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Abstract

We propose a novel method for estimating heterogeneous treatment effects based on the
fused lasso. By first ordering samples based on the propensity or prognostic score, we match
units from the treatment and control groups. We then run the fused lasso to obtain piece-
wise constant treatment effects with respect to the ordering defined by the score. Similar to
the existing methods based on discretizing the score, our methods yield interpretable sub-
group effects. However, existing methods fixed the subgroup a priori, but our causal fused
lasso forms data-adaptive subgroups. We show that the estimator consistently estimates
the treatment effects conditional on the score under very general conditions on the covari-
ates and treatment. We demonstrate the performance of our procedure using extensive
experiments that show that it can be interpretable and competitive with state-of-the-art
methods.

Keywords: Causality, propensity score, prognostic score, total variation

1. Introduction

Causal inference focuses on the causal relationships between covariates and their outcomes,
yet is deeply rooted in and advances the way we understand the world. Applications of
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causal inference include medical tests and personalized medicine (Zhao et al., 2017; Imbens
and Rubin, 2015), and economic and public policy evaluations (Angrist and Pischke, 2008;
Ding et al., 2016; Shalit et al., 2017). Our paper proposes a powerful tool for estimating
heterogeneous treatment effects under general assumptions.

We adopt the potential outcomes framework (Neyman, 1923; Rubin, 1974), where each
subject has an observed outcome variable caused by a treatment indicator and a set of other
predictors. The main challenge in estimating heterogeneous treatment effects stems from
the fact that for any given subject we only observe the outcome under treatment or control
but not both. This is also summarized as a “missing data” problem (Ding et al., 2018).
To address this problem, some pioneering works relied on matching via pre-specified groups
(Assmann et al., 2000; Pocock et al., 2002; Cook et al., 2004). However, these approaches
are sensitive to subject grouping which are largely selected using domain expertise. Our
approach, in contrast, does not rely on pre-specified subgroups. Rather, it simultaneously
identifies the subgroups and their associated treatment effects. While our approach is similar
in spirit to Abadie et al. (2018), it is more flexible allowing for discontinuous treatment effect
functions.

Our estimator integrates the merits of similarity scores with the fused lasso method
using a simple two-step approach. First, we construct a statistic for each unit and sort
observations according to it. The intuition of this step is to summarize the similarities
among units using the statistics constructed. In the second step, we perform matching
of units of the treatment and control groups based on the statistics generated in the first
step. The differences in observed outcomes between the matched pairs guide the fused
lasso method, which is a one-dimensional nonparametric regression method as introduced
in Mammen et al. (1997) and Tibshirani et al. (2005), to estimate the treatment effects
for different units. A key difference between our causal fused lasso approach and the usual
fused lasso is that in the latter, there is a given input signal y and an ordering associated
to it. In contrast, in causal inference there are no measurements available associated with
the individual effects, which is the reason behind our two-step approach.

To be more specific, for the first step of our proposed method, we capture similarities
among units using widely adopted statistics such as the propensity score (Rosenbaum and
Rubin (1983, 1984)), and the prognostic score (see e.g Hansen (2008); Abadie et al. (2018)).
For the former, we fit a parametric model such as logistic regression. For the prognostic
score method, we regress the outcome on the covariates using the control group data only.

Despite being a simple, our method enjoys the following properties:

1. From a theoretical perspective, we establish that our method consistently estimates
treatment effects under minimal assumptions. These assumptions include a general
random design for covariates and bounded variation of the conditional mean of the
outcome, conditional on both the subgroup and treatment assignment.

2. Our estimator is computationally efficient, with overall complexity on the order of
O(nd + n?), where n is the number of units and d is the number of covariates. The
nd term corresponds to fitting a linear regression model and can be considered linear
in n when d is small. The n? term, which may be dominant, arises from a matching
step that requires computing pairwise scores between all units. This is comparable
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to the complexity of a K-nearest neighbors algorithm. However, this computational
cost can be significantly reduced through parallel computing.

3. Unlike many nonparametric methods, our estimator offers interpretability. Moreover,
experimental results demonstrate that it either outperforms or matches state-of-the-
art approaches in estimating heterogeneous treatment effects, as measured by mean
squared error for estimating the conditional treatment effects.

1.1 Previous work

A substantial body of statistical research has focused on estimating heterogeneous treatment
effects, with many studies building on the seminal Bayesian additive regression tree (BART)
framework introduced by Chipman et al. (2010b). The core idea behind BART-based
methods is to impose the prior commonly used in BART on both the regression function
of the control group and that of the treatment group, as exemplified in Hill (2011); Green
and Kern (2012); Hill and Su (2013). More recently, Hahn et al. (2020) introduced a
BART-based approach designed to handle small effect sizes and confounding by observables.
Beyond BART, other Bayesian methods include the linear model prior proposed by Heckman
et al. (2014) and the Bayesian nonparametric framework developed in Taddy et al. (2016).

In a separate line of research, tree-based regression methods have been developed to
estimate heterogeneous treatment effects, with regression trees emerging as a key approach.
This direction was initiated by Su et al. (2009), who proposed an estimator based on the
widely used CART method Breiman et al. (1984). More recently, Athey and Imbens (2016)
and Wager and Athey (2018) extended this work by employing the random forest frame-
work from Breiman (2001) to construct estimators. A significant contribution of Wager and
Athey (2018) was the introduction of an inferential framework for treatment effect estimates
using the infinitesimal jackknife. Building on this foundation, Athey et al. (2019) devel-
oped a generalized random forest approach, improving robustness in practical applications
compared to the estimator from Wager and Athey (2018).

Beyond regression tree-based methods, various machine learning approaches have been
explored for estimating heterogeneous treatment effects. Crump et al. (2008) introduced
nonparametric tests to detect treatment effect heterogeneity. Imai et al. (2013) proposed a
method that integrates hinge loss (Wahba, 2002) with lasso regularization (Tibshirani et al.,
2005) to enhance estimation accuracy. Tian et al. (2014) developed an approach capable of
handling a high-dimensional feature space while capturing interactions between treatment
and covariates.

Other contributions include Weisberg and Pontes (2015), who designed a method based
on variable selection, and Taddy et al. (2016), who developed Bayesian nonparametric tech-
niques applicable to both linear regression and tree-based models. Syrgkanis et al. (2019)
introduced a flexible framework that can incorporate any machine learning method and,
under valid instrumental variables, account for unobserved confounders. From a theoretical
perspective, Gao and Han (2020) analyzed the fundamental limits of estimating heteroge-
neous treatment effects under Hélder smoothness conditions.

A different line of work focuses on meta-learning strategies in causal inference. Kiinzel
et al. (2019) proposed a meta-learner framework that can leverage various estimators and is
particularly effective when treatment group sizes are highly imbalanced. We note that the
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term meta-learning is sometimes used differently in the broader machine learning literature.
For example, it can refer to transfer learning settings where metadata across tasks is used
to inform model training Vanschoren (2019). Our use of meta-learning follows the conven-
tion in causal inference, where meta-algorithms aggregate supervised learners to estimate
treatment effects.

For comprehensive reviews of testing procedures and estimation methods for individual
treatment effects, see Willke et al. (2012) and Caron et al. (2022).

In this paper, we propose a two-step method for estimating heterogeneous treatment
effects. First, we construct a one-dimensional score that serves as the basis for ordering ob-
servations. We then apply the one-dimensional fused lasso, following Tibshirani et al. (2005),
to identify subgroups. By design, our approach directly estimates subgroups of individuals
with the same treatment effect without requiring heuristic arguments or pre-specifying sub-
groups, as in Abadie et al. (2018). Moreover, our method is highly interpretable—arguably
even simpler than CART—since it relies solely on a single learned covariate.

Finally, we highlight related work regarding the fused lasso, the nonparametric tool
that we use in this paper. Also known as total variation denoising, the fused lasso first
appeared in the machine learning literature (Rudin et al., 1992), and then in the statistical
literature (Mammen et al., 1997). A discretized version of total variation regularization was
introduced by Tibshirani et al. (2005). Since then, multiple authors have used the fused lasso
for nonparametric regression in different frameworks. Tibshirani et al. (2014) proved that
the fused lasso can attain minimax rates for estimation of a one-dimensional function that
has bounded variation. Guntuboyina et al. (2020) provided minimax results for the fused
lasso when estimating piecewise constant functions. Hiitter and Rigollet (2016); Chatterjee
and Goswami (2019) studied the convergence rates of the fused lasso for denoising of grid
graphs. Wang et al. (2016); Padilla et al. (2018) considered extensions of the fused lasso
to general graphs structures. Padilla et al. (2020) proposed the fused lasso for multivariate
nonparametric regression and showed adaptivity results for different levels of the regression
function. Ortelli and van de Geer (2019) studied further connections between the lasso and
fused lasso.

1.2 Notation

For two random variables X and Y, we use the notation X I Y to indicate that they are
independent. We write a,, = O(b,,) if there exist constants N and C such that n > N
implies that a, < Cb,, for sequences {a,},{b,} C R. In addition, when a,, = O(b,) and
b, = O(a,) we use the notation a,, < b, and sometimes the notation a,, = ©(b,). For a
sequence of random variables {X,,}, we denote X,, = Op(a,) if for every € > 0 there exist
positive N and C' such that P(|X,,| > Ca,) < € for all n > N.

Finally, for a random vector X € R? we say that X is sub-Gaussian(C) for C' > 0 if

X[y, = sup o Xy, < C,
veR? : [lv]|=1

where for a random variable v we have

B 1/k
el = sup k=12 {E (ju) } .
E>1
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1.3 Outline

The rest of the paper proceeds as follows. Section 2 describes the mathematical setup of
the paper and presents the proposed class of estimators. Section 3 then develops theory
for the corresponding estimators based on propensity and prognostic scores. Section 4 pro-
vides extensive comparisons with state-of-the-art methods in the literature on heterogeneous
treatment effects estimation. All the proofs of the theoretical results can be found in the
Supplementary Material.

2. Methodology

In this section, we introduce the main methods of the paper. We begin in Section 2.1 with
a predecessor estimator that serves as both a foundation and motivation for our approach.
In Section 2.2, we develop a prognostic score-based estimator suited for completely random-
ized experiments, followed by a propensity score-based method in Section 2.3, designed for
observational studies.

2.1 A predecessor estimator

Consider independent draws {Z;, X;, Y;(1),Y;(0)}!_,, where Z; € {0,1} is a binary treat-
ment indicator, X; € {1,...,K} is a discrete and ordinal covariate, and Y; € R is an
outcome. Under the Stable Unit Treatment Value Assumption (SUTVA) (see, e.g., Imbens
and Rubin (2015)), the observed outcome can be expressed as:

Y: = ZYi(1) + (1 - Z,)Yi(0). (1)

Under the unconfoundedness assumption Z; 1L {Y;(1),Y;(0)} | X; and overlap (see Imbens
(2004)), we can write the subgroup causal effect as

m = E{Yi(1) -Yi(0) [ X; =k}
= BE{Yi()|Z=1,X;=k} - E{Yi(0) | Z; =0,X; = k}
= EYi|Zi=1,Xi=k) - E(Y; | Zi=0,X; =k),

which can be identified by the joint distribution of the observed data {(Z;, X;, Y;)}"
We can estimate 73 by the sample moments:

N 1 _ _
Ty = — o Yi—— > Y=Y - Yo (2)

n
(KL 7. =1 x,=k (K10 7. —0.x,=k

where np, is the sample size of units with covariate value k under the treatment arm z.

However, the estimates 7|;; are well-behaved only when the sample sizes n), are suf-
ficiently large. When sample sizes are small, particularly as K increases, many of the
estimates 7j;) can become highly variable, resulting in noisy approximations of the true
parameters.

When we expect that many subgroup causal effects are small or even zero, it is reasonable
to shrink some 7;)’s to zero, similar to the idea of the lasso estimator (Tibshirani, 1996).
Moreover, we may also expect that some subgroup causal effects are close or even identical,



MADRID PaDILLA, CHEN, MADRID PADILLA, AND RuUIZ

then it is reasonable to shrink some 7;)’s to the same value, similar to the idea of the fused
lasso (Tibshirani et al., 2005). Motivated by these considerations, define

K K-1
. ) 1 .
7 = argmin {2 Z(bk *T[k])2+)‘ Z | bk bk+1|}7 (3)

beRK k=1 k=1

for some tuning parameter A > 0. As in Tibshirani et al. (2005) and Tibshirani et al. (2014),
the second term in (3) is the fused lasso penalty to enforce a piecewise constant structure
of the estimates. We use ¢; regularization instead of Zf;ll |bx — br41]? because the latter
would result in linear estimator that is not locally adaptive, see Donoho and Johnstone
(1998).

Notice that the term Zszl |bx, — br+1| applies the same penalty to each difference by, —
bi+1. At first glance, this might suggest that the categories of X must be equally spaced.
Specifically, if categories 1 and 2 are closer than categories 2 and 3 in a given application,
one might wonder whether |b; — by| should be penalized more than |by — b3|. The answer is
no—the fused lasso penalty is adaptive in the sense that it can adjust to the true signal’s
structure, even when the locations of the jumps are unknown or unevenly spaced. For
further details, see Tibshirani et al. (2014) and Guntuboyina et al. (2020).

While 7 seems appealing, it requires that the covariates X; are univariate and categorical.
Also, it requires that there is an order of the covariates under which treatment effects are
piecewise constant. Both of these assumptions are usually not met in practice, as typically
X, is a vector that can have continuous random variables. The next section proposes a
general class of estimators to handle such situations.

