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Abstract

We consider the problem of density-ratio estimation using Bregman Divergence with Deep
ReLU feedforward neural networks (BDD). We establish non-asymptotic error bounds for
BDD density-ratio estimators, which are minimax optimal up to a logarithmic factor when
the data distribution has finite support. As an application of our theoretical findings, we
propose an estimator for the KL-divergence that is asymptotically normal, leveraging our
convergence results for the deep density-ratio estimator and a data-splitting method. We
also extend our results to cases with unbounded support and unbounded density ratios.
Furthermore, we show that the BDD density-ratio estimator can mitigate the curse of di-
mensionality when data distributions are supported on an approximately low-dimensional
manifold. Our results are applied to investigate the convergence properties of the telescop-
ing density-ratio estimator proposed by Rhodes (2020). We provide sufficient conditions
under which it achieves a lower error bound than a single-ratio estimator. Moreover, we
conduct simulation studies to validate our main theoretical results and assess the perfor-
mance of the BDD density-ratio estimator.
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1. Introduction

We consider the problem of density-ratio estimation using deep neural networks. Let Zq
and Zp ∈ Z = [0, 1]d be two random vectors with probability density functions q∗ and p∗,
respectively. It is assumed that q∗ and p∗ have the same support. Given independent and
identically distributed (i.i.d) samples Sq = {Zq,i}

nq
i=1 from q∗ and Sp = {Zp,j}

np
j=1 from p∗, a

basic problem in many statistical and machine learning tasks (Sugiyama et al., 2012a; Kato
and Teshima, 2021) is to estimate the density ratio

R∗(z) = q∗(z)/p∗(z), z ∈ Z.

Density ratio plays a key role in a wide range of applications, including discriminative anal-
ysis (Silverman, 1978; Cox and Ferry, 1991), covariate shift adaptation (Sugiyama et al.,
2008; Tsuboi et al., 2009), two-sample testing (Qin, 1998; Sugiyama et al., 2011), energy-
based modelling (Gutmann and Hyvärinen, 2012; Ceylan and Gutmann, 2018), generative
learning (Goodfellow et al., 2014; Nowozin et al., 2016; Gao et al., 2022), and mutual infor-
mation estimation (Moustakides and Basioti, 2019; Rhodes et al., 2020), among others. In
this paper, we study the properties of density-ratio estimation with the Bregman Divergence
using Deep neural networks (BDD).

A naive density-ratio estimator of R∗ is the ratio of individual density estimators, that
is, q̂/p̂, where q̂ and p̂ are the density estimators of q∗ and p∗, respectively. However, such
an estimator can be highly unstable. Moreover, density estimation itself is a difficult prob-
lem, especially in the high-dimensional settings. For example, kernel density estimators
(Rosenblatt, 1956; Parzen, 1962) works well when d ≤ 3, but deteriorate dramatically as
d increases. To avoid the estimation of individual densities, various methods have been
proposed to estimate the density ratio R∗ directly, including the density matching ap-
proach (Sugiyama et al., 2008; Tsuboi et al., 2009; Yamada and Sugiyama, 2009; Nguyen
et al., 2010; Yamada et al., 2010), the moment matching approach (Qin, 1998; Gretton
et al., 2009; Kanamori et al., 2012b), the density-ratio fitting approach (Kanamori et al.,
2009, 2012a), and the unified density-ratio matching approach under Bregman divergence
framework (Sugiyama et al., 2012b). Impressive empirical successes of using deep neural
networks in density-ratio estimation have been reported in some recent works (Moustakides
and Basioti, 2019; Rhodes et al., 2020).

Several studies have established error bounds for density ratio estimation in reproducing
kernel Hilbert space (Nguyen et al., 2010; Sugiyama et al., 2008; Kanamori et al., 2012a;
Yamada et al., 2013). However, there is a lack of systematic analysis of the properties of the
density-ratio estimation using deep neural networks. To the best of our knowledge, the only
work is Kato and Teshima (2021), which studied the convergence properties of deep density-
ratio estimation under a modified Bregman divergence criterion. This intriguing work makes
a well-specified model assumption, that is, the target density ratio function is assumed to
be bounded and belongs to a class of neural networks with bounded weights. Under such
an assumption, the theoretical analysis is less challenging as there is no need to analyze
the approximation error incurred by approximating a smooth function using deep neural
networks, i.e., the approximation error is zero. Nevertheless, such an assumption could be
unrealistic as the true density ratio may not conform to a neural network structure.

In this work, we establish error bounds for BDD density-ratio estimators. Compared
with the existing works, we do not make the well-specified model assumption and allow
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the target density ratio to be in a general class of smooth functions. We also relax the
boundedness assumption on the target density ratio. Such a boundedness assumption is
usually assumed in error analysis in nonparametric statistics. Moreover, we apply our results
to construct an estimator for statistical inference for the Kullback-Liebler divergence and
study the theoretical properties of the telescoping density-ratio estimator (Rhodes et al.,
2020). Our contributions are as follows:

1. We establish non-asymptotic error bounds for the density-ratio estimator using deep
ReLU feedforward neural networks under the Bregman divergence under a bounded
support assumption (BD, Bregman, 1967), and provide a neural network architecture
for the estimator to achieve minimax optimal rate up to a logarithmic factor.

2. We extend our results to the case of unbounded support and demonstrate that the pro-
posed deep BDD density-ratio estimator effectively mitigates the curse of dimension-
ality when the data lies on an approximately low-dimensional manifold. Furthermore,
we establish an extension of our result to unbounded density ratios.

3. We apply our results to two important problems: (a) we propose an asymptotically
normal distributed estimator of the Kullback-Leibler (KL) divergence and illustrate
the results through simulation studies; (b) we study the convergence properties of
the telescoping density-ratio estimator (Rhodes et al., 2020) with a mixing chain of
intermediate samples, and demonstrate the advantages over single-ratio estimators
under certain conditions.

4. We conduct simulation studies to numerically validate our main theoretical results,
evaluate the performance of our proposed KL estimator, and examine the impact of
certain tuning parameters on the proposed mixing telescoping density-ratio estimator
(mTRE). We also compare the mTRE to the convolution-based telescoping density-
ratio estimator (cTRE) from Rhodes (2020). The numerical comparisons highlight
the advantages of mTRE over cTRE.

The rest of the paper is organized as follows. We first describe the problem of density-
ratio estimation with Bregman divergence and deep ReLU feedforward neural networks
(BDD) in Section 2. We present error bounds for BDD density-ratio estimators in Section
3, where we discuss the optimality of the BDD density-ratio estimator and apply our results
to the problem of estimating the Kullback-Leibler (KL) divergence. In Section 4, we show
how the BDD density-ratio estimator can mitigate the curse of dimensionality under proper
assumptions and provide extended results to deal with unbounded target density ratio or
target density ratio with unbounded support. As an application, we apply our theory to
study the convergence properties of the telescoping density-ratio estimator. In Section 5,
we conduct numerical experiments to validate our main theoretical results and evaluate the
performance of the BDD density-ratio estimator. Section 6 contains a theoretical compari-
son to the density-ratio estimation results in a related work. Concluding remarks are given
in Section 7.

Notation. Let n = min{nq, np} be the smaller sample size of the two samples Sq =
{Zq,i}

nq
i=1 and Sp = {Zp,j}

np
j=1. In addition, ‖ · ‖∞ denotes the sup-norm on some specific do-

main, and C,C0 are generic constants that may vary from place to place. For any measurable
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function f , we denote ‖f‖max := max{‖f‖p, ‖f‖q} and ‖f‖np,nq = max{‖f‖p,np , ‖f‖q,nq},
where ‖f‖2k = Eh∗f

2(Z) and ‖f‖2h,nh = Enhf
2(Z) = (1/nh)

∑nh
t=1 f

2(Zh,t), h = p, q. In the
rest of the paper, I{·} denotes the indicator function.

2. Deep density-ratio estimation with Bregman divergence

In this section, we first present the density-ratio estimation problem using the Bregman
divergence (BD, Bregman, 1967; Sugiyama et al., 2012a,b) and then describe the structure
of the deep neural networks to be used in density-ratio estimation.

Let ψ : R→ R be a first-order continuously differentiable and strictly convex function.
Define

∆ψ(x, y) = ψ(x)− ψ(y)− ψ′(y)(x− y), (1)

where ψ′ is the derivative of ψ. Then, the convexity of ψ implies that ∆ψ(x, y) ≥ 0
and the equality holds if and only if x = y. It follows that EZ∼p∗∆ψ(R∗(Z), R(Z)) ≥
0 and the equality holds if and only if R = R∗ almost everywhere with respect to the
probability measure with density p∗. Therefore, the target density-ratio R∗ = q∗/p∗ can be
characterized as a minimizer:

R∗ ∈ argmin
R nonnegative and measurable

Ep∗∆ψ(R∗, R),

where to simplify the notation without causing confusion, we have written Ep∗∆ψ(R∗, R) =
EZ∼p∗∆ψ(R∗(Z), R(Z)). We will use similar notation below. By the definition of ∆ψ(x, y),

Ep∗∆ψ(R∗, R) = Ep∗ [ψ
′(R)R− ψ(R)]− Ep∗ [ψ′(R)R∗] + Ep∗ [ψ(R∗)].

Since Ep∗ [ψ
′(R)R∗] = Eq∗ [ψ

′(R)] by the definition of R∗, we have

Ep∗∆ψ(R∗, R) = Ep∗ [ψ
′(R)R− ψ(R)]− Eq∗ [ψ′(R)] + Ep∗ [ψ(R∗)]. (2)

Now since the last term on the right side in (2) Ep∗ [ψ(R∗)] is independent of R, we have

R∗ ∈ argmin
R nonnegative and measurable

{
Ep∗ [ψ

′(R)R− ψ(R)]− Eq∗ [ψ′(R)]
}
. (3)

Hence, for any measurable function R : Z → R, the BD score induced by ψ for estimating
the target density-ratio R∗ = q∗/p∗ is

Bψ(R) = Ep∗ [ψ
′(R)R− ψ(R)]− Eq∗ [ψ′(R)]. (4)

Then, R∗ is the minimizer of Bψ(R) over all nonnegative measurable functions.
Because a density ratio is always nonnegative, a nonnegative constraint is needed when

defining the density ratio as a minimizer, as in (3). This makes the minimization problem
more difficult to solve. To avoid the non-negative constraint of the density ratio, we first
consider the log-density ratio D∗ := logR∗. Then the nonnegativity constraint is no longer
needed and by (3), we have

D∗ ∈ argmin
D measurable

Bψ(exp(D)).
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In practice, the estimation of R∗ can be based on an empirical version of Bψ when
random samples from p∗ and q∗ are available. Suppose we have samples {Zq,i}

nq
i=1 i.i.d. as

q∗ and {Zp,j}
np
j=1 i.i.d. as p∗. Then the BDD estimator of D∗ is given by

D̂ ∈ argmin
D∈Fn

B̂ψ(eD), (5)

where Fn is a class of neural network functions and B̂ψ(eD) is an empirical version of Bψ(eD)
defined in (4), which can be written as

B̂ψ(eD) =
1

np

np∑
j=1

L1(D(Zp,j)) +
1

nq

nq∑
i=1

L2(D(Zq,i)),

where

L1(t) = ψ′(et)et − ψ(et) and L2(t) = −ψ′(et). (6)

The density-ratio estimator is R̂ = exp(D̂).
We take the function class Fn to be FM,D,W,U ,S , a class of ReLU activated feedforward

neural networks (FNNs) fθ : Rd → R with parameter θ, depth D, width W, size S, number
of neurons U . We require that ‖fθ‖∞ ≤ M for some 0 ≤ M ≤ ∞. There are D hidden
layers and (D + 1) layers in total. The width W is the maximum width of the hidden
layers; the number of neurons U is defined as the number of neurons of fθ; the size S is
the total number of parameters in the network. Note that D,W,U ,S may depend on n,
but we suppress the dependence for notational simplicity. We write FM,D,W,U ,S as FFNN

for brevity.
We use ReLU activation function as it is convenient to bound the pseudo dimension of

ReLU-activated networks. But our results are also valid for neural networks with piecewise
linear activation functions, as piecewise linear activation functions can be expressed as a
linear combination of ReLU activation functions.

3. Main theoretical results

In this section, we study the error bounds for the deep logarithmic density-ratio estimator
for bounded density ratio with finite support. The bounds for the density-ratio estimator
follows directly based on the properties of the exponential function. We also show that deep
density-ratio estimator can mitigate the curse of dimensionality when data is supported on
an approximate low-dimensional manifold.

3.1 General error bounds

To state our assumptions and results, we need the definitions of µ-smoothness, σ-strong
convexity and pseudo dimension.

Definition 1 (µ-smoothness) A function f : R → R is said to be µ-smooth over a set
A ⊆ R if it is differentiable over A and its first-order derivative f ′ satisfies

|f ′(x)− f ′(y)| ≤ µ|x− y|, ∀ x, y ∈ A, (7)

where 0 ≤ µ <∞. The constant µ is called the smoothness parameter.
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Definition 2 (σ-strong convexity) A function f : R → R is called σ-strongly convex if
the domain dom(f) of f is convex and for any x, y ∈ dom(f) and λ ∈ [0, 1], f satisfies

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y)− σ

2
λ(1− λ)(x− y)2, (8)

where 0 ≤ σ <∞. The constant σ is called the strong convexity (SC) parameter.

Definition 3 (Pseudo dimension) For a function class F , its pseudo dimension Pdim(F),
is the largest integer B such that there exists (x1, x2, . . . , xB, y1, y2, . . . , yB) ∈ ZB × RB
such that for any (r1, r2, . . . , rB) ∈ {0, 1}B, there exists an f ∈ F satisfying for any
i ∈ {1, 2, . . . , B} : f(xi) > yi ⇔ ri = 1 (Anthony and Bartlett, 1999; Bartlett et al.,
2019).

For any measurable function class F , by the definition of VC dimension, VCdim(F) ≤
Pdim(F). If F is the class of functions generated by ReLU FNNs, it follows from Theorem
14.1 of Anthony and Bartlett (1999) that Pdim(F) ≤ VCdim(F). Hence, for the function
class F generated by ReLU FNNs, Pdim(F) = VCdim(F).

We make the following assumptions in this paper.

Assumption 4 The function ψ is µ-smooth & σ-strongly convex, that is, it satisfies (7)
and (8).

Table 1 includes some commonly-used ψ’s that satisfy Assumption 4.

Assumption 5 There exists a constant 0 < M < ∞ such that ‖D∗‖∞ ≤ M, ‖D‖∞ ≤ M
for every D ∈ FFNN.

Assumption 5 assumes that the target density ratio is bounded. Such an assumption
is often made in nonparametric statistics for avoiding technical difficulties associated with
dealing with unbounded functions. We will partially relax this assumption below. The finite
M in Assumption 5 can be relaxed to M = O(log log n) at a small price of an extra logarithm
term in the error bounds. The boundedness of a network can be achieved by clipping
operation. For example, let TM (t) = −MI{t< −M} + tI{−M ≤ t ≤ M} + MI{t>M} be
the truncation function taking values in [−M,M ], where M is the clipping level. Simple
algebra shows that we can write TM (t) = σ(t) − σ(σ(t) −M) − {σ(−t) − σ(σ(−t) −M)},
where σ(t) = max(0, t) is the ReLU activation function. Therefore, TM (t) can be computed
by a ReLU network with depth 2 and width 4. Hence, through network concatenation,
we can ensure that the boundedness assumption is satisfied through clipping. When the
clipping level is not less than ‖D∗‖∞, the capacity of the clipped FNNs to approximating
D∗ is not impacted.
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Table 1: Commonly-used Loss Functions ψ. LS: least squares; LR: logistic regression; LK: Kullback-
Liebler. C is the crude prefactor in Theorem 6 when M ≥ 1.

Name ψ(c) Domain µ σ C

LS (c− 1)2 R 2 2 C̃Me5M

LR c log c− (c+ 1) log(c+ 1) [a, b] 1
a(a+1)

1
b(b+1)

C̃Me5M b(b+1)
a(a+1)

LK c log c− c [a, b] 1
a

1
b

C̃Me5M b
a

Define the best in class approximation of D∗ in FFNN as DNN ∈ argminD∈FFNN
‖D −

D∗‖max. Denote

ξn =

√
Pdim(FFNN) log n

n
. (9)

Theorem 6 Suppose Assumptions 4 and 5 are satisfied. When n ≥ Pdim(FFNN), with
probability at least 1− exp(−γ),

‖D̂ −D∗‖max ≤ C
(
ξn + ‖DNN −D∗‖max +

√
γ

n

)
,

and

‖D̂ −D∗‖np,nq ≤ 2C

(
ξn + ‖DNN −D∗‖max +

√
γ

n

)
,

for a constant

C = 2 max

3072(C1 + C2)

c0
, 3120M,

√
max {6C0, 124(C1 + C2)M, 5(C1 + C2)}

c0


+ log2M + 1,

where C1 = 2e2Mµ,C2 = eMµ, c0 = σe−3M/2 and C0 = µe3M/2. When σ ≤ µ and M ≥ 1,
C can be replaced by a simpler but crude bound C̃Me5Mµ/σ, where C̃ is some universal
positive constant.

Our analysis techniques for the proof of Theorem 6 can be applied to other problems.
In the proof, we develop a novel localization technique to handle two interactive empirical
processes w.r.t the two involved samples as in Theorem 6. Moreover, our analysis framework
is flexible to accommodate other neural network structures, such as sparse neural networks
in Schmidt-Hieber (2020) and Kato and Teshima (2021). We study extensions of Theorem
6 and Theorem 10 to accommodate sparse neural networks in Appendix D.

We have the following corollary for the expected error.

Corollary 7 Under the conditions of Theorem 6, there exists a constant C depending only
on (µ, σ,M), such that

ESp,Sq‖D̂ −D∗‖2max ≤ C
(
ξ2
n + ‖DNN −D∗‖2max

)
,
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and

ESp,Sq‖D̂ −D∗‖2np,nq ≤ 2C
(
ξ2
n + ‖DNN −D∗‖2max

)
.

Under Assumption 5, to derive a nonasymptotic error bound for the log-density ratio
estimator R̂, we note that

ESp,Sq‖R̂−R∗‖2max ≤ e2MESp,Sq‖D̂ −D∗‖2max.

Thus an upper bound for D̂ can induce an upper bound for R̂. Furthermore, under mild
conditions, there exist some positive constants c and C such that

cESp,Sq‖R̂−R∗‖2max ≤ ESp,Sq‖R̂−R∗‖22 ≤ CESp,Sq‖R̂−R∗‖2max.

where ‖f‖22 =
∫
Z f

2(z)dz. With this review, the upper bounds for ESp,Sq‖D̂ − D∗‖2max in
Corollary 7 can provide general bounds for the L2-type error associated with the density
ratio estimation. The L2-type error bounds are broadly considered in theoretical analysis
across diverse fields, such as conformal prediction under covariate shift (Proposition 1 in
Lei and Candès (2021), Theorem 2 in Yang et al. (2024) and Theorem 3 in Ai and Ren
(2024)), two-sample conditional distribution test (Assumption 2 in Hu and Lei (2024)),
double reinforcement learning for efficient off-policy evaluation (Theorem 12 in Kallus and
Uehara (2020)).

