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Abstract

Penalized empirical risk minimization with a surrogate loss function is often used to learn
a high-dimensional linear decision rule in classification problems. Although much of the
literature focus on the generalization error, there is a lack of inference procedures for
identifying the driving factors of the estimated decision rule, especially when the surrogate
loss is non-differentiable. We propose a kernel-smoothed decorrelated score to construct
hypothesis tests and interval estimators for a linear decision rule estimated using a piece-
wise linear surrogate loss, which has a discontinuous gradient and non-regular Hessian.
Specifically, we adopt kernel approximations to smooth the discontinuous gradient near
discontinuity points and approximate the non-regular Hessian of the surrogate loss. In
applications where additional nuisance parameters are involved, we propose a novel cross-
fitted version to accommodate flexible nuisance estimates and kernel approximations. We
establish the limiting distribution of the kernel-smoothed decorrelated score and its cross-
fitted version in a high-dimensional setup. Simulation and real data analysis are conducted
to demonstrate the validity and the superiority of the proposed method.

Keywords: Classification, Double machine learning, High-dimensional inference, Non-
differentiable loss, Personalized medicine

1. Introduction

Classification identifies which of a set of labels an observation belongs to. Well-known clas-
sification methods include logistic regression, support vector machines, and many others.
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When the dimensionality of the covariate space is high, which is common due to the increas-
ing adoption of large datasets in biomedical applications, classification is more challenging
(Fan and Fan, 2008; Dobriban and Wager, 2018; Bing and Wegkamp, 2023). Additionally, it
has been shown that many problems can be formulated within a general classification frame-
work (Bartlett et al., 2006; Bartlett and Wegkamp, 2008; Zhao et al., 2012; Zhou et al., 2017;
Zhao et al., 2019). In these problems, the goal is to derive a data-driven decision rule that
minimizes a loss function (or maximizes a utility function) defined according to the problem
setup. For example, in prediction problems, the goal is to derive a data-driven decision rule
that minimizes the prediction error for binary outcomes or labels; in precision medicine, the
goal is to derive a data-driven decision rule that maximizes the averaged utility over entire
population if the derived decision rule were implemented to recommend treatment options
(Zhao et al., 2012; Zhou et al., 2017; Zhao et al., 2019).

Empirical risk minimization (ERM) is often used to estimate such a data-driven deci-
sion rule by minimizing a convex surrogate of the loss function. Statistical inference of the
constructed decision rules not only provides uncertainty quantification of the data-driven
decision rule, but also enables a data-driven paradigm for new scientific discovery, e.g., to
identify the risk factors for the outcome of interest in prediction problems; and to identify the
driving factors of the estimated data-driven decision rule to inform new treatment guidelines
in precision medicine (Jeng et al., 2018; Wang et al., 2019; Ning and Liu, 2017; Liang et al.,
2022). However, while there is a large literature on classification and the generalization
error of an ERM with a convex surrogate, statistical inference within a high-dimensional
classification framework is less well-studied. For regression problems, Van de Geer et al.
(2014) proposed a debiased Lasso estimator for generalized linear models and established
asymptotic normality under modest regularity conditions. Ning and Liu (2017) proposed a
decorrelated score to test a low-dimensional projection of high-dimensional coefficient vec-
tors, which can be applied to M-estimation under a strictly convex and differentiable loss
function. Dezeure et al. (2017) proposed a bootstrap procedure to conduct simultaneous
inference for parameters in groups with diverging group sizes. More recently, partial pe-
nalized tests proposed in Shi et al. (2019) can be applied to test hypotheses involving a
growing number of coefficients. Ma et al. (2021) considered global hypothesis testing and
multiple testing procedures for high-dimensional logistic regression models. Wu et al. (2023)
proposed an inference procedure for single-index models with differentiable link functions.
However, none of these methods can be applied to non-differentiable loss functions, such as
the hinge loss, which is commonly adopted in classification problems.

Deriving an inference procedure for an ERM with a convex surrogate that is non-
differentiable is more complicated. One such example is the popular classification method
- support vector machine (SVM) (Cortes and Vapnik, 1995). It employs the hinge loss as
a surrogate loss, which is continuous but non-differentiable. The majority of the existing
SVM literature focused on its consistency, and the convergence rate of the risk under the
derived classifiers to the Bayes risk (Lin, 2004; Zhang, 2004; Steinwart, 2005; Zhang, 2004;
Bartlett et al., 2006; Steinwart et al., 2007; Vert and Vert, 2006; Blanchard et al., 2008).
Peng et al. (2016) provided an error bound for a penalized SVM in ultra-high dimension;
Zhang et al. (2016a) and Zhang et al. (2016b) focused on variable selection for SVMs in
moderately high dimension. The literature on the asymptotic distribution of these estima-
tors is limited. Koo et al. (2008) investigated the Bahadur representation of a linear SVM,
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which implies the asymptotic normality of the estimator in a low-dimensional setup. Due
to the non-differentiability of the hinge loss, they proposed a non-parametric estimator for
the asymptotic variance. Wang et al. (2019) proposed a distributed inference procedure for
a linear SVM. To handle the lack of differentiability, they used a smoothed loss function to
approximate the hinge loss and showed the asymptotic normality of the estimator provided
that p{n Ñ 0, where n is the total sample size, and p is the number of the covariates.
However, an associated inference procedure in the high-dimensional setup is still lacking.

Furthermore, the classification framework has been adapted to learn an individualized
treatment rule (ITR), which recommends treatment according to patient characteristics.
There has been much literature proposing to learn ITRs from a weighted classification
framework, where the weights are related to the observed clinical outcomes (Zhao et al.,
2012; Zhou et al., 2017; Chen et al., 2016; Zhao et al., 2014, 2019; Pan and Zhao, 2021; Xue
et al., 2022). In recent work, Zhao et al. (2019) and Liang et al. (2022) introduced both
the outcome regression models and propensity score as nuisance parameters in the weights.
To avoid model misspecification, the nuisance parameters are estimated via nonparametric
or flexible machine learning algorithms. These algorithms may lead to nuisance parameter
estimators with slow convergence rates. These flexible estimators of the nuisance parameters
with possible slow convergence rates create a large barrier in statistical inference. Liang
et al. (2022) proposed an inference procedure that can handle strictly convex differentiable
loss functions. However, inference procedure for non-differentiable loss functions remain
largely unexplored.

We propose a novel inference procedure for linear decision rules under a general clas-
sification framework in a high-dimensional setup, which can deal with non-differentiable
convex surrogate loss functions. We introduce a kernel-smoothed decorrelated score for
the inference procedure, which utilizes a local kernel function to smooth the discontinuous
gradient near discontinuity points, where the loss function is not differentiable, and a global
kernel function to approximate the non-regular Hessian. By using these kernel functions,
the proposed procedure can be applied to any piece-wise linear convex loss functions. Fur-
thermore, unlike the existing literature (Wang et al., 2019; Koo et al., 2008), the proposed
procedure is valid even when p{n Ñ `8 and can be extended to test a hypothesis involving
a growing number of projections. For the general classification problems, additional nui-
sance parameters may be involved in the loss function. Motivated by Chernozhukov et al.
(2018), we further propose a new cross-fitting algorithm to efficiently accommodate these
nuisance parameters. We show the uniform validity of the kernel-smoothed decorrelated
score based procedure even when the nuisance parameters are estimated using nonpara-
metric or flexible machine learning methods. Simulations and real data examples show the
superiority of the proposed method.

Sections 2 and 3 introduce the kernel smoothed decorrelated score for the classification
problem and the general classification framework. Section 4 provides theoretical justifi-
cations for the proposed procedure. Sections 5 and 6 present simulations and real data
analyses. Section 7 concludes the paper and provides a discussion on future directions.
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2. Statistical inference for classification problems

2.1 A classification problem

We observe the covariatesX P Rp and a label A P t´1, 1u. A decision rule, d : Rp Ñ t´1, 1u,
is a mapping from the covariate space Rp to the label space t´1, 1u. We mainly focus on
the high-dimensional setting with p{n Ñ `8. For any rule, d, define the classification error
for d as

Lpdq “ E r1 tA ‰ dpXqus ,

which is also the expected zero-one loss to compare dpXq and A. The goal is to identify
the decision rule which minimizes the classification error. This optimal rule, also known as
the Bayes rule, is given by doptpxq “ sgn tP pA “ 1|X “ xq ´ 1{2u.

To estimate/infer this dopt, we observe both X and A. With these observed data, we

optimize the empirical analogue of Lpdq, denoted by pLpdq “ pEn r1 tA ‰ dpXqus, where pEnr¨s

is the empirical expectation. However, pLpdq is hard to optimize due to the discontinuity
of the zero-one loss, and the space of decision rules is large. To tackle these challenges, a
common strategy is to replace the zero-one loss by a piecewise convex loss function, often
called a surrogate loss function, which is a real-valued map on R. Examples of piece-wise
convex loss functions include the hinge loss and the modified hinge loss used for classification
with a rejection option (Bartlett and Wegkamp, 2008). Furthermore, we focus on linear
decision rules. We thus optimize

pLϕpβq “ pEnrϕpAXJβqs,

where ϕp¨q is a surrogate loss function. Define the minimizer of Lϕpβq as β˚
ϕ, where Lϕpβq “

ErϕpAXJβqs. With high-dimensional data, we adopt penalized empirical risk minimization
to estimate β˚

ϕ. Specifically, we consider

pLλn
ϕ pβq “ pEnrϕpAXJβqs ` λn}β}1,

where λn is a tuning parameter. Denote the minimizer of pLλn
ϕ pβq as pβϕ. Through the

estimator pβϕ, we aim to construct a hypothesis testing procedure and confidence interval
for a low-dimensional projection of β˚

ϕ, i.e. η
Jβ˚

ϕ, where η is a known sparse vector.

Remark 1 In the classification problem, the classification error is determined by the linear
direction represented by β˚

ϕ. Thus, when comparing with other methods, we normalize the
estimates such that its first coordinate equals 1, i.e., |β˚

ϕ,1| “ 1.

Remark 2 Although hinge loss is Fisher consistent, the β˚
ϕ does not necessarily equal the

optimal linear rule minimizing Lpdq. In classification problems, the hinge loss leads to
the maximum-margin linear separator, which can be different from the 0–1-optimal linear
hyperplane. This requires additional assumptions, e.g., sufficient conditions in Liang et al.
(2022); or a mixture of Gaussian model assumption (see Section 3 in Koo et al. (2008)).
We assume that the users have chosen to use hinge loss to derive a data-driven decision
rule, and our focus is on how to conduct inference based on these estimates.
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2.2 Kernel-smoothed decorrelated score

For the purpose of illustration, we consider a hypothesis testing problem H0 : β˚
ϕ,l “ 0

versus Ha : β˚
ϕ,l ­“ 0, where β˚

ϕ,l is the l-th coordinate of the β˚
ϕ. The proposed approach

can be easily applied to test H0 : η
Jβ˚

ϕ “ 0 versus Ha : ηJβ˚
ϕ ­“ 0.

We first review a decorrelated score, proposed in Ning and Liu (2017), which can be
used to test this hypothesis when the surrogate loss ϕ is differentiable. The key of the
decorrelated score is to decouple the estimation error of the high-dimensional component
β˚
ϕ,´l from the estimation of β˚

ϕ,l, where β˚
ϕ,´l is the sub-vector of β˚

ϕ without the l-th
coordinate. Define the minimizer of

Lϕ2 ,l pwq “ E
”

ϕ
2 `

AXJβ˚
ϕ

˘

pXl ´ XJ
´lwq2

ı

as w˚
ϕ,l. The decorrelated score is defined as

Sϕ1 ,lpβ;w
˚
ϕ,lq “ pEn

”

Aϕ
1 `

AXJβ
˘

pXl ´ XJ
´lw

˚
ϕ,lq

ı

.

Let pβϕ,nullplq be a vector equals pβϕ except the l-th coordinate is fixed at 0. Under the

null hypothesis, it can be shown that
?
nSϕ1 ,lp

pβϕ,nullplq;w
˚
ϕ,lq

d
ÝÑ N p0, σ2

l q, where σ2
l is some

constant. However, this procedure cannot be applied to the non-differentiable loss functions
due to the non-existence of regular ϕ

1

p¨q and ϕ
2

p¨q.
For a piece-wise linear convex loss function ϕ, although ϕ is not differentiable at the

discontinuity points, the gradient is well defined on any open intervals without discontinuity
points. Mathematically, suppose that ´8 ă t1 ă ¨ ¨ ¨ ă tJ ă `8 are the jump discontinuity
points of ϕ

1

, then ϕ
1

can be defined as ∆0 `
řJ

j“1∆j1 tt ´ tj ě 0u on any open intervals.

In addition, a Hessian ϕ
2

can be defined using the Dirac function δptq as
řJ

j“1∆jδ pt ´ tjq,
which is non-regular because it achieves `8 at 0 and vanishes at all other points.

We use kernel functions to smooth the gradient near discontinuity points and approxi-
mate the Hessian of the surrogate loss function. Specifically, we obtain a smoothed gradient
ϕ

1

by a local kernel function, a smooth function whose derivative has a support contained
in a compact interval. Consider Hp¨q satisfying Hptq “ 1 if t ě 1 and Hptq “ 0 if t ď ´1;
thus, its derivative has a support on r´1, 1s. As the bandwidth hlo Ñ 0, the functions
Hpt{hloq and H 1pt{hloq{hlo approach the indicator function 1pt ě 0q and the Dirac function
δptq, respectively. One example of such kernel is

Hptq “

$

’

&

’

%

0 if t ď ´1,
1
2 ` 15

16pt ´ 2
3 t

3 ` 1
5 t

5q if |t| ă 1,

1 if t ě 1.

Define

rϕ
1

ptq “ ∆0 `

J
ÿ

j“1

∆jH

ˆ

t ´ tj
hlo

˙

,

where ∆j “ ϕ
1

ptj`q ´ϕ
1

ptj´q. For any open interval where ϕ
1

exists, rϕ
1

ptq is different from

ϕ
1

only on
ŤJ

j“1rtj ´ hlo, tj ` hlos. Thus, the smoothed gradient of Lϕpβq can be naturally
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defined by E
”

Arϕ
1 `

AXJβ
˘

X
ı

. The smoothed score function of β˚
ϕ,l is

E
”

Arϕ
1
´

AXJ
pβϕ,nullplq

¯

Xl

ı

.

However, in high dimension, it is biased due to the estimation error of the high-dimensional
component pβϕ,´l. Following the idea of the decorrelated score, we decouple the smoothed

score function of β˚
ϕ,l with the estimation error of pβϕ,´l. Define w˚

ϕ,l as the minimizer of

Lϕ2 ,l pwq “ E

«

J
ÿ

j“1

∆jδptj ´ AXJβ˚
ϕqpXl ´ XJ

´lwq2

ff

.

We construct the kernel-smoothed decorrelated score

S
rϕ1 ,l

pβ;w˚
ϕ,lq “ pEn

”

Arϕ
1 `

AXJβ
˘

pXl ´ XJ
´lw

˚
ϕ,lq

ı

.

To construct a score test for β˚
ϕ,l “ 0 using S

rϕ1 ,l
pβ;w˚

ϕ,lq, we need to estimate w˚
ϕ,l,

which is nontrivial due to the non-regularity of the δptq function. We propose to use a
global kernel function with a support on the entire real line to approximate δptq. Suppose
that Gptq is a global kernel function satisfying that 1) Gptq ą 0, @t; 2)

ş

Gptqdt “ 1; 3)
ş

tGptqdt “ 0. Define Ghgb
ptq “ h´1

gb Gpt{hgbq, where hgb is the bandwidth of the global
kernel. The estimated w˚

ϕ,l, denoted by pwϕ,l, can be obtained by minimizing

pEn

«

J
ÿ

j“1

∆jGhgb
ptj ´ AXJ

pβϕqpXl ´ XJ
´lwq2

ff

` µn}w}1,

where µn is a tuning parameter. The above objective function is strictly convex and smooth
with respect to w given that Gptq ą 0, and thus can be easily minimized.

Remark 3 A straightforward idea is to use the gradient of the local kernel to approximate
δptq. However, only data points near the discontinuity points will contribute to the estima-
tion of w˚

ϕ,l in this case, because further derivative of ϕ̃
1

ptq is zero when t is away from
the discontinuity points. In supplementary material, we show that using the local kernel
function to approximate the non-regular Hessian will lead to a slower convergence rate of
the estimator and require more restrictive conditions in the inference procedure.

Remark 4 Kernel functions are used to smoothen the gradient and hessian around non-
differentiable points, which lead to gradient and hessian that can be easily computed. For
non-differentiable loss, it may be possible to use sub-gradient of ϕ to replace ϕ

1

p¨q and sub-
hessian of ϕ to replace ϕ

2

p¨q; however, this approximation may be computationally challeng-
ing and problematic. For example, hinge loss has vanishing (sub-)hessian almost everywhere,
and thus a more detailed approximation, e.g., using a global/local kernel function, is needed.

Replacing the w˚
ϕ,l by pwϕ,l in S

rϕ1 ,l
pβ;w˚

ϕ,lq, we can calculate the value of the estimated

decorrelated score function S
rϕ1 ,l

ppβϕ,nullplq; pwϕ,lq to test the null hypothesis. However, ad-

ditional challenges arise from the correlation between pβϕ and the loss function used to
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estimate w˚
ϕ,l, as well as the correlation between pβϕ and the kernel-smoothed decorrelated

score function S
rϕ1 ,l

p¨q. We design a novel sample-splitting strategy, where the estimator pβϕ

is independent from the data used to estimate w˚
ϕ,l, as well as the data used to construct

S
rϕ1 ,l

p¨q. In addition, instead of averaging over multiple estimators as in the cross-fitting

procedure (Chernozhukov et al., 2018), we average over the loss functions to estimate pwϕ,l,
which is more computationally robust. The entire inference procedure is summarized in
Algorithm 1. In our simulation and real data analysis, we set K “ 2. For the bandwidth se-
lection, we choose hlo “ 1{

?
n log n and hgb “ plog p{nq´1{5 based on the theoretical results

in Section 4.1 and 4.2.

Algorithm 1: Inference of β˚
ϕ.

Input: A random seed; n samples; a positive integer K.
Output: A p-value for H0 : β

˚
ϕ,l “ 0.

Randomly split data into K parts I1, ¨ ¨ ¨ , IK with equal size, and set k “ 1;
Estimate β˚

ϕ using data in Ick by

pEp´kq
n rϕpAXJβqs ` λp´kq

n }β}1,

where pEp´kq
n r¨s is the empirical average on Ick, and denote the estimator as pβ

p´kq

ϕ .

The parameter λ
p´kq
n is tuned by cross-validation; we obtain pβ

p´kq

ϕ for each k;
Obtain an estimator pwϕ,l for w

˚
ϕ,lby minimizing

1

K

K
ÿ

k“1

pEpkq
n

«#

J
ÿ

j“1

∆jGhgb
ptj ´ AXJ

pβ
p´kq

ϕ q

+

pXl ´ XJ
´lwq2

ff

` µn}w}1,

where µn is tuned by cross-validation, and pEpkq
n r¨s is the empirical average on Ik;

Let
´

pβ
pkq

ϕ,nullplq

¯J

equal to pβ
pkq

ϕ except its l-th coordinate replaced by 0. Construct

the kernel-smoothed decorrelated score test statistic as

S
rϕ1 ,nullplq

“
1

K

K
ÿ

k“1

pEpkq
n

”

Arϕ
1
´

AXJ
pβ

p´kq

ϕ,nullplq

¯

pXl ´ XJ
´l pwϕ,lq

ı

,

and the estimator of the variance

pσ2
l “ 1

K

řK
k“1

pEpkq
n

„

!

rϕ
1
´

AXJ
pβ

p´kq

ϕ

¯

pXl ´ XJ
´l pwϕ,lq

)2
ȷ

;

Calculate the p-value by 2
´

1 ´ Φpn´1{2|S
rϕ1 ,nullplq

|{pσlq
¯

, where Φp¨q is the

cumulative distribution function of a standard normal distribution.

2.3 Construction of confidence interval

Due to the penalization, the estimator pβϕ,l is biased and cannot be directly used to construct
an interval estimator. To remove this bias, the key idea is to consider a one-step estimator
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based on an unbiased estimating equation. Motivated by the fact that the kernel-smoothed
decorrelated score is an asymptotically unbiased estimating equation for β˚

ϕ,l, when the
bandwidth shrinks to 0, we consider

rβϕ,l “ β̄ϕ,l ´ Sϕ̃1 ,lp
pβ

p´kq

ϕ ; pwϕ,lq{pIl,

where

β̄ϕ,l “
1

K

K
ÿ

k“1

pβ
p´kq

ϕ,l ,

Sϕ̃1 ,lpβ; pwϕ,lq “
1

K

K
ÿ

k“1

pEpkq
n

”

Arϕ
1 `

AXJβ
˘

pXl ´ XJ
´l pwϕ,lq

ı

,

pIl “
1

K

K
ÿ

k“1

pEpkq
n

«

ÿ

j

∆jGhgb

´

tj ´ AXJ
pβ

p´kq

ϕ

¯

pXl ´ XJ
´l pwϕ,lq

2

ff

,

can be calculated in Step 1 of Algorithm 1. Then 95%-confidence interval can be constructed
by

´

rβϕ,l ´ 1.96n´1{2
pσl{pIl, rβϕ,l ` 1.96n´1{2

pσl{pIl

¯

.

3. A general classification framework

Weighted classification assigns class-specific weights, which reflect the relative importance
of each class. More broadly, weights can depend on the covariate X that each individual has
specific weights. Mathematically, the task is to learn a decision rule, dpXq, which minimizes
a weighted zero-one loss

Lpd;W1,W´1q “ ErW1pXq1 tdpXq ‰ 1u ` W´1pXq1 tdpXq ‰ ´1us, (1)

where WapXq’s are pre-specified weights depending on the problem of interest.
Under the proposed general classification framework, the minimizer of the loss (1) can

be derived as
doptpXq “ sgn tW1pXq ´ W´1pXqu ,

where sgnptq “ 1 if t ě 0; sgnptq “ ´1, otherwise.
We are interested in developing an inference procedure for a low-dimensional projection

of β˚
ϕ, where β˚

ϕ is the minimizer of

Lϕpβ;W1,W´1q “ E
“

W1ϕpXJβq ` W´1ϕp´XJβq
‰

,

where for simplicity we use the notation W1 and W´1. The weights are typically not directly
observed, and need to be estimated. Specifically, to estimate β˚

ϕ, we minimize

pLλn
ϕ pβ;xW1,xW´1q “ pEn

”

xW1ϕpXJβq ` xW´1ϕp´XJβq

ı

` λn}β}1,

where xWa’s are the estimated weights using the observed data.
The general weighted classification framework has been broadly used in many applica-

tions. We provide two examples below.
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3.1 Classification with missing labels

In a classification problem, it is likely that only partial samples are fully observed with
pX, Aq, and we only observe the covariate information X for the remaining samples. For
example, to predict patient-reported outcomes, covariate information is collected at baseline,
whereas the outcomes are collected by a survey after intervention. We can only observe
outcomes for those patients who fill out the survey, and other patients’ outcomes are missing.
This problem is also related to the semi-supervised learning literature, where the missing is
often assumed to be completely at random (Wang and Shen, 2007; Hoffmann et al., 2020;
Song et al., 2024; Deng et al., 2024; Cai et al., 2025). In this case, our proposed method
can also be applied to infer the derived linear rule in semi-supervised learning.

