQ( )) + TF(CL()) ; (42)
E [(D; — ag)*Ku(D;)] 1 P(Af)
Ih?7(ag) -1 s 1—0h202(n) + hw(a?l)’ (43)
E (W2Ky (D) | X;) .
%hZCI(CEU | X;) — 1| Ly S PCE(n) + Ca(n)]; (44)

EWZKR(D) _ 2102 (n, o o P AD)
in(a) S PIOT) + Ce(ml 37 Gy (45)
EWi(Di — ao) Kn(D;) P(A5)
(o) — 1| S R*[CF(n) + Ca(n)] + }m(az), (46)
‘EWi(Di;aO)th(Di) Lag| S Rt [C1(n) + hCy(n)] w(ag) + hQP(AS), (47)
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The following lemma is about the concentration results for terms involved with Kj(D;),
whose proof can be found in Section E.4.

Lemma 2 Suppose that Condition (A2) holds, then for a sufficiently large n, with proba-
bility 1 — exp(—t?),

t 1 & t
erlag) |1 — ——| < [= S K (D)| < Cr(ag) |14+ ———u | ; 48
m( O)[ nhw(ao)] - n; w(Di) m(ao) nhﬂ(ao)] (48)
1 n
EZWZ-K;Z(DZ) < ty/ —m(ao); (49)
=1
1 — 3 h
— > (Di = ao) Ky (D) SW(g(’)hQ(Cﬁ(nHShCz(n)HP(AS)H —m(ao);  (50)
=1
1 < ) 1
— ; I ) — ) P N <
n;m(a a0)Kp,(D;) — EW;(D; — ag) Ky (D;)| < Ch%m(ag)t i)’ (51)
1< D; — ap)? h?
Ly WPl (0| < ) + o] w(a0) + WPAG) + 1y r(an): (52)
=1
IS 2 72 272 hr(ao)
nZ;W Ki(Di) = BWZKR(Di)| Sty — =" (53)
Combining (48) and (49), we establish that, with probability 1 — exp(—t?),
h
i <
law| St n(a)’ (54)

Appendix Appendix C. Proof of Theorem 2

Recall the definition of W; in (18). We define an accuracy measure of estimating the
decorrelation weights as

— 1~ ) LS Wiy (Dy)
E = | = i — i — U 2K, (D; h gy = 2=t .
rr(W) . ;[W (Wi — aiw))2Kn(D;)  with fiyr S K (D)

(55)

We first introduce the following important intermediate results. With probability larger
than 1 — t% — min{n, p} ¢ for some ¢ > 1 and positive constants C' > 0,¢ > 0,

i=1

1
n
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<t (t L Err(w)) Err(3), (57)

nh3r2(ap)  h?m(ao)

Err(W) <t (\/z—i- \/ k:log;ﬂhQ (Ci(n) + C’g(n))> . (58)

A combination of (57) and (58) leads to the bound (32). We shall prove (56), (57), and
(58) in Sections C.1, C.2, and C.3, respectively.

and

C.1 Proof of (56)

Recall the following notations,

e 7, and 7; are two disjoint subsets with approximately equal sample size, with Z, N7,
empty and Z, UZ, = {1,2,--- ,n}.

e §” and g’ denote the initial estimator of g based on the data (Xi, D, Yi)icz, and
(Xi, Ds, Y;)iez,, respectively.

The proof relies on the independence created by data swapping. Define the estimation error
as AY(X;) = g% X;) — g(X;) and AY(X;) = g°(X:) — 9(X;). We write E(- | Z,,),Var(- | Z,,)
and P(- | Z,) as the expectation, variance and probability conditioning on the sample
(Xi, D, Yi)iez,, respectively. Similarly, we define E(- | Z), Var(- | Z;) and P(- | Z) condi-
tioning on (X, D;, Y;)icz,. For 1 <i < n, we have the following decomposition

%Xn:WiA(Xi)Kh(D,») = % > WA (X3)Kn(D;) + % > WA (X)) Kn(Dy). (59)
i=1 1€Z, 1€Ty

We will control the first term %Ziefa W;AY(X;) Ky, (D;) in the following and the second
term can be controlled by a similar argument. Since

1 1 . ¢
p (\n > WA (X3) Ky (Ds)| # - > WA (X)) Kn(Dy) - 1AomA2\> < min{n, p} ",
1€L, €L,

it is sufficient to analyze
1 n
- Y Wi (X)) Kn(Di) - Lagns,
i=1

where Ay and Az are defined in (38). The above term has two sources of randomness: the
initial estimator A’ = §® — g and the data {X;, D;};ez,. Since the randomness of A is
induced from the data (Xj, D;,Y;);cz,, the estimation error AP’ is independent of the data
{Xi, Di}iez, -

Since W; is constructed such that E [W; K, (D;) | X;] = 0, then we have

1
E (n > Wi (X)) Kn(Di) - Lagnas | To, {X,-}ieza> =0. (60)
1€L,

35



GUoO, YUAN AND ZHANG

We control the second order moment as

2
<i > Wi (X)) Kn(D;) - 1AomA2>

1€Lq

2
1
=E |E <n > Wi (X;) K (D;) - 1AOmA2> | Zp, { Xi}iez,

1€Lq

= 5 Y B[B(V2RID) | T, (Xidier,) (A"(X0)* Ly,

1€Ly

where the last equality follows from (60). By (44) and the definition of Err(g) in (29), we
establish

E [E (W2EKR (D) | Ty, { Xi }iex, ) (AP(X3))? - 1AoﬁAz} < hErr(5)*.
Hence we establish

h 1
P 1 < t\/7 -Err(g) | >1— = — min{n,p}~°.
n n t2

By symmetry and the decomposition (59), we establish (56).

> WA (X)) Kn(Di) - 1agna,
€7,

C.2 Proof of (57)
We decompose 1 377, Wi A(X;) Ky (D) as

- Z ( MW)) A(Xi)Kn(Di) + %ZWiA<Xi)Kh(Di> — fw - %ZA(X Kn(D

By the Cauchy-Schwarz inequality, we have

%Z (Wi = (Wi = i) ) A(X) Kn(D)
=1

< Err(W) - ZA D2KL(Dy),  (62)

where Err(W) is defined in (55). Hence, it is sufficient to control \/% S A(XG)2KR(D;).

Similar to (59), we have

1 & 1
QZA(Xi)QKh(DZ-):EZ‘Ab(Xi Kp(D Z\A“ DI Kn(Di),  (63)
i=1 1€Lg zEIb

and it is sufficient to control

*Z’Ab )

ZEIﬂ,

Kh ) 1«400«42
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Note that
1
E <n Z }Ab | Kh ) 1~AoﬂA2 |Ib7{X }’LGI )

1€Z,

1 2
“n Z ‘Ab(xiﬂ "E[Kn(D;) | Xi] - 1agna, S Err®(g),
€L,

where the last inequality follows from (40) and the bounded conditional density g(ag | X;).
The above moment bound implies

(-3

By symmetry and the decomposition (63), we have

’Ab i) Kh(Dz’)

=1

. 1 . e
< CtQErrz(g)> >1- i min{n,p} .

1 .
( ZA X;)2Ky,(D;)| < Ct?*Err® (g )) >1-— 2 min{n,p} °. (64)
Combined with (62), we obtain
P ( Y (Wi = (Wi = w) ) A(X) Kn(Dy)| S 2 Ere(IV) .Err(§)> >1- L _min{n,p}c. (65)
n t
Note that

n

me DN EWD) < | -5 KD ||+ 37 A2 KDy,
=1

i=1

Together with (48), (54), and (64), we establish

SR
Together with (56), (65) and the decomposition (61), we have

( ZWA

Together with (100), we establish (57).

< tErr(g )\/h/n> >1- t% — min{n, p} .

<t (t\/h/n + Err(W ) Err(§)> >1- %2 — min{n, p}~°.

C.3 Proof of (58)
In the following, we first establish

Err®(W) < =Y (U(Xi,7) — U(Xi,7)) Kn(Dy). (66)

=1

3\*—‘
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Recall that the uncentered weight WZ is defined in (17) and WZ is the corresponding centered
weight defined in (18). Note that

N N LS (W, W )\’
Qm—a%—ﬂwﬂzsO%—W@2+<”Z7§;;;ﬁgj@m>' (67)

By Cauchy-Schwarz inequality

n 2
(Tll > (W — Wi)Kh(Di)> (

i=1

3\*—‘

we have

1O (A (W = W) Ku(D) LA

By applying the above inequality and (67), we obtain

n

\l 1 Zn: (Wz - (Wi — ﬂW))QKh(Di) S J %Z (W’ B Wi>2Kh(Di)

n < X
=1 =1

L [ EX T - WD) -~
" J n Z ( %12?:1 Kh(Dz')h ) J n Z ( ) K (D;).

=1 =1

By the definitions W; = (D; — ap) — I(X;,7) and W, = (D; — ag) — ZA(Xiﬁ), the above
inequality implies (66).
Then the proof of (58) is reduced to establishing an upper bound for

*Z( Xi,7) za'y))QKh(Di)-

We divide the above summation into two parts,
2 1 ~ 2
— Z ( (Xz,’Y)> Kn(Di) + — > (Z(Xi,’Y ) — Z(Xi77)) Kn(Dj).
¢ iet, bieT,

By symmetry, we focus on the first summation

- Z ( Xi,7") (Xi>7))2Kh<Di)7 (68)

@ ieT,
and adopt the notation A? = 7. We note that

~

53'—/71‘ :5j—,ui—aij, with Q5 = (Xj—XZ‘)T(;}/\—’}/).
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On the event A; defined in (38), we have

1
gl < 01y [ 10182 gy (69)

To facilitate the discussion, we introduce the following notations,
T; = 1(|0; — pi —ag| <h) and L = 1(|6; — | < h). (70)

o~

The estimator [(X;,7) defined in (16) can be written as
nla Z]GIG( - Hi — aij)Iij
! — :

na 2jet, Lij

The randomness of [(X;,7) comes from the following three parts,

(71)

e the noise {;};ez,
e the variable p; with p; = ag — X for the pre-fixed index i

e the estimation error a;;, which depends on X;, X; and the initial estimator 7 computed
on the data 7.

Note that {d,};ez, is independent of the other two random sources. We shall write Es; as
the expectation with respect to d; but condition on the other two components X; and Z;. We

use E;, [ |i”} to denote the conditional expectation by only considering the randomness

of §;. Specifically, for j € Z,, Es, and Eg; [ |f”} are shorthanded for

Es;[[] = E[ | {Xi}iez,,Ty] and Eg, { \Tij] =E { | T, {XiYie., o | -

We use Eém to denote the conditional expectation of {d;};ez, given the events I, =

{/I\ij }jez., by only considering the randomness of {d;},cz,, that is

E;i, [1= [ | {X; }zeza,Ib]

We compute the following difference,

LS e (85— pi—ai)Ly e Yjer, Bs, [(59‘ — pi — aij)Lij | Iz‘y}
1 .. B L
JEL, ~W

e Lger, Ly ((5j — ki — aij) — Eg, (5j — i — aij | Iij))

1 1.
na 2ajet, Lij

J€ZLa I

Define Ctan i
le:—ta;jJ 5 i — ta”)gb(é)d(;
Fy(t) = e r——- : (73)
Hittai;—h ¢(6)dd
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Note that
pit+ai;i+h
- (6 = i — agg)o(0)do
Es. (6; — pi —ai; |I;;) = et = Fj;(1). (74)
j ( J J J) /ZZ_IZ;J_JF: ¢(6)d5 J

By (71), (72), and (74), we establish

T ith
X0 — 1Koy = Po 2t~ Hi — ai)liy_ JuZy (0 = pa) (0)d8
Na jeIa v fy,,b-fh ( )

ne 2jer, Lij | (8 — ni — ai) — Eg; (5j — pi — aij | Iij)} . LS ez, T [Fii(1) — Fy;(0)]
e Yjer, Lii e Yjer, Lii
(75)
where the last component holds since Fj;(0) defined in (73) does not depend on the index
J.
The decomposition (75) and the following two inequalities lead to an upper bound for
(68).

- ~ 2
= Yez, Lig | (05 = pi — aij) — Bs, (05 — i — aij | Lij h
Ly E ( sen T [ )~ B, (6 g Jﬂ) 1 2

1(|6; —pil <h)| S

Ng i€, TTla Zjeza Tij 2h |
(76)
and
. N 2
) LS Ty () — B0\ 1
~>E ( PR | S - il ) Lagna,
MNa 1€Z1q ng Zjeza Iij (77)

klogplogn
< B (C2(n) +C’2(n))2%.

We establish (58) by combining (66), (75), (76), (77), and (39).

C.3.1 PrROOF OF (76)

In the following proof, we fix i € Z, and I;; = iu For ji,jo € I, with ji1 # ja,

E(;m_{ [(%‘1 — pi — aijy) — By, (5j1 — pi — ag, | Iijl)] :
[(53‘2 — i — aijy) — By, (5j2 — i — Qi | IijQ)} } =0,
and
~ 2 9
E; i, [(53' — i — aij) — By, (5]- — i — aij | Iij)} < Ej 5, 165 — pi — ai)]” < b2

40



DECORRELATED LOCAL LINEAR ESTIMATOR

By the above two expressions, we obtain

2

. ne et Lij [(53' — pi — aij) — B, (5j — i — aij | Iij)} 1
S[L;. 1 1 = 57 Lii
ne i 21 L 2h
~ ~ 2
ar 2jer, LBy g, {(%‘ = pi — aij) — Eg, (5j — i — aij | Iz‘jﬂ 1 (78)
= % 1

1 1 = \2
(o )
h Li;
< T il =
2N g i X L
We further take expectation with respect to I (but conditioning on p; and a;;) in (78) and
obtain that

h L h 1
m(l 1 A>:'mm»<ml 1 A). (79)
"G T g i) M ne t i 21 L

Conditioning on y; and a;j, we define the conditional probability with respect to d; as

Y

R pitai;+h
eij = E(;j [IZ]] = / d)(éj)d(Sj (80)
pitaij—h

By change of variable 7; = 0; — (p; + a;;), we have

pitaij+h h
/ ¢(0;)dd; = /h O(7j + pi + ai;)dr;
B _

i+a;;—h

h -2
= /hw(m +ai) + 750" (i + ayg) + 56" (i + 0y + ery)ldry,

for some constant ¢ € (0, 1). Hence, we have
3

h
<3 max 0" (i + aij + ch)

)

pitaij+h
[ 0008~ 2hotus + ay)
Hitaij—h

and then

3

h
]eij — 2hq§(,u,z)\ < ? max ‘(b”(,ui + ai; + Ch)‘ + Qh‘aiﬂ max ‘qﬁ’(,u,i + caij)‘ .
le[<1 le[<1

Hence, we establish
2

€4 h
‘% o 1\ < " Co(m) + lagl 1 (). (51)

We note that the non-negative random variable i > j #Tij satisfies

1 1 1
B ;azllj | {Xi}iel—a’zb = Ezeij’
J#i oy
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and
ZI” ’ {X }’LEZa?Ib = Zelj ew

J?él @ Gt
Hence, we apply the equation (5) in Wooff (1985) and obtain

1 1
— | =E =~ | {Xitiez., p
ne F e L Iw] Lla 5w L L
<5 — 1+ = (82)
na 2o € T 7T Dt Cig
2
n 2jri €t n
A combination of (79), (81) and (82) leads to
h L h 2e;; h
Es |~ 1 S = i S (83)
Mo qo + 5w g lig ) Mang 2ujgi€is T g T Ma

By taking expectation with respect to {X;}iez, and Zp, we establish (76).

