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Abstract

In the framework of the FD (frequent directions) algorithm, we first develop two efficient
algorithms for low-rank matrix approximations under the embedding matrices composed
of the product of any SpEmb (sparse embedding) matrix and any standard Gaussian ma-
trix, or any SpEmb matrix and any SRHT (subsampled randomized Hadamard transform)
matrix. The theoretical results are also achieved based on the bounds of singular values
of standard Gaussian matrices and the theoretical results for SpEmb and SRHT matrices.
With a given Tucker-rank, we then obtain several efficient FD-based randomized variants
of T-HOSVD (the truncated high-order singular value decomposition) and ST-HOSVD (se-
quentially T-HOSVD), which are two common algorithms for computing the approximate
Tucker decomposition of any tensor with a given Tucker-rank. We also consider efficient
FD-based randomized algorithms for computing the approximate TT (tensor-train) de-
composition of any tensor with a given TT-rank. Finally, we illustrate the efficiency and
accuracy of these algorithms using synthetic and real-world matrix (and tensor) data.

Keywords: Low-rank approximation, approximate Tucker decomposition, approximate
TT decomposition, T-HOSVD, ST-HOSVD, TT-SVD, randomized algorithms, random
projection, frequent directions, sparse embedding matrices, standard Gaussian matrices,
subsampled randomized Hadamard transform, classification

1. Introduction

Low-rank matrix approximation is an essential tool in many applications, such as machine
learning, signal processing, data compression, principal component analysis, and natural
language processing. The optimal low-rank approximation can be obtained by matrix de-
composition including singular value decomposition (SVD), rank-revealing QR factorization,
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and two-side orthogonal factorization (cf. Golub and Van Loan (2013)). As the dimension
of the matrix increases, these methods become expensive and inefficient. For example, com-
puting the SVD of A ∈ RI1×I2 with I1 < I2 requires Θ(I21I2) operations, which is prohibitive
for larger I1 and I2.

To overcome this issue, several randomized algorithms for the low-rank approximation
have been designed. Comparison with the truncated SVD, randomized algorithms are of-
ten faster and robust. Two common randomization techniques are employed to obtain
the low-rank approximation. Let µ ≤ I1 be the rank parameter. For the random pro-
jection technique (cf. Woolfe et al. (2008); Ailon and Chazelle (2009); Halko et al. (2011);
Tropp (2011); Boutsidis and Gittens (2013); Meng and Mahoney (2013); Nelson and Nguyên
(2013); Musco and Musco (2015)), a matrix B ∈ RI1×(µ+K) is obtained by using a random
projection matrix to project A, where K > 0 is any oversampling parameter. For the
random sampling technique (cf. Deshpande et al. (2006); Drineas et al. (2006); Wang and
Zhang (2013); Holodnak and Ipsen (2015)), we form a matrix B by choosing a set of columns
from A. Then, the rank-µ approximation Ãµ to A is the best rank-µ approximation to the

projection A on the column range of B. One of the algorithms for computing Ãµ can be
found in (Boutsidis et al. (2014)).

With the exception of randomized algorithms, another proposed algorithm for the low-
rank approximation is the FD algorithm (cf. Ghashami and Phillips (2014); Liberty (2013)),
which is motivated by the idea of frequent items in item frequency approximation problem
(cf. Misra and Gries (1982)). It is worthy noting that it needs Θ(I1I2L) operations to
obtain B ∈ RI1×L by applying the FD algorithm to A. Meanwhile, an exact full SVD is
implemented in each iteration of the FD algorithm. Furthermore, several new variants for
the FD algorithm are proposed in (Desai et al. (2016)), which maintain error guarantees
and significantly improve performance.

1.1 Related works and main contributions

Comparison to the FD algorithm, to maintain high accuracy and achieve low computational
cost, several randomized variants of the FD algorithm are proposed based on different
randomization techniques. Let L, q, I1 and I2 be positive integers with L < I1 and I2/q >
L being any integer, each randomized variant of the FD algorithm can be divided into
three stages: (a) dividing all the columns into q parts, that is, A = [A1,A2, . . . ,Aq] with
Ai = A(:, (i − 1)I2/q + 1, iI2/q) ∈ RI1×(I2/q); (b) for each i = 1, 2, . . . , q, multiplying
Ai by any random projection and/or sampling matrix Ωi ∈ RI2/q×L to obtain a matrix
Ci ∈ RI1×L as Ci = AiΩi; and (c) applying the FD algorithm to C = [C1,C2, . . . ,Cq] to
obtain B ∈ RI1×L.

Based on the choice of each Ωi, there exist several types for randomized variants of the
FD algorithm, such as the sparse FD (SFD) algorithm (cf. (Ghashami et al., 2016a, Algo-
rithm 2)), the Faster FD (FFD) algorithm (cf. (Chen et al., 2017, Algorithm 3)), the sparse
subspace embedding FD (SpFD) algorithm (cf. (Teng and Chu, 2018, Algorithm 3)), and
the block Krylov iteration FD (BKIFD) algorithm (cf. (Wang et al., 2023, Algorithm 4)).
Note that in the SFD algorithm, random block power method techniques (cf. Halko et al.
(2011)) are used to obtain each matrix Ωi. Hence, both the SFD and BKIFD algorithms
are suitable for the case that for each i, the singular values of Ai decay slowly. Meanwhile,
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the SpFD algorithm can also be improved by combining the random block power method
technique, whose accuracy is illustrated via several examples in Section 5.

Due to useful properties of standard Gaussian matrices, Gaussian projection is a common
random projection technique for the dense matrix case. Standard Gaussian matrices are
often used in theoretical analysis due to the availability of excellent probability theory and
concentration of measure arguments. Hence, when setting eachΩi as any standard Gaussian
matrix, our first goal is to derive an efficient FD algorithm for finding a much smaller
matrix B ∈ RI1×L from a dense matrix A ∈ RI1×I2 . It is worthy noting that our algorithm
is different from the SpFD algorithm because each Ωi in the later is any SpEmb matrix. In
Section 3, we consider details for the SFD, FFD and BKIFD algorithms and the difference
among our algorithm and these algorithms. Their theoretical analysis is based on the work
in (Ghashami et al. (2016a); Liberty (2013)), the bound for singular values of standard
Gaussian matrices and the spectral error of approximate matrix multiplication (cf. Cohen
et al. (2016)).

By using the random embedding matrix obtained by multiplying a SpEmb matrix and
a SRHT matrix with appropriate dimensions, a sparse randomized SVD algorithm for low-
rank matrix approximation is presented in (Clarkson and Woodruff (2017)). By using
a SpEmb matrix combined with FFT-based random projections, Aizenbud et al. (2016)
presented a fast randomized algorithm for approximating a low-rank LU decomposition.
Numerical examples illustrate that this algorithm is faster than the sparse randomized SVD
algorithm and SRHT-based Randomized LU (see Shabat et al. (2018)). A sub-Gaussian-
based Randomized SVD algorithm is proposed by Aizenbud and Averbuch (2019), which
utilizes the product of a standard Gaussian matrix and a sub-Gaussian matrix to project
the original matrix. Although the proven error bound is not as tight as the state-of-the-art
bound, experiments show that the proposed algorithm is faster in practice, while getting the
same error rates as the sparse randomized SVD algorithm and FFT-based randomized SVD
(see Woolfe et al. (2008)). Hence, our second goal is to use two mixed random projection
techniques on each data batch and to perform the FD algorithm on the smaller matrix. The
first one is SpEmb combined with standard Gaussian matrices and the second one is the
combination of SpEmb and SRHT. When the number of blocks q is equal to 1, Algorithm 2
is the same as the randomized SVD algorithms based on some random projection/sampling
matrices. The standard randomized SVD algorithms are suitable for the case in which the
singular values of any matrix decay fast. When the singular values of the matrix slowly
decay, these randomized SVD algorithms will be modified by combining the strategy of
subspace iterations to achieve a suitable accuracy.

As a higher-order generalization of vectors and matrices, tensors are used in a wide
range of applications in signal processing, data mining, machine learning, latent semantic
indexing, and other fields. Tensor decomposition is important for processing and compress-
ing tensors. Common types of tensor decomposition include CANDECOMP/PARAFAC
(CP) decomposition, Tucker decomposition, Hierarchical Tucker decomposition and TT de-
composition. The interested readers can refer to (Cichocki et al. (2016, 2017); Grasedyck
et al. (2013); Kolda and Bader (2009)) for details. In particular, Tucker decomposition
can be applied in handwritten digit classification (cf. Savas and Eldén (2007)), multilinear
subspace analysis (cf. Vasilescu and Terzopoulos (2002, 2003)), item recommendation (cf.
Symeonidis (2015)) and low Tucker-rank tensor completion and/or recovery (cf. Kressner
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et al. (2014a); Rauhut et al. (2017)). One of the advantages for TT decomposition is that
its storage cost increases linearly with the order of tensors. The approximate TT decom-
position can be used in many practical applications, such as the system of linear equations
(cf. Oseledets and Dolgov (2012)), eigenvalue and singular value problems (cf. Dolgov et al.
(2014); Kressner et al. (2014b)), tensor completion (cf. Kressner et al. (2014a)), supervised
tensor learning (cf. Chen et al. (2022); Kour et al. (2023)). In this paper, we focus on the
approximation of Tucker decomposition with a given Tucker-rank and TT decomposition
with a given TT-rank.

For a given Tucker-rank (its definition is given in Section 4), several common algorithms
for Tucker decomposition are the alternating least squares (ALS) method (Tucker-ALS,
see De Lathauwer et al. (2000b)), the truncated higher-order singular value decomposition
(T-HOSVD, see (De Lathauwer et al. (2000b); Kolda and Bader (2009))) and the sequen-
tially T-HOSVD (ST-HOSVD, see (Vannieuwenhoven et al. (2012))). The ALS method,
called the higher-order orthogonal iteration (HOOI), updates one of the factor matrices
along with the core tensor at a time, and is bottlenecked by the operation called the ten-
sor times matrix-chain (TTMc). Several randomized variants for the ALS method are
discussed in (Caiafa and Cichocki (2010); Malik and Becker (2018); Ma and Solomonik
(2021); Tsourakakis (2010)). In the framework of T-HOSVD and/or ST-HOSVD, for each
n, the main calculation for T-HOSVD and ST-HOSVD is to compute an exact SVD of the
mode-n unfolding of the corresponding tensor. By using randomized SVD with the random
projection and/or sampling techniques, different randomized variants of T-HOSVD and ST-
HOSVD are presented recently, for example, see (Ahmadi-Asl et al. (2021); Che and Wei
(2019); Che et al. (2020, 2021a, 2025a, 2021b); Minster et al. (2020, 2024); Sun et al. (2020);
Zhou et al. (2014)). TT-SVD (cf. Oseledets and Tyrtyshnikov (2010)) and TT-cross (cf.
Savostyanov and Oseledets (2011)) are two common algorithms for computing the approx-
imate TT decomposition. For a given TT-rank, many scholars focus on the randomized
variants of TT-SVD (see Che et al. (2026); Huber et al. (2017); Li et al. (2022); Shi et al.
(2023)). Several adaptive randomized algorithms for the approximate TT decomposition
are studied in (Alger et al. (2020); Che and Wei (2019); Che et al. (2026)).

So far, there is no literature based on the FD algorithm and its randomized variants for
finding an approximation of Tucker (resp. TT) decomposition with a given Tucker (resp.
TT) rank. Hence, with a given Tucker/TT rank, our third goal is to design efficient FD-
based randomized algorithms for obtaining the approximate Tucker/TT decomposition of
any tensor, based on the randomized variants of the FD algorithm for the low-rank matrix
approximation. Numerical examples illustrate that the proposed algorithms are faster in
practice, while getting the same error rates as the existing algorithms.

1.2 Notations and definitions

We use lower case letters (e.g. x, u, v) for scalars, lower case bold letters (e.g. x,u,v) for
vectors, capital letters (e.g., I, J,K) for positive integers, bold capital letters (e.g. A,B,C)
for matrices, and calligraphic letters (e.g. A,B, C) for tensors. This notation is consistently
used for the lower-order parts of a given structure. For example, the entry with row index
i and column index j in a matrix A, i.e., (A)ij , is represented as aij (also (x)i = xi and
(A)i1i2...iN = ai1i2...iN ). An N -th order real-valued tensor is denoted by A ∈ RI1×I2×···×IN
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such that ai1i2...iN ∈ R with in = 1, 2, . . . , In and n = 1, 2, . . . , N . For specific, A is any
number in R with N = 0, A is any vector in RI1 with N = 1, and A is any matrix in RI1×I2

with N = 2.
The symbols A⊤, ∥A∥F , and ∥A∥2, respectively, denote the transpose, the Frobenius

norm and the spectral norm of A ∈ RI×J . We use IJ to denote the identity matrix in RJ×J .
An orthogonal projection P ∈ RI×I is defined as P2 = P and P⊤ = P. A matrix Q ∈ RI×K

with I > K is orthonormal if Q⊤Q = IK . We use the interpretation of Θ(·) to refer to
the class of functions the growth of which is bounded above and below up to a constant.
The term “for each n” means n = 1, 2, . . . , N , where N > 1 is a given integer. The term
“for a given n” means the integer n satisfies 1 ≤ n ≤ N . For two matrices A ∈ RI1×J1 and
B ∈ RI2×J2 , the Kronecker product A⊗B ∈ RI1I2×J1J2 is given by

A⊗B =


a11B a12B . . . a1J1B
a21B a22B . . . a2J1B
...

...
. . .

...
aI11B aI12B . . . aI1J1B

 .

A standard Gaussian matrix G ∈ RI×L (see Definition 2.1 in Tropp et al. (2017)) is
defined if its entries form an independent family of standard normal variables (i.e., Gaussian
with mean one and variance one). Let I = 2p for some integer p > 0. A SRHT matrix
Ω ∈ RI×L (see Boutsidis and Gittens (2013); Chen et al. (2017)) is a random matrix with
the structure Ω =

√
I/LDHS, where D is an I × I diagonal matrix whose entries are

independent and identically distributed (i.i.d.) random variables drawn from a uniform
distribution on {±1}, H is an I × I Walsh-Hadamard matrix, scaled by 1/

√
I so it is an

orthogonal matrix and S is an I × L matrix that restricts an I-dimensional vectors to L
coordinates, chosen uniformly at random.

Remark 1 In the definition of a SRHT matrix, when we do not restrict that I is a power
of 2 and let the matrix H as a normalized discrete cosine transform matrix, then we call
Ω =

√
I/LDHS as a SRDCT (subsampled randomized discrete cosine transform) matrix.

Finally, we introduce the definition of a sparse subspace embedding (SpEmb) matrix (cf.
Aizenbud et al. (2016); Clarkson and Woodruff (2017); Meng and Mahoney (2013); Nelson
and Nguyên (2013)), that has received much attention due to its efficient time complexity.
Consider the random linear map S = DΦ ∈ RI×L, such that for h : {1, 2, . . . , I} →
{1, 2, . . . , L}, a random map such that for each i ∈ {1, 2, . . . , I}, h(i) = l for l ∈ {1, 2, . . . , L}
with probability 1/L, we have

(a) the matrix Φ ∈ {0, 1}I×L is a binary matrix with nonzero entries Φih(i) = 1 and all
the remaining entries are equal to 0;

(b) the matrix D is an I × I random diagonal matrix where each diagonal entry is inde-
pendently chosen to be either +1 or −1 with equal probability.

