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Abstract

Heterogeneous auxiliary information commonly arises in big data due to diverse study
settings and privacy constraints. Excluding such indirect evidence often results in a sub-
stantial loss of statistical inference efficiency. This article proposes a novel framework for
integrating a mixture of individual-level data and multiple external heterogeneous summary
statistics by multiplying likelihood functions and confidence densities. Theoretically, we
show that the proposed method possesses desirable properties and can achieve statistical
efficiency comparable to that of the individual participant data (IPD) estimator, which
uses all available individual-level data. Furthermore, we develop a communication-efficient
distributed inference procedure for massive datasets with heterogeneous auxiliary informa-
tion. We demonstrate that the proposed iterative algorithm achieves linear convergence
under general conditions or generalized linear models. Finally, extensive simulations and
real data applications are conducted to illustrate the performance of the proposed methods.
Keywords: heterogeneous auxiliary information, confidence density, massive data, com-
munication efficiency, distributed inference

1. Introduction

The explosive growth of big datasets has presented significant challenges to traditional sta-
tistical inference due to the high calculation costs and substantial storage requirements of
massive datasets. To accommodate this bottleneck, distributed statistical inference meth-
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ods, such as the divide-and-conquer algorithm, have been proposed and developed in recent
years. The main procedure of such distributed strategies involves partitioning the entire
large dataset into multiple subsets, each stored on different local machines. After perform-
ing local computations and facilitating communication between the local machines and the
central machine (which serves as the master node), the central machine aggregates the
summary statistics received from the local machines to produce a global estimate of the
parameters of interest. Moreover, based on the number of communication rounds, the dis-
tributed algorithms are classified into two categories in most literature. The first category,
known as the “one-shot” approach, requires each local machine to compute estimators in
parallel and transmit them to the central machine, which then aggregates the results into a
global estimate through averaging. This approach has been intensively studied for a wide
range of topics, for example, U-statistics (Lin and Xi, 2010; Xi and Lin, 2016), quantile
regression (Chen and Zhou, 2020; Volgushev et al., 2019), high-dimensional sparse models
(Chen and Xie, 2014; Tang et al., 2020; Lee et al., 2017; Battey et al., 2018), and nonpara-
metric regression (Zhang et al., 2015; Zhao et al., 2016; Wang et al., 2019). However, this
approach tends to be sub-optimal in most cases (Zhang et al., 2013). The second approach is
an optimal iteration algorithm, which typically needs multiple rounds of communication and
local calculations. As typical examples, Jordan et al. (2019) and Yu et al. (2026) developed
a communication-efficient surrogate likelihood framework for solving distributed statistical
inference problems. Motivated by the proximal point algorithm (Rockafellar, 1976), Fan
et al. (2021) proposed two communication-efficient accurate statistical estimators to adapt
to modern local sample sizes. In addition, Chen et al. (2022) proposed a new multi-round
distributed estimation procedure that approximates the Newton step using only stochastic
subgradient information. Given that communication cost is a major challenge in distributed
frameworks, a key focus of such iterative approaches is to ensure convergence within a finite
number of steps.

The aforementioned distributed algorithms are primarily based on the assumption that
the data are independent and identically distributed (i.i.d.). In practice, however, data
from different machines or sources often exhibit significant heterogeneity. In many evidence
synthesis applications, parameter heterogeneity, where estimable parameters differ across
studies or parameters of interest may be inestimable in certain studies, also frequently
arises due to variations in populations, covariate designs, and outcome measures (Sutton
and Higgins, 2008). For example, Liu et al. (2015) illustrated a broad range of parameter
heterogeneity settings by considering K independent clinical trials:

Yij = a; + J1 X5 + BaZij + 832i Xij + €5, i=1,....K,j=1,...,n;, (1)

where Yj;, X;j, Z;; are the response, the treatment status (1/0 for treatment/control), and
the covariate of interest (for example drug dosage), respectively, for the jth subject in the ith
study. €;; is a normal error with variance 02, o is study-specific effect, and 8 = (31, fa, B3)T
are the common parameters among all studies.

Case 1 (Heterogeneity in populations): Population heterogeneity, which usually refers
to different geographic regions, age periods, disease states, or other characteristics of
subjects across studies, may affect the effect size in practice and cause study-specific
effects such as q;s in statistical modelling. Specific examples include the treatment
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effect for certain sub-populations (Zarrouf et al., 2009) and panel regression models
with individual effects (Hahn and Newey, 2004). Under this setting, it is easy to see
that the study-specific effect «; of the ith study is not estimable in other studies, and
thus the other studies cannot be used directly to make inferences about «;.

Case 2 (Heterogeneity in covariate designs): Since each study may have its own spe-
cific considerations and constraints, parameter heterogeneity can also arise from dif-
ferent covariate designs across studies (Sutton and Higgins, 2008; Liu et al., 2015).
A special case is missing covariate designs (Simmonds and Higgins, 2007), that is, if
Study 7 is not designed to examine the effect of the covariate Z;;, then all values of
Z;; for subjects in that study are fixed at a constant value z;. In this case, Model (1)
simplifies to the following form:

Yij = (a1 + ziB2) + (B1 + zif3) Xij + €5, j=1,...,m

Here, the estimable parameters become oy + z;82 and (1 + z;83, which are indeed
different from the parameters in Model (1).

Case 3 (Heterogeneity in outcomes): Different types of outcome reports are another
important reason for parameter heterogeneity (Parmigiani and Dominici, 2000; Liu
et al., 2015). A typical example is provided by the report policies of blood loss
in Whitehead et al. (1999). In that example, although the outcome “blood loss” was
continuous, some studies reported only binary responses d;; = I(y;; > 7;), indicating a
“severe” or “not severe” state of blood loss, where 7; denotes a pre-specified threshold.
Under such circumstances, Model (1) reduces to a probit model as follows:

PT’(dU:1)=(I>(aZ_TZ lBl IBQ 63 ), j:L...,ni.

s + OTXU + OTZU + OTXZ]ZZ]
Since o; is unknown, the parameters (a;, 1,32, 33)" are not estimable in the ith
study, and the different types of outcome report actually cause the heterogeneity of

parameters.

It is worth noting that, although the above three examples involve multiple different parame-
ters and the parameter of interest may not be estimable in some studies, these heterogeneous
parameters can indeed be linked through known mapping or some common parameters.
Therefore, the information for one parameter may potentially impact the inference of other
parameters, and excluding a subset of the studies may result in a non-negligible loss of in-
formation. In other words, such indirect evidence is also useful and can be used to increase
the efficiency of statistical inference.

In addition to the aforementioned issue of parameter heterogeneity, another challenge
arises from privacy constraints and related factors: individual-level data often cannot be
directly transmitted between different machines, necessitating the exchange of aggregated
or summarized information instead. For the above scenario, synthesizing information on
parameters of interest across multiple studies, confidence distribution has emerged as a
powerful tool due to its logistical convenience and statistical efficiency. A confidence dis-
tribution is typically defined as a sample-dependent distribution function that encapsulates
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confidence intervals of all levels for the target parameters (Xie and Singh, 2013). Specifi-
cally, we obtain summary results, such as an estimator 4 of parameter v and an estimated
covariance matrix 3 for 4, from several studies. If we further assume that, theoretically,
»-v 2(4 — 4) converges in distribution to a standard normal distribution, then the multi-
variate normal distribution M N (¥, i) can be regarded as a confidence distribution for ~.
Its corresponding density is commonly referred to as the confidence density. Building upon
the framework of maximum likelihood inference, Xie et al. (2011) and Liu et al. (2015)
also proposed a method of multiplying confidence densities to integrate multiple sources of
summary information.

To address both of the aforementioned issues simultaneously, this article makes two
main contributions. First, in scenarios where only partial individual-level data and external
summary statistics from related studies are accessible, due to privacy constraints or data
storage limitations common in big data and other fields, we develop a practical method for
integrating a mixture of individual data and multiple heterogeneous summary information
sources using confidence distributions. We establish the asymptotic properties of the pro-
posed estimator and demonstrate that it effectively incorporates indirect evidence without
efficiency loss compared to an estimator using all individual-level data. Second, we pro-
pose a communication-efficient distributed framework for statistical inference with massive
heterogeneous auxiliary data. Specifically, we provide a rigorous theoretical analysis using
the canonical generalized linear model as an illustrative example. We establish theoretical
guarantees for the distributed algorithm under general conditions and support our findings
through simulations and real data examples that validate both its theoretical properties
and numerical performance.

The rest of this paper is organized as follows. Section 2 introduces a general framework
for synthesizing the individual data and heterogeneous summary results, and establishes
the corresponding asymptotic properties. Section 3 proposes a communication-efficient
distributed statistical inference algorithm for massive data with heterogeneous auxiliary
information, which can be applied to the distributed statistical inference of parameter-
heterogeneous big data and even streaming data. The numerical simulation and real data
applications are presented in Section 4 and 5, respectively. Section 6 concludes this paper
and provides additional discussion.

2. Integrated analysis of a mixture of individual data and heterogeneous
summary results

In this section, to address the issues mentioned above, we first introduce some notation
to facilitate subsequent discussions. Then, we propose a general method that integrates
individual-level data from the internal study and external heterogeneous summary statistics
to improve estimation efficiency.

2.1 Setting and notation

Without loss of generality, assume multiple likelihood inference statistics are available from
external studies or via published literature. Specifically, we obtain K independent external
studies with nj observations {Ukj}?i1 in the kth study, k = 1,--- , K. Let hj(v,~x) be
the density function of the kth external model, where 7 is a pp-dimensional identifiable
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parameter vector, such that hj(v,=;) cannot be represented by a lower-dimensional pa-
rameter vector. Moreover, the estimable ~; is related to the target full parameter vector
0 = (61,...,0,)7 via a known smooth RP — RP* mapping &y, that is, v, = £4(0). Here, we
assume that the mapping function & is three times differentiable with respect to 6 for sim-
plicity. Then for the kth study, by expressing the density function as hy(v;0) = hy (v; i),
the corresponding likelihood function is given by

Nk K
Li(0) = [ [ hw(vrs30) = [ hic(vrji we) = Li(we).
= =1

Let 4y, = argmax L} () be the maximum likelihood estimate of 7, and denote as 3% the
Yk

estimated covariance matrix of 4. From the theory of maximum likelihood estimation
(MLE), this estimator is given by the inverse of the observed information matrix:

Sk = [[x(3%)] ", where Ty (4%) = —0% log L (4%) /07071 -

In fact, the assumption on the estimator 45 can be relaxed: it suffices to consider any es-
timator 4, satisfying ||4x — 4&ll; = op(1/y/nk). More generally, within the loss framework,
one may also use any asymptotically normal and ,/nj-consistent estimator. It is worth
noting that we only assume that the auxiliary summary statistics 43 and f)k are available,
rather than all individual data from various external studies. Following the asymptotic
theory of MLE, we know that under some regularization conditions, \/ng (Y% — k) —
MN(O,Ik_l) in distribution and T'y(4x)/nx — I in probability as ny — oo, where [ =
—E(8%log hi (v, vk) /0vkOYL) is the py x pg Fisher information matrix.

