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Penalized empirical risk minimization with a surrogate loss function is often used to learn
a high-dimensional linear decision rule in classification problems. Although much of the
literature focus on the generalization error, there is a lack of inference procedures for
identifying the driving factors of the estimated decision rule, especially when the surrogate
loss is non-differentiable. We propose a kernel-smoothed decorrelated score to construct
hypothesis tests and interval estimators for a linear decision rule estimated using a piece-
wise linear surrogate loss, which has a discontinuous gradient and non-regular Hessian.
Specifically, we adopt kernel approximations to smooth the discontinuous gradient near
discontinuity points and approximate the non-regular Hessian of the surrogate loss. In
applications where additional nuisance parameters are involved, we propose a novel cross-
fitted version to accommodate flexible nuisance estimates and kernel approximations. We
establish the limiting distribution of the kernel-smoothed decorrelated score and its cross-
fitted version in a high-dimensional setup. Simulation and real data analysis are conducted
to demonstrate the validity and the superiority of the proposed method.

Keywords: Classification, Double machine learning, High-dimensional inference, Non-
differentiable loss, Personalized medicine

1. Introduction

Classification identifies which of a set of labels an observation belongs to. Well-known clas-
sification methods include logistic regression, support vector machines, and many others.
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When the dimensionality of the covariate space is high, which is common due to the increas-
ing adoption of large datasets in biomedical applications, classification is more challenging
(Fan and Fan, 2008; Dobriban and Wager, 2018; Bing and Wegkamp, 2023). Additionally, it
has been shown that many problems can be formulated within a general classification frame-
work (Bartlett et al., 2006; Bartlett and Wegkamp, 2008; Zhao et al., 2012; Zhou et al., 2017;
Zhao et al., 2019). In these problems, the goal is to derive a data-driven decision rule that
minimizes a loss function (or maximizes a utility function) defined according to the problem
setup. For example, in prediction problems, the goal is to derive a data-driven decision rule
that minimizes the prediction error for binary outcomes or labels; in precision medicine, the
goal is to derive a data-driven decision rule that maximizes the averaged utility over entire
population if the derived decision rule were implemented to recommend treatment options
(Zhao et al., 2012; Zhou et al., 2017; Zhao et al., 2019).

Empirical risk minimization (ERM) is often used to estimate such a data-driven deci-
sion rule by minimizing a convex surrogate of the loss function. Statistical inference of the
constructed decision rules not only provides uncertainty quantification of the data-driven
decision rule, but also enables a data-driven paradigm for new scientific discovery, e.g., to
identify the risk factors for the outcome of interest in prediction problems; and to identify the
driving factors of the estimated data-driven decision rule to inform new treatment guidelines
in precision medicine (Jeng et al., 2018; Wang et al., 2019; Ning and Liu, 2017; Liang et al.,
2022). However, while there is a large literature on classification and the generalization
error of an ERM with a convex surrogate, statistical inference within a high-dimensional
classification framework is less well-studied. For regression problems, Van de Geer et al.
(2014) proposed a debiased Lasso estimator for generalized linear models and established
asymptotic normality under modest regularity conditions. Ning and Liu (2017) proposed a
decorrelated score to test a low-dimensional projection of high-dimensional coefficient vec-
tors, which can be applied to M-estimation under a strictly convex and differentiable loss
function. Dezeure et al. (2017) proposed a bootstrap procedure to conduct simultaneous
inference for parameters in groups with diverging group sizes. More recently, partial pe-
nalized tests proposed in Shi et al. (2019) can be applied to test hypotheses involving a
growing number of coefficients. Ma et al. (2021) considered global hypothesis testing and
multiple testing procedures for high-dimensional logistic regression models. Wu et al. (2023)
proposed an inference procedure for single-index models with differentiable link functions.
However, none of these methods can be applied to non-differentiable loss functions, such as
the hinge loss, which is commonly adopted in classification problems.

Deriving an inference procedure for an ERM with a convex surrogate that is non-
differentiable is more complicated. One such example is the popular classification method
- support vector machine (SVM) (Cortes and Vapnik, 1995). It employs the hinge loss as
a surrogate loss, which is continuous but non-differentiable. The majority of the existing
SVM literature focused on its consistency, and the convergence rate of the risk under the
derived classifiers to the Bayes risk (Lin, 2004; Zhang, 2004; Steinwart, 2005; Zhang, 2004;
Bartlett et al., 2006; Steinwart et al., 2007; Vert and Vert, 2006; Blanchard et al., 2008).
Peng et al. (2016) provided an error bound for a penalized SVM in ultra-high dimension;
Zhang et al. (2016a) and Zhang et al. (2016b) focused on variable selection for SVMs in
moderately high dimension. The literature on the asymptotic distribution of these estima-
tors is limited. Koo et al. (2008) investigated the Bahadur representation of a linear SVM,
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which implies the asymptotic normality of the estimator in a low-dimensional setup. Due
to the non-differentiability of the hinge loss, they proposed a non-parametric estimator for
the asymptotic variance. Wang et al. (2019) proposed a distributed inference procedure for
a linear SVM. To handle the lack of differentiability, they used a smoothed loss function to
approximate the hinge loss and showed the asymptotic normality of the estimator provided
that p/n — 0, where n is the total sample size, and p is the number of the covariates.
However, an associated inference procedure in the high-dimensional setup is still lacking.

Furthermore, the classification framework has been adapted to learn an individualized
treatment rule (ITR), which recommends treatment according to patient characteristics.
There has been much literature proposing to learn ITRs from a weighted classification
framework, where the weights are related to the observed clinical outcomes (Zhao et al.,
2012; Zhou et al., 2017; Chen et al., 2016; Zhao et al., 2014, 2019; Pan and Zhao, 2021; Xue
et al., 2022). In recent work, Zhao et al. (2019) and Liang et al. (2022) introduced both
the outcome regression models and propensity score as nuisance parameters in the weights.
To avoid model misspecification, the nuisance parameters are estimated via nonparametric
or flexible machine learning algorithms. These algorithms may lead to nuisance parameter
estimators with slow convergence rates. These flexible estimators of the nuisance parameters
with possible slow convergence rates create a large barrier in statistical inference. Liang
et al. (2022) proposed an inference procedure that can handle strictly convex differentiable
loss functions. However, inference procedure for non-differentiable loss functions remain
largely unexplored.

We propose a novel inference procedure for linear decision rules under a general clas-
sification framework in a high-dimensional setup, which can deal with non-differentiable
convex surrogate loss functions. We introduce a kernel-smoothed decorrelated score for
the inference procedure, which utilizes a local kernel function to smooth the discontinuous
gradient near discontinuity points, where the loss function is not differentiable, and a global
kernel function to approximate the non-regular Hessian. By using these kernel functions,
the proposed procedure can be applied to any piece-wise linear convex loss functions. Fur-
thermore, unlike the existing literature (Wang et al., 2019; Koo et al., 2008), the proposed
procedure is valid even when p/n — +00 and can be extended to test a hypothesis involving
a growing number of projections. For the general classification problems, additional nui-
sance parameters may be involved in the loss function. Motivated by Chernozhukov et al.
(2018), we further propose a new cross-fitting algorithm to efficiently accommodate these
nuisance parameters. We show the uniform validity of the kernel-smoothed decorrelated
score based procedure even when the nuisance parameters are estimated using nonpara-
metric or flexible machine learning methods. Simulations and real data examples show the
superiority of the proposed method.

Sections 2 and 3 introduce the kernel smoothed decorrelated score for the classification
problem and the general classification framework. Section 4 provides theoretical justifi-
cations for the proposed procedure. Sections 5 and 6 present simulations and real data
analyses. Section 7 concludes the paper and provides a discussion on future directions.
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2. Statistical inference for classification problems

2.1 A classification problem

We observe the covariates X € R? and a label A € {—1,1}. A decision rule, d : RP — {—1,1},
is a mapping from the covariate space RP to the label space {—1,1}. We mainly focus on
the high-dimensional setting with p/n — +00. For any rule, d, define the classification error
for d as

L(d) = E[1{A # d(X)}],

which is also the expected zero-one loss to compare d(X) and A. The goal is to identify
the decision rule which minimizes the classification error. This optimal rule, also known as
the Bayes rule, is given by dopt(x) = sgn{P(A = 1|X = x) — 1/2}.

To estimate/infer this dop, we observe both X and A. With these observed data, we
optimize the empirical analogue of L(d), denoted by L(d) = E, [1{A # d(X)}], where ]En[]
is the empirical expectation. However, E(d) is hard to optimize due to the discontinuity
of the zero-one loss, and the space of decision rules is large. To tackle these challenges, a
common strategy is to replace the zero-one loss by a piecewise convex loss function, often
called a surrogate loss function, which is a real-valued map on R. Examples of piece-wise
convex loss functions include the hinge loss and the modified hinge loss used for classification
with a rejection option (Bartlett and Wegkamp, 2008). Furthermore, we focus on linear
decision rules. We thus optimize

~

Ly(B) = E,[6(AX T B)],

where ¢(-) is a surrogate loss function. Define the minimizer of Ly(83) as 8}, where Ly(8) =

E[¢(AX T3)]. With high-dimensional data, we adopt penalized empirical risk minimization
to estimate ,3(’;. Specifically, we consider

L3 (B) = En[¢(AX " B)] + Al Bl1,

where A, is a tuning parameter. Denote the minimizer of i;n (B) as B¢. Through the

estimator ,@¢, we aim to construct a hypothesis testing procedure and confidence interval
for a low-dimensional projection of ,8(’;, ie. nT,B:Z, where 77 is a known sparse vector.

Remark 1 In the classification problem, the classification error is determined by the linear
direction represented by B;’;. Thus, when comparing with other methods, we normalize the
estimates such that its first coordinate equals 1, i.e., |,8:; =1

Remark 2 Although hinge loss is Fisher consistent, the ,@2‘) does not necessarily equal the
optimal linear rule minimizing L(d). In classification problems, the hinge loss leads to
the maximum-margin linear separator, which can be different from the 0-1-optimal linear
hyperplane. This requires additional assumptions, e.q., sufficient conditions in Liang et al.
(2022); or a mizture of Gaussian model assumption (see Section 3 in Koo et al. (2008)).
We assume that the users have chosen to use hinge loss to derive a data-driven decision
rule, and our focus is on how to conduct inference based on these estimates.
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2.2 Kernel-smoothed decorrelated score

For the purpose of illustration, we consider a hypothesis testing problem Hg : ﬁ;l =0
versus Hg : ﬁ(’;,l + 0, where Bz,l is the I-th coordinate of the ,8;"). The proposed approach
can be easily applied to test Hy : nT,B; = 0 versus H, : nTBz + 0.

We first review a decorrelated score, proposed in Ning and Liu (2017), which can be
used to test this hypothesis when the surrogate loss ¢ is differentiable. The key of the
decorrelated score is to decouple the estimation error of the high-dimensional component
[3(’;7_1 from the estimation of ﬁ(’;yl, where ,8;’_1 is the sub-vector of ,@; without the [-th
coordinate. Define the minimizer of

"

Ly, (w) =E[¢" (AXT83) (X, - XTjw)?]
as w;,l. The decorrelated score is defined as
Sy (Biw3) =By |40 (AXT8) (X, - X )|

Let 3¢,nu”(l) be a vector equals ,éd) except the [-th coordinate is fixed at 0. Under the

null hypothesis, it can be shown that \/ﬁS¢/J(B¢7null(Z); wy)) 4, N(0,02), where o7 is some
constant. However, this procedure cannot be applied to the non-differentiable loss functions
due to the non-existence of regular ¢ (-) and ¢’ (-).

For a piece-wise linear convex loss function ¢, although ¢ is not differentiable at the
discontinuity points, the gradient is well defined on any open intervals without discontinuity
points. Mathematically, suppose that —c0 < t; < --- < t; < 400 are the jump discontinuity
points of ¢, then ¢ can be defined as Ay + ijl Aj;1{t —t; > 0} on any open intervals.
In addition, a Hessian ¢" can be defined using the Dirac function & (t) as Z}'le Ao (t—tj),
which is non-regular because it achieves +00 at 0 and vanishes at all other points.

We use kernel functions to smooth the gradient near discontinuity points and approxi-
mate the Hessian of the surrogate loss function. Specifically, we obtain a smoothed gradient
¢ by a local kernel function, a smooth function whose derivative has a support contained
in a compact interval. Consider H(-) satisfying H(t) = 1ift > 1 and H(t) = 0if t < —1;
thus, its derivative has a support on [—1,1]. As the bandwidth hj, — 0, the functions
H(t/hy) and H'(t/hy,)/ho approach the indicator function 1(¢ = 0) and the Dirac function
d(t), respectively. One example of such kernel is

H(t) =<1+ 80234+ 15) if |t <1,
1 ift>1.

Define

lo

~ J t—t;
50 - a0+ Y a5 (1),
j=1

where A; = ¢ (tj+) — ¢ (t;—). For any open interval where ¢ exists, & (t) is different from
¢ only on U}']:1[tj — hio, tj + hio|. Thus, the smoothed gradient of Ly(8) can be naturally
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defined by E [Ag (AX TB) X ] . The smoothed score function of ﬂ;,l is

E [A%’ <AXT,3¢,nun(1)) Xz] .

However, in high dimension, it is biased due to the estimation error of the high-dimensional
component By ;. Following the idea of the decorrelated score, we decouple the smoothed
score function of B;’;l with the estimation error of B4 _;. Define w(”;l as the minimizer of

J
Ly, (w) = E [Z A0t — AXTB3)(X1 - XTW] -
j=1

We construct the kernel-smoothed decorrelated score
Sy (Bsw},) = B[4S (AXTB) (X, — XTw}))] .

To construct a score test for 6;,1 = 0 using S(;/J(B;w:;,l), we need to estimate w(’;’l,
which is nontrivial due to the non-regularity of the §(¢) function. We propose to use a
global kernel function with a support on the entire real line to approximate 4(t). Suppose
that G(t) is a global kernel function satisfying that 1) G(¢t) > 0, V¢; 2) {G(¢t)dt = 1; 3)
§tG(t)dt = 0. Define Gy, (t) = hg_blG(t/hgb), where hgy, is the bandwidth of the global
kernel. The estimated w;l, denoted by W, can be obtained by minimizing

J
En | X AGh, (t — AXT8y) (X1 — X Tw)? | + pn w1,
j=1

where i, is a tuning parameter. The above objective function is strictly convex and smooth
with respect to w given that G(t) > 0, and thus can be easily minimized.

Remark 3 A straightforward idea is to use the gradient of the local kernel to approrimate
d(t). However, only data points near the discontinuity points will contribute to the estima-
tion of w(”;J in this case, because further derivative of q;/(t) s zero when t is away from
the discontinuity points. In supplementary material, we show that using the local kernel
function to approximate the non-reqular Hessian will lead to a slower convergence rate of
the estimator and require more restrictive conditions in the inference procedure.

Remark 4 Kernel functions are used to smoothen the gradient and hessian around non-
differentiable points, which lead to gradient and hessian that can be easily computed. For
non-differentiable loss, it may be possible to use sub-gradient of ¢ to replace (;5,(') and sub-
hessian of ¢ to replace (;5”(~); however, this approximation may be computationally challeng-
ing and problematic. For example, hinge loss has vanishing (sub-)hessian almost everywhere,
and thus a more detailed approximation, e.g., using a global/local kernel function, is needed.