2.2 Prognostic-based estimator

In this subsection, we focus on completely randomized experiments where Z; L {Y;(1), Y;(0), X;},
with X; € R?. representing the covariate vector. We define E{Y (0)]X} as the prognostic
score (Hansen, 2008). Furthermore, let g(X) = X "6* be the best linear approximation of

the prognostic score, where

2
0 = argminE{(Y—XT0> ]Z:()}. (4)
HeR

Abadie et al. (2018) assumed a piecewise structure for treatment effects when seen as a
function of the approximate prognostic score. However, their approach relied on a fixed
number (typically five) of subgroups, determined by discretizing an estimator of the ap-
proximate prognostic score. Inspired by Abadie et al. (2018), we assume that the treatment
effects, as a function of the prognostic score, are piecewise constant. However, rather than
pre-specifying the number of subgroups, we assume that 7(s) = E{Y (1) - Y (0) | g(X) = s}
is either piecewise constant with an unknown number of segments or has bounded variation.
See Section 3 for the precise definition. Let o : {1,...,n} — {1,...,n} be the permutation
such that

g{Xo(l)} << -ee S g{Xa(n)}
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If g(s) is known and the individual causal effects Y;(1)—Y;(0) are known, a natural estimator
for 7 = 7{g(X;)}, for i = 1,...,n, would be the solution to

mlnlmlze Z {v;(1 — b} 4\ Z ‘b — by i+1)‘ ) (5)

for a tuning parameter A > 0. This is similar to the standard fused lasso for one-dimensional
nonparametric regression (Tibshirani et al., 2005). The first term in (5) provides a measure
of fit to the data, and the second term penalizes the total variation to enforce a piecewise
constant structure of the estimated treatment effects. The goal is to adaptively estimate
subgroups where the treatment effect, conditional on the prognostic score, remains con-
stant. This approach is conceptually similar to Morucci et al. (2023), where the authors
constructed a neighborhood for each unit based on a score derived from covariates and then
estimated both E{Y (1) | g(X)} and E{Y (0) | g(X)} using a nearest-neighbor-type estima-
tor. However, a key distinction is that the fused lasso Tibshirani et al. (2014) is well known
for its ability to adapt to discontinuities in the regression function, whereas the method in
Morucci et al. (2023) relies on a Lipschitz continuity condition.

In practice, neither g(s) or the individual treatment effects Y;(1) — Y;(0) are known. We
first estimate the prognostic scores as §(X;) = X' 0 where

. _ 1 & 2
6 = argmin {m Z (yZ/ _ XZ{T0> } , (6)

feRd i—1

where {(X/,Y/)}™, are independent copies of (X,Y) conditional on Z = 0 Addition-
ally, to establish our theoretical results, we require that {(X/,Y/)}; be independent of
{(Z;, X;,Y:)},. This condition can be satisfied through sample splitting, where the data
is evenly d1v1ded into two subsets of equal size. Hence, 0 is the estimated vector of coeffi-
cients when regressing the outcome variable on the covariates conditioning on the treatment
assignment being the control group. Based on the estimated prognostic score, we find the
permutation & satisfying

HXey} < < H{ Xy }- (7)
We then match the units to impute the missing potential outcomes. Define

Y, = Y@y, with N(i) = argmin| §(X;) — §(X;)|- (8)
Ji1Zi#Z;

So if Z; = 1, then Y; is the imputed Y;(0) and the imputed individual effect is Y; — 371-; if
Z; = 0, then Y; is the imputed Y;(1) and the imputed individual effect is ¥; — Y;. With
these ingredients, we define the estimator

. RS .
:argm1n[2Z{Y Yi 4 (=1)% Z}

beR™ —

- U(’i+1)‘ . (9)

The optimization problem in (9) can be solved in O(n) operations by employing the al-
gorithm from Johnson (2013) or that of Barbero and Sra (2014). Therefore, 7 is our
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Treatment effects
Estimated treatment effects

Figure 1: The left panel shows a plot of 7} = (T;(l), cel TJ*( ))T, where o is a permutation

n
satisfying XUT(I)el < XUT(Q)el < e < X(T(n)el. The right panel then shows a
plot of (%&(1), . ,ﬁ;.(n))T, where 6 is the order based on the estimated prognostic
score as defined in (7).

final estimator of the vector of subgroup treatment effects 7%, where 77 = 7{g(X;)}, for
i=1,...,n, with g(x) = 270*. Similarly, for x ¢ {X1,..., X,} we can estimate 7{g(z)}
with 7; where X; is the closest to z among X1,..., X,. A related prediction rule was used
in a different context by Padilla et al. (2020).

Because 7 is piecewise constant, we can think of its different pieces as data-driven
subgroups of units. These so-called subgroups are estimated adaptively and do not need to
be prespecified. See Figure 1 for a visual example of 7.

Notice that we have used a different data set for estimating the prognostic score 6 than
the one for which we estimate the treatment effects. This can be achieved in practice
by sample splitting. The reason why we proceed in this way is to prevent & from being
correlated to {(Z;, X;,Y)}i' ;.

Regarding the choice of A, we proceed as in Tibshirani et al. (2012). Thus, for each
value of A from a list of choices, we compute the estimator in (9) and its corresponding
degrees of freedom as in Tibshirani et al. (2012). Then we select the value of A\ with the
smaller Bayesian information criterion (BIC).

Example 1 To illustrate the behavior of 7 defined in (9) we consider a simple example.
We generate {(Z;, X;,Y;)}I'_; with n =800, and d = 10, from the model
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1
T(z) = 0 -5| , Vzel0,1)¢

1+ exp (fo(w) — %)
X, U, 1),
€ ~~ 1nd N(O 1)

where e; = (1,0,...,0)" € R%.

Notice that, by construction, T can be interpreted as a piecewise constant function of
xey. Figure 1 illustrates a plot of the vector of treatment effects T = (1(X1),...,7(X,))".
In addition, Figure 1 shows that our estimator 7 can reasonably estimate T when choosing
the tuning parameter via BIC. This is surprising to an extent since the ordering that makes
7" piecewise constant is unknown, as both the propensity score and the function fy are
unknown.

(11)

2.3 Propensity score based estimator

While the prognostic score-based approach can, in principle, be applied to observational
studies, it is primarily suited for randomized experiments. As stated in Theorem 2, the
estimate 7 obtained from Equation (9) targets the quantity

pi = E{Y (D]g(X) = 9(Xi), Z = 1} — E{Y(0)|9(X) = g(Xi), Z = 0},

for i =1,...,n. However, to have p! to equals the conditional treatment effect E{Y (1) —
Y (0)]g(X) = g(X;)}, we must assume Y (0),Y (1) L Z|g(X). This ignorability condition
may not hold in observational settings. Therefore, the prognostic score-based method de-
scribed in Section 2.2 is intended for use in randomized experiments, consistent with the
estimator proposed in Abadie et al. (2018).

To adapt our approach for observational studies, we follow Rosenbaum and Rubin (1983)
and shift focus from the prognostic score to the propensity score. Accordingly, we define
the subgroup treatment effect as:

7(s) = E{Y(1) = Y(0) |e(X) = s}, (12)

where e(X) = P(Z = 1| X) is the propensity score (Rosenbaum and Rubin, 1983). We
can define an analogous estimator for 7 = (7{e(X;)})"_; based on the estimated propensity
scores. However, our estimator based on the propensity score is specifically designed for
observational studies, as the true propensity score is constant in completely randomized
experiments. In such settings, conditioning on the propensity score offers no meaningful
variation, and thus it does not make sense to estimate heterogeneous treatment effects as a
function of the propensity score.

To be specific, we first estimate the propensity score based on logistic regression to
obtain é(X;) = F(X, ) where F(z) = exp(z)/{1 + exp(z)} and

= argmax (Z {Z’logF (XIT0) + (1 — Z!)log{1 —F(X['ﬁ)}}) . (13)

0eRd
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Again the sequence {(X/, Z!)}I", consists of independent copies of (X, Z) independent of
{(Xi, Z;,Y;)},. Obtain the permutation ¢ that satisfies

{ X5 < < e{Xsm b (14)

with P being the associated permutation matrix. Use matching to impute the missing
potential outcomes based on

Y; = Ynuy, with N(i) = argmin|é(X;) — é(X;)|. (15)
J:Zi#Z;

The final estimator for 7 becomes
1 n 9 n—1
s A,I’ : Za. i Jrl v . . .
7=P (arbgggrllln [2;{(—1) () (Y&(i) —Y&(i)> —bz} —i—)\;\bz—b“rﬂ]) ,  (16)

for a tuning parameter A > 0.
One should be cautious in interpreting the propensity score based estimator defined in
(16). Specifically, (16) estimates p{e(X;)} for i = 1,...,n where

p(s) = fi(s) = fo(s),

with
fo(s) :=E{Y|Z=0,¢e(X)=s}, and fi(s):=E{Y|Z =1, e(X) = s}.

However, in general p(s) # 7(s) with 7 as in (12). Although p(s) = 7(s) for all s provided
that Y(0),Y (1) L Z|e(X). See Section 3.2 for a more detailed discussion.

3. Theory
3.1 Main result for prognostic score based estimator

We start by studying the statistical behavior of the prognostic score based estimator defined
in (9). Towards that end, we first introduce some assumptions used in our proofs to arrive
at our first result.

Assumption 1 (Overlap) The propensity score e(X) has support [emin, €max] C (0,1).
Assumption 2 (Surrogate prognostic score) We define

0* = argmin L(0),
feRrd

with L(9) = E{||Y — X "6||?|Z = 0}, and suppose that L has a unique minimizer §* # 0.

In addition, we assume that the probability density function of §(X) := X '60* is bounded
from below and above. The support of G(X) is denoted as [gmin, Gmax)-

We note that Assumption 2 states that the linear surrogate population prognostic score
is well behaved and uniquely defined. This allows us to understand the statistical properties
of 6 defined in (6), which is potentially a misspecified maximum likelihood estimator (White,
1982).

10
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Assumption 3 (Sub-Gaussian errors) Define V(z,x) = E{Y|Z = z,9(X) = g(x)}
and ¢, = Y; —V(Z;,X;) for i = 1,...,n, with g(x) = E{Y(0)| X =xz}. Then the vec-
tor (e1,...,€n) " has independent coordinates that are mean zero sub-Gaussian(v) for some
constant v > 0.

The previous assumption requires that the errors are independent, and mean zero sub-
Gaussian. This condition is standard in the analysis of total variation denoising; see for
instance Padilla et al. (2018). The resulting condition allows for general models such as
normal, bounded distributions, etc. In addition, Assumption 3 allows for the possibility of
heteroscedastic errors.

Our next assumption has to do with behavior of the mean functions of the outcome
variable, when conditioning on treatment assignment and prognostic score. We start by
recalling the definition of bounded variation. For a function f : [l,u] — R, we define its
total variation as

TV(f) = supTV(f,r), (17)

r>1

where

r—1
TV(f,r)=  sup Y |f(w) — flag)].

1<a; <...<ar<u, =1

We say that f has bounded variation if TV(f) < co. For a fixed C, the collection
Fo=A{f:[0,1]] =R : TV(f) <C},

is a rich class of functions that contains, among others, Lipschitz continuous functions,
piecewise constant and piecewise Lipschitz functions. We refer the reader to Mammen
et al. (1997); Tibshirani et al. (2014) for comprehensive studies of nonparametric regression
on the class F¢.

Assumption 4 The functions fi(s) = E{Y |Z =1, g(X) = s}, and fo(s) = E{Y | Z =
0, g(X) = s} for s € [gmin, gmax] are bounded and have bounded variation. The latter means
that t; = TV (f,n), forl € {0,1}, satisfy max{to,t1} = O(1).

Importantly, Assumption 4 allows for the possibility that functions fy and f; can have
discontinuities. Our next condition imposes a relationship between the prognostic score g
defined in Assumption 3 and its surrogate § defined in Assumption 2.

Assumption 5 Let ¢ and o be random permutations such that

HXs)} < < H{Xsm )

and
g{XU(l)} < < g{XO'(TL)}7

respectively, with g as defined in Assumption 2. Then we write

Kj={i: (c7'(6) <o (j) and 671 (j) < 571(3)) or (67(j) <o (i) and 67 (3) <57 '(4)) },

11
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set kj = |IC;| for j ={1,...,n}, and

Kmax = Max kKj,
Jj=1,...,n

and require that kmax = Op(Ry), where Ry, is a deterministic sequence.

Assumption 5 allows to quantify the discrepancy between the order statistics of the
prognostic score at the samples and the corresponding order statistics based on the surrogate
prognostic score. The following remark further clarifies this.

Remark 1 Notice that ; can be thought as the number of units that have different relative
orderings in the rankings induced by o and 6. In addition, notice that the parameter k,, gives
an upper bound on the entries of the vector (ki1,...,ky). In fact, By, can be thought as an l
version of the Kendall-Tau distance between the permutations o' and 6='. Such Kendall-
Tau distance is given as Y i_; k; (see Kumar and Vassilvitskii (2010) for an overview).
Readers can also consider cases in which g and g induce the same ordering. In such cases,
Rn can be taken as zero.

Our next assumption is a condition on the covariates.

Assumption 6 The random wvectors Xi,...,X, are independent copies of X which has
support [a,b] C RY, for some fized points a,b € RY. In addition, the following holds:

o The probability density function of X, px, is bounded. This amounts to

Pmin < inf pX<l') < sup pX(-T) < Pmaz,
velad velat]

for some positive constants pmin and Pmax-
o There exist Dyax, Cmin > 0 such that
Crmnin < Amin{ E(XX ")} < Amax {E(XX ")} < Dinax, (18)
where Apin(+) and Apmax(+) are the minimum and maximum eigenvalue functions.

We emphasize that the first condition in Assumption 6 is standard in nonparametric
regression, see Padilla et al. (2020). It is slightly more general than assuming that the
covariates are uniformly drawn in [0, 1]¢ as in the nonparametric regression models in Gyérfi
et al. (2006), and the heterogenous treatment effect setting from Wager and Athey (2018).