Here we provide an example on conformal prediction under covariate shift to illustrate its
usefulness. It is known that density ratio estimation plays an important role in conformal
prediction under covariate shift (Tibshirani et al., 2019), where a source labeled dataset
SYp = {(Zp,i, Yp,i)}

np
i=1 from a distribution PZ,Y = PZ×PY |Z and an unlabeled target dataset

Sq = {Zq,i}
nq
i=1 from the target distribution QZ,Y = QZ × PY |Z are observed, PZ , QZ are

the marginal distributions of Z in the source and target distribution respectively, and PY |Z
is the conditional distribution of Y given Z that is assumed the same across the source and
target distributions. Given a miscoverage rate 0 < α < 1, the goal of conformal prediction
under covariate shift is to construct a distribution-free prediction interval Ĉ(·) ⊆ R based
on the observed datasets SYp and Sq, such that for (Z0, Y0) ∼ QZ,Y ,

P{Y0 ∈ Ĉ(Z0)} ≥ 1− α+ o(1),

where o(1) means converging to zero as min{nq, np} tends to ∞. Here o(1) is involved as it
is impossible to construct prediction intervals that are both nontrivial and distribution-free
with coverage at least (1− α)% when the ratio of the source and target covariate densities
is unknown and need to be be estimated; see Lemma 1 in Qiu et al. (2023) and Theorem
1 in Yang et al. (2024). In this context, a nontrivial interval should have a finite length.
To construct such a prediction interval, weighted conformal prediction methods based on
density ratio estimation have been proposed and further developed by Tibshirani et al.
(2019), Lei and Candès (2021), Ai and Ren (2024), etc. Under certain regularity conditions,
Proposition 1 with r = 2 in Lei and Candès (2021) tells that for a prediction interval
Ĉ(z) ⊆ R provided by weighted split conformal prediction with a density ratio estimator R̂
based on Sp = {Zp,i}

np
i=1 and Sq, the following relationship holds: For (Z0, Y0) ∼ QZ,Y ,

1− α− enp,nq ≤ P{Y0 ∈ Ĉ(Z0)} ≤ 1− α+
c√
m

+ enp,nq ,
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where c is a positive constant, m is the size of the calibration set, enp,nq = ESp,Sq‖R̂−R∗‖p,1
and ‖f‖p,1 := Ep∗ |f(Z)|. Clearly,

enp,nq = ESp,Sq‖R̂−R∗‖p,1 ≤ ESp,Sq‖R̂−R∗‖max ≤
(
ESp,Sq‖R̂−R∗‖2max

) 1
2
.

Hence, the bound on ESp,Sq‖R̂ − R∗‖2max offers an assessment of the extent to which the
coverage of the constructed prediction interval deviates from the target coverage level of
1− α in the average sense.

3.2 Exact non-asymptotic error bounds

In this subsection, we focus on target density ratio belonging to the Hölder function class,
a commonly-used assumption for density functions (Devroye and Lugosi, 2001; Wasser-
man, 2006; Tsybakov, 2008; Kandasamy et al., 2015). We apply the results in Theorem 6
and Corollary 7 to analyze the theoretical properties of the BDD estimator under Hölder
smoothness condition. In particular, we will prove that the BDD estimate achieves the
minimax optimal convergence rate for the class of Hölder continuous density ratios. We
first give the definition of a Hölder class.

Definition 8 (Hölder class) A Hölder class Hβ([0, 1]d,M) with β = k+ a where k ∈ N+

and a ∈ (0, 1] consists of function f : [0, 1]d → R satisfying

max
‖α‖1≤k

‖∂αf‖∞ ≤M, max
‖α‖1=k

max
x 6=y

|∂αf(x)− ∂αf(y)|
‖x− y‖a2

≤M,

where ‖α‖1 =
∑d

i=1 αi and ∂α = ∂α1∂α2 · · · ∂αd for α = (α1, α2, . . . , αd) ∈ N+d.

By Corollary 7, it suffices to bound the stochastic error Pdim(FFNN) log n/n and the
approximation error ‖DNN − D∗‖2max. It follows from Theorem 6 in Bartlett et al. (2019)
that, for FFNN = FM,D,W,U ,S , there exists a universal constant C2 such that Pdim(FFNN) ≤
C2SD logS and the stochastic error can be well controlled then. As for the approximation
error ‖DNN−D∗‖2max, we use Theorem 3.3 in Jiao et al. (2023a) to bound it. For convenience,
we include this result in the following lemma. We specify the width W and depth D as
follows. For any K,L ∈ N+,

W = 38(bβc+ 1)2dbβc+1Ldlog2(8L)e, (10)

D = 21(bβc+ 1)2Kdlog2(8K)e, (11)

where bac is the largest integer no greater than a and dae is the smallest integer no less
than a.

Lemma 9 (Approximation error) Assume f ∈ Hβ([0, 1]d,M) with β = k + a where
k ∈ N+ and a ∈ (0, 1]. Then there exists a function φ0 implemented by a ReLU network
with width W and depth D specified in (10) and (11) such that

sup
x∈[0,1]d\HB,δ

|f − φ0| ≤ 18MCβ(KL)−
2β
d ,

9
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where Cβ = (bβc+1)2dbβc+(β∨1)/2, HB,δ = ∪di=1{x = [x1, . . . , xd] : xi ∈ ∪B−1
b=1 (b/B − δ, b/B)}

for B = d(KL)2/de, δ ∈ (0, 1/(3B)] and a ∨ b = max(a, b).
Furthermore, if

W = 38(bβc+ 1)2dbβc+13dLdlog2(8L)e,
D = 21(bβc+ 1)2Kdlog2(8K)e+ 2d,

then
sup

x∈[0,1]d
|f − φ0| ≤ 19MCβ(KL)−

2β
d .

In this uniform approximation result, the width W is required to depend on d exponentially.

The following theorem gives an error bound for D̂ when D∗ is a Hölder function.

Theorem 10 (Non-asymptotic error bound for D̂) Suppose that Assumptions 4 and
5 are satisfied, D∗ ∈ Hβ([0, 1]d,M) with β = k + a where k ∈ N+ and a ∈ (0, 1], and FFNN

is the function class of ReLU DNNs with width W and depth D specified in (10) and (11).
Then, for M ≥ 1 and n ≥ Pdim(FFNN), we have

ESp,Sq‖D̂ −D∗‖2max ≤ C
(
ξ2
n + C1(KL)−

4β
d

)
,

where C1 = (bβc+ 1)4d2bβc+(β∨1) and the constant C depends only on (µ, σ,M).
Furthermore, if

W = 114(bβc+ 1)2dbβc+1,

D = 21(bβc+ 1)2
⌈
n

d
2(d+2β) log2

(
8n

d
2(d+2β)

)⌉
,

then
ESp,Sq‖D̂ −D∗‖2max ≤ C0(bβc+ 1)9d2bβc+(β∨3)n

− 2β
d+2β log3 n, (12)

where the constant C0 depends only on (µ, σ,M).

The convergence rate in (12) is optimal (up to some logarithmic factor). This can be

seen by considering a density estimation problem with i.i.d observations S
(1)
q = {Z(1)

q,i }
mq
i=1

from an underlying unknown density q1 on [0, 1]d. To estimate q1, we sample referencing

observations S
(1)
p = {Z(1)

p,j }
mp
j=1 with mp ≥ mq, from a uniform distribution Unif([0, 1]d)

whose density p1 ≡ 1. Thus, estimating the density ratio q1/p1 is equivalent to estimating
q1. According to (5), we obtain the estimator q̂1 of q1. If log q1 ∈ Hβ([0, 1]d,M) where
β = k + a with k ∈ N+ and a ∈ (0, 1], a neural estimator based on the network structure
specified in Theorem 10 satisfies

E
S
(1)
p ,S

(1)
q
‖q̂1 − q1‖2max ≤ C0(bβc+ 1)9d2bβc+(β∨3)m

− 2β
d+2β

q log3mq. (13)

Tsybakov (2008) showed that for a density belonging to the Hölder function class, the

optimal minimax rate of the density estimation is Op

(
m
−2β/(d+2β)
q

)
. Hence, our estimator

achieves the optimal minimax rate up to some logarithmic factor.

10
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In addition, the existing error bounds usually contain a prefactor depending on the
dimension d exponentially, e.g. 2d (Devroye and Lugosi, 1996). Such a prefactor can be
very large even for a moderately large d, which severely degrades the quality of an error
bound. The prefactors in our results depend on d only polynomially and are much smaller
than those in the existing bounds.

Theorem 10 is not a simple application of Lemma 9 (Theorem 3.3, Jiao et al., 2023b),
as it requires meticulous calculations and careful balance between the approximation error
and stochastic error to achieve the optimal convergence rate. In particular, the selection
of the network configuration specified in Theorem 10 is intricate and the calculation of the
associated stochastic error is rather complicated. For more details on the stochastic error
bound in this scenario, please refer to (43) in the Appendix.

Remark 1 In Appendix B we provide some examples of p∗ and q∗ such that D∗ = log(q∗/p∗) ∈
Hβ([0, 1]d,M).

3.3 An application to the estimation of KL divergence

In this subsection, we apply our main results to the problem of estimating the Kullback-
Leibler (KL) divergence. The KL divergence occupies a central position in information
theory and statistics. For example, in the asymptotic analysis of hypothesis testing, the KL
divergence controls the rates at which error probabilities diminish. We propose an estimator
of the KL divergence that is asymptotically normal based on our convergence results for
BDD density-ratio estimator and data-splitting.

For two distributions with densities q and p, their Kullback-Leibler (KL) divergence is
defined as

KL(q||p) :=

∫
Z
q(z) log

q(z)

p(z)
dz.

The KL divergence between two probability distributions plays an essential role in infor-
mation theory, machine learning and statistics. Based on the variational representation of
KL divergence, Nguyen et al. (2010) proposed two KL divergence estimators by maximiz-
ing some empirical objective functions over certain function class R. The following three
conditions are assumed in Nguyen et al. (2010):

1. The target density-ratio R∗ ∈ R, where R is the function class actually used in
computation. This assumption implies that there is no approximation error;

2. There exist constants 0 < K1 ≤ K2 < ∞ such that for any R ∈ R, it holds that
K1 ≤ inf

z∈Z
R(z) ≤ sup

z∈Z
R(z) ≤ K2;

3. The bracketing entropy of R satisfies H[](δ,R, ‖ · ‖q∗) = O(δ−r) for some constant
r > 0.

Nguyen et al. (2010) proved that their estimators are
√
n-consistent. However, their

results are not applicable if the target R∗ does not belong to the function class R used in
the computation.

Suppose we have random samples {Zq,i}
nq
i=1 i.i.d. q∗ and {Zp,i}

nq
i=1 i.i.d. p∗, and an

estimator of the log-density ratio D̂ as defined in (5). Then a usual estimator of KL(q∗||p∗)
is K̂L(q∗||p∗) = (1/nq)

∑nq
i=1 D̂(Zq,i). It follows from Theorem 6 and the proof of Theorem

11
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10 that ∣∣∣K̂L(q∗||p∗)−KL(q∗||p∗)
∣∣∣ = Op

(
n
− β
d+2β log

3
2 n
)
. (14)

A detailed proof of (14) is provided in Appendix A. Note that we only assume D∗ ∈
Hβ([0, 1]d,M) instead ofD∗ ∈ FFNN, but we can still show that the estimated KL-divergence

K̂L(q∗||p∗) converges to the true KL-divergence KL(q∗||p∗) after a careful analysis of the
approximation error induced by neural networks. However, in high-dimensional settings,
K̂L(q∗||p∗) generally does not have a usual asymptotically normal distribution with root-n
rate of convergence and its asymptotic distribution is unknown, this is because the con-
vergence rate of D̂ may not reach o(n−1/4), typically required for estimating a smooth
functional of a nonparametric estimator (Bickle et al., 1998). Therefore, we cannot use this
estimator directly for making statistical inference, such as constructing confidence intervals
for KL(q∗||p∗).

Suppose we have observations {Z̃q,1, . . . , Z̃q,m} from q∗ that are independent of the
samples used in estimatingD∗. For example, these independent observations can be obtained
by splitting the existing samples {Zq,1, . . . , Zq,nq} from q∗ into a training set and a ‘test set’.
A new estimator for KL(q∗||p∗) can be defined based on the independent data:

K̃Lm(q∗||p∗) =
1

m

m∑
i=1

D̂(Z̃q,i). (15)

Theorem 11 Assume m = o(n2β/(d+2β) log3 n) → ∞ as n → ∞, ESp,Sq‖D̂ − D∗‖2max =

O(n−2β/(d+2β) log3 n) and Eq∗D
∗2(Z) <∞. Then,

√
m
(

K̃Lm(q∗‖p∗)−KL(q∗||p∗)
)
→ N(0, σ2)

in distribution, where σ2 = Eq∗D
∗2(Z) − E2

q∗D
∗(Z). The variance σ2 can be consistently

estimated by σ̂2 = 1
m

∑m
i=1 D̂

2(Z̃q,i)−
[

1
m

∑m
i=1 D̂(Z̃q,i)

]2
.

Confidence intervals for KL(q∗‖p∗) can be constructed based on this asymptotic normality
result. We provide a simulation experiment to illustrate Theorem 11 in subsection 5.2. An
important feature of Theorem 11 is that the convergence rate is root-m, where m is the size
of the test sample. The requirement that m = o(n2β/(d+2β) log3 n) → ∞ is due to the fact
that the optimal convergence rate of the density-ratio estimator is O(n−2β/(d+2β) log3 n)
(Theorem 10). In practice, the prior knowledge in β can help decide the test sample size m.
For example, in semi-parametric inference problems, β > d/2 is often assumed to establish
asymptotic normality (Bickle et al., 1998); if we also assume β > d/2, thenm = o(n1/2)→∞
satisfies the requirement for m in Theorem 11. In subsection 5.2, we conduct a simulation
study to illustrate Theorem 11.

Remark 2 It can be easily shown that results similar to Theorem 11 hold for the f -
divergence, which is Df (q||p) :=

∫
Z p(z)f (q(z)/p(z)) dz, if f has a bounded first-order

derivative on its domain.

12
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4. Some theoretical extensions

In this section, we consider several extensions to relax some conditions of the main results in
3. These extensions include: (1) Extension to cases with unbounded support; (2) Extension
to mitigate the curse of dimensionality; (3) Extension to cases with unbounded density
ratio.

4.1 Extension to the case of unbounded support

Recall that the densities q∗ and p∗ are assumed to have the same support [0, 1]d. Such a
hypercube assumption is made for technical convenience. In fact, our Theorem 6, Corollary
7 and Theorem 10 do not rely on the hypercube assumption. In practice, a density ratio with
unbounded support can be often encountered, necessitating a relaxation of the hypercube
assumption to accommodate scenarios with unbounded support. To this end, we only need
to study the upper bound for the approximation error ‖DNN−D∗‖max more carefully. With
unbounded support, we may bound ‖DNN − D∗‖max by the support truncation technique
under some suitable additional assumptions, at a small price of a slightly larger logarithm
term in the error bound.

Specifically, suppose that the p.d.f’s are supported on Rd, to bound the approximation
error as in Theorem 10, in addition to Assumptions 4 and 5 and the Hölder class assumption,
we need to impose the following assumption on the tail probabilities.

Assumption 12 There exist two positive constants c and C such that

max(Ep∗I{‖Z‖∞ ≥ C log n}, Eq∗I{‖Z‖∞ ≥ C log n}) ≤ cn−
2β
d+2β .

Examples satisfying Assumption 12 include sub-Gaussian variables e.g. normal random
variables and sub-exponential variables e.g. exponential random variables and χ2-random
variables etc. We provide a brief proof about this fact in Appendix C. The next theorem
provides an extended result for target density ratio with an unbounded support.

Theorem 13 (Non-asymptotic error bound with an unbounded support) Suppose
that Assumptions 4, 5 and 12 are satisfied, D∗ ∈ Hβ(Rd,M) with β = k + a where k ∈ N+

and a ∈ (0, 1], and FFNN is the function class of ReLU DNNs with width W and depth D
specified as below,

W = 114(bβc+ 1)2dbβc+1,

D = 21(bβc+ 1)2
⌈
n

d
2(d+2β) log2

(
8n

d
2(d+2β)

)⌉
.

Then, for M ≥ 1 and n ≥ Pdim(FFNN),

ESp,Sq‖D̂ −D∗‖2max ≤ C0(bβc+ 1)9d2bβc+(β∨3)n
− 2β
d+2β (2 log2bβc∨3 n), (16)

where the constant C0 depends only on (µ, σ,M).

The proof strategy for Theorem 13 is based on truncating the input data to confine it
within a bounded set ({z : ‖z‖∞ ≤ C log n}) and controlling the associated errors for data

13
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points lying outside this bounded set through the tail probability delineated in Assumption
12. Compared with the upper bound of the approximation error in Theorem 10, when the
p.d.f’s are supported on Rd, the approximation error bound has an extra logarithmic factor
(2 log n)2bβc.

4.2 Extension to mitigate the curse of dimensionality

In many modern statistical and machine learning tasks, such as image processing and text
analysis, the dimensionality d of the data can be high, which results in a very slow con-
vergence rate even with a large sample size. This is known as the curse of dimensional-
ity. Nonetheless, the data in various applications has been demonstrated to be supported
or approximately supported in some subspaces or subsets with low intrinsic dimensional-
ity (Nakada and Imaizumi, 2020). For regression problems, Nakada and Imaizumi (2020)
have shown that DNNs can adaptively estimate the regression function through the low-
dimensional structure of the data, and the resulting convergence rates no longer depend on
the nominal high dimensionality d of the data, but on its low intrinsic dimension.

Motivated by these advancements, we assume that the data is concentrated on an ap-
proximate compact Riemannian submanifold M with the Riemannian dimension dM � d.

Assumption 14 The target log-density ratio D∗ ∈ Hβ([0, 1]d,M) with β = k + a where
k ∈ N+ and a ∈ (0, 1], and the data from the densities p∗, q∗ are concentrated on a set
Mρ,τ,V,R ⊆ [0, 1]d defined as

Mρ,τ,V,R := {x ∈ [0, 1]d : there exists y ∈Mτ,V,R, ‖x− y‖2 ≤ ρ},

where Mτ,V,R is a compact dM-dimensional Riemannian submanifold having condition
number 1/τ , volume V , and geodesic covering regularity R and ρ ∈ (0, 1).

The next theorem provides a non-asymptotic error bound depending only on the intrinsic
dimension.

Theorem 15 Assume Assumptions 4, 5 and 14 hold. Suppose that D∗ ∈ Hβ([0, 1]d,M)
with β = k + a, k ∈ N+ and a ∈ (0, 1]. If FFNN is the function class of ReLU FNNs with
width and depth

W = 38(bβc+ 1)2dδ
bβc+1Ldlog2(8L)e

D = 21(bβc+ 1)2Kdlog2(8K)e,

where K,L ∈ N+ and dδ = O
(
dM log(dVRτ−1/δ)/δ2

)
� d, then when M ≥ 1, n >

Pdim(FFNN) and

ρ ≤ (bβc+ 1)22βdβ−
1
2d
bβc+(β−1/2)∨(1/2)
δ (KL)

− 2β
dδ ,

we have

ESp,Sq‖D̂ −D∗‖2max ≤ C(1− δ)−2β
[
ξ2
n + C2(KL)

− 4β
dδ

]
,

where the constant C only depends on (µ, σ,M), C2 = (bβc+ 1)4(2d)2βd
3β+(β∨1)
δ , and ξn is

defined in (9).