Replacing the w;‘;l by we,; in S 5/71(,8; 'w(’;J), we can calculate the value of the estimated
decorrelated score function S&’,l('@qﬁynull(l); We,1) to test the null hypothesis. However, ad-

ditional challenges arise from the correlation between B¢ and the loss function used to
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estimate w;’l, as well as the correlation between B(b and the kernel-smoothed decorrelated

score function S+ l() We design a novel sample—sphttlng strategy, where the estimator B¢
is independent from the data used to estimate w* 510 as well as the data used to construct
S 3 ,l( ). In addition, instead of averaging over multiple estimators as in the cross-fitting
procedure (Chernozhukov et al., 2018), we average over the loss functions to estimate Wy,
which is more computationally robust. The entire inference procedure is summarized in
Algorithm 1. In our simulation and real data analysis, we set K = 2. For the bandwidth se-
lection, we choose hy, = 1/y/nlogn and hg, = (logp/n)~"/° based on the theoretical results
in Section 4.1 and 4.2.

Algorithm 1: Inference of B;;.

Input: A random seed; n samples; a positive integer K.

Output: A p-value for Hy : 5:;,1 = 0.

Randomly split data into K parts I, --- , [x with equal size, and set k = 1;
Estimate ,8;’; using data in I} by

~

E0o(AXTB)] + ATV 8]1,
where Iﬁg_k)[] is the empirical average on I, and denote the estimator as Bé_k).

The parameter )\,(fk) is tuned by cross-validation; we obtain ﬁéﬁk)

Obtain an estimator wg,; for wj by minimizing

for each k;

K
Ly

J
{Z NGy, (tj — AXTﬁé,"%} (X, — XLW] + ],

where pu,, is tuned by cross-validation, and @Lk)[] is the empirical average on Ij;

~ T ~
Let (Békiull(l)) equal to ﬁék) except its I-th coordinate replaced by 0. Construct
the kernel-smoothed decorrelated score test statistic as

S5ttt Z B [Aq“s’ (AXTB(;T”?”(Z)) (X, — XL@J)] :

and the estimator of the variance )
(k S(—k ~
67 = ¢ 2i- 1IE : [{¢ (AXT,B(; )> (X1 — Xjﬂ%,l)} ];

Calculate the p-value by 2 (1 — d(n 1/2|S¢ il |/8l)>, where ®(-) is the
cumulative distribution function of a standard normal distribution.

2.3 Construction of confidence interval

Due to the penalization, the estimator B¢,l is biased and cannot be directly used to construct
an interval estimator. To remove this bias, the key idea is to consider a one-step estimator
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based on an unbiased estimating equation. Motivated by the fact that the kernel-smoothed
decorrelated score is an asymptotically unbiased estimating equation for 6;lv when the
bandwidth shrinks to 0, we consider

Boy = Boy — Sg,/,l(ﬁé,_k); W)/,

where
3 LS 3eh)
Beg = — e
K; ?,
1 & -
Sy i(Biwsy) = 2= D B [Aqﬁ (AXTB) (X; — XIﬂTJw)] ,
=1
K
ho= LYERW Y a6 (= AXTBSY) (X0 — X pibg)?
K n : v hgb J ¢ l -l ¢)7l ?
J

By
Il
—

can be calculated in Step 1 of Algorithm 1. Then 95%-confidence interval can be constructed
by
(be,l —1.96n"Y%5,/1}, By + 1.96n_1/231/fl) ,

3. A general classification framework

Weighted classification assigns class-specific weights, which reflect the relative importance
of each class. More broadly, weights can depend on the covariate X that each individual has
specific weights. Mathematically, the task is to learn a decision rule, d(X), which minimizes
a weighted zero-one loss

L(d; Wi, W_1) = E[W(X)1{d(X) # 1} + W_1(X)1{d(X) # —1}], (1)

where W, (X)’s are pre-specified weights depending on the problem of interest.
Under the proposed general classification framework, the minimizer of the loss (1) can
be derived as

dopt(X) = sgn {W1(X) — W_1(X)},
where sgn(t) = 1 if t > 0; sgn(t) = —1, otherwise.
We are interested in developing an inference procedure for a low-dimensional projection
of B;’;, where ,@(’; is the minimizer of

Ly(B; W1, W_1) =E[W1¢(X8) + W_16(—X ' B)],

where for simplicity we use the notation W7 and W_;. The weights are typically not directly
observed, and need to be estimated. Specifically, to estimate ,[3:;, we minimize

L (B Wh, W) = B | W10(X T 8) + Wor6(—X T B) | + M8l

where V/[Zl’s are the estimated weights using the observed data.
The general weighted classification framework has been broadly used in many applica-
tions. We provide two examples below.
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3.1 Classification with missing labels

In a classification problem, it is likely that only partial samples are fully observed with
(X, A), and we only observe the covariate information X for the remaining samples. For
example, to predict patient-reported outcomes, covariate information is collected at baseline,
whereas the outcomes are collected by a survey after intervention. We can only observe
outcomes for those patients who fill out the survey, and other patients’ outcomes are missing.
This problem is also related to the semi-supervised learning literature, where the missing is
often assumed to be completely at random (Wang and Shen, 2007; Hoffmann et al., 2020;
Song et al., 2024; Deng et al., 2024; Cai et al., 2025). In this case, our proposed method
can also be applied to infer the derived linear rule in semi-supervised learning.

Let R be the missing indicator. We assume missing at random (MAR), ie., A L R| X.
By leveraging both the labeled and unlabeled samples, an estimator of the classification
error is

B, [1(X, 47, D) HA(X) # 1} + W (X, A7 HHAX) #-1}]. (@)
Here,
= ~~n HR=1,A=a} H{R=1}—71(X)..
W, XaA;7T7 = = - ~ o(X),
( p) (X (%) Pa(X)
where 71(X) is an estimate of the nuisance parameter m; = P(R =1 | X) and p,(X) is

|
an estimate of the nuisance parameter p,(X) = P(A = a|X). Let 71 (x) and p,(x) be the
point-wise limits of the 71 (x) and p,(x). Define
HR=1A=a} HR=1}-m(X)
m1(X) T (X)

Wo(X, A;7,p) = Pa(X).

Under the class of linear decision rules, we can minimize
Ly (8: W1, Wo) = B[ Wi (X, A7 5)o(X T B)
+ W (X, 457, 5)6(-XTB)| + Al

We assume that there exists a constant ¢ such that 0 < ¢ < min{m,7;}. The target of the
inference procedure is a low-dimensional projection of ,8;‘;, which minimizes

Ly(B; Wi, W_1) = E[Wi(X, 457, p)p(X T B) + Woi(X, A7, p)o(—X ' B)] . (3)

Further, due to the construction of the Wo(X, A;7,p)’s, if either Ty = m1 or Py = pa, then
E[W, | X] = W,(X) = P(A = a|X) and the objective function (3) equals to

Ly(B; W1, W_1) =E[W1¢(X8) + W_16(—X ' 8)].

3.2 Estimation of individualized treatment rules

An individualized treatment rule d(X) maps the covariate space R? to the treatment space
{—1,1}, which is the label space here. To define the objective function, we adopt the
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potential outcome framework (Rubin, 1974, 2005). Denote the potential outcome under
treatment a € {—1, 1} as Y (a), and the potential outcome under an individualized treatment
rule d as Y (d). Assume larger outcomes are more preferable. The goal is to learn the optimal
individualized treatment rule that maximizes E [Y (d)].

We observe the covariate information X, the assigned treatment A, and the outcome
Y. We assume the following conditions: 1) the Stable Unit Treatment Value Assumption
(SUTVA) (Imbens and Rubin, 2015); 2) the strong ignorability Y (—1),Y (1) L A | X; 3)
Consistency ¥ = Y(a) if A = a. SUTVA condition assumes that the potential outcomes
for a patient do not vary with the other patients’ treatments. It also implies that there are
no different versions of the treatment. The strong ignorability condition means that there
is no unmeasured confounding between the potential outcomes and the treatment. The
consistency ensures that the observed outcome is the potential outcome under the assigned
treatment. Under these conditions, an augmented inverse probability weighted estimator of
E[Y(d)] is

W[V, X, 45, Q)HA(X) = 1} + W (Y, X, 45, QUd(X) = -1} (4)

Here,

Yi{A=a} 1{4=a}—pu(X)
Pa(X) Pa(X)

Wa(Y, X, A;5,0) = Qu(X),

where p,(X) and Qa( ) are estimators for the nuisance parameters p,(X) = P(A =a | X)
and Qq(X) = E(Y|X, A = a), respectively. We assume that there exists a constant ¢ > 0
such that ¢ < pa(X),pa(X) < 1 —c. Let p, and Q, be the point-wise limit of p, and Qa
Define

Yi{d=a} 1{A=a}—pu(X)
Pa(X) Pa(X)

Consider the class of linear decision rules, we can minimize

W.(Y, X, A;p,Q) = Qa(X).

Ly (B Wi, Woy) =B, | Y WalV. X, 4;5,Q)¢(aXB) | + MalBl1. (5)
ac{-1,1}

The target of the inference procedure is a low-dimensional projection of ﬁ(’; defined as
the minimizer of

Lo(B; Wi, W_1) = E[Wi(X, 4;9,Q)$(X ' B) + W_1(X, 4;9,Q)o(~X ' B)].

Furthermore, if either p,(X) = po(X) or Qu(X) = Qu(X), then E[W, | X] =
Wo(X) = Qu(X), and the above objective function is equivalent to

Ly(B; Wi, W-1) = E[W1o(X ' 8) + W_16(-X ' 8)].

In the general classification framework where nuisance parameters are involved, non-
parametric or machine learning algorithms are commonly employed to fit them to avoid

10
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model misspecification. However, the convergence rates of the I//I\/a’s may be slower than
Op(n_l/ 2). We adopt a cross-fitting procedure (Chernozhukov et al., 2017) to tackle this
issue. We split the entire dataset into two halves. The first half is used to fit the nuisance
parameters, and to estimate the weights, W,. We then implement Algorithm 1 on the
second half of the data to obtain the estimated coefficients and p-values. Similarly, we can
then fit the nuisance parameters on the second half and use the first half to estimate the
coefficients and conduct inference. Finally, to compensate for the efficiency loss due to the
cross-splitting, we can average the estimates and the kernel-smoothed decorrelated scores.
The details of this algorithm can be found in Algorithm 2.

Algorithm 2: Inference of B;; ; with nuisance parameters.

Input: A random seed; n samples; a positive integer K.
Output: A p-value for H : ﬁ(’;l = 0.

Randomly split data into halves I and J with equal sizes;
Estimate nuisance parameters using data in I by kernel regression after variable

screening, and construct the estimated weights I//I\/CEI)’S on the samples in J using
the estimated nuisance parameters;

On J , we implement Algorithm 1 with weights I//IZEI)’S and denote the

)

& null(l) and

kernel-smoothed decorrelated score and its variance estimate as S

~2 .
e
1)

Similarly, we can obtain S;, 2

nall(1) and T Aggregate them by

N _ (@) () ~2 _ (A2 ~2
S¢/,null(l) B (Sq?,null(l) T Sgﬁ',null(l)) /27 9= (U(f),l * U(j),l) /2‘

Calculate the p-value by 2 <1 — <I>(n*1/2]5$ null(l)]/31)>, where ®(-) is the

cumulative distribution function of a standard normal distribution.

4. Theoretical properties

In this section, we investigate the asymptotic properties of the proposed procedures under
an ERM with non-differentiable loss, potentially involving nuisance parameters. We focus
on the uniform validity of the proposed procedures to test a low-dimensional hypothesis.
For testing a hypothesis with a growing dimension, we propose a bootstrap procedure and
prove its validity in the supplementary material. In the supplementary material, we also
provide the convergence rates of B, and wy,.

4.1 Asymptotic properties without nuisance parameters

First, we consider the situation without nuisance parameters. We assume the following
conditions hold on each split dataset in the sample-splitting (and cross-fitting) procedure.
For notation simplicity, we omit the subscript indicating the split dataset being used.

11
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(a) The design matrix is bounded, i.e., | X | < M with probability 1; there is a constant
C' such that \:BT,B(’;| < C, and a constant ¢ > 0 such that |3} ; | > ¢ for some index
jo. Let fo0|$7]0 (xj,,a) be the conditional density function of X, given X_;, and A.
We assume that f/ .(7j,) are bounded for both a = 1 and

20 |2 —jo 0 (xj,) and
—1.

:p] \m,m,

(b) There exists a positive constant v such that for all ty >t > 0,

sup P(]t]—aXTﬁd,] t) < 7t7,
jae{—1,1}

where 7 and ty are some constants.

(c) We assume that the eigenvalues of

7 2
E (Ao + Y A{AXTEE 1 > 0}) xx'
j=1

is bounded away from 400 and 0 by some constants.

Condition (a) assumes bounded designs, a common condition in high-dimensional lit-
erature (Ning and Liu, 2017; Van de Geer et al., 2014; Dezeure et al., 2017). In addition,
Condition (a) also assumes ,6;’; #+ 0 and some regularity conditions on the conditional den-
sity function of the covariates; these conditions are firstly introduced in Koo et al. (2008)
and then adopted in Peng et al. (2016); Wang et al. (2019) to ensure that the hessian of
the L4(8) is well defined and continuous in 3. Condition (b) assumes that samples do not
concentrate on the jump discontinuity points. This is satisfied when at least one covariate
with a non-zero coefficient is continuous and has a bounded density function. Condition (b)
ensures the L-2 convergence of the 1{t; —aXTB¢ 0} to 1{¢; —aXTB¢ 0}. Condition (c)
guarantees the uniform convergence of the variance estimator ;.

Now, we provide the uniform validity of the kernel-smoothed decorrelated score under
the null hypothesis.

Theorem 5 Denote s’ = max; |w},[o. Assume that 184 — Bjlla < Apga with probability

approaching to 1, s'y/logp/(nhgy) = o(1) and max; \wzlw(’;l| is bounded by R = o(n'/%).
Taking pn, = 0 + Rhgb + RAga, where 6, = R(logp/(nhg,))"/%. Further assume that

ViR (lo +10g pAZS ) = o(1), v/(s i) (\/log p/n+ hio + Ag2) = o(1), and (Rs' i, +
R%\/logp/n + R?Aga + R*h,)/logp = o(1). If Conditions (a) - (c) are satisfied, under
the null hypothesis, we have

i i [P (05 | <370 0) ~0-0] =t

where Ho is the index set of zero coefficients in ,@; under the null hypothesis.

Define

J

=1

12
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Theorem 5 implies that the asymptotic variance o7 can be estimated by 67 in Algorithm 1.
The following corollary provides the uniform validity of the confidence interval con-
structed through the one-step debiased estimator Sy ;.

Corollary 6 Assume the same conditions in Theorem 5, we have

maxazz)[,)l) ‘IP’ (’n1/281_1fl (Ew - B;,l)‘ <o M(1- Oz/2)> - (1- Oé)‘ = op(1).

Define

~2 2/12 2

Z Njo(t; — AXTBE) (X, — XIlw;;m] .
J

Corollary 6 implies that the asymptotic variance 57 can be estimated by 57 /:fl2

Compared with the theoretical conditions for the marginal validity of the decorrelated
score under a differentiable strictly convex loss function without nuisance parameters, our
conditions for the uniform validity under a non-differentiable loss function assumes a more
sparse model. To see this, Ning and Liu (2017) show that the condition required for the
marginal validity of the decorrelated score is max{s’, s*}logp/4/n — 0; this is equivalent
to /n|wge; — w(’;lH% — 0 and \/ﬁA%,Q — 0. For the hinge loss, Theorem 5 requires that
Vns' Az o — 0 in addition to \/HA%Q — 0; this is equivalent to v/n|we —w};[1A52 — 0
and \/HA%’Q — 0 (see Appendix for the convergence rate of w). If |wg; — wj |3 <
|Wg1 — w,[1Ap2, the conditions in Theorem 5 and 7 are more restrictive than Ning and
Liu (2017). In Appendix (the Proof of Theorem 7), we show that under a dedicated sample-
splitting algorithm, we can reduce this requirement to a weaker condition than Ning and Liu
(2017). With this sample-splitting algorithm, we only require that /n|@ws; — w2852 —
0 in addition to \/ﬁAéQ — 0. The requirements that \/n[ws; — w};[2As2 — 0 and
\/HA%Q — 0 are weaker than /n|we; — w;’;lH% — 0 and \/HA%Q — 0, when Ags <
|wgs — w},[2. However, the dedicated sample-splitting algorithm leads to a significant
increase in computation time. Hence, we mainly focus on the proposed procedure in the

paper.