By the definition of any SpEmb matrix, for a given matrix A ∈ RJ×I and a SpEmb
matrix S ∈ RI×L, the cost to get AS is Θ(nnz(A)) operations, which is superior to the
costs of Θ(IJL) for standard Gaussian matrices and Θ(IJ log(L)) for SRHT matrices (cf.
Boutsidis and Gittens (2013)), where nnz(A) is the number of nonzero elements in A. Thus
it is well suitable for sparse matrices.
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1.3 Organizations

The rest of the paper is organized as follows. In Section 2, we introduce the general form
and randomized variants of the FD algorithm. In Section 3, we propose our randomized
variants of the FD algorithm based on the mixed random projection techniques and give
their theoretical analysis. In Section 4, two efficient algorithms for approximate Tucker
decomposition are presented by combining the proposed algorithms with T-HOSVD and
ST-HOSVD. We illustrate our algorithms via numerical examples in Section 5 and study
the capabilities of our algorithms for classification tasks in Section 6. We conclude this
paper in Section 7.

2. Frequent directions and the randomized variants

We now review the standard FD algorithm, which extends the idea of frequent items for item
frequency approximation problem to a general matrix. It is worthy noting that the standard
FD algorithm is deterministic, space efficient and produces more accurate estimates given a
fixed sketch size. Suppose that A ∈ RI1×I2 with I1 < I2. For a given parameter L ≤ I1, at
first, the algorithm considers the first 2L columns in A and shrinks its top L left orthogonal
vectors by the same amount to obtain an I1 ×L matrix; then combines them with the next
L columns in A for the next iteration, and repeats the procedure. We summarize the detail
process as in Algorithm 1.

Algorithm 1 Frequent directions (FD) algorithm for low-rank matrix approximation (cf.
Ghashami et al. (2016b); Teng and Chu (2018))

Input: A matrix A ∈ RI1×I2 , the desired rank parameter µ and the sketch size L with
µ < L.
Output: Ũµ ∈ RI1×µ, Σ̃µ ∈ Rµ×µ, Ṽµ ∈ RI2×µ such that A ≈ Ãµ = ŨµΣ̃µṼ

⊤
µ .

1: Let B ∈ RI1×2L be the zero matrix and set B(:, 1 : L) = A(:, 1 : L).
2: Append zero columns to A such that the number of the columns in A is a multiple of

L.
3: for i = 1, 2, . . . , ⌈I2/L⌉ − 1 do
4: Let B(:, L+ 1 : 2L) = A(:, iL+ 1 : (i+ 1)L).
5: Compute the SVD of B as B = UBΣBV

⊤
B with UB ∈ RI1×2L, ΣB ∈ R2L×2L and

VB ∈ R2L×2L.

6: Set δi = σL+1(B)2 and B = UB

√
max(Σ2

B − δiI2L,02L×2L).

7: end for
8: Set B = B(:, 1 : L) and UB = UB(:, 1 : L).
9: Compute the SVD of U⊤

BA as U⊤
BA = U1Σ1V

⊤
1 with U1 ∈ RL×L, Σ1 ∈ RL×L and

V1 ∈ RI2×L.
10: Form Ãµ = ŨµΣ̃µṼ

⊤
µ , where Ũµ = UBU1(:, 1 : µ), Σ̃µ = Σ1(1 : µ, 1 : µ) and

Ṽµ = V1(:, 1 : µ).

Remark 2 Ghashami et al. (2016b) and Liberty (2013) presented the original form for the
FD algorithm, which is different from Algorithm 1. However, this is to maintain a sketch

6



Efficient frequent directions algorithms

B ∈ RI1×L and to acquire a matrix UB whose columns form an orthonormal basis for the
column space of B.

Similar to the work in (Teng and Chu (2018)), we overlook the computational complexity
related to the diagonal matrices ΣB and Σ̃µ. Hence, when A is sparse, the Algorithm 1
needs 24I1I2L+ 2nnz(A)L+ 166I2L

2 + 2I1(I2 + L)µ− (24I2 + 140L)L2 operations, where
nnz(A) is the number of nonzero entries in A; when A is dense, Algorithm 1 requires
26I1I2L + 166I2L

2 + 2I1(I2 + L)µ − (24I2 + 140L)L2 operations. It is worthy noting that
Algorithm 1 is not easily parallelizable because its resulting sketch matrices constitute
mergeable summaries.

There have (⌈I2/L⌉ − 1) iterations in Algorithm 1 and each iteration needs Θ(I1L
2)

running time to compute the SVD of B1. When I2 is extremely large, it is difficult to use
Algorithm 1 for computing the low-rank matrix approximation. To reduce the iterations of
Algorithm 1, there exist several randomized variants for the FD algorithm for the low-rank
approximation of a matrix, and their framework is summarized in Algorithm 2.

Algorithm 2 The framework for the fast FD algorithm

Input: A matrix A ∈ RI1×I2 , the desired rank parameter µ, the sketch size L and the
number of blocks q (assume I2 is a multiple of q) with µ < L.
Output: Ũµ ∈ RI1×µ, Σ̃µ ∈ Rµ×µ, Ṽµ ∈ RI2×µ such that A ≈ Ãµ = ŨµΣ̃µṼ

⊤
µ .

1: Update the matrix A as A = AP, where P ∈ RI2×I2 is a random permutation matrix.
2: Let B ∈ RI1×2L be the zero matrix.
3: Choose a matrix G1 ∈ RI2/q×L and compute B(:, 1 : L) = A(:, 1 : I2/q)G1.
4: for i = 1, 2, . . . , q − 1 do
5: Choose a matrix Gi+1 ∈ RI2/q×L and compute B(:, L + 1 : 2L) = A(:, iI2/q + 1 :

(i+ 1)I2/q)Gi+1.
6: Compute the SVD of B as B = UBΣBV

⊤
B with UB ∈ RI1×2L, ΣB ∈ R2L×2L and

VB ∈ R2L×2L.

7: Set δi = σL+1(B)2 and B = UB

√
max(Σ2

B − δiI2L,02L×2L).

8: end for
9: Set B = B(:, 1 : L) and UB = UB(:, 1 : L).

10: Compute the SVD of U⊤
BA as U⊤

BA = U1Σ1V
⊤
1 with U1 ∈ RL×L, Σ1 ∈ RL×L and

V1 ∈ RI2×L.
11: Form Ãµ = ŨµΣ̃µṼ

⊤
µ , where Ũµ = UBU1(:, 1 : µ), Σ̃µ = Σ1(1 : µ, 1 : µ) and

Ṽµ = V1(:, 1 : µ).

The choice of {G1,G2, . . . ,Gq} in Algorithm 2 leads to the arithmetic costs for sketching

and updates, and the upper bound for ∥A− Ãµ∥F . In general, each Gi can be a standard
Gaussian matrix, a SpEmb matrix (Teng and Chu (2018)), a SRHT matrix (Chen et al.
(2017)) or a SRFT (Subsampled Random Fourier Transform) matrix (Woolfe et al. (2008)).
We also list two sophisticated ways to generate the matrix Gi, given as follows:

(a) As shown in (Ghashami et al. (2016a)), eachGi can be obtained based on the following
three steps:

1. The symbol ⌈x⌉ is the smallest integer that is larger than or equal to any x ∈ R.
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1) to generate a standard Gaussian matrix Ω ∈ RL×I1 ;

2) to compute the matrixY = ΩAi(A
⊤
i Ai)

s, whereAi = A(:, iI2/q+1 : (i+1)I2/q)
and s > 0 is an integer; and

3) to construct the matrix Gi whose columns form an orthogonal basis for the row
space of Y.

(b) From (Wang et al. (2023)), each Gi is computed as:

i) to generate a standard Gaussian matrix or a SpEmb matrix G′ ∈ RL×I1 ;

ii) to compute the matrix Y = [G′Ai;G
′Ai(A

⊤
i Ai); . . . ;G

′Ai(A
⊤
i Ai)

s], where
Ai = A(:, iI2/q + 1 : (i+ 1)I2/q) and s > 0 is an integer;

iii) to orthonormalize the rows of Y to obtain Q ∈ RI2/q×(s+1)L;

iv) to compute the matrix M = Q⊤A⊤
i AiQ ∈ R(s+1)L×(s+1)L;

v) to set PL to the top L singular vectors of M; and

vi) to form Gi = QPL.

We now consider the computational complexity of Algorithm 2 based on several choices
of eachGi. According to (Teng and Chu (2018)), when the matricesGi are SpEmb matrices,
Algorithm 2 needs Θ(I2 + nnz(A)) + 2nnz(A)L+ 6I2L

2 + 2I1(I2 + L)µ+ 24I1(q − 1)L2 +
(160q− 140)L3 operations to calculate the rank-µ approximation of A. When the matrices
Gi are standard Gaussian matrices, Algorithm 2 costs Θ(I2L) + 4I1I2L+ 6I2L

2 + 2I1(I2 +
L)µ+24I1(q−1)L2+(160q−140)L3 operations. For the case of SRHT matrices, Algorithm
2 requires Θ(I1I2 logL) + 2I1I2L+ 6I2L

2 + 2I1(I2 + L)µ+ 24I1(q − 1)L2 + (160q − 140)L3

operations.

Remark 3 To ensure that Steps 6 and 7 in Algorithm 2 are meaningful, we need to assume
that 2L ≤ I1. Let Ãµ be obtained by applying Algorithm 2 to the matrix A with µ, L and q.

For the upper bound of ∥A − Ãµ∥2, the case of all the matrices Gi being SpEmb matrices
is considered in (Teng and Chu (2018)) and the case of all the matrices Gi being SRHT
matrices is studied in (Chen et al. (2017)). We will derive the theoretical result for the case
of all the matrices Gi being standard Gaussian matrices, as shown in Theorem 10.

Remark 4 Note that Algorithm 2 works well for matrices whose singular values exhibit
some decay, but may produce a poor basis when the input matrix has a flat singular spectrum.
To overcome this issue, we can introduce the power scheme into this algorithm. In detail,
we compute B(:, 1 : L) = A1(A

⊤
1 A1)

sG1 and B(:, L + 1 : 2L) = Ai(A
⊤
i Ai)

sGi+1, where
Ai = A(:, iI2/q + 1 : (i+ 1)I2/q) and s > 0 is a given integer.

3. The proposed work

In the framework of the FD algorithm, by combining different random projection strate-
gies, we derive another efficient randomized algorithm for low-rank matrix approximations.
We also consider their computational complexity and theoretical results based on different
combinations.
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3.1 Framework of the algorithm

Suppose that A ∈ RI1×I2 with I1 < I2. Let L and q be positive integers with L ≤ I1 and
I2 being a multiple of q. We list the process of Algorithm 3 as follows,

(1) we update the matrix A as A = AP, where P ∈ RI2×I2 is a random permutation
matrix;

(2) we use the product of a SpEmb matrix and a random matrix to project the matrix
A(:, 1 : I2/q) and then form the first L columns of the matrix B ∈ RI1×2L;

(3) for the first iteration, we use the product of a SpEmb matrix and a random matrix
to project the matrix A(:, I2/q + 1 : 2I2/q), form the last L columns of B of size

I1 × 2L and update the matrix B as B = UB

√
max(Σ2

B − δ1I2L,02L×2L) with ΣB =

diag(σ1(B), . . . , σ2L(B)) and δ1 = σL+1(B);

(4) for the next iteration, the last L columns of B is obtained by applying the product of a
SpEmb matrix and a random matrix to project the matrix A(:, iI2/q+1 : (i+1)I2/q),
and we repeat the above procedure.

In Algorithm 3, the random permutation matrix P ∈ RI2×I2 is generated by the function
“randperm” in MATLAB and constructed via Fisher-Yates-Knuth shuffle: for each ei, i.e.,
the ith column of the identity matrix II2 , with i = 1, 2, . . . , I2, the probability of Pei = ej
is 1/I2 with j = 1, 2, . . . , I2.

Similar to Remark 4, when the input matrix has a flat singular spectrum, we introduce
the power scheme into this algorithm: we compute B(:, 1 : L) = A1(A

⊤
1 A1)

sS1G1 and
B(:, L+1 : 2L) = Ai(A

⊤
i Ai)

sSi+1Gi+1 with i = 1, 2, . . . , q− 1, where Ai = A(:, iI2/q+1 :
(i+ 1)I2/q) and s > 0 is a given integer. We now analyze the computational complexity of
Algorithm 3. When A is dense, for each step in Algorithm 3, we have

(1) to generate all the matrices Si andGi needs q·Θ(I2/q+L′L) = Θ(I2+qL′L) operations;

(2) it costs q ·Θ(I1I2/q) + q · 2I1L′L = Θ(I1I2) + 2qI1L
′L operations to compute B(:, 1 :

L) = A1S1G1 and to update B(:, L+ 1 : 2L) = AiSi+1Gi+1 with i = 1, 2, . . . , q − 1;

(3) to form the SVD of B requires (q − 1)(24I1L
2 + 160L3) operations;

(4) it demands 2I1I2L+6I2L
2+20L3+2I1(I2+L)µ operations to obtain the matrix Ãµ.

Then, Algorithm 3 with SpEmb+Gaussian needs

Θ(I2 + qL′L+ I1I2) + 2qI1L
′L+ 2I1I2L

+ 6I2L
2 + 2I1(I2 + L)µ+ 24I1(q − 1)L2 + (160q − 140)L3

operations to obtain a rank-µ approximation Ãµ to A.

Remark 5 When A is sparse, it costs Θ(nnz(A))+2qI1L
′L operations to compute B(:, 1 :

L) = A(:, 1 : I2/q)S1G1 and B(:, L+1 : 2L) = A(:, iI2/q+1 : (i+1)I2/q)Si+1Gi+1 with i =

9
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Algorithm 3 Another efficient FD algorithm with the mixed strategy

Input: A matrix A ∈ RI1×I2 , the desired rank µ, two positive integers L and L′ with
L′ > L, and the number of blocks q (assume I2 is a multiple of q).
Output: Ũµ ∈ RI1×µ, Σ̃µ ∈ Rµ×µ, Ṽµ ∈ RI2×µ such that A ≈ Ãµ = ŨµΣ̃µṼ

⊤
µ .

1: Update the matrix A as A = AP, where P ∈ RI2×I2 is a random permutation matrix.
2: Let B ∈ RI1×2L be the zero matrix.
3: Choose a SpEmb matrix S1 ∈ RI2/q×L′

and a standard Gaussian matrix G1 ∈ RL′×L.
4: Compute B(:, 1 : L) = A(:, 1 : I2/q)S1G1.
5: for i = 1, 2, . . . , q − 1 do
6: Choose a SpEmb matrix Si+1 ∈ RI2/q×L′

and a standard Gaussian matrix Gi+1 ∈
RL′×L.

7: Compute B(:, L+ 1 : 2L) = A(:, iI2/q + 1 : (i+ 1)I2/q)Si+1Gi+1.
8: Compute the SVD of B as B = UBΣBV

⊤
B with UB ∈ RI1×2L, ΣB ∈ R2L×2L and

VB ∈ R2L×2L.

9: Set δi = σL+1(B)2 and B = UB

√
max(Σ2

B − δiI2L,02L×2L).

10: end for
11: Set B = B(:, 1 : L) and UB = UB(:, 1 : L).
12: Compute the SVD of U⊤

BA as U⊤
BA = U1Σ1V

⊤
1 with U1 ∈ RL×L, Σ1 ∈ RL×L and

V1 ∈ RI2×L.
13: Form Ãµ = ŨµΣ̃µṼ

⊤
µ , where Ũµ = UBU1(:, 1 : µ), Σ̃µ = Σ1(1 : µ, 1 : µ) and

Ṽµ = V1(:, 1 : µ).

1, 2, . . . , q−1; and it to obtain the matrix Ãµ needs to 2nnz(A)L+6I2L
2+20L3+2I1(I2+L)µ

operations. Then for a sparse matrix A ∈ RI1×I2, Algorithm 3 with SpEmb+Gaussian needs

Θ(I2 + qL′L+ nnz(A)) + 2qI1L
′L+ 2nnz(A)L

+ 6I2L
2 + 2I1(I2 + L)µ+ 24I1(q − 1)L2 + (160q − 140)L3

operations.