For the internal study, we assume that there are n independent individual samples
{v;}}_; drawn from the population distribution f*(v,n). Similar to the external model,
the pg-dimensional unknown parameter n is related to the common full parameter 8 via a
known mapping &y, whose form is typically determined by the study design. Accordingly, the
density f*(v,n) can also be expressed as f(v, ). Throughout this paper, since an estimate
of i can be directly derived from that of 8, we focus on statistical inference for the target
parameter 6, which serves as a unifying framework, bridging estimable parameters across
different studies through known mappings. Similarly, Iy = —E(9%log f*(v,n)/0non’) is
the pg X pg Fisher information matrix.

Remark 1 Although the relationships between 7y (k=1,2,--- ,K), n, and 0 are uniquely
determined, the choices of the mappings &, (k= 0,2,---, K ) are not. This non-uniqueness
allows us to select appropriate forms of {Ek}fzo such that they are three times differentiable.

To illustrate, consider €y as an example. Suppose the relationship between m and 0 is
non-smooth, for instance, n = 50(0), where é is a relu-type function. In such cases, we
may define an augmented parameter vector 0= 07,n")" and construct a linear mapping:

SO(é):(ana"'aoa 1>1>71)é:77

N~

p dimension po dimension

This constructed &y satisfies the required smoothness assumption, and subsequent inference
can be carried out in terms of 6. Since @ is a subvector of 8, an estimator of @ can be
directly obtained from the corresponding components of the estimator of 6.
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2.2 Methodology

In this section, we propose combining a mixture of individual data and multiple hetero-
geneous summary information sources using the tool of confidence distribution. The con-
fidence distribution (see Schweder and Hjort (2002), Singh et al. (2005), Xie and Singh
(2013)), as a concept defined and interpreted under the frequentist framework, has made
great progress in modern meta-analysis (Xie et al., 2011). Intuitively, it is often viewed
as a sample-dependent distribution function that can represent confidence intervals of all
levels for a parameter of interest. Following Liu et al. (2015), under the setting presented in
Section 2.1, we can easily construct the confidence distribution M N (4, ﬁ)k) for parameter
~k based on the summary statistics (g, i)k) of the kth external study. Then the density
function of MN(4,31) can be treated as a confidence density (the derivative of the con-
fidence distribution) of - in our research. Writing this confidence density as dg(7yk; Sk),
where Sy represents the sample in the kth external study,

di(Vk; Sk) = W exp {_;(’Yk — )" (e - ’Yk)} , k=12, K. (2
In fact, under some mild conditions, these normal confidence densities are asymptotically
proportional to the likelihood functions. For more detail, see Singh et al. (2007).

Leveraging the independence across studies, we combine individual-level data and aux-
iliary information by multiplying their confidence densities {d(vk;Sk)}H< , and likelihood
function Lo(0) =[]}, f(v;,0). More specifically, denote

K n
La(0) = Lo(0) x [ dk(v;Sk) = [ f(vi, 0) x H dy (¢
i=1

k=1

By maximizing the optimization function L4(0), we can obtain an estimator 0 of parameter
6. This is called CD estimation in the following for simplicity. Equivalently,

K
0= arg mgx (4(0) =arg méxx 00) — % Z(ﬁk(e) - ﬁk)Tilzl(fk(e) — k) (3)
k=1 1 p
_argmaXZIng (v, & 3 Z (Ek( ) = k)5
i=1 k=1

where the augmented log-likelihood function £4(0) = log L4(€) + ¢ for some negligible
constant ¢ and £(0) = log Ly(8) is the log-likelihood function of the individual data.

When all individual-level data of external models are available, we can also extract an
MLE by maximizing the multiplied likelihood function ngo Li(0). Here, we call this the
IPD estimator, O7pp. Following the large-sample theory of MLE, we know that the IPD
estimator is consistent and asymptotically normally distributed. This naturally raises a
question: whether our CD estimator still retains the asymptotic properties and full efficiency
of an IPD estimator. Theorem 2 demonstrates the desirable theoretical properties of the
CD estimator 8. Here we define 6* as the true value of 8 for convenience.

Theorem 2 Under the regularity conditions stated in Appendiz B, the CD estimator 0
possesses the following properties: as n — oo,
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(a) The CD estimator @ is consistent and /N (8 — 0*) asymptotically converges to a zero-
mean normal distribution with limiting covariance matrix

K -1
{chJk(o*)TIka(e*)} :

k=0

where 0 < ¢ = imy_oonp/N <1, ng =n, N = Zszl ng +n, Jip(0) = 0€,(0)/00
is the Jacobian matriz of mapping & with respect to @, and 0* is the true value of
0. Moreover, the asymptotic covariance matriz of \/N(é — 0%) can be consistently
estimated by

N{—8%04(0)/00007} 1.

(b) The CD estimator 0 is asymptotically as efficient as the IPD estimator 0:pp. For the
special scenario v, = (ag,3) with study-specific parameters ax, k = 0,..., K, the
CD estimator &y, is more asymptotically effective than the study-specific estimator Gy,
from Study k.

(c) The CD approach is robust against misspecification of the covariance structure of pa-
rameter estimates in external studies. Specifically, if we use the working covari-
ance matric ka in place of Se in (5) for k = 1,..., K, then the new estima-
tor Oy of @ remains consistent and asymptotically normally distributed with an ad-
justed limiting sandwich covariance matriv A~*BA™L, where A = coJo(6%)T Iy Jo(0*)+
St i (0%) T ApJi(0%), B = coJo(0%)T 1o Jo(0%) + Y hy crJk(0%)T ALt A Ji(0%),
and the positive definite matric Ay = limy,, o0 (ng Ehw)_l.

(d) The asymptotic covariance matriz of v N(Ow — 0*) can be consistently estimated by
A"1BA~L where

K
- ~ 1
A:NZA(W,OW))\ (vi, 0w)" N}; ) S0 w Tk (Ow),

L1 - -
B= > AW, Ow)A(vs, Ow)

1=1

Z ) S {Jk(évv) {iA(Vi’GW)A(Vu@W) ] Je(6w) }Ek wdk(Ow),
and
_ Olog f(v,0)
A(V7 0) -_— T.

Furthermore, when 2k,W 18 equal to 2k, the asymptotic covariance matrix of \/N(H~ —
0y) can be consistently estimated by

K -1
1 ~ A ~

§ T E Ts—1
N )\ VZ, Vz,e) +Nk_1 Jk(@) Zk Jk(e)
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Theorem 2 summarizes the asymptotic properties of the estimator 0 given in (3) and
detailed proofs are provided in Appendix A. Part (a) shows that the CD estimator 0 is
consistent and asymptotically normal, and proposes a consistent estimator for the limiting
covariance matrix. Furthermore, using the Slutsky’s theorem (Ferguson, 1996), the results
in (a) can imply the large-sample theory for other parameters of interest, such as the n
of the internal study. In fact, by following the proof of Theorem 2, it is easy to see that
result (a) can also be extended to a general loss framework with external asymptotically
normal ,/ng-consistent estimation, but the asymptotic covariance matrix may be slightly
different. Beyond its asymptotic properties, Theorem 2 demonstrates that our confidence
distribution approach incorporates indirect evidence without efficiency loss compared to the
IPD estimator Oipp. As noted by Liu et al. (2015), the efficiency gain stems from two key
features: (i) the reparameterization pools external indirect evidence via the mapping &
between study-specific (v;) and common (@) parameters; and (ii) the confidence density
(likelihood) captures within-study correlation, enabling information borrowing across stud-
ies. This cross-study integration refines common parameter estimates, thereby shrinking
study-specific estimates toward their true values.

The robustness property established in the last statement of Theorem 2 greatly broadens
the applicability of our approach and has important ramifications. In some practical situa-
tions, the covariance structure of parameter estimates may be misspecified or unknown. For
example, some data publications may report only estimates of the individual variances, but
not the full covariance matrix. In this scenario, our method is still valid. Moreover, Theo-
rem 2 also provides us with some useful guidelines on how to choose a suitable and flexible
working covariance matrix to achieve greater efficiency. More details on this can be found
in Liang and Zeger (1986) or Liu et al. (2015). In fact, similar to the description of Liu et al.
(2015), even naively using the identity matrix, the CD approach still gains efficiency via the
incorporation of indirect evidence. This implies that if the estimated covariance matrix Sk
is unavailable (though 4 is known), or if 4, is high-dimensional, leading to difficulties in
matrix inversion, we may take S as the P X pr, identity matrix. This significantly extends
the applicability of (3) and improves computational efficiency in such special scenarios. Fur-
thermore, Model (2) is theoretically founded on the assumption that -, is asymptotically
distributed as multivariate normal. It is important to note, however, that this normality
assumption is not strictly necessary for the validity of the proposed method. More gener-
ally, even when the distribution deviates from normality, the estimation procedure defined
in (3) can still be interpreted within a generalized estimating equations (GEE) framework.
This connection holds as long as 4 is an asymptotically unbiased estimator of -, under
which condition Model (2) corresponds to a form of ls norm minimization. As established
in GEE theory, such estimators maintain consistency and asymptotic normality under mild
regularity conditions, thereby ensuring the theoretical robustness of the proposed approach.

3. Communication-efficient distributed statistical inference for massive
data with heterogeneous auxiliary information

In this section, we extend the aforementioned method to distributed settings and establish
corresponding theoretical guarantees. Subsequently, we illustrate the approach through a
generalized linear model as a specific example to enhance readers’ understanding.
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3.1 General case

We now propose a computationally efficient distributed strategy to conduct statistical in-
ference on parameter @ (or further, the unknown parameter n) of (3) for massive data,
while taking into consideration the communication cost among the machines. It is evi-
dent that this framework can be extended to distributed statistical inference for big data
with parameter heterogeneity, and even to streaming data settings. For simplicity, we
assume that the full dataset DI = {v;}_, is randomly and evenly divided into T
disjoint subsets Di,...,Dr, each stored separately on T machines {Mt}g;l. That is,
pfull — UthlDt and Dy, N Dy, = O for any t; # ty. Each subset has an equal sample
size of m = |Dy| = |Dg| = --- = |Dr| = n/T. Let I; be the index set corresponding to the
elements of D; and Z/"!" = {1,... n} = UL, T,.
Define the local negative log-likelihood function ¢;(€) of the tth machine as

= log f(vi,£(6)).
1€Ly

Then the global log-likelihood function in Equation (3) equals £(8) = >~ , log f(v;,£(0)) =

thl £,(0). This inspires us to approximate the £(0) via a surrogate loss based on some
local calculation results. By applying the Taylor expansion around any initial estimator 6,
we have

zw)zzw)+<va 0_0)+ 53 6 6)

where V and V/ are the first and jth (j > 2) derivatives, respectively. Similar to Jordan
et al. (2019), we can replace the global higher-order derivatives with local derivatives of any
subdataset D;. That results in the following approximation of ¢(0):

(o) _ o)

_ n <Vf(é) _9) 4 4L(0) (6) —{

n n n m m m

V4lO) o _g). (4)

Combining (3) and (4), and omitting some additive constants, we can construct a surrogate
augmented log-likelihood function as

K
720(0) =T % £,(8) — (0, x v£,(8) — (3 CL(€0(0) — ).
k::l
(5)

for any t = 1,...,T. Obviously, 8 is a fixed point of (5).