4.2 Asymptotic properties with nuisance parameters

In this section, we investigate the theoretical property of the proposed inference procedure
when nuisance parameters exist.

(d) There is a constant C' such that max {W1, W_1} < C. 0z Wa(z) and 892% Wy (x) are
bounded.

(e) There exist positive constants n and ¢ such that

sup ’Wa —Wa| = O0p(n~°),
x,a,y
sup ‘E [Wa | X = 93] —Wal = Op(n_”)y

where W, is the point-wise limit of I//I\/a as n — 0.

13
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Condition (d) assumes that the weights are bounded and smooth. Condition (e) assumes
that the convergence rates of the nuisance parameters are upper bounded by Op(n_c); the
expectation of the weights with estimated nuisance parameters approximates W, (X) faster
than O,(n™").

We now provide the uniform validity of the kernel-smoothed decorrelated score under
the null hypothesis when there exist nuisance parameters.

Theorem 7 Denote s’ = max; |w}|o and 6, = R(log p/(nhgy))"? + Rn™"/hgy,. Assume

that HB¢ — Bjll2 < Apg with probability approaching to 1, s'\/logp/(nhg,) = o(1) and
max; \:I:Lw(’;,” is bounded by R = o(n'/%). Taking ju, = 6, +Rh§b + RAg . Further assume

that \/ﬁR(hkﬂ—n_"+\/logpA%72/(7+2)) = 0(1), v/n(s'pn) (" "++/log p/n+hio+Ag2) = o(1),
and (Rs'un—i—Rz«/logp/n—l—RZn*C+R2A572+R2hlo)\/log = o(1). If Conditions (a) - (e),

under the null hypothesis, we have

i [P (555 | <370 0) =0 -0] =t

where Hy is the index set of zero coefficients in ,8;‘; under the null hypothesis and

o} = {an (AO + Z Aj1{aX 85— t; o}) } X wi))?

7=1

Compared with Theorem 5, the 6, also involves the Rn~"/hgy, due to the additional nuisance
parameters.

"

Corollary 8 Assume the same conditions in Theorem 7, we have

max sup ‘IP’ (’n1/28f1fl (B@l - B;l)‘ <o (11— a/2)> —(1- a)‘ = op(1).

ae(0,1)

Define

5 = of/I}, Isz[ZZAjWad( —aX ' B)(X; — Xlw¢z)2]-
j

a

Theorem 7 and Corollary 8 imply that the asymptotic variance component Ul and oj /Il
can be estimated by 57 and &; /Il , respectively. They require that R?n=Sy/logp = o(1),
where n=¢ corresponds to the slowest convergence rate of the nuisance parameters. This
ensures that the fl converges fast enough to construct a uniformly valid testing proce-
dure/debiased estimator. Furthermore, compared with Theorem 5, Theorem 7 also requires
that /nRn~" — 0 and /n(s'pu,)n~" — 0. These requirements ensure that the uncertainty
of estimating the nuisance parameters is asymptotically ignorable, and does not affect the
asymptotic variance. Under a doubly robust formulation, these requirements are not re-
strictive and can be satisfied even when the nuisance parameter estimates have a slow
convergence rate (see below for concrete examples).

14
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In Theorem 7 and Corollary 8, we require that /nRn~"7 — 0. In classification with
missing labels example, assume that there exists «, 5 > 0 such that sup,, |71 (z) — 7(x)| =
Op(n~®) and sup,, |pa(x) — pa()| = Op(n~"). When we assume that both 7; = 71 and
Pa = Pa, the condition that /nRn~" — 0 holds with = a + § if \/nRn™*" — 0, since

sup)E (X, AR | X =] — ‘_ (n=oB).

When the missing mechanism is known, i.e., 71 = 7, the condition that y/nRn="7 — 0
automatically holds since

sup [E[Wa(X, A4:7,9) | X = @] - Wa(a)| = 0,

for any pg.

In the inference of individualized treatment rule example, assume that there exists
a, B > 0 such that sup,, |[pa(x) — pa(®)| = Op(n™) and sup,, |Qu(z) — Qu(x)| = Op(n=P).
When we assume that both p, = p, and Q, = @, the condition v/nRn~" — 0 holds with
n=a+fif ynRn=*# — 0 since

sup‘E o( X, A; D, )]X—a: ‘— (n==h).

When the treatment assignment mechanism is known, i.e., p, = p, is known (for example,
in randomized clinical trials), the condition that v/nRn~" — 0 automatically holds since

sup‘E (X, A:5,0 )|X:w]—Wa(az)‘=O,

for any @a.

With a bounded R, requirement on /nRn~*"% — 0 is equivalent to a + 3 > 1/2, which
can be satisfied by many estimation methods. For example, in the inference of the individ-
ualized treatment rule example, if we adopt generalized linear models with lasso penalties
to estimate the propensity score and the outcome regression models, it is satisfied when
Slogp/y/n = o(1), where 5 is an upper bound of the number of the non-zero coefficients in
the propensity score and the outcome regression models. If the propensity score is estimated
by a regression spline estimator and is known to be pr-dimensional (low-dimensional) by
design, we have a = 1/3 if 7 belongs to the Holder class with a smoothness parameter
greater than 5p, (Newey, 1997). In this case, we only need 3 > 1/6.

5. Simulation

In this section, we conduct simulation studies to examine the performance of the proposed
inference procedure. We consider two simulation scenarios: classification without nuisance
parameters (see Section 2.1) and estimating ITR with nuisance parameters (see Section 3).
Specifically, the population is a mixture of two subgroups with a probability 0.4 from Group
I and probability 0.6 from Group II. For Group I, the covariate vector is generated from
N(&po, Ipxp — 0. 16161 ); for Group II, the covariate Vector is generated from N (Ep1, Ipxp),
where o = (—1,1,-0.5,0.5,0,---,0)" and pu; = (1,—1,—1,-1,0,---,0)".
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I. The label for Group I is A = 1, and the label for Group II is A = —1. The goal is to
classify Group I from Group II based on the data;

II. The treatment assignment mechanism follows P(A = 1 | X) = exp(0.25 x (X} +
X2+ X1X2)/(140.25 x (X? + X2 + X1 X3)). The observed outcome Y = Y (a) if the
treatment a is assigned to the patient, Y (a) = (X 'v)? + C(X;G)I(a = 1) + ¢, where
v = (=0.4,-0.4,0.4,—0.4,0,--- ,0)" and € follows a standard normal distribution.
Here, C(X;G = 1) = | X1|+0.5 for Group I patients and C'(X; G = 2) = —(|X1]|+0.5)
for Group II patients. The goal is to estimate the optimal individualized treatment
rules that maximize the outcome. The CATE is given by E[C(X;G) | X]; and thus,
by calculation, the sign of CATE is the same as P(G =1 | X) — 0.5.

Our Scenario IT assumes that there are two subgroups with different treatment effects,
and the group membership G is unobserved. Similar setups have been adopted in recent
literature for heterogeneous subgroup-level treatment effects (Lin et al., 2021; Chandra
et al., 2023). For each scenario, the parameter £ controls the magnitude of the overlapping
of two subgroups. Two subgroups are easier to separate by a linear decision rule for a larger
¢. We gradually increase £ from 0.1 to 1 (by 0.1) and the dimension of the covariate p from
500 to 1600, which lead to 30 settings in total for each scenario.

We compare our proposed method with an ad-hoc method and the method in Liang
et al. (2022) using a logistic loss. For the ad-hoc approach, we first use the hinge loss with
the lasso penalty to identify covariates with non-zero coefficient estimates. Then, we refit
the hinge loss without any penalty using the identified covariates and first 8 covariates, and
employ the inference procedure for low-dimensional settings (Koo et al., 2008) to construct
test statistics and confidence intervals for identified and first 8 covariates. In Scenario
II, we further combine the ad-hoc method with the cross-fitting algorithm proposed in
Chernozhukov et al. (2017) as the competitor. For Scenario II, we use the kernel regression
after the variable screening to estimate nuisance parameters for both the proposed and
ad-hoc methods. For each simulation setting, we repeatedly simulate the training samples
500 times, the sample sizes of which vary from 500 to 1600. To evaluate the inference
procedure, we report type I error (testing Hy : ﬁ:;’l =0, where [ = 5,6,7,8), power (testing
Ho : ﬁz,l = 0, where [ = 1,2,3,4), the averaged coverage of the 95% confidence intervals
for the eight coordinates in ,8;‘;, and the averaged length of the 95% confidence intervals.
The true value of ﬁ;’; is determined by the average over 500 replicates with n = 2500. The
coordinates of ,6':; are set to zero if the absolute value of its average estimates is less than
0.01. When comparing interval length with the method using a logistic loss, we normalize
the interval length based on the first coordinate of ,8:;. In addition, we also report the
classification accuracy (for Scenario I), value function (for Scenario II), and estimation
errors of debiased one-step estimator (against 5;; under hinge loss) to compare the methods
using a hinge loss vs. a logistic loss.

Figures 1 - 3 show the simulation results for Scenario I. The results show that the
proposed method has controlled Type-I errors and higher powers than the ad-hoc method.
The ad-hoc method has inflated type-I errors, which indicate that the decorrelation and
sample-splitting procedures to construct valid test statistics are necessary. From Figure 2,
the proposed method achieves nominal coverages and has shorter confidence intervals than
the ad-hoc method across all settings. When comparing with the method using a logistic
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Figure 1: Testing results for Scenario I with the change of sample size when £ = 0.4 and
p = 800, the change of £ (n = 800; p = 1600) and the change of p (n = 800;
¢ = 0.4). Line styles represent different coefficients.

loss, our method yields slightly lower power but comparable or higher accuracy, as shown
in Figure 3. We also observe that the averaged coverage shows a non-monotonic pattern
for our proposed method. When ¢ changes, the value of ,6(’; may also change. The varying
B;’;’ may contribute to this non-monotonic pattern. The simulation results for Scenario II
are presented in Figures 4 - 6. Again, the proposed method yields better results in terms of
Type I error control, coverage, and the length of confidence intervals. The proposed method
also achieves a higher value compared with the method using a logistic loss. Results of more
simulation settings can be found in Appendix D.

6. Real data examples

In this section, we apply our proposed inference approach in real world problems. Specif-
ically, we consider two scientific questions: 1) whether we can identify the risk factors
associated with uncontrolled HbAlc in a year, given the patients baseline characteristics;
2) whether we can identify driving factors to inform better treatment strategies.

The data we used comes from the electronic medical records linked with Medicare claims
data on Type-II diabetic patients with complex commodities. These data are collected
through the Heath Innovation Program at the University of Wisconsin. It contains n = 9101
patients with many covariate information. In order to answer the research questions high-
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Figure 2: Coverage results for Scenario I with the change of sample size when £ = 0.4 and
p = 800, the change of £ (n = 800; p = 1600) and the change of p (n = 800;

£€=04).
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Figure 3: Classification accuracy and estimation error for Scenario I with the change of
sample size when ¢ = 0.4 and p = 800, the change of £ (n = 800; p = 1600) and
the change of p (n = 800; £ = 0.4).

lighted above, we include 40 covariates including sociodemographic variables, disease his-
tory, baseline HbAlc levels, etc., and their first-order interactions in our analysis. As a
variable screening procedure, we rank these covariates and their interactions by the vari-
ances and select p = 120 covariates with highest variances.The outcome of interest in both
questions is whether the patient successfully controlled his or her HbAlc below 8% after
one year.

6.1 Identify risk factors associated with uncontrolled HbA1lc for Type-II
diabetic patients

Our goal is to identify patients and risk factors associated with uncontrolled HbAlc after
one-year of follow-up if following current clinical guideline. This can be considered as a
classification problem. The label to predict, denoted as A, indicates whether patients have
uncontrolled HbAlc after one-year of follow-up. Specifically, we set A = 1 if patients
successfully control the HbAlc level after one-year follow-up; and set A = —1, otherwise.
We first use the linear SVM with a lasso penalty to estimate the decision rule and then
conduct inference on the estimated decision rule. Under a cross-validation procedure, the
estimated decision rule achieves a prediction accuracy of 0.895 with a standard deviation
of 0.003. After controlling the false discovery rate (FDR) at 0.05 by Benjamini-Hochberg
procedure (Benjamini and Hochberg, 1995), we find that patients with valvular disease are
more likely to suffer from uncontrolled HbAlc’s (see Table 1); minorities with hypertension
are more likely to have HbAlc under control after treatment, which is probably due to
the full consideration for patients with hypertension as one common comorbidity in cur-
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Figure 4: Testing results for Scenario II with the change of sample size when £ = 0.8 and
p = 800, the change of £ (n = 800; p = 1600) and the change of p (n = 800;
¢ = 0.8). Line styles represent different coefficients.
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Figure 5: Coverage results for Scenario II with the change of sample size when ¢ = 0.8 and
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Table 1: Coefficients and p-value for the identified significant covariates of the estimated
decision rule after FDR, control.

Covariate Coef P-value 95% - CI
Valvular disease (Yes) -2.079  1.528 x 10777 [-2.118, -2.041]
Hypertension (Yes) : Race (other) 2.126  3.687 x 107  [2.091, 2.161]

rent clinical guideline. After controlling for the FDR, the ad-hoc method reveals that 112
covariates out of 120 covariates are significant. However, when evaluating the length of
the constructed confidence intervals, the average interval length for the proposed method
is much shorter at 0.122 compared to that of the ad-hoc method, which is 0.244. The high
number of identified risk factors and long length of confidence intervals may be attributed
to biased test statistics and interval estimations, as discussed in Section 5.

6.2 Identify driving factors of the estimated ITR to inform better clinical
guideline for Type-II diabetic patients

We aim to estimate the optimal ITR and identify the driving factors to inform future
clinical guideline for Type-II diabetic Medicare patients. We consider two treatment options:
hypoglycemic agents versus usual care. We set A = 1 if the patient received hypoglycemic
agent at baseline and A = —1 otherwise. The outcome Y is whether the patient successfully
controlled his or her HbAlc below 8% after one year. Under these specifications, the
weighted classification problem proposed in Section 3 aims to estimate an ITR such that
under the derived ITR, the chance of successfully controlling HbAlc below 8% after one
year is maximized for each individual.

To demonstrate that the estimated ITR informs a better treatment strategy than the
current clinical practice, we use the cross-validation procedure to calculate the chance of
successfully controlling HbAlc if the estimated ITR were implemented. The results show
that the current clinical practice has a success rate of 0.860 with a standard deviation of
0.008; the estimated ITR has a success rate of 0.871 with a standard deviation of 0.013. In
terms of the identified driving factors of the estimated ITR, using the proposed inference
method, after controlling FDR at 0.05, we find that patients having hypertension, especially
with higher Alc levels at baseline, are more likely to benefit from hypoglycemic agents in
controlling HbAlc, which confirmed the importance of hypertension in Type-II diabetes
care. In addition, we also find that female patients with chronic complications, are more
likely to benefit from hypoglycemic agents in controlling HbAlc, see Table 2. We also
implement the ad-hoc method as a comparison. After controlling for the FDR, the ad-hoc
method identifies 107 significant driving factors out of 120 predictors. The averaged length
of confidence intervals for the ad-hoc method is 0.423, longer than that of the proposed
method, which is 0.122.
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Table 2: Coefficients and p-value for the identified significant covariates of the estimated
optimal ITR after FDR control. Special chronic conditions refer to chronic condi-
tions including amputation, chronic blood loss, drug abuse, lymphoma, metastatic
cancer, and peptic ulcer disease.