14
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Remark 3 dδ is the dimension of the Euclidean space, where the low-dimensional Rieman-
nian manifold is embedded and the distance between two embedded points approximately
equals to the distance between their original points on the manifold with a relative error
δ; see (48) in the supplementary materials for more details. In Theorem 15, the de-
pendence on ρ has been absorbed in the convergence rate in Theorem 15 as we require

ρ ≤ (bβc+ 1)22βdβ−1/2d
bβc+(β−1/2)∨(1/2)
δ (KL)−2β/dδ .

By Theorem 15, if we set W = 114(bβc+ 1)2dδ
bβc+1,D = 21(bβc+ 1)2

⌈
nζδ log2

(
8nζδ

)⌉
,

with ζδ = dδ/(2(dδ + 2β)), then

ESp,Sq‖D̂ −D∗‖2max ≤ C0C3(1− δ)−2βn
− 2β
dδ+2β log3 n, (17)

where the constants C0 only depends on (µ, σ,M) and

C3 = (bβc+ 1)9 max{d2bβc+3
δ , (2d)2βd

3β+(β∨1)
δ }.

The convergence rate n−2β/(dδ+2β) up to some logarithmic factor in (17) only depends
on dδ � d, instead of the ambient dimension d. Therefore, Theorem 15 shows that a
low-dimensional Riemannian submanifold support assumption can alleviate the curse of
dimensionality.

4.3 Extension to the case with an unbounded density ratio

Our previous results in Theorem 6 and Corollary 7 are derived under the boundedness con-
dition in Assumption 5, which is commonly made in the relevant literature (Sugiyama et al.,
2012a; Kato and Teshima, 2021; Kato et al., 2023). It is, however, somewhat restrictive in
density-ratio estimation problems. For instance, it may not be satisfied in the scenario with
density-chasm problem, i.e., the gap between two densities is large (Rhodes et al., 2020).
To relax such an assumption, we consider the following partially-relaxed version.

Assumption 16 There exists a constant 0 < M < ∞ such that D∗(z) ≥ −M for every
z ∈ Z and ‖D‖∞ ≤ M for every D ∈ FFNN.

Assumption 16 does not require the target log-density ratio D∗ to be bounded above.
Denote the truncated D∗ and R∗ by

D∗M (z) = D∗(z)I{D∗(z) ≤M}+MI{D∗(z) > M},
R∗M (z) = R∗(z)I{R∗(z) ≤ eM}+ eM I{R∗(z) > eM},

where 0 < M < ∞ and I{·} is the indicator function. The next theorem establishes a
non-asymptotic error bound involving the truncation error under Assumption 16.

Theorem 17 Suppose Assumptions 4 and 16 hold. When n > Pdim(FFNN), there exists
two constants C depending only on (µ, σ,M) and C0 depending only on (µ, σ), such that

ESp,Sq‖D̂ −D∗‖2p ≤ C0e
2M‖R∗ −R∗M‖2p + C

(
ξn + inf

D∈FFNN

‖D −D∗M‖2p
)
,

where ξn is defined in (9).
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The term ‖R∗−R∗M‖2p is the truncation error for an unbounded R∗ and the unboundedness

also leads to the term ξn = [Pdim(FFNN)(log n)/n]1/2 in the error bound, which is greater
than ξ2

n in the bounded case. However, because no boundedness assumption is needed
in this theorem, we can apply it to study the convergence properties of the telescoping
density-ratio estimator of Rhodes et al. (2020) in subsection 4.4 below.

Remark 4 To the best of our knowledge, the tight bound for density-ratio estimation in
unbounded setting is an open question. Even in density estimation problems, when the
density is unbounded above, it remains unsolved what the tight bound is. Our result in
Theorem 17, albeit not tight, is an attempt to tackle the challenging unbounded density-
ratio problem.

4.4 An application to analysis of the telescoping density-ratio estimator

In this subsection, we apply the extended result in Theorem 17 for unbounded density ratios
to investigate the convergence properties of the telescoping density-ratio estimator proposed
by Rhodes et al. (2020). By leveraging the main results in Theorem 6 and Theorem 17, we
theoretically demonstrate the advantages of the telescoping estimator for unbounded density
ratios. This analysis provides insights into the performance of the telescoping approach
under more general conditions.

When the difference or the ‘gap’ between two densities is large, a single-ratio estimation
method may perform poorly. This is referred to as the density-chasm problem (Rhodes
et al., 2020). To alleviate this problem, Rhodes et al. (2020) proposed an approach called
Telescoping density-Ratio Estimation (TRE). This approach first gradually transports sam-
ples from q∗ to samples from p∗, creating a chain of intermediate datasets, then estimates
the density ratio between consecutive datasets along this chain. The chained ratios are
combined via a telescoping product which yields an estimate of the original density ratio.
The experiments conducted by Rhodes et al. (2020) demonstrate that TRE can yield sub-
stantial improvements over existing single-ratio methods for mutual information estimation,
representation learning and energy-based modelling.

We now provide a theoretical analysis of TRE, which partially explains why TRE per-
forms well. For notational simplicity, suppose np = nq ≡ n below.

For k = 0, 1, . . . ,K, Rhodes et al. (2020) constructed a chain of intermediate samples
connecting q∗ and p∗ by setting Zk,i = (1 − α2

k)
1/2Zq,i + αkZp,i, i = 1, . . . , n, where 0 =

α0 < α1 < · · · < αK−1 < αK = 1, and used these samples to build a TRE.

To simplify the analysis, we use a slightly different chain of intermediate samples as
follows. For k = 0, 1, . . . ,K, let

Zk,i = (1− δk,i)Zq,i + δk,iZp,i, i = 1, . . . , n, (18)

where δk,i, i = 1, . . . , n, are i.i.d. Bernoulli random variables with success probability αk.
Let qk be the density of the synthetic data Zk,i constructed this way. We have qk(z) =
(1 − αk)q∗(z) + αkp

∗(z), k = 1, . . . ,K − 1. Therefore, the distribution of the samples from
qk in the chain is a simple mixture of q∗ and p∗ with the mixing proportions 1−αk and αk,
instead of a more complex convolution of two densities using the construction of Rhodes
et al. (2020). As αk changes from α0 = 0 to αK = 1 over a grid {α0, α1, . . . , αK} ⊂ [0, 1],
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the distributions of the samples in the chain move gradually from q∗ to p∗. Let q0 = q∗ and
qK ≡ p∗. Then,

R∗(z) =
q∗(z)

p∗(z)
=

K−1∏
i=0

R∗k(z), z ∈ Z, (19)

where R∗k(z) = qk(z)/qk+1(z). For k = 0, 1, . . . ,K−1, applying the neural density-ratio esti-

mator with {Zk,j}nkj=1 and {Zk+1,j}
nk+1

j=1 yields an estimator R̂k of R∗k. Then the telescoping

density ratio estimator of R∗ is
∏K−1
k=0 R̂k.

We consider the log-density ratio. Let D̂k be the neural estimator of D∗k ≡ log(qk/qk+1).
Based on (19), the telescoping estimator of the log-density ratio D∗ ≡ logR∗ is

D̂TRE =

K−1∑
k=0

D̂k. (20)

In what follows, we show that under certain conditions, the telescoping estimator has an
improved asymptotic error bound. The intuition is as follows: when qk/qk+1 is bounded or
qk(z)/qk+1(z)� q∗(z)/p∗(z) for z ∈ Z, where qk and qk+1 are the densities of the synthetic
data {Zk,j}nj=1 and {Zk+1,j}nj=1, respectively, the truncation error for qk/qk+1 vanishes or is
far less than that for q∗/p∗. This can help the telescoping density-ratio estimator perform
better than a single-ratio estimator.

Assume that q∗ ≥ c1 and c1 ≤ p∗ ≤ c2, where 0 < c1, c2 < ∞ are two constants. Thus,
D∗ = log(q∗/p∗) ≥ log(c1/c2). So Assumption 16 is satisfied. For any finite set A ⊂ R,
maxA denotes the maximal value in A. Let M = log(c2/c1) and M satisfy

M ≥ maxA(2K)
M,α , (21)

where

A(2K)
M,α = {1} ∪

{
log

1− αk−1

1− αk
, k = 1, . . . ,K − 1

}
∪
{

log
(1− e−M )αk + e−M

(1− e−M )αk−1 + e−M
, k = 1, . . . ,K − 1

}
.

Based on Theorem 17, we can establish an asymptotic error bound for the telescoping
estimator D̂TRE defined in (20), with

D̂k ∈ argmin
D∈FFNN

B̂kψ(eD),

where

B̂kψ(eD) =
1

n

n∑
i=1

L1(D(Zk+1,i)) +
1

n

n∑
i=1

L2(D(Zk,i)),

where L1 and L2 are defined in (6) and FFNN consists of DNNs D with ‖D‖∞ ≤ M . To
demonstrate the advantages of the telescoping estimator, we also consider the single-ratio
estimator (SRE), D̂SRE ∈ argminD∈FFNN

B̂ψ(eD).
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Proposition 18 Assume that q∗ ≥ c1, c1 ≤ p∗ ≤ c2, where the constants 0 < c1 ≤ c2 <∞,
and the samples {Zq,i}ni=1 from q∗ and {Zp,j}nj=1 from p∗ are independent. Then, there
exists a constant C0(µ, σ, c1) depending only on (µ, σ, c1) such that for

BSRE = eMC0(µ, σ, c1)‖R∗ −R∗M‖p,

we have

lim sup
n→∞

ESp,Sq‖D̂SRE −D∗‖2 ≤ BSRE,

lim sup
n→∞

ESp,Sq‖D̂TRE −D∗‖2 ≤ (1− αK−1)BSRE,

where ‖f‖2 =
[∫
Z f

2(z)dz
]1/2

for any square integrable function f .

Proposition 18 shows that for a given sequence 0 = α0 < α1 < · · · < αK−1 < αK = 1
satisfying (21), the upper bound for the asymptotic L2-error of D̂TRE is reduced by a factor
(1 − αK−1) with 0 < 1 − αK−1 < 1. This upper bound can be far less than that of D̂SRE

when αK−1 is close to 1. Therefore, TRE can improve the asymptotic error bound over the
bound for the single-ratio method.

To realize (21), it generally requires that for 0 = α0 < α1 < · · · < αK−1 < αK = 1,

maxk=1,...,K(αk−αk−1) is small enough or otherwise maxA(2K)
M,α �M . Hence, it often needs

a chain with relatively large K to achieve better performance. Nonetheless, one intermediate
distribution (K = 2) may still give improved results when M is large enough.

Proposition 18 is generally not applicable to the original chain of TRE. The difficulty is
due to the possibly intensive oscillation of density ratios caused by the convolution form for
the density of the sum of two random variables. We illustrate this by a toy example: suppose
Zq, Zp are i.i.d. uniform random variables on [0, 1]. For any t ∈ (0, 1/2], (1− t)Zq + tZp has
density

q∗t (z) =
z

t(1− t)
I{0 ≤ z ≤ t}+

1

1− t
I{t<z ≤ 1− t}+

1− z
t(1− t)

I{1− t<z ≤ 1}.

In this case, q∗/q∗t is unbounded and oscillates sharply when z is close to 0 or 1. This makes
it hard to estimate q∗/q∗t . However, the chain we used does not have this problem, which
may be a good choice in practice. In subsections 5.4 & 5.5, we conduct some numerical
experiments to compare the performance of the telescoping ratio estimates based on our
proposed mixing chain and the original convolution chain.

5. Numerical studies

In this section, we conduct simulation studies to validate our main theoretical results,
evaluate the performance of our proposed KL estimator, test the effect of (1-αK−1) in the
proposed mixing telescoping density-ratio estimator (mTRE) and compare mTRE to the
convolution-based telescoping density-ratio estimator (cTRE) in Rhodes et al. (2020).
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5.1 Simulation studies to validate the main theoretical results

In this subsection, we present numerical validations for Theorems 10 & 13. Note that
Theorem 10 pertains to a special case of Theorem 6 and Corollary 7. The numerical
verifications conducted for Theorem 10 also serve to demonstrate the validity of Theorem
6 and Corollary 7. Moreover, Theorem 13 is an extension of Theorem 6 for the unbounded
support case.

In the first part, we conduct numerical validations for Theorem 10.

• Model (TN): Let TNd0(Σ, a) be a truncated d0-dimensional Gaussian distribution with
a mean 0 ∈ Rd0 , covariance matrix Σ ∈ Rd0×d0 and a truncation level a > 0. That is,
V ∼ TNd(Σ, a) implies that there exists a d0-dimensional Gaussian random variable
U = N (0,Σ), such that V = UI(‖U‖∞ ≤ a). Let Z = (Z1, . . . , Z2d0)> ∈ R2d0

be the random vector of interest. For distribution p∗, Z ∼ TN2d0(I2d0 , a) and for
distribution q∗, Z ∼ TN2d0(Σ(ρ), a), where I2d0 is the 2d0 × 2d0 identity matrix and
Σ(ρ) = (σρi,j) ∈ R2d0×2d0 , σρi,j = 1 if i = j, σρi,j = ρ if |i − j| = d0, and σρi,j = 0
otherwise for i, j = 1, 2, . . . , 2d0.

We discuss the Hölder properties of the truncated Gaussian distributions in details
in Appendix B. In this example, the target log-density ratio has an infinite Hölder
smoothness parameter (β =∞) and has finite support. The parameters are specified
as follows: ρ = 0.1, d0 = 2 and a = 1.

• Model (NI): The second simulation below satisfies all the conditions outlined in Theo-
rem 10. That is, the target log-density ratio has a finite Hölder smoothness parameter
and finite support, different from the first model.

Let X be a d0-dimensional random vector. And{
q∗ : Z = (Y,X), Y = Y1I{a1 ≤ Y1 ≤ a2}, Y1 = f0(X) + ε,

p∗ : Z = (Y,X), Y = Y1I{a1 ≤ Y1 ≤ a2}, Y1 = 1 + f0(X) + ε,
(22)

where ε ∼ TN1(1, 1) and a1, a2 are set to let q∗ and p∗ have the same support. We
show at the end of Appendix A that

D∗(z) = log
q∗(y, x)

p∗(y, x)
= f0(x)− y +

1

2
+ c (23)

for some constant c and any z = (y, x), implying that D∗ has a Hölder smoothness
akin to that of f0(x).

For this example, we set d0 = 3, a1 = 1, a2 = 2, X follows a uniform distribution on
[0, 1]d0 and

f0(x) : = (d0 − 1)−1
d0−1∑
i=1

xixi+1 + d−1
0

d0∑
i=1

2 sin (2πxi) I{xi ≤ 0.5}

+ d−1
0

d0∑
i=1

(
4π(
√

2− 1)−1
(
xi − 2−1/2

)2
− π(
√

2− 1)

)
I{xi > 0.5}.
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Notably, f0 is a member of Hβ([0, 1]d0 ,M) with β = 2 and some constant M . Such a
f0 is also considered in the simulation studies in Nakada and Imaizumi (2020).

• Implementation details and results: For each model, we vary np = nq = n ∈ {100, 500,
1000, 5000, 10000, 100000} and each setup is repeated 10 times. The neural network
architectures and additional implementation details can be found in Appendix G.1.
The empirical mean squared error, denoted as M̂SE(D̂), is computed as detailed in
Appendix G.1.

The average MSEs and their SEs over 10 replications with different n under Models
(TN) & (NI) are summarized in Table 2. From Table 2, it can be seen that the
empirical MSEs decrease as the training sample size increases. According to Theorem
10, log MSE(n) ≈ (−2β/(2β+d)) log n+C for some constant C. Denote the theoretical
convergence factor as CF = −2β/(2β+d). We then fit a simple linear regression based
on the data in Table 2 for Models (TN) and (NI) separately. In the linear regression,

the response variable is the logarithm of the estimated MSE, denoted by log M̂SE(D̂),
and log n is the predictor. The log-transformed data and the fitted lines are displayed
in Figure 1.

For Model (TN) with d = 2d0 = 4 and β = ∞, the theoretical convergence factor
can be computed to be CF = −1. And the empirical CF shown in Figure 1 is around
−0.9809. For Model (NI) with d = d0 + 1 = 4 and β = 2, the theoretical convergence
factor is CF = −2β/(2β + d) = −1/2. And the empirical CF in Figure 1 is around
−0.5101. These empirical results provide supporting evidence for the validity of our
Theorem 10.

Table 2: The average MSEs of the proposed deep log density ratio estimate (BDD) and the cor-
responding simulation standard errors (in parentheses) over 10 replications for verifying Theorem
10.

n
Model

Model (TN) Model (NI)

100 3.48502(0.69336) 6.32138(1.28762)
500 0.56943(0.12371) 2.58476(0.46108)
1000 0.23291(0.03584) 1.90831(0.53766)
5000 0.05760(0.00893) 0.82870(0.30309)
10000 0.02860(0.00540) 0.61421(0.13418)
100000 0.00376(0.00009) 0.17945(0.00595)

20



Deep ReLU Feedforward DRE

(a) Model (TN) (b) Model (NI)

Figure 1: The log-transformed data based on Table 2, and the fitted lines based on the
linear regression model, along with their slopes. The theoretical convergence factors for
Models (TN) & (NI) are −1 and −1/2, respectively.

In the second part, we conduct numerical validations for Theorem 13, which underscore
the importance of Assumption 12 in Theorem 13.

• Simulation model setup: We consider the data generating model in (22) with d0 = 1
and f0(x) = sin(|x|). In view of the non-differentiability of | · | and the Lipschitz
continuity of f0 with a constant of 1, we know f0 ∈ Hβ(R, 1) with β = 1. Note that
Z = (Y,X). We consider two settings of X:

{
X follows the standard normal distribution, a1 = 0.8, a2 = 1.8

X follows Student-t(2), a1 = 0.5, a2 = 1.5
,

where Student-t(2) means the Student’s-t distribution with degrees of freedom 2.
When X follows normal distribution, Z = (Y,X) (if Y is bounded) satisfies As-
sumption 12; when X follows Student-t(2), Assumption 12 is violated since random
variables satisfy Assumption 12 at least have finite moments, while Student-t(2) ran-
dom variable does not have finite variance. Other simulation implementation details
are similar to those for Model (NI) in the first part; see Appendix G.1.

• Results: The average MSEs and their SEs (over 10 replications) with varying sam-
ple sizes n are summarized in Table 3. When Assumption 12 holds, the theoretical
convergence factor CF = −2β/(2β + d) = −1/2 since d = d0 + 1 = 2 and β = 1.
The log-transformed empirical data in Table 3 and the fitted lines based on a linear
regression model are shown in Figure 2. The empirical CF for normally distributed X
in Figure 2 is around −0.4912, very close to the theoretical value of −1/2. Conversely,
when X follows Student-t(2), the empirical CF is computed as −0.2296, indicating a
decelerated convergence rate when Assumption 12 is violated.
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Table 3: The average MSEs of the proposed deep log density ratio estimate (BDD) and the cor-
responding simulation standard errors (in parentheses) over 10 replications for verifying Theorem
13.

n
Model

Normal Student-t(2)

100 6.54752(3.75635) 8.19044(3.28793)
500 2.74838(1.54536) 7.04476(1.91902)
1000 2.21367(1.79875) 5.34623(2.25564)
5000 1.46320(0.37831) 3.25975(1.12520)
10000 0.71740(0.34525) 2.62748(0.92486)
100000 0.19501(0.00879) 1.95932(0.26622)

(a) N(0,1) (b) Student-t(2)

Figure 2: The log-transformed data in Table 2, and the fitted lines based on a linear
regression model, along with their slopes. The theoretical convergence factor is −1/2.

