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Abstract

Unsupervised feature selection has drawn wide attention in the era of big data, since it
serves as a fundamental technique for dimensionality reduction. However, many existing
unsupervised feature selection models and solution methods are primarily designed for
practical applications, and often lack rigorous theoretical support, such as convergence
guarantees. In this paper, we first establish a novel unsupervised feature selection model
based on regularized minimization with nonnegative orthogonality constraints, which has
advantages of embedding feature selection into the nonnegative spectral clustering and
preventing overfitting. To solve the proposed model, we develop an effective inexact
augmented Lagrangian multiplier method, in which the subproblems are addressed using a
proximal alternating minimization approach. We rigorously prove the algorithm’s sequence
converges to a stationary point of the model. Extensive numerical experiments on popular
datasets demonstrate the stability and robustness of our method. Moreover, comparative
results show that our method outperforms some existing state-of-the-art methods in terms of
clustering evaluation metrics. The code is available at https://github.com/liyan-amss/
NOCRM_code.

Keywords: unsupervised feature selection, nonnegative orthogonality constraints, aug-
mented Lagrangian multiplier method, alternating minimization method
1. Introduction

Due to large amounts of data produced by rapid development of technology, processing
high-dimensional data is one of the most challenging problems in many fields, such as action
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recognition (Klaser et al., 2011), image classification (Gui et al., 2014), computational
biology (Chen et al., 2020b). Generally, not all the features are equally important for
the data with high-dimensional features. There are some redundant, irrelevant and noisy
features, which not only increase computational cost and storage burden, but also reduce the
performance of learning tasks. Dimensionality reduction methods can be roughly divided
into two types: feature extraction (Lee and Seung, 1999; Charte et al., 2022; Lian et al., 2018)
and feature selection (Kittler, 1986; Li et al., 2021; Roffo et al., 2020; Yu et al., 2019). They
project the high-dimensional feature space to a low-dimensional space to squeeze features.
The low-dimensional space generated by the former is usually composed of linear or nonlinear
combinations of original features, but irrelevant, redundant and even noisy features are
involved in the process of reducing dimension, which may affect the subsequent learning tasks
to some extent. However, the latter evaluates each dimension feature of high dimensional
data and directly select the optimal feature subset from the original high-dimensional feature
set by using certain criteria to achieve compact and accurate data representation (Liu et al.,
2004; Molina et al., 2002). Compared with the former, the latter has better interpretability.
Feature selection maintains the semantic information of the original features and it aims
to select valuable and discriminative feature subsets from the original high-dimensional
feature set, while feature extraction changes the original meanings of the feature and the
new features usually lose the physical meanings of the original features. Therefore, feature
selection enjoys tremendous popularity in a wide range of applications from data mining to
machine learning. Many feature selection methods (Nie et al., 2016; Hou et al., 2013; Nie
et al., 2019) are proposed to better explore the properties of high-dimensional data.

According to whether the class label information is available or not, feature selection
methods can be roughly grouped into two categories, i.e., supervised feature selection, and
unsupervised feature selection (Dash et al., 1997; He et al., 2005). Benefiting from the sample-
wise annotations, supervised feature selection algorithms, e.g., Fisher score (Duda and Hart,
2001), robust regression (Nie et al., 2010), minimum redundancy maximum relevance (Peng
et al., 2005) and trace radio (Nie et al., 2008), are able to select discriminative features and
achieve superior classification accuracy and reliability. With the fact that the labeled data
is often inadequate or completely unobtainable in many practical applications, traditional
supervised feature selection methods cannot deal with such problems. In addition, annotating
the unlabeled data requires an excessive cost in human resources and is time-consuming.
Therefore, for the high-dimensional data with missing labels, it is an effective means to
solve above mentioned problems by using unsupervised approaches to reduce the feature
dimension. Compared to supervised feature selection, unsupervised feature selection is a
more challenging task since the label information of the training data is unavailable (He
et al., 2005). Many studies have been conducted on unsupervised feature selection methods,
such as spectral analysis (Zhao and Liu, 2007; Cai et al., 2010; Li et al., 2012), matrix
factorization (Wang et al., 2015; Qian and Zhai, 2013), dictionary learning (Zhu et al., 2016)
and so on.

Unsupervised feature selection methods (Nie et al., 2019; Chen et al., 2023) generally select
features according to the intrinsic structural characteristics of data and have achieved pretty
good performance, which can alleviate the undesirable influence of noise and redundant
features in the original data. For example, MaxVar (Krzanowski, 1987) is a statistical
method, which selects features corresponding to the maximum variance. Laplacian Score (He
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et al., 2005) is a similarity preserving method, which evaluates the importance of a feature
by its power of locality preservation; SPEC (Zhao and Liu, 2007) selects features using
spectral regression. RSR (Zhu et al., 2015) is a data reconstruction method, which uses
the l2 1-norm to measure the fitting error and to promote sparsity; CPFS (Masaeli et al.,
2010) relaxes the feature selection problem into a continuous convex optimization problem;
REFS (Li et al., 2017) embeds the reconstruction function learning process to feature
selection. MCFS (Cai et al., 2010) selects features based on spectral analysis and sparse
regression problem, UDFS (Yang et al., 2011a) which selects features by preserving the
structure based on discriminative information; UDPFS (Wang et al., 2022) introduces
fuzziness into subspace learning to learn a discriminative projection for feature selection;
NDFS (Li et al., 2012) selects features by leveraging a joint framework of nonnegative
spectral analysis and [ 1-norm regularization. However, numerical algorithms proposed
in these unsupervised feature selection methods are often presented without convergence
analysis and then lack of theoretical support (Shi et al., 2016). Furthermore, these methods
may be greatly affected by disturbance and do not have good performance, and then they
may not have good stability and strong robustness.

Motivated by these observations, we propose a novel unsupervised feature selection
framework formulated as a regularized minimization problem with nonnegative orthogonality
constraints. Our model offers two key benefits: through sparse regression, it seamlessly
embeds feature selection into nonnegative spectral clustering to fully leverage the data’s
intrinsic geometric structure, and it explicitly guards against overfitting. In particular,
the nonnegative orthogonality constraints facilitate the acquisition of pseudo class label
indicators, which in turn guide the feature selection process. The [5 1-regularization terms
ensure that the subproblems in our algorithm admit the closed-form optimal solutions,
while the Frobenius norm regularization explicitly controls the overfitting. These design
choices distinguish it from related approaches such as NDFS (Li et al., 2012). However,
in general, handing nonnegative orthogonality constraints is inherently challenging; even
optimization problems with orthogonality constraints alone are known to be difficult (Absil
et al., 2009). For example, Lai and Osher (Lai and Osher, 2014) proposed the method of
splitting orthogonality constraints using Bregman iteration, where each subproblem admits
a closed-form solution. However, this approach lacks rigorous convergence guarantees,
and whether it enjoys subsequential convergence remains an open question. Several other
works have explored optimization over the Stiefel manifold, such as the retraction-based
proximal gradient method (Chen et al., 2020a) and Riemannian ADMM algorithm (Li
et al., 2024). Nevertheless, introducing nonnegativity constraints destroys the smooth
structure of the Stiefel manifold (Jiang et al., 2023) and further significantly complicates
the solving process, making these approaches inapplicable in our setting. Jiang et al. (Jiang
et al., 2023) showed that when objective function is continuously differentiable , one can
reformulate the nonnegative orthogonality constraints via an exact penalty transformation to
obtain an equivalent problem with the same optimality conditions, and they established the
asymptotic convergence of the algorithm. Under the same assumption, Qian et al. (Qian et al.,
2024) designed a penalty algorithm that solves a sequence of smooth penalty subproblems
approximately using a retraction-based nonmonotone line-search proximal gradient method,
proving that any cluster point of the generated sequence is a stationary point. However,
these methods critically rely on smoothness assumptions of the objective function, which do
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not hold in our setting due to the presence of the nonsmooth I3 regularization. Moreover,
other popular solution strategies, such as the multiplicative update method (Ding et al.,
2006; Yoo and Choi, 2008) and the greedy orthogonal pivoting algorithm (Zhang et al.,
2019), require the objective function to be differentiable and follow a special formulation,
rendering them unsuitable for our model. These limitations motivate us to develop an
effective solution strategy tailored to our proposed model. Drawing inspiration from the
augmented Lagrangian method (ALM) (Andreani et al., 2008) and the proximal alternating
minimization (PAM) framework (Attouch et al., 2013), we propose an inexact ALM method
that incorporates PAM to solve subproblems in each iteration. We establish that the sequence
generated by our method converges to a stationary point of the proposed model. Extensive
numerical experiments conducted on multiple benchmark datasets demonstrate the stability
and robustness of the proposed method. Furthermore, the comparative results show that our
method performs better than some existing state-of-the-art unsupervised feature selection
methods in terms of clustering evaluation metrics.
The main contribution of this paper is summarized as follows:

e We establish a novel I3 1-regularized optimization model with nonnegative orthogonality
constraints for unsupervised feature selection, which has two advantages of embedding
feature selection into the nonnegative spectral clustering and preventing overfitting.
Specifically, we use the spectral clustering technique to learn pseudo class labels, and
then select features which are most discriminative to pseudo class labels.

e We propose an effective inexact ALM method to solve our model, where the subprob-
lems are solved at each iteration using the PAM method. A key advantage of this
approach is that each subproblem arising in PAM admits a closed-form solution, which
significantly simplifies the overall computation. This structure enables us to show that
the algorithm’s sequence converges to a stationary point of the model without any
further assumptions.

e Numerical results on popular datasets are reported to demonstrate the efficiency,
stability, and robustness of our method, as well as its computational advantages in
high-dimensional settings.

The rest of this paper is organized as follows. Section 2 reviews essential preliminaries on
nonsmooth optimization. In Section 3, we establish a novel model for unsupervised feature
selection. Section 4 presents an inexact ALM method for solving the proposed model, and
Section 5 provides a detailed convergence analysis. Numerical experiments and concluding
remarks are given in the final two sections.

2. Preliminaries

In this section, we provide some preliminaries on nonsmooth optimization and introduce
relevant notations. Throughout the paper, matrices are denoted by capital letters (e.g.,
A,B,---) , and vectors are represented by boldface lowercase letters (e.g., ¢, y, ). For
any positive integer n, we define the set [n] := {1,2,...,n}. Given a matrix Y € R™*"™_ its
maximum (elementwise) norm is denoted as

IV [oo := max{[Yj;| = @ € [n], j € [m]},
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where Y;; represents the entry in the i-th row and j-th column of Y. The Frobenius norm of
Y is given by
n

> Y5

i=1 j=1

Ylr:=

and its [2 1-norm is defined as

n

1V l2 o=

i=1

m n

Y= IYile,
1

i=1

j=

where Y;. denotes the i-th row of Y and || - ||2 represents the Euclidean norm. Let Vec(Y) €
R™" be the vectorized form of Y, defined as

Vee(Y) := (Y, Y3, -, Y)T,
where Y.; denotes the j-th column of Y. Given the matrices X,Y € R™*"™,
Vee([X|Y]) := (X, X5, -+ XL, YL Y, -+ Y )T,

For any vector v € R", let v; represent its i-th entry. Additionally, diag(v) € R™*™ denotes
the diagonal matrix with the i-th diagonal entry given by v;. For a square matrix Y, we
write Y > 0 to indicate Y is positive definite, and the trace of Y, i.e., the sum of its diagonal
elements, is denoted by Tr(Y’). The inner product between two matrices X,Y € R™*™ is
given by (X,Y) := Tr(XTY). E represents a matrix with all elements equal to 1, while O
represents a matrix with all elements equal to 0. The notation O < X < E implies that each
element of X satisfies 0 < X;; < 1, while 0 < v < 1 means that each element of v satisfies
0 <wv; < 1. Given a set €, IIoY denotes the projection of Y on 2. For an index sequence
K = {ko,k1,k2,...} with kj11 > k; for all j > 0, we define limgexc 2 1= limj— 100 ;-
Finally, for any set S, |S| denotes its cardinality and its indicator function is defined as

0, if X €§;
400, otherwise.