Covariate Coef P-value 95% - CI
Hypertension (Yes) -0.0451 8.32 x 10~%  [-0.0918, 0.0016]
Chronic Complications (Yes) : Female 0.1244 4.51 x 107%  [0.0947, 0.154]
Hypertension (Yes) : Baseline Alc 0.0627  6.95x 1077 [0.0205, 0.105)

7. Discussion

We propose a high-dimensional inference procedure for a non-differentiable convex loss
function in a general classification framework, which can be utilized to discover the driving
factors in decision making. In particular, combined with the cross-fitting algorithm, our
procedure can accommodate weights involving additional nuisance parameters, which may
be estimated via nonparametric or other machine learning algorithms.

There are multiple directions that could be further studied in the future. First, although
we allow a non-differentiable surrogate loss, we still require the convexity of the surrogate
loss. It would be interesting to see how the proposed method can be extended to deal
with a non-convex surrogate loss or even zero-one loss without any relaxation. Second,
we may consider distributed inference or online inference. When the sample size is large,
the computation may be infeasible on a single machine due to limited resources. In this
case, distributed inference can leverage the computation power of a cluster of machines and
reduce the runtime. When the sample size is limited, it would be important to understand
how to utilize newly collected samples to improve the learning process of the decision rule.
Third, in this work, we only consider bounded designs; we may consider extending these
results to sub-gaussian designs or designs with heavy tails.
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Appendix A.

In this appendix, we provide the proof of the theorems in Section 4. To unify the theoretical
analysis for different scenarios, we consider the following formulation to our problem. The
target of the inference B:; is defined as

Ly(B; Wi, W_1) =E[Wig(X8) + W_19(X ' 8)],

where W,’s are the weights depending the problem solved. For each problem, the choice
of the weights are not unique; as a simple example, we have that Ly(8;Wi,W_1) =
Ly(B;E[W | X],E[W_1 | X]). To avoid ambiguity, we specify the choice of W,’s cor-
responds to 1) common classification problem; 2) classification with missing labels; 3) esti-
mation of ITR. In common classification and classification with missing labels, the weight
We, = pa(X); in estimation of ITR, the weight W, = E[Y (a) | X]. Details are discussed in
Section 3.1 and 3.2 in the main text. Under these choices, the weight W,’s are functions of
X.

The proof is organized as follows. To start with, we discuss the approximation error of
the local and global kernel functions. Then we provide the estimation error for w;’; ; defined
as the minimizer of

J
Ly(w) =E| Y Aj6(AX 85 — ;) (X1 — X [w)? |
j=1

Finally, using these results, we derive the asymptotic property of the kernel-smoothed decor-
related score with the nuisance parameter under the null hypothesis. As a corollary, we also
provide the asymptotic normality of the one-step debiased estimator.

Approximation error of local and global kernel functions

In this section, we discuss the approximation error of using the local and global kernel
functions.

(C1) We assume that the design is bounded, i.e., | X |, < M with probability 1; there is a
constant C' such that max {Wl, W_y, |:BT,3(’;|} < C. Let f;,1x_, (1) be the conditional

density function of X; given X _;. We assume that f;ulX_z (z1) and f;fl|X_l(a;1) are

bounded; 0, Wa(x) and 02 W,(x) are bounded. We also assume that there exists a
constant ¢ > 0 such that |8}, > c.

Under Condition (C1), we have the following lemmas.

Lemma 9 We have
sup HIE [{ng (1-XT85) —W.d (1+ XT,B;)} Xj] H = O(hy),
j ee}
where W1 and W_1 are bounded functions of X.

25



Liang, NING, SMITH, AND ZHAO

Proof of Lemma 9. To show that

sup [E[{23 (1 X78) - woad 1+ X)) X)) = 0,

we will show that for any |v||2 = 1, we have that

supE[{ W28 (1 XTg) = Wad' (14 X765) { X o | = O,

uniformly holds. Let us directly compute.

E [{qu? (1-X78%) - W (1+ XTB;;)} XTU]

1-XT3* —¢; 1+ X78* —¢;
- o fm (XE)  (LEE ) |
- l l
J

_ X T 3*%_4. Ta%_ 4.
We will compute E [WlH (W) XTU] and E [W_lH (W) XT’U] sepa-

rately.

1- X85 —t;
) [WlH (hﬂ¢ ]) X%]
l

1—x B, — X85 . —t;
le(lflaX—l)H( 16(?,1 - fl’Bdhfl J) zTv
l

X for1x (1) fx_ (X )do1d X
1-X1,B85 [ —tj—h
hy fwl ( ~Bg 1 ly,X_l> )

B3, Bk
1—XIB*7 —t; — hy
V1 l ¢’*1 ! +XIZ’071
B 1
1 —XL,B*, —t; — hy
Forix gt fx_(X—)dydX .
G5 1
Let
t
Mq(t; X_p) = f Wa(t, X )t fzx_,(t)dt
—0
and

t
Na(t;X—l) = f_ Wa(t7X—l)f$1|X_l(t)dt'
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We have

1—Xj,5*7 —t; — hy
—JWl ( l %*1 d aX—l H(y)
?,1

1—XI5*7 —t;i — hy
V1 ! ¢’*1 d +ley,1
Bia
1-— XIIB* 1t —hy
f$1|X_l ( %* dy
¢71

B4 1-XT35 =t —hy
- P jH )M, l ‘%;11 x|+
B 1-X1B* —t;—hy
Do JXTlle(y)le l 6’: d s Xy

¢71

x ol 1- X185 | —tj—hy
= —101f M1< e s X | H' (y)dy —
-1

where R; can be bounded by a constant,

B < |85 f sup 1AM 6 X))y +
lte

121X Ty j N X))y
G

< \5$’1HXTlU_1]( sup |0:My(t; X )|+ sup latNl(t;Xl)|)

te[—M,M| te[—M,M]

1
| wan
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Combining these equations and inequalities, we have

1- X85 —t;
E [WlH (ﬂ‘ﬁ]> X%]
hy
1-X18*  —t; 1-X'3* . —¢
- J v M *lf‘f”*l LX)+ X Ny *lf‘b’*l 1. X,
i Béa

7

X )dX_; — R 1)dX
Ix_,( ! B(MJ 1fx_, B

and |SR1inl(X,l)dX71’ < S‘R1|fX,l(Xfl)del = O({E[(XIZU_1)2]}1/2) is bounded.

Similarly, we can show

1+ X708 —t
el () )
l

1-XT ; 1-Xx7 ;
—f v M lﬁ(b’_l b, X |+ X v N lﬁ(b 17 s X

fx_ (X )dX |
— O(l).

sup
v

Combining these results. we have

Ma, E[{W_lH(%) — Wy H(

J

1+XTB(25
sup —

X"

1-X18%  —t;
—ZA f{le1 $3X4) + X v,

By definition of ﬁ(’;, we have

1+ X78* —t, 1+ X783 —t,
l l

J
Lemma 10 We have that

sup

OJ

E[{mid"(1- X78) + W' (1 + X7 B) | X, X,

J J J
Z E [{Wl Z Aj(;(tj — XTﬁ;) +W_ Z Aj(;(tj + XT/@;)} leXj2]
j=1

Jj=1 J=1

O(hy + (1B = B2,
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uniformly holds over all (j1,j2)for any B with |8 — Bf|2 — 0. Especially, we have that

sup ’E [{qu?’a —XTB) +W_18' (1+ XTﬁ)} vTXXTv]

ve{v:||v|2=1}

J J
—E [{Wl Z Aj(S(tj — XT,@;) +W_4 Z Ajé(tj + XT,@;)} ’UTXXT’U]

j=1

j=1

= O(h+[B—Bll2)-

Proof of Lemma 10. To show the result in Lemma 10, we will equivalently show that

sup ’IE [{qué”(l —XTR) +W_d' (1 + XTﬁ)} vTXXTv]

ve{v:||v|2=1}

J J
—E [{Wl Z Ajé(tj — XT,@;) +W_4 2 Ajé(tj + XTﬁ;)} ’UTXXT’U]

Jj=1

j=1

= O(h+ B = Bll2)-

Notice that

E[{Wlis”(l —XTB) + W_14"(1 + XTB)} vTXXTv]
. _ XT3 _+. L
) 2; E[{WlH/ <1 Xhlﬁ tﬂ) +W_1H' (1 * Xhlﬁ tﬂ) }vTXXTv} .

J

Let us compute

1-XT8—t; 1+ X8 —t;
I, :=E HWlH’ <h5tj> +W_H' <+hﬁt]> } ’UTXXTU] .
[ [

Because

_ T@a _ +.
I, = E[WﬂT(l‘XhM)}’UTXXTU
l

1+ X8 —¢;
+E[W_1H’<+hﬁf>] v XX v
1

=: I11 + Ls.
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we calculate 17 and I19 separately. For I11, we have

S(1=2"B—t;\ 1 7
111 = W1H h—l VUV T 'Ufm1|X,l(xl)fX,l(X—l)dxldX—l
1—=z —X'B8_,—t

= JJW1H' ( 15 » Sl ]> (121 ~|—'071X_l)2

forx_ (x1)dz1 fx (X )dX

2
1-X'8.1—t;—h
= —hlfflel(y) —v1 Pty +v1 X
B1 b1
1-XT8.1—t;—hy
fx1|X,l <_ l ,61 ! dny,l(Xfl)d-Xfl
2
h 1-X1,85 _ —tj—hy
- _ﬁ*l ffle/ (y) <_U1 : ;7* : ’ +v_1X
¢,1 ¢,—1
l—XIﬂ*_ —t; — hy
Jox <— l %*1 ’ dyfx (X_)dX_; +R.
6,1
where
o 2
h 1-XT8.1—t;—hy
R o= 2= | [ (—m P X
1 1

1- X181 —t;—y
f11|X,l - ~
B1

o 1—XT v_ —t:—h
_h j f Wi H' (y) 27 (B)(8 - B%) (—vl Pty -y +v_1x_l>
By

B
1- leé—l —tj— Iy
fiﬂﬂX,l - ~

) dyfx ,(X_)dX_

) dyfx_(X_)dX_,

5
~ 2

T , Toava  an 1-XT8 —t;—hy

5 | [war o) a @ m)( " + +v1x_l>

I (_ 1- XT84 —t;— Iy
11X >

o ) dyfx_,(X_)dX 4,
b1

~ xTA_
B is a vector on the segment £+ (1 —19)B; with ¢ € [0,1], and A(B) = (_ ;? L %

By Condition (C1) and |1— 8 ;| < [|B—B |2, further notice that H'(y) > 0 and §H'(y)dy
1, we have that

sup Aj/l|R| < BIIX (8 — B3)[] = 018 — B 2).

vijvl2=1
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Next, we compute

1—XT s ti—h ?
JJW ' ( *”8‘1”;1 MY X
B, 5,

1—XIﬁ*7 —t; — hy
Jer1x_, (- l %’*1 ’ dyfx ,(X_)dX_,
b1

1 —XTB* ¢ 2
_ JJWIH/ _z€¢,—1 Iy e X
B3 B

1-X13%  —t; hi ~

forxo | — ro.l j@kAKmKw%%,
B 3

¢,1 ?,1

i )

where

~ 1—X—_rﬁ*_ —ti — Yy
R = WiH —1 l ¢’*1 d Y +ov4X_ |+
B¢7 B¢71

1 1-X1,85_ =y
o Jox o | — 61— hydy fx_ (X )d Xy,
B B

)

and 7 is between [—1,1]. By Condition (C1) and properties of H (y), we have that R =
O(h;) uniformly for all v. Likewise, we can calculate I12. By summarizing I;; and 112, we
can conclude the proof. []

Lemma 11 We have that

[{leA G, (tj — X' B) + W 1ZA Gy (tj + XTﬂ)} ijl

Jj=1 Jj=1

J J J
Z E [{Wl Z Aj(;(tj — XTﬁ;) +W_ Z Ajé(tj + XT,B:;)} leXj2]
j=1

Jj=1 J=1

O(h + (18 = B2),
uniformly holds over all (j1,72) for any B with |3 — B*||2 — 0. Especially, we have that

sup  |E[{W1Gp,(1 - XT8) + W_1Gp,(1+ XTB8)} v XX "]

vefvi|vl2=1}

J J
~E [{m DAt - XTEE) + Woy > AGS(t; + XT,G;;)} 'UTXXTv]
j=1 j=1

= O(h; + B — Bj2).

Proof of Lemma 11. The proof of Lemma 11 is similar to that of Lemma 10. More
specifically, we can replace h; with hg, replace the local kernel function H" with the global
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kernel function GG, and have that

1-2'8-t;\ 1
Iy = | WG —, v Vfpx_, (1) fx_ (X )dz1d X
g

1-— - X'B_1—t;
= fleG ( 71 h 71B ! ]> (lel + 'U—lX—l)2
g

foix_ (e1)dzr fx (X )dX

h 1~ X181 —t,—h ?
- e ()

1-XTB1—tj—hy
fl’llX 1 - /81

2
h 1-XT.8%  —ti—hyy
. *9 J‘leG(y) —U1 l ¢7*1 ! J +v_1X_
6@1 6¢=1

1= XT3  —t:—hy
Jor1x_, <— l (%*1 L7 ) dyfx ,(X_)dX_; +R.
6.1

)

) dyfx_, (X )dX

where Sup,,.|y,—1 Aj/hg|R| = O(||B — B*|l2), similar to Lemma 10. For the first term, we

have
2
h 1- X185 | —ti—hy
— *g fleG(y) —U1 ! ¢7*1 d +v_1X_
6¢>,1 5¢>,1
1—XI5*, —t; — hy
feix_, (— — dyfx_(X_)dX_
&,1
2
h 1-XT,B5 | —t
= = *g JJWIG (y) —U1 l*¢’ ! d +v_1X_
Bd),l 6¢71
1-XT8% | —t hy
Forxi | = ) dyfx (X)dX o - 2SR,
be,l 5¢ 1
where

1-XxT ;
walG { %1( V1 éii_l J+'v_1X_z>+

1-XT,85 | —t
ﬁ* 1 f:c1|X,l <_ B(;i ! ]> } hlydny,l (X—l)dX—l
1-X'8* . —ti—h
JJW1G { <—U1 l (b’*l ! i + 'U_1X_l> +
6(;5 1 B¢71
1 1-— XTZ,B — hyy
/6:; , fm1|X,l <_ quqb . hl2y2dny,l (Xfl)d-Xfl
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By {G(y)ydy = 0, we have that R = O(h?). Comparing with the derivation of Lemma 10,
we can conclude this lemma. []

Estimation error of w;’;l

In this section, we investigate the convergence rate of Wy, assuming a consistent estimation
of B3, ie., |8y — Bl = op(1). We first provide our theoretical result on the convergence
rate of wg; without nuisance parameters.

Lemma 12 Denote s’ = max; |w},[o. Assume that H[§¢ — Bl < Ap2 with probability
approaching to 1, s'y/logp/(nhg,) = o(1) and max; \:I:L'w:;” is bounded by R. Taking
U, = Op + Rhgb + RAg s, where 6, = R(log p/(nhg,))Y?. Then we have

| gy —wiila = Op(Vs'pa),
| gy —wh |1 = Op(Vs'|Wyy —wh|l2),

uniformly hold over all I’s.