5.2 Simulation studies to examine KL divergence estimation

In this subsection, we use a simulation experiment to examine the asymptotic normality
of KL divergence estimation in Theorem 11. Our simulation setting is as follows: Let
Z = (Z1, Z2, . . . , Zd0 , Zd0+1, Zd0+2, . . . , Z2d0)> ∈ R2d0 be some random vector of interest.
For distribution p, Z ∼ N(0, I2d0) and for distribution q, Z ∼ N(0,Σ(ρ)), where I2d0 and
Σ(ρ) = (σρi,j) are defined in the last subsection.

We calculate the bias magnitude (Bias), the standard errors of the KL divergence es-
timate in (15) across the replicated samples (SE), the estimated standard deviation (SD)
based on the asymptotic normality in Theorem 11, and the actual confidence interval cover-
age under the nominal coverage of 0.95 (CP). The simulation results for d = 1, 5, ρ = 0.4, 0.7
and m = 100, 200, 400, where m is the testing sample size in Theorem 11, are reported in
Table 4. These reported results are based on 200 simulation repetitions. From Table 4, we
see that relatively small testing data sample size m = 100 produces the satisfactory actual
coverage, and relatively large m, such as m = 200 or 400, may damage the actual cover-
age of the constructed confidence interval through Theorem 11. This coincides with the

22



Deep ReLU Feedforward DRE

Table 4: Simulation results for the KL divergence estimation

d n ρ m Bias SE SD CP

1

5000

0.4
100 -0.0024 0.0414 0.0385 0.915
200 -0.0064 0.0286 0.0274 0.945
400 -0.0061 0.0206 0.0193 0.895

0.7
100 -0.0022 0.0684 0.0655 0.930
200 -0.0093 0.0446 0.0470 0.945
400 -0.0090 0.0349 0.0337 0.930

10000

0.4
100 -0.0073 0.0391 0.0383 0.960
200 -0.0043 0.0303 0.0276 0.925
400 -0.0025 0.0220 0.0195 0.910

0.7
100 -0.0092 0.0707 0.0664 0.930
200 -0.0077 0.0481 0.0473 0.950
400 -0.0092 0.0372 0.0332 0.895

5

5000

0.4
100 -0.0215 0.0934 0.0882 0.935
200 -0.0260 0.0665 0.0631 0.915
400 -0.0320 0.0583 0.0444 0.805

0.7
100 -0.0661 0.1633 0.1513 0.910
200 -0.0325 0.1329 0.1064 0.865
400 -0.0457 0.0948 0.0750 0.830

10000

0.4
100 -0.0184 0.0887 0.0876 0.935
200 -0.0179 0.0673 0.0620 0.920
400 -0.0222 0.0550 0.0441 0.880

0.7
100 -0.0421 0.1607 0.1467 0.900
200 -0.0427 0.1155 0.1059 0.920
400 -0.0423 0.0919 0.0744 0.850

requirement for m in Theorem 11, as we have seen that m cannot be too large in Theorem
11. All related implementation details can be found in Appendix G.2.

5.3 Simulation studies to check the effect of (1-αK−1) in mTRE

In this subsection, we conduct simulations to examine the effect of (1 − αK−1). The data
generating model is as follows: Let Z = (Z1, Z2, . . . , Zd)

> ∈ Rd be a random vector, where
Z1, Z2, . . . , Zd are i.i.d. random variables following distributions as below:

• For q∗, Zi =
√
Ui, Ui ∼ Uniform([0, 1]), i = 1, . . . , d. It can be easily checked

that q∗(z) = (2d
∏d
i=1

√
zi)
−1 ≥ 2−d for any z = (z1, z2, . . . , zd)

> ∈ [0, 1]d and
lim‖z‖2→0 q

∗(z) =∞;

• For p∗, Zi = (Ui + U2
i )/2, Ui ∼ Uniform([0, 1]), i = 1, . . . , d. Similarly, one can easily

show that p∗(z) =
∏d
i=1(zi + 1/2) and thus, 2−d ≤ p∗(z) ≤ (3/2)d.
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Such a simulation model meets the conditions in Proposition 18. In each experimental
iteration, we sample 2000 data points from q∗ and p∗ respectively to facilitate the training of
the neural network and the subsequent density ratio estimation. For other implementation
details, we refer readers to Appendix G.3 of the paper. The experiments are conducted for
d = 1 and d = 5, respectively, with each configuration repeated 10 times. The average MSEs
(over 10 replications) and their respective SEs for varying values of αK−1 are summarized
in Table 5.

Table 5: The average MSEs of the estimated TRE and the corresponding simulation standard errors
(in parentheses) over 10 replications.

αK−1

d
1 5

0.9 1.473×101(1.994×10−1) 5.296×1013(1.498×1014)
0.99 2.255×100(3.931×10−2) 1.016×105(4.460×101)
0.999 5.170×10−2(7.967×10−4) 6.820×104(2.553×101)
0.9999 5.765×10−4(1.440×10−5) 1.601×104(4.727×100)
0.99999 5.741×10−6(1.467×10−6) 5.069×102(1.281×100)
0.999999 1.873×10−7(2.425×10−7) 6.039×100(1.489×10−1)
0.9999999 1.542×10−7(1.943×10−7) 6.689×10−2(1.513×10−2)

Table 5 tells that the estimation errors decrease as αK−1 approaches 1, which aligns with
the theoretical results in Proposition 18. Meanwhile, the density ratio estimation is quite
challenging in this simulation model, as the density ratio has a non-vanishing probability at
extremely large values, especially when the dimension d is higher; see the simulation results
for d = 5 and relatively small αK−1 in Table 5. Nevertheless, the proposed telescoping idea
proves instrumental in mitigating this challenge and enhancing the density ratio estimation.

5.4 Simulation on comparison of mTRE and cTRE

In this subsection, we conduct simulation studies to evaluate the performance of the tele-
scoping ratio estimates (TREs) based on our proposed mixing chain (denoted by mTRE)
and the original convolution chain (denoted by cTRE). Our simulation settings are as fol-
lows.

• Beta setting: Let Z = (Z1, Z2, . . . , Zd)
> ∈ Rd be a random vector of interest, where

Z1, Z2, . . . , Zd are i.i.d. random variables following Beta distribution, denoted by
Beta(α, β). Set p∗ as the p.d.f of Z with Beta(2.2, 1.5) and q∗ as the p.d.f of Z with
Beta(2, 2). In this setting, we set d = 5.

• Normal setting: Let Z ∈ R2d0 be some random vector of interest generated as in
subsection 5.2. But in this setting, d0 = 5 and ρ = 0.9.

After obtaining a log density-ratio estimate D̂, suppose we have nt testing samples {Zt,i}nti=1

from q∗, we calculate the MSE between the log density-ratio estimate D̂ and its true value
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Table 6: The MSEs averaged over 10 replications and the corresponding standard errors in
parentheses for mTRE and cTRE under different settings of n,K. The bold one is the best
among the two estimates in a specific setting.

Setting Method
(n,K)

(5000,5) (5000,10) (10000,5) (10000,10)

Beta
mTRE 0.9850(0.0269) 0.8840(0.0180) 1.0109(0.0171) 0.9299(0.0194)
cTRE 1.4670(0.0606) 1.2935(0.0274) 1.3674(0.0625) 1.2850(0.0293)

Normal
mTRE 2.7426(0.0370) 2.8330(0.0450) 2.7483(0.0367) 2.7813(0.0265)
cTRE 2.7987(0.0586) 2.7076(0.0293) 2.8184(0.0347) 2.7503(0.0297)

D0 as below,

M̂SE(D̂) =

[
1

nt

nt∑
i=1

{D̂(Zt,i)−D0(Zt,i)}2
]1/2

.

We calculate the averaged MSEs over 10 replications and the corresponding standard errors
for mTRE and cTRE under different settings of n,K, where n is the training data sample
size and K is the length of the chain. In addition, we use nt = 5000 in this simulation. The
implementation details are given in Appendix G.4 of the paper. The results are summarized
in Table 6. Clearly, Table 6 shows that, for the models considered in the simulation stud-
ies, the proposed mixing chain performs comparably or better compared with the original
convolution chain.

5.5 Comparison of mTRE and cTRE on the MNIST dataset

We now apply the proposed mixing chain (18) for density ratio estimation to the MNIST
dataset (http://yann.lecun.com/exdb/mnist), which consists of 60,000 training and 10,000
testing grayscale images with 28 × 28 pixels. In the implementation, to accelerate the
computation, we use the subsampling method with a training subsample size of 20,000 and
a relatively small DenseNet network structure (Huang et al., 2017); see Table 10 of the
Appendix for the specification of the network architectures and its subsection G.5 for the
implementation details.

Similar to the results in Table 1 of Rhodes et al. (2020), we calculate the average
negative log-likelihood (ANLL) in bits per dimension (bpd, smaller is better) on the 10,000
testing grayscale images; see its detailed definition in (64) of the supplementary materials.
We denote the estimate based on the proposed mixing chain (18) with the chain length
B by “mTRE-B”. We obtain the averaged ANLLs and their empirical standard errors for
mTRE-5 and mTRE-10 over 5 random training subsamples. For fairer comparison, we have
run the original convolution chain (cTRE) in Rhodes et al. (2020) with a chain length 5
and 10 based on 20000 samples, mirroring the setups applied to the proposed mTRE. The
simulation results are presented in Table 7. From Table 7, one can see that mTRE performs
better than the corresponding cTRE, and cTRE-10 failed to yield results due to recurring
occurrences of a “NAN” output in five random re-samplings.
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Table 7: The averaged ANLL’s and their empirical standard errors in parentheses for
mTRE-5, mTRE-10, cTRE-5 and cTRE-10 over 5 random training subsamples.

Estimator mTRE-5 mTRE-10 cTRE-5 cTRE-10

ANLL 1.40 (0.0045) 1.39 (0.0077) 1.41 (0.0002) –

6. Related work: comparison with the NN-BD estimator

There has been much work on the error analysis of nonparametric density-ratio estimation
(Nguyen et al., 2010; Sugiyama et al., 2008; Kanamori et al., 2012a; Yamada et al., 2013).
These results show that when the targeted density-ratio belongs to certain function space
H, such as RKHS, and thus no approximation error is incurred, their estimators achieve
certain nonparametric convergence rate decided by the complexity of H. Compared to these
works, our results consider the approximation error using neural network functions and still
achieves the minimax optimality up to some logarithmic factor under some mild conditions.

Our work is most related to the paper by Kato and Teshima (2021), who proposed a non-
negative Bregman divergence (NN-BD) method to tackle the possible over-fitting problem
due to the unboundedness of certain Bregman divergences. We compare our theoretical
results with those for the NN-BD estimator of Kato and Teshima (2021). Using the notation
in this paper, we restate two conditions required in Kato and Teshima (2021):

(a) Let FRFNN be a class of FNNs with output taking values in [e−M , eM ] for some finite
M > 0. The target density-ratio R∗ ∈ FRFNN. Moreover, for any function in FRFNN, its
Frobenius norm of the parameter matrix Wj in the jth layer is bounded by Bj ≥ 0 and the
activation functions are 1-Lipschitz positive-homogeneous.

(b) The function ψ(·) is σ-strongly convex. Let `1(t) = ψ∗(t)t − ψ(t) + A, `2(t) =
−ψ̃(t), t ∈ [e−M , eM ], where ψ∗(t) = Cnn{ψ′(t)t − ψ(t)} + ψ̃(t). Here ψ̃(t) is a function
bounded above, Cnn and A are user-selected constants. Suppose `1(·) and `2(·) are Lipschitz
functions on [e−M , eM ].

Under these two conditions, Kato and Teshima (2021) rewrote the BD in (4) as

Bψ(R) = Ep`1(R(Z))− CnnEq`1(R(Z)) + Eq`2(R(Z)) + (1− Cnn)A,

and proposed the density-ratio estimator R̂KT defined as

R̂KT = argmin
R∈FFNN

{ 1

nq

nq∑
i=1

`2(R(Zq,i)) +
[ 1

np

np∑
j=1

`1(R(Zp,j))−
Cnn
nq

nq∑
j=1

`1(R(Zq,j))
]

+

}
,

where [a]+ = max(0, a) for any a ∈ R. They showed that

‖R̂KT −R∗‖p = Op

(
n−

1
2+a

)
(24)

for any 0<a<2.
As a comparison, we have the following error bound for our density-ratio estimator

R̂ = exp(D̂) based on Theorem 6.
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Corollary 19 Under Assumption 4, when n ≥ Pdim(FRFNN), there exists a constant C
depending only on (µ, σ,M) such that, for any γ ≥ 0, with probability at least 1− exp(−γ),

‖R̂−R∗‖p ≤ C

√Pdim(FRFNN) log n

n
+

√
γ

n

 .

Corollary 19 implies that ‖R̂ − R∗‖p = Op
(√

log n/n
)
, when the true density-ratio R∗ ∈

FFNN. This convergence rate is faster than the rate for R̂KT given in (24) obtained in Kato
and Teshima (2021). Moreover, the boundedness assumption for the weights of the neural
network functions, as imposed by Kato and Teshima (2021), is not needed in our result.
Corollary 19 also shows that, if the target ratio is assumed to belong to the optimization
space (or hypothesis space), i.e., R∗ ∈ FRFNN without approximation error, then the conver-
gence rate does not depend on the dimension of the data. In other words, the estimation
of R∗ does not suffer from the curse of dimensionality. However, the well-specified model
assumption is not realistic. Therefore, it is important to consider the approximation error
since most likely R∗ 6∈ FRFNN in applications. Note that there is essential difference between
our proof of Theorem 6 and those of Theorem 2 in Kato and Teshima (2021): the proof
of Theorem 2 in Kato and Teshima (2021) operates in an asymptotic framework, whereas
our proof of Theorem 6 is in a non-asymptotic sense. A detailed comparison is provided in
Appendix F.

7. Conclusions

In this work, we have established non-asymptotic error bounds for the BDD density-ratio
estimator. Under reasonable conditions, we have shown that this estimator achieves the
optimal minimax convergence rate up to some logarithmic factor. When the data distri-
bution is supported on an approximate low-dimensional manifold, we have shown that the
BDD estimator can mitigate the curse of dimensionality. We have extended the analysis to
the cases that the target density ratio has unbounded support or is unbounded itself. As
an application of our theoretical results, we proposed an estimator of the KL divergence
that is asymptotically normal based on our convergence results for density ratio estimation
and a data-splitting procedure. We have also analyzed the convergence properties of the
telescoping density ratio estimator (Rhodes et al., 2020) and provided sufficient conditions
under which it has a lower error bound than a single-ratio estimator.

A limitation of our work is that certain boundedness assumption on the target density
ratio such as Assumption 5 or 16 is needed. Also, when the boundedness assumption is
partially relaxed as in Assumption 16, the error bound in Theorem 17 is not as sharp as
that with the boundedness assumption in Theorem 6. It would be interesting to further
relax or remove such assumptions. In addition, as we have stated in Remark 4, to the
best of our knowledge, what a tight bound is for density-ratio estimation in an unbounded
setting is still an open problem. Our result in Theorem 17, albeit not tight, is an attempt
to tackle the difficult unbounded density-ratio estimation problem. These are interesting
and challenging problems that deserve further study in the future.
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Appendix

In the appendix, we provide the technical details and proofs of the results stated in the
paper, and include the implementation details for the experiments reported in Section 5.

Appendix A. Proofs and technical details

Proof [Proof of Theorem 6] For notational convenience, denote εn = ‖DNN −D∗‖max and
use EI to denote EI∗ , I = p, q. Recall that EnI denotes the expectation with respect to

(w.r.t) the empirical distribution of {ZI,t}nIt=1 for I = p, q. As D̂ ∈ argminD∈FFNN
Lnp,nq(D),

where Lnp,nq(D) = 1/np
∑np

j=1 L1(D(Zp,j)) + 1/nq
∑nq

i=1 L2(D(Zq,i)), we have

c0‖D̂ −D∗‖2max

≤ Bψ
(
eD̂
)
− Bψ

(
eD
∗
)

≤ Bψ
(
eD̂
)
− Bψ

(
eD
∗
)
− Lnp,nq(D̂) + Lnp,nq(DNN)

= Bψ
(
eD̂
)
− Lnp,nq(D̂)−

{
Bψ
(
eD
∗
)
− Lnp,nq(D∗)

}
+

{
Lnp,nq(DNN)− Lnp,nq(D∗)

}
= (Ep∗ − Enp){L1(D̂)− L1(D∗)}+ (Eq − Enq){L2(D̂)− L2(D∗)}
+ Enp{L1(DNN)− L1(D∗)}+ Enq{L2(DNN)− L2(D∗)}. (25)

By Lemmas 25 and 30, with probability at least 1− exp(−γ1),

Enp{L1(DNN)−L1(D∗)} ≤ Ep{L1(DNN)−L1(D∗)}+
√

2C1‖DNN−D∗‖max

√
γ1

n
+

16C1Mγ1

3n
.

(26)
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Also, with probability at least 1− exp(−γ1),

Enq{L2(DNN)−L2(D∗)} ≤ Eq{L2(DNN)−L2(D∗)}+
√

2C2‖DNN−D∗‖max

√
γ1

n
+

16C2Mγ1

3n
,

(27)
where C1 = 2e2Mµ,C2 = eMµ. In what follows, we provide the detailed derivation for (26)
and omit the one for (27) as it is structurally the same as those for (26). By Lemma 25,
L1(t) is a function with a Lipschitz constant C1 = 2e2Mµ.

First, we will show that

VarZ∼p(L1(DNN(Z))− L1(D∗(Z))) ≤ C2
1‖DNN −D∗‖2max. (28)

To this end, using the basic inequality Var(X) = EX2 − E2X ≤ EX2 for any random
variable X, we have

VarZ∼p(L1(DNN(Z))− L1(D∗(Z))) ≤ EZ∼p(L1(DNN(Z))− L1(D∗(Z)))2

≤ EZ∼p{C1(DNN(Z)−D∗(Z))}2

= C2
1EZ∼p(DNN(Z)−D∗(Z))2

= C2
1‖DNN −D∗‖2p

≤ C2
1‖DNN −D∗‖2max,

where the second inequality uses the fact that L1(t) has a Lipschitz constant C1 and the
last inequality is because ‖f‖max = max{‖f‖p, ‖f‖q} by its definition. This proves (28).

For any z ∈ [0, 1]d, by the Lipschitz property of L1 and ‖DNN‖∞, ‖D∗‖∞ ≤M , we have

|L1(DNN(z))− L1(D∗(z))| ≤ C1|DNN(z)−D∗(z)| ≤ 2MC1.