E;s

C.3.2 PROOF OF (77)
We calculate the expression of Fj;(t) in (73) as

it+ta;i+h
sz‘j (t) B aijh [gb(ul +ta;; + h) + ¢(,Uz +ta;; — h) — % L;ai;jh (Z)((S‘)dd

ittaij+h
at ! 6(0)dd
i+taij+h
f;Z—&-ta,jJ 5 — taij)qb(&j)déj

cagj [op(pi + tai; + h) — d(pi + tai; — h)).
1+taz+h 2 J J J
{£H¢%¢@mﬂ

(84)
Define
1 wi+ta;;+h
Ti(ai;) = d(pi + tagj + h) + ¢(pi + taij —h) — h/ $(6;)déy;
pittai;—h
Ta(ai;) = ¢(pi + tay; + h) — ¢(p; + tai; — h);
and
Mz‘i’taz]‘i’h
Ty(a) = [ 165 — (s + tagy)|6(6,)d5;.
pittai;—h
Then we can simplify the derivative of Fj;(t) in (84) as
dFij(t) _ haijTl(aij) _ aUTQ(aU) ) T3(al'j) (85)

dt €; j €; 7 €; 7

where e;; is defined in (80). To bound the above terms, we introduce the following lemma
to control all of the above terms.
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Lemma 3 Suppose that ¢(t) is twice differentiable fort € [u — T, p + 7], there exists some
positive constant C' > 0 such that

1 M+T d < C 2 1/
sy o= =1 [" o <crt max jow] o)
ptT
[ e qb(t)dt\ <0 max |¢(0) (57)
u—r te[p—,pu+]
6at7) — o =) <Or _max |o/(1) (55)
e[ﬂfT’/‘“i’T]

It follows from (86) that

Ti(ai;)| < h?- max #"(8)] < h?®- max |¢"(5)].
Ta(as;)] \5—(M+tmg‘)|ﬁh| )l |5—M\§7’| )l

It follows from (87) that

To(ai)| S h- max <h- max |¢/'(d)].
o) She om0 < he max [606)

It follows from (88) that

Ts(a;;)| < h3- max '(8)] < h®- max |¢'(5)].
o) SH° - max (SO <A ma |600)

Together with (81), we establish
.. /! .. / L. /
Tl o, O D)l O] Tl . 6]

S max S S X
eij lo—pil<r d(pi) €ij 6—psj<r d(pi) €ij 6—ps|<r d(pi)

where 7 = C*/||7[jologplogn/n + h. Together with the expression (85) and the upper
bound (69), we establish

dF;(t klogplogn
' ul 'uomm\/ SPETR (G m) + Calm)
Hence, we have

=Y et T, [Fi(1) — Fij(O)] k:logplogn
Lagna; S

1 1. ~
n 2ujet, Lij

2
h2 (012(71) + C'Q('fl))) ,

and

1 & Ly IaIZJ[ i ( Fij( 1
ZE<% Jel 0 — pi| < h) - Lagna,

n, i
=1 Ta eIa

2
(W# (C3(n) + Ca(n ) ZE% 8i — il < h) (89)
2 na

Together with (41), we establish (77).

N
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Appendix Appendix D. Proof of Theorem 1

We start with the following error decomposition of m — f'(ap),

§ W,e; K (D Eer § WiAX)Kn(D;).  (90)
nSn i=1 n i=1 n i=1
Stochastic Error Approximation Error High—dimensional Error

The high-dimensional error is controlled in Theorem 2. We shall control the stochastic
error and the approximation error in Sections D.1 and D.2, respectively. We present the
proof of (31) in Section D.3.

D.1 Analysis of the Stochastic Error

We shall establish the following limiting distribution,

1Y Wi Kn(Ds)

d
— — N(0,1), 91
VvV nS, (0,1) (1)
with
Vo % f:WQK?(D») n 300 (92)
a n252 prt PR nh3 - w(ag)’

In the following, we shall provide proofs for both (91) and (92).

D.1.1 PROOF OF (92)

We decompose the error between % Sy /WZQK 2(D;) and its corresponding estimand,

o S WEKR(D) = S (Wi = ) KR (D)
i=1 i=1
= 222 207 ) (= 02— )+ (= ) 1200 ()
i=1
ih (QEH Z (Wi — fiw)? Kn(D;) + Ere* (W) |,
i=1

where the inequality follows from triangle inequality, |Kp(D;)| < 1/(2h), and Cauchy-
Schwarz inequality. We bound the difference between the sum of centered variables and
that of uncentered variables,

n

i=1

< 2|aw|- )|+ 273 |~

ZWKh f:Kh(m
i:l

By applying (48) and (49) in Lemma 2 and (54), we establish that, with probability larger
than 1 — exp(—t?) for t < /nhw(ao),

n

i=1
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Note that
1 1< ~ 1 — _
o 20 (Wi i) (D) = 3 (W KD
i=1 i=1

We apply (45), (53), and (94) and establish

LS (Wi — aw)? K2(D;)

E (" l(C)) t
+
%hﬂ (CLQ)

-1/ < h2[012(n) + Cz(n)] + hr(ag) nhTr(CLO)‘

(95)

We shall choose t = v/logn and establish that, with probability larger than 1 — n~°,

LS (Wi — iw)® Kn(D;)

= 1.
%hQﬂ'(ao)

Combined with (93) and (95), we establish that, with probability larger than 1 —n™¢,

=Y W2KR(Dy)

- < Err? (/W) Err? (/W)
ghm(ao)

N PG,
~ h27(ag) h27(agp)

hr(ao)  /nhm(ag)
(96)

+h2[C%(n)+Cy(n))+

For §n defined in (20), we approximate it by its corresponding estimand,

Sp — % Z (Wi — pw) (Di — ao) Kn (D)

n

< Err(W) . J ! Z (D; — a0)2 Kn(D;) < h- Err(W) :
=1

By applying (46) and (51), we establish that, with probability larger than 1 — exp(—t2),

< h2[CE(n) + Co(n)] + f;éi)) +tm. (98)

By (54) and (50) in Lemma 2, we establish that, with probability larger than 1 —
exp(—t?),

LS Wi(Di — ao) Ki(D;)

-1
$h27(ag)

nm(ag) 3

1 n
- ZﬂW(Di —ao)Kn(D;)
=1

5 ¢ h ) (W(ao)h2(01(n) + hc2(n)) —+ P(Ag) +1 %71'((10)

(99)
Together with (97) and (98), we establish that, with probability larger than 1 — exp(—t2),

~Su | En(V) 2 h 20 1 4 PAD) 1
Dn(a0) |~ h/rta) | <h ’ mr(ao>> () + Calm+ 37 o) 1\ o)

(100)
Under the condition that Err(W) < hy/m(ag), h*Ca2(n) + hCi(n) — 0, P(AS) < hr(ap),
and nhm(ag) > logn, we establish (92) by combining (96) and (100).
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D.1.2 PrROOF OF (91)

Define Z; = —-2 Wik (D:)

\/V/o? nSn

€ R. We rewrite the stochastic error as follows,

1 >r, Weth
= Z;-€/0.
\/\7 nS Z /

We use O to denote the data O = {D;, X;}1<i<pn. Conditioning on O, Z; - €; /o are indepen-
dent random variables with

E(Z; -€/o]|O0)=0

and
n

> Var(Zi-ei/o | 0) =1.

i=1

Define the event

15" 2 502
=3 W2K7 (D;
gO: nZz—ll 1 h( )_1 §1/10 .
ghW(GO)
The high probability inequality in (96) implies
P(Gy)>1—n"¢. (101)

By applying (96) and the fact that |/V(71Kh(DZ)] < C for a positive constant C' > 0, we
obtain that, on the event Gy,
Kp( 1
WiKn(D) < . (102)
\/Zz 1 W2K2 ) nhﬂ'(ao)

It is sufficient to check the Linderberg condition

n n 2
2 - 2 Ei ei T
;E[(Zi-ei/a) 1(1Z; - €i/o| > 1) | O] _;ZiE [21 < ~|z Z |0}
n 2
o | & €i
< ;ZiE [021 ( g =T nhw(a0)> | (’)]
n 2
< 2 & Gl >
< ;ZZ 1I£za<)izE [021 ( IR nhﬂ(ao)) | (’)]

where the first inequality follows from (102) and the last inequality follows from the condi-
tion that E(e7 ™ | D;, X;) < C for some positive constant ¢ > 0 and C' > 0.
Then we apply the Linderberg condition and establish that

n

Z 1%”]0690—”\@1) (103)

nSy,
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By (101) and (103), we have

E (E exp (zt(z Ziei/o)> | (’)] -1g0> — exp(—12/2).
i=1

Together with

E exp (it(z Zz-ei/a)) ~-E (E exp <it(z Z,;ei/a)> O] - 1g0> <P (G,
i=1 i=1
we establish (91).
D.2 Analysis of the Approximation Error
In the following, we show that, with probability larger than 1 — n~=¢,
1~ (Di - a0)2 " ] " 1" Err(W)
—SN"W, |r(Dy) - Y Kn(D:)| < d . +nl,
o 2T D)~ P )] KD S ma 15100 £ - G
(104)
and
1 <~ (D; — ag)? Err(W
LS WP g g (D < EEUYD e, (105)
nSy i=1 2 V 77(@0)
with

logn P(Af)
nhr(ag)  hm(ag)

By the continuity of f” at the point ag, we combine (104) and (105) and establish that,

cu = hC1(n) 4+ h*Cy(n) +

—

EYT(W) " — (a .
. W(ao)+(cu+dnzlz%f(§h‘f (d) — f( 0)|> h. (106)

S WD) K (Dy)
nSn i

D.2.1 PROOF OF (104)

There exists some ¢ € (0,1) such that

r(D;) = f(D;) — f(ao) — (Di — ag) f'(ao)

. 2 L 2
= D 0F () 4 P 00E (91004 4 (D~ a0)) - (a0)].
Hence, we have
% (D)1 QDZ —ag < 1) _ (Di_2a0)2f//(a0)1 <’Di;a0 < 1)’ < |f”(d) B f”(a()) ’

for some d satisfying ag — h < d < ag + h. The above inequality implies that
o~ —~ L 2
LS Wir(Dy)Enp(Di) — £ 0, WitPstol £7(ag) Ky, (D;)

h27(a0) * rfaey Doimt ‘Wi

< x 1" Y .
Ky (D;) N\dirtllilﬁh‘f (d) = £"(a0)|

(107)
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1 n
We now control the term - > %"

1 = |
2 |

(DZ)7

n

Kn(Ds) < %Z ’Wz - (Wi — ﬂw)‘ Kn(Di) + %Z (IWil + |aw |) Kn(Ds)
i=1 i=1

< Ex(W), |~ > Kn(D;) + - > [Wi| K (D
i=1 =1

< Err(W), | - ZKh ) +4h (i iKh(DZ)> )
i=1

where the last inequality follows from the fact that |W;| Kp(D;) < 2hKp(D;). Together
with (48) with t = v/logn, we establish that, with probability larger than 1 — n™¢,

[
n(ag) &1

We establish (104) by combining (107), (108), and (100).

< Err(W)

(ao)

+ h. (108)

D.2.2 PrROOF OF (105)
By the expression W; = (W — pw) + Wi — (W; — fiw ), we have

no__ C_an)? no )2
Ey WPk g i () = % > [ owi - /zw)} (DZQO)f”(ao)Kh(Dz‘)
i=1

i=1
1 - Dz — Q —Q
s 2w B0l g 6, (D) — Z O £ a) (D).
i=1
(109)
By the Cauchy-Schwarz inequality, we have
RN 117 = (D% - a0)2 " )
- ; {W, - (Wi — Mw)} [ (a0)Kn(Di)
< |1 7% 1
< | (ao)| Err(W) - | = (110)

< |f"(ag)| - h* - Brr(W) -

where the last inequality follows from the fact that (D; — ag)*K,(D;) < h*Kp(D;). In
addition, we have

S w P90 bk ()| = ZW Ku(Dy)|, (1)

48



DECORRELATED LOCAL LINEAR ESTIMATOR

and
_ 1 - (DZ aO) " " 1o (D’L aO)Q
.UWEZ 5 f"(a0) Kn(Di)| = | - | £ (ao)] ;Z 5 Kn(Di)
=1 =1 (112)
h? 1 &
< 5 lmwl | (ao)] - > Kn(Dy),
=1

where the last inequality follows from the fact that (D; — ag)?Kp(D;) < h2Ky(D;). We now
apply (48), (52), (54), the decomposition (109) with the error bounds in (110), (111), and
(112). We establish that, with probability larger than 1 — n~¢,

1 1 e~ D;—a 2 "
m n;WZ(QO)f (a0) Kn(D;)
< EW<(V‘3 <hCl( )+ h2Ca(n) + n,lﬁ;lo) * 575243)

Together with (100), we establish (104).

D.3 Proof of (31)

Under the conditions Err( ) < min{vnh3, hy/m(ao)}, h2Ca(n) + hC1(n) — 0, P(A§) <
hr(ag), and nh®w(ag) < ¢, we apply (91), (92) and (106) and estabhsh

" (ns > Waki(D, va >> 4NOL). (1)

It follows from (100) and (32) that, with probability larger than 1 — 1 — min{n,p} ¢ for
some t > 1

1
JV

The condition (A3) implies that

< t? [1 + v/ h3klogplogn (CF(n) + Caf ))} Err(9) .

m(ao)

— ZWA ) Kn(D;)

n =1

1

VvV

2.

7z ZWA i) K (Di)

nog4=1

Combined with (113), we establish the limiting distribution (31).

Appendix Appendix E. Proofs of Extra Lemmas
E.1 Proof of Equation (2)

For any given treatment level a € R, we have:
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EYi(a) | Xi) = (Yi(a) | Di = a, X;)
= E(Y;| Di=1,X;)
= fla) +9(Xi)

where the first equation applies the unconfoundedness condition and the second equation
relies on the consistency condition. Since a is any treatment level, we apply the above
equation to deduce (2).

E.2 Proof of Lemma 3

By Taylor’s expansion, we have for ¢1,co € (0,1)

72 -2
Sut1)+d(u—7) =W +7- (W) + 5 " (n+ar)+é(p) —7-¢' (1) + 5 - ¢"(p+cor)
and
- S / " 500+ (0= et ) + It calt)(e - )|

where c3(t) € (0,1). Hence, we have

1 put+T 7_2
du+71)+d(p—1)— = / P(t)dt = 5 (" (1 + ) + ¢ (u+ co7m))
I

T —T

+7 _ 2
+2 / e o - )

Hence, we establish (86). Note that
ptT ptT
[ = mode= [T [t - wot) + (6w e+ a0t — )]
n—r n—r

where ¢4(t) € (0,1). Hence we establish (87). Note that

olp+7) = d(u—7) =27 ¢ (1 + c57),

for c5 € (—1,1). Hence we establish (88).

E.3 Proof of Lemma 1
E.3.1 PRrROOF OF (40) AND (41)
We start with the expression of E [K}(D;) | Xi],
L (Di | x,)aD,
Sl 2hq K3 7 7

E[Kn(Di) | Xi] = /Di—ao
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By setting z = %, we simplify the above expression as,

1
/||<1 iq(ao + hz | X;)dz =

1 h2,2
2/||<1 [Q(ao | Xi) + haq' (a0 | Xi) + ?q”(ao +c(2)hz | X;)| dz (114)

for some ¢(z) € (0,1). We shall use ¢(z) as a generic function of z throughout the proof
and the specific function ¢(z) can vary from place to place. Hence, we have

1
|E[Ky(D;) | Xi] — qlag | X;)| < th ma>1<q”(a0 +ch | X;). (115)

le|<
By Condition (A2), we have

q"(ap + ch | X;)
1y < O 116
o<1 q(ao | X;) Ao < Caln) (116)

where Cy(n) is defined in (27). Together with (115), we establish (40).
We apply the boundedness of ¢(d) and establish E [K}(D;) | X;] < C for some positive
constant C' > 0. Together with (40), we establish (41).

E.3.2 PROOF OF (42) AND (43)

We first prove (43) by analyzing the term E [(D; — ao)?Kx(D;) | X;]. Similar to (114), we
write down the following explicit expression,

1
E [(D; — ao)*Kn(D;) | Xi] = / b [D; — ag)? 57 4(Di | Xi)dD;
Di—ag |

Di—ao
h

By setting z = , we have

1
E[(D; — ao)’Kn(D;) | Xi] = / 2220000 + h | Xi)dz

. st 2 32,2 (117)
— /Z|§1 §h222 [q(ao | X;) + hzq'(ao | X;) + Tq”(ao +e(2)hz | X;)| dz.
Hence, we have
’E [(D; — a0)*Kx(Dy) | X;] — %hzq(ao | X)| < 1—10h4 ﬂg}fq”(ao +ch | X3). (118)
Then we have ,
Bl ;;Lgs()ajh;)) %] 1 14 < %fﬂ@(n). (119)

Together with (D; — ag)?Kp(D;) < h, we establish (43).
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We now control (42). Similar to (114), we write down the following explicit expression,

E[(D; — a0)K) /

Then we have

E((D; - an) k(D) | %) = | . P2 (a0 + bz | Xp)a

~ag] 50Dy | Xi)d

hZ ’ h22;2 I
= X q(ao | Xi) + hzq'(ao | X;) + —5 4 (ap + c(2)hz | X;)| dz
[z]<1
Hence, we have
E [(Di — ao) Kn(D;) | Xi]
q(ao | Xi)
Hence, together with |(D; — ag)Kp(D;)| < 1, we have (42).