350 = { 1)

For a differentiable function f : R®” — R, the gradient vector at * € R"™ denotes by
Vf(x):= [%(m)]?_l. Next, let us recall some definitions of sub-differential calculus (see,
y -

e.g., Rockafellar and Wets, 2009).

Definition 1 Let C CR" and & € C. A vector v is normal to C at T in the regular sense,
or a regular normal, written v € N¢(&), if

(v,x —x) < o(||lx—x|) forxeC.

A wvector is normal to C at T in the general sense, written v € N¢(&), if there exists sequence
{xi}r C C,{v}x such that T}, — & and vy — v with vy € Ne(xy). The cone N¢(Z) is
called the normal cone to C at .

Definition 2 Let f:R" — RU {+00} be a proper lower semicontinuous function.
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1) The domain of f is defined and denoted by dom f:={x € R" : f(x)< + c0}.

2) For each x € dom f, the vector x* € R™ is said to be a reqular subgradient of f at x,
written «* € 0f (x), if f(y) = f(x) + (", y — x) + o[l — yl]).

3) The vector x* € R"™ is said to be a (limiting) subgradient of f at ® € dom f, written
x* € 0f(x), if there exists {xn}n, {z)}n such that x, — x, f(x,) — f(z), and
x; € 0f(x,) with x} — x=*.

4) For each x € dom f, x is called (limiting)-critical if 0 € Of (x).

Remark 3 (Closedness of 0f) Let (xy,x;) € Graph Of be a sequence that converges to
(x,x*). By the definition of Of(x), if f(x) converges to f(x) then (x,x*) € Graph Jf.

Remark 4 (Rockafellar and Wets (2009), Example 6.7) Let S be a closed nonempty
subset of R™, then
dds(®) = Ns(x), T € S. (2)

Furthermore, for a smooth mapping G : R — R™, ie., G(x) := (g1(x), -, gm(x))7,
define S = G=Y(0) C R".  For G(-), its Jacobian at ® = (v1,x9, - ,Ty,) s the matriz
JG(z) = [g—ii(a:)];nlll e R™*" . If JG(x) has full rank m at a point T € S, with G(&) = 0,
then its normal cone to S can be explicitly written as

Ns(z) ={JG(z)"y |y € R™}.

3. A New Unsupervised Feature Selection Model

Let X =[xy, X2, -+, T,) € RY™ be the data matrix with each column x; € R?*! being the i-
th data point. Let d and n be the number of features and the number of samples, respectively.
Suppose these n samples are sampled from ¢ classes. Denote F' = [f1,---, fu]T € {0,1}"%€,
where f; € {0,1}¢*! is the cluster indicator vector for «;. That is, the j-th element of f;
is 1, if x; is assigned to the j-th cluster, otherwise 0. Following the notation in Yang et al.
(2011b), the scaled cluster indicator matrix Y is defined as

1
Y = [y17y27' o 7y’fl}T = F(FTF)_§7

where y; is the scaled cluster indicator of @;. It turns out that
YTY = (FTF) 2 FTF(FTF)"2 = I,

where I, € R¢*¢ is an identity matrix.

At first, we use the clustering techniques to learn the scaled cluster indicators of data
points, which can be regarded as pseudo class labels. Given a set of data points 1, 2, , xy,
and some notion of similarity S;; > 0 between all pairs of data points x; and «;, the intuitive
goal of clustering is to divide the data points into several groups such that points in the
same group are similar and points in different groups are dissimilar to each other. Spectral
clustering is widely used in that it can effectively generate the pseudo labels from the graphs.
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In our method, we construct a k-nearest neighbors graph and choose the Gaussian kernel as
the weight (see Cai et al., 2005). Specially, we define the affinity graph S as follows:

_m |2
Sii = exp(—%), x; € Ni(z)) or ¢j € Ni(x;);
/ 0, otherwise,
where N () is the set of k-nearest neighbors of . The corresponding degree matrix can
be constructed to D with Dy; = > j Sij, and Laplacian matrix L of the normalized graph

(see Von Luxburg, 2007) is calculated with L = D_%(D - S)D_%, which is symmetric and
positive semi-definite. Therefore, the local geometrical structure of data points can be
obtained by:

min Tr(YTLY) st. Y = F(FTF) 2. (3)

Y eRnxe

This is a discrete optimization problem as the entries of the feasible solution are only allowed
to take two particular values, and of course it is a NP-hard problem. A well-known method
is to discard the discreteness condition and relax the problem by allowing the entries of the
matrix Y to take arbitrary real values. Then, the relaxed problem becomes:

min Tr(YTLY) st. YTY =[. 4)
Y ERnXe

The next stage is to construct a sparse transformation W on the data matrix X by
employing the scaled cluster indicator matrix Y, joined with two regularization terms. We
can formulate it as:

min ||Y — XTW||a1 + B W /2,1 + 7| WI[7, (5)
W eRdxc

where W is a linear and low dimensional transformation matrix, and § and v are the
regularization parameters. In the objective function of the problem (5), the first term
represents the linear transformation model to measure the association between the features
and the pseudo class labels. The second term constructs the sparsity on the rows of the
transformation matrix W, which is beneficial for selecting discriminative features. The third
term is to avoid overfitting.

By integrating the spectral clustering (4) and sparse regression (5) in a joint objective
function, the model we proposed can be obtained as follows:

%i{/lTr(YTLY) +allY = XTW(la1 + BI[W |21 + v IIW I3

st. Y'Y =1.,Y >0,
where « is a tuning parameter.

4. Algorithm Description of Our Inexact ALM Method

In this section, we develop an inexact augmented Lagrangian method to solve problem
(6), which is a nonconvex optimization problem with a nonsmooth objective function. By
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introducing auxiliary variables U, V, 17, and F, problem (6) can be reformulated into the
following equivalent form:

min _Tr(YTLY) + a||Ul|2.1 + BV |21 + YW + 6, (V) + 65, (F)

W,UV,Y,F,Y
Y =F,

. U=Y - XTW, (7)
S.T. V _ VV,
Y=Y,

where S| = {Y e R |YTY =1, },and S, = { FER™¢ |O < F < E }.
Let A := (A1, Ag, Az, Ay) € R™X¢ x REXC x R™X¢ x R™¥¢, The augmented Lagrangian
function corresponding to problem (7) is defined as follows
LW, U V.Y, F,Y, A; p) :=Te(YTLY) + al|Ul|a,1 + BV o1 + 7| W7 + 05,(V)
+0s,(F) + (M, Y = XTW —U) + (A2, V — W)

~ ~ 8
Y = P (T ) 208 v v -

HY = Flp + 1Y = XTW = U|[}),
where p is a positive penalty parameter. R
The ALM method is employed to alternately update the variables (W, U,V Y, F,Y), the

multiplier A, and the penalty parameter p, in order to satisfy the accuracy condition given
n (11). The proposed inexact ALM method for solving problem (6) is detailed as follows:

Algorithm 1 Inexact ALM Method for (6)

Input. Data matrix X € RY*" Given predefined parameters {ex }ren, pl, T, T, Kt,mina
Atmaz (t=1,2,3,4), and A= (K},K;,Ké,xb that satisfy the condition in Remark 5,
for k=1,2,...,

Output. Sort all the d features according to ||W;.||2 (¢ € [d]) and select the top ¢ ranked
features.

Step 1: Compute the subproblem

Wk, U* VE Y* FF V¥) ~ argmin L(W,U,V,Y, F,¥, A" p*) (9)
W,UV,Y,FY
such that A
O<F‘<E, (YHOYF=1I, (10)
and there exists ©F € OL(WF, U, Vk,Yk,Fk,?k,Kk;pk) satisfying
16" ]lo0 < €. (11)

Step 2: Update the multiplier as:
AR RY 4 pRvh - XTIk — Uk,
Al2c+1 _ K'; + pk(vk _ Wk:)
A’;H _ K’; + R (Y — FR
AZH _ Ki + pk(}”}k — vk

9
9
4
)

8
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where Kf+1 = HQAfH_l and ) = {At : Kt,min < At < Kt,maa:} (t = ]., 2, 3,4)
Step 3: Update the penalty parameter:

k . k k—1
pt, i Rfflee S TR [loo (8 =1,2,3,4);
Pt = { ‘ (12)

r pk, otherwise,

where R¥ = Y* — XTWk — Uk Rk = vk —wk RE =Yk — Fk Rk — Yk _ Yk

Remark 5 Set the parameters in Algorithm 1 as follows: 7 € [0,1), p* >0, r > 1, and the
sequence of posztwe tolemnce parameters {€x }ken s chosen such that limy_, 1o € = 0. The

parameters Al,AQ, A3,A4, Atmin, Mt maz are finite-valued matrices satisfying
—00 < (Kt,min)ij < (Kt,max)ij < +00 Viaja t= 1)27374-

In Algorithm 1, the may challenge lies in solving (9)—(11). Specifically, given the
current iterates (WF=1 Uk=1 vh=1 yk=1 pk=1 yk=1) " "the key task is to determine how
to generate the next iterate (W*, U, Vk Yk Fk f/k) To address this issue, we propose a
PAM method to solve (9)—(11), and we show that a solution exists for (9)—(11) and can be
efficiently computed as €| 0. This guarantees that Step 1 in Algorithm 1 is well defined.
The following two subsections present the details of the PAM method and its convergence
analysis.

4.1 PAM for Augmented Lagrangian Subproblems

In this subsection, we present further details on the implementation of Algorithm 1 and
develop a PAM method to solve the augmented Lagrangian subproblems to an arbitrarily
prescribed accuracy.
It is evident that the constraint in (11) represents an e*-perturbation of the critical point
condition:
0 € AL(WE, U VF Yk F* T+ R ph). (13)

In fact, the proposed PAM method for solving (13) can be interpreted as a regularized
proximal six-block Gauss-Seidel method (Attouch et al., 2013). At the k-th outer iteration,
problem (13) can be solved to arbitrary accuracy using the following alternating minimizing
procedure:

(a) Update Wh:

kj—1

W € argmin {L(W, UR 71 VEITL y It pha =, ?kvf—l,K’“;p‘“)+clTHW—W’”‘1H%}7
(14)
(b) Update U*J:
. , A A o cka-1
R € argmin {L(WHS, U, VRIm1 yRamt pral yhist K k) o 2 —|U - U™,
(15)
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(c) Update VFJ:

, , , , N Ck-i—1 _
Vk’J € arg min {L(Wk’J,Uk’J,V,Yk’J_l,Fk’J_l,Yk’J_l,Ak;pk) + 3THV _ de—lH%})
(16)
(d) Update Y*J:
. . . . . ~ —k C&J_l .
Y45 € augmin (LW, U, V5, Y, pRat 9Rio1 5 k) 4 Sy _yriszy )

(e) Update Fk:

k,j—1

k C il
)+ S PR, s)

F*¥J ¢ argmin {L(W"7 U*7 vki yki F y*i—t X
(f) Update Y*4:
k,j—1

~ , , ) . o C ~ o~y
YhI € argmin {L(WHT, U9, VI, Y 4RI, PRI Y R pb) 4+ 20— Y - VR RY, (19)

where the proximal parameters {C’lk g }i,j need to satisfy
0<C<CM <C<oo, kjeN, i=1,2,3,4,5,6,

for some predetermined positive constants C' and C.
By direct calculation, the subproblems in (14)-(19) have closed-form solutions given by:

(a) For (14): If d <, ‘
Whi = (aly+ p* X XT) 717

and if n < d, we can apply the Woodbury matrix identity (Higham, 2002) to obtain

k,j 1 P P
Whi = <Id - S5 X(I,+ XTX)—1XT> Z,
a a a
where a = 2v + p* + C’f’j_l and
Z = XA} + Ay + pF XYRIT - ph XUkl g phyki=l gl kit
(b) For (15): Uk = (Uf’j)ie[n], where Uf’j is the row vector of U*J.