By Bernstein’s inequality in Lemma 30, it holds that with probability at least 1−exp(−γ1),

Enp{L1(DNN)− L1(D∗)}

=
1

np

np∑
j=1

{L1(DNN(Zp,j))− L1(D∗(Zp,j))}

≤ Ep{L1(DNN)− L1(D∗)}+
2MC1γ1

3np
+
√

2C1‖DNN −D∗‖max

√
γ1

np

≤ Ep{L1(DNN)− L1(D∗)}+
√

2C1‖DNN −D∗‖max

√
γ1

n
+

16C1Mγ1

3n
.

In the last inequality we have used the fact that n ≤ np. This completes the proof of (26).
The inequalities (26) and (27) together imply that with probability at least 1−2 exp(−γ1),

Enp{L1(DNN)− L1(D∗)}+ Enq{L2(DNN)− L2(D∗)}
≤ Ep{L1(DNN)− L1(D∗)}+ Eq{L2(DNN)− L2(D∗)}

+
√

2(C1 + C2)‖DNN −D∗‖max

√
γ1

n
+

16(C1 + C2)Mγ1

3n

= Bψ
(
eDNN

)
− Bψ

(
eD
∗
)

+

√
2γ1

n
(C1 + C2)‖DNN −D∗‖max +

16(C1 + C2)Mγ1

3n

≤ C0‖DNN −D∗‖2max +

√
2γ1

n
(C1 + C2)‖DNN −D∗‖max +

16(C1 + C2)Mγ1

3n
. (29)
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Step 1. Let g = (D−D∗)2, then g ≤ 4M2 by Assumption 5. If ‖D−D∗‖max ≤ r, then

varp(g) ≤ Ep(g2) = Ep(D −D∗)4 ≤ 4M2Ep(D −D∗)2 ≤ 4M2r2.

Regarding g as a function of D −D∗, we have

|g(D1 −D∗)− g(D2 −D∗)| = |D2
1 − 2D1D

∗ − (D2
2 − 2D2D

∗)|
= |(D1 +D2 − 2D∗)(D1 −D2)|
= |(D1 +D2 − 2D∗){(D1 −D∗)− (D2 −D∗)}|
≤ 4M |(D1 −D∗)− (D2 −D∗)|.

Thus g can be viewed as the function of D − D∗ with a Lipschitz constant 4M . Denote
FD

∗,r
FNN = {D ∈ FFNN, ‖D −D∗‖max ≤ r}, and

RnIF = sup
f∈F

1

nI

nI∑
i=1

ηIi f(ZI,i), I = p, q,

where ηIi , i = 1, 2, . . . , nI are i.i.d. Rademacher variables. For the rest of the proof of
Theorem 6, we use EηRnIF to denote the conditional expectation of RnIF w.r.t ηIi , i =
1, 2, . . . , nI , given ZI,i, i = 1, 2, . . . , nI and EI,ηRnIF to denote the expectation of RnIF
jointly w.r.t ηIi , ZI,i, i = 1, 2, . . . , nI . By Lemma 29, with probability at least 1− exp(−γ1),

‖D −D∗‖2p,np − ‖D −D
∗‖2p

≤ 3Ep,ηRnp

{
(D −D∗)2 : D ∈ FD

∗,r
FNN

}
+ 2

√
2γ1

n
M +

16M2

3

γ1

n

≤ 24MEp,ηRnp

{
(D −D∗) : D ∈ FD

∗,r
FNN

}
+ 2

√
2γ1

n
Mr +

16M2

3

γ1

n
, (30)

where the last inequality follows from Talagland’s contraction theorem. Similarly, with
probability at least 1− exp(−γ1),

‖D−D∗‖2q,nq−‖D−D
∗‖2q ≤ 24MEq,ηRnq

{
(D −D∗) : D ∈ FD

∗,r
FNN

}
+2

√
2γ1

n
Mr+

16M2

3

γ1

n
.

(31)

Let Rn(r)/(24M) = max
I∈{p,q}

{
EI,ηRnI

{
(D −D∗) : D ∈ FD

∗,r
FNN

}}
. When

r2 ≥ Rn(r), r2 ≥ 16M2γ

3n
, (32)

(30) and (31) indicate that with probability at least 1− 2 exp(−γ1),

‖D −D∗‖2np,nq = max{‖D −D∗‖2p,np , ‖D −D
∗‖2q,nq}

≤ max{‖D −D∗‖2p, ‖D −D∗‖2q}+Rn(r) + 2

√
2γ1

n
Mr +

16M2

3

γ1

n

= ‖D −D∗‖2max +Rn(r) + 2

√
2γ1

n
Mr +

16M2

3

γ1

n

≤ (2r)2.
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Thus, when (32) holds, with probability at least 1− 2 exp(−γ1),

‖D −D∗‖max ≤ r ⇒ ‖D −D∗‖np,nq ≤ 2r. (33)

Step 2. Suppose ‖D̂ −D∗‖max ≤ r0 and let

Gi =
{
Li(D)− Li(D∗) : D ∈ FD

∗,r0
FNN

}
, i = 1, 2.

For each (I, i) ∈ {(p, 1), (q, 2)}, with probability at least 1− 2 exp(−γ1),

(EI − EnI ){Li(D̂)− Li(D∗)} ≤ 6EηRnIGi +
√

2Cir0

√
γ1

n
+

46CiMγ1

3n
. (34)

Denote F̂D
∗,r

FNN = {D ∈ FFNN, ‖D−D∗‖np,nq ≤ r}. By (33) in Step 1, when r2
0 ≥ Rn(r0) and

r2
0 ≥ 16M2γ1/(3n), with probability at least 1− 2 exp(−γ1), for each (I, i) ∈ {(p, 1), (q, 2)},

EηRnIGi ≤ 2CiEηRnI

{
(D −D∗) : D ∈ FD

∗,r0
FNN

}
≤ 2CiEηRnI

{
(D −D∗) : D ∈ F̂D

∗,2r0
FNN

}
.

Denote F̂D
∗,r

I = {D ∈ FFNN, ‖D −D∗‖I,nI ≤ r}. When n ≥ Pdim(FFNN), r0 ≥ 1/n and
n ≥ (2eM)2, we have

EηRnI{(D −D
∗) : D ∈ F̂D

∗,2r0
I } ≤ 64r0

√
Pdim(FFNN) log n

n
, (35)

and thus

EηRnIGi ≤ 128Cir0

√
Pdim(FFNN) log n

n
. (36)

Combining (25) (29) (34) and (36), with probability at least 1− 8 exp(−γ1), we have

c0‖D̂ −D∗‖2max ≤ 768(C1 + C2)r0

√
Pdim(FFNN) log n

n

+

√
2γ1

n
(C1 + C2)r0 +

46(C1 + C2)Mγ1

3n
+ C0ε

2
n

+

√
2γ1

n
(C1 + C2)εn +

16(C1 + C2)Mγ1

3n

= (C1 + C2)r0

(
768

√
Pdim(FFNN) log n

n
+

√
2γ1

n

)

+C0ε
2
n +

√
2γ1

n
(C1 + C2)εn +

62(C1 + C2)Mγ1

3n
.

Therefore, when max
{√

Pdim(FFNN) log n/n, εn

}
� r0, there exists r1 � r0 such that

‖D̂ −D∗‖max � r1.
Step 3. Let r∗ = inf{r ≥ 0 : Rn(s) ≤ s2, for s ≥ r} and E be the event on which

‖D −D∗‖np,nq ≤ 4r∗ for all D ∈ FD
∗,2r∗

FNN We intend to prove

r∗ ≤ κM
√

Pdim(FFNN) log n

n
, κ = 24× 130. (37)
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When r∗ ≤ 2
√

3M
√

log n/n/3, the inequality is trivial. When r∗ ≥ 2
√

3M
√

log n/n/3, by
the result in Step 1, P (E) ≥ 1− 2/n. As a result,

r2
∗ ≤ Rn(r∗) ≤ Rn(2r∗) = 24M max

I∈{p,q}

{
EI,ηRnI

{
(D −D∗) : D ∈ FD

∗,2r∗
FNN

}}
.

For each I ∈ {p, q},

EI,ηRnI

{
(D −D∗) : D ∈ FD

∗,2r∗
FNN

}
= EIEηRnI

{
(D −D∗) : D ∈ FD

∗,2r∗
FNN

}
= EIEηRnI

{
(D −D∗) : D ∈ FD

∗,2r∗
FNN

}
(IE + IEc)

≤ EIEηRnI

{
(D −D∗) : D ∈ F̂D

∗,4r∗
FNN

}
+

4M

n
.

It follows from (35) that

r2
∗ ≤ 24M

(
128r∗

√
Pdim(FFNN) log n

n
+

4M

n

)

= 24M

(
128r∗

√
Pdim(FFNN) log n

n
+ r∗ ·

4M

n
· 1

r∗

)

≤ 24Mr∗

(
128

√
Pdim(FFNN) log n

n
+

√
3

n log n

)

≤ κ

√
Pdim(FFNN) log n

n
Mr∗,

where κ = 24× 130. Thus, r∗ ≤ κM
√

Pdim(FFNN) log n/n and (37) is proved.

Step 4. Let Bmax(D∗, r) = {D ∈ FFNN, ‖D − D∗‖max ≤ r}, r̄ ≥ max
(√

log n/n, r∗

)
and l =

⌊
log2(2M/

√
log n/n)

⌋
. Then, the neural network function space FFNN can be

divided into

Bmax(D∗, r̄), Bmax(D∗, 2r̄)\Bmax(D∗, r̄), . . . , Bmax(D∗, 2lr̄)\Bmax(D∗, 2l−1r̄).

As r̄ ≥ r∗, it then follows from the definition of r∗ that r̄2 ≥ Rn(r̄). Further, if
r̄2 ≥ 16M2γ1/(3n), according to (33) in Step 1, with probability at least 1 − 2l exp(−γ1),
for any j = 1, 2, . . . , l,

‖D −D∗‖max ≤ 2j r̄ ⇒ ‖D −D∗‖np,nq ≤ 2j+1r̄.

Suppose that for some j ≤ l, D̂ ∈ Bmax(D∗, 2j r̄)\Bmax(D∗, 2j−1r̄), then by the results in
Step 2, with probability at least 1− 8 exp(−γ1),

c0‖D̂ −D∗‖2max ≤ (C1 + C2)2j r̄

(
768

√
Pdim(FFNN) log n

n
+

√
2γ1

n

)

+C0ε
2
n +

√
2γ1

n
(C1 + C2)εn +

62(C1 + C2)Mγ1

3n
.
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If

1

c0
(C1 + C2)

(
768

√
Pdim(FFNN) log n

n
+
√

2

√
γ1

n

)
≤ 1

8
2j r̄, (38)

and

1

c0

[
C0ε

2
N +
√

2(C1 + C2)εN

√
γ1

n
+

62(C1 + C2)Mγ1

3n

]
≤ 1

8
22j r̄2, (39)

then

‖D̂ −D∗‖2max ≤ 22j−2r̄2 ⇔ ‖D̂ −D∗‖max ≤ 2j−1r̄.

In short, to obtain this inequality, we need r̄ satisfying (38), (39) and

r̄ ≥ max

(√
log n

n
,M

√
16γ1

3n
, r∗

)
.

As r∗ ≤ κM
√

Pdim(FFNN) log n/n, let

C∗ = max

3072(C1 + C2)

c0
, 3120M,

√
max {6C0, 124(C1 + C2)M, 5(C1 + C2)}

c0

 ,

then

r̄ = C∗

(√
Pdim(FFNN) log n

n
+

√
γ1

n
+ εn

)
satisfies all the requirements. As a result, with probability at least 1− 10l exp(−γ1),

‖D̂ −D∗‖max ≤ r̄ and ‖D̂ −D∗‖np,nq ≤ 2r̄.

Let γ1 = log 10l+ γ, l = blog2(2M/
√

log n/n)c. By the basic inequality
√
a+ b ≤

√
a+
√
b

for a, b ≥ 0, with probability at least 1− exp(−γ),

‖D̂ −D∗‖max ≤ r̄ = C∗

(√
Pdim(FFNN) log n

n
+

√
log 10l + γ

n
+ εn

)

≤ C∗

(√
Pdim(FFNN) log n

n
+

√
γ

n
+ εn +

√
log 10l

n

)

≤ (2C∗ + log2M + 1)

(√
Pdim(FFNN) log n

n
+

√
γ

n
+ εn

)
.

Similarly, we have

‖D̂ −D∗‖np,nq ≤ 2(2C∗ + log2M + 1)

(√
Pdim(FFNN) log n

n
+

√
γ

n
+ εn

)
. (40)
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Since C1 = 2e2Mµ,C2 = eMµ, c0 = σe−3M/2 and C0 = µe3M/2, (2C∗ + log2M + 1) can be
significantly simplified through bounding each (M,µ, σ)-related quantity in (2C∗+log2M+
1) by (Me5Mµ)/σ up to some constant prefactors, when σ ≤ µ (It is satisfied by the ψ in
Table 1) and M ≥ 1. Here we illustrate how to bound 3072(C1 + C2)/c0 and 3120M . The
other quantities can be bounded in some similar ways. Since M ≥ 1, obviously we have

3072(C1 + C2)

c0
=

12288e5M (1 + e−M/2)µ

σ
≤ 24576e5Mµ

σ
≤ 24576Me5Mµ

σ
.

Because M ≥ 1 and σ ≤ µ, we know (e5Mµ)/σ ≥ 1 and then clearly

3120M ≤ 3120M × e5Mµ

σ
≤ 3120Me5Mµ

σ
.

Given these discussions, there exists some large universal positive constant C̃ such that

2C∗ + log2M + 1 ≤ C̃Me5Mµ

σ
.

The proof of Theorem 6 is completed.

Proof [Proof of Theorem 10] Since D∗ ∈ Hβ([0, 1]d,M) with β = k + a where k ∈ N+

and a ∈ (0, 1], by Lemma 9, for the FFNN, a function class consists of ReLU FNN with
widthW = 38(bβc+1)2dbβc+1Ldlog2(8L)e and depth D = 21(bβc+1)2Kdlog2(8K)e, where
K,L ∈ N+, there exists a function φ0 ∈ FFNN such that

sup
x∈[0,1]d\HB,δ

|D∗ − φ0| ≤ 18M(bβc+ 1)2dbβc+(β∨1)/2(KL)−
2β
d , (41)

where HB,δ = ∪di=1

{
x = [x1, . . . , xd] : xi ∈ ∪B−1

b=1 (b/B − δ, b/B)
}
, B = d(KL)2/de, δ ∈

(0, 1/(3B)]. As DNN ∈ argminD∈FFNN
‖D−D∗‖max, then ‖DNN−D∗‖2max ≤ ‖φ0−D∗‖2max.

By the result in (41), for I = p or q, we have

‖φ0 −D∗‖2I =

∫
[0,1]d\HB,δ

|D∗ − φ0|2I∗(x)dx+

∫
HB,δ

|D∗ − φ0|2I∗(x)dx

≤ 324M2(bβc+ 1)4d2bβc+(β∨1)(KL)−
4β
d + 4M2

∫
HB,δ

I∗(x)dx.

As p∗(·), q∗(·) are the density functions of some measures on [0, 1]d which are absolutely con-
tinuous with respect to the Lebesgue measure and δ can be arbitrarily small,

∫
HB,δ

I0(x)dx

is also arbitrarily small. Thus we have

‖φ0 −D∗‖2I ≤ 324M2(bβc+ 1)4d2bβc+(β∨1)(KL)−
4β
d

and

‖DNN −D∗‖2max ≤ ‖φ0 −D∗‖2max

≤ 324M2(bβc+ 1)4d2bβc+(β∨1)(KL)−
4β
d

= 324M2C1(β, d)(KL)−
4β
d .
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By Corollary 7, there exists a constant C1 only depending on (µ, σ,M) such that

ESp,Sq‖D̂ −D∗‖2max ≤ C1

(
Pdim(FFNN) log n

n
+ ‖DNN −D∗‖2max

)
≤ C1

{
Pdim(FFNN) log n

n
+ 324M2C1(β, d)(KL)−

4β
d

}
≤ 324M2C1

{
Pdim(FFNN) log n

n
+ C1(β, d)(KL)−

4β
d

}
. (42)

This completes the proof of the first part of Theorem 10.
As for the second part of this theorem, based on Lemma 31, for a specific ReLU network

fφ, where φ contains the parameters in the network, there exists a universal constant C2

such that
Pdim(FFNN) ≤ C2SD logS,

where S is the total number of parameters in the network fφ. For a ReLU FNN with width
W and depth D, it can be easily checked that S = O(W2D). Now for W = 114(bβc +
1)2dbβc+1, D = 21(bβc+ 1)2

⌈
nd/{2(d+2β)} log2

(
8nd/{2(d+2β)})⌉, and W,D satisfy

O(W2D) = O
(

(bβc+ 1)6d2bβc+2
⌈
n

d
2(d+2β) log n

⌉)
,

which means L = 1,K =
⌈
nd/{2(d+2β)}⌉, and there exist three universal constants C3, C4, C5

such that

SD logS log n

n

≤ C3

{
(bβc+ 1)6d2bβc+2

⌈
n

d
2(d+2β) log n

⌉}
×
(

log
[
C3

{
(bβc+ 1)6d2bβc+2

⌈
n

d
2(d+2β) log n

⌉}])
×
{

21(bβc+ 1)2
⌈
n

d
2(d+2β) log2

(
8n

d
2(d+2β)

)⌉
log n/n

}
≤ C4

n

{
(bβc+ 1)8d2bβc+2n

2d
2(d+2β) log2 n

}
×
{

6 log(bβc+ 1) + 2(bβc+ 1) log d+
d

2(d+ 2β)
log n

}
≤ C4

n

{
(bβc+ 1)8d2bβc+2n

2d
2(d+2β) log2 n

}
{6(bβc+ 1) + 2(bβc+ 1)d+ log n}

≤ C5(bβc+ 1)9d2bβc+3n
− 2β
d+2β log3 n. (43)

It follows from (42) that

ESp,Sq‖D̂ −D∗‖2max

≤ 324M2C1

{
Pdim(FFNN) log n

n
+ C1(β, d)(KL)−

4β
d

}
≤ 324M2C1

{
C2SD logS log n

n
+ C1(β, d)(KL)−

4β
d

}
≤ 324M2C1

{
C2C5(bβc+ 1)9d2bβc+3n

− 2β
d+2β log3 n+ (bβc+ 1)4d2bβc+(β∨1)n

− 2β
d+2β

}
≤ 324M2C1(C2C5 + 1)(bβc+ 1)9d2bβc+(β∨3)n

− 2β
d+2β log3 n.
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This completes the proof of the second part of Theorem 10.