Suppose that R = O(1), Lemma 12 shows that under the choice of the bandwidth
her, = (logp/n) 1/ 5, due to the global kernel approximation, the uniform [i-convergence rate
of Wy, is Op(s’ (logp/n)*?) if Agg = O((log p/n)¥?), which is different from the standard
convergence rate in high-dimensional inference for generalized linear models. Due to the
slow convergence rate of Wy, we may need more restrictive conditions than those assumed
in generalized linear models in order to obtain a valid inference procedure. In particular,
an ERM under a logistic surrogate loss can be interpreted as a logistic regression under a
possibly misspecified model; this implies that our conditions for piece-wise linear surrogate
loss functions to obtain a valid inference procedure may be more restrictive than those for
differentiable surrogate loss functions.

Lemma 13 provides our theoretical result on the convergence rate of wg; with additional
nuisance parameters.

Lemma 13 Denote s' = max; |w},[o and 6, = R(log p/(nhg,))? + Rn™"/hg,. Assume

that Héd, - B;”Q < Ago with probability approaching to 1, s'\/logp/(nhg,) = o(1) and
max; \wIlw;ﬂ s bounded by R. Taking p, = 6, + hab + RAg 2, we have

| gy —whyla = Op(Vs'un)
| gy — w1 = Op(Vs'|Byy —wh|l2),

uniformly hold over all l’s.

Compared with Lemma 12, the 0, also involves the Rn~"/hgy, due to the additional nuisance
parameters. It implies that 1) the best bandwidth choice hg, may depend on n~"; 2) the
convergence rate of wy; depends on n™".

To prove these results, we start from the definition of the target 'w;‘zl which is defined
as

J
Ly (w) =B [ Y A; > Wad(aX 85 —1;)(X; — XL jwy)?
j=1  ae{-1,1}
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In estimation of w;’ ;» we replace B;’; with ,é¢ and W, with ﬁ\/a. As discussed in the main text,

the I//I\/a’s depend on different problems. In common classification problem, the Wa =1{A =
a}; in classification problems with missing labels, the weight W, = W. (X, A;7,p); the 7
and p are nuisance parameters. In estimating ITRs, the weight Wa = WY, X, A; T, @),
the 7 and @ are nuisance parameters. Replacing the ¢ function with a global kernel, we
obtain the estimator wg; by minimizing

J
Ly (w) =B, | D145 WaGh, (t; — aX ' By)(Xi — X Lwp)? | + w1

j=1  ae{-1,1}

In both Algorithm 1 and 2, we split the data such that estimating é¢ and Wy, are imple-
mented on independent datasets. To unify two algorithms, we split the dataset into k folds
and consider the following optimization.

g (wi; W, Z [ZA Y, WaGn,(t; —aX 7B )(X1 = XTw)?

k=1 Jj=1 ae{-1,1}
+pn w1

where the nuisance parameters in I//(\/a are assumed to be estimated on an independent
dataset; ,@é_k) is estimated excluding the k-th fold; and I@%k)[] is the empirical average on
the k-th fold. We can check that both Step 3 in Algorithm 1 and Step 5 in Algorithm 5
solve an optimization following this general formulation.

To derive the asymptotic property of the minimizer %y, we introduce the notation Wa
as the weight with the limits of the estimators of nuisance parameters. Suppose that ©
represents the nuisance parameters, the true nuisance parameter is denoted as ©y and
the estimated nuisance parameter is denoted as ©. For example, in classification problem
with mlssmg labels, the true nuisance parameter | ©¢ = (m,pa); the estimated nuisance
parameter © = (7, Da)- In this context, the weight W, can be written as W, =W, (X, A; @)
Denote the limits of the estimated nuisance parameter O as ©. We define the weight
W, = Wa(X, 4;0).

Under these notations, we assume that

(C2) There exists a positive constant 7 such that
sup |E [ Wa = W | X = || = 0p(n™), E[Wa | X] =W,
Especially, when W, = W, = 1{A=a} and W, (X)=P(A=a|X).

Lemma 14 Let s’ = max |w}llo and 6, = R(log p/(nhy))'/? + Rn="/h,. Assume that
logp/(nhg) = o(1) and max; |w} |1 < R, take pp = dn + +Rh3 + RAg 2, we have

meH@,l—wZZ,zlb = Op(Vs'tin)

O(Vs' [y, — w |2).

max | W1 — w1
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Proof of Lemma 14. By definition, we have

K [ (s |
~ —~ ~(—k ~ ~
MEF IS A D WaGh, (tj - GXT/@; )> (X1 = X Ly )” | + | W1
k=1 | 7=1 ac{—1,1} i
K [(u . . |
< YEW [N 4 WaGh, (tj —aX B )) (X7 — XTw? )2 | + pnwiy 1.
k=1 U3 ety |

Let A, := wh, —wy ), t = |A]2 A 1, and & := A;/|A. By the convexity, we have that

J
B

M=

A Y WG, (tj—aXTB;"”) (X) — X7, (w}; + 1,5))2
1 ae{-1,1})

=
Il
—

j=
+pn||w} ; + 1i0y]l1

K [ (
< MEP YA Y WG, (tj—axngk)) (X1 — XTwi )% | + pnlwi .
k=1 j=1  ae{-1,1}

By rearranging terms, we have equivalently

K J
YEP LY A Y WaGh, (tj - @XT/@;—M) (18] X1)°
=1 ae{-1,1}

J
K ~ —~ ~
< 22 EW (138 Y WG, (tj—aXTﬁ(gj’“)) (X; — X Ty )06) X
j=1  ae{—1,1}

Hunlwg | — pnlwg ) + 1611

Let S’ denote the non-zero indexes of w(’; ;- By the definition of S’, we have

lwg il = lwg, + 6l < |w} o h = [w} o | +tdg = t0g I < tidg Il — il g -
Combining the two inequalities, we have

J
BO IS A; Y WG, (t—aX BV b (087X 1)
k=1 j=1  ae{-1,1}

< 2 fEE k) Z Aj Wath (tj — aXT,@(E)_k)> (X; — XI,w;;,l)tlleX_l
k=1 Jj=1 ae{-11}

R0 S A Y (W) G, (- exTACY)

=1 ae{-11)
(X — XTwi V0T X | + i (4116l — il 5 ]1)

< 20+ 20 + patt (|87 11— 185711 ) -
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For Ii1, we have

I
E [ - ~ |
< ¢S ED LY A e (tj X Bf{’“)) (X, — X ws ) X 1,5,
k=1 | =1 aef-11 |
K [ ( |
< ¢ [EW {Z A, WaGn, (5~ aX 85 } (X, — XTwt ) X1,
k=1 | =1 ae{—11 |

Notice that

N

Due to the independence between ,@é_k) and I’E\‘,%k) [-], by Hoeffding’s inequality and

sgp Gh,(t) = O(h;l),

we have
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By Lemma 11 and max; |w} ;|1 < R, we have that
’ {

= |E { Aj Z Wath (tjaXTBék)>}(Xl Xlw¢l) jl(sl
=1 et

J

YA Y WG, (tj - aXTB((z:k)) } (X — X wi ) XT,6
j=1  ae{-1,1} i
J
2,

[ (
< |E {EAj Waa(tjaXTﬁ;)}(XZXle;,)XTlé] +

[ (s
E {Z A, Wa (G, (t; = aXTBS™) =5 (t; - aX 7 y)) }
(Xl — lew;’l)XIl(Sl]‘
g

< 1+ w30k + 1By — B 2)

Thus, we have

maXE{{ZA Z WGh< —aXTB¢ )}(Xl Xl'w¢l) Tldl}

Jj=1 ae{-1,1}

— O(R{n2+18y - B3l }).
Combining these inequalities, we have that
Iy < Op((Rlogp/ (nhg) ™)1 + O(R {13 + 1By — 812}t

uniformly holds over all [’s.
For 115, we have

I
K

N LT —
k=1 =1 ae{ 1,1}
(Xi — X Lwd )X ]| It
K

< W, —W,)G D e
e [{ LB (o (o xa)
(Xl XleqazX H It161]1

j=1 ac{—1,1}

(503 (o men o)

(X — X Twl )X ]|, It
< 0, (Sup W, — Wa|Ry/log p/(nhg) + Rn_”/hg) 1011,
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uniformly holds over I’s. Because © — © in probability, we have that sup \I//I\/Q—Wa] = op(1).
Combining these inequalities, we can show that there exists a constant C, such that
with probability at least 1 — €, for some positive constant Cjs, we have

B

M=
-

Aj Z Wath (tj — aXTBé_k)> (tl(sl—rX,l)Q

k ae{—1,1}

< QCeéntlH(slnl + CM(hg + Aﬁg)tl + ,untl (Hasl,l”l — ||5S/7l||1> ,

1

uniformly holds over I’s, where 6, = R(logp/(nhy))~"/? + Rn™"/h,.
Next, we will establish the lower bound. Especially, we will show the following claim.

Lemma 15 Denote F(¥)(8) = E® [U(B)XXT], where
A~ J S~
UB) =28 3, WaGn,(t; —aXTB).
=1 ae{-1,1}

Assuming Conditions (a) - (e), with high probability, we have that

2
0T FOBS ) = = ola(lvlz — Cuy/log p/(nhg) 0],

for all |v|2 <1 and k’s, where C,; and K are positive constants.

Assume that the claim is true, we can combine this lower bound and the derived upper
bound,

K2 lo
?tl (tl — Cy n}ngH(sl H1> < QCeéntlH&Hl + CMR(hg + Ag?g)tl
g

+nty (H(SS’JH1 - H‘SS’JH1> :

Thus, for a sufficient large Cy, we have that

2

K f€2
?tl < (26‘,c + 2C€> onldill1 + CMR(hf, + Ag2) + n (H(SS/,lul — H%/,l\h) :

Given the complexity of the best choice of hy and p,, we take

2
[y = 2 [('{”2(},.i + 2C€)> On + CMR(hfI + Ag,z)} )

and notice that |d]; = 1, we have that

2
K
?tl < 3Mn”55’,l (T /‘n”(sg’,l I1-
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Thus, we have that

1= o < O( ),
2 = 4§ < O(\/y}un)v
1611 S O(Vs'),

lwg,

|wg,

lwgli/lwg, 2

uniformly holds for all I’s.

]
Proof of Lemma 15. Let

J J
I,=E [{Wl DAt - XTBE) + Woy > At + XTﬁ;)} XXT] :

=1 =1
We have
ol F) (Bé_k))v =v Lv+o' (ﬁ(k) (/@é}_k)) - Iw) .

We have

< swp [of (FOBLY) ~E[0(B) )X XT)v|
[vl2<1
+ sup [0 (B0 XX - 1) 3] lol}
Vo=

~ = o S(—k ~
For supys,— |07 (B[O (B ™)X XT] — I,) &

, we have

N
=
| —
El
|
=
IiNg
e
Q
>
=
|
S
4‘
)
&7
Z

J
+W_y Z Athg (tj + XTﬂé_k))}(XTTJ)QI
j=1

~T ~
—v ' I,v.
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By Lemma 11, we have

sup
[0]2=1

J
[{Wl N AGh (15— XTBY) + Wt D) AG, (8 + XTﬁgjk’)}

Jj=1 j=1
~ ~ ~ S(—k
(X)) - wa'v|0p(h§+|\ﬁé )~ Bl

The first term is Op(n~"/hy).
For sup|,|,<1 ’UT (ﬁ'(k) (éé_k)) — E[U(,@é_k))XXT]) v‘, by the proof of Proposition 2
in Negahban et al. (2012), with probability goes to 1, we have that

2
sup o (FO(B) ~ BOB ™)X XT]) o] < ol + Culvlhlolay/logp/ (k)
v|2<

where Cy, is a positive constant.
Combining these inequalities, we have

(k) Rk
ol (FW(BI) = Ly ) v = ~Coyflogp/(nhg) vl 0]z — Op(h2 + Ag2) o3,

where Cy and k are positive constants. Given hg + Ago — 0, we have that

2
A~ ~ _k K
v F® B > T [vl2(lvll2 = Ciyflog p/(nhg)[v]1),
for all |v]2 <1 and k’s. [J

Asymptotic property of the kernel-smoothed decorrelated score under the null
hypothesis

To derive the asymptotic of the proposed test statistics, we assume the following condition.

(C3) There exists a positive constant v such that for all ¢y > ¢ > 0,

sup P(|t; — aXTB¢| <t) <7t
jae{—1,1}

where 7 and tp are some constants.

Theorem 16 Assume that /nR(h; + n~" + \/logp sz/ 7+2)) = o(1), v/n(su,)(n™" +

Vdogp/n+hi+Ag2) = o(1), and (RS, + R*n _C+R2hl)\/log = o(1), where Héqg—,@:;Hz <
Ag o with probability approaching to 1. Assume Conditions (C1) - (C3) with R = o(n'/®),
under the null hypothesis, we have

i [P35 ] €90 02) 1 =)

Especially, for a common classzﬁcation problem without nuisance parameters, we just require

that n/nR(h;++/logp A%/ 7+2) ) =o(1), v/n(s' un)(\/log p/n+hi+Apg2) = o(1), and (Rs' pn+
hi)logp = o(1).
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Proof of Theorem 16. In this proof, we consider a unified analysis for both Algorithm 1
and 2. In Algorithm 1, the kernel-smoothed decorrelated score is defined as

Sy null(l Z E(* [ ( XT'B(bnull l)> (X7 — X g, )]

With bespoke weights, the kernel-smoothed decorrelated score is the average of the two
scores on split datasets. For investigation of the theoretical property, we just need to focus
on one score defined on the split dataset. Specifically, under the notation of Algorithm 2,
the kernel-smoothed decorrelated score on a split dataset is defined as

J) W T3 )
S¢ nal(l) K ZE( R {Z }QWGE Dy ( X 13¢null )(X X wy)
ae{—1,1

To summarize the two scenarios, we consider the following construction of the kernel-
smoothed decorrelated score. Assuming W,’s are estimated on an independent dataset,
we split the entire dataset into K folds; the ,[3 o l is estimated using the data exclud-

ing the k-th fold; the w* 5, is obtained by minimizing E " (wl, Wa>, the kernel-smoothed
decorrelated score is defined as

1 & s ~
Sty = LED | S allad (a x4 ’nkqj”(l)) (X — X i,
k=1 ae{—1,1}

By showing the asymptotic property of S ¥ i) derived in this procedure under the null
hypothesis, we can derive the asymptotic properties of the scores in both Algorithm 1 and 2.

In addition to Algorithm 1 and 2, following the Discussion under Corollary 5, we also
consider the following inference procedure. Take the modification of Algorithm 2 as an
example we split the data in J into K folds denoted as Jl, J k; we obtain the estimator

B¢ T i) by minimizing

IAESL*JM*JM) Z I//[\/éf)¢(aXTﬁ) + Al Bl1,
ae{l,—1}

where I@(_J’“_Jk')[-] represents the empirical average over the data excluding Ji U Jy, and

obtain ,@ ) by minimizing

ECW | N WDgaXT8) | + MalBl1.
ac{l,—1}

~(=Jk)

Further, we estimate w 61 by minimizing

1 ~(J /) Tal=Te=J,1) T 9
K_1 Z Ey,* Z Z Aj W Gh —aX ;6 ) (X = X )
K +k ae{l,—1} j=1

+tn w1
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Then we construct the kernel-smoothed decorrelated score by

K ~
¢ nullz Z 0 {2 }“Wé ' ( X Bl 1)) (Xi = Xy ™)
k=1 ae{—1,1

Compared with the Algorithm 2, the key difference is that the data evaluating the score is

independent with wél oF in the modified procedure.

To start with, let

k ~
S(%’,)null(l) - Eglk) {Zl . anQb <CLXT,3¢ null) (Xl X lw¢7 )
ac{—1,

We consider the asymptotlc property of this quantity given the assumption that ﬁ\/a is
estimated indepdently; ,Bd)n ;; 1s independent with BV )[] E(k)[] is correlated with wgy;

(Algorithm 1 and 2) or E¢ )[ -] is independent with wg; (modified algorithm). We decompose
the constructed score into three terms,

5;3’7,)%11(1) = @,(f)[{ 2 GWW( XTﬁ;nﬁju(l)

ae{-1,1}
— Z awagl(aXTﬂ:;)}(XZ_XIZ{[’W)]
ae{-1,1}
+E®) Y aWad (aXTB5) ¢ XTy(w); — dy)
ae{-1,1}
w9\ Y e o X
ae{—1,1}
= Il+[2+]3.