Set
—k

N = yhit_xrkd 4 AL
ok

and denote NN;. as the i-th row vector of N. Then,

kj a P 3l ki
Ui” :max{o’l_ k Fj =1y g1 } e e LA
[P Ni: + C U127 \ o + Oy PP+ Cy

10
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(c) For (16): VFi = (Vilf’j)ie[d] , where Vzkj is the row vector of V7,
Set .
M=Wki_ &

o

and its row vector is denoted by M;.. Then,

k k,j—1
kj _ p P , Cy k,j—1
Vi, = max {0’ 1= Fj—Ty k-1 } v kMt sV -
M+ CFTVET LT g o+ Cl

(d) For (17):

YkI = 2L + (30" + CF Y17 P,
where
P =R — Ay — Ay + P XTWHRI 4 pF ORI 4 pF pRI=1 4 fyRi=l 4 chi=lyka-t,
(e) For (18): '
Fhi = (Fkt’])se[n]yte[c] and Fyy’ = Hjo,1)Ast, where

s
. <k . .
pk(Yk,] + %) + Cg’]_le’]_l

A= (Ast)se[n},tG[C} = pk + Ck,j—l
5

(f) For (19):
YFI = Ul VT, where U € R™™ and V € R“*¢ are orthogonal matrices obtained
from the SVD of the matrix

vk A kj—130k,j—1
pr(YH) = Z) + G Y .
o+ ki1 = UZ 4
6

with > € R™™¢ being a diagonal matrix.

The inner iteration terminates if there exists @89 € QL(WHJI UkI VFi Yk FFI Yk A" pk)
such that
||@k’JHoo <e, OF< i <E, (ykJ)TykJ =1,

where O := (67,057, 057, 07, 057 057) € RI*X¢ x R™¢ x RIX¢ x RX¢ x R"*¢ x R
is concretely expressed as
r@llf,j —pE X (YRITL _y ki) 4 gk X Uk - Ry 4 ph(vRITL ki)
+ P I k),

O i=ph(YRI~L Y RI) 4 OFT N Uk - Ui,

057 :=Cy T (VR VR, (20)
@Z,j = ph(FRI=L _ phiy 4 k(PRI PRy 4 Cf,jfl(yk,j—l _ykidy,

@lg,j ::Cé:,jfl(Fk,j—l _ iy,

@ig,j ::Cg,j—la’}k,jfl _ }/}kj)

11
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The overall algorithmic framework of the proposed PAM method is summarized in
Algorithm 2, and its convergence analysis is presented in the next subsection.

Algorithm 2 PAM Method for (9)—(11)
Input: R
Let (WHO,ut0,y 10y 10 pL.0 y1.0) be any initialization; R
For k 2 2’ set (Wk,O’ Uk,O’ Vk,O’ Yk,O’ Fk,O’ Yk,O) — (kal, kal’ kalj kal, kal’ kal);

Output: (W* Uk VEYF FFYF),
Step 1: Reiterate on j until |07/ < ¢, where ©%7 is defined by (20);

1. Compute W*J by (14);

2. Compute UKJ by (15

I

3. Compute V7 by (16);

5. Compute F*J by (18

(15)
(16)
4. Compute Y7 by (17);
(18);
6. Compute Yk by (19);
Step 2: Set
Wk Uk, Vlc,}/k’Fk’?k) = (Wi, Uk, Vk,j7yk,j7Fk,j’f/k,j)

and ©F .= @FJ,

4.2 Convergence Analysis for Algorithm 2

To simplify the notation, we introduce 7" := (W, U, VY, F, }7) and denote the Lagrangian
function at the k-th outer iteration as Ly (T) := L(W,U,V,Y, F, ?,Kk; p¥). In this part, we
aim to establish the convergence for Algorithm 2. Specifically, we show that the solution set
of (9)—(11) is nonempty, thereby confirming that Algorithm 1 is well defined when utilizing
Algorithm 2 to solve the subproblems in Step 1.

We first claim that for each k € N, @FJ := (9’;’j, @g’j, 9§’j, @Z’j, 9’;’j, @lg’j) defined by
(20) satisfies

Ok e oL, (TH7), VjeN.

To establish this, we begin by observing that the augmented Lagrangian Ly (7T) admits

the decomposition

Li(T) = H(W) + fo(Y) + f3(U) + fa(V) + f5(F) + f6(¥) + gu(T), (21)
where the individual components are defined as

FOW) =y |W|3, foY) = Te(YTLY), f3(U) = al[U]21,
f1(V) =8|V a1, f5(F) = 8s,(F), fo(Y):=0s,(Y),

12
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and

g(T) ==(A},Y = XTW —U) + (A3, V = W) + (A3, Y — F) + (£,,¥ — V)
k
p ~
+ Y = XTW = Ul + Y = Y5+ IV = W+ Y - FI).

A direct calculation shows that ©%7 := (@]f’j, G)k’j, @k’j, @i’j, @’g’j, @lg’j) can be represented
in terms of the partial derivatives of g := g as follows

@llc,j = — Vyg(Whi k=1 yhki=l yhki=1 phki-1 i}k,j—l) _ C{c,j—l(wk,j — Wk 4 Wy g(TH),
9126,3' - _ ng(ch,j Ulc,j Vk,j—l Yk,j—l Fk,j—l }/}k,j—l) _ Céﬁ’jfl(Uk,j _ Uk,j—l) + VUg(Tk’j),
91;,] :_vvg(ch,] Ulc,g Vk,] ch,j 1 Fkg 1 Yk,j 1) Céc,jfl(vk,j —Vk7j71)+VVg(Tk7j),

O = — Wy g(Whd Ukd yhi yki phi=1 yki=ly _ cri=l(yki _yki=1) 4 vy g(TF),

OF) = — Vpg(Whi Ukd yhi yki phi yhi=1ly _ cki=t(pki _ pki=1l) 4 ¢ pg(TH7),

OF) = = Vog(Whi Ukd yhi yki pki ykiy _ cli=l(yki — YRi=1) 4 v g(TH).

(22)

Moreover, based on (W*7=1 yki=1 yki-1 yki-1 pki-1 yki-1y and invoking 8.8(c) from

Rockafellar and Wets (2009), the first-order optimality conditions for the subproblems in
(14)—(19) can be written as:

vwg(Wk,j,Uk,j—l’Vk,j—l’Yk,j—l’Fk,j—17}’}k,j—1) + Vfl(Wk’j) + C’f’j_l(Wk’j _ Wk,j—l) =0,
e 4y g(WhI Uk Vk,j—17Yk,j—l’Fk,j—17}’}k,j—1) + Cg,j—l(Uk,j —Uki—ly = 0,

R 4V g(Whi Uk Vk,j7yk,j—17Fk,j—l’?k,j—l) + C:l))c,j—l(vk,j — ki) = 0,

V fo(YRT) 4 Vyg(Whd U Vk,j7yk,j7Fk,j—1’i}k,j—1) + Cf,j—l(yk,] yki—1y =

R Y pg(Whd Uk, Vk,j’yk,j)Fk,j’i}k,j—l) + Céc,j—l(Fk,j — FRi-1y = 0,

KT p Vo g(Whi Uk ki ykid phi yhiy 4 okt (ki — yRi=ty = O,

R (23)
where 87 € Ofs(UR7), (M € 9fy(VFI), 98I € Ofs(FFJ), and &I € dfs(Y™9). By
combining (22) and (23), we obtain

O = V(W) + Vig(TH),

037 = M + Vyg(TH),

057 = (M + Vyg(TH),

017 = VLa(Y™) + Vyg(TH),

057 = 9% + Vpg(TH),

057 =M 4 Vog(TH).

Therefore, Proposition 2.1 in Attouch et al. (2010), we conclude that for each k € N,

M € OL(WHI Uk vhi yki Fhi yEI) vy jeN,

completing the proof of the claim.

The following theorem establishes the convergence of Algorithm 2, thereby guaranteeing
that Step 1 of Algorithm 1 is well defined. The proof is based on the general convergence
result in Attouch et al. (2013, Theorem 6.2).

13
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Theorem 6 In Algorithm 1, set parameters v > 1 and p* > 0. Then, for each k € N, the
sequence {T*7 }jen generated by Algorithm 2 converges, and

1057 )|c = 0 asj — oo.

Proof It is known that the sets S; and Sy are semi-algebraic, and so are their corresponding
indicator functions (Bolte et al., 2014). In addition, both the quadratic functions xTLx
and the norm function |||, (where p is rational) are semi-algebraic. Using the fact that
composition of semi-algebraic functions is semi-algebraic, it follows that Lj is a semi-
algebraic function. Moreover, the semi-algebraic functions are known to satisfy the Kurdyka-
Lojasiewicz (KL) property (Bolte et al., 2014, Appendic), implying that Ly is a KL function.
From the expression of Ly in (21) , the following properties can be observed: (i) Each f;
(i=1,2,3,4,5,6) is a proper lower semicontinuous function; (ii) g is a C!'-function with
locally Lipschitz continuous gradient. Therefore, from Attouch et al. (2013, Theorem 6.2), it
follows that to establish the convergence of the sequence {T%7} jen generated by Algorithm 2,
it suffices to demonstrate that for each k € N, the function Lj is bounded below and the
sequence {T%J};cy is bounded.

Clearly, the five terms in Ly, namely f1, f3, f4, f5 and fg, are bounded below with a lower
bound of 0 and coercive. The remaining residual terms are given by

L)+ g (WU V.Y, F,Y) =Te(YTLY) + (A},Y = XTW — U) + (A3, V — W) + (A3, Y — F)
k
+ (ALY =Y) + (Y = YE+ [V =Wk + Y = Fl7
+ Y = XTW - U||3).
We can rewrite this expression as

ROYV) + (W, U V,Y,F,Y) = gip(W,U,Y) + gox(W, V, Y, F,Y),

where
k
gLu(W.UY) =Tr(YTLY) + (ALY = XTW = U) + L[y = xTW - U]}
and
S\ _ ik ~k ko AP 5 2
Gk W, V.Y, V) =85,V = W) + (85,Y = F) + (85, =)+ 218 = Y3+ |V - Wi}

+Y = F7).