1, < %hQ(Cl(n) + ghCz(n)). (120)

E.3.3 PROOF OF (44) AND (45)

By the iterated expectation, we have
E (W?K;(D;)) =E (W7Kj(Dy) - 14,) + E (W7 K (Dy) - 1 4¢)
=E [E (WK} (D;) | Xi) 14,) + +E (W2KR(Di) - 14¢) -

We first analyze E (W2K72(D;)

Xi) 14,, by noting that

E (W2KZ(Di) | X;) = —E (W2Ku(D:) | X))

h
121)
! {E[(Di — a) K (Dy) | Xi]}? (
= —|E[(Di — a0)’Kn(D;) | X;] — ,
where the last equality follows from the definition of W;.
Note that
1 {E[(D; — ao)Kp(Dy) | Xi]}
— . 1y,
3h2q(ao | Xi) E [Kn(D;) | Xi]
_ 3 {E[(Di —a0)Kn(Di) | Xi]}*  q(ao | X;) 1
P2 P(ag | X)) E[Kn(Dy) [ Xi]
By the above expression, (40), and (120), we establish
1 {E[(Di — ao) K (Dy) | X]}? 1 [(C1(n) + §hCa(n))]?
1 ’ A, <+ 2 . (122)
3h?q(ao | X;) E [Kn (D) | Xi] 3 - %Cg(n)

We apply (121) together with (119) and (122) and establish (44). Since |W;|Kp(D;) < 1,
we have
E (W2KR(D;i)1ac)
hm(ao)
Combining (44) and (123), we establish (45).

3P(AS)
S Tor(ao)

(123)
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E.3.4 PROOF OF (46)
The proof of (46) is similar to that of (45). We first have the following decomposition,

EWZ(DZ - ao)Kh(Di) 5 EWZ(DZ - ao)Kh(Di) : 1A0 + EVVZ(Dz - ao)Kh(Di) : 1-’48'
Since W;(D; — ap)Kp(D;) < h, we have

EWi(Di—ao)Kh(Di)lAC < P( 8)
%hQW(a()) o %hﬂ(ao)‘

(124)

Note that
E [Wi(D; — ao) Kn(D;) | Xi] 1.4,

. V2
= (E [(Di = ao)*Kn(D;) | Xi] — {B[(D: — 20)Kn(Dy) | Xil) > 14,

E [Kn(D;) | Xi]
= E (WZKn(Dy) | Xi) 14,

We apply (44) and (124) to establish (46).

E.3.5 PROOF OF (47)
Note that

(D; — ap)?
2

D; — ag)? D; — ag)?
D=0 ()14 + 0, 0

EW;
W 2

Ky (D;) = EW; Kp(D;) - Lag.

For the first term, we apply the iterated expectation and obtain

7(Di _2 a0)2Kh(Di)1Ao =E {E <WZ(D2 — )’

EW;
W, 2

Kn(D;) | Xi) 1A0] :

(D;i — ao)

E (Wi 5 2Kh(Di) | XZ)

Can)3 )2
=E <(DZ20)K;1<D» | Xz-) —U(X))E <(Dl2°)Kh(Di) | Xi)
E ((Di — ao)Kn(Dy) | Xi) B (25  K(Dy) | X )
E (K (D;) | Xi) '

=E (WKh(Di) | Xi) -

Then it is sufficient to control the terms
E [(Di — a0)’Kn(D;) | Xi] 1.4,,

and
E ((Di - a0)Kn(Di) | X)) B (L2525 K,(Dy) | X;)

E (Kn(Dy) | Xi)

14, (125)
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Since
2

Dz‘ —Qa 2 h
E <<20)Kh(Di) | Xz'> < ?E(Kh(Di) | Xi),
the term in (125) can be upper bounded by

h2
5 E((Di — ao)Kn(Di) | Xi) .

It follows from (120) that

2
DB (D1~ a0)Ku(D2) | X)) 1y S alao | X0) - HH(CL () + SHOo(m). (126)

We control the term E [(D; — ag)*Kp(D;) | X;] in the following.

1
E [(D; — a0)’Kn(Dy) | X;] = / §h3z3q(a0 +hz | X;)dz

|z[<1

1 h2 2
= /| §h323 [q(ao | X3) + hzq/'(ao | X;) + %q”(ag + c(2) | Xz):| dz,
z|<1

and then have

E [(Di — a0)*Kn(Dy) | Xi]
q(ao | Xi)

4
g < % {ol(m + ghcg(m] (ag).

Together with (126) and

(D; — ap)?

5 HKn(Di) - 1ag

‘EW@- < hPP(A5),

we establish (47).

E.4 Proof of Lemma 2

The proofs rely on the Bernstein inequality (Bennett, 1962), which is restated in the fol-
lowing lemma.

Lemma 4 Suppose that {H;}1<i<n are independent zero mean random variables and |H;| <
M almost surely. Then we have

T2%/2
P >T]1 <2 — .
(57| 27) <20 (- s o)
Proof of (48)

We shall apply Lemma 4 by taking H; = K(D;) — E(Kp(D;)). By (41), there exists
0 < ¢ < 1/2 such that

n

> i

i=1

(2 —¢)m(ao) < E (Kp(Di)) < (2 + ¢)m(a). (127)
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Note that |Kp(D;) — E (Kn(D;))| < 1/h and

E (Kj(D;)) = E(Ku(Dy)) /h < (2+ c)m(ag)/h.

By (127) and Lemma 4 with T' = ¢ - max { %‘“) }l}, we establish (48).

Proof of (49)
By the definition of W;, the term % S WiKy,(D;) satisfies

E (711 zn: WZ-Kh(DZ»)> ~0.
i=1

Note that |W;K,(D;)| < 2. By (45), we apply Lemma 4 with 7' = ¢ - max{ nhm(ag), 1}
and establish (49).

Proof of (50)

It follows from (42) that

n 3

E (1 S (- ao)Kh(Di)> _ E(Ds — a)Kn(Ds) < 299 5200y () + gth(n)) +P(AS).
=1

We apply (43) and establish

1

Var ((D; — ag)Kp(D;)) < 7

1
E(D; — ag)’Kn(D;) < ghW(GO)-
Note that |(D; — ag) Kp(D;)| < 1, we apply Lemma 4 with T'=1¢ - max{ nhm(ag), 1} and
establish (50).
Proof of (51)
It follows from (46) that

B (Wi(D; — ag)Kn(D;)) — §h27r(ao) < c§h27r(ao),

for some small positive constant ¢ € (0, 1). Note that
1
Var (W;(D; — ag) Kp(D;)) < +E (W2(D; — a0)’Kn (D)) < BE (K (Dy)),

and

We apply Lemma 4 with T'=1¢ - max{\/nh‘gﬁ(ao), h} and establish (51).
Proof of (52)
The term 5", WiMKh(DZ-) satisfies

E (i Zn: w; i~ ao)” 3 aO)QKh(Di)> —E [Wi(Di 5 ©)° (D)
=1

< hA[C1(n) 4+ hCy(n)] + RPP(AY),
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where the last inequality follows from (47). Note that

h5

(Di — ao)® Kh(Di)) < ZE(Kh(Di))v

2

(D; — ap)*

Var | W;
o :

Kh(Di)> < %E (WE
and ‘WzMKh(Dz)’ < h2. We apply Lemma 4 with T = ¢ - max {\/nh57r(a0), hz} and
establish (52).

Proof of (53). Note that both |W2K?(D;) — EW2KZ(D;)| is upper bounded by a constant
and

1
Var(W7 K (Di)) < EW] K;(D;) < EWZKG(Di) S 5hr(ao),

where the second inequality follows from the fact W2K?(D;) < 1 and the last inequality
follows from (45). We apply Lemma 4 with T'=¢ - max{ nhm(ag), 1} and establish (53).

E.5 Proof of Lemma 3
By Taylor’s expansion, we have for ¢1, ¢ € (0,1)

2 2

P(u+A)+o(n—A) = ¢(u)+A-¢’(u)+%~¢”(u+01A)+¢(u) —A~¢’(u)+%-¢”(u+62ﬁ)

and

A A N2
s et = [T oo+ - oo+ E e e - )t

A u—A u—A

where c3(t) € (0,1). Hence, we have

I A?
d(p+A) + o(p— A) — NN P(t)dt = -5 (¢ (1 + 1) + ¢ (1 + c2A))
.
1 A (t - ﬂ>2 i
+ A/M_A 59" (1 +ca(t)(t — p))dt

Hence, we establish (86). Note that

ptA ntA
/ (t— ) o(t)dt = / [t — o) + (t— w2 (u+ ea()(t — p))] dt (128)

N p—A
where ¢4(t) € (0,1). Hence we establish (87). Note that
Pp+A) = o(p— A) =2A - ¢'(u + c5A), (129)
for ¢5 € (—1,1). Hence we establish (88).
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E.6 Proof of Proposition 1
Note that

i€Z,
+% > [(Q — [F4(Di) — f(Di)] — [§%(Xs) — g(Xi)])Q _ 02]
€Ty
It is sufficient to show that
1 N ,
Tl & [(Q — [FP(Dy) = F(Di)] - [3°(X:) — Q(Xi)]> - 02} 2 0. (130)

For the last hand side of (130), we have the decomposition

2@t X (1P - R0+ ) - (X))
€71,

[Zal i€Z, [ Zal i
. (131)
T (L7°(Ds) = F(D)] + ["(X) = 9(X)] ) -
e eT,
By the law of large numbers, we have
1 2 2\ P
2 _ ) 132
O CEIURT (132)
1€,
Define the event
Ay = {Ex.(7"(X.) = 9(X.))* S Err*(9), Ep.(F(D.) - f(D.)* S Ene(f) |
and by the definition of Err(f) and Err(g), we have
P(A,) > 1 —min{n,p}~“ (133)

In the following analysis, we condition on the data in Z; and take the conditional expectation
as

1

E
| Za|

S (IP(D0) = F(D)] + (X0 — 9(X0))) 1y | T| S Br(F) + Br(@). (131)

1€L,

By the Cauchy inequality, we have

2
B |1‘ >~ e (I°(D) = F(D)) + [°(X) = g(X0)]) - L zb]
e,
1 1 2
<E (r:m > 2) - (Ia, > (1700 = £(Di)] + [3(X0) - g(x)]) - 1A/2) Er

1€1, 1€1,

S o2 (Bn?(f) + Br(g))
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where the least inequality follows from (134) and E(e? | D;, X;) = o%. By the Markov
inequality, we establish that, with probability larger than 1 — % for some ¢t > 1,

1./4’2

71 3 (P00 = £(D)) + 6% - a(X,)))

25 e (P00 — FD0] + 75— (X)) | - Lg
7z

St (Eer( f) + Err? (/g\)) + \/t <Err2( f) + Err2(§)>.

Combined with (132) and (133), we establish o2 B 52 if max{Err(f), Err(g)} — 0.
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Appendix Appendix F. Additional Simulation Results
F.1 Setting 1-4 and Nonlinear Treatment Model

In this section, we present complete simulation results for Setting 1-4 and the nonlinear
treatment model. With p fixed at 1500, The sample sizes are varied across {500,1000,1500,
2000} and ay is varied across {-1.25,-0.5,0.1,0.25,1}. We consider two generating models for
f and g1 as follows:

o f(d) =2exp(—d/2) and g1(z) = 1.5sin(z);
e f(d) =1.5sin(d) and g;(x) = 2exp(—x/2).

The complete results for Setting 1 are summarised in Table A1 and Table A2. Similar
to the results presented in the main paper, our DLL method achieves desired coverage, and
the CI length is close to the confidence interval by the oracle estimator. Besides, our DLL
method outperforms the plug-in method in terms of coverage since the DLL estimator has
a smaller bias. The coverage for the plug-in estimator is relatively good at the boundary
{-1.25,1} since only a few samples are used with the chosen bandwidth, and the standard
error for the plug-in estimator is large, leading to a wide CI.

The complete results for Setting 2 and 3 are in Table A3 and Table A4, respectively.
The results for Setting 2 and Setting 3 are similar to those for Setting 1. For Setting 4,
(D;, X])T follows a t-distribution and we vary the degree of freedom in {10,15}. The results
are reported in Tables A5 and A6. In Settings 3 and 4, we test the robustness of our
proposed method to the violation of assumption in (A2). The results demonstrate that our
proposed DLL method still corrects the bias of the plug-in estimator and attains the desired
coverage level, with the CI length similar to the confidence interval by the oracle estimator.

The complete results of the non-linear treatment model are presented in Table AT.
We see that DLL-S correct more bias than the DLL estimator, and the coverage for DLL-S
improves along with this additional bias-correction. However, the bias for DLL is still smaller
than the plug-in estimator, and better coverage is obtained.
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Setting 1, exactly sparse: f(d) = 1.5sin(d)

Bias SE Coverage CI Length
ap True n DLL Plug Orac | DLL Plug Orac | DLL Plug Orac | DLL Plug Orac
500 | 0.00 0.13 0.03 | 049 048 049 {095 0.93 094 |201 1.90 1.90
195 | -1.00 1000 | 0.02 0.10 0.03 | 0.41 0.40 0.40 | 0.96 094 095 | 1.68 1.60 1.59
1500 | 0.02 0.13 0.01 | 0.38 0.37 0.36 | 0.94 094 096 | 1.51 144 143
2000 | 0.01 0.09 0.02 | 037 036 036 [096 094 095 |1.42 135 135
500 | 0.00 0.15 0.06 | 040 0.39 0.38 {095 094 094|159 150 1.50
2050 | -0.56 1000 | 0.02 0.11 0.04 | 0.32 0.31 031 |0.96 094 095 | 132 125 124
1500 | 0.01 0.13 0.01 | 0.29 0.29 0.29 | 097 095 096 | 119 114 1.13
2000 | 0.03 0.08 0.03 | 028 0.28 0.27 | 095 094 094 |1.12 1.07 1.07
500 | 0.17 030 0.06 | 042 042 041 |0.92 085 092 |1.61 1.53 1.53
010 | 074 1000 | 0.08 0.21 0.04 | 032 0.31 032 095 091 095 |1.34 128 1.27
1500 | 0.07 0.19 0.04 | 0.30 0.30 0.30 | 095 0.88 095|121 1.16 1.15
2000 | 0.07 0.18 0.05 | 0.29 0.28 0.28 | 096 088 095 |1.13 1.09 1.08
500 | 0.17 030 0.08 | 043 041 042|092 0.87 093 |1.67 1.58 1.58
0.25 | 0.94 1000 | 0.08 0.22 0.04 | 035 0.34 035|093 089 094 |138 133 132
1500 | 0.08 0.20 0.04 | 0.30 0.29 030 | 096 091 095 125 120 1.19
2000 | 0.07 0.17 0.04 | 029 029 0.29 |095 0.89 094 |1.17 1.13 1.12
500 | 0.08 0.18 0.00 | 0.61 0.58 0.58 | 0.93 090 093|233 219 219
1.00 | 081 1000 | 0.00 0.12 0.04 | 048 0.47 047 096 094 095 194 183 1.83
1500 | 0.03 0.14 0.01 | 044 043 042 095 093 095 |1.75 166 1.66
2000 | 0.01 0.10 0.02 | 040 039 039 |095 093 095 |1.63 1.55 1.55
Setting 1, approximately sparse: f(d) = 1.5sin(d)
Bias SE Coverage CI Length
ap True n DLL Plug Orac | DLL Plug Orac | DLL Plug Orac | DLL Plug Orac
500 | 0.02 0.08 0.01 | 047 047 050 | 096 094 094 |1.89 1.78 1.92
195 | -1.00 1000 | 0.04 0.06 0.01 | 0.39 038 039 |096 096 096 |1.62 1.56 1.61
1500 | 0.02 0.06 0.01 | 035 0.34 036 | 098 095 096 |147 141 1.44
2000 | 0.03 0.04 0.01 | 034 034 034 |09 095 095 |1.37 1.31 134
500 | 0.03 0.08 0.02 | 038 037 038|095 095 095|148 1.41 1.50
2050 | -0.56 1000 | 0.03 0.07 0.02 | 033 032 032 094 093 094 |1.28 123 1.26
1500 | 0.03 0.06 0.03 | 0.28 0.28 0.28 | 096 095 096 |1.16 1.11 1.14
2000 | 0.02 0.06 0.01 | 028 0.27 0.26 | 096 093 096 |1.08 1.04 1.06
500 | 0.19 029 0.03 | 038 037 039|092 086 096 |1.51 1.44 1.53
0.10 | 0.74 1000 | 0.15 0.25 0.06 | 0.32 0.31 032 | 093 088 095 130 124 1.28
1500 | 0.11 0.20 0.03 | 031 0.30 031 |094 088 093 |117 113 1.15
2000 | 0.10 0.18 0.04 | 0.27 0.27 0.27 | 095 090 094 |1.10 1.05 1.08
500 | 0.21 031 0.06 | 040 0.38 040 |0.92 0.86 095 |1.55 148 1.58
025 | 0.94 1000 | 0.18 0.28 0.09 | 0.32 0.31 032 |0.92 0.87 095|134 128 133
1500 | 0.12 0.21 0.04 | 0.32 0.31 031 |0.92 0.8 094 | 122 117 1.20
2000 | 0.12 0.20 0.06 | 0.28 0.27 0.28 | 095 087 095|113 1.09 1.11
500 | 0.12 0.19 0.01 | 0.58 0.57 0.58 | 092 0.90 0.93 |219 207 221
1.00 | 081 1000 | 0.04 0.12 0.02 | 046 0.45 0.46 |0.96 094 095 | 1.8 1.79 1.86
1500 | 0.01 0.07 0.04 | 0.42 0.42 0.44 | 095 094 095 | 1.70 1.62 1.67
2000 | 0.05 0.12 0.01 | 040 039 039 [094 093 095 | 1.58 152 1.55