Under the null hypothesis, we will show that max; /nl; and max; \/nly are oy(1), and y/nls
converges to a Gaussian distribution uniformly in {’s. First, we will show the asymptotic
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distribution of I3. Consider

I = @;@[{ >, aWa(d(aX785) — Ag

ac{-1,1}
J
=S A aXTBE 1y > 0}) }(Xl - XIlw;ks,l)]
j=1
R - o J
+E® [{ D a(Wa— W) (Ao + Y A HaX B —t; > 0})}
ac{-1,1} Jj=1
(X = X Twy))

LR [{ ae{_ZM} ANE é ALaX T8~ ;> 0}) |

(X1 — lew;,z)

= I31 + I39 + I33.

For I33, it coverages to a Gaussian distribution. For I31, by Bernstein inequality, we have

J
P4 |(ED - E) >, aWa [‘5/ (aXT8%) — Do — > A1 {aX TS~ t; > 0}]

ae{—1,1} j=1

t2
X — XT * >tl < S L
(Xi Swgy)]| =t eXp{ 2(Vi + M;t/3) } ’

where
vi=E[{ ) a, (gZ/(aXTﬂ;;) ~ Ay
ae{-1,1}

7 2
3 A HaX Bt > 0})} (X1 — szw;‘i,z)] )
j=1

and M, is the upper-bound of

J
> alW, [5 (at) = 8o — Y, Ajl{at —1; > 0}] (X1 = X Twy))

ae{—1,1} j=1

on t € [—hy, hy]. Direct calculation of V; yields that for a sufficient large constant C,

2

J
VISCRE| ) a [5’ (aXTB5) —Ao— > A1 {aX T8 —t; > o}]

ae{—1,1} j=1
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Notice that ¢ () has the same value as Ag + 25:1 Aj1{t=>t;} if t —t; ¢ [—h,ly]. By
Condition (b), we have Vi < 4C1R*h;. Thus, the inequality yields that

BOI{ Y aWa(d(aXT85) - Ag
ae{—1,1}
J
_ Ajl{aXT,B;_tj ZO})}(XZ_XTZwZ,l)]
j=1
S (IR
ae{-1,1}

J
_ Z Ajl{CLXT,B; —tj = 0})}(Xl - Xle:;,l)]
i1

h;'1
10, (m*L222)

uniformly holds over all I’s.

Further, Lemma 9 yields

mlax E 2 aW,
ac{—1,1}

K1
Is1 = O(Rhy) + O, (R«/lnogp> .

For I35, by Hoeffding’s inequality and the definition of W,, we have

J
(Zl (CLXT,B;) - AO - 2 Ajl {CLXT,B:;) - tj = 0}]
7=1

Thus, we have

BV (]S ofW. -]
ae{—1,1}

J
Ao+ > A1{aXTB;—t; > o}] (X, — X wi))
j=1

J
- E|{ Y o|W.-Wl] [Ao + Y A {aX Tt > 0}] (X — X))
ae{—1,1}

+0p(Rn_C«/logp/n),

j=1

uniformly holds over all I’s.
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Further, under Condition (e), we have

J
mlaXE[{ > alWa—Wa) (B0 + Y A1{aX 85— 1; > 0}) |
ac{—1,1} j=1

= Op(Rn™").
As a special case, for a common classification problem, we have that I//T\/a — W,; that is,

in this case, Isp = 0 (or = ). Given Rn~""1/2 — 0 and Rn~¢y/logp = O(1), we have
max; y/nl3y; — 0. Combining with results for I3; and I33, we have that

mlax \/ﬁug — 133| = Op(l).

In addition , v/nl33 — N(0,07), where

2

J
0+ 380678512 0] 6 KT
j=1

o =E Z aW,
ac{—1,1}

For I, we have

J
I, = E® > aW, [5’ (@X785) —Ag— D> Aj1{aX "85 —t; > o}]
ae{—1,1} Jj=1
X (yy — w})]
J
+E®) Z a [Wa — Wa] [AO + Z Al {aXTB:; —t; = 0}]
| (ae{-1,1}
X1y (dy; — w}))]

J=1

EO (S am,
ae{-1,1}
= Iy + Iyg + Io3.

J
Ag + 2 A1 {CLXT,B:; —tj = 0}] XIZ(’ITJ(i),l — w;’l)
j=1
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For I»1, when g is correlated with IAE%]C)[], by Bernstein inequality, we have

~(k - — ~ T
max 1| < |E®) [{ {Z; . a(W, — Wa){qu'(aX B3) — Ao
aeq{—1,

ma i — w1

- ZJ" Aj{aXTBE—t; > m}}x]

j=1

o0

+ |[E®) [{ ae{; ) aWa{qE’(aXTﬁ;;) — Ay

J
~ N A aX Bt > 0}}}X]
Jj=1 ')

(on(y/ 1] 10g p/) + Op(n™)) max g, — w31
+0p(\/ 1) log p/n + ) max [wg1 — w1
= Op<(n_’7 + 4/ R} logp/n + hy) max |we; — w(’;l\\l).

When wy; is independent with IAE;k)[], by Bernstein inequality and notice that

mae i, — w1

N

73 *
s~

<V,

max S
We | — W
o, ol

we have
mlax |121|
< max f@(ﬁ) [{ Z a(ﬁ\/a - Wa){%’(aXTBZ) - AO
: ae{—1,1}
- i A{aXTBE —t; > 0}}} X7, Per T Wer | |y — w2
= ¢4 g, —w l2 || v Tl
+ max |E®) [{ Z aWa{gg'(aXT,@;) AV
! ae{—1,1}
— zJ: A-l{aXT,B* —t; = 0}}} )(—r M maXH’lﬁdﬂ —w} H2
&~ ¢4 g, — w2 || ol
< (op(/ 1) ogp/n(1 v A/ log p/(nh]*)) + Op(n ™) ) [0 — w3

—i—Op( h7/2 logp/n(1 v /s logp/(nhlw)) + hl) max [ W1 —wg,2

— Op((n_n + 4/ h7/2 1ogp/n(1 vV s’ logp/(nh7/2)> + hl) HljaX H{l\%,l — 'wZ;J ”2) .
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uniformly holds over I’s. Assuming that n'/2(s'u,)((n™" + 4 /h] logp/n + h;)) — 0 when
Wy, is correlated with E® [] (Algorithm 1 and 2), and n'/2(V/s'p,)(n™" + \/h;’ﬂ/n(l v

A/S/ (nhy/ 2) + h;) — 0 when Wy is independent with IAE%k)[] (modified algorithm), we have
that max; v/n|l21| = 0p(1). For Iz and I»3, we also separate the discussion. When wg; is
correlated with IAEgC)[] (Algorithm 1 and 2), by Hoeffding’s inequality, we have

mlax ‘122|
=R e J
< |EP > a [Wa — Wa] Ao+ Y A1{aX B} —t; > o}] X
ae{—1,1} j=1

[ee}
S ——l

= <0p <W> + Op(nin)> mlax Hﬁ\’(ﬁvl - w:;vl|

1 ;

mlax ’123’

J
< |EW > A, [AO + A1 {aX T8~ t; > 0}] . ¢

ac{—1,1} j=1

o0
max H’l/l\)¢7l — w;§71|

1
= 0, (\/logp/n> max ||uAJ¢J — w;,l

Thus, assuming that n'/2(s'u,)(y/logp/n +n~") — 0, we have that max; v/n|l2| = 0,(1)
and max; /n|Iaz| = op(1).

When Wy is independent with IAE%k)[] (modified algorithm), by Bernstein inequality, we
have

1"

mlax |122|
R P J
< max |(E®) —E) Y oa [Wa - Wa] Ao+ > A1{aXTB5—t; > o}]
: ac{—1,1} j=1
T ,IIJQS’Z B w;vl

T ST || max @ = wii,
de”l ~ Yo Hz

+ mlax E ae{_zm} a [Wa - Wa]

J

Ao + Z Ajl {aXTﬁ;i —t; = 0}]

j=1

[ by —wj) S

e [T
LT ol Hz

= <0p ((1 V. \/3’ logp/n)\/logp/n> + O,,(?f”)) mlax Hﬁ;w — w:zkb,lH25
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mlax |123|
R L J
< max E*) Z aWy | Ao + Z Ajl {aXT,B;’; —t; = O}] X (Bg; — wy )
ac{—1,1} j=1

= 0, ((1 v \/s’ logp/n)\/logp/n> mlax H'LT)(N — w;l!

9"

Thus, assuming that n'/2(vs'u,)((1 v 4/8' logp/n)+/logp/n + n~") — 0, we have that

max; y/n|lz| = 0p(1) and max; 4/n|laz| = 0,(1).
For I;, we have

L = I@g)[{ Z aﬁ/aal(aXTBéTn?ll>
ae{-1,1}

— Z aﬁ\/agg/ (CLXT,B;) } le(w;l - aqﬁ,l)]

ac{—1,1}
B (5 e )
ae{—-1,

_ al//l\/agg’(aXT,@;)}(XZ—XIZW;,Z)]
ae{—1,1}
= I+ Lo

Because that I; is related to the estimation error of wy;, we will discuss separately de-

pending on the relationship between wy; and E® [-]. When wg; is correlated with EW [-],
we have

mlax ’In’
< IAE%’C) Z aWaczl (aXTBéTnku)lJ — Z aWa(Z/ (aXT,B;’;) X
ae{—1,1} ac{—1,1} o
mlax Hw;l — ﬁ\)¢71| 1
FEO Y a (W) (8 (aXTB) & (aXT8)) ¢ X
ae{-1,1} o0

mlax H'w;;l — 'uA)¢7l| L
= Ii11 + I112.

Under Condition (C2), by Hoeffding’s inequality, we have that

I12 = op(+/logp/n mlaX Hw:;,l - UA’¢,1H1) + Op(n™" mlax Hw;kb,l - “A’¢JH1)'
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For 111, by Taylor’s expansion and Lemma 10, we have that

I
o~y ~ ~(_E ~
< |E Z aW,¢ (GXT5> XT(Bé,nu)H - 85X max |w, _w¢vl”1
ac{—1,1} [e'e)
+0p(v/log p/nmax [w, — )
— ~n ~ S(—k A~
< sup |E 3 aWad (aXT6> X B - BX Ty max [w}; — @y,
lv]2=1 ae{—1,1}
+Op(\/wmlax ”w;,l - UA’;ZHJ
1/2
— ~n ~ S(—k 2
< E Z aWyé (aXTﬁ> (XT(IB(;,nu)ll —BSZ)>
ae{—1,1}
1/2
o ~ 2 ~
sup |E Z aWq¢ <CLXT/5> (XTV) max Hw;,l _wwul
Jvfa—1 i) :

+0p(\/1ogp/n ||w;’§7l — Wy }1)

< Op(Ag2 max |w}, — W, ||1) + Op(+/logp/n max |w}, — We,

Thus, assuming that n'/2(s'u,,)(Ag o + 4/log p/n) — 0, we have max; y/n|I11| — 0 in prob-

ability.
When wy; is independent with EW [-], we have

)

Iy
< I/F:glk) [{ Z aWa$/ (CIXT,B(; n@ll)
ae{—1,1}
- Z CLWaﬁﬁ/(aXTIB;) }XTz(ww ﬂ);l)”
ac{—1,1}
+ IAE%R) [ a(wa — VT/a) 5’ aXT,é\(fn]Z)
L (9 (exTB50)
—¢/(GXT,3*) ) } X z('w¢l - ﬁ\):;l)] I
= I+ Ii12.

Under Condition (C2), by Bernstein’s inequality, we have that
max || = op((1 v /5 logp/m)/log p/nmax [}, —

0,0 [, — @, ).

»)
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For I111, by Bernstein’s inequality, Taylor’s expansion and Lemma 10, we have that

mlax ‘1111|
< mlax E Z aWagl (CLXTB> XT(Bd),null - ﬁz)XIl(w:;,l - ﬁ\’¢,l)
ac{—1,1}
+0,((1 v +/s'log p/n)\/log p/n |w* — @|,)
_ 1/2
— ~ o 2
< E Z aWao (aXTB> (XT(,B(b,null - ﬁ;))
ac{—1,1}
1/2
mlax E Z aWagl (CLXT5> (XIl(w:Z,z - ﬁ’w))g
ae{—1,1}

+0,((1 v \/s’ logp/n)\/logp/nmlax Hw;l — {‘3¢>,l”2)

< Op(Bpamax|wf — Byl + Op((1 v /FTogp/m)Togpmmax [ws, - @,

Thus, assuming that n'/2(vV/s'un) (Ao + (1 v +/s'log p/n)+/logp/n) — 0, we have
187

max vn|l1| — 0,

in probability.

Now, we will focus on I1s.

Io
- - [{ > o (X780 1)
ae{—1,1}
_ 2 am& (aXTB;';) } (X — XT[“’;J)]
ac{—1,1}
{2 amaa)
ae{—1,1}
_ Z aﬁ\/aqz’ (aXT,@:;) } (X — X—_rl'w:;,l)]
ac{—1,1}
= Ii91 + I199.
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For I192, by Condition (C2) and Taylor expansion, we have

I122

_ E[{ S i (aX 7B

ac{—1,1}

- ¥ aWan/(aXT/B:;)}(Xl_lew;l)]
ac{-1,1}

+O0,(Rn™")

3 ol (aX7B) }

ac{—1,1}

= E

XIZ(B¢,—1 — B5—1) (Xi — XIl’w:;J) + Op(Rn™").

uniformly holds over all [’s.
By Lemma 10, we can show that

mlaXE Z aWad' (aXTE> X1 (By 1 - Bh 1) (X — X Lwy))
ac{—1,1}
= Op(R(hl + Aﬁ,g)Aﬁyg).

Due to nl/zR((hl + Ag2)Ago+n~") — 0, we have that max; |I122| = 0,(1/4/n). For I a1,
we have the following.

Lo
_ @w_p [{ S o (¥ (axTB5) - Ao
ae{—1,1}
/ 2(—k
= AaX TR, — 45 = 0})
j=1
- Z al//l\/a (5’(@XTB;) — Ay
ac{—1,1}
J
N AHaXTBE ) > 0}) }(Xl - Xle;‘,,l)]
j=1
A~ —~ J ~
+(E® _E) [{ > ala YA (1{aXTBS 0~ t; = 0)
ae{—1,1} j=1

~HaX 8]~ ;2 0}) } (X - Xleﬁ’;,z)]

= Ii211 + L1212.
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By Bernstein inequality, similar to I3, we have that

[hY/21 1
mlax ’11211’ g Op (R nogp v R in) .