Proof [Proof of (14)] Write∣∣∣K̂L(q∗||p∗)−KL(q∗||p∗)
∣∣∣

=

∣∣∣∣∣ 1

nq

nq∑
i=1

D̂(Zq,i)−KL(q∗||p∗)

∣∣∣∣∣
=

∣∣∣∣∣ 1

nq

nq∑
i=1

D̂(Zq,i)−
1

nq

nq∑
i=1

D∗(Zq,i) +
1

nq

nq∑
i=1

D∗(Zq,i)− EZ∼q∗D∗(Z)

∣∣∣∣∣
≤

∣∣∣∣∣ 1

nq

nq∑
i=1

D̂(Zq,i)−
1

nq

nq∑
i=1

D∗(Zq,i)

∣∣∣∣∣+

∣∣∣∣∣ 1

nq

nq∑
i=1

D∗(Zq,i)− EZ∼q∗D∗(Z)

∣∣∣∣∣
≤ ‖D̂ −D∗‖q,nq +

∣∣∣∣∣ 1

nq

nq∑
i=1

D∗(Zq,i)− EZ∼q∗D∗(Z)

∣∣∣∣∣
≤ ‖D̂ −D∗‖np,nq +

∣∣∣∣∣ 1

nq

nq∑
i=1

D∗(Zq,i)− EZ∼q∗D∗(Z)

∣∣∣∣∣ . (44)

Applying the result for ‖DNN − D∗‖np,nq in Theorem 6 and following the same proof of

Theorem 10 but with ESp,Sq‖D̂ − D∗‖2max replaced by ESp,Sq‖D̂ − D∗‖2np,nq , under the

conditions that D∗ ∈ Hβ([0, 1]d,M) with β = k+ a where k ∈ N+ and a ∈ (0, 1], and FFNN

is the function class of ReLU DNNs with width W and depth D satisfying

W = 114(bβc+ 1)2dbβc+1, D = 21(bβc+ 1)2
⌈
n

d
2(d+2β) log2

(
8n

d
2(d+2β)

)⌉
,

we have

ESp,Sq‖D̂ −D∗‖2np,nq ≤ C0(bβc+ 1)9d2bβc+(β∨3)n
− 2β
d+2β log3 n.

This implies that

‖D̂ −D∗‖np,nq = Op

(
n
− β
d+2β log

3
2 n
)
. (45)

By the classic central limit theorem, we have∣∣∣∣∣ 1

nq

nq∑
i=1

D∗(Zq,i)− EZ∼q∗D∗(Z)

∣∣∣∣∣ = Op

(
n
− 1

2
q

)
= Op

(
n−

1
2

)
, (46)

as n ≤ nq. As a result, by (44), (45), and (46), we have∣∣∣K̂L(q∗||p∗)−KL(q∗||p∗)
∣∣∣ = Op

(
n
− β
d+2β log

3
2 n
)
.

This completes the proof of (14).

36



Deep ReLU Feedforward DRE

Proof [Proof of Theorem 11] For convenience, recall that

Sq = {Zq,1, Zq,2, . . . , Zq,nq},

Sp = {Zp,1, Zp,2, . . . , Zp,np},

and we write
Stest
q = {Z̃q,1, Z̃q,2, . . . , Z̃q,m}.

Obviously, we have

√
m
(

K̃Lm(q∗||p∗)−KL(q∗||p∗)
)

=
√
m
(

K̃Lm(q∗||p∗)− Eq∗D∗(Z)
)

=
√
m

[
1

m

m∑
i=1

{D̂(Z̃q,i)−D∗(Z̃q,i)}

]
+
√
m

[
1

m

m∑
i=1

{D∗(Z̃q,i)− Eq∗D∗(Z)}

]
.

Since m = o(n2β/(d+2β) log3 n), it suffices to prove that

1

m

m∑
i=1

{D̂(Z̃q,i)−D∗(Z̃q,i)} = Op

(
n
− β
d+2β log

3
2 n
)
. (47)

By the Cauchy-Schwarz inequality, we have[
1

m

m∑
i=1

{D̂(Z̃q,i)−D∗(Z̃q,i)}

]2

≤ 1

m

m∑
i=1

{
D̂(Z̃q,i)−D∗(Z̃q,i)

}2
.

Therefore,

ESq ,Sp,Stest
q

[
1

m

m∑
i=1

{D̂(Z̃q,i)−D∗(Z̃q,i)}

]2

≤ ESq ,Sp,Stest
q

[
1

m

m∑
i=1

{
D̂(Z̃q,i)−D∗(Z̃q,i)

}2
]

=
1

m
ESq ,Sp,Stest

q

m∑
i=1

{D̂(Z̃q,i)−D∗(Z̃q,i)}2

= ESq ,Sp,Z∼q∗{D̂(Z)−D∗(Z)}2

= ESq ,Sp‖D̂ −D∗‖2q
≤ ESq ,Sp‖D̂ −D∗‖2max

= ESp,Sq‖D̂ −D∗‖2max

= O
(
n
− 2β
d+2β log3 n

)
.

By Markov’s inequality, (47) holds and the asymptotic normality follows from the classic
central limit theorem. The proof of the theorem is completed.
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Proof [Proof of Theorem 13] Without loss of generality, we assume C = c = 1. For any
D ∈ FFNN specified in the theorem, we have

Ep∗ [D(Z)−D∗(Z)]2

≤ Ep∗ [{D(Z)−D∗(Z)}2I(‖Z‖∞ ≥ log n)] + Ep∗ [{D(Z)−D∗(Z)}2I(‖Z‖∞ ≤ log n)]

≤ 4M2Ep∗I(‖Z‖∞ ≥ log n) + Ep∗ [{D(Z)−D∗(Z)}2I(‖Z‖∞ ≤ log n)],

where the second inequality follows from the facts that ‖D∗‖∞ ≤ M, ‖D‖∞ ≤ M under
Assumption 5. Since D∗ ∈ Hβ(Rd,M), D∗(2t log n − log n1d) ∈ Hβ([0, 1]d, (2 log n)bβcM)
as a function of t, where 1d is the d-dimensional all-one vector. By Lemma 9, there exists
a function φ0 ∈ FFNN such that

sup
t∈[0,1]d\HB,δ

|D∗(2t log n− log n1d)− φ0| ≤ 18(2 log n)bβcM(bβc+ 1)2dbβc+(β∨1)/2n
− β
d+2β ,

whereHB,δ = ∪di=1

{
t = [t1, . . . , td] : ti ∈ ∪B−1

b=1 (b/B − δ, b/B)
}
, B = dn

1
d+2β e, δ ∈ (0, 1/(3B)].

Thus

sup
z∈[− logn,logn]d\H̃d

B,ε

∣∣∣∣D∗(z)− φ0

(
z + log n1d

2 log n

)∣∣∣∣ ≤ 18(2 log n)bβcM(bβc+ 1)2dbβc+(β∨1)/2n
− β
d+2β ,

where H̃d
B,δ =

{
2t log n− log n : t ∈ Hd

B,δ

}
. Let φ̃0(z) = φ0

(
z+logn1d

2 logn

)
∈ FFNN. As δ can

be arbitrarily small, it then follows from similar lines as in the proof of Theorem 10 that

Ep∗ [{φ̃0(Z)−D∗(Z)}2I(‖Z‖∞ ≤ log n)] ≤ 324M2(bβc+ 1)4d2bβc+(β∨1)(2 log n)2bβcn
− 2β
d+2β .

Similarly, we can obtain

Eq∗ [{φ̃0(Z)−D∗(Z)}2I(‖Z‖∞ ≤ log n)] ≤ 324M2(bβc+ 1)4d2bβc+(β∨1)(2 log n)2bβcn
− 2β
d+2β .

Since DNN ∈ argminD∈FFNN
‖D −D∗‖max, we have

‖DNN −D∗‖2max

≤ ‖φ̃0 −D∗‖2max

≤ max
h=p,q

{4M2Eh∗I(‖Z‖∞ ≥ log n) + Eh∗ [{φ̃0(Z)−D∗(Z)}2I(‖Z‖∞ ≤ log n)]}

≤ 328M2(bβc+ 1)4d2bβc+(β∨1)(2 log n)2bβcn
− 2β
d+2β .

Then using Theorem 6 and

ξ2
n ≤ C(bβc+ 1)9d2bβc+3n

− 2β
d+2β log3 n

from the proof of Theorem 10, where C is a constant depending only on (µ, σ,M), we can
obtain (16). This proves (16).
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Proof [Proof of Theorem 15] Based on Theorem 3.1 in Baraniuk and Wakin (2009), fix
δ ∈ (0, 1) and γ ∈ (0, 1). Let A =

√
d/dδΦ, where Φ ∈ Rdδ×d is a random orthogonal

projection with

dδ,γ = O

(
dM ln

(
dVRτ−1δ−1

)
ln(1/γ)

δ2

)
.

If dδ,γ ≤ d, then with probability at least 1− γ: For every x, y ∈Mτ,V,R

(1− δ)‖x− y‖2 ≤ ‖Ax−Ay‖2 ≤ (1 + δ)‖x− y‖2.

This result shows that if for δ ∈ (0, 1),

dδ = O

(
dM ln

(
dVRτ−1δ−1

)
δ2

)
� d,

then there exists a linear projectionA ∈ Rdδ×d such thatAAT = dIdδ/dδ, where Idδ ∈ Rdδ×dδ
is an identity matrix, and for any x, y ∈Mτ,V,R,

(1− δ)‖x− y‖2 ≤ ‖Ax−Ay‖2 ≤ (1 + δ)‖x− y‖2. (48)

Then we have

A(Mρ,τ,V,R) ⊆ A
(

[0, 1]d
)
⊆
[
− d√

dδ
,
d√
dδ

]dδ
.

Note that for any z ∈ A(Mτ,V,R), there exits a unique x ∈ Mτ,V,R such that z = Ax.
Otherwise, suppose we can find x, x′ ∈ Mτ,V,R, x 6= x′ such that z = Ax = Ax′, then by
(48), we know ‖x−x′‖2 = 0 and thus x = x′, which contradicts the assumption that x 6= x′.
This uniqueness allows us to define a linear operator SL : A(Mτ,V,R)→Mτ,V,R such that
A[SL(z)] = z. By (48), we have

(1− δ)‖SL(z1)− SL(z2)‖2 ≤ ‖z1 − z2‖2 ≤ (1 + δ)‖SL(z1)− SL(z2)‖2.

This implies that the norm of SL belongs to [1/(1 + δ), 1/(1− δ)]. For the high-dimensional
function D∗ : [0, 1]d → R whose support is Mρ,τ,V,R, it has a approximate low-dimensional
representation D̃∗ as follows:

D̃∗(z) = D∗(SL(z)), ∀ z ∈ A(Mτ,V,R).

As D∗ ∈ Hβ([0, 1]d,M) with β = k + a where k ∈ N+ and a ∈ (0, 1], we have D̃∗ ∈
Hβ
(
A(Mτ,V,R),M/(1− δ)β

)
. By the extended version of Whitney’s extension theorem

in Fefferman (2006), since A(Mτ,V,R) ⊆ A
(
[0, 1]d

)
⊆
[
−d/
√
dδ, d/

√
dδ
]dδ , there exists

D̃∗E ∈ Hβ
([
−d/
√
dδ, d/

√
dδ
]dδ ,M/(1− δ)β

)
such that D̃∗E ≡ D̃∗ on A(Mτ,V,R). If W =

38(bβc + 1)2dδ
bβc+1Ldlog2(8L)e and D = 21(bβc + 1)2Kdlog2(8K)e, by the first result of

Lemma 9, there exists a function φ0 implemented by a ReLU network with width W and
depth D such that

sup
z∈[0,1]dδ\Hdδ

B,ε

∣∣∣∣D̃∗E (2dz − d1dδ√
dδ

)
− φ0(z)

∣∣∣∣ ≤ 18M

(1− δ)β
(bβc+ 1)2(2d)βd

bβc+(β∨1+β)/2
δ (KL)

− 2β
dδ .
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whereHdδ
B,ε = ∪dδi=1

{
x = [x1, x2, . . . , xdδ ] : xi ∈ ∪B−1

b=1 (b/B − ε, b/B)
}

andB = d(KL)2/de, ε ∈
(0, 1/(3B)]. Thus

sup

z∈
[
− d√

dδ
, d√

dδ

]dδ
\H̃dδ

B,ε

∣∣∣∣D̃∗E(z)− φ0

(√
dδz + d1dδ

2d

)∣∣∣∣
≤ 18M

(1− δ)β
(bβc+ 1)2(2d)βd

bβc+(β∨1+β)/2
δ (KL)

− 2β
dδ ,

where H̃dδ
B,ε =

{
(2dt− d1dδ)/

√
dδ : t ∈ Hdδ

B,ε

}
.

Let
φ̃0(x) = φ0

(
(
√
dδAx+ d1dδ)/(2d)

)
and

H̄d
∗B,ε =

{
x ∈ [0, 1]d×d : (

√
dδAx+ d1dδ)/(2d) ∈ Hdδ

B,ε

}
.

It can be easily checked that φ̃0 is also a function implemented by a ReLU network with
the same structure as φ0, except that the input layer of φ̃0 has d units, instead of dδ
units. For any x ∈ Mρ,τ,V,R\H̄d

∗B,ε, Ax ∈
[
−d/
√
dδ, d/

√
dδ
]dδ \H̃dδ

B,ε and there exists a

x′ ∈ Mτ,V,R satisfying ‖x − x′‖2 ≤ ρ. Since D̃∗E ∈ Hβ
([
−d/
√
dδ, d/

√
dδ
]dδ ,M/(1− δ)β

)
and D∗ ∈ Hβ([0, 1]d,M),

|φ̃0(x)−D∗(x)|
≤ |φ̃0(x)− D̃∗E(Ax)|+ |D̃∗E(Ax)− D̃∗E(Ax′)|+ |D̃∗E(Ax′)−D∗(x)|

≤ 18M

(1− δ)β
(bβc+ 1)2(2d)βd

bβc+(β∨1+β)/2
δ (KL)

− 2β
dδ +

M

(1− δ)β
‖Ax′ −Ax‖2 + ρM

≤ 18M

(1− δ)β
(bβc+ 1)2(2d)βd

bβc+(β∨1+β)/2
δ (KL)

− 2β
dδ +

M
√
d

(1− δ)β
√
dδ
ρ+ ρM

≤ 18M

(1− δ)β
(bβc+ 1)2(2d)βd

bβc+(β∨1+β)/2
δ (KL)

− 2β
dδ +

2M
√
d

(1− δ)β
√
dδ
ρ

≤ 20M

(1− δ)β
(bβc+ 1)2(2d)βd

bβc+(β∨1+β)/2
δ (KL)

− 2β
dδ , (49)

where the last inequality holds when ρ ≤ (bβc + 1)22βdβ−
1
2d
bβc+(β−1/2)∨(1/2)
δ (KL)

− 2β
dδ . As

DNN ∈ argminD∈FFNN
‖D −D∗‖max,

‖DNN −D∗‖2max ≤ ‖φ̃0 −D∗‖2max.

By the result in (49), for I = p or q, it holds

‖φ̃0 −D∗‖2I =

∫
[0,1]d\HB,δ

|D∗ − φ̃0|2I∗(x)dx+

∫
HB,δ

|D∗ − φ̃0|2I∗(x)dx

≤ 400M2

(1− δ)2β
(bβc+ 1)4(2d)2βdβ∨1+3β

δ (KL)
− 4β
dδ +

4M2

(1− δ)2β

∫
H̄d
∗B,ε

I∗(x)dx.
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As p∗(·), q∗(·) are the density functions of some measures on [0, 1]d which are absolutely
continuous w.r.t the Lebesgue measure and ε can be arbitrarily small for the given δ,∫
H̄d
∗B,ε

I0(x)dx is also arbitrarily small for the given δ. Thus we have

‖φ̃0 −D∗‖2I ≤
400M2

(1− δ)2β
(bβc+ 1)4(2d)2βdβ∨1+3β

δ (KL)
− 4β
dδ

and

‖DNN −D∗‖2max ≤ ‖φ0 −D∗‖2max

≤ 400M2

(1− δ)2β
(bβc+ 1)4(2d)2βdβ∨1+3β

δ (KL)
− 4β
dδ

=
400M2

(1− δ)2β
C2(β, d, dδ)(KL)

− 4β
dδ .

By Corollary 7, there exists a constant C1 only depending on (µ, σ,M), such that

ESp,Sq‖D̂ −D∗‖2max

≤ C1

(
Pdim(FFNN) log n

n
+ ‖DNN −D∗‖2max

)
≤ C1

{
Pdim(FFNN) log n

n
+

400M2

(1− δ)2β
C2(β, d, dδ)(KL)

− 4β
dδ

}
≤ 400M2C1

(1− δ)2β

{
Pdim(FFNN) log n

n
+ C2(β, d, dδ)(KL)

− 4β
dδ

}
. (50)

For
W = 114(bβc+ 1)2dδ

bβc+1,

D = 21(bβc+ 1)2

⌈
n

dδ
2(dδ+2β) log2

(
8n

dδ
2(dδ+2β)

)⌉
,

and W,D satisfy

O(W2D) = O
(

(bβc+ 1)6d
2bβc+2
δ

⌈
n

dδ
2(dδ+2β) log n

⌉)
,

along the derivation of (43), there exists a universal constants C∗ such that

Pdim(FFNN) log n

n
≤ C∗(bβc+ 1)9d

2bβc+3
δ n

− 2β
dδ+2β log3 n.

Based on the result of (50),

ESp,Sq‖D̂ −D∗‖2max

≤ 400M2C1

(1− δ)2β

{
Pdim(FFNN) log n

n
+ C2(β, d, dδ)(KL)

− 4β
dδ

}
≤ 400M2C1

(1− δ)2β

{
C∗(bβc+ 1)9d

2bβc+3
δ n

− 2β
dδ+2β log3 n+ C2(β, d, dδ)n

− 2β
dδ+2β

}
≤ 800M2C1C

∗

(1− δ)2β
(bβc+ 1)9 max

{
d

2bβc+3
δ , (2d)2βdβ∨1+3β

δ

}
n
− 2β
dδ+2β log3 n

=
800M2C1C

∗C3(β, d, dδ)

(1− δ)2β
n
− 2β
dδ+2β log3 n.
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This completes the proof of the theorem and (17).

Lemma 20 The following excess risk decomposition always holds:

Bψ
(
eD̂
)
− Bψ

(
eD
∗
)

=

{
Bψ
(
eD̂
)
− inf
D∈FFNN

Bψ
(
eD
)}

+

{
inf

D∈FFNN

Bψ
(
eD
)
− Bψ

(
eD
∗
)}

.

Under Assumptions 4 and 16, when n ≥ Pdim(FFNN), there exist three constants
C,C0, C∗, with C,C0 depending only on (µ, σ,M) and C∗ depending only on (µ, σ), such
that

ESp,Sq

{
Bψ
(
eD̂
)
− inf
D∈FFNN

Bψ
(
eD
)}
≤ C

√
Pdim(FFNN) log n

n
, (51)

and

ESp,Sq‖D̂ −D∗‖2p ≤ C0

√
Pdim(FFNN) log n

n
+ C∗e

2M inf
D∈FFNN

‖eD − eD∗‖2p.

Proof [Proof of Lemma 20] To show (51) is the key step in the proof of this theorem, thus
we focus on the proof of (51). Let

D0 ∈ argmin
D∈FFNN

Bψ
(
eD
)
.

Then,

ESp,Sq

{
Bψ
(
eD̂
)
− inf
D∈FFNN

Bψ
(
eD
)}

= ESp,Sq

{
Bψ
(
eD̂
)
− Bψ

(
eD0
)}

≤ ESp,Sq
{
Bψ
(
eD̂
)
− B̂ψ

(
eD̂
)

+ B̂ψ
(
eD̂
)
− B̂ψ

(
eD0
)}

+ ESp,Sq

{
B̂ψ
(
eD0
)
− Bψ

(
eD0
)}

≤ 2ESp,Sq

{
sup

D∈FFNN

|B̂ψ
(
eD
)
− Bψ

(
eD
)
|

}
. (52)

By the symmetrization technique, Talagrand’s lemma, (35) and the fact that ‖D‖∞ ≤ M
for any D ∈ FFNN, we can show inequality (51) based on (52).