Using the communication-efficient surrogate likelihood (CSL) approximation on the first
machine, Jordan et al. (2019) investigated a unified distributed statistical inference frame-
work that treats the solution of the CSL on the first machine as a new estimate and iterates
multiple steps until convergence. In their approach, only the first machine solved the opti-
mization problem, while the other machines merely calculated local gradients and remained
idle for most of the time. To fully use the power and effectiveness of a computer clus-
ter, Fan et al. (2021) proposed a natural improvement in which all machines optimized
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the corresponding objective functions in parallel, and the central processor then aggre-
gated those results. Both of the aforementioned schemes required only the transmission
of vector information between machines, making them communication-efficient. Moreover,
motivated by the proximal point algorithm (Rockafellar, 1976), Fan et al. (2021) also de-
veloped communication-efficient accurate statistical estimators (CEASE) by adding a strict
convex quadratic regularization function to adapt to the moderate local sample size and
general initialization conditions. Similarly, we consider subtracting an adjusted regular term
from the surrogate augmented log-likelihood function (5) to obtain a multi-step iterative
estimator 6@;. More details are provided in Algorithm 1.

Algorithm 1 Communication-efficient distributed statistical inference with heterogeneous
auxiliary information

Input: Initial estimator 6y, number of iterations S, and regularization parameter a.

1: for s =0,1,...,5—-1do

2: The central processor transmits the current iterate 6 to local machines {./\/lt}thl;

3: Each machine computes the local gradient V¢;(0s) at machine M; and sends it to
the central processor;

4: The central processor calculates the global gradient V£ (05) = Z’le Vi, (05) and
broadcasts it to each of the machines;

5: Each machine computes the maximizer 6,11 as

051+ = argméix {Et(a)/m — <9, Vl(0s)/m — VK(HS)/n> — %HO — 08H2

K
1 N ~_ .
™ > (&k(6) — Ak) T (€ (0) — ’Yk)}>
k=1
and sends it to the central processor.
6: The central processor computes 0511 = % Zthl 051,

7. end for

Output: Estimator Og.

In Algorithm 1, the regularization parameter « can be flexibly selected in practice. In
each iteration, Algorithm 1 consists of two rounds of communication; one round involves
parallel optimization, and the other is simply averaging. These two rounds of communica-
tion can make 0, closer to the global maximum 6@ by a contraction factor. To demonstrate
this, we first assume the following conditions for £(0)/n or F(0) = E[log f(v, 8)].

Condition A (Homogeneity). For all 1 <t < T and 0 € B(é7 R) with a positive con-
stant R, there exists a universal constant § > 0 such that ||[V26,(8)/m — V2F(0)]|, <
d/2 holds.

Condition A is a general measure of the similarity between V2F(6) and v2¢;(0)/m. Fol-
lowing this condition, we know ||V2£(80)/n — V2F(0)|l, < 6/2, ||[V24:(0)/m — v*4(0)/n||, <
8, and ||V24, (0)/m — V2£,(0)/m||, < 6 for any 1 < t1, to < T. Since a large value of m
implies a small §, this observation indicates that when m is sufficiently large, each local

10
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empirical approximation of F' should be as accurate as possible and concentrate closely
around the mean. We thus refer to § as a homogeneity parameter. In most cases of interest,
the rate of § can be explicitly determined and is primarily influenced by the local sample
size.

Condition B (Strong convexity). The following two functions are p-strongly convex in
B(6, R) for some positive constant p:

K
(O /n+ 5 D (E6(0) — )" (66(6) — 4,
1 k}:{l A
—F(O)+ 5 D (€r(0) — A1) "X (€ (0) — k).
k=1

Here, a convex function h defined on some convex open set {2 C RP is said to be p-strongly
convex if h(y) > h(x) + (g, y —x)+ (p/2)|ly — x||* for ¥x, y € Q and all g in subdifferential
set Vh(x). There also exist other equivalent definitions such as (gy — gx,y —x) > p|ly —
x||2 for Vx,y € Q, gx € VAh(x), and gy € Vh(y). For more details, see, for example,
Nesterov (2014). Under the homogeneity condition, this strong convexity assumption can
be relaxed to the assumption that function —F(6) + 5= Zi{:l(&w) — ﬁ/k)Tﬁllzl(ék(B) — k)
(or —£(0)/n+ 5 Zle(gk(e) —’?k)Tflgl(Ek(O) —4) ) is pi-strongly convex in B(6, R) with
constant p; > 0. It is easy to see p > p; — 0/2 in that scenario, and when n is large, the
difference between p and p; is basically negligible. Moreover, note that the Hessian matrix
of V2[—F(0)+ 5= S (€x(0) —’S/k)TZAJEI(Ek(B) —k)lo=6+ = Apxp for some constant A > 0
in most interesting problems, where = is used to denote positive semidefinite ordering (that
is, A > B means A — B is positive semidefinite). This local strong convexity condition is
mild and easily met in practical situations.

Denote

K

po = sup{c € [0,p] : {—ét(e)/m + % Z(Sk(e) - ’AYk)Ti;;l(Ek(g) - ’s/k:)}
k=1

T

t=1

are c-strongly convex in B (é, R)}

According to both assumptions above, it is easy to see that max{p — §,0} < pg < p. Under
Conditions A and B, we can present a contraction rate of optimization errors. To obtain a
much stronger result, we assume the following additional condition, which can significantly
enhance accuracy.

Condition C (Smoothness). There exists a positive constant M such that

HV2F(01) — V2F(92)H2 < MH01 — 92”2, Ve, 05 € B(é,R)

Under the assumptions above, the following Theorem 3 gives contraction guarantees for
Algorithm 1.

11
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Theorem 3 Under the Conditions A and B, if the initial value 8y € B(0, R/2) and [8/(po+
@))% < p/(p + 2a) hold, then for iterates {05}5_, generated by Algorithm 1, we have

6 .
1651 — Bl < 165 — ]|, - 2+

P2+ 2ap + «
P+«

, 0<s<S—1. (6)

Furthermore, if Condition C holds, Algorithm 1 has a much stronger contraction property

) P2+ 2ap - mln{l,era(l p0+a)H0 —0lly} +

181 B, < 6 — 8], - 272 pta

Here, both the multiplicative factors in (6) and (7) are strictly less than 1.

The proof of Theorem 3 is provided in Appendix A.2. Under the general assumptions
6o € B(0,R/2) and [0/ (po+ )] < p/(p+2a), Theorem 3 guarantees Q-linear convergence
(Nocedal and Wright, 2006) for Algorithm 1, that is, for sufficiently large s, there exists
€ (0,1) such that ||@s1 — 0]|s < 78 — 8]|2 for sequence {6,}5_, generated by Algorithm
1. Note that the condition [§/(po + a)]?> < p/(p + 2a) is easy to enforce by choosing
sufficiently large «; therefore, Algorithm 1 can be widely used in practice. Moreover, we
only assume that the initial value @y satisfies 8y € B(6, R/2), which implies that the initial
estimator need not be consistent. However, the accuracy of the initial estimator 8y can help
in reducing the number of iterations.

The choices of the regularization parameter v and the number of iterations S are of
importance in reality. Note that on the one hand, under the assumptions of Theorem 3, Fan
et al. (2021) showed that if o > 462 /p, the contraction factors in Theorem 3 are bounded by
(1—p/[10(a+ p)]), and thus finite iteration steps S = O((1+a/p)log(||6o — é||2/e)) suffice
to reach a statistical e-accuracy. On the other hand, when §/p is sufficiently small and o <
C4?/p for some constant C, the contraction factors in (6) and (7) become §/p and (§/p)?,
respectively, which are of the same order of the contraction rates for the unregularized
version (that is, @ = 0) in Fan et al. (2021). Moreover, we can also show that we only need
at most S = O(log(||6y — 81|2/¢€)/log(p/5)) iterations to achieve e-accuracy. By combining
the facts above, we conclude that oo < 6% /p is a good choice to ensure Algorithm 1 converges
quickly and robustly. The same statistical accuracy as for the estimators performed on the
whole dataset D!, that is, e-accuracy € = 1/n'/2+< (or equivalently 1/N'/2t€0) with some
small constant €y > 0, can be achieved within S = O (max(1, 52/p2)-log(\|00—é||2/6)) rounds
of communication. In practice, S can also be chosen adaptively using more discriminative
criteria, such as checking if the difference between successive iterates falls below a preset
threshold.

Corollary 4 The communication-efficient estimator @g is consistent, and vV N(0g — 6%)
asymptotically converges to a zero-mean normal distribution with limiting covariance matrix
A-YBA-Y, where

K
A= coJg (0°)1oJo(0%) + coad + > e Ji (0%)AJi(67),
k=1

B= C()JO ( I()Jo -l- chJk Aka(B ),

12
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where flk = limnk%w(iknk)*l. The consistent estimators A and B are similar to that in
the Proof of Theorem 2:

T K

2 1 1 A

A= Z > Awi, 09)A(wi, 05)" + coal + N > Jk(0) Tk (0s),
t=1 i€y k=1

2 1 T K

B = NZZA(W,@S) (vi,05)" Z T8 k(85).

14i€Zs k:

From Corollary 4, we can see that when the S is replaced by any working matrix ik,W
with the same dimension, the consistency and asymptotic normality both hold, except
that the limiting covariance matrix is A"'BA~! where A = c0Jo(0%) 1o Jo(60%) + coal +
SR ek (0)T ApJi(0*) and B = cJo(6%) ToJo(0%) + 31, cxJi(0%) ApL A Ji(6%).