By direct calculations, we have
k -k
P A2
gix(W,U,Y) :Tr(YTLY)—i—?HY—XTW—U—k—kHF ‘ H
p
and

K2, gy o a2
e e R s R L gs L W (1)
F prIlE prIF

5+ 1221

14
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Thus, both g (W, U,Y) and g2 (W, V)Y, F,f’) are bounded below. Consequently, the
function Ly defined by (21) is bounded below and coercive for each k € N.

Next, we prove the boundedness of the sequence {Tk’j }jen for each k € N by contradiction.
Assume, for contradiction, that there exists kg € N such that the sequence {T%0J }jen is
unbounded, i.e., lim;_,o [|T%0|| = co. Then,due to the coerciveness of the function Ly, it
follows that the sequence {Ly,(T*7)};cny must diverge to infinity.

We now define the following terms:

Ly = L, (Whoot! phod hod yhod phod ghos)

~ko,J Ly (Whodt1 grho:d 1 ykod ykod phod yhod)
ko = Ly (Whodt1 ghod+L yko g+l iykod | phod yhody
kw = Ly (Whod L rkod L yrhodtl ykot1 pho. i}ko,j),
ko J =Lk, (Wko,j—i-l’ Uko"j+1, Vko’j+1, Yko’j'H’ ]3']‘3073""17 i}ko,j)‘

Applying the update rules (14)—(19), we obtain the following inequalities

ko )j
1

~ C ) . ,
Lj + —5— (Wt — W3 < Ly, (TF07);

kO»j
L C2 ‘|Uko,j+1 o Uk07j||2 < El .
ko.j T 92 F = L 5
ko,j
13 03 Hvkoyj-i-l _ Vkod < 12
ko T 2 ko,j°

ko,j
L C40]||Yko7j+1 Yk:oyj||2 < L
ko»] 9 ko,j

kO»j
L 05 ||Fko,j+1 o Fko,j||2 < E4 .
ko.j T 92 F > Ly s

. (j’“o S -
ki k ki
LkO(T o,J+1) 4 6 ; HY 0.+l _y O’]H% < Lzo,j'

Summing all the inequalities above yields:
ko,j+1 Q ko,j+1 ko,7 112 ko,J .
Ly (T%0941) 4 S| TRt Thod |3, < 1y (T409), j €N,

This implies that {Ly,(T%07)};cn is a nonincreasing sequence. Since it was previously
assumed to diverge to infinity, we reach a contradiction. Hence, the sequence {T*J }ien
must be bounded for each k € N.

From the above analysis, and by invoking Attouch et al. (2013, Theorem 6.2), we conclude
that for each k € N, the sequence {T%} <y has finite length, i.e., P | TkI+L TR < oo,
and converges to a critical point of L. Finally, based on the expression of ©%7 in (20), it
follows that for each k € N, we have ||©%J]|, — 0 as j — oo. This completes the proof. W
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5. Convergence Analysis of Our Inexact ALM Method

In this section, the convergence of the inexact ALM method presented in Algorithm 1 is
discussed. We begin by reformulating problem (7) using vector notation. Let & € R2dct4ne
denote the column vector obtained by concatenating the columns of the matrices W, U, V, Y, F,
and }7, ie.,

x := Vec([W|U|V|Y|F|Y)). (24)

clet+l) | .
Define the set ' := {x € R2dct4n¢ | p(z) = 0}, where p(x) € R™ 2 is the vectorized form of
the lower triangular part of the symmetric matrix YTY — I.. Using these notations, problem
(7) can be rewritten as:

minf(z) s.t. h(x) =0, (25)

xzel’

where h(x) € R3¢ is defined by
h(z) == Vec([Y — XTW —U|V — W|Y — F|Y —Y)).
The objective function f(x) is given by:

C

n d
fla) =Y VILY; 4+ AWy l5 + 0s/(Fy) + Y allUillz + > Bl Vi,
j=1 i=1 i=1

where Y.;, W.;, and F.; denote the column vectors of Y, W and F', respectively, and U;. and V;;
denote the row vectors of U and V, respectively. Additionally, S’ ={y e R" |0 <y <1}.

Let A := Vec([A1|A2|A3|A4]), m1 = 3nc + de, and my = C(CTH) For notational
convenience, let h; for i € [m1] and p; for i € [mg] denote the i-th components of h and p,
respectively. The corresponding augmented Lagrangian function associated with problem

(25) is then defined as

L(x,A;p) == f(x) + Z Aihi(z) + g Z(hi($))2v
i=1 i=1

where & € I". To facilitate the subsequent convergence analysis, we introduce the definition
of a stationary point for problem (7), which is formulated based on the following function:

FW,UV,Y,FY) = Te(YTLY) + a[|Ulla,1 + BI|V |21 +7IW|F + b5, (F).

Definition 7 We say that T* := (W*, U*,V* Y* F*, 57*) is a stationary point of problem
(7) if there exist Z* € OF (T*), A* == (A%, A5, A5, A) € R™¢ x RIXC x R™¢ x R™*¢ and
T* € R*¢ such that the following conditions are satisfied
Z* + V(( LY = XTW* —U) + (A5, V' = W™y 4+ (A3, Y" — F™)
ALY Y (XYY - 1)) = 0,
Y= F U =Y - XTW* V*=W* Y =Y*VV*=1T.
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Clearly, (W*, U*, V* Y* F*, 17*) is a stationary point of the problem (7) if and only if
the vector &* := Vec([W*|U*|V*|Y*|F*|Y*]) is a stationary point of the problem (25). That
is, there exist * € f(x*), A* € R™ | and v* € R™2 such that the following system holds

0 + > ML NiVhi(z*) + > v Vpi(z*) = 0,
h(z*) = 0, (26)
p(x*) = 0.

Before proceeding, we claim that for any & € I', the gradient vectors of h and p, i.e.,
{Vhi(z)}", U{Vp;i(x)}** are linearly independent. Specifically, we show that

Zszh +Zyzm =

if and only if g; = ¢; = 0 for all 4. This linear independence is a key component in establishing
the convergence of Algorithm 1.

Lemma 8 Suppose that & € I'. Then, the gradient vectors {Vh;(@)}", U{Vp;(Z)}2? are
linearly independent, where the functions h and p are defined as in (25).

Proof For convenience, we define the block diagonal matrices A € Réxn¢ B ¢ Rdexde apq
C € R"*"¢ a5 follows:

*X Id In

-X I, I,
Based on the structure of @ defined in (24), the Jacobian matrices Jh(x) and Jp(x) can be
expressed as

i A -B Odcxnc Odcxnc 17 i Odc><m2 17
—C Oncxdc Oncxnc Oncxnc Oncxmg
_ Odcxnc B Odc><nc Odcxnc _ Odcxmg
Jh(w) N C Oncxdc C —C and Jp(x) N OncXm2 ’
Oncxnc Oncxdc -C Oncxnc Oncxm2
L Oncxnc Oncxdc Oncxnc C J L G((IZ) J

where G(x) is defined in (27) and {Y } _, denote the column vectors of Y.

Since « € I', the column vectors {Y }¢_, are orthogonal to each other. Therefore, the
columns of G (:c) are mutually orthogonal. Note that the first 3nc + 2dc columns of Jp(x)
constitute a zero matrix. Consequently, based on the structures of Jh(x) and Jp(x), it
follows that the gradient vectors {Vh;(€)}™ U {Vp;(€)}2% are linearly independent for
any x € I'. |

Let {T"}ren be the sequence generated by Algorithm 1. We now demonstrate that this
sequence is bounded, which ensures the existence of at least one convergent subsequence of

{T*} ken.
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2Y Yo Y3 Vie  Onxi Onxi - Onx1 Onx1 Onxi  Onxi
Onxi Y1  Onx1 o Onx1 2V Vi3 Yie : : .
Gl@) = Onx1 Onxi  Ya o+ Onx1 Onx1i Yo v Onxi -+ Opxi Onxa
: . . Oﬂxl A 2¥i. 1 A?:c OnA><1
Onx1  Onx1 v+ Opx1 Ya  Onxa o+ Opx1 Yo Onx1  Yie—1 23’:((:27)

Lemma 9 Suppose that the parameters r and p' in Algorithm 1 are chosen such that r > 1
and p* > 0. Then, the sequence {Tk}keN 1s bounded, and consequently, it contains at least
one convergent sequence.

Proof It follows from (10) that the sequence {F*}.cy and {Y*},cn are bounded. The
first four partial subdifferentials of L in (11) guarantee the existence of &8 € ad||U||2.1,
¢k € BO||V |21, and M* = (MF, MY, MY MF) € RPX¢ x R?X€ x RIX¢ x R" ¢ guch that

MF =0k — XRF —RE — pEX (YR - XTWE — UF) = pR(vE - W),

Mf =gb — Ry - pP(vE - XTWE - ),

Mf =¢F + Ky + pH (VE = W),

MF =2LY* + AY + RS — A + pF(VE — XTWE — UR) + b (YR — FFY — pR(TF - YH),

where ||M*|| < €*. By adding M¥ and M}, we obtain .
ME + MF = €% + (2L + 20F1)Y* + Ay — K — pFFF — phYF,
which implies
Y* = [2(L + p1)] 7 (ME + MF — €8 —Rs + RY + pFFR + pFVH), (29)
Let Ddiag(oy,- -+ ,0,)DT be the SVD of the symmetric and positive semi-definite matrix L.

Then, from (29), we obtain

1 1 1 —k  —k
Y* =Ddia, , DY (MY + MF —¢F — A5 + A
(T Ty o ) DT M= R R
k k k
. p P P k| vk
+ Ddia , oo, —— ) DT(FF 4+ YF).
g<2<al+pk> 202 + o) 2<an+pk>> ( :

(30)
Since {p*}ren is non-decreasing and 2(L + p'I) = 0, it follows that 2(L + pFT) = 0 for all
k € N, implying 2(o; + p¥) > 0 for all i = 1,2,--- ,n. Therefore, we have

(o

2
1 .
0< b < 4 i= 12 m

0< st < s <400, i=1,2,---,m;
{ ) +pb) (31)

Note that the sequence {£*}ren, { M5} ren, {MF ren, {K’;}keN, and {Ki}keN are all bounded.
Then, from (30) and (31), we conclude that the sequence {Y*},cy is bounded.
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Similarly, from the expressions of M¥ and M¥ in (28), it follows that the sequences
{pF(VF — W) }en and {pF(Y* — XTW* — UF)} oy are bounded. Therefore, from the
expression for MY in (28), we deduce that the sequence {W*}cy is also bounded. Since
p* > p! , this implies that the sequences {Vk Whhien and {YF — XTWE — Uk}, oy are
bounded as well. Hence, the sequences {VFen and {U*} ey are bounded. In conclusion,
the sequence {(WF*, U*, Vk Yk, FF Yk)}keN is bounded. The proof is complete. |

As noted in Remark 4, the vectorized representation of the normal cone dds, (T') = Ns, (T')
for T' € 87 can be written as

Ne(z) = {Tp(@)Tolo € R} = {3 0, Vpi(a)|v € R}

i=1
for & € T', since the linear independence of the gradient vectors {Vp;(x)}"3 (see Lemma 8)
ensures rank(Jp(x)) = mg. Therefore, based on the well-definedness of (11) and its

vectorized formulation, we can obtain a sequence of solutions &* such that, for each k € N,
there exist vectors 8% € df(x*) and v* € R™2 satisfying

mi
6% + 3 (% + phiat) +Zv VPi(a)lloe < ¢ (32)
=1

where X' = Vec([Klf|Kg|K3|Ki]). In what follows, leveraging Lemma 8 and Lemma 9, we
demonstrate that any accumulation point &* of the sequence {wk}keN, i.e., the sequence
obtained by vectorizing {T%}cn, is a stationary point of problem (25).