Proof [Proof of Theorem 17] Theorem 17 is a direct corollary of Lemma 20. We omit the
details here.

Proof [Proof of Proposition 18] For k = 0, . . . ,K − 2, the densities qk(), qk+1() of the
synthetic data {Zk,j}nj=1 and {Zk+1,j}nj=1 satisfy

qk(t)

qk+1(t)
=

(1− αk)q∗(z) + αkp
∗(z)

(1− αk+1)q∗(z) + αk+1p∗(z)
∈
[

(1− e−M )αk + e−M

(1− e−M )αk+1 + e−M
,

1− αk
1− αk+1

]
.
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As ‖f‖2 = (
∫
Z f

2(x)dx)
1
2 , then for any density g satisfying g ≥ c, ‖f‖2 =

(∫
Z f

2(x)dx
) 1

2 ≤(∫
Z f

2(x)g(x)/cdx
) 1

2 = ‖f‖g/
√
c. Using an appropriate FFNN whose element D satisfies

‖D‖∞ ≤ M , for the direct estimate D̂SRE, as log(q∗/p∗) is only bounded from below by
−M0, by Theorem 17, we have

lim sup
n→∞

ESp,Sq‖D̂SRE −D∗‖2 ≤ eMC∗(µ, σ, c1)‖R∗ −R∗M‖p.

For k = 0, 1, . . . ,K − 2, as | log{qk(t)/qk+1(t)}| is bounded by M , by Corollary 7, we have

lim sup
n→∞

ESp,Sq‖D̂k −D∗k‖2 = 0.

Let R∗K−1,M = (1−αK−1)R∗M +αK−1. As the logarithm of R∗K−1 = (1−αK−1)q∗/p∗+αK−1

is also only bounded from below by −M , again, by Theorem 17,

lim sup
n→∞

ESp,Sq‖D̂K−1 −D∗K−1‖2 ≤ eMC∗(µ, σ, c1)‖R∗K−1 −R∗K−1,M‖p

= (1− αK−1)eMC∗(µ, σ, c1)‖R∗ −R∗M‖p.

Thus

lim sup
n→∞

ESp,Sq‖D̂TRE −D∗‖2 ≤
K−1∑
k=0

lim sup
n→∞

ESp,Sq‖D̂k −D∗k‖2

= lim sup
n→∞

ESp,Sq‖D̂K−1 −D∗K−1‖2

≤ (1− αK−1)eMC∗(µ, σ, c1)‖R∗ −R∗M‖p.

This completes the proof of Proposition 18.

Proof [Proof of (23)] Recall that ε ∼ TN1(1, 1) has a density function:

φTN,d(v) =
1

c1,1
exp

(
−v

2

2

)
, for |v| ≤ 1,

where c1,1 =
∫ 1
−1 exp

(
−v2/2

)
dv. Denote the density function of X by ψX .

For q∗, the density for the latent variable pair (Y1, X) is

fq∗(y, x) =
1

c1,1
exp

[
−{y − f0(x)}2

2

]
ψX(x).

Hence, q∗ is expressed by

q∗(y, x) =
1

cq∗,d
exp

[
−{y − f0(x)}2

2

]
ψX(x),

where cq∗,d =
∫

[a1,a2]×X exp
[
−{y − f0(x)}2/2

]
ψX(x)dydx. Similarly,

p∗(y, x) =
1

cp∗,d
exp

[
−{y − f0(x)− 1}2

2

]
ψX(x),
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where cp∗,d =
∫

[a1,a2]×X exp
[
−{y − f0(x)− 1}2/2

]
ψX(x)dydx. Then,

D∗(y, x) = log
q∗(y, x)

p∗(y, x)
= log

 1
cq∗,d

exp
[
−{y−f0(x)}2

2

]
ψX(x)

1
cp∗,d

exp
[
−{y−f0(x)−1}2

2

]
ψX(x)


= log

 exp
[
−{y−f0(x)}2

2

]
exp

[
−{y−f0(x)−1}2

2

]
+ log

(
cp∗,d
cq∗,d

)

= f0(x)− y +
1

2
+ log

(
cp∗,d
cq∗,d

)
.

Hence, (23) is proved.

Appendix B. Examples of Hölder function class

Let p∗ be the density function of a truncated d-dimensional multivariate Gaussian with
mean zero and covariance matrix Σp ∈ Rd×d in [0, 1]d. That means

p∗(z) =
exp

(
− z′Σ−1

p z
2

)
c(Σp)

, c(Σp) =

∫
[0,1]d

exp

(
−
t′Σ−1

p t

2

)
dt, z ∈ [0, 1]d.

Similarly, let

q∗(z) =
exp

(
− z′Σ−1

q z
2

)
c(Σq)

for some positive definite matrix Σq. For any matrix A ∈ Rd×d, Ai,· is the ith row of A for
i = 1, 2, . . . , d and

‖A‖2,∞ := sup
‖z‖∞≤1

‖Az‖2.

Then,

D∗(z) = log
q∗(z)

p∗(z)
=

1

2
z′(Σ−1

p − Σ−1
q )z + log(c(Σp)− c(Σq)), z ∈ [0, 1]d.

Let

M = max

{
1

2
(‖Σ−1/2

p ‖22,∞ + ‖Σ−1/2
q ‖22,∞) + | log[c(Σp)− c(Σq)]|, ‖(Σ−1

p − Σ−1
q )i,·‖2, i = 1, 2, . . . , d

}
.

It is straightforward to check that

D∗ ∈ H2([0, 1]d,M).

It implies the Hölder smoothness parameter β is 2 for this example.
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Moreover, the truncated multivariate Gaussian distributions considered above are spe-
cial cases of the exponential distribution class defined below. Define the density function
class

Exp(β,B) :=

{
p(z) = exp(g(z))/cg : z ∈ [0, 1]d, cg =

∫
[0,1]d

exp(g(t))dt, g ∈ Hβ([0, 1]d, B)

}
.

Suppose that Σ ∈ Rd×d is positive definite and let g(z) = z′Σz/2. Then, g ∈ H2([0, 1]d,MΣ),
where MΣ = max

{
1
2(‖Σ1/2‖22,∞, ‖Σi,·‖2, i = 1, 2, . . . , d

}
. If p∗, q∗ ∈ Exp(β,B), we have

D∗(z) = log[q∗(z)/p∗(z)] ∈ Hβ([0, 1]d, 4B).

Appendix C. Examples of random variables satisfying Assumption 12

Let Z = (Z1, Z2, . . . , Zd). If Zi is a sub-Gaussian variable with mean 0, there exists σi > 0
such that

P(|Zi| ≥ t) ≤ 2e
− t2

2σ2
i for all t ≥ 0.

Then, by Bonferroni’s inequality, for any fixed d and β <∞,

EI{‖Z‖∞ ≥
√

2 max
i=1,...,d

σi log n} ≤ EI{‖Z‖∞ ≥ σ
√

2 log n} ≤ 2dn−1 ≤ 2dn
− 2β
d+2β .

As a result, Assumption 12 holds for the multivariate sub-Gaussian distribution. The
famous multivariate sub-Gaussian distribution is the multivariate normal distribution.

In addition, it can be proved that sub-exponential variables also satisfy Assumption 12.
When Zi is a sub-exponential variable with mean 0, by Theorem 2.13 of Wainwright (2019),
there exist ci1 and ci2 such that

P(|Zi| ≥ t) ≤ ci1e−ci2t for all t ≥ 0.

Then for Z = (Z1, Z2, . . . , Zd), by Bonferroni’s inequality again,

EI
{
‖Z‖∞ ≥

log n

mini=1,...,d ci2

}
≤

(
d∑
i=1

ci1

)
n−1 ≤

(
d∑
i=1

ci1

)
n
− 2β
d+2β ,

for any fixed d and β <∞. Examples of sub-exponential variables include the exponential
random variable and χ2-random variable etc.

Appendix D. Extension to sparse neural networks

In this section, we extend our main results: Theorems 6 & 10, to the cases when the neural
networks are sparse as considered by Schmidt-Hieber (2020). We first define the neural
network: For D ∈ N and d = (d0, . . . , dD+1) ∈ ND+2 with d0 = d,

FSD,d := {f : x 7→ ADσvDAD−1σvD−1 · · ·A1σv1A0x : Ai ∈ Rdi+1×di , vi ∈ Rdi , i = 0, . . . ,D},
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where σv(t) := σ(t − v) and σ(t) = max{t, 0} is applied componentwisely. Then, for
s ∈ N,M ≥ 0,D ∈ N, and d ∈ ND+2, define

HD,d,s,M :=

f ∈ FSD,d :
D∑
j=0

‖Aj‖0 + ‖vj‖0 ≤ s, max
j=0,...,L

‖Aj‖∞ ∨ ‖vj‖∞ ≤ 1, ‖f‖∞ ≤M

 ,

where ‖Aj‖0 , ‖vj‖0 denote the numbers of non-zero entries of Aj and vj , respectively, and
‖Aj‖∞ , ‖vj‖∞ represent the maximums of the absolute entries of Aj and vj , respectively.

The condition
∑D

j=0 ‖Aj‖0 +‖vj‖0 ≤ s implies that the total number of nonzero param-
eters in the neural network is bounded by s. It implies that the majority of the weights in
the network are zero, corresponding to a sparse structure. In other words, the sparsity of a
neural network is enforced by regulating the number of nonzero parameters to be less than
the specified value s.

Denote

ξS,n =

√
(s+ 1) log (n(D + 1)V )

n
and DS

NN ∈ argmin
D∈HD,d,s,M

‖D −D∗‖max, (53)

where V :=
∏D+1
j=0 (dj + 1).

Theorem 21 Suppose Assumptions 4 and 5 hold. If Fn in (5) is replaced by HD,d,s,M ,
there exists a constant C depending on (µ, σ,M) such that for any γ > 0, with probability
at least 1− exp(−γ),

‖D̂ −D∗‖max ≤ C
(
ξS,n + ‖DS

NN −D∗‖max +

√
γ

n

)
,

and

‖D̂ −D∗‖np,nq ≤ 2C

(
ξS,n + ‖DS

NN −D∗‖max +

√
γ

n

)
.

Proof With sparse neural networks, the proof of is structurally similar to those for Theorem
6 except for a main difference in (35). Specifically, (35) will be replaced by the fact that,
when r0 ≥ 1/n,

EηRnI{(D −D
∗) : D ∈ F̂D

∗,2r0
I } ≤ 64r0

√
(s+ 1) log (n(D + 1)V )

n
, I = p, q. (54)

In the following, we will focus on proving (54). Recall F̂D
∗,r

I = {D ∈ HD,d,s,M , ‖D −
D∗‖I,nI ≤ r}. Using Dudley’s Chaining in Lemma 26 and the covering entropy bound in
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Lemma 27, we have

EηRnI{(D −D
∗) : D ∈ F̂D

∗,2r0
I }

≤ inf
0<α<2r0

{
4α+

12
√
nI

∫ 2r0

α

√
logN (δ,HD,d,s,M , ‖ · ‖I,nI )dδ

}
≤ inf

0<α<2r0

{
4α+

12
√
nI

∫ 2r0

α

√
logN

(
δ,HD,d,s,M |ZI,1,...,ZI,nI ,∞

)
dδ

}

≤ inf
0<α<2r0

{
4α+

12
√
nI

∫ 2r0

α

√
logN (δ,HD,d,s,M , ‖ · ‖∞)dδ

}
≤ inf

0<α<2r0

{
4α+

12
√
nI

∫ 2r0

α

√
(s+ 1) log (2δ−1(L+ 1)V 2)dδ

}
≤

32r0

√
(s+ 1) log (2n(D + 1)V 2/r0)√

n

where the last inequality follows from a specific choice α = 2r0/n and n ≤ nI . When
r0 ≥ 1/n, we have

32r0

√
(s+ 1) log (2n(D + 1)V 2/r0)√

n
≤

32r0

√
(s+ 1) log (2n2(D + 1)V 2)√

n

≤
64r0

√
(s+ 1) log (n(D + 1)V )√

n
.

This finishes the proof of (54). The rest of the proof is the same as those for Theorem 6
and we omit them to avoid repeated discussions.

Theorem 22 (Non-asymptotic error bound for D̂ using sparse neural networks)
Suppose that Assumptions 4 and 5 hold, D∗ ∈ Hβ([0, 1]d,M) with β = k + a where k ∈ N+

and a ∈ (0, 1], and Fn in (5) is replaced by HD,d,s,M which satisfies

D = 8 + (dlog ne+ 5) (1 + dlog2(d ∨ β)e) ,

d = (d0, . . . , dD+1) ∈ ND+2, d0 = d, di = 6(d+dβe)dnφ(n, β, d)e, i = 1, 2, . . . ,D, dD+1 = 1,

and

s = 141(d+ β + 1)3+ddnφ(n, β, d)e(dlog ne+ 6),

where φ(n, β, d) = n−2β/(2β+d). Then,

ESp,Sq‖D̂ −D∗‖2max ≤ C0C1(β, d,M)n
− 2β
d+2β log2 n,

where the constant C0 depends only on (µ, σ,M) and

C1(β, d,M) = max{(d+ β + 1)6+d, 16(2M + 1)2
(
1 + d2 + β2

)2
62d, 4M232β2−

2β
d }.
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Proof [Proof of Theorem 22] Similar to Corollary 7, under the conditions of Theorem 21,
there exists a constant C0 depending only on (µ, σ,M), such that,

ESp,Sq‖D̂ −D∗‖2max ≤ C0

(
ξ2
S,n + ‖DS

NN −D∗‖2max

)
. (55)

An upper bound for ξ2
S,n: By the expression of ξS,n and the network structure in the

theorem, we have

ξ2
S,n =

(s+ 1) log (n(D + 1)V )

n

=
{141(d+ β + 1)3+ddnφ(n, β, d)e(dlog ne+ 6) + 1} log (n(D + 1)V )

n

≤ 4512(d+ β + 1)3+dφ(n, β, d) log (n(D + 1)V )

= 4512(d+ β + 1)3+dφ(n, β, d) log
(
2n(d+ 1)(D + 1)(6(d+ dβe)dnφ(n, β, d)e+ 1)D

)
≤ C(d+ β + 1)6+dφ(n, β, d) log2 n

= C(d+ β + 1)6+dn−2β/(2β+d) log2 n

where C is an absolute constant.
An upper bound for ‖DS

NN − D∗‖max: By Lemma 28, there exists D̃ ∈ HD,d,s,M such
that

‖D̃ −D∗‖∞ ≤ (2M + 1)
(
1 + d2 + β2

)
6ddnφ(n, β, d)e/n+M3β(dnφ(n, β, d)e)−

β
r

≤ 2 max{2(2M + 1)
(
1 + d2 + β2

)
6d,M3β2−

β
r }n−β/(2β+d).

By the definition of DS
NN in (53), we know that

‖DS
NN −D∗‖max ≤ ‖D̃ −D∗‖max

≤ ‖D̃ −D∗‖∞
≤ 2 max{2(2M + 1)

(
1 + d2 + β2

)
6d,M3β2−

β
r }n−β/(2β+d).

Combining the upper bounds for ξ2
S,n and ‖DS

NN−D∗‖max and using (55), we have that
there exists an absolute constant C such that

ESp,Sq‖D̂ −D∗‖2max ≤ C0

(
ξ2
S,n + ‖DS

NN −D∗‖2max

)
≤ C0CC1(β, d,M)n−2β/(2β+d) log2 n,

where

C1(β, d,M) = max{(d+ β + 1)6+d, 16(2M + 1)2
(
1 + d2 + β2

)2
62d, 4M232β2−

2β
r }.

This completes the proof of Theorem 22.

We apply Theorem 21 to the setups of Kato and Teshima (2021) and Kato et al. (2023),
that is D∗ ∈ Fn = HD,d,s,M and HD,d,s,M is fixed. Similar to Corollary 19, we can show

that ‖R̂ − R∗‖p = Op
(√

log n/n
)

= Op
(
n−1/(2+a)

)
for any a > 0, which does not require

the assumption that a < 2 as in Theorem 2 in Kato and Teshima (2021) and Theorem 3.7
in Kato et al. (2023). Based on this result, similar to Theorem 11, we can establish the
following corollary.
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Corollary 23 Suppose that D∗ ∈ Fn = HD,d,s,M and HD,d,s,M is fixed. Let m = nb for

any 0 < b < 1. Then, for the independent data-based KL divergence estimator K̃Lm(q∗||p∗)
defined in (15), it holds that

√
m
(

K̃Lm(q∗‖p∗)−KL(q∗||p∗)
)
→ N(0, σ2)

in distribution, where σ2 = Eq∗D
∗2(Z)− E2

q∗D
∗(Z).

Since
√
m = (

√
n)b and b can be arbitrarily close to 1, Corollary 23 provides a nearly√

n-asymptotic normality which does not depend on the unknown parameters.

Appendix E. Supporting lemmas

We first show the following lemmas.

Lemma 24 1. If the convex function f : R → R is µ-smooth over R, then for any
x, y ∈ R, the following inequality holds

f(y) ≤ f(x) + f ′(x)(y − x) +
µ

2
(y − x)2.

2. Let f : R → R be a first-order differentiable and convex function. If f is σ-strongly
convex, then for any x, y ∈ R, the following inequality holds

f(y) ≥ f(x) + f ′(x)(y − x) +
σ

2
(y − x)2.

Proof [Proof of Lemma 24] The proof of Lemma 24 is standard and can be found in Beck
(2017).

Lemma 25 Under Assumptions 4-5, we have

(a). There exist two constants c0 = σe−3M/2, C0 = µe3M/2, such that

c0‖D −D∗‖2max ≤ Bψ
(
eD
)
− Bψ

(
eD
∗
)
,

and

Bψ
(
eD
)
− Bψ

(
eD
∗
)
≤ C0‖D −D∗‖2max.

(b). For t1, t2 ∈ [−M,M ], there exist two constants C1, C2, such that

|L1(t1)− L1(t2)| ≤ C1|t1 − t2|,

and

|L2(t1)− L2(t2)| ≤ C2|t1 − t2|.

Actually, we can take C1 = 2e2Mµ,C2 = eMµ.
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Proof [Proof of Lemma 25] (a) Recall from (1) that ∆ψ(x, y) = ψ(x)−ψ(y)−ψ′(x)(x−y).
Since Ep∗∆ψ(eD(Z), eD

∗(Z)) = Bψ(eD)−Bψ(eD
∗
) and ψ is µ-smooth and σ-strongly convex,

by Lemma 24,

σ

2
Ep∗{eD(Z) − eD∗(Z)}2 ≤ Ep∗∆ψ(eD(Z), eD

∗(Z)) ≤ µ

2
Ep∗{eD(Z) − eD∗(Z)}2,

and then by Assumption 5,

σe−2M

2
Ep∗{D(Z)−D∗(Z)}2 ≤ Ep∗∆ψ(eD(Z), eD

∗(Z)) ≤ µe2M

2
Ep∗{D(Z)−D∗(Z)}2. (56)

As Ep∗{D(Z)−D∗(Z)}2 = Eq∗e
−D∗(Z){D(Z)−D∗(Z)}2 and ‖D∗‖∞ ≤M , we have

e−MEq∗{D(Z)−D∗(Z)}2 ≤ Ep∗{D(Z)−D∗(Z)}2 ≤ eMEq∗{D(Z)−D∗(Z)}2. (57)

Let c0 = σe−3M/2, C0 = µe3M/2, then (56) and (57) imply that

c0‖D −D∗‖2max ≤ Bψ
(
eD
)
− Bψ

(
eD
∗
)
≤ C0‖D −D∗‖2max.