3.2 A special example of an internal study: a generalized linear model

In most statistical examples, the contraction factor in Algorithm 1 can be explicitly deter-
mined by finding the rate of convergence for the homogeneity parameter § of the internal
study. As illustrated in the following, we consider a classical generalized linear model

yi(zi m )¢ (zin") ()]

where y; is the response, x; is the pp-dimensional covariate vector, n* is the true value of
the unknown pg-dimensional parameter n, b is some known convex function, for example,
b(t) = log(1+e!) in logistic regression and b(t) = €' in Poisson regression, c(y;, ¢) is a known
normalized function, and ¢ is the dispersion parameter, which is simply assumed to be a
constant or some irrelevant nuisance parameter in this section. Let Jo(0) = dn/00 be the
po X p Jacobian matrix of mapping 1 = £(0) with respect to the p-dimensional 8. Simple
algebra then yields

fyis®i,m") = exp i=1,...,n, (8)

dlog f(yis®i,m) (yz — Vb(:cZ-TT,)):cZ
o0 - JO (0) ¢ 5
2 . T2 (T T , . — Vb(zT

and

Zv (J7 ( ) ©)
i @)z _ |7
89T Po . .
RO
j=1

pXp

Here, we use the notation AU*) to represent the (7, k)th component of the matrix A, and
use similar definitions for the vectors.

13
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Without loss of generality, we also assume that the covariate vectors x; = (1, uzT)T €
RPo | where {u;}"; C RP~! are n ii.d. random samples with zero mean and covariance
matrix D. To explicitly determine the rate for ¢ in Condition A, we apply some extra
regularity assumptions.

Condition A* For a generalized linear model (8) and Jacobian matrix Jy(@), assume that
the following hold:
(a) Suppose C; < || D||s < C for some positive constants C; and Co, and {D~1/2
are i.i.d. sub-Gaussian random vectors.

wi by

(b) There exists a universal positive constant Cs such that |[Vb(-)|, |V2b(-)|, and
|V3b(-)| can be bounded by Cs. The true values 8*, n* are also bounded.

(c) For all @ € B(0, R), the Jacobian matrices .Jo(8) satisfy that max ]Jéj’k)(0)| < (4
‘77

and max ||VJ(gj’k)(0)Hoo < Cy for some constant Cjy.

)

It is noteworthy that the covariate conditions (a) and (b) are both common regularity as-
sumptions; see, for example, Fan et al. (2021). Condition (a) requires the sub-Gaussian
random design to guarantee the sub-exponential tails of some quantity in (9); similar condi-
tions are also given in Jordan et al. (2019), Fan et al. (2021), and other literature. Condition
(b) is a mild condition for a generalized linear model, and assumption (c) is also easily met
in practice.

Moreover, if we assume that m > n® with 0 < a < 1, we will show in the Appendix A.4
that

y

+ Op<, / loi”>, (10)

1
sup  sup \\V2€t(0)/m — VzF(H)H2 < Op( sup H— g T — E[:L'Zyl]
1<t<T g B(6,R) I<e<T I 2o

X

e VIV,
0cB(6,R) I*

where  sup maxHVJéJ’k) (0)”1 is a bounded constant.
0cB(6,R) I*

The general rate (10) of the homogeneity parameter ¢ tends to be Op(y/logn/m) in many
special situations. For example, in settings such as linear regression with normal noise or
logistic regression models, the response variable is sub-Gaussian, thereby ensuring that the
first term in (10) achieves a convergence rate O,(y/logn/m). Another common scenario is
the linear transformation between 1 and @, which means that the first quantity of (10) equals
zero. Under those special situations and regularity condition B, we know the contraction
factor of Algorithm 1 (taking o = O(62/p) or 0) becomes O,(1/logn/m) or O,(logn/m) for

log([00—8|l2v/7)
log(m/logn)
can become negligible compared to the statistical error Op(n_l/ 2). That is, the multi-step

estimator B¢ achieves the statistical efficiency of 8 and can be used for the inference of 6
or 1.

large m, and after only a finite S = O( ) steps, the optimization error 105—6|2

14
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4. Simulation

This section comprises three numerical studies. The first two (Subsections 4.1 and 4.2)
assess the empirical performance of our proposed approaches, while the third (Subsection
4.3) examines the impact of misspecification in the link mappings {Ek}szl.

4.1 The performance of Model (3)

In the first example, we numerically verify the theoretical properties of our proposed CD
approach and provide a comparison of several popular methods. We generate an ny = 300
internal-study sample {(ygl), XZ( ) = (Xflz), Xé Z),X?(,lz))) } :11 from the fixed effect model

yM =y + ,81X1(}i) + ﬂzXé,lz‘) + 53X(1) el i=1,.

where X( -) ~ Ber(1,0.5), X, ( -) ~U(0,1), X(,-) ~ N(2,1), and 61(1) ~ N(0,3). Furthermore,

consider that we can also derlve some summary statistics {((342,,[32 = (31,2, 32,2, ngg))T}
and corresponding covariance matrix estimation from the external Study 2:

yi(Q) =a2+ﬁ1X(2)+52X2 +/83X31 +6( )’ i=1... N,

where ny = 300, X\? ~ Ber(1,0.5), X5 ~ U(0,1), X{? ~ N(2,1), but ¢ ~ N(0,1).
Similarly, we can get the common parameter results from the external Study 3

yz(S) = a3+ ,Ble(i-) + ,BgXéi-) + ﬁgXéi») + 61(-2), 1=1,...,n3,
where ng = 300, X\ ~ Ber(1,0.5), &”) ~ N(0,3), but X3 ~ U(1/3,2/3), X52) ~ N(3,2).
Moreover, suppose that we can also obtain auxiliary summary estimation information from
another Study 4 with fixed X( ) — =1, that is,

() (a1+51)+52X(4)+63X31—i—e(), 1=1,...,n4.

Here we also let Xéi-) ~U(0,1), Xéi) ~ N(2,1), but 62(4) ~ N(0,3/2) and ny = 200. Taking
a1 =1, a0 =2, a3 = —1, and 51 = 1, B3 = 2, B3 = —1, the simulation results based on
1000 replications are summarized in Table 3.

Table 3 reports the average parameter estimates (Mean), empirical standard error (SE),
and the average standard error estimates (SEE) of several popular methods. Here, the Indi-
vidual method only involves data sources from Study 1; the IPD method uses all individual-
level data to make statistical inferences for all parameters (a1, oo, a3, 37)7; the proposed
CD method is the approach developed in Section 2; and Liu’s CD method is the heteroge-
neous multivariate meta-analysis described in Liu et al. (2015). Specifically, Liu et al. (2015)
first obtained the summary statistics from each data source based on likelihood inference,
and then maximized the product confidence density function to obtain an estimate of the
parameter of interest. It can be found directly that our proposed CD method performs well.
In particular, the point estimates are nearly unbiased, and the SEE agree with SE quite
well. Table 3 also provides a comparison of various approaches. The numerical performance
of our proposed CD method is quite close to that of the IPD method, even for moderate
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sample sizes, and our proposed CD estimates have smaller variance than those of the Indi-
vidual method. We also note that Liu’s CD method provides similar numerical performance
to our proposed CD method; the main differences between these two approaches are that
our developed framework can be applied to communication-efficient iterative distributed
statistical inference.

Table 1: Integrated analysis for individual data and heterogeneous summary results.

Individual method Proposed CD method IPD method Liu’s CD method

Parameters | Mean SE SEE Mean SE SEE Mean SE SEE Mean SE SEE
a; =1 0.9990 0.3020 0.2994 | 0.9976 0.1395 0.1354 | 0.9982 0.1368 0.1356 | 0.9982 0.1367 0.1351
ag =2 NA NA NA 1.9984 0.1257 0.1215 | 1.9983 0.1245 0.1218 | 1.9986 0.1245 0.1214
az=—1 NA NA NA |-1.0016 0.1675 0.1632 | -1.0015 0.1654 0.1637 | -1.0015 0.1654 0.1631
B =1 1.0018  0.2009 0.1992 | 1.0008 0.0860 0.0843 | 1.0007 0.0867 0.0845 | 1.0007 0.0866 0.0842
By =2 1.9977 0.3484 0.3457 | 2.0039 0.1509 0.1476 | 2.0034 0.1492 0.1480 | 2.0034 0.1492 0.1474
B3 =—1 |-0.9985 0.1022 0.0999 | -1.0001 0.0328 0.0326 | -1.0001 0.0332 0.0327 | -1.0000 0.0332 0.0325

Furthermore, we examine the effect of sample size on the performance of the method.
For convenience, in the four studies mentioned above, we set nq = ng = n3 = ng = n
here, while keeping all other settings unchanged. Since the results across different dimen-
sions show a convergent trend, we only present the outcomes for B5. Results for other
parameters are available upon request. As illustrated in Figure 1, the latter three meth-
ods consistently demonstrate superior performance over the Individual method across all
sample sizes. This superiority is quantitatively supported by multiple metrics: a lower SE
reflecting reduced estimation variance, mean estimates closer to the true parameter values,
and a closer agreement between the SEE and SE, indicating enhanced estimation accuracy.
These results lead to the conclusion that incorporating additional information, whether
through auxiliary summary statistics or direct integration of external individual-level data,
consistently improves statistical efficiency in practical applications, irrespective of sample
size. Furthermore, the improvement in statistical efficiency achieved by the three methods
above gradually diminishes as the sample size grows. This trend highlights the practical
advantage of our method in real-world settings where internal data are scarce: under such
information-limited conditions, our approach offers significantly enhanced decision reliabil-
ity. Furthermore, the performance of our proposed CD method remains highly consistent
with that of the method using full external individual-level data, regardless of the sample
size. This robustness to varying sample sizes confirms the practical utility of our method
and supports its broader application in data-sensitive scenarios.

4.2 The performance in the distributed cases

A second experiment was designed to evaluate the numerical performance of the proposed
distributed statistical inference algorithm and the effect of local sample size. For the internal
study, we generate the response y; given the covariates x; from the logistic regression:

i=1,...,n = 10000,
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Figure 1: The effects of sample size on the performance of the method.