With these assumptions, we are now ready to state our first result regarding the esti-
mation of 7 = 7{¢(X;)}, with g the prognostic score defined in Assumption 3.

Theorem 2 Suppose that Assumptions 1-6 hold, m < n, and that

d(log!/?n + d/2)0%|1) < 22
logn

for some large enough constant c; > 0. Then for a value t satisfying
1/2 1/2 1/2
tx(ﬁn+1)d{n(log/ n+dY HG*Hl)logn} ,

12
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and for a choice of \ with
A=0 {n1/3(10g n)2(loglogn)t_1/3},
we have that the estimator defined in (9) satisfies

LS (-7 = 05 <1oglogn><logn>2<mn+1)2/3d2/3{
n
=1

1/3
(logl/2 n+ d1/2||9*||1) logn} /
n )

(19)
where pf = E{Y (1)|g(X) = 9(X;),Z =1} — E{Y (0)|g(X) = g(X;),Z =0} fori=1,...,n.
If in addition Y (0),Y (1) L Z|g(X), then (19) holds replacing p} with 77 = E{Y (1) —
Y(0)lg(X) = g(Xi)} fori=1,....n.

We note that Y(0),Y (1) L Z|g(X) is a strong assumption that might not hold in
observational studies, however it might be reasonable in completely randomized trials.

On a related note, Theorem 2 shows that, up to logarithmic factors, our proposed
prognostic score based estimator achieves the convergence rate for the mean squared error

given by:
. 1/3
(4 120200 {<1+d1/2ue \h)} |

n

Here, the dimension d is allowed to grow with the sample size n, and accordingly, ||60*|1
may also grow with n. However, in the special case where d = O(1) and ||6*||; = O(1), the
rate simplifies to (%, + 1)2/ 3/ n/3. Notably, when the prognostic score is exactly linear—so
that ¢ = § and hence ¢ = & —we have %, = 0, and the rate further simplifies to n~1/3,

It is also possible for ¢ = & to hold even if g # g , for example, when g(z) = h(g(z))
for some strictly increasing function h. Nevertheless, in the worst-case scenario, %, could
be large enough to dominate the rate, though we do not expect such behavior in typical
applications.

The rate n~ /3 is slower than the typical rate n achieved in one-dimensional non-
parametric regression using the fused lasso under a bounded variation assumption. However,
a key distinction in our setting is that the design points are not directly observed but instead
we rely on their estimates. This introduces an additional layer of complexity and variability
that affects the convergence rate. We do not claim that our procedure is minimax optimal;
in fact, we conjecture that it is not. Nonetheless, our method remains computationally effi-
cient and provably consistent, making it a practical and scalable choice, as we demonstrate
in Section 4.

We conclude this section with a remark that can be thought as a straightforward gen-
eralization of Theorem 2.

—2/3

Remark 3 Notice that the rate n=/3 does not depend on the dimension d of the covariates
as it is the case of other nonparametric estimators, see Gao and Han (2020). In fact our
results are not directly comparable with Gao and Han (2020) as the authors there consider
different classes of functions. A main driver behind the rate n='/® is Assumption 4. If
instead t* = max{tg,t1} is allowed to grow, then the upper bound in Theorem 2 should be

inflated by a factor (t*)2/3. Hence, similar to the discussion above this would lead to the
rate (t%)2/3n=1/3,
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3.2 Main result for propensity score based estimator

We now study the statistical properties of the estimator defined in Section 2.3. Since the
assumptions required to arrive at our main result here are similar to those in Section 3.1,
here we only present the conclusion of our result and the assumptions are given in Section
C.

Theorem 4 Under Assumptions 1, and 7-11, dnl/? > Chin, n X< m, there exists t > 0

such that , )
1/2 160!/2 1 Joo!/2
t = max{dn OgC n °8 (nd),logn} (20)

and choice of A satisfying
A = n'3(logn)?(loglogn)t—'/3,

such that the estimator 7 defined in (16) satisfies

d?/3(log n)3(loglo
Cminn1/3

where p7 = B{Y(1)|e(X) = e(X),Z = 1} — B{Y(0) |e(X) = e(X;),Z = 0} for i =
1,...,n. If in addition Y (0),Y (1) L Z\e( ), then (25) holds replacing p} with 7} =
B{Y(1) = Y(0) | e(X) = e(X,)} for i =1,....n.

Importantly, Theorem 4 implies that the estimator 7 defined in (16) can consistently
estimate the subgroup treatment effects 7% under general conditions. One of such conditions
is that Y (0),Y (1) L Z|e(X), which in the language of Rosenbaum and Rubin (1983)
means that treatment is strongly ignorable given e(-). As Theorem 3 in Rosenbaum and
Rubin (1983) showed, Y (0),Y (1) L Z|e(X) holds under overlapping (Assumption 1) and
unconfoundedness which can be writen as Y(0),Y (1) 1L Z|e(X). When these conditions
are violated, Theorem 4 shows that 7 can still approximate p* under Assumptions 1, and
7-11.

4. Experiments

We will now validate with experiments the proposed methods in this paper. Throughout
this section, we refer to the procedure in Section 2.2 as Causal Fused Lasso 1 (CFL1),
and the procedure in Section 2.3 as Causal Fused Lasso 2 (CFL2). For both estimators,
we select the tuning parameter A by minimizing the Bayesian Information Criterion (BIC)
over a grid of candidate values, as described in Section 2.2. For each A\, we compute the
fused lasso estimator and evaluate BIC using the residual sum of squares and the estimated
degrees of freedom following the approach of Tibshirani et al. (2012).

We benchmark our methods against several widely used baselines. These include causal
random forests Procedure 1 (WA1) and Procedure 2 (WA2) from Wager and Athey (2018),
the robust generalized random forest (GRF) from Section 6.2 of Athey et al. (2019), and
the estimator of Abadie et al. (2018) (ACW). We also include two flexible, nonparametric
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methods: Bayesian Additive Regression Trees (BART) from Chipman et al. (2010a), which
models the outcome as a sum of regression trees and estimates individual treatment effects as
the difference in posterior mean outcomes under treatment and control; and the Augmented
Inverse Probability Weighting (AIPW) estimator from Glynn and Quinn (2010), which
combines outcome regression and propensity score weighting and enjoys double robustness.

To further enhance our evaluation and directly address recent developments in inter-
pretable causal inference, we include a family of matching-based estimators motivated by
the “almost exact matching” framework. These include: Genetic Matching (GM) from Di-
amond and Sekhon (2013), MALTS from Parikh et al. (2022), Lasso Coefficient Matching
(LCM) from Lanners et al. (2023), ADD-MALTS from Katta et al. (2024), and Adaptive
Hyperbox Matching (AHB) from Morucci et al. (2020). Each of these approaches defines
a strategy to identify comparable units, using learned distance metrics or adaptive rules,
and estimates the treatment effect for each unit by imputing one or both missing potential
outcomes from matched units.

In addition, we consider two interpretable subset-based matching estimators: FLAME
from Wang et al. (2021) and DAME from Liu et al. (2018). These algorithms construct
matched groups by sequentially selecting subsets of covariates that optimize a trade-off
between covariate balance and predictive accuracy of the outcome, resulting in interpretable,
rule-based matching schemes. Unlike instance-level matching approaches such as MALTS
or AHB that rely on learned distance metrics, FLAME and DAME perform combinatorial
matching on covariate subsets to identify groups where units match exactly on a carefully
chosen set of features. Because these methods are designed for categorical covariates, we
adapt them to our continuous covariate setting by discretizing each feature into quantile-
based bins prior to matching. While this preprocessing step introduces approximation
error, it enables a meaningful comparison with these almost-exact matching approaches in
our synthetic scenarios.

We note that CFL1 and CFL2 induce interpretable, data-driven subgroups via total
variation regularization applied to estimated prognostic or propensity scores. This leads to
piecewise-constant treatment effect estimates across individuals, derived not from pairwise
similarity or nearest-neighbor heuristics, but from optimization principles that robustly seg-
ment units based on heterogeneity. In doing so, CFL1 and CFL2 attain the interpretability
of subgroup-based methods like FLAME and DAME, while avoiding some of the limitations
associated with distance-based matching, such as sensitivity to poor overlap or dependence
on learned distance metrics.

4.1 Simulated and Semi-Synthetic Experiments
We assess the performance of our proposed methods across eight distinct scenarios that

encompass both completely synthetic and semi-synthetic designs. Scenarios 1-6 are fully
synthetic, with both covariates and outcomes generated from known models. Scenarios
7 and 8 are semi-synthetic, using covariates from real datasets (the National JTPA and
Project STAR studies, respectively) and simulated outcomes as in Abadie et al. (2018).
For Scenarios 1-4, we consider varying values of the sample size n € {800, 1600} and the
covariate dimension d € {2,10}. For Scenarios 5 and 6, we set n = 4000 and d = 10. For
each combination, we generate a dataset {(Z;, X;,Y;)}I"; according to the corresponding
generative model. In Scenarios 7 and 8, which include semi-synthetic simulations, the values
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Table 1: Performance evaluations (median + standard error) over 50 Monte Carlo simula-
tions for synthetic scenarios with varying (n,d). Bold indicates the best method,

and stalic indicates the second-best.

Method | (n,d) Scenario 1 Scenario 2 Scenario 3 Scenario 4
(800, 2) 0.004 £ 0.0012 | 0.195 £ 0.055 0.181 £ 0.037 0.301 + 0.065
CFL1 (1600, 2) | 0.003 £+ 0.0009 | 0.108 £ 0.032 0.136 £+ 0.028 0.183 + 0.044
(800, 10) | 0.005 + 0.0013 | 0.503 + 0.083 | 0.412 £ 0.082 0.450 + 0.086
(1600, 10) | 0.003 £+ 0.0010 | 0.319 £ 0.069 | 0.293 £ 0.063 0.277 + 0.068
(800, 2) 0.011 £ 0.0023 * 0.074 £+ 0.017 | *
CFL2 (1600, 2) | 0.004 + 0.0011 * 0.051 £+ 0.014 *
(800, 10) | 0.016 =+ 0.0038 * 0.146 + 0.033 | *
(1600, 10) | 0.005 £ 0.0016 * 0.109 + 0.027 | *
(800, 2) 0.013 £ 0.0031 0.152 £ 0.048 | 0.143 &+ 0.031 1.788 £ 0.318
GRF (1600, 2) | 0.011 % 0.0024 0.063 £ 0.018 | 0.106 + 0.024 0.771 £ 0.177
(800, 10) | 0.010 £ 0.0032 0.565 £ 0.092 0.408 £ 0.078 3.261 + 0.557
(1600, 10) | 0.006 % 0.0021 0.350 £ 0.077 0.359 £ 0.070 1.291 % 0.308
(800, 2) 0.015 £ 0.0040 0.235 £ 0.058 0.109 £ 0.027 1.918 + 0.362
AIPW (1600, 2) | 0.010 £ 0.0025 0.132 £ 0.036 0.049 + 0.015 | 1.089 £ 0.291
(800, 10) | 0.023 % 0.0052 0.672 £ 0.112 0.342 £ 0.059 3.988 + 0.611
(1600, 10) | 0.019 % 0.0041 0.498 £ 0.096 0.286 £+ 0.051 3.134 £ 0.552
(800, 2) 0.018 £ 0.0042 0.248 £ 0.057 0.098 £+ 0.023 2.156 £+ 0.391
MALTS (1600, 2) | 0.011 £ 0.0031 0.112 £ 0.028 0.050 £ 0.014 | 1.141 £ 0.283
(800, 10) | 0.030 % 0.0061 0.618 £ 0.102 0.238 £ 0.051 3.274 £ 0.553
(1600, 10) | 0.024 & 0.0054 0.401 + 0.087 0.212 £ 0.046 2.148 + 0.472
(800, 2) 0.010 £ 0.0028 0.231 £ 0.051 0.117 £ 0.025 1.503 £ 0.297
AHB (1600, 2) | 0.003 £+ 0.0009 | 0.136 + 0.031 0.081 £ 0.017 0.908 £ 0.239
(800, 10) | 0.013 % 0.0034 0.492 £ 0.083 0.234 £ 0.048 2.182 + 0.459
(1600, 10) | 0.005 = 0.0016 0.331 £ 0.071 0.191 + 0.041 1.523 £+ 0.382

of n and d are determined by the underlying real datasets or specific design choices. In all
cases, we evaluate performance using the mean squared error (MSE),

1
=Y —w)
n =1

where 7 = E[Y; | X;,Z; = 1] = E[Y; | X;,Z; = 0], and 7; is the estimate from a given
method. MSEs are averaged over 50 Monte Carlo replications, and we report associated
standard errors. Descriptions of each scenario follow.

Scenarios 1-4, which are completely synthetic, are described in Section F. The first
two scenarios come from Wager and Athey (2018) and both consist of 7" = 0 for all ¢ €
{1,...,n}. In Scenario 3, we define the treatment effect as 7;" = 1y.(x,)>0.6}, Where e(x) =
(I)(,BT.I) is the propensity score and ® denotes the standard normal CDF. The vector 3 € R?
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is fixed with 3; = 1 for j < |d/2] and ; = —1 otherwise. Furthermore, Scenario 4 is the
model described in (10).
Scenario 5. This fully synthetic scenario comes from Abadie et al. (2018). Setting
d = 10 and n = 4000 the data is generated as: Y; = 14+ 87X, + ¢, X; nd N (0,14xq)
and ¢; nd (0,100 — d), where 8 = (1,...,1)T € R%. Moreover, the treatment indicators
Z; € {0,1} are assigned such that ) . Z; = [n/2]. Clearly, the vector of treatment effects
satisfies 7* = 0.
Scenario 6. For our final fully synthetic model we set d = 10, n = 4000, and generate
data as
Y = (1 -2)Yi(0) + Z;Y;(1),
Z; ~  Binom(1, %),
Y<l) ~ N(fl(Xz)7 1)7 Vi e {07 1}7

folz) = 2", Yz el0,1]4,
fi@) = fo(@)+1rgany + 1ampc0), Yo € (0,17
X, A oy, 19, vi{l,...,n},

where § € RP with 8; =11if j € {1,...,|p/2]}, and B; = —1 otherwise. Notice that in this
case the treatment effect for unit 7 is 77" = 1y x 5.1y + Lix73<0.2)-

The final two scenarios are semi-synthetic designs, where covariates are taken from
real datasets, while the outcomes are simulated according to a known data-generating pro-
cess. This allows us to evaluate the estimators in realistic covariate spaces while preserving
ground-truth treatment effects.