Theorem 10 Let {x*}cn be the sequence generated by Algorithm 1, and let * be an accu-
mulation point, i.c., there exists a subsequence {x*}pex with K C N such that limpexc *
Then x* is a stationary point of problem (25).

= x*.

Proof We first demonstrate that x* satisfies the feasibility conditions of problem (25), i.e.,
h(z*) = 0 and p(x*) = 0. From (10), we know that p(x*) = 0 for all £ € N. The continuity
of function p then implies p(x*) = 0, so * € I". To show h(x*) = 0, we consider two cases
depending on whether the penalty sequence {p*}1en is bounded.

Case I. Suppose the sequence {p*}ren is bounded. By the update rule of penalty
parameter in (12), p* eventually stabilizes after some ko, implying that ||h(z*1)[s <
7||h(x¥)|| oo for all k& > kg, where 7 € [0, 1). By standard continuity arguments, we conclude
that h(x*) = 0.

Case II. Now assume that the sequence {p*}ren is unbounded. From (32), for each
k € K, there exists a vector d* satisfying ||d¥||o < €, where € | 0, such that

mi m2
0" + 3 (X + phi(@) Vhi(a®) + 3 ol Vpi(a") = d* (33)
=1 3

for some 6% € 9f(x*). Dividing both sides of (33) by p*, we obtain

m1  ~k

> <ATZ +hi(z ) +Zﬁ’“sz _ 4= ok, (34)

i1 P Pk
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where 0% = U—k Define
H(x)" := [Jh(z)" Jp(x)T]

and N
)\ by R R T
nk = < L hy(ab), -, o + B, (2F), 08, - ,U7]§12> .
pk P
Then, (34) can be rewritten as
dk — 6F
H(z")Tn* = —-
p

Since the gradients Vh; and Vp; are continuous, it follows that H(x*) — H(z*) as k — oo
with & € K. Given that * € I' and by Lemma 8, the gradient vectors {Vh;(x*)}™ U
{Vpi(x*)}% are linearly independent, so H(x*) has full rank. Thus, H(z*)H(z*)T —
H(x*)H(x*)T > 0. By the fact that eigenvalues of a symmetric matrix vary continuously
with its matrix values Horn and Johnson (2012), for sufficiently large k € K, H(xz*)H (z*)T
is nonsingular, and we obtain

k _ pk
ot = [H(M)H@’f)wlﬂ(wk)m.

Since the function f is convex, the set Ugpcxdf () is bounded whenever X is bounded.
A proof of this result can be found in Bertsekas (1997, Proposition B.24(b)). By letting
X = {2} 1ex and invoking Lemma 9, which establishes the boundedness of {x*}cic, we
conclude that the sequence {6*},cx is also bounded. Moreover, since ||d*||o < €* | 0 and
the penalty sequence {p*}ren is unbounded, it follows that for k € K,

n* =0, ask— oo

Finally, noting the boundedness of the multipliers {Xk}ke;c, we conclude that h;(x*) = 0 for
all i. Hence, h(z*) = 0, as desired.

Next, we show that x* is a stationary point. Since {Ok}ke;g is bounded, there exists
a subsequence K; C K such that limpex, 8 = 6*. Also, since limpexc, ¥ = x* and
0% € 0f(x"), by the closedness property of the subdifferential we obtain

0" c Of(x").
By the update rule \F™ = X? + pFhi(2*) for all 4, (32) implies that for all k € K,

0" + Z NI R, (%) + Z EVpi (2F) = d, (35)
i=1

where 8% € 9f(z*) and d* satisfies ||d*||o < ¢* | 0. Define
wk = ()\]f+1 7)‘]7§1t17 ’fa Tt 7vk )T' (36)
Then, (35) becomes
H(z")Tw* = d* — 6",
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As before, for sufficiently large k € K, the matrix H(z*)H (x*)T is nonsingular. Conse-

uently,
! ’ WP = [H(z*)H («*)T| L H (") (d" — 6%).

Taking the limit as k — oo with k € K; , we obtain
Wwr — w* = —[H(z*)H(z*)T] 1 H(xz")6".

Passing to the limit in (35) as & — oo with k£ € K , we arrive at

mi ma2
0 +> AVhi(z*) + Y _vjVpi(x*) =0,
=1

=1

where A7 and v are the respective limits of )\fﬂ and vF. The existence of w* guarantees
the existence of these multipliers. Therefore, (26) holds, and * is a stationary point of
problem (25). [ |

By combining Lemma 9 and Theorem 10, we immediately obtain the following convergence
result in matrix form.

Theorem 11 Let the parameters satisfy r > 1 and p' > 0 in Algorithm 1, and let {T*}pen
be the sequence generated by Algorithm 1. Then, the accumulation point set of {T*}ren is
nonempty, and every accumulation point is a stationary point of the original problem (7).

6. Experiment Study

In this section, we conduct numerical experiments to demonstrate the effectiveness of
Algorithm 1. All experiments are performed using MATLAB (2020a) on a laptop of 16G of
memory and Inter Core i7 2.3Ghz CPU . We compare our method against several state-of-
the-art unsupervised feature selection methods on ten real-world datasets. These datasets
include one speech signal dataset (Isolet*), two microarray datasets (lung¥, 9 Tumors'),
and seven image datasets (UMIST?, JAFFE(Lyons et al. (1999)),0RLY,COIL20Y, YALEB?,
CMU-PIE(Sim et al. (2003)), warpPIE10PY). Table 1 summarizes the details of these ten
benchmark datasets used in the experiments. In addition to verifying the effectiveness of
our method on the above datasets, we also provide analyses on stability, robustness, feature
recovery capabilities, and parameter sensitivity. Moreover, we report the computational
complexity of the iterative algorithms.

Methods to Compare. We compare the performance of Algorithm 1 with the following
unsupervised feature selection methods:

e Baseline: All of the original features are adopted.

e MaxVar (Krzanowski, 1987): Features corresponding to the maximum variance are
selected to obtain the expressive features.

. https://jundongl.github.io/scikit-feature/datasets.html

. https://github.com/primekangkang/Genedata

. https://cs.nyu.edu/ roweis/data.html

. http://www.cad.zju.edu.cn/home/dengcai/Data/data.html

wN A4 — ¥
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Table 1: Dataset Description
’ Dataset ‘ Size ‘# of Features ‘ # of Classes‘

Isolet 1560 617 26
UMIST 575 644 20
JAFFE 213 676 10

ORL 400 1024 40
COIL20 |1440 1024 20
YALEB |2414 1024 38

CMU-PIE | 832 1024 68
warpPIE10P | 210 2420 10
lung 203 3312 5
9_Tumors 60 5726 9

LS (He et al., 2005): Laplacian Score, in which features are selected with the most
consistency with Gaussian Laplacian matrix.

SPEC (Zhao and Liu, 2007): According to spectrum of the graph to select features.

MCEFS (Cai et al., 2010): Multi-cluster feature selection, it uses the l;-norm to
regularize the feature selection process as a spectral information regression problem.

NDFS (Li et al., 2012): Nonnegative discriminative feature selection, which addressed
feature discriminability and correlation simultaneously.

UDFS (Yang et al., 2011a): Unsupervised discriminative feature selection incorporated
discriminative analysis as well as [ ;-norm minimization, which is formalized as a
unified framework.

UDPFS (Wang et al., 2022): Unsupervised discriminative projection for feature
selection to select discriminative features by conducting fuzziness learning and sparse
learning simultaneously.

Evaluation Measures. Similar to previous work, and based on the attained clustering
results and the ground truth information, we evaluate the performance of the unsupervised
feature selection methods using two widely utilized evaluation metrics, i.e., clustering
ACCuracy (ACC) and Normalized Mutual Information (NMI) (Yang et al., 2011a). The
higher the ACC and NMI are, the better the clustering performance is.

Given one sample x; € {x;}!,, denote y; be the ground truth label and I; be the

predicted clustering label. The ACC is defined as

1 n
A = - 05 1))
CC=—>  o(yi,map(L;))

=1

where d(a,b) = 1 if a = b; otherwise d(a,b) = 0, and map(l;) is the permutation mapping
function that maps each cluster label [; to the equivalent label from the data set.
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Given two random variables P and (), P denotes the true labels and () represents
clustering results. The NMI of P and @ is defined as:

I(P;
NMI(P7 Q) = ( ’ Q) 9y

H(P)H(Q)
where I(P; @) is the mutual information between P and @, H(P) and H(Q) are the entropies
of P and Q), respectively.

Experiment Setting. In our experiments, the parameters of Algorithm 1 are set as
follows:

7=099, r=101, p=c/2, A; =RAs=2n;=O0nce, Nb=Oune,
and
ANmin = —100E, Anmar = 100E (N =1,2,3,4), " =0.995% (ke N).

The parameters in Algorithm 2 are set as C = Cf J = C = 0.5. The iteration is terminated
if the iteration number exceeds 20.

Among the compared methods, several hyper-parameters need to be specified in advance.
We fix number of neighboring parameter k = 5 for LS, SPEC, MCFS, UDFS, NDFS, and
our proposed method. Since the UDPFS method involves some finely tuned parameters
in its original implementation, we follow the grid-search strategy specified in the original
paper to tune its parameters. For all other methods, we perform grid search over a common
range of values {1076,1075, 1074, -+ ,10%,10°, 10%}, and report the best clustering results
from the optimal parameters for all the methods. Since the optimal number of selected
features is unknown, we set different number of selected features for all datasets, tuning
the selected feature number from {50, 100, 150, 200, 250,300}. After completing the feature
selection process, we use K-means algorithm to cluster the data into ¢ groups. Since the
initial center points have a significant impact on the performance of K-means algorithm, we
conduct K-means algorithm 20 times repeatedly with random initialization to report the
mean and standard deviation values of ACC and NMI.

In the following subsections, we systematically evaluate the proposed method in terms
of clustering performance, stability, robustness, feature recovery capability, parameter
sensitivity, and computational complexity.

6.1 Clustering Performance Analysis

The experiments results of different methods on the datasets are summarized in Tables 2
and 3. The best results are highlighted in red. It can be observed that our method performs
the best on the vast majority of datasets. Even on a few datasets where it does not achieve
the optimal results, its performance is still quite good, especially on the 9_Tumors dataset,
where it achieves the second-best performance.

Considering the averaging of all numerical results, it is evident that the performance
of our method surpasses that of other state-of-the-art methods. The superior performance
of our method can be attributed to the following aspects: Firstly, we employ a technique
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similar to NDFS to establish the model, i.e., simultaneously learning the pseudo class label
indicators and the feature selection matrix. However, unlike NDFS, we utilize [ 1-norm to
characterize the linear loss function between features and pseudo labels, while also considering
the prevention of overfitting. Secondly, unlike the commonly used processing methods, we
apply a convergent algorithm that can simultaneously optimize all variables in the feature
selection model. In the previous section, we have proven the convergence property of our
algorithm. Since the iterative sequence of our algorithm converges to stationary points, it
achieves better results than other methods.