Table Al: Comparison of DLL, plug-in (Plug), oracle (Orac) estimators in Setting 1 when f(d) =
1.5sin(d), across different sample sizes n and evaluation points ag with p = 1500. The
column indexed with “True” represents the true value of f/(ap). The columns indexed
with “Bias” and “SE” report the absolute bias and the standard error computed by
500 estimates, respectively; the columns indexed with “Coverage” report the empirical
coverage level and the columns indexed with “Length” report the average CI length.
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Setting 1, exactly sparse: f(d) = 2exp(—d/2)

Bias SE Coverage CI Length
ap True n DLL Plug Orac | DLL Plug Orac | DLL Plug Orac | DLL Plug Orac
500 | 0.03 0.14 0.01 | 030 0.29 0.25 (09 092 095|119 111 0.94
195 | -0.41 1000 | 0.05 0.16 0.02 | 0.24 0.23 0.18 | 0.94 0.88 095 |0.92 0.87 0.70
1500 | 0.02 0.13 0.01 | 0.21 0.21 0.15 | 0.94 090 095 |0.82 0.78 0.62
2000 | 0.02 0.12 0.01 | 020 0.19 0.15 | 095 089 095 |0.74 0.71 0.56
500 | 0.00 0.01 0.02 |024 0.23 0.20 ({09 094 092|093 087 0.73
2050 | -0.52 1000 | 0.01 0.00 0.03 | 0.19 0.19 0.15 |0.93 093 092 |0.73 0.69 0.55
1500 | 0.02 0.00 0.02 | 0.16 0.16 0.12 |0.95 094 092 | 0.65 0.62 048
2000 | 0.02 0.00 0.03 | 0.15 0.15 0.11 | 095 095 093 | 059 056 0.44
500 | 0.01 0.13 0.01 | 025 0.24 0.20 {094 0.90 0.94 |094 0.89 0.75
010 | -0.40 1000 | 0.01 0.10 0.00 | 0.19 0.18 0.15 |0.95 090 094 |0.74 0.70 0.56
1500 | 0.01 0.09 0.00 | 0.16 0.16 0.12 | 096 092 0.95 |0.66 0.63 0.49
2000 | 0.02 0.07 0.01 | 0.15 0.15 0.12 |0.96 0.92 094 | 0.60 0.57 0.45
500 | 0.01 0.14 0.01 | 026 0.25 0.21 |0.95 0.90 095|097 092 0.77
025 | -0.35 1000 | 0.01 0.12 0.00 | 0.20 0.19 0.15 | 095 0.88 0.96 |0.76 0.73 0.58
1500 | 0.02 0.11 0.01 | 0.17 0.16 0.13 | 095 091 0.95 | 0.68 0.65 0.51
2000 | 0.02 0.09 0.02 |0.16 0.15 012 |095 092 095 |0.62 0.59 0.46
500 | 0.01 020 0.03 |037 035 029|094 091 093|137 129 1.07
1.00 | -0.15 1000 | 0.04 0.14 0.02 | 0.28 0.27 0.21 | 095 092 095 |1.06 1.01 0.80
1500 | 0.02 0.14 0.02 | 0.25 0.24 0.19 |096 090 095|094 090 0.71
2000 | 0.01 0.14 0.01 | 0.23 0.23 0.17 | 093 089 094 |08 0.83 0.64
Setting 1, approximately sparse: f(d) = 2exp(—d/2)
Bias SE Coverage CI Length
ap True n DLL Plug Orac | DLL Plug Orac | DLL Plug Orac | DLL Plug Orac
500 | 0.01 0.08 0.01 | 0.29 028 0.24 |095 094 096 |1.11 1.03 0.92
195 | -0.41 1000 | 0.01 0.08 0.01 | 0.22 0.22 0.19 | 096 093 095|089 084 0.71
1500 | 0.02 0.09 0.02 | 021 0.21 0.16 | 095 093 094 | 080 0.76 0.62
2000 | 0.01 0.06 0.01 |0.19 0.18 0.15 094 093 095 |0.73 0.69 0.57
500 | 0.05 0.08 0.03 | 023 022 0.19 {092 0.89 092 |0.87 0.82 0.72
2050 | -0.52 1000 | 0.03 0.04 0.03 | 0.19 0.18 0.15 | 093 092 092 | 070 0.67 0.56
1500 | 0.02 0.03 0.02 | 0.17 0.16 0.12 | 092 091 0.95 | 0.63 0.60 0.49
2000 | 0.01 0.02 0.01 | 0.15 0.14 0.12 |0.95 0.92 094 | 0.57 0.55 0.45
500 | 0.01 0.15 0.02 | 0.23 0.23 0.20 {095 0.90 0.95 |0.89 0.84 0.74
0.10 | -0.40 1000 | 0.00 0.13 0.00 | 0.19 0.18 0.15 | 093 086 094 |[0.71 0.68 0.57
1500 | 0.01 0.12 0.00 | 0.16 0.15 0.13 | 095 0.86 094 |0.64 0.61 0.50
2000 | 0.01 0.10 0.01 | 0.15 0.15 0.11 | 095 086 096 | 0.58 0.56 0.46
500 | 0.00 0.16 0.03 | 023 0.22 0.21 |0.96 090 093|091 0.8 0.76
095 | -0.35 1000 | 0.00 0.15 0.00 | 0.20 0.19 0.16 | 0.92 0.86 094 | 0.74 0.70 0.58
1500 | 0.01 0.14 0.00 | 0.16 0.16 0.13 | 0.96 0.85 0.95 | 0.66 0.63 0.52
2000 | 0.02 0.11 0.01 | 0.15 0.15 0.12 | 096 088 095 | 0.60 0.58 047
500 | 0.01 023 002|035 033 030|094 088 092|128 1.22 1.07
1.00 | -0.15 1000 | 0.02 0.17 0.02 | 0.29 0.27 0.23 | 094 0.89 093 | 1.03 098 0.82
1500 | 0.01 0.16 0.01 | 0.23 0.23 0.17 | 0.93 0.89 0.95 | 0.92 0.88 0.72
2000 | 0.00 0.15 0.01 |0.22 021 0.18 | 095 087 094 | 084 081 0.66

Table A2: Comparison of DLL, plug-in (Plug), oracle (Orac) estimators in Setting 1 when f(d) =
2 exp(—d/2), across different sample sizes n and evaluation points ag with p = 1500. The
column indexed with “True” represents the true value of f/(ap). The columns indexed
with “Bias” and “SE” report the absolute bias and the standard error computed by
500 estimates, respectively; the columns indexed with “Coverage” report the empirical
coverage level and the columns indexed with “Length” report the average CI length.
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Setting 2, exactly sparse: f(d) = 1.5sin(d)

Bias SE Coverage CI Length
ap True n DLL Plug Orac | DLL Plug Orac | DLL Plug Orac | DLL Plug Orac
500 | 0.12 038 0.06 | 048 047 048 {094 087 094|192 1.84 1.89
195 | 047 1000 | 0.04 0.26 0.02 | 0.41 0.41 0.42 | 095 090 094 | 1.64 158 1.58
1500 | 0.03 0.21 0.02 | 0.39 0.39 0.38 |0.96 090 095|149 144 144
2000 | 0.03 0.19 0.00 | 0.34 034 033 [094 092 094 [ 139 136 135
500 | 0.19 044 0.03 | 037 037 038|091 0.77 094 | 149 1.43 147
050 | 1.32 1000 | 0.07 0.30 0.01 | 0.31 0.31 0.31 |0.96 0.83 094|129 125 1.25
1500 | 0.06 0.25 0.02 | 0.29 0.29 0.29 |0.95 085 095|117 113 1.14
2000 | 0.04 0.22 0.01 | 029 029 028 |094 086 095 |1.10 1.07 1.07
500 | 021 046 002|039 038 039 {091 072 094|151 145 1.49
010 | 1.49 1000 | 0.07 0.31 0.00 | 0.34 0.33 033 | 093 083 093 |1.31 127 1.27
1500 | 0.05 0.26 0.01 | 0.31 0.30 0.29 | 094 0.86 095|118 1.15 1.15
2000 | 0.05 0.24 0.02 | 0.29 028 028 |094 086 096 |1.12 1.08 1.08
500 | 0.20 045 0.00 | 041 039 039|091 0.77 094 | 1.56 1.50 1.55
025 | 1.45 1000 | 0.07 031 0.01 | 035 0.34 035|094 083 094 |135 132 132
1500 | 0.07 0.27 0.03 | 031 031 030 | 096 084 096 |[1.22 119 1.18
2000 | 0.05 0.24 0.02 | 0.28 0.28 0.28 | 0.95 0.87 096 |1.15 1.12 1.12
500 | 0.17 038 0.00 | 0.562 0.51 054 | 096 090 094|219 2.06 2.15
1.00 | 081 1000 | 0.05 0.25 0.04 | 0.50 0.49 050 | 095 089 093 [1.89 181 1.83
1500 | 0.02 0.19 0.04 | 044 043 043 |094 092 094 |1.71 165 1.65
2000 | 0.03 0.18 0.00 | 0.41 040 0.40 | 095 092 095 |1.60 1.56 1.56
Setting 2, exactly sparse: f(d) = 2exp(—d/2)
Bias SE Coverage CI Length
ap True n DLL Plug Orac | DLL Plug Orac | DLL Plug Orac | DLL Plug Orac
500 | 0.04 023 0.03 | 044 043 041 |095 090 094 |1.70 1.62 1.57
195 | -1.87 1000 | 0.01 0.16 0.01 | 0.37 0.36 035 095 092 094 143 139 134
1500 | 0.01 0.16 0.02 | 034 033 032 094 091 093 |[1.30 127 1.24
2000 | 0.00 0.13 0.00 | 0.30 0.29 0.29 | 096 0.95 096 |1.21 1.18 1.15
500 | 0.04 0.27 0.01 | 037 036 032|093 083 094|134 129 1.24
2050 | -1.28 1000 | 0.01 0.19 0.01 | 0.30 0.29 027 | 094 089 094 [1.13 1.09 1.06
1500 | 0.04 0.20 0.03 | 0.27 0.27 0.26 | 094 085 094 |[1.02 1.00 097
2000 | 0.01 0.13 0.01 | 0.23 0.22 0.22 | 097 093 096 | 095 092 091
500 | 0.07 032 0.01 | 034 034 032095 083 095|137 131 1.26
0.10 | -0.95 1000 | 0.02 0.22 0.00 | 0.30 0.30 0.27 | 093 085 095 114 110 1.07
1500 | 0.00 0.17 0.01 | 0.25 0.25 024 | 096 090 096 |1.04 1.01 0.99
2000 | 0.01 0.14 0.01 | 024 024 0.23 | 096 092 095|097 094 0.92
500 | 0.06 031 0.01 | 036 035 034|094 086 094|141 135 1.30
095 | -0.88 1000 | 0.01 0.22 0.00 | 0.30 0.30 0.28 | 0.96 0.88 096 |1.18 1.14 1.10
1500 | 0.02 0.19 0.02 | 0.28 0.27 0.26 | 0.95 0.89 0.95 | 1.07 1.04 1.02
2000 | 0.01 0.14 0.02 | 024 024 023 [ 096 092 097 |1.00 097 0.95
500 | 0.05 027 001 | 048 047 045 095 092 095|197 187 181
1.00 | -0.61 1000 | 0.02 0.17 0.02 | 0.41 0.40 0.40 | 0.95 092 095 | 1.65 158 1.54
1500 | 0.00 0.16 0.00 | 0.37 0.37 0.36 | 0.95 0.92 0.95 | 1.50 1.45 1.42
2000 | 0.01 0.15 0.00 | 0.37 036 036 | 094 092 094 | 139 136 1.33

Table A3: Comparison of DLL, plug-in (Plug), oracle (Orac) estimators in Setting 2, across different
sample sizes n and evaluation points ag with p = 1500. The column indexed with “True”
represents the true value of f’(ag). The columns indexed with “Bias” and “SE” report
the absolute bias and the standard error computed by 500 estimates, respectively; the
columns indexed with “Coverage” report the empirical coverage level and the columns
indexed with “Length” report the average CI length.
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Setting 3, exactly sparse: f(d) = 1.5sin(d)

Bias SE Coverage CI Length
ap True n DLL Plug Orac | DLL Plug Orac | DLL Plug Orac | DLL Plug Orac
500 | 0.12 032 0.02 | 072 071 0.70 {095 0.92 0.94 | 285 277 2.62
195 | 047 1000 | 0.02 0.19 0.02 | 0.62 0.62 0.57 | 0.96 0.92 096 | 242 236 2.23
1500 | 0.03 0.17 0.00 | 0.61 0.60 0.56 | 0.94 090 094 | 219 216 2.04
2000 | 0.01 0.13 0.02 | 0.51 051 049 | 096 094 095 | 206 202 193
500 | 0.10 0.24 0.02 | 077 0.76 0.70 {093 091 0.94 | 282 275 2.60
050 | 1.32 1000 | 0.00 0.14 0.01 | 0.62 0.60 0.55 | 0.96 0.95 096 |241 238 2.26
1500 | 0.04 0.17 0.04 | 0.57 0.57 0.52 | 0.95 095 096 | 219 218 2.06
2000 | 0.02 0.11 0.01 | 048 048 045 | 098 096 096 |2.05 204 194
500 | 0.12 024 001|071 070 0.69 {094 0.92 093|281 273 2.60
010 | 1.49 1000 | 0.05 0.19 0.05 | 0.63 0.63 0.60 | 095 093 095 |242 239 2.26
1500 | 0.04 0.15 0.02 | 0.57 0.56 0.55 | 0.96 0.94 0.95 | 219 216 2.05
2000 | 0.01 0.10 0.00 | 0.54 0.54 052 | 095 094 093 |2.05 2.01 1.92
500 | 0.08 0.21 0.00 | 0.72 0.71 0.68 | 094 0.93 094|279 273 2.59
025 | 1.45 1000 | 0.04 0.17 0.03 | 0.62 0.62 0.58 | 095 094 095 |241 238 225
1500 | 0.03 0.15 0.02 | 0.56 0.55 0.52 | 095 093 094 |218 214 2.04
2000 | 0.02 0.09 0.01 | 0.50 050 049 |096 095 095 |2.05 2.02 1.92
500 | 0.09 0.27 0.02 | 070 0.69 065|096 094 095|282 272 261
1.00 | 081 1000 | 0.03 0.17 0.00 | 0.60 0.59 0.58 | 097 095 096 |242 235 2.23
1500 | 0.04 0.17 0.03 | 0.58 0.58 0.56 | 095 094 094 219 214 2.04
2000 | 0.02 0.14 0.03 | 0.52 051 048 | 095 094 095|205 202 193
Setting 3, exactly sparse: f(d) = 2exp(—d/2)
Bias SE Coverage CI Length
ap True n DLL Plug Orac | DLL Plug Orac | DLL Plug Orac | DLL Plug Orac
500 | 0.07 0.15 0.02 | 045 044 045|096 092 094 |1.80 1.76 1.74
195 | -1.87 1000 | 0.05 0.11 0.01 | 042 041 042|093 092 092 |155 1.53 1.51
1500 | 0.02 0.11 0.01 | 0.38 0.37 037 095 092 093 141 139 137
2000 | 0.04 0.08 0.02 |035 036 034 094 093 096 |1.33 1.32 1.29
500 | 0.00 0.13 0.03 | 046 046 045|095 093 094 |1.78 1.75 1.75
2050 | -1.28 1000 | 0.01 0.13 0.01 | 0.40 0.40 038 | 095 092 095 155 152 1.50
1500 | 0.01 0.11 0.01 | 036 0.35 036 095 095 094 |[141 139 137
2000 | 0.02 0.08 0.00 | 035 034 033 |09 095 095 |1.33 1.32 129
500 | 0.05 0.17 0.01 | 049 049 046 |094 091 094 |1.79 1.75 1.76
0.10 | -0.95 1000 | 0.01 0.12 0.01 | 041 040 040 |094 094 093 |1.54 152 1.51
1500 | 0.03 0.08 0.01 | 035 035 035 095 094 095|141 139 138
2000 | 0.01 0.10 0.01 | 034 034 034 |094 093 093 | 133 131 1.28
500 | 0.07 020 0.04 | 048 047 047 |094 092 094 |1.79 1.75 1.76
095 | -0.88 1000 | 0.03 0.15 0.02 | 0.38 0.38 0.38 | 0.97 095 095 | 154 152 1.50
1500 | 0.02 0.09 0.01 | 0.36 0.36 0.34 | 0.95 093 095|141 139 138
2000 | 0.00 0.11 0.02 | 034 033 032 095 094 095 |133 131 1.29
500 | 0.04 0.14 0.03 | 047 046 046 {094 091 095 |1.78 1.73 1.77
1.00 | -0.61 1000 | 0.02 0.12 0.01 | 0.41 0.40 0.39 | 094 092 095 | 154 150 1.50
1500 | 0.01 0.11 0.02 | 0.37 0.37 0.36 | 0.95 093 095 | 141 138 1.37
2000 | 0.00 0.10 0.02 | 036 035 034 094 092 094 | 133 131 1.29

Table A4: Comparison of DLL, plug-in (Plug), oracle (Orac) estimators in Setting 3, across different
sample sizes n and evaluation points ag with p = 1500. The column indexed with “True”
represents the true value of f’(ag). The columns indexed with “Bias” and “SE” report
the absolute bias and the standard error computed by 500 estimates, respectively; the
columns indexed with “Coverage” report the empirical coverage level and the columns
indexed with “Length” report the average CI length.