T

where n = (g, 37)T is a six-dimensional parameter vector, z; = (1,u})?, and w; are

generated from the multivariate normal population

MN | o,

[l el el
O O O N O
O O w o o
O = O O O
O O O O

There also exist two types of heterogeneous external auxiliary information. For the first
type, we consider three study-specific datasets, and the n; = 10000 i.i.d.random samples
of the kth dataset are generated as follows: x; = (1,u£i)T with wg; ~ MN(0,k X Isxs),
and

ew;f\/k
Plyr; =1)= ———, i=1,...,n3k=1,...,3,
1+ e®kiTk
where v, = (ax, 87)7 is a six-dimensional vector with scalar quantity oy for k =1,...,3;

and I5x5 stands for the 5 x 5 identity matrix. Under the logistic regression model of the
internal study, we further construct three heterogeneous studies with different covariate
designs as the second type of external model. Specifically, we assume for Study 4, the
variable z(!) is fixed at 0.5. Then, the corresponding true model in the case of ng = 5000
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Figure 2: The squared estimation error ||@,—6*||3 and ||, —n*||3 versus the number of iterations for
logistic regression. The z-axis and y-axis are the number of iterations and the averaged
squared estimation loss of 100 independent simulations. With a fixed total sample size
n = 10000 and initial value 8y = 0, the dashed lines show the errors under various local
sample sizes m.

becomes
o(00+0.558) +8 2P + 5@ 2 4 g0 £ 1 5(3) )

14 e(ao+0~5*5(1>)+5<2>x£2)+5(3)z§3)+ﬁ(4)x§4>+5(5>$§5) .

Similarly, suppose (3 is fixed at 0.2 for Study 5 with ns = 5000 samples, and z(!) =
0.5, 22 = 0.2 for Study 6 with ng = 5000 samples. The other settings of those external
studies with heterogeneous covariate designs are the same as in the internal study.

Taking O as the initial value and o = 0.15p/m with dimension p = 9, we run 100 inde-
pendent trials to estimate the full parameter 8 = (aq, a9, a3, ag, 37)7 under the previous
simulation setup. For each replication of the simulation, we choose the local sample size
m to be 20, 50,100,200, 500, or 1000, and sample the true value of 8 uniformly from the
nine-dimensional unit cube [0, 1]?. The averaged results of the squared estimation error and
the effects of the local sample size are shown in Figure 2. As we can see, our proposed
algorithm performs well and converges rapidly even with medium or small local sample
sizes. We also compare our proposed estimate with heterogeneous external results and the
CEASE estimate (Fan et al., 2021) without any auxiliary information in Table 2. As ex-
pected, the heterogeneous auxiliary results do improve the statistical accuracy and further
accelerate the convergence of the CEASE algorithm, mainly because the quadratic term of
the heterogeneity part enhances the strong convexity of the optimization function.

4.3 The impacts of potential misspecification in link mappings

Although we assume that the link mappings are known and explicit, in practice, misspec-
ification may arise due to misunderstandings during information exchange or intentional
concealment by external information owners for reasons such as competitive advantage. In

18



DISTRIBUTED INFERENCE WITH HETEROGENEOUS AUXILIARY INFORMATION

Table 2: The squared estimation error results for logistic regression

Iterations

Estimation with heterogeneous results

Estimation without auxiliary information

m = 20

m = 50

m = 200

m = 1000

m = 20

m = 50

m = 200

m = 1000

0

2.035903

2.035903

2.035903

2.035903

2.035903

2.035903

2.035903

2.035903

0.025974

0.006061

0.001287

0.000915

0.139612

0.103122

0.016164

0.003717

0.001691

0.000934

0.000894

0.000893

0.010130

0.004930

0.003193

0.003144

0.000933

0.000894

0.000894

0.000894

0.003606

0.003204

0.003143

0.003142

0.000896

0.000894

0.000894

0.000894

0.003227

0.003150

0.003143

0.003142

0.000894

0.000894

0.000894

0.000894

0.003157

0.003143

0.003142

0.003142

0.000894

0.000894

0.000894

0.000894

0.003148

0.003143

0.003142

0.003142

0.000894

0.000894

0.000894

0.000894

0.003144

0.003142

0.003142

0.003142

0.000894

0.000894

0.000894

0.000894

0.003143

0.003142

0.003142

0.003142

O 00| | O U x| W N —

0.000894

0.000894

0.000894

0.000894

0.003142

0.003142

0.003142

0.003142

this subsection, we examine the impact of misspecification in the link mappings and discuss
the applicability of the method under such conditions.

The experimental setup in this subsection aligns closely with that described in Sec-
tion 4.1. Study 1 is designated as the internal study, while Study 2 is incorporated as an
external source, utilizing the link mapping &. We evaluate and compare three methodolo-
gies: the Individual method, the proposed CD method, and the IPD method. In the case
of the proposed CD method, the following three scenarios are considered:

e Scenario I: The link mapping &5 is correctly specified.

e Scenario II: The model in Study 2 is misspecified as follows:

~(2)

Y, = o2+ BlX%) + BQXQ(? + ,BgX?Ei-) + 6(2),

i 1=1,...,n.
That is, §; is mistaken for Bl, and thus the covariate corresponding to it is omitted

in the link mapping &», while all other components remain correctly specified.

e Scenario III: The model in Study 2 is misspecified as:

~(2)

7 = ag + (a1 + B2) X + B2 X$) + 83X ) + €7,

i 1=1,...,Ny.
Here, the coefficient for X fz) is misdefined as a7 + (1 instead of 31, while the rest of

the model remains complete.

The Mean and SEE are shown in Table 3. A closer examination of the misspecification
effects reveals that, despite errors in some dimensions, the estimates of correctly specified
parameters, such as S and 3, remain consistent. Specifically, compared to the Individual
method, our proposed method achieves a lower SEE in the correctly specified dimensions,
regardless of whether the link mappings are specified correctly or incorrectly. This indicates
that even partially misspecified external information can still enhance statistical inference.
Furthermore, when compared to the IPD method, the performance of our method under
Scenario I is comparable. Although it performs slightly worse in the other two scenarios, the
differences are generally modest, demonstrating the robustness of the CD-based approach.

19



Yu, JiaNG, L1 AND ZHOU

A more detailed analysis of the misspecification effects is now discussed. When a subset
of external information is omitted (as in Scenario II), the improvement in estimation for
the remaining correctly specified dimensions remains consistent with that under full correct
specification. This implies that when the dimensions are independent, omitting partial in-
formation does not adversely affect the performance of the remaining dimensions. However,
when the relationship between dimensions is misspecified (that is, 51 is incorrectly defined
as a1 + (1), these dimensions become interdependent, leading to deteriorated estimation
performance for both. In such cases, the Mean result may be even worse than that of the
Individual method. These simulation results highlight that external information must orig-
inate from reliable sources. When uncertainty exists, it is preferable to discard questionable
information and use only verified data to enhance estimation accuracy.

Table 3: The effects of potential misspecification in link mapping.

Individual method | Proposed CD method | Proposed CD method | Proposed CD method IPD method

(Scenario I) (Scenario 1II) (Scenario IIT)
Parameters | Mean SEE Mean SEE Mean SEE Mean SEE Mean SEE
ar =1 0.9891 0.2907 | 0.9966 0.1806 0.9928 0.1956 0.7269 0.1781 0.9957 0.1739
ag =2 NA NA 1.9956 0.1591 1.9963 0.1620 1.9420 0.1632 1.9946  0.1523

fr=1 1.0081 0.1943 1.0006 0.1009 1.0080 0.1939 0.4488 0.1836 1.0015  0.0984
Ba =2 2.0096 0.3319 2.0056 0.1729 2.0055 0.1731 2.0034 0.1734 2.0059 0.1676
Bz =—-1 -0.9984  0.0983 | -0.9993 0.0529 -0.9993 0.0529 -0.9233 0.0474 -0.9991  0.0508

5. Real data application

In this section, three real examples are shown to illustrate the feasibility of our proposed
algorithm. The first is a medical case with accessible individual-level data, while the second
and the third concern climate monitoring and survival effects with data stored on different
machines by year.

5.1 A medical case

Bronchial asthma caused by genetic and environmental factors is a common and frequently
occurring disease that seriously impacts daily life through missed work, restricted activities,
economic burdens, and other mechanisms. An asthma test allows patients to avoid allergens,
including smoke, perfume, paint, and pets, preventing acute and potentially fatal asthma
attacks. Thus, it is necessary to determine if a person has asthma based on a limited set of
indicators.

The individual-level data are drawn from medical records, in which the response variable
is equal to one if a person has asthma and zero otherwise. There are four types of asthma:
eosinophilic asthma (EA), neutrophilic asthma (NA), paucigranulocytic asthma (PA), and
mixed granulocytic asthma (MA). The initial experiment focuses on the first two types
of asthma to study how the level of interleukin 5 (IL-5) influences asthma. Then, the
percentage of the sputum eosinophils (PE) is also considered in studying PA. The sample
sizes of the three experiments for EA, NA, and PA are 37, 26, and 24, while the sample size
of the control group is 30.
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Because of the heterogeneity between different types of asthma, we consider the following
logistic model to combine the studies from EA, NA, and PA:

) = o + 17145 + Paraij,
Dij

where ¢ = 1,2,3, j = 1,2,--- ,n;. Here, p;; is the probability of asthma for the jth
observation in the ith dataset (i = 1, 2, 3 for PA, EA, and NA, respectively), and x1;; and
x9;; are the performance measures of IL-5 and PE. Four methods mentioned in the first
simulation experiment are compared here, and the estimation results are shown in Table 4.
First, Liu’s method performs the worst, as it exhibits an excessively large standard deviation
in estimation, and all five of its estimated variables are statistically non-significant, a finding
that contradicts both the underlying facts and the results from other methods. Second, both
our proposed method and the IPD method outperform the individual-level method, as they
yield smaller standard deviations. This improvement can be attributed to the incorporation
of additional information in both approaches. Finally, the performance of our proposed
method is comparable to that of the IPD method, indicating that the summary information
is used appropriately in our approach, thereby achieving a similar effect as using individual-
level data. All these empirical findings align well with our theoretical conclusions.

Table 4: The estimation results in the asthma case.

Parameters | Individual method | Proposed CD method | IPD method | Liu’s CD method
a1 -8.32(3.16) -6.87(2.37) -7.50(2.56) -8.32 (3667.42)
s NA -6.36(2.29) -6.99(2.47) -9.39(1753.70)
Qs NA -5.77(1.88) -6.37(2.05) -3.79(1506.51)
61 0.85(0.66) 0.85(0.87) 0.85(0.89) 0.85(3795.78)
B2 0.35(0.15) 0.28(0.09) 0.31(0.10) 1.29(128.93)

The prediction accuracy in the test dataset, comprising 10 patients with PA and 10
healthy individuals, is illustrated in Table 5 to demonstrate the model’s performance. Three
criteria are considered here, and their specific definitions are as follows:

TP+TN
TP+TN+FP+FN>

1. accuracy=

2. precision= TPLFP>
_ TP
3. recall= TPIFN "

where TP, FP, FN, and TN are listed in the following table. As expected, the performance

Actual
Positive Negative
Predicted | Positive | True Positive (TP) | False Positive (FP)
Negative | False Negative (FN) | True Negative (TN)
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of our proposed method is nearly identical to that of the IPD method, and both yield more
accurate prediction results than the Individual method. In contrast, Liu’s method incor-
rectly classifies the entire population as patients, rendering its predictions unreliable. These
results demonstrate that appropriately incorporating summarized heterogeneous informa-
tion can significantly enhance the performance of individual methods.