In addition, we conduct a sensitivity analysis on the number of clusters ¢. For datasets
with more than 10 clusters including “Isolet,UMIST,ORL,COIL20,YALEB, CMU-PIE”,
we set the perturbation to 5 clusters; for datasets with fewer than 10 clusters including
“JAFFE, warpPIE10p, lung, 9_Tumors”, we set the perturbation to +1 cluster. Under these
perturbation conditions, we study the feature selection performance of the proposed method.
The corresponding results are shown in the last two columns of Tables 2 and 3. “Ours_”
represents the results corresponding to the number of clusters minus 1 or minus 5 for the
respective dataset, while “Ours;” represents the results corresponding to the number of
clusters plus 1 or plus 5. When the performance under cluster perturbation is better than
other methods, we highlight the results in green.

As can be seen from the results, the accuracy of cluster estimation has minimal impact
on experimental performance. For instance, in the “UMIST, ORL, COIL20, CMU-PIE,
warpPIE10P, 9_Tumors, YALEB” datasets, the results with inaccurate cluster estimations
were better than those with accurate cluster numbers. This indicates that the proposed
method does not heavily rely on knowing the exact number of clusters in advance. Moreover,
the performance results showed minimal fluctuations when the number of clusters for small
datasets changed from cluster number —1 to cluster number +1, and for large datasets, from
cluster number —5 to cluster number +5. Overall, these results demonstrate that our feature
selection method is highly robust and stable with respect to cluster number estimation,
maintaining good performance even when the number of clusters is inaccurate.

Table 2: Clustering results (ACC£STD%) of different feature selection methods on the
real-world datasets.

Dataset All features LS Maxvar MCEFS NDFS SPEC UDFS UDPFS Ours Ours_ Oursy
Isolet 60.9£2.1 58.7£1.5 | 56.9+2.3 64.54+4.3 61.6+4.4 56.543.0 57.84+ 3.1 | 49.7+£2.3 | 65.8£3.9 63.7£3.8
UMIST 41.842.7 45.9+2.9 | 45.8+2.8 46.3+3.6 47.842.6 47.943.0 45.7+ 2.5 | 45.9+2.8
JAFFE 72.54+9.2 74.0£7.6 | 67.3+5.8 78.849.1 74.7+6.9 76.9+7.2 75.84 8.5 | 75.7+7.8 | 80.4+6.6
ORL 49.7+3.2 49.9+2.4 | 50.8+1.4 55.7+£3.7 50.54+3.0 | 51.4+ 2.2 53.3+4.1 52.04+3.7 | 52.9+3.4 | 53.3+£3.1 | 53.7+£2.7
COIL20 62.7£3.1 62.2+1.9 | 61.4+1.6 63.0+3.7 58.7+ 4.1 65.5+£3.8 60.24+4.2 57.5+3.6 | 61.6+3.8 | 62.3+4.4 | 63.0+£3.5
YALEB 10.0+0.6 11.440.6 9.64+0.3 17.140.6 21.9+ 0.6 8.6+£0.2 14.5+0.7 11.4+0.3 | 26.3£1.1
CMU-PIE 25.1£1.1 25.1+1.1 | 30.8+1.2 26.5+1.0 34.6+ 1.5 | 25.1+1.1 29.3+1.1 24.5+0.7 | 35.1+1.6
warpPIE10P 25.7+1.4 30.2+0.4 | 28.5+2.6 33.242.7 40.0+ 3.3 | 27.1+0.7 44.6+4.3 46.8+3.1 | 50.14+5.5
lung 65.0£3.6 74.940.2 | 68.049.4 | 77.6+11.0 | 63.3+6.9 64.14+7.9 | 72.3£10.9 | 78.248.1 | 82.447.9
9_Tumors 40.84+3.7 42.3+2.6 | 41.242.6 42.443.6 44.0+3.7 35.842.4 43.04+ 4.3 | 46.8+4.1 | 44.1+4.1 | 43.3£3.6 | 45.0+£4.3
Mean 45.44+3.1 47.5+£2.1 | 46.0+£3.0 | 50.5%+4.3 49.7+£3.7 | 45.943.2 | 49.7£4.4 | 48.9£3.7 | 55.3+4.2

In our proposed method, the processes of spectral clustering and feature selection are
conducted simultaneously, thus influencing each other. Considering the spectral clustering
process itself, we observe that all features in a high-dimensional dataset X, including noise
and irrelevant features, can impact the pseudo class labels Y. Therefore, when building
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Table 3: Clustering results (NMI£STD%) of different feature selection methods on the
real-world datasets.

Dataset All features LS Maxvar MCFS NDFS SPEC UDFS UDPFS Ours Ours_ Oursy
Isolet 75.7+0.8 73.240.9 | 74.841.3 | 77717 | 771+ 2.2 | 724411 | 74.7£1.8 | 68.0£1.1 | 80.5£1.3
UMIST 62.3+2.3 63.9+1.8 | 63.5+1.5 | 66.7£1.9 | 66.5+1.8 | 65.2+2.0 | 65.9+£1.8 | 66.2+£1.7 | 70.5£1.2
JAFFE 80.0£5.7 79.4+£7.0 | 70.3+4.2 | 83.4+5.0 | 83.14+3.4 | 82.84+3.8 | 84.8+3.7 | 84.8+3.6 | 89.0£5.2
ORL 70.0£1.7 711+ 1.3 | 70.7£ 2.1 | 76.841.8 | 73.2+£1.9 | 71.44+ 1.3 | 74.7+1.6 | 74.2+1.5 | 74.9+1.7 | 74.3+1.4 | 74.4+1.1
COIL20 77.1+1.3 72.5+£1.1 | 71.94£0.7 | 76.5+£1.7 | 74.0+ 1.6 | 75.3+1.6 | 75.4+1.3 | 73.7£1.3 | 76.3+2.3 | 76.5+2.4 | 76.7£1.7
YALEB 14.24+0.7 18.4+1.0 | 13.14£0.4 | 30.6+0.7 | 37.6+£0.7 | 12.74+0.2 | 23.9+0.8 | 20.2+0.5 | 42.7+0.6

CMU-PIE 52.2+0.7 52.240.7 | 58.940.6 | 53.740.7 | 62.1£ 0.5 | 52.240.7 | 56.840.9 | 52.3£0.8 | 62.60.6
warpPIE10P 25.3£3.0 29.6+2.9 | 24.742.8 | 35.943.4 | 40.7£3.1 | 25.343.0 | 48.242.8 | 51.0£4.7 | 53.0+3.7

lung 51.6x1.9 53.1£ 0.5 | 57.8+£ 3.9 | 67.5£7.0 | 53.0&3.5 | 52.54+ 5.6 | 61.3£5.8 | 64.9£3.1 | 69.0+4.4
9_Tumors 39.5£3.1 41.0£2.3 | 40.2£2.5 | 41.1£2.7 | 44.7£4.5 | 34.5+£2.4 | 44.1£4.3 | 48.544.7 | 44.8£3.2 | 44.943.0 | 46.7£3.2
Mean 54.8+2.1 55.442.0 | 54.6£2.0 | 61.0£2.7 | 61.2+2.3 | 54.442.2 | 61.0+2.5 | 60.4£2.3 | 66.3+2.4

the model, we establish a linear regression model between the pseudo class labels Y and
the high-dimensional data X through the feature matrix W, and introduce Frobenius norm
regularization to prevent overfitting. This regularization method effectively prevents the
model from excessively relying on noise or irrelevant features when the number of features
is large, thereby affecting the effectiveness of spectral clustering and ultimately leading
to inaccurate feature selection. To illustrate the necessity of incorporating the overfitting
prevention term, we conduct an ablation study. By setting the regularization parameter
to 0 and using the same experimental setup as before, we employ a grid search strategy to
test the clustering performance of the proposed method on various datasets without the
overfitting prevention term. The result can be shown in Table 4.

Experimental results show that without the Frobenius norm regularization, the clustering
performance of the model significantly decreases. This indicates that regularization plays a
crucial role in the feature selection process, effectively enhancing the model’s robustness and
accuracy. Through regularization, the model can reduce sensitivity to noise and irrelevant
features while enhancing focus on useful features. This improves the clustering performance
and feature selection accuracy, enabling the model to maintain good performance when
dealing with high-dimensional and complex datasets. Therefore, incorporating the overfitting
prevention term is essential for improving the effectiveness of our method.

Table 4: The clustering results of the proposed feature selection method on the real-world
datasets without regularization terms to prevent overfitting.

Dataset Isolet UMIST JAFFE ORL COIL20 YALEB | CMU-PIE | warpPIE10p lung 9_Tumors Mean
ACCESTD% | 65.8+3.9 | 52.8+2.7 79.1+£8.7 | 51.9+£3.1 | 61.5+4.8 | 24.4£1.0 34.0£1.3 43.1+4.1 65.4+8.1 | 41.24+4.4 | 51.9+4.2
NMI£+STD% | 80.4+1.3 | 70.2+ 1.8 | 89.0+ 5.2 | 74.6+1.6 | 76.2+ 2.0 | 40.3+0.8 | 62.1+0.7 45.0+3.0 55.844.0 | 43.6+£ 4.0 | 63.7£2.4

6.2 Stability Analysis of Unsupervised Feature Selection Methods

In this subsection, we evaluate the stability (Nogueira et al., 2018) of all unsupervised
feature selection methods. Specifically, we investigate whether the feature selection method
proposed in this paper, as well as the comparison methods, can consistently select the same
subset of features across different subsets of the original data. We fix the number of selected
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features to 300. To ensure the accuracy of the evaluation, we employ the following procedure
to achieve and validate this goal.

First, we adopt the k-fold cross-validation technique. Specifically, we divide the data
into k subsets and independently run the feature selection method on each subset. After
independently running the feature selection method on each subset, we compare the features
selected in each run. The stability of feature selection will be evaluated using a consistency
metric. In this paper, we use the Jaccard similarity coefficient (Leskovec et al., 2020) to
measure the similarity of feature selection across different cross-validation folds. The Jaccard
similarity coefficient is used to calculate the similarity between two sets and is given by the
formula:

|AN B|
J(A,B) = AUDB
where A and B are the feature subsets selected in two different runs. Based on this, we
construct a symmetric Jaccard similarity matrix J € R3*3 with diagonal elements set to 0,
and compute the average value of the non-zero elements in J.

We compare the method proposed in this paper with other unsupervised feature selection
methods to evaluate their performance. This comparative analysis will help assess the
effectiveness and stability of the proposed method. In the experiment, k is set to 3, and all
the parameters follow the previous settings. We repeat the above process 5 times and record
the average results. Finally, we report the best results of all the algorithms using different
parameters. The detailed results can be found in the Table 5. The best results are highlighted
in red. It can be observed that our method demonstrates higher feature selection consistency
across all datasets compared to other comparison methods, demonstrating greater stability
in feature selection.

Table 5: Stability analysis of different feature selection methods on the real-world datasets.