63




GUoO, YUAN AND ZHANG

Setting 4, exactly sparse: f(d) = 1.5sin(d) and df=10

Bias SE Coverage CI Length
ap True n DLL Plug Orac | DLL Plug Orac | DLL Plug Orac | DLL Plug Orac
500 | 0.13 0.27 0.00 | 048 048 049 |094 0.88 094 |1.84 1.76 1.82
1000 | 0.04 0.13 0.00 | 0.41 0.41 0.41 |0.95 092 092 | 155 147 1.46

-1.25 1 0.47 1500 | 0.01 0.04 0.03 | 0.33 0.33 0.31 |0.97 095 097 | 1.37 131 1.27
2000 | 0.02 0.00 0.04 | 033 033 032 094 092 093 |1.28 121 1.17
500 | 0.16 033 001 | 036 036 036|092 082 095|141 1.35 141
050 | 1.32 1000 | 0.08 0.22 0.01 | 0.30 0.29 0.30 | 096 0.86 0.94 |119 1.11 1.11
1500 | 0.05 0.16 0.01 | 0.27 0.27 0.25 | 0.94 0.88 0.95 | 1.05 0.98 0.97
2000 | 0.03 0.13 0.01 | 0.23 0.23 0.22 | 096 091 0.95 |0.98 0.92 0.90
500 | 0.17 036 0.04 | 034 033 032 (092 078 095|133 1.27 1.32
010 | 1.49 1000 | 0.10 0.28 0.03 | 0.29 0.28 0.28 | 0.94 0.80 095 | 113 1.06 1.06
1500 | 0.06 0.23 0.02 | 0.24 0.24 023 | 096 0.83 097 |1.00 094 0.92
2000 | 0.04 0.21 0.01 | 0.23 0.23 0.23 | 095 0.83 093|093 0.88 0.85
500 | 0.18 038 0.056 | 035 035 035 (089 0.76 094 |1.34 128 1.34
095 | 1.45 1000 | 0.10 0.29 0.01 | 0.29 0.28 0.28 | 093 078 093 |1.14 1.07 1.08
1500 | 0.06 0.24 0.01 | 0.24 0.24 024 096 083 096 |[1.01 095 094
2000 | 0.07 0.24 0.03 | 023 0.23 0.21 | 095 080 097 |0.94 0.89 0.86
500 | 0.12 030 0.04 | 042 041 043 |096 0.8 094 |1.64 154 1.64
1.00 | 081 1000 | 0.09 0.26 0.01 | 0.34 033 033 |09 089 094 |138 131 1.31

1500 | 0.05 0.22 0.01 | 031 0.31 0.30 | 094 0.86 095|123 116 1.14

2000 | 0.05 0.22 0.00 | 0.28 0.28 0.27 | 097 0.87 093 | 1.15 1.08 1.05

Setting 4, exactly sparse: f(d) = 2exp(—d/2) and df=10
Bias SE Coverage CI Length

ap True n DLL Plug Orac | DLL Plug Orac | DLL Plug Orac | DLL Plug Orac

500 | 0.05 0.19 0.04 | 044 044 045|095 093 095|180 1.70 1.81

1000 | 0.06 0.20 0.04 | 0.40 0.39 0.40 | 0.95 090 095 |1.61 1.52 1.58

-1.25 | -1.87 1500 | 0.02 0.15 0.02 | 0.37 0.37 0.37 | 0.95 0.92 0.94 | 1.49 141 1.45
2000 | 0.03 0.15 0.02 | 0.33 0.33 0.34 | 097 093 096 | 1.41 134 1.38
500 | 0.03 022 0.04 |0.35 0.35 036 | 094 0.89 0.94 | 1.38 1.31 1.39
050 | .98 | 1000 | 0.03 020 001 | 031 030 030|096 089 095|123 116 1.20
1500 | 0.03 0.18 0.01 | 0.29 0.29 0.29 | 0.96 0.90 094 | 1.14 1.08 1.11
2000 | 0.02 0.16 0.01 | 0.26 0.25 0.27 | 097 092 095 |1.08 1.01 1.05
500 | 0.07 026 0.0l |0.34 0.33 033|094 0.88 095|131 125 1.32
010 | .0.05 | 1000 | 0.04 019 0.00 | 0.25 028 028|096 089 096 | 117 110 114
1500 | 0.01 0.15 0.00 | 0.27 0.26 028 | 0.96 0.90 0.94 | 1.08 1.01 1.05
2000 | 0.03 0.15 0.01 | 0.27 026 0.27 | 094 087 093 |1.02 0.96 1.00
500 | 0.08 026 0.0l |0.33 0.32 032|093 0.86 0.96 | 1.32 1.26 1.33
095 | _o.gg | 1000 | 0.02 017 0.01 | 0.30 029 030 | 0.96 090 094|118 111 115
1500 | 0.01 0.14 0.00 | 0.26 0.26 027 | 0.97 091 0.96 | 1.09 1.03 1.06
2000 | 0.01 0.14 0.01 | 025 025 0.26 |096 091 095 |1.04 0.97 1.01
500 | 0.01 0.13 0.03 | 0.41 0.40 042 | 095 0.92 094 | 1.61 149 1.61
100 | 0.1 | 1000|001 009 001|035 035 036|098 093 093|144 135 141

1500 | 0.00 0.08 0.01 | 032 032 033 096 095 095 133 1.25 1.29
2000 | 0.01 0.06 0.01 | 0.30 0.29 030 [096 094 094 |1.26 1.18 1.22

Table A5: Comparison of DLL, plug-in (Plug), oracle (Orac) estimators in Setting 4 with df =
10, across different sample sizes n and evaluation points ag with p = 1500. The column
indexed with “True” represents the true value of f’(ag). The columns indexed with “Bias”
and “SE” report the absolute bias and the standard error computed by 500 estimates,
respectively; the columns indexed with “Coverage” report the empirical coverage level
and the columns indexed with “Length” report the average CI length.
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Setting 4, exactly sparse: f(d) = 1.5sin(d) and df=15

Bias SE Coverage CI Length
ap True n DLL Plug Orac | DLL Plug Orac | DLL Plug Orac | DLL Plug Orac
500 | 0.17 036 0.01 | 048 047 048 {094 0.88 097 | 197 191 1.99
1000 | 0.09 0.23 0.04 | 0.44 0.43 0.41 094 090 095|169 1.62 1.62

-1.25 1 0.47 1500 | 0.01 0.11 0.03 | 0.39 0.38 0.38 | 0.96 094 094 | 1.53 148 1.45
2000 | 0.00 0.08 0.02 | 033 033 033 | 097 096 095 | 141 136 1.34
500 [ 0.19 039 0.05 ]036 035 037|093 078 094 | 147 1.41 147
050 | 1.32 1000 | 0.07 0.24 0.02 | 0.31 0.30 0.31 | 0.95 0.87 095|126 121 1.22
1500 | 0.04 0.18 0.01 | 0.28 0.28 0.28 |0.96 091 095|114 1.09 1.09
2000 | 0.02 0.14 0.01 | 026 0.25 025|097 093 095 |1.06 1.01 1.00
500 | 0.15 036 0.00 | 0.36 036 035|092 0.77 096 |1.39 133 1.39
010 | 1.49 1000 | 0.07 0.27 0.02 | 0.30 0.30 0.30 | 095 0.82 095|120 115 1.15
1500 | 0.07 0.26 0.03 | 0.26 0.25 0.26 | 0.96 0.87 094 |1.08 1.04 1.03
2000 | 0.06 0.23 0.03 | 0.25 0.24 0.23 | 095 0.84 095 |1.01 096 0.95
500 | 0.17 038 0.02 | 0.36 036 034 | 090 0.77 095 | 1.41 1.35 1.42
095 | 1.45 1000 | 0.07 0.27 0.01 | 031 0.31 030 [ 095 084 095 121 116 1.17
1500 | 0.04 0.23 0.01 | 0.26 0.26 0.25 | 097 087 096 |[1.09 1.05 1.04
2000 | 0.04 0.22 0.01 | 026 0.26 025|094 088 095 |1.02 0.97 0.96
500 | 0.16 034 0.03 | 043 043 046 |095 085 094 |1.74 164 1.73
1.00 | 081 1000 | 0.07 0.26 0.00 | 0.39 0.38 038 | 094 087 094 149 143 1.44

1500 | 0.05 0.23 0.00 | 0.34 0.33 0.34 | 095 090 094 |1.35 129 1.28

2000 | 0.04 0.20 0.00 | 031 030 030 |096 090 095 |1.25 1.20 1.18

Setting 4, exactly sparse: f(d) = 2exp(—d/2) and df=15
Bias SE Coverage CI Length

ap True n DLL Plug Orac | DLL Plug Orac | DLL Plug Orac | DLL Plug Orac

500 | 0.04 021 0.02 |046 045 044 {093 0.89 095|178 1.70 1.73

1000 | 0.01 0.16 0.00 | 0.40 0.39 0.40 |0.96 092 093 | 155 149 1.50

-1.25 | -187 1500 | 0.01 0.16 0.01 | 036 0.36 035 096 091 096 144 139 1.38
2000 | 0.01 0.14 0.01 | 032 032 031 |096 094 096 |1.34 1.30 1.30
500 | 0.06 0.27 0.01 | 033 033 033|095 087 094|134 131 1.32
2050 | -1.28 1000 | 0.00 0.18 0.01 | 0.30 0.30 0.29 | 095 0.89 095|116 1.11 1.12
1500 | 0.00 0.16 0.01 | 0.29 0.28 0.28 | 093 090 095 |1.07 1.04 1.04
2000 | 0.01 0.16 0.01 |0.26 0.26 0.26 | 095 092 094 |1.01 097 097
500 | 0.0r 0.27 0.01 | 031 031 030|094 085 096 |1.27 1.22 1.25
0.10 | -0.95 1000 | 0.02 0.19 0.00 | 0.28 0.27 0.28 | 094 090 092 |1.10 1.05 1.06
1500 | 0.01 0.15 0.01 | 0.26 0.26 0.25 | 095 091 095 |1.01 097 098
2000 | 0.01 0.12 0.01 | 0.24 024 024 | 095 092 094 | 096 092 0.92
500 | 0.06 0.26 0.01 | 033 032 032|095 087 093|129 123 1.27
0.25 | -0.88 1000 | 0.02 0.18 0.00 | 0.28 0.28 0.27 | 0.95 0.90 0.95 | 1.11 1.07 1.07
1500 | 0.01 0.14 0.00 | 0.24 0.24 0.24 | 097 092 096 | 1.03 098 0.99
2000 | 0.02 0.14 0.02 | 025 0.25 0.25 |094 091 094 | 097 093 093
500 | 0.00 0.15 0.05 |042 041 041 {093 092 092|159 149 1.56
1.00 | -0.61 1000 | 0.01 0.13 0.00 | 0.32 0.31 0.32 | 097 095 096 |1.38 131 1.33

1500 | 0.01 0.09 0.01 | 0.30 0.30 0.30 | 0.97 0.95 096 | 127 121 1.22
2000 | 0.01 0.08 0.00 | 029 029 029 [095 093 094 |1.19 114 1.15

Table A6: Comparison of DLL, plug-in (Plug), oracle (Orac) estimators in Setting 4 with df =
15, across different sample sizes n and evaluation points ag with p = 1500. The column
indexed with “True” represents the true value of f’(ag). The columns indexed with “Bias”
and “SE” report the absolute bias, and the standard error computed by 500 estimates,
respectively; the columns indexed with “Coverage” report the empirical coverage level
and the columns indexed with “Length” report the average CI length.
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Non-linear Treatment Model, exactly sparse: f(d) = 1.5sin(d)

Bias Coverage Length

agp True n DLL DLL-S Plug Orac | DLL DLL-S Plug Orac | DLL DLL-S Plug Orac

500 | 0.29 0.12 033 0.01 094 095 090 090 |436 427 341 3.60
1000 | 0.21  0.13 0.22 0.06 | 094 096 091 093 |355 361 331 3.51

-125 ) 0.47 1500 | 0.06 0.11 0.07 0.15 | 094 096 091 092 |324 324 310 3.25
2000 | 0.18 0.12 0.19 0.01 | 0.96 095 093 094 | 298 3.02 284 295
500 {032 026 036 0.01 090 093 087 095|204 208 197 220
050 | 1.32 1000 | 0.24 0.15 0.27 0.00 | 093 094 090 094 |1.78 180 1.71 1.81
1500 | 0.18 0.10 0.21 0.02 | 094 094 091 096 |1.61 1.65 1.55 1.61
2000 | 0.14 0.08 0.17 0.01 | 092 095 090 0.95 | 150 1.52 145 1.51
500 | 0.31 0.23 037 0.01 084 091 078 095|140 144 1.34 1.50
010 | 1.49 1000 | 0.20 0.12 0.25 0.00 | 0.87 093 083 095|124 124 118 125
1500 | 0.18 0.10 0.23 0.03 | 092 095 088 096 |1.12 1.14 1.07 1.12
2000 | 0.13 0.08 0.17 0.00 | 091 094 087 094 |1.05 1.06 1.01 1.05
500 | 0.33 0.23 039 0.06 | 0.80 087 074 094|134 136 1.28 1.42
025 | 145 1000 | 0.19 0.12 0.24 0.01 | 090 092 08 095|117 118 1.12 1.19
1500 | 0.16 0.10 0.21 0.02 | 092 095 087 095 |1.06 1.07 1.02 1.06
2000 | 0.13 0.08 0.18 0.00 | 0.91 095 087 0.95 |1.00 0.99 095 0.99
500 | 0.20 019 026 0.02 |09 092 08 095|131 132 123 1.38
1.00 | 081 1000 | 0.16 0.13 0.21 0.01 | 092 093 087 094 |115 114 110 1.16

1500 | 0.13 0.11 0.17 0.01 {093 093 086 096 |1.04 1.05 099 1.04
2000 | 0.11 0.09 0.15 0.01 [ 093 093 088 094|098 097 092 0.97
Non-linear Treatment Model, exactly sparse: f(d) = 2exp(—d/2)

Bias Coverage Length
ap True n DLL DLL-S Plug Orac | DLL DLL-S Plug Orac | DLL DLL-S Plug Orac
500 | 0.11 012 0.11 0.09 | 094 094 091 091 |28 289 268 281
1000 | 0.03 0.09 0.02 0.04 | 095 094 093 092|239 242 231 235

-125 | -1.87 1500 | 0.01 0.03 0.00 0.02 | 0.97 0.95 0.95 096 |217 222 211 213
2000 | 0.06 0.02 004 0.05 ]0.94 096 0.92 093|205 208 201 2.04
500 | 0.03 0.03 0.07 0.0l |[096 0.95 094 094 |1.43 1.46 1.38 1.42
050 | .08 | 1000|001 000 0.04 004|096 094 095 095|122 125 119 121
1500 | 0.02 0.01 0.05 0.02 |0.95 094 094 095|111 114 1.08 1.09
2000 | 0.01 0.03 004 003 ]093 094 092 093|104 107 1.02 1.03
500 | 0.10 0.08 0.14 001 |094 092 092 094 |1.00 1.02 096 1.00
0.10 | 0.5 | 1000 | 0.08 0.06 0.2 000|092 095 090 094 085 087 083 084
1500 | 0.05 0.05 0.10 0.00 | 0.95 0.95 093 0.94 078 079 0.76 0.77
2000 | 0.05 0.03 010 0.01 | 095 094 092 095|073 074 071 0.72
500 | 0.11 0.10 0.15 0.00 | 0.92 092 0.88 0.95 |0.94 096 091 0.94
025 | 0.8 | 1000 | 0.09 007 013 002093 092 090 094|081 082 079 0.80
1500 | 0.04 0.06 0.09 001 | 094 093 091 093|074 075 072 0.73
2000 | 0.04 0.05 009 001 |0.95 093 093 095|069 070 068 0.68
500 | 0.11 0.16 0.16 0.0l |0.92 0.88 086 0.95 |093 093 090 093
100 | 06 | 1000|007 012 012 001|093 0.90 090 095|080 079 077 078