Scenario 7. We use the setting of the National JTPA Study used in Abadie et al.
(2018). This consists of a National JTPA Study evaluating an employment and training
program commissioned by the U.S. Department of Labor in the late 1980s. Other authors
that have also analyzed this data include Orr (1996) and Bloom et al. (1997). In the
JTPA study, based on a randomized assignment, subjects were a assigned into one of two
groups. In the treatment group the subjects had access to JTPA services that included
one of three possibilities: on-the-job training/job search assistance, classroom training, and
other services. In contrast, subjects in the control group were not given access to the JTPA
services. The raw data consists of 2530 units (n.,s = 2530),1681 of which are treated
observations and 849 are untreated observations. With these measurements, we generate
simulated data as in Abadie et al. (2018) where the treatment effect is zero across all units.
The details are given in Appendix G.1.

Scenario 8. We also consider an example used in Abadie et al. (2018). Specifically, we
use the Project STAR class-size study, see for instance Krueger (1999). In this data, 3,764
students who entered the study in kindergarten were assigned to small classes or to regular-
size classes (without a teacher’s aide). The outcome variable is standardized end-of-the-year
kindergarten math test scores. As for covariates, some of these include race, eligibility for
the free lunch program, and school attended. With the original data we proceed as in
Abadie et al. (2018) and simulate data in a setting where the treatment effects are all zero.
The details are given in Appendix G.2.

The results of our experiments in Scenarios 1-4 for the top six competitors are reported
in Table 1. The full comparison with all methods is deferred to the appendix (see Table 4).
There, we can see that for Scenario 1 the best methods are our proposed estimators, which
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is reasonable since the treatment effect is zero across units. AHB matches our performance
at the configuration (n,d) = (1600,2) in this scenario. In Scenario 2, we do not compare
CFL2 since such method is not suitable for experimental designs where the propensity score
takes on a constant value. GRF achieves the best performance in low dimension (d = 2),
closely followed by CFL1. However, in higher dimension (d = 10), CFL1 outperforms GRF,
highlighting its robustness in more complex covariate settings.

In Scenario 3, we see that CFL2 generally outperforms the competitors. At the configu-
ration (n,d) = (1600, 2), however, AIPW achieves the best performance, closely followed by
MALTS, both of which slightly outperform CFL2. Notice that in Scenario 3 the treatment
effect is a function of the propensity score, where the propensity score belongs to the family
of probit models. This does not seem to be a problem for our estimator which provides
accurate estimation despite relying on logistic regression in the first stage. Moreover, in
Scenario 4, we see that CFL1 outperforms the competitors. Again, since the propensity
score is constant, we do not benchmark CFL2.

Table 2 summarizes results for Scenarios 5-8. To facilitate comparison across scenarios,
we standardized the outcome variable Y in each case by subtracting the mean and dividing
by the standard deviation before applying each estimator. In Scenarios 5 and 6, which are
fully synthetic and involve a larger sample size of 4000 observations, CFL1 achieves the best
performance, outperforming all benchmark methods by a substantial margin. These results
underscore the flexibility and robustness of CFL1, particularly in large-sample settings and
under varied treatment effect structures, including the presence of high noise (Scenario 5)
and sharp discontinuities (Scenario 6).

In the semi-synthetic Scenarios 7 and 8, which use covariates from real datasets, CFL1
remains highly competitive. In Scenario 7 (JTPA), ACW attains the lowest MSE, followed
closely by CFL1 and WA2. While ACW performs best in Scenario 7, this is likely due
to the structure of the real-world covariates aligning well with its stratification procedure,
rather than the constancy of the treatment effect alone. In Scenarios 1-4, despite having
constant or piecewise-constant treatment effects, ACW is consistently outperformed by
our methods, particularly CFL1 (see Table 4 in Appendix A). This suggests that flexible
subgroup discovery and modeling heterogeneity, as in CFL1 and CFL2, are advantageous
even when effects are simple.

In Scenario 8 (Project STAR), which involves a high-dimensional covariate space and
a null treatment effect, CFL1 again outperforms all competitors, including ACW. These
findings demonstrate that CFL1 performs reliably not only with realistic covariate dis-
tributions but also under more complex or high-dimensional conditions where accurate
estimation requires stronger regularization and global modeling capabilities. Overall, our
results highlight the strong empirical performance of both CFL1 and CFL2 across diverse
experimental setups, with one of the two—CFL1 or CFL2—consistently ranking among the
top two methods in every scenario.

4.2 National Supported Work data
4.2.1 RANDOMIZED EXAMPLE
To illustrate the behavior of our estimators, we use the data from LaLonde (1986); Dehejia

and Wahba (1999, 2002). This dataset consists of a 445 sub-sample from the National
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Table 2: Performance evaluations (median + standard error) over 50 Monte Carlo simu-
lations for synthetic (Scenarios 5-6) and semi-synthetic (Scenarios 7-8) setups.
Bold indicates the best method, and italic indicates the second-best. For Scenar-
ios 5-6, (n,d) = (4000, 10); for Scenario 7, (n,d) = (3764,79); and for Scenario 8,
(n,d) = (2530, 18).

Method Scenario 5 Scenario 6 Scenario 7 Scenario 8
CFL1 0.078 £ 0.017 | 0.074 £ 0.015 | 0.042 + 0.008 | 0.308 £+ 0.071
WA1 0.489 £ 0.077 0.423 + 0.072 0.103 £ 0.020 0.592 £ 0.089
WA2 0.352 £ 0.066 0.295 £ 0.057 0.044 +£ 0.010 0.435 £ 0.075
GRF 0.319 £ 0.058 0.204 £ 0.041 0.045 £ 0.012 0.382 £ 0.068
ACW 0.462 £ 0.070 | 0.131 + 0.030 | 0.015 + 0.004 | 0.501 + 0.086
BART 0.248 + 0.044 | 0.166 £+ 0.037 0.057 £ 0.011 | 0.329 + 0.069
AIPW 0.278 + 0.051 0.149 + 0.035 0.044 +£ 0.010 0.399 £ 0.073
GM 0.376 + 0.061 0.231 + 0.048 0.061 + 0.013 0.449 + 0.078
MALTS 0.341 + 0.059 0.188 £ 0.039 0.065 £ 0.013 0.371 £ 0.072
LCM 0.302 £ 0.056 0.226 £ 0.043 0.071 £ 0.014 0.401 £ 0.079
ADD-MALTS | 0.265 £ 0.050 0.132 + 0.031 0.068 £ 0.013 0.343 + 0.071
AHB 0.312 + 0.055 0.161 + 0.034 0.066 £ 0.012 0.361 £ 0.073
FLAME 0.407 + 0.066 0.273 £ 0.049 0.073 £ 0.014 0.371 £ 0.075
DAME 0.331 &+ 0.057 0.211 + 0.045 0.060 £ 0.012 0.355 £ 0.072

Supported Work Demonstration (NSW). The NSW was a program implemented in the
mid-1970s in which the treatment group consisted of randomly selected subjects to gain 12
to 18 months of work experience and 260 subjects in a control group. The response variable
is the post-study earnings in 1978. The predictor variables include age, education, indicator
of Black and Hispanic for race, marital status, high-school degree indicator, earnings in 1974,
and earnings in 1975.

To construct our estimator, we first estimate the prognostic score using the data from
the control group and running a linear regression model. With the prognostic scores, we
then compute an ordering and run the fused lasso leading to our CFL1 estimator. This is
depicted in Figure 2. There, we also see the estimates based on the method ACW from
Abadie et al. (2018). Both CFL1 and ACW estimate small positive treatment effects, which
is consistent with expectations given the nature of the NSW program—participants in the
treatment group would be expected to benefit, in terms of future earnings, from the work
experience they received. Interestingly, from an interpretability perspective, CFL1 estimates
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Figure 2: For the NSW example from left to right the two panels show the treatment effect
estimates based on causal fused lasso with prognostic score (CFL1) and the ACW
method from Abadie et al. (2018).
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Figure 3: The panel on the left shows the estimated treatment effects on the treated based
on the CFL2 estimator for the NSW observational data. The right panel then
shows the corresponding treatment effect estimates of CFL2 for the NHANES
data.

a single group effect, suggesting little to no meaningful heterogeneity in treatment effects.
This finding is broadly in line with ACW, which reports slightly varying effects across four
prespecified groups—groups that are not derived from the data but fixed in advance. This
contrast might highlight a key strength of CFL1: its ability to adaptively detect underlying
structure (or confirm its absence) directly from the data, rather than relying on predefined
subgroup classifications.

20



A CAUSAL FUSED LASSO FOR HETEROGENEOUS TREATMENT EFFECTS ESTIMATION

4.2.2 OBSERVATIONAL EXAMPLE

For our second example based on the NSW data, we combine the 185 observations in the
treatment group of the data from Section 4.2.1 with the largest of the six observational
control groups constructed by Lalonde!. This results in a total of 16177 samples. Due to
the observational nature of the dataset, we run our propensity score based estimator from
Section 2.3 by only estimating treatment effects on the treated. Thus, our estimator is
the one described in Corollary 6 which we denote as CFL2. As shown in Figure 3, CFL2
estimates a constant positive treatment effect, consistent with our findings in Section 4.2.1.
Specifically, CFL2 again estimates a single group effect, suggesting that there may be little
to no heterogeneity in treatment effects—though a small positive effect is still detected.

4.3 National Health and Nutrition Examination Survey

In our final example, we use data from the 2007-2008 National Health and Nutrition Ex-
amination Survey (NHANES). The data consist of 2330 children and their participation in
the National School Lunch or the School Breakfast programs in order to assess the effec-
tiveness of such meal programs in increasing body mass index (BMI). In the study 1284
randomly selected children participated in the meal programs while 1046 did not. The
predictor variables are age, gender, age of adult respondent, and categorical variables such
as Black race, Hispanic race, whether the family of the child is above 200% of the federal
poverty level, participation in Special Supplemental Nutrition program, Participation in
food stamp program, childhood food security, any type of insurance, and gender of the
adult respondent.

Similarly, as before, we run our propensity score based estimator (CFL2) and show the
results in Figure 3. We can see that the sign of estimated treatment effects varies depending
on the value of the propensity score. The latter was estimated by logistic regression. Our
findings for the treatment effects coincide with several authors who found positive and
negative average treatment effects as discussed in Chan et al. (2016). In particular, we
find that when the estimated propensity score is low (below 0.34), the treatment effect is
predominantly negative. This suggests that individuals who are unlikely to participate in
the program may be more prone to experiencing adverse effects. Further inspection of the
data reveals that all individuals with propensity scores below 0.34 come from families with
incomes above 200% of the federal poverty level.

For propensity scores in the range of 0.34 to 0.68, the estimated treatment effects are
generally small or slightly positive, indicating that the meal programs may offer modest
benefits to individuals with a moderate likelihood of participation.

In contrast, for subjects with higher propensity scores, the estimated treatment effects
display greater heterogeneity. While some subgroups exhibit small positive effects, others
show negative ones. Notably, the largest positively affected subgroup falls within the 0.87 to
0.91 propensity score range. However, individuals with propensity scores above 0.91 consis-
tently exhibit negative treatment effects. Examining the data, we find that all individuals
with propensity scores above 0.87 fall below the 200% poverty threshold. Among those in
the 0.87-0.91 range, only 13% experienced childhood food insecurity, whereas 66% of those
above 0.91 did.

1. Dataset is available here http://users.nber.org/ rdehejia/nswdata2.html
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Overall, this analysis highlights the heterogeneous nature of the data and the value of
our method in identifying subgroups with differing treatment responses.

4.4 Right Heart Catheterization (RHC) Study

We now consider a clinical example drawn from an observational study examining the effects
of right heart catheterization (RHC) on short-term survival outcomes in critically ill patients
admitted to an intensive care unit (ICU). RHC is a diagnostic procedure used to assess
cardiac function by directly measuring pulmonary pressures and cardiac output. While it
can inform treatment decisions, it also poses non-negligible procedural risks, and its clinical
benefit has been the subject of ongoing debate. Due to the ethical and logistical challenges
of conducting randomized trials in this setting, observational data has been widely used to
evaluate the causal effect of RHC on mortality outcomes.

The data consists of 2,707 patients, with 1,103 receiving RHC treatment within the
first 24 hours of admission (Z = 1), and 1,604 not receiving the procedure (Z = 0).
The binary outcome Y indicates whether the patient died within 180 days of hospital
admission. Each patient is characterized by a set of 72 covariates, which include continuous
measurements, binary indicators, and dummy variables derived from categorical attributes.
These variables capture demographic, clinical, and treatment-related characteristics relevant
to patient prognosis.

We apply the propensity score-based fused lasso estimator CFL2 as defined in Sec-
tion 2.3 (Equation (16)), focusing on the estimation of treatment effects for the treated
population. Following standard preprocessing steps from prior clinical studies, we first ex-
clude all patient records containing missing covariate values. Among the remaining 2,707
individuals, we drop any covariates with no variability and transform all categorical vari-
ables into dummy variables using one-hot encoding. This results in a covariate matrix with
72 features, including continuous, binary, and dummy-encoded categorical variables. We
then fit a logistic regression model to estimate propensity scores using the full set of encoded
covariates as predictors.