3.2 Theoretical analysis

Let A ∈ RI1×I2 and B ∈ RI1×L with L < I1 < I2. For a given positive integer µ <
L, we use πµ

B(A) to denote the projection of A on the top-µ singular vectors of B, i.e.,
πµ
B(A) = UU⊤A, where the columns of U are the top-µ left singular vectors of B. For any

0 < α < 1 and integer 0 ≤ µ ≤ rank(A), if ∥AA⊤ −BB⊤∥2 ≤ α∥A−Aµ∥F , we call B as
an (α, µ)-cov-sketch (Huang (2019)) of A.

Lemma 6 ((Huang, 2019, Lemma 3)) Let A ∈ RI1×I2 and A ∈ RI1×L with L <
min{I1, I2}. For a given positive integer µ < L, the projection error of B with respect to A
is defined as ∥A− πµ

B(A)∥F . Then, one has

∥A− πµ
B(A)∥2F ≤ ∥A−Aµ∥2F + 2µ∥AA⊤ −BB⊤∥2,

where Aµ is the best rank-µ approximation of A.

10
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Let Ãµ and B be obtained from Algorithm 1, 2 or 3. It is clear to see that ∥A−Ãµ∥F =
∥A− πµ

B(A)∥F . Hence, we have

∥A− Ãµ∥2F ≤ ∥A−Aµ∥2F + 2µ∥AA⊤ −BB⊤∥2. (1)

From (1), when we consider the upper bound of ∥A − Ãµ∥2F , we need to give the bounds
for ∥AA⊤ −BB⊤∥2.

Theorem 7 For any ϵ, δ, τ ∈ (0, 1/2), let q, I1, I2, L
′ and L be positive integers such that

L < L′ < I2, I1 < I2 and

qL′ ≥ 12(I21 + I1)

ϵ2δ
, L′ =

⌈
I1 +

3I1
ϵδ

⌉
, L = Ω((τ + log(1/δ))/ϵ2).

Assume that I2 is a multiple of q. For each i = 1, 2, . . . , q, suppose that all the Si are SpEmb
matrices and all the Gi are standard Gaussian matrices. Let P ∈ RI2×I2 be a random
permutation matrix. When the matrix B ∈ RI1×L is obtained by applying Algorithm 3 with
SpEmb+Gaussian to A ∈ RI1×I2, then with probability at least 1− δ− exp(−ϵ2/2), one has

∥AA⊤ −BB⊤∥2 ≤

(
ϵ+ ϵ

(
I2 +

I2
τ

)
+

2I1(
√
L′ +

√
L+ ϵ)2

qL

)
∥A∥2F .

Remark 8 Note that the condition for qL′ in Theorem 7 can be replaced by

qL′ ≥ 12(I ′21 + I ′1)

ϵ2δ
, L′ =

⌈
I ′1 +

3I ′1
ϵδ

⌉
,

where I ′1 ≤ I1 is the rank of the matrix A.

When Ãµ be obtained by applying Algorithm 3 with SpEmb+Gaussian, the upper

bound for ∥A− Ãµ∥2F is obtained by combining (1) and Theorem 7, which is summarized
in the following corollary.

Corollary 9 Let all assumptions be the same as Theorem 7. For any positive integer µ < L,
let Ãµ be obtained by applying Algorithm 3 with SpEmb+Gaussian to A ∈ RI1×I2, then with
probability at least 1− δ − exp(−ϵ2/2), we have

∥A− Ãµ∥2F ≤ ∥A−Aµ∥2F + 2µ

(
ϵ

(
1 + I2 +

I2
τ

)
+

2I1(
√
L′ +

√
L+ ϵ)2

qL

)
∥A∥2F .

Finally, we derive the upper bound for ∥A− Ãµ∥2F , where Ãµ is obtained by applying
Algorithm 2 with standard Gaussian matrices.

Theorem 10 Suppose that ϵ, δ, τ ∈ (0, 1/2). Let I1, I2, L, µ and q satisfy that µ <
L < min{I1, I2/q} and L = Ω((τ + log(1/δ))/ϵ2), where I2 is a multiple of q. Let Ãµ be
obtained by applying Algorithm 2 with Gaussian to A ∈ RI1×I2, then with probability at
least 1− δ − exp(−ϵ2/2), one has

∥A− Ãµ∥2F ≤ ∥A−Aµ∥2F + 2µ

(
ϵ

(
1 +

1

τ

)
+

2(
√
L′ +

√
L+ ϵ)2

L

)
∥A∥2F .

11
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3.3 Revisiting Algorithm 3 based on SRHT matrices

We now consider Algorithm 3 by replacing each Gi as a SRHT matrix, with is denoted by
Algorithm 3 with SpEmb+SRHT.

Lemma 11 (Ailon and Liberty, 2008, Theorem 2.1) Given x ∈ RI and L < I, one
can construct Ω ∈ RI×L and compute Ω⊤x in Θ(I log(L)) operations.

Suppose that J is a power of two. Let Ω be the J ×L SRHT matrix with J > L. From
Lemma 11, for any A ∈ RI×J , Then AΩ can be computed in Θ(IJ log(L)) operations.

Remark 12 It is worth noting that the SRHT is defined only when the matrix dimension
is a power of two. An alternative option is to use other structured orthonormal random-
ized transforms such as discrete cosine transform (DCT) or the discrete Hartley transform
(DHT) (Rokhlin and Tygert (2008); Woolfe et al. (2008)). The discrete Fourier matrix is the
real analog of the Walsh-Hadamard matrix. When we consider the case of complex-valued
tensors, we use the subsampled random Fourier transform (Rokhlin and Tygert (2008);
Woolfe et al. (2008)) to replace the subsampled random Hadarmard transform.

For clarity, we assume that I2 is a multiplier of q and L′ is a power of two. We now
count the computational complexity of Algorithm 3 with all the matrices Gi being SRHT
matrices, that is, Gi = Ωi. Comparison to standard Gaussian matrices, we list the different
point as follows,

(2’) it costs q ·Θ(I1I2/q+I1L
′ log(L)) = Θ(I1I2+qI1L

′ log(L)) operations to compute B(:
, 1 : L) = A(:, 1 : I2/q)S1Ω1 and B(:, L+1 : 2L) = A(:, iI2/q+1 : (i+1)I2/q)Si+1Ωi+1

with i = 1, 2, . . . , q − 1.

Then, Algorithm 3 with SpEmb+SRHT requires

Θ(I2 + qL′L+ I1I2) + Θ(qI1L
′ log(L)) + 2I1I2L

+ 6I2L
2 + 2I1(I2 + L)µ+ 24I1(q − 1)L2 + (160q − 140)L3

operations to obtain a rank-µ approximation Ãµ to A. Finally, we include the computa-
tional complexity of the FD algorithm and its randomized variants in Table 1 for a clearer
comparison. According to Table 1, the main difference among the FD algorithm and its
randomized variants is the way to form UB.

When Ãµ be obtained by applying Algorithm 3 with SpEmb+SRHT, the upper bound

for ∥A− Ãµ∥2F is given the following theorem.

Theorem 13 For any ϵ, δ ∈ (0, 1/2), let q, I1, I2, L
′ and L be positive integers such that

L < L′ < I2, I1 < I2 and

qL′ ≥ 12(I21 + I1)

ϵ2δ
, L′ =

⌈
I1 +

3I1
ϵδ

⌉
.

Assume that assume that I2 is a multiplier of q, L′ is a power of two with L ≤ min{I1, L′}
and L′ < I2/q, and 0 < β < 1 satisfies 0 < I2β/q < 1. For each i = 1, 2, . . . , q, suppose
that all the Si are SpEmb matrices and all the Gi are SRHT matrices.
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For any positive integer µ < L, let Ãµ be obtained by applying Algorithm 3 with
SpEmb+SRHT to A ∈ RI1×I2, then with probability at least

1− δ − I2
q
β −

(
2
I2
L′ + 1

)
δ − 2I1

exp(min{L′, I1})
,

we have

∥A− Ãµ∥2F ≤ ∥A−Aµ∥2F + 2µ

(
ϵ+ Õ

(
1

L
+ Γ

(
L,

I2
L′ ,min{I1, L′}

))
I2
q

)
∥A∥2F ,

where

Γ

(
L,

I2
L′ ,min{I1, L′}

)
=

√
min{I1, L′}
L(I2/L′)2

+

√
1 +

√
min{I2/L′}/L
I1/L′ ,

and Õ(·) hides logarithmic factors on β, δ, min{I1, L′}, I2 and L′.

4. Applications to approximate tensor decomposition

In this section, we first introduce the definitions of Tucker decomposition and TT decom-
position. We then present well-known algorithms for these two decompositions: T-HOSVD
and ST-HOSVD for Tucker decomposition and TT-SVD for TT decomposition. We finally
deduce the FD-based randomized variants of T-HOSVD, ST-HOSVD and TT-SVD.

4.1 Tucker decomposition with two common algorithms: T-HOSVD and
ST-HOSVD

For a given n, the mode-n product of A ∈ RI1×I2×···×IN by B ∈ RJn×In (cf. Kolda and
Bader (2009)), denoted by A ×n B, is a tensor C ∈ RI1×···×In−1×Jn×In+1×···×IN , where its
entries are given by

ci1...in−1jin+1...im =

In∑
in=1

ai1...in−1inin+1...iN bjin .

For two tensors A,B ∈ RI1×I2×···×IN , the Frobenius norm of a tensor A is given by
∥A∥F =

√
⟨A,A⟩ and the scalar product ⟨A,B⟩ is defined as

⟨A,B⟩ =
I1,I2,...,IN∑

i1,i2,...,iN=1

ai1i2...iN bi1i2...iN .

As shown in (Kolda and Bader (2009)), the mode-n unfolding matrix ofA ∈ RI1×I2×···×IN ,
denoted by A(n), arranges the mode-n fibers into the columns of a matrix. More specifically,
a tensor element (i1, i2, . . . , iN ) maps on a matrix element (in, j), where

j =i1 + (i2 − 1)I1 + · · ·+ (in−1 − 1)I1 . . . In−2 + (in+1 − 1)I1 . . . In−1

+ · · ·+ (iN − 1)I1 . . . In−1In+1 . . . IN−1.
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For given N positive integers µn < In, the Tucker decomposition (Tucker (1966)) of
A ∈ RI1×I2×···×IN is given by

A ≈ G ×1 Q1 ×2 Q2 · · · ×N QN , (2)

where Qn ∈ RIn×µn are the factor matrices and G ∈ Rµ1×µ2×···×µN is the core tensor. By
using the mode-n unfolding of a tensor, we have

A(n) ≈ QnG(n)(QN ⊗ · · · ⊗Qn+1 ⊗Qn−1 ⊗ · · · ⊗Q1)
⊤.

Specifically, if the columns of Qn are extracted from those of A(n), (2) is called the CUR-
type decomposition of A (cf. Caiafa and Cichocki (2010); Drineas and Mahoney (2007);
Oseledets et al. (2008); Saibaba (2016)); if the entries of A, G and Un are nonnegative, (2)
is called the nonnegative Tucker decomposition (cf. Zhang et al. (2016); Zhou et al. (2012,
2015)). The Tucker-rank of A is given by

{rank(A(1)), rank(A(2)), . . . , rank(A(N))},

where rank(A(n)) is the rank of A(n) with n = 1, 2, . . . , N .
When all the factor matrices are orthonormal, a classical algorithm for computing the

Tucker decomposition is better known as the higher-order singular value decomposition
(HOSVD) (De Lathauwer et al. (2000a)). When µn < rank(A(n)) for some n, the decompo-
sition is called the truncated HOSVD (T-HOSVD). The T-HOSVD is not optimal in terms
of giving the best fit as measured by the norm of the difference, but it is a good starting
point for the high-order orthogonal iteration (HOOI) (De Lathauwer et al. (2000b)) that is
also used for computing the Tucker decomposition with orthonormal factor matrices.

Let G and Qn be obtained from T-HSOVD and Â = G ×1 Q1 ×2 Q2 · · · ×N QN . Then
the upper bound of ∥A − Â∥F is given in the following theorem.

Theorem 14 (Vannieuwenhoven et al., 2012, Theorem 5.1) For a given tensor A ∈
RI1×I2×···×IN and N positive integers µn with µn < In, let G and Qn be obtained from
T-HOSVD with a Tucker-rank {µ1, µ2, . . . , µN}, then we have

∥A − Â∥2F ≤
N∑

n=1

∥A(n) −A(n),µn
∥2F ,

with Â = G ×1 Q1 · · · ×N QN , where A(n),µn
is the best rank-µn approximation of A(n).

Vannieuwenhoven et al. (2012) presented an alternative strategy to truncate the HOSVD,
that is called the sequentially truncated higher-order singular value decomposition (ST-
HOSVD). In contrast to T-HOSVD that processes the modes independently, the ST-HOSVD
processes the modes sequentially with a given processing order.

Let G and Qn be obtained from ST-HOSVD with p = {1, 2, . . . , N}. Then the upper
bound of ∥A − G ×1 Q1 ×2 Q2 · · · ×N QN∥F is given in the following theorem.

Theorem 15 (Vannieuwenhoven et al., 2012, Theorem 6.5) For a given tensor A ∈
RI1×I2×···×IN and N positive integers µn with µn < In, let G and Qn be obtained from
ST-HOSVD with a Tucker-rank {µ1, µ2, . . . , µN} and p = {1, 2, . . . , N}, then we have

∥A − Â∥2F ≤
N∑

n=1

∥A(n) −A(n),µn
∥2F ,
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with Â = G ×1 Q1 · · · ×N QN .

Remark 16 As shown in Theorems 14 and 15, when In ≤ I1 . . . In−1In+1 . . . IN , the term
∥A(n) −A(n),µn

∥2F is the same as

∥A(n) −A(n),µn
∥2F =

In∑
i=µn+1

σi(A(n))
2,

where σi(A(n)) is the ith singular value of A(n).

As shown in (Vannieuwenhoven et al. (2012)), the computational complexity of T-
HOVSD and ST-HOSVD are, respectively, given by

Θ

 N∑
n=1

µn

N∏
j=1

Ij

+ 2 ·
N∑

n=1

n∏
i=1

µi

N∏
j=n

Ij ;

Θ

 N∑
n=1

n∏
i=1

µi

N∏
j=n

Ij

+ 2 ·
N∑

n=1

n∏
i=1

µi

N∏
j=n+1

Ij .

In particular, when In = I and µn = µ with n = 1, 2, . . . , N , then T-HOVSD (respectively
ST-HOSVD) requires

Θ
(
NINµ

)
+ 2 ·

N∑
n=1

µnIN−n+1 and Θ

(
N∑

n=1

µnIN−n+1

)
+ 2 ·

N∑
n=1

µnIN−n+1

operations to obtain Â.

4.2 TT decomposition with the TT-SVD algorithm

The mode-(n,m) product (cf. Oseledets (2011)) (called tensor-tensor product) of two tensors
A ∈ RI1×I2×···×IN and B ∈ RJ1×J2×···×JM with common modes In = Jm that produces an
order (M +N − 2) tensor C ∈ RI1×···×In−1×In+1×···×IN×J1×···×Jm−1×Jm+1×···×JM :

C = A×m
n B,

where its entries are given by

ci1...in−1in+1...iN j1...jm−1im+1...jN =

In∑
in=1

ai1...in−1inin+1...iN bj1...jm−1injm+1......jM .