Let R be the missing indicator. We assume missing at random (MAR), i.e., A K R | X.
By leveraging both the labeled and unlabeled samples, an estimator of the classification
error is

pEn

”

xW1pX, A; pπ, ppq1tdpXq ‰ 1u ` xW´1pX, A; pπ, ppq1tdpXq ‰ ´1u

ı

. (2)

Here,

xWapX, A; pπ, ppq “
1tR “ 1, A “ au

pπ1pXq
´

1tR “ 1u ´ pπ1pXq

pπ1pXq
ppapXq,

where pπ1pXq is an estimate of the nuisance parameter π1 “ P pR “ 1 | Xq and ppapXq is
an estimate of the nuisance parameter papXq “ P pA “ a|Xq. Let sπ1pxq and spapxq be the
point-wise limits of the pπ1pxq and ppapxq. Define

ĎWapX, A; sπ, spq “
1tR “ 1, A “ au

sπ1pXq
´

1tR “ 1u ´ sπ1pXq

sπ1pXq
spapXq.

Under the class of linear decision rules, we can minimize

pLλn
ϕ pβ;xW1,xW´1q “ pEn

”

xW1pX, A; pπ, ppqϕpXJβq

` xW´1pX, A; pπ, ppqϕp´XJβq

ı

` λn}β}1.

We assume that there exists a constant c such that 0 ă c ă mintπ1, pπ1u. The target of the
inference procedure is a low-dimensional projection of β˚

ϕ, which minimizes

Lϕpβ;ĎW1,ĎW´1q “ E
“

ĎW1pX, A; sπ, spqϕpXJβq ` ĎW´1pX, A; sπ, spqϕp´XJβq
‰

. (3)

Further, due to the construction of the ĎWapX, A; sπ, spq’s, if either sπ1 “ π1 or spa “ pa, then
ErĎWa | Xs “ WapXq ” P pA “ a|Xq and the objective function (3) equals to

Lϕpβ;W1,W´1q “ E
“

W1ϕpXJβq ` W´1ϕp´XJβq
‰

.

3.2 Estimation of individualized treatment rules

An individualized treatment rule dpXq maps the covariate space Rp to the treatment space
t´1, 1u, which is the label space here. To define the objective function, we adopt the
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potential outcome framework (Rubin, 1974, 2005). Denote the potential outcome under
treatment a P t´1, 1u as Y paq, and the potential outcome under an individualized treatment
rule d as Y pdq. Assume larger outcomes are more preferable. The goal is to learn the optimal
individualized treatment rule that maximizes E rY pdqs.

We observe the covariate information X, the assigned treatment A, and the outcome
Y . We assume the following conditions: 1) the Stable Unit Treatment Value Assumption
(SUTVA) (Imbens and Rubin, 2015); 2) the strong ignorability Y p´1q, Y p1q K A | X; 3)
Consistency Y “ Y paq if A “ a. SUTVA condition assumes that the potential outcomes
for a patient do not vary with the other patients’ treatments. It also implies that there are
no different versions of the treatment. The strong ignorability condition means that there
is no unmeasured confounding between the potential outcomes and the treatment. The
consistency ensures that the observed outcome is the potential outcome under the assigned
treatment. Under these conditions, an augmented inverse probability weighted estimator of
E rY pdqs is

pEn

”

xW1pY,X, A; pp, pQq1tdpXq “ 1u ` xW´1pY,X, A; pp, pQq1tdpXq “ ´1u

ı

. (4)

Here,

xWapY,X, A; pp, pQq “
Y 1 tA “ au

ppapXq
`

1 tA “ au ´ ppapXq

ppapXq
pQapXq,

where ppapXq and pQapXq are estimators for the nuisance parameters papXq “ P pA “ a | Xq

and QapXq “ EpY |X, A “ aq, respectively. We assume that there exists a constant c ą 0
such that c ă papXq, ppapXq ă 1 ´ c. Let spa and sQa be the point-wise limit of ppa and pQa.
Define

ĎWapY,X, A; sp, sQq “
Y 1 tA “ au

spapXq
`

1 tA “ au ´ spapXq

spapXq
sQapXq.

Consider the class of linear decision rules, we can minimize

pLλn
ϕ pβ;xW1,xW´1q “ pEn

»

–

ÿ

aPt´1,1u

xWapY,X, A; pp, pQqϕpaXJβq

fi

fl ` λn}β}1. (5)

The target of the inference procedure is a low-dimensional projection of β˚
ϕ defined as

the minimizer of

Lϕpβ;ĎW1,ĎW´1q “ E
“

ĎW1pX, A; sp, sQqϕpXJβq ` ĎW´1pX, A; sp, sQqϕp´XJβq
‰

.

Furthermore, if either spapXq “ papXq or sQapXq “ QapXq, then ErĎWa | Xs “

WapXq ” QapXq, and the above objective function is equivalent to

Lϕpβ;W1,W´1q “ E
“

W1ϕpXJβq ` W´1ϕp´XJβq
‰

.

In the general classification framework where nuisance parameters are involved, non-
parametric or machine learning algorithms are commonly employed to fit them to avoid

10
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model misspecification. However, the convergence rates of the xWa’s may be slower than
Oppn´1{2q. We adopt a cross-fitting procedure (Chernozhukov et al., 2017) to tackle this
issue. We split the entire dataset into two halves. The first half is used to fit the nuisance
parameters, and to estimate the weights, xWa. We then implement Algorithm 1 on the
second half of the data to obtain the estimated coefficients and p-values. Similarly, we can
then fit the nuisance parameters on the second half and use the first half to estimate the
coefficients and conduct inference. Finally, to compensate for the efficiency loss due to the
cross-splitting, we can average the estimates and the kernel-smoothed decorrelated scores.
The details of this algorithm can be found in Algorithm 2.

Algorithm 2: Inference of β˚
ϕ,1 with nuisance parameters.

Input: A random seed; n samples; a positive integer K.
Output: A p-value for H0 : β

˚
ϕ,l “ 0.

Randomly split data into halves rI and rJ with equal sizes;

Estimate nuisance parameters using data in rI by kernel regression after variable

screening, and construct the estimated weights xW
prIq
a ’s on the samples in rJ using

the estimated nuisance parameters;

On rJ , we implement Algorithm 1 with weights xW
prIq
a ’s and denote the

kernel-smoothed decorrelated score and its variance estimate as S
p rJq

rϕ1 ,nullplq
and

pσ2
p rJq,l

;

Similarly, we can obtain S
prIq

rϕ1 ,nullplq
and pσ2

prIq,l
. Aggregate them by

S
rϕ1 ,nullplq

“

´

S
prIq

rϕ1 ,nullplq
` S

p rJq

rϕ1 ,nullplq

¯

{2, pσ2
l “

´

pσ2
prIq,l

` pσ2
p rJq,l

¯

{2.

Calculate the p-value by 2
´

1 ´ Φpn´1{2|S
rϕ1 ,nullplq

|{pσlq
¯

, where Φp¨q is the

cumulative distribution function of a standard normal distribution.

4. Theoretical properties

In this section, we investigate the asymptotic properties of the proposed procedures under
an ERM with non-differentiable loss, potentially involving nuisance parameters. We focus
on the uniform validity of the proposed procedures to test a low-dimensional hypothesis.
For testing a hypothesis with a growing dimension, we propose a bootstrap procedure and
prove its validity in the supplementary material. In the supplementary material, we also
provide the convergence rates of pβϕ and pwϕ,l.

4.1 Asymptotic properties without nuisance parameters

First, we consider the situation without nuisance parameters. We assume the following
conditions hold on each split dataset in the sample-splitting (and cross-fitting) procedure.
For notation simplicity, we omit the subscript indicating the split dataset being used.

11
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(a) The design matrix is bounded, i.e., }X}8 ď M with probability 1; there is a constant
C such that |xJβ˚

ϕ| ď C, and a constant c ą 0 such that |β˚
ϕ,j0

| ě c for some index
j0. Let fxj0

|x´j0
pxj0 , aq be the conditional density function of Xj0 given X´j0 and A.

We assume that f 1
xj0

|x´j0
,apxj0q and f2

xj0
|x´j0

,apxj0q are bounded for both a “ 1 and

´1.

(b) There exists a positive constant γ such that for all t0 ą t ą 0,

sup
j,aPt´1,1u

Pp|tj ´ aXJβ˚
ϕ| ď tq ď τtγ ,

where τ and t0 are some constants.

(c) We assume that the eigenvalues of

E

»

–

˜

∆0 `

J
ÿ

j“1

∆j1
␣

AXJβ˚
ϕ ´ tj ě 0

(

¸2

XXJ

fi

fl

is bounded away from `8 and 0 by some constants.

Condition (a) assumes bounded designs, a common condition in high-dimensional lit-
erature (Ning and Liu, 2017; Van de Geer et al., 2014; Dezeure et al., 2017). In addition,
Condition (a) also assumes β˚

ϕ ­“ 0 and some regularity conditions on the conditional den-
sity function of the covariates; these conditions are firstly introduced in Koo et al. (2008)
and then adopted in Peng et al. (2016); Wang et al. (2019) to ensure that the hessian of
the Lϕpβq is well defined and continuous in β. Condition (b) assumes that samples do not
concentrate on the jump discontinuity points. This is satisfied when at least one covariate
with a non-zero coefficient is continuous and has a bounded density function. Condition (b)
ensures the L-2 convergence of the 1ttj ´aXJ

pβϕ ě 0u to 1ttj ´aXJβ˚
ϕ ě 0u. Condition (c)

guarantees the uniform convergence of the variance estimator pσl.
Now, we provide the uniform validity of the kernel-smoothed decorrelated score under

the null hypothesis.

Theorem 5 Denote s1 “ maxl }w˚
ϕ,l}0. Assume that }pβϕ ´ β˚

ϕ}2 ď ∆β,2 with probability

approaching to 1, s1
a

log p{pnhgbq “ op1q and maxl |xJ
´lw

˚
ϕ,l| is bounded by R “ opn1{6q.

Taking µn — δn ` Rh2gb ` R∆β,2, where δn “ Rplog p{pnhgbqq1{2. Further assume that
?
nRphlo `

?
log p∆

2γ{pγ`2q

β,2 q “ op1q,
?
nps1µnqp

a

log p{n`hlo `∆β,2q “ op1q, and pRs1µn `

R2
a

log p{n ` R2∆β,2 ` R2hloq
?
log p “ op1q. If Conditions (a) - (c) are satisfied, under

the null hypothesis, we have

max
lPH0

sup
αPp0,1q

ˇ

ˇ

ˇ
P
´
ˇ

ˇ

ˇ
n1{2

pσ´1
l S

rϕ1 ,nullplq

ˇ

ˇ

ˇ
ď Φ´1p1 ´ α{2q

¯

´ p1 ´ αq

ˇ

ˇ

ˇ
“ opp1q,

where H0 is the index set of zero coefficients in β˚
ϕ under the null hypothesis.

Define

σ2
l “ E

»

–

˜

∆0 `

J
ÿ

j“1

∆j1
␣

AXJβ˚
ϕ ´ tj ě 0

(

¸2

pXl ´ XJ
´lw

˚
ϕ,lq

2

fi

fl .

12
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Theorem 5 implies that the asymptotic variance σ2
l can be estimated by pσ2

l in Algorithm 1.
The following corollary provides the uniform validity of the confidence interval con-

structed through the one-step debiased estimator rβϕ,l.

Corollary 6 Assume the same conditions in Theorem 5, we have

max
l

sup
αPp0,1q

ˇ

ˇ

ˇ
P
´
ˇ

ˇ

ˇ
n1{2

pσ´1
l

pIl

´

rβϕ,l ´ β˚
ϕ,l

¯
ˇ

ˇ

ˇ
ď Φ´1p1 ´ α{2q

¯

´ p1 ´ αq

ˇ

ˇ

ˇ
“ opp1q.

Define

rσ2
l “ σ2

l {I2l , I2l “ E

«

ÿ

j

∆jδptj ´ AXJβ˚
ϕqpXl ´ XJ

´lw
˚
ϕ,lq

2

ff

.

Corollary 6 implies that the asymptotic variance rσ2
l can be estimated by pσ2

l {pI2l .
Compared with the theoretical conditions for the marginal validity of the decorrelated

score under a differentiable strictly convex loss function without nuisance parameters, our
conditions for the uniform validity under a non-differentiable loss function assumes a more
sparse model. To see this, Ning and Liu (2017) show that the condition required for the
marginal validity of the decorrelated score is maxts1, s˚u log p{

?
n Ñ 0; this is equivalent

to
?
n} pwϕ,l ´ w˚

ϕ,l}
2
2 Ñ 0 and

?
n∆2

β,2 Ñ 0. For the hinge loss, Theorem 5 requires that
?
ns1µn∆β,2 Ñ 0 in addition to

?
n∆2

β,2 Ñ 0; this is equivalent to
?
n} pwϕ,l´w˚

ϕ,l}1∆β,2 Ñ 0

and
?
n∆2

β,2 Ñ 0 (see Appendix for the convergence rate of pw). If } pwϕ,l ´ w˚
ϕ,l}

2
2 À

} pwϕ,l ´ w˚
ϕ,l}1∆β,2, the conditions in Theorem 5 and 7 are more restrictive than Ning and

Liu (2017). In Appendix (the Proof of Theorem 7), we show that under a dedicated sample-
splitting algorithm, we can reduce this requirement to a weaker condition than Ning and Liu
(2017). With this sample-splitting algorithm, we only require that

?
n} pwϕ,l ´w˚

ϕ,l}2∆β,2 Ñ

0 in addition to
?
n∆2

β,2 Ñ 0. The requirements that
?
n} pwϕ,l ´ w˚

ϕ,l}2∆β,2 Ñ 0 and
?
n∆2

β,2 Ñ 0 are weaker than
?
n} pwϕ,l ´ w˚

ϕ,l}
2
2 Ñ 0 and

?
n∆2

β,2 Ñ 0, when ∆β,2 À

} pwϕ,l ´ w˚
ϕ,l}2. However, the dedicated sample-splitting algorithm leads to a significant

increase in computation time. Hence, we mainly focus on the proposed procedure in the
paper.

4.2 Asymptotic properties with nuisance parameters

In this section, we investigate the theoretical property of the proposed inference procedure
when nuisance parameters exist.

(d) There is a constant C such that max tW1,W´1u ď C. Bxj0
Wapxq and B2

xj0
Wapxq are

bounded.

(e) There exist positive constants η and ζ such that

sup
x,a,y

ˇ

ˇ

ˇ

xWa ´ ĎWa

ˇ

ˇ

ˇ
“ Oppn´ζq,

sup
x

ˇ

ˇ

ˇ
E
”

xWa | X “ x
ı

´ Wa

ˇ

ˇ

ˇ
“ Oppn´ηq,

where ĎWa is the point-wise limit of xWa as n Ñ 8.

13
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Condition (d) assumes that the weights are bounded and smooth. Condition (e) assumes
that the convergence rates of the nuisance parameters are upper bounded by Oppn´ζq; the
expectation of the weights with estimated nuisance parameters approximates WapXq faster
than Oppn´ηq.

We now provide the uniform validity of the kernel-smoothed decorrelated score under
the null hypothesis when there exist nuisance parameters.

Theorem 7 Denote s1 “ maxl }w˚
ϕ,l}0 and δn “ Rplog p{pnhgbqq1{2 ` Rn´η{hgb. Assume

that }pβϕ ´ β˚
ϕ}2 ď ∆β,2 with probability approaching to 1, s1

a

log p{pnhgbq “ op1q and

maxl |xJ
´1w

˚
ϕ,l| is bounded by R “ opn1{6q. Taking µn — δn `Rh2gb `R∆β,2. Further assume

that
?
nRphlo`n´η`

?
log p∆

2γ{pγ`2q

β,2 q “ op1q,
?
nps1µnqpn´η`

a

log p{n`hlo`∆β,2q “ op1q,

and pRs1µn `R2
a

log p{n`R2n´ζ `R2∆β,2 `R2hloq
?
log p “ op1q. If Conditions (a) - (e),

under the null hypothesis, we have

max
lPH0

sup
αPp0,1q

ˇ

ˇ

ˇ
P
´
ˇ

ˇ

ˇ
n1{2

pσ´1
l S

rϕ1 ,nullplq

ˇ

ˇ

ˇ
ď Φ´1p1 ´ α{2q

¯

´ p1 ´ αq

ˇ

ˇ

ˇ
“ opp1q,

where H0 is the index set of zero coefficients in β˚
ϕ under the null hypothesis and

σ2
l “ E

»

–

#

ÿ

a

aWa

˜

∆0 `

J
ÿ

j“1

∆j1
␣

aXJβ˚
ϕ ´ tj ě 0

(

¸+2

pXl ´ XJ
´lw

˚
ϕ,lq

2

fi

fl .

Compared with Theorem 5, the δn also involves the Rn´η{hgb due to the additional nuisance
parameters.

Corollary 8 Assume the same conditions in Theorem 7, we have

max
l

sup
αPp0,1q

ˇ

ˇ

ˇ
P
´
ˇ

ˇ

ˇ
n1{2

pσ´1
l

pIl

´

rβϕ,l ´ β˚
ϕ,l

¯ˇ

ˇ

ˇ
ď Φ´1p1 ´ α{2q

¯

´ p1 ´ αq

ˇ

ˇ

ˇ
“ opp1q.

Define

rσ2
l “ σ2

l {I2l , I2l “ E

«

ÿ

a

ÿ

j

∆jWaδptj ´ aXJβ˚
ϕqpXl ´ XJ

´lw
˚
ϕ,lq

2

ff

.

Theorem 7 and Corollary 8 imply that the asymptotic variance component σ2
l and σ2

l {I2l
can be estimated by pσ2

l and pσ2
l {pI2l , respectively. They require that R2n´ζ

?
log p “ op1q,

where n´ζ corresponds to the slowest convergence rate of the nuisance parameters. This
ensures that the pIl converges fast enough to construct a uniformly valid testing proce-
dure/debiased estimator. Furthermore, compared with Theorem 5, Theorem 7 also requires
that

?
nRn´η Ñ 0 and

?
nps1µnqn´η Ñ 0. These requirements ensure that the uncertainty

of estimating the nuisance parameters is asymptotically ignorable, and does not affect the
asymptotic variance. Under a doubly robust formulation, these requirements are not re-
strictive and can be satisfied even when the nuisance parameter estimates have a slow
convergence rate (see below for concrete examples).
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In Theorem 7 and Corollary 8, we require that
?
nRn´η Ñ 0. In classification with

missing labels example, assume that there exists α, β ą 0 such that supx |pπ1pxq ´ sπpxq| “

Oppn´αq and supx |ppapxq ´ spapxq| “ Oppn´βq. When we assume that both sπ1 “ π1 and
spa “ pa, the condition that

?
nRn´η Ñ 0 holds with η “ α ` β if

?
nRn´α´β Ñ 0, since

sup
x

ˇ

ˇ

ˇ
ErxWapX, A; pπ, ppq | X “ xs ´ Wapxq

ˇ

ˇ

ˇ
“ Oppn´α´βq.

When the missing mechanism is known, i.e., pπ1 “ π1, the condition that
?
nRn´η Ñ 0

automatically holds since

sup
x

ˇ

ˇ

ˇ
ErxWapX, A; pπ, ppq | X “ xs ´ Wapxq

ˇ

ˇ

ˇ
“ 0,

for any ppa.
In the inference of individualized treatment rule example, assume that there exists

α, β ą 0 such that supx |ppapxq ´ spapxq| “ Oppn´αq and supx | pQapxq ´ sQapxq| “ Oppn´βq.
When we assume that both spa “ pa and sQa “ Qa, the condition

?
nRn´η Ñ 0 holds with

η “ α ` β if
?
nRn´α´β Ñ 0 since

sup
x

ˇ

ˇ

ˇ
ErxWapX, A; pp, pQq | X “ xs ´ Wapxq

ˇ

ˇ

ˇ
“ Oppn´α´βq.

When the treatment assignment mechanism is known, i.e., ppa “ pa is known (for example,
in randomized clinical trials), the condition that

?
nRn´η Ñ 0 automatically holds since

sup
x

ˇ

ˇ

ˇ
ErxWapX, A; pp, pQq | X “ xs ´ Wapxq

ˇ

ˇ

ˇ
“ 0,

for any pQa.
With a bounded R, requirement on

?
nRn´α´β Ñ 0 is equivalent to α`β ą 1{2, which

can be satisfied by many estimation methods. For example, in the inference of the individ-
ualized treatment rule example, if we adopt generalized linear models with lasso penalties
to estimate the propensity score and the outcome regression models, it is satisfied when
rs log p{

?
n “ op1q, where rs is an upper bound of the number of the non-zero coefficients in

the propensity score and the outcome regression models. If the propensity score is estimated
by a regression spline estimator and is known to be pπ-dimensional (low-dimensional) by
design, we have α “ 1{3 if π belongs to the Hölder class with a smoothness parameter
greater than 5pπ (Newey, 1997). In this case, we only need β ą 1{6.

5. Simulation

In this section, we conduct simulation studies to examine the performance of the proposed
inference procedure. We consider two simulation scenarios: classification without nuisance
parameters (see Section 2.1) and estimating ITR with nuisance parameters (see Section 3).
Specifically, the population is a mixture of two subgroups with a probability 0.4 from Group
I and probability 0.6 from Group II. For Group I, the covariate vector is generated from
Npξµ0, Ipˆp ´ 0.1e1e

J
1 q; for Group II, the covariate vector is generated from Npξµ1, Ipˆpq,

where µ0 “ p´1, 1,´0.5, 0.5, 0, ¨ ¨ ¨ , 0qJ and µ1 “ p1,´1,´1,´1, 0, ¨ ¨ ¨ , 0qJ.
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I. The label for Group I is A “ 1, and the label for Group II is A “ ´1. The goal is to
classify Group I from Group II based on the data;

II. The treatment assignment mechanism follows P pA “ 1 | Xq “ expp0.25 ˆ pX2
1 `

X2
2 `X1X2q{p1` 0.25ˆ pX2

1 `X2
2 `X1X2qq. The observed outcome Y “ Y paq if the

treatment a is assigned to the patient, Y paq “ pXJγq2 `CpX;GqIpa “ 1q ` ϵ, where
γ “ p´0.4,´0.4, 0.4,´0.4, 0, ¨ ¨ ¨ , 0qJ and ϵ follows a standard normal distribution.
Here, CpX;G “ 1q “ |X1|`0.5 for Group I patients and CpX;G “ 2q “ ´p|X1|`0.5q

for Group II patients. The goal is to estimate the optimal individualized treatment
rules that maximize the outcome. The CATE is given by ErCpX;Gq | Xs; and thus,
by calculation, the sign of CATE is the same as PpG “ 1 | Xq ´ 0.5.