1500 | 0.08 0.07 0.13 0.01 {092 093 087 095|073 073 071 0.71
2000 | 0.06 0.07 0.11 0.00 | 0.92 093 0.87 0.94 | 0.68 0.68 0.67 0.67

Table A7: Comparison of DLL, DLL-S, plug-in (Plug), oracle (Orac) estimators for the non-linear
treatment model, across different sample sizes n and evaluation points ag with p = 1500.
The column indexed with “True” represents the true value of f/(ap). The columns indexed
with “Bias” report the absolute bias; the columns indexed with “Coverage” report the
empirical coverage and the columns indexed with “Length” report the average CI length.
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F.2 Other Bandwidth Selection Methods

We also investigate the performances of DLL, plug-in (Plug), and oracle (Orac) estimators
using other bandwidth selection methods: the methods regCVBwSelC() implemented in
Cabrera (2018) and npregbw() implemented in Hayfield and Racine (2008). We generate
X, D; as in Setting 2, and generate the outcome model as the exactly sparse model. The
results are summarised in Table A8 and Table A9. We observe that using these two band-
width selection methods might lead to a bad coverage for DLL, or a wide confidence interval.
For the undercoverage settings for DLL, the oracle CI (the benchmark) does not attain the
desired coverage level. This indicates that these bandwidth selections are not stable for our
simulation studies. Hence, we select the bandwidth by the function thumbBw() in locpol
as mentioned in the main paper.
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Setting 2, exactly sparse: f(d) = 2exp(—d/2) with regCVBwSelC() in locpol

Bias SE Coverage Length

ap True n DLL Plug Orac | DLL Plug Orac | DLL Plug Orac | DLL Plug Orac
500 | 0.04 0.11 0.01 | 024 0.15 0.14 {095 0.82 0.92 |090 0.52 0.49
1000 | 0.01 0.10 0.01 | 0.20 0.16 0.11 |0.96 0.78 0.94 |0.74 041 0.36

-1.25 1 -0.41 1500 | 0.02 0.10 0.01 | 0.18 0.11 0.09 | 0.95 0.74 0.94 | 0.67 0.34 0.31
2000 | 0.01 0.09 0.01 | 0.17 0.09 0.08 | 096 071 096 |0.62 031 0.28
500 | 0.01 0.05 0.06 |019 0.14 0.11 {094 0.84 0.85 |0.71 042 0.39
050 | -0.52 1000 | 0.01 0.03 0.06 | 0.16 0.11 0.09 | 095 0.81 0.79 [0.59 033 0.29
1500 | 0.02 0.04 0.06 | 0.15 0.10 0.07 | 0.94 0.78 0.74 | 0.53 0.27 0.25
2000 | 0.01 0.03 0.05 | 0.13 0.08 0.07 [ 096 081 073|049 024 0.22
500 | 0.00 0.10 0.01 | 020 0.13 0.11 {093 0.80 0.95 |0.72 0.43 0.40
010 | -0.40 1000 | 0.01 0.08 0.00 | 0.17 0.10 0.08 | 0.95 0.79 094 | 0.59 033 0.29
1500 | 0.01 0.08 0.01 | 0.16 0.09 0.07 | 093 0.73 094 | 0.54 0.28 0.25
2000 | 0.01 0.07 0.00 | 0.14 0.07 0.06 | 0.95 0.76 096 | 0.49 0.25 0.22
500 | 0.01 0.11 0.01 |0.19 0.13 0.12 |094 0.82 094 | 074 044 041
025 | -0.35 1000 | 0.03 0.09 0.02 | 0.16 0.10 0.09 | 095 0.80 094 |0.61 034 030
1500 | 0.02 0.08 0.01 | 0.15 0.10 0.07 | 095 0.73 095 [0.55 0.29 0.26
2000 | 0.02 0.08 0.01 | 0.14 0.08 0.07 | 095 076 094 |0.51 0.25 0.23
500 | 0.04 0.12 0.06 | 0.26 0.18 0.16 | 096 0.87 0.87 |1.04 0.61 0.56
1.00 | -0.15 1000 | 0.03 0.09 0.07 | 0.22 0.15 0.13 | 096 0.85 0.81 |0.86 048 0.42

1500 | 0.01 0.09 0.06 | 0.20 0.14 0.12 | 0.94 0.85 0.80 | 0.77 0.40 0.36
2000 | 0.01 0.08 0.05 | 0.20 0.11 0.10 [ 094 084 082 [0.71 035 0.32
Setting 2, exactly sparse: f(d) = 1.5sin(d) with regCVBwSelC() in locpol

Bias SE Coverage Length

ap True n DLL Plug Orac | DLL Plug Orac | DLL Plug Orac | DLL Plug Orac
500 | 0.00 0.06 0.11 | 0.27 0.24 0.22 {094 0.85 0.76 | 097 0.73 0.73
1000 | 0.03 0.04 0.11 | 0.20 0.19 0.18 | 096 0.86 0.74 | 0.77 0.58 0.57

-1.25 | -1.00 1500 | 0.02 0.04 0.08 | 0.18 0.18 0.16 | 095 0.87 0.78 [ 0.70 0.54 0.53
2000 | 0.03 0.02 0.09 | 0.16 0.16 0.16 | 094 083 0.72 |0.63 048 047
500 | 0.10 0.00 0.20 | 0.20 0.19 0.19 | 0.89 0.86 0.55 | 0.77 0.58 0.58
050 | -0.56 1000 | 0.10 0.02 0.18 | 0.17 0.16 0.15 | 0.87 0.80 0.51 | 0.61 046 045
1500 | 0.09 0.02 0.16 | 0.16 0.16 0.15 | 0.87 0.77 0.53 | 0.55 043 0.42
2000 | 0.09 0.03 0.16 | 0.13 0.14 0.14 |08 0.74 0.54 | 0.50 0.38 0.37
500 | 0.27 047 026 | 021 022 0.21 |0.63 0.23 049 |0.78 0.59 0.59
0.10 | 0.74 1000 | 0.20 041 0.23 | 0.17 0.17 0.17 | 0.68 0.21 0.44 | 0.62 047 045
1500 | 0.16 0.35 0.20 | 0.17 0.18 0.18 | 0.72 0.24 0.46 | 0.56 043 043
2000 | 0.16 0.33 0.20 | 0.14 0.16 0.16 | 0.68 0.25 047 | 0.50 0.38 0.38
500 | 0.30 051 0.29 | 023 0.23 023 |059 024 044 |0.80 0.61 0.61
025 | 0.94 1000 | 0.22 0.44 0.27 | 0.18 0.19 0.20 | 0.65 0.20 0.42 | 0.64 0.48 047
1500 | 0.18 0.37 0.22 | 0.19 0.20 0.19 | 0.64 024 044 | 058 045 044
2000 | 0.16 036 0.23 | 0.14 0.18 0.18 | 0.67 0.27 046 | 0.52 040 0.39
500 | 0.06 0.19 0.01 | 031 0.27 0.27 {094 0.80 092|111 0.85 0.84
100 | 081 1000 | 0.00 0.12 0.03 | 0.25 0.20 0.19 | 0.96 0.78 0.93 | 0.89 0.68 0.66

1500 | 0.01 0.11 0.03 | 0.21 0.19 0.18 | 0.96 0.82 094 | 0.81 0.63 0.62
2000 | 0.01 0.12 0.00 | 0.19 0.16 0.15 | 095 080 093 |0.72 0.55 0.54

Table A8: Comparison of DLL, plug-in (Plug), and oracle (Orac) estimators using regCVBwSelC()
for bandwidth selection, across different sample sizes n and evaluation points ag with
p = 1500. The column indexed with “True” represents the true value of f’(ag). The
columns indexed with “Bias” and “SE” report the absolute bias and the standard error
computed by 500 estimates, respectively; the columns indexed with “Coverage” report
the empirical coverage level and the columns indexed with “Length” report the average
CI length.
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Setting 2, exactly sparse: f(d) = 2exp(—d/2) with npregbw() in np

Bias SE Coverage Length
ap True n DLL Plug Orac | DLL Plug Orac | DLL Plug Orac | DLL Plug Orac
500 | 0.02 0.12 0.01 | 088 089 0.71 {094 0.85 0.90 |189 1.76 1.43
195 | -0.41 1000 | 0.01 0.08 0.02 | 0.56 0.56 0.41 | 094 0.87 092 | 144 136 1.12
1500 | 0.01 0.08 0.02 | 0.46 0.46 0.43 |0.96 0.84 094 | 132 127 1.00
2000 | 0.02 0.12 0.00 | 0.47 047 045 095 088 093 |1.10 1.06 0.91
500 | 0.02 0.02 0.02 |063 062 062 |08 083 074|148 141 1.16
2050 | -0.52 1000 | 0.03 0.02 0.03 | 0.49 0.50 0.41 |0.91 0.8 0.81 |1.14 1.08 0.89
1500 | 0.01 0.02 0.03 | 049 0.49 0.32 |08 0.8 0.76 | 1.05 1.02 0.78
2000 | 0.01 0.00 0.04 | 036 036 033|088 086 082|086 0.84 0.71
500 | 0.02 0.11 0.00 | 0.66 0.66 0.50 [ 092 0.84 091 |1.51 145 1.15
010 | -0.40 1000 | 0.00 0.10 0.00 | 0.46 0.45 0.39 |0.94 0.83 093 | 116 1.10 0.90
1500 | 0.01 0.11 0.00 | 0.59 0.63 0.34 | 0.95 0.84 094 |1.07 1.03 0.80
2000 | 0.03 0.06 0.00 | 0.36 036 0.30 | 095 0.87 095 |0.87 0.84 0.71
500 | 0.05 0.09 0.02 | 0.59 0.60 052|092 0.85 091 |1.55 1.47 1.20
025 | -0.35 1000 | 0.05 0.18 0.03 | 0.63 0.62 0.50 | 094 087 094 119 114 094
1500 | 0.05 0.17 0.00 | 047 046 032|094 084 095|110 1.06 0.81
2000 | 0.01 0.12 0.01 | 033 033 034 |093 086 095 |0.90 0.88 0.73
500 | 0.05 0.11 0.08 | 1.13 1.02 089 |0.84 0.84 0.71 | 221 207 1.68
1.00 | -0.15 1000 | 0.02 0.14 0.03 | 0.81 0.79 0.54 | 0.85 0.86 0.77 | 1.67 158 1.28
1500 | 0.02 0.16 0.03 | 0.73 0.68 054 | 092 086 0.81 [1.54 149 1.14
2000 | 0.03 0.11 0.02 | 0.50 048 0.44 | 090 0.88 083 |1.26 1.23 1.05
Setting 2, exactly sparse: f(d) = 1.5sin(d) with npregbw() in np
Bias SE Coverage Length
ap True n DLL Plug Orac | DLL Plug Orac | DLL Plug Orac | DLL Plug Orac
500 | 0.05 0.18 0.03 | 079 0.74 0.76 {093 090 093|212 193 2.15
195 | -1.00 1000 | 0.02 0.14 0.02 | 0.57 0.56 0.65 | 095 093 095 |1.67 158 1.76
1500 | 0.03 0.08 0.07 | 0.73 0.73 061 | 094 094 095 |1.58 150 1.62
2000 | 0.00 0.10 0.01 | 0.51 050 052 095 092 094 | 136 1.28 141
500 | 0.05 0.09 0.11 | 057 056 0.62 |093 093 090 |1.65 1.56 1.75
2050 | -0.56 1000 | 0.07 0.07 0.07 | 0.50 0.50 0.50 | 093 092 091 |1.33 126 1.42
1500 | 0.07 0.05 0.07 | 049 047 047 094 094 092 [1.24 119 1.28
2000 | 0.05 0.06 0.07 | 043 043 041 |093 090 091 |1.07 1.02 1.12
500 | 0.22 036 0.11 | 0.60 0.60 0.66 |0.81 0.66 0.86 |1.66 1.56 1.77
0.10 | 0.74 1000 | 0.13 0.26 0.08 | 0.54 0.53 0.67 | 0.87 0.70 0.90 | 1.34 128 1.43
1500 | 0.13 0.25 0.10 | 045 0.48 0.43 |089 0.72 093 | 1.26 1.22 1.31
2000 | 0.08 0.18 0.04 | 032 031 038 092 078 093 |1.09 104 1.14
500 | 020 035 0.16 | 0.66 0.65 0.68 |{0.81 0.66 0.84 |1.74 1.64 1.83
025 | 0.94 1000 | 0.14 0.27 0.09 | 0.39 0.38 0.51 | 0.86 0.71 0.89 | 140 133 148
1500 | 0.14 0.25 0.08 | 0.41 0.40 0.51 | 0.88 0.72 0.89 | 1.30 125 1.34
2000 | 0.07 0.18 0.05 | 034 033 038 | 091 077 088 |1.13 1.09 1.18
500 | 0.02 0.15 0.07 | 084 0.74 096 {096 091 094 | 244 222 248
1.00 | 081 1000 | 0.07 0.19 0.02 | 0.74 0.72 0.87 | 0.96 093 094 | 198 186 2.07
1500 | 0.06 0.06 0.05 | 0.94 0.87 0.69 | 092 090 092|182 1.71 1.85
2000 | 0.01 0.11 0.01 | 0.51 0.52 052 | 096 093 095 | 1.57 149 1.63

Table A9: Comparison of DLL, plug-in (Plug), and oracle (Orac) estimators using npregbw() for
bandwidth selection, across different sample sizes n and evaluation points ag with p =
1500. The column indexed with “True” represents the true value of f’(ag). The columns
indexed with “Bias” and “SE” report the absolute bias and the standard error computed
by 500 estimates, respectively; the columns indexed with “Coverage” report the empirical
coverage level and the columns indexed with “Length” report the average CI length.

69




GUoO, YUAN AND ZHANG

F.3 Data Swap and Quantile Transformation

In Table A10 and Table A1l, we compare the DLL estimator without data swapping and
the DLL with data swapping (Swap). The data is generated as in Setting 2, with the sparse
additive model being exactly sparse. The ClIs with and without data swapping attain
the desired coverage level. When the sample size is relatively large, they have similar
performance; for relatively small sample size, the confidence interval without data swapping
can be shorter than that with data swapping. This happens because no data swapping uses
the entire data to construct initial estimators of g and «v. When the sample size is relatively
small (e.g., n = 500 and p = 1500), the DLL with data swapping might be slightly noisier
than the one without data swapping.