The (i, j)-element of another unfolding matrix A([n]) of A ∈ RI1×I2×···×IN is defined as
A([n])(i, j) = ai1i2...iN , where

i = i1 + (i2 − 1)I1 + · · ·+ (in − 1)I1 . . . In−1,

j = in+1 + (in+2 − 1)In+1 + · · ·+ (iN − 1)In+1 . . . IN−1.
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The TT-rank of A is defined as {rank(A([1])), rank(A([2])), . . . , rank(A([N−1]))}, where
rank(A([n])) is the rank of A([n]) with n = 1, 2, . . . , N − 1. For given (N − 1) positive
integers µn ≤ min{I1 . . . In, In+1 . . . IN} with n = 1, 2, . . . , N − 1, the TT decomposition of
A ∈ RI1×I2×···×IN is described in the scalar form as

ai1i2...iN ≈
µ1∑

j1=1

µ2∑
j2=1

· · ·
µN−1∑

jN−1=1

q
(1)
i1,j1

q
(2)
j1,i2,j2

. . . q
(N)
jN−1,iN

,

or equivalently by using slice representations:

ai1i2...iN ≈ Q(1)(i1)Q
(2)(i2) . . .Q

(N)(iN ),

where slice matrices are defined as

Q(n)(in) = Q(n)(:, in, :) ∈ Rµn−1×µn ,

i.e., Q(n)(in) is an inth lateral slice of the core Q(n) ∈ Rµn−1×In×µn for n = 1, 2, . . . , N with
τ0 = τN = 1. By the tensor-tensor product, one has

A ≈ Q(1) ×1
3 Q(2) ×1

3 · · · ×1
3 Q(N).

Using TT-SVD with a given TT-rank {µ1, µ2, . . . , µN−1} on a tensor A ∈ RI1×I2×···×IN ,
where µn ≤ min{µn−1In, In+1 . . . IN} and µ0 = 1, we obtain an approximate TT decompo-
sition of A as Ã = Q(1)×1

3Q(2)×1
3 · · ·×1

3Q(N), where Q(n) ∈ Rµn−1×In×µn is left orthogonal
to n = 1, 2, . . . , N − 1. The computational complexity of TT-SVD is given by

Θ

(
N−1∑
n=1

µn−1µnIn . . . IN

)
+ 2 ·

N−1∑
n=1

µn−1µnIn . . . IN

with µ0 = 1. The upper bound of ∥A − Ã∥F is given in the following theorem.

Theorem 17 (Oseledets and Tyrtyshnikov, 2010, Theorem 2.2) For a given tensor
A ∈ RI1×I2×···×IN and (N −1) positive integers µn ≤ min{µn−1In, In+1 . . . IN} with µ0 = 1,
let Q(n) ∈ Rµn−1×In×µn be obtain from TT-SVD with a TT-rank {µ1, µ2, . . . , µN−1}, then
one has

∥A − Ã∥2F ≤
N−1∑
n=1

∥A([n]) −A([n]),µn
∥2F

with Ã = Q(1) ×1
3 Q(2) ×1

3 · · · ×1
3 Q(N), where A([n]),µn

is the best rank-µn approximation of
the matrix A([n]).

4.3 The FD-based randomized variant for T-HOSVD

As shown in (De Lathauwer et al. (2000b); Kolda and Bader (2009)), for a desired Tucker-
rank {µ1, µ2, . . . , µN}, all the factor matrices {Q1,Q2, . . . ,QN} for Tucker decomposition
of A ∈ RI1×I2×···×IN can be obtained by the following problem.

17



Che, Wei and Yan

Problem 1 Suppose that A ∈ RI1×I2×···×IN . For given N positive integers µn < In with
n = 1, 2, . . . , N , the objective is to find N orthonormal matrices Qn ∈ RIn×µn such that

{Q1, . . . ,QN} = argmin
V1,...,VN

∥∥∥A−A×1 (V1V
⊤
1 ) · · · ×N (VNV⊤

N )
∥∥∥2
F
,

where all the matrices Vn ∈ RIn×µn are orthonormal.

After obtaining all the matrices {Q1,Q2, . . . ,QN}, we can compute the core tensor
G ∈ Rµ1×µ2×···×µN as G = A×1 Q

⊤
1 ×2 Q

⊤
2 · · · ×N Q⊤

N . For a solution {Q1,Q2, . . . ,QN} for
Problem 1, we have (cf. Che and Wei (2019); Vannieuwenhoven et al. (2012))

A−A×1 (Q1Q
⊤
1 )×2 (Q2Q

⊤
2 ) · · · ×N (QNQ⊤

N )

= A×1 (II1 −Q1Q
⊤
1 ) +A×1 (Q1Q

⊤
1 )×2 (II2 −Q2Q

⊤
2 )

+ · · ·+A×1 (Q1Q
⊤
1 ) · · · ×N−1 (QN−1Q

⊤
N−1)×N (IIN −QNQ⊤

N ).

(3)

From (3), by using the triangular inequality and the fact that ∥QnQ
⊤
n ∥2 ≤ 1 with n =

1, 2, . . . , N − 1, we have

∥A −A×1 (Q1Q
⊤
1 ) · · · ×N (QNQ⊤

N )∥2F ≤
N∑

n=1

∥A ×1 (IIn −QnQ
⊤
n )∥2F . (4)

Hence in order to finding an approximate solution {Q1,Q2, . . . ,QN} to Problem 1, we must
consider the following problem.

Problem 2 For a given positive integer 1 ≤ n ≤ N , let µn be a positive integer with
µn < In. Suppose that A ∈ RI1×I2×···×IN , the objective is to find an orthonormal matrix
Qn ∈ RIn×µn such that

Qn = argmin
Vn

∥A ×n (IIn −VnV
⊤
n )∥2F = argmin

Vn

∥(IIn −VnV
⊤
n )A(n)∥2F ,

where Vn ∈ RIn×µn is orthonormal.

For each n, by applying Algorithm 3 to A(n), we can obtain an orthonormal matrix Qn

such that the column space of Qn is an approximation of that of A(n). The overall process
is summarized in Algorithm 4. For clarity, we assume that for each n, I1 . . . In−1In+1 . . . IN
is a multiple of qn. For the case of Algorithm 3 with SpEmb+Gaussian, the computational
complexity of Algorithm 4 is given as

N∑
n=1

(
Θ(I1 . . . In−1In+1 . . . IN + qnL

′
nLn + I1I2 . . . IN ) + 2qnInL

′
nLn + 2I1I2 . . . INLn

)
+

N∑
n=1

(
6I1 . . . In−1In+1 . . . INL2

n + 2In(In−1In+1 . . . IN + Ln)µn

)
+

N∑
n=1

(
24In(qn − 1)L2

n + (160qn − 140)L3
n + 2µ1 . . . µnIn . . . IN

)
,
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Algorithm 4 Randomized T-HOSVD with Algorithm 3

Input: A tensor A ∈ RI1×I2×···×IN , the desired Tucker-rank {µ1, µ2, . . . , µN}, two
tuples of sketch sizes {L′

1, L
′
2, . . . , L

′
N} and {L1, L2, . . . , LN} with L′

n > Ln, and the
tuple of numbers of blocks {q1, q2, . . . , qN}.
Output: N orthonormal matrices Qn and a core tensor G such that A ≈ Â = G ×1

Q1 ×2 Q2 · · · ×N QN .
1: Set a temporary tensor C = A.
2: for n = 1, 2, . . . , N do
3: Form the mode-n unfolding A(n) of A.
4: Obtain Qn by applying Algorithm 3 to A(n) with µn, L

′
n, Ln and qn.

5: Update C = C ×n Q⊤
n .

6: end for
7: Write the core tensor G as G = C.

which is simplified as

N∑
n=1

(In + In(Ln + µn) + L2
n + 1)Θ(I1 . . . In−1In+1 . . . IN ) + 2µ1I1 . . . IN

under the case that for each n, µn < Ln < L′
n ≪ min{In, I1 . . . In−1In+1 . . . IN}.

Remark 18 For the case of Algorithm 3 with SpEmb+SRHT, the computational complexity
of Algorithm 4 is given as

N∑
n=1

(
Θ(I1 . . . In−1In+1 . . . IN + qnL

′
nLn + I1I2 . . . IN ) + Θ(qnInL

′
n log(Ln)) + 2I1I2 . . . INLn

)
+

N∑
n=1

(
6I1 . . . In−1In+1 . . . INL2

n + 2In(In−1In+1 . . . IN + Ln)µn

)
+

N∑
n=1

(
24In(qn − 1)L2

n + (160qn − 140)L3
n + 2µ1 . . . µnIn . . . IN

)
.

For the case of Algorithm 3 with SpEmb+Gaussian, when Â = G×1Q1×2Q2 · · ·×NQN

is obtained by Algorithm 4, the upper bound for ∥A − Â∥2F is easily obtained by using
Corollary 9 to each part in the right-hand side of (4).

Theorem 19 For each n, let µn, qn, In, L
′
n and Ln be positive integers such that µn <

Ln < L′
n < min{In, (I1 . . . In−1In+1 . . . IN )/qn}, I1 . . . In−1In+1 . . . IN is a multiple of qn

and

qnL
′
n ≥ 12(I2n + In)

ϵ2nδn
, L′

n =

⌈
In +

3In
ϵnδn

⌉
, Ln = Ω((τn + log(1/δn))/ϵ

2
n),

with ϵn, δn, τn ∈ (0, 1/2) and In < I1 . . . In−1In+1 . . . IN . For the case of Algorithm 3 with
SpEmb+Gaussian, when the tensor Â ∈ RI1×I2×···×IN is obtained by applying Algorithm 4
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to A ∈ RI1×I2×···×IN , then with probability at least 1−
∑N

n=1(δn + exp(−ϵ2n/2)), we have

∥A − Â∥2F ≤
N∑

n=1

 In∑
in=µn+1

(σin(A(n)))
2 + Tn∥A∥2F

 ,

where for each n, the coefficient Tn is given by

Tn =2µn

(
ϵn + ϵnI1 . . . In−1In+1 . . . IN

(
1 +

1

τn

))
+

4Inµn(
√
L′
n +

√
Ln + ϵn)

2

qnLn
.

4.4 The FD-based randomized variant for ST-HOSVD

On the other hand, from (3), we can also have∥∥∥A−A×1 (Q1Q
⊤
1 )×2 (Q2Q

⊤
2 ) · · · ×N (QNQ⊤

N )
∥∥∥2
F

≤
∥∥∥A×1 (II1 −Q1Q

⊤
1 )
∥∥∥2
F
+
∥∥∥A×1 Q

⊤
1 ×2 (II2 −Q2Q

⊤
2 )
∥∥∥2
F

+ · · ·+
∥∥∥A×1 Q

⊤
1 · · · ×N−1 Q

⊤
N−1 ×N (IIN −QNQ⊤

N )
∥∥∥2
F
. (5)

Hence, each Qn can be found by solving the following problem.

Problem 3 For a given n, let µn be a positive integer with µn < In and Qi ∈ RIi×µi be
orthonormal with i = 1, 2, . . . , n−1. Suppose that A ∈ RI1×I2×···×IN , the objective is to find
an orthonormal matrix Qn ∈ RIn×µn such that

Qn = argmin
Vn

∥A ×1 Q
⊤
1 · · · ×n−1 Q

⊤
n−1 ×n (IIn −VnV

⊤
n )∥2F

= argmin
Vn

∥(IIn −VnV
⊤
n )C(n)∥2F

with C = A×1 Q
⊤
1 · · · ×n−1 Q

⊤
n−1 ∈ Rµ1×...µn−1×In×···×IN , where the matrix Vn ∈ RIn×µn is

orthonormal.

For a given Tucker-rank {µ1, µ2, . . . , µN}, the basic idea of Algorithm 5 is that for each
n, we compute the factor matrix Qn by using Algorithm 3 to C(n) with given Ln, L

′
n and

qn, and update C as C = C ×n Q⊤
n . Note that the column space of Qn an approximation of

that of C(n). By the relationship between A and C, we have C(n) = A(n)(IIN ⊗ · · · ⊗ IIn ⊗
Qn−1 ⊗ · · · ⊗Q1), which implies that the column space of Qn an approximation of that of
A(n).

For each n, we suppose that
∏n−1

i=1 µi
∏N

j=n Ij is a multiple of qn, and it is worthy noting

that C(n) ∈ RIn×
∏n−1

i=1 µi
∏N

j=n+1 Ij . Then, for each n, the application of Algorithm 3 with
SpEmb+Gaussian to C(n) with µn, L

′
n, Ln and qn requires

Θ(µ1 . . . µn−1In+1 . . . IN + qnL
′
nLn + µ1 . . . µn−1In . . . IN )

+ 2qnInL
′
nLn + 2µ1 . . . µn−1In . . . INLn

+ 6µ1 . . . µn−1In+1 . . . INL2
n + 2In(µ1 . . . µn−1In+1 . . . IN + Ln)µn

+ 24In(qn − 1)L2
n + (160qn − 140)L3

n

20



Efficient frequent directions algorithms

Algorithm 5 Randomized ST-HOSVD with Algorithm 3

Input: A tensor A ∈ RI1×I2×···×IN , the desired Tucker-rank {µ1, µ2, . . . , µN}, two
tuples of sketch sizes {L′

1, L
′
2, . . . , L

′
N} and {L1, L2, . . . , LN} with L′

n > Ln, and the
tuple of numbers of blocks {q1, q2, . . . , qN}.
Output: N orthonormal matrices Qn and a core tensor G such that A ≈ Â = G ×1

Q1 ×2 Q2 · · · ×N QN .
1: Set a temporary tensor C = A.
2: for n = 1, 2, . . . , N do
3: Form the mode-n unfolding C(n) of C.
4: Obtain Qn by applying Algorithm 3 to C(n) with µn, L

′
n, Ln and qn.

5: Update C = C ×n Q⊤
n .

6: end for
7: Write the core tensor G as G = C.

operations to obtain a rank-µn approximation (C̃(n))µn to C(n). For each n, updating
the tensor C needs 2µ1 . . . µnIn . . . IN operations. Hence, if for each n, µn < Ln < L′

n <
min{In, µ1 . . . µn−1In+1 . . . IN}, then Algorithm 5 needs

N∑
n=1

(In + 2In(Ln + µn) + L2
n + 1) ·Θ(µ1 . . . µn−1In+1 . . . IN )

operations to finding an approximate Tucker decomposition Ã toA with a given Tucker-rank
{µ1, µ2, . . . , µN}. The computational complexity of Algorithm 5 is similarly considered for
the case that for each n, each Qn is obtained by applying Algorithm 3 with SpEmb+SRHT
to C(n) with µn, L

′
n, Ln and qn.

It is shown in Algorithm 5 that for each n, we have C = A×1 Q
⊤
1 · · · ×n−1 Q

⊤
n−1. Then

from Lemma 9 in (Che et al. (2025a)), we have

In∑
in=µn+1

(σin(C(n)))
2 ≤

In∑
in=µn+1

(σin(A(n)))
2.

Meanwhile, we also have ∥C∥F ≤ ∥A∥F . Hence, by combining these two facts with Corollary
9 and (3), we deduce the upper bound for ∥A− Â∥2F , when Â = G ×1 Q1 ×2 Q2 · · · ×N QN

is obtained by Algorithm 5.

Theorem 20 For each n, let µn, qn, In, L
′
n and Ln be positive integers such that µn <

Ln < L′
n < min{In, (µ1 . . . µn−1In+1 . . . IN )/qn}, µ1 . . . µn−1In+1 . . . IN is a multiple of qn

and

qnL
′
n ≥ 12(I2n + In)

ϵ2nδn
, L′

n =

⌈
In +

3In
ϵnδn

⌉
, Ln = Ω((τn + log(1/δn))/ϵ

2
n),

with ϵn, δn, τn ∈ (0, 1/2) and In < µ1 . . . µn−1In+1 . . . IN . For the case of Algorithm 3 with
SpEmb+Gaussian, when the tensor Â ∈ RI1×I2×···×IN is obtained by applying Algorithm 5
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to A ∈ RI1×I2×···×IN , then with probability at least 1−
∑N

n=1(δn + exp(−ϵ2n/2)), we have

∥A − Â∥2F ≤
N∑

n=1

 In∑
in=µn+1

(σin(A(n)))
2 + Tn∥A∥2F

 ,

where for each n, the coefficient Tn is given by

Tn =2µn

(
ϵn + ϵnµ1 . . . µn−1In+1 . . . IN

(
1 +

1

τn

))
+

4Inµn(
√
L′
n +

√
Ln + ϵn)

2

qnLn
.