Our Scenario II assumes that there are two subgroups with different treatment effects,
and the group membership G is unobserved. Similar setups have been adopted in recent
literature for heterogeneous subgroup-level treatment effects (Lin et al., 2021; Chandra
et al., 2023). For each scenario, the parameter ξ controls the magnitude of the overlapping
of two subgroups. Two subgroups are easier to separate by a linear decision rule for a larger
ξ. We gradually increase ξ from 0.1 to 1 (by 0.1) and the dimension of the covariate p from
500 to 1600, which lead to 30 settings in total for each scenario.

We compare our proposed method with an ad-hoc method and the method in Liang
et al. (2022) using a logistic loss. For the ad-hoc approach, we first use the hinge loss with
the lasso penalty to identify covariates with non-zero coefficient estimates. Then, we refit
the hinge loss without any penalty using the identified covariates and first 8 covariates, and
employ the inference procedure for low-dimensional settings (Koo et al., 2008) to construct
test statistics and confidence intervals for identified and first 8 covariates. In Scenario
II, we further combine the ad-hoc method with the cross-fitting algorithm proposed in
Chernozhukov et al. (2017) as the competitor. For Scenario II, we use the kernel regression
after the variable screening to estimate nuisance parameters for both the proposed and
ad-hoc methods. For each simulation setting, we repeatedly simulate the training samples
500 times, the sample sizes of which vary from 500 to 1600. To evaluate the inference
procedure, we report type I error (testing H0 : β

˚
ϕ,l “ 0, where l “ 5, 6, 7, 8), power (testing

H0 : β˚
ϕ,l “ 0, where l “ 1, 2, 3, 4), the averaged coverage of the 95% confidence intervals

for the eight coordinates in β˚
ϕ, and the averaged length of the 95% confidence intervals.

The true value of β˚
ϕ is determined by the average over 500 replicates with n “ 2500. The

coordinates of β˚
ϕ are set to zero if the absolute value of its average estimates is less than

0.01. When comparing interval length with the method using a logistic loss, we normalize
the interval length based on the first coordinate of β˚

ϕ. In addition, we also report the
classification accuracy (for Scenario I), value function (for Scenario II), and estimation
errors of debiased one-step estimator (against β˚

ϕ under hinge loss) to compare the methods
using a hinge loss vs. a logistic loss.

Figures 1 - 3 show the simulation results for Scenario I. The results show that the
proposed method has controlled Type-I errors and higher powers than the ad-hoc method.
The ad-hoc method has inflated type-I errors, which indicate that the decorrelation and
sample-splitting procedures to construct valid test statistics are necessary. From Figure 2,
the proposed method achieves nominal coverages and has shorter confidence intervals than
the ad-hoc method across all settings. When comparing with the method using a logistic
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Figure 1: Testing results for Scenario I with the change of sample size when ξ “ 0.4 and
p “ 800, the change of ξ (n “ 800; p “ 1600) and the change of p (n “ 800;
ξ “ 0.4). Line styles represent different coefficients.

loss, our method yields slightly lower power but comparable or higher accuracy, as shown
in Figure 3. We also observe that the averaged coverage shows a non-monotonic pattern
for our proposed method. When ξ changes, the value of β˚

ϕ may also change. The varying
β˚
ϕ’ may contribute to this non-monotonic pattern. The simulation results for Scenario II

are presented in Figures 4 - 6. Again, the proposed method yields better results in terms of
Type I error control, coverage, and the length of confidence intervals. The proposed method
also achieves a higher value compared with the method using a logistic loss. Results of more
simulation settings can be found in Appendix D.

6. Real data examples

In this section, we apply our proposed inference approach in real world problems. Specif-
ically, we consider two scientific questions: 1) whether we can identify the risk factors
associated with uncontrolled HbA1c in a year, given the patients baseline characteristics;
2) whether we can identify driving factors to inform better treatment strategies.

The data we used comes from the electronic medical records linked with Medicare claims
data on Type-II diabetic patients with complex commodities. These data are collected
through the Heath Innovation Program at the University of Wisconsin. It contains n “ 9101
patients with many covariate information. In order to answer the research questions high-
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Figure 2: Coverage results for Scenario I with the change of sample size when ξ “ 0.4 and
p “ 800, the change of ξ (n “ 800; p “ 1600) and the change of p (n “ 800;
ξ “ 0.4).
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Figure 3: Classification accuracy and estimation error for Scenario I with the change of
sample size when ξ “ 0.4 and p “ 800, the change of ξ (n “ 800; p “ 1600) and
the change of p (n “ 800; ξ “ 0.4).

lighted above, we include 40 covariates including sociodemographic variables, disease his-
tory, baseline HbA1c levels, etc., and their first-order interactions in our analysis. As a
variable screening procedure, we rank these covariates and their interactions by the vari-
ances and select p “ 120 covariates with highest variances.The outcome of interest in both
questions is whether the patient successfully controlled his or her HbA1c below 8% after
one year.

6.1 Identify risk factors associated with uncontrolled HbA1c for Type-II
diabetic patients

Our goal is to identify patients and risk factors associated with uncontrolled HbA1c after
one-year of follow-up if following current clinical guideline. This can be considered as a
classification problem. The label to predict, denoted as A, indicates whether patients have
uncontrolled HbA1c after one-year of follow-up. Specifically, we set A “ 1 if patients
successfully control the HbA1c level after one-year follow-up; and set A “ ´1, otherwise.

We first use the linear SVM with a lasso penalty to estimate the decision rule and then
conduct inference on the estimated decision rule. Under a cross-validation procedure, the
estimated decision rule achieves a prediction accuracy of 0.895 with a standard deviation
of 0.003. After controlling the false discovery rate (FDR) at 0.05 by Benjamini–Hochberg
procedure (Benjamini and Hochberg, 1995), we find that patients with valvular disease are
more likely to suffer from uncontrolled HbA1c’s (see Table 1); minorities with hypertension
are more likely to have HbA1c under control after treatment, which is probably due to
the full consideration for patients with hypertension as one common comorbidity in cur-
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Figure 4: Testing results for Scenario II with the change of sample size when ξ “ 0.8 and
p “ 800, the change of ξ (n “ 800; p “ 1600) and the change of p (n “ 800;
ξ “ 0.8). Line styles represent different coefficients.
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Figure 5: Coverage results for Scenario II with the change of sample size when ξ “ 0.8 and
p “ 800, the change of ξ (n “ 800; p “ 1600) and the change of p (n “ 800;
ξ “ 0.8).
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Figure 6: Value function and estimation error for Scenario II with the change of sample size
when ξ “ 0.8 and p “ 800, the change of ξ (n “ 800; p “ 1600) and the change
of p (n “ 800; ξ “ 0.8).
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Table 1: Coefficients and p-value for the identified significant covariates of the estimated
decision rule after FDR control.

Covariate Coef P-value 95% - CI

Valvular disease (Yes) -2.079 1.528 ˆ 10´99 [-2.118, -2.041]
Hypertension (Yes) : Race (other) 2.126 3.687 ˆ 10´88 [2.091, 2.161]

rent clinical guideline. After controlling for the FDR, the ad-hoc method reveals that 112
covariates out of 120 covariates are significant. However, when evaluating the length of
the constructed confidence intervals, the average interval length for the proposed method
is much shorter at 0.122 compared to that of the ad-hoc method, which is 0.244. The high
number of identified risk factors and long length of confidence intervals may be attributed
to biased test statistics and interval estimations, as discussed in Section 5.

6.2 Identify driving factors of the estimated ITR to inform better clinical
guideline for Type-II diabetic patients

We aim to estimate the optimal ITR and identify the driving factors to inform future
clinical guideline for Type-II diabetic Medicare patients. We consider two treatment options:
hypoglycemic agents versus usual care. We set A “ 1 if the patient received hypoglycemic
agent at baseline and A “ ´1 otherwise. The outcome Y is whether the patient successfully
controlled his or her HbA1c below 8% after one year. Under these specifications, the
weighted classification problem proposed in Section 3 aims to estimate an ITR such that
under the derived ITR, the chance of successfully controlling HbA1c below 8% after one
year is maximized for each individual.

To demonstrate that the estimated ITR informs a better treatment strategy than the
current clinical practice, we use the cross-validation procedure to calculate the chance of
successfully controlling HbA1c if the estimated ITR were implemented. The results show
that the current clinical practice has a success rate of 0.860 with a standard deviation of
0.008; the estimated ITR has a success rate of 0.871 with a standard deviation of 0.013. In
terms of the identified driving factors of the estimated ITR, using the proposed inference
method, after controlling FDR at 0.05, we find that patients having hypertension, especially
with higher A1c levels at baseline, are more likely to benefit from hypoglycemic agents in
controlling HbA1c, which confirmed the importance of hypertension in Type-II diabetes
care. In addition, we also find that female patients with chronic complications, are more
likely to benefit from hypoglycemic agents in controlling HbA1c, see Table 2. We also
implement the ad-hoc method as a comparison. After controlling for the FDR, the ad-hoc
method identifies 107 significant driving factors out of 120 predictors. The averaged length
of confidence intervals for the ad-hoc method is 0.423, longer than that of the proposed
method, which is 0.122.
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Table 2: Coefficients and p-value for the identified significant covariates of the estimated
optimal ITR after FDR control. Special chronic conditions refer to chronic condi-
tions including amputation, chronic blood loss, drug abuse, lymphoma, metastatic
cancer, and peptic ulcer disease.

Covariate Coef P-value 95% - CI

Hypertension (Yes) -0.0451 8.32 ˆ 10´4 [-0.0918, 0.0016]
Chronic Complications (Yes) : Female 0.1244 4.51 ˆ 10´6 [0.0947, 0.154]
Hypertension (Yes) : Baseline A1c 0.0627 6.95 ˆ 10´7 [0.0205, 0.105]

7. Discussion

We propose a high-dimensional inference procedure for a non-differentiable convex loss
function in a general classification framework, which can be utilized to discover the driving
factors in decision making. In particular, combined with the cross-fitting algorithm, our
procedure can accommodate weights involving additional nuisance parameters, which may
be estimated via nonparametric or other machine learning algorithms.

There are multiple directions that could be further studied in the future. First, although
we allow a non-differentiable surrogate loss, we still require the convexity of the surrogate
loss. It would be interesting to see how the proposed method can be extended to deal
with a non-convex surrogate loss or even zero-one loss without any relaxation. Second,
we may consider distributed inference or online inference. When the sample size is large,
the computation may be infeasible on a single machine due to limited resources. In this
case, distributed inference can leverage the computation power of a cluster of machines and
reduce the runtime. When the sample size is limited, it would be important to understand
how to utilize newly collected samples to improve the learning process of the decision rule.
Third, in this work, we only consider bounded designs; we may consider extending these
results to sub-gaussian designs or designs with heavy tails.
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Appendix A.

In this appendix, we provide the proof of the theorems in Section 4. To unify the theoretical
analysis for different scenarios, we consider the following formulation to our problem. The
target of the inference β˚

ϕ is defined as

Lϕpβ;W1,W´1q “ E
“

W1ϕpXJβq ` W´1ϕpXJβq
‰

,

where Wa’s are the weights depending the problem solved. For each problem, the choice
of the weights are not unique; as a simple example, we have that Lϕpβ;W1,W´1q “

Lϕpβ;ErW1 | Xs,ErW´1 | Xsq. To avoid ambiguity, we specify the choice of Wa’s cor-
responds to 1) common classification problem; 2) classification with missing labels; 3) esti-
mation of ITR. In common classification and classification with missing labels, the weight
Wa “ papXq; in estimation of ITR, the weight Wa “ ErY paq | Xs. Details are discussed in
Section 3.1 and 3.2 in the main text. Under these choices, the weight Wa’s are functions of
X.

The proof is organized as follows. To start with, we discuss the approximation error of
the local and global kernel functions. Then we provide the estimation error for w˚

ϕ,l defined
as the minimizer of

Lϕ2 pwq “ E

«

J
ÿ

j“1

∆jδpAXJβ˚
ϕ ´ tjqpX1 ´ XJ

´lwq2

ff

.

Finally, using these results, we derive the asymptotic property of the kernel-smoothed decor-
related score with the nuisance parameter under the null hypothesis. As a corollary, we also
provide the asymptotic normality of the one-step debiased estimator.

Approximation error of local and global kernel functions

In this section, we discuss the approximation error of using the local and global kernel
functions.

(C1) We assume that the design is bounded, i.e., }X}8 ď M with probability 1; there is a

constant C such that max
!

W1,W´1, |xJβ˚
ϕ|

)

ď C. Let fx1|X´l
px1q be the conditional

density function of X1 given X´l. We assume that f 1
x1|X´l

px1q and f2
x1|X´l

px1q are

bounded; Bx1Wapxq and B2
x1
Wapxq are bounded. We also assume that there exists a

constant c ą 0 such that |β˚
ϕ,1| ě c.

Under Condition (C1), we have the following lemmas.

Lemma 9 We have

sup
j

›

›

›
E
”!

W1
rϕ

1 `

1 ´ XJβ˚
ϕ

˘

´ W´1
rϕ

1 `

1 ` XJβ˚
ϕ

˘

)

Xj

ı›

›

›

8
“ Ophlq,

where W1 and W´1 are bounded functions of X.
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Proof of Lemma 9. To show that

sup
j

›

›

›
E
”!

W1
rϕ

1 `

1 ´ XJβ˚
ϕ

˘

´ W´1
rϕ

1 `

1 ` XJβ˚
ϕ

˘

)

Xj

ı›

›

›

8
“ Ophlq,

we will show that for any }v}2 “ 1, we have that

sup
v

ˇ

ˇ

ˇ
E
”!

W1
rϕ

1 `

1 ´ XJβ˚
ϕ

˘

´ W´1
rϕ

1 `

1 ` XJβ˚
ϕ

˘

)

XJv
ıˇ

ˇ

ˇ
“ Ophlq,

uniformly holds. Let us directly compute.

E
”!

W1
rϕ

1 `

1 ´ XJβ˚
ϕ

˘

´ W´1
rϕ

1 `

1 ` XJβ˚
ϕ

˘

)

XJv
ı

“
ÿ

j

∆jE

«#

W1H

˜

1 ´ XJβ˚
ϕ ´ tj

hl

¸

´ W´1H

˜

1 ` XJβ˚
ϕ ´ tj

hl

¸+

XJv

ff

.

We will compute E
„

W1H

ˆ

1´XJβ˚
ϕ´tj

hl

˙

XJv

ȷ

and E
„

W´1H

ˆ

1`XJβ˚
ϕ´tj

hl

˙

XJv

ȷ

sepa-

rately.

E

«

W1H

˜

1 ´ XJβ˚
ϕ ´ tj

hl

¸

XJv

ff

“

ż

W1px1,X´lqH

˜

1 ´ x1β
˚
ϕ,1 ´ XJ

´lβ
˚
ϕ,´1 ´ tj

hl

¸

xJv

ˆfx1|X´l
px1qfX´l

pX´lqdx1dX´l

“ ´
hl
β˚
ϕ,1

ż

W1

˜

1 ´ XJ
´lβ

˚
ϕ,´1 ´ tj ´ hly

β˚
ϕ,1

,X´l

¸

H pyq

#

v1
1 ´ XJ

´lβ
˚
ϕ,´1 ´ tj ´ hly

β˚
ϕ,1

` XJ
´lv´1

+

fx1|X´l

˜

1 ´ XJ
´lβ

˚
ϕ,´1 ´ tj ´ hly

β˚
ϕ,1

¸

fX´l
pX´lqdydX´l.

Let

Mapt;X´lq “

ż t

´8

Wapt,X´lqtfx1|X´l
ptqdt

and

Napt;X´lq “

ż t

´8

Wapt,X´lqfx1|X´l
ptqdt.
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We have

´

ż

W1

˜

1 ´ XJ
´lβ

˚
ϕ,´1 ´ tj ´ hly

β˚
ϕ,1

,X´l

¸

H pyq

#

v1
1 ´ XJ

´lβ
˚
ϕ,´1 ´ tj ´ hly

β˚
ϕ,1

` XJ
´lv´1

+

fx1|X´l

˜

1 ´ XJ
´lβ

˚
ϕ,´1 ´ tj ´ hly

β˚
ϕ,1

¸

dy

“
β˚
ϕ,1

hl
v1

ż

HpyqdM1

˜

1 ´ XJ
´lβ

˚
ϕ,´1 ´ tj ´ hly

β˚
ϕ,1

;X´l

¸

`

β˚
ϕ,1

hl

ż

XJ
´lv´1HpyqdN1

˜

1 ´ XJ
´lβ

˚
´1 ´ tj ´ hly

β˚
ϕ,1

;X´l

¸

“ ´
β˚
1

hl
v1

ż 1

´1
M1

˜

1 ´ XJ
´lβ

˚
ϕ,´1 ´ tj ´ hly

β˚
ϕ,1

;X´l

¸

H 1pyqdy ´

β˚
1

hl

ż

XJ
´lv´1N1

˜

1 ´ XJ
´lβ

˚
ϕ,´1 ´ tj ´ hly

β˚
ϕ,1

;X´l

¸

H 1pyqdy

“ ´
β˚
1

hl
v1M1

˜

1 ´ XJ
´lβ

˚
ϕ,´1 ´ tj

β˚
ϕ,1

;X´l

¸

´
β˚
ϕ,1

hl
XJ

´lv´1N1

˜

1 ´ XJ
´lβ

˚
ϕ,´1 ´ tj

β˚
ϕ,1

;X´l

¸

` R1,

where R1 can be bounded by a constant,

|R1| ď |β˚
ϕ,1v1|

ż 1

´1
sup

tPr´M,Ms

|BtM1pt;X´lq||H 1pyq|dy `

|β˚
ϕ,1||XJ

´lv´1|

ż 1

´1
sup

tPr´M,Ms

|BtN1pt;X´lq||H 1pyq|dy

ď |β˚
ϕ,1||XJ

´lv´1|

˜

sup
tPr´M,Ms

|BtM1pt;X´lq| ` sup
tPr´M,Ms

|BtN1pt;X´lq|

¸

ż 1

´1
|H 1pyq|dy.
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Combining these equations and inequalities, we have

E

«

W1H

˜

1 ´ XJβ˚
ϕ ´ tj

hl

¸

XJv

ff

“

ż

#

v1M1

˜

1 ´ XJ
´lβ

˚
ϕ,´1 ´ tj

β˚
ϕ,1

;X´l

¸

` XJ
´lv´1N1

˜

1 ´ XJ
´lβ

˚
ϕ,´1 ´ tj

β˚
ϕ,1

;X´l

¸+

fX´l
pX´lqdX´l ´

hl
β˚
ϕ,1

ż

R1fX´l
pX´lqdX´l,

and |
ş

R1fX´l
pX´lqdX´l| ď

ş

|R1|fX´l
pX´lqdX´l “ OptErpXJ

´lv´1q2su1{2q is bounded.
Similarly, we can show

sup
v

ˇ

ˇ

ˇ

ˇ

ˇ

E

«

W´1H

˜

1 ` XJβ˚
ϕ ´ tj

hl

¸

XJv

ff

´

ż

#

v1M1

˜

1 ´ XJ
´lβ

˚
ϕ,´1 ´ tj

β˚
ϕ,1

;X´l

¸

` XJ
´lv´1N1

˜

1 ´ XJ
´lβ

˚
ϕ,´1 ´ tj

β˚
ϕ,´1

;X´l

¸+

fX´l
pX´lqdX´l

ˇ

ˇ

“ Ophlq.

Combining these results. we have

sup
v

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

j

∆jE
„

tW´1Hp
1`XJβ˚

ϕ´tj
hl

q ´ W´1Hp
1`XJβ˚

ϕ´tj
hl

quXJv

ȷ

´
ÿ

j

∆j

ż

!

v1M1p
1´XJ

´lβ
˚
ϕ,´1´tj

β˚
ϕ,1

;X´lq ` XJ
´lv´1

¨N1p
1´XJ

´lβ
˚
ϕ,´1´tj

β˚
ϕ,1

;X´lq

)

fX´l
pX´lq dX´l

ˇ

ˇ

ˇ

ˇ

ˇ

“ Ophlq

By definition of β˚
ϕ, we have

sup
v

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

j

∆jE

«

W´1

#

H

˜

1 ` XJβ˚
ϕ ´ tj

hl

¸

´ H

˜

1 ` XJβ˚
ϕ ´ tj

hl

¸+

XJv

ffˇ

ˇ

ˇ

ˇ

ˇ

“ Ophlq.

l

Lemma 10 We have that

E
”!

W1ϕ̃
2

p1 ´ XJβq ` W´1ϕ̃
2

p1 ` XJβq

)

Xj1Xj2

ı

“

J
ÿ

j“1

E

«#

W1

J
ÿ

j“1

∆jδptj ´ XJβ˚
ϕq ` W´1

J
ÿ

j“1

∆jδptj ` XJβ˚
ϕq

+

Xj1Xj2

ff

`Ophl ` }β ´ β˚
ϕ}2q,
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uniformly holds over all pj1, j2qfor any β with }β ´ β˚
ϕ}2 Ñ 0. Especially, we have that

sup
vPtv:}v}2“1u

ˇ

ˇ

ˇ
E
”!

W1ϕ̃
2

p1 ´ XJβq ` W´1ϕ̃
2

p1 ` XJβq

)

vJXXJv
ı

´ E

«#

W1

J
ÿ

j“1

∆jδptj ´ XJβ˚
ϕq ` W´1

J
ÿ

j“1

∆jδptj ` XJβ˚
ϕq

+

vJXXJv

ffˇ

ˇ

ˇ

ˇ

ˇ

“ Ophl ` }β ´ β˚
ϕ}2q.

Proof of Lemma 10. To show the result in Lemma 10, we will equivalently show that

sup
vPtv:}v}2“1u

ˇ

ˇ

ˇ
E
”!

W1ϕ̃
2

p1 ´ XJβq ` W´1ϕ̃
2

p1 ` XJβq

)

vJXXJv
ı

´ E

«#

W1

J
ÿ

j“1

∆jδptj ´ XJβ˚
ϕq ` W´1

J
ÿ

j“1

∆jδptj ` XJβ˚
ϕq

+

vJXXJv

ffˇ

ˇ

ˇ

ˇ

ˇ

“ Ophl ` }β ´ β˚
ϕ}2q.

Notice that

E
”!

W1ϕ̃
2p1 ´ XJβq ` W´1ϕ̃

2p1 ` XJβq

)

vJXXJv
ı

“
ÿ

j

∆j

hl
E
„

!

W1H
1

ˆ

1 ´ XJβ ´ tj
hl

˙

` W´1H
1

ˆ

1 ` XJβ ´ tj
hl

˙

)

vJXXJv

ȷ

.

Let us compute

I1 :“ E
„"

W1H
1

ˆ

1 ´ XJβ ´ tj
hl

˙

` W´1H
1

ˆ

1 ` XJβ ´ tj
hl

˙*

vJXXJv

ȷ

.