Figure 4 displays the estimated treatment effects across the range of estimated propen-
sity scores using the CFL2 estimator. We observe that for most strata of the population,
identified by similar estimated propensity scores, the estimated effect of RHC is either neg-
ative or close to zero. This suggests that RHC may offer limited or no survival benefit for
the majority of patients, and may even be associated with worse short-term outcomes in
some subgroups. These findings support the view that the use of RHC should be carefully
evaluated on a patient-specific basis. The estimated step function highlights the ability of
CFL2 to adaptively identify subgroups with differing treatment responses without impos-
ing pre-specified strata. This interpretation is in line with prior work such as Abadie et al.
(2018), which considers population partitions into a small number of subgroups with distinct
average treatment effects. Our estimator adaptively detects such subgroup heterogeneity
from data without requiring these partitions to be specified in advance. The presence of
clear jumps in the estimated treatment effect across strata (as shown in Figure 4) aligns
with this interpretation and illustrates the ability of CFL2 to flexibly model heterogeneity
in observational settings.
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Figure 4: Estimated treatment effects across the range of estimated propensity scores using
CFL2. The stepwise structure of the estimated effects highlights heterogeneous
responses to RHC treatment.

5. Conclusion

In this paper, we studied two methods for estimating heterogeneous treatment effects. The
first approach, based on the prognostic score, is designed for randomized experiments. It
involves constructing a prognostic score and then applying the fused lasso, using as input
a noisy estimate of the treatment effect derived from matching, with the prognostic score
serving as the covariate.

The second approach, which relies on the propensity score, is suitable for observational
studies. It follows the same general structure as the first method, but substitutes the
propensity score in place of the prognostic score.

A key strength of both methods lies in their simplicity and their usefulness as exploratory
tools. For each, we provide theoretical guarantees in the form of finite-sample bounds on the
mean squared error for estimating heterogeneous treatment effects. However, as with much
of the existing literature on the fused lasso, our methods do not currently offer confidence
bands with theoretical guarantees. One promising direction for addressing this limitation is
to explore residual bootstrap techniques (Efron, 1992), potentially incorporating ideas from
the nonparametric approach in Padilla et al. (2024). We leave this extension for future
research.
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On a related note, since both of our methods accommodate treatment effects that may
exhibit discontinuities as a function of the score, it is natural to consider applications where
such discontinuities arise organically. As one reviewer suggested, this setting might be
particularly relevant in the social sciences (Wong, 2010), where individuals may become
eligible for various forms of assistance or educational programs upon exceeding specific
thresholds—such as standardized test scores or income cutoffs.

Finally, another promising direction is to extend the results of Theorems 2 and 4 to
out-of-sample settings. Specifically, for Theorem 2, suppose X, is drawn independently
from the same distribution as Xi,..., X,. We conjecture that it is possible to derive an
upper bound on

E((Prs1 = Tnt1)?) (22)
where pi ;= E{Y (D]g(X) = g(Xns1), Z = 1} — B{Y(0)|g(X) = g(Xn11), Z = 0}, and
Tn+1 18 constructed via interpolation6y using the trained estimators 7, ...,7,. We expect

that the upper bound for the quantity in (22) will match, up to logarithmic factors, the
upper bound in (19). However, a formal proof of this result is nontrivial and is left for future
work. We also conjecture that an analogous result may hold for Theorem 4, replacing the
prognostic score with the propensity score.
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Appendix A. Additional numerical results

In this appendix, we present an additional synthetic experiment, labeled Scenario 9. This
data-generating process is designed to challenge estimators with both strong nonlinearity
in the outcome functions and treatment effect heterogeneity that interacts with the covari-
ates in a complex, nonlinear fashion. In particular, it combines nonlinear transformations,
sinusoidal interactions, and a nontrivial treatment assignment mechanism driven by a noisy
logistic function of covariates.

Table 3: Performance evaluations (median + standard error) over 50 Monte Carlo simula-
tions for the additional nonlinear synthetic Scenario 9. (n,d) = (4000, 10). Bold
indicates the best method, and italic indicates the second-best.

Method Scenario 9
CFL1 0.267 + 0.046
CFL2 0.189 + 0.039
WA1 0.395 + 0.063
WA2 0.319 + 0.052
GRF 0.248 + 0.045
ACW 0.401 + 0.066
BART 0.174 + 0.036
AIPW 0.305 %+ 0.050
GM 0.362 + 0.058
MALTS 0.331 = 0.054
LCM 0.352 + 0.057
ADD-MALTS | 0.201 4+ 0.041
AHB 0.369 + 0.059
FLAME 0.402 + 0.063
DAME 0.384 + 0.061

Scenario 9. This synthetic is inspired by nonlinear regression examples commonly used
in benchmarking flexible estimators. The data is generated as follows, for (n, d) = (4000, 10):

. iid

Til, ..., Til0 ~ U,1), €:,(0)s €i,(1) €i,(treat) ~ N(O, 1),

Y;(0) = 10sin (m2512:2) + 20(2s 3 — 0.5) + 10254 + 5z 5 + €i,(0)»
Yi(1) = Yi(0) + x;,3 cos (mz 124,2) + €, (1)

Zi = 1{expit(mig+:B¢,2*0~5+€i,(treat))>0-5}’

Y; = (1 - Z)Y;(0) + Z:Y;(1),

where expit(u) = 1/(1 + e™") denotes the logistic sigmoid function.
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This setup introduces modeling difficulties not only through the nonlinearity of the out-
come regression, but also by encoding treatment effects that depend on both the covariates
and their interactions. As shown in Table 3, even in this challenging setting, our proposed
estimator CFL2 performs competitively and achieves the second-best performance overall,
closely trailing BART. Notably, CFL2 outperforms all other benchmark methods by a clear
margin. This result highlights the flexibility and generalization strength of our proposed
method under complex nonlinear conditions.

For completeness, Table 4 in the appendix summarizes the performance of all estimators
across Scenarios 1-4.
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Table 4: Performance evaluation (median + standard error) for synthetic scenarios
varying (n,d). Bold indicates the best, and italic indicates the second-best.

with

Method (n,d) Scenario 1 Scenario 2 Scenario 3 Scenario 4
(800, 2) 0.004 + 0.0012 | 0.195 £ 0.055 0.181 £ 0.037 0.301 + 0.065
CFL1 (1600, 2) | 0.003 % 0.0009 | 0.108 + 0.032 | 0.136 £ 0.028 | 0.183 £ 0.044
(800, 10) 0.005 £+ 0.0013 | 0.503 + 0.083 | 0.412 £ 0.082 0.450 + 0.086
(1600, 10) | 0.003 + 0.0010 | 0.319 + 0.069 | 0.293 + 0.063 0.277 + 0.068
(800, 2) 0.011 &+ 0.0023 * 0.074 £ 0.017 | *
CFL2 (1600, 2) 0.004 £ 0.0011 * 0.051 + 0.014 *
(800, 10) 0.016 = 0.0038 * 0.146 + 0.033 | *
(1600, 10) | 0.005 + 0.0016 * 0.109 + 0.027 | *
(800, 2) 0.045 £ 0.011 0.495 £ 0.104 0.226 £ 0.044 4.923 £ 0.819
WA1 (1600, 2) 0.029 + 0.009 0.199 + 0.057 0.164 + 0.031 3.228 + 0.607
(800, 10) 0.067 £ 0.013 0.773 £ 0.139 0.550 =+ 0.089 6.528 %+ 0.908
(1600, 10) | 0.068 £ 0.012 0.534 + 0.127 0.499 + 0.086 6.146 + 0.875
(800, 2) 0.012 £ 0.0040 0.264 £ 0.069 0.143 £ 0.029 2.922 + 0.486
WA2 (1600, 2) 0.010 + 0.0026 0.164 £ 0.043 0.106 + 0.023 2.049 + 0.417
(800, 10) 0.007 £ 0.0021 0.794 £ 0.147 0.362 + 0.063 5.796 + 0.768
(1600, 10) | 0.003 £ 0.0015 0.723 £ 0.116 0.316 + 0.059 5.322 + 0.736
(800, 2) 0.013 £ 0.0031 0.152 + 0.048 | 0.143 £ 0.031 1.788 £ 0.318
GRF (1600, 2) 0.011 % 0.0024 0.063 + 0.018 | 0.106 £ 0.024 0.771 £ 0.177
(800, 10) 0.010 % 0.0032 0.565 £ 0.092 0.408 + 0.078 3.261 + 0.557
(1600, 10) | 0.006 + 0.0021 0.350 £ 0.077 0.359 £ 0.070 1.291 £ 0.308
(800, 2) 0.017 £ 0.0034 0.402 £ 0.088 0.213 £ 0.043 2.203 £ 0.378
ACW (1600, 2) 0.014 + 0.0025 0.297 £ 0.067 0.181 + 0.037 1.654 £+ 0.324
(800, 10) 0.029 + 0.0056 0.638 £ 0.096 0.489 + 0.081 4.394 + 0.672
(1600, 10) | 0.024 + 0.0049 0.412 + 0.084 0.443 + 0.075 3.612 + 0.528
(800, 2) 0.009 + 0.0026 0.184 £ 0.052 0.102 £ 0.026 1.842 £ 0.334
BART (1600, 2) 0.006 =+ 0.0017 0.095 + 0.027 0.075 £ 0.019 1.021 £ 0.266
(800, 10) 0.021 £ 0.0048 0.592 £ 0.096 0.351 £ 0.068 3.482 £ 0.562
(1600, 10) | 0.015 % 0.0035 0.412 + 0.085 0.306 + 0.060 2.693 + 0.504
(800, 2) 0.015 £ 0.0040 0.235 £ 0.058 0.109 £ 0.027 1.918 £ 0.362
ATPW (1600, 2) 0.010 % 0.0025 0.132 + 0.036 0.049 + 0.015 | 1.089 % 0.291
(800, 10) 0.023 % 0.0052 0.672 £ 0.112 0.342 + 0.059 3.988 + 0.611
(1600, 10) | 0.019 + 0.0041 0.498 £ 0.096 0.286 £ 0.051 3.134 £ 0.552
(800, 2) 0.020 £ 0.0051 0.300 £ 0.064 0.202 £ 0.041 2.421 £ 0.394
GM (1600, 2) 0.005 £ 0.0013 0.187 £ 0.048 0.072 £ 0.020 1.618 + 0.351
(800, 10) 0.035 + 0.0067 0.689 + 0.103 0.489 + 0.075 5.088 + 0.779
(1600, 10) | 0.0062 £ 0.0015 | 0.522 + 0.091 0.088 + 0.023 4.523 + 0.721
(800, 2) 0.018 £ 0.0042 0.248 £ 0.057 0.098 £ 0.023 2.156 £ 0.391
MALTS (1600, 2) 0.011 + 0.0031 0.112 £ 0.028 0.050 = 0.014 | 1.141 + 0.283
(800, 10) 0.030 £ 0.0061 0.618 £ 0.102 0.238 £ 0.051 3.274 £ 0.553
(1600, 10) | 0.024 & 0.0054 0.401 + 0.087 0.212 + 0.046 2.148 £+ 0.472
(800, 2) 0.014 £ 0.0038 0.248 £ 0.051 0.129 £ 0.028 1.697 £ 0.323
LCM (1600, 2) 0.0042 £ 0.0012 | 0.157 4 0.035 0.069 + 0.018 0.996 + 0.262
(800, 10) 0.019 + 0.0043 0.562 £ 0.089 0.278 £ 0.054 2.643 + 0.497
(1600, 10) | 0.0055 & 0.0014 | 0.384 £ 0.077 0.081 + 0.021 1.839 £ 0.421
(800, 2) 0.015 + 0.0040 0.276 £ 0.059 0.122 £ 0.026 1.823 £ 0.332
ADD-MALTS | (1600, 2) | 0.0045 + 0.0011 | 0.169 £ 0.036 | 0.063 & 0.017 | 1.184 % 0.271
(800, 10) 0.017 + 0.0038 0.588 + 0.095 0.256 + 0.051 2.392 + 0.474
(1600, 10) | 0.0049 £ 0.0013 | 0.392 + 0.081 0.072 + 0.019 1.601 £ 0.409
(800, 2) 0.010 + 0.0028 0.231 £ 0.051 0.117 £ 0.025 1.503 £ 0.297
AHB (1600, 2) 0.003 + 0.0009 | 0.136 £ 0.031 0.081 + 0.017 0.908 + 0.239
(800, 10) 0.013 + 0.0034 0.492 + 0.083 0.234 + 0.048 2.182 + 0.459
(1600, 10) | 0.005 4 0.0016 0.331 + 0.071 0.191 & 0.041 1.523 £ 0.382
(800, 2) 0.041 £ 0.009 0.298 £ 0.069 0.319 £ 0.062 4.121 £ 0.754
FLAME (1600, 2) 0.030 =+ 0.008 0.219 + 0.052 0.271 + 0.056 3.589 + 0.645
(800, 10) 0.064 £ 0.012 0.743 £ 0.135 0.613 =+ 0.089 6.621 + 0.922
(1600, 10) | 0.060 £ 0.011 0.701 + 0.127 0.538 + 0.082 6.179 + 0.832
(800, 2) 0.043 £ 0.010 0.334 £ 0.074 0.307 £ 0.058 4.308 £ 0.737
DAME (1600, 2) 0.038 £ 0.009 0.293 £ 0.069 0.278 £ 0.054 3.945 £ 0.692
(800, 10) 0.072 £ 0.014 0.803 £ 0.141 0.622 + 0.092 6.734 + 0.941
(1600, 10) | 0.075 &+ 0.013 0.762 + 0.134 0.577 £ 0.088 6.502 + 0.910
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Appendix B. Possible extensions

A natural extension of the estimators described in Sections 2.2 and 2.3 is to consider the
case where the number of covariates can be large, perhaps d >> n, but only a small number
of them plays a role in the prognostic score (propensity score). In the case of the prognostic
score based estimator, it is reasonable to estimate g with lasso regression (Tibshirani, 1996).
The resulting procedure would be the same as in Section 2.2, except that we would define
§(z) = 27 where

. 1 m 9 d
6 = argmin —Z <YZ’ —X{TH) —i—VZ\Gj] )
fer? M j=1

for a tuning parameter v > 0. Similarly, we can modify the propensity score estimator,
replacing é by ¢;-regularized logistic regression in the spirit of Ravikumar et al. (2010).