We now investigate the performance of our proposed method with quantile transforma-
tion (Trans), which is detailed in Section A.3. We report the comparison with the Trans
estimator in Tables A10 and A1l. The data is generated as in Setting 2, with the sparse
additive model being exactly sparse. As reported in Table A11, the method using quantile
transformation leads to slightly better performance for f(d) = 2exp(—d/2): the bias is
slightly smaller, and the CI is shorter. Nevertheless, the regular DLL method still attains
the desired coverage.
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Setting 2, exactly sparse: f(d) = 1.5sin(d)

Bias SE Coverage Length
aop True n DLL Swap Trans | DLL Swap Trans | DLL Swap Trans | DLL Swap Trans
500 | 0.00 0.09 0.04 |0.49 055 055 |09 094 093 |201 213 202
195 | -0.41 1000 | 0.02 0.02 0.04 |0.41 043 042 096 094 096 |1.68 1.70 1.63
1500 | 0.02 0.06 0.02 | 0.38 040 037 | 094 094 095 | 151 1.52 1.47
2000 | 0.01 0.03 0.00 |037 036 033 |096 094 096 | 1.42 1.42 1.37
500 | 0.00 0.07 0.00 |0.40 045 040 |095 093 094 | 159 1.66 1.58
2050 | -0.52 1000 | 0.02 0.05 0.00 | 032 034 033 |09 096 095 |132 134 1.29
1500 | 0.01 0.03 0.02 |0.29 031 030 |097 095 094 |119 120 1.16
2000 | 0.03 0.01 003 |028 030 026 |095 094 096 |1.12 1.12 1.08
500 | 0.17 0.19 0.11 | 042 045 041 092 090 093 |1.61 1.69 1.60
0.10 | -0.40 1000 | 0.08 0.10 0.08 | 032 035 032 |095 094 094 |134 1.36 1.31
1500 | 0.07 0.10 0.05 | 030 0.32 0.28 |095 093 096 |1.21 1.22 1.18
2000 | 0.07 0.07 0.06 |0.29 029 027 |096 093 096 |1.13 1.13 1.09
500 | 0.17 0.18 0.14 | 043 047 042 092 092 095 |1.67 1.75 1.66
025 | -0.35 1000 | 0.08 0.12 0.09 | 035 037 034 |093 093 094 |138 140 1.35
1500 | 0.08 0.11  0.07 | 030 0.34 030 |096 093 095 |1.25 1.26 1.22
2000 | 0.07 0.06 008 [0.29 032 029 |09 091 095 |117 1.17 1.13
500 | 0.08 0.10 0.03 |061 0.64 059 |093 093 095 |233 245 233
100 | -015 1000 | 0.00 0.09 0.02 | 048 0.50 048 |096 094 094 |194 197 1.89
1500 | 0.03 0.03 0.02 | 044 045 045 095 095 094 |1.75 1.76 1.70
2000 | 0.01 0.00 0.00 |040 044 040 {095 094 097 |1.63 164 1.58
Setting 2, approximately sparse: f(d) = 1.5sin(d)
Bias SE Coverage Length
ap True n DLL Swap Trans | DLL Swap Trans | DLL Swap Trans | DLL Swap Trans
500 | 0.02 0.07 0.00 | 047 0.61 048 |096 094 096 |1.89 223 1.88
195 | -0.41 1000 | 0.04 0.02 0.02 | 039 044 044 096 096 092 |162 1.77 1.61
1500 | 0.02 0.02 0.03 | 035 0.41 039 |098 096 094 | 147 157 144
2000 | 0.03 0.03 003 |034 037 035 |095 095 095 | 137 1.45 1.35
500 | 0.03 0.01 0.02 |038 044 038 |095 097 094 |148 1.75 1.47
050 | -052 1000 | 0.03 0.00 0.02 | 033 038 035 094 095 094 |128 141 1.26
1500 | 0.03 0.02 0.02 | 028 032 029 |09 095 095 |116 1.24 1.13
2000 | 0.02 0.01 0.01 028 029 026 |096 095 096 | 1.08 1.15 1.07
500 | 0.19 0.18 0.16 | 038 047 041 092 093 091 |1.51 1.78 1.49
010 | -0.40 1000 | 0.15 0.09 0.11 | 032 036 032 | 093 094 093 |1.30 142 1.28
1500 | 0.11 0.08 0.09 | 031 034 031 |094 092 093 |117 1.25 1.15
2000 | 0.10 0.09 0.06 |027 029 028 {095 09 094 |1.10 117 1.08
500 [ 021 0.18 022 |0.40 044 039 092 09 092 |155 1.84 1.53
0.25 | -0.35 1000 | 0.18 0.11 0.14 |0.32 039 033 092 094 093 |1.34 147 132
1500 | 0.12 0.08 0.09 |0.32 033 030 092 094 094 |1.22 130 1.18
2000 | 0.12 0.08 0.08 |0.28 031 030 |[095 096 093 |1.13 1.21 1.12
500 | 0.12 0.01 0.07 |0.58 0.65 057 |092 095 094 |219 258 217
1.00 | -0.15 1000 | 0.04 0.08 0.01 |0.46 054 048 |096 093 094 | 188 2.06 1.85
1500 | 0.01 0.01 0.02 |0.42 048 043 | 095 095 095 |1.70 1.82 1.66
2000 | 0.05 0.02 0.03 |040 046 041 |094 093 094 | 158 1.68 1.57

Table A10: Comparison of DLL, DLL with data swapping (Swap), DLL with quantile transformation
(Trans) in Setting 2 when f(d) = 1.5sin(d), across different sample sizes n and evalu-
ation points ag. The column indexed with “True” represents the true value of f/(ap).
The columns indexed with “Bias” and “SE” report the absolute bias and the standard
error computed by 500 estimates, respectively; the columns indexed with “Coverage”
report the empirical coverage level and the columns indexed with “Length” report the
average CI length.
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Setting 2, exactly sparse: f(d) = 2exp(—d/2)
Bias SE Coverage Length
aop True n DLL Swap Trans | DLL Swap Trans | DLL Swap Trans | DLL Swap Trans
500 | 0.03 0.12 0.04 |030 035 029 |09 094 094 |119 133 1.07
1000 | 0.05 0.06 0.02 | 024 0.26 020 | 094 095 097 |092 096 0.82

=4
-1.25 | -0.41 1500 | 0.02 0.04 0.01 |021 021 019 094 094 095 |08 083 0.71
2000 | 0.02 0.02 000 (020 019 016 |095 097 096 |0.74 0.76 0.64
500 | 0.00 0.06 0.01 |024 027 023 095 096 094 |093 104 085
050 | -0.52 1000 | 0.01 0.00 0.00 |0.19 0.19 017 | 093 096 094 |0.73 0.75 0.64
1500 | 0.02 0.00 0.00 |0.16 0.16 0.15 | 095 0.96 093 |0.65 0.66 0.56
2000 { 0.02 0.01 001 015 016 013 095 095 094 |0.59 060 0.51
500 | 0.01 0.03 0.02 |025 027 022 094 095 096 |094 1.06 0.86
0.10 | -0.40 1000 | 0.01 0.010 0.02 |019 0.20 0.18 |095 095 096 |0.74 0.77 0.65
1500 | 0.01 0.01 0.00 |0.16 0.17 0.15 |096 097 095 |0.66 0.67 0.57
2000 | 0.02 0.01 0.01 |0.15 0.16 0.14 |096 096 094 |0.60 061 0.52
500 | 0.01 0.02 001 |026 029 022 |095 094 096 |097 110 0.89
025 | -0.35 1000 | 0.01 0.03 0.03 |0.20 0.20 017 | 095 095 096 |0.76 0.79 0.68
1500 | 0.02 0.02 0.00 |0.17 0.17 0.16 |095 096 095 | 0.68 0.69 0.59
2000 | 0.02 0.02 0.01 |[0.16 017 013 |[095 095 096 |0.62 063 0.53
500 | 0.01 0.02 002 |037 044 034 (094 093 092 |137 154 1.23
1.00 | -0.15 1000 | 0.04 0.00 0.01 028 028 025 |095 095 091 |1.06 1.11 0.94

1500 | 0.02 0.02 0.04 |[025 026 022 |096 094 094 | 094 096 0.82

2000 | 0.01 0.01 0.02 |[0.23 023 020 |[093 096 093 |0.86 0838 0.74

Setting 2, approximately sparse: f(d) = 2exp(—d/2)
Bias SE Coverage Length

ap True n DLL Swap Trans | DLL Swap Trans | DLL Swap Trans | DLL Swap Trans

500 | 0.01 0.05 0.01 |029 036 028 |095 094 096 |1.11 134 1.03

1000 | 0.01 0.03 0.00 |0.22 0.25 021 |096 095 094 |0.89 1.00 0.79

-1.25 | -041 1500 | 0.02 0.03 0.01 |0.21 023 0.18 |095 095 0.94 |0.80 087 0.69
2000 | 0.01 0.04 0.01 |0.19 020 0.17 |0.94 095 094 |0.73 0.79 0.62
500 | 0.05 0.01 004 [023 027 022 [092 094 093 [087 1.05 0.81
050 | (0.5 | 10001003 000 002 |019 020 017 | 093 095 092 | 070 0.79  0.62
1500 | 0.02 0.01 0.02 |0.17 018 014 | 092 094 095 | 063 068 0.54
2000 | 0.01 0.00 0.02 |0.15 0.16 0.13 |0.95 0.96 0.92 |0.57 0.62 0.49
500 | 0.01 0.02 005 [023 027 022 [095 096 093 |[089 1.07 0.82
010 | -0.40 | 1000 | 0.00 0.01  0.02 | 019 0.23 018 |0.93 093 092 | 071 079 063
1500 | 0.01 0.00 0.01 |0.16 0.18 014 | 095 095 095 | 064 070 0.55
2000 | 0.01 0.00 0.02 |0.15 0.16 0.12 |0.95 0.97 095 |0.58 0.63 0.50
500 | 0.00 0.03 0.05 [023 028 023 [096 096 094 091 111 0.84
0.25 | [0.35 | 1000 0.00 001 000 |0.20 023 016 | 092 094 095 | 074 082 065
1500 | 0.01 0.01 0.00 |0.16 0.18 015 | 096 095 094 | 066 072 057
2000 | 0.02 0.01 0.00 |0.15 0.16 0.13 |0.96 0.96 0.95 | 0.60 0.65 0.52
500 | 0.01 0.07 002 [035 040 034 |094 095 094 |1.28 155 1.19
100 | 015 [ 1000 002 001 000 029 032 023 |094 094 095 | 103 115 090

1500 | 0.01 0.01 0.01 |023 025 020 |093 096 095 |092 1.00 0.79
2000 | 0.00 0.01 0.02 |0.22 023 018 |095 095 096 |084 090 0.72

Table A11: Comparison of DLL, DLL with data swapping (Swap), DLL with quantile transformation
(Trans) in Setting 2 when f(d) = 2exp(—d/2), across different sample sizes n and eval-
uation points ag. The column indexed with “True” represents the true value of f’(ag).
The columns indexed with “Bias” and “SE” report the absolute bias and the standard
error computed by 500 estimates, respectively; the columns indexed with “Coverage”
report the empirical coverage level and the columns indexed with “Length” report the
average CI length.
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F.4 Comparison with ReSmoothing Method

In the following, we provide additional details compared to the method proposed in Gregory
et al. (2021). We particularly consider the following two confidence intervals for f/(ap).

(a) RS confidence interval: we apply the local linear estimator to {Di,fpre(Di)}lgign
with the presmoothing estimators {fpre (D;) }1<i<n as the outcome variables (Gregory
et al., 2021); we construct the CI by the output of the package nprobust (Calonico
et al., 2019). To construct the presmoothing estimators {fA‘pre(Di)}lggn, we use the
authors’ original code available at https://github.com/gregorkb/spaddinf using
their default choices of the tuning parameters;

(b) OraRS confidence interval: we estimate the standard error of the RS estimator by
the sample standard deviation of 500 RS estimates and then construct the confidence
interval by assuming the asymptotic normality of the RS estimator.

For comparison with the RS method, we generate the data as the simulation setting
in Gregory et al. (2021) and the full simulation results are reported in A12 (bias) and
A13 (Coverage). Our DLL method achieves the desired coverage across all sample sizes,
dimensions, and correlation parameters. For a small sample size, the RS estimator suffers
from a large bias while our proposed DLL effectively corrects the bias in these settings.
OraRS does not attain the expected coverage when the sample size is small. For a large
sample size, we notice that OraRS confidence interval achieves the desired coverage while
RS does not, which suggests that the uncertainty quantification of RS is subtle and requires
further investigation.

In addition, we generate the data following Setting 1 of the current paper with p = 750,
n € {500, 750,1000}. We present the results with f(d) = 1.5sin(d), g1(z) = 2exp(—z/2) or
f(d) = 2exp(—d/2),g1(xz) = 1.5sin(z) in Table A14. Our method DLL has a much smaller
bias than the RS estimator and achieves desired coverage in most settings. Additionally,
the CI length for OraRS is large and the length of our DLL method is similar to the oracle
confidence interval.
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Bias in the Setting of Gregory et al. (2021): ag = -1

f’(ao)

91 (ao)

g5(ao)

g3(ao)

g4(ao)

r

DLL

RS

DLL

RS

DLL

RS

DLL

RS

DLL

RS

100

50

0.0
0.1
0.3
0.5

0.18
0.20
0.22
0.14

0.66
0.64
0.66
0.61

0.00
0.13
0.40
0.13

0.90
0.94
0.95
0.91

0.05
0.03
0.18
0.05

0.53
0.57
0.71
0.94

0.14
0.14
0.15
0.13

0.71
0.80
0.90
1.06

0.06
0.00
0.01
0.01

0.04
0.04
0.03
0.11

150

0.0
0.1
0.3
0.5

0.34
0.22
0.29
0.30

0.70
0.78
0.69
0.61

0.07
0.20
0.06
0.08

1.03
1.13
1.02
0.96

0.04
0.01
0.27
0.22

0.61
0.65
0.84
0.91

0.16
0.23
0.13
0.01

0.84
0.94
1.02
1.24

0.08
0.01
0.01
0.08

0.00
0.00
0.07
0.10

1000

50

0.0
0.1
0.3
0.5

0.01
0.02
0.04
0.05

0.04
0.03
0.05
0.08

0.01
0.03
0.04
0.02

0.01
0.08
0.14
0.09

0.01
0.05
0.03
0.01

0.01
0.06
0.06
0.16

0.02
0.01
0.02
0.09

0.04
0.05
0.06
0.12

0.01
0.02
0.03
0.03

0.01
0.03
0.02
0.04

150

0.0
0.1
0.3
0.5

0.07
0.05
0.01
0.02

0.05
0.03
0.03
0.01

0.00
0.05
0.03
0.01
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f'(ao)

0.05
0.09
0.05
0.16

g4 (ao)

0.03
0.02
0.04
0.03

0.04
0.02
0.10
0.18

g5(ao)

0.10
0.11
0.01
0.03

0.01
0.10
0.11
0.18

0.00
0.02
0.03
0.00

0.00
0.04
0.02
0.04

): ag = 0.5

g5(ao)

g4(ao)

r

DLL

RS

DLL

RS

DLL

RS

DLL

RS

DLL

RS

100

0.0
0.1
0.3
0.5

0.12
0.25
0.27
0.23

0.82
0.85
0.83
0.82

0.04
0.05
0.04
0.00

0.40
0.41
0.28
0.25

0.08
0.07
0.09
0.12

0.55
0.57
0.70
0.81

0.12
0.09
0.11
0.22

0.19
0.17
0.28
0.51

0.04
0.02
0.01
0.04

0.00
0.01
0.01
0.08

0.0
0.1
0.3
0.5

0.16
0.29
0.29
0.33

0.93
0.94
0.92
0.87

0.09
0.02
0.13
0.08

0.52
0.46
0.38
0.28

0.11
0.10
0.19
0.16

0.63
0.72
0.82
0.84

0.17
0.17
0.27
0.31

0.20
0.20
0.40
0.49

0.08
0.08
0.06
0.03

0.00
0.01
0.02
0.07

1000

0.0
0.1
0.3
0.5

0.01
0.06
0.01
0.10

0.01
0.04
0.02
0.05

0.00
0.01
0.00
0.04

0.05
0.03
0.04
0.01

0.01
0.01
0.05
0.04

0.03
0.03
0.09
0.12

0.02
0.04
0.08
0.04

0.02
0.03
0.08
0.10

0.05
0.02
0.04
0.02

0.03
0.01
0.02
0.02

150

0.0
0.1
0.3
0.5

0.00
0.05
0.07
0.04

0.00
0.06
0.07
0.01

0.01
0.01
0.05
0.04

0.01
0.01
0.03
0.02

0.02
0.02
0.03
0.00

0.02
0.03
0.01
0.11

0.02
0.08
0.09
0.06

0.02
0.08
0.13
0.16

0.00
0.05
0.02
0.04

0.02
0.01
0.01
0.06

Table A12: Comparison of bias of DLL, ReSmoothing (RS) in the setting of Gregory et al. (2021),
across different sample sizes n, dimension of covariates p, and the correlation parameter
r. The f, g1, g2, g3 and g4 represent the functions of interest to estimate their derivatives
at ag. The entries of the table represents the bias across 500 simulations.
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Coverage in the Setting of Gregory et al. (2021): ap = -1