Because

I1 “ E
„

W1H
1

ˆ

1 ´ XJβ ´ tj
hl

˙ȷ

vJXXJv

`E
„

W´1H
1

ˆ

1 ` XJβ ´ tj
hl

˙ȷ

vJXXJv

“: I11 ` I12.
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we calculate I11 and I12 separately. For I11, we have

I11 “

ż

W1H
1

ˆ

1 ´ xJβ ´ tj
hl

˙

vJxxJvfx1|X´l
px1qfX´l

pX´lqdx1dX´l

“

ż ż

W1H
1

˜

1 ´ x1β1 ´ XJ
´lβ´1 ´ tj

hl

¸

pv1x1 ` v´1X´lq
2

fx1|X´l
px1qdx1fX´l

pX´lqdX´l

“ ´
hl
β1

ż ż

W1H
1 pyq

˜

´v1
1 ´ XJ

´lβ´1 ´ tj ´ hly

β1
` v´1X´l

¸2

fx1|X´l

˜

´
1 ´ XJ

´lβ´1 ´ tj ´ hy

β1

¸

dyfX´l
pX´lqdX´l

“ ´
hl
β˚
ϕ,1

ż ż

W1H
1 pyq

˜

´v1
1 ´ XJ

´lβ
˚
ϕ,´1 ´ tj ´ hly

β˚
ϕ,´1

` v´1X´l

¸2

fx1|X´l

˜

´
1 ´ XJ

´lβ
˚
ϕ,´1 ´ tj ´ hly

β˚
ϕ,1

¸

dyfX´l
pX´lqdX´l ` R.

where

R “
hl
qβ2
1

pβ1 ´ β˚
ϕ,1q

ż ż

W1H
1 pyq

˜

´v1
1 ´ XJ

´l
qβ´1 ´ tj ´ hly

qβ1
` v´1X´l

¸2

fx1|X´l

˜

´
1 ´ XJ

´l
qβ´1 ´ tj ´ hly

qβ1

¸

dyfX´l
pX´lqdX´l

´
hl
qβ1

ż ż

W1H
1 pyq 2∆Jpqβqpβ ´ β˚

ϕq

˜

´v1
1 ´ XJ

´l
qβ´1 ´ tj ´ hly

qβ1
` v´1X´l

¸

fx1|X´l

˜

´
1 ´ XJ

´l
qβ´1 ´ tj ´ hly

qβ1

¸

dyfX´l
pX´lqdX´l

´
hl
qβ1

ż ż

W1H
1 pyq∆Jpqβqpβ ´ β˚

ϕq

˜

´v1
1 ´ XJ

´l
qβ´1 ´ tj ´ hly

qβ1
` v´1X´l

¸2

f 1
x1|X´l

˜

´
1 ´ XJ

´l
qβ´1 ´ tj ´ hly

qβ1

¸

dyfX´l
pX´lqdX´l,

qβ is a vector on the segment t0β`p1´t0qβ˚
ϕ with t0 P r0, 1s, and ∆pβq “

ˆ

´
XJ

´lβ´1

β2
1

,
X´l

β1

˙

.

By Condition (C1) and |β1´β˚
ϕ,1| ď }β´β˚

ϕ}2, further notice thatH
1pyq ě 0 and

ş

H 1pyqdy “

1, we have that

sup
v:}v}2“1

∆j{hl|R| À Er|XJpβ ´ β˚
ϕq|s “ Op}β ´ β˚

ϕ}2q.
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Next, we compute

´
hl
β˚
ϕ,1

ż ż

W1H
1 pyq

˜

´v1
1 ´ XJ

´lβ
˚
ϕ,´1 ´ tj ´ hly

β˚
ϕ,1

` v´1X´l

¸2

fx1|X´l

˜

´
1 ´ XJ

´lβ
˚
ϕ,´1 ´ tj ´ hly

β˚
ϕ,1

¸

dyfX´l
pX´lqdX´l

“ ´
hl
β˚
ϕ,1

ż ż

W1H
1 pyq

˜

´v1
1 ´ XJ

´lβ
˚
ϕ,´1 ´ tj

β˚
ϕ,1

` v´1X´l

¸2

fx1|X´l

˜

´
1 ´ XJ

´lβ
˚
ϕ,´1 ´ tj

β˚
ϕ,1

¸

dyfX´l
pX´lqdX´l ´

hl
β˚
ϕ,1

rR,

where

rR “

ż ż

W1H
1

pyq

#

2
v1
β˚
ϕ,1

˜

´v1
1 ´ XJ

´lβ
˚
ϕ,´1 ´ tj ´ hlqy

β˚
ϕ,1

` v´1X´l

¸

`

1

β˚
ϕ,1

f
1

x1|X´l

˜

´
1 ´ XJ

´lβ
˚
ϕ,´1 ´ tj ´ hlqy

β˚
ϕ,1

¸+

hlydyfX´l
pX´lqdX´l,

and qy is between r´1, 1s. By Condition (C1) and properties of H
1

pyq, we have that rR “

Ophlq uniformly for all v. Likewise, we can calculate I12. By summarizing I11 and I12, we
can conclude the proof. l

Lemma 11 We have that

E

«#

W1

J
ÿ

j“1

∆jGhgptj ´ XJβq ` W´1

J
ÿ

j“1

∆jGhgptj ` XJβq

+

Xj1Xj2

ff

“

J
ÿ

j“1

E

«#

W1

J
ÿ

j“1

∆jδptj ´ XJβ˚
ϕq ` W´1

J
ÿ

j“1

∆jδptj ` XJβ˚
ϕq

+

Xj1Xj2

ff

`Oph2g ` }β ´ β˚
ϕ}2q,

uniformly holds over all pj1, j2q for any β with }β ´ β˚}2 Ñ 0. Especially, we have that

sup
vPtv:}v}2“1u

ˇ

ˇE
“␣

W1Ghgp1 ´ XJβq ` W´1Ghgp1 ` XJβq
(

vJXXJv
‰

´ E

«#

W1

J
ÿ

j“1

∆jδptj ´ XJβ˚
ϕq ` W´1

J
ÿ

j“1

∆jδptj ` XJβ˚
ϕq

+

vJXXJv

ffˇ

ˇ

ˇ

ˇ

ˇ

“ Oph2g ` }β ´ β˚
ϕ}2q.

Proof of Lemma 11. The proof of Lemma 11 is similar to that of Lemma 10. More
specifically, we can replace hl with hg, replace the local kernel function H 1 with the global
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kernel function G, and have that

I11 “

ż

W1G

ˆ

1 ´ xJβ ´ tj
hg

˙

vJxxJvfx1|X´l
px1qfX´l

pX´lqdx1dX´l

“

ż ż

W1G

˜

1 ´ x1β1 ´ XJ
´lβ´1 ´ tj

hg

¸

pv1x1 ` v´1X´lq
2

fx1|X´l
px1qdx1fX´l

pX´lqdX´l

“ ´
hg
β1

ż ż

W1G pyq

˜

´v1
1 ´ XJ

´lβ´1 ´ tj ´ hgy

β1
` v´1X´l

¸2

fx1|X´l

˜

´
1 ´ XJ

´lβ´1 ´ tj ´ hy

β1

¸

dyfX´l
pX´lqdX´l

“ ´
hg
β˚
ϕ,1

ż ż

W1G pyq

˜

´v1
1 ´ XJ

´lβ
˚
ϕ,´1 ´ tj ´ hgy

β˚
ϕ,1

` v´1X´l

¸2

fx1|X´l

˜

´
1 ´ XJ

´lβ
˚
ϕ,´1 ´ tj ´ hgy

β˚
ϕ,1

¸

dyfX´l
pX´lqdX´l ` R.

where supv:}v}2“1∆j{hg|R| “ Op}β ´ β˚}2q, similar to Lemma 10. For the first term, we
have

´
hg
β˚
ϕ,1

ż ż

W1G pyq

˜

´v1
1 ´ XJ

´lβ
˚
ϕ,´1 ´ tj ´ hly

β˚
ϕ,1

` v´1X´l

¸2

fx1|X´l

˜

´
1 ´ XJ

´lβ
˚
ϕ,´1 ´ tj ´ hly

β˚
ϕ,1

¸

dyfX´l
pX´lqdX´l

“ ´
hg
β˚
ϕ,1

ż ż

W1G pyq

˜

´v1
1 ´ XJ

´lβ
˚
ϕ,´1 ´ tj

β˚
ϕ,1

` v´1X´l

¸2

fx1|X´l

˜

´
1 ´ XJ

´lβ
˚
ϕ,´1 ´ tj

β˚
ϕ,1

¸

dyfX´l
pX´lqdX´l ´

hg
β˚
ϕ,1

rR,

where

rR “

ż ż

W1Gpyq

#

2
v1
β˚
ϕ,1

˜

´v1
1 ´ XJ

´lβ
˚
ϕ,´1 ´ tj

β˚
ϕ,1

` v´1X´l

¸

`

1

β˚
ϕ,1

f
1

x1|X´l

˜

´
1 ´ XJ

´lβ
˚
ϕ,´1 ´ tj

β˚
ϕ,1

¸+

hlydyfX´l
pX´lqdX´l

`

ż ż

W1GpyqBy“qy

#

2
v1
β˚
ϕ,1

˜

´v1
1 ´ XJ

´lβ
˚
ϕ,´1 ´ tj ´ hly

β˚
ϕ,1

` v´1X´l

¸

`

1

β˚
ϕ,1

f
1

x1|X´l

˜

´
1 ´ XJ

´lβ
˚
ϕ,´1 ´ tj ´ hly

β˚
ϕ,1

¸+

h2l y
2dyfX´l

pX´lqdX´l

32



Inference with non-differentiable surrogate loss

By
ş

Gpyqydy “ 0, we have that R̃ “ Oph2l q. Comparing with the derivation of Lemma 10,
we can conclude this lemma. l

Estimation error of w˚
ϕ,l

In this section, we investigate the convergence rate of pwϕ,l assuming a consistent estimation

of β˚
ϕ, i.e., }pβϕ ´ β˚

ϕ} “ opp1q. We first provide our theoretical result on the convergence
rate of pwϕ,l without nuisance parameters.

Lemma 12 Denote s1 “ maxl }w˚
ϕ,l}0. Assume that }pβϕ ´ β˚

ϕ}2 ď ∆β,2 with probability

approaching to 1, s1
a

log p{pnhgbq “ op1q and maxl |xJ
´lw

˚
ϕ,l| is bounded by R. Taking

µn — δn ` Rh2gb ` R∆β,2, where δn “ Rplog p{pnhgbqq1{2. Then we have

} pwϕ,l ´ w˚
ϕ,l}2 “ Opp

?
s1µnq,

} pwϕ,l ´ w˚
ϕ,}1 “ Opp

?
s1} pwϕ,l ´ w˚

ϕ,l}2q,

uniformly hold over all l’s.

Suppose that R “ Op1q, Lemma 12 shows that under the choice of the bandwidth

hgb “ plog p{nq
1{5, due to the global kernel approximation, the uniform l1-convergence rate

of pwϕ,l is Opps1 plog p{nq
2{5

q if ∆β,2 “ Opplog p{nq
2{5

q, which is different from the standard
convergence rate in high-dimensional inference for generalized linear models. Due to the
slow convergence rate of pwϕ,l, we may need more restrictive conditions than those assumed
in generalized linear models in order to obtain a valid inference procedure. In particular,
an ERM under a logistic surrogate loss can be interpreted as a logistic regression under a
possibly misspecified model; this implies that our conditions for piece-wise linear surrogate
loss functions to obtain a valid inference procedure may be more restrictive than those for
differentiable surrogate loss functions.

Lemma 13 provides our theoretical result on the convergence rate of pwϕ,l with additional
nuisance parameters.

Lemma 13 Denote s1 “ maxl }w˚
ϕ,l}0 and δn “ Rplog p{pnhgbqq1{2 ` Rn´η{hgb. Assume

that }pβϕ ´ β˚
ϕ}2 ď ∆β,2 with probability approaching to 1, s1

a

log p{pnhgbq “ op1q and

maxl |xJ
´1w

˚
ϕ,l| is bounded by R. Taking µn — δn ` Rh2gb ` R∆β,2, we have

} pwϕ,l ´ w˚
ϕ,l}2 “ Opp

?
s1µnq

} pwϕ,l ´ w˚
ϕ,}1 “ Opp

?
s1} pwϕ,l ´ w˚

ϕ,l}2q,

uniformly hold over all l’s.

Compared with Lemma 12, the δn also involves the Rn´η{hgb due to the additional nuisance
parameters. It implies that 1) the best bandwidth choice hgb may depend on n´η; 2) the
convergence rate of pwϕ,l depends on n´η.

To prove these results, we start from the definition of the target w˚
ϕ,l which is defined

as

Lϕ2 pwlq “ E

»

–

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

WaδpaXJβ˚
ϕ ´ tjqpXl ´ XJ

´lwlq
2

fi

fl .
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In estimation ofw˚
ϕ,l, we replace β

˚
ϕ with pβϕ andWa with xWa. As discussed in the main text,

the xWa’s depend on different problems. In common classification problem, the xWa “ 1tA “

au; in classification problems with missing labels, the weight xWa “ WapX, A; pπ, ppq; the pπ

and pp are nuisance parameters. In estimating ITRs, the weight xWa “ WapY,X, A; pπ, pQq;
the pπ and pQ are nuisance parameters. Replacing the δ function with a global kernel, we
obtain the estimator pwϕ,l by minimizing

ℓϕ2 pwlq “ pEn

»

–

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

xWaGhgptj ´ aXJ
pβϕqpXl ´ XJ

´lwlq
2

fi

fl ` µn}wl}1.

In both Algorithm 1 and 2, we split the data such that estimating pβϕ and pwϕ,l are imple-
mented on independent datasets. To unify two algorithms, we split the dataset into k folds
and consider the following optimization.

ℓϕ2pwl;xWaq “

K
ÿ

k“1

pEpkq
n

”

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

xWaGhgptj ´ aXJ
pβ

p´kq

ϕ qpXl ´ XJ
´lwlq

2
ı

`µn}wl}1.

where the nuisance parameters in xWa are assumed to be estimated on an independent

dataset; pβ
p´kq

ϕ is estimated excluding the k-th fold; and pEpkq
n r¨s is the empirical average on

the k-th fold. We can check that both Step 3 in Algorithm 1 and Step 5 in Algorithm 5
solve an optimization following this general formulation.

To derive the asymptotic property of the minimizer pwϕ, we introduce the notation ĎWa

as the weight with the limits of the estimators of nuisance parameters. Suppose that Θ
represents the nuisance parameters, the true nuisance parameter is denoted as Θ0 and
the estimated nuisance parameter is denoted as pΘ. For example, in classification problem
with missing labels, the true nuisance parameter Θ0 “ pπ, paq; the estimated nuisance

parameter pΘ “ ppπ, ppaq. In this context, the weight xWa can be written as xWa “ WapX, A; pΘq.
Denote the limits of the estimated nuisance parameter pΘ as sΘ. We define the weight
ĎWa “ WapX, A; sΘq.

Under these notations, we assume that

(C2) There exists a positive constant η such that

sup
x

›

›

›
E
”

xWa ´ ĎWa | X “ x
ı›

›

›
“ Oppn´ηq, E

“

ĎWa | X
‰

“ Wa.

Especially, when xWa “ ĎWa “ 1tA “ au and WapXq “ P pA “ a | Xq.

Lemma 14 Let s1 “ max }w˚
ϕ,l}0 and δn “ Rplog p{pnhgqq1{2 ` Rn´η{hg. Assume that

s1
a

log p{pnhgq “ op1q and maxj |w˚
ϕ,l|1 ď R, take µn — δn ` `Rh2g ` R∆β,2, we have

max
j

} pwϕ,l ´ w˚
ϕ,l}2 “ Opp

?
s1µnq

max
j

} pwϕ,l ´ w˚
ϕ,l}1 “ Op

?
s1} pwϕ,l ´ w˚

ϕ,l}2q.
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Proof of Lemma 14. By definition, we have

K
ÿ

k“1

pEpkq
n

»

–

$

&

%

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

xWaGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

,

.

-

pXl ´ XJ
´l pwϕ,lq

2

fi

fl ` µn} pwϕ,l}1

ď

K
ÿ

k“1

pEpkq
n

»

–

$

&

%

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

xWaGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lq

2

fi

fl ` µn}w˚
ϕ,l}1.

Let p∆l :“ pw˚
ϕ,l ´w˚

ϕ,l, tl :“ } p∆l}2 ^ 1, and δl :“ p∆l{} p∆l}2. By the convexity, we have that

K
ÿ

k“1

pEpkq
n

»

–

$

&

%

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

xWaGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

,

.

-

pXl ´ XJ
´lpw

˚
ϕ ` tlδqq2

fi

fl

`µn}w˚
ϕ.j ` tlδl}1

ď

K
ÿ

k“1

pEpkq
n

»

–

$

&

%

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

xWaGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lq

2

fi

fl ` µn}w˚
ϕ,l}1.

By rearranging terms, we have equivalently

K
ÿ

k“1

pEpkq
n

»

–

$

&

%

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

xWaGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

,

.

-

ptlδ
J
l X´lq

2

fi

fl

ď 2
K
ÿ

k“1

pEpkq
n

»

–

$

&

%

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

xWaGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lqtlδ

J
l X´l

fi

fl

`µn}w˚
ϕ,l}1 ´ µn}w˚

ϕ,l ` tlδl}1.

Let S 1

denote the non-zero indexes of w˚
ϕ,l. By the definition of S 1

, we have

}w˚
ϕ,l}1 ´ }w˚

ϕ,l ` tlδl}1 ď }w˚

ϕ,S1 ,l
}1 ´ }w˚

ϕ,S1 ,l
` tlδS1 ,l}1 ´ t}δS̄1 ,l}1 ď tl}δS1 ,l}1 ´ tl}δS̄1 ,l}1.

Combining the two inequalities, we have

K
ÿ

k“1

pEpkq
n

»

–

$

&

%

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

xWaGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

,

.

-

ptlδ
JX´lq

2

fi

fl

ď 2
K
ÿ

k“1

pEpkq
n

»

–

$

&

%

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

ĎWaGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lqtlδ

J
l X´l

fi

fl

`2
K
ÿ

k“1

pEpkq
n

»

–

$

&

%

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

´

xWa ´ ĎWa

¯

Ghg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lqtlδ

JX´l

‰

` µn

`

tl}δS1 }1 ´ tl}δS̄1 }1
˘

ď 2I11 ` 2I12 ` µntl

´

}δS1 ,l}1 ´ }δS̄1 }1

¯

.
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For I11, we have

I11

ď t

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

K
ÿ

k“1

pEpkq
n

»

–

$

&

%

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

ĎWaGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lqX

J
´lδl

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď t
K
ÿ

k“1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pEpkq
n

»

–

$

&

%

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

ĎWaGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lqX

J
´lδl

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

.

Notice that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pEpkq
n

»

–

$

&

%

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

ĎWaGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lqX

J
´lδl

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

›

›

›

›

›

›

ppEpkq
n ´ Eq

»

–

$

&

%

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

ĎWaGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lqX´l

fi

fl

›

›

›

›

›

›

8

¨}δl}1

`

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E

»

–

$

&

%

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

ĎWaGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lqX

J
´lδl

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

.

Due to the independence between pβ
p´kq

ϕ and pEpkq
n r¨s, by Hoeffding’s inequality and

sup
t

Ghgptq “ Oph´1
g q,

we have

max
l

›

›

›

›

›

ppEpkq
n ´ Eq

«#

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

ĎWaGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

+

¨pXl ´ XJ
´lw

˚
ϕ,lqX´l

ff›

›

›

›

›

8

“ Op

´

Rplog p{pnhgqq´1{2
¯

.
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By Lemma 11 and maxj }w˚
ϕ,j}1 ď R, we have that

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E

»

–

$

&

%

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

ĎWaGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lqX

J
´lδl

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E

»

–

$

&

%

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

WaGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lqX

J
´lδl

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E

»

–

$

&

%

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

Waδ
`

tj ´ aXJβ˚
ϕ

˘

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lqX

J
´lδ

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E

»

–

$

&

%

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

Wa

´

Ghg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

´ δ
`

tj ´ aXJβ˚
ϕ

˘

¯

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lqX

J
´lδl

‰
ˇ

ˇ

ď

b

1 ` }w˚
ϕ,l}

2
2Oph2g ` }pβϕ ´ β˚

ϕ}2q

Thus, we have

max
l

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E

»

–

$

&

%

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

ĎWaGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lqX

J
´lδl

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ OpR
!

h2g ` }pβϕ ´ β˚
ϕ}2

)

q.

Combining these inequalities, we have that

I11 ď OpppR log p{pnhgqq´1{2qtl}δl}1 ` OpR
!

h2g ` }pβϕ ´ β˚
ϕ}2

)

qtl,

uniformly holds over all l’s.
For I12, we have

I12

ď

K
ÿ

k“1

›

›

›

›

›

›

pEpkq
n

»

–

$

&

%

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

´

xWa ´ ĎWa

¯

Ghg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lqX´l

‰›

›

8
}tlδl}1

ď

K
ÿ

k“1

›

›

›

›

›

›

ppEpkq
n ´ Eq

»

–

$

&

%

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

´

xWa ´ ĎWa

¯

Ghg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lqX´l

‰›

›

8
}tlδl}1

`

K
ÿ

k“1

›

›

›

›

›

›

E

»

–

$

&

%

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

´

xWa ´ ĎWa

¯

Ghg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lqX´l

‰›

›

8
}tlδl}1

ď Op

´

sup |xWa ´ ĎWa|R
b

log p{pnhgq ` Rn´η{hg

¯

}tlδl}1,
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uniformly holds over l’s. Because pΘ Ñ sΘ in probability, we have that sup |xWa´ĎWa| “ opp1q.

Combining these inequalities, we can show that there exists a constant Cϵ such that
with probability at least 1 ´ ϵ, for some positive constant CM , we have

K
ÿ

k“1

pEpkq
n

»

–

$

&

%

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

xWaGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

,

.

-

ptlδ
J
l X´lq

2

fi

fl

ď 2Cϵδntl}δl}1 ` CM ph2g ` ∆β,2qtl ` µntl

´

}δS1 ,l}1 ´ }δS̄1 ,l}1

¯

,

uniformly holds over l’s, where δn “ Rplog p{pnhgqq´1{2 ` Rn´η{hg.

Next, we will establish the lower bound. Especially, we will show the following claim.

Lemma 15 Denote pF pkqpβq “ pEpkq
n rpUpβqXXJs, where

pUpβq “

J
ÿ

j“1

∆j

ÿ

aPt´1,1u

xWaGhgptj ´ aXJβq.

Assuming Conditions (a) - (e), with high probability, we have that

vJ
pF pkqppβ

p´kq

ϕ qv ě
κ2

2
}v}2p}v}2 ´ Cκ

b

log p{pnhgq}v}1q,

for all }v}2 ď 1 and k’s, where Cκ and κ are positive constants.

Assume that the claim is true, we can combine this lower bound and the derived upper
bound,

κ2

2
tl

˜

tl ´ Cκ

d

log p

nhg
}δl}1

¸

ď 2Cϵδntl}δl}1 ` CMRph2g ` ∆β,2qtl

`µntl

´

}δS1 ,l}1 ´ }δS̄1 ,l}1

¯

.