A simpler modification of the estimators from Sections 2.2-2.3 can be obtained by adding
a sparsity penalty in the objective function. This is similar to the definition of the fused
lasso in Tibshirani et al. (2005). The resulting estimator would be reasonable if there is
a belief that most of the treatment effects are zero. It would basically amount to apply
soft-thresholding to the estimators from (9)—(16), see for instance Wang et al. (2016).

While the definition of our estimators naturally extends to high-dimensional settings,
the more challenging task lies in analyzing their statistical properties. Our current theo-
retical results are limited to scenarios where the fused lasso is combined with parametric
estimation of the prognostic or propensity score, which are tailored for low-dimensional
covariate spaces. Extending the theory to high-dimensional contexts remains an important
direction for future work.

Appendix C. Main result for propensity score based estimator

We now study the statistical properties of the estimator defined in Section 2.3. As in Section
3.2 we start by stating required assumptions.

Assumption 7 (Sub-Gaussian errors) Define V(z,z) = E{Y|Z = z,e(X) = e(x)}
and ¢, = Y; —V(Z;, X;) fori = 1,...,n, with e(-) as in Assumption 1. Then the vec-
tor (e1,...,€,)" has independent coordinates that are mean zero sub-Gaussian(v) for some
constant v > 0.

Assumption 7 parallels of Assumption 3 when we replace the prognostic score with the
propensity score.

Assumption 8 The functions fi(s) = E{Y|Z = 1, e(X) = s}, and fo(s) = E{Y|Z =
0, e(X) = s} for s € [emin, €max] are bounded and have bounded variation.

As for the distribution of the covariates, we allow for more generality than in Section
3.2. Specifically, we allow for general multivariate sub-Gaussian distributions.

Assumption 9 (Distribution of covariates) The random wvector X € R% is centered
(E(X) =0) sub-Gaussian(C).
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We refer the reader to Vershynin (2010) which contains important concentrations results
regarding multivariate sub-Gaussian distributions.

Assumption 10 The propensity score staisfies e(X) := F(X 0*) for some 0* € R?, where
F(z) = exp(x)/{1 4+ exp(z)} as before. Furthermore e(X) is a continuous random variable
with pdf h(-) bounded by above (||h||cc = hmax for some positive constant hpyax ), and there
exist constants a1 and as such that

art < P(le(X) =0 <t) < ast
for all b in the support of e(X) and t € (0,ty), where tyg > 0 is a constant.

Assumption 11 (Dependency condition) Let Apin(-) and Amax(-) be the minimum and
mazimum eigenvalue functions, respectively. We assume that there exist positive Cpin and
Dpax such that

A (E [{ﬁ(XTe*)XXT}D S O > Cl||X||12pQ <dlogm>1/2’

and
Amax{E(XX ")} < Dmax,

with n(t) = F(t){1 — F(t)} with F' as in Assumption 10, and where ¢; > 0 is a constant.
We also require that
C?. dlogm
>c

“min )
)
Dax Vvm

for a large enough constant co > 0.

(23)

Assumption 11 is basically the Dependency condition in the analysis of high-dimensional
logistic regression from Ravikumar et al. (2010). As the authors there assert, this condition
prevents the covariates from becoming overly dependent.

We are now in position to present the main result regarding our propensity scored based
estimator.

Theorem 5 Under Assumptions 1, and 7-11, dn*/? > Cuin, n =< m, there exists t > 0

such that , ,
1 1/2 1 1/2
t = max{ dn_log 77m log (nd),logn (24)

Cruin ml/2
and choice of A satisfying
A = n'3(logn)?(loglogn)t—'/3,
such that the estimator 7 defined in (16) satisfies

d?/3(logn)3(loglog n
72 _Tz — OIP’ ( g2/)3( g 10g ) 7 (25)
Cminn1/3

where p; = B{Y(1)|e(X) = e(X),Z = 1} — B{Y(0) |e(X) = e(X;),Z = 0} for i =
1,...,n. If in addition Y (0),Y (1) L Z|e( ), then (25) holds replacing p} with 7 =
E{Y() Y(0)[e(X) = e(Xi)} fori=1,...,n.
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Importantly, Theorem 4 implies that the estimator 7 defined in (16) can consistently
estimate the subgroup treatment effects 7* under general conditions. One of such conditions
is that Y(0),Y (1) L Z|e(X), which in the language of Rosenbaum and Rubin (1983)
means that treatment is strongly ignorable given e(-). As Theorem 3 in Rosenbaum and
Rubin (1983) showed, Y (0),Y (1) 1L Z|e(X) holds under overlapping (Assumption 1) and
unconfoundedness which can be written as Y (0),Y (1) L Z|X. When these conditions are
violated, Theorem 4 shows that 7 can still approximate p* under Assumptions 1, and 7-11.

Furthermore, as in Remark 3, Theorem 4 can be relaxed. Specifically, we can replace
Assumption 8 with

t* := max{TV(fo,n), TV(f1,n)}.

Then the upper bound in Theorem 4 needs to be inflated by (¢*)%/3.
We conclude this section with immediate consequence of the proof of Theorem 4 con-
cerning heterogenous treatment effects of the treated units.

Corollary 6 (Treatment effects of the treated) Suppose that the conditions of Theo-
rem 4 for (25) to hold are met. Let 7 be the propensity score estimator from Section 2.3
with a slight modification. After the matching is done and the signal Y —Y is calculated, we
only run the the fused lasso estimator, with the ordering based on the estimated propensity
score, on the treated units. Then

1 . d?/3(logn)?(loglogn
oy <pz-—n>2=op{ Llog n) (log log >}, (26)
Cminn1/3

where pf = E{Y(1)|e(X) = e(X;),Z = 1} — E{Y(0)|e(X) = e(X;),Z = 0} fori =
1,...,n. If in addition Y (0) 1L Z|e(X), then (26) holds replacing p} with 77 = E{Y (1) —
Y(0)|e(X)=e(X;), Z=1}, fori=1,...,n

Appendix D. Proof of Theorem 4

Throughout this section we write

i; [Z’ log F(X!T0) + (1 — Z!)log{1 — F(X{TG)}} ,
=1

and
d (log'/? m)log'/?(nd)
C’min m1/2 .

We also define the first order matrix A e R(*=1*" such that for any b € R”, the following

holds: . )
IADB[ = " [(AWB)] = " |bs — bigal-
=1 =1

Hence, with this notation, the estimator defined in (16) becomes

0 =

1 — - -
7 = argmin { SO Y+ (D)%) + )\HA(l)Ple} . (27)
bern | 2 ¢
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D.1 Total variation auxiliary lemmas

Lemma 7 The estimator 7 defined in (16) satisfies

1#lloe = Op (max{ | follocs I filoc} + A +10g"/2n) .

Proof We beging by introducing some notation. For a vector z € R*, a vector sign(z) € R*

is defined as
1 if z; >0
(sign(z)); = { -1 if ;<0
€[0,1] otherwise.

To proceed, we first condition on X and Z. Then, using Equation (27) along with the KKT
conditions, we obtain:

Y =Y + (=1)% 07+ APT(AM) Tsign(AM P7) = 0, (28)
where o is the Hadamard product. Next, notice that (28) implies that

1o < 2[Y oo +2A
< 2max{]|follo, [I/1llec} + 2 + 2|€]| -

The claim then follows since ||e]lsc = Op(log’/?n), by Sub-Gaussian tail inequality, and
integrating over X and Z. |

Lemma 8 Assumptions 1 and 7 imply that

it
n1/2z e

Proof Let S;={j€{l,...,n} : N(j) =i}, we have

= Op(log®n).

2 2
Z+1 Z+1 ,
1/2 Z N (i) n1/2 Z Z €l
i=1 | j€S5;
and
2
1 ¢ Zj+1 ?
IS st < (e I8 )

On the other hand, since é(X1),...,é(X,) are independent and identically distributed, we

have that ]

1
(IS1]s .-+ |Sn|) ~ Multinomial (n; — e, ) .
n n
Therefore, by Chernoft’s inequality and union bound,

2
<'max \5’2|> = Op(loggn),

=1,...,n
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and so the claim follows by the sub-Gaussian tail inequality.

Lemma 9 Let 77 = E{Yjle(X;), Z; = 1} — E{Y;|e(X;), Z; = 0} be the treatment effect for
unit i. Suppose that é is independent of {(Yi, Xi, Z;)}I" and satisfies that for 6 as defined
in (14) we write

n—1 n—1
tvy = maX{Z}fo{e( s@)} — fole(Xour)} s D |Afe(Xou)} — fife(X i+1))}‘}a
=1 i=1 (29)
and
tvy = maX{Z\fo{e i)} — fole(Xn@)} Zlfl{e i)} — f{e(Xng )H} (30)
=1

and assume that these random sequences satisfy max{tvy,tva} = Op(t) for a deterministic
t that can depend on n and can diverge. Then, if Assumptions 1, 7 and 8§ hold, and

A=06 {n1/3(10g n)2(loglogn)t_1/3}, (31)

we have that

1 . log®n 23 tloet/2p 2
*Z(Ti* —Tz‘)2 = Op £ + (logn)z(loglogn) <> + tlog 1 + .
ni= n n n n

Proof
Let R = row(AM), the row space of A1), Also write Pg and Pp. for the orthogonal
projection matrices onto R and its orthogonal complement R, respectively. Then let

7 = argmin {HPRU—T”2 —i—)\HA(l)PTHl}

TERM

where U; = (—1)%+! {Y, — YN(i)}, for i = 1,...,n. Hence, 7 = Pr1U + 7, see Proof of
Theorem 3 in Wang et al. (2016).
Therefore,

|Pre (7 = 79)|1? = ‘WZ

We now study the quantity

2

\/15 Z(Uz —77)
i=1

We begin by noticing that for each ¢ = 1,...,n, the observed outcome can be written as

Yi = f1(e(X4))Zi + fo(e(Xi))(1 — Z;) + €,
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where e(X;) is the true propensity score, and the functions fy, f1 are defined as
fo(s) =E(Y | Z=0,e(X)=53), fi(s):=E(Y |Z=1eX)=5).

The error term ¢; = Y; —E(Y | Z;, e(X;)) is mean-zero and sub-Gaussian by Assumption 3.
In addition, we have

i = fi(e(Xi)) — fo(e(Xq)),
by the definition of 7, fo, and fi. Expanding the definition of U; and subtracting 7;° yields

Ui — 77 = Zi [ fo(e(Xni))) + fole(Xi)] + (1 = Zi) [—f1(e(X2) + file(Xn)))]
+ (D)7 e — eni))-

Consequently, the quantity of interest becomes

2

N \}ﬁz {Zi {—fole(Xn@)) + fole(Xy))}
+ (1 Z) {—Fi(e(X2) + fi(e(Xn@)) )

+<—1>Zf“<ez- - eN(n)} "

To bound this expression, define

>

[
S-Sl
M= (]

A (2 { = fole(Xn)) + fole(Xi)} + (1 = Zi) {~ fule(Xi) + fule(Xn@))}]

( 1)Z +1 €, . Z Z+1
T V&

1

.
Il

1

.
I

Then, applying the inequality (a + b+ ¢)? < 2a% + 4b? + 4¢?, we obtain

2
< 2|A% + 4|B)? + 4|C)>.

=Y Wi- )

n 2 n
== m)| <2\ 5= 3 (Bl(eXn) — fole(X)] + (1 = Z)[AED) ~ Al
i=1 i=1
LNz, 1 Zi+1,
+4 n;( 1) +4 ﬁ;( D% ey
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Therefore,

1 n
iR Z(U

|1Prs (=) =

2
< 1/2 Z ilfole(Xi)} = fole(Xn@)H + (1 = Zi) [ fi{e(Xa)} + fi{e(X @) H)
2 L o 2
Zi+1 - Z+1
+4 n1/2 Z(_l) € nl/2 Z
2
< [Z [fo{e(Xa)} = fofe(Xn)} Z [fi{e(X)} = fif{e(Xng )]’I]
2 " = 2
Zi+1 Z+1
4 TW Z(—l) € —
i=1 i=1
(32)
However, by the sub-Gaussian tail inequality,
1 < ’
iz > (=17 He| = op(logn). (33)
i=1
Therefore, combining (32), (33), (30) and Lemma 8,
2
|Pre(7 — 791> = Op <log3 n+ n> . (34)
Next, we proceed to bound || Pr(7 — 7%)||2. Notice that by the optimality of 7
1 * ~ ~ ~ * D% D~
SIPR(r* = PP < & Pz — )+ A{JAO P~ |ADBH ), (39)
where
& = (~DF(Y; - Yne) — 7
= Zlfole(X0)} — fole(Xn@)H + (1 = Zi) [ fi(e(X0)) + fi{e(Xna)H + (=17 (e — engiy),
fori=1,...,n.
Then by Hélder’s inequality, Lemma 7, and the inequality ||Prvllec < 2[|v[lcc, there
exists a constant C' > 0 such that, with probability approaching one,
e Pp(F—7) < Y (=) e — enp){Pr(F — )}t
=1
27 = 77|00 Z [fi{e(X)} — fi{e(Xn@)H +2[7 = 77loo Z [fo{e(Xa)} — fofe(Xne)}
=1 =1
< D (DP e — enHPr(F = T} + A
i=1

(36)
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where

A:=C (maX{HfQHOO, Ifilloo} + A+ logl/2 n) t,

for some positive constant C.
Next, suppose that || Pr(7* —7)||?/4 < A. Then, due to our choice of A, (35), and (36),
there exists Co > 0 such that

4C (maX{”fOHOO7 I f1llo} + X + log/2 n) ;

1 ~
|Pr(r* — DI <
- R n
o n
4 Cy C(loglogn)(log n)2 £2/3
n2/3 *
3 1/2
yotlos n.

n

with probability approaching one.
On the contrary, if ||Pr(7* — 7)||?/4 > A, then (35) and (36) imply

n

1 . _ -

PR = DI < D05 e — en){Pr(F = )}t .
=1
MIAD Py - |a®PF|, |,

Next, we proceed to bound the first term in the right hand size of the previous inequality.
Towards that end, with the notation from the proof of Lemma 8, we exploit the argument
in the proof of Lemma 9 from Wang et al. (2016). First, by Lemma 9, Theorem 10, and
Corollary 12 from Wang et al. (2016), we have that

Z?:1(_1)Zi+lfi U 1/4 1/2
o ull 772 = Op {n'(loglogn)' ), (30)

u€row(AM) : []AD Pul|; <1,

which follows due to the independence and sub-Gaussian assumption of the errors {e;}" ;.