(b) Obviously, for t1, t2 ∈ [−M,M ],

|L1(t1)− L1(t2)| = |ψ′(et1)et1 − ψ(et1)− (ψ′(et2)et2 − ψ(et2))|
≤ et1 |ψ′(et1)− ψ′(et2)|+ |ψ(et1)− ψ(et2)− ψ′(et2)(et1 − et2)|

≤ eMµ|et1 − et2 |+ µ

2
|et1 − et2 |2

≤ 2eMµ|et1 − et2 | (As |et1 − et2 | ≤ 2eM )

≤ 2e2Mµ|t1 − t2|,

and

|L2(t1)− L2(t2)| = |ψ′(et1)− ψ′(et2)|
≤ µ|et1 − et2 |
≤ eMµ|t1 − t2|.

The proof of the lemma is completed.

For a given sequence z = (z1, . . . , zm) ∈ Zm and a function class F on Z, let F|z =
{(f (z1) , . . . , f (zm) : f ∈ F} be the subset of Rm. For any δ > 0, N (δ, F|z ,∞) denotes
the covering number of F|z under the norm ‖ · ‖∞ with radius δ. Recall that the definition
of Rademacher given a function class F and z = (z1, . . . , zm) is defined by EηRm(F ; z),
where η = (η1, . . . , ηm) is a sequence of i.i.d. Rademacher random variables and

Rm(F ; z) = sup
f∈F

1

m

m∑
i=1

ηif(zi).
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Lemma 26 (Dudley’s Chaining, Lemma 3 of Farrell et al. (2021)) Let N (δ,F , ‖ · ‖m)
denote the covering number for class F with radius δ and metric ‖ · ‖m, where ‖f‖m =
{(1/m)

∑m
i=1 f

2(zi)}1/2 for any f ∈ F , then

EηRm({f : f ∈ F , ‖f‖m ≤ r} ; z) ≤ inf
0<α<r

{
4α+

12√
n

∫ r

α

√
logN (δ,F , ‖ · ‖m)dδ

}
.

Furthermore, since N (δ,F , ‖ · ‖m) ≤ N (δ,F|z,∞), the upper bound also holds with N (δ,F|z,∞).

Lemma 27 (Lemma 5 in Schmidt-Hieber (2020)) For D ∈ N and d = (d0, . . . , dD+1) ∈
ND+2, let V =

∏D+1
j=0 (dj + 1). Then for any δ > 0,

logN (δ,HD,d,s,M , ‖ · ‖∞) ≤ (s+ 1) log
(
2δ−1(D + 1)V 2

)
,

where N (δ,F , ‖ · ‖∞) denotes the covering number for class F with radius δ and metric
‖ · ‖∞.

Lemma 28 (Theorem 5 of Schmidt-Hieber (2020)) For any function f ∈ Hβ([0, 1]d,M)
and any integers m ≥ 1 and N ≥ (β+ 1)d ∨ (M + 1)ed, there exists a network f̃ ∈ HD,d,s,M
with depth

D = 8 + (m+ 5) (1 + dlog2(d ∨ β)e) ,
widths

d = (d0, . . . , dD+1) ∈ ND+2, d0 = d, di = 6(d+ dβe)N, i = 1, 2, . . . ,D, dD+1 = 1,

and number of parameters

s ≤ 141(d+ β + 1)3+dN(m+ 6),

such that
‖f̃ − f‖∞ ≤ (2M + 1)

(
1 + d2 + β2

)
6dN2−m +K3βN−

β
d .

The following lemma is from Theorem 2.1 of Bartlett et al. (2005) and also can be found
in Lemma 5 of Farrell et al. (2021).

Lemma 29 (Theorem 2.1 of Bartlett et al. (2005)) Let F be a class of functions on
Z and {Zi}mi=1 be independent random variables distributed according to a probability mea-
sure P on Z. Assume that there are some B,C > 0 such that for every f ∈ F , ‖f‖∞ ≤
B,Var [f (Zi)] ≤ C. For every t > 0, with probability at least 1− e−t,

sup
f∈F

{
EZ∼P f(Z)− 1

m

m∑
i=1

f(Zi)

}
≤ 3ERm(F ; {Zi}mi=1) +

√
2Ct

n
+

4Bt

3n
.

Lemma 30 (Bernstein’s inequality) Let Z1, . . . , Zm ∼ Z be i.i.d. random variables
bounded in the interval [−c, c] for c > 0. Then, for any δ ∈ [0, 1], with probability at least
1− δ,

1

m

m∑
i=1

Zi − EZ ≤
c

3m
log(1/δ) +

√
2(VarZ) log(1/δ)

m
.

Lemma 31 (Theorem 6 of Bartlett et al. (2019)) For a ReLU network F with a total
number of parameters S and depth D, there exists two universal constants c, C > 0 such
that

cSD log(S/D) ≤ Pdim(F) ≤ CSD logS.
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Appendix F. Discussions on the proof comparison with those of Theorem
2 of Kato and Teshima (2021)

To employ the error decomposition for the proof of Theorem 2 on page 16 of the supple-
mentary material in Kato and Teshima (2021), we set the correction factor C in Kato and
Teshima (2021), which is denoted by Cnn in our manuscript, as 0. Following the error
decomposition result in Kato and Teshima (2021), we have

Bψ
(
eD̂
)
− Bψ

(
eD
∗
)

= (Ep∗ − Enp){L1(D̂)− L1(D∗)}+ (Eq − Enq){L2(D̂)− L2(D∗)}
+ Enp{L1(DNN)− L1(D∗)}+ Enq{L2(DNN)− L2(D∗)}. (58)

Note that the error decomposition result for the proof of Theorem 2 with C = 0 in Kato and
Teshima (2021) is a special case of (58) with D∗ ∈ Fn. If D∗ ∈ Fn, then D∗ = DNN and the
approximation error term Enp{L1(DNN) − L1(D∗)} + Enq{L2(DNN) − L2(D∗)} = 0. This
tells that there is no need to consider the approximation error when D∗ ∈ Fn. However,
in the setup of Theorem 6 in this paper, D∗ is a general function and D∗ 6∈ Fn in general.
This will lead to D∗ 6= DNN and Enp{L1(DNN)−L1(D∗)}+Enq{L2(DNN)−L2(D∗)} 6= 0.

Note that the error decomposition inequality (58) is the same as the one for Theorem
6, which is (25) in the paper. Hence, except for the approximation error terms, another
main difference between the proof of Theorem 2 in Kato and Teshima (2021) and those for
Theorem 6 is how to deal with the stochastic error

A = (Ep∗ − Enp){L1(D̂)− L1(D∗)}+ (Eq − Enq){L2(D̂)− L2(D∗)}.

Following the proof of Theorem 2 in Kato and Teshima (2021), we know that A is bounded
by

A ≤ Ap∗,np +Aq∗,nq , (59)

where
Ap∗,np = |(Ep∗ − Enp){L1(D̂)− L1(D∗)}|,

and
Aq∗,nq = |(Eq − Enq){L2(D̂)− L2(D∗)}|.

In what follows, it suffices to bound Ap∗,np and Aq∗,nq , separately. However, we will explain
why we cannot follow the steps in the proof of Theorem 2 on page 17 of the supplementary
material in Kato and Teshima (2021), under the setup of Theorem 6.

The steps to bound Ap∗,np and Aq∗,nq in Kato and Teshima (2021) involve the applica-
tions of their Lemmas 9, 10, 11 (Lemma 5.14 in van de Geer (2000)). Among them, their
Lemmas 10 and 11 are for asymptotic analysis, while the proof for Theorem 6 should be in
a non-asymptotic sense. And their Lemmas 9 and 11 requires the hypothesis function class,
which is FFNN in this paper, to be fixed and satisfy a condition on the bracketing entropy
HB

(
δ,FFNN, ‖ · ‖L2(P )

)
under L2 norm with respect to the underlying probability measure.

That is, for any 0 < γ < 2,

HB

(
δ,FFNN, ‖ · ‖L2(P )

)
= logNB

(
δ,FFNN, ‖ · ‖L2(P )

)
= O

(
1

δ

)γ
, for all δ > 0. (60)
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Regarding the definition of the bracketing number NB

(
δ,FFNN, ‖ · ‖L2(P )

)
, we refer to Def-

inition 2.1.6 of van der Vaart and Wellner (1996) or Definition 2.2 of van de Geer (2000).
When FFNN is a fixed ReLU network satisfying the structure proposed by Schmidt-Hieber
(2020) (that is FFNN does not change as the training sample size n increases and its weights
are bounded by a constant 1 and sparse), Kato and Teshima (2021) showed that the brack-
eting entropy condition (60) holds by Lemma 5 in Schmidt-Hieber (2020) and they proved
their Theorem 2 under such a network structure.

In contrast, Theorem 6 in this work only assumes that FFNN is a feedforward and fully
connected ReLU network with a pseudo dimension Pdim(FFNN). So FFNN in our Theorem
6 can depend on the training sample size n and no boundedness condition on its weights is
imposed, thus Lemma 5 of Schmidt-Hieber (2020) is not applicable. It is known that the
pseudo dimension is equal to the VC dimension for feedforward ReLU network (Theorem
14.1 of Anthony and Bartlett (1999)). Although some results, such as Corollary 1 of Adams
and Nobel (2010), demonstrate that under certain conditions, the finite VC dimension of
FFNN implies that the bracketing number NB

(
δ,FFNN, ‖ · ‖L2(P )

)
< ∞ for all δ > 0, the

stringent bracketing entropy condition (60) cannot hold for general FFNN.
In view of this, we summarize that the proof of Theorem 2 in Kato and Teshima (2021)

can not be directly adapted to prove Theorem 6 in this paper. However, we still can bound
Ap∗,np and Aq∗,nq using the symmetrization technique, Talagrand’s lemma, the inequality
(35) in the paper and the fact that ‖D‖∞ ≤ M for any D ∈ FFNN, which result in

Ap∗,np ≤ C0

√
Pdim(FFNN) log n

n
, Ap∗,np ≤ C0

√
Pdim(FFNN) log n

n
, (61)

for some positive constant C0, when n ≥ Pdim(FFNN). Combining (59) and (61), it holds

A ≤ 2C0

√
Pdim(FFNN) log n

n
.

Following the proof of Theorem 17 in the paper, we have that

ESp,Sq‖D̂ −D∗‖2max ≤ C

(√
Pdim(FFNN) log n

n
+ inf
D∈FFNN

‖D −D∗‖2max

)
. (62)

However, in our proof of Theorem 6, we handle two interactive empirical processes w.r.t the
two involved samples carefully through a novel localization technique, and we do not bound
the approximation error and stochastic error separately. We use the localization technique
to directly bound ‖D̂−D∗‖max and Theorem 6 and its corollary (Corollary 7) in the paper
show that

ESp,Sq‖D̂ −D∗‖2max ≤ C
(

Pdim(FFNN) log n

n
+ inf
D∈FFNN

‖D −D∗‖2max

)
,

which is faster than the rate in (62).

Appendix G. Implementation details

In all experiments, we apply the Adam optimizer (Kingma and Ba, 2014) in Pytorch with
a learning rate lr and a weight decay parameter wd. All experiments are conducted on a
laptop with an Intel(R) Core(TM) i7-8750H @ 2.20GHz CPU having 6 cores.
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G.1 Implementation details for subsection 5.1

For Model (TN), we use a FNN with widths (128, 128, 128) and the testing MSE is computed
in the following way: For the estimated log density-ratio D̂, we generate 5000 data points
{Ztp,i}5000

i=1 from p∗ and calculate

M̂SE(D̂) =
1

5000

5000∑
i=1

{
D̂(Ztp,i)− log

q∗(Ztp,i)

p∗(Ztp,i)

}2

.

In this simulation, lr = 0.001 and wd = 0. The maximum number of epochs is 50 and the
batch size is n/5.

As for Model (NI), the testing MSE is computed as below: For the estimated log density-
ratio D̂, we generate {Ztp,i}5000

i=1 from p∗ and {Ztq,i}5000
i=1 from q∗, respectively, and calculate

M̂SE(D̂) =
1

5000

5000∑
i=1

{
(D̂(Ztp,i)− D̂(Ztq,i))− (D̃∗(Ztp,i)− D̃∗(Ztq,i))

}2
, (63)

where D̃∗(z) = f0(x) − y. The rationale to employ such an evaluation metric lies in the
non-analytical nature of c in (23), which introduces additional errors that are challenging to
control when numerical integration is used to approximate c. Using (63), there is no need
to estimate the constant c. Since D̃∗(z1)− D̃∗(z2) = D∗(z1)−D∗(z2) for any z1 = (y1, x1)

and z2 = (y2, x2) by (23), M̂SE(D̂) in (63) is an estimate of

MSEp,q(D̂) = EZ1∼p∗,Z2∼q∗‖(D̂(Z1)− D̂(Z2))− (D∗(Z1)−D∗(Z2))‖2,

and upholds the property MSEp,q(D̂) ≤ 4‖D̂ − D∗‖2max. As a result, the rate in Theo-
rem 10 also holds for MSEp,q(D̂) with a different prefactor constant. We use a FNN with
larger width corresponding to the increasing training sample size n, aligning with the net-
work structure conditions outlined in Theorem 10. Specifically, we use a FNN with widths
(w(n), w(n), w(n)) specified in Table 8.

Table 8: The w(n) for Model (NI).

n 100 500 1000 5000 10000 100000
w(n) 16 24 32 48 64 128

In this simulation, lr decreases as n increases, with a starting value 0.001, and wd = 0.
The maximum number of epochs is 150 and the batch size is n/5.

As for the simulations to verify Theorem 13, the maximum number of epochs is 150, the
batch size is n/5 and wd = 0. The learning rate lr decreases as n increases, with a starting
value 0.0003 when X follows normal distribution, and 0.0005 when X is Student-t(2). We
use a FNN with widths (w(n), w(n), w(n)) with w(n) specified in Table 9.
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Table 9: The w(n) for simulations to verify Theorem 13.

n 100 500 1000 5000 10000 100000

w(n) 8 12 16 24 32 64

G.2 Implementation details for subsection 5.2

We apply the Adam optimizer (Kingma and Ba, 2014) in Pytorch with a learning rate
lr = 0.001 and a weight decay parameter wd = 0.0001. A neural network with 2 hidden
layers with widths (32, 32) and the ReLU as its activation function, is used in the experiment.
The maximum number of epochs is 400. In this experiment, the training data sample size
n is 5000 or 10000. A validation data with sample size 1000 is used. The batch size is
500, and an early-stopping technique is applied with patience = 30, where patience is the
number of epochs until termination if no improvement is made on the validation dataset.

G.3 Implementation details for subsection 5.3

We wish to highlight that Proposition 18 is an asymptotic result, valid under the condition
that the training sample size approaches infinity. In such a case, all intermediate density
ratios will be estimated accurately, except the last density ratio R∗K−1 = qK−1/p

∗, where
qK−1 = (1− αK−1)q∗ + αK−1p

∗. To isolate the impact of (1− αK−1) and ensure accurate
simulation, we presume the knowledge of q∗/qK−1, which is equivalent to assuming that
all intermediate density ratios R∗k, k = 0, 1, . . . ,K − 2 are known, where qk = (1− αk)q∗ +
αkp

∗, k = 0, 1, . . . ,K − 2 and 0 = α0 < α1 < · · · < αK−1 < αK = 1. Subsequently, we
employ the proposed methodology to estimate R∗K−1 and denoted the estimate by R̂K−1. To

evaluate the estimation error, we generate 2000 data points {Zu,i}2000
i=1 from Uniform([0, 1]d)

and calculate the mean squared error (MSE) for the ideal TRE using αK−1 as:

M̂SE(αK−1) =
1

2000

2000∑
i=1

[{
K−2∏
k=0

R∗k(Zu,i)

}
R̂K−1(Zu,i)−

q∗(Zu,i)

p∗(Zu,i)

]2

.

An FNN with widths (256, 256, 256), lr = 0.01 and wd = 0 are used in this experiment. The
maximum number of epochs is 500 and the batch size is n/5.

G.4 Implementation details for subsection 5.4

In this simulation study, we apply a learning rate lr = 0.0001 and a weight decay parameter
wd = 0.0001. A neural network with 2 hidden layers with widths (64, 64) and ReLU
activation function, is used in the experiment. The maximum number of epochs is 20000.
In this experiment, the training data size n is 5000 (10000). A validation data is used. The
batch size is 500 (1000), and an early-stopping technique is applied with patience = 100
for Beta setting and patience = 1000 for Normal setting, where patience is the number of
epochs until termination if no improvement is made on the validation dataset. We use the
LR-Bregman divergence in this example. For the sequence 0 = α0 < α1 < · · · < αK−1 <
αK = 1, we use the linearly spaced αk’s, that is αk = k/K, k = 0, 1, 2, . . . ,K.
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G.5 Analysis on the MNIST dataset

In this study, the batch size is 512, lr = 0.001 and wd = 0.0001. The maximum number of
epochs is 1000. Table 10 contains the specification of the network architectures we adopt
for the proposed chain. In this part, the comparison criteria is the average negative log-
likelihood (ANLL) in bits per dimension, which is calculated as below. Suppose we have
i.i.d training data {Zq,j}

nq
j=1 and testing data {Zt,j}ntj=1 which have an unknown density q∗

on Z ⊆ Rd. For an reference distribution, it has a known density p∗ on Z, e.g. Z = Rd and
the standard Gaussian distribution, and can conveniently generate i.i.d. samples {Zp,j}

np
j=1.

Suppose we have an estimate D̂ of log density ratio log(q∗/p∗) based on {Zq,j}
nq
j=1 and

{Zp,j}
np
j=1. The ANLL on {Zt,j}ntj=1 is calculated by

ANLL = −

[
1

nt

nt∑
i=1

{D̂(Zt,i) + log p∗(Zt,i)}

]
/d, (64)

which essentially is an estimate of −Eq∗ log q∗(Z)/d.
The reference distribution for our mTRE is taken to be the standard Gaussian distri-

bution. Here, the reference distribution is the same as the noise distribution in the MNIST
experiments of (Rhodes et al., 2020).

Table 10: Architecture for mTRE

Layers Details Output size

Convolution 3 × 3 Conv 12 × 28 × 28
Transition Layer 1 BN, ReLU, 2 × 2 Average Pool,1 × 1 Conv 12 × 14 × 14
Dense Block 1 BN, 1 × 1 Conv, BN, 3 × 3 Conv 24 × 14 × 14
Transition Layer 1 BN, ReLU, 2 × 2 Average Pool,1 × 1 Conv 12 × 7 × 7
Dense Block 1 BN, 1 × 1 Conv, BN, 3 × 3 Conv 24 × 7 × 7
Pooling BN, ReLU, 7 × 7 Average Pool, Reshape 24
Fully connected Linear 1
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