Thus, for a sufficient large Cκ, we have that

κ2

2
tl ď

ˆ

κ2

2
Cκ ` 2Cϵ

˙

δn}δl}1 ` CMRph2g ` ∆β,2q ` µn

´

}δS1 ,l}1 ´ }δS̄1 ,l}1

¯

.

Given the complexity of the best choice of hg and µn, we take

µn “ 2

„ˆ

κ2

2
Cκ ` 2Cϵq

˙

δn ` CMRph2g ` ∆β,2q

ȷ

,

and notice that }δ}1 ě 1, we have that

κ2

2
tl ď 3µn}δS1 ,l}1 ´ µn}δS̄1 ,l}1.
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Inference with non-differentiable surrogate loss

Thus, we have that

} pw˚
ϕ,l}1 “ tl}δl}1 À Ops1µnq,

} pw˚
ϕ,l}2 “ tl À Op

?
s1µnq,

} pw˚
ϕ,l}1{} pw˚

ϕ,l}2 “ }δl}1 À Op
?
s1q,

uniformly holds for all l’s.
l

Proof of Lemma 15. Let

Iγγ “ E

«#

W1

J
ÿ

j“1

∆jδptj ´ XJβ˚
ϕq ` W´1

J
ÿ

j“1

∆jδptj ` XJβ˚
ϕq

+

XXJ

ff

.

We have

vJ
pF pkqppβ

p´kq

ϕ qv “ vJIγγv ` vJ
´

pF pkqppβ
p´kq

ϕ q ´ Iγγ

¯

v.

We have

vJ
´

pF pkqppβ
p´kq

ϕ q ´ Iγγ

¯

v

“ vJ
´

pF pkqppβ
p´kq

ϕ q ´ ErpUppβ
p´kq

ϕ qXXJs

¯

v

`vJ
´

ErpUppβ
p´kq

ϕ qXXJs ´ Iγγ

¯

v

ď sup
}v}2ď1

ˇ

ˇ

ˇ
vJ

´

pF pkqppβ
p´kq

ϕ q ´ ErpUppβ
p´kq

ϕ qXXJs

¯

v
ˇ

ˇ

ˇ

` sup
}rv}2“1

ˇ

ˇ

ˇ
rvJ

´

ErpUppβ
p´kq

ϕ qXXJs ´ Iγγ

¯

rv
ˇ

ˇ

ˇ
}v}22.

For sup}rv}2“1

ˇ

ˇ

ˇ
rvJ

´

ErpUppβ
p´kq

ϕ qXXJs ´ Iγγ

¯

rv
ˇ

ˇ

ˇ
, we have

rvJ
´

ErpUppβ
p´kq

ϕ qXXJs ´ Iγγ

¯

rv

ď E

«

!

pxW1 ´ ĎW1q

J
ÿ

j“1

∆jGhgptj ´ XJ
pβ

p´kq

ϕ q

`pxW´1 ´ ĎW´1q

J
ÿ

j“1

∆jGhgptj ` XJ
pβ

p´kq

ϕ q

)

pXJ
rvq2

ff

`E

«

!

ĎW1

J
ÿ

j“1

∆jGhgptj ´ XJ
pβ

p´kq

ϕ q

`ĎW´1

J
ÿ

j“1

∆jGhgptj ` XJ
pβ

p´kq

ϕ q

)

pXJ
rvq2

ff

´rvJIγγrv.
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By Lemma 11, we have

sup
}rv}2“1

ˇ

ˇ

ˇ

ˇ

ˇ

E

«#

ĎW1

J
ÿ

j“1

∆jGhgptj ´ XJ
pβ

p´kq

ϕ q ` ĎW´1

J
ÿ

j“1

∆jGhgptj ` XJ
pβ

p´kq

ϕ q

+

pXJ
rvq2

‰

´ rvJIγγrv
ˇ

ˇOpph2g ` }pβ
p´kq

ϕ ´ β˚
ϕ}2q.

The first term is Oppn´η{hgq.

For sup}v}2ď1

ˇ

ˇ

ˇ
vJ

´

pF pkqppβ
p´kq

ϕ q ´ ErpUppβ
p´kq

ϕ qXXJs

¯

v
ˇ

ˇ

ˇ
, by the proof of Proposition 2

in Negahban et al. (2012), with probability goes to 1, we have that

sup
}v}2ď1

ˇ

ˇ

ˇ
vJ

´

pF pkqppβ
p´kq

ϕ q ´ ErpUppβ
p´kq

ϕ qXXJs

¯

v
ˇ

ˇ

ˇ
ď

κ2

2
}v}22 ` Cκ}v}1}v}2

b

log p{pnhgq,

where Cκ is a positive constant.
Combining these inequalities, we have

vJ
´

pF pkqppβ
p´kq

ϕ q ´ Iγγ

¯

v ě ´Cκ

b

log p{pnhgq}v}1}v}2 ´ Opph2g ` ∆β,2q}v}22,

where Cκ and κ are positive constants. Given h2g ` ∆β,2 Ñ 0, we have that

vJ
pF pkqppβ

p´kq

ϕ qv ě
κ2

2
}v}2p}v}2 ´ Cκ

b

log p{pnhgq}v}1q,

for all }v}2 ď 1 and k’s. l

Asymptotic property of the kernel-smoothed decorrelated score under the null
hypothesis

To derive the asymptotic of the proposed test statistics, we assume the following condition.

(C3) There exists a positive constant γ such that for all t0 ą t ą 0,

sup
j,aPt´1,1u

Pp|tj ´ aXJβ˚
ϕ| ď tq ď τtγ ,

where τ and t0 are some constants.

Theorem 16 Assume that
?
nRphl ` n´η `

?
log p∆

2γ{pγ`2q

β,2 q “ op1q,
?
nps1µnqpn´η `

a

log p{n`hl`∆β,2q “ op1q, and pRs1µn`R2n´ζ `R2hlq
?
log p “ op1q, where }pβϕ´β˚

ϕ}2 ď

∆β,2 with probability approaching to 1. Assume Conditions (C1) - (C3) with R “ opn1{6q,
under the null hypothesis, we have

max
lPH0

sup
αPp0,1q

ˇ

ˇ

ˇ
P
´
ˇ

ˇ

ˇ
n1{2

pσ´1
l S

rϕ1 ,nullplq

ˇ

ˇ

ˇ
ď Φ´1p1 ´ α{2q

¯

´ p1 ´ αq

ˇ

ˇ

ˇ
“ opp1q.

Especially, for a common classification problem without nuisance parameters, we just require

that
?
nRphl`

?
log p∆

2γ{pγ`2q

β,2 q “ op1q,
?
nps1µnqp

a

log p{n`hl`∆β,2q “ op1q, and pRs1µn`

hlq log p “ op1q.
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Inference with non-differentiable surrogate loss

Proof of Theorem 16. In this proof, we consider a unified analysis for both Algorithm 1
and 2. In Algorithm 1, the kernel-smoothed decorrelated score is defined as

S
rϕ1 ,nullplq

“
1

K

K
ÿ

k“1

pEpkq
n

”

Arϕ
1
´

AXJ
pβ

p´kq

ϕ,nullplq

¯

pXl ´ XJ
´l pwϕ,lq

ı

.

With bespoke weights, the kernel-smoothed decorrelated score is the average of the two
scores on split datasets. For investigation of the theoretical property, we just need to focus
on one score defined on the split dataset. Specifically, under the notation of Algorithm 2,
the kernel-smoothed decorrelated score on a split dataset is defined as

S
p rJq

rϕ1 ,nullplq
“

1

K

K
ÿ

k“1

pEp rJkq
n

»

–

ÿ

aPt´1,1u

axW prIq
a

rϕ
1
´

aXJ
pβ

p´ rJkq

ϕ,nullplq

¯

pXl ´ XJ
´l pw

p rJq

ϕ,l q

fi

fl .

To summarize the two scenarios, we consider the following construction of the kernel-
smoothed decorrelated score. Assuming xWa’s are estimated on an independent dataset,

we split the entire dataset into K folds; the pβ
p´kq

ϕ,null is estimated using the data exclud-

ing the k-th fold; the pw˚
ϕ,l is obtained by minimizing ℓϕ2

´

wl;xWa

¯

; the kernel-smoothed

decorrelated score is defined as

S
rϕ1 ,nullplq

“
1

K

K
ÿ

k“1

pEpkq
n

»

–

ÿ

aPt´1,1u

axWa
rϕ

1
´

aXJ
pβ

p´kq

ϕ,nullplq

¯

pXl ´ XJ
´l pwϕ,lq

fi

fl .

By showing the asymptotic property of S
rϕ1 ,nullplq

derived in this procedure under the null

hypothesis, we can derive the asymptotic properties of the scores in both Algorithm 1 and 2.
In addition to Algorithm 1 and 2, following the Discussion under Corollary 5, we also

consider the following inference procedure. Take the modification of Algorithm 2 as an
example, we split the data in rJ into K folds denoted as rJ1, ¨ ¨ ¨ , rJK ; we obtain the estimator

pβ
p´ rJk,´ rJk1 q

ϕ by minimizing

pEp´ rJk,´ rJk1 q
n

»

–

ÿ

aPt1,´1u

xW prIq
a ϕpaXJβq

fi

fl ` λn}β}1,

where pEp´ rJk,´ rJk1 q
n r¨s represents the empirical average over the data excluding rJk Y rJk1 , and

obtain pβ
p´ rJkq

ϕ by minimizing

pEp´ rJkq
n

»

–

ÿ

aPt1,´1u

xW prIq
a ϕpaXJβq

fi

fl ` λn}β}1.

Further, we estimate pw
p´ rJkq

ϕ,l by minimizing

1

K ´ 1

ÿ

k1
­“k

pE
p rJ

k
1 q

n

»

–

$

&

%

ÿ

aPt1,´1u

J
ÿ

j“1

∆j
xW prIq

a Ghgptj ´ aXJ
pβ

p´ rJk,´ rJ
k

1 q

ϕ q

,

.

-

pXl ´ XJ
´lwlq

2

fi

fl

`µn}wl}1.
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Then we construct the kernel-smoothed decorrelated score by

S
p rJq

rϕ1 ,nullplq
“

1

K

K
ÿ

k“1

pEp rJkq
n

»

–

ÿ

aPt´1,1u

axW prIq
a

rϕ
1
´

aXJ
pβ

p´ rJkq

ϕ,nullplq

¯

pXl ´ XJ
´l pw

p´ rJkq

ϕ,l q

fi

fl .

Compared with the Algorithm 2, the key difference is that the data evaluating the score is

independent with pw
p´ rJkq

ϕ,l in the modified procedure.

To start with, let

S
pkq

rϕ1 ,nullplq
“ pEpkq

n

»

–

ÿ

aPt´1,1u

axWa
rϕ

1
´

aXJ
pβ

p´kq

ϕ,null

¯

pX1 ´ XJ
´l pwϕ,lq

fi

fl .

We consider the asymptotic property of this quantity given the assumption that xWa is

estimated indepdently; pβ
p´kq

ϕ,null is independent with pEpkq
n r¨s ;pEpkq

n r¨s is correlated with pwϕ,l

(Algorithm 1 and 2) or pEpkq
n r¨s is independent with pwϕ,l (modified algorithm). We decompose

the constructed score into three terms,

S
pkq

rϕ1 ,nullplq
“ pEpkq

n

«

!

ÿ

aPt´1,1u

axWa
rϕ1
´

aXJ
pβ

p´kq

ϕ,nullplq

¯

´
ÿ

aPt´1,1u

axWa
rϕ1
`

aXJβ˚
ϕ

˘

)

pXl ´ XJ
´l pwϕ,lq

ff

`pEpkq
n

»

–

$

&

%

ÿ

aPt´1,1u

axWa
rϕ

1 `

aXJβ˚
ϕ

˘

,

.

-

XJ
´lpw

˚
ϕ,l ´ pwϕ,lq

fi

fl

`pEpkq
n

»

–

$

&

%

ÿ

aPt´1,1u

axWa
rϕ

1 `

aXJβ˚
ϕ

˘

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lq

fi

fl

“ I1 ` I2 ` I3.

Under the null hypothesis, we will show that maxl
?
nI1 and maxl

?
nI2 are opp1q, and

?
nI3

converges to a Gaussian distribution uniformly in l’s. First, we will show the asymptotic
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distribution of I3. Consider

I3 “ pEpkq
n

«

!

ÿ

aPt´1,1u

axWa

´

rϕ1paXJβ˚
ϕq ´ ∆0

´

J
ÿ

j“1

∆j1taXJβ˚
ϕ ´ tj ě 0u

¯)

pXl ´ XJ
´lw

˚
ϕ,lq

ff

`pEpkq
n

«

!

ÿ

aPt´1,1u

apxWa ´ ĎWaq

´

∆0 `

J
ÿ

j“1

∆j1taXJβ˚
ϕ ´ tj ě 0u

¯)

¨pXl ´ XJ
´lw

˚
ϕ,lq

ff

`pEpkq
n

«

!

ÿ

aPt´1,1u

aĎWa

´

∆0 `

J
ÿ

j“1

∆j1taXJβ˚
ϕ ´ tj ě 0u

¯)

¨pXl ´ XJ
´lw

˚
ϕ,lq

ff

“ I31 ` I32 ` I33.

For I33, it coverages to a Gaussian distribution. For I31, by Bernstein inequality, we have

P

$

&

%

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ppEpkq
n ´ Eq

»

–

$

&

%

ÿ

aPt´1,1u

axWa

«

rϕ
1 `

aXJβ˚
ϕ

˘

´ ∆0 ´

J
ÿ

j“1

∆j1
␣

aXJβ˚
ϕ ´ tj ě 0

(

ff

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lq

‰
ˇ

ˇ ě t
(

ď exp

"

´
nt2

2pV1 ` M1t{3q

*

,

where

V1 “ E

«

!

ÿ

aPt´1,1u

axWa

´

rϕ1paXJβ˚
ϕq ´ ∆0

´

J
ÿ

j“1

∆j 1taXJβ˚
ϕ ´ tj ě 0u

¯)

pXl ´ XJ
´lw

˚
ϕ,lq

ff2

,

and M1 is the upper-bound of

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

$

&

%

ÿ

aPt´1,1u

axWa

«

rϕ
1

patq ´ ∆0 ´

J
ÿ

j“1

∆j1 tat ´ tj ě 0u

ff

,

.

-

pX1 ´ XJ
´lw

˚
ϕ,lq

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

on t P r´hl, hls. Direct calculation of V1 yields that for a sufficient large constant C1,

V1 ď C1R
2E

»

–

ÿ

aPt´1,1u

a

«

rϕ
1 `

aXJβ˚
ϕ

˘

´ ∆0 ´

J
ÿ

j“1

∆j1
␣

aXJβ˚
ϕ ´ tj ě 0

(

ff

fi

fl

2

.
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Notice that rϕ
1

ptq has the same value as ∆0 `
řJ

j“1∆j1 tt ě tju if t ´ tj R r´hl, hls. By

Condition (b), we have V1 ď 4C1R
2hγl . Thus, the inequality yields that

pEpkq
n

«

!

ÿ

aPt´1,1u

axWa

´

rϕ1paXJβ˚
ϕq ´ ∆0

´

J
ÿ

j“1

∆j1taXJβ˚
ϕ ´ tj ě 0u

¯)

pXl ´ XJ
´lw

˚
ϕ,lq

ff

“ E

«

!

ÿ

aPt´1,1u

axWa

´

rϕ1paXJβ˚
ϕq ´ ∆0

´

J
ÿ

j“1

∆j1taXJβ˚
ϕ ´ tj ě 0u

¯)

pXl ´ XJ
´lw

˚
ϕ,lq

ff

`Op

˜

R

c

hγl log p

n

¸

.

uniformly holds over all l’s.

Further, Lemma 9 yields

max
l

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E

»

–

$

&

%

ÿ

aPt´1,1u

axWa

«

rϕ
1 `

aXJβ˚
ϕ

˘

´ ∆0 ´

J
ÿ

j“1

∆j1
␣

aXJβ˚
ϕ ´ tj ě 0

(

ff

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lq

‰
ˇ

ˇ “ OpRhlq.

Thus, we have

I31 “ OpRhlq ` Op

˜

R

c

hγl log p

n

¸

.

For I32, by Hoeffding’s inequality and the definition of ĎWa, we have

pEpkq
n

»

–

$

&

%

ÿ

aPt´1,1u

a
”

xWa ´ ĎWa

ı

«

∆0 `

J
ÿ

j“1

∆j1
␣

aXJβ˚
ϕ ´ tj ě 0

(

ff

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lq

fi

fl

“ E

»

–

$

&

%

ÿ

aPt´1,1u

a
”

xWa ´ ĎWa

ı

«

∆0 `

J
ÿ

j“1

∆j1
␣

aXJβ˚
ϕ ´ tj ě 0

(

ff

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lq

fi

fl

`oppRn´ζ
a

log p{nq,

uniformly holds over all l’s.
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Further, under Condition (e), we have

max
l

E

«

!

ÿ

aPt´1,1u

apxWa ´ ĎWaq

´

∆0 `

J
ÿ

j“1

∆j1taXJβ˚
ϕ ´ tj ě 0u

¯)

ˆpXl ´ XJ
´lw

˚
ϕ,lq

ff

“ OppRn´ηq.

As a special case, for a common classification problem, we have that xWa “ ĎWa; that is,
in this case, I32 “ 0 (or η “ 8). Given Rn´η`1{2 Ñ 0 and Rn´ζ

?
log p “ Op1q, we have

maxl
?
nI32 Ñ 0. Combining with results for I31 and I33, we have that

max
l

?
n|I3 ´ I33| “ opp1q.

In addition ,
?
nI33 Ñ Np0, σ2

l q, where

σ2
l “ E

»

–

$

&

%

ÿ

aPt´1,1u

aĎWa

«

∆0 `

J
ÿ

j“1

∆j1
␣

aXJβ˚
ϕ ´ tj ě 0

(

ff

,

.

-

2

pXl ´ XJ
´lw

˚
ϕ,lq

2

fi

fl .

For I2, we have

I2 “ pEpkq
n

»

–

$

&

%

ÿ

aPt´1,1u

axWa

«

rϕ
1 `

aXJβ˚
ϕ

˘

´ ∆0 ´

J
ÿ

j“1

∆j1
␣

aXJβ˚
ϕ ´ tj ě 0

(

ff

,

.

-

XJ
´lp pwϕ,l ´ w˚

ϕ,lq
‰

`pEpkq
n

»

–

$

&

%

ÿ

aPt´1,1u

a
”

xWa ´ ĎWa

ı

«

∆0 `

J
ÿ

j“1

∆j1
␣

aXJβ˚
ϕ ´ tj ě 0

(

ff

,

.

-

XJ
´lp pwϕ,l ´ w˚

ϕ,lq
‰

`pEpkq
n

»

–

$

&

%

ÿ

aPt´1,1u

aĎWa

«

∆0 `

J
ÿ

j“1

∆j1
␣

aXJβ˚
ϕ ´ tj ě 0

(

ff

,

.

-

XJ
´lp pwϕ,l ´ w˚

ϕ,lq

fi

fl

“ I21 ` I22 ` I23.
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For I21, when pwϕ,l is correlated with pEpkq
n r¨s, by Bernstein inequality, we have

max
l

|I21| ď

›

›

›

›

›

›

pEpkq
n

«

!

ÿ

aPt´1,1u

apxWa ´ ĎWaq

!

rϕ1paXJβ˚
ϕq ´ ∆0

´

J
ÿ

j“1

∆j1taXJβ˚
ϕ ´ tj ě 0u

))

X

ff›

›

›

›

›

8

max
l

} pwϕ,l ´ w˚
ϕ,l}1

`

›

›

›

›

›

›

pEpkq
n

«

!

ÿ

aPt´1,1u

aĎWa

!

rϕ1paXJβ˚
ϕq ´ ∆0

´

J
ÿ

j“1

∆j1taXJβ˚
ϕ ´ tj ě 0u

))

X

ff›

›

›

›

›

8

max
l

} pwϕ,l ´ w˚
ϕ,l}1

ď

´

opp

b

hγl log p{nq ` Oppn´ηq

¯

max
l

} pwϕ,l ´ w˚
ϕ,l}1

`Opp

b

hγl log p{n ` hlqmax
l

} pwϕ,l ´ w˚
ϕ,l}1

“ Op

´

pn´η `

b

hγl log p{n ` hlqmax
l

} pwϕ,l ´ w˚
ϕ,l}1

¯

.

When pwϕ,l is independent with pEpkq
n r¨s, by Bernstein inequality and notice that

max
l

›

›

›
pwϕ,l ´ w˚

ϕ,l

›

›

›

1
›

›

›
pwϕ,l ´ w˚

ϕ,l

›

›

›

2

ď
?
s1,

we have

max
l

|I21|

ď max
l

ˇ

ˇ

ˇ

ˇ

ˇ

pEpkq
n

«

!

ÿ

aPt´1,1u

apxWa ´ ĎWaq

!

rϕ1paXJβ˚
ϕq ´ ∆0

´

J
ÿ

j“1

∆j1taXJβ˚
ϕ ´ tj ě 0u

))

XJ
´l

pwϕ,l ´ w˚
ϕ,l

} pwϕ,l ´ w˚
ϕ,l}2

ffˇ

ˇ

ˇ

ˇ

ˇ

max
j

} pwϕ,l ´ w˚
ϕ,l}2

`max
l

ˇ

ˇ

ˇ

ˇ

ˇ

pEpkq
n

«

!

ÿ

aPt´1,1u

aĎWa

!

rϕ1paXJβ˚
ϕq ´ ∆0

´

J
ÿ

j“1

∆j1taXJβ˚
ϕ ´ tj ě 0u

))

XJ
´l

pwϕ,l ´ w˚
ϕ,l

} pwϕ,l ´ w˚
ϕ,l}2

ffˇ

ˇ

ˇ

ˇ

ˇ

max
j

} pwϕ,l ´ w˚
ϕ,l}2

ď

´

opp

b

h
γ{2
l log p{np1 _

b

s1 log p{pnh
γ{2
l qqq ` Oppn´ηq

¯

} pw ´ w˚}2

`Op

´

b

h
γ{2
l log p{np1 _

b

s1 log p{pnh
γ{2
l qq ` hl

¯

max
j

} pwϕ,l ´ w˚
ϕ,l}2

“ Op

´

pn´η `

b

h
γ{2
l log p{np1 _

b

s1 log p{pnh
γ{2
l qq ` hlqmax

j
} pwϕ,l ´ w˚

ϕ,l}2

¯

.
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uniformly holds over l’s. Assuming that n1{2ps1µnqppn´η `

b

hγl log p{n ` hlqq Ñ 0 when

pwϕ,l is correlated with pEpkq
n r¨s (Algorithm 1 and 2), and n1{2p

?
s1µnqpn´η `

b

h
γ{2
l {np1 _

b

s1
{pnh

γ{2
l q `hlq Ñ 0 when pwϕ,l is independent with pEpkq

n r¨s (modified algorithm), we have

that maxl
?
n|I21| “ opp1q. For I22 and I23, we also separate the discussion. When pwϕ,l is

correlated with pEpkq
n r¨s (Algorithm 1 and 2), by Hoeffding’s inequality, we have

max
l

|I22|

ď

›

›

›

›

›

›

pEpkq
n

»

–

$

&

%

ÿ

aPt´1,1u

a
”

xWa ´ ĎWa

ı

«

∆0 `

J
ÿ

j“1

∆j1
␣

aXJβ˚
ϕ ´ tj ě 0

(

ff

,

.