Dataset LS Maxvar | MCFS | NDFS | SPEC | UDFS | UDPFS | Ours
Isolet 85.2% 91.0% 33.4% | 84.8% | 87.1% | 76.3% 89.5% 91.9%
UMIST 60.6% 86.1% 32.2% | 66.3% | 82.0% | 63.7% 47.4% 88.1%
JAFFE 67.0% 80.0% 38.1% | 81.8% | 84.8% | 63.0% 53.6% 91.7%
ORL 56.0% 60.9% 22.0% | 85.2% | 79.8% | 53.4% 38.3% 92.5%
COIL20 74.1% 87.3% 23.6% 79.4% | 90.1% | 42.4% 46.1% 92.7%
YALEB 83.8% 85.2% 17.7% | 67.7% | 85.3% | 67.4% 76.3% 87.6%
CMU-PIE 74.3% 72.3% 20.0% | 80.5% | 87.5% | 51.3% 62.6% 90.1%
warpPIE10P | 47.8% 53.2% 17.9% | 21.9% | 59.3% | 26.6% 35.1% 61.1%

lung 31.4% | 62.9% 22.6% | 83.1% | 61.8% | 32.9% 22.8% 94.1%
9_Tumors 6.5% 63.0% 52.3% | 76.3% | 13.6% | 59.4% 5.0% 86.3%
Mean 58.7% | 74.2% 28.0% | 72.7% | 73.1% | 53.6% 47.7% 87.6%

6.3 Stability Analysis of Iterative Algorithms

We will now demonstrate that our algorithm is more stable than other iterative algorithms
including: UDPFS (Wang et al., 2022), NDFS (Li et al., 2012) and UDFS (Yang et al.,
2011a). Following the notation in Li et al. (2012); Yang et al. (2011a); Wang et al. (2022),
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we denote the feature selection matrix as W in these methods and define

_ Wiea = Willr
Wi — Wi_1|[r’

where W}, represents the k-th iterative point. To thoroughly assess the stability of our
algorithm, we randomly initialize cluster indicator matrix Y and feature selection matrix
W 20 times. Under the parameter setting of the optimal results obtained by corresponding
method, we record the average results of . The experimental results are presented in Figure 1.

It can be observed that the value of n for other three methods fluctuates irregularly,
whereas our method stabilizes after fewer iterations and consistently remains below 1. Further
analysis shows that, with an increasing number of iterations k, the norm ||[Wy11 — Wl F
gradually decreases in our method. This indicates that our method ensures the sequence
{Wy}ren changs regularly according to the iterative rules, with the “distance” between
the adjacent points W1 and Wj, progressively reducing. This observation aligns with the
convergence theory we previously proved. In constrast, since the values of  of UDPFS,
NDFS and UDFS exhibit irregular fluctuations, indicating that their iterative sequences
{Wg}ken “jump” unpredictably and lack a clear convergence trend. Therefore, our algorithm
is more stable during the iterative process.

6.4 Feature Recovery Capabilities

In this subsection, we investigate the feature recovery capabilities of the proposed feature
selection method using synthetic datasets with predefined relevant and irrelevant features.
While the experiments in Section 6.2 focused on the stability of selected features, our goal
here is to directly evaluate the method’s ability to recover the true underlying features.
To this end, we construct synthetic datasets where the ground-truth relevant features are
known a prior and are mixed with additional noisy features. This controlled setup enables a
quantitative assessment of how accurately the method identifies the true features and to
what extent it mistakenly selects irrelevant ones.

To facilitate the following description, we define each synthetic dataset X to have the size
Ngample X N features WHere N feqture = Nirue + Nnoise- Here, nypye denotes the number of true
features, npoise denotes the number of noise features, and 1,,,.. represents a row vector of ones
with length n.... We generate synthetic datasets of various sizes with nggmpre € {200, 1000},
e € {200, 300,400,500}, and n,eise € {200,400,800,1200}, resulting in 32 different
combinations summarized in Table 6. All Gaussian clusters are generated with equal sample
size.

Synthetic data with independent noise. We first construct synthetic Gaussian mixture
datasets following the idea in (Dy and Brodley, 2004), where relevant features are sampled
from Gaussian clusters and irrelevant features are independently drawn from Gaussian noise.
Specifically, for each cluster k, all relevant features are independently sampled from a Gaussian
distribution with the mean corresponding to the k-th cluster center and a standard deviation
of 1. We use 4 clusters for nggmpre = 200 and 5 clusters for ns4ympe = 1000, with cluster centers
set to [£2, +4]x1,,,.. and [£2,+4, 6] x1,,,,., respectively. This yields the true feature matrix
Xirue € RMsampleXNirue  The irrelevant features X, pise € R™sampleXMnoise gre independently
generated from the standard Gaussian distribution A/(0,1), without any dependency on the
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relevant features. Concatenating them gives the data Xy, = [Xtrues Xnoise]. To eliminate
any positional bias, the columns of X¢., are randomly shuffled to produce the final dataset
X.

We apply the proposed method to the synthetic dataset X with the number of selected
features fixed at ngue, and evaluate its feature recovery capability by computing the
proportion of correctly identified true features. Since the Frobenius norm regularization
plays a key role in the selection process, we fix the regularization parameter v = 100, and set
a = 3 =1le—6. We evaluate all 32 combinations of nsumpie, Mtrue, Mnoise, and normalize each
sample to have unit ¢35 norm, and repeat every experiment 20 times with different random
seeds. The averaged results are reported in Table 6. The results show that as the number
of noise features increases, the feature selection accuracy of the proposed method remains
unaffected. The method consistently achieves perfect recovery by successfully identifying
100% of the true features. This excellent performance is attributed to the simplicity of the
synthetic setting, where irrelevant features are completely independent of the relevant ones,
yielding a clear separation between the relevant and irrelevant dimensions and enabling
perfect recovery.

Table 6: The proportion of relevant features selected by the proposed method across synthetic
datasets of different sizes under independent noise feature interference.

Nnoise

Tsample | True 9667400 | 800 | 1200
200 | 100% | 100% | 100% | 100%
300 | 100% | 100% | 100% | 100%

200 400 | 100% | 100% | 100% | 100%
500 | 100% | 100% | 100% | 100%
200 | 100% | 100% | 100% | 100%
1000 300 | 100% | 100% | 100% | 100%

400 | 100% | 100% | 100% | 100%
500 | 100% | 100% | 100% | 100%

Table 7: The proportion of relevant features selected by the proposed method across synthetic
datasets of different sizes under correlated noise feature interference.

TNnoise

Ttsample | Titrue =500 400 800 1200
200 | 92.0% | 85.3% | 72.8% | 64.5%
300 | 94.5% | 89.7% | 81.0% | 73.6%

200 400 | 95.7% | 91.9% | 85.2% | 79.4%
500 | 96.5% | 93.3% | 87.5% | 82.5%
200 | 92.2% | 85.9% | 73.5% | 64.5%
1000 300 | 94.7% | 89.9% | 80.9% | 74.1%

400 | 96.0% | 92.1% | 85.3% | 79.1%
500 | 96.6% | 93.6% | 88.0% | 83.2%
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Synthetic data with correlated noise. To make the task more challenging, we further
introduce a fraction of irrelevant features that are linearly correlated with the relevant
features, thereby introducing redundancy. The relevant features are generated in the same
way as described above. For the irrelevant features, we first sample Gaussian noise features
from N (0, 1) and then randomly select 10% of them to create perturbed copies of the relevant
features. Specifically, each selected noise feature g € R"samric is constructed as g = y + ¢,
where y is a relevant feature and € ~ AN(0, 1) represents independent Gaussian disturbance.
As a result, while most irrelevant features remain independent, a small subset exhibit strong
correlations with the relevant ones. The correlated noise features are concatenated with
the relevant features to form Xy, = [Xirue, Xnoise]- As in the previous case, we randomly
shuffle the columns of X ., to obtain the final dataset X used in this experiment.

We use the same experimental settings as before, repeat each experiment 20 times, and
report the averaged results. As shown in Table 7, recovery performance improves as the
number of relevant features increases but degrades as the number of irrelevant features grows.
For instance, when nggmpie = 200, ngrye = 200, and ny0ise = 200, among which 10% (i.e.,
20 features) are perturbed copies of relevant features, the total feature dimension is 400.
The number of selected features is fixed to n44.. Under this configuration, the proposed
method selects 200 features, among which 184 correspond to the ground-truth relevant
ones, yielding a recovery rate of 92%. When the number of noise features increases to 1200,
the recovery rate decreases to 64.5%, where 129 of the 200 selected features being truly
relevant and 71 being noise. This outcome can be attributed to the structure of the feature
set: among the total 1400 features, only 200 are truly relevant, while the remaining 1200
are noise, including 120 perturbed copies of the relevant features. These perturbed noise
features are highly correlated with the true features and constitute a substantial portion
of the candidate set (200 features). Notably, only 71 noise features are selected, which is
smaller than the total number of perturbed copies (120), demonstrating that the proposed
method is capable of filtering out redundant correlated features. Unlike the independent
noise case, the recovery rate is no longer 100%. This degradation arises because correlated
noise obscures the distinction between relevant and irrelevant features. Occasionally, the
method selects perturbed copies rather than the exact relevant features, leading to a reduced
success rate.

6.5 Robustness Analysis

In this subsection, we summarize the main results of our robustness analysis. To evaluate
the robustness of our model under different noise levels, we add Gaussian noise with a mean
of 0 and a variance of o2 to the dataset. Due to the varying ranges of element values in the
dataset, directly adding the uniform noise levels may lead to uneven effects across different
datasets. In particular, this might result in excessive noise in some datasets, masking key
features, while in others, the noise might be too minimal to effectively disturb the data,
thereby affecting the algorithm’s performance and the accuracy of the results. To address
this issue, we employ a method that adjusts the noise level based on the data range. This
ensures that the noise has a relatively consistent impact on data points of different scales
within their respective ranges, thus preventing excessive or insufficient noise effects on certain
datasets. Specifically, we first calculate the minimum and maximum values of each dataset
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X to determine the data range R := max(X) — min(X). Next, we choose a proportion
factor ¢ and set the noise standard deviation o as a certain proportion of the data range R,
i.e., 0 = o x R. Then, we generate a Gaussian noise matrix N ~ N(0,02) and add it to
the original dataset, i.e., X’ = X + N. In order to make a fair comparison, we conduct the
experiments under the parameter setting of the optimal results obtained by each method for
the chosen dataset. Meanwhile, in order to avoid the influence of the randomness of noise in
a single experiment, we uniformly do ten experiments for each noise level, and then average
the results as the final result.

Figure 2 and Figure 3 show the robustness of the iterative methods here considered on the
all datasets with different levels of noise. As shown in Figures, on COIL20, the competing
methods show relatively flat trends in ACC and NMI, whereas our method not only follows
the same trend but consistently outperforms them at every noise level. On seven other
datasets (Isolet, UMIST, JAFFE, YaleB, lung, CMU-PIE, and warpPIE10p), competing
methods suffer substantial declines in ACC and NMI as noise increases, while our method
maintains high performance throughout. Visually, only on ORL and 9_Tumors does our
method exhibit a pronounced step-wise decline in performance. Notably, on 9_Tumors, the
only significant drop occurs when noise increases from 5% to 10%, after which performance
remains stable-even up to 25% noise. More importantly, although our noise-free ACC and
NMI on these two datasets are lower than those of some competing methods, once noise is
introduced, our method consistently outperforms all alternatives.

To assess robustness more precisely, we introduce the performance-retention ratio:

R(o) = 52
A(0)°
where A(p) denotes the ACC or AMI at noise level o € {5%, 10%, 15%, 20%, 25%} added in
datasets and A(0) is the corresponding noise-free value (refer to Table 2 and Table 3 ).