For 1212, by Bernstein inequality, we have

R Y J

(E%’“) —E) [{GWG Z Aj ( { XTB; nku)ll tj = O} —1 {aXT,B(’; —tj = 0})}
j=1

nt?
X, — X w* >t < T o & Mt/ (O
(X1 = X wi))]| > t} eXp{ 2(V2+Mzt/3)}

where

J
[ Z S(HaX B, — > 0}
X712 0)) (- Xle;;,l)Q]-

and My = O(R) is some constant. Notice that by Condition (C3), we have

J 2
Vo < 2R Y E[1{aX 80N, —t; > 0}~ 1{aX 85— t; > 0}

J
~(—k
< PR Y P(l - X7TBy < IXT B - )

J

< 27R? Z( ’tj_XT/B:;’ |XT(IB¢null ﬂ;)D

+P(It; - XT3 < 5))

<.
—_

.
—_

N

2JR2 Z ( |XT ’6¢null ’6¢)| ]/82 +TS’Y) '

Taking s = O(Héé_nill ﬁqﬁHQ/ s ), we have
~(—k 2 2
max Vs < CJ Ry oy — By l5 0

Thus, we have

lo ~(— lo
max| 12| = Oy <R S 8BS o — B33 0 ij’).
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To summarize the results for I1, Iz, and I3, when Wy is correlated with IAEslk) [-], assuming

that \/nR(h;+n~"+ \/logpA?Q/(%z)) — 0 and /n(s'p,)(n™"+~/logp/n+h +Aga) — 0,
we have that max; \/n|I1| = 0,(1), max; /n|l3| = op(1) and

J
Ag + 2 Ajl{CLXT,@Z; —t; = 0}

\/ﬁmlax stk —E® Z aW,
j=1

null(l
@ muli(l ac{—1,1}

X, —x! Lw} )| = op(1).
When wg; is independent with E® [-], assuming that

VnR(hy +n~"+ 4/logp Ah/('y+2 — 0,

and

(Vs ) (nfn + (1 v +/s'log p/n)y/log p/n + hy + Aga

—i—\/h?/Q logp/n(1vAa/s logp/(nh7/2))) — 0,

we have that max; \/n|I1| = 0p(1), max; \/n|l2| = 0p(1) and

\/ﬁmlax ng)n — ]Eg’“ Z aW,

ull(l) o

J
Ag + 2 A1 {aXTﬂ;; —t; > 0}]

j=1
(Xi — XII’U’ZJ)]‘ = op(1).

As a special case, for a common classification problem, when g is correlated with
IAESf)[-], we require that /nR(h; +n~" + \/@Az&/(v”)) — 0 and /n(s'un)(+1/logp/n +
hi + Ags) — 0. When wy; is independent with IAE,(f)[], we require that /nR(h; +
n= + VlogpAZ ) - 0 and Va(vVsn) (1 v A/s"logp/n)y/logp/n + hy + Mg +
\/hlv/ logp/n(1 v \/s’ logp/(nh7/2))) — 0.

Under these conditions, we have shown the asymptotic property of S(~k)

S~ is the average of S;)

l Because
¥l l ’s which are asymptotically 1ndependent the S null 18

asymptotically normal under the null hypothesis. Thus, we have

\/ﬁmlax Sgg,’nu”(l) —E, Z aW,
ae{—1,1}

(X = XTjwg))]| = 0,(1).

J
Ao + Z Aj1 {aXTﬁ; —t; = 0}]

=1

To conclude, define
2

G = BP LY aWad (aXTBS M) b (X - XTign)? |
ac{-1,1}

2

J
o = E >, aWa [Ao + ) A {aX T8 —t; > 0}] (X1 = X Twf))? |

ae{—1,1} j=1
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and we will show
max 1672 = 67| = Op(RS 1t + R*n~¢ + R%Ry).

To show this, notice that

6" ot
2
~ - ~ ~S(—k ~
= BP9 Y alWad (aXTB D) ¢ AR X — (X1 - XD},
ae{—1,1}

2

+(@1(1k) —F) Z aﬁ\/’a(z/ (aXT,é\éTn@”(l» (X1 —X lw¢l)2
ae{—1,1}
2
+E >, alud ( XTﬂé nkzzll(l )
ae{-1,1}
J 2
Ap + Z Ajl {CLXTﬁ;Z —t; = 0}] (X — X—_FZUJ;I)Q

j=1

oy
ac{-1,1}
= Iy + Iys + Iys.

We can see that

max [I12] < CR?\/logp/n,

> aWa { o (aXT'é\é,_n]izll(l))

max |I;3] < CR*E
! ac{-1,1}

a0+ i A{aX 85— t; > 0}]}‘.

=1

Further, we have

E Z aW, {¢ ( XTﬂq;null l)) -

ae{-1,1}
= Op(n_C + Aga+ hy).

J
Ao+ ) A1 {aXTBs—t; > 0}] }

J=1

When w,; is correlated with fl-«:?(f)[], we have

mlax\fu\ < CleaX”wz,l_ﬁ’WHr

When wy; is independent with I@%k)[], we have

mlaX\Lu\ < C’leaX”w;,l_"EWHz‘
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When g is correlated with IAE%]C)[], assuming /log p(Rs'uy, + R?n~¢ + R%h;) — 0, we have
~(k
Viogpmax|(3;")” = 07| = 0,(1).

When Wy is independent with I’@%k) [-], assuming +/Tog p(RV/s i, + R?>n=¢ + R%Ry) — 0, we
have

~(k
Viogpmax|(3;")” = 07| = 0,(1).
In addition,
HlliIl 012 = Amin,

where Apiy is the smallest eigen value of

2

J
E DUoaWa|Ag+ ) A1 {aX T8 —t; > o}] bo.dl
ae{—1,1} j=1
Combining this result with the uniform convergence of 55/ nuli(l)> W€ have

A1 —135 T
\/ﬁmf‘x i S&’ aulll) — %1 En Z aWa
ae{—1,1}

J
Ao + Z Ajl {CLXT,@;; — t]’ = O}]

j=1
(X, — X Twi))]| = op(1).

By the Berry-Esseen bound for CLT, there exist a universal constant ¢y such that

J
max sup [P al_lnl/QIAEn Z aW, [Ao + Z A1 {aXTB:Z —tj = 0}]
J aeg(0,1) ae{—1,1}

(X — XTwi )] <@ ' (1-a/2) - (1-a)
< = maxE[|MF],

NG

=1

where

M; = Z aWy,
ac{—1,1}

J
Ao+ Y A1 {aX T8 —t; > 0}] (X — X))
j=1

By max; E[|M;|’] < CR3, we have

max sup ‘}P’ ‘nlﬂc’}*lSwm ‘<¢—1 1—a/2)) — 17(1’
x sup [P (025755 (1-a/2)) = (1-a)
CO 3
< —R7,
Vn

R3

for a sufficient large cy. When N 0, we can conclude the theorem. []
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Corollary 17 Assume the same conditions in Theorem 16, we have

max sup ‘IP) (’nl/Qﬁflfl (EM - B:;l)‘ <o7(1- a/2)> —(1- a)‘ = 0p(1).
L ae0,1) ’

Proof of Corollary 17. To unify the proof for the construction of confidence interval with

and without nuisance parameters. To start with, we review how the confidence interval are

constructed in both cases. When there is no nuisance parameters, the one-step de-biased

estimator is based on

Bos = Boa— Sy 4/,

where
. 1 i -
ﬂ R = T B N3]
o, Kk=1 .l
K
Sy, = % SEP [qu' (AXT@_% (X - XL%J)] :
k=1
~ 1 K A(k) / TA(fk) T
b= 2 XEP| X Xa6 (- aXTBY) X - XTiy)

B
Il
—_

ag{—1,1} j=1

When there exists nuisance parameters, the one-step de-biased estimator is based on

~ J
Bor = (6(” B) /2
~(F _ T
5;} - 5@1 —Si,J/IA,( ),
where
) 1 & A(=Jk)
qu,l - ?Z ¢>lk’
k=1
% 1 & - [ 7 ~(=Je) ~(J)
SO = g BN WO (ax AT (xi - xTafl) |
k=1 | ae{1,—1}
5 L E T AT %)
R P R R ALl
= ace{—1,1 Jj=

and 5¢ 15 B¢Il) , Sql5 ;» and j}l) are defined similarly.
In the modified algorithm 2 as illustrated in the proof of Theorem 1, the major difference

is that

; )
IS/ =0 3=
s = RGOS e (axTAS) (X - XTal M) |
k=1 | ae{1,~1}
/\(N) 1 K ~, | (T J A( j) ( J)
L7 = 2 DR Y WD Y AG, (’fj —aX B ) (X0 = X b, |
k=1 | ae{-1,1} J=1
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where E(/ [-] and 'LT)(E;IJ’“ ) are independent. On the contrast, in the construction of one-step
de-biased estimator in Algorithm 2, E%Jk)[] and lf)g}l) are correlated.
To unify the proofs, we consider the same studied procedure in the proof of Theorem 1.

The one-step de-biased estimator is constructed by

Bos = Boi— Sy /L,
where
3 NF
Boi = 4= 2 Boi s
K=
P E | =~ (=
Syi = e BO LS aWd (oXTASY) (X - XD |
k=1 | ae{l,—1}
R P E ] ~ A(-k)
I, = K;]LE%M {Z }aWaZ:lAthg <tj —CLXT,Bd) )XZ(XZ _XIl,lTJ(f’J)
= ac{—1,1 J=

We assume that I//I\/a is estimated on an independent dataset; ng_k) is independent with

~

I@%k)[] ;E%k)[-] is correlated with wy; (Algorithm 1 and 2) or E® [-] is independent with
We, (modified algorithm). By investigation on the asymptotic property of 54 1, we can show

the asymptotic properties for both Algorithm 1 and 2 as well as the modified algorithm.
Define

SO = B[N (XA (- X
ac{l,—1}
We will study the asymptotic property of
~k) A~k k) 7
ﬁ;l = /B(b’l ) - S&/?I/Ila
because that 5¢,l = Zle Eg? and Bé’“} are asymptotically independent.
Specifically, we will firstly show that
~(k ~ o~
mlaxnl/2 I7 (,8(5)71) — B;J) + E;’“) Z aWa¢ (GXT:@;) (Xi — X——rlw;,l) = op(1),
ae{l,—1}
where
- J
F=E| > W) Aj(t;—aXT85X)(X;— X jw}))
ac{l,—1}  j=1
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Notice that E(k) = B(k) — S(ff) fl, we need to show that
¢, &, é'

mlaxn1/2 If (Agfl) - ,6’;';[) +E® 2 aWad (aXTB:;) (X — lew;l)

ae{l,—1}

—SW I = 0,(1).

To show this, we will show the following results:

max ' 1 (Bg? — ) +EP [ >, aWad (aXT83)(X; — Xle;,l)]
ae{l,—1}
—E® [ N aWed (aX 7B (X - lew;’;’l)” = 0,(1), (6)
ac{l,—1}
mlax n'/? I/ng)[ Z aﬁ\/aqzzl (aXTB((;k))XIl(’LTJ(b,l - ’w;,l)” = op(1), (7)
ae{l,—1}
max n'/? ‘Sg?l (I - fl)‘ = 0p(1). (8)

For (7) and (8), because both terms involves @y, we separate the discussion based on the
relationship between @, ; and ]E%k)[]

First, we consider that w,; and E® [-] are correlated. For (7), we have

(7) < maxn?|ER Z a (Wa - Wa> ¢ (aXTéé_k)) X1 (Bg — wy )
ae{l,—1}
+ max n'/? I/E:la(f) Z aW, {(;NS/ (aXT,é(E;k» — & (aXT/@;’;)}

| ae{1,—1}

XXIZ (’&\)¢,l — wZJ)]‘

+ max n/2 | Rk Z aW(L(ZI (a,XT,B;) XIZ(’LT)W - w(’;yl)
| as{1,-1}

N

:w
IS

=
Z

Z a (Wa — Wa> <Z' (aXTéé)_k)> X mlax [wg, — wz,l 1

ae{l,—1} o

E | S i (5 (oXTE) -7 (oxTay)] X]

| ae{l,—1} ©

mae |4, — w1

2 |EG [N aWd (aXTﬂZ)X} max [ @, — w1
| ae{1,—1} 0
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For the first term, from the proof of Theorem 16, we have

@,gm[ S (o) (am;m)X]

0

n
=
S

|
=
1

S ()3 (axBY) X]

ae{l,—1}

E{ S (o) (aXTﬁé’“))X]

o0

_|_

ae{l,—1}

= op(v/logp/n) +O(n~").

0

For the second term, by the Hoeffding’s inequality and Lemma 10, we have

fh"\l,(f) [ Z aW, {(;NS/ (aXT,é((;kU - q~5/ (aXT,@;)}X]

ac{l,—1}

o0

N

<ﬁ$f>E>l >, aWa{d (ax7BY) -4 (aXTﬂ;)}X}

ae{l,—1}

0

+

E [ N aW, {5’ <aXTB§;’“)) —3 (aXT,B;)}X}

ac{l,—1}

0

= Op(\/logp/n) + O(hy + A ).

For the third term, by the Hoeffding’s inequality and Lemma 9, we have

@;k)[ W (aXTB;;)X]

ae{l,—1}

0

ac{l,—1}

N
=
S

|
=
1

> aWoé (aX '3} X]

0

+

IE[ > aWed (aXTﬁ;;)X]

ae{l,—1}

= Op(y/logp/n) + O(hy).

0¢]

Assume that n'/2(s'1u,)(Ag 2 + +/logp/n + hy) — 0, we have (7) — 0 in probability.
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For (8), we have

Inlax|Il* _—

J
m(k W T3(=F) T (%
< max E() L{El ; aW, ;:1 A;Gy, (tj —aX 'y ) X X1 (y) — w))

J
—I—mlax IET(lk) [ Z a <Wa - _a> 2 Athg <tj B a’XT’é\i(i)_k)>
ae{—1,1} J=1

<Xy (X; — XTw} ]|

J
(k) T , L T 3(=k)
+max (B ~ E) L{IZI}QWQJZI A;Gh, (t] aX "B )

x X (X — lew;,)]{

J
_ ~(_k
+ max E [ ; l}aWa Z}lAJth (tj — aXT,Bé )> X (X, — Xle;J)] —IF.
ae{l,— j=

For the first term, we have

max
l

J

ac{—1,1} j=1

J
< Eg@[ D aWa YT AGh, (tj—aXT,@(E;k)> XXT] max [, — w1
ae{—1,1} J=1 max

= Op(max |[we —wg)|1).

Similarly, for the second term, we have

max

J
ax| (B E)[ Nl Y A6, (tjaXTﬂ;’“)Xz(XzXTzw;,z)]

ae{l,—1} j=1

n—Slogp

= Op(R nhg

) + O(Bn"™"/hy).

By Hoeffding’s inequality, for the third term, we have

J
m(k W T 3(=k) T
max (E® —E) L{lZl} aWa; A;Gh, (tj —aX'B, ) X)(X; — X Tw, Zj;,)]

_ log p
= 0, (R nhg).
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By Lemma 11, we have

J
max |E [ Z aW, Z A;Gp, (tj — aXTﬁé*k)> X(X; — XTl’w;,l)] - I

: ac{l,—1} j=1
= Op(R(hy + Ap ).

Next, we will bound ng)l By exam the proof of Theorem 16 carefully, the convergence

rate of Sg’i)l is different from Sgi)nu” 0 due to the I199 replacing /ééjnkzill(l) by B\((bflk) More

specifically,
T2
_ E aW,d (aXTﬁq(;k))— N aWad (aXT8E) b (X1 - X))
i ae{ 11} ae{—1,1}
+O,(Rn~

- E
ae{—1,1}

> W (GXTﬁ)} LByt — B —) (X1 — X T}

W, (aXTB) Xl(,é\qb,l — B)(Xi — lew;,l)
ae{ 1,1}

( hl + AB A@Q + Rn_”),

{ Wad' (aX"B) } Xu(Bos — B30) (X1~ Xle;z,n] + Op(Bn™)
ae{—1,1}

uniformly holds for all {’s.

Because
E Wad (aXTB> Xl(5¢z—5¢z)(Xl X w}))
| {as{-1,1}
- 1/2
— ~ = 2
< E Wb (aX7B) ¢ [XT(Bs—By)]
| {ae{-1,1}
- 1/2
E Wad" (aX7B) ¢ (X1 = XTjw3)?
| {as{-1,1}
- O(AB72)7
we have max; |S( | = Op(Agp) assuming that R(hy + Ag2)Ag2 + Rn™" = op(n n=1/2).