-

X

fi

fl

›

›

›

›

›

›

8

max
l

›

›

pwϕ,l ´ w˚
ϕ,l

›

›

1

“

´

op

´

a

log p{n
¯

` Oppn´ηq

¯

max
l

›

›

pwϕ,l ´ w˚
ϕ,l

›

›

1
;

max
l

|I23|

ď

›

›

›

›

›

›

pEpkq
n

»

–

$

&

%

ÿ

aPt´1,1u

aĎWa

«

∆0 `

J
ÿ

j“1

∆j1
␣

aXJβ˚
ϕ ´ tj ě 0

(

ff

,

.

-

X

fi

fl

›

›

›

›

›

›

8

max
l

›

›

pwϕ,l ´ w˚
ϕ,l

›

›

1

“ Op

´

a

log p{n
¯

max
l

›

›

pwϕ,l ´ w˚
ϕ,l

›

›

1
.

Thus, assuming that n1{2ps1µnqp
a

log p{n ` n´ηq Ñ 0, we have that maxl
?
n|I22| “ opp1q

and maxl
?
n|I23| “ opp1q.

When pwϕ,l is independent with pEpkq
n r¨s (modified algorithm), by Bernstein inequality, we

have

max
l

|I22|

ď max
l

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ppEpkq
n ´ Eq

»

–

$

&

%

ÿ

aPt´1,1u

a
”

xWa ´ ĎWa

ı

«

∆0 `

J
ÿ

j“1

∆j1
␣

aXJβ˚
ϕ ´ tj ě 0

(

ff

,

.

-

XJ
´l

pwϕ,l ´ w˚
ϕ,l

›

›

›
pwϕ,l ´ w˚

ϕ,l

›

›

›

2

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

max
l

›

›

pwϕ,l ´ w˚
ϕ,l

›

›

2

`max
l

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E

»

–

$

&

%

ÿ

aPt´1,1u

a
”

xWa ´ ĎWa

ı

«

∆0 `

J
ÿ

j“1

∆j1
␣

aXJβ˚
ϕ ´ tj ě 0

(

ff

,

.

-

XJ
´l

pwϕ,l ´ w˚
ϕ,l

›

›

›
pwϕ,l ´ w˚

ϕ,l

›

›

›

2

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

max
l

›

›

pwϕ,l ´ w˚
ϕ,l

›

›

2

“

´

op

´

p1 _
a

s1 log p{nq
a

log p{n
¯

` Oppn´ηq

¯

max
l

›

›

pwϕ,l ´ w˚
ϕ,l

›

›

2
;
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max
l

|I23|

ď max
l

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pEpkq
n

»

–

$

&

%

ÿ

aPt´1,1u

aĎWa

«

∆0 `

J
ÿ

j“1

∆j1
␣

aXJβ˚
ϕ ´ tj ě 0

(

ff

,

.

-

XJ
´lp pwϕ,l ´ w˚

ϕ,lq

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ Op

´

p1 _
a

s1 log p{nq
a

log p{n
¯

max
l

›

›

pwϕ,l ´ w˚
ϕ,l

›

›

2
.

Thus, assuming that n1{2p
?
s1µnqpp1 _

a

s1 log p{nq
a

log p{n ` n´ηq Ñ 0, we have that
maxl

?
n|I22| “ opp1q and maxl

?
n|I23| “ opp1q.

For I1, we have

I1 “ pEpkq
n

«

!

ÿ

aPt´1,1u

axWa
rϕ1
´

aXJ
pβ

p´kq

ϕ,null

¯

´
ÿ

aPt´1,1u

axWa
rϕ1
`

aXJβ˚
ϕ

˘

)

XJ
´lpw

˚
ϕ,l ´ pwϕ,lq

ff

`pEpkq
n

«

!

ÿ

aPt´1,1u

axWa
rϕ1
´

aXJ
pβ

p´kq

ϕ,null

¯

´
ÿ

aPt´1,1u

axWa
rϕ1
`

aXJβ˚
ϕ

˘

)

pXl ´ XJ
´lw

˚
ϕ,lq

ff

“ I11 ` I12.

Because that I11 is related to the estimation error of pwϕ,l, we will discuss separately de-

pending on the relationship between pwϕ,l and pEpkq
n r¨s. When pwϕ,l is correlated with pEpkq

n r¨s,
we have

max
l

|I11|

ď

›

›

›

›

›

›

pEpkq
n

»

–

$

&

%

ÿ

aPt´1,1u

aĎWa
rϕ

1
´

aXJ
pβ

p´kq

ϕ,null

¯

´
ÿ

aPt´1,1u

aĎWa
rϕ

1 `

aXJβ˚
ϕ

˘

,

.

-

X

fi

fl

›

›

›

›

›

›

8

max
l

›

›w˚
ϕ,l ´ pwϕ,l

›

›

1

`

›

›

›

›

›

›

pEpkq
n

»

–

$

&

%

ÿ

aPt´1,1u

a
´

xWa ´ ĎWa

¯´

rϕ
1
´

aXJ
pβ

p´kq

ϕ,null

¯

´ rϕ
1 `

aXJβ˚
ϕ

˘

¯

,

.

-

X

fi

fl

›

›

›

›

›

›

8

max
l

›

›w˚
ϕ,l ´ pwϕ,l

›

›

1

“ I111 ` I112.

Under Condition (C2), by Hoeffding’s inequality, we have that

I112 “ opp
a

log p{nmax
l

›

›w˚
ϕ,l ´ pwϕ,l

›

›

1
q ` Oppn´η max

l

›

›w˚
ϕ,l ´ pwϕ,l

›

›

1
q.
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For I111, by Taylor’s expansion and Lemma 10, we have that

I111

ď

›

›

›

›

›

›

E

»

–

$

&

%

ÿ

aPt´1,1u

aĎWa
rϕ

2
´

aXJ
rβ
¯

,

.

-

XJppβ
p´kq

ϕ,null ´ β˚
ϕqX

fi

fl

›

›

›

›

›

›

8

max
l

›

›w˚
ϕ,l ´ pwϕ,l

›

›

1

`Opp
a

log p{nmax
l

›

›w˚
ϕ,l ´ pwϕ,l

›

›

1
q

ď sup
}ν}2“1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E

»

–

$

&

%

ÿ

aPt´1,1u

aĎWa
rϕ

2
´

aXJ
rβ
¯

,

.

-

XJppβ
p´kq

ϕ,null ´ β˚
ϕqXJν

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

max
l

›

›w˚
ϕ,l ´ pwϕ,l

›

›

1

`Opp
a

log p{nmax
l

›

›w˚
ϕ,l ´ pw˚

ϕ,l

›

›

1
q

ď

¨

˚

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E

»

–

$

&

%

ÿ

aPt´1,1u

aĎWa
rϕ

2
´

aXJ
rβ
¯

,

.

-

´

XJppβ
p´kq

ϕ,null ´ β˚
ϕq

¯2

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1{2

sup
}ν}2“1

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E

»

–

$

&

%

ÿ

aPt´1,1u

aĎWa
rϕ

2
´

aXJ
rβ
¯

,

.

-

`

XJν
˘2

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1{2
˛

‹

‚

max
l

›

›w˚
ϕ,l ´ pwϕ,l

›

›

1

`Opp
a

log p{n
›

›w˚
ϕ,l ´ pwϕ,l

›

›

1
q

ď Opp∆β,2max
l

›

›w˚
ϕ,l ´ pwϕ,l

›

›

1
q ` Opp

a

log p{nmax
l

›

›w˚
ϕ,l ´ pwϕ,l

›

›

1
q

Thus, assuming that n1{2ps1µnqp∆β,2 `
a

log p{nq Ñ 0, we have maxl
?
n|I11| Ñ 0 in prob-

ability.

When pwϕ,l is independent with pEpkq
n r¨s, we have

I11

ď

ˇ

ˇ

ˇ

ˇ

ˇ

pEpkq
n

«

!

ÿ

aPt´1,1u

aĎWa
rϕ1
´

aXJ
pβ

p´kq

ϕ,null

¯

´
ÿ

aPt´1,1u

aĎWa
rϕ1
`

aXJβ˚
ϕ

˘

)

XJ
´lpw

˚
ϕ,l ´ pw˚

ϕ,lq

ff
ˇ

ˇ

ˇ

ˇ

ˇ

`

ˇ

ˇ

ˇ

ˇ

ˇ

pEpkq
n

«

!

ÿ

aPt´1,1u

apxWa ´ ĎWaq

´

rϕ1
´

aXJ
pβ

p´kq

ϕ,null

¯

´rϕ1
`

aXJβ˚
ϕ

˘

¯)

XJ
´lpw

˚
ϕ,l ´ pw˚

ϕ,lq

ffˇ

ˇ

ˇ

ˇ

ˇ

“ I111 ` I112.

Under Condition (C2), by Bernstein’s inequality, we have that

max
l

|I112| “ oppp1 _
a

s1 log p{nq
a

log p{nmax
l

›

›w˚
ϕ,l ´ pw˚

ϕ,l

›

›

2
q

`Oppn´η max
l

›

›w˚
ϕ,l ´ pw˚

ϕ,l

›

›

2
q.
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For I111, by Bernstein’s inequality, Taylor’s expansion and Lemma 10, we have that

max
l

|I111|

ď max
l

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E

»

–

$

&

%

ÿ

aPt´1,1u

aĎWa
rϕ

2
´

aXJ
rβ
¯

,

.

-

XJppβϕ,null ´ β˚
ϕqXJ

´lpw
˚
ϕ,l ´ pwϕ,lq

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`Oppp1 _
a

s1 log p{nq
a

log p{n }w˚ ´ pw}2q

ď

¨

˚

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E

»

–

$

&

%

ÿ

aPt´1,1u

aĎWa
rϕ

2
´

aXJ
rβ
¯

,

.

-

´

XJppβϕ,null ´ β˚
ϕq

¯2

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1{2

max
l

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E

»

–

$

&

%

ÿ

aPt´1,1u

aĎWa
rϕ

2
´

aXJ
rβ
¯

,

.

-

`

XJ
´lpw

˚
ϕ,l ´ pwϕ,lq

˘2

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1{2
˛

‹

‚

`Oppp1 _
a

s1 log p{nq
a

log p{nmax
l

›

›w˚
ϕ,l ´ pw˚

ϕ,l

›

›

2
q

ď Opp∆β,2max
l

›

›w˚
ϕ ´ pw˚

ϕ,l

›

›

2
q ` Oppp1 _

a

s1 log p{nq
a

log p{nmax
l

›

›w˚
ϕ,l ´ pw˚

ϕ,l

›

›

2
q

Thus, assuming that n1{2p
?
s1µnqp∆β,2 ` p1 _

a

s1 log p{nq
a

log p{nq Ñ 0, we have

max
l

?
n|I11| Ñ 0,

in probability.

Now, we will focus on I12.

I12

“ ppEn ´ Eq

«

!

ÿ

aPt´1,1u

axWa
rϕ1
´

aXJ
pβ

p´kq

ϕ,null

¯

´
ÿ

aPt´1,1u

axWa
rϕ1
`

aXJβ˚
ϕ

˘

)

pXl ´ XJ
´lw

˚
ϕ,lq

ff

`E

«

!

ÿ

aPt´1,1u

axWa
rϕ1
´

aXJ
pβ

p´kq

ϕ,null

¯

´
ÿ

aPt´1,1u

axWa
rϕ1
`

aXJβ˚
ϕ

˘

)

pXl ´ XJ
´lw

˚
ϕ,lq

ff

“ I121 ` I122.
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For I122, by Condition (C2) and Taylor expansion, we have

I122

“ E

«

!

ÿ

aPt´1,1u

aĎWa
rϕ1
´

aXJ
pβ

p´kq

ϕ,null

¯

´
ÿ

aPt´1,1u

aĎWa
rϕ1
`

aXJβ˚
ϕ

˘

)

pXl ´ XJ
´lw

˚
ϕ,lq

ff

`OppRn´ηq

“ E

«

!

ÿ

aPt´1,1u

aĎWa
rϕ2
´

aXJ
rβ
¯)

XJ
´lp

pβϕ,´1 ´ β˚
ϕ,´1q pXl ´ XJ

´lw
˚
ϕ,lq

ff

` OppRn´ηq.

uniformly holds over all l’s.

By Lemma 10, we can show that

max
l

E

»

–

$

&

%

ÿ

aPt´1,1u

aĎWa
rϕ

2
´

aXJ
rβ
¯

,

.

-

XJ
´lp

pβϕ,´1 ´ β˚
ϕ,´1qpXl ´ XJ

´lw
˚
ϕ,lq

fi

fl

“ OppRphl ` ∆β,2q∆β,2q.

Due to n1{2Rpphl ` ∆β,2q∆β,2 ` n´ηq Ñ 0, we have that maxl |I122| “ opp1{
?
nq. For I121,

we have the following.

I121

“ ppEpkq
n ´ Eq

«

!

ÿ

aPt´1,1u

axWa

´

rϕ1
´

aXJ
pβ

p´kq

ϕ,null

¯

´ ∆0

´

J
ÿ

j“1

∆j1taXJ
pβ

p´kq

ϕ,null ´ tj ě 0u

¯

´
ÿ

aPt´1,1u

axWa

´

rϕ1
`

aXJβ˚
ϕ

˘

´ ∆0

´

J
ÿ

j“1

∆j1taXJβ˚
ϕ ´ tj ě 0u

¯)

pXl ´ XJ
´lw

˚
ϕ,lq

ff

`ppEpkq
n ´ Eq

«

!

ÿ

aPt´1,1u

axWa

J
ÿ

j“1

∆j

´

1taXJ
pβ

p´kq

ϕ,null ´ tj ě 0u

´1taXJβ˚
ϕ ´ tj ě 0u

¯)

pXl ´ XJ
´lw

˚
ϕ,lq

ff

“ I1211 ` I1212.
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By Bernstein inequality, similar to I31, we have that

max
l

|I1211| À Op

˜

R

c

hγ{2 log p

n
_ R

log p

n

¸

.

For I1212, by Bernstein inequality, we have

P

#
ˇ

ˇ

ˇ

ˇ

ˇ

ppEpkq
n ´ Eq

«#

axWa

J
ÿ

j“1

∆j

´

1
!

aXJ
pβ

p´kq

ϕ,null ´ tj ě 0
)

´ 1
␣

aXJβ˚
ϕ ´ tj ě 0

(

¯

+

pX1 ´ XJ
´lw

˚
ϕ,lq

‰
ˇ

ˇ ě t
(

ď exp

"

´
nt2

2pV2 ` M2t{3q

*

,

where

V2 “ E

«

xWa

J
ÿ

j“1

∆j

´

1taXJ
pβ

p´kq

ϕ,null ´ tj ě 0u

´1taXJβ˚
ϕ ´ tj ě 0u

¯2
pXl ´ XJ

´lw
˚
ϕ,lq

2

ff

.

and M2 “ OpRq is some constant. Notice that by Condition (C3), we have

V2 À 2JR2
J
ÿ

j“1

E
”

1taXJ
pβ

p´kq

ϕ,null ´ tj ě 0u ´ 1taXJβ˚
ϕ ´ tj ě 0u

ı2

ď 2JR2
J
ÿ

j“1

P
´

|tj ´ XJβ˚
ϕ| ď |XJppβ

p´kq

ϕ,null ´ β˚
ϕq|

¯

ď 2JR2
J
ÿ

j“1

´

P
`

s ď |tj ´ XJβ˚
ϕ| ď |XJppβ

p´kq

ϕ,null ´ β˚
ϕq|

˘

`P
`

|tj ´ XJβ˚
ϕ| ď s

˘

¯

ď 2JR2
J
ÿ

j“1

´

E
“

|XJppβ
p´kq

ϕ,null ´ β˚
ϕq|2

‰

{s2 ` τsγ
¯

.

Taking s “ Op}pβ
p´kq

ϕ,null ´ β˚
ϕ}

2{pγ`2q

2 q, we have

max
l

V2 ď CJR2}pβ
p´kq

ϕ,null ´ β˚
ϕ}

2γ{pγ`2q

2 .

Thus, we have

max
l

|I1212| “ Op

˜

R

c

log p

n
}pβ

p´kq

ϕ,null ´ β˚
ϕ}

2γ{pγ`2q

2 _ R
log p

n

¸

.
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To summarize the results for I1, I2, and I3, when pwϕ,l is correlated with pEpkq
n r¨s, assuming

that
?
nRphl `n´η `

?
log p∆

2γ{pγ`2q

β,2 q Ñ 0 and
?
nps1µnqpn´η `

a

log p{n`hl `∆β,2q Ñ 0,

we have that maxl
?
n|I1| “ opp1q, maxl

?
n|I2| “ opp1q and

?
nmax

l

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

S
pkq

rϕ1 ,nullplq
´ pEpkq

n

»

–

$

&

%

ÿ

aPt´1,1u

aĎWa

«

∆0 `

J
ÿ

j“1

∆j1
␣

aXJβ˚
ϕ ´ tj ě 0

(

ff

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lq

‰
ˇ

ˇ “ opp1q.

When pwϕ,l is independent with pEpkq
n r¨s, assuming that

?
nRphl ` n´η `

a

log p∆
2γ{pγ`2q

β,2 q Ñ 0,

and
?
np

?
s1 µnq

´

n´η ` p1 _
a

s1 log p{nq
a

log p{n ` hl ` ∆β,2

`

b

h
γ{2
l log p{n p1 _

b

s1 log p{pnh
γ{2
l qq

¯

Ñ 0,

we have that maxl
?
n|I1| “ opp1q, maxl

?
n|I2| “ opp1q and

?
nmax

l

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

S
pkq

rϕ1 ,nullplq
´ pEpkq

n

»

–

$

&

%

ÿ

aPt´1,1u

aĎWa

«

∆0 `

J
ÿ

j“1

∆j1
␣

aXJβ˚
ϕ ´ tj ě 0

(

ff

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lq

‰
ˇ

ˇ “ opp1q.

As a special case, for a common classification problem, when pwϕ,l is correlated with
pEpkq
n r¨s, we require that

?
nRphl ` n´η `

?
log p∆

2γ{pγ`2q

β,2 q Ñ 0 and
?
nps1µnqp

a

log p{n `

hl ` ∆β,2q Ñ 0. When pwϕ,l is independent with pEpkq
n r¨s, we require that

?
nRphl `

n´η `
?
log p∆

2γ{pγ`2q

β,2 q Ñ 0 and
?
np

?
s1µnqpp1 _

a

s1 log p{nq
a

log p{n ` hl ` ∆β,2 `
b

h
γ{2
l log p{np1 _

b

s1 log p{pnh
γ{2
l qqq Ñ 0.

Under these conditions, we have shown the asymptotic property of S
pkq

rϕ1,null
. Because

S
rϕ1,null

is the average of S
pkq

rϕ1,null
’s which are asymptotically independent, the S

rϕ1,null
is

asymptotically normal under the null hypothesis. Thus, we have

?
nmax

l

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

S
rϕ1 ,nullplq

´ pEn

»

–

$

&

%

ÿ

aPt´1,1u

aĎWa

«

∆0 `

J
ÿ

j“1

∆j1
␣

aXJβ˚
ϕ ´ tj ě 0

(

ff

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lq

‰ˇ

ˇ “ opp1q.

To conclude, define

ppσ
pkq

l q2 “ pEpkq
n

»

–

$

&

%

ÿ

aPt´1,1u

axWa
rϕ

1
´

aXJ
pβ

p´kq

ϕ,nullplq

¯

,

.

-

2

pXl ´ XJ
´l pwϕ,lq

2

fi

fl ,

σ2
l “ E

»

–

$

&

%

ÿ

aPt´1,1u

aĎWa

«

∆0 `

J
ÿ

j“1

∆j1
␣

aXJβ˚
ϕ ´ tj ě 0

(

ff

,

.

-

2

pXl ´ XJ
´lw

˚
ϕ,lq

2

fi

fl ,
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and we will show

max
l

|ppσ
pkq

l q2 ´ σ2
l | “ OppRs1µn ` R2n´ζ ` R2hlq.

To show this, notice that

ppσ
pkq

l q2 ´ σ2
l

“ pEpkq
n

»

–

$

&

%

ÿ

aPt´1,1u

axWa
rϕ

1
´

aXJ
pβ

p´kq

ϕ,nullplq

¯

,

.

-

2

␣

pXl ´ XJ
´l pwϕ,lq

2 ´ pXl ´ XJ
´lw

˚
ϕ,lq

2
(

fi

fl

`ppEpkq
n ´ Eq

»

–

$

&

%

ÿ

aPt´1,1u

axWa
rϕ

1
´

aXJ
pβ

p´kq

ϕ,nullplq

¯

,

.

-

2

pXl ´ XJ
´lw

˚
ϕ,lq

2

fi

fl

`E

»

–

»

–

$

&

%

ÿ

aPt´1,1u

axWa
rϕ

1
´

aXJ
pβ

p´kq

ϕ,nullplq

¯

,

.

-

2

´

$

&

%

ÿ

aPt´1,1u

aĎWa

«

∆0 `

J
ÿ

j“1

∆j1
␣

aXJβ˚
ϕ ´ tj ě 0

(

ff

,

.

-

2fi

fl pXl ´ XJ
´lw

˚
ϕ,lq

2

fi

fl

“ I41 ` I42 ` I43.

We can see that

max
l

|I42| ď CR2
a

log p{n,

max
l

|I43| ď CR2E

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

aPt´1,1u

axWa

!

rϕ1
´

aXJ
pβ

p´kq

ϕ,nullplq

¯

´

”

∆0 `

J
ÿ

j“1

∆j1taXJβ˚
ϕ ´ tj ě 0u

ı)

ˇ

ˇ

ˇ

ˇ

ˇ

.

Further, we have

E

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ÿ

aPt´1,1u

axWa

#

rϕ
1
´

aXJ
pβ

p´kq

ϕ,nullplq

¯

´

«

∆0 `

J
ÿ

j“1

∆j1
␣

aXJβ˚
ϕ ´ tj ě 0

(

ff+

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ Oppn´ζ ` ∆β,2 ` hlq.

When pwϕ,l is correlated with pEpkq
n r¨s, we have

max
l

|I41| ď CRmax
l

›

›w˚
ϕ,l ´ pwϕ,l

›

›

1
.

When pwϕ,l is independent with pEpkq
n r¨s, we have

max
l

|I41| ď CRmax
l

›

›w˚
ϕ,l ´ pwϕ,l

›

›

2
.
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When pwϕ,l is correlated with pEpkq
n r¨s, assuming

?
log ppRs1µn `R2n´ζ `R2hlq Ñ 0, we have

a

log pmax
l

|ppσ
pkq

l q2 ´ σ2
l | “ opp1q.