Table 5: The accuracy of the four methods in the test dataset.

Criterion | Individual method | Proposed CD method | IPD method | Liu’s CD method
Accuracy 0.7 0.75 0.75 0.5
Precision 0.67 0.73 0.73 0.5

Recall 0.8 0.8 0.8 1

5.2 A climate case

For illustration purposes, historical climate data in Canada is considered in this subsection.
The data are available at https://climate.weather.gc.ca/. The dataset contains detailed
hourly weather conditions from 2005 to 2015, and its sample size is larger than 8000 per
year. For privacy reasons and actual data management, the data is usually stored on
different machines by year; that is to say, Algorithm 1 should be used for exploratory
analytic work.

Our goal is to predict the humidity (y) given the other three continuous covariate vari-
ables: temperature (X7), atmospheric pressure (X3), and wind speed (X3). Analysis results
from the observed sample are reported by studies according to the location of the sensors.
For simplicity, we illustrate the application of our approach to this project using only three
studies. The heterogeneous information is derived from the summary statistics of Wiar-
ton and Thunder Bay, while the individual-level data pertains to climate information from
Barrie. To combine the three studies, we consider the following linear model:

Yij = a; + B1x1i + Baxaij + B335 + €5,

where i = 1,2,3 (i = 1, 2, 3 for Barrie, Wiarton, and Thunder Bay, respectively), j =
1,2,--- ,n;. A total of 8000 samples per year are randomly chosen to construct the training
set, that is to say, T = 11 and m = 8000 in Algorithm 1, while the rest of the samples
are reserved for the test set. We compare our proposed methods with two counterparts:
the traditional Individual method and the conventional communication-efficient distributed
statistical inference (CDS) method, which are applied to individual-level data only. Table 6
illustrates the performance of the above linear model, in which the adjusted R? (R? € [0,1])
is applied to show how much of the variance of the data is explained by the model. From
Table 6, our proposed method is superior in two aspects. First, the prediction performance
of our proposed method (S=5) is better than that of the other two methods since it has
the largest value of the adjusted R2. Second, in the distributed case, our proposed method
converges more rapidly than CDS. In more detail, the value of the adjusted R? in our
proposed method increases with the number of iterations. Furthermore, the difference in
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Table 6: The performance of three methods in the climate case.
Individual method| CDS | CDS | CDS |Proposed method|Proposed method|{Proposed method

Parameters (S=1)|(5=3)|(5=5)|  (5=1) (5=3) (5=5)
(<31 849.16 736.29(823.74/868.43 724.19 850.67 865.96
a2 NA NA NA NA 714.57 858.80 878.69
as NA NA NA NA 694.364 856.36 875.27
51 -0.32 0.80 | -0.40 | -0.44 1.04 -0.38 -0.48
B2 -0.79 -0.56 | -0.79 | -0.76 -0.69 -0.80 -0.89
B3 =777 -6.36 | -7.54 | -8.00 -6.36 -7.82 -7.94

Adjusted R? 0.66 0.06 | 0.66 | 0.59 0.05 0.65 0.69

Table 7: Variable description for the Medical Birth Registry of Norway data.

Variable|Description Variable used in the model
Y The time between the first and second births. | Used as the response variable
X7 |The mother’s age at first birth. Used as a numerical variable
X9 |The baby’s sex. 1 for male; 0 for female. Converted to a dummy variable
w  |The censored status. 0 for censored data; 1 oth-|Converted to a dummy variable
erwise.

our proposed method between the two cases, which are S = 3 and S = 5, is smaller than that
in CDS. In short, the effective use of heterogeneous information is beneficial in enhancing
the effectiveness of statistical inference.

5.3 A censored data case

In this subsection, we use a dataset obtained from the Medical Birth Registry of Norway
to examine how a mother’s age at first birth influences the time interval between the first
and second birth (Sit and Xing, 2023). The dataset comprises 53,296 samples, all of which
correspond to mothers whose first child was still alive at the time of the second birth. Each
observation represents one mother and includes a continuous response variable measuring
the duration from the first to the second birth, along with covariates such as the mother’s
age, the baby’s sex, and a binary censoring indicator. A detailed description of the variables
is provided in Table 7.

In survey studies, the Cox proportional hazards model is commonly employed to analyze
time-to-event data. This model takes the form:

h(t) = Xo(t) exp(B1X1 + B2X2),
where the hazard function h(t) is defined as:

Pt<y<t+Atly>t)
At—0 At

Parameters are estimated using partial maximum likelihood estimation, with the likelihood
contribution for each observation given by:
w;
exp(X{ B)
>, exp(X]B)

JYi2Yi

f(vi, B) =
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In this framework, only uncensored observations contribute to the parameter estimation.

In our dataset, although the sample size is substantial, a significant proportion of the
observations, 69.63%, are censored. Relying solely on the individual-level data would there-
fore lead to considerable information loss during estimation and reduce the accuracy of our
results. Moreover, we have access to valuable external information: parameter estimates
derived from a similar dataset comprising 262 observations, which includes mothers whose
first child was not alive at the time of the second birth. This supplementary dataset provides
a unique opportunity to ‘borrow strength’ from a related population, thereby enriching our
analytical framework. By incorporating this auxiliary information, we can compensate for
the high censoring rate, improve the precision of our estimates, and achieve a more robust
understanding of the underlying processes. The external and internal datasets share the
same covariate effects, but differ in their baseline hazard functions Ag(t).

As suggested by Sit and Xing (2023), the individual-level data are randomly partitioned
across 100 machines, with the pre-specified parameter « set to the same value as in Section
4.2. The coefficient estimates and corresponding standard errors for the three methods
described in Section 5.2 are presented in Table 8. As S increases, the performance of the
CDS method becomes increasingly similar to that of the Individual method, both in terms
of the magnitude of the estimates and the size of the SE. For the proposed method, which
incorporates external information, the SE is consistently smaller than that of CDS at the
same value of S. This example clearly demonstrates that when external information is
used, the variance of the estimator is reduced, which aligns with the theoretical conclusions
presented in the paper.

Table 8: The performance of three methods in the survey case (with standard errors in
parentheses, 1073).

Parameters Individual method| CDS CDS CDS |Proposed method|Proposed method|Proposed method
(5=1) | (5=3) | (5=5) (s=1) (5=3) (5=5)
b1 0.0891 0.0907 | 0.0897 | 0.0897 0.0899 0.0889 0.0889
(3.6312) (3.6828) | (3.6829) | (3.6829) (3.6686) (3.6686) (3.6686)
B2 -0.0175 -0.0173 | -0.0169 | -0.0169 -0.0176 -0.0172 -0.0172
(15.7348) (15.5027)|(15.5028)|(15.5028) (15.4753) (15.4753) (15.4753)

6. Discussion and conclusions

In this paper, we have proposed a feasible and efficient framework for integrating individual-
level data with heterogeneous external summary information, supported by both theoretical
guarantees and numerical validation. The core idea of our method is to convert heteroge-
neous summary statistics into a confidence distribution, whose density is then used to
approximate the likelihood function of the external model. This enables the combined use
of individual data and auxiliary summary information by multiplying the corresponding
likelihood and confidence density functions. It is worth emphasizing that the proposed
estimator achieves efficiency comparable to that of the ideal IPD estimator that uses all
individual-level data, while remaining robust to potential misspecification of the covariance
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structure of parameter estimates from external studies. Moreover, if the sample size is
small or medium, our proposed approach is equivalent to the heterogeneous meta-analysis
developed by Liu et al. (2015). However, when the sample size of the internal study is too
large, the internal estimator cannot usually be calculated on a single machine. Although we
can use distributed algorithms such as the “one-shot procedure” to get an estimation of our
internal study and then obtain the final estimator by applying meta analysis, this naive es-
timator is often sub-optimal, and the number of machines T" has to be o(y/n), where n is the
total sample size of the internal study. Unlike Liu et al. (2015), our developed framework
can be adapted to the communication-efficient iterative distributed statistical inference for
massive data and successively relax the restriction on the number of machines.

We have also developed a communication-efficient distributed statistical inference method
for massive data with heterogeneous auxiliary information, and have shown that the pro-
posed distributed algorithm enjoys linear convergence under some general conditions and
that statistical efficiency can be achieved within a finite number of rounds of communica-
tion. A specific example of the generalized linear model for an internal study and extensive
simulations also demonstrate the superior performance of our proposed iterative algorithm.
In fact, our proposed distributed algorithm can also be applied to the distributed statistical
inference of parameter-heterogeneous big data and even streaming data.

Several aspects of this work are worth extending. Although the main contribution of this
article was developed under the likelihood inference framework, the proposed approaches
can also be applied to general loss scenarios by replacing the averaged negative log-likelihood
function with the empirical loss risk. The theoretical properties, such as consistency and
asymptotic normality in Section 2, and the contraction of optimization errors in Section
3, still hold under some regularity conditions. Moreover, we can generalize our method
to high-dimensional sparse models. Based on some summary results of high-dimensional
regression, we can also construct asymptotic confidence densities using the de-biased lasso
procedure (van de Geer et al., 2014; Zhang and Zhang, 2014; Javanmard and Montanari,
2014). By subtracting a penalty term in the optimization function (3) and (5) (see He et al.
(2016) and Cai et al. (2022)), we can synthesize evidence from individual data and some
heterogeneous summary results for variable selection, and perform communication-efficient
distributed statistical inference for high-dimensional massive datasets. This scalability and
effectiveness enhance the applicability of our proposed method.
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Appendix A. Proofs

This section is organized as follows. We first present the detailed proofs of Theorem 2,
Theorem 3, and Corollary 4. The final subsection then provides the justification for the
specific examples of the generalized linear model.

A.1 Proof of Theorem 2

Denote the true value of v; by ~;. Recall that élpD is the maximum likelihood estimator
of the multiplied likelihood function L(6) = 5:0 L (0) when all individual-level data are
available. Following the large-sample theory of MLE, it is easy to see that the IPD estimator
éIPD is v/ N-consistent under the regularity conditions stated in Appendix B. Moreover, the
first-order Taylor expansion of dlog L(6)/00 gives

2

0 .
log L(0") + 50507

0
0= log L(GIPD) 80

50 log L(6*)(O1pp — 0%) 4 O,(1).

After some simple algebraic manipulations, we obtain

VN(6pp — 6%) = Uf %%ZT (9*)} h Llﬁaaa log L(e*)]

2

-1
=[S {5 g e} 00
i,

ot [ 2 O e
X [;)Jk’(g) { N ny vk IOng(’Yk)}

Then we have that v N (élpD — 0*) asymptotically converges to a zero-mean normal distri-
bution with covariance matrix

-1
{chjk TIka(9*>} .