1
On the other hand, conditioning on X and €, we define the random vectors W .. eM) ¢
R"”, constructed as follows. First, let

M = max [{je{l,...,n} : N(j) =1i}|.

1<i<n
Then
(~D)% ey i i=1,
6§1) _ (_1)Zi+16N(,L~) if N(j)# N(i) for all j <i
0 otherwise,
and

SW = {i : N(j)#N(@i) Vj<i }u{l}.

And for [ > 1, we iteratively construct

m=

p (DA ey if i ¢ U1 S0m - and N(§) # N(i) for all j <i and j ¢ U1 S0
0 otherwise.
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Notice that, by construction, the components of each ¢ are independent and subGaussian(v).
Hence, by triangle inequality,

Z?:l(_l)ZiHEN(i) Uj M ulel)
172 < Z sup. 1z

sup
u€row(AM) : JAD Pul|; <1,

Then as in the proof of Theorem 10 in Wang et al. (2016), which exploits Lemma 3.5 from
Van de Geer (1990), we have that
ul el

P sup - -
(uErOW(A(l)) A Pyl <1 ||UH 12

for j =1,...,M and for some constant cy,c; > 0, and for any constant L > Ly, where L
is a fixed constant.
Therefore, by a union bound,

> ¢ Ln*/*(loglog n)'/?

2
X, é) < exp <_ coLL loglogn> ’

(%

(1) e s
P sup Zz_l( ) 1/2 N(l) 1 Z can1/4(loglogn)1/2M‘X,é
uerow(A(1>)HA(l)Pqugl, HU” (40)
L?logl
< Mexp <_Coog0gn)
v

Hence, combining (39) with (40), integrating over X and é, and proceeding as in the
proof of Lemma 8, we arrive at

S (D)% (e — engyui
[Juf|1/2

sup = Op(K), (41)

uerow(AW) : |AD Py|; <1

where
K= n1/4(10g log n)1/2 log n.

Next, we notice that due to (38) , (41), the proof of Lemma 9 in Wang et al. (2016), and
since T = Pr7, we have that

IPa(r =PI = Op {At+ K (3)°}, (42)
and
At + K* (%)2 = O{n1/3(logn)2(loglogn) t2/3}.
Hence, combining (34), (37) and (42), we obtain that

2
|7 =7 = Olp{loggn+n1/3(logn)2(loglogn)t2/3+tlog1/2n+},
n

and the claim follows.
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D.2 Propensity score auxiliary lemmas

Lemma 10 Under Assumption 9, for all { > 0,
. 210g(3/¢) | /*
‘VL(H*)J-\SUO{O%L/O} ] >1-¢,

forall 5 =1,...,d and for a positive constant og.

Proof First, we observe that

VL) = —— ZX’ {Z’ F(X/To* )} (43)
Furthermore, notice that
L) = —E(E[ZlogF(X"0)+ (1—2Z)log{l - F(X'0)}|X])
= —FE[e(X)log F(XT0)+ (1 —e(X))log{l — F(XT0)}],
and define
H(z,0) = e(x)log F(z0) + {1 —e(x)}log{l — F(z'6)}.
Then

VoH (z,0) = e(x)r — F(z'0)z,

and |(VoH(x,0));| < 2|z;| for all j € {1,...,d}. Hence, by the dominated convergence
theorem,
VL) = —FE{VeH(X,0)}
= —E(e(X)X - F(XT0)X)
= —E[E{ZX - F(XT )X|X}]
= —-F{ZX-F(XT0)X}.

Therefore,
E {ZX - F(XTQ*)X} = 0. (44)

Also,
(oo} <

Hence, by Assumption 9, (43), (44) and Corollary 2.6 from Boucheron et al. (2013), we
obtain the conclusion. [ ]

Lemma 11 Suppose that Assumption 11 holds and d < 4||X||12p2ml/2/logl/2 m. Then

P{Amin(Q™) < Chin/2} < 2exp (iglog;Qm + dlog9> ,

where

1 m
Q"= L3 (o) XX
=1
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and ¢ is a positive constant. Similarly,
P (Amax {1 i X{X{T} > 3Dmax/2> < 2exp (—Cd log? m + dlog 9> .
m = 16
Proof Proceeding as in the proof of Lemma 5 in Ravikumar et al. (2010), we obtain that
Anin (Q™) = Crin — [|Q — Q™ |2,

where || - ||2 denotes the spectral norm and with
Q= E{n(XTH*)XXT}.

To bound the quantity ||Q — Q™||2 we let v € R? with |lv|| = 1, and notice that

m

TQ Q= { [nxToy X)) — B <[{n<XF0*>}” QUTXz{r) } ’

1=1

and by Proposition 5.16 in Vershynin (2010)

T m i rzm =
B{|o" (@™~ Qv =7} < 2exp <_Cmm{16nxnig’4lleliQ}>’

for all 7 > 0, and for an absolute constant ¢ > 0. Hence, taking r = ||X|@2d1/2 log'/? m/m*/2,
and with the same entropy based argument from the proof of Lemma 5 in Wang et al. (2017),
we arrive at

dlogm 1/2 cd
m 2 2
IP’{HQ = Qlly > [ XI5, < - > < 2exp <_16 log m+dlog9> :

Finally,

1 m
P { Amax EZXZ{X{T > 3Dpnax/2

=1
1 m I T 1 & Iyt T 2 dlogm 2
<SPY| Y XX B Y XX > X115, (m)

and the proof concludes with the same argument from above.

Lemma 12 Suppose that Assumption 9-11 hold. Then for a positive constant C1, the
estimator 0 defined in (15) satisfies

||é*9*|| < C1 (dlogm 1/2
~ Cuin m ’

with probability approaching one.
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Proof For u € R? let
G(u) = L(6* +u) — L(67).

Clearly, G(0) = 0, and G(@) < 0 where @ = 6 — 0*. Let

B 809 (12dlogm>1/2‘

Crmin m

(45)

We proceed to show that G(u) > 0 for all ||u|| = B, which implies, by convexity, that

||a|| < B. Towards that end, notice that, by Taylor’s theorem, we have
G(u) = VLO) Tu + o VEL(6* + au)u,
for some a € [0, 1]. Also,
IVL(O") Tul < [VLO) oo llull < d7*[VLEO7) oo ull-
Hence, by Lemma 10 and a union bound,

121logm

Gwz—JWww(

m

with probability at least 1 — 1/m.

Furthermore,
. 1 &
2 * / 1T 1 n* I 1T
L6 = — FYyX:' (6 X!/ x!
VLE +a) = D3 FXTE + )X
= A.
Also,
q* = Amin(«Al)
1 m
> in Amin | — X' (o* X'x!m
> min [m;n{ 710" + au)} X[ X]
1 m
> min Amin{ n(X{TG*)X,ZX{T —
a€l0,1] m =
1 = / 1T * T / / T
— X:' (0 XHX: X
max m;n{ 710" + au) Hu" X)) X[ X]
- Amin ) — A ’
Q@™ arg%ﬁ]!\ (@)]]2
where
1 m
Ala) = = 7 {X/T(6" TXHx!x[".
(@) = — S (X (0" + o) " XD XX,

=1
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Now for a € [0, 1], v € R? with |Jv|| = 1, we have

v Ala)y = ;inl{Xé(G* +au)} (uTX£> (X{Tv>2
=1

1 «— 2
< lu max ’u u TX(} ’Oo— (X(T)
full{ e[l 1 > )
< T / T
< ol { o [/ | ZXX
< cd?1og"? ml|u|| Dmax.

with probability approaching one, and where ca > 0 is a constant. Here, we have used
the fact the random variables {(u/|u||)" X/}, are sub-Gaussian, and the second claim in
Lemma 11. Therefore, with probability approaching one,

121 1/2 min 2
Glu) = —d"[uloo <mgm> +Cz”u”—cQ<dlogm>1/2||uH3Dmax

121 1/2 min 2
> _dl/QHUHUO < ;gm) " C 4||UH

> 0,
where the first inequality follows from (46)— (48), the second from (45) and (23), and the

third since
B> 4og <12d10gm>1/2‘

ull =
[[ul o -
|
Lemma 13 Under Assumptions 1 and 9-11, there exists a constant Cy > 0 such that
. d log m){log(nd 1/2
i=1,...,n min m
with probability approaching one, provided that d = O(m).
Proof We have that
max [&(Xi) —e(X:)| = max ‘F(XZT@) — F(X]0%)
i=1,...,n i=1,...,n
< max 1F || ‘XTé—XiTQ*
1=
< |6 —6* X;
< 667 max Xl )
< AP0 max X
7 R 7j:17"'7d
< P00t omax X, — (E(X))
o, j=1,....d
+d'/2 16 — 9*|| | ECX) oo
and the claim follows by Lemma 12.
|
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D.3 Lemma combining both stages

Lemma 14 There exists a positive constant Cy such that the event

max [i—o “H&(i)}| < O max{logn,nd},

yeees Tl

holds with probability approaching one.

Proof First, by Lemma 13, we will assume that the event

sup |é(X;) — e(X;)| < Copd,
1=1,....n

holds.
Then for each i € {1,...,n} define
- Hk e {1,...,n\{i} : e(X)) € (e(XZ-) — 2008, e(X;) + 2005)}‘ .

where § = max{§, C;n~tlogn} for a positive constant C; to be chosen later.
Then by Assumption 10,

1 pmin{1,t4+2Cod}
m; ~ Binomial | n — 1,/ / h(s)h(t)dsdt | .
0 Jmax{0,t—2Cy6}

Hence,

né.

Therefore, by a union bound, and Chernoff’s inequality,

E(ml) < 4COh

max

IP’( max m; > 12Cy hmaxné) < exp(—Cilogn/4+logn) — 0, asn— oo,
7

i=1,...,n

provide that C} is chosen large enough.
On the other hand, by (50), we have

o If e(Xy) < e(X;) — 2Cy0, then é(Xy)
o If €<Xi’) > €(XZ) + 2005, then é(Xll)

Therefore,

max |i—o {6(i)}| < max my,
i=1,...,n i=1,..,n

and the claim follows combining (50) and (51).

Lemma 15 With the notation from before,

erl{e Xs@)} — f{e(Xs(i51)} = Op (max{logn, nd})

and

Z’f(){e &(1) } fO{e( o'i+l)>}’ = Op (maX{logna TL(S})

41
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Proof Suppose that the event

max |i —o Y6(i)}| < Cpmax{logn,nd}, (52)

i=1,...,

holds for some positive constant C, see Lemma 14.
Then

n—1 min{n,i+C1 max{logn,nd}}

n—1
S 1Afe(Xon)} — Ale(Xou)} < D > |fi{e(Xo)} — fife(Xog11)H
=1

1=1 j=max{1l,i—Cj max{logn,nd}}

IN

n—1
20 max{logn, nd} > [ fi{e(Xo0)} — f{e(Xogin)}
=1

and the claim follows.

|
Lemma 16 There exists a positive constant ¢y such that the event
. . c1logn
max {ii‘ff‘_?fnzrj“;%i le(Xi) — e(X5)], Jhax iy, le(Xi) — 6(Xj)|} < = ()
happens with probability approaching one.
Proof Let ¢; > 0 be a constant to be chosen later. Fix i € {1,...,n} and define

AZ:{j21 : Zi+k7éZif0r ke{l,;,j}},

and m; = max{a : a € A;}.
Then we have that

P(m; > c1logn|Z; = 1) emax + P (m; > ¢1logn|Z; = 0) (1 — emin)
(1 - emin)q lognemax + €%;§gn(1 - emin)

max{emax, 1 — €min } 198"

exp{ci (max{log(emax),log(1l — emin)}) logn}.

P (m; > c¢1logn)

VA VARVANVAN|

Hence, by union bound,

P < max m; > ¢ log n) < expq{cy(max{log(emax),log(1l — emin)}) logn + logn},
i=1,....n
and so we set ¢; = —2/ max{log(emax),10g(1 — emin)}. The claim follows by Assumption
10 and the argument in the proof of Proposition 30 in Von Luxburg et al. (2014) implying
that, with high probability, the distance of of each e(X;) to its r nearest neighbor is of order
O(logn/n) for r < logn.
|
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Lemma 17 For any i€ {1,...,n} let
= ’{j e{l,....;n} : and e(X;) <e(X;) < e(XN(i)) or e(XN(Z»)) <e(X;) < e(Xi)H.