When pwϕ,l is independent with pEpkq
n r¨s, assuming

?
log ppR

?
s1µn ` R2n´ζ ` R2hlq Ñ 0, we

have
a

log pmax
l

|ppσ
pkq

l q2 ´ σ2
l | “ opp1q.

In addition,

min
l

σ2
l ě λmin,

where λmin is the smallest eigen value of

E

»

–

$

&

%

ÿ

aPt´1,1u

aĎWa

«

∆0 `

J
ÿ

j“1

∆j1
␣

aXJβ˚
ϕ ´ tj ě 0

(

ff

,

.

-

2

XXJ

fi

fl

Combining this result with the uniform convergence of S
rϕ1 ,nullplq

, we have

?
nmax

l

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pσ´1
l S

rϕ1 ,nullplq
´ σ´1

l
pEn

»

–

$

&

%

ÿ

aPt´1,1u

aĎWa

«

∆0 `

J
ÿ

j“1

∆j1
␣

aXJβ˚
ϕ ´ tj ě 0

(

ff

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lq

‰ˇ

ˇ “ opp1q.

By the Berry-Esseen bound for CLT, there exist a universal constant c0 such that

max
j

sup
αPp0,1q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

P

¨

˝

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

σ´1
l n1{2

pEn

»

–

$

&

%

ÿ

aPt´1,1u

aĎWa

«

∆0 `

J
ÿ

j“1

∆j1
␣

aXJβ˚
ϕ ´ tj ě 0

(

ff

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lq

‰
ˇ

ˇ ď Φ´1p1 ´ α{2q
˘

´ p1 ´ αq
ˇ

ˇ

ď
c0

?
n
max

l
Er|Ml|

3s,

where

Ml “

$

&

%

ÿ

aPt´1,1u

aĎWa

«

∆0 `

J
ÿ

j“1

∆j1
␣

aXJβ˚
ϕ ´ tj ě 0

(

ff

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lq.

By maxl Er|Ml|
3s ď CR3, we have

max
l

sup
αPp0,1q

ˇ

ˇ

ˇ
P
´
ˇ

ˇ

ˇ
n1{2

pσ´1
l S

rϕ1 ,nullplq

ˇ

ˇ

ˇ
ď Φ´1p1 ´ α{2q

¯

´ p1 ´ αq

ˇ

ˇ

ˇ

ď
c0

?
n
R3,

for a sufficient large c0. When R3
?
n

Ñ 0, we can conclude the theorem. l
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Corollary 17 Assume the same conditions in Theorem 16, we have

max
l

sup
αPp0,1q

ˇ

ˇ

ˇ
P
´
ˇ

ˇ

ˇ
n1{2

pσ´1
l

pIl

´

rβϕ,l ´ β˚
ϕ,l

¯
ˇ

ˇ

ˇ
ď Φ´1p1 ´ α{2q

¯

´ p1 ´ αq

ˇ

ˇ

ˇ
“ opp1q.

Proof of Corollary 17. To unify the proof for the construction of confidence interval with
and without nuisance parameters. To start with, we review how the confidence interval are
constructed in both cases. When there is no nuisance parameters, the one-step de-biased
estimator is based on

rβϕ,l “ β̄ϕ,l ´ Sϕ̃1 ,l{
pIl,

where

β̄ϕ,l “
1

K

K
ÿ

k“1

pβϕ,l,

Sϕ̃1 ,l “
1

K

K
ÿ

k“1

pEpkq
n

”

Arϕ
1
´

AXJ
pβ

p´kq

ϕ

¯

pXl ´ XJ
´l pwϕ,lq

ı

,

pIl “
1

K

K
ÿ

k“1

pEpkq
n

»

–

ÿ

aPt´1,1u

J
ÿ

j“1

∆jGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

XlpXl ´ XJ
´l pwϕ,lq

fi

fl .

When there exists nuisance parameters, the one-step de-biased estimator is based on

rβϕ,l “

´

rβ
prIq

ϕ,l ` rβ
p rJq

ϕ,l

¯

{2

rβ
p rJq

ϕ,l “ β̄
p rJq

ϕ,l ´ S
rJ
ϕ̃1 ,l

{pI
p rJq

l ,

where

β̄
p rJq

ϕ,l “
1

K

K
ÿ

k“1

pβ
p´ rJkq

ϕ,l ,

S
p rJq

ϕ̃1 ,l
“

1

K

K
ÿ

k“1

pEp rJkq
n

»

–

ÿ

aPt1,´1u

axW prIq
a

rϕ
1
´

aXJ
pβ

p´ rJkq

ϕ

¯

pXl ´ XJ
´l pw

p rJq

ϕ,l q

fi

fl ,

pI
p rJq

l “
1

K

K
ÿ

k“1

pEp rJkq
n

»

–

ÿ

aPt´1,1u

xW prIq
a

J
ÿ

j“1

∆jGhg

´

tj ´ aXJ
pβ

p´ rJkq

ϕ

¯

XlpXl ´ XJ
´l pw

p rJq

ϕ,l q

fi

fl ,

and rβ
prIq

ϕ,l , β̄
prIq

ϕ,l , S
rI
ϕ̃1 ,l

, and pI
prIq

l are defined similarly.

In the modified algorithm 2 as illustrated in the proof of Theorem 1, the major difference
is that

S
p rJq

ϕ̃1 ,l
“

1

K

K
ÿ

k“1

pEp rJkq
n

»

–

ÿ

aPt1,´1u

axW prIq
a

rϕ
1
´

aXJ
pβ

p´ rJkq

ϕ

¯

pXl ´ XJ
´l pw

p´ rJkq

ϕ,l q

fi

fl ,

pI
p rJq

l “
1

K

K
ÿ

k“1

pEp rJkq
n

»

–

ÿ

aPt´1,1u

xW prIq
a

J
ÿ

j“1

∆jGhg

´

tj ´ aXJ
pβ

p´ rJkq

ϕ

¯

XlpXl ´ XJ
´l pw

p´ rJkq

ϕ,l q

fi

fl ,
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where pEp rJkq
n r¨s and pw

p´ rJkq

ϕ,l are independent. On the contrast, in the construction of one-step

de-biased estimator in Algorithm 2, pEp rJkq
n r¨s and pw

p rJq

ϕ,l are correlated.

To unify the proofs, we consider the same studied procedure in the proof of Theorem 1.
The one-step de-biased estimator is constructed by

rβϕ,l “ β̄ϕ,l ´ Sϕ̃
1
,l{
pIl,

where

β̄ϕ,l “
1

K

K
ÿ

k“1

pβ
p´kq

ϕ,l ,

Sϕ̃1 ,l “
1

K

K
ÿ

k“1

pEpkq
n

»

–

ÿ

aPt1,´1u

axWa
rϕ

1
´

aXJ
pβ

p´kq

ϕ

¯

pXl ´ XJ
´l pwϕ,lq

fi

fl ,

pIl “
1

K

K
ÿ

k“1

pEpkq
n

»

–

ÿ

aPt´1,1u

axWa

J
ÿ

j“1

∆jGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

XlpXl ´ XJ
´l pwϕ,lq

fi

fl .

We assume that xWa is estimated on an independent dataset; pβ
p´kq

ϕ is independent with

pEpkq
n r¨s ;pEpkq

n r¨s is correlated with pwϕ,l (Algorithm 1 and 2) or pEpkq
n r¨s is independent with

pwϕ,l (modified algorithm). By investigation on the asymptotic property of rβϕ,1, we can show
the asymptotic properties for both Algorithm 1 and 2 as well as the modified algorithm.

Define

S
pkq

ϕ̃1 “ pEpkq
n

»

–

ÿ

aPt1,´1u

axWa
rϕ

1
´

aXJ
pβ

p´kq

ϕ

¯

pX1 ´ XJ
´l pwϕ,lq

fi

fl .

We will study the asymptotic property of

rβ
pkq

ϕ,l “ pβ
p´kq

ϕ,l ´ S
pkq

ϕ̃1 ,l
{pIl,

because that rβϕ,l “
řK

k“1
rβ

pkq

ϕ,l and rβ
pkq

ϕ,l are asymptotically independent.

Specifically, we will firstly show that

max
l

n1{2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

I˚
l

´

rβ
pkq

ϕ,l ´ β˚
ϕ,l

¯

` pEpkq
n

»

–

ÿ

aPt1,´1u

aĎWa
rϕ

1 `

aXJβ˚
ϕ

˘

pXl ´ XJ
´lw

˚
ϕ,lq

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ opp1q,

where

I˚
l “ E

»

–

ÿ

aPt1,´1u

ĎWa

J
ÿ

j“1

∆jδptj ´ aXJβ˚
ϕqXlpXl ´ XJ

´lw
˚
ϕ,lq

fi

fl .
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Notice that rβ
pkq

ϕ,l “ pβ
pkq

ϕ,l ´ S
pkq

ϕ̃1 ,l
{pIl, we need to show that

max
l

n1{2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

I˚
l

´

pβ
pkq

ϕ,l ´ β˚
ϕ,l

¯

` pEpkq
n

»

–

ÿ

aPt1,´1u

aĎWa
rϕ

1 `

aXJβ˚
ϕ

˘

pXl ´ XJ
´lw

˚
ϕ,lq

fi

fl

´S
pkq

ϕ̃1 ,l
I˚
l
pI´1
l

ˇ

ˇ

ˇ
“ opp1q.

To show this, we will show the following results:

max
l

n1{2

ˇ

ˇ

ˇ

ˇ

ˇ

I˚
l

`

pβ
pkq

ϕ,l ´ β˚
ϕ,l

˘

` pEpkq
n

«

ÿ

aPt1,´1u

aĎWa
rϕ1
`

aXJβ˚
ϕ

˘

pXl ´ XJ
´lw

˚
ϕ,lq

ff

´pEpkq
n

«

ÿ

aPt1,´1u

axWa
rϕ1
`

aXJ
pβ

p´kq

ϕ

˘

pXl ´ XJ
´lw

˚
ϕ,lq

ff
ˇ

ˇ

ˇ

ˇ

ˇ

“ opp1q, (6)

max
l

n1{2

ˇ

ˇ

ˇ

ˇ

ˇ

pEpkq
n

«

ÿ

aPt1,´1u

axWa
rϕ1
`

aXJ
pβ

p´kq

ϕ

˘

XJ
´lp pwϕ,l ´ w˚

ϕ,lq

ff
ˇ

ˇ

ˇ

ˇ

ˇ

“ opp1q, (7)

max
l

n1{2
ˇ

ˇ

ˇ
S

pkq

ϕ̃1,l

`

I˚
l ´ pIl

˘

ˇ

ˇ

ˇ
“ opp1q. (8)

For (7) and (8), because both terms involves pwϕ,l, we separate the discussion based on the

relationship between pwϕ,l and pEpkq
n r¨s.

First, we consider that pwϕ,l and pEpkq
n r¨s are correlated. For (7), we have

(7) ď max
l

n1{2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pEpkq
n

»

–

ÿ

aPt1,´1u

a
´

xWa ´ ĎWa

¯

rϕ
1
´

aXJ
pβ

p´kq

ϕ

¯

XJ
´lp pwϕ,l ´ w˚

ϕ,lq

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`max
l

n1{2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pEpkq
n

»

–

ÿ

aPt1,´1u

aĎWa

!

rϕ
1
´

aXJ
pβ

p´kq

ϕ

¯

´ rϕ
1 `

aXJβ˚
ϕ

˘

)

ˆXJ
´lp pwϕ,l ´ w˚

ϕ,lq
‰
ˇ

ˇ

`max
l

n1{2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pEpkq
n

»

–

ÿ

aPt1,´1u

aĎWa
rϕ

1 `

aXJβ˚
ϕ

˘

XJ
´lp pwϕ,l ´ w˚

ϕ,lq

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď n1{2

›

›

›

›

›

›

pEpkq
n

»

–

ÿ

aPt1,´1u

a
´

xWa ´ ĎWa

¯

rϕ
1
´

aXJ
pβ

p´kq

ϕ

¯

X

fi

fl

›

›

›

›

›

›

8

max
l

} pwϕ,l ´ w˚
ϕ,l}1

`n1{2

›

›

›

›

›

›

pEpkq
n

»

–

ÿ

aPt1,´1u

aĎWa

!

rϕ
1
´

aXJ
pβ

p´kq

ϕ

¯

´ rϕ
1 `

aXJβ˚
ϕ

˘

)

X

fi

fl

›

›

›

›

›

›

8

max
l

} pwϕ,l ´ w˚
ϕ,l}1

`n1{2

›

›

›

›

›

›

pEpkq
n

»

–

ÿ

aPt1,´1u

aĎWa
rϕ

1 `

aXJβ˚
ϕ

˘

X

fi

fl

›

›

›

›

›

›

8

max
l

} pwϕ,l ´ w˚
ϕ,l}1.
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For the first term, from the proof of Theorem 16, we have

›

›

›

›

›

›

pEpkq
n

»

–

ÿ

aPt1,´1u

a
´

xWa ´ ĎWa

¯

rϕ
1
´

aXJ
pβ

p´kq

ϕ

¯

X

fi

fl

›

›

›

›

›

›

8

ď

›

›

›

›

›

›

ppEpkq
n ´ Eq

»

–

ÿ

aPt1,´1u

a
´

xWa ´ ĎWa

¯

rϕ
1
´

aXJ
pβ

p´kq

ϕ

¯

X

fi

fl

›

›

›

›

›

›

8

`

›

›

›

›

›

›

E

»

–

ÿ

aPt1,´1u

a
´

xWa ´ ĎWa

¯

rϕ
1
´

aXJ
pβ

p´kq

ϕ

¯

X

fi

fl

›

›

›

›

›

›

8

“ opp
a

log p{nq ` Opn´ηq.

For the second term, by the Hoeffding’s inequality and Lemma 10, we have

›

›

›

›

›

›

pEpkq
n

»

–

ÿ

aPt1,´1u

aĎWa

!

rϕ
1
´

aXJ
pβ

p´kq

ϕ

¯

´ rϕ
1 `

aXJβ˚
ϕ

˘

)

X

fi

fl

›

›

›

›

›

›

8

ď

›

›

›

›

›

›

ppEpkq
n ´ Eq

»

–

ÿ

aPt1,´1u

aĎWa

!

rϕ
1
´

aXJ
pβ

p´kq

ϕ

¯

´ rϕ
1 `

aXJβ˚
ϕ

˘

)

X

fi

fl

›

›

›

›

›

›

8

`

›

›

›

›

›

›

E

»

–

ÿ

aPt1,´1u

aĎWa

!

rϕ
1
´

aXJ
pβ

p´kq

ϕ

¯

´ rϕ
1 `

aXJβ˚
ϕ

˘

)

X

fi

fl

›

›

›

›

›

›

8

“ Opp
a

log p{nq ` Ophl ` ∆β,2q.

For the third term, by the Hoeffding’s inequality and Lemma 9, we have

›

›

›

›

›

›

pEpkq
n

»

–

ÿ

aPt1,´1u

aĎWa
rϕ

1 `

aXJβ˚
ϕ

˘

X

fi

fl

›

›

›

›

›

›

8

ď

›

›

›

›

›

›

ppEpkq
n ´ Eq

»

–

ÿ

aPt1,´1u

aĎWa
rϕ

1 `

aXJβ˚
ϕ

˘

X

fi

fl

›

›

›

›

›

›

8

`

›

›

›

›

›

›

E

»

–

ÿ

aPt1,´1u

aĎWa
rϕ

1 `

aXJβ˚
ϕ

˘

X

fi

fl

›

›

›

›

›

›

8

“ Opp
a

log p{nq ` Ophlq.

Assume that n1{2ps1µnqp∆β,2 `
a

log p{n ` hlq Ñ 0, we have (7) Ñ 0 in probability.
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For (8), we have

max
l

|I˚
l ´ pIl|

ď max
l

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pEpkq
n

»

–

ÿ

aPt´1,1u

axWa

J
ÿ

j“1

∆jGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

XlX
J
´lp pwϕ,l ´ w˚

ϕ,lq

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`max
l

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pEpkq
n

»

–

ÿ

aPt´1,1u

a
´

xWa ´ ĎWa

¯

J
ÿ

j“1

∆jGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

ˆXlpXl ´ XJ
´lw

˚
ϕ,lq

‰
ˇ

ˇ

`max
l

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ppEpkq
n ´ Eq

»

–

ÿ

aPt1,´1u

aĎWa

J
ÿ

j“1

∆jGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

ˆXlpXl ´ XJ
´lw

˚
ϕ,lq

‰ˇ

ˇ

`max
l

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E

»

–

ÿ

aPt1,´1u

aĎWa

J
ÿ

j“1

∆jGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

XlpXl ´ XJ
´lw

˚
ϕ,lq

fi

fl ´ I˚
l

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

.

For the first term, we have

max
l

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pEpkq
n

»

–

ÿ

aPt´1,1u

axWa

J
ÿ

j“1

∆jGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

XlX
J
´lp pwϕ,l ´ w˚

ϕ,lq

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

›

›

›

›

›

›

pEpkq
n

»

–

ÿ

aPt´1,1u

axWa

J
ÿ

j“1

∆jGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

XXJ

fi

fl

›

›

›

›

›

›

max

max
l

} pwϕ,l ´ w˚
ϕ,lq}1

“ Oppmax
l

} pwϕ,l ´ w˚
ϕ,lq}1q.

Similarly, for the second term, we have

max
l

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ppEpkq
n ´ Eq

»

–

ÿ

aPt1,´1u

aĎWa

J
ÿ

j“1

∆jGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

XlpXl ´ XJ
´lw

˚
ϕ,lq

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ OppR

d

n´ζ log p

nhg
q ` OpRn´η{hgq.

By Hoeffding’s inequality, for the third term, we have

max
l

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ppEpkq
n ´ Eq

»

–

ÿ

aPt1,´1u

aĎWa

J
ÿ

j“1

∆jGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

XlpXl ´ XJ
´lw, l˚ϕq

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ Op

˜

R

d

log p

nhg

¸

.
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By Lemma 11, we have

max
l

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E

»

–

ÿ

aPt1,´1u

aĎWa

J
ÿ

j“1

∆jGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

XlpXl ´ XJ
´lw

˚
ϕ,lq

fi

fl ´ I˚
l

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ OppRph2g ` ∆β,2qq.

Next, we will bound S
pkq

ϕ̃1,l
. By exam the proof of Theorem 16 carefully, the convergence

rate of S
pkq

ϕ̃1,l
is different from S

pkq

ϕ̃1,nullplq
due to the I122 replacing pβ

p´kq

ϕ,nullplq by pβ
p´kq

ϕ,l . More

specifically,

I122

“ E

»

–

$

&

%

ÿ

aPt´1,1u

aĎWa
rϕ

1
´

aXJ
pβ

p´kq

ϕ

¯

´
ÿ

aPt´1,1u

aĎWa
rϕ

1 `

aXJβ˚
ϕ

˘

,

.

-

pX1 ´ XJ
´lw

˚
ϕq

fi

fl

`OppRn´ηq

“ E

»

–

$

&

%

ÿ

aPt´1,1u

ĎWa
rϕ

2
´

aXJ
rβ
¯

,

.

-

XJ
´lp

pβϕ,´l ´ β˚
ϕ,´lqpXl ´ XJ

´lw
˚
ϕ,lq

fi

fl

`E

»

–

$

&

%

ÿ

aPt´1,1u

ĎWa
rϕ

2
´

aXJ
rβ
¯

,

.

-

Xlp
pβϕ,l ´ β˚

ϕ,lqpXl ´ XJ
´lw

˚
ϕ,lq

fi

fl ` OppRn´ηq

“ E

»

–

$

&

%

ÿ

aPt´1,1u

ĎWa
rϕ

2
´

aXJ
rβ
¯

,

.

-

Xlp
pβϕ,l ´ β˚

ϕ,lqpXl ´ XJ
´lw

˚
ϕ,lq

fi

fl

`OppRphl ` ∆β,2q∆β,2 ` Rn´ηq,

uniformly holds for all l’s.
Because

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E

»

–

$

&

%

ÿ

aPt´1,1u

ĎWa
rϕ

2
´

aXJ
rβ
¯

,

.

-

Xlp
pβϕ,l ´ β˚

ϕ,lqpXl ´ XJ
´lw

˚
ϕ,lq

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ď

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E

»

–

$

&

%

ÿ

aPt´1,1u

ĎWa
rϕ

2
´

aXJ
rβ
¯

,

.

-

”

XJppβϕ ´ β˚
ϕq

ı2

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1{2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E

»

–

$

&

%

ÿ

aPt´1,1u

ĎWa
rϕ

2
´

aXJ
rβ
¯

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lq

2

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

1{2

“ Op∆β,2q,

we have maxl |S
pkq

ϕ̃1,l
| “ Opp∆β,2q assuming that Rphl ` ∆β,2q∆β,2 ` Rn´η “ oppn´1{2q.

Thus, we have that (8) “ Opp
?
npmaxl } pw˚

ϕ,l ´ w˚
ϕ,l}1 ` Rn´η{hg ` R

b

log p
nhg

` R∆β,2 `
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Rh2gq∆β,2q. Assuming the same condition in Theorem 16, we have that (8) “ opp1q. As a
summary, assuming that the same condition in Theorem 16, we have that both (7) and (8)
are negligible.

When pwϕ and pEpkq
n r¨s are independent. For (7), we have

(7) ď max
l

n1{2

ˇ

ˇ

ˇ

ˇ

ˇ

pEpkq
n

«

ÿ

aPt1,´1u

apxWa ´ ĎWaqrϕ1
´

aXJ
pβ

p´kq

ϕ

¯

XJ
´lp pwϕ,l ´ w˚

ϕ,lq

ffˇ

ˇ

ˇ

ˇ

ˇ

`max
l

n1{2

ˇ

ˇ

ˇ

ˇ

ˇ

pEpkq
n

«

ÿ

aPt1,´1u

aĎWa

!

rϕ1
´

aXJ
pβ

p´kq

ϕ

¯

´rϕ1
`

aXJβ˚
ϕ

˘

)

¨ XJ
´lp pwϕ,l ´ w˚

ϕ,lq

ff
ˇ

ˇ

ˇ

ˇ

ˇ

`max
l

n1{2

ˇ

ˇ

ˇ

ˇ

ˇ

pEpkq
n

«

ÿ

aPt1,´1u

aĎWa
rϕ1
`

aXJβ˚
ϕ

˘

XJ
´lp pwϕ,l ´ w˚

ϕ,lq

ffˇ

ˇ

ˇ

ˇ

ˇ

.

For the first term, by Bernstein’s inequality, we have

max
l

n1{2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pEpkq
n

»

–

ÿ

aPt1,´1u

a
´

xWa ´ ĎWa

¯

rϕ
1
´

aXJ
pβ

p´kq

ϕ

¯

XJ
´lp pwϕ,l ´ w˚

ϕ,lq

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ op

ˆ

a

log p{np1 _
a

s1 log p{nqmax
l

} pwϕ,l ´ w˚
ϕ,l}2

˙

` Opn´η max
l

} pwϕ,l ´ w˚
ϕ,l}2q.