+0p(1).

Now, we establish the asymptotic properties of the CD estimator 8. Let Bs(6*) =
{616 — 6*|| < 6} be a closed d-ball neighborhood of 8*, for any 6 € dBs(6*), sufficiently
large N or n, and some constants C7 and Cy, the following holds

£A(0) — £4(0%)

N
1 Olog Lo (0*) “ o1 0% log Lo(6*) *
Sy 007+ (o0 EE 0 6 ¢ '
1 & 1 & .
~ 3N 2 1(£k( ) — A1) TS N (€R(0) — k) + IN ;(Ek(O*) — ) TS (€R(6%) — An)
1 0?log Lo(0*
<o (9_0*)T[<;§ao()§) JL(6")S 1Jk(e*)} (6 — 0%) + 0283 + 0, (1),

26



DISTRIBUTED INFERENCE WITH HETEROGENEOUS AUXILIARY INFORMATION

where the first inequality makes use of the boundedness condition of the third derivative of
log f(0). Note that

1 0%log Lo(6%) T .
EW = —JQ(H ) I()J()(a ) + 0p(1), n — 0.
Taking any

1

202 )\min <00J0(0*)TI()J0(0*) + Zle Cka(e*)T [lim 2;1/71]{] Jk(H*))

0 <

we have for any 8 € 0B;(0%), P(€4(0)/N < £4(6*)/N) — 1 as N — oo. Since £4(0) is
continuous in Bs(0*), there exists a maximum value inside the ball Bs(6*) with probability
1 as N — oo; thus, the weak consistency follows from the arbitrariness of §. To show
asymptotic normality, we apply the Taylor expansion and obtain

19 8logdk €k 9))
0= ——1log Ly(0 NZ

10 “ 810gdk €k )

1| @ . 0% log dj.(&x(0%))
26007 08 Lo(07) + kz_: 90007

(6-6)+0,(16 - 67[3).

It is straightforward to verify that

Ologd o NS «
BAETD) _ 7 (07155 G - €6l0°)),
9% log d,(£1,(0%)) e . _1
90007 = JL(0")21 J6(6%) + O (N73),
and
dlog Li(v;)  OlogLi(4k) = 0*logLi(Ak), . . &1 4 ¥
= — o,(1) =% — 0 O,(1).
S o et (7~ )+ 0p(1) = B~ €5(0)) + Oy()
So we have

8log dk(Ek(O*)) _ 8log Lk(5k<0*))
00 00
and further, VN (@ — 6*) asymptotically converges to a zero-mean normal distribution
with the same limiting covariance matrix as \/]\[ (Orpp — 6%); that is, the estimator 6 is
asymptotically as efficient as the IPD estimator O;pp. Moreover, since

1 9*logdy,(&k(9)) 1 0%log Ly, (£ (9))

N o000T — N  oeoer o)

+0,(1), (A.1.1)

it is easy to see that the asymptotic covariance matrix of VN (é — 0*) can be consistently
estimated by N{—0%(4(0)/00007}~1.
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Similar to the proofs in part (a) of Theorem 3 in Liu et al. (2015), we can obtain the
asymptotic properties of @y in part (c). The second result in part (b) can also be directly
obtained by following Corollary 1 in Liu et al. (2015) or Shen et al. (2020), whose proofs
are essentially comparisons of the two different estimators’ asymptotic variances using some
matrix algebraic inequalities. Finally, given that both @ and Oy are consistent estimators
of 8, and that the sample mean is a consistent estimator of the expectation, it follows that
the plug-in estimator of the covariance matrix is also consistent. By applying Slutsky’s
theorem, the second result in parts (a) and (d) holds. This completes the proof of Theorem
2.

A.2 Proof of Theorem 3

This proof is similar to the proof of Lemma E.4 in Fan et al. (2021). Let

Bj—argmax{ (0 )/n—*HO 0, H —?Z(fk( ) — k) igl(ﬁk(‘g)—’?k)}-

k=1

First, under Conditions A and B, we show that [|@s.1 — 0F| < 8/(po + )||0s — 0| if we
have the prior information that 8, € B(@, R/2). It follows from Lemma F.3 in Fan et al.
(2021) that |6+ — 0| < ||6s —9||2 Combining this fact and the condition HO —0|]» < R/2,
we know B(8,R/2) € B(6,R). We fix ¢ € B(0, R), and for any t = 1,...,T denote

9(8) = ||0 ¢II? fchsk() ) TS0 (€(0) — A,

k=1

and

1(0) = ang ] (6)/m = (8,704(¢)fm — €} /n) = 5116 — ¢

K
g 2 (60) "5 (60) ) |

Then, the first-order condition of 1;(¢) yields

VE(Q)/m = VE(C)/n = VL (1(C))/m + Vg(¥i(C))-

Moreover, since 87 is a fixed point of (-), we have
V0(07) /m — V07 ) /n = V4(07)) /m + Vg(4(67)).
From the Taylor expansion, we know
| (9610, /m + vg(6(0.))] = [v0(6F) /m + 79(67)] |,
= [[[vtc0.) /m — w20, /m] = [ve(6F) /m — ve6) ) |

< [|v26(8)/m — v*0(8)/n], |6 — 65,
< 6](0s — 05 ||, < (po+ )R,
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where 6 = €0, + (1 — €)@ € B(6, R) with & € (0,1). Here we have used the homogeneity
condition ||V2£;(0)/m — v2£(8)/n|jy < 6 for 6 € B(, R) and the condition [§/(po + a)]? <
p/(p+2a), which ensures § < pg+a. Furthermore, using Lemma F.2 of Fan et al. (2021), we
can determine that [|1;(0s) — 0F |2 < (§/(a+ po))||@s — 0 ||2. From the triangle inequality,
we directly obtain

T
1 1)
_pt+ | _pt+ < - _pt+
1651 = 65ll2 = [l ;_1 Vi(0s) — 6.2 < a+p0”08 05 |2

Furthermore, if Condition C holds, we can also show

52 M
1+

0,—0F 0;—07|s.
(a+p0)(a—|—p)< 04+p0” S H2>” S H2

T
1
185116712 = Il > 60(6)—67 2 <
t=1

We recall that the first-order condition of ¢+(¢) yields
[VE(1e(85))/m + Vg(14(65))] — VE(8s) /m + VL(Bs) /n = 0 = [VL(6])/n + Vg(6])].

and the fixed-point property 1;(6F) = 8. Then we have

|V4(60(8,))/m+ Tg(i(6,))] — [74(67)/m + 79(67)]
= [(v8u(0.)/m + v9(6,)) = (087 /m+ V9(6)]
— [(v(8)/n + 79(0,)) = (v0(67) /n + 7g(67))]
= Hy - (V1(68,) = 0) = H - (a(6,) — 67) + (Hy — ) - (14(8,) — 67),

where H; = V2£4(8,)/m + V2g(0s) with 8, = £14(05) + (1 — £) 8 and some & € (0,1), and
H = —Vv2F(0})/n+ v2g(0}). Note that the average of the terms

[(76:(8.)/m + 79(6.)) — (70:(61) /m + 79(69)) | = [(7£(6.)/n + 79(6.)) — (7407 ) /n + 79(61)) ]

over t =1,...T is 0, so we have

T
% Z{H (Ve(05) — 0F) + (Hy — H) (¢4(65) — 0?)}

t=1

0=

T
> (Hy— 1) (44(6,) — 07) |,

t=1

— .FI(05+1 - 0;) +

Nl =

and

T
1 L .
16541 = 05l = = > H ' (Hy — H)(1(65) — 67)]l2
t=1

<o max || Hy — Hll> max [[(42(65) — 671
1 Mo 1)
<0+ 165 =67 2) - .
p+a a+ po a+po
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Here, the last inequality follows from the fact

|He — Hll2 = [|[V?6(05) /m + V2g(05)] — [-V2F(6)/n+ 72g(6)] 2
< ||[V24(8,) /m + v29(8,)] — [~V2F(B,)/n + v2g(6,)]
+ [|[-V2F(85)/n + V?9(0,)] — [-V2F(6])/n + v?g(6])]
Méo

<64 M|1e(0s) — 0T |2 <6
<0 Mya(8:) 672 < 5+ =

165 — 65 |l2-

In summary, under Conditions A and B, we define

a+po
)

a-+po’

. {ajpo ‘min{1, 72 (1+ ;22-(|0, — 65 |2)}, if Condition C holds,
otherwise

for s =1,...,S. It is worth noting that we have shown that ||@s11 — 0| < k|05 — 67|
for 8, € B(0,R/2).
Now we return to the main proof of Theorem 2. By applying the triangle inequality, we
know .
101 — Bll2 < 1851 — 6712 + 167 — ]l

It follows from the proximal mapping Lemma F.3 of Fan et al. (2021) that
165 — 6] /1165 — 6ll2 < o/ (a + p) <1, (A.2.1)
and
10511 — 6|2 < 55165 — 67 (|2 + 65 — 6]l
< (16, - 613~ 165 — 813) "+ 165 ~ 6]
< 18, — 02  r(16F — 6]l2 /116, — 6]2), (A.2.2)

where r(z) = ksV1 — 2% + x, Vo € [0,1]. Note that a simple derivative calculation derives
r'(z) > 0 on [0,1/4/1 + k2], and under the condition [6/(po + a)]? < p/(p + 2a), it is easy
to see k2 < p/(p + 2a) and
1 - 1 > p/2+a > o
VI+eZ T VT+p/(p+22) — pta — (p+a)

Thus, it holds that r/(z) > 0 on [0, a/(p + «)]. Combining this fact with equations (A.2.1)
and (A.2.2), we obtain that

10541 — 6|2 <T<H0j—0~||2) <r< o >: ka/P? ¥ 2pa +
0s =062 — \[0:s=0]2/  \pta p+a

)

and since

ks p? + 2pa + - Vp/(p+2a)\/p? + 2pa + a _
p+a p+a

i

we obtain the last statement of Theorem 2 and complete the proof.
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A.3 Proof of Corollary 4

Theorem 3 tells us that S = O (log(||0 — éHg/e)/log(p/cS)), where € = O(N~1/27€)_ Then,
for any 7 > 0 and N — oo, we have

5 .
poto

P2 +2ap+a

S
p > E([60 — 6]]2)

™

P(||6s — 6]l > 7) < <

— 0.

PO%.\ /% +2ap+ta
~ p+a
0 is a consistent estimator of @ from Theorem 2, the following equation holds:

The latter comes from the fact that <land S — oo as N — o0o. Because

P((|0s — 6"|l2 > 27) < P(||0s — 6|2 > ) + P(||§ — 6"[|2 > ) — 0.