4.5 The FD-based randomized variant for TT-SVD

For m = 1, 2, . . . ,M and n = 1, 2, . . . , N , let M positive integers Jm and N positive integers
In satisfy J1J2 . . . JM = I1I2 . . . IN . If A ∈ RI1×I2×···×IN , then reshape(A, [J1, J2, . . . , JM ])
returns a tensor in RJ1×J2×···×JM by stacking entries according to their multi-index.

Following from (Che and Wei (2019); Che et al. (2026)), the approximate TT decompo-
sition of A ∈ RI1×I2×···×IN with a given TT-rank {µ1, µ2, . . . , µN−1} is summarized in the
following problem.

Problem 4 (see (Che et al., 2026, Problem 3.1)) Let µn < min{µn−1In,
∏N

k=n+1 Ik}
with µ0 = 1 and n = 1, 2, . . . , N − 1. For a tensor A ∈ RI1×I2×···×IN , we want to find N
tensors Qn ∈ Rµn−1×In×µn with µN = 1 to solve the following optimization problem

min
G1,...,GN

∥A − G1 ×1
3 G2 ×1

3 · · · ×1
3 GN∥F ,

where for n = 1, 2, . . . , N − 1, the core tensors Gn satisfy

G⊤
nGn = Iµn , Gn = reshape(Gn, [µn−1In, µn]).

Suppose that {Q1,Q2, . . . ,QN} is a solution of Problem 4. Let Q1 = Q1 and Qn =
reshape(Qn, [µn−1In, µn]) with n = 2, 3, . . . , N − 1. Let A0 = A and define{

A1 = Q1 ×1
1 A0 ∈ Rµ1×I2×···×IN ,

An = Qn ×1,2
1,2 An−1 ∈ Rµn×In+1×···×IN ,

with n = 2, 3, . . . , N − 1. Hence, we have (see (Che et al. (2026)))

∥A −Q1 ×1
2 Q2 ×1

3 · · · ×1
3 QN∥F ≤

N−1∑
n=1

∥An −QnQ
⊤
nAn∥F , (6)

with An = reshape(An−1, [µn−1In, In+1 . . . IN ]). Therefore, an approximate solution for
Problem 4 can be obtained by solving the following problem.

Problem 5 (Che et al., 2026, Problem 3.2) Suppose that A ∈ RI1×I2×···×IN . For a
given TT-rank {µ1, µ2, . . . , µN−1}, an approximate solution for Problem 4 can be obtained
solving the following (N − 1) optimization problems:
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(a) For the case of n = 1, when µ1 ≤ min{I1, I2 . . . IN}, the objective is to find an
orthonormal matrix Q1 ∈ RI1×µ1 such that

Q1 = argminU1
∥A1 −U1U

⊤
1 A1∥F

where U1 ∈ RI1×µ1 is orthonormal.

(b) For the case of n = 2, 3, . . . , N −1, when µn < min{µn−1In, In+1 . . . IN}, the objective
is to find an orthonormal matrix Qn ∈ Rµn−1In×µn such that

Qn = argminUn
∥An −UnU

⊤
nAn∥F ,

where Un ∈ Rµn−1In×µn is orthonormal.

Similar to the process for deducing Algorithms 4 and 5, Algorithm 6 is a FD-based
randomized variant for TT-SVD, which is derived by applying Algorithm 3 for each sub-
problem in Problem 5. We now count the computational complexity of Algorithm 6. For

Algorithm 6 Randomized TT-SVD with Algorithm 3

Input: A ∈ RI1×I2×···×IN , a given TT-rank {µ1, µ2, . . . , µN−1}, two tuples of sketch
sizes {L′

1, L
′
2, . . . , L

′
N−1} and {L1, L2, . . . , LN−1} with L′

n > Ln, and the tuple of num-
bers of blocks {q1, q2, . . . , qN−1}.
Output: An approximation of the TT decomposition of A: Ã = Q1×1

2Q2×1
3 · · ·×1

3QN ,
where Qn ∈ Rµn−1×In×µn with µ0 = µN = 1.

1: Set a temporary matrix A1 = reshape(A, [I1, I2 . . . IN ]).
2: for n = 1, 2, . . . , N − 1 do
3: Obtain Qn by applying Algorithm 3 to An with µn, L

′
n, Ln and qn.

4: Reshape Qn as a tensor Qn ∈ Rµn−1×In×µn .
5: Compute Bn = Q⊤

nAn.
6: if n < N − 1 then
7: Form the matrix An+1 as An+1 = reshape(Bn, [µnIn+1, In+2 . . . IN ]).
8: else
9: Reshape BN−1 as a tensor QN ∈ RµN−1×IN .

10: end if
11: end for

clarity, for each n = 1, 2, . . . , N − 1, let
∏N

j=n Ij be a multiple of qn and

µn < Ln < L′
n < min{µn−1In, (In+1 . . . IN )/qn}.

Then, for each n = 1, 2, . . . , N − 1, the application of Algorithm 3 with SpEmb+Gaussian
to An with µn, L

′
n, Ln and qn requires

Θ(In+1 . . . IN + qnL
′
nLn + µn−1InIn+1 . . . IN )

+ 2qnµn−1InL
′
nLn + 2µn−1InIn+1 . . . INLn

+ 6In+1 . . . INL2
n + 2µn−1In(In+1 . . . IN + Ln)µn

+ 24µn−1In(qn − 1)L2
n + (160qn − 140)L3

n
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operations to obtain a rank-µ approximation (Ãn)µn to An. Meanwhile, for n = 1, forming
A1 and Q1 needs Θ(I1I2 . . . IN + I1µ1) operations, for n = 2, 3, . . . , N − 2, forming An and
Qn requires 2µn−1µnInIn+1 . . . IN + Θ(µn−1µnIn+1 . . . IN + Inµn−1µn) operations, and for
n = N − 1, forming QN amends 2µN−2µN−1IN−1IN operations.

Hence, if for n = 1, 2, . . . , N − 1, when µn < Ln < L′
n < min{µn−1In, In+1 . . . IN}, then

Algorithm 6 needs

N∑
n=1

((Ln + 1)µn−1In + (In + 1)µn−1µn + L2
n + 1) ·Θ(In+1 . . . IN )

operations to finding an approximate TT decomposition Â to A with a given TT-rank
{µ1, µ2, . . . , µN−1}.

It is shown in Algorithm 6 that for each n, we have An ∈ Rµn−1In×In+1...IN . From
(Hochstenbach and Reichel (2010)), one has

In∑
in=µn+1

(σin(An))
2 ≤

In∑
in=µn+1

(σin(A(n)))
2,

and ∥An∥F ≤ ∥A∥F with n = 1, 2, . . . , N − 1. Hence, by combining these two facts with
Corollary 9 and (6), we deduce the upper bound for ∥A − Ã∥2F , when Ã = Q1 ×1

2 Q2 ×1
3

· · · ×1
3 QN is obtained by Algorithm 6.

Theorem 21 For each n, let µn, qn, In, L
′
n and Ln be positive integers such that µn <

Ln < L′
n < min{µn−1In, (In+1 . . . IN )/qn}, In+1 . . . IN is a multiple of qn and

qnL
′
n ≥

12(µ2
n−1I

2
n + µn−1In)

ϵ2nδn
, L′

n =

⌈
µn−1In +

3µn−1In
ϵnδn

⌉
, Ln = Ω((τn+log(1/δn))/ϵ

2
n),

with ϵn, δn, τn ∈ (0, 1/2) and µn−1In < In+1 . . . IN . For the case of Algorithm 3 with
SpEmb+Gaussian, when the tensor Ã ∈ RI1×I2×···×IN is obtained by applying Algorithm 6
to A ∈ RI1×I2×···×IN , then with probability at least 1−

∑N−1
n=1 (δn + exp(−ϵ2n/2)), we have

∥A − Â∥2F ≤
N−1∑
n=1

 In∑
in=µn+1

(σin(A(n)))
2 + Tn∥A∥2F

 ,

where for each n, the coefficient Tn is given by

Tn =2µn

(
ϵn + ϵnIn+1 . . . IN

(
1 +

1

τn

))
+

4µn−1Inµn(
√

L′
n +

√
Ln + ϵn)

2

qnLn
.

Remark 22 In the above descriptions, we have discussed the computational complexity and
theoretical results for Algorithm 4, 5, and 6 under the case that appling Algorithm 3 with
SpEmb+Gaussian to Problems 2, 3 and 5. Similarly, we can also analyze the computational
complexity and theoretical properties for these three algorithms based on Algorithm 3 with
SpEmb+SRHT, which is left to the interested readers.
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5. Numerical examples

In this section, we use the numerical computation software MATLAB R2023b to develop
computer programs and implement the calculations on a desktop computer (Dell Precision
3460) with an Intel Core i7-10700 CPU (2.90GHz) and 64GB RAM (63.5G usable). We set
MATLAB maxNumCompThreads to 1 and use “tic” and “toc” to measure running time
when applying all of the algorithms to the test matrices and tensors. The CPU time is
measured in seconds. We run each algorithm 10 times and take the average result.

For the low-rank approximation, the competing algorithms include

1. FD: see Algorithm 1;

2. SpFD, GaussianFD and DctFD: Algorithm 2 with any matrix Gi being a SpEmb
matrix, a standard Gaussian matrix and a SRDCT matrix, respectively;

3. SFD and GA-BKIFD: two randomized FD algorithm by using standard Gaussian
matrices in the power iteration step (Ghashami et al. (2016a)) and the block Krylov
iteration step (Wang et al. (2023)), respectively;

4. Gaussian-SpFD and Dct-SpFD: Algorithm 3 with any matrix Gi being a SpEmb
matrix and a SRDCT matrix, respectively.

Suppose that I1, I2 and µ are positive integers such that µ < min{I1, I2}. For a given
matrix A ∈ RI1×I2 , the relative error (RE) is defined as

RE = ∥A− Ãµ∥2F /∥A∥F ,

where Ãµ is the rank-µ approximation of A and obtained by the FD algorithm and its
variants.

5.1 Classes of test matrices

We list four test matrices from synthetic and real databases. In detail, following the setting
in (Ghashami et al. (2016b); Liberty (2013); Teng and Chu (2018)), we generate the first
test matrix A ∈ RI1×I2 as A = UDS⊤ +N/ζ, where U ∈ RI1×K is an orthonormal matrix
which contains a random K dimensional subspace in RI1 , D ∈ RK×K is a diagonal matrix
with dii = 1− (i− 1)/K, each entry of S ∈ RI2×K is a standard Gaussian random variable,
and N ∈ RI1×I2 is a noisy matrix with each entry being a standard Gaussian random
variable. Here we set ζ = 10 and K = 50.

The second one is a sparse nonnegative matrix (cf. Sorensen and Embree (2016)) B ∈
RI1×I2 , defined as

B =

200∑
j=1

1000

j
xjy

⊤
j +

400∑
j=201

1

j
xjy

⊤
j

where xj ∈ RI1 and yj ∈ RI2 are sparse vectors with random nonnegative entries (in
MATLAB, xj = sprand(I1, 1, 0.025) and yj = sprand(I2, 1, 0.025)). For these two matrices
from synthetic databases, we also set I1 = 4000 and I2 = 40000.

We consider two real world databases: CIFAR-10 (Krizhevsky et al. (2009)) and MNIST-
all (LeCun et al. (1998)). The CIFAR-10 database consists of 60000 32× 32 colour images
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Figure 1: For µ being from 20 to 400 with step 20, the diagrams show results of applying
GaussianFD (top row), SpFD (middle row) and DctFD (Bottom row) to the matrix A with
different number of blocks q.

in 10 classes, with 6000 images per class, which is collected into a nonnegative matrix of
size 3072 × 60000. The MNIST database contains 60,000 training images and 10,000 test
images of size 28 × 28. Each image has 8-bit gray-scales. This database can be collected
into a nonnegative matrix of size 784× 70000.
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Figure 2: For µ being from 20 to 400 with step 20, the diagrams show results of applying
Gaussian-SpFD (top row) and Dct-SpFD (bottom row) to the matrix A with different
number of blocks q.
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Figure 3: With different rank parameter µ, the diagrams show results of applying SpFD,
GaussianFD, DctFD, Gaussian-SpFD and Dct-SpFD to the matrix A with q = 10 and
q = 20.
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Figure 4: With different rank parameter µ, the diagrams show results of applying the power
scheme versions of SpFD, GaussianFD, DctFD and SFD, and GA-BKIFD to the matrix
A (top row) and the MNIST-all database (bottom row) with different number of subspace
iterations.

5.2 The matrix case

For SpFD, Teng and Chu (2018) employed three different q for comparison: q = 5, q = 10
and q = 50. For Algorithm 2 with all the matrices Gi being SRHT matrices, the values
of q be set to {⌈I2/I1⌉, ⌈I2/(2I1)⌉, ⌈I2/(4I1)⌉, ⌈I2/(8I1)⌉} in (Chen et al. (2017)). For the
FD algorithm and its randomized variants, all experiments are based on fixing the desired
rank parameter µ and varying the sketching size L ≥ µ (cf. Chen et al. (2017); Teng and
Chu (2018); Wang et al. (2023)). As shown in (Aizenbud and Averbuch (2019); Aizenbud
et al. (2016); Halko et al. (2011)), the numerical examples are based on varying the desired
rank parameter µ and setting L = µ + OV, where OV is a oversampling parameter. For
FD, SpFD, GaussianFD, DctFD, SFD, GA-BKIFD, Gaussian-SpFD and Dct-SpFD, we set
L = µ+50, where µ is any desired rank parameter. For Gaussian-SpFD and Dct-SpFD, we
also set L′ = µ+ 200. Note that the choices of L and L′ are consistent with the choices of
k1 and l1 in (Aizenbud et al. (2016)).

Example 1 The main purpose of this example is to discuss a reasonable value for the
number of blocks q in Algorithms 2 and 3. We first illustrate the accuracy of Algorithms
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2 and 3 with different blocks q via the test matrix A. We also compare the efficiency and
accuracy of Algorithms 2 and 3 with two choices of q (that is, q = 10 and q = 20).

By varying the number of blocks q, when applying SpFD, GaussianFD, DctFD, Gaussian-
SpFD and Dct-SpFD to the matrix A with different µ from 20 to 400 with step 20, the
related results are shown in Figures 1 and 2. These two figures illustrate that for SpFD,
GaussianFD, DctFD, Gaussian-SpFD and Dct-SpFD, the case of small q is faster than
the case of large q, but the case of large q is better than the case of large q, and for the
same q, the accuracy of SpFD, GaussianFD, DctFD, Gaussian-SpFD and Dct-SpFD are
comparable.

From Figure 3, on the one hand, for SpFD, GaussianFD, DctFD, Gaussian-SpFD and
Dct-SpFD, the case of q = 10 is faster than the case of q = 20, and on the other hand,
the values of RE for Gaussian-SpFD and Dct-SpFD with q = 10 are similar to that for
SpFD, GaussianFD, DctFD, Gaussian-SpFD and Dct-SpFD with q = 20, are better than
that for SpFD, GaussianFD and DctFD with q = 10. Hence, according to Figures 2 and 3,
for SpFD, GaussianFD and DctFD, we set q = 20, and for Gaussian-SpFD and Dct-SpFD,
we set q = 10.