f'(ao) 1 (ao) 95(a0) 93(ao) g4(ao)
n | p | r | DLL RS OraRS | DLL RS OraRS | DLL RS OraRS | DLL RS OraRS | DLL RS OraRS
0.01094 009 084 |093 016 083 |095 0.17 090 |0.96 0.21 0.89 |0.96 025 0.95
50 0.1]109 009 079 |093 013 083 |096 0.15 088 |0.94 0.19 090 |0.93 022 0.94
031094 007 085 |09 011 089 |095 0.09 087 |0.95 017 0.87 |0.94 021 0.92
100 051094 0.09 090 |094 0.11 088 |0.93 0.04 0.76 |0.94 0.14 0.83 |0.94 024 0.93
0.0 094 0.06 043 |094 0.11 082 |0.95 0.12 091 |0.94 0.17 0.87 |0.95 0.23 0.94
150 0.1]1092 0.03 087 |093 0.09 074 |094 011 0.88 |0.95 0.15 0.87 |0.96 0.22 0.94
031091 0.07 092 |093 011 084 |093 0.07 0.82 |095 0.13 0.85 |0.95 025 0.93
0.5]1093 008 092 |092 015 084 |092 0.05 073 |094 0.10 0.79 |]0.93 0.22 0.95
0.0 1096 001 095 |095 006 095 |097 0.00 094 |0.96 0.07 095 |0.94 0.01 0.95
50 0.1 1096 001 095 |097 0.05 095 |096 0.00 094 |0.97 0.06 0.95 |0.96 0.00 0.95
0.3 1096 001 095 |096 0.05 094 |094 0.01 095 |094 0.07 094 |0.95 0.00 0.95
1000 0.5]1096 001 096 |095 005 096 |095 0.00 093 |0.95 0.07 095 |094 0.00 0.94
0.0 096 0.01 094 |095 0.06 095 |0.93 0.01 095 |0.95 0.09 0.95 |0.94 0.00 0.94
150 0.1]1094 0.01 095 |097 0.04 095 |095 0.01 094 |0.96 0.09 093 |0.94 0.00 0.95
031095 0.02 094 |096 0.04 095 |095 0.01 095 |0.96 0.06 0.94 |0.95 0.00 0.94
0.5]109 001 095 |094 005 095 |095 0.01 095 |0.96 0.08 095 |0.94 0.02 0.94
Coverage in the Setting of Gregory et al. (2021): ag = 0.5
f'(ao) 91(ao) 93(a0) g5(ao) 94(ao)
n | p | r | DLL RS OraRS | DLL RS OraRS | DLL RS OraRS | DLL RS OraRS | DLL RS OraRS
0.0 095 0.06 044 |094 021 092 |093 0.14 088 |097 0.22 094 |096 021 0.95
50 0.1]095 0.07 056 |095 021 093 |096 0.14 090 |0.94 0.23 094 |095 025 0.94
0.3 1093 007 081 |094 022 094 095 0.11 085 |0.95 023 094 |096 0.18 0.92
100 0.51096 007 087 |095 021 095 |096 0.07r 075 |094 020 092 |095 023 0.94
0.0 1092 002 030 |094 021 092 |095 0.13 087 |0.97 025 095 |0.95 023 0.94
150 0.1 1090 003 023 |095 018 092 |095 0.09 083 |096 0.18 095 |094 0.23 0.94
0.3 1090 006 080 |095 020 095 |093 0.06 083 |093 019 094 |0.95 0.23 0.95
051092 006 051 |09 021 093 093 0.06 082 |093 020 093 |]096 0.19 0.93
001096 0.03 094 |094 003 094 |]0.95 0.00 095 [095 0.03 095 |096 0.01 094
50 011097 0.01 095 |095 0.03 095 |094 0.00 094 |096 0.02 095 |0.95 0.00 0.94
0.3 1096 002 096 |096 004 095 |096 0.02 094 |0.98 0.03 095 |094 0.01 0.94
1000 0.5]1095 002 094 |095 003 095 |096 0.00 094 |0.96 0.03 095 |0.96 0.01 0.94
0.0 1 097 0.02 095 |097 0.03 094 |096 0.01 095 |097 0.02 095 |0.96 0.00 0.95
150 0.1]1093 001 097 |095 003 094 |096 0.01 096 |0.96 0.03 094 |0.95 0.01 0.94
0.3]1095 0.01 095 |095 0.03 094 |0.96 0.01 095 |0.97 0.04 094 |0.95 0.01 0.94
051094 0.01 095 |094 0.03 095 |096 0.01 094 |0.96 0.03 0.96 |0.96 0.01 0.95
Table A13: Comparison of coverage of DLL, ReSmoothing (RS), and OraRS in the setting of Gregory

et al. (2021), across different sample sizes n, dimension of covariates p, and the correlation
parameter r. The columns indexed with “OraRS” stand for the CI centered at the RS
estimator with the standard error computed based on 500 point estimates. The f, g1,
g2, g3 and g4 represent the functions of interest to estimate their derivatives at ag. The
entries of the table represents the empirical coverage across 500 simulations.
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Setting 1, exactly sparse: Comparison with ReSmoothing

Bias SE Coverage Length
ap f n DLL RS Orac | DLL RS Orac | DLL RS OraRS Orac | DLL RS OraRS Orac
500 | 0.05 0.42 0.03 {039 0.94 035|095 0.01 091 095|150 0.05 3.68 1.42
exp | 750 | 0.02 0.38 0.02 | 036 091 034|094 0.01 092 094 | 137 003 358 1.29
1.0 1000 | 0.01 0.22 0.01 | 0.34 0.87 032 | 094 0.01 0.95 093|127 0.02 341 1.20
500 | 0.20 0.91 0.01 | 0.42 0.83 0.41 {094 0.01 0.8 096 | 1.69 0.04 324 1.68
sin | 750 | 0.07 0.69 0.01 | 0.40 0.90 0.39 | 093 0.01 088 095|155 0.02 353 1.1
1000 | 0.05 0.53 0.01 | 0.35 0.89 0.35 | 096 0.01 0.92 095 | 146 0.02 3.48 142
500 | 0.00 0.49 0.01 {038 1.01 0.37 | 0.96 0.01 0.93 094 | 151 0.04 397 141
exp | 750 | 0.00 0.37 0.01 | 035 090 0.33 |09 0.01 092 096 |1.36 002 353 1.27
05 1000 | 0.02 0.26 0.01 | 0.31 0.84 0.31 | 097 0.00 0.93 093|127 0.01 330 1.20
500 | 0.20 0.97 0.02 | 0.42 0.78 041 | 092 0.01 0.78 095 | 1.69 0.04 3.06 1.68
sin | 750 | 0.09 0.66 0.01 | 0.39 091 0.40 [0.95 0.01 089 093 | 1.57 0.02 3.57 1.53
1000 | 0.09 0.51 0.03 | 0.37 0.87 0.37 | 0.94 0.01 092 095|146 0.02 341 141

Setting 1, approximately sparse: Comparison with ReSmoothing

Bias SE Coverage Length
ag f n DLL RS Orac | DLL RS Orac | DLL RS 0OraRS Orac | DLL RS OraRS Orac
500 | 0.09 0.73 0.00 {035 0.85 0.35 093 0.01 0.86 095|133 0.04 334 141
exp | 750 | 0.07 0.59 0.03 | 032 0.88 0.33 | 095 0.01 090 095|126 0.02 346 1.28
1.0 1000 | 0.04 0.61 0.01 | 031 0.84 0.31 | 094 0.00 0.8 095 |1.20 0.02 328 1.20
500 | 0.26 0.80 0.02 | 0.39 0.46 0.46 | 0.86 0.00 0.65 091 | 1.46 0.02 1.81 1.67
sin | 750 | 0.18 0.73 0.01 | 0.35 0.63 0.38 | 0.94 0.00 0.80 0.95 | 142 0.01 246 1.51
1000 | 0.12 0.66 0.01 | 0.35 0.73 0.38 | 0.94 0.00 0.86 093 | 1.37 0.01 2.87 142
500 | 0.15 0.62 0.01 | 034 081 036 | 094 0.01 088 094|133 0.03 317 142
exp | 750 | 0.06 0.53 0.04 | 033 0.89 0.33 |094 0.01 090 095|126 0.02 347 1.28
05 1000 | 0.08 0.48 0.00 | 0.31 0.87 0.31 | 095 0.00 091 096 | 1.20 0.01 3.39 1.20
’ 500 | 0.29 1.08 0.02 | 0.40 0.44 0.46 | 0.86 0.00 0.26 0.93 | 1.47 0.02 1.72  1.68
sin | 750 | 0.23 0.96 0.03 | 0.38 0.60 0.40 [ 0.89 0.00 0.63 094 | 1.43 0.01 234 1.53
1000 | 0.14 0.78 0.00 | 0.33 0.73 035 | 0.94 0.01 0.81 095|137 0.01 2.88 141

Table A14: Comparison of DLL, ReSmoothing (RS), OraRS, and oracle (Orac) estimators in Setting 1

with p = 750, across different sample sizes n, evaluation points ag, and function of inter-
est f (making inference for f’(ap)). The columns indexed with “Bias”, and “SE” report
the absolute bias, and the standard error computed by 500 estimates, respectively; the
columns indexed with “Coverage” report the empirical coverage level and the columns
indexed with “Length” report the average CI length.
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F.5 Comparison with the Post Nonparametric Double Selection method

We implement the Post-nonparametric Double Selection method (PND Span) proposed in
Kozbur (2021) using the authors’ original code available at https://www.tandfonline.
com/doi/suppl/10.1080/07350015.2020.17535247scroll=top. Note that our method
focuses on the inference of the function derivative at a single evaluation point, while the
simulation of Kozbur (2021) and its publicly available code focus on the inference for average
function derivative at multiple evaluation points, including our inference target as a special
case. The only changes we make to their code are the data generating process and the
evaluation points part, where the original code computes average of the derivatives over
a set of evaluation points, and we modify it to compute the derivative point-wisely by
specifying only one point in that set. After specifying the evaluation point, the inference
procedure directly employs the functions in the original code.

We generate the data using the simulation setting previously considered in Gregory et al.
(2021); Meier et al. (2009). {D;}?, and {X;;}i, for j =1,2,--- ,p — 1 are generated as
independent random variables from the Uniform(-2.5, 2.5) distribution. We consider the
following non-zero functions in the outcome model and set all other functions as zero:

f(d) = —sin(2d); g1(z) =2 —25/12; go(z) =25 g3(z) = e * —2/5sinh(5/2)

The dimension p is set as 150 and the sample size n varies in {100, 300,500}. We are inter-
ested in estimating the derivative of f at evaluation points ay € {—1,—0.25,0.5,0.75,1.25}
and we also consider exchanging the roles of f and g;. The results are summarised in Table
A15. Our proposed DLL method has a much smaller bias than PND Span and achieves the
desired coverage. Although achieving the desirede converage, the PND Span method has a
much larger bias and longer confidence interval.

We also consider the data generating process as in our Setting 1 with p = 750 and
n € {500, 750,1000}. The function of interest is f(d) = 1.5sin(d), and we report the results
at evaluation points ag € {—1,0.1,0.25,0.5, 1} in Table A16. We observe that the PND Span
method suffers from large bias at most evaluation points while our proposed DLL method
has a small bias. Both methods achieves the desired coverage level but our method has a
much shorter confidence interval.
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Comparison with PND Span:

f(d) = —sin(2d)

Bias SE Coverage Length
ap n DLL PND | DLL  PND DLL PND | DLL  PND
100 | 0.15 0.11 | 1.35 6.25 | 0.91 0.94 | 4.53 23.64
-1 300 | 0.05 0.20 | 0.96 2.55 | 0.95 0.95 | 3.76 9.92
500 | 0.06 0.13 | 0.90 3.28 | 0.92 0.95 | 3.28 12.94
100 | 0.44 0.22 | 1.23 22.13 | 0.88 0.95 | 4.56 38.40
-0.25 | 300 | 0.14 0.79 | 0.94 7.44 | 0.95 0.96 | 3.68 30.80
500 | 0.09 0.29 | 0.87 7.62 | 0.95 0.95 | 3.29 31.00
100 | 0.28 0.08 | 1.26 7.72 | 0.89 0.94 | 4.62 29.78
0.5 | 300 | 0.01 0.09 |0.99 595 |094 094 | 3.72 22.68
500 | 0.03 042 | 0.84 440 | 095 095 | 3.28 17.64
100 | 0.04 0.15| 1.26 9.17 | 0.93 0.95 | 4.46 36.46
0.75 | 300 | 0.01 0.05| 1.00 3.39 | 0.94 0.95 | 3.73 13.80
500 | 0.01 0.05|0.83 3.77 | 0.95 0.94 | 3.30 14.46
100 | 0.37 0.10 | 1.20 4.94 | 0.89 0.94 | 4.40 19.60
1.25 | 300 | 0.19 0.06 | 0.96 3.32 | 0.95 0.94 | 3.74 12.86
500 | 0.10 0.09 | 0.85 2.28 | 0.94 0.95 | 3.29 8.62
Comparison with PND Span: f(d) = d* — 25/12
Bias SE Coverage Length
ao n DLL PND | DLL PND DLL PND | DLL PND
100 | 0.10 1.22 | 1.14 5.75 | 0.94 0.92 | 4.51 21.44
-1 300 | 0.04 0.05 | 0.96 3.30 | 0.93 0.95 | 3.57 1244
500 | 0.04 0.32 | 0.84 253 | 094 095 ] 3.16 9.82
100 | 0.01 1.40 | 1.27 47.89 | 0.95 0.95 | 4.52 43.20
-0.25 | 300 | 0.02 0.30 | 0.93 8.16 | 0.94 0.94 | 3.56 31.20
500 | 0.03 0.06 | 0.85 6.36 | 0.94 0.92 | 3.18 23.60
100 | 0.10 0.46 | 1.25 7.95 | 0.93 0.93 | 4.58 28.56
0.5 300|002 012|091 6.24 | 095 0.94 ]| 3.55 23.04
500 | 0.04 0.45|0.83 4.66 | 0.94 0.94 | 3.12 17.26
100 | 0.12 0.58 | 1.23 8.41 | 0.94 0.95 | 4.52 33.18
0.75 | 300 | 0.08 0.04 | 0.91 4.32 | 0.96 0.95 | 3.58 16.60
500 | 0.01 0.15 | 0.78 3.48 | 0.96 0.93 | 3.14 13.76
100 | 0.09 0.28 | 1.24 4.89 | 0.93 0.94 | 4.38 18.56
1.25 | 300 | 0.09 0.49 | 0.92 2.73 | 0.94 0.93 | 3.54 10.40
500 | 0.02 0.32 | 0.80 2.00 | 0.96 0.94 |3.16 7.02

Table A15: Comparison of DLL, PND

CI length.

Span (PND) in simulation settings of Meier et al. (2009); Gregory
et al. (2021) with p = 150, across different sample sizes n and evaluation points ag. The
columns indexed with “Bias” and “SE” report the absolute bias and the standard error
computed by 500 estimates, respectively; the columns indexed with “Coverage” report
the empirical coverage level and the columns indexed with “Length” report the average

78




DECORRELATED LOCAL LINEAR ESTIMATOR

Setting 1, exactly sparse: Comparison with PND Span

Bias SE Coverage Length

ap n DLL PND Orac | DLL PND Orac | DLL PND Orac | DLL PND Orac
500 | 0.14 0.66 0.01 | 0.43 1.99 0.42 | 092 094 094 |1.72 766 1.68
-1.0 | 750 | 0.05 0.82 0.03 | 041 234 0.39 | 095 0.87 096 | 1.65 7.72 1.53
1000 | 0.05 0.74 0.01 | 0.39 215 0.36 | 095 094 0097 | 1.57 840 1.43
500 | 0.15 049 0.01 |0.39 548 0.38 | 093 0.98 0.94 | 154 2338 1.52
0.1 | 750 [ 0.05 0.21 0.02 | 037 6.81 0.35 095 094 0.96 |1.47 25.10 1.37
1000 | 0.10 0.06 0.03 | 0.35 7.27 0.32 | 096 096 094 | 140 27.38 1.28
500 | 0.15 0.10 0.00 | 0.40 4.06 0.39 | 0.92 0.97 094 | 158 17.14 1.56
0.25 | 750 | 0.07 0.36 0.00 | 0.38 5.84 0.36 | 095 094 094 | 1.52 2152 1.42
1000 | 0.05 0.59 0.02 | 036 3.75 033 | 093 095 094 | 144 1544 1.32
500 | 0.16 0.62 0.02 | 0.47 3.65 0.48 | 091 096 093 |1.74 13.68 1.70
0.5 | 750 | 0.07 0.13 0.01 | 042 271 0.39 | 094 096 095 |1.64 1094 1.53
1000 | 0.07 0.15 0.02 | 040 291 037 | 094 095 0.95 | 1.57 11.82 1.44
500 | 0.11 1.37 0.03 | 0.57 287 0.58 | 0.95 091 092 |226 10.64 2.19
1 750 | 0.08 0.78 0.00 [ 0.52 3.10 0.51 | 097 094 0.94 |2.12 11.08 1.97
1000 | 0.06 0.45 0.01 | 0.51 3.46 0.49 | 0.94 091 0.94 | 2.02 12.26 1.86

Table A16: Comparison of DLL, PND Span (PND), and oracle (Orac) estimators for Settings 1 with
p = 750, across different sample sizes n and evaluation points ag. The columns indexed
with “Bias” and “SE” report the absolute bias and the standard error computed by
500 estimates, respectively; the columns indexed with “Coverage” report the empirical
coverage level and the columns indexed with “Length” report the average CI length.
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