We compare all methods based on their performance-retention ratios R(p) at the highest
noise level (¢ = 25%). As shown in Table 8, our method consistently achieves the highest
performance-retention ratio across all datasets, with the best results being highlighted in
red. On average, our method retains over 80% of its performance, and remaining above
this threshold on the vast majority of datasets and thereby clearly demonstrating strong
robustness under heavy corruption. In contrast, competing methods achieve an average
retention below 72%, and exceed 80% on only a limited number of datasets.

In conclusion, our method exhibits better robustness, both visually and quantitatively.
The experimental results show that as the noise level increases, our proposed method can
maintain stable performance across most datasets, indicating its strong resistance to data
perturbations. We test our method on multiple datasets, covering different fields and
application scenarios. Regardless of the noise level, our method consistently outperforms
other methods on all datasets. In particular, the newly introduced metric, known as
performance-retention ratio, provides clear evidence that our method offers greater noise
resistance compared to competing methods.

6.6 Parameter Sensitivity Analysis

Like many other feature selection algorithms, our proposed method requires several pa-
rameters «, 3,7 to be set in advance. To analyze the sensitivity of these parameters, we
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Table 8: Comparison of performance-retention ratios across methods.
Ours NDFS UDFS UDPFS

ACC | NMI | ACC | NMI | ACC | NMI | ACC | NMI
Tsolet 80.1% | 85.5% | 66.6% | 74.7% | 77.9% | 82.9% | 75.9% | 82.9%
UMIST | 80.1% | 89.6% | 62.8% | 63.6% | 80.3% | 81.8% | 82.8% | 83.4%
JAFFE 90.5% | 90.4% | 59.2% | 54.3% | 77.3% | 76.1% | 78.6% | 78.8%
ORL 56.7% | 73.4% | 41.0% | 57.1% | 54.0% | 66.9% | 55.8% | 68.1%
COIL20 | 97.4% | 95.9% | 95.9% | 93.8% | 92.0% | 91.8% | 95.8% | 94.3%
YALEB | 83.7% | 84.3% | 54.8% | 50.8% | 65.5% | 58.2% | 76.3% | 66.8%
CMU-PIE | 73.5% | 83.5% | 47.4% | 67.5% | 62.5% | 78.9% | 67.3% | 80.1%
warpPIE10p | 82.4% | 82.1% | 57.8% | 38.3% | 58.1% | 43.8% | 58.8% | 43.3%
lung 85.6% | 84.1% | 69.5% | 20.4% | 66.0% | 40.9% | 67.4% | 60.7%

9 Tumors | 68.7% | 64.1% | 64.8% | 58.8% | 66.3% | 58.5% | 60.4% | 54.8%
Mean | 80.8% | 83.3% | 62.0% | 57.9% | 70.0% | 68.0% | 71.9% | 71.3%

Dataset

conduct extensive experiments by varying their values across a wide range, from 107° to
108. Specifically, we plot «, 3 and v along the X,Y and Z axes, respectively, and record
the corresponding clustering performance. We observe that the parameters o and 8 have
more effect on the performance than the parameter v on the given datasets. Therefore, in
the subsequent analysis, we focus on discussing the parameters « and 8 and conduct the
parameter sensitivity study in terms of «, 5, while fixing v to some values. Both « and 3 are
tuned from {1076,1075,--. 105,10°}. To facilitate representation, we use the logarithmic
values of o, # and ~ for the X,Y and Z axes, respectively. The results across all datasets
are presented in Figure 4, where the color bar reflects the range of clustering performance
under this grid search strategy.

Overall, the results demonstrate that our method is generally robust to the choice of
parameters across most datasets. With such a large search space spanning 12 orders of
magnitude (from 1076 to 109), it is expected that certain datasets may exhibit performance
fluctuations at specific parameter values. Notably, we observe that there are two datasets,
specifically YALEB ((k) and (1)) and lung ((q) and (r)), exhibit relatively high sensitivity to
parameter values under this wide range, with fluctuations in both ACC and NMI exceeding
16. We attribute this sensitivity primarily to the large span of the parameter grid. To
verify this, we conduct further experiments on these two datasets in which the regularization
parameters a and [ are restricted to the range {1,2,3,---,9,10}, i.e., parameters are chosen
at intervals of 1. The corresponding sensitivity results are shown in Figure 5. It can be
seen that under this more moderate parameter range, the performance of both datasets
becomes much more stable, while still achieving competitive clustering performance. This
confirms that the observed sensitivity is largely due to the wide parameter span rather than
an inherent issue with our method.

Additionally, we examine the parameter sensitivity of representative comparison methods,
specifically NDFS and UDFS, on these two datasets (YALEB and lung). As shown in Figure 6
and Figure 7, these methods also exhibit noticeable sensitivity to parameter choices on these
datasets. In particular, UDFS and NDF'S show a large performance fluctuation range on
lung, while NDF'S also shows a large fluctuation range on YALEB. Although UDFS appears
relatively stable on the YALEB dataset, this is primarily attributable to its overall poor
performance on this dataset. Due to its low effectiveness across all parameter settings, the
absolute performance variation remains limited (ACC ranges only from 9.0 to 14.5, and
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NMI from 11.8 to 23.9), making the sensitivity seem less pronounced. These observations
suggest that the degree of sensitivity is more closely related to the characteristics of these
two datasets rather than the specific method employed.

Finally, to further validate the claim that only a few datasets exhibit parameter sensitivity,
we extend the sensitivity analysis to six additional datasetsY: GLIOMA, nci9, pixraw10P,
lymphoma, warpAR10P, and Yale. As shown in Figure 8, our method maintains stable
performance across the wide parameter range on these datasets, which supports our conclusion
that our method is generally insensitive to parameter choices for most datasets.

6.7 Computational Complexity Analysis

We now analyze and compare the computational complexity of our proposed method with
that of UDPFS, NDFS, and UDFS, all of which rely on iterative optimization procedures to
compute the feature selection matrix W.

UDPFS: The overall computational complexity of UDPFS is primarily concentrated
in two components: updating the feature selection matrix W* and performing fuzzy K-
Means clustering. Specifically, the update of W involves the eigen-decomposition step with
complexity O(d?®), and the computation of the with-in class scatter matrix S,,, which costs
O(dn? + d*n + n?c). The fuzzy K-Means clustering step requires O(d?n + dnc). As a result,
the total computatioanl complexity of UDPFS is O(d? 4 dn? + d?n + n%c + dnc).

NDFS: The computational complexity of NDFS mainly arises from two components:
updating the scaled cluster indicator matrix F* and the feature selection matrix W¥.
Specifically, updating W* involves the matrix inversion and several matrix multiplications,
resulting in a computational complexity of O(d?n + d* + dnc). The update of F k requires
multiple matrix multiplications, leading to a complexity of O(dc + d*n + dn? 4+ nc + nc?).
Therefore, the overall computational complexity of NDFS is O(d®+d?*n+dn?+n?c+nc?+dnc).

UDFS: The computational complexity of UDFS is dominated by two stages: computing
the auxiliary matrix M and updating the feature selection matrix W*. Computing M
involves an unsupervised local discriminative analysis step costing O(dn?+n?1logn), followed
by matrix multiplications of cost O(dn? + d?n). Updating W¥ is driven by an eigen-
decomposition of a d x d matrix, with complexity O(d?). Therefore, the total computational
complexity of UDFS is O(dn? + d*n + n?logn + d*).

Ours: The overall computational complexity of our framework is dominated by the inner
PAM loop. In particular, it depends on the update rules for the variables Wk, Uk VkiJ
Yk, FRI YHI | as detailed in (14)-(19). Fortunately, each subproblem admits a closed-form
solution, allowing for an explicit and tractable complexity analysis.

Specifically, the main computational cost in updating W*7J comes from inverting the
matrix aly + p*XXT and performing the matrix multiplications involved in computing
Z. When d < n, the complexity is O(d?n + d* + dnc); whereas when n < d, it becomes
O(dn?+n?+dnc). Updating U*J requires computing N, with complexity O(dnc). Updating
V*i involves O(dc); updating Y*J entails inverting a symmetric positive definite matrix
2L + (3pF + C’fj_l)l and computing matrix P, leading to O(n?c + %nS + dnc); updating
F*J costs O(nc); and updating Y%7 involves an SVD with complexity O(nc?). Therefore,

9. https://jundongl.github.io/scikit-feature/datasets.html
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the total computational complexity per iteration is
O(d?n + d® +n® + n*c +dnc+nc?) ifd<n,

or
O(dn® 4+ n® 4+ n*c + dnc + nc®) if d > n.

Overall, when the number of features exceeds the number of samples (d > n), as
is common in Biological Data, Text Data, and Face Image Datal, our method exhibits
significant advantages in computational complexity. On datasets where d < n, such as
Isolet, COIL20 and YALEB used in our experiments, although our algorithm has a higher
theoretical cost, it consistently achieves better feature selection performance than above
methods (see Table 2 and Table 3) and demonstrates enhanced stability (see Figure 1
and Table 5) as well as robustness against noise (see Figure 2, Figure 3 and Table 8)

7. conclusion

In this paper, we proposed an ideal feature selection model based on an I3 -norm regular-
ized regression formulation with non-negative orthogonality constraints. This formulation
effectively identifies the most representative features from high-dimensional data. To solve
this challenging model, we developed an inexact augmented Lagrangian multiplier (IALM)
method. Specifically, we employed a proximal alternating minimization (PAM) strategy to
handle the resulting subproblems, where each subproblem admits a closed-form solution. A
key theoretical contribution lies in establishing the convergence of the sequence generated
by the proposed algorithm, a guarantee that is often absent in state-of-the-art unsupervised
feature selection methods. Quantitative and qualitative experimental results consistently
demonstrated the superior effectiveness of our proposed method.
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Figure 1: Stability comparison curves between our proposed method and other iterative
methods across all datasets are provided.
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Figure 2: Robustness comparison of ACC between our proposed method and other iterative
methods under all dataset perturbations.
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methods under all dataset perturbations.

36



UNSUPERVISED FEATURE SELECTION viIA NOCRM

ACC (%) NMI (%) ACC (%)

NMI (%)

(b) Isolet(NMI)

(d) UMIST(NMI)

ACC (%) NMI (%) ACC (%) NMI (%)

74.00
775
7350
725
7300

7275

0

2 i
by 24 g

7250

(e) JAFFE(ACC) (f) JAFFE(NMI) (g) ORL(ACC) (h) ORL(NMI)

ACC (%) NMI (%) » ACC (%) NMI (%)

log(y)
log(y)

(i) COIL20(ACC) (j) COIL20(NMI) (k) YALEB(ACC) (1) YALEB(NMI)

ACC (%) NMI (%) ACC (%) 50 NMI (%)

(m) CMU-PIE(ACC) (n) CMU-PIE(NMI) (o) warpPIEIOP(ACC)  (p) warpPIE10P(NMI)

ACC (%) NMI (%) ACC (%) NMI (%)

log(y)
Tog(y)
2

(q) lung(ACQ) (r) lung(NMI) (s) 9-Tumors(ACC) (t) 9-Tumors(NMI)

Figure 4: Performance evaluation across all datasets with different values of o, 3, and
using a grid search strategy.
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Figure 5: Performance evaluation on the lung and YALEB datasets using a finer grid search
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Figure 7: Performance of UDFS on the lung and YALEB under different parameter settings
using a grid search strategy.
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