Thus, we have that (8) = Op(vn(max; W}, — w},|1 + Rn™"/hy + Ry /12%5 + RAg2 +
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Rh%)Ag ). Assuming the same condition in Theorem 16, we have that (8) = 0,(1). As a
summary, assuming that the same condition in Theorem 16, we have that both (7) and (8)
are negligible.

When w4 and ]Eq(@k)[] are independent. For (7), we have

(7) < max nt/?

B [ S a(We — Wa)d (aX T@({k)) Xy — wfz?,z)] ‘
ae{l,—1}

1/2

f@%k) [ Z aWa{gsz’ (aXTB(({k))

+ maxn
l
ae{l,—1}

—q? (aXT,B;) } . le(@w - w;l)] |

+ mlax n1/2

IAES“)[ 3 aWa&(aXTB;’Z)XTz(%J—wékb,l)”'
ae{l,—1}

For the first term, by Bernstein’s inequality, we have

max nl/? E(f) gj ! a (Wa — Wa) $ (aXT,éé_k)> XIZ(’@(M — w;l)
ae{l,—

= 0p («/logp/n(l v A/s'logp/n) max |we; — w;’12> +O0(n™" max [wg, — w;’l l2)-
For the second term, similarly, we have

maxn'/? [EP {2 ) aWo {3 (aXTBSY) = &' (aX785) | X (0, — w}))
ae{l,—

= O (x/logp/n(l v 4/s'logp/n) max |we,; — w(";7l|

For the third term, we have

2) + O x|, ~ w2).

mlaxn1/2 IAE%I"’) Z aWag (aXTB;) XII(@W — w;;’l)
aef{l,—1}

= 0, (Viogp/in(1 v /50w /) g s — w2 ) + Ol — ws ).

For (8), we only need to derive an alternative bound for the term involving wg;. Thus,
by Bernstein’s inequality and Lemma 11, we have

J
~ —~ S(—k ~
max E® {Z }aWa ZlAthg <tj - aXT/gé )) X X1y — w))
ac{—1,1 Jj=

— Op(max g, — w}|2).
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By the discussion in the correlated case, we have max; |S (]’C)l‘ = Op(Ap2) assuming that
R(hj+Ap2)Ago+Rn~" = 0,(n~"/2). Thus, we have that (8) = O,(/n(max; |lw} ,—w 2+
Rn™"/hg+ R4/ 13% +RAgo+ Rh2)Ags). Assuming the same condition in Theorem 16, we
have that (8) = op(1). As a summary, assuming that the same condition in Theorem 16,
we have that both (7) and (8) are negligible.

For (6), we have

(6) = n'?

(IE;’C) - E)[ Z a{Waqz' (aXTﬂ;;)

ae{l,—1}

W, (aXTBé—k)) } (X, — Xle;l)] ‘

+n!/?

Iy (Bgfl) - B;,l>

1K 2 aWa&(aXT,B;) (X — Xle;,Z)]
L ae{1,—1}

) Z aI//I\/a(;NS’ (aXT,ég(b_k)) (X — X—_rl’w:;,l)] |
L ae{1,—1}
= Iy + Iyo.

For 141, we have that

In < n?|EP-B)| Y aWe{d (ax85) - (ax 7B} (X0 - XT3
ae{l,—1}

2| BF -B) | Y afWa-Wa}d (axTBSY) (X0 - XT)
ac{l,—1}
Following the same proof for I12;, we can show that the first term is 0, (1) uniformly over all
I’s; the second term is also 0,(1) due to that sup |W, — W,| = O,(n~¢) and Ry/logpn—¢ =

o(1).

For 145, we have

Iy < n?|I* (Aé)kz - ,8;;,1) +E 2 aWad (aXT,B;’j) (X1 — XIlw(’;J)
ae{l,—1}

_E Z aW, o (aXTBé_k)) (X1 — X w},)

+n'/?|E Z a (Wa - Wa> ¢ <aXT,E§§)_k)) (X7 — XIlw;l)
= Iyo1 + I429.
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The last term is Iy90 = O/p(Rn*"“/ 2). For I491, by Taylor’s expansion, we have

LIy < n'2|I} (Békl) —5;,z> +E Z aWed' (GXTB) XX — XTw})

ae{l,—1}
S(k
(B - 85)
+nl2|E N aed (aXTB) (X, — X w3,

ae{l,—1}
xT(8Y), - 85|

By Lemma 1.2 and the definition of w},, we have that the both terms are Op(v/nR(h +
A%’Q)). Thus, under the condition that /nR(h; + A%,z) — 0 (assumed in Theorem 16), we
have that (6) — 0 in probability.

In conclusion, assuming that the same condition in Theorem 16, we have that (6), (7),
and (8) are negligible. Thus, under these conditions, we have that

mlaxnl/2 If (5;’? — 6;1) +E® Z aWod (aXT,B;;) (X; — lewz,l) = op(1).
ae{l,—1}

This implies the asymptotic normality of 5(;]?1). In addition, it also implies that Bgf}’s
are asymptotically independent for different k’s. Thus, we can conclude the asymptotic
normality of B4;. Further, due to min; I;* > Anin, we have that

mlaxn1/2 I (5@1 _/8:;,[) +E, Z aWod (a XT,Bd)) (Xi—X lw¢l) = op(1).
ac{l,—1}

Combining with the uniform bound
log pmax|(61)* — 07| = 0p(1),
we have

&, L (Bos — B5y)

max nl/Q
l

o, 'E, [ 2 aWa&(aXT,B;) (X; _Xle¢>l)” = op(1).

ae{l,—1}

By the Berry-Esseen bound for CLT, we have

ope i P12 s 2] < 4740 - m) 1
< 2R
N

for a sufficient large co. [

64



INFERENCE WITH NON-DIFFERENTIABLE SURROGATE LOSS

Appendix B.

In this section, we extend our proposed method to testing a hypothesis with a growing
dimension. Via a bootstrap procedure, a valid inference procedure is developed for a group
hypothesis such as Hy : ﬂ;,l = 0,Vl € G, where G is an index set with its cardinality growing
as n — +o0. Specifically, to test this hypothesis based on Algorithm 2, we consider the
following multiplier bootstrap procedure. Define

1 ~ — ~ ~ ~
(51* = EZEQC) r 2 aW,é <aXT:6(§5k)) (Xl - X——rl'wd),l) )
k ac{l,—1}

where r follows an independent standard normal distribution. Let ¢f_, be the upper a-
quantile of the distribution of maxjeg |6;°| conditional on the training samples, which can

be calculated by bootstrapping the weight r. We will reject the Hg if max;g | 5¢’l| >,
The following theorem provides the validity of the testing procedure.

Theorem 18 Assume the same Conditions in Theorem 17, under the null hypothesis, we

have
sup |P <n1/2 max‘gqg,l‘ < cT_a> —(1—=a)l =o0(1),
ae(0,1) leg
if
n”t(log(n|g])" = o(1)
App\/loglG] = o(1)
AV log|G| = o(1),
where

Anp = 0¥ (1) (A + /logp/n + by +n7")
+VnR(hy + 0+ A/log pA% )
+(Rs' pin + R*n™C + R%hy)+/log p,
A = Rspu, + R’n¢ + RNy,
From Theorem 18, when we have additional nuisance parameters, we can see that the
requirement on log |G| is related to the convergence rate of the nuisance parameters n=¢.

Proof of Theorem 18. Under the null hypothesis, from Theorem 17, we know that Ve,
there is a C¢ such that

P ( mlax n'/? (§¢,l - 5;0

+Il1f@n[ Z aWod/ (aXTB:;) (X, — Xl—lw;l)
ae{l,—1}

> CEAn,p>
< €/3.
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Define € = (&)1eg as a |G|-dimensional multi-variant Gaussian distribution with

E[&] =0

E[&,&,] = E Z aW,o (aXTB3) ¢ (Xy, — X1 wh (X, — X1, wi )
ae{l,—1}

By Theorem 14 in Wasserman (2014), under the null hypothesis, we have
P 1/2 3 < %
(n max [Fp| < i _q

< P <n1/2 max Il_l
leg

IAEn[ Z aWaqg'(aXT,B;)

ae{l,—1}

(X — Xle;,l)] < g+ CEAn,p> +¢€/3

1 7\ /8
< P (r?agx &) < g + CEATL,;,) + M ((()g(?:!@\))) + €/4.
€

uniformly holds for all a.
By n~!(log(n|G|))” — 0, for large enough n, we have

P 1/2 P < *

(n max [ fo,| < ¢

< P (r?%x & <, + CEAn,p> + €/2.
€

By Corollary 16 in Wasserman (2014), we have

P (el <t o+ G )
€

< P (r?%x 1&] < cTa) + CeAn,p\/l v 1og |G|/CAy, 5.
€
Due to A, p4/log |G| = o(1), for large enough n, we have
P (max G| <, + C’eAmp) <P (max €| < c’l“_a) + €/4.
leg leg

Thus, we have

P (B < 1) < P (maclel < i ) + 3/
leg leg

To conclude, we just need to show that

P (max €| < cT_a> <P <max 10/ ] < C>1k—a> + €/4.
leG leG
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Let Q represent the entire training data. Notice that

E[; | Q2] =0
2
1 Sk
E[5] 07, | Q] = 2 D E [ aWod (aXTBY)
k ae{1, 71}
(Xll bl llw¢>l1 (Xlz X w¢ 12

By the proof of Theorem 17, we know that
|E[67: 65 | 92 — B[&,&,]] . = Op(Rs'kn + R*n™C + R%Ry).

By Theorem 17 in Wasserman (2014), we have

P (maxlal < et ) <P (maxlaf] i) + CAYL Y log gAY,
€ €
where A = Rs'j1,, + R*n~¢ + R%h;. Assuming A'?1og|G| = o(1), we have
P (max 1€ < cT_a> <P (max 10/ ] < C>1k—o¢> +¢/4.
leg leg
Similarly, we can show that

P <n1/2 r?agx|5¢7l| < ci‘a> >l-—a—e
€

This concludes the proof. For the algorithm with dedicated sample-splitting strategy, we
require that

n~!(log(n|G]))" = o(1)
Anpy/1og|Gl = o(1)
Alog|Gl = o(1),
with
Anp = Vn(Vs'u)((1v+/s'logp/n)\/logp/n + by + Ag
+1/ B2 logp/n(1 v /s log p/(nh]?)))
ViR + 0~ + A/log pA% 0+
+(RVS i + R2n™¢ + R%hy)\/log p,
A = RVSun+ R*nC+ R*Iy.
O
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Appendix C.

The following corollary shows the convergence rate of B¢ when ¢ is chosen as a hinge loss.
Under this corollary, Theorem 16 holds under the derived convergence rate. We assume

(A1) The density functions of X, conditional on A = 1 and A = —1 are continious and
have common support and finishte second moments.

(A2) s* = O(n®) for some ¢ € [0,1/2).
(A3) There exists a constant M; such that

E.[(X"d)?]

max < M
deRr:||d|o<2s* n||d“% =

almost surely.

(A4) nli—c2)/2 mingiﬁéo |ﬂ;§l| > M for some constants My > 0 and 2¢; < ¢ < 1.

(A5) The conditional density functions of X TB:; given A = 1 and A = —1 are uniformly
bounded away from 0 and +o0 in a neighborhood of 1 and —1, respectively.

Conditions (A1)-(A5) are the conditions in Peng et al. (2016). In Peng et al. (2016),
these regularity conditions are required for classification problems; In Lemma 4.5 where
additional nuisance parameters are present, we also need these regularity conditions.

Lemma 19 Under Conditions (A1) - (A5) and (C1) - (C3) with o+ B > 1/2, if ¢ is a
hinge loss, then Ag; = O(s*y/logp/n) and Ago = O(y/s* logp/n), where s* is the number

of non-zero entries in B;‘;.

Proof of Lemma 19. When W, ’s are known, the proof of Thoerem 4 in Peng et al. (2016)
can be directly applied to show this result. Thus, in this proof, we | focus on the case where
W,’s are estlmated on an independent dataset. Let h = ﬂ¢ ,8(75 Since B¢ minimizes

Ly (B; le —1) + Al B|l1, we have

B, | {Wio(XT (85 + h) + Woao(-XT(B; + )|+ MallBoli (9)
< B, [{Wo(X78) + Woao(-XT )} | + AallB311- (10)

Let S ={1<j<p:pBj;,+ 0}, we have

1831 = 1Bell < 185,511 — 1Bl < sy — [ hse .
By convexity, we have
B, [{Wio(XT(8;+ b)) + Wo1(~-X" (8] + h))} |
B [{Wo(X 785 + Wor0(-X " 85) |

B [{1 - XTgg = 0} - Wt {1+ X785 = 0} ]| [l
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By Hoeffding’s inequality, with A, = C(«a)+/2logp/n, similar to Lemma 1 in Peng et al.
(2016), we have

P(

for a pre-specified a, where C(«) is some constant. Hence, we have

B, [{Wi1{1-X785 >0} - W1 {1+ X85> 0}}|| =n/2) <p,

An([[Ps]y = [hse 1)
3|hsl

—An/2(|hs]1 + [Rse]1),
[ese].

VoWV

Define
B(h) = B, [{Wo(XT (85 + k) + Woao(-XT (85 + ) }
—{Wo(x78y) + Woao(-XT85) }]
~E[{Wio(X (85 + h)) + Wo16(=X (8] + h))}
—{Me(X785) + Woro(-X T B))}].

We will show that assuming p > n, then for all n sufficiently large, we have

P <| sup |B(h)|/||h|l2 = C’g«/logp/n> <p @,

|hllo<s, |20
where Cs and ¢y are some positive constants. We decompose
Bh) = B |(Wi—m) (s(XT (8} +h) - 6(X"8)))
+ (Wor = W) (6(=XT (85 + b)) — o(~X " 87)) |
+B(h).

By Lemma 3 in Peng et al. (2016), there exists positive constants C7 and ¢; such that

|hllo<s,|R[240

P ( sup |§(h)|/”h”2 > Cl/3w/logp/n> <p “/3. (11)
Denote

G(h) = (B, —E)|(Wi—w1) (o(XT (B +h) - 6(XBY))
+ (Wor = W) (6(-XT (85 + b)) — (X 8))]

Because supyx 4y \Wa — W,| = Op(max{n=® n=#}), by Lemma 3 in Peng et al. (2016), we
have

P ( sup  |G(R)|/IR]2 > cl/sx/logp/n> <p/3. (12)

[ho<s,|h]2+0
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Assuming that Apax(E[X X T]) is bounded, we have that

E[ (W1 - w2) (o(XT (85 + h) - o(X 7 85)) (13)
+ (W =) (=X T8 + b)) = 6(=X8Y) | /IRl = 0 (n™"77),  (14)

uniformly holds for all A. Combining (11), (12), and (13), we have that

P < sup  [B(h)|/[h]2 = sz/logp/n> <p 7, (15)

[Rllo<s,|h]2%0

with Co = C and ¢z = ¢;. Based on (9) and (15), following the proof of Theorem 4 in Peng
et al. (2016), we have the desired result. []

Appendix D.

In this section, we generate the data following the simulation studies in Liang et al. (2022),
and compare different methods using simulations. We refer readers to Scenario (II) in Liang
et al. (2022) for details on data generation. In addition, to show whether our method is
sensitive to the specification of bandwidth, we add a scale factor to the current specification
and check the performance of the methods under different scale factors. Figures 7 - 9
summarize the results in this simulation scenario. We can see that while logistic loss leads
to higher power in detecting non-zero coeflicients, the value functions are lower than those
using the hinge loss. Additionally, the power, Type I error, and power remain similar under
different bandwidth specifications. Thus, our method is robust to bandwidth selection.
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