Example 2 As shown in Remark 4, we can obtain three more efficient algorithms by com-
bining Algorithm 2 and the power scheme. For clarity, we use s to denote the number of
subspace iterations. For SpFD, GaussianFD, DctFD and SFD, we consider two choices of
s (that is, s = 1 and s = 2), and for GA-BKIFD, the number of subspace iterations is set
to s = 2. In this example, we compare the efficiency and accuracy of these algorithms on
the matrix A and the MNIST-all database.

The values of µ for A are the same as that in Example 1. For the MNIST-all database,
the values of µ are set from 15 to 300 with step 15. For The related results are shown
in Figure 4. From this figure, the accuracy of SpFD, GaussianFD, DctFD, SFD and GA-
BKIFD with s > 0 are better than that of SpFD, GaussianFD, DctFD and SFD with s = 0.
Meanwhile, for each algorithm, the running time for the case of large s is larger than that
for the case of small s.

Example 3 In particular, when q = 1, Algorithm 2 is a random projection method for
the low-rank matrix approximation, in which the random projection matrix is any SpEmb
matrix, any standard Gaussian matrix or any SRHT/SRDCT matrix.

We compare the accuracy and efficiency of FD, SpEmb, Gaussian, SRDCT, SpFD,
GaussianFD, DctFD, Gaussian-SpFD and Dct-SpFD via two synthetic matrices and two
real world databases.

For the matrix A and the MNIST-all database, the values of µ are the same as that
in Example 2. For the matrix B, the values of µ are set from 20 to 400 with step 20.
For the CIFAR-10 database, the values of µ are set from 50 to 1000 with step 50. From
Figures 5 and 6, we illustrate that i) SpEmb, Gaussian and SRDCT are faster but worse
than FD, SpFD, GaussianFD, DctFD, Gaussian-SpFD and Dct-SpFD; ii) the accuracy of
Gaussian-SpFD and Dct-SpFD is comparable to and slightly less than that of FD, SpFD,
GaussianFD and DctFD; and iii) in terms of running time, Gaussian-SpFD and Dct-SpFD
are faster than SpFD, GaussianFD and DctFD.
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Figure 5: With different rank parameter µ, the diagrams show results of applying FD,
SpEmb, Gaussian, SRDCT, SpFD, GaussianFD, DctFD, Gaussian-SpFD and Dct-SpFD to
the matrices A (top row) and B (bottom row).

5.3 The Tucker decomposition case

For an approximate Tucker decomposition with a given Tucker-rank, we compare the effi-
ciency and accuracy of Algorithm 5 with several existing algorithms through several test
tensors. The competing algorithms include Tucker-ALS (De Lathauwer et al. (2000b)),
Tucker-TS and Tucker-TTMTS (Malik and Becker (2018)), Sketch-Tucker-ALS (Ma and
Solomonik (2021)), Randomized-Tucker-ALS, RP-HOSVD (Algorithm 2 in Zhou et al.
(2014) or Algorithm 6 in Ahmadi-Asl et al. (2021)), R-PET (Algorithm 4.3 in Sun et al.
(2020) or Algorithm 9 in Ahmadi-Asl et al. (2021)), T-HOSVD (Kolda and Bader (2009)),
ST-HOSVD (Vannieuwenhoven et al. (2012)), randomized T-HOSVD (R-T-HOSVD) (Min-
ster et al. (2020)), randomized ST-HOSVD (R-ST-HOSVD) (Minster et al. (2020)), and
rSTHOSVDkron/rHOSVDkronreuse (Minster et al. (2024)).

Note that RP-HOSVD, R-T-HOSVD, rSTHOSVDkron, rHOSVDkronreuse, Sketch-
Tucker-ALS, and Algorithm 5 are implemented by MATLAB codes, the MATLAB codes for
Tucker-TS/TTMTS can be found in https://github.com/OsmanMalik/tucker-tensorsketch,
HOOI is implemented by the function tucker als (Bader and Kolda (April 5, 2021)), T-
HOSVD and ST-HOSVD are implemented by the function mlsvd (Vervliet et al. (2016))
with different parameters, and R-ST-HOSVD is implemented by the mlsvd rsi (Vervliet
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Figure 6: With different rank parameter µ, the diagrams show results of applying FD,
SpEmb, Gaussian, SRDCT, SpFD, GaussianFD, DctFD, Gaussian-SpFD and Dct-SpFD to
the MNIST-all database (top row) and the CIFAR-10 database (bottom row).

et al. (2016)). We also compare Algorithm 5 with RP-HOSVD, R-PET, rSTHOSVDkron,
rHOSVDkronreuse, R-T-HOSVD and R-ST-HOSVD under subspace iterations. When we
set the number of subspace iterations to (s = 1), then these algorithms are denoted by
RP-HOSVD (s = 1), R-PET (s = 1), rSTHOSVDkron (s = 1), rHOSVDkronreuse (s=1),
R-T-HOSVD (s = 1) and R-ST-HOSVD (s = 1), respectively.

For clarity, in Algorithms 4 and 5, we set Ln = µn+10, L′
n = µn+100 and qn = q with

n = 1, 2, . . . , N . For all algorithms, the factor matrices are orthonormal and for ST-HOSVD
and their randomized variants, the processing order is {1, 2, . . . , N}. We then define the
relative error (RE) as

RE = ∥A − Ã∥F /∥A∥F

with Ã = A ×1 (Q1Q
⊤
1 ) ×2 (Q2Q

⊤
2 ) · · · ×N (QNQ⊤

N ), where for N given positive integers
µn < In, an optimal solution {Q1,Q2, . . . ,QN} for Problem 1 is obtained from by applying
the numerical algorithms to A ∈ RI1×I2×···×IN .

Example 4 Note that in Algorithms 4 and 5, we can also use Algorithm 1 or 2 to obtain
the mode-n factor matrix Qn. For example, we use the term Algorithm 4 with FD to denote
the case of using the FD algorithm to obtain the mode-n factor matrix Qn in Algorithm
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4. We now compare the efficiency and accuracy of these cases via the following two test
tensors.

The first one is a sparse tensor A ∈ R800×800×800 (cf. Ahmadi-Asl et al. (2021); Minster
et al. (2020); Saibaba (2016)), which is given by

A =
200∑
i=1

γ

i
xi ◦ yi ◦ zi +

800∑
i=201

1

i
xi ◦ yi ◦ zi

where xi, yi and zi are sparse vectors in R800 with only 0.05 sparsity. Here we set γ = 1000.
The second tensor B ∈ R800×800×800 is given as A = D ×1 S ×2 U ×3 V +N/ζ, where

each entry of S ∈ R800×200 is a standard Gaussian random variable, D ∈ R200×200×200 is
a diagonal tensor with diii = 1 − (i − 1)/200, two orthonormal matrices U,V ∈ R800×200

contain a random 200 dimensional subspace in R800, and N ∈ R800×800×800 is a noisy tensor
with each entry being a standard Gaussian random variable. Here we set ζ = 10.

For the tensors A and B, we set the Tucker-rank {µ, µ, µ} as {200, 200, 200}. Hence, for
FD, SpFD, GaussianFD and DctFD, we have L = µ+ 10 with Ln = L, and for Gaussian-
SpFD and Dct-SpFD, we have L : Ln = µ+10 and L′ : L′

n = µ+100 with n = 1, 2, 3. With
different number of blocks q, the related results are shown in Table 2.

According to Table 2, we illustrate that the accuracy of Algorithms 4 and 5 with FD,
SpFD, DctFD, GaussianFD, Dct-SpFD and Gaussian-SpFD is comparable, and Algorithm
4 is slower than Algorithm 5. In the rest, we set q = 20 for Algorithm 5 with SpFD, DctFD
and GaussianFD, and q = 10 for Algorithm 5 with Dct-SpFD and Gaussian-SpFD.

Example 5 We now consider the efficiency and accuracy of Algorithm 5 with Tucker-ALS,
T-HOSVD, ST-HOSVD and their randomized variants in image data compression. Three
databases are used in this example.

The extended Yale B database2 (Georghiades et al. (2001)) contains 560 images with
each image containing 480× 640 pixels in the gray-scale range. This data is extracted into
a tensor AYaleB ∈ R480×640×560.

The Columbia object image library COIL-1003 consists of 7200 color images that contain
100 objects under 72 different rotations. Each image has 128× 128 pixels in the RGB color
range. We reshape this data to a third-order tensor ACOIL of size 1024× 1152× 300.

In the Washington DC Mall database4, the sensor system used in this case measured
pixel response in 210 bands in the 0.4 to 2.4 um region of the visible and infrared spectrum.
Bands in the 0.9 and 1.4 um region where the atmosphere is opaque have been omitted from
the data set, leaving 191 bands. The data set contains 1280 scan lines with 307 pixels in
each scan line. This database is collected as a tensor ADCmall of size 1280× 307× 191.

When we compare the proposed algorithms with Tucker-ALS and its randomized vari-
ants, we set the Tucker-rank parameter {µ1, µ2, µ3} for Yale, COIL-100 and Washington DC

2. The extended Yale Face Database B is at http://vision.ucsd.edu/~iskwak/ExtYaleDatabase/

ExtYaleB.html.
3. COIL-100 can be downloaded from https://www.cs.columbia.edu/CAVE/software/softlib/

coil-100.php.
4. The Washington DC Mall database is at https://engineering.purdue.edu/biehl/MultiSpec/

hyperspectral.html.
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as {50, 50, 50}, {30, 30, 15} and {40, 30, 20}, respectively. When we compare the proposed
algorithms with T-HOSVD, ST-HOSVD and their randomized variants, we set the Tucker-
rank parameter {µ1, µ2, µ3} for Yale, COIL-100 and Washington DC as {200, 200, 200},
{450, 450, 120} and {500, 100, 50}, respectively. By using Algorithm 5, Tucker-ALS and its
randomized variants to the tensors from these three databases, the related results are shown
in Table 3, which illustrates that, Algorithm 5 with SpFD, DctFD, GaussianFD, Gaussian-
SpFD and Dct-SpFD is comparable to and faster than Algorithm 5 with FD, Tucker-ALS
and its randomized variants.

Algorithms
Yale COIL-100 Washington DC

RE time (s) RE time (s) RE time (s)
Algorithm 5 with FD 2.17e-1 16.17 4.53e-1 18.11 2.41e-1 3.43

Algorithm 5 with SpFD 2.17e-1 1.60 4.53e-1 2.55 2.44e-1 0.56
Algorithm 5 with DctFD 2.16e-1 2.82 4.50e-1 5.37 2.43e-1 1.87

Algorithm 5 with GaussianFD 2.18e-1 1.64 4.53e-1 2.36 2.44e-1 0.58
Algorithm 5 with Gaussian-SpFD 2.26e-1 1.48 4.63e-1 2.47 2.52e-1 0.53

Algorithm 5 with Dct-SpFD 2.22e-1 1.57 4.57e-1 2.48 2.48e-1 0.58
Tucker-ALS 3.45e-1 1.06 4.34e-1 6.43 2.30e-1 1.54

Randomized-Tucker-ALS 3.61e-1 6.12 4.48e-1 26.12 2.36e-1 3.51
Tucker-TS 4.14e-1 501.03 5.10e-1 2.04e+3 2.72e-1 3.56e+4

Tucker-TTMTS 6.65e-1 9.34 7.23e-1 32.54 5.99e-1 67.72
Sketch-Tucker-ALS 3.79e-1 60.15 4.58e-1 137.01 2.72e-1 65.21

Table 3: Numerical simulation results of the FD-based algorithms (i.e., Algorithm 5 with
FD, SpFD, DctFD, GaussianFD, Gaussian-SpFD and Dct-SpFD) with Tucker-ALS, ran-
domized Tucker-ALS, Tucker-TS, Tucker-TTMTS, and Sketch-Tucker-ALS to the tensors
from three real databases.

By using Algorithm 5, T-HOSVD, ST-HOSVD and their randomized variants to the ten-
sors from these three databases, the related results are shown in Table 4. According to this
table, in terms of RE, Algorithm 5 with SpFD, DctFD, GaussianFD, Gaussian-SpFD and
Dct-SpFD is comparable to Algorithm 5 with FD, T-HOSVD, ST-HOSVD and randomized
T-HOSVD/ST-HOSVD with s = 1, and better than randomized T-HOSVD/ST-HOSVD
with s = 0, and in terms of time, Algorithm 5 with SpFD, DctFD, GaussianFD, Gaussian-
SpFD and Dct-SpFD is compatible to ST-HOSVD and randomized T-HOSVD/ST-HOSVD
with s = 0, and faster than Algorithm 5 with FD, T-HOSVD and randomized T-HOSVD/ST-
HOSVD with s = 1.

5.4 The TT decomposition case

For the approximate TT decomposition with a given TT-rank, we compare the efficiency
of Algorithm 6 and several existing algorithms, such as TT-SVD (cf. Oseledets (2011)), R-
TT-SVD (randomized TT-SVD) with Gaussian (see Huber et al. (2017)), R-TT-SVD with
SpEmb, R-TT-SVD with DCT, R-TT-SVD with KR-Gaussian and PSTT (see Shi et al.
(2023)). Note that three other randomized variants for TT-SVD are also proposed in Che
et al. (2026): R-TT-SVD with SpEmb, R-TT-SVD with DCT and R-TT-SVD with KR-
Gaussian. Meanwhile, Gaussian-SpFD or Dct-SpFD used in Algorithm 6 can be replaced
by GaussianFD or SpFD.
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Algorithms
Yale COIL-100 Washington DC

RE time (s) RE time (s) RE time (s)
Algorithm 5 with FD 8.60e-2 62.20 2.30e-1 69.48 1.39e-1 30.73

Algorithm 5 with SpFD 8.39e-2 4.12 2.21e-1 12.65 1.11e-1 5.35
Algorithm 5 with DctFD 8.36e-2 5.83 2.21e-1 16.50 1.11e-1 7.14

Algorithm 5 with GaussianFD 8.38e-2 5.32 2.21e-1 16.38 1.11e-1 5.83
Algorithm 5 with Dct-SpFD 8.58e-2 3.33 2.26e-1 9.36 1.14e-1 3.19

Algorithm 5 with Gaussian-SpFD 8.91e-2 3.29 2.31e-1 10.16 1.18e-1 3.29
T-HOSVD 7.95e-2 25.92 2.08e-1 78.58 1.06e-1 9.64
ST-HOSVD 7.94e-2 2.99 2.08e-1 10.24 1.06e-1 1.85

R-T-HOSVD (s = 0) 1.34e-1 10.62 2.87e-1 52.19 1.61e-1 4.46
R-T-HOSVD (s = 1) 8.46e-2 12.68 2.22e-1 38.85 1.12e-1 5.39
R-ST-HOSVD (s = 0) 1.29e-1 5.20 2.81e-1 16.48 1.58e-1 2.79
R-ST-HOSVD (s = 1) 8.38e-2 9.01 2.21e-1 28.04 1.11e-1 4.72
RP-HOSVD (s = 0) 1.40e-1 3.46 2.94e-1 10.65 1.69e-1 1.69
RP-HOSVD (s = 1) 8.61e-2 10.63 2.25e-1 42.27 1.15e-1 4.02

R-PET (s = 0) 1.89e-1 3.97 4.02e-1 20.22 2.25e-1 2.00
R-PET (s = 1) 1.17e-1 11.42 3.08e-1 41.19 1.53e-1 4.87

rSTHOSVDkron (s = 0) 1.32e-1 2.12 3.10e-1 7.07 1.82e-1 1.22
rSTHOSVDkron (s = 1) 8.27e-2 6.62 2.20e-1 21.09 1.11e-1 3.03

rSTHOSVDkronreuse (s = 0) 1.36e-1 2.98 3.07e-1 10.12 2.05e-1 1.50
rSTHOSVDkronreuse (s = 1) 8.33e-2 11.38 2.21e-1 49.26 1.12e-1 4.32

Table 4: Numerical simulation results of the FD-based algorithms (i.e., Algorithm 5 with
FD, SpFD, DctFD, GaussianFD, Gaussian-SpFD and Dct-SpFD) with T-HOSVD, ST-
HOSVD, and several randomized variants to the tensors from three real databases.