That is, Og is a consistent estimator of 8. Next, we establish its asymptotic normality. Let

0(6) = 4(6)/m — (8, V4,(6,) /m — VL(8,)/n ) — 516 — 6,
K
o D (E0) ~ )5 (E(6) — ).

k=1

Then, similarly to Equation (A.1.1), we have

k=1
1 1 a 1 &
il v2%] I v 2’ R T S—1
N Vo0(0) = —V2(0) — -1 Nn;Jk (0)X,1T1(0) + 0p(1)
-1

where [ is the identity matrix. ~Since Vgt(Qerl,t) = 0, substituting this into a Taylor
expansion around 6* yields 0 = V£(6*) + V20,(0*)(05+1+ — 0*) + Op(||0s+1,+ — 6*]|?). That

is,

Osi1:— 0 = {—va% (0*)} - Hve@(e*)}

!

S

K -1
<COJ0T(0 VIoJo(0%) +f1 NZ ‘1Jk(0*)>] Hv@t(e*)}
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1
From 0541 — 0" = 7+

M=

(0s41,+ — 0*), we can obtain that

t=1

-1
(coJOT(H*)IOJo(G + coad + — ZJk o e*))]

1 -
TN;V&(B )]

S|

0,1 — 0" = [

-1
<c0JOT(0*)IOJO(0 )+ coal + — ij Cia)> 1Jk(0*)>]

szl

S

|

By rearranging terms, we get

Vi{o*) «
nN N

—1
1 o
0,1 — 0" — [n <COJOT(9*)IOJO(0 + coad + — ij 0" )3 LTy 9*))] (0= 67)

~1
= [(Cojg(a*)fojo(a*) + coad + %Z J,f(@*)f],;ljk(e*)>]
k=1

K
V(e 1 " N
[ N O JE (05 (€x(67) — )
k 1
We replace the 85 — 8* with 8;_1 — 8* and iterate continuously to obtain
* 1 T rn* * 1 X T p*\v—1 * - o\’ * 1
05 — 0" — -~ cody (0)1oJo(0 )+na+ﬁk:1Jk (0")2,  Ji(6") (ﬁ) (6o —0") —o0p (ﬁ)

K —-S
li <COJ0T (6°)IoJo(6") + nav + % /A <e*>ig1Jk<0*>>] (%)S 8y - 6%)

< () 0y - 0% o = op( ).
(75%)

p+a VN
As a result,
K -1
VN(8s - 6%) = [COJOT(O*)IOJO(O + coal + Z S Tk( 9*)]
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Based on the assumption that 43 is an unbiased or approximately unbiased estimator,
the expectation of the right-hand side is asymptotically zero. Moreover, the central limit

theorem implies that \/(ﬂ) f Z JT(H*) L(€.(0%) — A%) converges in distribution

to a normal distribution with mean zero Then, from Slutsky’s theorem, we have that
VN(0s — 0%) asymptotically converges to a zero-mean normal distribution with limiting
covariance matrix A"!BA~1, where

K
A = CQJg(e*)Iojo(g*) + C()OéI + chJkT(O*)flka(G*),
k=1

= C()JO (9* I()J() —l— ch‘]k Aka(e ),

where /le = limnk_,oo(f)knk)_l. The consistent estimators A and B are similar to those in
the proof of Theorem 2:

T K

2 1 1 A

A= DD A 05)A (v, 05)" + coal + N > Jk(0s)"E Tk (0s),
t=1 i€l; k=1

21 1 &

B =+ Z D AW, 05)A(vi,05)" + N > Ik(05) 5 Tk(0s).
t=1icl; k=1

A.4 Justification for the special examples of the generalized linear model

1 0
0 D

)

Denote the covariance matrix of x; = (1,ul)? by D* = E(z;x]) = ) Under

Condition B*, the objective of the subsequent proof is to establish that

1
sup  sup |]V2€t(0)/m - VQF(G)H2 < Op( sup H— E Ty — E[a:ly,]
1<t<T g B(8,R) 1<t<T m.

8J\ k logn
X | sup maXH 0 H \/ . (A41)
0cB@O,R) Tk 80T ! p( m )
8J " 0y . o
where SUDge (6, R) maxj7k|| SoT H1 is a bounded constant due to Condition B*.
Since
1o fis xism) _ ;1 g @il V(M) 5 o\ DL (O)i} (yi — Vb(z!'n))
00007 0 b 0 00T o ’
and

2 9509 9) @ (yi—Vb@Tn))

. 06T ) P
L (0)x:}  (vi — Vb(z]n)) B j=1
00T ’ ) =

%’: 075" 0) 2 (yi—Vb(ziTn))
00T 3

=1 1 pxp
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Then following some basic norm inequalities and the equivalence of matrix norms, for some
constant C| we have

1
0+ 1720(8)/m — T2F(O) |, < 1 h(O)3 - |- > wial V2@l n) - B[zl Vbl )] |
€Lt

J5*) (6 1
o maxnwﬁul = S @i (s — VeI m) — Elai (v - Vol m)] |
i€y

(A.4.2)

Moreover, note that the equivalence of matrix norms and the boundedness of the Jacobian
matrix also imply {6 € B(0,R)} C {n € B(7,R;)} with 77 = £(8) and i = £(0) for some
R; > 0. The problem “supeeB(aR)” can be transformed into “supneB(@Rl)”.

For the supremum of the first term on the right-hand side of inequality (A.4.2), it directly
follows from the proof of Lemma E.5 in Fan et al. (2021) that

1 |
sup sup — Z wiwfVQb(wfn) - E[xix;VQb(w?n)] H - Op( Ogn)'
1<t<TneB(n,R)" M [T ’ "

Now we bound the supremum of the second term in inequality (A.4.2). Note that

sup sup Hl Z x; (yl - Vb(:n?n)) — E[mz (yz — Vb(a:iT??))] H2

1<t<TneB(m,R1) M (7

1
< sup H* Z xiy; — Elzy]|| sup  sup
1<e<Tlim = 21<t<T neB(q,R1)

gI: x;Vb(x!n) [:cz-Vb(:cZTn)] H2

(A.4.3)

So we only need to bound the second quantity of (A.4.3) by Op(y/logn/m) to complete the
proof of result (A.4.1). Let &; = (D*)~'/2x; and 1 = (D*)'/?5. Then,

sup  sup H x;Vb(zln) x;Vb(zln) H
1<t<T neB(#,R1) mzez;t [ ] 2
x 1 . T . T
< ID*)5"* sup sup — > @ Vb(a] ) — Ele:vb(a! )|
ST gep((0n) 2, D7y Ri) T e,

21132 A

. A ~
Here, the notation “=7" represents a definition. For a fixed 1 € B((D*)l/Qn ||D*H1/2 Ry),
since the product of sub-Gaussian variables is sub-exponential, the Bernstein inequality (see

Vershynin (2018)) gives that for any € > 0 and some universal constants C, the following
holds:

v (H; > @:vieln) - Elavoa!n) |, > ) < ape M

1€Lt
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Next, we try to bound A,, by using the covering of B((D*)'/?a, HD"‘Hl/2 Ry). Denote

the event B, = {maxi:1 |&:]|3 < 8qE||%;||3} for ¢ > 1. Then, it follows from Theorem 2.1
in Hsu et al. (2012) that P(E]) < ne™?°9. Under event E;, we have

H{% Z :bivb(i;'rﬁ [szb(x ) } { Z &;Vb(& _E [@Vb(:fc;frﬁg)] } H2
i€T; =
% ;It & Vb(x] ) — % Z @-Vb(ﬁﬁz)”z + HE[@%(@T )] — E[#:Vb(& )] H2

y y 1 y ; . y
< Gyl = a2 (= D7 13+ Ell23) <9 Chpoq lin =iz,
€Lt
where C% is a constant only depending on the bound of V2b(-). Denote as N a d-covering

of B((D*)?5 HD*H1/2R1) Note that the covering number of the net AN is less than
the d-packing number (van der Vaart and Wellner, 1996), which is the maximum num-
ber of d-separated points (the distance between each pair of points is strictly larger than

). Write the corresponding collection of d-separated points in B((D*)I/Qﬁ HD*||1/2 Ry)
as {ng}g ;- Because the sum of the volumes of the balls {B(ng,d)}gzl is less than the
volume of B((D*)'/2y, HD*Hl/ZRl +4), it is easy to see that the covering number [Nj| <
(1+ HD*||1/2R1/(5) . Take § = €/(9C% po q). Then, under events E,;, we have

P

H*ZCBW T) - Efa:vo(al ) |

€Ly

> 26)
5 1/27 «11/2R 2
neB(< ) i, HD B

(:élj\% Z &;Vb(&] 1) — E[2,Vb(2] 9)] H2 > e).
Thus,
P(A > 2¢) < B(E) + TP(E,n { sup LS & vb(eln) — E[#:Vb(#T9)] | =€)
neNs M ioT, 2
< ne P14 () K min{\/%’%}m

Choosing ¢ = m!'/3 — co and € = /logn/m, we conclude that A, = O,(/logn/m) under
the setting m = n® with a € (0, 1].

Appendix B. Regularity conditions

some regularity conditions discussed in the paper are presented here. For notational conve-
nience, we write ng = n, yo =1, hi(v,v0) = f*(v,n), and & = &.

B1 The parameter space Oy, of v, contains an open set ©7 € RPF, and the true value ~}; is
an interior point of ©7, for k =0,..., K.

B2 The density function hj () is identifiable, that is, Ay (ve1) = i (Vk2) = Ye1 = Yi2-
The support {v‘hi(v,'yk) > 0} is independent of the unknown parameter .
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B3 The density function hj(-;) admits third derivatives for v € ©F.

B4 The logarithm of the density i () satisfies the unbiased condition E{0log h}.(v,¥})/0vk }
= 0, and the Fisher information matrix

Ii() = E{0log hi.(v, 1) /0y, - Dlog hi.(v, k) [0k } = —E{0* log hj.(v, i) /0707y }
is positive definite for v, € ©7, k =1,... K.
B5 There exist integrable functions Gj j;(v) such that the third partial derivatives

9 log h (v, k)
87};3 87,3; 87}1@

< Gija(v)

for all v, € ©F and 4, j,l = 1,..., p. Here, the notation ~* denotes the ith component
of vector ~.

B6 The matrix Zk;K:o cxJi(0)T I J1.(0) is positive definite for @ € ©, where © is the pa-
rameter space that contains the interior point 6*, which is the true value of 8, and
Ji(0) = 0v,/00 is the Jacobian matrix of the mapping & with respect to 6.
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