Then, for some constant Cy > 0,

max fz < Cymax{logn,nd},

i=1,.

with probability approaching one.

Proof First, assume that the event (50) holds. Next, by Lemma 16, with high probability,
foralli € {1,...,n} there exits j(i) € {1,...,n} such that Z;;) # Z; and |e(X;)—e(X;(;)| <
(c1logn)/n. Under such event,

le(Xs) —e(Xn@)l < Je(Xi) — e(Xo)| + [e(Xi) — e(Xna)l + 1e(Xnay) — e(Xne)l
< fe(Xi) — e(Xy)| + [e(X;) — e(X; )I (X)) — e(Xngy)l
< 2000 + |e(Xy) — e( X))l
< 4006 + |e(Xi) — e( X))
< 406 + loan

where the second inequality follows from the definition of N(), the third and fourth from
Lemma 13, and the last from the construction of j(z). Therefore,

)

& < Hg L le(Xy) — e(X;)| < 4Co8 + & 1?”}

and the claim follows in the same way that we bounded the counts {m;} in the proof of
Lemma 14. u

Lemma 18 With the notation from before,
Z [fife(Xi)} = fife(Xn@))}H = Op (max{logn,nd} ),

forl € {0,1}.

Proof By Lemma 17 and the triangle inequality, we have that, with probability approaching
one,

n—1 min{n,i+Co max{logn,nd}}

(]

Z|fl{€ i)} — f{e(Xn@)} <

=1 j=max{1,i—C3 max{logn,nd}}

n—1
[Cymax{logn, nd}] | > | fife(Xo)} — file(Xogin)}

=1

IN

and the claim follows.
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D.4 Putting the pieces together

The claim in Theorem 4 follows immediately from Lemmas 15, 18 and 9.

Appendix E. Proof of Theorem 2
E.1 Notation

Throughout this section we define the function L :RY 5 Ras

1 & 2
72( X;Te), 6 c R%,
mz:l

and set
d (log1/2m+d1/2|]9*||>logm

o =
Chmin m

Furthermore, we consider the orderings o, &, and & satisfying

g{Xo'(l)} < ... < g{Xo'(n)}7 (54)

Xyt < -0 <H{Xsm ) (55)
and

HXsy} < oo <9 Xsm)}- (56)

E.2 Auxiliary lemmas

Lemma 19 Under Assumptions 2-6, we have that for some Cq > 0,

1/2 1/2 g+ 1/2
gcl{ﬂog m + d"/?||6 |r>1ogm} |

max
j=1,d

{vﬁ(e*)}j .

with probability approaching one.
Proof First notice that by the optmiality of * we have that
VL(0*) = E {X(XTG* —Y)|Z = 0} .
Hence,
0= E{vﬁ(e* } - E{ ZX xTg* )}
Furthermore, defining €; = Y/ — fo(X/), we have

XG0 =YD < 1XG 51 (1 folloo + NElloe + 1 X7 lloo /167 12)

° . 57
< X7 oo (1 folloo + lelloe + 1X2lscd™/2116%]) (57)

where the first inequality follows by Holder’s inequality, and the second by the relation
between ¢; and ¢5 norms.
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However, by Assumption 3, it follows that
Q = {[|él|oo < 30log"?m},

holds with probability at least 1 — # Hence, by Assumption 6, (57), and Hoeffding’s
inequality

o i Xi(XTT0" =Y

1/2
4max{|lallc, [|blloc } (Hfolloo + 30 log"? m + max{||a] o, IIblloo}dl/QH@*H) log (m?)

2m

with proability 1 — %.

|
Lemma 20 For anyi€ {1,...,n} let
&= {ie{l,....on} o and  §(Xi) < 3(X;) <G Xna) or §(Xng) < 9(X;) < a(Xa)}.
Then, for some constant Co > 0,
Z:nrllaxngZ < Cymax{logn,nd},
with probability approaching one.
Proof The claim follows as the proof of Lemma 17, exploiting Lemma 21. |

Lemma 21 Under Assumptions 2-6, we have that for some constant C' > 0,

ca [ (1og"2m+d"2|6°) 10gm

i=1,..,n Cmin m

with probability approaching one.
Proof We define the function
G(u) = L(0" +u) — L(6"),
and observe that G(0) = 0, and G(@) < 0 where @ = 6 — 6*. Let

d (logl/Qm + d1/2||6*||> logm

)
Crnin m

C1

B =
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for some ¢; > 0, and take u € R? such that ||u|| = B. Then, with probability approaching
one, by Lemma 19 and the proof of Lemma 11, we have that

G = S {0 n - S5 (o)
=t i=1

1 & R
= ul ( > X{X{T> u+2u' VL(6¥)

m 4=

. 2511
2wl m ZX£X£T> u = 2[|ull [VLE") [

=1

> Commllul® _ g0 i1y 112 {(10g1/2 m+d1/2||9*|\>logm}1/2
= 2 m
> 0

for some constant co > 0, and where the last inequality follows from the choice of B with a
large enough c;.
Therefore,

d (10g1/2m + d1/2||9*||) log m

~ 462
0—0% < 58
o-o) < 5= - , (53)
with probability approaching one. Furthermore,
max |§(X;) —g(Xi)] = max |X,0— X6
i=1,...,n =1,
< [0 =07 max [[X] (59)
i=1,...,n,
< d'? |6 - o Xi
< | I, max =Xl
and the conclusion follows from (58) and the fact the X/s have compact support. |

E.3 Proof of Theorem 2

The theorem follows as a Theorem 9, proceeding as in the proof of Theorem 4 by using the
lemmas below.

Lemma 22 Let 6 and 6 as defined in (54)—(56). There exists a positive constant Co such
that the event

max li — 6 {6(i)}| < Comax{logn,nd},
i=1,...n

holds with probability approaching one.

Proof The claim follows as the proof of Lemma 14, exploiting Lemma 21. |
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Lemma 23 With the notation from (56),

n—1
> 1A{9(Xs6)} = f1{9(Xsa41))}H = Op {max{logn, nd} (Fn + 1) },
=1

and

n—1
S 1ofg(Xa@)} = folg(Xon)} = Op {max{logn,nd} (F, + 1)}
i=1

Proof By Lemma 22 and the triangle inequality, we have that, with probability approaching
one,

n—1 min{n,i+Cs max{logn,nd}}
Z|fl{g Y= fleXna) < )0 > |filo(Xs()} — filo(Xs (1) H
=1 j=max{1,i—C2 max{logn,nd}}
n—1
< [C2max{logn,nd}] {Z |fi{9(Xs))} — filg(Xs+1) }

Jj=1
Furthermore,

n1 max{o=1(5(:).0~ 1 (5(i+1))}

Z|f1{g )} = Alg(Xsa)H <> > |fi{9(Xo()} — fi{g(Xo(ig1) H

. =1 j=min{o~1(5(i)),c ' ((i+1))}

= Z [{i : j € min{o™(5(i)), 07} (6(i + 1))}, max{o™"(5()), 0~ (G (i + 1)) }]}] -
o)} = oK)
(60)
However, if j € [min{a‘l(&(i)),a L(5(i+1))}, max{o~ 1(&( ), 0 (5 (i+1))}], then o1 (o (5))
is between min{c~!(5(i)),oc " 1(5(i+1))} and max{a Y&(@i)),07 (5 (H—l))} o 1(53i)) =i,
and 67 1(5(i)) = i + 1. Therefore, either 5(i) € K, ;) or 6(i + 1) € Ky(;). Hence,

Zm{g s0)} = Ale(Xsa)} < Zlm ) 1F{9(Xag)} — FiL9(Xoie0)}
=1

< (1+k) Z|f1 Xo0))) — f1(9(Xo(i41)));
= Op (K,n—i-l)

where the last inequality follows from Assumption 5. The proof for fy proceeds with the
same argument.
|

Lemma 24 For any i€ {1,...,n} let
= [e{l,...on}+ and  g(X3) < 9(X5) < 9(Xnp) or 9(Xna) < 9(X5) < (X}
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Then, for some constant Cy > 0,

max & < Cymax{logn,nd},

i=1,...,n

with probability approaching one.

Proof This follows as the proof of Lemma 17. |

Lemma 25 With the notation from (56),
E:!ﬁ{g i)} = filg(Xn@) H = Op {max{logn,né} (Fn + 1)},

for1e€{0,1}.

Proof By Lemma 22 and the triangle inequality, we have that, with probability approaching
one,

min{n,i+C2 max{logn,nd}}

n—1
Zm{g = leXna) < > > 1fi{9(X50))} — Fila(Xsen)
=1

=1 j=max{1,i;—C2 max{logn,nd}}

IA

CZmaX{lOgnan5}Z|fl{g( ]))} fl{g( G(j+1) )}|

J=1

and the claim follows as in Lemma 23. [ |

Appendix F. Details for comparisons with Wager and Athey (2018), and
Athey et al. (2019)

Scenario 1. This is the first model considered in Wager and Athey (2018) (see Equation 27
there). The data satisfies

= (1-Z)Yi(0) + Z;Yi(1),
Binom(1, e(X;)),
0) ~ N(2X/e1—1,1),

SNX
i

Yi(l) ~ N(2X e —1,1),
e(z) = 1(1+ Boa(z)), Va €[0,1]4,
X, oy, vi{l,... nl,

where e; = (1,0,...,1)", and 2,4 is 3-density with shape parameters 2 and 4. Notice that
in this case 7" = 0 for all ¢ € {1,...,n}.
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Scenario 2. Our second scenario also comes from Wager and Athey (2018) (see Equation
28 there).
Yi = m(X;) + (Z; — e(Xy))7(Xi) + €,
Z; ~ Binom(1,e(Xj;)),
m

(x) = e(@)7(2), Yo € [0,1]%,
e(z) = 0.5, Yre|0,1]9
T(z) = s(z1)s(2), Y €[0,1)%
§(U) = 1+m, Yu € [O, 1],

X, ™ ouo,19, vi{1,...,n}
Hence, once again 7;* =0 for all i € {1,...,n}.
Scenario 3. Here we generate the measurements as
Vi = (- Z)Yi0) + Zivi(1),

Z; ~ Binom(1, e(Xj;)),
Yi(l) ~ N(/f ( (X4)),1), VI e{0,1},
e(z) = ®BTz), Vrel0,1]9
fls) = &, Vse[o1]

(s) = 52 4 106y, Vs €[0,1],
X; XN U019, Vie{l,...,n},

where 3 € RP is defined by §; =1 for j € {1,...,|p/2]}, and ; = —1 otherwise. Further-
more, & denotes the cumulative distribution function of the standard normal distribution.
Clearly, in this case 7" = 1¢.(x,)>0.6) for alli € {1,...,n}.

Scenario 4. This is the model described in (10).

Appendix G. Details of comparisons with Abadie et al. (2018)

G.1 National JTPA Study

We follow the experimental setting in Abadie et al. (2018). Specifically, let the JTPA mea-
surements be {(2%%, 29%% y2%%)}2530 where y?* € R corresponds to the outcome (earnings),
2% € RY to the covar1ates and 2% € {0,1} to the treatment indicator. Then, to generate

simulated outcomes, construct a parameter 6 as in Abadie et al. (2018):

Nobs (yObS)A 1 2
§ = argmin Z i 1{ obs — ), yobs > O},

BERT T4 A

where A = 0.3667272.
Furthermore, the variance of the errors is computed as:

1 Nobs (yobs) -1 2
0_2 — Z i - x?bSTG 1 {ZObS =0,y obs > O} )

Nops — d — 1 4 A
=1

A third parameter of interest is:

Tobs e;BTIQbS 1{y bs>0} eﬁTx‘?bS 1_1{y7€7bs>0}
V%szﬁﬁﬂwg<;mo <“mw>

Berd T 1+e 1+e

49



MADRID PaDILLA, CHEN, MADRID PADILLA, AND RuUIZ

the result of fitting a logistic regression model to predict whether a unit in the experiment’s
control group will have positive earnings.
Next, simulation data is generated as:

Vi = (max{0,1+A(X]0+e)} x1{U; >0})"*,
U; %' Bernoulli ().
X; o p (X = x;?bs; {:c?bs}?;"f> = Wlbs’ Jge{l, ..., nopst, (Empirical Distribution)

€ Z'Z\‘d N (O, O'2> .

Here, the treatment effect is zero. Furthermore, the treatment indicators for the simulations
are such that Y, Z; = 1681 for the training set, and P (Z; = 1) = $35L for the test set.

G.2 Project STAR

With the observations {(22°%, 29%%, y9%$)}13764 for this study, where y¢** € R is the outcome
variable, :):fbs € R the vector of covariates, and szs € {0, 1} the treatment assignment, we
generate data following Abadie et al. (2018). Thus, measurements arise from the model

Vi = XBo+e
X, nd ( X — w?bs; {ﬂﬁbs}?ibf) — ﬁ, Je{l, ... nops) (Empirical Distribution)
€ nd (0,02) ,
where
Nobs 2
fo = argmin Z (yfbs - :L'fbs—rﬁ) 1 {szs = O} ,
BeER? iy

and the variance for the errors is computed as:
1 MNobs 2
2 ( obs obsT obs __
ot = — Yy —x; ﬁo) l{z' —0}.
Nobs — P — 1 ZZ; ' ‘ ‘
Finally, in this scenario, the treatment indicators for the simulations are such that ), W; =
[n/2].
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Figure 5: Data and estimates for the NSW example described in Section 4.2.1. From left
to right the two panels show a histogram of 7(1)’s (the scores obtained after
matching) and the estimated prognostic scores.
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