Note that R-TT-SVD with Gaussian, SpEmb, DCT and KR-Gaussian are also discussed
in (Che et al. (2026)), and the number of subspace iterations used in these R-TT-SVD is
set to s = 0 or s = 1. The oversampling parameter in each R-TT-SVD is set to 10.

For a given TT-rank {µ1, µ2, . . . , µN−1} with µ0 = µN = 1, the relative error for Â =
Q1 ×1

3 Q2 ×1
3 · · · ×1

3 QN of A ∈ RI1×I2×···×IN is defined as

RE = ∥A − Â∥F /∥A∥F ,

where all the Qn ∈ Rµn−1×In×µn are obtained from the proposed algorithms. For clarity, in
Algorithm 6, we set Ln = L, L′

n = L′ and qn = q with n = 1, 2, . . . , N − 1.

Example 6 The first tensor A ∈ R50×50×50×50×50 is given as

A = P +
γ∥P∥F√

505
N

with P = G1×1
2G2×1

3G3×1
3G4×1

3G5, where the entries of G1 ∈ R50×10, G2,G3,G4 ∈ R10×50×10,
G5 ∈ R10×50 and N ∈ R50×50×50×50×50 are Gaussian variables with mean zero and variance
unit. Here, we set γ = 10−4.

Another tensor is the same as that in Example 5, which is denoted by AYale.

For the tensor A, we set {µ, µ, µ, µ} = {10, 10, 10, 10}. Then, in Algorithm 6, one has
that Ln = 20 and L′

n = 110 with n = 1, 2, 3, 4. Let q = 10, 20, 30, the related results are
listed in Table 5, which illustrate that for Algorithm 6 with SpFD, GaussianFD, Dct-SpFD
and Gaussian-SpFD, the number of blocks q is set to 20.
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q Metric

Algorithm 6

with FD

Algorithm 6

with SpFD

Algorithm 6

with GaussianFD

Algorithm 6

with Dct-SpFD

Algorithm 6

with Gaussian-SpFD

10
RE 1.58e-2±3.66e-18 1.62e-2±2.41e-5 1.62e-2±2.78e-5 1.62e-2±2.13e-5 1.66e-2±5.45e-5

time (s) 67.82±1.24 3.48±9.99e-2 3.82±6.35e-2 3.48±5.77e-2 3.53±7.60e-2

20
RE 1.58e-2±3.66e-18 1.60e-2±1.31e-5 1.60e-2±1.31e-5 1.60e-2±1.40e-5 1.62e-2±2.62e-5

time (s) 68.72±1.03 3.59±1.54e-1 3.82±1.34e-1 3.63±1.51e-1 3.56±8.30e-2

30
RE 1.58e-2±3.66e-18 1.59e-2±7.03e-6 1.59e-2±8.36e-6 1.59e-2±5.94e-6 1.61e-2±1.83e-5

time (s) 68.72±7.19e-1 3.56±9.91e-2 3.84±1.07e-1 3.67±7.01e-2 3.55±7.80e-2

Table 5: For the test tensor A in Example 6, with different number of blocks q, the values
of the means and standard deviations for RE and running time obtained from Algorithm 6
by using different algorithms to compute all the core tensors.

Algorithms
A AYale

RE time (s) RE time (s)
Algorithm 6 with FD 1.58e-2 77.09 7.09e-2 43.03

Algorithm 6 with SpFD 1.60e-2 3.82 7.67e-2 42.58
Algorithm 6 with GaussianFD 1.60e-2 3.97 7.66e-2 40.78
Algorithm 6 with Dct-SpFD 1.62e-2 3.74 7.78e-2 21.79

Algorithm 6 with Gaussian-SpFD 1.66e-2 3.67 8.03e-2 21.10
TT-SVD 1.58e-2 26.51 6.96e-2 9.75

R-TT-SVD with Gaussian (s = 0) 1.46e-1 1.23 1.17e-1 1.87
R-TT-SVD with Gaussian (s = 1) 1.58e-2 4.71 7.47e-2 5.07
R-TT-SVD with SpEmb (s = 0) 2.86e-1 1.27 1.22e-1 1.45
R-TT-SVD with SpEmb (s = 1) 1.58e-2 4.87 7.60e-2 4.73
R-TT-SVD with DCT (s = 0) 1.44e-1 9.99 1.17e-1 3.30
R-TT-SVD with DCT (s = 1) 1.58e-2 13.38 7.48e-2 6.59

R-TT-SVD with KR-Gaussian (s = 0) 1.96e-1 0.47 1.17e-1 1.49
R-TT-SVD with KR-Gaussian (s = 1) 1.58e-2 3.96 7.47e-2 4.70

PSTT (s = 0) 2.11e-1 4.81 1.17e-1 3.11
PSTT (s = 1) 1.58e-2 12.32 7.50e-2 7.79

Table 6: Numerical simulation results of the FD-based algorithms (i.e., Algorithm 6 with
FD, SpFD, GaussianFD, Gaussian-SpFD and Dct-SpFD) with TT-SVD and several ran-
domized TT-SVD to the tensors A and AYale in Example 6.

We now compare the efficiency of Algorithm 6, TT-SVD, and all the R-TT-SVDs
through two test tensors in Example 6. For the tensor A, all the parameters in Algo-
rithm 6 are the same as discussed above. For the tensor AYale, we assume that the TT-rank
{µ, µ} = {200, 200}. Then, we have {Ln, L

′
n} = {210, 300} with n = 1, 2 in Algorithm

6. Hence, the related results are listed in Table 6. From this table, one has that: (a) in
terms of RE, Algorithm 6 with each case is comparable to TT-SVD, R-TT-SVD (s = 1)
and PSTT (s = 1), and is better than R-TT-SVD (s = 0) and PSTT (s = 0); (b) for the
tensor A, Algorithm 6 with SpFD, GaussianFD, Dct-SpFD and Gaussian-SpFD are similar
to each other and faster than TT-SVD, R-TT-SVD (s = 1) and PSTT (s = 1); and (c)
for the tensor AYale, Algorithm 6 with each case is slower than TT-SVD, R-TT-SVD and
PSTT. Note that Algorithm 6 for each case is not suitable to calculate an approximate TT
decomposition of a third-order tensor with a given TT-rank.
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6. An application to classification

Gillet et al. (2023) study the capabilities of the Tucker decomposition when it is used in
data mining techniques such as exploratory analysis, clustering and classification of data.
In this section, We will compare the performance of the proposed algorithms in computing
Tucker decomposition on two databases: COIL-20 (Nene et al. (1996)) and MNIST (Deng
(2012)). The COIL-20 database gathers 20 different objects. For each object, there are 72
pictures that represent the object in a specific position (a difference of 5◦ in the orientation
of the object). The pictures have 128 × 128 pixels. The MNIST database is composed
of 70 000 images representing a hand-written digit, of 28 × 28 pixels. It is often used to
evaluate algorithms of image classification, as the hand-written nature of the images induces
a different complexity to deal with than a static object.

6.1 Classification process with Tucker decomposition: an overview

Using Tucker decomposition, one can classify new elements by first constructing a model
based on elements with known categories. The new element is then projected into the same
feature space, allowing for comparison with existing classes to identify the most appropriate
match. In this scenario, Tucker decomposition is employed to construct a model using
training data. To enable this, the data must be structured into a tensor that includes a
dedicated dimension representing the known classes. This dimension serves to label each
sub-tensor with its corresponding class, facilitating the classification process.

We now provide a detailed explanation of this process based on the MNIST database.
We first build a 4-order tensor AMNIST ∈ RI1×I2×I3×I4 , with two dimensions to represent
the pixels I1 and I2, one dimension to represent the samples I3, and a last one for the digits
written on images I4. For a given Tucker-rank {µ1, µ2, µ3, µ4}, the approximate Tucker
decomposition to AMNIST is denoted by ÃMNIST = G ×1 Q1 ×2 Q2 ×3 Q3 ×4 Q4, where
G ∈ Rµ1×µ2×µ3×µ4 is the core tensor, Q1 ∈ RI1×µ1 and Q2 ∈ RI2×µ2 are the factor matrices
for the two pixel dimensions, Q3 ∈ RI3×µ3 is the factor matrix for the sample dimension,
and Q4 ∈ RI4×µ4 is the factor matrix for the class dimension.

We consider a new image in the MNIST database, which is denoted by B ∈ RI1×I2 . We
duplicate the matrix B I3 times to obtain the 4-order tensor B ∈ RI1×I2×I3×1 as

B(:, :, i3, 1) = B

with i3 = 1, 2, . . . , I3, and compute

GB = B ×1 Q
⊤
1 ×2 Q

⊤
2 ×3 Q

⊤
3 .

To finally classify the element, we compare GB ∈ Rµ1×µ2×µ3×1 with G ∈ Rµ1×µ2×µ3×µ4 by
keeping only one class at a time in G. To do so, for each class i = 1, 2, . . . , I4 we use the
product G ×4 Q4(:, i)

⊤ to produce a class specific core tensor Gi ∈ Rµ1×µ2×µ3×1:

Gi = G ×4 Q4(:, i)
⊤.

As Gi and GB are now of the same size and in the same space, they can be compared
with the Frobenius norm applied on the difference of the two tensors. The class for which
the Frobenius norm is the lowest (i.e., for which the two tensors are the closest) can be
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considered as the class of the element. Hence, for any tensor Atrain ∈ RI1×I2×···×IN and the
corresponding element of classify E ∈ RI1×I2×···×IM with M ≤ (N − 1), the detailed process
is summarized in Algorithm 7.

Algorithm 7 Classification process ((Gillet et al., 2023, Algorithm 3))

Input: Training tensor Atrain ∈ RI1×I2×···×IN , the element of classify E ∈ RI1×I2×···×IM

with M ≤ (N − 1), and the number of classes IN .
Output: Class c, the best matching class for E .

1: Initialize N positive integers µn such that µn < min{In, I1 . . . In−1In+1 . . . IN} with
n = 1, 2, . . . , N .

2: Obtain {G;Q1, . . . ,QN} from Atrain with a given Tucker-rank {µ1, µ2, . . . , µN}.
3: for n = M,M + 1, . . . , N − 1 do
4: Set the temporary tensor F ∈ RI1×I2×...IM×IM+1×···×In being the zero tensor.
5: for in = 1, 2, . . . , In do
6: Form F(:, . . . , :, in) = E .
7: end for
8: Update E = F .
9: end for

10: Set Gpartial = E .
11: for n = 1, 2, . . . , N − 1 do
12: Compute Gpartial = Gpartial ×n Q⊤

n .
13: end for
14: Set best result = max(Double).
15: for iN = 1, 2, . . . , IN do
16: Compute GiN = G ×N QN (:, iN )⊤.
17: Update result = ∥Gpartial − GiN ∥F .
18: if result < best result then
19: Set best result = result and c = iN .
20: end if
21: end for

Note that the desired Tucker-rank {µ1, µ2, . . . , µN} is one of key points to determine
the quality of Algorithm 7. In practice, the Tucker-rank of Atrain is unknown in advance.
To estimate a suitable Tucker-rank is called the fixed precision problem for Tucker decom-
position (Che et al. (2025b)): for a given 0 < ϵ < 1, the goal is to find N minimum positive
integers µn and N orthonormal matrices Qn ∈ RIn×µn such that∥∥∥Atrain −Atrain ×1 (Q1Q

⊤
1 ) · · · ×N (QNQ⊤

N )
∥∥∥
F
≤ ϵ.

There exist several algorithms to estimate a suitable Tucker-rank, including a greedy strat-
egy in (Ehrlacher et al. (2021)), the rank-adaptive (RA) variant of HOOI in (Xiao and
Yang (2024)), randomized Tucker via single-mode-sketching (Hashemi and Nakatsukasa
(2023)), and the adaptive randomized variants of T-HOSVD and ST-HOSVD (cf. Che
and Wei (2019); Che et al. (2025b)). Another key point to determine the quality of Al-
gorithm 7 is the methods to obtain {G;Q1, . . . ,QN} from Atrain with a given Tucker-rank
{µ1, µ2, . . . , µN}.
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6.2 Numerical results

In Algorithm 7, the proposed algorithms used in Step 2 include the FD-based algorithms
(i.e., Algorithm 5 with FD, SpFD, GaussianFD, Gaussian-SpFD and Dct-SpFD), Tucker-
ALS, T-HOSVD and ST-HOSVD, and the desired Tucker-ranks for COIL-20 and MNIST
are specially set: {20, 20, 72, 20} for COIL-20 and {9, 8, 1, 10} for MNIST. For MNIST,
the number for training samples per class is 2000, for COIL-20 with position, the number
for training samples per class is 20, and for COIL-20 without position, the number for
training samples per class is 40. To experiment the technique, we use the cross validation
method and perform the training and the classification task 5 times. The data used for the
training step are modified at each iteration to avoid overfitting bias. The related results
are summarized in Table 7. For each class of MNIST and COIL-20 (w), detailed metrics
(i.e., precision, recall and F1-score) obtained by Algorithm 5 with Gaussian-SpFD, Tucker-
ALS, T-HOSVD and ST-HOSVD are presented in Appendix C. Note that CPU time in this
section is to implement Step 2 in Algorithm 7.

Dataset Algorithms Precision CPU time (s)

MNIST

Algorithm 5 with FD 0.8035 3.7959
Algorithm 5 with SpFD 0.8029 0.3326

Algorithm 5 with GaussianFD 0.8043 0.3734
Algorithm 5 with Gaussian-SpFD 0.8031 0.2030

Algorithm 5 with Dct-SpFD 0.7994 0.3465
Tucker-ALS 0.8066 0.4179
T-HOSVD 0.8005 0.9687
ST-HOSVD 0.8029 0.3017

COIL-20 (w)

Algorithm 5 with FD 1.0000 4.9010
Algorithm 5 with SpFD 1.0000 0.2981

Algorithm 5 with GaussianFD 1.0000 0.3196
Algorithm 5 with Gaussian-SpFD 1.0000 0.1990

Algorithm 5 with Dct-SpFD 1.0000 0.2990
Tucker-ALS 1.0000 0.3522
T-HOSVD 1.0000 1.9219
ST-HOSVD 1.0000 0.2983

COIL-20 (w/o)

Algorithm 5 with FD 0.6203 4.8387
Algorithm 5 with SpFD 0.6175 0.2834

Algorithm 5 with GaussianFD 0.6178 0.3209
Algorithm 5 with Gaussian-SpFD 0.6194 0.1908

Algorithm 5 with Dct-SpFD 0.6172 0.2912
Tucker-ALS 0.6175 0.3531
T-HOSVD 0.6169 1.8690
ST-HOSVD 0.6169 0.2964

Table 7: The related results of the classification experiment on MNIST and COIL-20.
For COIL-20, “without position (w/o)” indicates that images were classified only regarding
objects, and “with position (w)” indicates that the images were classified regarding positions
and objects.

The results on MNIST show a significant enhancement over traditional clustering meth-
ods, with global precision improving by nearly a factor of eight. This suggests that in-
corporating richer contextual information¡ªsuch as the actual digit representation¡ªinto the
tensor allows the Tucker decomposition to uncover underlying patterns more effectively. For
COIL-20, the Tucker decomposition reveals a versatile classification mechanism. Rather
than limiting classification to a single dimension, the model enables categorization across
multiple class dimensions simultaneously, offering a more nuanced and flexible approach to
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object recognition. For both MNIST and COIL-20, Algorithm 5 with Gaussian-SpFD is
comparable to Tucker-ALS when using them in classification tasks.