For the second term, similarly, we have

max
l

n1{2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pEpkq
n

»

–

ÿ

aPt1,´1u

aĎWa

!

rϕ
1
´

aXJ
pβ

p´kq

ϕ

¯

´ rϕ
1 `

aXJβ˚
ϕ

˘

)

XJ
´lp pwϕ,l ´ w˚

ϕ,lq

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ Op

ˆ

a

log p{np1 _
a

s1 log p{nqmax
l

} pwϕ,l ´ w˚
ϕ,l}2

˙

` Op∆β,2max
l

} pwϕ,l ´ w˚
ϕ,l}2q.

For the third term, we have

max
l

n1{2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pEpkq
n

»

–

ÿ

aPt1,´1u

aĎWa
rϕ

1 `

aXJβ˚
ϕ

˘

XJ
´lp pwϕ,l ´ w˚

ϕ,lq

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ Op

ˆ

a

log p{np1 _
a

s1 log p{nqmax
l

} pwϕ,l ´ w˚
ϕ,l}2

˙

` Ophl} pwϕ,l ´ w˚
ϕ,l}2q.

For (8), we only need to derive an alternative bound for the term involving pwϕ,l. Thus,
by Bernstein’s inequality and Lemma 11, we have

max
l

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pEpkq
n

»

–

ÿ

aPt´1,1u

axWa

J
ÿ

j“1

∆jGhg

´

tj ´ aXJ
pβ

p´kq

ϕ

¯

XlX
J
´lp pwϕ,l ´ w˚

ϕ,lq

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ Oppmax
l

} pwϕ,l ´ w˚
ϕ,l}2q.
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By the discussion in the correlated case, we have maxl |S
pkq

ϕ̃1,l
| “ Opp∆β,2q assuming that

Rphl`∆β,2q∆β,2`Rn´η “ oppn´1{2q. Thus, we have that (8) “ Opp
?
npmaxl } pw˚

ϕ,l´w˚
ϕ,l}2`

Rn´η{hg `R
b

log p
nhg

`R∆β,2 `Rh2gq∆β,2q. Assuming the same condition in Theorem 16, we

have that (8) “ opp1q. As a summary, assuming that the same condition in Theorem 16,
we have that both (7) and (8) are negligible.

For (6), we have

(6) “ n1{2

ˇ

ˇ

ˇ

ˇ

ˇ

ppEpkq
n ´ Eq

«

ÿ

aPt1,´1u

a
!

ĎWa
rϕ1
`

aXJβ˚
ϕ

˘

´xWa
rϕ1
´

aXJ
pβ

p´kq

ϕ

¯)

pXl ´ XJ
´lw

˚
ϕ,lq

ff
ˇ

ˇ

ˇ

ˇ

ˇ

`n1{2

ˇ

ˇ

ˇ

ˇ

ˇ

I˚
l

´

pβ
pkq

ϕ,l ´ β˚
ϕ,l

¯

`E

«

ÿ

aPt1,´1u

aĎWa
rϕ1
`

aXJβ˚
ϕ

˘

pXl ´ XJ
´lw

˚
ϕ,lq

ff

´E

«

ÿ

aPt1,´1u

axWa
rϕ1
´

aXJ
pβ

p´kq

ϕ

¯

pXl ´ XJ
´lw

˚
ϕ,lq

ffˇ

ˇ

ˇ

ˇ

ˇ

“ I41 ` I42.

For I41, we have that

I41 ď n1{2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ppEpkq
n ´ Eq

»

–

ÿ

aPt1,´1u

aĎWa

!

rϕ
1 `

aXJβ˚
ϕ

˘

´ rϕ
1
´

aXJ
pβ

p´kq

ϕ

¯)

pXl ´ XJ
´lw

˚
ϕ,lq

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`n1{2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ppEpkq
n ´ Eq

»

–

ÿ

aPt1,´1u

a
!

ĎWa ´ xWa

)

rϕ
1
´

aXJ
pβ

p´kq

ϕ

¯

pXl ´ XJ
´lw

˚
ϕ,lq

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Following the same proof for I121, we can show that the first term is opp1q uniformly over all

l’s; the second term is also opp1q due to that sup |ĎWa ´ xWa| “ Oppn´ζq and R
?
log pn´ζ “

op1q.
For I42, we have

I42 ď n1{2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

I˚
´

pβ
pkq

ϕ,1 ´ β˚
ϕ,1

¯

` E

»

–

ÿ

aPt1,´1u

aĎWa
rϕ

1 `

aXJβ˚
ϕ

˘

pX1 ´ XJ
´lw

˚
ϕ,lq

fi

fl

´E

»

–

ÿ

aPt1,´1u

aĎWa
rϕ

1
´

aXJ
pβ

p´kq

ϕ

¯

pX1 ´ XJ
´lw

˚
ϕ,lq

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

`n1{2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E

»

–

ÿ

aPt1,´1u

a
´

xWa ´ ĎWa

¯

rϕ
1
´

aXJ
pβ

p´kq

ϕ

¯

pX1 ´ XJ
´lw

˚
ϕ,lq

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ I421 ` I422.
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The last term is I422 “ OppRn´η`1{2q. For I421, by Taylor’s expansion, we have

I421 ď n1{2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

I˚
l

´

pβ
pkq

ϕ,l ´ β˚
ϕ,l

¯

` E

»

–

$

&

%

ÿ

aPt1,´1u

aĎWa
rϕ

2
´

aXJ
rβ
¯

,

.

-

XlpXl ´ XJ
´lw

˚
ϕ,lq

fi

fl

ppβ
pkq

ϕ,l ´ β˚
ϕ,lq

ˇ

ˇ

ˇ

`n1{2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

E

»

–

$

&

%

ÿ

aPt1,´1u

aĎWa
rϕ

2
´

aXJ
rβ
¯

,

.

-

pXl ´ XJ
´lw

˚
ϕ,lq

fi

fl

XJ
´lp

pβ
pkq

ϕ,´l ´ β˚
ϕ,´lq

ˇ

ˇ

ˇ

By Lemma 1.2 and the definition of w˚
ϕ,l, we have that the both terms are Opp

?
nRphl `

∆2
β,2qq. Thus, under the condition that

?
nRphl ` ∆2

β,2q Ñ 0 (assumed in Theorem 16), we
have that (6) Ñ 0 in probability.

In conclusion, assuming that the same condition in Theorem 16, we have that (6), (7),
and (8) are negligible. Thus, under these conditions, we have that

max
l

n1{2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

I˚
l

´

rβ
pkq

ϕ,l ´ β˚
ϕ,l

¯

` pEpkq
n

»

–

ÿ

aPt1,´1u

aĎWa
rϕ

1 `

aXJβ˚
ϕ

˘

pXl ´ XJ
´lw

˚
ϕ,lq

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ opp1q.

This implies the asymptotic normality of rβ
pkq

ϕ,l . In addition, it also implies that rβ
pkq

ϕ,l ’s
are asymptotically independent for different k’s. Thus, we can conclude the asymptotic
normality of rβϕ,l. Further, due to minl I

˚
l ě λmin, we have that

max
l

n1{2

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

pIl

´

rβϕ,l ´ β˚
ϕ,l

¯

` pEn

»

–

ÿ

aPt1,´1u

aĎWa
rϕ

1 `

aXJβ˚
ϕ

˘

pXl ´ XJ
´lw

˚
ϕ,lq

fi

fl

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ opp1q.

Combining with the uniform bound

log pmax
l

|ppσlq
2 ´ σ2

l | “ opp1q,

we have

max
l

n1{2

ˇ

ˇ

ˇ

ˇ

ˇ

pσ´1
l

pIlprβϕ,l ´ β˚
ϕ,lq

`σ´1
l

pEn

«

ÿ

aPt1,´1u

aĎWa
rϕ1
`

aXJβ˚
ϕ

˘

pXl ´ XJ
´lw

˚
ϕ,lq

ffˇ

ˇ

ˇ

ˇ

ˇ

“ opp1q.

By the Berry-Esseen bound for CLT, we have

max
l

sup
αPp0,1q

ˇ

ˇ

ˇ
P
´ˇ

ˇ

ˇ
n1{2

pσ´1
l

pIl

´

rβϕ,l ´ β˚
ϕ,l

¯ˇ

ˇ

ˇ
ď Φ´1p1 ´ α{2q

¯

´ p1 ´ αq

ˇ

ˇ

ˇ

ď
c0

?
n
R3,

for a sufficient large c0. l
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Appendix B.

In this section, we extend our proposed method to testing a hypothesis with a growing
dimension. Via a bootstrap procedure, a valid inference procedure is developed for a group
hypothesis such as H0 : β

˚
ϕ,l “ 0,@l P G, where G is an index set with its cardinality growing

as n Ñ `8. Specifically, to test this hypothesis based on Algorithm 2, we consider the
following multiplier bootstrap procedure. Define

δ˚
l ”

1

K

ÿ

k

pEpkq
n

»

–r
ÿ

aPt1,´1u

axWa
rϕ

1
´

aXJ
pβ

pkq

ϕ

¯

pXl ´ XJ
´l pwϕ,lq

fi

fl ,

where r follows an independent standard normal distribution. Let c˚
1´α be the upper α-

quantile of the distribution of maxlPG |δ˚
l | conditional on the training samples, which can

be calculated by bootstrapping the weight r. We will reject the H0 if maxlPG |rβϕ,l| ą c˚
1´α.

The following theorem provides the validity of the testing procedure.

Theorem 18 Assume the same Conditions in Theorem 17, under the null hypothesis, we
have

sup
αPp0,1q

ˇ

ˇ

ˇ

ˇ

P
ˆ

n1{2max
lPG

ˇ

ˇ

ˇ

rβϕ,l

ˇ

ˇ

ˇ
ď c˚

1´α

˙

´ p1 ´ αq

ˇ

ˇ

ˇ

ˇ

“ op1q,

if

n´1plogpn|G|qq7 “ op1q

∆n,p

a

log |G| “ op1q

∆1{2 log |G| “ op1q,

where

∆n,p “ n1{2ps1µnqp∆β,2 `
a

log p{n ` hl ` n´ηq

`
?
nRphl ` n´η `

a

log p∆
2γ{pγ`2q

β,2 q

`pRs1µn ` R2n´ζ ` R2hlq
a

log p,

∆ “ Rs1µn ` R2n´ζ ` R2hl.

From Theorem 18, when we have additional nuisance parameters, we can see that the
requirement on log |G| is related to the convergence rate of the nuisance parameters n´ζ .
Proof of Theorem 18. Under the null hypothesis, from Theorem 17, we know that @ϵ,
there is a Cϵ such that

P

˜

max
l

n1{2

ˇ

ˇ

ˇ

ˇ

ˇ

´

rβϕ,l ´ β˚
ϕ,l

¯

`I´1
l

pEn

«

ÿ

aPt1,´1u

aĎWa
rϕ1
`

aXJβ˚
ϕ

˘

pXl ´ XJ
´lw

˚
ϕ,lq

ffˇ

ˇ

ˇ

ˇ

ˇ

ě Cϵ∆n,p

¸

ď ϵ{3.
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Define ξ “ pξlqlPG as a |G|-dimensional multi-variant Gaussian distribution with

Erξls “ 0

Erξl1ξl2s “ E

»

–

$

&

%

ÿ

aPt1,´1u

aĎWa
rϕ

1 `

aXJβ˚
ϕ

˘

,

.

-

2

pXl1 ´ XJ
´l1w

˚
ϕ,l1qpXl2 ´ XJ

´l2w
˚
ϕ,l2q

fi

fl .

By Theorem 14 in Wasserman (2014), under the null hypothesis, we have

P
ˆ

n1{2max
lPG

|rβϕ,l| ď c˚
1´α

˙

ď P

˜

n1{2max
lPG

I´1
l

ˇ

ˇ

ˇ

ˇ

ˇ

pEn

«

ÿ

aPt1,´1u

aĎWa
rϕ1
`

aXJβ˚
ϕ

˘

¨pXl ´ XJ
´lw

˚
ϕ,lq

ffˇ

ˇ

ˇ

ˇ

ˇ

ď c˚
1´α ` Cϵ∆n,p

¸

` ϵ{3

ď P
ˆ

max
lPG

|ξl| ď c˚
1´α ` Cϵ∆n,p

˙

` M

ˆ

plogpn|G|qq7

n

˙1{8

` ϵ{4.

uniformly holds for all α.
By n´1plogpn|G|qq7 Ñ 0, for large enough n, we have

P
ˆ

n1{2max
lPG

|rβϕ,l| ď c˚
1´α

˙

ď P
ˆ

max
lPG

|ξl| ď c˚
1´α ` Cϵ∆n,p

˙

` ϵ{2.

By Corollary 16 in Wasserman (2014), we have

P
ˆ

max
lPG

|ξl| ď c˚
1´α ` Cϵ∆n,p

˙

ď P
ˆ

max
lPG

|ξl| ď c˚
1´α

˙

` Cϵ∆n,p

b

1 _ log |G|{Cϵ∆n,p.

Due to ∆n,p

a

log |G| “ op1q, for large enough n, we have

P
ˆ

max
lPG

|ξl| ď c˚
1´α ` Cϵ∆n,p

˙

ď P
ˆ

max
lPG

|ξl| ď c˚
1´α

˙

` ϵ{4.

Thus, we have

P
ˆ

n1{2max
lPG

|rβϕ,l| ď c˚
1´α

˙

ď P
ˆ

max
lPG

|ξl| ď c˚
1´α

˙

` 3ϵ{4.

To conclude, we just need to show that

P
ˆ

max
lPG

|ξl| ď c˚
1´α

˙

ď P
ˆ

max
lPG

|δ˚
l | ď c˚

1´α

˙

` ϵ{4.
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Let Ω represent the entire training data. Notice that

Erδ˚
l | Ωs “ 0

Erδ˚
l1δ

˚
l2 | Ωs “

1

K

ÿ

k

pEpkq
n

»

–

$

&

%

ÿ

aPt1,´1u

axWa
rϕ

1
´

aXJ
pβ

pkq

ϕ

¯

,

.

-

2

pXl1 ´ XJ
´l1

pwϕ,l1qpXl2 ´ XJ
´l2

pwϕ,l2q
‰

.

By the proof of Theorem 17, we know that

›

›Erδ˚
l1δ

˚
l2 | Ωs ´ Erξl1ξl2s

›

›

max
“ OppRs1µn ` R2n´ζ ` R2hlq.

By Theorem 17 in Wasserman (2014), we have

P
ˆ

max
lPG

|ξl| ď c˚
1´α

˙

ď P
ˆ

max
lPG

|δ˚
l | ď c˚

1´α

˙

` C∆1{3p1 _ log |G|{∆q2{3,

where ∆ “ Rs1µn ` R2n´ζ ` R2hl. Assuming ∆1{2 log |G| “ op1q, we have

P
ˆ

max
lPG

|ξl| ď c˚
1´α

˙

ď P
ˆ

max
lPG

|δ˚
l | ď c˚

1´α

˙

` ϵ{4.

Similarly, we can show that

P
ˆ

n1{2max
lPG

|rβϕ,l| ď c˚
1´α

˙

ě 1 ´ α ´ ϵ.

This concludes the proof. For the algorithm with dedicated sample-splitting strategy, we
require that

n´1plogpn|G|qq7 “ op1q

∆n,p

a

log |G| “ op1q

∆1{2 log |G| “ op1q,

with

∆n,p “
?
np

?
s1µnqpp1 _

a

s1 log p{nq
a

log p{n ` hl ` ∆β,2

`

b

h
γ{2
l log p{np1 _

b

s1 log p{pnh
γ{2
l qqq

`
?
nRphl ` n´η `

a

log p∆
2γ{pγ`2q

β,2 q

`pR
?
s1µn ` R2n´ζ ` R2hlq

a

log p,

∆ “ R
?
s1µn ` R2n´ζ ` R2hl.

l
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Appendix C.

The following corollary shows the convergence rate of pβϕ when ϕ is chosen as a hinge loss.
Under this corollary, Theorem 16 holds under the derived convergence rate. We assume

(A1) The density functions of Xj0 conditional on A “ 1 and A “ ´1 are continious and
have common support and finishte second moments.

(A2) s˚ “ Opnc1q for some c1 P r0, 1{2q.

(A3) There exists a constant M1 such that

max
dPRp:}d}0ď2s˚

pEnrpXJdq2s

n}d}22
ď M1

almost surely.

(A4) np1´c2q{2minβ˚
ϕ,l‰0 |β˚

ϕ,l| ě M2 for some constants M2 ą 0 and 2c1 ă c2 ă 1.

(A5) The conditional density functions of XJβ˚
ϕ given A “ 1 and A “ ´1 are uniformly

bounded away from 0 and `8 in a neighborhood of 1 and ´1, respectively.

Conditions (A1)-(A5) are the conditions in Peng et al. (2016). In Peng et al. (2016),
these regularity conditions are required for classification problems; In Lemma 4.5 where
additional nuisance parameters are present, we also need these regularity conditions.

Lemma 19 Under Conditions (A1) - (A5) and (C1) - (C3) with α ` β ą 1{2, if ϕ is a
hinge loss, then ∆β,1 “ Ops˚

a

log p{nq and ∆β,2 “ Op
a

s˚ log p{nq, where s˚ is the number
of non-zero entries in β˚

ϕ.

Proof of Lemma 19. When Wa’s are known, the proof of Thoerem 4 in Peng et al. (2016)
can be directly applied to show this result. Thus, in this proof, we focus on the case where
Wa’s are estimated on an independent dataset. Let h “ β˚

ϕ ´ pβϕ. Since pβϕ minimizes

ℓϕpβ;xW1,xW´1q ` λn}β}1, we have

pEn

”!

xW1ϕpXJpβ˚
ϕ ` hqq ` xW´1ϕp´XJpβ˚

ϕ ` hqq

)ı

` λn}pβϕ}1 (9)

ď pEn

”!

xW1ϕpXJβ˚
ϕq ` xW´1ϕp´XJβ˚

ϕq

)ı

` λn}β˚
ϕ}1. (10)

Let S “ t1 ď j ď p : β˚
ϕ,j ­“ 0u, we have

}β˚
ϕ}1 ´ }pβϕ}1 ď }β˚

ϕ,S}1 ´ }pβϕ}1 ď }hS}1 ´ }hSc}1.

By convexity, we have

pEn

”!

xW1ϕpXJpβ˚
ϕ ` hqq ` xW´1ϕp´XJpβ˚

ϕ ` hqq

)ı

´pEn

”!

xW1ϕpXJβ˚
ϕq ` xW´1ϕp´XJβ˚

ϕq

)ı

ě ´

›

›

›

pEn

”!

xW11
␣

1 ´ XJβ˚
ϕ ě 0

(

´ xW´11
␣

1 ` XJβ˚
ϕ ě 0

(

)ı›

›

›

8
}h}1

68



Inference with non-differentiable surrogate loss

By Hoeffding’s inequality, with λn “ Cpαq
a

2 log p{n, similar to Lemma 1 in Peng et al.
(2016), we have

P
´›

›

›

pEn

”!

xW11
␣

1 ´ XJβ˚
ϕ ě 0

(

´ xW´11
␣

1 ` XJβ˚
ϕ ě 0

(

)ı›

›

›

8
ě λn{2

¯

ď p´α,

for a pre-specified α, where Cpαq is some constant. Hence, we have

λnp}hS}1 ´ }hSc}1q ě ´λn{2p}hS}1 ` }hSc}1q,

3}hS}1 ě }hSc}.

Define

Bphq “ pEn

”!

xW1ϕpXJpβ˚
ϕ ` hqq ` xW´1ϕp´XJpβ˚

ϕ ` hqq

)

´

!

xW1ϕpXJβ˚
ϕq ` xW´1ϕp´XJβ˚

ϕq

)ı

´E
“␣

W1ϕpXJpβ˚
ϕ ` hqq ` W´1ϕp´XJpβ˚

ϕ ` hqq
(

´
␣

W1ϕpXJβ˚
ϕq ` W´1ϕp´XJβ˚

ϕq
(‰

.

We will show that assuming p ą n, then for all n sufficiently large, we have

P

˜

sup
}h}0ďs,}h}2 ­“0

|Bphq|{}h}2 ě C2

a

log p{n

¸

ď p´c2 ,

where C2 and c2 are some positive constants. We decompose

Bphq “ pEn

”´

xW1 ´ W1

¯

`

ϕpXJpβ˚
ϕ ` hqq ´ ϕpXJβ˚

ϕq
˘

`

´

xW´1 ´ W´1

¯

`

ϕp´XJpβ˚
ϕ ` hqq ´ ϕp´XJβ˚

ϕq
˘

ı

` rBphq.

By Lemma 3 in Peng et al. (2016), there exists positive constants C1 and c1 such that

P

˜

sup
}h}0ďs,}h}2 ­“0

| rBphq|{}h}2 ě C1{3
a

log p{n

¸

ď p´c1{3. (11)

Denote

Gphq :“
´

pEn ´ E
¯ ”´

xW1 ´ W1

¯

`

ϕpXJpβ˚
ϕ ` hqq ´ ϕpXJβ˚

ϕq
˘

`

´

xW´1 ´ W´1

¯

`

ϕp´XJpβ˚
ϕ ` hqq ´ ϕp´XJβ˚

ϕq
˘

ı

Because supX,A,Y |xWa ´ Wa| “ Oppmaxtn´α, n´βuq, by Lemma 3 in Peng et al. (2016), we
have

P

˜

sup
}h}0ďs,}h}2 ­“0

|Gphq|{}h}2 ě C1{3
a

log p{n

¸

ď p´c1{3. (12)
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Assuming that λmaxpErXXJsq is bounded, we have that

E
”´

xW1 ´ W1

¯

`

ϕpXJpβ˚
ϕ ` hqq ´ ϕpXJβ˚

ϕq
˘

(13)

`

´

xW´1 ´ W´1

¯

`

ϕp´XJpβ˚
ϕ ` hqq ´ ϕp´XJβ˚

ϕq
˘

ı

{}h}2 “ Oppn´α´βq, (14)

uniformly holds for all h. Combining (11), (12), and (13), we have that

P

˜

sup
}h}0ďs,}h}2 ­“0

|Bphq|{}h}2 ě C2

a

log p{n

¸

ď p´c2 , (15)

with C2 “ C1 and c2 “ c1. Based on (9) and (15), following the proof of Theorem 4 in Peng
et al. (2016), we have the desired result. l

Appendix D.

In this section, we generate the data following the simulation studies in Liang et al. (2022),
and compare different methods using simulations. We refer readers to Scenario (II) in Liang
et al. (2022) for details on data generation. In addition, to show whether our method is
sensitive to the specification of bandwidth, we add a scale factor to the current specification
and check the performance of the methods under different scale factors. Figures 7 - 9
summarize the results in this simulation scenario. We can see that while logistic loss leads
to higher power in detecting non-zero coefficients, the value functions are lower than those
using the hinge loss. Additionally, the power, Type I error, and power remain similar under
different bandwidth specifications. Thus, our method is robust to bandwidth selection.
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