7. Conclusions

In this paper, we discussed several randomized variants of the FD algorithm for low-rank
matrix approximations and derived the FD-based algorithms for computing an approximate
Tucker and TT decomposition in the framework of T-HOSVD, ST-HOSVD and TT-SVD.
Firstly, we obtained a new randomized FD algorithm with rigorous theoretical analysis (see
Theorem 10) by replacing the SpEmb matrices as the standard Gaussian matrices in SpFD.
Secondly, in the framework of SpFD, two other randomized FD algorithms were obtained
by replacing the SpEmb matrices as the product of the standard Gaussian and SpEmb
matrices or the product of the SRHT and SpEmb matrices. Thirdly, with a given Tucker-
rank, we presented two randomized variants of T-HOSVD and ST-HOSVD by applying all
the variants of the FD algorithm to obtain all the factor matrices. We also discussed the
FD-based randomized algorithms for computing an approximate TT decomposition with
a given TT-rank. Finally, the efficiency and accuracy of these proposed algorithms were
illustrated by numerical examples.
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Appendix A. Proof for several theorems in Sections 3.2 and 3.3

In this section, we give a rigorous proof for Theorems 7, 10 and 13. Following Algorithm 3,
one has AA⊤ = ÃÃ⊤, where Ã = AP. Hence, we rewrite (1) as

∥A− Ãµ∥2F ≤ ∥A−Aµ∥2F + 2µ∥ÃÃ⊤ −BB⊤∥2.

We now introduce some notations. Let Ã = [Ã1, Ã2, . . . , Ãq], C = [C1,C2, . . . ,Cq], and

D = [D1,D2, . . . ,Dq], where Ãi = Ã(:, iI2/q+1, (i+1)I2/q), Ci = ÃiSi and Di = CiGi =

ÃiSiGi. Then we have

∥ÃÃ⊤ −BB⊤∥2 ≤ ∥ÃÃ⊤ −CC⊤∥2 + ∥CC⊤ −BB⊤∥2. (7)

A.1 Proof of Theorem 7

In order to obtain upper bound for ∥ÃÃ⊤−CC⊤∥2, we now introduce the following lemma.
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Lemma 23 (Teng and Chu, 2018, lemma 1) Suppose that V ∈ RI2×K is an orthonor-
mal matrix. For any ϵ, δ ∈ (0, 1), let

qL′ ≥ 12(K2 +K)

ϵ2δ
, L′ =

⌈
K +

3K

ϵδ

⌉
and S ∈ RI2×qL′

be defined as S = bdiag(S1, . . . ,Sq), where Si ∈ RI2/q×L′
is a SpEmb

matrix. Let P ∈ RI2×I2 be a random permutation matrix. Then with probability at least
1− δ, we have

∥(V⊤P)SS⊤(V⊤P)⊤ − IK∥2 ≤ ϵ.

The block diagonal matrix bdiag(S1, . . . ,Sq) in Lemma 23 is defined by

S = bdiag(S1, . . . ,Sq) =


S1

S2

. . .

Sq

 . (8)

By the definition of S, we have C = APS. Let A = UΣV⊤ with Σ = diag(σ1, . . . , σI1),
where U ∈ RI1×I1 is orthogonal, V ∈ RI2×I1 is orthonormal, and all the σi are the singular
values of A. From Lemma 23, for any ϵ, δ ∈ (0, 1), when

qL′ ≥ 12(I21 + I1)

ϵ2δ
, L′ =

⌈
I1 +

3I1
ϵδ

⌉
, (9)

with probability at least 1− δ, we have

∥ÃÃ⊤ −CC⊤∥2 = ∥UΣΣU⊤ −UΣ(V⊤PS)(S⊤P⊤V)ΣU⊤∥2
= ∥UΣ(II2 − (V⊤PS)(S⊤P⊤V))ΣU⊤∥2
≤ ∥II2 − (V⊤PS)(S⊤P⊤V)∥2∥A∥2F
≤ ϵ∥A∥2F . (10)

We now list the following property for a standard Gaussian matrix, regarding to the
error bound of extreme singular values.

Lemma 24 (Vershynin, 2010, Corollary 5.35) Let G ∈ RI1×I2 be a matrix whose
entries are independent standard normal random variables. Then for every ϵ > 0, with
probability at least 1− 2 exp(−ϵ2/2), one has√

I1 −
√
I2 − ϵ ≤ σmin(G) ≤ σmax(G) ≤

√
I1 +

√
I2 + ϵ.

Remark 25 Since the matrix Gi is a standard Gaussian matrix, the upper bound of ∥Gi∥2
can be also obtained from the following two results from (Coakley et al. (2011); Litvak et al.
(2005)):

(a) Let G ∈ RI×L be a standard Gaussian matrix with L < I. For γ > 1, if

1− 1

4(γ2 − 1)
√
πIγ2

(
2γ2

exp(γ2 − 1)

)2

(11)

is nonnegative, then, the largest singular value of G is at most
√
2Iγ with probability

not less than the amount in (11).
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(b) Suppose that G ∈ RL×L is a sub-Gaussian matrix with L ≤ I, s ≥ 1 and a2 > 0.
Then P(∥G∥2 > a1

√
I) ≤ exp(−a2I), where a1 = 6s

√
a2 + 4.

We now consider the term ∥CC⊤ −BB⊤∥2 in the right-hand side of (7). It is easy to
see that

∥CC⊤ −BB⊤∥2 ≤ ∥CC⊤ −DD⊤∥2 + ∥DD⊤ −BB⊤∥2.
Note that the matrix B is obtained by applying Algorithm 1 to the matrix D. Then from
(Ghashami et al. (2016b); Liberty (2013)), we have

∥DD⊤ −BB⊤∥2 ≤
2

L
∥D∥2F =

2

L

q∑
i=1

∥Di∥2F ≤ 2

L

q∑
i=1

∥Ãi∥2F ∥Si∥22∥Gi∥22.

It follows from Lemma 2.3 in (Aizenbud et al. (2016)) that for the SpEmb matrix
Si ∈ RI2/q×L′

, we have ∥Si∥F =
√

I2/q, which implies that ∥Si∥2 ≤ ∥Si∥F =
√
I2/q. From

Lemma 24, for any ϵ > 0, with probability at least 1 − 2 exp(−ϵ2/2), one has ∥Gi∥2 ≤√
L+

√
L′ + ϵ. Then, with probability at least 1− 2 exp(−ϵ2/2), one has

∥DD⊤ −BB⊤∥2 ≤
2

L

q∑
i=1

∥Di∥2F =
2I2(

√
L+

√
L′ + ϵ)2

qL

q∑
i=1

∥Ãi∥2F

=
2I2(

√
L+

√
L′ + ϵ)2

qL
∥A∥2F .

Finally, we consider the upper bound for ∥CC⊤−DD⊤∥2. By the triangular inequality
of the spectral norm, we have

∥CC⊤ −DD⊤∥2 ≤
q∑

i=1

∥CiC
⊤
i −DiD

⊤
i ∥2

=

q∑
i=1

∥CiC
⊤
i −CiGi(CiGi)

⊤∥2.

Here the equality holds for the definition of Ci and Di.
As shown in (Litvak et al. (2005)), a standard Gaussian matrix is also a sub-Gaussian

matrix. Then, from Theorem 1 in (Cohen et al. (2016)), for any ϵ, δ, τ ∈ (0, 1/2), when
L = Ω((τ + log(1/δ))/ϵ2), with probability at least 1− δ, one has

∥CiC
⊤
i −CiGi(CiGi)

⊤∥2 ≤ ϵ

(
∥Ci∥22 +

∥Ci∥2F
τ

)
,

which implies that

∥CC⊤ −DD⊤∥2 ≤ ϵ

(
1 +

1

τ

) q∑
i=1

∥Ci∥2F

≤ ϵ

(
I2 +

I2
τ

) q∑
i=1

∥Ãi∥2F

= ϵ

(
I2 +

I2
τ

)
∥A∥2F .
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Here the first inequality holds for the fact that ∥Ci∥2 ≤ ∥Ci∥F , the second inequality is
derived from Lemma 2.3 in (Aizenbud et al. (2016)) and the equality is from Ã = AP and
the fact that P is an orthogonal matrix.

Therefore, we prove Theorem 7 completely.

A.2 Proof of Theorem 10

As shown in Algorithm 2 with standard Gaussian matrices, the matricesCi in (7) is replaced
as Ci = ÃiGi, and the matrix B is obtained by applying Algorithm 2 to C. Hence,
according to (Ghashami et al. (2016b); Liberty (2013)) and Lemma 24, with probability at
least 1− 2 exp(−ϵ2/2), one has

∥CC⊤ −BB⊤∥2 ≤ 2

L
∥C∥2F =

2

L

q∑
i=1

∥Ci∥2F

≤ 2

L

q∑
i=1

∥Ai∥2F ∥Gi∥22

≤ 2(
√
I1 +

√
I2 + ϵ)2

L
∥A∥2F . (12)

Meanwhile, we also have

∥AA⊤ −CC⊤∥2 ≤
q∑

i=1

∥AiA
⊤
i −CiC

⊤
i ∥2

≤
q∑

i=1

ϵ

(
∥Ai∥22 +

∥Ai∥2F
τ

)

≤
q∑

i=1

ϵ

(
1 +

1

τ

)
∥Ai∥2F

= ϵ

(
1 +

1

τ

)
∥A∥2F . (13)

The first inequality holds for the triangular inequality of the spectral norm, the second
inequality holds with probability at least 1 − δ, where ϵ, δ, τ ∈ (0, 1/2), and the third
inequality follows from ∥Ai∥2 ≤ ∥Ai∥F .

From (1), we have

∥A− Ãµ∥2F ≤ ∥A−Aµ∥2F + 2µ(∥AA⊤ −CC⊤∥2 + ∥CC⊤ −BB⊤∥2). (14)

Hence, Theorem 10 is completely proved by substituting (12) and (13) into (14).

A.3 Proof of Theorem 13

Note that we have

∥ÃÃ⊤ −BB⊤∥2 ≤ ∥ÃÃ⊤ −CC⊤∥2 + ∥CC⊤ −BB⊤∥2.
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The upper bound for the first term ∥ÃÃ⊤ −CC⊤∥2 is given in (10). We now consider the
second term ∥CC⊤ −BB⊤∥2.

The notations used in this section are the same as in Section 3.2. When all the matrices
Gi are SRHT matrices, the matrix B can be obtained by applying the FFD (faster frequent
directions) algorithm in (Chen et al. (2017)) to the matrix C. Hence, the upper bound of
∥CC⊤ −BB⊤∥2 is given in the following theorem.

Theorem 26 For a given matrix A ∈ RI1×I2, let Ã = AP, where P ∈ RI2×I2 is a random
permutation matrix. Let Ã = [Ã1, Ã2, . . . , Ãq], and C = [C1,C2, . . . ,Cq], where Ãi = Ã(:

, iI2/q+1, (i+1)I2/q), and Ci = ÃiSi ∈ RI1×L′
. Assume that assume that I2 is a multiplier

of q, L′ is a power of two with L ≤ min{I1, L′} and L′ < I2/q, and 0 < β < 1 satisfies
0 < I2β/q < 1.

Let the matrix B ∈ RI1×L be constructed by Algorithm 3 with SpEmb+SRHT. Then with
probability at least

1− I2
q
β −

(
2
I2
L′ + 1

)
δ − 2I1

exp(min{L′, I1})
,

we have

∥CC⊤ −BB⊤∥2 ≤ Õ

(
1

L
+ Γ

(
L,

I2
L′ ,min{I1, L′}

))
I2
q
∥A∥2F ,

where

Γ

(
L,

I2
L′ ,min{I1, L′}

)
=

√
min{I1, L′}
L(I2/L′)2

+

√
1 +

√
min{I2/L′}/L
I1/L′ ,

and Õ(·) hides logarithmic factors on β, δ, min{I1, L′}, I2 and L′.

Proof Theorem 26 is directly deduced from Theorem 1 in Chen et al. (2017).

Hence, when Ãµ is constructed by Algorithm 3 with SpEmb+SRHT, Theorem 13 is

obtained by combining AA⊤ = ÃÃ⊤, (1), (10) and Theorem 26.

Appendix B. More considerations for ∥CC⊤ −DD⊤∥2
Note that for each i, one has Di = CiGi, which implies that D = CG, where G =
bdiag(G1, . . . ,Gq). Then, one has ∥CC⊤ −DD⊤∥2 = ∥CC⊤ − (CG)(CG)⊤∥2. Note that
the matrix G is called a block diagonal sketching matrix. Srinivasa et al. (2020) considered
approximate matrix multiplication and ridge regression by the block diagonal sketching
matrix G. Hence, the upper bound of ∥CC⊤ − DD⊤∥2 can also be obtained by using
Theorem 1 in (Srinivasa et al. (2020)).

By the definitions ofC andD, we haveC = ÃS andD = CG = ÃSG. As we know, the
matrix S in (8) is a block diagonal sketching matrix, which implies that SG is also a block
diagonal sketching matrix. Hence, an issue is to deduce the bounds for ∥ÃÃ⊤ − CC⊤∥2
and ∥ÃÃ⊤ −DD⊤∥2 in the framework of thw work in (Srinivasa et al. (2020)).

44



Efficient frequent directions algorithms

Appendix C. More detailed results in Section 6.2

For each class of MNIST and COIL-20 (w), the values of precision, recall and F1-score
obtained by Algorithm 5 with Gaussian-SpFD, Tucker-ALS, T-HOSVD and ST-HOSVD
are shown in Figure 7 to Figure 12, which illustrate that in terms of precision, recall and
F1-score for the classification task, Algorithm 5 with Gaussian-SpFD is comparable to
Tucker-ALS, T-HOSVD and ST-HOSVD.
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(a) Tucker-ALS
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(b) T-HOSVD
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(c) ST-HOSVD
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Figure 7: F1-score for each class of MNIST for the classification technique.

Remark 27 Note that for MNIST, Figures 7, 8 and 9 illustrate that the values of precision,
recall and F1-score are quite low. Hence, in order to improve the precision of Algorithm 7,
we will combine this algorithm with some more effective classification strategies in future
work. Another future work is to consider more downstream ML tasks such as classification,
clustering, or model compression based on the proposed algorithm.
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1 2 3 4 5 6 7 8 9 10

1

2

3

4

5

It
e
ra

ti
o
n

Class precision for the mnist dataset

0.7034

0.7072

0.7063

0.706

0.7119

0.8633

0.8601

0.7476

0.7562

0.7332

0.7416

0.7674

0.8055

0.7924

0.807

0.8084

0.8048

0.7398

0.7525

0.7501

0.7384

0.7569

0.7946

0.8014

0.7997

0.8041

0.8035

0.745

0.7374

0.7439

0.7404

0.7191

0.9244

0.9181

0.9215

0.9246

0.9202

0.8694

0.8659

0.8745

0.8714

0.8711

0.8749

0.8754

0.8781

0.8933

0.8944

0.8912

0.8859

0.8912

0.75

0.8

0.85

0.9

1 2 3 4 5 6 7 8 9 10

Class

1

M
e
a
n

0.707 0.7492 0.8036 0.7475 0.8007 0.73720.9218 0.8666 0.8742 0.8912

0.75

0.8

0.85

0.9

(d) Gaussian-SpFD

Figure 8: Precision for each class of MNIST for the classification technique.
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Figure 9: Recall for each class of MNIST for the classification technique.
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Figure 10: F1-score for each class of COIL-20 with position for the classification technique.
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Figure 11: Precision for each class of COIL-20 with position for the classification technique.
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Figure 12: Recall for each class of COIL-20 with position for the classification technique.
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